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Bogotá, Colombia

December 7, 2009



Abstract

Optical quantum computing uses measurement-based quantum computing schemes, with
photons as physical qubits in the discrete case; it also takes advantage of the storage power of
information available in the quadratures of the electromagnetic field that allows computation
in a continuous-variable setting of qunats, or units of analogic information. For the first case,
the main physical architecture for computation is based on a proposal by Knill, Laflamme
and Milburn, the KLM architecture. In the continuous case, the process of encoding changes
substantially, as we are not working with qubits anymore; the process of computation changes
respectively by redefining the set of gates as a set of operations over the continuous states
of the optical quadratures. We will present an overview of the field of optical quantum
computing both in the discrete case, focusing in the KLM protocol of computation, and in
the continuous setting, which enables the implementation of some quantum algorithms in a
more natural way by means of the continuous quantum Fourier transform. Exploiting the
advantages of both schemes, we shall describe a form of hybrid computation that involves
optical qubits and qunats in the processing of information and apply it in the construction
of the Deutsch-Jozsa algorithm.
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Nomenclature and Notation

In this section, we collect a list of conventions and symbols used frequently throughout the
document; we focus on the nomenclature used in quantum circuits and optical circuits.

For the case of discrete quantum computation, quantum unitary gates are denoted by
bold capital letters U; whereas in continuous quantum computation, quantum gates are
denoted by cursive capital letters 𝒰 . The conventional notation for the Pauli matrices 𝜎0,
𝜎𝑥, 𝜎𝑦 and 𝜎𝑧, will be dropped, and will be replaced by the more common computational
notation I, X, Y and Z, respectively.

Now we present the schematic symbols used to represent unitary operations and carriers
of information in quantum circuits. Conventionally, quantum circuits are read from left to
right (time direction).

Operation Symbol Operation Symbol

Hadamard Pauli-Z

Pauli-X Phase

Pauli-Y 𝜋
8
-gate

(a) Representation of single-qubit gates.

Operation Symbol Operation Symbol

CNOT CSign (CZ)

(b) Representation of two-qubit gates.

Table 1: Schematic symbols denoting frequently used quantum gates.

Other symbols used in quantum circuits, such as measurements, are shown in figure 1.
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NOMENCLATURE AND NOTATION ix

Figure 1: Circuit symbols for measurements and running qubits.

On the other hand, let us show the common notation for optical circuits with single-
qubits. The reader should avoid confusion between the notation used in a quantum circuit
made of gates and the one used in an optical circuit made of photon sources, beam splitters,
phase shifters and photo-detectors (see table 2).

Element Symbol Element Symbol

Phase shifter of
phase 𝜙

Beam splitter
(BS) of angle 𝜃𝑖

and phase 𝜙𝑖

Production of 𝑛
photons

Measurement of
photon-number
with outcome 𝑛𝑖

Classical
information

A photonic mode

Dual-rail photonic
qubit

Table 2: Schematic representation of several elements in an optical circuit.

The constant ℏ will be taken to be 1
2

everywhere in the document, unless otherwise
indicated.



Introduction

The present document provides a review of two different approaches to an optimal practical
implementation of a quantum computater using linear optics. In the first part, we give a
quick overview of the basics of quantum computation with qubits, focusing on the definition
of a universal set of quantum logical gates, the complexity of some quantum operations com-
pared to their classical counterparts, and the implementation of the Deutsch-Jozsa algorithm
according to its original authors. Using these notions, in chapter 2 we describe the protocol
of computation by Knill, Laflamme and Milburn to efficiently implement the universal set
of quantum gates with linear optics. The protocol makes use of single-photon sources, phase
shifters, beam splitters, and photo-detectors to construct a quantum computer. Single-qubit
gates are easily implemented with phase shifters and beam splitters alone. Two-qubit gates,
however, are difficult to achieve, because photons do not interact directly. One way to
produce this type of interaction is through nonlinear materials, but the efficiencies of such
materials are well below the desired threshold. In the protocol, they use nonlinearities hid-
den in the measurement process to produce the desired effects, but the gates implemented in
this way are not deterministic, but conditional gates with a given probability of success. We
also discuss some ways to improve the protocol, that is, to increase the success probability
of the two-qubit gates, like the teleportation trick, where the gate implementation becomes
a state production problem that can be performed offline.

The second part is dedicated to the second scheme of computation. Instead of encoding
the information in qubits as in the first part of the document, we use continuous-variable
states as carriers of the information, that is, states that in the ideal case represent a given
field quadrature, but in practice they are actually finitely squeezed states, or more generally,
Gaussian states. These states have certain advantages over the discrete-variable states used
before, like the unconditional nature of the quantum resources such as entanglement. This
means that, in contrast to optical qubits, continuous-variable entanglement, though imper-
fect, is easily achievable in a deterministic fashion. This encoding is found to be useful for
computation as well, so we also describe the universal set of gates in the alternative scheme,
and an extension of the Gottesman-Knill theorem that states which quantum operations
with continuous variables can be efficiently simulated in a classical computer.

x



INTRODUCTION xi

Concluding the review, we present a model of the Deutsch-Jozsa algorithm with contin-
uous variables proposed by Pati and Braunstein, that uses ideal continuous-variable states
for the computation. The model does not include an implementation of the oracle or black
box, and the ideal states used there are unphysical and thus not realisable in practice. Based
on these two facts, we propose a new model for the Deutsch-Jozsa algorithm, a model that
combines a continuous register and a discrete register, i.e. a hybrid setting. The scheme
takes advantage of both settings and gives an explicit implementation of the oracle. A first
analysis is made using ideal states again, but at the end we study the effects of using Gaus-
sian states (i.e. states with finite squeezing) in the computation of the algorithm. Finally,
the document ends with some concluding remarks.



Part I

Quantum Computation with Light:
An Overview
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Chapter 1

Fundamentals of Quantum
Computation

In the last few years, theoretical and experimental studies of quantum systems serving as
computational devices have achieved tremendous progress. We now have strong evidence
that quantum computers, if built, might be used as a dramatically powerful computational
tool, capable of performing tasks which seem intractable for classical computers.

A quantum computer is a device for computation that makes direct use of distinctively
quantum mechanical phenomena, such as superposition and entanglement, to perform oper-
ations on data. In a classical (or conventional) computer, information is stored as bits; in
a quantum computer, it is stored as qubits. The basic principle behind quantum computa-
tion is that the quantum properties can be used to represent and structure data, and that
quantum mechanisms can be devised and built to perform operations with these data [1].

Although quantum computing is still in its infancy, experiments have been carried out in
which quantum computational operations were executed on a very small number of qubits.
If large-scale quantum computers can be built, they will be able to solve certain problems
much faster than any of our current classical computers.

How does quantum computation work? A classical computer has a memory made up of
bits, where each bit holds either a one or a zero. A quantum computer maintains a sequence
of qubits. A single qubit can hold a one, a zero, or, crucially, a quantum superposition of
these; moreover, a pair of qubits can be in a quantum superposition of 4 states, and three
qubits in a superposition of 8. In general, a quantum computer with 𝑛 qubits can be in up
to 2𝑛 different states simultaneously, that is, for 𝑛 ≫ 1 the system can store an enormous
amount of information, giving us an amazingly big computational power. Therefore, a
quantum computer operates by manipulating those qubits with a fixed sequence of quantum
logic gates. The sequence of gates to be applied is called a quantum algorithm or circuit [2].

In the next two sections, we give a general approach to the notation used in quantum
computation theory [1, 2, 3]; it is important because it constitutes the basis for more specific

2



CHAPTER 1. FUNDAMENTALS OF QUANTUM COMPUTATION 3

theories, like the one we are treating later with linear optics. First we discuss how to store
information in the basic units called qubits, and some of their most crucial properties such
as entanglement and its consequences. Later, on section 1.2 we describe the general model
of computation using quantum gates (quantum mechanical counterparts of classical logic
gates). Finally, in the last section, we give some examples of quantum algorithms such
as the Deutsch-Jozsa algorithm, important because of its implication for more sofisticated
algorithms, as Shor’s algorithm to factorize large integers into prime numbers, than for its
usefulness [1].

1.1 Qubits, entanglement and EPR correlations

A bit is the basic unit of computational information. Regardless of its physical realization,
a bit is always understood to be either a 0 or a 1. An analogy to this is a light switch: the
down position can represent 0 (normally equated to off ) and the up position can represent
1 (normally equated to on).

A quantum bit or qubit is a unit of quantum information. That information is described
by a state vector in a two-level quantum-mechanical system, which is formally equivalent to
a two-dimensional vector space over the complex numbers. A qubit has some similarities to
a classical bit, but is overall very different. Like a bit, a qubit can have two possible values,
normally a 0 or a 1. As we asserted before, the difference is that whereas a bit must be
either 0 or 1, a qubit can be 0, 1, or a superposition of both.

The most general qubit can be written in Dirac notation as

∣𝜓⟩ = 𝛼 ∣0⟩+ 𝛽 ∣1⟩ , (1.1)

where 𝛼 and 𝛽 are complex numbers. The special states ∣0⟩ and ∣1⟩ are known as the
computational basis states, and form an orthonormal basis for this vector space. When
examining a qubit, we cannot retrieve the complete superposition of states, but only one of
the possible outcomes, where each complex amplitude is related to the probability of getting
either 0 or 1 after a measurement. The state is then said to be normalized

∣𝛼∣2 + ∣𝛽∣2 = 1. (1.2)

Any two-level system can be used as a qubit. Multilevel systems can be used as well,
if they possess two states that can be effectively decoupled from the rest (e.g. the ground
and first excited states of a nonlinear oscillator). Several physical implementations which
approximate two-level systems to various degrees have been successfully realized. Similarly
to a classical bit where the state of a transistor in a processor, the magnetization of a surface
in a hard disk and the presence of current in a cable can all be used to represent bits in
the same computer, an eventual quantum computer is likely to use various combinations of
qubits in its design.
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The following is an incomplete list of physical implementations of qubits, and the choices
of basis are by convention only.

Physical support Name
Information
support

∣0⟩ ∣1⟩

Single photon

Polarization encoding Light polarization Horizontal Vertical

Photon number Photon number Vacuum Single photon

Time-bin encoding Time of arrival Early Late

Coherent light Squeezed light Quadrature
Amplitude-
squeezed state

Phase-squeezed
state

Electrons
Electronic spin Spin Up Down

Electron number Charge No electron One electron

Nucleus Nuclear spin (NMR) Spin Up Down

Optical lattices Atomic spin Spin Up Down

Josephson junction
Superconducting flux qubit Current Clockwise current

Counterclock-wise
current

Superconducting phase
qubit

Energy Ground state First excited state

Quantum dot Dot spin Spin Up Down

Table 1.1: Qubit implementations for some physical systems.

1.1.1 Quantum entanglement

Now consider two noninteracting systems 𝐴 and 𝐵, with respective Hilbert spaces ℋ𝐴 and
ℋ𝐵. The Hilbert space of the composite system is the tensor product

ℋ𝐴 ⊗ℋ𝐵.

If the first system is in state ∣𝜓⟩𝐴 and the second in state ∣𝜙⟩𝐵, the state of the composite
system is

∣𝜓⟩𝐴 ⊗ ∣𝜙⟩𝐵.
States of the composite system which can be represented in this form are called separable
states, or product states.

Not all states are product states. Fix a basis {∣𝑒⟩𝐴} for ℋ𝐴 and a basis {∣𝑔⟩𝐵} for ℋ𝐵.
The most general state in ℋ𝐴 ⊗ℋ𝐵 is of the form

∣𝜓⟩𝐴𝐵 =
∑
𝑒,𝑔

𝑐𝑒,𝑔∣𝑒⟩𝐴 ⊗ ∣𝑔⟩𝐵; (1.3)
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this state is separable if 𝑐𝑒,𝑔 = 𝑐𝐴𝑒 𝑐
𝐵
𝑔 , yielding ∣𝜓⟩𝐴 =

∑
𝑒 𝑐

𝐴
𝑒 ∣𝑒⟩𝐴 and ∣𝜙⟩𝐵 =

∑
𝑔 𝑐

𝐵
𝑔 ∣𝑔⟩𝐵. It is

inseparable if 𝑐𝑒,𝑔 ∕= 𝑐𝐴𝑒 𝑐
𝐵
𝑔 . If a state is inseparable, it is called an entangled state.

Quantum entanglement is then an available property of a quantum mechanical state of
a system of two or more objects in which the quantum states of the constituting objects are
linked together so that one object can no longer be adequately described without full mention
of its counterpart, even though the individual objects may be spatially separated. This
interconnection leads to non-classical correlations between observable physical properties of
remote systems, often referred to as nonlocal correlations. Many of the successes of quantum
computation and communication, such as quantum teleportation and superdense coding, make
use of entanglement, suggesting that entanglement is a resource that is unique to quantum
computation.

For example, given two basis vectors {∣0⟩𝐴, ∣1⟩𝐴} of ℋ𝐴 and two basis vectors {∣0⟩𝐵, ∣1⟩𝐵}
of ℋ𝐵, the following is an entangled state:

1√
2

(
∣0⟩𝐴 ⊗ ∣1⟩𝐵 − ∣1⟩𝐴 ⊗ ∣0⟩𝐵

)
. (1.4)

If the composite system is in this state, it is impossible to attribute to either system A or
system B a definite pure state. Instead, their states are superposed with one another. In
this sense, the systems are entangled.

Now suppose Alice is an observer for system 𝐴, and Bob is an observer for system 𝐵. If
Alice makes a measurement in the {∣0⟩, ∣1⟩} eigenbasis of 𝐴, there are two possible outcomes,
occurring with equal probability:

1. Alice measures 0, and the state of the system collapses to ∣0⟩𝐴∣1⟩𝐵.

2. Alice measures 1, and the state of the system collapses to ∣1⟩𝐴∣0⟩𝐵.

If the former occurs, then any subsequent measurement performed by Bob, in the same
basis, will always return 1. If the latter occurs, (Alice measures 1) then Bob’s measurement
will return 0 with certainty. Thus, system 𝐵 has been altered by Alice performing a local
measurement on system 𝐴. This remains true even if the systems 𝐴 and 𝐵 are spatially
separated. This is the foundation of the EPR paradox, that we shall discuss briefly in the
next subsection.

1.1.2 Concurrence and the Bell basis

Now that quantum entanglement has been defined, it is important to note that there are ways
of quantifying entanglement. In particular, for pure bipartite systems, one of these possible
measures will lead us to a crucial set of states, that are ubiquous throughout quantum
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computation theory. For the most general state (two qubits)

∣𝜓⟩ = 𝛼 ∣0⟩𝐴 ⊗ ∣0⟩𝐵 + 𝛽 ∣0⟩𝐴 ⊗ ∣1⟩𝐵 +

+ 𝛾 ∣1⟩𝐴 ⊗ ∣0⟩𝐵 + 𝛿 ∣1⟩𝐴 ⊗ ∣1⟩𝐵 ,

this measure, known as the concurrence 𝐶, is given by

𝐶 = 2 ∣𝛼𝛿 − 𝛽𝛾∣ , 0 ≤ 𝐶 ≤ 1. (1.5)

Thus, the concurrence is maximum when it is equal to 1 (maximum entanglement), which
holds either when 𝛽 = 𝛾 = 0 and 𝛼 = ±𝛿 = 1/

√
2, or when 𝛼 = 𝛿 = 0 and 𝛽 = ±𝛾 = 1/

√
2.

∣∣Ψ±〉 =
1√
2

(
∣0⟩𝐴 ⊗ ∣0⟩𝐵 ± ∣1⟩𝐴 ⊗ ∣1⟩𝐵

)
, (1.6)

∣∣Φ±〉 =
1√
2

(
∣0⟩𝐴 ⊗ ∣1⟩𝐵 ± ∣1⟩𝐴 ⊗ ∣0⟩𝐵

)
. (1.7)

These maximally entangled states are known as Bell states and form a basis (the Bell basis)
of the two-qubit Hilbert space [3]. These qubits are usually thought to be spatially separated
(held by Alice and Bob, respectively). Nonetheless they exhibit perfect correlations which
cannot be explained without quantum mechanics.

And this was precisely one of the properties of quantum mechanics that caused Einstein
and others to dislike the theory. In 1935, Einstein, Podolsky, and Rosen formulated the
EPR paradox [4], a quantum-mechanical thought experiment with a highly counterintuitive
and apparently nonlocal outcome, in response to Niels Bohr’s advocacy of the belief that
quantum mechanics as a theory was complete.

According to its authors the EPR experiment yields a dichotomy. Either

1. The result of a measurement performed on one part 𝐴 of a quantum system has a
non-local effect on the physical reality of another distant part 𝐵, in the sense that
quantum mechanics can predict outcomes of some measurements carried out at 𝐵; or

2. Quantum mechanics is incomplete in the sense that some element of physical reality
corresponding to 𝐵 cannot be accounted for by quantum mechanics (that is, some
extra variable is needed to account for it.)

The EPR paradox is a paradox in the following sense: if one adds to quantum mechan-
ics some seemingly reasonable (but actually wrong, or questionable as a whole) conditions
(referred to as locality), realism, counterfactual definiteness1, and completeness, then one

1In some interpretations of quantum mechanics, counterfactual definiteness is the ability to speak mean-
ingfully about the definiteness of the results of measurements, even if they were not performed.
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obtains a contradiction. However, quantum mechanics by itself does not appear to be inter-
nally inconsistent, nor (as it turns out) does it contradict relativity. As a result of further
theoretical and experimental developments since the original EPR paper, most physicists to-
day regard the EPR paradox as an illustration of how quantum mechanics violates classical
intuitions.

In 1964, John Bell showed that the predictions of quantum mechanics in the EPR thought
experiment are significantly different from the predictions of a very broad class of hidden
variable theories (the local hidden variable theories) [5]. In the paper he shows that “no
physical theory which is realistic and also local in a specified sense can agree with all of
the statistical implications of Quantum Mechanics”; roughly speaking, quantum mechanics
predicts much stronger statistical correlations between the measurement results performed
on different states than the hidden variable theories. These differences, expressed using
inequality relations known as Bell’s inequalities, are in principle experimentally detectable.

Therefore, according to the present view of the situation, quantum mechanics simply
contradicts Einstein’s philosophical postulate that any acceptable physical theory should
fulfill local realism.

1.2 Quantum gates and circuits

Once some information is encoded in a set of qubits (i.e. a quantum register), we must be
able to manipulate these qubits in order to process information. In order to do so, we build
a quantum circuit in which a computation is a sequence of reversible transformations on the
mentioned 𝑛-qubit register. The state of which is a unit vector in the complex Hilbert space
ℋ1 ⊗ℋ2 ⊗ ⋅ ⋅ ⋅ ⊗ ℋ𝑛. As the natural basis for this space, we take the basis consisting of 2𝑛

vectors, also known as computational basis :

∣0⟩ ⊗ ∣0⟩ ⊗ ⋅ ⋅ ⋅ ⊗ ∣0⟩
∣0⟩ ⊗ ∣0⟩ ⊗ ⋅ ⋅ ⋅ ⊗ ∣1⟩

...

∣1⟩ ⊗ ∣1⟩ ⊗ ⋅ ⋅ ⋅ ⊗ ∣1⟩

From now on, we shall omit the tensor product, and use the notation

∣𝑒1⟩ ⊗ ∣𝑒2⟩ ⊗ ⋅ ⋅ ⋅ ⊗ ∣𝑒𝑛⟩ = ∣𝑒1, 𝑒2, . . . , 𝑒𝑛⟩ ≡ ∣𝑒⟩ , (1.8)

where the sequence inside the ket is the binary representation of the integer 𝑒 (from 0 to
2𝑛 − 1), allowing us to encode integers in such a way.

The most general state describing the system will then be a superposition of all the states
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from the computational basis
2𝑛−1∑
𝑒=0

𝑐𝑒 ∣𝑒⟩ , (1.9)

where
∑

𝑒 ∣𝑐𝑒∣2 = 1. Once we prepare a state using the above definition, we shall use it
as the input for the computation. We then perform elementary operations on the system,
corresponding to the computational steps in the computation, just like logical gates are the
elementary steps in classical computers. In the meantime we will assume that all the tasks
are performed on an isolated system, so that the evolution can always be described by a
unitary matrix operating on the state of the system. Therefore, we must be able to change
the state of the input either unconditionally (for example, for initializing a qubit or for
writing information into a qubit), or conditionally, depending on the previous state of the
qubit itself or on the state of itself and another qubit, and so on. These operations will have
to be performed by quantum gates.

1.2.1 Reversibility of gates

Ordinarily, in a classical computer, logic gates other than the NOT gate2, are not reversible.
Thus, for instance, for an AND gate3 one cannot generally recover the two input bits from
the output bit; the case in which both input bits are 1 is the exception. However, as a first
step in describing a quantum computing device it is instructive to observe that reversible
gates are theoretically possible; moreover, these are actually of practical interest, since they
do not increase entropy. A reversible gate is a reversible function on 𝑛-bit data that returns
𝑛-bit data, where an 𝑛-bit register is a string of bits 𝑒1, 𝑒2, . . . , 𝑒𝑛 of length 𝑛.

For a quantum computer we are also interested in reversible gates, but this time we are
interested in unitary mappings, that is those that preserve the inner product on ℋ⊗𝑛. In fact,
reversible classical 𝑛-bit logic gates give rise to reversible 𝑛-bit quantum gates as follows: to
each reversible 𝑛-bit logic gate 𝑓 corresponds a quantum gate U𝑓 defined as follows:

U𝑓 ∣𝑒1, 𝑒2, . . . , 𝑒𝑛⟩ = ∣𝑓(𝑒1, 𝑒2, . . . , 𝑒𝑛)⟩ . (1.10)

Thus, any unitary mapping chosen in a given quantum circuit shall describe such a reversible
operation.

1.2.2 Universal quantum gates

An arbitrary unitary operation on a single-qubit is the simplest case of a quantum gate [3].
Any unitary 2 × 2 matrix is a valid single-qubit gate. In matrix representation, the qubit

2Classical gate that flips the incoming bit 0→ 1 and 1→ 0.
3The AND gate takes two bits and returns one bit in the output. The possible operations are 00 → 0,

01→ 0, 10→ 0 and 11→ 1.
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states ∣0⟩ and ∣1⟩ are

∣0⟩ ≡
[

1
0

]
; ∣1⟩ ≡

[
0
1

]
(1.11)

The Pauli matrices, unitary, together with the identity form a very important set, because
any operator in this Hilbert space can be obtained from a combination of these four oper-
ators. In quantum computation, the notation used for these gates is I, X, Y and Z, with
corresponding matrices

I ≡
[

1 0
0 1

]
; X ≡

[
0 1
1 0

]
; Y ≡

[
0 −𝑖
𝑖 0

]
; Z ≡

[
1 0
0 −1

]
. (1.12)

These matrices acting on the computational basis vectors give information about the form
of computation they perform. For example, the X operator is often called the NOT gate, in
analogy with its classical counterpart, transforming a general qubit (1.1) into 𝛼 ∣1⟩ + 𝛽 ∣0⟩.
The Z operator, in the other hand, generates a 𝜋 relative phase between the two basis states,
and we may call it the Sign gate. The remaining Y operator is a combination of the other
two, Y = 𝑖XZ.

