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Notation

Here are the notation and definitions used throughout this thesis.

The symbol K denotes a field that can be either R or C.

Suppose that A is a subset of a vector space X. The linear hull or linear span of
A, denoted by 〈A〉, is the smallest subspace of X that includes A. The convex hull or
convex span of A, denoted by co(A), is the smallest convex set that includes A. If X

has a topology, then the closed linear hull or closed linear span of A, denoted by [A], is
the smallest closed subspace of X that includes A, and the closed convex hull or closed
convex span of A, denoted by co(A), is the smallest closed convex set that includes A.
Recall that if X is a topological vector space then [A] = 〈A〉 and co(A) = co(A) for
every A ⊂ X.

If (X, ‖·‖) is a normed space, then its closed unit ball is the set BX := {x ∈ X | ‖x‖ ≤ 1},
and its unit sphere is the set SX := {x ∈ X | ‖x‖ = 1}.

If X and Y are locally convex topological vector spaces, then L(X,Y ) denotes the
vector space of all continuous linear mappings from X into Y . The space L(X, X) is
denoted by L(X), and the space L(X,C), called the dual space of X, is denoted by X∗.
In the particular case where X and Y are Banach spaces, L(X, Y ) is a Banach space
under the uniform operator norm defined by:

‖T‖ := sup
‖x‖≤1

‖Tx‖, for T ∈ L(X,Y ).

Additionally, there exist two locally convex topologies on L(X,Y ) that will be of interest
for us: the strong operator topology, which is the weakest topology of L(X, Y ) relative
to which the mapping L(X,Y ) → Y , T 7→ Tx is continuous for each x ∈ X; and the
weak operator topology, which is the weakest topology of L(X, Y ) relative to which the
mapping L(X, Y ) → C, T 7→ y∗(Tx) is continuous for each x ∈ X and y∗ ∈ Y ∗.

If S is a nonempty set and A ⊂ S, then 1A denotes the characteristic function of
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A, whose value is 1 on A and 0 on S \ A. Furthermore, B(S) will stand for the set of
all bounded complex-valued functions on S, which is a C∗-algebra with respect to the
usual operations of pointwise addition, multiplication, scalar multiplication and complex
conjugation, and with respect to the uniform norm given by:

‖f‖ := sup
s∈S

|f(s)|, for f ∈ B(S).

If S is a topological space, then the space of bounded, continuous, complex-valued func-
tions on S is denoted by C(S). The space C(S) is closed under addition, multiplica-
tion, scalar multiplication, complex conjugation and uniform limits, and hence C(S) is a
C∗-subalgebra of B(S). If S is locally compact, then C0(S) denotes the C∗-subalgebra
of C(S) consisting of the functions vanishing at infinity.

The dual of a continuous mapping ψ : S → T between topological spaces is the mapping
ψ∗ ∈ L(C(T ), C(S)) defined by ψ∗(f) = f ◦ ψ, for f ∈ C(T ).



Introduction

In this thesis we shall be mainly interested on the existence of embeddings of c0 into
certain spaces. Concretely, we are interested in the questions of whether c0 can be em-
bedded as a topological subgroup into its WAP-compactification, and whether c0 can be
uniformly embedded (i.e. via an injective uniform homeomorphism) into some reflexive
space. The former question being equivalent to ask whether c0 can be embedded as a
topological subgroup into the group of isometries of some reflexive Banach space. Fo-
llowing Ferri and Galindo [FG], and N.J. Kalton [Kal07] we shall try to elucidate the
main reasons on which both negative answers rests.

In the first chapter a brief outlook of bases in Banach spaces as appears in [Meg98]
is given, a necessary and fundamental tool in our subsequent work. In the second chap-
ter the Distortion Problem and the related topic of Lipschitz and uniform classifica-
tion of Banach spaces are considered. First a short survey on the known results about
these problems is presented, and then James’ solution of the Distortion Problem for the
spaces c0 and `1 as appears in [Jam64], and the general solution given by Odell and
Schlumprecht in [OS94] are considered.

An introduction to the theory of semigroups including both their algebraic an topological
structures, as appears in [BJM89], is the theme of the third chapter. The main topic here
is the WAP-compactification of a general semigroup since such a compactification of the
additive group of c0 will be considered in the fourth and final chapter. Furthermore, an
important extreme case of a trivial WAP-compactification due to Megrelishvili [Meg01a],
and the fact that such a Megrelishvili group is Polish are presented.

Finally, conditions for the study of our main theme are given, and following Ferri and
Galindo[FG] and Kalton [Kal07], the non-existence of embeddings of c0 into a refle-
xive space as well as the non-existence of such embeddings into the group of isometries
of a reflexive space are studied. Consequences of the latter fact involving the WAP-
compactification of c0 are derived, and as an additional topic the cardinality of such a
compactification is calculated.



Chapter 1

Bases in Banach spaces

Let us consider infinite sequences in Banach spaces that work very like the basis of a
linear space in the sense that, every element of the space can be written in exactly
one way as an “infinite linear combination”of the elements of the sequence. For further
references on the topic of this chapter, the interested reader may consult [Meg98, LT77].

Definition 1.1. A sequence (xn) in a Banach space X is a Schauder basis for X

if for each x ∈ X there is a unique sequence (an) of scalars such that the sequence
(
∑n

k=1 akxk)n converges in norm to x, and in this case we may write x =
∑

anxn. The
basis is normalized if each xn has norm 1.

A generalization of the preceding definition is the following:

Definition 1.2. A sequence (xn) in a Banach space is a Schauder basic sequence if it
is a Schauder basis for [{xn}n].1

Example 1.3. For the classical separable Banach spaces c0 or `p, p ∈ [1,∞), the se-
quence (en) of standard unit vectors is a basis for each one of these spaces, furthermore,
(an) =

∑
anen whenever (an) is an element of the space.

Example 1.4. The sequence (en) is not a basis for `∞ because, for example, there is no
sequence (an) of scalars such that (1, 1, . . .) =

∑
anen.

The uniqueness of basis expansions implies that the terms of a basis are all nonzero.
Also, if (xn) is a basis for a Banach space, then (xn/‖xn‖) is a normalized basis for the
space.

Just as each of the classical separable Banach spaces has the sequence of standard unit
vectors as a basis, every Banach space X with a basis (xn) can be seen as a sequence space

1Whenever reference is made to a basis for a Banach space or a basic sequence in a Banach space,
the reference is to a Schauder basis or a Schauder basic sequence unless otherwise stated.
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for which the sequence (en) of standard coordinate vectors (not necessarily unitary vec-
tors) is a basis: Let Y to be the collection of all sequences (an) of scalars such that

∑
anxn

converges, with the usual vector operations and with the norm ‖(an)‖Y := ‖∑
anxn‖.

Then Y is a Banach space having the sequence (en) of standard coordinate vectors as a
basis, and the map

∑
anxn 7→ (an) is an isometric isomorphism from X onto Y .

On the other hand, every Banach space X with a basis (xn) must be separable since
X = [{xn}n]. Also, every basic sequence is linearly independent since no element of
the space can be written in two different ways as a linear combination of the terms
of the sequence. Therefore, Banach spaces having basis must be separable and infinite-
dimensional.

Another interesting examples of Banach spaces admiting bases are C[0, 1] and the spaces
Lp[0, 1], p ∈ [1,∞). The former has a basis known as the Classical Schauder basis for
C[0, 1], while each Lp[0, 1] space for p ∈ [1,∞) has a basis known as the Haar basis for
Lp[0, 1].

Definition 1.5. Let X be a Banach space with a basis (xn). For each m ∈ N let us
define the following linear applications:

1. the mth coordinate functional x∗m for (xn):

x∗m : X → K∑
anxn 7→ am,

2. and the mth natural projection Pm for (xn):

Pm : X → X

∑
anxn 7→

m∑

n=1

anxn.

Now let us define a new equivalent norm on X related to the original norm of the space:

Definition 1.6. Suppose that (xn) is a basis for a Banach space X. Then the (xn) norm
of X is defined by

∥∥∥
∑

anxn

∥∥∥
(xn)

:= sup
m

∥∥∥∥∥
m∑

n=1

anxn

∥∥∥∥∥ .

Then the (xn) norm of X is a Banach norm equivalent to the original norm of X such
that ‖ · ‖ ≤ ‖ · ‖(xn) ([Meg98], Theorem 4.1.14). This new norm allows us to prove easily
that the natural projections and the coordinate functionals just defined are bounded.
Furthermore, if {Pn}n∈N is the collection of all these natural projections associated to
the basis (xn), then supn ‖Pn‖ is finite and we can consider the following constant:
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Definition 1.7. If X is a Banach space with a basis (xn), then the basis constant for
(xn) is

K(xn) := sup
n
‖Pn‖.

The basis is monotone or orthogonal if its basis constant is 1. This K(xn) is also the
smallest M ∈ R such that

∥∥∥∥∥
m∑

n=1

anxn

∥∥∥∥∥ ≤ M
∥∥∥
∑

anxn

∥∥∥ ,

whenever
∑

anxn ∈ X and m ∈ N; which is in turn the smallest M ∈ R such that
∥∥∥∥∥

m1∑

n=1

anxn

∥∥∥∥∥ ≤ M

∥∥∥∥∥
m2∑

n=1

anxn

∥∥∥∥∥ ,

whenever m1 ≤ m2 and a1, . . . , am2 ∈ K.

Below, a useful characterization of monotone bases:

Proposition 1.8 ([Meg98], Proposition 4.1.21). Let (xn) be a basis for a Banach space
X. Then the following assertions are equivalent:

1. The basis (xn) is monotone.

2. ‖∑m
n=1 anxn‖ ≤ ‖∑m+1

n=1 anxn‖ for every m ∈ N.

3. ‖∑m
n=1 anxn‖ ≤ ‖∑

anxn‖ for every m ∈ N.

4. ‖ · ‖ = ‖ · ‖(xn).

Among all the sequences of a Banach space having bases, which sequences are candidates
to be bases? The next theorem due to Banach answers this question:

Theorem 1.9 ([Meg98], Theorem 4.1.24). A sequence (xn) of nonzero elements in a
Banach space X is a basis for X if and only if the following two conditions hold:

1. there exists M > 0 such that
∥∥∥∥∥

m1∑

n=1

anxn

∥∥∥∥∥ ≤ M

∥∥∥∥∥
m2∑

n=1

anxn

∥∥∥∥∥ ,

whenever m1 ≤ m2 and a1, . . . , am2 ∈ K.

2. X = [{xn}n].

Since infinite-dimensional separable Banach spaces are, up to isometric isomorphism,
the infinite-dimensional closed subspaces of C[0, 1],2 and since C[0, 1] has a basis, it is

2See [Meg98], Exercise 2.74
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natural to ask whether every infinite-dimensional separable Banach space has a basis.3

The question was answered in the negative by Enflo [Enf73b], who displayed a reflexive
counterexample.

However, every infinite-dimensional Banach space has a basic sequence. Below, let us
describe one way in which this last assertion can be proven. In a 1962 paper, Pełczynski
used a method for constructing basic sequences that he atributed to Mazur, and that
can be used to prove that every infinite-dimensional Banach space has a basic sequence.
The idea of Mazur’s method rests on the following two facts:

1. Let Y be a proper subspace of Kn, and let x0 ∈ Kn be such that ‖y‖ ≤ ‖y + αx0‖
whenever y ∈ Y and α ∈ K, then x0 ∈ Y ⊥, and similarly,

2. for every finite-dimensional subspace Y of an infinite-dimensional Banach space
X, there is a norm-one vector in X that is almost orthogonal to Y .

Thus, given an infinite-dimensional Banach space X, we use the latter fact to construct a
sequence (xn) ⊂ SX such that each xn is almost orthogonal to the linear hull generated
by the previous xi. This sequence (xn) is the basic sequence desired. In general, the
following fact is true:

Theorem 1.10 ([Meg98], Theorem 4.1.30). Suppose that X is an infinite-dimensional
Banach space and that M > 1. Then there is a normalized basic sequence (xn) in X with
K(xn) ≤ M .

Therefore, in every infinite-dimensional Banach space we can find basic sequences and,
furthermore, these basic sequences can be choosen with basis constants as close to 1 as
desired.

In the same way, one may ask whether in a Banach space with a basis it is possible
to choose a basis whose basis constant is as close to 1 as desired, i.e. whether the cons-
tant to be defined below must be 1 for every Banach space possessing a basis:

Definition 1.11. If X is a Banach space having a basis, then the basis constant for X

is ı́nf K(xn), where the infimum is taken over all the bases for X.

A slightly different question is whether every Banach space with a basis must have a
monotone basis. If the answer were in the affirmative, then every such space would have
basis constant 1; however, Enflo [Enf73a] constructed a Banach space having a basis
such that the basis constant of the space is greater than 1.

3This is known as the Banach’s basis problem.
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Finally, the following result helps identifying basic sequences among all the sequences of
an infinite-dimensional Banach space:

Theorem 1.12 ([Meg98], Theorem 4.1.32). If (xn) is a sequence in an infinite-dimensional
Banach space such that xn

ω→ 0 and xn 9 0, then some subsequence of (xn) is a basic
sequence.

1.1. Unconditional Bases

In this section, we are going to consider an important class of Banach spaces with bases,
namely, those with unconditional bases.

Definition 1.13. A subseries of a series
∑

xn is a series
∑

j xnj obtained from a
subsequence (xnj ) of (xn).

Proposition 1.14 ([Meg98], Proposition 4.2.3). A series
∑

xn in a Banach space is
unconditionally convergent if and only if each of its subseries converges.

As a consequence of the above proposition, and since
∑

xπ(n) =
∑

xn, whenever
∑

xn

is an unconditionally convergent series in a normed space and π is a permutation of N,
then we can speak of unordered subseries of unconditionally convergent series in Banach
spaces.

Definition 1.15. Suppose that
∑

xn is an unconditionally convergent series in a Ba-
nach space X, and let A ⊂ N. If A = ∅, then

∑
A xn := 0, otherwise

∑
A xn is the

member of X obtained by listing the elements of A in any order n1, n2, . . . and letting∑
A xn := xn1 + xn2 + · · ·

The following test gives another useful characterization of unconditionally convergent
series in Banach spaces.

Proposition 1.16 (The Bounded Multiplier Test, [Meg98], Theorem 4.2.8). A series∑
xn in a Banach space is unconditionally convergent if and only if

∑
anxn converges

whenever (an) ∈ `∞.

Applying the concept of unconditional convergence to bases leads to the following defi-
nition.

Definition 1.17. A basis (xn) for a Banach space is unconditional if, for every x ∈ X,
the expansion x =

∑
anxn is unconditionally convergent (as a series).

Example 1.18. For the classical separable Banach spaces, c0 and `p,
p ∈ (1,∞), the standard basis is unconditional.
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If (xn) is an unconditional basis for a Banach space, then there exists several useful
norms that are equivalent to the original:

Definition 1.19. Suppose that (xn) is an unconditional basis for a Banach space X.
Then the bounded multiplier unconditional (xn)-norm of X, or the bmu-(xn) norm of
X is defined by: ∥∥∥

∑
anxn

∥∥∥
bmu−(xn)

:= sup
(bn)∈S`∞

∥∥∥
∑

bnanxn

∥∥∥ ,

and it follows that for every x ∈ X:

‖x‖ ≤ ‖x‖(xn) ≤ ‖x‖bmu−(xn).

