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Chapter 1

Introduction

In 1954 R.H.Dicke published his famous paper “Coherence in spontaneous

radiation processes” [1] in which he proposed a quantum mechanical model
to describe a radiating gas that emitted coherent light spontaneously. He
assumed that besides the translational or external degrees of freedom, the
molecules had two internal states with corresponding energy configurations
that were non-degenerate. The gas was also taken to be of low density, such
that the wave functions of the individual molecules did not overlap and there
was no need to symmetrize or anti-symmetrize the total wave function of the
gas. The wavelength of the radiation was taken to be much bigger than the
spacial extension of the gas and the interaction between the molecules and
the field was electric dipole coupling. With this set of assumptions, Dicke
was capable of studying the transition probabilities between energy levels of
the entire gas and derive expressions for the rates of spontaneous emission
of radiation. He noticed the possibility that the emission rates could be
“abnormally high”(proportional to the square of the number of molecules)
and called this super-radiance.

Dicke’s paper is arguably among the most important contributions to
modern physics. Since publication, it has inspired a massive amount of
follow-up work on the model and its properties. What is now called the
Dicke model (DM) or Dicke Hamiltonian (DH) has been studied from many
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different perspectives. Part of the great interest in this model is that de-
spite its simplicity, the general solution and features are not trivial. With
the addition of the term for the quantized radiation field (which wasn’t in
the original hamiltonian proposed by Dicke), many authors have studied
aspects of the model such as photon statistics, thermodynamic properties,
emission and absorbtion rates, classical and quantum critical behavior, en-
tanglement [2, 3, 4, 5, 6, 7, 8] and chaotic phenomena [9, 10].

Currently there is no exact analytic general solution of the system. Sev-
eral authors have treated the DM model in the rotating wave approximation
(RWA) for one or more atoms when it’s usually called the Jaynes-Cummings
model [11] and where exact solutions can be obtained analytically for cer-
tain cases [12, 13, 14]. Without the RWA, the hamiltonian has been solved
analytically only in the thermodynamic limit (number of atoms going to in-
finity). Besides the interest that may exist in solving any model exactly, the
non-trivial features that appear in the DM when the usual RWA is not made
are the reason for the attention that has been given to the model. Specif-
ically, since the semiclassical analog of the full Dicke hamiltonian exhibits
chaotic properties, it is a model in which the recent examined relation be-
tween entanglement, quantum chaos [15, 16, 17, 18, 19] and quantum phase
transitions [10, 9, 8, 20] can be studied .

In this thesis we concentrate on studying the entanglement properties
of the model in relation with the second order quantum phase transition.
Informally, a quantum phase transition can be thought of as a qualitative
change in the ground state and the ground state energy as some parameter
of the hamiltonian is varied across a critical value [21]. The transition is said
to be quantum because by definition the temperature is zero, as opposed to
classical phase transitions where a certain change in temperature induces
the critical behavior of the system. The field of phase transitions is vast
and has its origin in thermodynamics and statistical mechanics. Relatively
recently this field has permeated quantum mechanics as many archetypical
models such as the XY and Ising models have been found to have analogous
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behavior to classical systems like fluids or magnetic systems.

Since phase transitions in general are naturally linked with correlations
between parts of the system and collective phenomena, its connection to en-
tanglement in quantum mechanical systems shouldn’t be unexpected. En-
tanglement has been referred to as “the characteristic trait of quantum me-
chanics”. The capacity of quantum systems to be non-locally connected has
been studied extensively from different points of view and many attempts
have been made at successfully quantifying it. So far a number of adequate
bipartite measures of entanglement have been proposed and tested, while
quantifying multipartite entanglement is still an open problem.

The connection between entanglement and quantum phase transitions
(QPT) is still not fully understood. A maximum of entanglement at the
critical point is not a universal feature of all models with QPT [22]. For
the Ising model, the concurrence of pairs of qubits farther apart than next-
nearest neighbors vanishes even at the critical point, where correlations are
long ranged [23]. Nevertheless there are some models (maybe classes of
models) where common critical properties are found. In a 2002 Letter to
Nature, A. Osterloh et al. [23] studied the behavior of the concurrence as a
function of the exchange coupling1 λ in the ground state of the anisotropic
XY model, which reduces either to the Ising model or to the usual XY
model for certain values of the anisotropy parameter. This model has a well
characterized quantum phase transition with known critical exponents. It
was reported that for the class of one dimensional magnetic models of which
the anisotropic XY model is the representative, the concurrence presents
scaling behavior around the critical point. In other words, for all values of
the anisotropy constant, the concurrence2 vs λ scaling curves for different

1In this case the coupling λ is the ratio of the exchange coupling between the atoms in
the XY plane to the strength of the transverse magnetic field.

2For the Ising model, the concurrence reaches a maximum before λc that is unrelated
to the critical behavior. It is the first derivative of the concurrence with respect to λ that
has logarithmic behavior near the critical point, therefore the scaling analysis is performed
with the derivative of the concurrence. The second derivative is also used in the case of
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number of spins collapse on the same curve near λc. The derivative of the
concurrence is found to be a universal quantity for this class of models.

Recently Lambert et al. [2] have calculated the Von Neumann entropy
and concurrence for the ground state of the Dicke model as a function of the
coupling between the atoms and the field. These calculations were done both
in the thermodynamic limit and for finite number of atoms. They found that
the entanglement entropy diverges at the critical point when the number of
atoms goes to infinity and that the entropy function behaves logarithmically
near the point of the transition. The concurrence, on the other hand, was
found to have a maximum at the critical point. The results outside the ther-
modynamics limit were found to approach the analytical results with known
scaling laws. Tolkunov and Solenov [3] treated the multimode version of the
DM where the field has more than one frequency. They calculated the de-
pendence of the concurrence with the coupling for different number of field
modes, again for the ground state of the DM. Other authors have studied re-
lated properties such as decoherence and chaos in relation with the QPT [8].

This thesis is intended as a continuation of the work of the previously
mentioned authors. Broadly, the objective is to first reproduce these results
to provide a background and a starting point and secondly to study entan-
glement, QPT and other properties of the ground state of the DM in more
detail using numerical calculations. Specifically we calculate entanglement
between the atoms and the field through the von Neumann entropy and
the scaled pairwise concurrence between a pair of atoms as a function of
the coupling parameter and around the critical point of the quantum phase
transition. This reproduces the results found by Lambert et al.. Another
type of bipartite entanglement between blocks of atoms and the rest of the
system is also calculated for all the possible bipartitions of the system. This
is done using the von Neumann entropy and the linear entropy in relation
to the global entanglement measure. Lastly, we find how the entanglement
measures behave when the detuning is varied.

next-nearest neighbors.
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The document is organized as follows. Chapter 2 gives a brief background
on the topic of classical and quantum phase transitions and discusses the
concepts of scaling and universality. Chapter 3 follows the work done by
C. Emary and N. Lambert et al. [2, 9]. The solution of the DM for the
thermodynamic limit is summarized and the QPT is formally outlined; the
correlation length and critical exponents are defined. With the wave func-
tions and the energy in analytical form, bi-partite entanglement is calculated
through the von Neumann entropy and the concurrence as a function of the
coupling parameter. Chapter 4 deals with the solution of the DM outside the
thermodynamic limit. The energy and wave function of the ground state are
obtained numerically for an arbitrary number of atoms. Various measures of
entanglement are calculated as a function of the coupling parameter and the
finite size scaling method is applied to entanglement. Finally, in Chapter 5,
we study how the entropy, linear entropy and concurrence change when the
system is no longer in resonance.
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Chapter 2

Phase transitions and
entanglement

In this chapter, the basic notions of a classical phase transition are outlined
in order to contextualize the study of the quantum counterpart of this phe-
nomena in the DM and the underlying connection to the purely quantum
feature of entanglement.

2.1 Classical phase transitions in fluids and mag-

netic systems

The basic qualitative notion of a phase transition is the following: the state
of a system varies abruptly as some parameter (on which the equation of
state of the system depends) is varied across a certain value. This phe-
nomena was initially studied extensively for fluids and magnetic systems,
where the temperature is the parameter that drives the transition. These
two types of systems are usually studied side by side due to the similarity
in their mathematical description [24, 25].

For fluids, where the equation of state is a function of the pressure, den-
sity and temperature f(P, ρ, T ) = 0, the critical point (Pc, Tc) is defined as
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the point where the liquid-gas coexistence curve stops in the P vs T phase
diagram [25]. Along this curve, the two phases can coexist at the same time,
meaning that for some values of the pressure, there are two possible values
of the density: the density of the liquid ρl and the density of the gas ρg. In
other words, for values of the temperature below Tc, the density is discontin-
uous with respect to the pressure. For T > Tc, this discontinuity disappears.

In the case of magnetic systems, the basic model consist of a group of in-
teracting spins (classical or quantum) arranged on a lattice and possibly in
the presence of an external magnetic field H. For “high” temperatures and
in the absence of an external field, the orientation of the spins is sufficiently
random such that the magnetization M is zero. However, as the temper-
ature is lowered below a certain value Tc, the magnetization is no longer
zero; there are two possible (and symmetric) values corresponding to two
possible orientations of the spins along a given axis. This means that the
magnetization, with respect to the applied field, is discontinuous when the
latter is equal to zero.