We can generalise the relative phase given by the Z gate between the basis states. The
new gate

exp(𝑖𝜙Z) ≡
[
𝑒𝑖𝜙 0
0 𝑒−𝑖𝜙

]
, (1.13)

generates a relative phase of 2𝜙 between the aforementioned states. Some special cases of
importance are the 𝜋

8
gate

T ≡
[

1 0
0 𝑒−𝑖𝜋/4

]
= 𝑒𝑖𝜋/8

[
𝑒−𝑖𝜋/8 0

0 𝑒𝑖𝜋/8

]
, (1.14)

and the Phase gate

S ≡ T2 =

[
1 0
0 𝑖

]
. (1.15)

Note that S2 = Z. The NOT gate can also be generalised (it is easy to check that X2 = I),
yielding

exp(𝑖𝜙X) ≡ I cos𝜙 + 𝑖X sin𝜙 =

[
cos𝜙 𝑖 sin𝜙
𝑖 sin𝜙 cos𝜙

]
. (1.16)

When 𝜙 = 0 this reduces to the identity, and when it is 𝜋/2 we get back the NOT gate. The
case in which 𝜙 = 𝜋/4 is called the square-root of NOT gate. A special gate obtained by
combining the X and Z gates is the very important Hadamard gate H

H ≡ X + Z√
2

=
1√
2

[
1 1
1 −1

]
, (1.17)
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whose action on either basis state is to turn it in a halfway superposition of both basis states.
In Dirac notation, the general state (1.1) transforms into

∣𝜓′⟩ =
𝛼√
2

(∣0⟩+ ∣1⟩) +
𝛽√
2

(∣0⟩ − ∣1⟩) ,

under the action of a Hadamard gate.
There is another important set of gates, the multi-qubit gates (being the two-qubit gates

the simplest case), which brings conditional or control structures into the analysis. Such
structures are reached using multi-qubit unitary operators acting on one or more control
qubits and target qubits, the action on the target qubits depending on a condition over the
control qubits. The basic example is a two-qubit controlled-NOT or CNOT gate. The control
qubit remains unchanged during the operation, while the target is flipped when the target
is on (or set to ∣1⟩). In matrix notation, the CNOT gate is

CNOT ≡

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤
⎥⎥⎦ =

[
I 0
0 X

]
, (1.18)

whereas its action on both the control and target qubits ∣𝑥, 𝑦⟩ (where 𝑥 and 𝑦 are either 0
or 1) in Dirac notation is

CNOT ∣𝑥, 𝑦⟩ = ∣𝑥, 𝑦 ⊕ 𝑥⟩ , (1.19)

where 𝑦 ⊕ 𝑥 is addition modulo 2.
Replacing the X gate in (1.18) by an arbitrary single-qubit operation U, we get the

controlled-U or CU gate.
Keeping all these definitions in mind, now we should be able to choose a finite set of gates

such that any unitary operation in a given Hilbert space can be exactly decomposed into a
sequence of these gates. This restriction arises in analogy with classical computation where
arbitrary tasks can be implemented using a very small set of gates. This set of universal
quantum gates exists and is made up of the following four gates:

1. the CNOT gate
CNOT ∣𝑥, 𝑦⟩ = ∣𝑥, 𝑦 ⊕ 𝑥⟩ ,

2. the 𝜋
8

gate

T ∣𝑥⟩ = exp
(
𝑖
𝜋

4
𝑥
)
∣𝑥⟩ ,

3. the phase gate

S ∣𝑥⟩ = exp
(
𝑖
𝜋

2
𝑥
)
∣𝑥⟩ ,
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4. and the Hadamard gate

H ∣𝑥⟩ =
1√
2

1∑
𝑧=0

exp(𝑖𝜋𝑥𝑧) ∣𝑧⟩ .

To show that the set is actually universal, three steps should be proven. We shall prove
the first of them which may be useful in the following chapters (for further information the
reader may see [1, 3]).

1. Single-qubit gates are universal. Any 𝑑 × 𝑑 unitary operator can be exactly rewritten
as a product of two-level unitary operators (single-qubit gates).

2. Single-qubit and CNOT gates are universal. Any 𝑑×𝑑 unitary operator can be exactly
rewritten in terms of single-qubit and CNOT gates.

3. Any single-qubit operation can be expressed approximately using Hadamard, phase,
and 𝜋

8
gates.

Therefore, such decomposition defined in the first item for any 𝑑 × 𝑑 unitary matrix U
may be understood by considering first the case when 𝑑 = 3

U =

⎡
⎣ 𝑎 𝑑 𝑔

𝑏 𝑒 ℎ
𝑐 𝑓 𝑗

⎤
⎦ . (1.20)

Let us try and find a series of matrices acting on two-level subsystems that transform U into
the identity matrix. Consider a general unitary matrix acting on just two states

U1,2 ≡

⎡
⎢⎢⎣

𝑎∗√
∣𝑎∣2+∣𝑏∣2

𝑏∗√
∣𝑎∣2+∣𝑏∣2

0

𝑏√
∣𝑎∣2+∣𝑏∣2

−𝑎√
∣𝑎∣2+∣𝑏∣2

0

0 0 1

⎤
⎥⎥⎦ , (1.21)

which eliminates the second element in the first column of U when it is multiplied by it

U1,2U =

⎡
⎣ 𝑎′ 𝑑′ 𝑔′

0 𝑒′ ℎ′

𝑐′ 𝑓 ′ 𝑗′

⎤
⎦ , (1.22)

and changes the other entries, whose actual values do not matter. Now consider a second
matrix of the form of (1.21)

U1,3 ≡

⎡
⎢⎢⎣

𝑎′∗√
∣𝑎′∣2+∣𝑐′∣2

0 𝑐′∗√
∣𝑎′∣2+∣𝑐′∣2

0 1 0
𝑐′√

∣𝑎′∣2+∣𝑐′∣2
0 −𝑎′√

∣𝑎′∣2+∣𝑐′∣2

⎤
⎥⎥⎦ , (1.23)
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which causes the third element in the first column of (1.22) to vanish

U1,3U1,2U =

⎡
⎣ 1 𝑑′′ 𝑔′′

0 𝑒′′ ℎ′′

0 𝑓 ′′ 𝑗′′

⎤
⎦ , (1.24)

moreover, as this is a product of unitary matrices, its result is also unitary, and thus 𝑑′′ =
𝑔′′ = 0. Finally we set

U2,3 ≡
⎡
⎣ 1 0 0

0 𝑒′′∗ 𝑓 ′′∗

0 ℎ′′∗ 𝑗′′∗

⎤
⎦ . (1.25)

We now verify that the final product gives the identity U2,3U1,3U1,2U = I, and therefore

U = U†
1,2U

†
1,3U

†
2,3, which is the desired decomposition in two-level unitary matrices.

In the general 𝑑-dimensional case, the procedure is analogous. First we use 𝑑−1 matrices
acting on two-level subsystems to eliminate all elements from the first column (and row) of
U, except the first one which can differ from 1 by a phase that can be eliminated as well

U1,𝑑U1,𝑑−1 ⋅ ⋅ ⋅U1,2U =

⎡
⎢⎢⎢⎣

1 0 0 ⋅ ⋅ ⋅
0
0 non-zero
...

⎤
⎥⎥⎥⎦ . (1.26)

The elimination process continues in further columns (and rows) in a similar fashion. For
the second row, for example, we shall use 𝑑− 2 two-dimensional unitary matrices and so on.
The total number of matrices of the type U𝑝,𝑞 needed to diagonalise U is then (𝑑− 1) + (𝑑−
2) + ⋅ ⋅ ⋅ + 1 = 𝑑(𝑑− 1)/2, where each of these matrices differs from a 𝑑× 𝑑 identity matrix
by replacing the elements 𝑈𝑝𝑝 = 𝑈𝑞𝑞 = 1, and 𝑈𝑝𝑞 = 𝑈𝑞𝑝 = 0 by the elements of a general
two-dimensional unitary matrix. Additionally, we may need a diagonal matrix D to cancel
out any phase that remains from each elimination process. Hence, the decomposition of U
can be written as

U =

(
𝑑−1∏
𝑝=1

𝑑∏
𝑞=𝑝+1

U†
𝑝,𝑞

)
⋅D, (1.27)

a product of two-level effective gates, therefore proving our first point.

1.2.3 Gottesman-Knill theorem

The Gottesman-Knill theorem is an important result that highlights the subtle differences
between the power of classical computation and quantum computation. The theorem states
that certain class of quantum algorithms may be efficiently simulated on a classical com-
puter, implying that a quantum setting does not represent greater gain over a classical one
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while implementing such computations. Before stating the theorem, we shall explain the
important stabilizer formalism, which enables us to understand a wide class of operations in
quantum mechanics [1]. Using these formalism, we may write stabilizer codes, analogous, in
construction, to classical linear codes.

The stabilizer formalism arises for any set of operators that leave certain state (or sub-
space of states) unchanged under their action. It is said that such a state (or subspace) is
stabilized by this set, and crucially, such set is unique. The basic idea of the formalism is
that sometimes working with the stabilizer operators of a state is much easier than working
with the state (or subspace) itself. Apart from identifying states with a set of stabilizers, we
can also describe unitary gates and measurements using the formalism, hence leading to the
Gottesman-Knill theorem that restricts the stabilizer operations.

First, we define a group of great importance in the formalism called the Pauli group 𝒢𝑛 on
𝑛 qubits. The single-qubit case 𝒢1 consists of the Pauli matrices, together with multiplicative
factors ±1, ±𝑖, under matrix multiplication:

𝒢1 ≡ {±I,±𝑖I,±X,±𝑖X,±Y,±𝑖Y,±Z,±𝑖Z} = ⟨I,X,Z⟩ . (1.28)

The notation 𝒢 = ⟨𝑔1, . . . , 𝑔𝑙⟩ tells us that the group 𝒢 is generated by the elements 𝑔1, . . . , 𝑔𝑙
of 𝒢, that is to say that every element of the group can be written as a product of generators
𝑔1, . . . , 𝑔𝑙. The Pauli group on 𝑛 qubits is the group generated by the operators described
above applied to each of 𝑛 qubits in the tensor product Hilbert space (ℂ2)⊗𝑛.

Using this group, we can formally define stabilizers [6]. Let us suppose 𝒮 is a subgroup
of 𝒢𝑛 and let us define 𝑉𝒮 as the set of 𝑛 qubit states which are fixed by every element of
𝒮. It is said then that 𝒮 is the stabilizer of the space 𝑉𝒮 , and conversely, that 𝑉𝒮 is the
vector space stabilized by 𝒮, meaning that every element of 𝑉𝒮 is stable under the action of
every element of 𝒮. Two additional conditions on 𝒮 are needed for the subspace 𝑉𝒮 being
non-trivial: the elements of 𝒮 must commute and −I must not be an element of 𝒮.

Let us consider the case with 𝑛 = 3 qubits and a stabilizer 𝒮 ≡ {I,Z1Z2,Z2Z3,Z1Z3}4.
The states that span the subspace fixed by Z1Z2 are ∣000⟩, ∣001⟩, ∣110⟩ and ∣111⟩, and the
subspace fixed by Z2Z3 is spanned by ∣000⟩, ∣100⟩, ∣011⟩ and ∣111⟩. The common elements
in both lists are ∣000⟩ and ∣111⟩, which implies, together with further checking, that these
two states span the subspace 𝑉𝒮 stabilized by the set 𝒮. Note that in terms of its generators,
the subgroup 𝒮 can be written in a more compact way: 𝒮 = ⟨Z1Z2,Z2Z3⟩ as Z1Z3 =
(Z1Z2)(Z2Z3) and I = (Z1Z2)

2.
Now, we will use the formalism to describe the dynamics of the vector space stabilized by

some set of gates. Suppose we apply a unitary operation U to a vector space 𝑉𝒮 stabilized
by the group 𝒮. Let ∣𝜓⟩ be any element of 𝑉𝒮 . Then for any element 𝑔 of 𝒮

U ∣𝜓⟩ = U𝑔 ∣𝜓⟩ =
(
U𝑔U†)U ∣𝜓⟩ , (1.29)

4It must be noted that each of these elements represents a 6× 6 matrix, for example, the element Z1Z2

should be understood as the tensor product Z1 ⊗ Z2 ⊗ I3.
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which tells us that the state U ∣𝜓⟩ is stabilized by U𝑔U†, and thus the vector space U𝑉𝒮
is stabilized by the group U𝒮U† ≡ {

U𝑔U†∣𝑔 ∈ 𝒮}. It is easy to check that in order to see
the action of U on the stabilizer, we only need to see how it affects the generators of the
stabilizer

U𝒮U† =
〈
U𝑔1U

†,U𝑔2U
†, . . . ,U𝑔𝑙U

†〉 (1.30)

Let us take the action of a Hadamard gate on a single qubit

HXH† = Z; HYH† = −Y; HZH† = X, (1.31)

finding correctly that when the Hadamard gate is applied to a state stabilized by Z (∣0⟩), the
resulting state is stabilized by X ((∣0⟩+∣1⟩)/√2), and vice versa. On the other hand, suppose
an input state of 𝑛 qubits stabilized by ⟨Z1, . . . ,Z𝑛⟩ (the zero state for 𝑛 qubits ∣0⟩⊗𝑛); the
resulting state is then stabilized by ⟨X1, . . . ,X𝑛⟩, after applications of Hadamard gates on
each qubit. This state is of course the balanced superposition of all basis states, which does
not exhibit entanglement yet, but it does represents a much more compact way of expressing
the resulting state. However, entanglement can be achieved using such superposition states
together with the CNOT gate, which can be efficiently described in the stabilizer formalism.
In table 1.2, we show the transformation properties of some elements of the Pauli group (for
the CNOT gate, the control qubit is labeled as 1 and the target as 2).

Another gate that together with the Hadamard and CNOT gates form a very special set, is
the phase gate discussed earlier (see definition (1.15)). It turns out that any unitary operation
that transforms elements of 𝒢𝑛 to elements of 𝒢𝑛 under conjugation can be composed from the
Hadamard, phase and CNOT gates. This set is usually called the normalizer of 𝒢𝑛, denoted
by 𝒩 (𝒢𝑛), and consists of operations U such that U𝒢𝑛U† = 𝒢𝑛. Thus, the generators of such
a set are the Hadamard, phase and CNOT gates, sometimes referred to as the normalizer
gates or generators of the Clifford group that leave the elements of the Pauli group invariant
under conjugation.

Finally, we discuss how to describe measurements in the computational basis using stabi-
lizers. Let us make a measurement of 𝑔 ∈ 𝒢𝑛 (as every element in 𝒢𝑛 is Hermitian, they can
be regarded as observables) of the state ∣𝜓⟩ with stabilizer ⟨𝑔1, . . . , 𝑔𝑛⟩. The idea is to see
how this measurement process affects the stabilizer of ∣𝜓⟩. The possible outcome depends
on two possible situations: either 𝑔 commutes with all the generators of the stabilizer, or 𝑔
anti-commutes with one or more of the generators (without loss of generality we take that 𝑔
anti-commutes with 𝑔1 and commutes with the rest [1]).

If the first case occurs, then either 𝑔 or −𝑔 is an element of the stabilizer, because 𝑔2 = I
and hence 𝑔 ∣𝜓⟩ = ± ∣𝜓⟩. If 𝑔 is in the stabilizer, then 𝑔 ∣𝜓⟩ = ∣𝜓⟩ and the measurement
of 𝑔 yields a result +1 with probability one, and conversely if −𝑔 is in the stabilizer, the
measurement yields −1 also with probability one. Either case leaves the state unchanged,
and thus leaves the stabilizer invariant.
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Operation Input Output

CNOT

X1 X1X2

X2 X2

Z1 Z1

Z2 Z1Z2

H
X Z
Z X

S
X Y
Z Z

X
X X
Z −Z

Y
X −X
Z −Z

Z
X −X
Z Z

Table 1.2: Transformation properties of some elements of the Pauli group under conjugation by elements
of the Clifford group.

When the second case occurs, we also have two possible results ±1 because the spectrum
of 𝑔 consists of eigenvalues ±1, where each possible outcome is related to projectors (I±𝑔)/2,
respectively. The probabilities are given by

𝑝(+1) = Tr

(
I + 𝑔

2
∣𝜓⟩ ⟨𝜓∣

)

𝑝(−1) = Tr

(
I− 𝑔

2
∣𝜓⟩ ⟨𝜓∣

)
,

and using the facts that 𝑔1 ∣𝜓⟩ = ∣𝜓⟩, 𝑔𝑔1 = −𝑔1𝑔 and the cyclic property of trace we get

𝑝(+1) = Tr

(
I− 𝑔

2
∣𝜓⟩ ⟨𝜓∣

)
= 𝑝(−1). (1.32)

This lets us conclude that 𝑝(+1) = 𝑝(−1) = 1/2. If we get +1, the new state of the system
is then ∣𝜓+⟩ ≡ (I + 𝑔)/

√
2 with stabilizer ⟨𝑔, 𝑔1, . . . , 𝑔𝑛⟩. Similarly, if the result is −1, the

new stabilizer will be ⟨−𝑔, 𝑔1, . . . , 𝑔𝑛⟩.
Having discussed how useful can be the stabilizer formalism to describe unitary dynam-

ics and measurement processes, we now give the formal statement of the Gottesman-Knill
theorem [6]:
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Theorem 1. Suppose a quantum computation is performed which involves only the following
elements: state preparations in the computational basis, transformations from the Clifford
group (i.e. Hadamard, phase, CNOT and Pauli gates) , and measurements of observables
in the Pauli group (which includes measurement in the computational basis as a special
case), together with the possibility of classical control conditioned on the outcome of such
measurements. Such a computation may be efficiently simulated on a classical computer.

In conclusion, with a classical computer, we can build up simulations of a proper quantum
computation just by keeping track of the generators of the stabilizer during the computation.
Each stage of computation (preparation, individual gates and measurement) on 𝑛 qubits may
be simulated using 𝑂(𝑛2) steps on a classical computer, so that a quantum computation with
𝑚 of such stages can be efficiently simulated using 𝑂(𝑛2𝑚) operations on a classical computer.
A wide variety of quantum computations can be simulated using classical computers, even
those that use highly entangled states, but another big set cannot, those using other types
of entanglement, for example. The theorem then stresses the complexity differences between
most quantum algorithms, in contrast to the power of classical computation.

1.3 Some quantum algorithms

In quantum computing, a quantum algorithm is an algorithm which runs on a realistic model
of quantum computation, the most commonly used model being the quantum circuit model
of computation. A classical algorithm is a finite sequence of instructions, or a step-by-step
procedure for solving a problem, where each step or instruction can be performed on a
classical computer. Similarly, a quantum algorithm is a step-by-step procedure, where each
of the steps can be performed on a quantum computer. Although all classical algorithms can
also be performed on a quantum computer, the term quantum algorithm is usually used for
those algorithms which seem inherently quantum, or use some essential feature of quantum
computation such as quantum superposition or entanglement.

All problems which can be solved on a quantum computer can be solved on a classical
computer. In particular, problems which are undecidable5 using classical computers remain
undecidable using quantum computers. The reason that makes quantum algorithms inter-
esting is that they might be able to solve some problems faster than classical algorithms.

The most well known algorithms are Shor’s algorithm for factoring [7], and Grover’s
algorithm for searching an unstructured database or an unordered list [8]. Shor’s algorithm
runs exponentially faster than the best known classical algorithm for factoring; whereas,
Grover’s algorithm runs quadratically faster than the best possible classical algorithm for
the same task.

5An undecidable problem is a decision problem for which it is impossible to construct a single algorithm
that always leads to a correct yes-or-no answer.
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The key ingredient for quantum factoring and other quantum algorithms is the feasibility
of a quantum Fourier transform, which allows the exponential quickening of quantum codes
over classical codes. Next, we give a brief introduction to such unitary transform.

1.3.1 The quantum Fourier transform

The quantum Fourier transform is a linear transformation on quantum bits, and is the
quantum analogue of the discrete Fourier transform [1]. Such operation can be performed
efficiently on a quantum computer, with a particular decomposition into a product of simpler
unitary matrices. For an arbitrary quantum state, decomposed in terms of a given orthonor-
mal basis ∣0⟩ , . . . , ∣𝑁 − 1⟩, the transform is the classical discrete Fourier transform applied
to the vector of amplitudes of the quantum state. Thus the transformation of the state

𝑁−1∑
𝑗=0

𝑥𝑗 ∣𝑗⟩ −→
𝑁−1∑
𝑘=0

𝑦𝑘 ∣𝑘⟩ , (1.33)

is given by the discrete Fourier transform

𝑦𝑘 ≡ 1√
𝑁

𝑁−1∑
𝑗=0

𝑥𝑗𝜔
𝑗𝑘, (1.34)

where 𝜔 = exp(2𝜋𝑖/𝑁) is a primitive 𝑁 th root of unity. Equivalently, the quantum Fourier
transform can be viewed as a unitary matrix acting on quantum state vectors, where the
unitary matrix F𝑁 is given by

F𝑁 =
1√
𝑁

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 ⋅ ⋅ ⋅ 1
1 𝜔 𝜔2 𝜔3 ⋅ ⋅ ⋅ 𝜔𝑁−1

1 𝜔2 𝜔4 𝜔6 ⋅ ⋅ ⋅ 𝜔2(𝑁−1)

1 𝜔3 𝜔6 𝜔9 ⋅ ⋅ ⋅ 𝜔3(𝑁−1)
...

...
...

...
...

1 𝜔𝑁−1 𝜔2(𝑁−1) 𝜔3(𝑁−1) ⋅ ⋅ ⋅ 𝜔(𝑁−1)(𝑁−1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
. (1.35)

For the purposes of quantum computation, we take 𝑁 = 2𝑛, for an 𝑛 qubit quantum
computer, and thus each indexed ∣𝑗⟩ from the basis can be put in binary representation as
∣𝑗1, 𝑗2, . . . , 𝑗𝑛⟩, where 𝑗 = 𝑗12

𝑛−1 + 𝑗22
𝑛−2 + ⋅ ⋅ ⋅+ 𝑗𝑛20. Similarly, we also adopt the notation

[0.𝑗1 . . . 𝑗𝑚] =
∑𝑚

𝑙=1 𝑗𝑙2
−𝑙. Using this definitions, we shall write the transformation of a basis
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state as a product of unitary transformations acting on single qubits:

∣𝑗⟩ → 1

2𝑛/2

2𝑛−1∑
𝑘=0

𝑒2𝜋𝑖𝑗𝑘/2
𝑛 ∣𝑘⟩ (1.36)

=
1

2𝑛/2

1∑
𝑘1=0

⋅ ⋅ ⋅
1∑

𝑘𝑛=0

𝑒2𝜋𝑖𝑗(
∑𝑛

𝑙=1 𝑘𝑙2
−𝑙) ∣𝑘1, . . . , 𝑘𝑛⟩

=
1

2𝑛/2

1∑
𝑘1=0

⋅ ⋅ ⋅
1∑

𝑘𝑛=0

𝑛⊗
𝑙=1

𝑒2𝜋𝑖𝑗𝑘𝑙2
−𝑙 ∣𝑘𝑙⟩

=
1

2𝑛/2

𝑛⊗
𝑙=1

[
1∑

𝑘𝑙=0

𝑒2𝜋𝑖𝑗𝑘𝑙2
−𝑙 ∣𝑘𝑙⟩

]

=
1

2𝑛/2

𝑛⊗
𝑙=1

[
∣0⟩+ 𝑒2𝜋𝑖𝑗2

−𝑙 ∣1⟩
]

=

(∣0⟩+ 𝑒2𝜋𝑖[0.𝑗𝑛] ∣1⟩) (∣0⟩+ 𝑒2𝜋𝑖[0.𝑗𝑛−1𝑗𝑛] ∣1⟩) . . . (∣0⟩+ 𝑒2𝜋𝑖[0.𝑗1𝑗2...𝑗𝑛] ∣1⟩)
2𝑛/2

. (1.37)

This product representation (1.37), in contrast to the standard form (1.36), suggests an
easy implementation as a quantum circuit for the quantum Fourier transform.