If (xn) is a basis for a Banach space, then the (xn)-norm is useful for demonstrating the
continuity of the natural projections Pn, n ∈ N. If the basis (xn) is unconditional, then
the bmu-(xn) norm can be used to establish the continuity of a more general class of
applications:

Definition 1.20. Let (xn) be an unconditional basis for a Banach space X. For each
A ⊂ N, the natural projection for (xn), PA : X → [(xn)n∈A], is defined to be the linear
operator given by

∑
anxn 7→

∑
A anxn.

Proposition 1.21 ([Meg98], Theorem 4.2.25). Suppose that (xn) is an unconditional
basis for a Banach space X. Then for each (bn) ∈ `∞, the map T(bn) : X → X defined by∑

anxn 7→
∑

bnanxn, is a bounded linear operator; furthermore sup(bn)∈S`∞ ‖T(bn)‖ < ∞.

It follows that sup(bn)∈A ‖T(bn)‖ < ∞ for every nonempty subset A ⊂ S`∞ , and this fact
can be used to obtain some constants that will be useful in the study of Banach spaces
with unconditional basis:

Definition 1.22. Suppose that (xn) is an unconditional basis for a Banach space X. Let
(PA)A⊂N be the collection of all natural projections for (xn). Then Kub := supA⊂N ‖PA‖
is the unconditional basis constant for (xn). Let S to be the collection of all sequences
of signs, and let T(sn) : X → X,

∑
anxn 7→ ∑

snanxn whenever (sn) ∈ S, then
Ku := sup(sn)∈S ‖T(sn)‖ is the unconditional constant for (xn).

For unconditional bases as well as for bases, there exists also a test for being an uncon-
ditional basis:

Proposition 1.23 ([Meg98], Theorem 4.2.32). A sequence (xn) of nonzero elements in
a Banach space X is an unconditional basis for X if and only if

1. there exists M > 0 such that
∥∥∥∥∥
∑

A

anxn

∥∥∥∥∥ ≤ M

∥∥∥∥∥
∑

B

anxn

∥∥∥∥∥ ,

whenever A ⊂ B are finite subsets of N, and
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2. [(xn)n∈N] = X.

The proof of the following proposition shows the importance of the results mentioned in
this section, since neither of the arguments involved exhibit a member of the respective
space whose expansion is only conditionally convergent.

Proposition 1.24 ([Meg98], Theorems 4.2.35, 4.2.36). The Schauder basis for C[0, 1],
and the Haar basis for L1[0, 1], are conditional basis.

1.2. Equivalent Bases

We would like to know whether a given Banach space has an isomorphic copy of some
standard Banach space embedded in it. If X has a basis, then we can try to find an
isomorphic copy of X inside Y by looking for a basic sequence of Y which generates a
subspace isomorphic to X. Thus, the following question arises naturally: Given two basis
of some Banach spaces, under which conditions do they generate isomorphic subspaces?

Definition 1.25. Two bases (xn) and (yn) for Banach spaces are equivalent if one of
the following equivalent conditions holds:

1. For every sequence (an) of scalars, the series
∑

anxn converges if and only if the
series

∑
anyn converges.

2. There is an isomorphism T from X into Y such that Txn = yn.

In this way, a Banach space X contains an isomorphic copy of a Banach space Y with
basis (yn) if and only if X has a basic sequence equivalent to (yn).

Below, a characterization of basic sequences equivalent to the standard basis for `1

is given:

Proposition 1.26 ([Meg98], Theorem 4.3.6). A sequence (xn) in a Banach space X is
a basic sequence equivalent to the standard basis for `1 if and only if the following two
conditions hold:

1. sup ‖xn‖ < ∞, and

2. There exists M > 0 such that
m∑
|an| ≤ M

∥∥∥∥∥
m∑

anxn

∥∥∥∥∥ .

Thus, a Banach space X contains a copy of `1 if and only if X contains a sequence
with the above properties. In order to establish a characterization of basic sequences
equivalent to the standard basis for c0, let us remember the following definition.
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Definition 1.27. A series
∑

xn in a Banach space is weakly unconditionally Cauchy if,
for each permutation π of N, the sequence of partial sums of

∑
xπ(n) is weakly Cauchy.4

The next proposition yields a characterization of those spaces containing isomorphic
copies of c0:

Proposition 1.28 ([Meg98], Theorems 4.3.7, 4.3.10). Let (xn) be a basic sequence in
a Banach space. Then (xn) is equivalent to the standard basis for c0 if and only if
ı́nf ‖xn‖ > 0, and one of the following two conditions holds:

1. There exists M > 0 such that
∥∥∥∥∥

m∑
anxn

∥∥∥∥∥ ≤ M máx
1≤n≤m

|an|.

2. The series
∑

xn is weakly unconditionally Cauchy.

Below, characterizations of the property of being a weakly unconditionally Cauchy series
are given.

Proposition 1.29 ([Meg98], Proposition 4.3.9). A series
∑

xn in a Banach space is
weakly unconditionally Cauchy if it satisfies one of the following equivalent conditions:

1. For each permutation π of N, the series
∑

xπ(n) is weakly Cauchy.

2. Each subseries of
∑

xn is weakly Cauchy.

3. For every x∗ ∈ X∗, the series
∑

x∗xn is absolutely convergent.

4. For every (an) ∈ c0, the series
∑

anxn converges.

5. There exists M > 0 such that
∥∥∥∥∥

m∑
anxn

∥∥∥∥∥ ≤ M máx
1≤n≤m

|an|.

The next proposition allows us to decide whether a given Banach space contains an
isomorphic copy of c0:

Proposition 1.30 ([Meg98], Theorem 4.3.12). A Banach space X does not contain a
copy of c0 if and only if the following equivalent conditions hold:

1. Every weakly unconditionally Cauchy series in X is convergent.

2. Every weakly unconditionally Cauchy series in X is unconditionally convergent.
4Whenever a series is said to have a property usually attributed to sequences, it will be understood

that the reference is relative to the sequence of partial sums of the series.
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Finally, let us consider the so called block basic sequences in Banach spaces, and let
us notice that basic sequences equivalent to the standard basis for c0 and `1 have very
desirable stability properties.

Definition 1.31. Let (xn) be a basic sequence in a Banach space, and let (pn) be a strict-
ly increasing sequence of positive integers with p1 = 1. For each n, let apn , . . . , apn+1−1

be scalars which are not all zero, and let yn :=
∑pn+1−1

pn
aixi. Then (yn) is a block basic

sequence taken from (xn).

It can be proven that every block basic sequence is itself a basic sequence with constant
no more than the original basic sequence constant (see [Meg98], Proposition 4.3.16).

The next result establishes the stability properties mentioned earlier for basic sequences
of c0 and `1, namely, that if the elements of a basic sequence equivalent to the stan-
dard basis for c0 or `1 are permuted, normalized, or blocked up, then the resulting basic
sequence still generates a subspace isomorphic to c0 or `1 respectively:

Proposition 1.32 ([Meg98], Theorems 4.3.17, 4.3.18). If (xn) is a basic sequence equi-
valent to the standard basis of c0 (or `1), then:

1. Every permutation of (xn) and every subsequence of (xn), is a basic sequence equi-
valent to the standard basis for c0 (or `1, respectively).

2. If (yn) is a block basic sequence taken from (xn), then (yn/‖yn‖) is a basic sequence
equivalent to the standard basis for c0 (or `1, respectively), and thus, the generated
subspace [(yn)] is isomorphic to c0 (or `1, respectively).

According to Theorem 1.12, if (xn) is a sequence in a Banach space such that xn
ω→ 0 and

xn 9 0, then some subsequence of (xn) is a basic sequence. The following proposition
is a modification of this fact, and is useful in order to prove that a Banach space has `1

embedded in it if c0 is embedded in its dual.

Proposition 1.33 (Bessaga-Pełczynski Selection Principle, [Meg98], Theorem 4.3.19).
Let (xn) be a basis for a Banach space X, let (x∗n) be the sequence of coordinate func-
tionals for (xn), and let (yn) ⊂ X be such that yn 9 0 and ĺımm x∗nym = 0 for each n.
Then some subsequence of (yn) is a basic sequence equivalent to a block basic sequence
taken from (xn).

1.3. Bases and Duality

Let X to be c0 or `p, p ∈ (1,∞), let T : `q → X∗, (an) 7→ T(an) to be the usual isometric
isomorphism defined by the formula T(an)(bn) =

∑
anbn for every (bn) ∈ X, where q = 1



§1.3 14

for X = c0. Let (en) and (e′n) be the standard basis for X and `q respectively, and let
(e∗n) to be the sequence of coordinate functionals for (en). Since Te′n = e∗n, then (e∗n) is
a basis for X∗. However, this is not true in general: the sequence (e∗1,n) of coordinate
functionals for the standard basis (e1,n) for `1 cannot be a basis for `∗1 since `∗1 is not
separable. Nevertheless, the following result can be established:

Proposition 1.34 ([Meg98], Theorem 4.4.1). If (xn) is a basis for the Banach space
X, then the sequence (x∗n) of coordinate functionals for (xn) is a basic sequence in X∗

whose basis constant is no more than that of (xn).

Furthermore, the sequence (x∗n) can be obtained by restricting the terms of (Qxn) to
[(x∗n)], where Q is the natural map from X into X∗∗, and indeed, for every∑

cnx∗n ∈ [(x∗n)] it is true that:

(Qxm)
(∑

cnx∗n
)

=
∑

xnx∗nxm = cm,

and hence the restriction Qxm ¹[(x∗n)] is the mth coordinate functional for (x∗n).

Even though (e∗1,n) is not a basis for `∗1, it is a basis for `∗1 in a certain weak∗ sense:
let x∗ ∈ `∗1 and let (an) ∈ `∞ be the corresponding element to x∗, let x =

∑
bne1,n ∈ `1,

then
∑

ane∗1,nx =
∑

anbn, and x∗x =
∑

anbn; hence
∑

ane∗1,nx = x∗x for every x ∈ `1.
Thus we can write x∗ = ω∗−∑

ane∗1,n. Finally, since x∗e1,n = an, then the sequence (an)
is unique and so we conclude that (e∗1,n) is a basis for `∗1 on a certain weak∗ sense.

Since Qe1,n : `∗1 → K, x∗ = ω−∑
ane∗1,n 7→ an, and since we can identify e1,n with

Qe1,n, then (e1,n) and consequently (Qe1,n), can be thought as the sequence of coordi-
nate functionals for the weak∗ basis (e∗1,n) for `∗1.

In general, the sequence of coordinate functionals for any basis (xn) is a weak∗ basis
whose sequence of coordinate functionals is (xn):

Proposition 1.35 ([Meg98], Theorem 4.4.2). For each x∗ ∈ X∗ there exists a unique
sequence (an) of scalars such that:

1. x∗ = ω∗−∑
anx∗n, and

2. (Qxm) (ω∗−∑
anx∗n) = am for every m ∈ N.

Thus, each xm can be found in [(x∗n)]∗ as the mth coordinate functional for the basic
sequence (x∗n). Since (xn) is a basis for X, one may ask whether [(x∗n)]∗ contains a copy
of X.

Proposition 1.36 ([Meg98], Proposition 4.4.4). If (xn) is a basis for the Banach space
X, then X is embedded into [(x∗n)]∗, and is isometrically embedded in [(x∗n)]∗ if (xn) is
monotone.
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In order to prove the preceding proposition, the next lemma is very useful.

Lemma 1.37 ([Meg98], Lemma 4.4.3). Let (xn) be a basis for the Banach space X, and
let us define ψ(x) := Qx ¹[(x∗n)] for each x ∈ X. Then the map ψ is an isomorphism
from X into [(x∗n)]∗, and ‖x‖/K ≤ ‖ψ(x)‖ ≤ ‖x‖ for every x ∈ X, where K is the basis
constant for (xn).

We would like to find conditions on (xn) for (x∗n) to be a basis for X∗ (and not just a
basic sequence), and for the isomorphism ψ to map X onto [(x∗n)]∗ (and consequently, X

is a dual space). It is worth noticing that if (xn) satisfies both conditions, then X must
be reflexive (since the first condition asserts that the map ψ coincide with Q, while the
second one assures that Q maps X onto X∗∗).

In order to obtain those conditions, let us observe that, since (xn) can be thought as
the sequence of coordinate functionals for (x∗n), then (xn) possesses the first condition if
and only if: ∥∥∥∥∥x∗ −

m∑
(x∗xn)x∗n

∥∥∥∥∥ → 0 as m →∞,

but since (
x∗ −

m∑
(x∗xn)x∗n

)(∑
anxn

)
= x∗

(∑
n>m

anxn

)
,

then (xn) possesses the first condition if and only if:
∥∥x∗ ¹[(x∗n)n>m]

∥∥ → 0 as m →∞.

This suggests the following definition:

Definition 1.38. Let (xn) be a basis for a Banach space X. Let us define

‖x∗‖(m) :=
∥∥x∗ ¹[(x∗n)n>m]

∥∥ ,

for each x∗ ∈ X∗ and each m ∈ N. Then the basis (xn) is said to be shrinking if
ĺımm ‖x∗‖(m) = 0 for each x∗ ∈ X∗.

Example 1.39. The standard bases for c0 or `p, p ∈ (1,∞) are shrinking since the dual
spaces of c0 and `p are of the form `q for some q ∈ [1,∞). On the other hand, if x∗ ∈ `∗1
is the element corresponding to (1, 1, . . .) ∈ `∞, then ‖x∗‖(m) = 1 for each m, and thus
the standard basis for `1 is not shrinking.

The condition given in the preceding definition turns out to be the first of the conditions
we were looking for:

Proposition 1.40 ([Meg98], Proposition 4.4.7). Let (xn) be a basis for a Banach space
X. Then (x∗n) is a basis for X∗ if and only if (xn) is shrinking.
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Now let us find a necessary and sufficient condition on (xn) for ψ to map X onto [(x∗n)]∗.

Definition 1.41. A basis (xn) for a Banach space is boundedly complete if whenever
(an) is a sequence of scalars such that supm ‖

∑m anxn‖ < ∞, it follows that the series∑
anxn converges.

Example 1.42. The standard bases for `p, p ∈ [1,∞) are boundedly complete, but the
standard basis for c0 is not since

∑
e0,n does not converge even though

supm ‖
∑m

n=1 e0,n‖∞ = 1 < ∞.

As a consequence of the Banach-Alaoglu Theorem, the shrinking property for (xn) im-
plies the bounded completeness for the dual basis (x∗n):

Proposition 1.43 ([Meg98], Proposition 4.4.10). If (xn) is a shrinking basis for the
Banach space X, then (x∗n) is a boundedly complete basis for X∗.

Below, we will see that a boundedly complete dual basic sequence must itself be a basis
for the whole dual space:

Proposition 1.44 ([Meg98], Theorem 4.4.11). If (xn) is a basis for the Banach space
X, then the following assertions are equivalent:

1. The basic sequence (x∗n) is a basis for X∗.

2. The basis (xn) is shrinking.

3. The basis sequence (x∗n) is boundedly complete.

Finally, bounded completeness is the second condition we were looking for:

Lemma 1.45 ([Meg98], Lemma 4.4.12). The map ψ : X → [(x∗n)]∗, ψ(x) = Qx ¹[(x∗n)]

is surjective if and only if (xn) is boundedly complete.

Below, a partial converse for the fact that the shrinking property for (xn) implies the
bounded completeness for (x∗n).

