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1. INTRODUCTION 

 

The development of accurate dynamic models of mechanical systems is very 

important in science and engineering. These models are intended to provide 

predictions on the response of the system to external inputs or conditions. The 

accuracy of the model depends on the physical law used to formulate it and the 

assumptions employed for the formulation, the external inputs, as well as some 

parameters of the system itself. When the system is more complex and the model 

involves many parameters, a lot of uncertainty can be introduced because of the 

difficulty to measure them. For example, when complex systems like vehicles, 

satellites, aircrafts or robots are modeled, the dynamic model depends on 

parameters like the center of mass and the inertia tensor of the body. These 

concepts that will be explained in detail later, determine the response of the system 

to an external input (direct dynamics) or the necessary input to obtain a desired 

response (inverse dynamics). Therefore, a correct estimation of the parameters is 

very important to obtain an accurate model; this means that in some cases 

(depending on the sensitivity of the model), small changes in the parameters 

produce great errors on the expected behavior of the system. 

Nowadays the methods for the measurement of the mass are well developed 

and standardized, but the methods for the identification of the other parameters are 

not. One of the most common methods for the determination of these parameters 

is to develop a CAD model of the object. This procedure allows the determination 

of the ten parameters in a relatively low cost, low time-consuming way.  However, 

the associated uncertainty could be as high as 15% when the system is complex 

[1]. The uncertainty on the composition and dimensions of the elements 

determines the global uncertainty. 

 
Traditional methods for the identification make two independent experiments; a 

first static experiment for the center of mass and a high rotational speed experiment 

for the inertia tensor. Usually, the experiments are conducted using different 
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assemblies, and the experiment for the inertia tensor requires different orientations 

of the body. Therefore, the time consumed by the experiment is very high. In 

addition, the need to make the object spin at high speeds could damage some 

components of it. The advantage of these methods is the use of a planar motion 

that simplifies the model. 

 
Recent researches [2] suggest that the uncertainty on the estimation of the 

inertial properties can be reduced by using a complex motion of the body. The 

present work studies the development of an experiment for measuring the center of 

mass location and the inertia tensor of a rigid body. The research is focused on the 

reduction of the uncertainty on the calculated parameters and the reduction of the 

time consumed by the experiment and the post-processing. Other consideration has 

to do with measuring the properties without generating any damage to the system.  

 

1.1 State of the art 
 

Before establishing what the proposed method is, it is interesting to study 

how inertial properties are measured today. The survey presented in [1]  

summarizes the methods for the identification of the ten inertial parameters (mass, 

center of mass location and inertia tensor).  

The identification of the mass of a body is a common practice nowadays and 

it is direct and reliable. The identification is done by measuring the weight of the 

object and converting it into mass. There is no need for high skills of the testing 

personal, nor for difficult post-processing or software. Typical deviations on the 

measurement of the mass of 0.01% are encountered [1]. 

For the identification of the center of mass, static and dynamic methods have 

been used. Static identification methods include the interface force measurement 

method, the balancing method and the suspension method. The interface force 

measurement method use at least three load cells under the body to determine the 

mass and the location of the center of gravity. At least two experiments with the 
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object in different orientations relative to the load cells are necessary to identify the 

three components of the center of mass location. Therefore the time consumed by 

the experiment is low to medium. Simple software is necessary for the calculations. 

According to [1] there are no references about the uncertainty on this method.  

For the suspension method, the object is suspended by ropes at several 

points, and the intersection of the vertical lines containing the suspension point 

determines the location of the center of mass. At least two experiments shall be 

realized to identify the location of the center of gravity. This method has high 

uncertainty because only geometric information is obtained from the experiments. 

The time consumed is medium to high and the main problem of this method is the 

difficulty to suspend certain systems.  

The balancing method uses horizontal beams supported in edges to balance 

the object with counterweights or load cells. Since the location and the force 

exerted by the counterweights or the load cell is known, the location of the center 

of mass in one direction can be determined (if the mass of the object is known); 

this means that 3 experiments are necessary.  Time requirements are high 

because only one component of the location of the center of mass is determined at 

each test. The reported accuracy for this method is very high, around � (0.01 – 0.5 

mm) [1]. 