These two types of systems present strikingly similar behavior even though
the physical processes involved are clearly of different nature. The common
feature of the transition in these two models is a quantity that is discontin-
uous for T < Tc and becomes zero for T ≥ Tc. This is usually called the
order parameter of the transition. For fluids, this quantity is ρl − ρg = ρc.
For magnetic systems, it is the magnetization M . The mathematical de-
scription of the phase transition is virtually equal for fluids and magnetic
systems if one makes the associations (ρl−ρg) → M , P → H, and KT → χT

(compressibility and magnetic susceptibility respectively).

2.2 Scaling and universality

It was found experimentally that if one plots the reduced density (ρl−ρg)/ρc

versus the reduced temperature (T −Tc)/Tc for different fluids, all the points
lie on the same curve[25]. This finding led to what was called the law of
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corresponding states, which stated that the relation between the reduced
variables ρ/ρc and T/Tc is universal, meaning that it is shared by all sys-
tems of the same type. This is in general not true for all fluids (or the cor-
responding magnetic models). However, one can find that there are groups
of systems where this common behavior holds, hence it is possible to speak
of universality among certain classes of models.

For simple fluids, it is possible to find that, close to the critical point, the
density goes as

ρl − ρg

ρc
∝ −

(

T − Tc

Tc

)β

, β =
1
3
. (2.1)

For magnetic systems, it turns out that the magnetization follows a similar
power law1, with exactly the same exponent

M ∝ (Tc − T )β, β =
1
3
. (2.2)

This leads to the somewhat more formal definition of the critical exponent
β

β = lim
ε→0

lnM
ln(−ε)

, (2.3)

where ε = (T − Tc)/Tc. The behavior close to the critical point of other
quantities such as the heat capacity and the compressibility or susceptibil-
ity can also be studied. These quantities also scale with common exponents
close to Tc.

In general, the behavior of a certain function of the temperature f(ε) can
be obtained for values of the temperature close to the critical value and a
critical exponent can be defined as

f(ε) ∝ εα, α = lim
ε→0

ln f(ε)
ln ε

. (2.4)

1This holds in the case of uni-axial ferromagnets. The planar models such as the XY
scale with different exponents.
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Notice that if α > 0, then f(ε) → 0 when T → Tc. On the other hand, if
α < 0, then f(ε) → ∞ when T → Tc.

2.3 Quantum phase transitions and scaling of en-

tanglement

In classical phase transitions, thermal fluctuations (basically small temper-
ature variations) are responsible for critical behavior. In the realm of quan-
tum mechanics, it is possible to observe purely quantum effects, as opposed
to thermal, if one studies a system in the zero temperature limit. Many
quantum systems have been found to have similar behavior to that observed
in phase transitions as some parameter in the Hamiltonian, typically a cou-
pling constant, is varied.

Let H = H0 + gH1 be a Hamiltonian, where [H0,H1] 6= 0 and g is a generic
coupling constant. Some of the features that characterize a second order
quantum phase transition are[21]

• The second derivative of the ground state energy as a function of the
coupling parameter g is discontinuous at some point gc.

• A characteristic excitation energy gap of the system, such as the energy
of the first excited state, goes to zero at gc. Close to the critical point,
this energy ∆E follows the power law

∆E ∝ |g − gc|zν , (2.5)

where zν are the critical exponents of the transition.

• A characteristic correlation length or length scale of the system di-
verges at gc. Close to the critical point the length diverges as

ξ ∝ |g − gc|ν . (2.6)
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The characteristic length and the energy gap are related through
∆E ∝ ξ−z.

• There is symmetry breaking at the critical point gc.

• The ground state becomes degenerate at gc.

Since entanglement is intimately connected to correlations between a sys-
tem’s constituents, it is interesting to examine how entanglement measures
behave when a system undergoes a QPT. It has been found that for cer-
tain models the pairwise entanglement measured through concurrence ei-
ther reaches a maximum near or at the critical point. For the Ising model
for example, the concurrence peaks before λc. Nevertheless the derivative
has a minimum at λc and scaling analysis can be performed in the case of
nearest-neighbor concurrence with this function instead. For next-nearest
neighbors, the second derivative of the concurrence is also found to have
critical behavior. For the entropy, a close connection has been established
between the vanishing of the energy gap at a QPT and a logarithmic diver-
gence of the entropy at the critical point [5]. However it isn’t possible to
postulate that entanglement signals a QPT universally in a particular way,
since there are examples of systems and measures where there is no critical
behavior of entanglement in the presence of a QPT, or the contrary, systems
in which the entanglement reaches a maximum without the presence of a
QPT [22, 23].
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Chapter 3

QPT in the Dicke Model in
the thermodynamic limit

The Dicke model describes a collection of two-level atoms or two-level quan-
tum systems located in a cavity and interacting with a field of radiation.
There is no interaction between the atoms and the spacial extent of the
cavity is taken to be much smaller than the wavelength of the field. It is
possible to study the case where the field has multiple frequencies, however
it would be an unnecessary complication for the type of analysis carried out
here1. The Hamiltonian for this system is

H = ω0Jz + ωa†a +
λ√
2j

(a† + a)(J+ + J−). (3.1)

Here ω is the frequency of the radiation, ω0 is the energy gap between the
two levels of the atoms (taking ~ = 1) and λ is the strength of the coupling
between the atoms and the field. Since we only deal with the internal energy
degrees of freedom of the atoms, it is natural to use the angular momentum
representation where the diagonal operator Jz has “up” and “down” eigen-
states that describe the excitation state of each atom and the non-diagonal
ladder operators J+ and J− respectively describe the absorption and emis-
sion of a photon by the atomic system. The angular momentum operators

1An analysis of the DM in the multi-mode case can be found in [3].
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in the Hamiltonian are collective operators, meaning that they are the sum
of the individual atomic operators

Jz =
N

∑

i=1

Si
z, J± =

N
∑

i=1

Si
±, (3.2)

where N is the total number of atoms. They meet the usual commutation
conditions

[J2, Jz] = 0, [Ji, Jj ] = εijkJk, [J±, Jz] = ±J±. (3.3)

In theory, the quantum number j can take values N/2, N/2− 1, .... Here we
take the symmetric representation j = N/2.

The field is taken to be quantized and symbolized by a pair of boson oper-
ators {a†, a}, where the operator a†a has eigenstates that represent a field
with an average of n photons. The operators a† and a respectively represent
the addition and substraction of a photon to the field. This is expressed as

a†a|n〉 = n|n〉, a†|n〉 =
√

n + 1|n + 1〉, a|n〉 =
√

n|n − 1〉. (3.4)

This pair of operators fulfill the commutators

[a, a†] = 1, [a, a] = [a†, a†] = 0. (3.5)

As it was mentioned before, this simple hamiltonian has not been solved
analytically for a general number of atoms. Nevertheless, it has particular
solutions for specific cases, one of them being the large number of atoms
limit.

3.1 Solution: normal and super-radiant phases

In the thermodynamic limit, where N → ∞, one can use the Holstein-
Primakoff transformation[26] to put the angular momentum operators in
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terms of a pair of boson operators {b†, b}

J+ = b†
√

2j − b†b, J− =
√

2j − b†bb, Jz = b†b − j (3.6)

It is easy to check that this definition fulfills the commutation relations in
Eq.(3.3). This is a useful transformation because it is possible, after some
approximation, to diagonalize the Hamiltonian in terms of what effectively
looks like two non-interacting “boson fields”. The solutions of this kind of
Hamiltonian are of course well known, since they involve a product of two
harmonic oscillator eigenstates.

After making the substitution form Eq. (3.6) in the Dicke Hamiltonian
and reaccommodating the

√
2j factor, we have

H(1) = ω0(b†b−j)+ωa†a+
λ√
2j

(a†+a)



b†
√

1 − b†b
2j

+

√

1 − b†b
2j

b



 (3.7)

So far this Hamiltonian is exact. Taking the N → ∞ limit, the term
b†b/2j → 0, and the square roots can be approximated (to the order of
1/
√

j) to be 1. Discarding the terms with j in the denominator, the simpli-
fied Hamiltonian is

H(1) = ω0(b†b − j) + ωa†a +
λ√
2j

(a† + a)(b† + b). (3.8)

This can now be diagonalized through a series of transformations. Here we
refer to the procedure followed by Emary et al. [9] to exactly solve the
full DH in the thermodynamic limit. After this process the Hamiltonian is
diagonal in two non-interacting bosonic modes

H(1) = ε(1)
− c†1c1 + ε(1)

+ c†2c2 +
1
2
(ε(1)− + ε(1)+ − ω − ω0 − 2ω0j), (3.9)
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where the two pairs of operators satisfy Eq. (3.5) and the coefficients that
represent the excitation energies of these two abstract modes are

ε(1)2± =
1
2
(ω2 + ω2

0 ±
√

(ω2
0 − ω2)2 + 16λ2ωω0). (3.10)

It is worth noting that it’s not possible to associate the modes {c†i , ci}, where
i = 1, 2, with the field or the atoms alone and independently. In order to
obtain properties of each of the systems at the time of calculating expected
values of physical quantities, it is necessary to go back to the original op-
erators through all the transformations. The Hamiltonian in Eq. (3.9) is
simply that of a two-mode harmonic oscillator and its wave functions as well
as its energies are easily calculated. If we take the eigenstates of each mode
to be represented by {|ni〉} for ni ∈ Z+, then ci|0〉 = 0 and c†ici|ni〉 = ni|ni〉.
The eigenstates of the entire system (atoms plus field) are the tensor prod-
ucts {|n1〉 ⊗ |n2〉} and consequently any general state of the system can be
written as a superposition of these.