Proposition 1.46 ([Meg98], Theorem 4.4.13). If (xn) is a boundedly complete basis for
the Banach space X, then:

1. X is isomorphic to the dual space of a Banach space with a shrinking basis, and

2. X is isometrically isomorphic to such a dual space if (xn) is monotone.

The next proposition is an analog of the fact that (x∗n) is boundedly complete if and
only if (xn) is shrinking, but here both conditions have been exchanged:

Proposition 1.47 ([Meg98], Theorem 4.4.14). Let (xn) be a basis for a Banach space
X, then (xn) is boundedly complete if and only if (x∗n) is shrinking.
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As a consequence of the above discussion the following result appears naturally:

Proposition 1.48 ([Meg98], Theorem 4.4.15). If X is a Banach space with a basis, then
the following assertions are equivalent:

1. X is reflexive

2. Some basis for X is both shrinking and boundedly complete.

3. Every basis for X is both shrinking and boundedly complete.

Corollary 1.49 ([Meg98], Corollary 4.4.16). If (xn) is a basis for a reflexive Banach
space X, then (x∗n) is a basis for X∗.

Since the standard basis for c0 is not boundedly complete, it then follows that no basis
for c0 is boundedly complete. In fact, much more than that can be said: If a Banach
space contains a copy of c0, then no basis for the space is boundedly complete. In order
to prove this assertion, let us establish a pair of lemmas:

Lemma 1.50 ([Meg98], Lemma 4.4.17). If X is a Banach space such that c0 is embedded
in X∗, then `1 is embedded in X.

Lemma 1.51 ([Meg98], Lemma 4.4.18). If X is a Banach space such that c0 is embedded
in X∗, then X∗ is not separable.

Demostración. By the preceding lemma, `1 is embedded in X. Let R to be an isomor-
phism from `1 into X. Since the adjoint map R∗ maps X∗ onto the nonseparable space
`∗1, then X∗ is nonseparable.

Now, a necessary condition for a Banach space to contain c0 can be established:

Proposition 1.52 ([Meg98], Theorem 4.4.19). If a Banach space has c0 embedded in it,
then no basis for the space is boundedly complete.

Demostración. If X is a Banach space with a boundedly complete basis (xn), then ψ is
an isomorphism from X onto [(x∗n)]∗. If X had c0 embedded in it, then the same would
be true for the separable dual space [(x∗n)]∗, which contradicts Lemma 1.51.

The above result has an analog for `1 involving the shrinking property:

Proposition 1.53 ([Meg98], Theorem 4.4.20). If a Banach space has `1 embedded in it,
then no basis for the space is shrinking.

Demostración. Let X be a Banach space with a shrinking basis (xn), and let T be an
isomorphism that maps `1 into X. Since T ∗ maps X∗ onto the nonseparable space `∗1,
then X∗ cannot be separable and thus, the space X∗ cannot have a basis. Since (x∗n) is
a basis for X∗ if and only if (xn) is shrinking, it then follows that X has no shrinking
bases.
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Relative to the shrinking and bounded completeness properties for unconditional bases,
the result below characterizes those spaces containing c0 or `1 among the Banach spaces
with unconditional bases.

Proposition 1.54 ([Meg98], Theorem 4.4.21). Let X be a Banach space with an un-
conditional basis (xn). Then (xn) is boundedly complete if and only if c0 is not embedded
in X, and (xn) is shrinking if and only if `1 is not embedded in X.

Corollary 1.55 ([Meg98], Corollary 4.4.22). In a Banach space X, either every uncon-
ditional basis for X is shrinking, or none is. Also, either every unconditional basis for
X is boundedly complete, or none is.

Corollary 1.56 ([Meg98], Corollary 4.4.23). If X is a Banach space with an uncondi-
tional basis, then X is reflexive if and only if neither c0 nor `1 is embedded in X.

The next corollary is related to Bessaga-Pełczynski’s question on whether all infinite-
dimensional Banach spaces have unconditional basic sequences, answered in the negative
by Gowers and Maurey [Gow94, GM93].

Corollary 1.57 ([Meg98], Corollary 4.4.24). Let X be a Banach space with an un-
conditional basic sequence. Then X has an infinite-dimensional reflexive subspace, or a
subspace isomorphic to c0, or a subspace isomorphic to `1.



Chapter 2

The Distortion Problem

A Banach space (X, ‖ · ‖) is distortable if there exists an equivalent norm | · | on X such
that every subspace Y contains ‖ · ‖-unitary elements whose | · |-norms are not the same.
In this sense, the subspace Y has been distorted since its unit | · |-sphere doesn’t keeps
its original ‖ · ‖-shape. The distortion problem asks whether a given space X contains a
distortable subspace.

In the particular case of c0 and `1, James [Jam64] proved that under every equivalent
norm, there must always exist a subspace whose new unit sphere is similar to the unit
sphere of c0 or `1, respectively. Thus, c0 and `1 are not distortable. On the other hand,
Milman [Mil71, Mil69] proved that if X does not contain neither c0 nor `p, p ∈ [1,∞),
then X contains a distortable subspace. Thus, the Distortion Problem reduces to the
cases when X = `p, p ∈ (1,∞).

In the first part of this chapter, we present a summary of known results about distortion
and the main ideas used in order to attack the problem. Also, the related question of
whether the existence of a certain embedding (Lipschitz or uniform embedding) between
Banach spaces assures the existence of a linear isomorphism between them is considered.
In the second section, we present the solution of the distortion problem for the spaces
c0 and `1 due to James as appears in [Jam64], meanwhile in the third part a sketch of
the general solution by Odell and Schlumprecht as appears in [OS94] is presented. For
further references on the topics of this chapter, the interested reader may consult [JL03].

2.1. The Distortion Problem

The distortion problem in Banach space theory arose from the work of James and Mil-
man in the 1960’s, when James [Jam64] proved that every space isomorphic to c0 or `1

contains a subspace almost isometric to c0 or `1 respectively (the space X contains
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almost isometric copies of a space Z if for every ε > 0 there exists Y ⊂ X such
that d(Y, Z) < 1 + ε), and Milman [Mil71, Mil69] established that if X has no dis-
tortable subspace, then X must contain an almost isometric copy of c0 or `p for some
p ∈ [1,∞). This last result led Milman to ask whether a distortable space could exist.
Later, Tsirelson’s discovery of a Banach space T in which neither c0 nor `p for p ∈ [1,∞)
could be embedded established the existence of distortable Banach spaces. Thus the so
called distortion problem was formulated:

For p ∈ (1,∞), is `p distortable?

Even though the first non-classical separable Banach space had been discovered, namely
T , the distortion problem remained open. The breakthrough toward the solution of the
problem came with a variant of Tsirelson’s space, namely the space S constructed by
Schlumprecht [Sch91], which will became the first arbitrarily distortable Banach space.

A related problem asks whether the existence of certain class of embeddings between
Banach spaces suffices to guarantie the existence of a linear isomorphism from one space
into the other. In other words, we ask whether the equivalence between an specific kind
of structure between Banach spaces is enough to assure the equivalence between another
kind of structure, where the structures involved here are linear, metric or topological
structures. Let us begin with a pair of well known results.

Since every surjective isometry between Banach spaces which takes the origin into the
origin must be linear,1 it follows that the linear structure of a Banach space is com-
pletely determined by its metric structure. On the other hand, since any two separable
infinite-dimensional Banach spaces must be homeomorphic, 2 it follows that the topo-
logical structure of a Banach space contains no information about its linear structure.
Summarizing, while the metric structure of a Banach space determines completely its
linear structure, its topological structure contains no information about the linear struc-
ture.

In what follows, a map f will be called a Lipschitz embedding if it is a Lipschitz in-
jection and f−1 is also Lipschitz on its domain of definition. In these terms, the first
question that arises is: Assuming the existence of a Lipschitz embedding from a Banach
space X into a Banach space Y , does this imply that X is linearly isomorphic to a sub-
space of Y ? In general, the answer is no, but we are going to consider some additional
conditions under which the linear isomorphism can be assured.

1This result is due to Mazur and Ulam [MU32].
2This result is due to Kadec [Kad67].
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Let us remember the following definitions about differentiability of maps between Banach
spaces:

Definition 2.1. A map f : G ⊂ X → Y defined from an open set G of a Banach space
X into a Banach space Y , is said to be Gâteaux differentiable at x0 ∈ G if the following
two conditions hold:

1. For every u ∈ X the limit

ĺım
t→0

f(x0 + tu)− f(x0)
t

=: Df (x0)(u)

exists, and

2. the operator Df (x0)(·), called the differential of f at x0, is a bounded linear operator
from X into Y .

Below, another definition of differentiability, namely the Fréchet derivative, which in
general does not coincide with the preceding one.

Definition 2.2. A map f is Fréchet differentiable at x0 if the limit in Definition 2.1
exists uniformly with respect to u ∈ X, or equivalently, if

f(x0 + v) = f(x0) + Df (x0)v + o(‖v‖) as ‖v‖ → 0.

Since for a Lipschitz embedding f : X → Y , the operator Df (x0) is an injective linear
isomorphism at points x0 where f is Gâteaux differentiable, then our former question be-
comes a question on the existence of Gâteaux derivatives. The Radon-Nikodým Property
is a useful tool in order to assure the existence of such a derivatives:

Definition 2.3. A Banach space Y is said to have the Radon-Nikodým Property (RNP),
if every Lipschitz function f : [0, 1] → Y is differentiable a.e.

Since every separable dual space has RNP (see [Gel38]), then all reflexive Banach spaces
have RNP. On the other hand, the Banach spaces c0 and L1(0, 1) does not have RNP.
With the Radon-Nikodým Property at hand, the result that assures the Gâteaux diffe-
rentiability of Lipschitz maps can be established.

Proposition 2.4 ([Aro76, Chr73, LS85]). If f : X → Y is a Lipschitz map from a
separable Banach space X into a space Y with RNP, then f is Gâteaux differentiable
a.e.

As an immediate consequence we obtain the following

Corollary 2.5. If X is a separable Banach space which Lipschitz embeds into a space
Y having RNP, then X is linearly isomorphic to a subspace of Y .
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In general, if the target space fails to have RNP, for example in the case Y = c0, there
is no hope for a Lipschitz embedding to be Gâteaux differentiable. Indeed, since any
infinite-dimensional subspace of c0 contains in it a subspace linearly isomorphic to c0,3

then the spaces `p, Lp, for p ∈ [1,∞), and C[0, 1] are not isomorphic to a subspace of
c0 even though, it was proven by Aharoni [Aha74] that every separable Banach space
is Lipschitz equivalent to a subset of c0. Therefore, any Lipschitz embedding of such a
space into c0 is nowhere Gâteaux differentiable.

On the other hand, for the non-RNP space L1(0, 1) it turns out that every reflexive
Banach space which uniformly embeds into L1(0, 1),4 must be linearly isomorphic to a
subspace of L1(0, 1). Thus, concerning linearization of Lipschitz embeddings, the situa-
tion for the non-RNP spaces c0 and L1(0, 1) is completely different.

Regarding the question of whether the existence of a uniform embedding of a Banach
space X into a Banach space Y implies the existence of a linear isomorphism between
X and some subspace of Y , the following partial result concerning the case in which the
target space is the Hilbert space `2 is known:

Proposition 2.6 ([AMM85]). A Banach space X is uniformly equivalent to a subset of
`2, if and only if, X is linearly isomorphic to a subspace of L0[0, 1].5

Now, let us consider the question of whether the existence of a bi-Lipschitz map f : X → Y

between Banach spaces guaranties that X is linearly isomorphic to Y . In this case, if Y

is separable (and hence X is also separable), and has RNP, then by virtue of Proposition
2.4 we get a Gâteaux derivative of f . However, since this Gâteaux derivative may be
just an injective isomorphism, we need another approach to know whether X is linearly
isomorphic to Y . Since Fréchet differentiability at a point assures that the corresponding
derivative at such a point is a linear isomorphism from X onto Y , then this could be a
step ahead toward the answer. Nevertheless, at this point nothing assures the existence
of Fréchet derivatives. The only result on the existence of this kind of derivatives appears
below.

Proposition 2.7 ([Pre90]). Let X be a Banach space such that X∗ is separable. Then
every Lipschitz function f : X → R is Fréchet differentiable on a dense set.

However, notice that the conclusion about Fréchet differentiability is only on a dense
set. The following result due to Heinrich and Mankiewicz allows us to conclude that
Lipschitz equivalence implies linear isomorphism in many situations:

3i.e. c0 is c0-saturated, as appears in [OS94] for example.
4By a uniform embedding we shall mean an injective uniform homeomorphism.
5The space L0[0, 1] is the space of all measurable functions with the topology of convergence in

measure. This is not a Banach space.
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Proposition 2.8 ([HM82]). Let f be a bi-Lipschitz map from a dual Banach space X

onto a Banach space Y , which is Gâteaux differentiable at a point x0. Then Df (x0) is a
linear isomorphism from X onto a complemented subspace of Y .6

As a consequence of the previous result and Theorem 2.4, it follows that

Proposition 2.9. If X and Y are Lipschitz equivalent separable dual spaces then each
is isomorphic to a complemented subspace of the other.

It follows from Proposition 2.9 that for many pairs of spaces, Lipschitz equivalence
implies linear isomorphism:

Proposition 2.10. If X is Lp(0, 1) or `p, with p ∈ [1,∞), and if Y is Lipschitz equiva-
lent to X, then Y is isomorphic to X.

By virtue of the previous proposition, the linear structure of the spaces Lp(0, 1) and `p

for p ∈ [1,∞) is completely determined by their Lipschitz structure.

When studying uniform homeomorphisms between Banach spaces, it is useful to know
that a uniformly continuous map defined on a Banach space is Lipschitz for large dis-
tances in the sense described in the next definition:

Definition 2.11. A map f is said to be Lipschitz for large distances if for every ε > 0
there exists Cε > 0 such that ‖f(x)− f(y)‖ ≤ Cε‖x− y‖ whenever ‖x− y‖ ≥ ε.

Thus, is f : X → Y is a uniformly continuous map defined on a Banach space, then
the map g(x) := ĺımn→∞ 1

nf(nx), defined when the limit exists, is a Lipschitz map. In
general, we cannot assure the existence of this limit, but it can be assured by passing to
ultraproducts:

Definition 2.12. Let X be a Banach space and let U be a free ultrafilter on N. Then
XU is defined to be the space of all bounded sequences

∼
x = (xn) of elements of X with

the norm ‖∼x‖ := ĺımU ‖xn‖.

Even though XU is, in general, larger than X, the finite-dimensional structure of a
space is transfered to ultraproducts: any finite-dimensional subspace of XU is almost
isometric to a finite-dimensional subspace of X in the sense described below: For every
finite-dimensional subspace E of XU and every ε > 0 there exists a finite-dimensional
subspace F of X such that d(E,F ) ≤ 1 + ε, where d(·, ·) denotes the Banach-Mazur
distance:

Definition 2.13. Let E and F be Banach spaces of the same finite dimension. Then
the Banach-Mazur distance between E and F is d(E, F ) := ı́nfT∈B(E,F ) ‖T‖ · ‖T−1‖.

6A subspace M of a normed space X is complemented in X if it is closed in X and there is a closed
subspace N of X such that X is the internal direct sum of M and N .
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The next proposition shows that, by introducing ultraproducts, uniformly homeomorphic
Banach spaces have Lipschitz equivalent ultrapowers.

Proposition 2.14. If f is an uniform homeomorphism from a Banach space X onto a
Banach space Y , then the map:

∼
f : XU → YU

∼
x 7→

(
1
n

f(nxn)
)

n

,

is a Lipschitz isomorphism.

Since finite-dimensional spaces are essentially the same when we pass to ultrapowers,
the following result asserts that the uniform structure of a Banach space determines the
linear structure of its finite-dimensional subspaces:

Proposition 2.15 ([Rib78]). Let X and Y be uniformly homeomorphic Banach spaces.
Then there exists C > 0 such that for every finite-dimensional subspace E of X there
exists a subspace F of Y with d(E,F ) < C.