Dynamic methods allow the determination of the center of mass and inertia 

tensor. A system for the simultaneous identification of the ten parameters was 

developed in [3]. This method uses the complete equation of motion of the body 

and measures the angular velocity of the body, as well as the forces and torques 

acting on it. The uncertainties on the identified parameters are 3 mm on the center 

of mass location and 10 – 15% on the inertia tensor [1], [3]. The main advantage of 

this method is the possibility to measure the 10 parameters in a single experiment, 

however it has some problems. The robot used for the system only allows rotations 

of the object under study, and only small objects could be studied. Other problems 

were the difficulty to attach the object to the robot and the use of non-commercial 

elements in the system.  
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There are different methods for the identification of the tensor. According to 

[1], some methods are based on the complete equation of motion of the body. The 

first example of these method is the method proposed by [3] that was already 

explained. Another method that uses the non-linear equation of motion is the run-

down method. In this case, the object is attached to a rotating shaft. The object is 

rotated relative to a fixed axis with variable angular speed, such that the moment of 

inertia can be calculated if the torque and the angular acceleration on this direction 

are measured. The main disadvantages of this method are the risk of damage of 

the body because of the high angular speeds and accelerations and the necessity 

to change the orientation of the body in order to identify the complete tensor. If the 

object is rotated at constant angular speed, the identification of the center of mass 

and inertia tensor is done by measuring the reaction forces and torques. This 

method is called dynamic balancing and it is widely used in industry. The difficulties 

of this method are the necessity to change the orientation of the object, and the 

risk of damage of the components. The reported uncertainty is about �10% [1]. 

  Other methods use the equations of motion with some assumptions. For 

example the gravitational pendulum, the torsional pendulum and the multi-filar 

pendulum assume small angles for the model. In the gravitational pendulum 

method, the object is suspended on an edge (or a wire) and is free to oscillate 

(physical pendulum). If the mass and location of the center of mass are known, the 

moment of inertia can be estimated by measuring the period of oscillation. The 

time requirement is very high, because only one moment of inertia is identified on 

each test.  In the torsional pendulum method, the test body oscillates because of 

the restoring torque caused by springs. The moment of inertia relative to the 

rotation axis can be identified by measuring the period of oscillation if the elastic 

constant of the spring is known. The main disadvantage of this method is that at 

least 6 different test should be carried out to identify the complete tensor. A high 

accuracy of 0.5% - 1.5% is reported in [1]. The multi-filar pendulum makes the 

object oscillate relative to an axis passing through the center of gravity. The object 

is suspended by many wires and the period of oscillation is measured. The time 
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requirement is high because only one moment of inertia is identified on each test. 

The uncertainty could be less than 1% [1]. 

Other methods study the response of the system to harmonic excitation, while 

mounted on soft spring or force measurement devices. The main disadvantage of 

these methods is that the elastic vibration mode of the object can be excited.  

Recent methods have been found that use the complete equations of motion 

of the body to identify the parameters. The method proposed by [4] used a test rig 

suspended by wires to generate a motion on the body. The kinematic and kinetic 

variables were measured and the parameters were identified by minimizing a cost 

function that depends on them. The main disadvantages of this method were that 

the motion was only determined by the initial condition and the high time consumed 

by the post-processing. This method was studied again by [2] and the post-

processing strategy was changed by the use of redundant information and a least 

squares method. This change reduced the processing time of the data. The 

obtained uncertainty was around 3.5 mm, 6% on the moments of inertia, and 11.3 

kgm2 [2] on the products, the body under study was a vehicle.  

Other recent method ([5]) uses a three degrees of freedom platform to 

generate the motion on the body. The center of gravity is identified in a static 

experiment and the inertia tensor in a dynamic experiment. Kinematic and kinetic 

variables are measured and the ten inertial parameters are determined using the 

same assembly.  