There is, however, a problem with the solution that was obtained. The
energies in Eq. (3.10) become imaginary for a certain range of the coupling
constant λ. It is clear that for ε(1)− , if ω2 +ω2

0 <
√

(ω2
0 − ω2) + 16λ2ωω0, the

energy is no longer real, along with the Hamiltonian. The range of values
of λ for which the energy remains real is λ ≤ √

ωω0/2. This means that the
Hamiltonian in Eq. (3.9) only describes the system in this range and we
need another effective Hamiltonian for the rest of the values.

An effective Hamiltonian for the λ >
√

ωω0/2 can be obtained by displac-
ing the original boson operators by a couple of complex parameters which
are then chosen conveniently so that the Hamiltonian is diagonal [9]. The
displacement is given by

a† = c† +
√

α, b† = d† −
√

β, (3.11)
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where α and β are complex parameters. After inserting these expressions
in the original Hamiltonian before making the N → ∞ approximation, we
have

H(2) = ω0(d†d −
√

β(d† + d) + β − j) + w(c†c +
√

α(c† + c) + α)

+ λ(c† + c + 2α)(d†
√

ξd − 2
√

βξ)

√

2j − β
2j

. (3.12)

Here ξ (which should not be confused with the correlation length) is

√

ξ =

√

1 − d†d −
√

β(d† + d)
2j − β

. (3.13)

Expanding the term in the square root and taking the thermodynamic limit,
the Hamiltonian can now be diagonalized using the same transformations
as before, but with the appropriate relevant constants for this case. After
this process, the Hamiltonian in its diagonal form is

H(2) = ε(2)
− e†1e1 + ε(2)+ e†2e2 − j

(

2λ2

ω
+

ω2
0ω

8λ2

)

+
1
2

(

ε(2)
+ + ε(2)− − ω0

2µ
(1 + µ) − ω − 2λ2

ω
(1 − µ)

)

, (3.14)

where the energy coefficients are

2ε(2)2± =
ω2

0
µ2 + ω2 ±

√

(

ω2
0

µ2 − ω2
)2

+ 4ω2ω2
0, (3.15)

and µ = ωω0/4λ2. Again there are two new pairs of boson operators, which
cannot be associated with the atoms or the field alone. The energy e(2)

− is
real only when

ω2
0

µ2 + ω2 ≥

√

(

ω2
0

µ2 − ω2
)2

+ 4ω2ω2
0, (3.16)

which, in terms of the coupling parameter, means that λ >
√

ωω0/2. This is
exactly the range in which the previous energy in Eq.(3.10) becomes imag-
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inary. The Hamiltonian in Eq. (3.14) characterizes the system for this
range of values of λ. This abrupt change in the energies of the system as
a function of the coupling strength λ is what lies behind a quantum phase
transition. The critical point is defined in the limit of both inequalities, that
is λc =

√
ωω0/2, and it defines two phases which are usually called normal

(λ < λc) and super-radiant(λ > λc).

The eigenstates of the Hamiltonian for the super-radiant phase, Eq. (3.14)
can be represented as tensor products {|m1〉 ⊗ |m2〉}, where e†iei|mi〉 =
mi|mi〉, with i = 1, 2, and the usual ladder operations on the basis states
apply. These are again products of harmonic oscillator states, which for the
ground state are just Gaussian functions. The two displacements

√
α and

√
β in Eq. (3.11) can be chosen with two different set of signs, which means

that there are two possible valid wave functions with the same ground state
energy or two effective Hamiltonian which lead to the same energy. This
double degeneracy also occurs at the critical point and is a consequence of
the QPT. The resulting wave functions are orthogonal and after the phase
transition the system will be in a statistical mixture of these two states.

3.2 Ground state properties

From the Hamiltonians H(1) and H(2) we have the ground state energy of
the composite system for both phases

Eg =

{

1
2(ε(1)− + ε(1)+ − ω − ω0 − 2ω0j) λ < λc

−j
(

2λ2

ω + ω2
0ω

8λ2

)

+ 1
2

(

ε(2)+ + ε(2)− − ω0
2µ(1 + µ) − ω − 2λ2

ω (1 − µ)
)

λ > λc
.

Nevertheless, since we are taking the thermodynamic limit, it is necessary
to study the scaled ground state energy Eg/j. In this limit, the terms that
have j in the denominator become discardable, and the energy per atom can
be written as
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Eg

j
=

{

−ω0 λ < λc

−
(

2λ2

ω + ω2
0ω

8λ2

)

λ > λc
. (3.17)

This expression for the energy, as well as its first derivative with respect
to λ, are continuous at the critical point. On the other hand, the second
derivative is

∂2Eg

∂λ2 =

{

0 λ < λc

−
(

4
ω + 3ω2

0ω
4λ4

)

λ > λc
, (3.18)

which is not continuous at λc. This is precisely what defines a second order
quantum phase transition. Figure 3.1 shows the ground state energy of the
atoms and the field and its second derivative with respect to λ. This is
calculated for the case where the splitting of the atoms is the same as the
frequency of the field and ω = ω0 = 1. In this resonant case, the critical
point takes the value λc =

√
ωω0/2 = 0.5.

The correlation length associated with the QPT is conveniently defined
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Figure 3.1: Scaled ground state energy and its second derivative as a function of
λ for the case ω = ω0 = 1 and N → ∞.

using the excitation energies ε(1,2)
− , which go to zero at the critical point [9].

It follows that a natural definition of the correlation length is

l =
1

√ε−
. (3.19)
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This of course goes to infinity at λc.

The wave function of the ground state of a harmonic oscillator Hamilto-
nian is a Gaussian function with the appropriate normalization. For the DH
in Eq. (3.9), the ground state is

Ψ(1)(q1, q2) =

(

ε(1)− ε(1)+

π2

)
1
4

e−
ε(1)− q2

1
2 e−

ε(1)+ q2
2

2 , (3.20)

where q1 and q2 are the variables associated with the operators that diago-
nalize the Hamiltonian

c†1 =
1√
2





√

ε(1)
− q1 − i

1
√

ε(1)−

p1



 , c†2 =
1√
2





√

ε(1)+ q2 − i
1

√

ε(1)+

p2





(3.21)
In terms of the quadratures x = q1 cos γ+q2 sin γ and y = −q1 sin γ+q2 cos γ,
the wave function for the normal phase is

Ψ(1)(x, y) =

(

ε(1)− ε(1)+

π2

)
1
4

exp(−ε(1)−
2

(x cos γ − y sin γ)2)

× exp(−ε(1)+

2
(x sin γ + y cos γ)2). (3.22)

Here the angle is tan 2γ = 4λ
√

ωω0/(ω2
0 −ω2). For the super-radiant phase,

the wave function for the ground state is, according to the Hamiltonian in
Eq. (3.14),

Ψ(2)(X, Y ) =

(

ε(2)− ε(2)+

π2

)
1
4

exp(−ε(2)−
2

(X cos γ − Y sin γ)2)

× exp(−ε(2)+

2
(X sin γ + Y cos γ)2), (3.23)

where in this case tan 2γ = 2ωω0µ2/(ω2
0 − µ2ω2) and similar relations hold

for the quadratures X and Y in relation to the operators that diagonal-
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ize the Hamiltonian. In this case X and Y are displaced from x and y by
X = x −

√

2α/ω and Y =
√

ω0/ω̃(y +
√

2β/ω0).

The quadratures x and y are directly relatable to the field and the atoms
respectively. For both phases these are simply

x =
1√
2ω

(a† + a), y =
1√
2ω0

(b† + b). (3.24)

Figure 3.2 shows the wave function for various values of the coupling con-
stant when ω = ω0 = 1. Around the critical point λc = 0.5, the wave
function becomes infinitely delocalized and the variances ∆x and ∆y di-
verge. Since the Dicke model doesn’t include any information about the
localization of the atoms (they are not located in a lattice of any kind) and
the atoms are not interacting, the usual interpretation of the correlation
length does not apply. In lattice and magnetic models, the divergence of the
correlation length at the critical point of the transition indicates that the
correlation function of a pair of qubits (or quantum systems) no longer falls
exponentially with the distance between the qubits. In the DM is possible to
give an interpretation of the divergence of the “correlation length” defined
in Eq. (3.19) in terms of the delocalization of the wave function. At the
critical point, the atoms and the field become maximally correlated and un-
separable. The variances of the wave function diverge with the correlation
length.

3.2.1 Critical exponents of the QPT

In order to find exactly how the energies ε(1)− and ε(2)− go to zero at the critical
point, we make a series expansion of Eq. (3.10) and (3.15) around λc. For
the λ < λc, the energy goes as

ε(1)2
− (λ → λ−

c ) = −4(ωω0)3/2

ω2 + ω2
0

(λ − λc) + O(λ − λc)2. (3.25)
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Figure 3.2: Wave function of the ground state for λ = 0, 0.3, 0.48, 0.4999, 0.50001,
0.51, 0.6, 2 for ω = ω0 = 1 [9].

For the super-radiant phase we have

ε(2)2− (λ → λ+
c ) =

8(ωω0)3/2

ω2 + ω2
0

(λ − λc) + O(λ − λc)2. (3.26)

In general we have that from both sides, the excitation energy approaches
the critical point as

ε−(λ → λc) ∼ |λ − λc|1/2. (3.27)

This means that the correlation length goes as l(λ → λc) ∼ |λ − λc|−1/4.
Comparing with Eq. 2.5, the critical exponents of the transition are zν =
1/2 and ν = 1/4 [9].