As an application, if Y is uniformly homeomorphic to `2 then every finite-dimensional
subspace E of Y satisfies d(E, `n

2 ) < C, for some n and certain C > 0 not depending on
n. This trivially leads to the following result due to Enflo [Enf70].

Proposition 2.16. A Banach space uniformly homeomorphic to `2 is linearly isomor-
phic to `2.

Therefore, the space `2 is a separable Banach space whose global structure is determined
by the structure of its finite-dimensional subspaces. Furthermore, it can be proven that
besides `2, several spaces are determined by their uniform structure, for example:

Proposition 2.17 ([JLS96]). Any Banach space uniformly homeomorphic to `p for
p ∈ (1,∞), is linearly isomorphic to `p.

The importance of the latter proposition is that, in general, Banach spaces are not de-
termined by their uniform structure.

Now, let us consider the Distortion Problem for the particular case of the spaces c0

and `1

2.2. The Distortion Problem for c0 and `1

The first examples of nondistortable Banach spaces to be considered will be c0 and `1,
and as we will see, the proofs are very similar and both of them rests heavily on the
character of the norms of these spaces, namely the largest and smallest norms among
the classical separable Banach spaces.
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Theorem 2.18 ([Jam64], Lemma 2.1). If a normed space X contains a subspace Y

isomorphic to `1, then for any δ > 0 there exists a sequence (ui)i ⊂ BX such that:

(1− δ)‖(bi)‖1 <
∥∥∥
∑

biui

∥∥∥ ≤ ‖(bi)‖1,

for all non-trivial sequences (bi)i ⊂ K.

Demostración. Since Y is isomorphic to `1, then there exists a sequence (xi)i ⊂ Y and
positive numbers m and M such that for all x =

∑
aixi ∈ 〈xi〉i it is true that:

m‖(ai)‖1 ≤ ‖x‖ ≤ M‖(ai)‖1, for all (ai)i ⊂ K.

For each n ∈ N, let us consider the following set:

Cn := co (〈xi〉i≥n) =





∑

i≥n

aixi | (ai) ∈ S`1



 ,

and let us define Kn := supx∈Cn
‖x‖. Being (Kn)n ⊂ K an decreasing sequence bounded

by M , we can define K := ĺımn→∞Kn. Then m ≤ K ≤ M . Let 0 < b < 1 and c > 1
be such that 1 − δ < b/c, and let us choose p1 so that Kp1 > bK. Let p2 > p1 be
such that there exists a1

p1
, a1

p1+1, . . . , a
1
p2−1 ∈ K such that (a1

i ) ∈ S`1 , and ‖y1‖ < cK for
y1 :=

∑p2−1
i=p1

a1
i xi. Having chosen p1 < p2 < . . . < pn−1, let us choose pn > pn−1 such that

(an
i ) ∈ S`1 for some an

pn
, an

pn+1, . . . , a
n
pn+1−1 ∈ K, and ‖yn‖ < cK for yn :=

∑pn+1−1
i=pn

an
i xi.

In this way,
‖by1‖ = |b|‖y1‖ < |b|cK, for all b ∈ K,

and,

‖b1y1 + b2y2‖ ≤ |b1|‖y1‖+ |b2|‖y2‖ < (|b1|+ |b2|)cK, for all b1, b2 ∈ K,

and so, ∥∥∥
∑

biyi

∥∥∥ ≤ ‖(bi)‖1cK, for all (bi)i ⊂ K.

Also, since ‖∑
(bi/‖(bi)‖1)yi‖ ≥ Kp1 , then
∥∥∥
∑

biyi

∥∥∥ ≥ Kp1‖(bi)‖1 ≥ bK‖(bi)‖1, for all (bi)i ⊂ K.

Finally, since 1− δ < b/c, then we shall have

(1− δ)‖(bi)‖1 <
b

c
‖(bi)‖1 ≤

∥∥∥
∑

bi
yi

cK

∥∥∥ ,

for all non-trivial sequences (bi)i ⊂ K, and so letting ui := yi/cK ∈ BX for each i, we
obtain the desired result.
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Theorem 2.19 ([Jam64], Lemma 2.2). If a normed space X contains a subspace Y

isomorphic to c0, then for any δ > 0 there exists a sequence (ui)i ⊂ BX such that:

(1− δ)‖(ai)‖∞ <
∥∥∥
∑

aiui

∥∥∥ ≤ ‖(ai)‖∞,

for all non-trivial finite scalar sequences (ai)i.

Demostración. Since Y is isomorphic to c0, then there exists a sequence (xi)i ⊂ Y and
positive numbers m and M such that:

m‖(ai)‖∞ ≤
∥∥∥
∑

aixi

∥∥∥ ≤ M‖(ai)‖∞,

for every finite scalar sequence (ai)i. Let us define a decreasing sequence (Kn)n where
Kn := sup{‖∑

i≥n aixi‖ | (ai)i ∈ Sc0 , supp ((ai)i) ∈ N<ω}, and K := ĺımn→∞Kn.
Then K ≥ M . Let us choose 0 < b < 1 and c > 1 such that 1 − δ < (2b − c)/c,
and p1 so that Kp1 < cK. We then construct an increasing sequence (pn)n ⊂ N in the
following way: let p2 > p1 be such that there exists scalars a1

p1
, a1

p1+1, . . . , a
1
p2−1 such

that (a1
i ) ∈ Sc0 , and such that for y1 :=

∑p2−1
i=p1

a1
i xi we have ‖y2‖ > bK. Having chosen

p1 < p2 < . . . < pn−1, we choose pn > pn−1 such that (an
i ) ∈ Sc0 for some scalars

an
pn

, an
pn+1, . . . , a

n
pn+1−1, and such that for yn :=

∑pn+1−1
i=pn

an
i xi we have ‖yn‖ > bK.

Then, since ‖∑
(ai/‖(ai)‖∞)yi‖ ≤ Kp1 , it is true that

∥∥∥
∑

aiyi

∥∥∥ ≤ Kp1‖(ai)‖∞ ≤ cK‖(ai)‖∞,

for all finite sequences (ai)i.
Now, to show that (1 − δ)cK‖(ai)‖∞ < ‖∑

aiyi‖ if not all the ai’s are zero, we fix a
finite sequence (ai)n

i=1 ⊂ K such that ‖(ai)‖∞ = 1. Then there exists some 1 ≤ k ≤ n

such that |ak| = 1. Considering the element yk +
∑n

i=1,i6=k aiyi, we will have ‖(ai)‖∞ ≤ 1,
and:

‖2yk‖ ≤

∥∥∥∥∥∥∥
yk +

n∑

i=1
i6=k

aiyi

∥∥∥∥∥∥∥
+

∥∥∥∥∥∥∥
yk −

n∑

i=1
i 6=k

aiyi

∥∥∥∥∥∥∥
≤

∥∥∥∥∥∥∥
yk +

n∑

i=1
i6=k

aiyi

∥∥∥∥∥∥∥
+ cK,

where the last inequality holds since ‖(ai)‖∞ ≤ 1. But, since ‖yk‖ > bK,
∥∥∥∥∥∥∥
yk +

n∑

i=1
i6=k

aiyi

∥∥∥∥∥∥∥
≥ ‖2yk‖ − cK > (2b− c)K,

whenever ‖(ai)‖∞ ≤ 1. Hence, for every finite sequence (ai)n
i=1 with

‖(ai)‖∞ = 1 we have that

∥∥∥
∑

aiyi

∥∥∥ = |ak|
∥∥∥∥∥∥
yk +

∑

i6=k

ai

ak
yi

∥∥∥∥∥∥
=

∥∥∥∥yk +
∑ ai

ak
yi

∥∥∥∥ ≥ (2b− c)K.

Finally, letting ui := yi/cK ∈ BX for each i, we obtain the desired result.
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2.3. The Distortion Problem for `p, p ∈ (1,∞)

The distortion problem is related to the stability of certain class of functions in which
the class of equivalent norms is contained. Let us begin with a definition.

Definition 2.20. A function f : SX → R stabilizes if for every Y ⊂ X,7 and every
ε > 0, there exists Z ⊂ Y such that

osc(f, SZ) := sup{|f(z1)− f(z2)| : z1, z2 ∈ SZ} < ε.

Thus, X does not contain distortable subspaces if and only if every equivalent norm on
X stabilizes.

By virtue of the next proposition, we can relate the question whether a given X contains
a distortable subspace to whether every Lipschitz function f : SX → R stabilizes.

Proposition 2.21 ([OS03], Proposition 5). For any Banach space X the following asser-
tions hold:

1. There exists a Lipschitz function f : SX → R which does not stabilizes, if and only
if, there exists Y ⊂ X such that SY contains a pair of asymptotic separated sets.8

2. If X is an uniformly convex space, then there exists a Lipschitz function
f : SX → R which does not stabilizes, if and only if, X contains a distortable
subspace.

3. The space `p, p ∈ (1,∞) is distortable if and only if its unit sphere contains a pair
of asymptotic separated sets.

From the results in the previous section we know that if X is isomorphic to c0 or `1,
then all equivalent norms on X stabilize. In finite-dimensional spaces, it also turns out
to be true the following proposition.

Proposition 2.22 ([OS03], Theorem 6, or [MS86]). Given C > 0, ε > 0 and k ∈ N,
there exists some n ∈ N such that, if dim(E) = n and f : SE → R is C-Lipschitz, then
there exists F ⊂ E with dim(F ) = k and osc(f, SF ) < ε.

In a more general setting, the next result can be proven.

Proposition 2.23 ([OS03], Theorem 9). If X does not contain almost isometric copies
of c0 or `p, for some p ∈ [1,∞), then X contains a distortable subspace.

7By Y ⊂ X it will be understood that Y is a closed subspace of X. Furthermore, all spaces under
consideration will be separable infinite-dimensional real Banach spaces, unless otherwise stated.

8Two sets are said to be separated if the distance between them is positive.
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As mentioned in the Introduction, Tsirelson’s space T was the first example of a reflexi-
ve Banach space that did not contain an isomorphic copy of c0 or `p, p ∈ [1,∞). Then
by the previous proposition, T must contain a distortable subspace. In fact T is itself
distortable. Let us introduce some notation in order to describe T . For E, F ⊂ N, E < F

if any of them is empty or if máxE < mı́nF . If x, y ∈ c00 then x < y if supp x < supp y.
A finite sequence (Ei)n

i=1 of subsets of N is said to be admissible if {n} ≤ E1 < · · · < En.
Finally, for E ⊂ N and x ∈ c00 we let Ex(i) = 0 if i /∈ E, and Ex(i) = x(i) otherwise.

To construct T we define the following norm on c00 and let T to be the completion
of c00 under this norm:

‖x‖ := máx

{
‖x‖∞, sup

{
1
2

n∑
‖Eix‖ : n ∈ N, (Ei)n

i=1 is admissible

}}
.

In 1989 the breakthrough toward the solution of the distortion problem came with the
space S, a variant of T , which not only was the first arbitrarily distortable Banach space
but also satisfies a stronger type of distortion, namely the following one (see [GM93],
[Sch91]).

Definition 2.24. The space X is biorthogonally distortable if there exist sequences of
sets An ⊂ SX , A∗n ⊂ BX∗ and λ > 0, εi ↓ 0 such that:

1. Each An is asymptotic in X.

2. For each x ∈ An, supx∗∈A∗n x∗x ≥ λ.

3. For n 6= m, supx∗∈A∗n,x∈An
|x∗x| ≤ εmin(n,m).

The space S is defined to be the completion of c00 under the norm:

‖x‖ := máx
{
‖x‖∞, sup

{
1

log2(l + 1)

∑
‖Eix‖ : l ≥ 2, E1 < · · · < El

}}
.

Since S is biorthogonally distortable, it follows that S is reflexive and does not contain
c0 nor `p for p ∈ [1,∞).

By Proposition 2.21 the question of whether `p, p ∈ (1,∞) is distortable is equivalent to
finding a pair of asymptotic separated sets in S`p . This pair of sets can be transported
between `p-spaces thanks to the Mazur map:

Mp : S`1 → S`p

x 7→ Mp(x)(n) = sign(xn)|xn|1/p.

This map turns out to be a uniform homeomorphism between the two unit spheres, with
the property that if A ⊂ S`1 is asymptotic, then Mp(A) ⊂ S`p is nearly asymptotic, and
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if A ⊂ S`p is asymptotic, then M−1
p (A) ⊂ S`1 is nearly asymptotic.

Thus, `p is distortable if and only if S`1 contains a pair of asymptotic separated sets, if
and only if, there exists a Lipschitz function f : S`1 → R which does not stabilize. This
suggests one way to solve the distortion problem by finding a pair of asymptotic sepa-
rated sets in the sphere of some distortable space, and then using a generalized Mazur
map to pull these sets back to `p.

But, how can such a generalized Mazur map be constructed? Let X be a space with
a basis (ei) such that if x =

∑
aiei and |x| :=

∑ |ai|ei, then ‖x‖ = ‖|x|‖.9 Let us
consider the following map:

E : (`1 ∩ c00)×X → [−∞,∞)

(h, x) 7→ E(h, x) =
∑

|hi| log |xi|

For each fixed h ∈ `1 ∩ c00, let B = supp h. Then the application:

E(h, ·) : {x ∈ S+
X : supp x ⊆ B} → [−∞, 0]

x 7→ E(h, x) =
∑

B

|hi| log |xi|,

is a continuous function defined on a compact set (namely, one which is isomorphic to
SRB

+
), taking real values on those x’s with supp x = B and taking −∞ otherwise. Then

there exists x ∈ S+
X satisfying supp x = B and such that E(h, x) ≥ E(h, y) for every

y ∈ S+
X with supp y ⊆ B. Since (ei) is 1-unconditional and E(h, y) = E(h,By) for every

y ∈ X, then:
E(h, x) ≥ E(h, |By|) = E(h,By) = E(h, y),

for every y ∈ SX . Finally, since E
(
h, 1

2(|x|+ |y|)) > 1
2 (E(h, |x|) + E(h, |y|)) for every

x 6= y with supp x = supp y = B, the uniqueness of x follows.

Thus, for each h ∈ `1 ∩ c00 there exists a unique x ∈ SX such that:

1. E(h, x) = máxy∈SX
E(h, y),

2. supp x = supp h, and

3. sgn xi = sgn hi for i ∈ B.

Then we can define the following application:

FX : `1 ∩ c00 → SX

h 7→ FX(h) = x,

9In other words, let X be a space with a 1-unconditional normalized basis. For example, the Banach
space `1.
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and the maximum value attained by E(h, ·) at x is denoted by:

EX(h) := E(h, FX(h)) = máx
y∈SX

E(h, y).

But at this point, we would like to extend the function FX on the whole of `1 and not
only on the finitely supported elements. Fortunately, the map FX is uniformly continuous
if X is uniformly convex, and if X is in addition uniformly smooth, then FX extends to
a uniform homeomorphism between S`1 and SX . This generalized Mazur map allows to
conclude the following:

Proposition 2.25 ([OS03], Theorem 17). For p ∈ (1,∞), the space `p is biorthogonally
distortable.

As a consequence of Proposition 2.23 and the previous one, we obtain:

Proposition 2.26 ([OS03], Theorem 20). If X does not contain a distortable subspace,
then every subspace of X contains an isomorphic copy of c0 or `1.

Since every Lipschitz function f : Sc0 → R stabilizes,10 then we obtain the following
characterization of those spaces X for which every Lipschitz function f : SX → R
stabilizes.