1.2  Proposed method 
 

The idea for this research project is to design an experiment for the 

identification of the center of mass location and inertia tensor of a rigid body. The 

specifications for the design include a low uncertainty on the estimated 

parameters, a low time requirement and a motion of the body that doesn’t 

represent risk for the components of it.  
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The proposed solution is based on the latest methods used for the 

identification of the parameters. The idea is to use a six degrees of freedom robot 

(Stewart platform) to generate a controlled motion on the body and the required 

instrumentation to measure the necessary kinematic and kinetic variables during 

the trajectory or states of the system. This information is the input for the 

identification equations that are going to be formulated based on the dynamic 

model of the motion of the system.  The idea is to formulate the equations in an 

algebraic form that reduces the time consumed by the post-processing. One of the 

most important contributions of the research is to study strategies for the reduction 

on the uncertainty of the parameters. Using a six degrees of freedom robot allows 

us to test different trajectories or states of the body according to the study on the 

reduction of the uncertainty. 

Taking this into account, the research is focused on 7 stages: development of 

the dynamic model of the system, formulation of the identification equations, model 

verification, design of the laboratory setup, study of the strategies for the reduction 

on the uncertainty, simulations and experimental test for the identification of the 

center of mass and inertia tensor.  
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2.  DEFINITIONS AND DYNAMIC MODEL OF THE BODY  

 

The manipulator of the platform has six degrees of freedom and the object 

under study is attached to it. For this reason the dynamic model of a body with 6 

DOF is going to be formulated as the base for the identification equations. First, a 

kinematic analysis is realized by studying the representation of orientation and the 

kinematic variables of interest. Then the assumptions for the dynamic model are 

explained as well as the definition of the inertial parameters. Finally the equations 

of motion are formulated and written in a matricial form.  

2.1 Kinematic analysis 

 

Figure 1. Reference frames used for the equations 

Two reference frames are used for the study. An earth-fixed reference frame 

(A) and a body-fixed reference frame (B) (Figure 1). The generalized coordinates 

used for the analysis are a translation vector and 3 Euler angles. The six 

coordinates for the body are: [x�� , y��, z��] for translation and [���, ���, ���] for 

rotation. The representation of orientation is done by using Roll-Pitch-Yaw in fixed 

axes [6]. The rotation matrix (equation ( 1)) is a 3X3 matrix containing the 

components of the moving reference frame (B) in the fixed reference frame (A) [6].  

Therefore the rotation matrix between A and B (equation ( 3)) can be calculated as 

a pre-multiplication of simple rotation matrices (equation ( 2 )). The letters s and c 

in the rotation matrix denote the functions sine and cosine respectively.   
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� � �� · �� �� · �� �� · ���� · �� �� · �� �� · ���� · �� �� · �� �� · ��� ( 1 ) 
 

	
� � 	���, ��	���, ��	���, �� ( 2 ) 
 

 

	 � ���� ������ � ���� ������ � �������� ������ �  ���� ������ � ������� ���� ���� � 
 

( 3 ) 

The angular velocity of B relative to A ( �� � ) is defined as the vector which 

satisfies the equation presented in ( 4) for any vector  . 

! !"� � ! !"
 � �� � #   ( 4 ) 

According to [7] the angular velocity vector can be calculated as presented on 

equation ( 5 ). 

$� 
 � �� !��!"� · �� � �� !��!"� · �� � �� !��!"� · �� ( 5 ) 

The relation between the components of the angular velocity (equation ( 6 )) 

and the time derivative of the Euler angles is expressed on the transformation 

matrix (equation ( 7)) [8]. This matrix is derived in section 7.3.1. 

$� 
 � $�%� � $�%� � $�%� ( 6 ) 
 

 

$�$�$�� � 1 0 ���0 �� ����0 ��� ����� (�)�)�) * ( 7 ) 

 
 

The angular acceleration is defined as the absolute time derivative of the 

angular velocity (equations ( 8 ) and ( 9 )).  

! �� �!"� � ! �� �!"
 � �� � # �� �  ( 8 ) 
 

�)� � � $) �%� � $) �%� � $) �%� ( 9 ) 
 

 

Taking this into account, the acceleration of the center of mass (�+,� can be 

written as a function of the acceleration of some point p ��-� assuming that the 
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body under study is rigid and both the center of mass and the point p are fixed on 

the body (this is going to be useful when writing the dynamic model).  