3.3 Symmetry breaking

A typical feature of a QPT is symmetry breaking at the critical point. This
is evident in the DM. For the normal phase, the parity operator

Π(1) = eiπ(a†a+Jz+j) (3.28)
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commutes with the Hamiltonian H(1)[9, 4]. The operator a†a + Jz + j →
n+(n+ +n−)/2+(n+−n−)/2 = n+n+, where n in the number of photons
and n+ is the number of excited atoms, can be thought of as counting the
total number of excitations in the system or the number of photons plus the
number of atoms in the excited state. This is a constant in the sense that
in a photon is absorbed by the atomic system, the number of atoms in the
excited state goes up by one and the number of photons goes down by one.
The eigenstates of the parity operator are just the tensors |n〉 ⊗ |j,m〉. The
eigenvalues are ±1, corresponding to the cases when n + n+ is even or odd
respectively. Since the evolution operator conserves parity, the system will
remain in either of the ±1 subspaces.

In the super-radiant phase the previous operator no longer commutes with
H(2). The new parity operator is

Π(2) = eiπ(c†c+d†d), (3.29)

where [H(2),Π(2)] = 0. However, the interpretation of this conserved quan-
tity is not as straight forward as before since the abstract modes described
by {c†, c} and {d†, d} are the displaced versions of the original boson and
atomic operators. The exponent of the parity operator can be written as
c†c + d†d = a†a + b†b +

√
α(a† − a) +

√
β(b† + b) + α + β. As opposed to the

previous exponent in the parity operator in Eq. 3.28, this is not diagonal in
the basis states and the terms (a†−a) and (b† + b) allow for the appearance
of excitations in the system that were not permitted in the normal phase
and which are dependent of the displacements α and β.

It should be noted that the parity operator associated with the number
of excitations operator commutes with the original Hamiltonian in Eq. 3.1
for all values of the coupling parameter. However for values of λ > λc, the
system is in a coherent state, hence the displacement of the boson operators
(Eq. 3.11) in the derivation of the effective Hamiltonian for the super-radiant
phase. This causes the original parity operator to not commute with the ef-
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fective Hamiltonian H(2), since the appearance of a coherent state for λ > λc

is intentionally injected into the super-radiant Hamiltonian.

3.4 Entanglement entropy between the atoms and

the field

The previous section showed the behavior of the ground state energy and
wave function of the system of the atoms and the field, all from the point of
view of the dependence on the coupling constant. Now we will see the effects
of the quantum phase transition on other properties of the system, such as
entanglement. Let ρ is the density matrix describing the entire system,
meaning ρ(1,2) = Ψ(1,2)∗Ψ(1,2). The entanglement between the atoms and
the field can be quantified by

S = −Tr(ρA log2 ρA) = −Tr(ρF log2 ρF ), (3.30)

where ρA = TrF (ρ) and ρF = TrA(ρ) are the reduced density matrices of
the atoms and the field respectively. If we take the wave functions depending
on x and y (or the equivalent X and Y for the super-radiant phase), the
trace over the field is

ρ(y, y′) =
∫

dxψ∗(x, y)ψ(x, y′). (3.31)

The function ρ(y, y′) is then the reduced density operator that describes the
atomic system. This calculation is done separately for λ < λc and λ < λc,
using the appropriate wave functions Eq. (3.22) and Eq. (3.23) for each
case. The entropy can be calculated through a comparison with the entropy
of a harmonic oscillator in the canonical ensemble. Figure 3.3 shows the
von Neumann entropy for the atomic system as a function of the strength
of the interaction between the atoms and the field. It can be seen that the
entropy diverges at the critical point and for large values of λ stabilizes at
S = 1. This can be thought of as a measure of the entanglement between
the atomic system and the field.
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Another possible quantity of interest is linear entropy, which gives an
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Figure 3.3: Von Neumann entropy of the atomic system in the thermodynamic
limit and for ω = ω0 = 1 [2].

idea of the mixedness of the state and can be though of as an alternative
entanglement measure [27]. This is calculated in the same manner as the
von Neumann entropy. Figure 3.4 shows the linear entropy as a function of
the coupling, again in the thermodynamic limit and for ω = ω0 = 1.

Since the von Neumann entropy as a measure of entanglement is in prin-
ciple applicable to pure state, it is necessary to discuss the validity of the
results for the entropy for λ > λc where the system is in a mixed state. The
von Neumann entropy of an infinite mixture is

S

(

∑

i

pi|Ψi〉〈Ψi|
)

=
∑

i

piS(|Ψi〉〈Ψi|) −
∑

i

pi log pi. (3.32)

Von Neumann proved that for orthogonal decompositions, the quantity
S(|Ψi〉〈Ψi|) is independent of the state |Ψi〉. In this case, the ground state
of the super-radiant phase is two-fold degenerate and weighted equally and
the individual pure states are orthogonal. The entropy of both pure states
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Figure 3.4: Linear entropy of the atomic system in the thermodynamic limit and
for ω = ω0 = 1 [33].

is the same, consequently the entropy of the mixed state is

S

(

∑

i

pi|Ψi〉〈Ψi|
)

=
1
2
S(|Ψ1〉〈Ψ1|) +

1
2
S(|Ψ2〉〈Ψ2|) − log(

1
2
)

= S(|Ψ1〉〈Ψ1|) − 1 (3.33)

Effectively the entropy is then S(
∑

i pi|Ψi〉〈Ψi|) =
∑

i pi log pi up to an
additive constant that in this case is equal to −1. One can then calculate
the entropy of either of the pure states of the decomposition and normalize
with the corresponding constant to obtain the correct result for the entropy
shown in Figure 3.3. This will be shown to be in agreement with the results
outside the thermodynamic limit shown in the next chapter.

3.5 Scaled pairwise concurrence

For a measure of entanglement between any two atoms, the concurrence can
be calculated. The reduced density matrix of two atoms can be calculated
using the procedure found in [7]. Using the fact that the system is symmetric
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under exchange of particles, the reduced density matrix of two atoms is

ρ12 =













v+ x∗
+ x∗

+ u∗

x+ w y∗ x∗
−

x+ y w x∗
−

u x− x− v−













, (3.34)

where the variables are

v± =
N2 − 2N + 4〈J2

z 〉 ± 4〈Jz〉(N − 1)
4N(N − 1)

(3.35)

x± =
(N − 1)〈J+〉 ± 〈[J+, Jz]+〉

2N(N − 1)
(3.36)

w =
N2 − 4〈J2

z 〉
4N(N − 1)

(3.37)

y =
2〈J2

x + J2
y 〉 − N

2N(N − 1)
(3.38)

u =
〈J2

+〉
N(N − 1)

. (3.39)

The concurrence C(ρ1,2) = max(0, α1 − α2 − α3 − α4), where αi are the
ordered square roots of the eigenvalues of the matrix ρ(σy ⊗ σy)ρ∗(σy ⊗ σy),
measures the entanglement between any pair of atoms [28, 29]. However,
if one wants to “extract” the behavior of entanglement close to λc, it is
necessary to calculate the scaled concurrence NC (the entanglement between
to atoms scaled to the number of total atoms), since C alone is constant for
the ground state of the DM [7, 2, 3]. The properties that all the atoms are
equally correlated and any pair of atoms is the same as every other pair is
reflected in the fact that the matrix elements depend only on the expected
values of the collective angular momentum operators. The expected values
have to be calculated in the ground state of the whole system, so the angular
momentum operators of the atoms have to be expressed for each phase in
terms of {b†, b} and {b† −

√
β, b −

√
β}, which in turn can be expressed in

terms of the pairs of operators {c†i , ci} and {ε†i , εi} with i = 1, 2. Figure 3.5
shows the scaled concurrence as a function of λ. This measure also reaches
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its maximum, a cusp, at the critical point. As opposed to the entropy, for
“large” values of λ it goes to zero.
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Figure 3.5: Entanglement between a pair of atoms in the thermodynamic limit
and for ω = ω0 = 1 [2].
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Chapter 4

Numerical solution for a
finite number of atoms

As of today, there is no general analytical solution of the DM. In this chapter
we solve the model by numerical diagonalization of the Hamiltonian. Some
entanglement properties of the system are investigated.