Figure 1.1: Quantum circuit for the quantum Fourier transform. The product representation (1.37) does

the trick (circuit taken from Ref. [1], p. 219).

In fact, the action of the transformation on each qubit can be efficiently implemented
using Hadamard gates and controlled (generalised) phase gates6. Each of these operations

6The phase and the 𝜋
8 gate defined in (1.15) and (1.14) are special cases of the generalised phase gate.



CHAPTER 1. FUNDAMENTALS OF QUANTUM COMPUTATION 19

is the controlled version of the single-qubit phase gate R𝑘

R𝑘 ≡
[
1 0

0 𝑒2𝜋𝑖/2
𝑘

]
. (1.38)

The first term in (1.37) requires one Hadamard gate, the next one requires a Hadamard
gate and a controlled phase gate, and each following term requires an additional controlled
phase gate. Summing up the number of gates gives 1 + 2 + . . . + 𝑛 = 𝑛(𝑛 + 1)/2 = 𝑂(𝑛2)
gates, which is polynomial in the number of qubits. In contrast, the best known classical
algorithm for the discrete Fourier transform on 2𝑛 elements, the Fast Fourier Transform
(FFT), uses 𝑂(𝑛2𝑛) operations. Therefore, it requires exponentially more gates than in the
quantum case. In spite of this advantage over a classical computation, the quantum nature
of the states involved in the computation presents a flaw when we want to determine the
Fourier transformed amplitudes of a given state, these amplitudes cannot be accessed by
measurements. Hence, the important applications of the quantum Fourier transform should
be more subtle than this. Next section describes one of these algorithms where a special case
of the quantum Fourier transform is applied.

1.3.2 Deutsch-Jozsa algorithm

In the Deutsch-Jozsa problem [9], we are given a black box quantum computer known as
an oracle that implements the function 𝑓 : {0, 1}𝑛 → {0, 1}. We are promised that the
function is either constant (0 on all inputs or 1 on all inputs) or balanced (returns 1 for half
of the input domain and 0 for the other half); the task then is to determine if 𝑓 is constant
or balanced by using the oracle. Although it is of little practical use, it is one of the first
examples of a quantum algorithm that is exponentially faster than any possible deterministic
classical algorithm. It also provided inspiration for Shor’s algorithm and Grover’s algorithm,
two of the most revolutionary quantum algorithms [7, 8].

For a conventional deterministic algorithm where 𝑛 is the number of bits, 2𝑛−1 + 1 eval-
uations of 𝑓 will be required in the worst case. That is to say that in order to prove that 𝑓
is constant, just over half the set of inputs must be evaluated and found to be identical (re-
membering that the function is guaranteed to be either balanced or constant, not somewhere
in between). The best case occurs when the function is balanced and the first two output
values selected happen to be different. For a conventional randomized algorithm, a constant
𝑘 evaluations of the function suffices to produce the correct answer with a high probability
(failing with probability 𝜀 ≤ 1/2𝑘−1). However, 𝑘 = 2𝑛−1 + 1 evaluations are still required if
we want an answer that is always correct. The Deutsch-Jozsa quantum algorithm produces
an answer that is always correct with a single evaluation of 𝑓 [3].

In order to describe how the algorithm works in a discrete setting [1], let us suppose that
Alice and Bob play the following game. Alice chooses an integer number 𝑥 between 0 and 2𝑛−
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1 and sends her selection to Bob, who performs some function 𝑓(𝑥) with possible outcomes
0 or 1; the function is promised to be constant or balanced, as said above. Alice’s goal is
then to determine with certainty whether the function is constant or balanced, minimizing
her communication with Bob.

Figure 1.2: Quantum circuit for the discrete Deutsch-Jozsa algorithm.

To store her query, Alice has an 𝑛 qubit register, plus a single qubit register for Bob, so he
can store the answer in. First, they prepare a superposition of the query and answer registers.
Then, Bob evaluates 𝑓(𝑥) and leaves the result in the answer query. Alice uses a Hadamard
operation (again), this time to produce interference between the superposed states in the
query register. Finally, she performs a measurement that enables her to determine if 𝑓 is
constant or balanced. The quantum circuit describing the algorithm is depicted in figure 1.2.

Formally, the steps to perform the computation go as follows

1. Initialise state as
∣0⟩⊗𝑛 ∣1⟩ . (1.39)

2. Apply Hadamard gates to create superposition

−→ 1√
2𝑛

2𝑛−1∑
𝑥=0

∣𝑥⟩
( ∣0⟩ − ∣1⟩√

2

)
, (1.40)

where ∣𝑥⟩ is the state ∣𝑥1, 𝑥2, . . . , 𝑥𝑛⟩ representing a number between 0 and 2𝑛 − 1.

3. Calculate function 𝑓 using the appropriate unitary operation ∣𝑥⟩ ∣𝑦⟩ → ∣𝑥⟩ ∣𝑦 ⊕ 𝑓(𝑥)⟩,
where 𝑦 ⊕ 𝑓(𝑥) means addition modulo 2,

−→ 1√
2𝑛

∑
𝑥

(−1)𝑓(𝑥) ∣𝑥⟩
( ∣0⟩ − ∣1⟩√

2

)
. (1.41)
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4. Perform yet another Hadamard operation on the query register

−→ 1

2𝑛

∑
𝑥

∑
𝑧

(−1)𝑥⋅𝑧+𝑓(𝑥) ∣𝑧⟩
( ∣0⟩ − ∣1⟩√

2

)
. (1.42)

The bitwise product 𝑥 ⋅ 𝑧 = 𝑥1𝑧1 +𝑥2𝑧2 + . . .+𝑥𝑛𝑧𝑛 takes into account the interference
produced by this Hadamard application.

5. Measure in the query register, ∣𝑧⟩. If 𝑓 is constant, the amplitude of the query state is
either +1 or −1, depending on the constant value the function takes. In this case, the
length of the resulting state is the unit, measuring 0s for all 𝑛 qubits of the register.
In the balanced case, on the other hand, the amplitude of the resulting state is zero
(positive and negative contributions cancel out), yielding a measurement other than 0
on at least one qubit of the register.

As we already asserted, the Deutsch-Jozsa problem is of little practical value compared
to Shor’s or Grover’s algorithms, but it is an easy way to understand how interference, and
a special case of the Fourier transform (the Hadamard gate on 𝑛 qubits), are employed in
quantum information processing. Moreover, it illustrates the power over a classical compu-
tation, when just one evaluation is needed to have an exact answer, compared to the 𝑂(2𝑛)
evaluations needed classically, with the one condition that the function is promised to be
either constant or balanced.



Chapter 2

Quantum Computation and Linear
Optics

Linear optics is a prominent candidate for practical quantum computing. In light of Di-
Vincenzo’s five criteria for a device to be efficiently used as a quantum computer [10], the
problem thus reduces to how to use beam splitters, phase shifters, single photons sources
and detectors to efficiently simulate an ideal quantum computer. The following table shows
how these five criteria are satisfied by linear optics:

DiVincenzo’s five criteria for linear optics

Scalable physical system with well charac-
terised qubits

Unlimited photon resources, (single) photonic
qubits encoded either by polarisation or by
photon number.

Ability to initialise qubit state to a simple fidu-
cial state

Production of input states using single-photon
sources.

Universal set of gates such as generic single-
qubit gates and a two-qubit gate

Arbitrary single-qubit gates achieved using
phase shifters and beam splitters. The two-
qubit gate requires nonlinear interaction be-
tween photonic qubits using nonlinear media
or projective measurements.

Qubit-specific measurement capability
Photo-detectors can be arranged to measure
photonic qubits.

Long relevant decoherence times, much longer
than the gate operation time

Photons decohere slowly, the quantum infor-
mation stored in a photon tends to stay there,
due to the photon’s weak coupling to the en-
vironment.

Table 2.1: DiVincenzo’s five criteria and their application to a photonic quantum computer.

22
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Current drawbacks of the optical quantum computer approach are low photon creation
rates, low photon detection efficiencies, and the difficulties with intermediate storage of pho-
tons in a quantum memory. Advantages are obviously low decoherence, ultrafast processing,
compatibility to fiber optics and integrated optics technologies and, in principle, straight-
forward scalability of resources. However, the low efficiencies quoted above are presently an
important practical limitation to scalability, in the sense that they damp exponentially the
success probability of most quantum operations. Moreover, the construction of multi-qubit
gates is extremely difficult, due to the fact that photons do not interact directly. Actually,
deterministic gates that rely on nonlinear media to cause the interactions, have efficiencies
well below the threshold for scalable computation; whereas, the KLM protocol for quan-
tum computation, by Knill, Laflamme and Milburn, proposes the construction of efficient
two-qubit gates based on projective measurements and ancillary states [11]. These gates,
however, are not deterministic anymore, but have a probability of success, and thus the
desired computation outcome is not 100% certain.

On the other hand, important key elements for optical quantum computation, namely
the generation of entangled states, quantum state teleportation and entanglement swapping
have already been realized early in the field (e.g. teleportation in 1997 [12] and entanglement
swapping in 1998 [13]). Several practical designs implementing the KLM scheme have sub-
sequently been developed. Experimental methods for ultra-precise photonic quantum state
creation, which serve as ancillas in the measurement-based schemes, now achieve typical
fidelities above 99% [14].

In this chapter we focus on the KLM theory for quantum computation, first giving a brief
introduction to the formalities of quantum optics, in order to describe the photonic qubits
used in the protocol, the quantum gates needed, and the detection stage (measurement).
Other models of computation with linear optics, like the one-way computer with cluster
states proposed by Raussendorf and Briegel [15], are left out of the analysis.

2.1 The quantized electromagnetic field (I)

The classical electromagnetic field arises as the solution of the source-free Maxwell equations

∇2E(r, 𝑡)− 1

𝑐2
∂2

∂𝑡2
E(r, 𝑡) = 0. (2.1)

The mode expansion solution for electromagnetic waves [16] is given by

E(r, 𝑡) = 𝑖
∑
𝑘

(
ℏ𝜔𝑘

2

)1/2 [
𝑎𝑘u𝑘(r)𝑒−𝑖𝜔𝑘𝑡 + 𝑎∗𝑘u

∗
𝑘(r)𝑒𝑖𝜔𝑘𝑡

]
, (2.2)

where u𝑘(r) are orthogonal mode functions (usually plane wave mode functions, which de-
pend on the polarisation vector), and the 𝑎𝑘 are dimensionless complex amplitudes. The
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energy of this classical field is

𝐻 =
1

2

∫
𝑉

(E2 + B2)dr =
∑
𝑘

(
ℏ𝜔𝑘

2

)
𝑎𝑘𝑎

∗
𝑘. (2.3)

When the canonical quantization procedure is applied to the quantum field, the classical
field amplitudes 𝑎𝑘 become quantum operators which act on a quantum state of the field to
increase or decrease the number of particles by one. The quantization imposes the canonical
commutation relations [

�̂�𝑖, �̂�
†
𝑗

]
= 𝛿𝑖,𝑗, (2.4)[

�̂�𝑖, �̂�𝑗
]

=
[
�̂�†𝑖 , �̂�

†
𝑗

]
= 0. (2.5)

And thus, the energy of the field is given by

�̂� =
∑
𝑘

ℏ𝜔𝑘

(
�̂�†𝑘�̂�𝑘 +

1

2

)
. (2.6)

The eigenstates of �̂� are known as Fock states, that is, states with a well-defined number
of particles ∣𝑛⟩. We define the number operator 1 �̂� by �̂� ∣𝑛⟩ = �̂�†�̂� ∣𝑛⟩ = 𝑛 ∣𝑛⟩, which means
that there are 𝑛 quanta of excitation in the mode; therefore, ∣0⟩ corresponds to the ground
state with no excitations. In the case of quantization of the electromagnetic field, each
excitation corresponds to a photon, that is why we now call operator �̂� the photon number
operator. Of course, the Fock states form an orthonormal set

⟨𝑛∣𝑚⟩ = 𝛿𝑛𝑚, (2.7)
∞∑
𝑛=0

∣𝑛⟩⟨𝑛∣ = 1. (2.8)

The operators �̂� and �̂�† are called the annihilation and creation operators respectively,
because of their action on the Fock states:

�̂� ∣𝑛⟩ =
√
𝑛 ∣𝑛− 1⟩ , (2.9)

�̂�† ∣𝑛⟩ =
√
𝑛 + 1 ∣𝑛 + 1⟩ . (2.10)

This lets us build up each Fock state from creation operators

∣𝑛⟩ =

(
�̂�†
)𝑛

√
𝑛
∣0⟩ . (2.11)

Now, having reviewed the relevant aspects of light quantization for this work, we dis-
cuss the mathematical description of linear devices acting on a set of modes of quantized
electromagnetic radiation.

1From now on, we drop the index 𝑘, taking just one mode of radiation.
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2.1.1 Linear optical devices

The figure 2.1 shows the schematic representation of a linear device with two input ports and
their respective output ports, each labeled by its own bosonic annihilation (and creation)
operator. A linear device is a device whose output is linearly related to its input signal. The
most general relation between output and input is given by

�̂�𝑗 =
∑
𝑘

(
𝑈𝑗𝑘�̂�𝑘 + 𝑉𝑗𝑘�̂�

†
𝑘

)
+ 𝐹𝑗 (2.12)

where the coefficients 𝑈𝑗𝑘 and 𝑉𝑗𝑘 produce the desired action of the device on the input

modes and 𝐹𝑗 are operators depending only on the internal modes of the device, and taking
into account the added quantum noise [17].

Figure 2.1: Outline of a linear dual-port device described by the matrices U, V and the vector of operators

𝐹 .

Crucially, we require that both input and output modes obey the standard commutation
relations (2.4) and (2.5), which guarantee that we still get a bosonic field at the output. This
restriction yields the following conditions on the coefficients 𝑈𝑗𝑘, 𝑉𝑗𝑘, and operators 𝐹𝑗:∑

𝑘

(
𝑈𝑖𝑘𝑈

∗
𝑗𝑘 − 𝑉𝑖𝑘𝑉

∗
𝑗𝑘

)
+
[
𝐹𝑖, 𝐹

†
𝑗

]
= 𝛿𝑖𝑗, (2.13)

∑
𝑘

(𝑈𝑖𝑘𝑉𝑗𝑘 − 𝑉𝑖𝑘𝑈𝑗𝑘) +
[
𝐹𝑖, 𝐹𝑗

]
= 0, (2.14)
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necessary conditions for the evolution of any linear device.
For a complete set of equations, we would need to describe the internal modes of the

device as well. We can avoid this by considering now a lossless device, which implies that
there is no added noise from the internal modes of the system, meaning that the operators
𝐹𝑗 = 0. Equation (2.12) is thus rewritten as

�̂�𝑗 =
∑
𝑘

(
𝑈𝑗𝑘�̂�𝑘 + 𝑉𝑗𝑘�̂�

†
𝑘

)
. (2.15)

This is of the form of a Bogoliubov transformation in the multimodal case2. The conditions
(2.13) and (2.14) may be recast, using the matrices of coefficients U and V, as

UV𝑡 = VU𝑡, UU† −VV† = I. (2.16)

The resulting transformation may be written more compactly defining the matrix 𝕄

𝕄 ≡
[

U V
V∗ U∗

]
. (2.17)

In the bimodal device, such matrix acts on a vector made up of the creation and annihilation
operators of each mode at the input A𝑡 = (�̂�1, �̂�2, �̂�

†
1, �̂�

†
2), and produces a similar vector B at

the output. The transformation thus reads

B = 𝕄A. (2.18)

We notice that these matrices 𝕄 form a group with respect to the standard matrix
multiplication: the symplectic group of degree 4 over the field ℝ, Sp(2𝑛,ℝ). These symplectic
matrices satisfy the condition 𝕄

†Ω𝕄 = Ω, where Ω is the matrix

Ω ≡
[

0 I
−I 0.

]

Now, we know that transformation (2.18) is a canonical transformation by preserving the
commutation relations, hence the amplitudes at the output are unitarily related to the input
amplitudes. Therefore, there exists a unitary operator 𝑇 such that

�̂�𝑗 = 𝑇 †�̂�𝑗𝑇 . (2.19)

2A Bogoliubov transformation is a transformation from a unitary representation of some canonical commu-
tation relation algebra (or canonical anticommutation relation algebra) into another unitary representation.
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Actually, such operators are a representation of the symplectic group Sp(2𝑛,ℝ). The in-
finitesimal generators of the operators 𝑇 form a ten-dimensional algebra of Hermitian oper-
ators 𝑆, bilinear in �̂�𝑗 and �̂�†𝑗, such that 𝑇 = I− 𝑖𝜖𝑆{

𝑆0 = (�̂�†1�̂�1 + �̂�†2�̂�2) 𝑆1 = (�̂�†1�̂�2 + �̂�†2�̂�1)
𝑆2 = 𝑖(�̂�†2�̂�1 − �̂�†1�̂�2) 𝑆3 = �̂�†1�̂�1 − �̂�†2�̂�2

(2.20)

⎧⎨
⎩

𝑆4 = (�̂�1�̂�2 + �̂�†1�̂�
†
2) 𝑆5 = (�̂�†1�̂�

†
2 − �̂�1�̂�2)

𝑆6 = (�̂�†21 + �̂�21) 𝑆7 = (�̂�†22 + �̂�22)

𝑆8 = 𝑖(�̂�†21 − �̂�21) 𝑆8 = 𝑖(�̂�†22 − �̂�22)

(2.21)

Then, for the linear lossless device we have been discussing, the unitary operator 𝑇 is
given by the exponential of a linear combination of these ten generators 𝑆:

𝑇 (𝛾0, . . . , 𝛾9) = exp

(
2𝑖
∑
𝑗

𝛾𝑗𝑆𝑗

)
, (2.22)

where the group parameters 𝛾𝑗 represent the physical parameters of the linear device under
consideration. Note that these unitary operators describe the evolution of each incident
mode according to the interaction Hamiltonian of the device 𝑇 = exp(2𝑖�̂�𝑡), equation (2.22)
implicitly defines such Hamiltonians in the argument of the exponential.

Now, we consider phase-insensitive devices, which means that if the input signal has
phase-insensitive noise, the output signal and noise have no phase preference, they are also
phase-insensitive [18]. There are two possibilities for phase-insensitive devices: if V = 0,
we have a passive (phase preserving) device; whereas when U = 0, then the device is active
(phase conjugating). The latter is typical in nonlinear optics, comprising processes such as
squeezing, which we shall not discuss until later. Then, we focus our attention on linear
lossless passive devices like phase shifters and beam splitters.

A phase shifter is a single-modal device, and thus, its interaction Hamiltonian and asso-
ciated unitary operator are trivially given, respectively, by

�̂�𝜑 =
1

2
�̂�†in�̂�in =

1

2
�̂�in, �̂�(𝜑) = 𝑒𝑖𝜑�̂�in . (2.23)

Such Hamiltonian commutes with the photon number operator �̂�in, which implies that the
photon number (and hence, the energy) is conserved after a phase shift. This simple example
connects us with the general case of passive devices where V = 0 in transformation (2.18).
The matrix 𝕄 reduces to

𝕄 =

[
U 0
0 U∗,

]
(2.24)

and conditions (2.16) reduce simply to UU† = I, the matrix U and thus, 𝕄 are unitary,
yielding conservation of energy (in this case, conservation of the total photon number �̂�
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related to the first generator 𝑆0 = (�̂�†1�̂�1 + �̂�†2�̂�2)) and restricting the generators to the first
group of them (2.20). The transformation matrix U belongs now to the unitary group U(2),
moreover, we can neglect a global phase produced by the first generator 𝑆0, and then the
transformation can be limited further to the special unitary group SU(2), yielding a resulting
matrix depending on two parameters: a internal phase 𝜙, and the internal angle 𝜃, associated
to the reflection and transmission parameters of a linear lossless passive beam splitter

𝜌 ≡ sin2 𝜃, 𝜏 ≡ 1− 𝜌 = cos2 𝜃. (2.25)

The most general SU(2) matrix that fulfills every condition required is then

U ≡
[

cos 𝜃 𝑒𝑖𝜃 sin 𝜃
−𝑒−𝑖𝜃 sin 𝜃 cos 𝜃

]
; (2.26)

therefore, the action on each input port can now be written explicitly as

�̂�1 −→ cos 𝜃 �̂�1 + 𝑒𝑖𝜙 sin 𝜃 �̂�2,

�̂�2 −→ −𝑒−𝑖𝜙 sin 𝜃 �̂�1 + cos 𝜃 �̂�2. (2.27)

This results give us the form of the unitary operator (2.22) associated to this transformation
matrix [19]. The generators are now those in the group (2.20), and relating the parameters
𝛾𝑗 to the characteristic angles, 𝜃 and 𝜙, of the device, we get 𝛾0 = 𝛾3 = 0 (we neglect the
global phase and allow just one internal phase shift), and 𝛾1 = −𝜃 cos𝜙 and 𝛾2 = 𝜃 sin𝜙.
The unitary operator is then

�̂�(𝜃, 𝜙) = exp
[
𝑖𝜃
(
𝑒𝑖𝜙�̂�†1�̂�2 + 𝑒−𝑖𝜙�̂�†2�̂�1

)]
, (2.28)

and the corresponding bilinear Hamiltonian is

�̂�BS =
1

2
(𝑒𝑖𝜙�̂�†1�̂�2 + 𝑒−𝑖𝜙�̂�†2�̂�1). (2.29)

This Hamiltonian also commutes with the total photon number operator 𝑆0, reassuring once
again the conservation of energy in the device: no light particles are lost during the process.

2.2 Optical circuits and light qubits

Last section introduced the two most common linear optical devices used in quantum com-
putation with light: phase shifters and beam splitters.construct multimodal optical circuits,
where each mode can be phase-shifted, rotated and mixed with other modes, to implement
some desired transformation (if it is linear, the total photon number is conserved). Such
linear devices acting on two modes (two-mode interferometer) present U(2) symmetry. Let
us show how this symmetry could be used in the construction of 𝑁 -port interferometers,
which are transformations belonging to the unitary group U(𝑁) [20].
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Figure 2.2: Multimodal optical circuit. The transformation �̂� may be achieved using an array of linear

devices with U(2) symmetry.

2.2.1 Unitary operators as optical arrays

In section 1.2.2, we gave a very useful method to decompose unitary matrices U(𝑁), as a
product of matrices acting on two-dimensional subspaces of the full 𝑁 -dimensional Hilbert
space (see equation (1.27)).

The important thing to notice is that the decomposition matrices have the U(2) symmetry
mentioned above when discussing linear optical devices. Recall the form of these matrices
U𝑝,𝑞

U𝑝,𝑞 ≡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .

1 0 0 0 0 0
0 𝑈𝑝𝑝 0 ⋅ ⋅ ⋅ 0 𝑈𝑝𝑞 0
0 0 1 0 0 0

...
. . .

...
0 0 0 1 0 0
0 𝑈𝑞𝑝 0 ⋅ ⋅ ⋅ 0 𝑈𝑞𝑞 0
0 0 0 0 0 1

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.30)

where the elements marked are replaced by elements of a general U(2) matrix, which are
also the elements of the transformation of a linear lossless beam splitter (2.26)! Therefore,
the decomposition may be realized as an array of, at most, 𝑁(𝑁 − 1)/2 beam splitters, each
depending on the two internal angles U𝑝,𝑞 ≡ U𝑝,𝑞(𝜃𝑝𝑞, 𝜙𝑝𝑞).

Finally, the decomposition needs an 𝑁 -dimensional diagonal unitary matrix, which cor-
responds to 𝑁 phase shifters with angles 𝛼1, 𝛼2, . . . , 𝛼𝑁 . We then obtain an array with a
maximum number of beam splitters and phase shifters given by 𝑁(𝑁 + 1)/2 (some elements
are not necessary if there are zeros in the U(𝑁) transformation). The parameters of each
optical device may be found solving the equation

U(𝑁) = (U𝑁,𝑁−1 ⋅U𝑁,𝑁−2 ⋅ ⋅ ⋅U2,1 ⋅D)−1 . (2.31)
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Once we know all the details of the devices in the optical array, it can be built following
the geometry shown in figure 2.3, where the shaded rectangles represent beam splitters, and
the thick short lines represent phase shifters. Notice that the line of 𝑁 phase shifters in the
right (output) corresponds to the phase shifts produced by the diagonal matrix D.

Figure 2.3: Array of optical devices to implement a general unitary transformation in 𝑁 dimensions U(𝑁).

Figure taken from Ref. [20].

As a simple but informative example, let us consider de Hadamard gate, whose action is
described by the unitary matrix (1.17). The maximum number of devices is three: a beam
splitter and two phase shifters (see figure 2.4).

Figure 2.4: The Hadamard gate requires just one beam splitter and two phase shifters, at the most.

Solving the matrix equation for the decomposition, we find that the two beam splitter
parameters are 𝜃 = 𝜋/4 and 𝜙 = 0, that is a 50 : 50 beam splitter. Similarly, the two phase
shifts are 𝛼1 = 𝛼2 = 0, which means that those devices are unnecessary. This important
result tells us that the action of a Hadamard transformation is equivalent to that of a 50 : 50
beam splitter.

We will be using this method in the subsequent sections to find the optical arrays of
different unitary transformations that will come across KLM protocol.
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2.2.2 Photonic qubits: the dual-rail logic

Before starting with the statement of the KLM protocol, we have to discuss which resource is
it going to be used in the computation process: what are the qubit representations available?
[21, 22]

We are going to need a quantum system with an SU(2) symmetry. Such symmetry is
achieved using two optical modes, as shown above. The two representations most commonly
used are the spatial representation, and the polarisation representation. The latter uses the
polarisation modes of a single photon

Horizontally polarised: ∣0⟩𝑞 ≡ ∣𝐻⟩ ,
Vertically polarised: ∣1⟩𝑞 ≡ ∣𝑉 ⟩ .

(2.32)

On the other hand, the spatial representation also uses a single photon that chooses between
two spatial modes

∣0⟩𝑞 ≡ ∣0, 1⟩ , ∣1⟩𝑞 ≡ ∣1, 0⟩ . (2.33)

This implementation is also known as dual-rail qubit and will be the one used in the com-
puation protocol.

As these two representations are limited to single photons, they are equivalent in the
SU(2) symmetry, and we can switch from one to the other just by using polarisation beam
splitters. For quantum computation, the implementation of single-qubit gates is quite
straightforward in both representations, but two-qubit gates are more problematic. The
states produced by a two-qubit gate are generally entangled states, which cannot be achieved
with linear optics alone: photons do not interact directly using just linear devices. Therefore,
a nonlinear element is needed in the computing scheme, an element that does not preserve
the photon number. There are two possible ways to generate the desired effect: one is the use
of Kerr nonlinearities, or the use of projective measurements. The work by Knill, Laflamme
and Milburn [11] is based in the latter scheme to implement two-qubit gates. We shall focus
on that one throughout the rest of the chapter.

2.3 The KLM protocol for quantum computation

For linear optical quantum computation to be possible, DiVincenzo’s third criterion must
be achievable, a universal set of gates (i.e. single-qubit gates and the CNOT gate) shall be
built using nothing but linear devices like beam splitters and phase shifters, single photon
sources and detectors that can distinguish between 0, 1 and 2 photons.3

3The optical circuits for KLM protocol depicted in this section where reproduced according to those in
Refs. [11, 21].
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2.3.1 Single-qubit gates: phase shifters and beam splitters

It is easy to implement single-qubit gates with a very low (or none) errors. The problem
reduces to arrange a set of phase shifters and beam splitters that perform any desired single-
qubit (unitary) gate. An arbitrary transformation in such a Hilbert space is given by a
decomposition in terms of rotation operators [1, 3]

�̂� ≡ 𝑒𝑖𝛼�̂�𝑧(𝛽)�̂�𝑦(𝛾)�̂�𝑧(𝛿), (2.34)

where �̂�𝑧(𝜃) = 𝑒−𝑖
𝜃
2
𝑍 and �̂�𝑦(𝜙) = 𝑒−𝑖

𝜙
2
𝑌 .

Figure 2.5: Phase shifter to perform a rotation of 𝜑 about the 𝑍 axis.

The rotations about the 𝑍 axis are simply performed using a phase shifter on the top
mode of a qubit:

𝛼 ∣0⟩𝑞 + 𝛽 ∣1⟩𝑞 = 𝛼 ∣01⟩+ 𝛽 ∣10⟩
→ 𝛼 ∣01⟩+ 𝛽𝑒𝑖𝜑 ∣10⟩
= 𝑒𝑖𝜑/2

(
𝛼𝑒−𝑖𝜑/2 ∣01⟩+ 𝛽𝑒𝑖𝜑/2 ∣10⟩)

= 𝑒𝑖𝜑/2�̂�𝑧(𝜑)(𝛼 ∣0⟩𝑞 + 𝛽 ∣1⟩𝑞). (2.35)

Figure 2.6: Beam splitter to perform a rotation of −2𝜃 about the 𝑌 axis.

On the other hand, rotations about the 𝑌 axis are achieved using a beam splitter with
no internal phase shift 𝜙 = 0. Recalling the action of a beam splitter given by (2.27), the
effect on the qubit is

𝛼 ∣0⟩𝑞 + 𝛽 ∣1⟩𝑞 = 𝛼 ∣01⟩+ 𝛽 ∣10⟩
→ 𝛼 (cos 𝜃 ∣01⟩ − sin 𝜃 ∣10⟩) + 𝛽 (cos 𝜃 ∣01⟩+ sin 𝜃 ∣10⟩)
= cos 𝜃 (𝛼 ∣01⟩+ 𝛽 ∣10⟩)− sin 𝜃 (𝛼 ∣01⟩ − 𝛽 ∣10⟩)
= �̂�𝑦(−2𝜃)(𝛼 ∣0⟩𝑞 + 𝛽 ∣1⟩𝑞). (2.36)
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Therefore, single-qubit gates can be performed easily and deterministically with linear
optics alone, by combining the corresponding phase shifters and beam splitters to implement
the desired effect.

2.3.2 Probabilistic two-qubit gates

Now let us face the problem of implementing a CNOT gate using projective measurement
as a source of nonlinearities. Actually, we will implement a CSign gate, which is related to
the CNOT by HZH = X or vice versa HXH = Z (1.31).

Figure 2.7: Nonlinear sign shift gate using photon ancillas and photo-detection.

The nonlinear element needed in the two-qubit gate, performs the transformation

𝛼 ∣0⟩+ 𝛽 ∣1⟩+ 𝛾 ∣2⟩ → 𝛼 ∣0⟩+ 𝛽 ∣1⟩ − 𝛾 ∣2⟩ , (2.37)

which is called the nonlinear sign shift NS−1. Such transformation cannot be performed
using linear optics alone, but by adding two additional ancilla modes and photo-detection it
is possible to write a unitary matrix acting on the three resulting input modes. The input
state is then (𝛼 ∣0⟩1 + 𝛽 ∣1⟩1 + 𝛾 ∣2⟩1)⊗ ∣1⟩2⊗ ∣0⟩3, with the ancillas encoded in modes 2 and
3, respectively. The unitary matrix is then

UNS ≡

⎡
⎢⎢⎢⎣

1−√2 1√√
2

√
3√
2
− 2

1√√
2

1
2

1
2
− 1√

2√
3√
2
− 2 1

2
− 1√

2

√
2− 1

2

⎤
⎥⎥⎥⎦ , (2.38)

and the optical circuit describing such matrix can be seen in figure 2.7, where the parameters
of the devices are found using the method of decomposition (2.31): 𝜃1 = 22.5∘;𝜙1 = 0,
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𝜃2 = 65.5302∘;𝜙2 = 0, 𝜃3 = −22.5∘;𝜙3 = 0 and 𝜙4 = 𝜋. The success of the gate depends on
coincidence measurements in both detectors, in this case we have to measure the state ∣10⟩
in modes 2 and 3 respectively.

Let us find the probability of success of the NS−1 gate, starting from the input state given
before

(𝛼 ∣0⟩1 + 𝛽 ∣1⟩1 + 𝛾 ∣2⟩1)⊗ ∣1⟩2 ⊗ ∣0⟩3 =

(
𝛼 + 𝛽�̂�†1 +

𝛾√
2

(�̂�†1)
2

)
�̂�†2 ∣0⟩123 . (2.39)

Taking the transformation of each mode’s annihilation operator from the matrix (2.38),
the state changes to

(
𝛼 + 𝛽�̂�†1 +

𝛾√
2

(�̂�†1)
2

)
�̂�†2 ∣0⟩123 →

{
𝛼 + 𝛽

[
(1−

√
2)�̂�†1 +

1√√
2
�̂�†2 +

√
3√
2
− 2�̂�†3

]
+

+
𝛾√
2

[
(1−

√
2)�̂�†1 +

1√√
2
�̂�†2 +

√
3√
2
− 2�̂�†3

]2}
×

×
[

1√√
2
�̂�†1 +

1

2
�̂�†2 +

(
1

2
− 1√

2

)
�̂�†3

]
∣0⟩123 . (2.40)

In the expansion, we are only interested in terms linear in �̂�†2 and up to cuadratic in �̂�†1,
the rest of terms appear only when the gate fails(

𝛼 + 𝛽�̂�†1 +
𝛾√
2

(�̂�†1)
2

)
�̂�†2 ∣0⟩123 →

1

2

(
𝛼 + 𝛽�̂�†1 −

𝛾√
2

(�̂�†1)
2

)
�̂�†2 ∣0⟩123 + ∣Ψ⟩rest . (2.41)

Therefore, the probability of success is given by the square of the amplitude of the desired
output state. Once we measure a photon in mode 2 and no photons in mode 3, this probability
of success is 1

4
.

This gate provides us with the entangling element that we lacked by using only lin-
ear optics. Such device is needed because the CSign gate we intend to construct, creates
entanglement between two initially separable states

(𝛼 ∣0⟩𝑞 + 𝛽 ∣1⟩𝑞)⊗ (𝛾 ∣0⟩𝑞 + 𝛿 ∣1⟩𝑞) = 𝛼𝛾 ∣00⟩𝑞 + 𝛼𝛿 ∣01⟩𝑞 + 𝛽𝛾 ∣10⟩𝑞 + 𝛽𝛿 ∣11⟩𝑞
→ 𝛼𝛾 ∣00⟩𝑞 + 𝛼𝛿 ∣01⟩𝑞 + 𝛽𝛾 ∣10⟩𝑞 − 𝛽𝛿 ∣11⟩𝑞 (2.42)

The circuit then needs two NS−1 gates and two 50 : 50 beam splitters, as shown in figure
2.8. Let us follow the action of the circuit step by step.
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Figure 2.8: Probabilistic CSign gate. The success probability is 1
16 .

We use the first beam splitter to mix the incoming qubits, recalling the transformation
(2.27) with 𝜃 = 𝜋/4;𝜙 = 0

∣𝜓1⟩𝑞 ⊗ ∣𝜓2⟩𝑞 = 𝛼𝛾 ∣00⟩𝑞 + 𝛼𝛿 ∣01⟩𝑞 + 𝛽𝛾 ∣10⟩𝑞 + 𝛽𝛿 ∣11⟩𝑞
= 𝛼𝛾 ∣0101⟩+ 𝛼𝛿 ∣0110⟩+ 𝛽𝛾 ∣1001⟩+ 𝛽𝛿 ∣1010⟩
→ 𝛼𝛾 ∣0101⟩+

𝛼𝛿√
2

(∣0110⟩ − ∣1100⟩) +
𝛽𝛾√

2
(∣1001⟩+

+ ∣0011⟩) +
𝛽𝛿√

2
(∣0020⟩ − ∣2000⟩). (2.43)

Notice that with this first device, we leave the dual-rail encoding by creating states with
more than one photon in one rail (i.e. the last two terms).

And then the nonlinear gates, if successful, change the signs of the last two terms in
(2.43) as follows

→ 𝛼𝛾 ∣0101⟩+
𝛼𝛿√

2
(∣0110⟩ − ∣1100⟩) +

𝛽𝛾√
2

(∣1001⟩+

+ ∣0011⟩) +
𝛽𝛿√

2
(− ∣0020⟩+ ∣2000⟩). (2.44)

Finally, the action of the last 50 : 50 beam splitter gets back the photonic modes to their
original dual-rail encoding

→ 𝛼𝛾 ∣0101⟩+ 𝛼𝛿 ∣0110⟩+ 𝛽𝛾 ∣1001⟩ − 𝛽𝛿 ∣1010⟩
= 𝛼𝛾 ∣00⟩𝑞 + 𝛼𝛿 ∣01⟩𝑞 + 𝛽𝛾 ∣10⟩𝑞 − 𝛽𝛿 ∣11⟩𝑞 , (2.45)

which is the desired “CSign-ed” state. Each nonlinear sign shift has a success probability
of 1

4
as seen before, and thus the probability of success of this CSign gate is 1

4
× 1

4
= 1

16
.
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This is a low probability if what we want is a scalable computational scheme, however if the
gate fails, we know that this failure has occurred. We will use this feature to improve the
protocol in the next section.

2.3.3 Teleportation trick

In 1999 Gottesman and Chuang [23] showed that a probabilistic gate acting on the output
of a quantum computer can be translated into a deterministic gate acting on (complicated)
auxiliary states. This is desirable, because the output of a quantum computer cannot be
duplicated in general, but the auxiliary state can. The trick involves teleportation, and hence
has become known as the teleportation trick.

Figure 2.9: Application of a CSign between two Bell states in the state preparation area (dashed box),
and then teleported to apply it between two arbitrary qubits. In the right-hand side of the circuit possible

corrections are performed.

Above, we have shown that when we apply the CSign directly to the computational qubits
∣𝜓1⟩ and ∣𝜓2⟩, there would be a considerable chance that the gate fails, and consequently, the
computation would fail. Instead, we teleport both qubits to a third and a fourth system, and
then we apply the gate to these new systems, which would not have changed the computation
as a whole. However, rather than applying the CSign to the teleported states, we now
commute the operation through the teleportation operation of the two qubits. It turns out
that we can do this with mere single-qubit operations on the output qubits. As a result, we
now apply the CSign to the two auxiliary entangled quantum channels that are used in the
teleportation, instead of the actual qubits in the computation. The state of this four-qubit
system is known, and we can prepare such a system beforehand. It then doesn’t matter if this
state is created only probabilistically, since a failure would not destroy a computational qubit.
The gate is then said to be performed probabilistically offline. The problem of implementing
a CSign has now been turned into a state preparation problem.

Before applying this new scheme, we need to know how quantum teleportation works with
linear optics. The protocol is also probabilistic, with a success probability of 1

2
if using just
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one beam splitter and projective measurements. This may improve with the implementation
of generalised teleportation, which will require a higher number of devices, but it will bring
the success probability as near to one as desired.

Figure 2.10: Teleportation protocol using linear optics, ancillary states and photo-detection. The proba-
bility of success is 1

2 .

Figure 2.10 shows the quantum circuit that performs quantum teleportation with linear
optics, ancillas and photo-detection. First, the ancillary states with one and zero photons,
in modes 3 and 4 respectively, combine at a 50 : 50 beam-splitter to create the entangled
resource (Bell state) (∣01⟩34 + ∣10⟩34)/

√
2, which in turn combines with the state to be

teleported ∣𝜓⟩12 = 𝛼 ∣01⟩12 + 𝛽 ∣10⟩12

∣𝜓⟩𝑞 ⊗
∣∣Φ+

〉
=

1√
2

(𝛼 ∣0101⟩+ 𝛼 ∣0110⟩+ 𝛽 ∣1001⟩+ 𝛽 ∣1010⟩)

→ 1

2

(√
2𝛼 ∣0101⟩+ 𝛼 ∣0110⟩ − 𝛼 ∣1100⟩+ 𝛽 ∣1001⟩+

+ 𝛽 ∣0011⟩+ 𝛽 ∣0020⟩ − 𝛽 ∣2000⟩
)
. (2.46)

Finally, in the measurement stage we need a total of one photon measured in the detectors
placed on modes 1 and 3 (i.e. 𝐷1 + 𝐷2 = 1) to recover the original information in modes 4
and 2. There are two possibilities:

𝐷1 = 0, 𝐷2 = 1 → 1
2
(𝛼 ∣01⟩+ 𝛽 ∣10⟩)42 ⊗ ∣01⟩13

𝐷1 = 1, 𝐷2 = 0 → 1
2
(−𝛼 ∣01⟩+ 𝛽 ∣10⟩)42 ⊗ ∣10⟩13

, (2.47)

where the second case requires a sign correction in mode 2 to obtain the exact teleported

state. Each case succeeds with probability
(
1
2

)2
= 1

4
, and thus the probabiliy of success of
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teleporation is 1
2
. If the detectors measure 0 or 2 photons the teleportation fails by collapsing

the state to ∣11⟩42 or ∣00⟩42, respectively.
Having this teleportation protocol, we turn back to the CSign performed offline. The

explicit circuit for this is shown in figure 2.11.

Figure 2.11: CSign state production (offline with probability of success 1
16 ) and teleportation with success

probability 1
4 .

First, let us analyse the state preparation stage (dashed box). We use two 50 : 50 beam
splitters to create the entangled resources (i.e. Bell states) from the ancillas and then we
apply the CSign to them. The process produces the state

1

2
(∣01⟩+ ∣10⟩)65 ⊗ (∣01⟩+ ∣10⟩)87 =

1

2
(∣0101⟩+ ∣0110⟩+ ∣1001⟩+ ∣1010⟩)6587

→ 1

2
(∣0101⟩+ ∣0110⟩+ ∣1001⟩ − ∣1010⟩)6587, (2.48)

with success probability 1
16

. If the process fails, then we can try again until we get the
desired result (try an average of 16 times). Because this is performed offline, the failure of
the gate does not destroy the computational qubits, as these are left untouched at this level.

Once we get the correct CSigned entangled state we teleport it to both computational
qubits ∣𝜓1⟩𝑞 and ∣𝜓2⟩𝑞. The probability of success of such procedure is twice the one required

to teleport one quibt, that is, 1
4
. Before the teleportation stage, the incoming state is given

by

(𝛼 ∣01⟩+ 𝛽 ∣10⟩)12 ⊗ (𝛾 ∣01⟩+ 𝛿 ∣10⟩)34 ⊗ 1

2
(∣0101⟩+ ∣0110⟩+ ∣1001⟩ − ∣1010⟩)6587. (2.49)



CHAPTER 2. QUANTUM COMPUTATION AND LINEAR OPTICS 39

Then, we apply both beam splitters to mix the computational qubits with the CSign-ed
entangled resources. In order to obtain the desired output state, we have to measure one
photon at the most in each set of detectors, i.e. 𝐷1 +𝐷5 = 1 and 𝐷7 +𝐷3 = 1. In this case,
we have four possible outcomes

∙ 𝐷1 = 𝐷3 = 0, 𝐷5 = 𝐷7 = 1

1

4
(𝛼𝛾 ∣0101⟩ − 𝛼𝛿 ∣0110⟩+ 𝛽𝛾 ∣1001⟩+ 𝛽𝛿 ∣1010⟩)6284 ⊗ ∣0101⟩1573 ,

∙ 𝐷1 = 𝐷7 = 0, 𝐷3 = 𝐷5 = 1

1

4
(𝛼𝛾 ∣0101⟩+ 𝛼𝛿 ∣0110⟩+ 𝛽𝛾 ∣1001⟩ − 𝛽𝛿 ∣1010⟩)6284 ⊗ ∣0110⟩1573 ,

∙ 𝐷1 = 𝐷3 = 1, 𝐷5 = 𝐷7 = 0

1

4
(−𝛼𝛾 ∣0101⟩ − 𝛼𝛿 ∣0110⟩+ 𝛽𝛾 ∣1001⟩ − 𝛽𝛿 ∣1010⟩)6284 ⊗ ∣1010⟩1573 ,

∙ 𝐷1 = 𝐷7 = 1, 𝐷3 = 𝐷5 = 0

1

4
(−𝛼𝛾 ∣0101⟩+ 𝛼𝛿 ∣0110⟩+ 𝛽𝛾 ∣1001⟩+ 𝛽𝛿 ∣1010⟩)6284 ⊗ ∣1001⟩1573 ,

therefore, getting a probability of 1
16

for each state, and obtaining the success probability of
1
4

mentioned above. Notice that we need some corrections made to get the desired effect of
the gate on the imput states.

This is indeed a step forward to increasing the probability of success of the CSign gate.
Nevertheless, it is not enough to achieve the scalable computer one hopes for. It was demon-
strated by Knill, Laflamme and Milburn that with a clever redefinition of the teleportation
scheme, the trick can be made to work with arbitrarily large success probability [11], that
is, a teleportation protocol that is (asymptotically) deterministic.

2.3.4 Generalised teleportation

The implementation of such generalised teleportation scheme requires an increased complex-
ity in both the entangled resource (increase the number of modes) and the mixing device.
We can generalise the entangled Bell states, using the following definition

∣𝑡𝑛⟩ ≡ 1√
𝑛 + 1

𝑛∑
𝑗=0

∣1⟩⊗𝑗 ∣0⟩⊗(𝑛−𝑗) ∣0⟩⊗𝑗 ∣1⟩⊗(𝑛−𝑗) , (2.50)
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where each state of the type ∣𝑘⟩⊗𝑗 means the 𝑘-fold tensor product ∣𝑘⟩1 ⊗ ⋅ ⋅ ⋅ ⊗ ∣𝑘⟩𝑗. For
example, for 𝑛 = 2, the entangled resource is

∣𝑡2⟩ =
1√
3

(∣0011⟩+ ∣1001⟩+ ∣1100⟩). (2.51)

To produce such state, we need a probabilistic optical circuit as the one in figure 2.12.
The nonlinear gates NS𝑖 transform the state 𝛼 ∣0⟩ + 𝛽 ∣1⟩ + 𝛾 ∣2⟩ into 𝛼 ∣0⟩ + 𝛽 ∣1⟩ + 𝑖𝛾 ∣2⟩.
Again, this state is produced offline, and thus it does not destroy the information in the
computational qubit ∣𝜓⟩𝑞 when it fails.