Proposition 2.27 ([OS03], Theorem 21). Every Lipschitz function on SX stabilizes if
and only if X is c0-saturated, i.e. every subspace of X contains an isomorphic copy of
c0.

Below, a diagram summarizing the facts about distortion studied in this thesis can be
found.

10This result is due to Gowers [Gow92].



§2.3 31

Figure 2.1: The Distortion Problem



Chapter 3

Semigroups

The theory of semigroups is an attempt to generalize both ring and group theory. This
theory has its origins in the work of Harald Bohr [Boh26] in 1925 on almost periodic
functions on the real line.

In the first part of this chapter we present an introduction to the algebraic theory of
semigroups, together with relevant facts about semigroups with a topology compatible
with the algebraic structure. Later, we will consider means on function spaces and we
will consider the algebraic and topological structures of the set of means on certain admi-
ssible subspaces. In the third section, compactifications of an arbitrary semitopological
semigroup S will be defined, and the correspondence between admissible subalgebras of
C(S) and compactifications of S will be explained.

Finally, all these tools shall be used to establish the existence of two important com-
pactifications of S, namely the AP -compactification and the WAP -compactification of
S, the former related with functions of almost periodic type on S, and the latter related
with functions of weakly almost periodic type on S, the difference between the two kind
of functions being explicit not only in their definition but also in the structure of their
associated compactifications: the almost periodic compactification of a semigroup is al-
ways a topological semigroup, meanwhile the weakly almost periodic compactification
is, in general, a semitopological semigroup.

The study developed in this chapter shall be of capital importance in order to un-
derstand one of the main results studied in this thesis, namely, the fact that c0 cannot
be represented as a group of isometries of a reflexive space.
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3.1. Introduction

Let us begin with the description of basic algebraic properties of general semigroups and
consider the interaction of these properties with topological properties of the semigroup
when a compatible topology is given.

Definition 3.1. A semigroup consists of a nonempty set S together with an associative
binary operation S × S → S, (s, t) 7→ st.

In what follows, S will denote an arbitrary semigroup. For each t ∈ S we define the
right and left translations by t to be the mappings ρt : S → S, s 7→ st, and λt : S → S,
s 7→ ts, respectively.

The center Z(S) of S is the set of all members of S that commutes with every member
of S. The semigroup S is said to be abelian or commutative if Z(S) = S. Under usual
addition or usual multiplication, N, Z, Q, R, and C are abelian semigroups. A nonabelian
semigroup is the set Mn(C) of all n × n matrices over C under matrix multiplication,
for n ≥ 2.

Definition 3.2. An element t ∈ S is a right zero if st = t for all s ∈ S. If every s ∈ S

is a right zero, then S is called a right zero semigroup. The notions of left zero, and
left zero semigroup, are defined analogously. A right zero that is also a left zero is called
a zero.

If S has a left zero and a right zero, then the two coincide and this common element is
a zero. Thus, a semigroup has at most one zero.

Definition 3.3. An element e ∈ S is said to be an idempotent if ee = e. The set of all
idempotents of S is denoted by E(S).

Definition 3.4. Let T be a nonempty subset of S. T is said to be:

1. A subsemigroup of S if TT ⊂ T .

2. A subgroup of S if T is a group relative to multiplication in S.

3. A left ideal of S if ST ⊂ T

4. A right ideal of S if TS ⊂ T

5. A two-sided ideal, or simply an ideal, of S if T is both a left ideal and a right
ideal.

Definition 3.5. Let θ : S → T be a mapping from a semigroup S into a semigroup T .
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1. θ is called a homomorphism if θ(s1s2) = θ(s1)θ(s2) for all s1, s2 ∈ S. A homo-
morphism that is also a bijection is called an isomorphism.

2. θ is called an antihomomorphism if θ(s1s2) = θ(s2)θ(s1) for all
s1, s2 ∈ S. An antihomomorphism that is also a bijection is called an antiiso-
morphism.

3. A homomorphim from S into (T, ·), where T is the unit circle in C, is called a
character.

For example, the adjoint operation on Mn(C) is an isomorphism with respect to matrix
addition, but it is an antiisomorphism with respect to matrix multiplication. Inversion
in a group is an antiisomorphism.

Definition 3.6. Let S be a semigroup and let X be a vector space:

1. A homomorphism s 7→ Us from S into the semigroup (under composition)of linear
operators on X is called a representation of S.

2. If S has a topology, if X is a topological vector space, and if US ⊂ L(X), where
L(X) is the space of continuous linear operators on X, then the representation U

is said to be continuous (respectively, ω-continuous) if for each x ∈ X the mapping
S → X, s 7→ Usx is continuous (respectively, ω-continuous).

Let us establish the existence and uniqueness of the minimal ideal of a semigroup with
minimal idempotents.

Definition 3.7. A left ideal (respectively, right ideal, ideal) of S is said to be minimal
if it properly contains no left ideal (respectively, right ideal, ideal) of S.

Since every ideal of (N, +) is of the form In = [n,∞) for n ∈ N, then it is clear that
a semigroup need not have any minimal left, right or two-sided ideal. However, if a
semigroup S has a minimal ideal K, then this minimal ideal K is the intersection of all
ideals of S, and hence, a semigroup can have at most one minimal ideal.

Definition 3.8. The intersection of all the ideals of S is denoted by K(S). It follows
that either K(S) = ∅ or K(S) is the smallest ideal of S.

If a semigroup S contains a minimal left ideal, then it also contains a minimal ideal since
in such a case, K(S) is the union of all minimal left ideals of S.

Definition 3.9. An idempotent e ∈ S is said to be minimal if it satisfies any one of the
following equivalent conditions:

1. Se is a minimal left ideal.
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2. eS is a minimal right ideal.

3. eSe is a group.

In this way, minimal idempotents are idempotents that lie in minimal left ideals and in
minimal right ideals. Below, an important result in the theory of compact semigroups:

Theorem 3.10 ([BJM89], Theorem 1.3.11). Let S be a Hausdorff compact right topo-
logical semigroup. Then the following assertions hold:

1. S has an idempotent.

2. Every minimal left ideal of S is closed.

3. Every left ideal of S contains a minimal left ideal of S.

4. S contains a minimal idempotent.

Demostración. Let S be a Hausdorff compact right topological semigroup.

1. Let A be the collection of compact subsemigroups of S, i.e. let:

A := {T ⊂ S | T 6= ∅, T is compact, and TT ⊂ T}.

Since S ∈ A, then A is nonempty. Let C be a chain in A. Since C is a collection of
closed subsets of the compact space S with the finite intersection property, then
∩C∈CC 6= ∅. So the compact subsemigroup ∩C∈CC of S is a lower bound for C,
and hence, by Zorn’s lemma, there exists a minimal compact subsemigroup A of S.

Let a ∈ A be a fixed element in A. The nonempty set Aa is compact since it
is the image of the compact set A under the continuous translation ρa. Further-
more Aa ∈ A since (Aa)(Aa) ⊂ AA(Aa) ⊂ Aa. Thus Aa = A since Aa ⊂ AA ⊂ A

and A is minimal.

Now, let us consider the nonempty set B = {b ∈ A | ba = a}. Since B = A∩ρ−1
a (a),

then B is closed and hence compact. If b1, b2 ∈ B then b1b2 ∈ AA ⊂ A and
b1b2a = b1a = a, so BB ⊂ B, which implies that B ∈ A. Again, since B ⊂ A and
A is minimal, then B = A and so a ∈ B. Thus aa = a and hence a ∈ S is the
required idempotent.

2. Let L be a left ideal of S and l ∈ L. Since Sl = ρl[S], then Sl is a compact and
closed left ideal contained in L. Thus, every left ideal contains a closed left ideal.
If L is a minimal left ideal then it is compact since Sl = L, hence L is closed and
we conclude that every minimal left ideal is closed.
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3. Since every left ideal is also a subsemigroup, it follows from 1. that any minimal
left ideal contains an idempotent. Let L be a left ideal of S. Since L contains a
closed left ideal, then the collection

B = {T ⊂ L | T is a closed left ideal of S},

is nonempty. Let C be a chain in B. As in 1. it can be proven that ∩C∈CC is
nonempty. Then ∩C∈CC is a closed left ideal of S contained in L, and by Zorn’s
lemma, there exists a minimal closed left ideal I of S contained in L. Let J be
a left ideal of S contained in I. Since every left ideal contains a closed left ideal,
then J = I, by the minimality of I among all closed left ideals of S contained in
L. Therefore, I is a minimal left ideal of S contained in L.

Let us consider semigroups that have a topology such that certain mappings are conti-
nuous.

Definition 3.11. Let S be a semigroup and a topological space. Then S is called:

1. A right topological semigroup if each right translation ρs : S → S is continuous.

2. A semitopological semigroup if right translations ρs : S → S and left transla-
tions λs : S → S are continuous (i.e. if multiplication S × S → S, (s, t) 7→ st is
separately continuous).

3. A topological semigroup if multiplication is jointly continuous.

4. A right topological group if S is a group and a right topological semigroup.

5. A semitopological group if S is a group and a semitopological semigroup.

6. A topological group if S is a group and a topological semigroup, and if inversion
S → S, s 7→ s−1 is continuous.

Notice that in the definitions of right topological group and semitopological group the
continuity of the inverse mapping is not required.

Definition 3.12. Let S and T be right topological semigroups. A mapping of S onto T

which is both a homeomorphism and an isomorphism is called a topological isomorphism.

Definition 3.13. If S is a right topological semigroup, then we define the topological
center of S to be the set:

Λ(S) := {s ∈ S | λs : S → S is continuous}.

If Λ(S) is nonempty, then the identity λst = λs◦λt implies that Λ(S) is a semitopological
subsemigroup of S.
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3.2. Affine semigroups

Finally, let us consider right topological affine semigroups, an important example of
which will be given in the setting of spaces of means on subspaces of functions.

Definition 3.14. An affine semigroup is a semigroup S that is also a convex subset of
a vector space such that for every s ∈ S, the following equations hold:

ρs(at + bu) = aρs(t) + bρs(u), and

λs(at + bu) = aλs(t) + bλs(u),

whenever t, u ∈ S, and a, b ∈ [0, 1] are such that a + b = 1.

Definition 3.15. If 〈S〉 is a locally convex topological vector space and if S is right
topological in the relative topology, then S is called a right topological affine semigroup.
The concepts of semitopological affine semigroup and topological affine semigroup are
defined similarly.

An affine semigroup S is said to be finite-dimensional or infinite-dimensional is 〈S〉 has
the corresponding property.

Example 3.16 ([BJM89], page 35). The semigroups [0, 1] and D under multiplication,
where D denotes the unit closed disk in C, and the unit ball in Rn under coordinatewise
multiplication are finite-dimensional, compact, topological affine semigroups.

Definition 3.17. If S and T are affine semigroups, and θ : S → T is a homomor-
phism (respectively, isomorphism) and an affine mapping,1 then θ is said to be an affine
homomorphism (respectively, affine isomorphism).

The fact that every Hausdorff, finite-dimensional, affine semigroup must be topological
(see [BJM89], Proposition 1.3.21) exhibits an important difference between the finite
and infinite dimensional cases in the setting of affine semigroups.

3.3. Means

Let S be an arbitrary nonempty set. Let B(S) be the C∗-algebra of all bounded complex-
valued functions on S.

Definition 3.18. Let F ⊂ B(S) be a subspace, and let Fr be the set of all real-valued
members of F . A mean on F is a linear functional µ : F → C such that:

ı́nf
s∈S

f(s) ≤ µ(f) ≤ sup
s∈S

f(s),

for all f ∈ Fr.
1Roughly speaking, an affine mapping between two affine spaces consists of a linear transformation

followed by a translation.
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Let us denote the set of all means on F by M(F ).

Definition 3.19. If F is an algebra then µ ∈ M(F ) is said to be a multiplicative mean
if µ(fg) = µ(f)µ(g). The set of all multiplicative means on F is called the spectrum of
F and is denoted by σ(F ).

Let us consider subspaces F ⊂ B(S) that are closed under complex conjugation and
that contain the constant functions. In the succesive, unless otherwise specified, F will
denote such a subspace of B(S).

Every mean µ on F has the following properties (see [BJM89], Proposition 2.1.2):

1. If f ∈ Fr and f ≥ 0, then µ(f) ≥ 0.

2. µ(1) = 1.

3. µ is a bounded linear functional on F with ‖µ‖ = 1, i.e. µ ∈ SF ∗ .

4. For every f ∈ F , µ(Re(f)) = Re(µ(f)), µ(Im(f)) = Im(µ(f)) and µ(f) = µ(f)

5. For every f ∈ F , µ(f) ∈ co(f [S]).

Conversely, every linear functional µ on F satisfying any two of properties 1.,2. and 3.
is a mean on F .

Definition 3.20. For each s ∈ S let us define ε(s) ∈ M(F ) by the formula
ε(s)(f) := f(s) for each f ∈ F . The mapping ε : S → M(F ), s 7→ ε(s) is called
the evaluation map. If F is also an algebra, then ε[S] ⊂ σ(F ) and thus we can write
ε : S → σ(F ).

The natural topology to endow X = M(F ) or X = σ(F ) is the relative ω∗-topology. The
topological and geometric structure of the set of means M(F ) ⊂ BF ∗ on F is described
below:

1. M(F ) is convex and ω∗-compact.

2. co(ε[S]) is ω∗-dense in M(F ).

3. F ∗ is the ω∗-closed linear span of ε[S], i.e. [ε[S]]ω
∗

= F ∗.

4. If F is also an algebra then σ(F ) is ω∗-compact and ε[S] is ω∗-dense in σ(F ).

5. If S is a topological space and F ⊂ C(S), then the evaluation mapping
ε : S → M(F ) is ω∗-continuous.
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Let S to be a semigroup. The subspaces F ⊂ B(S) for which it is possible to assign
certain natural right topological semigroup structure to the set M(F ) of means on F

are called admissible subspaces. The key notion for admissibility is the notion of left
introversion as described below.

Definition 3.21. For f ∈ B(S) and s ∈ S let us define the right translate of f by s

to be the mapping Rsf := f ◦ ρs. Similarly, the left translate of f by s is defined to be
the mapping Lsf := f ◦ λs. The mappings Rs : B(S) → B(S) and Ls : B(S) → B(S) are
called the right and left translation operators, respectively.

Definition 3.22. A subset F ⊂ B(S) is said to be right translation invariant if RsF ⊂ F

for every s ∈ S. The notion of left translation invariant subset is defined analogously.
The set F ⊂ B(S) is said to be translation invariant if it is both right and left translation
invariant.

Example 3.23 ([BJM89], page 72). Some examples of translation invariant subspaces
of B(S) are C(S) for S a semitopological semigroup, and C0(S) for S a locally compact
topological group. If F ⊂ B(S) is a translation invariant subspace, then Rs and Ls are
bounded linear operators on F of norm not exceeding 1, furthermore Rst = RsRt and
Lst = LtLs. Thus, s 7→ Rs is a representation of S by operators on F , and s 7→ Ls is an
antirepresentation of S by operators on F .

In the succesive, unless otherwise stated, F ⊂ B(S) will stand for a translation invariant,
conjugate closed subspace of B(S) containing the constant functions.

Definition 3.24. For µ ∈ F ∗, the left introversion operator determined by µ is the
mapping Tµ : F → B(S) defined by (Tµf)(s) := µ(Lsf). The right introversion operator
determined by µ is the mapping Uµ : F → B(S) defined by (Uµf)(s) := µ(Rsf).