4.1 Numerical diagonalization of the DH

In order to obtain the ground state energy and function for an arbitrary
number of atoms N , the DH has to be put in diagonal form. The Hamilto-
nian matrix can be expressed in the standard basis {|n〉⊗ |j,m〉}, where the
Fock states make a base for the field quantum state and the Dicke states
represent the atoms. A general eigenstate of the system can therefore be
written as

|Ψ〉 =
∞

∑

n=0

j
∑

m=−j

Cn,m|n〉 ⊗ |j,m〉, (4.1)

where again j = N/2 is fixed and m ∈ {−j,−j + 1, ..., j}. The state |Ψ〉 is
normalized:

∑

n,m |Cn,m|2 = 1. It is clear from the DH in Eq. (3.1) that the
matrix representation in this basis is not diagonal. The diagonal elements
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are simply 〈n,m|(ω0Jz + ωa†a)|n,m〉 = (ω0m + ωn) 1. The off-diagonal
elements are λ√

2j 〈n
′,m′|(a† + a)(J+ + J−)|n,m〉, which are a combination

of terms of the form λ√
2j

√
n + 1

√

j(j + 1) − m(m ± 1)δn′,n+1δm′,m±1 and
λ√
2j

√
n
√

j(j + 1) − m(m ± 1)δn′,n−1δm′,m±1. The Fock space that describes
the field is infinite, meaning that n ∈ {0, 1, ...}, hence the space is truncated
at some nmax. Appendix 1 discusses the effect of this artificial reduction
of the bosonic space and provides a criteria for choosing nmax. Taking this
into account, the dimension of the full Hilbert space of the atomic system
plus the field is d = (2j + 1)(nmax + 1) and consequently the Hamiltonian
is a (2j + 1)(nmax + 1) × (2j + 1)(nmax + 1) matrix. The expected value of
any operator is then calculated as

〈O〉 =
nmax
∑

n,n′=0

j
∑

m,m′=−j

Cn,mC∗
n′,m′Onm.n′m′ . (4.2)

To get an idea of the probability distribution of the ground state as a func-
tion of the coupling parameter, we plot the coefficients |Cn,m|2 correspond-
ing to all the basis states for a range of λ values. Figure 4.1 shows this
probability distribution for an arbitrary number of atoms, where we have
labeled each state by an index k, so that a general state can be written as2
∑nmax

n=0
∑j

m=−j Cn,m|n,m〉 =
∑d

k=1 Ck|k〉. For λ = 0, only one coefficient
survives, that is C0,−j = 1. The system is in the pure state |0,−j〉. As the
coupling parameter increases, “higher” states become progressively filled,
and the probabilities are no longer zero. There are two patterns to notice:
the curve along all the basis and the curve along the individual values of m
which relates to the field states. First, along the atomic states, the max-
imum probability centers around the middle (m = 0 or m = ±1/2 if the
number of atoms is even or odd respectively), where the number of excited

1The notation |n, m〉 abbreviates |n〉 ⊗ |j, m〉.
2To clarify the order in which the states are indexed, take for example the case

j = 1/2 with nmax = 1. Then d = 4 and the states are ordered in the following
way: C0,−1/2|0,−1/2〉 = C1|1〉, C0,1/2|0, 1/2〉 = C2|2〉, C1,−1/2|1,−1/2〉 = C3|3〉 and
C1,1/2|1, 1/2〉 = C4|4〉.
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atoms is approximately the same as the number of atoms in the ground
state. Second, for the field states, the individual curve along each m seems
to follow the distribution of the number of photons in the field scaled to the
probability of associated with that m for the atomic states.
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Figure 4.1: Probability distributions of the ground state on the {|n,m〉} basis as a
function of the coupling parameter λ for N = 3(left) and N = 5(right). The index
k labels the basis, with k ∈ {1, ..., d}. The λ axis is scaled 0.1 → 1.

To see how the QPT affects the average number of photons in the field
and the occupation of the excited state of the atomic system, we follow the
results of Emary et al. [9] and calculate the scaled atomic inversion 〈Jz〉/j
and the average number of photons 〈a†a〉/j in the ground state for various
values of N and compare them to the results in the thermodynamic limit.
The average number of photons in the normal phase in the thermodynamic
limit is simply a†a|0〉 = 0. In the ground state of the second phase

〈a†a〉 = 〈c†c〉 +
√

α(〈c†〉 + 〈c〉) + α

= α =
2λ2

ω2 (1 − µ2). (4.3)
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The atomic inversion can be found in a similar way. In the normal phase
〈Jz〉 = −j and in the super-radiant phase

〈Jz〉 = 〈b†b〉 − j

= 〈d†d〉 −
√

β(〈d†〉 + 〈d〉) + β − j

= β + j = −µ, (4.4)

where µ was defined in Eq. 3.15. Figure 4.2 shows that initially the field has
an average of zero photons and all the atoms are in the ground state | − j〉.
After the critical point, these values change dramatically and the individual
excited state of the atoms becomes progressively occupied as one increases
the coupling parameter.

The increase in the population of the excited state approximately after
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Figure 4.2: Scaled atomic inversion and average number of photons in the field for
N = 1, 2, 4, 8. The solid line is the thermodynamic limit [9].

the critical point in the N → ∞ limit is also reflected in the number of
excitations in the system , which we will call p (the average number of
photons plus the number of excited atoms). In the absence of a QPT one
would expect the system to remain in the ground state |0,−j〉, where the
number of excitations is zero. However, due to the non-trivial behavior
brought on by the QPT, this quantity is no longer conserved and varies
abruptly after the critical point. This is evident in the results outside the
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thermodynamic limit. The excitation number operator is given by

p = a†a +
N

∑

i=1

S+
i S−

i , (4.5)

where S±
i are the angular momentum ladder operators of atom i. Figure

4.3 shows the expected value of this operator in the ground state of the DH
as a function of the coupling parameter.
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Figure 4.3: Number of excitations 〈p〉 in the system a function of λ for a total
number of atoms of N = 1(dark green), 2, ..., 10(light green).

4.2 Entropy and concurrence for finite N

The second order quantum phase transition occurs exclusively in the ther-
modynamic limit. It is in this limit only that the second derivative of the
energy is discontinuous at some point. When the number of atoms is finite,
the discontinuity disappears. However, it is interesting to see how the finite
N results for entanglement and other quantities approach the results for the
thermodynamic limit. This is equivalent to seeing how does the presence
of a QPT in the N → ∞ limit affects the general solution of the system
and how fast do the finite N calculations converge to the corresponding
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N → ∞ results. Traditionally in this context the study of the behavior of
systems of finite size has been used to obtain information about the system
and the nature of the QPT when the size is very large or tends to infin-
ity. The universality quality of the scaling of quantities under common laws
can be a useful tool. For example, in connection with information theory
and entanglement, this type of finite scaling analysis has been performed for
the Ising and the XY model, where pairwise entanglement (the concurrence
or its derivative) scales around the critical point with certain power laws
where the exponent is directly relatable with the critical exponent of the
phase transition (the exponent that governs the behavior of the correlation
length) in these models.

To calculate the entanglement between two atoms using the concurrence,
we use the same expression Eq. (3.34) for the reduced density matrix. The
expectation values of the angular momentum operators will be given in terms
of the coefficients Cn,m in Eq. (4.1) and are now calculated numerically for a
range of values of λ. Figure 4.4 shows the pairwise concurrence as a function
of the coupling constant for various values of N and for ω = ω0 = 1. The
scaling curves are also shown. It is found that the position of the maximum
λmax of each N goes as λmax ∝ λc + N−0.67 when λ → λc. The value of the
maximum of the concurrence was found to scale as Cmax ∝ C(λc) + N−0.26

when λ → λc = 0.5. There exponents are well within the uncertainty bounds
reported in [2].

The von Neumann entropy is calculated taking the trace over the bosonic
system of the full density matrix given by the general state in Eq. (4.1).
Figure 4.5 shows the entropy for different values of N as a function of λ, also
in resonance. The scaling curves are also shown. In this case, the position
of the maximum is found to scale with N as λmax ∝ λc + N−0.73 when
λ → λc. The value of the entropy maximum depends logarithmically on N
as Smax ∝ 0.14 log N near λc = 0.5. These are also in agreement with the
exponents found in [2]. It is clear that the maximum of these quantities
moves towards the critical point λc = 0.5 with increasing N . The small and
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Figure 4.4: Left: Entanglement between a pair of atoms for system of sizes N =
2, 4, 8, 12 and for ω = ω0 = 1. The solid line is the concurrence for N → ∞
[2]. Right: Scaling with N of the position and the value of the maximum of the
concurrence.

large λ limits show some form of scale invariance where the concurrence and
von Neumann entropy become the same for all values of N . The maximum
value the entropy can take in any case is log(N + 1), since 2j + 1 = N + 1
is the dimension of the Hilbert space of the atomic system.

It is also interesting to find the linear entropy of the system for any number
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Figure 4.5: Left: Entanglement between the atoms and the field for system of sizes
N = 4, 8, 16, 32 and for ω = ω0 = 1. The solid line is the von Neumann entropy for
N → ∞ [2]. Right: Scaling with N of the position and the value of the maximum
of the entropy.
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of atoms. In terms of the density matrix, the linear entropy is given by

L(ρ) = C(1 − Tr(ρ2)), (4.6)

where C can be equal to one or be a constant dependent on the dimension-
ality of the system in question. The linear entropy gives a measure of the
mixedness of the system. Some authors have treated it as an entanglement
measure on its own and other entanglement measures such as the global
entanglement are given in terms of the linear entropy. We calculate this
entropy for systems of finite size. Results are shown in Figure 4.6. One one
hand, it is clear that linear entropy also detects the QPT occurring at the
thermodynamic limit and the curves approach the divergent behavior of the
linear entropy in this limit. On the other hand, it was shown in Section 4.1
and in Figure 4.1 that before the phase transition the system is in the pure
state |0,−j〉 and after the critical point the ground state becomes mixed.
This is also quantified by the linear entropy of the system shown in Figure
4.6. In this case, the position of the maximum is found to scale with N as
λmax ∝ λc+N−0.78 when λ → λc. The value of the linear entropy maximum
depends logarithmically on N as Lmax ∝ 0.03 log N .
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Figure 4.6: Left: Linear entropy of the atoms for system of sizes N = 4, 8, 16, 32
and for ω = ω0 = 1. The solid line is the linear entropy for N → ∞ [2]. Right:
Scaling with N of the position and the value of the maximum of the entropy.
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4.3 Block entanglement in the atomic system

So far, two types of bipartite entanglement have been calculated: the en-
tanglement between a pair of atoms (using the scaled concurrence) and
the entanglement between the atomic and bosonic systems (using the von
Neumann entropy), for different total number of atoms, including the ther-
modynamic limit. The purpose of this section is to study how much entan-
glement is present between blocks of different sizes of the atomic system and
the remaining parts, and to study how the quantum phase transition in the
thermodynamic limit affects this type of entanglement. This treatment will
also be useful in the next section for the calculation of other measures such
as the generalized global entanglement. As before, this analysis is carried
out for the ground state of the system and using numerical diagonalization
of the Hamiltonian.