Figure 2.12: Preparation of the entangled generalised resource ∣𝑡𝑛⟩ for 𝑛 = 2.

On the other hand, we need to change the usual beam splitter that mixed the compu-
tational qubit with the entangled resource ∣𝑡𝑛⟩, for a generalised form of it. Let us recall
the quantum Fourier transform reviewed in section 1.3.1. We showed how the trivial case
of the transform is identical to the Hadamard gate H, and we also proved in section 2.2.1
that a Hadamard gate can be implemented with an antisymmetric 50 : 50 beam splitter. It
is natural then, to use the quantum Fourier transform as a generalised beam splitter4

∣𝑗⟩ −→ 1√
𝑛 + 1

𝑛∑
𝑘=0

𝜔𝑘𝑗 ∣𝑘⟩ =
1√
𝑛 + 1

𝑛∑
𝑘=0

𝑒𝑖
2𝜋𝑘𝑗
𝑛+1 ∣𝑘⟩ , (2.52)

or written as the elements of an (𝑛 + 1)-dimensional unitary matrix

(F𝑛+1)𝑘+1,𝑗+1 ≡
𝑒𝑖

2𝜋𝑘𝑗
𝑛+1√
𝑛 + 1

, (2.53)

4The Fourier transform described in section 1.3.1 differs from the one given here by changing 𝑁 to 𝑛+1.
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where the indices 𝑘 and 𝑗 run from 0 to 𝑛. For example, the transformation matrix for 𝑛 = 2
is

F3 ≡ 1√
3

⎡
⎣1 1 1

1 𝑒2𝜋𝑖/3 𝑒−2𝜋𝑖/3

1 𝑒−2𝜋𝑖/3 𝑒2𝜋𝑖/3

⎤
⎦ . (2.54)

Figure 2.13: Optical circuit to perform a Fourier transform of order 𝑛 = 2.

This unitary matrix may be decomposed using the method of section 2.2.1. We would
need three beam splitters (𝜃1 = 𝜋/4;𝜙1 = 2𝜋/3, 𝜃2 = 𝜋/2;𝜙2 = −2𝜋/3 and 𝜃3 = 𝜋/4;𝜙3 =
2𝜋/3) and two phase shifters (𝜙5 = −𝜙6 = 2𝜋/3) to perform this transformation, as shown
in figure 2.13.

Figure 2.14: Generalised teleportation using the (𝑛 + 1)-point Fourier transform, for 𝑛 = 2. The success
probability is 2

3 .

Using the generalised entangled resource and the generalised beam splitter the probability
of success of teleportation scales as 𝑛

𝑛+1
= 1 − 1

𝑛+1
. This means that if we have enough

resources, we may achieve almost deterministic teleportation, with the success probability
tending to 1 as 𝑛 tends to infinity. Apart from the state preparation process and the photon
counting, this teleportation protocol relies only on linear optical elements. Replacing the
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standard teleportation protocol with the version described above requires only polynomial
auxiliary resources.

For the case 𝑛 = 2, the teleportation circuit is given in figure 2.14, where the state ∣𝑡2⟩ is
produced as shown before and the Fourier transform mixes the entangled resource with the
computational qubit to be teleported. The success probability is 2

3
. The process succeeds

when the three detectors in the output of F3 measure a total of one or two photons (there’s
one photon in the channel of the computational qubit, and two more photons in the channels
of the entangled state ∣𝑡2⟩). The following table shows the possible outcomes (which need
further corrections).

Measurement Output Probability

∣100⟩012 1
3
(𝛼 ∣01⟩+ 𝛽 ∣10⟩)30′ 1

9

∣010⟩012 1
3
(𝛼𝑒2𝜋𝑖/3 ∣01⟩+ 𝛽 ∣10⟩)30′ 1

9

∣001⟩012 1
3
(𝛼𝑒−2𝜋𝑖/3 ∣01⟩+ 𝛽 ∣10⟩)30′ 1

9

∣200⟩012
√
2

3
√
3
(𝛼 ∣01⟩+ 𝛽 ∣10⟩)40′ 2

27

∣020⟩012
√
2

3
√
3
(𝛼 ∣01⟩+ 𝛽𝑒2𝜋𝑖/3 ∣10⟩)40′ 2

27

∣002⟩012
√
2

3
√
3
(𝛼 ∣01⟩+ 𝛽𝑒−2𝜋𝑖/3 ∣10⟩)40′ 2

27

∣110⟩012 1
3
√
3
(−𝛼 ∣01⟩+ 𝛽𝑒2𝜋𝑖/3 ∣10⟩)40′ 1

27

∣101⟩012 1
3
√
3
(−𝛼 ∣01⟩+ 𝛽𝑒−2𝜋𝑖/3 ∣10⟩)40′ 1

27

∣011⟩012 1
3
√
3
(−𝛼 ∣01⟩ − 𝛽 ∣10⟩)40′ 1

27

Table 2.2: Possible successful teleported states using generalised teleportation for 𝑛 = 2.

These states are obtained by considering first the input state

∣𝜓⟩𝑞 ⊗ ∣𝑡2⟩ = (𝛼 ∣01⟩+ ∣10⟩)00′ ⊗ 1√
3

(∣0011⟩+ ∣1001⟩+ ∣1100⟩)1234

=
1√
3

(
𝛼�̂�†�̂�†3�̂�

†
4 + 𝛼�̂�†�̂�†1�̂�

†
4 + 𝛼�̂�†�̂�†1�̂�

†
2 + 𝛽�̂�†0�̂�

†
3�̂�

†
4 +

+ 𝛽�̂�†0�̂�
†
1�̂�

†
4 + 𝛽�̂�†0�̂�

†
1�̂�

†
2

) ∣0⟩00′1234 , (2.55)

where both the subindex 0′ and the operator �̂�† refer to the upper mode in figure 2.14, which
remains untouched during the computation. The action of F3 on the bosonic operators �̂�†0,
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�̂�†1 and �̂�†2 is given by the matrix (2.54)

�̂�†0 →
1√
3

(�̂�†0 + �̂�†1 + �̂�†2)

�̂�†1 →
1√
3

(�̂�†0 + 𝑒2𝜋𝑖/3�̂�†1 + 𝑒−2𝜋𝑖/3�̂�†2) (2.56)

�̂�†2 →
1√
3

(�̂�†0 + 𝑒−2𝜋𝑖/3�̂�†1 + 𝑒2𝜋𝑖/3�̂�†2).

Applying these transformations on the input state (2.55), we get a polynomial in the creation
operators of each mode. As we are only interested in states for which we measure a maximum
number of photons in modes 0, 1 and 2 equal to either one or two (and thus, in the first
case, a total of two photons in modes 0′, 3 and 4, or in the second case a total of one photon
in the same modes, to achieve a total of three photons in the whole circuit as expected), the
resulting state is (we use 𝜃 = 2𝜋/3)

→ 1

9

[
3𝛼�̂�†�̂�†4

(
�̂�†0 + 𝑒𝑖𝜃�̂�†1 + 𝑒−𝑖𝜃�̂�†2

)
+
√

3𝛼�̂�†
(

(�̂�†0)
2 + 𝑒−𝑖𝜃�̂�†0�̂�

†
1 + 𝑒𝑖𝜃�̂�†0�̂�

†
2 + 𝑒𝑖𝜃�̂�†0�̂�

†
1 +

+ (�̂�†1)
2 + 𝑒2𝑖𝜃�̂�†1�̂�

†
2 + 𝑒−𝑖𝜃�̂�†0�̂�

†
2 + 𝑒−2𝑖𝜃�̂�†1�̂�

†
2 + (�̂�†2)

2
)

+ 3𝛽�̂�†3�̂�
†
4

(
�̂�†0 + �̂�†1 + �̂�†2

)
+

+
√

3𝛽�̂�†4
(

(�̂�†0)
2 + 𝑒𝑖𝜃�̂�†0�̂�

†
1 + 𝑒−𝑖𝜃�̂�†0�̂�

†
2 + �̂�†0�̂�

†
1 + 𝑒𝑖𝜃(�̂�†1)

2 + 𝑒−𝑖𝜃�̂�†1�̂�
†
2 + �̂�†0�̂�

†
2 +

+ 𝑒𝑖𝜃�̂�†1�̂�
†
2 + 𝑒−𝑖𝜃(�̂�†2)

2
)]
∣0⟩00′1234 + ∣Ψ⟩rest . (2.57)

Notice then that each possible measurement collapses this state to the teleported qubit
(without corrections) as summarized in table 2.2. The probability of succes is 3

(
1
9

)
+3

(
2
27

)
+

3
(
1
27

)
= 2

3
as expected.

In order to implement a CSign with this new scheme of teleportation, we would need
to teleport the two computational qubits to the already successfully CSign-ed entangled

resources. The probability that the gate succeeds is then
(

𝑛
𝑛+1

)2
=
(
1− 1

𝑛+1

)2
.

In conclusion, scalable quantum computation is possible using linear optics, photon
sources and photo-detection. Single-qubit are deterministic in theory (with possible practical
errors associated to losses in the optical devices), whereas two-qubit gates, though condi-
tional, may be performed offline, using generalised entangled states ∣𝑡𝑛⟩. However, such
states are difficult to implement, specially for large 𝑛 (which we need to get a success prob-
ability close to one), because the resources required increase exponentially with it, making
the protocol impractical.

Therefore, the most efficient way to improve the success probability in two-qubit gates
would be through quantum error correction codes together with offline state preparation
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using smaller ∣𝑡𝑛⟩ states [24, 25]. Error correction is possible due to our ability to know
when and how a computation has failed. Such knowledge lets us encode our computational
qubits in special states that are robust against possible errors in the algorithm. This approach
of quantum error correction, though very important, is left out of the analysis.

Let us better move forward into another way to implement (and improve in some ways)
the scheme of quantum computation with light. This new approach encodes information not
in the single-photon qubits described here, but in continuous states of light.



Part II

Quantum Computation over
Continuous Variables

45



Chapter 3

Continuous Variables in Quantum
Optics

Following the development of the quantum theory of radiation and with the advent of the
laser, the states of the field that most resemble a classical electromagnetic field were widely
studied [16]. Following the work of Dirac in quantum field theory, George Sudarshan, Roy
J. Glauber, and Leonard Mandel applied quantum theory to the electromagnetic field in the
1950s and 1960s to gain a more detailed understanding of photodetection and the statistics
of light. This led to the introduction of the coherent state as a quantum description of laser
light and the realisation that some states of light could not be described using classical waves
[26], such states exhibiting Poissonian photon number statistics. Another quantum state of
light with certain advantages over any classical state, the squeezed light, was soon proposed
[27]. Via certain nonlinear interactions, a coherent state can be transformed into a squeezed
coherent state, which can exhibit super- or sub-Poissonian photon statistics.

In quantum optics, each mode of electromagnetic radiation corresponds to a quantum
harmonic oscillator. The modes’ quadratures play the roles of the oscillator’s position and
momentum operators obeying an analogous Heisenberg uncertainty relation. These quadra-
tures clearly represent the in-phase and out-of-phase components of the electric field ampli-
tude, taking any possible value, therefore providing an alternative representation of radiation
fields in terms of continuous variables. The radiation states described above, coherent and
squeezed states, have the very important property that Heisenberg’s uncertainty principle
is saturated, that is, the product of the corresponding quadrature fluctuations takes on its
minimum value. For the vacuum and coherent states, both quadrature uncertainties are
equal. In the other hand, for squeezed states, the quantum noise at a specific quadrature of
the wave is diminished, hence producing an enhancement of the noise of the complementary
quadrature.

In the present chapter we discuss the theoretical foundations of continuous-variable states
in quantum optics, focusing on how the simplicity and high efficiency when measuring and

46
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manipulating continuous quadratures are the main reasons why continuous-variable schemes
appear more attractive than those based on discrete variables such as the photon-number or
the polarisation. We also describe in the last section the characteristics of continuous-variable
entanglement, how to produce it and the advantages and disadvantages versus discrete-
variable entanglement. The notation introduced here will be of vital importance throughout
the rest of the document.

3.1 The quantized electromagnetic field (II)

We base our discussion here on the harmonic oscillator, which also provides a description of
a single mode of the electromagnetic field. It is described in the second-quantized formu-
lation by the Bose annihilation and creation operators �̂�𝑘 and �̂�†𝑘 discussed in section 2.1.
These operators are related to position- and momentum-like operators of a one-dimensional
harmonic oscillator called the (dimensionless) quadratures of the field, which are the real and
imaginary parts of the annihilation operator of the field

�̂�𝑘 = 𝑞𝑘 + 𝑖 𝑝𝑘. (3.1)

Their commutation relation becomes then

[𝑞𝑘, 𝑝𝑘′ ] =
𝑖

2
𝛿𝑘𝑘′ . (3.2)

As such quadratures behave as position and momentum operators, it is useful to review some
of their properties that we shall utilise later [28]. First we define the quadratures’ eigenstates

𝑞𝑘 ∣𝑞𝑘⟩ = 𝑞𝑘 ∣𝑞𝑘⟩ , 𝑝𝑘 ∣𝑝𝑘⟩ = 𝑝𝑘 ∣𝑝𝑘⟩ , (3.3)

which form a basis in infinite dimensions (continuous-variable basis!), with orthogonality
relations

⟨𝑞𝑘 ∣𝑞′𝑘′⟩ = 𝛿(𝑞𝑘 − 𝑞′𝑘′)𝛿𝑘𝑘′ , ⟨𝑝𝑘 ∣𝑝′𝑘′⟩ = 𝛿(𝑝𝑘 − 𝑝′𝑘′)𝛿𝑘𝑘′ , (3.4)

and completeness relations given by∑
𝑘

∫ ∞

−∞
∣𝑞𝑘⟩ ⟨𝑞𝑘∣d𝑞𝑘 = 1,

∑
𝑘

∫ ∞

∞
∣𝑝𝑘⟩ ⟨𝑝𝑘∣d𝑝𝑘 = 1. (3.5)

Due to the commutation relation between the quadratures, it is possible to change the basis
at will, using Fourier transforms1

∣𝑞⟩ =
1√
𝜋

∫ ∞

−∞
𝑒−2𝑖𝑞𝑝 ∣𝑝⟩d𝑝, (3.6)

∣𝑝⟩ =
1√
𝜋

∫ ∞

−∞
𝑒+2𝑖𝑞𝑝 ∣𝑞⟩d𝑞. (3.7)

1From now on we drop the index 𝑘, taking into account just one mode of radiation.
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Although quadrature eigenstates happen to be unphysical and unnormalizable, they are
really useful for calculating wave functions 𝜓(𝑞) = ⟨𝑞 ∣𝜓⟩ and in ideal quantum information
processing. These states actually represent infinitely squeezed states as we will see in next
section.

3.1.1 Generalities of continuous-variable states of light

In this section, let us give some background information about a special set of states with
the property that the quadratures’ uncertainty relation takes on its minimum value

Δ𝑞 Δ𝑝 =
1

4
. (3.8)

These states are also known as Gaussian states in the literature, their most prominent
property is the Gaussian nature of their characteristic functions (see appendix A). For our
purposes, we shall study the vacuum state, coherent states and squeezed states2, the latter
being the most general continuous-variable state of this type.

Vacuum quantum state, ∣0⟩
It describes a field with no particles in it. Recalling the vanishing action of the destruction
operator over the vacuum, we get the differential equation (in 𝑞-representation)

⟨𝑞∣ 𝑞 + 𝑖𝑝 ∣0⟩ =

(
𝑞 +

1

2

∂

∂𝑞

)
𝜓0(𝑞) = 0,

with solution

𝜓0(𝑞) =

(
2

𝜋

)1/4

exp
(−𝑞2) . (3.9)

This is simply a Gaussian function centered at origin in a phase-space diagram, with unity
width.

Coherent states, ∣𝛼⟩
Coherent states describe a maximal kind of coherence and a classical kind of behavior. It
is a minimum uncertainty state, with the single free parameter chosen to make the relative
dispersion equal for position and momentum quadratures. Mathematically, the coherent
state ∣𝛼⟩ is defined to be the eigenstate of the annihilation operator �̂�. Formally, this reads

�̂� ∣𝛼⟩ = 𝛼 ∣𝛼⟩ , (3.10)

2The thermal field is also an example of Gaussian state, but it does not obey the required minimum
uncertainty relation.
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whence 𝛼 is a complex amplitude. The formal solution of the eigenvalue equation is the
vacuum state displaced to a location 𝛼 in phase space, i.e., is the displacement operator
�̂�(𝛼) operating on the vacuum

∣𝛼⟩ = 𝑒𝛼�̂�
†−𝛼∗�̂� ∣0⟩ = �̂�(𝛼) ∣0⟩ . (3.11)

This can be easily seen, as can virtually all results involving coherent states, using the
representation of the coherent state in the basis of Fock states [28]

∣𝛼⟩ =
∞∑
𝑛=0

⟨𝑛∣ �̂�(𝛼) ∣0⟩ ∣𝑛⟩

= 𝑒−
∣𝛼∣2
2

∞∑
𝑛=0

𝛼𝑛√
𝑛!
∣𝑛⟩ . (3.12)

Notice that the photon-number distribution of coherent states exhibit a Poissonian be-
haviour, hence the alternative name Poissonian light. It is also useful to analyse the wave
function (𝑞-quadrature representation) for such states. Let us define the complex ampli-
tude in terms of the real quadratures 𝛼 = 𝑞𝛼 + 𝑖𝑝𝛼. Using this definition, we rewrite the
displacement operator

�̂�(𝛼) = exp
(
𝛼�̂�† − 𝛼∗�̂�

)
= exp [2𝑖 (𝑝𝛼𝑞 − 𝑞𝛼𝑝)]

= exp (−𝑖𝑞𝛼𝑝𝛼) exp (2𝑖𝑝𝛼𝑞) exp(−2𝑖𝑞𝛼𝑝). (3.13)

In the last line we have used a special case of the Baker-Campbell-Hausdorff formula. Finally,
projecting (3.10) onto a 𝑞-quadrature state

𝜓𝛼(𝑞) = ⟨𝑞∣𝛼⟩
= exp (2𝑖𝑝𝛼𝑞 − 𝑖𝑞𝛼𝑝𝛼)𝜓0(𝑞 − 𝑞𝛼), (3.14)

where 𝜓𝑜(𝑞) is the vacuum wave function (3.9), replacing it we obtain

𝜓𝛼(𝑞) =

(
2

𝜋

)1/4

exp
[−(𝑞 − 𝑞𝛼)2 + 2𝑖𝑝𝛼𝑞 − 𝑖𝑞𝛼𝑝𝛼

]
. (3.15)

This wave function is also Gaussian in nature, but this time centered in a position given by
the quadratures of the complex amplitude 𝛼.



CHAPTER 3. CONTINUOUS VARIABLES IN QUANTUM OPTICS 50

Squeezed coherent states, ∣𝜁, 𝛼⟩
Squeezed states arise when one of the quadrature uncertainties of a field is reduced or squeezed
below vacuum level at the cost, however, of enhancing the uncertainty in the canonically
conjugate quadrature. In order to produce such states, we need a Hamiltonian quadratic in
the creation and annihilation operators that generates a reduction in the quadrature noise
(and the respective increase in the other). The unitary operator describing such process is
called squeezing operator and it is given by

𝑆(𝜁) = exp

(
1

2
𝜁∗�̂�2 − 1

2
𝜁�̂�†2

)
, (3.16)

where 𝜁 = 𝑟 exp(𝑖𝜃), with 𝑟 related to the amount of squeezing and 𝜃 being the internal
phase given by the squeezing operation. The most general state generated by this operation,
with an additional displacement in phase-space, is known as squeezed coherent state

∣𝜁, 𝛼⟩ = �̂�(𝛼)𝑆(𝜁) ∣0⟩ . (3.17)

The fluctuations associated with these states are then

Δ𝑞 =
1

2
𝑒−𝑟, Δ𝑝 =

1

2
𝑒𝑟, (3.18)

thus preserving the minimum uncertainty relation (3.8).
Let us now choose 𝜁 = 𝑟 real (no internal phase), in order to write the squeezing operator

(3.16) in terms of the quadrature operators

𝑆(𝑟) = exp [𝑖𝑟 (𝑞𝑝 + 𝑝𝑞)]

= 𝑒𝑟/2 exp (2𝑖𝑟𝑞𝑝) . (3.19)

This permits us to find the wave function of states of the type (3.17)

𝜓𝑟,𝛼(𝑞) = ⟨𝑞∣ �̂�(𝛼)𝑆(𝜁) ∣0⟩
= 𝑒𝑟/2 exp (2𝑖𝑝𝛼𝑞 − 𝑖𝑞𝛼𝑝𝛼) exp

(
−2𝑖𝑞𝛼

∂

∂𝑞

)
exp

(
𝑟𝑞

∂

∂𝑞

)
𝜓0(𝑞)

= 𝑒𝑟/2 exp (2𝑖𝑝𝛼𝑞 − 𝑖𝑞𝛼𝑝𝛼)𝜓0 (𝑒𝑟(𝑞 − 𝑞𝛼)) . (3.20)

Replacing again the vacuum wave function 𝜓0(𝑞), we get

𝜓𝑟,𝛼(𝑞) =

(
2

𝜋

)1/4

𝑒𝑟/2 exp
[−𝑒2𝑟(𝑞 − 𝑞𝛼)2 + 2𝑖𝑝𝛼𝑞 − 𝑖𝑞𝛼𝑝𝛼

]
, (3.21)

the squeezed Gaussian wave function with characteristic width 𝑒−2𝑟.
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As in coherent states, it is useful to know the squeezed state decomposition in photon-
number states (𝛼 = 0)

∣𝑟, 0⟩ =
∞∑
𝑛=0

⟨𝑛∣𝑆(𝑟) ∣0⟩ ∣𝑛⟩

=
∞∑
𝑛=0

𝑘𝑛(𝑟) ∣𝑛⟩ ,

whence the coefficients 𝑘𝑛(𝑟) can be calculated using the 𝑞-quadrature representation

𝑘𝑛(𝑟) =

∫ ∞

−∞
𝜓∗
𝑛(𝑞)𝜓𝑟,0(𝑞) d𝑞, (3.22)

where 𝜓𝑛(𝑞) is the Fock state wave function with arbitrary photon-number 𝑛, which depends
on a Hermite polynomial of order 𝑛 and a Gaussian function; and 𝜓𝑟,0(𝑞) is the wave function
(3.21) with 𝛼 = 0, another Gaussian-like function. Because Hermite polynomials are even
functions for 𝑛 even, and odd for 𝑛 odd, we have vanishing coefficients for odd photon-
number, thus obtaining only photon-pairs in squeezed vacuum3

𝑘2𝑛(𝑟) =
1√

cosh 𝑟

(
2𝑛

𝑛

)1/2(
1

2
tanh 𝑟

)𝑛

. (3.23)

Therefore, the desired decomposition is given by

∣𝑟, 0⟩ =
1√

cosh 𝑟

∞∑
𝑛=0

(
2𝑛

𝑛

)1/2(
1

2
tanh 𝑟

)𝑛

∣2𝑛⟩ . (3.24)

In figure 3.1, we have a visualisation of the photon-number probability distribution
∣𝑘𝑛(𝑟)∣2 as a function of the squeezing parameter 𝑟. Notice that the probability of find-
ing odd photons is zero for any odd number 𝑛. The behaviour of the probability distribution
is then governed by photon-pairs, specially zero and two photons, because for large 𝑛 the
probability also goes to zero. We also see that the larger the squeezing parameter, the
distribution becomes more uniform for photon-pairs.