Below, basic properties of left introversion operators are given:

Proposition 3.25 ([BJM89], Proposition 2.2.3). The following assertions hold:

1. For each µ ∈ F ∗, Tµ : F → B(S) is a bounded linear transformation with
‖Tµ‖ ≤ ‖µ‖.

2. The mapping F ∗ → L(F,B(S)), µ 7→ Tµis a bounded linear transformation.

3. If µ ∈ M(F ), then Tµ(1) = 1, Tµ(f) ≥ 0 if f ≥ 0, and Tµ preserves complex
conjugation.

4. If F is an algebra and µ ∈ σ(F ), then Tµ : F → B(S) is an algebra homomorphism.

5. TµLs = LsTµ, TµRs = TR∗sµ and Tε(s) = Rs whenever µ ∈ F ∗ and s ∈ S.

6. For every f ∈ F the set {Tµf | µ ∈ M(F )} is the p-closure in B(S) of co(RSf).
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7. If F is an algebra, the for every f ∈ F the set {Tµf | µ ∈ σ(F )} is the p-closure
in B(S) of RSf .

Definition 3.26. Let F ⊂ B(S):

1. F is left introverted if TµF ⊂ F for every µ ∈ M(F ). Analogously, F is right
introverted if UµF ⊂ F for every µ ∈ M(F ). F is introverted if it is both left and
right introverted.

2. If F ⊂ B(S) is a translation invariant subalgebra, then F is said to be left m-
introverted if TµF ⊂ F whenever µ ∈ σ(F ). The notions of right m-introverted
subalgebra, and m-introverted subalgebra are defined analogously.

Example 3.27 ([BJM89], Example 2.2.5). If S is a compact semitopological semigroup,
then C(S) is introverted. Indeed, for every f ∈ C(S) the map S → C(S), s 7→ Rsf is con-
tinuous in the topology p of pointwise convergence on S, hence RSf is p-compact. Thus
RSf is ω-compact,2 and hence by the Krein-Šmullian theorem,3 co(RSf) is relatively
ω-compact in C(S). Therefore the p-closure of co(RSf) in B(S) is contained in C(S). By
Proposition 3.25(6.) such a closure coincides precisely with the set {Tµf | µ ∈ M(F )}
and so the desired conclusion follows.

On the other hand, if S is not compact, then C(S) need not even be m-introverted, as
is the case with C(R, +) in the following example.

Example 3.28 ([BJM89], Example 2.2.6). Let us exhibit a multiplicative mean µ on
C(S), where S = (R, +), such that Tµ[C(S)] * C(S). Let
µ = ω∗−ĺımn ε(n), i.e. µ(f) = ĺımn ε(n)(f) = ĺımn f(n) for every f ∈ C(S). Let f ∈ C(S)
be such that f(n) = 1 and f [In] = {0} for n = 2, 3, . . ., where In =

[
n + 1

n , (n + 1)− 1
n+1

]
.

Figure 3.1: An element f of C(R, +)

Then for any s ∈ (−1, 0) ∪ (0, 1) we have that s + n ∈ In for large enough n, and conse-
quently

Tµf(s) = µ(Lsf) = ĺım
n

f(s + n) = ĺım
n

0 = 0.

2Let Y be a compact Hausdorff space and let A ⊂ C(Y ) be a norm-bounded subset of C(Y ). Then A

is ω-relatively compact in C(Y ) if and only if A is p-relatively compact in C(Y ). Thus if A is relatively
compact in either of these topologies, then these topologies coincide on A (see [BJM89], Corollary A.6).

3Krein-Šmullian Theorem. Let A be a ω-compact subset of a Banach space X. Then the closed,
convex, circled hull of A is also ω-compact (see [BJM89], Theorem A.10).
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However,
Tµ(f)(0) = µ(L0f) = ĺım

n
f(0 + n) = 1.

Therefore, Tµf : S → C is not continuous at s = 0 even though f is.

Definition 3.29. An admissible subspace F of B(S) is a norm-closed, conjugate closed,
translation invariant, left introverted subspace of B(S) containing the constant functions.

The space B(S) itself is admissible, as is the subspace of constant functions. Also, the
space C(S) is admissible for S a compact semitopological semigroup.

Definition 3.30. For F ⊂ B(S) let us define two products on F ∗:

1. For µ ∈ F ∗ and ν ∈ ZT := {ν ∈ F ∗ | TνF ⊂ F}, we define the mapping
µν : F → C by µν(f) := µ(Tνf).

2. For µ ∈ ZU := {µ ∈ F ∗ | UµF ⊂ F} and ν ∈ F ∗, we define the mapping
µ ∗ ν : F → C by µ ∗ ν(f) := ν(Uµf).

For an admissible subspace F ⊂ B(S), the set M(F ) is a subsemigroup of ZT = F ∗

under the multiplication µν. In fact, more than this can be said:

Proposition 3.31 ([BJM89], Theorem 2.2.11). If F is an admissible subspace of B(S),
then F ∗ is a Banach algebra under the dual space norm and multiplication µν. Further-
more, with respect to the ω∗-topology and multiplication µν:

1. F ∗ is a right topological affine semigroup,

2. M(F ) is a compact, right topological, affine subsemigroup of F ∗,

3. co(ε[S]) ⊂ Λ(M(F )), and

4. the evaluation mapping ε : S → M(F ) is a homomorphism.

Let S be a discrete semigroup and F ⊂ B(S) a left translation invariant, conjugate
closed subspace of B(S) containing the constant functions.

Definition 3.32. A linear functional µ ∈ F ∗ is said to be left invariant if µ(Lsf) = µ(f)
for every s ∈ S, f ∈ F . The set of all left invariant means on F is denoted by LIM(F ).
The subspace F is said to be left amenable if LIM(F ) is nonempty. The notion of right
invariance and the set RIM(F ) are defined analogously. The subspace F is amenable if
the set IM(F ) := LIM(F ) ∩ RIM(F ) is nonempty.

The semigroup S is said to be left amenable, right amenable or amenable if such property
holds for the space B(S). In the case in which LIM(F ) is nonempty, then it is a convex
and ω∗-closed set in F ∗, and hence, if F has two distinct left invariant means, then it
has infinitely many.
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Example 3.33 ([BJM89], Example 2.3.4.a). Let S = {si}n
i=1 be a left cancellative semi-

group (i.e. the equation st = su implies t = u whenever s, t, u ∈ S), and let µ be the
mean on B(S) defined by µ := 1

n

∑n
i=1 ε(si), where ε(s) denotes the evaluation map at

s. Let s ∈ S. Since from ssi = ssj it follows that si = sj, then the left translation
λs : S → S is an injective map defined on the finite set S, and thus λs is a bijection.
Consequently λs[S] = S and thus,

µ(Lsf) =
1
n

n∑

i=1

Lsf(si) =
1
n

n∑

i=1

f(λs(si)) =
1
n

n∑

i=1

f(si) = µ(f),

for every f ∈ B(S), s ∈ S. Therefore, µ is a left invariant mean on B(S) and S is left
amenable.

If S is a Hausdorff compact topological group, then C(S) has a unique invariant mean,
namely, the Haar measure on S (see [BJM89], Theorem 2.3.12).

On the other hand, the free group on two generators is not amenable:

Example 3.34 ([BJM89], Example 3.3.4.e). Let S = 〈a, b〉 be the free group on two
generators is not amenable. Indeed, recall that each member of S \ {e} can be written
uniquely as a reduced word sδ1

1 sδ2
2 . . . sδn

n , where si ∈ {a, b} and δi = δi+1 if si = si+1.
Let B denote the subset of S consisting of e together with all reduced words such that
s1 = b, and let

f :=
∑

i∈Z, i6=0

1aiB.

Let µ be a left invariant mean on B(S). Since µ is left invariant and La−i1B = 1aiB,
then µ(1B) = µ(La−i1B) = µ(1aiB) for every i ∈ Z. Moreover µ(f) =

∑
i∈Z\{0} µ(1aiB)

since {aiB | i ∈ Z} is a partition of S. Thus µ(1B) = 0 since in the case µ(1B) > 0 such
a series for µ(f) would be divergent.

Now, for the function f we have that 0 ≤ Lb−1f ≤ 1B, which implies that
0 ≤ µ(Lb−1f) ≤ µ(1B) and hence µ(f) = µ(Lb−1f) = 0. However, since f + 1B = 1,
then by linearity and the fact that µ(1) = 1 we conclude that µ(f) = 1. Thus, such a left
invariant mean did not exists and S is not left amenable. Analogously we can verify that
S is not right amenable.

The next proposition describes the algebraic structure of the subsets LIM(F ) and RIM(F )
of M(F ):

Proposition 3.35 ([BJM89], Proposition 2.3.5). Let F be an admissible subspace of
B(S) and let ε : S → F ∗ be the evaluation mapping. Then LIM(F ) is the set of right
zeros of M(F ).
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Below, a list of consequences of the previous proposition:

1. If F is left amenable, then LIM(F ) is a closed ideal of M(F ) contained in every
right ideal (see [BJM89], Proposition 2.3.5).

2. If F is right amenable, then RIM(F ) is a closed left ideal of M(F ) (see [BJM89],
Proposition 2.3.5).

3. For an admissible subspace F of B(S), left and right amenability together im-
ply amenability (see [BJM89], Corollary 2.3.6). (Indeed, for µ ∈ LIM(F ) and
ν ∈ RIM(F ) it is true that µν ∈ IM(F ).)

4. Every abelian semigroup is amenable (see [BJM89], Corollary 2.3.8).

Finally, a characterization of the amenability of the space of continuous functions on a
compact semitopological semigroup in terms of the minimal ideal of the semigroup:

Proposition 3.36 ([BJM89], Theorem 2.3.14). Let S to be a compact semitopological
semigroup:

1. The space C(S) is left (respetively, right) amenable if and only if S has a unique
minimal right (respetively, left) ideal.

2. The space C(S) is amenable if and only if K(S) is a compact topological group.

3.4. Semigroup Compactifications

Let S to be a semitopological semigroup. Roughly speaking, a semigroup compactifi-
cation of S is a compact right topological semigroup containing a dense homomorphic
image of S. Compactifications with certain desirable algebraic and topological properties
have an important relation with functions on S of certain periodic type, for example, the
study of almost periodic functions on S leads to compactifications of S that are topo-
logical semigroups. In general, semigroup compactifications are not compactifications in
the usual sense, as we shall show in the remark below Proposition 3.42.

Definition 3.37. A semigroup compactification of S is a pair (ψ, X) where:

1. X is a Hausdorff compact right topological semigroup,

2. ψ : S → X is a continuous homomorphism,

3. ψ[S] = X, and

4. ψ[S] ⊂ Λ(X) = {x ∈ X | λx : X → X is continuous}.
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Given a property P of compactifications of S, a P -compactification of S is a compacti-
fication that has the property P .

Definition 3.38. Let (ψ,X) and (φ, Y ) be compactifications of S. A continuous homo-
morphism π from X onto Y such that π ◦ψ = φ is called a homomorphism from (ψ,X)
onto (φ, Y ). In this case, (φ, Y ) is said to be a factor of (ψ, X), or (ψ,X) is said to be
an extension of (φ, Y ), and we write (ψ, X) ≥ (φ, Y ).

If π is a homomorphism from (ψ, X) onto (φ, Y ) and π1 is a homomorphism from (φ, Y )
onto (ψ,X), then π1 ◦ π : X → X is a continuous function whose restriction to the
dense subset ψ[S] is the identity function, thus π1 = π−1. Then we say that π is an
isomorphism from (ψ, X) onto (φ, Y ), and we write (ψ,X) ∼= (φ, Y ).

The semigroups X and Y can be topologically isomorphic, even identical, without the
compactifications (ψ, X) and (φ, Y ) being isomorphic:

Example 3.39 ([BJM89], page 107). For each r ∈ R \ {0} let us define the mapping
ψr : R→ T, t 7→ eirt. Then (ψr,T) is a topological group compactification of (R, +), but
(ψr,T) ≥ (ψs,T) if and only if s = nr for some n ∈ Z \ {0}.

The next result establishes a bijection between compactifications of S and m-admissible
subalgebras of C(S):

Proposition 3.40 ([BJM89], Theorem 3.1.7). If (ψ,X) is a compactification of S, then
ψ∗[C(X)] = {f ◦ ψ | f ∈ C(X)} is an m-admissible subalgebra of C(S). Conversely,
for every m-admissible subalgebra F ⊂ C(S) there exists, up to isomorphism, a unique
compactification (ψ, X) of S such that ψ∗[C(X)] = F .

Definition 3.41. Let F ⊂ C(S) be an m-admissible subalgebra. Then every compactifi-
cation (ψ, X) of S such that ψ∗[C(X)] = F is called an F -compactification of S.

Proposition 3.42 ([BJM89], Theorem 3.1.9). Let (ψ1, X1) be an F1-compactification of
S, and let (ψ2, X2) be an F2-compactification of S, where F1 and F2 are m-admissible sub-
algebras of C(S). Then (ψ1, X1) ≥ (ψ2, X2) if and only if F1 ⊃ F2. Hence,
(ψ1, X1) ∼= (ψ2, X2) if and only if F1 = F2.

Example 3.43 ([BJM89], Example 3.1.11). The Stone-Čech compactification of (R,+)
may be realized as the pair (ε, σ(R)), where ε : R → σ(R) is the evaluation mapping. It
follows from Proposition 3.40 and the fact that C(R, +) is not introverted, that (ε, σ(R))
is not a compactification of (R,+) in the sense here considered.

The notion of subdirect product is an useful tool in order to construct universal semi-
group compactifications.
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Definition 3.44. Let {Xi}i be a family of compact right topological semigroups. A closed
subsemigroup X of

∏
Xi is said to be a subdirect product of the family {Xi}i if each

projection πi maps X onto Xi.

Let S to be a semitopological semigroup. If (ψ, X) is a compactification of S and X is
a subdirect product of a family {Xi}i, then each mapping ψi := πi ◦ ψ : S → Xi is such
that (ψi, Xi) is a compactification of S, and furthermore ψ(s) = (ψi(s))i. This suggests
a method for constructing a subdirect product from a given family of compactifications
of S:

Proposition 3.45 ([BJM89], Theorem 3.2.2). Let {(ψi, Xi)}i be a family of compacti-
fications of S. Let us define ψ : S → ∏

Xi, by ψ(s) := (ψi(s))i, and X := ψ(S). Then
(ψ,X) is a compactification of S and X is a subdirect product of the family {Xi}i. This
compactification (ψ,X) is called the subdirect product of the family {(ψi, Xi)}i and is
denoted by ∨(ψi, Xi).

The use of the least upper bound notation ∨(ψi, Xi) is justified by the following two
properties of the subdirect product:

1. Each (ψi, Xi) is a factor of ∨(ψi, Xi).

2. If (φ, Y ) is a compactification of S such that (φ, Y ) ≥ (ψi, Xi) for each i, then
(φ, Y ) ≥ ∨(ψi, Xi).

Example 3.46 ([BJM89], Example 3.2.9). Since for each topological group compactifi-
cation (ψ, X) of (R, +) there exists a subset A ⊂ R\{0} such that (ψ,X) ∼= ∨r∈A(ψr,T),
where for each r ∈ R \ {0} the mapping ψr : R → T is defined by ψr(t) = eirt, then
every topological group compactification of (R, +) is a factor of the topological group
compactification ∨r∈R\{0}(ψr,T).

With subdirect products at hand, let us consider universal compactifications.

Definition 3.47. A P -compactification of S that is an extension of every other P -
compactification of S is called a universal P -compactification of S. Such a universal
P -compactification is also said to be universal with respect to property P .