In order to be able to take the trace over a general number of atoms q,
with 0 < q < 2j, we express the state of the system Eq. (4.1) in terms of
the basis {|sm〉}m=−j,...,j , where sm represents a sequence made up of 1s and
0s where the number of 0s is j − m and the number of 1s is j + m. This
describes a state in which there are j − m atoms in the ground state and
j +m atoms in the excited state. Hence, a state of the entire system can be
written as

nmax
∑

n=0

j
∑

m=−j

Cn,m|n,m〉 =
∑

s∈{sm}m=−j,...,j

(

2j
j − ms

)− 1
2

nmax
∑

n=0

Cn,ms |n〉 ⊗ |s〉.

(4.7)
For a total number of atoms of 2j, there are 22j sequences in {sm}m=−j,...,j ,
all of length 2j. The number ms is the m = (n− + n+)/2 associated with
each sequence s. Using this notation, we find the density matrix of the
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atomic system

ρA =
∑

s,s′∈{sm}m=−j,...,j

(

2j
j − ms

)− 1
2
(

2j
j − ms′

)− 1
2

nmax
∑

n=0

Cn,msC
∗
n,ms′

|s〉〈s′|.

(4.8)
In general, the density matrix of any number of atoms q < 2j can be obtained
taking the trace over the rest of the 2j − q atoms. Let S2j = {sm}m=−j,...,j ,
S2j−q = {sm}m=−j+q/2,...,j−q/2 and Sq = {sm}m=−q/2,...,q/2. After taking
the trace over the states of 2j − q atoms, the reduced density matrix that
describes q atoms is

ρq =
∑

s,s′∈S2j

∑

p∈S2j−q

(

2j
j − ms

)− 1
2
(

2j
j − ms′

)− 1
2

nmax
∑

n=0

Cn,msC
∗
n,ms′

〈p|s〉〈s′|p〉.

(4.9)
With a slight abuse of notation we can write the sum of the states of the
22j sequences in S2j in terms of a tensor product of two states

∑

s∈S2j

|s〉 =





∑

s1∈Sq

|s1〉



 ⊗





∑

s2∈S2j−q

|s2〉



 , (4.10)

(with an equivalent expression for
∑

s′ |s′〉) where ms = ms1 + ms2 and the
inner products can be expressed as

∑

s∈S2j

〈p|s〉 =
∑

s2∈S2j−q

〈p|s2〉





∑

s1∈Sq

|s1〉



 . (4.11)

The inner products 〈p|s2〉 and 〈p|s′

2〉 become δs2,p and δs′2,p respectively.

With this in mind, we have that p = s2 = s
′

2. Renaming s1 and s
′

1 as s and
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s′ for simplicity, the density matrix is then

ρq =
∑

s,s′∈Sq

∑

p∈S2j−q

(

2j
j − ms − mp

)− 1
2
(

2j
j − ms′ − mp

)− 1
2

×
nmax
∑

n=0

C∗
n,ms+mp

Cn,ms′+mp |s′〉〈s| (4.12)

From this expression, the matrix elements [ρq]ss′ are readily obtained

[ρq]ss′ =
∑

p∈S2j−q

(

2j
j − ms − mp

)− 1
2
(

2j
j − ms′ − mp

)− 1
2

nmax
∑

n=0

C∗
n,ms+mp

Cn,ms′+mp .

(4.13)

4.3.1 Von Neumann entropy for systems of various sizes

Using the expressions for the reduced density matrix of q < N atoms found
before, we calculate the von Neumann entropy for subsystems of different
sizes in a total of N atoms. Figure 4.7 shows the von Neumann entropy of
subsystems of sizes q = 1, 2, ..., N−1 as a function of the coupling parameter
for N = 4 and N = 8.
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Figure 4.7: Von Neumann entropy for subsystems of sizes q = 1(purple), 2, ..., N −
1(green) as a function of the coupling parameter λ.
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4.4 Generalized global entanglement

A generalization of the measure proposed by Meyer and Wallach [27] was
introduced by Rigolin et al. [30] with the purpose of taking into account all
the possible ways in which a system can be entangled or all possible par-
titions of the system. This measure called generalized global entanglement
has the property of detecting the quantum phase transition in the Ising chain
and distinguishes multi-partite states. It is ultimately based on the linear
entropy, which is in principle easily calculated since it doesn’t involve any
minimization over a set of decompositions. Since there are many inequiva-
lent ways in which a system can be entangled, the generalized global entan-
glement separates classes of entanglement, each one representing a possible
bipartition of the entire system. The global entanglement is the particular
case of the first class. We calculate this measure for the case of the Dicke
model.

Let S be a system composed of N subsystems Si, with 1 ≤ i ≤ N . Let
|Ψ〉 be the quantum state that describes S, so that |ψ〉 ∈ ⊗N

i=1 Hi, where
Hi is the individual Hilbert space of subsystem Si. The density matrix de-
scribing S is ρ = |Ψ〉〈Ψ|. The generalized global entanglement is defined
as

E(n)
G =

(

N
n

) N−1
∑

i1=1

N−1
∑

i2=i1+1

· · ·
N−1
∑

in−1=in−2+1

(N − in−1)G(n, i1, ..., in−1), (4.14)

where n ∈ N and n < N . The indexes satisfy 1 ≤ i1 < i2 < · · · < in−1 ≤
N − 1 (i0 = 0) and the function G is defined as

G(n, i1, i2, ..., in−1) =
d

d − 1



1 − 1
N − in−1

N−in−1
∑

k=1

Tr(ρ2
k,k+i1,...,k+in−1

)



 .

(4.15)
Here ρ2

k,k+i1,...,k+in−1
is the matrix obtained by tracing over the comple-

ment of the subspace SA = {Sk, Sk+i1 , ..., Sk+in−1} and the dimension d is
d = min{dimSA, dimSA}. Here the entanglement measure depends of the
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partition and one calculates a measure for each class labeled by n (which
in this context should not be confused with the quantum number associ-
ated to the field). The first class n = 1 is precisely the global entanglement
[30, 27]and higher classes are defined in order to take into account all possi-
ble partitions of a system of N subsystems. The indexes i label the distance
between subsystems, which is what allows to describe all the possible ways
in which S can be entangled.

Since the Dicke model is invariant under permutations and there is no notion
of distance between the atoms, the former expression for the global entan-
glement takes a very simple form. The first class-the global entanglement-is

E(1)
G =

(N − 1)!
N !

(N − i0)G(1)

=
d

d − 1
(1 − 1

N

N
∑

k=1

Tr(ρ2
k)). (4.16)

Here ρk is the matrix resulting from having traced out over all the subsys-
tems except Sk. This is just the density matrix of one atom which is the
same over the entire system therefore the first class is

E(1)
G =

d
d − 1

(1 − Tr(ρ2
1)) = 2(1 − Tr(ρ2

1)). (4.17)

This is just the linear entropy of one atom, with the addition of the constant
d/(d − 1). The second class is

E(2)
G =

2!(N − 2)!
N !

N−1
∑

i1=1

(N − i1)G(2, i1)

=
2

N(N − 1)

N−1
∑

i1=1

(N − i1)
d

d − 1

(

1 − 1
N − i1

N−i1
∑

k=1

Tr(ρ2
k,k+i1)

)

Here ρk,k+i1 is the matrix resulting from having traced out over all the
subsystems except {Sk, Sk+i1}. This is the reduced density matrix of two
atoms, which for the purpose of maintaining the current notation we will
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label ρk,k+1, since all pairs are equivalent in the DM. Consequently the
second class is

E(2)
G =

2
N(N − 1)

N−1
∑

i1=1

N−i1
∑

k=1

d
d − 1

(

1 − Tr(ρ2
k,k+i1)

)

=
2

N(N − 1)
d

d − 1

(

N−1
∑

k=1

L(ρk,k+1) + · · · +
2

∑

k=1

L(ρk,k+N−2) + L(ρk,k+N−1)

)

=
2

N(N − 1)
d

d − 1

(

N−1
∑

k=1

(N − k)

)

L(ρk,k+1)

=
2

N(N − 1)
d

d − 1

(

N(N − 1) − (N − 1)N
2

)

L(ρk,k+1)

=
d

d − 1
L(ρk,k+1)

=
d

d − 1
(1 − Tr(ρ2

k,k+1)) (4.18)

Finally we will calculate the generalized global entanglement for n = 3 and
then generalize the results. The measure E(3)

G is

E(3)
G =

3!(N − 3)!
N !