Thus we end this first part on notation of continuous variables. So far we have described
each relevant4 state of radiation in different important representations. Each one means a
way to proceed when we start treating continuous-variable fields as carriers of information
in next chapter. Now, let us continue with a mandatory property that must be present in
systems with the ambition of becoming quantum computers.

3See [29] for the solutions of such integrals.
4Relevant for the purposes of this document.
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Figure 3.1: Photon probability distribution as a function of the squeezing parameter 𝑟.

3.2 Continuous-variable entanglement

As we already noticed in discrete-variable information processing, entanglement is a manda-
tory requirement for the implementation of algorithms that could outrun their classical
counterparts. The notion of entanglement actually came to light in a continuous-variable
perspective: in the EPR paper [4] two particles were quantum-mechanically correlated with
respect to their positions and momenta. The perfect correlations discussed there, give a
state that is unnormalizable and also unphysical. However, it can be thought of as the lim-
iting case of a regularized, properly normalized version in which each quadrature is partially
correlated [30]. An example of such regularized versions are the two-mode squeezed states

∣𝜓EPR⟩ = 𝑆(2)(𝜁) ∣0, 0⟩ , (3.25)

with 𝑆(2)(𝜁) = exp(−𝜁�̂�1�̂�2+𝜁∗�̂�†1�̂�
†
2), the two-mode squeezing operator. If we consider 𝜁 real

and equal to the squeezing parameter 𝑟, the wave function that describes this state is given
by [28]

𝜓EPR(𝑞1, 𝑞2) = ⟨𝑞1∣ ⊗ ⟨𝑞2∣𝜓𝐸𝑃𝑅⟩

=

√
2

𝜋
exp

[
−1

2
𝑒2𝑟(𝑞1 + 𝑞2)

2 − 1

2
𝑒−2𝑟(𝑞1 − 𝑞2)

2

]
, (3.26)

where 𝑞1 and 𝑞2 are the “position” quadratures for each mode. Notice that this function
reduces to 𝐶𝛿(𝑞1− 𝑞2) for 𝑟 →∞, which is analogous to the EPR perfectly correlated state.
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The corresponding Wigner function can be calculated using the two-mode Wigner formula,
with 𝜌 = ∣𝜓𝐸𝑃𝑅⟩ ⟨𝜓𝐸𝑃𝑅∣

𝑊EPR(𝑞1, 𝑝1, 𝑞2, 𝑝2) =
4

𝜋2

∫ ∞

−∞

∫ ∞

−∞
⟨𝑞1 − 𝑘1, 𝑞2 − 𝑘2∣ 𝜌 ∣𝑞1 + 𝑘1, 𝑞2 + 𝑘2⟩ 𝑒4𝑖(𝑝1𝑘1+𝑝2𝑘2)d𝑘1 d𝑘2

=
4

𝜋2

∫ ∞

−∞

∫ ∞

−∞
𝜓∗
𝐸𝑃𝑅(𝑞1 + 𝑘1, 𝑞2 + 𝑘2) 𝜓𝐸𝑃𝑅(𝑞1 − 𝑘1, 𝑞2 − 𝑘2)×

𝑒4𝑖(𝑝1𝑘1+𝑝2𝑘2)d𝑘1 d𝑘2. (3.27)

Then using our above definition of the wave function and solving the integrals, we obtain
the desired Wigner function for the two-mode squeezed state

𝑊EPR(𝑞1, 𝑝1, 𝑞2, 𝑝2) =
4

𝜋2
exp

{−𝑒−2𝑟 [(𝑞1 + 𝑞2)
2 + (𝑝1 − 𝑝2)

2
]−

− 𝑒+2𝑟
[
(𝑞1 − 𝑞2)

2 + (𝑝1 + 𝑝2)
2
]}

. (3.28)

The importance of this result will become apparent later. Again, for infinite squeezing
𝑟 →∞, this Wigner function tends to 𝐶𝛿(𝑞1 − 𝑞2)𝛿(𝑝1 + 𝑝2), exhibiting perfect correlations
once more.

In contrast to discrete-variable entanglement, this EPR reguralized state does not present
perfect correlations between the quadratures. This imperfection in the quality of entangle-
ment is a disadvantage in the application of continuous-variable states in quantum infor-
mation theory, however, a good quality of entanglement is achievable for reasonable large
squeezing parameters.

3.2.1 Measuring continuous-variable entanglement

As our first aim in this second part is to study quantum information processing and compu-
tation with continuous variables, it will be useful to consider CV entangled states and their
production in a little more detail. Let us consider two squeezed vacuum states incident in a
beam splitter with parameters (𝜃, 𝜙)

∣𝜓in⟩ = 𝑆𝑎(𝜁1)𝑆𝑏(𝜁2) ∣0, 0⟩ ,

where the complex squeezing parameters 𝜁1 and 𝜁2 depend on amplitudes 𝑟1 and 𝑟2 and
phases 𝜑1 and 𝜑2, respectively. Remembering that the action of the beam splitter on the
incident modes is given by the evolution operator (2.28)

�̂�(𝜃, 𝜙) = exp
[
𝑖𝜃
(
�̂�†�̂�𝑒𝑖𝜙 + �̂��̂�†𝑒−𝑖𝜙

)]
, (3.29)
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the output state may be written as

∣𝜓out⟩ = �̂�(𝜃, 𝜙)𝑆𝑎(𝑟1)𝑆𝑏(𝑟2) ∣0, 0⟩ ,
where the internal phase of each squeezing operator can be absorved by the internal phase
of the beam splitter 𝜙. Recall that the angle 𝜃 is related to the reflection and transmission
coefficients by 𝜌 = sin2 𝜃 and 𝜏 = 1−𝜌 = cos2 𝜃. Now, putting the remaining three operators
together we get

∣𝜓out⟩ = exp
{
𝑟1

[
(𝜏 1/2�̂�− 𝜌1/2𝑒𝑖𝜙�̂�)2 − H.C.

]
+ 𝑟2

[
(𝜌1/2𝑒−𝑖𝜙�̂�− 𝜏 1/2�̂�)2 − H.C.

]}
∣0, 0⟩

= exp

[
1

2
(𝜏𝑟1 + 𝜌𝑟2𝑒

−2𝑖𝜙)�̂�2 − H.C.

]
× exp

[
1

2
(𝜌𝑟1𝑒

2𝑖𝜙 + 𝜏𝑟2)�̂�
2 − H.C.

]
×

× exp

{
(𝜏𝜌)1/2

[
− (𝑟1𝑒

𝑖𝜙 − 𝑟2𝑒
−𝑖𝜙)�̂��̂� + H.C.

]}
∣0, 0⟩ ,

which are actually two single-mode squeezing operators and a two-mode squeezing operator

∣𝜓out⟩ = 𝑆𝑎
(
𝜏𝑟1 + 𝜌𝑟2𝑒

2𝑖𝜙
)
𝑆𝑏

(
𝜌𝑟1𝑒

−2𝑖𝜙 + 𝜏𝑟2
)
𝑆
(2)
𝑎𝑏

(
(𝜏𝜌)1/2(𝑟1𝑒

𝑖𝜙 − 𝑟2𝑒
−𝑖𝜙)

) ∣0, 0⟩ . (3.30)

The first two operators do not contribute to entanglement as they cancel out through local
unitary operations. Therefore, it is the two-modal operator the one that determines the
amount of entanglement produced in the interaction with the beam splitter.

A way of quantifying quantum correlations between the two output modes of radiation
makes use of a measure based on the von Neumann entropy called degree of entanglement
[31, 32]. It is defined as the entropy excess for the bipartite system, normalized to the entropy
of a thermal state (maximally disordered states)5.

𝜖 =
1

𝐸(𝜌th𝑎 ) + 𝐸(𝜌th𝑏 )
{𝐸(𝜌𝑎) + 𝐸(𝜌𝑏)− 𝐸(𝜌)}, (3.31)

where 𝐸(𝜌th) = ln(1 + 𝑁) + 𝑁 ln(1 + 𝑁−1), with 𝑁 =
〈
�̂�†�̂�

〉
, the mean photon number. If 𝜌

describes a pure state, the measure reduces to

𝜖 =
𝐸(𝜌𝑎)

𝐸(𝜌th𝑎 )
, (3.32)

which varies from zero to one.
To calculate this degree of entanglement for our output state (3.30), let us consider a

special case in which the input states are oppositely squeezed vacuums (𝑟1 = −𝑟2 = 𝑟) and
we have a vanishing internal phase in a 50 : 50 beam splitter. The state reduces then to

∣𝜓out⟩ = 𝑆
(2)
𝑎𝑏 (𝑟) ∣0, 0⟩ , (3.33)

5Entropy is usually denoted as 𝑆 in the literature, but in order to avoid confusion with the squeezing
operator 𝑆, we shall denote the von Neumann entropy as 𝐸.
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which represents the same state as in (3.25). In order to calculate the von Neumann entropy
for this state, we shall find its decomposition in terms of Fock (photon-number) states

∣𝜓out⟩ =
∞∑

𝑛1=0

∞∑
𝑛2=0

𝑐𝑛1,𝑛2(𝑟) ∣𝑛1, 𝑛2⟩ ,

where the coefficients 𝑐𝑛1,𝑛2(𝑟) shall be written in terms of some quadrature wave functions

𝑐𝑛1,𝑛2(𝑟) = ⟨𝑛1, 𝑛2∣𝑆(2) ∣0, 0⟩
=

∫ ∞

−∞

∫ ∞

−∞
𝜓∗
𝑛1

(𝑞1)𝜓
∗
𝑛2

(𝑞2) 𝜓EPR(𝑞1, 𝑞2) d𝑞1 d𝑞2 (3.34)

This integral depends on two Hermite polynomials arising from the photon-number wave
functions and several Gaussian-like functions. Notice that 𝑛1 = 𝑛2 = 𝑛 to obtain a non-
vanishing result6. The solution is then

𝑐𝑛(𝑟) =
1

cosh 𝑟
tanh𝑛 𝑟, (3.35)

which lets us rewrite the output state as

∣𝜓EPR⟩ =
1

cosh 𝑟

∞∑
𝑛=0

tanh𝑛 𝑟 ∣𝑛, 𝑛⟩ , (3.36)

the EPR regularized state (3.25). This state is also commonly known as twin-beam state due
to the symmetry in the photon-number for both output ports. Finally, this result allows us
to easily compute the von Neumann entropy for one of the modes

𝐸(𝜌𝑎) = −
∞∑
𝑛=0

∣𝑐𝑛(𝑟)∣2 ln ∣𝑐𝑛(𝑟)∣2

= ln(1 + 𝛾𝑁) + 𝛾𝑁 ln

(
1 +

1

𝛾𝑁

)
, (3.37)

where 𝛾𝑁 = sinh2 𝑟 is the fraction of the mean photon-number engaged in squeezing. The
degree of entanglement can thus be written as

𝜖 =
ln(1 + 𝛾𝑁) + 𝛾𝑁 ln(1 + (1/𝛾𝑁))

ln(1 + 𝑁) + 𝑁 ln(1 + (1/𝑁))
. (3.38)

6The orthogonality of Hermite polynomials imply that
∫∞
−∞ 𝐻𝑚(𝑥)𝐻𝑛(𝑥) 𝑤(𝑥) d𝑥 = 0 for 𝑚 ∕= 𝑛, being

𝑤(𝑥) some Gaussian function. See [29] for the solution of these integrals.
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In figure 3.2 we plot the degree of entanglement as a function of both the mean photon-
number 𝑁 and the squeezing parameter 𝛾. Notice that we have maximum entanglement (in
the sense of maximal disorder) just when 𝛾 = 1, it is to say, when squeezing is maximized.
However, it is not possible to create perfect quantum correlations, as we said previously,
or maximum entanglement in the sense of a pure bipartite system with uniform probability
distribution.

Figure 3.2: (a) Variation of the entanglement degree 𝜖 with 𝑁 , for different values of the squeezing fraction

𝛾 and (b) asymptotic variation of 𝜖 for large 𝑁 as a function of 𝛾.

In the next chapter, we study quantum computation with continuous variables, hence
the importance of our discussion about entanglement. As seen, entanglement is the crucial
ingredient for quantum information processing to exceed the capabilities of classical comput-
ing. The better the quality of the correlations, the better some quantum algorithms can be
implemented. In spite of the non-maximal quality of continuous-variable entanglement, we
have seen how it is possible to produce it for highly squeezed states of light. The correlated
states obtained are now ready as carriers of information and exhibit the non-local properties
that make quantum computation possible.



Chapter 4

Quantum Computation with
Continuous Variables

Continuous-variable quantum information is an important area of quantum information sci-
ence. The success of this area is driven by impressive experimental advances with prepa-
ration, processing and measurement of squeezed light. Certain quantum information tasks
were first demonstrated in the continuous-variable setting such as deterministic quantum
teleportation [33, 34]. On the other hand, the concept of continuous variables is anathema
to the discrete mathematical structure of standard computer science and information theory,
in the sense that moving from an already established digital computation to an “analog” set-
ting seems like a step backwards in the theory. Although it is possible to process an analog
signal, digital computing is far more robust, the damage caused by gradual accumulation of
small errors can be avoided or fixed using available error-correction codes. This possibility
leads to the question of the feasability of the protection of a quantum state of a system
described by continuous quantum variables. It may seem that our expectations are too
high, since even the problem of protecting classical analogic information happens to present
insuperable difficulties. However, continuous-variable quantum error-correcting codes have
also been studied [35] being highly effective in protecting against sufficiently weak diffusive
phenomena that cause the quadratures to shift, or against losses that cause the amplitude
of the field to decay.

Another feature of continuous variables is that quantum resources such as entanglement
arise in an unconditional fashion, which means that, instead of a probabilistic (conditional)
dependence of a result in a discrete-variable setting, continuous variables give back some
determinism in the information processing. The price, as we saw at the end of the previous
chapter for example, is that the quality of entanglement decreases and depends on the amount
of squeezing applied.

This chapter then presents the basics of continuous-variable quantum information pro-
cessing and discusses how encoding can be implemented in the continuous-variable setting,

57
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first laying particular emphasis on how to construct a universal quantum computer and its
implications (state preparation, Hamiltonian construction and detection) [36]. An important
result is the extension of Gottesman-Knill theorem to the continuous-variable domain [37].
Next we focus on the implementation of a quantum algorithm with continuous variables, the
Deutsch-Jozsa algorithm [38].

The idea of studying quantum algorithms (generally designed for qubits) in a continuous-
variable setting is at the same time challenging and of vital importance for quantum infor-
mation theory. This generalisation may bring into light new algorithms with a more natural
formulation using continuous variables.

4.1 Universal quantum computation

A universal model for quantum computation, following DiVincenzo’s five criteria [10], re-
quires the preparation of qubits in a computational basis (a continuous-variable basis in our
case); then the ability to build a restricted set of fault-tolerant quantum gates, that can
be easily implemented using linear optical operations, squeezing, homodyne detection, and
photon counting; and finally a measurement stage that allows detection and feedforward in
the chosen computational basis.

First, let us review the construction of a quantum computer over continuous variables
in a little more detail by choosing an adequate universal set of gates and their physical
implementation in optics [36]. In the second part of the analysis, we present the extension
of Gottesman-Knill theorem to continuous variables [37], to determine which tasks of a
continuous-variable computer could be efficiently simulated by a classical computer. In this
chapter, we consider 𝑞-quadrature states (∣𝑞⟩) as the computational basis, because they
simplify the analysis. However, these states do not represent a physical entity (as noted in
section 3.1), in fact they represent infinitely-squeezed states, hence requiring a translation
of our computational basis states into finitely-squeezed states.

4.1.1 Universal set of gates

Back in chapter 1, we defined a universal quantum computer over discrete variables (qubits)
as a set of instructions performed on this set of variables to achieve some desired output.
These instructions are local operations that, as a whole, perform a unitary transformation on
the qubits that carry the information. In section 2.2.1, we developed a method to implement
any unitary transformation by the repeated application of local operations to any desired
degree of accuracy. In the case of continuous variables, however, this decomposition is not
possible with a finite number of resources because we are dealing now with an infinite number
of quantum variables.
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Nevertheless, we can redefine quantum computation over continuous variables by limiting
the possible unitary transformations to a special sublclass of them, hence discretising some-
how the setting. The new set is thus comprised of those transformations that correspond to
polynomial Hamiltonians of the canonical operators of the continuous variables. Our first
task is then to find a set of universal continuous quantum gates such that, after a finite
application of them, we get any transformation of the original set to any desired degree of
accuracy. Choosing this special subset of operations limits also the power of quantum com-
putation with continuous variables, we will see that such computer is able to perform the
same tasks as a discrete quantum computer (no more, no less), but the important thing is
that some of them may be performed more efficiently than in the discrete setting.

Now, let us construct, first of all, any Hamiltonian that is a polynomial of the canonical
operators corresponding to some continuous variable, 𝑞 and its conjugate 𝑝. In section 3.1
we saw that these operators satisfy the commutation relation [𝑞, 𝑝] = 𝑖/2.

Let us give a brief explanation on how time evolution works (in the Heisenberg picture)
when we repeatedly apply some set of Hamiltonians for short periods of time [39]. Remember
that the evolution of an operator, in the Heisenberg picture, is given by 𝑑𝐴/𝑑𝑡 = 2𝑖[�̂�, 𝐴],

that is 𝐴(𝑡) = 𝑒2𝑖�̂�𝑡𝐴(0)𝑒−2𝑖�̂�𝑡. If we now apply the sequence of Hamiltonians �̂�1, �̂�2, −�̂�1

and −�̂�2, each for time 𝛿𝑡, we get

𝑒2𝑖�̂�1𝛿𝑡𝑒2𝑖�̂�2𝛿𝑡𝑒−2𝑖�̂�1𝛿𝑡𝑒−2𝑖�̂�2𝛿𝑡 = 𝑒4(�̂�1�̂�2−�̂�2�̂�1)𝛿𝑡2 + 𝑂(𝛿𝑡3), (4.1)

which tells us that the action of this sequence for times that are short enough is the same
as if we applied the Hamiltonian 2𝑖[�̂�1, �̂�2] for time 𝛿𝑡2. In general, if we can apply a set of
Hamiltionians {±�̂�𝑖}, we are enabled to build up another set of Hamiltonians of the form
{±2𝑖[�̂�𝑖, �̂�𝑗],±4[�̂�𝑖, [�̂�𝑗, �̂�𝑘]], . . .}, and linear combinations of them.

Getting back to our canonical operators, we may apply ±𝑞 and ±𝑝 as Hamiltonians
(together with the identity 𝐼). The action of 𝑞 on the quadratures (using the Heisenberg
picture) leaves the associated variable unchanged 𝑞 → 𝑞 and its conjugate shifted by a
constant 𝑝 → 𝑝 − 𝑡. Similarly for 𝑝, we have 𝑞 → 𝑞 + 𝑡, and 𝑝 → 𝑝. Clearly, the only
construction allowed by the commutation relation [𝑞, 𝑝] = 𝑖/2 is a linear combination of ±𝑞
and ±𝑝, that is a Hamiltonian of the form 𝐴𝑞 +𝐵𝑝+𝐶𝐼. This set of Hamiltonians generate
our first couple of continuous gates: the Pauli operators for one mode

𝒳 (𝑞) ≡ 𝑒−2𝑖𝑞𝑝, 𝒵(𝑝) ≡ 𝑒2𝑖𝑝𝑞, (4.2)

whose action is to displace linearly the quadrature amplitudes of the electromagnetic field.
The 𝒳 (𝑞) emulates the NOT gate of discrete computation, but instead of displacing the
value of the bit (0 → 1, 1 → 0), it displaces the quadrature in the computational basis state

𝒳 (𝑞) : ∣𝑞0⟩ −→ ∣𝑞0 + 𝑞⟩ . (4.3)
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The 𝒵(𝑞) performs a momentum boost, which would be analogous to the Z gate (0 → 0,
1 → −1) in the case of 𝑘 = 0 and 𝑝𝑘 = 𝜋/2, respectively

𝒵(𝑝) : ∣𝑞0⟩ −→ 𝑒2𝑖𝑝𝑞0 ∣𝑞0⟩ . (4.4)

For more complicated Hamiltonians (i.e. higher order polynomials of 𝑞 and 𝑝), we also
need more complicated operations. Let us add a quadratic Hamiltonian of the form �̂� =
(𝑞2 +𝑝2)/2 to our set of operators. After a time 𝑡, this Hamiltonian changes the quadratures
as 𝑞 → cos 𝑡 𝑞− sin 𝑡 𝑝 and 𝑝→ cos 𝑡 𝑝+ sin 𝑡 𝑞. To see which device (recall 2.1.1) can produce
this transformation, let us rewrite �̂� in terms of the creation and annihilation operators of
the field

�̂� =
1

2

[(
�̂� + �̂�†

2

)2

+

(
�̂�− �̂�†

2𝑖

)2
]

=
1

2

(
�̂�†�̂� +

1

2

)
=

1

2

(
�̂� +

1

2

)
, (4.5)

clearly, this produces a phase shift in the field quadratures (recall the Hamiltonian of the
phase shifter (2.23)). The unitary operator that performs this operation is then ℋ(𝑡) = 𝑒𝑖�̂�𝑡

(here we neglect the global phase).
A special case of this operation arises when the phase shift added is 𝑡 = 𝜋/2, that is

ℱ ≡ exp
[
𝑖
𝜋

2
(𝑞2 + 𝑝2)

]
(4.6)

in which case the quadratures exchange as 𝑞 → −𝑝 and 𝑝→ 𝑞. In terms of the computational
states, it acts as

ℱ : ∣𝑞0⟩ −→ 1√
𝜋

∫
𝑒+2𝑖𝑞0𝑞 ∣𝑞⟩d𝑞, (4.7)

this transformation is equivalent to (3.7), the Fourier transform for the 𝑞-quadrature states.
That is why this operation is called the Fourier gate, producing an infinite superposition of
computational states, which makes it the continuous-variable analog of the Hadamard gate.

Figure 4.1: Circuit symbol for the Fourier gate and its implementation with a phase shifter (𝜑 = 𝜋/2).

After adding ±�̂� to our set of operators, we are now allowed to construct Hamiltonians
that are linear combinations of �̂�, 𝑞 and 𝑝, or explicitly 𝐴�̂� +𝐵𝑞 +𝐶𝑝+𝐷𝐼, and no more,
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due to the simple commutation relations between them, which do not increase the order in
the quadrature operators.