�+, � �- � �)� � #  +,/- � �� � # � �� � #  +,/-� (10) 

2.2 Assumptions for the model 
 

• No aerodynamic forces acting on the body. This assumption is based on the 

fact that the body under study is moving at low speeds, in an environment 

with static air and the body has no aerodynamic shapes. For example, the 

properties of an aerodynamic profile could not be measured using this 

method because forces caused by the air will increase uncertainty.  

• The body under study is rigid. This assumption should be guaranteed by 

using a motion with a frequency far enough from the lowest natural 

frequency of the body under study.  

• The forces and moments are transmitted to the body in a single point of 

attachment to the platform.  

2.3  Definition of the inertial parameters 
 

By definition, the center of mass is the point on the body which has the same 

mass and a linear momentum equivalent to the linear momentum of the whole 

body. The mathematical definition is presented on equation ( 11 ). 

/01 � 2 /3dm6 m  ( 11 ) 

Where, /3:Vector from the origin to a differential element of mass dm 

 

The inertia tensor is defined as a 3#3 symmetrical matrix, which 

components depends on the selected coordinate system and a point; they describe 

the distribution of mass on the body relative to that point in the selected coordinate 
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system. The inertia tensor is expressed on the body-fixed system. The inertia 

tensor of a body relative to the center of mass can be expressed as: 

 
 

8 � 9��     9��     9��9��     9��     9��9��    9��      9��� ( 12 ) 

Where, 

     9�� � : �;�� � ;��� !<=       9�� � : �;�� � ;��� !<=  

     9�� � : �;�� � ;��� !<=  9>? � � : ;>;?  !<=  @ A B 
 ;>: Position vector from the center of mass to the differential element !< in the 

direction C> C>: ith component of the orthonormal basis B. (i=1,2,3) 

2.4 Formulation of the dynamic model 
 

The first step to formulate the dynamic model is to sketch a free body diagram 

of the system. This diagram is shown on Figure 2, and it shows the body under 

study, the forces acting on it, the moments acting on it, the coordinate systems and 

some distance vectors that will be used in the formulation. The equations of motion 

are written in the body fixed frame. 

2.4.1 Free body diagram 
 

If the object is attached to the Platform by a force-torque sensing element, the 

forces and torques acting on it are known. These variables are denoted by F and 

M. They act on the point of attachment of the body to the sensing element (Q).  

2.4.2 Equations of translation 
 
 

The equations of translational motion are written using the acceleration of 

some point on the object, other than the center of mass. This is because we don’t 
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know a priori where the center of mass is, so we will not be able to measure its 

acceleration. The general equation of translation is presented in equation ( 13 ) .   

D � mE � mF01 ( 13 )  

 

 

Figure 2. Free body diagram of the object 

Where, 
Q: Origin of body fixed frame 
p: An arbitrary point on the object   �G>�H�: Vector from Q to the center of mass I �!>�H�: Vector from Q to p J ��>�H�: Vector from p to the center of mass K �L>�H�: Forces acting on the object , �M>�H�: Moments acting on the object 
 
 

This equation can be rewritten  when the acceleration of gravity is 

expressed in the body-fixed system and the acceleration of the center of mass is 

written as a function of the acceleration of the point p.  

DN � m�OωQN RS � FN� ( 14 ) 
Where, 

DN � OF� F� F�RQ 
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OωQN R � (��ω�� � ω��� ω�ω� � ω) � ω) � � ω�ω�ω) � � ω�ω� ��ω�� � ω��� ω�ω� � ω) �ω�ω� � ω) � ω�ω� � ω) � ��ω�� � ω���* 
 

FN � U aW� � gsin�θ�aW� � g cos�θ� sin�ψ�aW� � gcos �θ�cos �ψ�` 

 S � O�� �� ��Ra 
 Fb: Force acting on the body in �H 
ωb: Angular speed of the body in �H 
ω) b: Angular acceleration of the body in �H aWb: Linear acceleration of P in �H  
ψ,θ: Roll and pitch angles respectively.  
 