N−1
∑

i1=1

N−1
∑

i2=i1+1

(N − i2)G(3, i1, i2)

=
6

N(N − 1)(N − 2)

N−1
∑

i1=1

N−1
∑

i2=i1+1

(N − i2)
d

d − 1

(

1 − 1
N − i2

N−i2
∑

k=1

Tr(ρ2
k,k+i1,k+i2)

)

=
6

N(N − 1)(N − 2)
d

d − 1

N−1
∑

i1=1

N−1
∑

i2=i1+1

N−i2
∑

k=1

L(ρk,k+i1,k+i2)

=
6

N(N − 1)(N − 2)
d

d − 1

×
(

N−2
∑

k=1

(N − k) +
N−3
∑

k=1

(N − k) + · · · + (N − 1)

)

L(ρk,k+1,k+2)

=
d

d − 1
L(ρk,k+1,k+2)

=
d

d − 1
(1 − Tr(ρ2

k,k+1,k+2)) (4.19)
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Here ρk,k+1,k+2 is again the reduced density matrix of three atoms within
the entire system of N . It is clear that due to the properties of the DM
the generalized global entanglement for a general class n is simply the linear
entropy of the reduced system of size n, or

E(n)
G =

d
d − 1

(1 − Tr(ρ2
n)), (4.20)

where we have labeled the reduced density matrix of n atoms by ρn =
TrN−n(ρ). Using the results found is Section 4.3 we can calculate all classes
of E(n)

G for systems of arbitrary N . Figure 4.8 shows the generalized global
entanglement for a total number of atoms of N = 4 and N = 8.
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Figure 4.8: E(n)
G (linear entropy) for subsystems of sizes n = 1(red), 2, ..., N −

1(yellow) as a function of the coupling parameter λ.

4.5 The finite size scaling method applied to en-

tanglement in the DM

In statistical mechanics, the method of finite size scaling (FSS) is used to
obtain information about a system in the thermodynamic limit by extrap-
olating the results obtained for a system of finite size. In this context, the
”finite size” refers to the spacial dimensions L of the system and the ther-
modynamic limit refers to a system of infinite extension. This limit is in
principle unreachable (though macroscopic system sizes could be considered
to be effectively infinite). The FSS formalism can be used to extract in-
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formation about the critical parameters (critical point and exponents) of a
system that undergoes a phase transition in the thermodynamic limit from
systems of finite size.

This method has been applied to quantum mechanical systems that present
critical behavior, where we no longer deal with a system of infinite spa-
cial dimensions but with a system where the dimension of the basis of the
Hilbert space tends to infinity. In this section we will study the finite size
scaling method applied quantum mechanics, and specifically to entangle-
ment (through von Neumman entropy and concurrence) in the ground state
of the Dicke model. A general and useful formalism for applying FSS to
quantum mechanical systems was developed by P. Serra et al. [31].

Consider a quantum mechanical system described by a wave function Ψ that
depends on an external parameter (coupling strength) λ. The wave function
is a superposition of a given orthogonal basis {Φn} which is independent of
λ. The ground state function can be written as

Ψ(λ) =
∑

n

an(λ)Φn, (4.21)

where n represents the set of quantum numbers. The finite size system will
be obtained by truncating the expansion at order N . At this order the
eigenfunctions can be written as

ΨM(N)(N) =
M(N)
∑

n

a(N)
n Φn. (4.22)

We are interested in the expectation values of relevant physical operators
in this state. The expectation value in this state of a general operator O is
given by

〈O〉(N)(λ) =
M(N)
∑

n,m

a(N)
n (λ) ∗ a(N)

m (λ)On,m. (4.23)
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If the system undergoes a phase transition, it is assumed that the mean
value of 〈O〉 is not analytical at the critical point. Near the critical point
and for N → ∞, we have

〈O〉(λ) ∝ |λ − λc|µO . (4.24)

Following the basic hypothesis of FSS in statistical mechanics, it is assumed
that for the finite size case, the expectation value of the operator O behaves
as

〈O〉(N) = 〈O〉FO(N |λ − λc|ν), (4.25)

where ν is a critical exponent characteristic of the phase transition in the
system and the function F is common to all system sizes. Having these
relations in mind, a function can be defined that allows for the extraction of
information on the critical point and the critical exponents µ. This function,
that as mentioned before was defined by P. Serra et al., is

∆O(λ;N, N ′) =
ln(〈O〉N/〈O〉N ′

)
ln(N ′/N)

. (4.26)

The FSS ansatz leads to an expression of the mean value al the critical point
of the form 〈O〉 ∝ N−µO/ν , which means that for various values of N , the
functions ∆O intersect at the critical point

∆O(λc;N, N ′) = ∆O(λc;N ′′, N), (4.27)

and the value of the functions at this point is

∆O(λc;N,N ′) =
µO

ν
. (4.28)

It is clear now that this method allows us to extract information about the
phase transition in the thermodynamic limit using finite size results. We
apply this method to the ground state of the Dicke model using the von
Neumman entropy and the concurrence. For better convergence, the values
of N,N ′, N ′′ are chosen to be one unit apart. Figure 4.9 shows the function
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∆ for O = S and O = C and graphed for values of N = 20, 21, ..., 30 number
of atoms. Graphically it can be seen that for the case of the concurrence,
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Figure 4.9: The function ∆C (left) and ∆S (right) for successive values of the
number of atoms N = 20, 21, ..., 30.

the critical point is approximated to be λc ≈ 0.49. For the von Neumman
entropy, the critical point is approximated to be λc ≈ 0.51. Having in
mind that the calculations are done to a precision of 0.01, this is a very
good approximation to the analytical value λc = 0.5. For the entropy, the
ratio of the exponents is ∆S(λc) ≈ −0.27. For the concurrence, the ratio
of the exponents is ∆C(λc) ≈ 0.22. It should be mentioned that these are
approximated values, since the relations stated earlier are valid in the large
N limit and for values of λ near λc, therefore computational restrictions on
the number of atoms restrict the precision on the value of the ratio of the
exponents and on the value of the critical point.
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Chapter 5

Results for non-zero
detuning

So far we have restricted ourselves to the case where the frequency of the field
is equal to the energy gap between the two levels of the atoms and both are
equal to one. In this section we briefly examine how some properties of the
ground state such as the number of excitations and the entanglement change
when the system is no longer resonant. By detuning we mean simply the
difference between ω and ω0, or ∆ = ω−ω0. Figure 5.1 shows the excitation
number for a system of N = 12 atoms as a function of the coupling parameter
and for various values of the detuning. In this case ∆ = −4,−3, ..., 3, 4.
For both cases the graph moves to the right as the detuning is varied from

∆ = 0 to ∆ = 5 or the contrary when energy gap of the two levels is varied
∆ = 0 to ∆ = −5. This is consistent with the results of Chapter 2 showed
the critical point to be λc = 0.5 for resonance. In general, the critical point
is dependent on both frequencies

λc =
√

ωω0

2
. (5.1)

As any of the frequencies is varied, the critical point moves to the right of 0.5
with the square root of the frequencies hence the curves for each detuning
move accordingly. However, although the displacement of the curves with
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Figure 5.1: Excitation number as a function of the coupling parameter for N = 12
atoms. Left: The frequency of the field varies as ω = ω0, 2ω0, ..., 5ω0 with ω0 = 1.
Right: The frequency of the atoms varies as ω0 = ω, 2ω, ..., 5ω with ω = 1. The red
curve is the usual result for resonance.

the critical point is the same for negative and positive detunings, the curves
themselves behave in a different way. This is also evident in the behavior
of the entanglement measures. Figures 5.2 and 5.3 show the von Neumann
entropy and linear entropy for N = 8 atoms as a function of λ for values of
detuning ∆ = 0, 1, 2, 3, 4 (left plot) and ∆ = 0,−1,−2,−3,−4 (right plot).
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Figure 5.2: Von Neumann entropy as a function of the coupling parameter for
N = 8 atoms. Left: The frequency of the field varies as ω = ω0, ..., 4ω0 with
ω0 = 1. Right: The frequency of the atoms varies as ω0 = ω, ..., 4ω with ω = 1.
The dark curve is the usual result for resonance.

When the frequency of the field ω is varied the maximum become “damped”
and for high values of the detuning there is no longer a maximum of the
entropy near the critical point if one maintains the same number of atoms.
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Figure 5.3: Linear entropy as a function of the coupling parameter for N = 8
atoms. Left: The frequency of the field varies as ω = ω0, ..., 4ω0 with ω0 = 1.
Right: The frequency of the atoms varies as ω0 = ω, ..., 4ω with ω = 1. The dark
curve is the usual result for resonance.

When the energy spacing of the atoms is increased this process occurs at
higher values of λ. Interestingly something quite different happens to the
scaled pairwise concurrence as the detuning is increased or decreased. Apart
from the displacement of the critical point which is common for all plots,
the maximum value of the concurrence greatly increases as the detuning is
increased. When the detuning decreases (when the frequency of the field is
varied) the maximum values of the concurrence decrease just as in the case
of the entropy. This behavior is show in Figure 5.4 for a total number of
atoms of N = 8.
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Figure 5.4: Scaled pairwise concurrence as a function of the coupling parameter
for N = 8 atoms. Left: The frequency of the field varies as ω = ω0, ..., 4ω0 with
ω0 = 1. Right: The frequency of the atoms varies as ω0 = ω, ..., 4ω with ω = 1.
The dark curve is the usual result for resonance.