Since any two universal P -compactifications of S are clearly isomorphic, we may speak
of the universal P -compactification of S.

For example, the Bohr compactification of (R, +) is universal with respect to the property
of being a topological group. As another example, every F -compactification (ψ, X) of a
semitopological semigroup S is universal with respect to the property that ψ∗[C(X)] ⊂ F .
Indeed, let (φ, Y ) be a compactification of S such that ψ∗[C(Y )] ⊂ F . Since ψ∗[C(X)] = F ,
it follows that ψ∗[C(X)] ⊃ ψ∗[C(Y )] and so, (ψ, X) ≥ (φ, Y ). Finally, in connection with
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subdirect products, we have seen earlier that ∨r∈R\{0}(ψr,T) is the universal topological
group compactification of (R,+). As a consequence of the main result about univer-
sal P -compactifications to be established later, we shall see that every semitopological
semigroup has, among many others, a universal topological group compactification.

Definition 3.48. Let P be a property of compactifications of S:

1. P is said to be invariant under subdirect products if the subdirect product of any
family of P -compactifications of S is a P -compactification of S.

2. P is said to be invariant under homomorphisms if any factor of a P -compactification
of S is a P -compactification of S.

3. P is said to be invariant under isomorphisms if any isomorphic image of a P -
compactification of S is a P -compactification of S.

Below, the main result earlier promised.

Proposition 3.49 ([BJM89], Theorem 3.3.4). Let P be an invariant under isomor-
phisms property of compactifications of S, and let us assume that S has a P -compactification.
Then:

1. If P is also invariant under subdirect products, then S has a universal P -compactification.

2. If P is also invariant under homomorphims, and if S has a universal P -compactification,
then P is invariant under subdirect products.

In order to prove the existence of each of the following universal compactifications it suf-
fices to verify the invariance of property P under isomorphisms and subdirect products,
and to establish the existence of P -compactifications of S:

1. The universal compactification of S. This is the compactification of which every
other compactification of S is a factor. There is no restriction on (ψ,X).

2. The universal semitopological semigroup compactification of S.

3. The universal topological semigroup compactification of S.

4. The universal group compactification of S. Here, X is required to be a right topo-
logical group.

3.5. The algebras AP (S) and WAP (S)

Most of the usual spaces of functions on a semitopological semigroup S to be considered
are m-admissible C∗-subalgebras of C(S) and as such generate F -compactifications of
S. These F -compactifications are among the universal P -compactifications of S. Let us
consider two such subalgebras of functions on S.
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Definition 3.50. A function f ∈ C(S) is said to be almost periodic if one of the
following equivalent conditions holds:

1. The set RSf ⊂ C(S) is norm-relatively compact.

2. The set LSf ⊂ C(S) is norm-relatively compact.

3. The set RSf ⊂ C(S) is totally bounded.

4. For any ε > 0 there exists a finite subset K ⊂ S such that
mı́nt∈K ‖Rsf −Rtf‖ < ε for every s ∈ S.

Let AP (S) to be the set of all almost periodic functions on S. Then AP (S) is an ad-
missible subalgebra of C(S) and hence, S has a (unique) AP -compactification (ε, SAP ),
furthermore, this compactification is a universal topological semigroup compactification
of S.

Example 3.51 ([BJM89], Example 4.1.2). Some examples are presented below:

1. If S is a compact topological semigroup then AP (S) = C(S) since for every f ∈ C(S)
the sets RSf and LSf are norm-compact in C(S). In particular, every bounded con-
tinuous function S → C is almost periodic.

2. If S is a right (or left) zero semigroup then AP (S) = C(S). Indeed, since
Rsf(t) = f(st) = f(t), it follows that Rsf ≡ f for every s ∈ S, and thus
RSf = {f} is norm-relatively compact for every f ∈ C(S).

3. Any continuous periodic function on (R, +) is almost periodic. This is a conse-
quence of the following result due to Harald Bohr: A function f ∈ C(R, +) is
almost periodic if and only if given ε > 0 there exists lε > 0 such that every in-
terval of length lε contains a number t such that ‖Rtf − f‖ < ε. Indeed, given a
continuous periodic function f on (R, +) and given any ε > 0, there exists lε := T ,
where T is the period of f , such that every interval of length T contains a number
t = nT (for some n ∈ Z) such that:

‖Rtf − f‖ = sup
s∈R

|f(s + t)− f(s)| = sup
s∈R

|f(s + nT )− f(s)| = sup
s∈R

0 = 0 < ε.

4. The only almost periodic member of C0(R,+) is the zero function.

5. Every continuous character on a semitopological semigroup S is almost periodic.
This is a consequence of the following fact:

Let X be a Banach space and let U : S → L(X) be a continuous representa-
tion of S such that U [S] ⊂ L(X) is uniformly bounded. Then for each x ∈ X for
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which the set USx := {Usx | s ∈ S} ⊂ X is norm-relatively compact and for each
x∗ ∈ X∗, the function f : S → C, s 7→ f(s) = x∗(Usx) is almost periodic on S.
Indeed, it is clear that for each x ∈ X and x∗ ∈ X∗ such a function is bounded and
continuous. Let x ∈ X be such that the set USx is norm-relatively compact and let
x∗ ∈ X∗. The mapping V : X → C(S) defined by (V x)(s) = x∗(Usx) is a bounded
linear operator. Since

V (Usx)(t) = (Usx)∗(Ut(Usx)) = x∗(Ut(Usx))

= x∗(Utsx) = (V x)(ts) = (V x)(ρst) = Rs(V x)(t),

for every s, t ∈ S, then V (Usx) = Rs(V x) for every s ∈ S, and given that
V x(s) = f(s) for every s ∈ S, then it follows that V (Usx) = Rs(f) for every
s ∈ S. Thus RSf = V [USx] is norm-relatively compact being the image of the
norm-relatively compact set USx under the bounded linear operator V . As a con-
sequence, every continuous character on S is almost periodic.

If S is a semitopological group then SAP is a topological group,4 and if S is also abelian
then AP (S) = [Ŝ], where Ŝ denotes the set of continuous characters on S.5 Finally,6 the
subspace AP (S) can be characterized as the largest admissible right introverted subspace
F of C(S) satisfying the two following properties:

1. µν = µ ∗ ν for every µ, ν ∈ F ∗.

2. If B ⊂ F ∗ is norm-bounded, then the mapping B × B → F , (µ, ν) 7→ µν is
ω∗ × ω∗ − ω∗ continuous.

The notion of weakly almost periodic function is a natural generalization of that of
almost periodic function. Let S to be a semitopological semigroup.

Definition 3.52. A function f ∈ C(S) is said to be weakly almost periodic if one of
the following equivalent conditions holds:

1. The set RSf ⊂ C(S) is ω-relatively compact.

2. The set LSf ⊂ C(S) is ω-relatively compact.

3. f satisfies the Grothendieck’s double limit criterion, i.e. the equality

ĺım
m

ĺım
n

f(smtn) = ĺım
n

ĺım
m

f(smtn),

holds whenever (sm), (tn) ⊂ S are sequences in S such that both iterated limits
exist.

4See [BJM89], Corollary 4.1.12.
5See [BJM89], Corollary 4.1.13.
6See [BJM89], Corollary 4.1.6.
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Example 3.53 ([BJM89], Exercise 4.2.20). The uniformly continuous function
f(x) = arctanx is not weakly almost periodic on (R,+). Indeed, given sn := n and
tm := −m, we have that

ĺım
n

ĺım
m

arctan(sn + tm) = arctan
(
ĺım
n

ĺım
m

(n−m)
)

= −π/2,

but
ĺım
m

ĺım
n

arctan(sn + tm) = arctan
(
ĺım
m

ĺım
n

(n−m)
)

= π/2.

If WAP (S) ⊂ C(S) denotes the set of all weakly almost periodic functions on S, then it is
clear that AP (S) ⊂ WAP (S). If S is a compact topological semigroup then AP (S) = C(S),
and thus WAP (S) = C(S). If S is a compact semitopological semigroup then
WAP (S) = C(S).7

Since WAP (S) is an admissible subalgebra of C(S),8 then S has a (unique) WAP -
compactification (ε, SWAP ), and this is a universal semitopological semigroup compac-
tification of S. Furthermore,9 WAP (S) can be characterized as the largest admissible
subspace F of C(S) satisfying the following three conditions:

1. F is introverted.

2. µν = µ ∗ ν for every µ, ν ∈ F ∗.

3. F ∗ is a semitopological semigroup with the ω∗-topology and the µν multiplication.

3.6. A trivial WAP (G) algebra

Let G = H+[0, 1] be the topological group of all orientation-preserving self-homeomor-
phisms of [0, 1], endowed with the compact-open topology. Megrelihsvili [Meg01a] showed
that every weakly almost periodic function on G is constant, which implies that every
semitopological semigroup compactification of G is trivial.

While every Hausdorff topological group can be embedded into the group Is(X)s of
all linear isometries of a suitable Banach space X endowed with the strong operator to-
pology, the fact that WAP (G) is trivial for G = H+[0, 1] implies that every ω-continuous
homomorphism H+[0, 1] → Is(X) is trivial whenever X is reflexive.

Recall that the maximal ideal space GWAP of WAP (G) is a Hausdorff compact semi-
topological semigroup such that the continuous homomorphism εWAP (G) : G → GWAP

has the following universal property:
7See [BJM89], Corollary 4.2.9.
8See [BJM89], Theorem 4.2.5.
9See [BJM89], Corollary 4.2.7.
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Every weakly almost periodic compactification φ : G → P of G, can be extended
uniquely to a continuous semigroup homomorphism φ̃ : GWAP → P such that

φ = φ̃ ◦ εWAP (G).10

Let L and R be the left and right uniformities on G, and let L∧R be the greatest lower
bound of L and R, also known as the Roelcke uniformity, i.e. L ∧ R is the uniformity
generated by the system of coverings {V xV | V ∈ Ne(G)}. Since each f ∈ WAP (G) is left
and right uniformly continuous, then each such f is L∧R-uniformly continuous, and thus
the map εWAP (G) : (G,L∧R) → GWAP is uniformly continuous; so, let π : Ĝ → GWAP be
the uniformly continuous extension of this latter map, where Ĝ, the Roelcke completion,
is the completion of the uniform space (G,L ∧R).

Definition 3.54. A Hausdorff topological group G is reflexively representable if one of
the following equivalent conditions holds:

1) G is embedded as a topological subgroup into Is(X)s (equivalently,11 into Is(X)ω) for
a suitable reflexive Banach space X.

2) WAP (G) separates points and closed subsets.

3) εWAP (G) : G → GWAP is a topological embedding.

4) G is a topological subgroup of a Hausdorff compact semitopological semigroup.

The equivalence of 2), 3) and 4) is well known [Rup84, BJM89]. To see that 1) implies
2), and 4) implies 1) the interested reader may consult [Meg01a].

Example 3.55 ([Pes99]). For example, locally compact topological groups are reflexively
representable. Indeed, if G is such a topological group then the left regular representation
λ : G → Is(Lp(G)) defined by the formula λ(g)(f) := fg−1 for f ∈ Lp(G), p ≥ 2, is
a topological isomorphism of G into the isometry group of the reflexive Banach space
Lp(G).

Example 3.56 ([Meg01a],[Pes99]). On the opposite extreme the Hausdorff topological
group G = H+[0, 1] is not reflexively representable since, as mentioned earlier, every
ω-continuous homomorphism H+[0, 1] → Is(X) is trivial whenever X is reflexive.

In order to prove the triviality of GWAP for G = H+[0, 1], Megrelishvili shows that the
identity π(eG) of GWAP coincides with certain zero element θ ∈ GWAP , which clear-
ly implies that GWAP is trivial. Specifically, in order to obtain such a zero θ ∈ GWAP ,
Megrelishvili constructs a double sequence (φnm) ⊂ G such that:

10By a weakly almost periodic compactification of G we mean a continuous homomorphism φ : G → P

onto a dense subgroup of a Hausdorff compact semitopological semigroup P .
11By [Mega], for a reflexive space X we can replace Is(X)ω by Is(X)s, where Is(X)ω denotes the group

Is(X) of all linear isometries of X endowed with the weak operator topology.
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1. ĺımn ĺımm φnm = eG, and

2. ĺımn ĺımm π(φnm) = θ,

which besides the continuity of the map π : Ĝ → GWAP implies that π(eG) = θ.

Following Pestov [Pes99] let us consider a brief outlook of Megrelishvili’s proof: By iden-
tifying each element of G = H+[0, 1] with its graph, the Roelcke completion Ĝ of G can
be identified with the collection of all curves in [0, 1] × [0, 1] starting at the point (0, 0)
and ending at (1, 1) and never going either to the left or down, endowed with the topology
of uniform convergence.

Figure 3.2: A typical element of Ĝ

Given any a, b, c ∈ [0, 1] with a ≤ b ≤ c, let us denote by βa,b,c the element of Ĝ

represented by the curve:

Figure 3.3: The element βa,b,c of Ĝ

We claim that under the map Ĝ → GWAP the following assertions hold:

1. Every zig-zag curve made up of alternating horizontal and vertical segments goes
into the zero element. In particular, the identity homeomorphism β0,1,1 goes into
the zero element of GWAP .

2. Those zig-zag curves tends to the identity homeomorphism β0,1,1 as the mesh of the
partition tends to zero, and consequently their images tends to the identity element
of GWAP .

Thus the zero and identity elements of the semigroup GWAP coincide and the triviality
of this semigroup follows.
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3.7. H+[0, 1] is a Polish group

We claim that H+[0, 1] is a separable and complete topological group.

Indeed, letting Fn, for each n ∈ N, to be the set of all functions f ∈ H+[0, 1] whose
graph is a polygonal curve and such that f(i/n) ∈ Q for every i = 0, . . . , n, we see that
∪n∈NFn = H+[0, 1]. Indeed, given any subbasic subset UK,V of H+[0, 1], any function
f asumming an arbitrary constant rational value v ∈ V on the whole of K and whose
graph outside K consists of suitable line segments, will be such that f ∈ UK,V ; hence
H+[0, 1] is separable.

On the other hand, given any Cauchy net (fα)α∈I in H+[0, 1] and any neighbourhood
U = UK,V of the identity id[0,1] (i.e. K ⊂ V ), there exists some αU ∈ I such that
f−1

α ◦fβ ∈ U whenever α, β > αU . In particular, letting K to be a point, we see that (fα)α

is a Cauchy net for the pointwise topology. Thus, the pointwise limit f := p − ĺımα fα

exists. Let us show that f is also the compact open limit of the net (fα)α. Let UK,V

be a neighbourhood of f . For each x ∈ K there exists a neighbourhood Vx of x such
that f(x) ∈ Vx ⊂ V . Then {Vx}x∈K is a covering of K (since f [K] ⊂ V ), and hence we
can obtain from it a finite subcovering {Vxi}n

i=1. Since f is the pointwise limit of (fα)α,
then for each xi there exists an index αxi ∈ I such that fα[Vxi ] ⊂ V whenever α > αxi .
Leting αM := máx1≤i≤n αxi we obtain that fα[Vxi ] ⊂ V for every i = 1, . . . , n whenever
α > αM ; then fα[K] ⊂ V whenever α > αM , and hence fα ∈ UK,V for every α > αM .
Thus, H+[0, 1] is also complete.