Now we introduce another quadratic Hamiltonian 𝑆 = (𝑞𝑝 + 𝑝𝑞)/2, whose effect on the
quadratures is 𝑞 → 𝑒𝑡𝑞 and 𝑝 → 𝑒−𝑡𝑝, which is the same effect a linear squeezer has on the
electromagnetic field

𝑆 =
1

2

[(
�̂� + �̂�†

2

)(
�̂�− �̂�†

2𝑖

)
+

(
�̂�− �̂�†

2𝑖

)(
�̂� + �̂�†

2

)]

=
1

4𝑖

(
�̂�2 − �̂�†2

)
. (4.8)

The corresponding unitary transformation is given by 𝒮(𝑡) = exp
(
1
2
(�̂�2 − �̂�†2)𝑡

)
, where

the time 𝑡 modulates the amount of squeezing 𝑟 (compare this with the squeezing operator
(3.16)). Adding the Hamiltonians ±𝑆 to the set {±�̂�,±𝑞,±𝑝}, we generate any Hamiltonian
that is quadratic in 𝑞 and 𝑝 by commutation, but no higher order operations.

Figure 4.2: Circuit symbol for the continuous phase gate 𝒫(𝜂) and its implementation with two phase
shifters and a squeezer.

Another special transformation that arises with the inclusion of the squeezing operation
is the continuous analog to the phase gate S (1.15)

𝒫(𝜂) ≡ exp
(
𝑖𝜂𝑞2

)
, (4.9)

where 𝜂 is a real constant. Its action on the computational basis states is

𝒫(𝜂) : ∣𝑞0⟩ −→ 𝑒𝑖𝜂𝑞
2
0 ∣𝑞0⟩ (4.10)

Here, the quadratic operator 𝑞2 can be written in terms of elements of our set. Using
[�̂�, 𝑆] = 𝑖(𝑞2 − 𝑝2), together with (4.1) we get

𝒫(𝜂) = 𝑒𝑖𝜂(�̂�− 𝑖
2
[�̂�,𝑆])

= 𝑒𝑖𝜂�̂�𝑒−𝑖𝜂𝑆𝑒𝑖𝜂�̂�

= ℋ(𝜂/2)𝒮(−𝜂/2)ℋ(𝜂/2). (4.11)

This result means that we can construct the phase gate using two phase shifters and a
squeezer, as shown in figure 4.2.
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Finally, we need a Hamiltonian that increase the order of new Hamiltonians by commu-
tation with our set. It happens that such a Hamiltonian produces nonlinear effects in the
quadratures of the electromagnetic field. This nonlinear Hamiltonian could be any Hamil-
tonian of order 3 or higher, but we choose the so-called Kerr Hamiltonian �̂�2 = (𝑞2 + 𝑝2)2

because it is physically feaseable using a nonlinear crystal (a 𝜒3 process in linear optics).
In short, commutation of a 𝑞𝑝-polynomial with the quadrature operators 𝑞 and 𝑝 (order

1) always reduces the order of the polynomial; commutation with �̂� and 𝑆 (order 2) never
increases or decreases the order; and commutation with a polynomial of order 3 or higher,
normally increases the order of the polynomial. Therefore, we can construct any Hermitian
polynomial of any order in 𝑞 and 𝑝 using the repeated action of the set of Hamiltonians 𝑞,
𝑝, �̂�, 𝑆, together with a higher order operation Hamiltonian (e.g. �̂�2).

The set of transformations studied until this point act upon a single continuous vari-
able. How could we construct arbitrary interaction Hamiltonians between many modes of
electromagnetic field over many continuous variables {𝑞, 𝑝}? We take the simplest case of
interaction Hamiltonian between to arbitrary modes to be �̂�𝑖𝑗 = (𝑝𝑖𝑞𝑗−𝑞𝑖𝑝𝑗), which performs
the following action on each variable{

𝑞𝑖 → cos 𝑡 𝑞𝑖 + sin 𝑡 𝑞𝑗,
𝑞𝑗 → cos 𝑡 𝑞𝑗 − sin 𝑡 𝑞𝑖,

(4.12){
𝑝𝑖 → cos 𝑡 𝑝𝑖 + sin 𝑡 𝑝𝑗,
𝑝𝑗 → cos 𝑡 𝑝𝑗 − sin 𝑡 𝑝𝑖.

(4.13)

This is basically a beam splitter with no internal phase shift (𝜙 = 0), as could be noticed
writing �̂�𝑖𝑗 in terms of the field operators

�̂�𝑖𝑗 =

(
�̂�𝑖 − �̂�†𝑖

2𝑖

)(
�̂�𝑗 + �̂�†𝑗

2

)
−
(
�̂�𝑖 + �̂�†𝑖

2

)(
�̂�𝑗 − �̂�†𝑗

2𝑖

)

=
1

2𝑖

(
�̂�𝑖�̂�

†
𝑗 − �̂�†𝑖 �̂�𝑗

)
, (4.14)

whose associated unitary transformation is ℬ𝑖𝑗(𝑡) = exp(�̂�𝑖�̂�
†
𝑗−�̂�†𝑖 �̂�𝑗)𝑡. This is mathematically

equivalent to the beam splitter operator (2.28) when we take time 𝑡 as the transmission
parameter 𝜃 (in radians).

Associated to this interaction Hamiltonian, we have the SUM gate (continuous counter-
part of the CNOT gate)

SUM𝑖𝑗 ≡ exp (−2𝑖𝑞𝑖𝑝𝑗) , (4.15)

and its effect on the continuous-variable state is

SUM𝑖𝑗 : ∣𝑞𝑖, 𝑞𝑗⟩ −→ ∣𝑞𝑖, 𝑞𝑖 + 𝑞𝑗⟩ . (4.16)
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To implement the correct optical circuit for this gate, we proceed as with the phase gate
𝒫(𝜂). Notice that the commutator [�̂�𝑖𝑗, 𝑆𝑖] = −𝑖(𝑝𝑖𝑞𝑗 + 𝑞𝑖𝑝𝑗)/2, together with an interaction
Hamiltonian, produce the desired Hamiltonian 𝑞𝑖𝑝𝑗. The decomposition gives then

SUM𝑖𝑗 = 𝑒𝑖(�̂�𝑖𝑗−2𝑖[�̂�𝑖𝑗 ,𝑆𝑖])

= 𝑒−𝑖�̂�𝑖𝑗𝑒−𝑖𝑆𝑖𝑒2𝑖�̂�𝑖𝑗𝑒𝑖𝑆𝑗

= ℬ𝑖𝑗(𝜃2)𝒮𝑖(𝑟2)ℬ𝑖𝑗(𝜃1)𝒮𝑗(𝑟1). (4.17)

The corresponding optical array is shown in figure 4.3 (the angular parameters of the beam
splitters are given also in the figure’s caption, in degrees). Noticing the similarities between
the optical decomposition of the SUM gate (4.17) and the action of a beam splitter on a pair
of squeezed states in section 3.2.1, we can assert that the states produced by the action of
this gate present quantum correlations that depend on the quality of squeezing applied.

Figure 4.3: Circuit symbol for the SUM gate and its implementation with squeezers and beam splitters
(𝜃1 = 57.30

∘ and 𝜃2 = −28.65∘).

It is now easy to see that we can construct arbitrary Hermitain polynomials in many vari-
ables {𝑞𝑖, 𝑝𝑖} using the commutation trick between our interaction Hamiltonian and Hamilto-
nians that are polynomials of any order in just one of the modes (as we have already proved
that we can build up those). In conclusion, the key point is that we can construct any
Hamiltonian operator that is a polynomial (of desired degree) in the continuous variables of
a system, by just using simple linear operations on one or two modes of electromagnetic field
(i.e. 𝑞𝑖, 𝑝𝑖, �̂�𝑖, 𝑆𝑖, �̂�𝑖𝑗), together with any nonlinear operation. In terms of optical devices, we
require quadrature translators, phase shifters, linear squeezers, and beam splitters, combined
with some nonlinear operator like a Kerr nonlinearity, for universal quantum computation to
be possible. This presents an advantage over discrete variables where we needed nonlinear
couplings between qubits for universal quantum computation, whereas now we only need
single-variable nonlinearities and a linear coupling to obtain the same effects (see section 3.2
for an explicit example).

In practice, the ideal computational basis used in our calculations must be translated to
a basis of highly squeezed states (3.21) that approximate the quadrature states in the limit
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of infinite squeezing

∣𝑟⟩ = 𝒮(𝑟) ∣0⟩

=

(
2

𝜋

)1/4

𝑒𝑟/2
∫

d𝑞 exp
(−𝑒2𝑟𝑞2) ∣𝑞⟩ , (4.18)

and for arbitrary number of qunats, the basis state becomes

∣𝑟1, 𝑟2, . . . , 𝑟𝑛⟩ ≡ 𝒮1(𝑟1)⊗ 𝒮2(𝑟2)⊗ ⋅ ⋅ ⋅ ⊗ 𝒮𝑛(𝑟𝑛) ∣0, 0, . . . , 0⟩ . (4.19)

The high levels of squeezing required, however, are very difficult to achieve. The creation
of these states requires linear squeezers whose efficiencies are far under the desired threshold.
On the other hand, the optimal manipulation of the qunats depend on the nonlinearities we
can apply and the robust, fault-tolerant setting we possess. As said before, the single-
mode nonlinearities needed could be performed using Kerr nonlinearities, nonetheless, these
nonlinearities are not strong enough to get the wanted effects. Some measurement-based
hidden nonlinearities may be used, like the cubic phase gate proposed by Gottesman, Kitaev
and Preskill [40, 41], which arises from an analogy with the hidden nonlinearities used in KLM
protocol. Additionally, continuous variables are very susceptible to noise and losses, even
more than discrete variables, however quantum error correction codes exist for continuous
variables and can be efficiently implemented in practice; actually, these routines are somehow
easier to enact than some discrete error correction codes [35].

Despite the problems in the creation and manipulation of qunats, a model of continuous-
variable quantum computation is feasible with the aid of quantum error correction routines,
which allow for arbitrarily long quantum computations to be carried out even in the presence
of noise.

4.1.2 Gottesman-Knill theorem revisited

Studying the basics of quantum computation with discrete variables, we discussed a way to
analyse a given quantum algorithm in terms of its classical computational complexity. The
Gottesman-Knill theorem (section 1.2.3) gives us the conditions for which certain process can
be efficiently simulated by a classical computer. In this section, we give an extension of the
theorem for continuous variables [37], laying emphasis in the conditions for state preparation,
operations allowed, and measurement capabilities in a given continuous-variable algorithm,
such that a classical simulation can be performed.

Using the stabilizer formalism of section 1.2.3, first we define analogs of the Pauli and
Clifford groups and their generators. Following the evolution of the generators of the Pauli
group for a given process, we will assert if it can be classically simulated or not. The
Pauli group for continuous variables 𝒢𝑛 (𝑛 modes) consists of the phase space displacements
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operators of the modes. The Hamiltonians (algebra) of the group are generated by the 2𝑛
canonical operators {𝑞𝑖, 𝑝𝑖} for 𝑖 = 1, . . . , 𝑛 and the identity. For example, the algebra for
𝑛 = 1 is spanned by the canonical operators of a single mode ⟨𝐼, 𝑞, 𝑝⟩, which generate the
Pauli operators 𝒳 (𝑞) and 𝒵(𝑝) defined in the last section (4.2)

𝒢1 = ⟨I,𝒳 (𝑞),𝒵(𝑝)⟩ . (4.20)

This set of operators stabilize respectively the 𝑝-quadrature eigenstates (continuous super-
positions of the computational basis states) and the computational basis states (i.e. 𝑞-
quadrature eigenstates). And thus we shall study the evolution of these operators instead of
the evolution of the states they stabilize.

Operation Input Output

SUM𝑖𝑗

𝒳𝑖(𝑞)⊗ I𝑗 𝒳𝑖(𝑞)⊗𝒳𝑗(𝑞)
I𝑖 ⊗𝒳𝑗(𝑞) I𝑖 ⊗𝒳2(𝑞)
𝒵𝑖(𝑝)⊗ I𝑗 𝒵𝑖(𝑝)⊗ I𝑗
I𝑖 ⊗𝒵𝑗(𝑝) 𝒵−1

1 (𝑝)⊗𝒵2(𝑝)

ℱ 𝒳 (𝑞) 𝒵(𝑞)
𝒵(𝑝) 𝒳−1(𝑝)

𝒫(𝜂)
𝒳 (𝑞) 𝑒𝑖𝜂𝑞

2𝒳 (𝑞)𝒵(𝜂𝑞)
𝒵(𝑝) 𝒵(𝑝)

𝒳 (𝑞)
𝒳 (𝑞) 𝒳 (𝑞)
𝒵(𝑝) 𝑒2𝑖𝑞𝑝𝒵(𝑝)

𝒵(𝑝)
𝒳 (𝑞) 𝑒−2𝑖𝑞𝑝𝒳 (𝑞)
𝒵(𝑝) 𝒵(𝑝)

Table 4.1: Evolution of the Pauli operators under the effect of elements of the continuous Clifford group.

In the general case, we can build up the set of operators that generate the Pauli group
𝒢𝑛 based on the single-mode Pauli operators

𝒢𝑛 = ⟨I,𝒳𝑖(𝑞𝑖),𝒵𝑖(𝑝𝑖)⟩ , for 𝑖 = 1, . . . , 𝑛. (4.21)

As shown in last section, with these operators alone it is not possible to construct arbitrary
unitary transformations. The best we can hope for is the construction of operators generated
by Hamiltonians linear in the canonical operators. As we are interested in transformations
that can be efficiently simulated in a classical computer, we need to study transformations
belonging to the Clifford group (i.e. transformations that leave the generators of the Pauli
group invariant), as we already studied in the discrete case.
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In the continuous case, the Clifford group 𝒩 (𝒢𝑛) consists of all phase space translations,
and all single-mode and two-mode squeezing transformations. That is, the Clifford group is
generated by inhomogeneous quadratic Hamiltonians polynomials in the canonical operators.
In the last section, we showed that any quadratic polynomial in the canonical operators can
be generated by commutation with just a few set of Hamiltonians: the �̂� Hamiltonian that
generates the Fourier gate ℱ , the squeezing Hamiltonian 𝑆 that generates the continuous
phase gate 𝒫(𝜂), and the interaction Hamiltonian �̂�𝑖𝑗 that generates the two-mode squeezing
SUM gate. The continuous Clifford group is therefore generated by [37, 40]

𝒩 (𝒢𝑛) = ⟨𝒳𝑖(𝑞𝑖),ℱ𝑖,𝒫𝑖(𝜂𝑖), SUM𝑖𝑗⟩ . (4.22)

Notice that the Pauli group is a subgroup of the Clifford group, moreover, it is a normal
subgroup of 𝒩 (𝒢𝑛). The evolution of the elements of the Pauli group under the action of the
gates that generate the Clifford group is summarized in table 4.1.

Until this point we considered infinitely squeezed states as our computational basis to
simplify the analysis. However, in practice we use squeezed states of the form (4.19). The
squeezing operators belong to the Clifford group so they can be simulated classically, and
the vacuum states are stabilized by transformations spanned by Hamiltonians of the form
{𝑞𝑖 + 𝑖𝑝𝑖} for 𝑖 = 1, . . . , 𝑛. Measurements in this computational basis may be simulated
by taking each 𝑞𝑖 and 𝑝𝑖 as random numbers given in a Gaussian distribution with widths
described by the vacuum state. We can also model losses in the detection stage by adding a
linear loss mechanism that can be described by quadratic Hamiltonians of the Clifford group.
Having discussed all these conditions required for a simulation in a classical computer, now
we can put them all together in the continuous-variable version of the Gottesman-Knill
theorem given in [37]:

Theorem 2. Any continuous-variable quantum information process that initiates with Gaus-
sian states and performs only linear phase space displacements (given by the Pauli group),
squeezing transformations on a single mode, SUM gates, or any other Clifford group oper-
ation, together with measurements in the eigenstate basis of the quadratures (measurement
of Pauli group operators) with finite losses, can be efficiently simulated using a classical
computer.

Note that the operations of the Clifford group transform Gaussian states into Gaussian
states, and hence they preserve the Pauli group. Some processes to produce entanglement
(e.g. using a Fourier gate along with a SUM gate), though quantum in nature, do not give
any speedup over a classical simulation. Many algorithms such as quantum teleportation,
quantum cryptography and error correction codes satisfy the conditions of the theorem [30],
thus they can be efficiently simulated in a classical computer. Any non-Gaussian transfor-
mation, on the other hand, does not preserve the Pauli group, so it cannot be described
using the stabilizer formalism. Such transformations are necessary for universal quantum
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computation as stated in section 4.1.1, and hence any algorithm that includes a process de-
scribed by a cubic or higher order Hamiltonian polynomial in the canonical operators, does
not satisfy the conditions of the theorem and may in principle provide a significant speedup
over the corresponding classical simulation.

4.2 Continuous Deutsch-Jozsa algorithm

Implementing a superposition for a large number of qubits in a discrete setting, although
possible, seems non-practical. This represents an important drawback for the implementation
of many quantum algorithms that highly depend on such operation. The Deutsch-Jozsa
algorithm is one of them and in the present section we show an alternative to apply the
algorithm using qunats. In this case, the advantage of using a continuous setting comes
from the low computational resources needed to implement a continuous superposition; as
presented in section 4.1.1, such thing is easily achieved through a Fourier gate on the incident
qunat state.

In the continuous Deutsch-Jozsa algorithm [38], the game played by Alice and Bob
changes slightly1: instead of choosing a number in a discrete set, Alice will choose a random
real number 𝑞 between −∞ and +∞ (or between −𝐿 and +𝐿 in practice), and then, Bob
evaluates the function 𝑓(𝑞) with possible outcomes 0 and 1, either constant or balanced.
Notice that this scenario implies that classically, Alice could only discover the nature of the
function with total certainty if she asks Bob an infinite number of times! Let us show that a
quantum algorithm requires just one evaluation of 𝑓 to determine if the function is constant
or balanced.

The implementation of the algorithm now requires just one qunat to store Alices’s query
and another qunat to store the result of Bob’s evaluation. Additionally, as explained above,
the Hadamard gates are replaced by their continuous counterpart, the Fourier gate (see
figure 4.4). For simplicity, we shall use infinitely-squeezed states in both the query and
answer registers.

The new set of instructions consist of a state preparation stage, the application of the
Fourier gates to produce superposition, the implementation of the oracle, and the final
measurement stage. We still consider infinitely squeezed states as computational basis.

1. The initial state is then
∣𝑞0⟩ ∣𝜋/2⟩ . (4.23)

2. Now, Alice and Bob apply both Fourier transforms ℱ on each register, creating the
continuous superposition

−→ 1

𝜋

∫
d𝑞 d𝑞′𝑒2𝑖𝑞0𝑞+𝑖𝜋𝑞

′ ∣𝑞⟩ ∣𝑞′⟩ (4.24)

1See section 1.3.2 for the discrete implementation of the algorithm.
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Figure 4.4: Quantum circuit for the continuous Deutsch-Jozsa algorithm.

3. The oracle performs the non-demolition operation ∣𝑞1⟩ ∣𝑞2⟩ → ∣𝑞1⟩ ∣𝑞2 + 𝑓(𝑞1)⟩ between
two qunats, where the information about 𝑓 is stored in the second variable. Hence

−→ 1

𝜋

∫
d𝑞 d𝑞′𝑒2𝑖𝑞0𝑞+𝑖𝜋𝑞

′ ∣𝑞⟩ ∣𝑞′ + 𝑓(𝑞)⟩

=
1

𝜋

∫
d𝑞 d𝑞′𝑒2𝑖𝑞0𝑞−𝑖𝜋𝑓(𝑞)𝑒𝑖𝜋𝑞

′ ∣𝑞⟩ ∣𝑞′⟩

=
1√
𝜋

∫
d𝑞 𝑒2𝑖𝑞0𝑞 (−1)𝑓(𝑞) ∣𝑞⟩ ℱ ∣𝜋/2⟩ , (4.25)

where the second line is calculated using a change of variables.

4. At this point, Bob’s register has done its work and remains unchanged until the end of
the computation. We apply a last Fourier gate in Alice’s register before the measure-
ment stage

−→ ∣𝑄⟩ =
1

𝜋

∫
d𝑞 d𝑞′𝑒2𝑖𝑞(𝑞0−𝑞

′)(−1)𝑓(𝑞) ∣𝑞′⟩ ℱ ∣𝜋/2⟩ . (4.26)

5. Finally, Alice makes a projective measurement in her qunat. She projects it onto the
initial state ∣𝑞0⟩, using the operator

Π̂Δ𝑞0 ≡
∫ 𝑞0+Δ𝑞0/2

𝑞0−Δ𝑞0/2
d𝑘 ∣𝑘⟩ ⟨𝑘∣ , (4.27)

which takes into account an imperfect measurement process by allowing certain spread
Δ𝑞0. The state ∣𝑄⟩ becomes then

Π̂Δ𝑞0 ∣𝑄⟩ =
1

𝜋

∫ 𝑞0+Δ𝑞0/2

𝑞0−Δ𝑞0/2
d𝑘

∫
d𝑞 𝑒2𝑖𝑞(𝑞0−𝑘)(−1)𝑓(𝑞) ∣𝑘⟩ ℱ ∣𝜋/2⟩ . (4.28)
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6. Let us first suppose the function is constant. In that case, (−1)𝑓(𝑞) = ±1 necessarily,
so the projection in (4.28) can be simplified even more

Π̂Δ𝑞0 ∣𝑄⟩ = ± 1

𝜋

∫ 𝑞0+Δ𝑞0/2

𝑞0−Δ𝑞0/2
d𝑘

{∫
d𝑞 𝑒2𝑖𝑞(𝑞0−𝑘)

}
∣𝑘⟩ ℱ ∣𝜋/2⟩

= ± ∣𝑞0⟩ ℱ ∣𝜋/2⟩ , (4.29)

where the integral in 𝑞 is just the Dirac delta 𝛿(𝑞0− 𝑘). So if the function is constant,
Alice measures with a hundred percent certainty the quadrature state ∣𝑞0⟩. In the other
case, when the function is balanced, the output quadrature would have any value but
𝑞0, yielding a zero measurement.

Remember that we have done this analysis in an idealised setting, where the compu-
tational qunats are unphysical, infinitely squeezed states. In practice, the preparation of
computational squeezed states and finite precision in measurement pose severe problems for
the experimental implementation of this scheme. Additionally, this model does not address
the question of the implementation of the oracle, but suggests that using some kind of hy-
brid setting (i.e. one that combines discrete and continuous states), one may improve the
algorithm [38].

4.3 Hybrid Deutsch-Jozsa algorithm

We have devoted the last two chapters to study continuous variables and their applications
in quantum information processing and quantum computation. The unconditional nature
in which entanglement with continuous variables can be obtained, together with the need
of just single-mode nonlinearities for universal quantum computation, are two of the most
prominent reasons to adopt this setting over a discrete-variable one. However, we can take
advantage of both schemes and construct a universal set of hybrid quantum gates, i.e. a set
of transformations that act on both qubits and qunats. After all, it is likely that a future
quantum computer uses not only a great variety of qubits, but also several implementations
of continuous-variable states.