2.4.3 Equations of rotation 
 

The general rotational equation of motion is: 1 � / # D � Id) � d # �Id� ( 15 ) 

This equation can be rewritten when the cross products are solved and the 

inertia tensor is written as a vector.  

1N � OωeN RIN � OFR/ ( 16 ) 
 

Where, 

1N � OM� M� M�RQ 
 

OωeN R � ( $) � �$) � � $�$�� �$) � � $�$��$�$� �$) � � $�$�� �$�� � $����$�$� $�� � $�� $) � � $�$�
   �$�$� �$�� � $��� $�$�$) � �$) � � $�$�� �$�$�$�$� $) � � $�$� $) � * 

 IN � O9�� 9�� 9�� 9�� 9�� 9��Ra 
 

ODR �  0 L� �L��L� 0 L�L� �L� 0 � 
 Mb: Moment acting on the body in �H IN: Vector containing the six components of the tensor 
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3. IDENTIFICATION EQUATIONS 

 

In this section, the equations of motion developed in the last chapter are re-

arranged to identify the inertial parameters. A least squares method is proposed for 

the identification, because redundant information is used in both cases, the center 

of mass and inertia tensor identification. 

3.1 Center of mass identification 
 

The center of mass can be identified with a static or a dynamic experiment. If 

the experiment is static, the measurement of the center of mass is realized using 

the equations of rotation. When the dynamic terms are eliminated, the equations of 

moments (equation ( 16 )) are reduced to: 

1N � OFR/ ( 17 ) 
Where, 1N:Vector of moments (Measured) /: Location of the center of mass (Unknown) 

OFR �  0 L� �L��L� 0 L�L� �L� 0 � 
 

Matrix of forces (Measured) 

 

The forces acting on the body depend only on the orientation of it, and are 

generated by the action of gravity. The relation between the orientation and the 

forces is determined by the equations of forces ( 14 ) without the dynamic terms: 

F�F�F�� � m N ( �gsin�θ�g cos�θ� sin�ψ�gcos �θ�cos �ψ�* ( 18 ) 

 

It is important to notice that the system in equation ( 17 ) is singular. This 

means that r cannot be solved using a single measurement of 1N and [F].  

Consequently it is necessary to have information of at least two orientations of the 

body. However, more than two experiment could be conducted and that would give 



23 
 

redundant information to identify the center of mass, reducing the uncertainty [2] .  

If the objected is rotated in roll and pitch, and the forces and moments acting on 

the object are measured on each experiment, the extended system can be used to 

determine   by a least squares method. If n experiments are conducted, the 

extended system can be written as: 

U,�N,�Ng,hN
` � UOFR�OFR�gOFRi

`      ( 19 ) 
 

Where, ,HN:  Vector of moments of the @jk experiment (Measured) OFRb: Matrix of forces of the @jk experiment (Measured). 

 
Written in a more compact form: 

 lMmn � lLon      ( 20 ) 

 

This system can be solved by using a least squares method [2], [9]: 

 �
pqq
qrUOFR�OFR�gOFRi

`
s

UOFR�OFR�gOFRi
`
tuu
uvw�

UOFR�OFR�gOFRi
`

s
U,�N,�Ng,hN

` ( 21 ) 

 

 � xlLonylLonzw� lLoynlMmn    ( 22 ) 

Where, 

Mm: U,�N,�Ng,hN
` Lo: UOFR�OFR�gOFRi

` 

 

The size of the matrix Lo will be 3#(3n) where n is the number of experiments 

(orientations). The size of Mm  will be (3n) # 1. 
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If the identification is done using a dynamic experiment, the center of gravity 

can be calculated with the equations of translation (equation ( 14 )). If redundant 

information is used the identification equation would be: 

{|O�y} RyO�y} R~ w�� O�y} Ry x �� lKN�n �  OFNm R z � I � / ( 23 ) 

Where, 

�y} � UOωQN R�OωQN R�gOωQN Ri
` 

 

KN� � UK�NK�NgKhN
` 

 

FNm � UFN�FN�gFNi
` 

 
In this case it would be necessary to measure or estimate forces, moments, 

orientation, angular velocity, angular acceleration, linear acceleration and 

distances. The increase in the number of variables would probably augment the 

uncertainty on the identified parameter. For this research the decision was to 

identify the center of gravity using a static experiment. Future work must include 

the simulation and tests with the dynamic experiment.  