Chapter 4

On the non-existence of certain
embeddings of c0

In the first section of this chapter we present a result due to Ferri and Galindo [FG]
asserting that c0 cannot be embedded as a subgroup into the group of isometries of a
reflexive Banach space. By virtue of Definition 3.54 this assertion is equivalent to the fact
that c0 does not embeds into its WAP-compactification. In this way, Ferri and Galindo
answer in the negative questions of Megrelishvili [Megb] and Glasner and Megrelishvili
[GM] who asked whether the map εWAP is a homeomorphism for every abelian group,
furthermore, they also answer Question 6.12 of [Megb] in showing that the property of
being a reflexively representable group is not preserved to quotients.

In the second section we present a stronger result due to N.J. Kalton [Kal07] answer-
ing in the negative an old question in Banach space theory, namely whether c0 can be
uniformly embedded into a reflexive Banach space, in fact, a more general result is es-
tablished by Kalton: it is impossible to embed coarsely or uniformly c0 into a Banach
space X such that every dual space X(r) of X is separable.

Finally, a calculation of the cardinality of the compactification cWAP
0 is given.

4.1. Embeddings into the group of isometries of a reflexive
space

Following Ferri and Galindo [FG] we shall show that c0 cannot be embedded as a sub-
group into the group of isometries of a reflexive Banach space, i.e. that c0 is not reflexively
representable. Let us begin with a generalization of the concept of limit.

Definition 4.1. Let (xd)d∈D be an indexed subset of a topological space X, p an ultrafilter
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on D and x ∈ X. Then the point x is said to be the p-limit of (xd)d∈D if for every
neighbourhood U of x we have that {d ∈ D | xd ∈ U} ∈ p. In such a case we may write
x = p−ĺımxd.

We speak about the p-limit of (xd)d∈D in the previous definition since in any topological
space if p-limits exist then they are unique (see [HS98], Theorem 3.48).

In order to establish an extension of Grothendieck’s double limit criterion (see Defi-
nition 3.52), let us consider a particular kind of permutations of a finite set.

Definition 4.2. Let π be a permutation of the set {1, . . . , n}. Then π is said to be a
shuffle with cut k (k is an integer 1 ≤ k ≤ n) if π preserves the order of both, the set
{1, . . . , k} and the set {k + 1, . . . , n}, i.e. if whenever i and j both belong to {1, . . . , k}
or both belong to {k + 1, . . . , n}, then i < j implies π(i) < π(j).

Below, the promised extension of Grothendieck’s double limit criterion can be establi-
shed.

Lemma 4.3 ([FG], Lemma 2.2). Let G be a topological group, φ ∈ WAP (G) and n > k ≥ 1
integers. Let (xi1,...,ik) and (yik+1,...,in) be multi-indexed sequences in G, and p1, . . . , pn

free ultrafilters on N. If π is a shuffle with cut k, then

p1−ĺım
i1

. . . pn−ĺım
in

φ(xi1,...,ik + yik+1,...,in) =

pπ(1)− ĺım
iπ(1)

. . . pπ(n)− ĺım
iπ(n)

φ(xi1,...,ik + yik+1,...,in).

The next lemma asserts that if a topological group G embeds into GWAP then each
neighbourhood of the identity of the group is determined by a single weakly almost
periodic function.

Lemma 4.4 ([FG], Lemma 2.3). Let G be a metrizable group equipped with a translation
invariant metric d. If the embedding εWAP : G → GWAP is a homeomorphism, then for
every ε > 0 there exists a weakly almost periodic function φε and δε > 0 such that:

1. φε(e) = 0 and,

2. |φε(x)| < δε implies d(x, e) < ε, for every x ∈ G.

At this point, the main result of this section can be proven.

Theorem 4.5 ([FG], Theorem 2.4). (c0,+) is not reflexively representable.

Demostración. Suppose that c0 embeds into cWAP
0 , and let φ ∈ WAP (c0) and δ > 0

be determined by ε = 1/2 in Lemma 4.4. By continuity, there exists α > 0 such that
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‖x− y‖∞ < α implies that |φ(x− y)| < δ/2. Let k be an integer such that 1/k < α, and
let sn ∈ c0 for n ∈ N be defined as follows:

sn :=
(

1
k
, . . . ,

1
k
, 0, . . .

)
,

where the last 1/k appears at the n coordinate. Then
∥∥∥∥∥∥

2k∑

j=1

(−1)jsj

∥∥∥∥∥∥
∞

< α,

and for every sequence n1 < . . . < n2k,∥∥∥∥∥∥

k∑

j=1

sn2j −
k∑

j=1

sn2j−1

∥∥∥∥∥∥
∞

< α.

Therefore for every n1 < . . . < n2k,∣∣∣∣∣∣
φ




k∑

j=1

sn2j −
k∑

j=1

sn2j−1




∣∣∣∣∣∣
< δ/2.

Now, taking p-limits with respect free ultrafilters p1, . . . , p2k, we have that
∣∣∣∣∣∣
p1−ĺım

n1

· · · p2k−ĺım
n2k

φ




k∑

j=1

sn2j −
k∑

j=1

sn2j−1




∣∣∣∣∣∣
< δ/2.

By Lemma 4.3, the above limit equals:

p1−ĺım
n1

p2k−ĺım
n2k

p2−ĺım
n2

p2k−1− ĺım
n2k−1

· · ·

· · · pk−ĺım
nk

pk+1− ĺım
nk+1

φ




k∑

j=1

sn2j −
k∑

j=1

sn2j−1


 ,

and hence for sufficiently large n1 < n2k < n2 < n2k−1 < · · · < nk < nk+1,
∣∣∣∣∣∣
φ




k∑

j=1

sn2j −
k∑

j=1

sn2j−1




∣∣∣∣∣∣
< δ.

By the election of φ and δ,
∥∥∥∥∥∥

k∑

j=1

sn2j −
k∑

j=1

sn2j−1

∥∥∥∥∥∥
∞

<
1
2
.

But since n1 < n2k < n2 < n2k−1 < · · · < nk < nk+1, it follows that
∥∥∥∥∥∥

k∑

j=1

sn2j −
k∑

j=1

sn2j−1

∥∥∥∥∥∥
∞

=

∥∥∥∥∥∥

k∑

j=1

sj −
2k∑

j=k+1

sj

∥∥∥∥∥∥
∞

= 1.

which is a contradiction.
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4.2. Embeddings into a reflexive space

Let us begin with some definitions.

Definition 4.6. Let f : X → Y be a map between metric spaces. For each t > 0 let us
define:

ϕf (t) := ı́nf
d(x1,x2)≥t

d(f(x1), f(x2)), and

ωf (t) := sup
d(x1,x2)≤t

d(f(x1), f(x2)).

Then the map f is said to be:

1. A coarse embedding if ĺımt→∞ ϕf (t) = ∞, and ωf (t) < ∞ for every t > 0.

2. An uniform embedding ĺımt→0 ωf (t) = 0, and ϕf (t) > 0 for every t > 0.1

It is easy to see that if f is a uniform embedding in the sense described above, then it is
a uniform embedding in the usual sense, i.e. it is an injective uniform homeomorphism.
Indeed, if x 6= y then there exists some t > 0 such that d(x, y) ≥ t, and hence f(x) 6= f(y)
since

d(f(x), f(y)) ≥ ı́nf
d(x,y)≥t

d(f(x), f(y)) = ϕf (t) > 0.

Thus, f is injective. Now, since ĺımt→0 ωf (t) = 0, then given any ε > 0 there exists some
δε > 0 such that ωf (t) < ε. Therefore, given ε > 0 it follows that any δ with 0 < δ < δε

is such that d(f(x), f(y)) < ε whenever d(x, y) < δ. Hence, f is uniformly continu-
ous. Finally, f−1 is uniformly continuous on its domain of definition since if x = y, then
d(x, y) ≤ δε for every ε > 0, and hence d(f(x), f(y)) < ε for every ε > 0, i.e. f(x) = f(y).

Another pair of definitions will be needed in order to establish the desired result:

Definition 4.7. Let M ⊂ N. For r ∈ N we define Pr(M) to be the collection of all subsets
of M of size r. For r = 0 we define P0(M) to be {∅},2 and for r = ∞ we define P∞(M)
to be the collection of all infinite subsets of M . Given σ = {mj}r

j=1, τ = {nj}r
j=1 ∈ Pr(M),

written in increasing order, we connect them if either m1 ≤ n1 ≤ m2 ≤ n2 ≤ · · · ≤ mr ≤ nr

or n1 ≤ m1 ≤ n2 ≤ m2 ≤ · · · ≤ nr ≤ mr. In this way we make Pr(M) into a connected
graph and hence it has a natural metric space structure given by setting d(σ, τ) to be the
length of the shortest path from σ to τ . Finally we write σ < τ if mr < n1.

Proposition 4.8 ([Kal07], Theorem 3.5). Let X be a Banach space such that X(2r) is
separable.3 Then given any uncountable family (fi)i∈I of bounded maps fi : Pr(N) → X,

1The map ωf : (0,∞) → R is known as the modulus of continuity of f .
2Thus, a function on P0(M) is constant.
3Here, X(k) denotes the k-th dual space of X.
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and given any ε > 0, there exists i 6= j and M ∈ P∞(N) such that:

‖fi(σ)− fj(σ)‖ < ωfi(1) + ωfj (1) + ε,

whenever σ ∈ Pr(M).

Finally, the principal result of this chapter can be proven.

Proposition 4.9 ([Kal07], Theorem 3.6). The Banach space c0 cannot be coarsely or
uniformly embedded into a Banach space X such that every dual space X(r) is separable.

Demostración. Let h : c0 → X be any map, and let θ and r be any positive numbers.
For every A ∈ P∞(N) let us define:

sn(A) :=
∑

k≤n
k∈A

e0,k,

and let us consider the following function:

fA : Pr(N) → c0

σ = {nj}r
j=1 7→ fA(σ) = θ

r∑

j=1

snj (A).

Thus, considering the uncountable family (h ◦ fA)A∈P∞(N) of bounded maps
h ◦ fA : Pr(N) → X, we can apply the preceding proposition to obtain A,B ∈ P∞(N),
A 6= B and M ∈ P∞(N) such that:

‖h(fA(σ))− h(fB(σ))‖X < ωh◦fA
(1) + ωh◦fB

(1) + ε,

whenever σ ∈ Pr(M).

We claim that for every A ⊂ N the inequality ωh◦fA
(1) ≤ ωh(θ) holds. Indeed, let

σ, τ ∈ Pr(N) be such that d(σ, τ) ≤ 1. The nontrivial case is when d(σ, τ) = 1, i.e. when
n1 ≤ m1 ≤ n2 ≤ m2 ≤ · · · ≤ nr ≤ mr for σ = {ni}r

i=1, τ = {mi}r
i=1. Since

‖fA(σ)− fA(τ)‖∞ = θ

∥∥∥∥∥∥

r∑

j=1

(snj (A)− smj (A))

∥∥∥∥∥∥
∞

= θ

∥∥∥∥∥∥∥∥

r∑

j=1




∑

nj<k≤mj

k∈A

e0,k




∥∥∥∥∥∥∥∥
∞

= θ,

then
‖h(fA(σ))− h(fA(τ))‖X ≤ sup

‖x−y‖∞≤θ
‖h(x)− h(y)‖X = ωh(θ),
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and thus the desired inequality follows.

We also claim that there exists σ ∈ Pr(M) such that ‖fA(σ)− fB(σ)‖∞ = rθ. Indeed,
since A 6= B, without loss of generality we can assume the existence of a positive integer
a ∈ A \B. Letting σ = {nj}r

j=1 ∈ Pr(M) to be such that a ≤ n1, and considering that

fA(σ) = θ




∑

k≤n1
k∈A

e0,k +
∑

k≤n2
k∈A

e0,k + · · ·+
∑

k≤nr
k∈A

e0,k




= θ


r

∑

k≤n1
k∈A

e0,k + (r − 1)
∑

n1<k≤n2
k∈A

e0,k + · · ·+
∑

nr−1<k≤nr

k∈A

e0,k


 ,

we conclude that the element fA(σ) ∈ c0 has r as its a-coordinate while the element
fB(σ) ∈ c0 has 0 in the same coordinate, moreover r is the maximum value attained by
the coordinates of both elements, and thus the claim follows.

Hence,

ϕh(rθ) = ı́nf
‖x−y‖∞≥rθ

‖h(x)− h(y)‖

≤ ‖h(fA(σ))− h(fB(σ))‖
< ωh◦fA

(1) + ωh◦fB
(1) + ε

≤ 2ωh(θ) + ε.

Since ε > 0 is arbitrary, it then follows that

ϕh(rθ) ≤ 2ωh(θ), for θ > 0.

Therefore, if ωh(θ) < ∞ for every θ > 0, then ĺımθ→∞ ϕh(θ) < ∞, and so there exists no
coarse embedding h : c0 → X. On the other hand, if ĺımθ→0 ωh(θ) = 0 then ϕh(θ) = 0
for every θ > 0 since ϕh(θ) is a nonnegative increasing function of θ, and so there exists
no uniform embedding h : c0 → X.

Corollary 4.10. The Banach space c0 cannot be coarsely or uniformly embedded into a
reflexive Banach space.

The previous corollary together with the following theorem due to Megrelishvili, provide
an alternative proof of the main result of the first section, namely, that c0 is not reflexively
representable.

Theorem 4.11 ([Meg01b], Proposition 4.2). Let G be a separable metrizable group. If
G is reflexively representable, then G is uniformly embedded into a separable reflexive
space.
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Corollary 4.12. The Banach space c0 is not reflexively representable.

4.3. On the cardinality of cWAP
0

Let x 6= 0 be a point in c0 and L be the line in c0 through 0 and x. Let f : L → R be
a linear functional such that f(0) = 0 and f(x) = 1. Since L is a closed subspace of c0,
then by the Hahn-Banach theorem we can extend f to the whole of c0, let f : c0 → R be
such an extension. Then the map F : c0 → T defined by F (x) := eif(x) is a continuous
character on c0 and hence is weakly almost periodic on c0 (see Example 5 below Definition
3.50). This F defines a function F ′ : c0 → [0, 1) (obtained by identifying T with [0, 1)),
which is weakly almost periodic and satisfies F ′(0) = 0 and F ′(x) = 1. Thus the set:

U :=
{

y ∈ c0 | F ′(y) <
1
3

}
,

is a neighbourhood of 0 in c0 which does not contains the point x. We claim that
G := −((F ′ ∧ 1

3)− 1
3) ∈ WAP (c0). Indeed, it suffices to prove that the function F ′∧ 1

3 sa-
tisfies Grothendieck’s double limit criterion: If F ′(xn + ym) ≤ 1

3 then
(F ′ ∧ 1

3)(xn + ym) = F ′(xn + ym) and the criterion holds since F ′ is weakly almost
periodic. On the other hand, if F ′(xn + ym) > 1

3 then (F ′ ∧ 1
3)(xn + ym) = 1

3 and clearly
the criterion holds.

Now, let (xn) ⊂ c0 be a sequence such that x1 := 0 and xn /∈ ∪m<nU3xm for every
n ≥ 2. Let X := {xn | n ∈ N}. Finally, let p, q ∈ X∗ = βX \X with p 6= q. Since p and
q are distinct free ultrafilters, then there exists A ∈ p and B ∈ q such that A ∩ B = ∅.
Then, by construction, the function

g :=
∑

Gi,

where Gi := G(x + xi), is a weakly almost periodic function on c0 such that g[A] = {1}
and g[B] = {0}. Therefore, g(p) 6= g(q), where g is the extension of g to β(c0)d.

In conclusion, since cWAP
0 = β(c0)d

∼ , p, q ∈ β(c0)d are such that p ∼ q if and only if
f(p) = f(p) for every f ∈ WAP (c0), then

∣∣cWAP
0

∣∣ = 22|c0| .
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