52



Chapter 6

Summary of results and
conclusions

In this work we set out to study entanglement, a valuable resource in quan-
tum information theory, in relation to the second order quantum phase tran-
sition in the exact Dicke model. The motivation comes from the apparent
underlying connection between different phenomena. Functions of the con-
currence in a class of one-dimensional and uniaxial magnetic models presents
universal behavior in the vicinity of the critical point and have analogous
behavior to that of the order parameters in classical phase transitions. The
divergence of the entanglement as the logarithm of the number of subsystems
has been directly related to the characteristic vanishing of the energy gap
that occurs in quantum phase transitions. It is interesting to ask wether
entanglement is maximum when the correlations of a given system are of
long range, or how much of the correlation between parts of the system is
of purely quantum nature.

In the Dicke model, following the work of Lambert and Emary et al., we
reviewed the solution for the full Dicke Hamiltonian and found the eigen-
states and eigenvalues in analytical form. The second derivative of the
ground state energy was found to be discontinuous at some point where
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the excitation energy ε− goes to zero, signaling a second order QPT. For the
purpose of characterizing the behavior of the system always a function of the
coupling parameter which drives the system through the phase transition,
we examined some properties of the ground state such as the delocalization
of the wave function (the divergence of the variances of the quadratures) in
the abstract space of the quadratures associated with the boson operators
that describe the field and the atomic system through a Holstein-Primakoff
transformation.

In the thermodynamic limit the von Neumman entropy diverges at the
critical point and then stabilizes at the value of S = 1 corresponding to a
completely mixed state. This indicates that for large values of λ, the system
is an equal statistical mixture of the two degenerate states that appear after
the phase transition. It seems that near the critical point the appearance of
the maxima in the entropy are signaling a genuine entanglement in relation
with the QPT. The pairwise concurrence, although it measures entanglement
between two atoms in a large system undergoing collective behavior, reaches
a maximum at the critical point. We showed that despite the fact that the
system is in a mixed state after the critical point, the entanglement can be
correctly estimated using either of the pure states of the decomposition of
the full density matrix. It should be noted that the scaled concurrence (in
this case concurrence multiplied by the number of atoms) is the quantity
being calculated. This means that, unlike the von Neumann or linear en-
tropy, when the number of atoms is large the concurrence alone vanishes for
all values of the coupling constant, since ultimately it depends inversely on
the number of atoms. The scaled concurrence can then be though of as the
entanglement of order 1/N present in the system.

After fully describing the system in the limit where the number of atoms
is large, we solve the Hamiltonian numerically for an arbitrary finite number
of atoms. This requires the truncation of the bosonic space which in theory
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is infinite. We provided a criteria for the selection of the dimension of the bo-
son space based on the number of excitations present on the system to make
sure that the rest of the quantities that were calculated were not artificial.
The limit imposed on this Hilbert space mainly creates computational prob-
lems because for a large number of atoms the artificial cut nmax becomes so
large (together with the atomic space) that the numerical diagonalization
becomes unfeasible. However the system can be treated successfully with
a relatively small number of atoms without losing the important physical
aspects. As before, the von Neumann and linear entropy and concurrence
were calculated and compared with the results of the N → ∞ limit, repro-
ducing the results of Lambert et al.. It should be noted that the scaling
behavior of the linear entropy is not present in [2], however is in agreement
with the exponents reported in [33].

We also investigated another type of bipartite entanglement besides that
between two atoms or between the atoms and the field. We calculated the
von Neumann entropy of all the possible bipartitions of systems of a given
number of atoms N . This represents the entanglement between a block of
atoms and the rest of the system, including the field. This measure grows
as the block grows, which suggests that the entanglement is shared among
the atomic system, and the higher the block, the higher the entanglement
of this subsystem with the field and the rest of the atoms. We calculated
the classes of the generalized global entanglement for the Dicke model and
showed that due to the symmetry of the model, they have a very simple form
precisely in terms of the linear entropy of each possible bipartition of the
system. In this case the linear entropy was found to have a similar behavior
to the previously mentioned for the von Neumann entropy, except that it
stabilizes at L = 1/2 for large values of the coupling. The finite size scaling
method was applied to the von Neumman entropy and the concurrence, and
it was shown that the value of the critical point and the ratio of the criti-
cal exponents can be obtained using entanglement measures for systems of
finite size. This can be important in more realistic systems such as atomic
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and molecular ions where unknown information about critical behavior in
the thermodynamic limit can be extracted using FSS techniques applied to
entanglement [32].

Finally we showed that outside resonance, when the splitting of the
atoms is different from the frequency of the field, the critical point moves
accordingly to the relation established for λc in the thermodynamic limit
and that the entanglement entropies have the same general behavior except
for the damping of the maxima as the detuning in increased or decreased.
It seems that entanglement entropy is favored in the resonant condition and
gets quickly destroyed with changing detuning. Surprisingly the concurrence
was found to behave in the opposite way when the frequency of the field is
increased. In this case pairwise entanglement seems to be generated when
the detuning is increased.

An interesting continuation of this work would be to study the QPT and
the generation of entanglement in connection with the chaotic properties of
the exact semiclassical analog of the Dicke model (the rotating wave approx-
imation makes the model integrable for all values of the coupling parame-
ter). This has been treated by some authors, where a connection between
the delocalization of the wave function at the critical point and a change
of level statistics from Poissonian to Wigner-like (which is characteristic of
quantum chaos) has been proposed[10]. The dynamics of entanglement in
relation to chaos has also been studied in [8] where it is shown to be depen-
dent on whether the initial conditions are chaotic. Taking into account all
the recent investigations into the relation between entanglement and quan-
tum chaos [15, 16, 17, 19, 9], the Dicke model could be one testing ground
for this type of analysis.
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Appendix A

Effect of the reduction of the
bosonic space and criteria for
choosing nmax

If we diagonalize the DH in the |n,m〉 basis, a general eigenstate of the
Hamiltonian can be written as

|Ψ〉 =
nmax
∑

n=0

j
∑

m=−j

Cn,m|n〉 ⊗ |j,m〉. (A.1)

Since the problem has to be solved numerically, it is not possible to keep all
the bosonic space and the expansion in the field state has to be stopped at
some nmax. The artificial truncation of the Hilbert space affects the results
of the calculations made through this diagonalization. In this appendix
we investigate the effects of reducing the space and provide a criteria for
choosing an appropriate value of nmax depending of the number of atoms
and the range of values of λ. For this purpose we calculate the number of
excitations present in the system as a function of the coupling parameter
and for various values of nmax and N . The excitation number operator is
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defined as

p = a†a +
N

∑

i=1

S+
i S−

i , (A.2)

where S±
i are the angular momentum ladder operators of atom i. This

operator applied to an eigenstate of the system gives1

p|Ψ〉 =
nmax
∑

n=0

j
∑

m=−j

Cn,mp|n,m〉

=
nmax
∑

n=0

j
∑

m=−j

Cn,m

(

a†a +
N

∑

i=1

S+
i S−

i

)

|n,m〉

=
nmax
∑

n=0

j
∑

m=−j

Cn,m(n + j + m)|n,m〉 (A.3)

(A.4)

Here j+m is basically counting the number of atoms in the excited state and
n is counting the average number of photons in the field. The expected value
of this operator in the ground state is therefore 〈p〉 =

∑

n,m Cn,mC∗
n,m(n +

m + j). As it was stated in Section 3.3, p is a conserved quantity in the
normal phase but not in the super-radiant phase. In the case of the DM
under the rotating wave approximation this is conserved for all values of
the coupling constant and it is possible to label the eigenstates of the DH
in terms of the excitation number [4]. However, since we are studying the
model in its exact form, this is no longer possible to do.

Throughout this work, the quantities of interest have been calculated for
low values of the coupling parameter close to the critical point λc = 0.5 and
mostly in the range 0 ≤ λ ≤ 1.5. Figure A.1 shows the excitation number
〈p〉 in this range of values of λ for N = 4. Each curve represents a different
choice of nmax. Figure A.2 shows similar plots for a total number of atoms
of N = 6 and N = 8 respectively. It is evident from these figures that for
low values of nmax there is an artificial saturation of the excitation number

1The notation |n, m〉 abbreviates |n〉 ⊗ |j, m〉.
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curves. This saturation depends of two factors: the number of atoms and
the coupling constant. For each N , as the nmax is increased, the curve even-
tually reaches its physical limit (the curve in light blue) and remains there
for higher values of nmax. The lower the λ, the faster the curve reaches
the physical limit. As the range of λ is increased or the number of atoms
N is increased, higher values of nmax are necessary to avoid the saturation
of the excitation number. In conclusion, as the range of λ is increased or

the number of atoms N is increased, higher values of nmax are necessary to

avoid artificial results that depend on the choice of nmax.
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Figure A.1: Number of excitations in the system as a function of the coupling
parameter for nmax = 5(dark blue), 10, 15, 20, 25, 30(light blue). The number of
atoms is N = 4. Curves nmax = 20, 25, 30 already lie on the same curve.
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Figure A.2: Number of excitations in the system as a function of the coupling
parameter for nmax = 5(dark blue), 10, 15, 20, 25, 30, 35(light blue). The number of
atoms is N = 6(left) and N = 8(right). Both nmax = 30, 35 already lie on the same
curve.
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For 1 < N ≤ 10 we calculate the value of nmax for which the excitation num-
ber curve no longer changes and take this value as an indication of the nmax

to use in our numerical calculations for 0 ≤ λ ≤ 1.5. The resulting curve is
fitted and used to find nmax for higher values of N . This is plotted in Figure
A.3. The fit is found to be approximately nmax = 7.5 + 4.7N − 0.075N2.
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Figure A.3: Limit nmax as a function of the number of atoms N . The fit function
is 7.5 + 4.7N − 0.075N2
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