3.2 Inertia Tensor Identification 
 

After the center of mass is determined, the dynamic equations of moments 

(equation ( 16 )) can be used for the identification of the tensor.  If a trajectory is 

programmed on the body and the angular speeds and angular accelerations are 

measured, as well as the forces and moments acting on the body, the inertia 

tensor can be calculated. In a similar manner to the identification of the center of 

mass, it is necessary to have the information of at least two different instants. If 

more than two instants are used, the extended system can be used to determine IN  
by a least squares method [2], [9]. If n experiments are conducted, the extended 

system can be written as  

U,�N,�Ng,hN
` � UOωeN R�OωeN R�gOωeN Ri

` IN  � UOFR� OFR� gOFRi `     ( 24 ) 
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Where, 

,HN:  Vector of moments for the @jk experiment (Measured) OFRb: Matrix of forces for the @jk experiment (Measured). OωeN R:Matrix of angular speeds and angular accelerations (Measured)  :Location of the center of mass (Measured) IN: Column vector containing the six components of the tensor 
 

Written in a more compact form: 

lMmn � Oωe} RIN � lLG�n     ( 25 ) 
 

The components of inertia tensor can be calculated as: 

IN � OOωe} RaOωe} RRw� xOωe} Ra |lMmn � lLG�n ~z ( 26 ) 

 

Where, 

 

lMmn: U,�N,�Ng,hN
` Oωe} R: UOωeN R�OωeN R�gOωeN Ri

` LG�: UOFR� OFR� gOFRi ` 

 

The size of the matrix LG�  will be (3n) #1 where n is the number of 

experiments (instants). The size of Mm  will be (3n) # 1, and the size of Oωe} R  will be 

(3n) # 6. 
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4. STEWART PLATFORM AND MULTIBODY SIMULATION OF THE  SYSTEM 

 

4.1 Definitions for the Stewart platform analysis 
 

The Stewart platform (Figure 3) is a 6 degrees of freedom parallel robot that 

allows high precision and low power consumption while moving very high loads 

[10], [11]. Each actuator is attached to the fixed base of the platform by a universal 

joint, and each pair of actuators is attached to the moving base with a three 

degrees of freedom joint. This configuration allows six degrees of freedom of the 

moving platform, which are controlled by varying the length of the actuators.  

 

 
Figure 3. Universidad de los Andes’ Stewart platform 

The reference frames used for the analysis of the platform are the same 

used in the dynamic model of the body. There is an earth-fixed reference frame (A) 

attached to the fixed base of the platform and a moving reference frame B located 

in the center of the end-effector of the platform. The arrangement of the actuators 

and the coordinate systems are shown on Figure 4. The 6 universal joints are 

located on the fixed base, and the three 3DOF custom joints are located in the 

moving base. The earth-fixed reference frame origin is located on the center of the 

fixed platform at the height of the universal joints. The direction a1 points into the 

middle of the actuators 1 and 6. The direction a3  points perpendicular to the plane 

of the joints, and the direction a2 is the cross product of the direction a3 and a1 

(Figure 4).  
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Figure 4. Earth-fixed reference frame  
(Left: top view, right: isometric view) (Adapted from: [12]) 

 

The body-fixed coordinate system origin is located at the center of the 

moving base of the platform (Figure 5). The direction b1 points towards the middle 

of the joints (1,2) and (5,6). The direction b2 is oriented at 90 degrees of the b1 

direction in the plane of the platform. The direction b3 is the cross product of b1 and 

b2. When the platform is at rest, the orientation of A and B is the same.  