Now we present a hybrid implementation of the Deutsch-Jozsa algorithm inspired by the
proposals of hybrid computation by S. Lloyd [42] and P. van Loock et. al. [43]. In the hybrid
computer proposed in Ref. [42], necessary and sufficient conditions are given to build up a
universal set of gates operating in both a qubit and a continuous-variable state. Actually,
the construction of such set is completed with just one interaction gate between both states,
because universality is achieved by the repeated application of such interaction gate and
the single-mode gates of each setting. The idea of the Deutsch-Jozsa algorithm in a hybrid
setting is then based on two observations about both the discrete and continuous algorithms
available. First of all, the Fourier transform in continuous variables is a single-step operation,
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which made us want to keep a qunat state to easily produce the continuous superposition by
means of a Fourier gate. On the other hand, any implementation of the oracle is non-trivial
in both schemes, and thus we sensed that a hybrid scheme would solve the problem.

In our model, we use an optical continuous-state state to store Alice’s query and an
optical qubit to store the result of Bob’s evaluation. The quantum circuit is given in figure
4.5. The crucial point of this hybrid model is that we suggest an explicit optical circuit for
the action of the oracle on the states carrying the information. Once more we consider an
infinitely squeezed state as the computational qunat, but this restriction will be dropped
later.

Figure 4.5: Quantum circuit for the hybrid Deutsch-Jozsa algorithm.

Compared to the implementation in the continuous setting of section 4.2, Alice and Bob
follow almost the same set of instructions in the hybrid case. The difference resides in how
the qunat of Alice and the qubit of Bob interact with each other in the oracle. The hybrid
non-demolition operation required now is given by

∣𝑞⟩ ∣𝑥⟩𝑏 −→ ∣𝑞⟩ ∣𝑥⊕ 𝑓(𝑞)⟩𝑏 , (4.30)

where ∣𝑞⟩ is an infinitely squeezed state (Alice’s register), and ∣𝑥⟩𝑏 is Bob’s optical qubit,
which we choose to be a dual-rail qubit as the ones used in chapter 2. Let us leave the oracle
problem for later and now let us give the new instructions of the algorithm based on those
for the continuous case, i.e. steps (4.23–4.29).

1. The initial state in Alice’s register is a qunat with quadrature 𝑞0, and for Bob we create
a dual-rail qubit ∣1⟩𝑏.

∣𝑞0⟩ ∣1⟩𝑏 = ∣𝑞0⟩ ∣1, 0⟩ . (4.31)

2. Then Alice creates the continuous superposition via the Fourier gate, that is a phase
shifter with angle 𝜋/2, while Bob applies a Hadamard gate using a 50 : 50 beam splitter

−→ 1√
𝜋

∫
d𝑞𝑒2𝑖𝑞0𝑞 ∣𝑞⟩ 1√

2
(∣0⟩𝑏 − ∣1⟩𝑏) (4.32)
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3. Once both registers enter the oracle, it performs the hybrid operation given in (4.30),
where the information of the function is stored in Bob’s qubit

−→ 1√
𝜋

∫
d𝑞𝑒2𝑖𝑞0𝑞 ∣𝑞⟩ 1√

2
(∣0⊕ 𝑓(𝑞)⟩𝑏 − ∣1⊕ 𝑓(𝑞)⟩𝑏). (4.33)

Here we can simplify this expression by considering both possible outcomes of 𝑓(𝑞).
If it is 0, Bob’s register remains unchanged, and if it is 1, the (unnormalized) qubit
(∣0⊕ 1⟩𝑏 − ∣1⊕ 1⟩𝑏) goes to −(∣0⟩𝑏 − ∣1⟩𝑏). The total state then becomes

−→ 1√
𝜋

∫
d𝑞𝑒2𝑖𝑞0𝑞(−1)𝑓(𝑞) ∣𝑞⟩ 1√

2
(∣0⟩𝑏 − ∣1⟩𝑏). (4.34)

4. Once again, Bob’s register is not used from this point on. Before measuring, we perform
another continuous superposition on Alice’s qunat, i.e. another 𝜋/2 phase shift

−→ 1

𝜋

∫
d𝑞 d𝑞′𝑒2𝑖𝑞(𝑞0−𝑞

′)(−1)𝑓(𝑞) ∣𝑞′⟩H ∣1⟩𝑏 . (4.35)

5. The measurement process is the same that in the continuous case, and thus we can
follow steps (4.27–4.29) for this part. Again, if the function is constant, Alice measures
her initial state ∣𝑞0⟩ with total certainty. On the other hand, she measures zero if the
function is balanced.

4.3.1 The Oracle

As remarked before, the crucial step of the algorithm occurs in the oracle, where the registers
interact with each other. We take equation (4.30) and make a crucial observation. As 𝑓(𝑞)
can be only 0 or 1, this operation looks very much like a CNOT gate in the discrete setting.
Let us use this intuition to contstruct the oracle with linear optical devices, photon sources
and photo-detection. Figure 4.6 shows the optical circuit of the algorithm (and the oracle).

After the superposition stage, the oracle evaluates the function a single time in the
superposition state created by Alice. The result (0 or 1) is used to create another dual-rail
control qubit, which is conditioned by the feedforward information given by the oracle:

1. If 𝑓(𝑞) = 0, we create a state ∣0⟩𝑐 = ∣0, 1⟩, that is, the photon source of the top rail
does not produce anything, and the source of the bottom creates a single photon,

2. or if 𝑓(𝑞) = 1, we produce a single photon in the upper arm and no photons in the
other, obtaining the qubit ∣1⟩𝑐 = ∣1, 0⟩.
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This method allows the qunat state to pass the oracle unchanged, the only operation
made on it transmitted clasically to the ancillary control qubit. Therefore, the operation
(4.30) becomes simply a cnot gate between optical qubits

∣𝑥⟩𝑐 ∣𝑦⟩𝑏 −→ ∣𝑥⟩𝑐 ∣𝑦 ⊕ 𝑥⟩𝑏 , (4.36)

with the information about 𝑓 hidden in the value of 𝑥. The optical implementation of a
CNOT gate can be efficiently performed using the KLM protocol of computation together
with error correction codes (as in chapter 2).

Figure 4.6: Optical circuit of the hybrid Deutsch-Jozsa algorithm. The explicit implementation of the
oracle is shown.

Remember that Bob’s register is in the state (∣0⟩𝑏 − ∣1⟩𝑏)/
√

2 before the oracle action.
The CNOT gives us then the desired result: if 𝑓(𝑞) = 0, Bob’s qubit is left unchanged,
whereas if 𝑓(𝑞) = 1, it gains a sign. The net action is then a phase (−1)𝑓(𝑞), as expected.

4.3.2 Effects of Gaussian states in the computation

Instead of using the unphysical, infinitely squeezed states, we replace them for the more
realistic Gaussian states, that represent Gaussian fields such as the vacuum state ∣0⟩ or states
with finite squeezing 𝒮(𝑠)∣0⟩. The latter are produced with nonlinear optical processes such
as optical parametric amplification, which allows us to generate squeezed vacuum states [44].
The wave function of a general Gaussian state is given by the distribution of variance 𝑠2/2

𝐺𝑠(𝑞) = ⟨𝑞 ∣𝑠⟩ = (𝜋𝑠)−1/2𝑒−𝑞
2/𝑠2 , (4.37)

and thus, the vacuum squeezed state ∣𝑠⟩ = 𝒮(𝑠)∣0⟩ can be written as

∣𝑠⟩ =

∫
d𝑞 𝐺𝑠(𝑞) ∣𝑞⟩ . (4.38)
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The parameter 𝑠 is related to the squeezing parameter through 𝑟 = ln(𝑠), and thus we shall
call it also the squeezing parameter from now on.

Now we can follow the steps of the algorithm with these realistic states in Alice’s CV
register.

1. The initial state is then ∣𝑠⟩ ⊗ ∣1⟩𝑏 or(
(𝜋𝑠)−1/2

∫
d𝑞 𝑒−𝑞

2/𝑠2 ∣𝑞⟩
)
⊗ ∣1⟩𝑏 . (4.39)

2. Both the continuous and discrete superpositions are performed in the respective regis-
ter, transforming the state into(

1√
𝜋

∫
d𝑞 𝑒−𝑠

2𝑞2 ∣𝑞⟩
)
⊗ 1√

2
(∣0⟩𝑞 − ∣1⟩𝑞). (4.40)

3. The oracle operates and, as seen in the previous section, the resulting state gains a
phase (−1)𝑓(𝑞) (

1√
𝜋

∫
d𝑞 𝑒−𝑠

2𝑞2(−1)𝑓(𝑞) ∣𝑞⟩
)
⊗H ∣1⟩𝑏 . (4.41)

4. Finally, Alice implements the final Fourier gate in her register (Bob’s register is left
unchanged and thus we drop it), producing the state

∣S⟩ =
1

𝜋

∫
d𝑞 d𝑞′ 𝑒−𝑠

2𝑞2−2𝑖𝑞𝑞′(−1)𝑓(𝑞) ∣𝑞′⟩ , (4.42)

right before the measurement stage.

5. Alice wants to measure her initial state, so she makes a projective measurement with
a little spread Δ𝑠 around 𝑠

Π̂Δ𝑠 ≡
∫ 𝑠+Δ𝑠/2

𝑠−Δ𝑠/2
d𝑡 ∣𝑡⟩ ⟨𝑡∣ , (4.43)

obtaining the state

Π̂Δ𝑠 ∣S⟩ =
1

𝜋

∫ 𝑠+Δ𝑠/2

𝑠−Δ𝑠/2
d𝑡

∫
d𝑞(−1)𝑓(𝑞)𝑒−(𝑠

2+𝑡2)𝑞2 ∣𝑡⟩ . (4.44)
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6. Again, if the function is constant, the term (−1)𝑓(𝑞) becomes ±1, leaving another
Gaussian integral to solve, yielding

= ± 1

𝜋

∫
d𝑞

∫ 𝑠+Δ𝑠/2

𝑠−Δ𝑠/2

d𝑡

𝑡2

(
1 +

𝑠2

𝑡2

)−1/2
𝑒−𝑞

2/𝑡2 ∣𝑞⟩ , (4.45)

after writing ∣𝑡⟩ in terms of the quadrature states ∣𝑞⟩ as in (4.38).

7. The integral in 𝑡 cannot be exactly solved, but as we are interested in states with high
levels of squeezing (𝑠 tending to zero), the term in parenthesis can be approximated
to 1 + 𝑂(𝑠2), the terms of order 2 and higher being too small to be considered. The
integral in 𝑡 is now

Π̂Δ𝑠 ∣S⟩ ≈ ± 1

𝜋

∫
d𝑞

(∫ 𝑠+Δ𝑠/2

𝑠−Δ𝑠/2

d𝑡

𝑡2
𝑒−𝑞

2/𝑡2

)
∣𝑞⟩ , (4.46)

which can be solved in terms of Gauss error functions [45, 46], finally yielding

Π̂Δ𝑠 ∣S⟩ = ± 1√
4𝜋

∫
d𝑞 Γerr(𝑞, 𝑠) ∣𝑞⟩ , (4.47)

in the limit of high squeezing. The error function Γerr(𝑞, 𝑠) is given by

Γerr(𝑞, 𝑠) =
1

𝑞

{
erf

(
𝑞

𝑠−Δ𝑠/2

)
− erf

(
𝑞

𝑠 + Δ𝑠/2

)}
. (4.48)

These Gauss error functions arise naturally, measuring the quality of the Gaussian signal
in terms of the quality of squeezing associated to 𝑠. If the function is constant indeed,
we should measure the initial state with total certainty in the case of infinite squeezing
as in (4.28), but due to the realistic Gaussian states used in practice, the probability of
measuring the initial state is given by ∣ ⟨𝑠∣S⟩ ∣2, that is a probability of 1

2
. This means

that the determinism of the algorithm is lost when using realistic states and the algorithm
becomes probabilistic, when the function is constant we have a 50% chance of getting the
correct measurement at the output, we are no longer certain of the nature of the function
with just one evaluation of the algorithm. However, its exponential speedup over a classical
algorithm can be recovered by implementing an error correction code in the final stage of the
algorithm. This is possible because our knowledge about the nature of the functions (4.48).

What is remarkable of this proposal, is that we take advantage of both settings to perform
the algorithm. We keep the continuous part to implement the Fourier gate, which is much
more efficient than the discrete superposition achieved with consecutive Hadamard gates; but
we also use a discrete register in which it is easier to store the answer given by the oracle,
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using the already efficient KLM protocol for quantum computation with the additional aid
of quantum error correction codes.

In addition, we showed how the performance of the algorithm is somehow diminished by
considering finitely squeezed states in Alice’s qunat. Hence, in a realistic implementation,
apart from measurement errors, we would not have the ideal evolution of the quadrature
states ∣𝑞⟩ either. Apart from the error correction stage described above, the implementation
of an improved measurement stage shall help to reduce the uncertainty in the final answer.

As we have emphasised so many times before, the importance of this particular algorithm
lies in its relative simplicity that enables us to implement it in many settings. The hybrid
proposal that we present also tries to inspire the implementation of algorithms based on the
Fourier transform, and with a nontrivial oracle, in order to find the possible new capabilities
that such algorithms would acquire in contrast with the available implementations. For
example, Shor’s algorithm for integer factorization satisfies both conditions for the optical
hybrid model.



Part III

Conclusions
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Chapter 5

Conclusions

The field of quantum information has typically concerned itself with the manipulation of
discrete systems such as qubits. However, many quantum variables, such as the quadrature
amplitudes of electromagnetic fields, are continuous, leading to the concept of continuous
quantum information. In particular, we can achieve efficient quantum computation using
any of these settings, without much difference in the type of tasks that can be performed.
Nevertheless, the big difference resides in how these tasks are performed in each setting,
some of them being more efficient in one of the systems.

Throughout the document, we gave a coherent and unified review on how to implement
quantum operations for computation both in a discrete, qubit-based setting, through KLM
protocol, and a continuous-variable setting, where we use the quadrature states of the field to
encode the computational information. The review makes use of a well-stablished notation
to present the differences between the two models, giving the advantages (or disadvantages)
of one system over the other, and also giving ideas on how to improve each computational
setting. A very important topic to enhance the performance of a computation using either
setting was left out of the analysis, that is, quantum error correction. We expect that a deeper
study of the subject would lead us to a bunch of new ideas that improve the protocols of
computation reviewed here. In the case of continuous-variable computation, we sense that
new models of error correction are urgently needed, models based on the impossibility of
creating ideal continuous-variable state, and thus that work well for the realistic Gaussian
states that are actually used in a practical implementation.

The hybrid model for the Deutsch-Jozsa algorithm proposed by the end of the analysis,
though a small contribution, poses a new way to overcome some of the problems present
in each setting in which the algorithm has been theoretically developed. The important
feature of the model is that it gives some necessary conditions for any other algorithm based
on the so-called oracle identification problem and belonging to the type of algorithms that
implement a version of the hidden subgroup problem, for example, Shor’s algorithm for
factoring and discrete logarithm (as well as several of its extensions), which is important
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because it can, using a quantum computer, be used to break the widely used public-key
cryptography scheme known as RSA. RSA is based on the assumption that factoring large
numbers is computationally infeasible.

Apart from that, using a hybrid setting requires necessarily a continuous-variable reg-
ister, one that uses Gaussian states to carry the needed information. This is of course a
disadvantage, because the ideal unitary evolution of the unphysical quadrature states is lost
once you consider realistic states within the model. The good thing is that we posess knowl-
edge about the nature of the errors produced by the Gaussian states in the computation,
which can be avoided by performing the right error correction routine at the end of the
computation. On the other hand, different hybrid models have been proposed that do not
rely so much in the quality of the Gaussian computational states. Instead of producing an
interaction between continuous and discrete registers, they use the continuous register to
produce a desired interaction between two computational qubits. This model, for example,
considers an optical continuous register as we did in our model, whereas the discrete part is
implemented using two-level atoms inside cavities, combining two types of physical systems
in the implementation of a quantum computational process. This lets us conclude that a
feasible, scalable quantum computer would require as many different physical implementa-
tions as possible, taking advantage of each of the settings in order to perform the desired,
robust and fault-tolerant operation.



Appendix A

The Wigner Formalism

A classical particle has a definite position and momentum, and hence it is represented by a
point in phase space. Given a collection (ensemble) of particles, the probability of finding a
particle at a certain position in phase space is specified by a probability distribution, the Li-
ouville density. This strict interpretation fails for a quantum particle, due to the uncertainty
principle. Instead, the quasi-probability distributions play an analogous role, but does not
satisfy all the properties of a conventional probability distribution; and, conversely, satisfies
boundedness properties unavailable to classical distributions [47]. These distributions, that
depend directly on the form of the density matrix of some quantum state, are real valued
functions that may be represented as a 3D plot, in opposition to density matrices usually
difficult to visualise. They also enable quantum-mechanical averages to be calculated in ways
analogous to the averages in phase space of classical theory. On the other hand, the form of
some of these distributions permits us to infer easily nonclassical properties of a given field,
a feature that is not usually achievable by a simple inspection of the form of the density
matrix.

In our analysis of continuous-variable fields, it is illuminating if we study them utilising
a certain type of quasi-probability distribution called Wigner function 𝑊 (𝑞, 𝑝), which is
defined as

𝑊 (𝑞, 𝑝) =
2

𝜋

∫ ∞

−∞
⟨𝑞 − 𝑘∣ 𝜌 ∣𝑞 + 𝑘⟩ 𝑒4𝑖𝑝𝑘d𝑘 (A.1)

=
2

𝜋

∫ ∞

−∞
𝜓∗(𝑞 + 𝑘) 𝜓(𝑞 − 𝑘) 𝑒4𝑖𝑝𝑘d𝑘, (A.2)

where the definition of the second line applies only for pure states. Some properties of such
a function, that may prove useful, are [28, 47, 48]:

1. 𝑊 (𝑞, 𝑝) is a real valued function.
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2. The quadratures’ probability distributions are given by the marginals1:∫ ∞

−∞
𝑊 (𝑞, 𝑝) d𝑝 = ⟨𝑞∣ 𝜌 ∣𝑞⟩ = ∣𝜓(𝑞)∣2 , (A.3)∫ ∞

−∞
𝑊 (𝑞, 𝑝) d𝑞 = ⟨𝑝∣ 𝜌 ∣𝑝⟩ = ∣𝜙(𝑝)∣2 (A.4)∫ ∞

−∞

∫ ∞

−∞
𝑊 (𝑞, 𝑝) d𝑞 d𝑝 = Tr (𝜌) , (A.5)

this trace being usually equal to one (at least for physical systems).

3. First two properties imply that 𝑊 (𝑞, 𝑝) may be negative somewhere.

4. 𝑊 (𝑞, 𝑝) is Galilei-covariant:

If 𝜓(𝑞) → 𝜓(𝑞 + 𝑘) ⇒ 𝑊 (𝑞, 𝑝) → 𝑊 (𝑞 + 𝑘, 𝑝). (A.6)

5. State overlap is calculated as

∣⟨𝜓∣𝜙⟩∣2 = 𝜋

∫ ∞

−∞

∫ ∞

−∞
𝑊𝜓(𝑞, 𝑝)𝑊𝜙(𝑞, 𝑝) d𝑞 d𝑝. (A.7)

6. Operator expectation values (averages) are calculated as phase-space averages of the
respective Wigner transforms:

𝑔(𝑞, 𝑝) ≡
∫ ∞

−∞
⟨𝑞 − 𝑘/2∣ �̂� ∣𝑞 + 𝑘/2⟩ 𝑒2𝑖𝑝𝑘 d𝑘,

⟨𝜓∣ �̂� ∣𝜓⟩ = Tr(𝜌 �̂�) =

∫ ∞

−∞

∫ ∞

−∞
𝑊 (𝑞, 𝑝) 𝑔(𝑞, 𝑝) d𝑞 d𝑝. (A.8)

7. By virtue of the Cauchy-Schwarz inequality, for a pure state, it is constrained to be
bounded,

− 2

𝜋
≤ 𝑊 (𝑞, 𝑝) ≤ 2

𝜋
. (A.9)

Keeping this in mind, let us calculate the Wigner quasi-probability functions for the states
studied in the previous section and using these results we shall plot them to qualitatively
compare them.

1If 𝜌 is the density matrix of a pure state, the second equalities hold.
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A.1 Vacuum quantum state

Using vacuum wave function (3.9) in equation (A.2), the corresponding Wigner function of
vacuum is given by the integral

𝑊0(𝑞, 𝑝) =

(
2

𝜋

)3/2 ∫ ∞

−∞
exp

[−(𝑞 − 𝑘)2 − (𝑞 + 𝑘)2
]
𝑒4𝑖𝑝𝑘d𝑘,

with solution

𝑊0(𝑞, 𝑝) =
2

𝜋
exp

[−2(𝑞2 + 𝑝2)
]
, (A.10)

which is a Gaussian function centered at origin with width 1/2 in both quadrature directions
(vacuum noise).

Figure A.1: (a) Wigner function for vacuum state 𝑊0(𝑞, 𝑝) and (b) its contour.

A.2 Coherent states

Now, we use (3.15), the coherent wave function to calculate its Wigner function

𝑊𝛼 =

(
2

𝜋

)3/2 ∫ ∞

−∞
exp

[−(𝑞 − 𝑘 − 𝑞𝛼)2 − (𝑞 + 𝑘 − 𝑞𝛼)2
]
𝑒4𝑖(𝑝−𝑝𝛼)𝑘d𝑘,
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with solution

𝑊𝛼(𝑞, 𝑝) =
2

𝜋
exp

[−2(𝑞 − 𝑞𝛼)2 − 2(𝑝− 𝑝𝛼)2
]
, (A.11)

which is the same Gaussian function as (A.10), but displaced in phase-space according to
the complex amplitude 𝛼 = 𝑞𝛼 + 𝑖𝑝𝛼.

Figure A.2: (a) Wigner function for a coherent state 𝑊𝛼(𝑞, 𝑝) displaced an amount 𝛼 = 2+ 2𝑖 and (b) its

contour.

A.3 Squeezed coherent states

Finally, for squeezed coherent states, we recall the wave function (3.21) to solve the integral

𝑊𝑟,𝛼 =

(
2

𝜋

)3/2 ∫ ∞

−∞
exp

[−𝑒2𝑟(𝑞 − 𝑘 − 𝑞𝛼)2 − 𝑒2𝑟(𝑞 + 𝑘 − 𝑞𝛼)2
]
𝑒4𝑖(𝑝−𝑝𝛼)𝑘d𝑘,

with solution

𝑊𝑟,𝛼(𝑞, 𝑝) =
2

𝜋
exp

[−2𝑒+2𝑟(𝑞 − 𝑞𝛼)2 − 2𝑒−2𝑟(𝑝− 𝑝𝛼)2
]
, (A.12)

which represents another Gaussian function with different widths in each quadrature. The
width for quadrature 𝑞 is squeezed, whilst the conjugate quadrature’s is enhanced.
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Notice that in the case of infinite squeezing, 𝑟 → ∞, the Wigner function (A.12) tends
to a delta function 𝛿(𝑞 − 𝑞𝛼) which is nothing more than the Wigner representation of a
𝑞-quadrature state ∣𝑞⟩. This state is of course unphysical and unnormalizable, but it can be
treated as a limiting case of the physically available squeezed states.

Figure A.3: (a) Wigner function for a squeezed coherent state 𝑊𝑟,𝛼(𝑞, 𝑝) displaced an amount 𝛼 = 2 + 2𝑖

and with squeezing parameter 𝑟 = 1, and (b) its contour.
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