  
Figure 5. Body fixed reference frame 

 (Left: top view, right: isometric view) (Adapted from: [12]) 
 

The positions of the universal joints in the fixed base are expressed in the 

matrix ��   and the position of the 3DOF joints on the moving base are expressed in 

the matrix �
.  
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�� �
pqq
qqq
r 	cos�10°� 	sin�10°� ���	sin �20°� 	cos �20°� ���	sin �40°� 	cos�40°� ���	sin �40°� �	cos �40°� ���	sin �20°� �	cos �20°� ��	cos �10°� �	sin �10°� ��tuu

uuu
v
  �
 �

pqq
qqr

Gcos�60°� rsin�60°� �CGcos�60°� Gsin�60°� �C�G 0 �C�G 0 �CGcos �60°� �Gsin �60°� �CGcos �60°� �Gsin �60°� �Ctuu
uuv 

( 27 ) ( 28 )  
Where, 

R: Radius of the fixed base 
r: Radius of the moving base ��:Height of the fixed universal joints in the reference frame a (in this case 0) �C: Height of the moving joints in the reference frame b (in this case -0.123 m) 
 

The generalized coordinates used for this model are a translation vector 

corresponding to the coordinates in the reference frame A of the origin of the 

reference frame B (�
). This vector is expressed as � � O��� � ��� � ���R. The 

other 3 coordinates are three Euler angles corresponding to the orientation of the 

frame B relative to the frame A. The representation of orientation is Roll-Pitch-Yaw 

in fixed axes [���, ���, ���]. The rotation matrix between A and B is the same 

used for the model of the body (equation( 3 )). For a desired state of the end-

effector, the vector (and length) of each leg can be calculated using the rotation 

matrix and the position of the joints. This analysis is called inverse kinematics [6].   

For a desired state of the platform (�, 	
� ), the vector of each leg is calculated 

using equation ( 29 ) and the required length of each length is calculated as the 

magnitude of the vector using equation ( 30 ). Once the necessary length is known, 

it is achieved by moving the servos to the corresponding position.   

�H � � � 	
� N �H� � �H� ( 29 ) 

|�H| � ��� � 	
� N �H� � �H�� · �� � 	 N �H� � �H�� 
( 30 ) 

 

 

�H: ���"�G �� "�� @jk ��� �H�: ����"@�� vector �� ����  3��L B�@�" �G���G���� �G�<� ��  �H�: ����"@�� vector �� ����   �@¡�G��� B�@�" �G���G���� �G�<� ¢�  
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4.2 Multi-body simulation of the platform 
 

The platform was simulated on multi-body simulation software in order to 

verify the dynamic model of the body attached to it. For this purpose it was 

necessary to study how the axis of rotation of the joints should be defined.  

4.2.1 Definition of the axes of the universal joints 
 

The joints located on the fixed base of the platform are six  2-DOF universal 

joints (Figure 6 - right).  The first axis of rotation (u1) of the universal joints is 

determined by the geometry of the platform. This axis of the joint should be aligned 

with its couple (Figure 6 - left). For a given state of the moving base, the direction of 

each actuator (c1i = �H) can be calculated by using the inverse kinematics analysis. 

The second axis of rotation of the universal joints (u2) should be the direction of the 

cross product of the coupled actuators (c1i +1 # c1i).  

 

Figure 6. Universal joints 
 (Adapted from: [12]) 

 

4.2.2 Definition of the axes of the custom joints 
 

Each couple of actuators is attached by a custom joint to the moving platform. 

This joint consists of a universal joint (2 DOF) that joins the two actuators and 

another revolute that fixes the assembly of actuators to the end-effector. The joint is 

presented on Figure 7.  
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Figure 7. 3-DOF custom joint 
(Adapted from: [12]) 

 
The axis of rotation of the last joint (e1) is just the normal vector to the plane 

of the moving base. This vector can be calculated for a certain state of the platform 

by using the three Euler angles and the rotation matrix. The direction is just the 

same direction of the component b3 of the moving coordinate system. The first axis 

of the universal joint (d2) is the direction (u2) of the fixed universal joints that was 

explained before. The final direction (d1) is the cross product of the direction e1 and 

the direction –d2 .Using these definitions and the position of the joints of the 

platform, the Stewart Platform was simulated on SimMechanics® (Figure 8).  

 

 

Figure 8. Picture of the platform simulated in SimMechanics® 
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4.3 Verification of the model 
 

Using the multi body model, the hand-written model was verified. A trajectory 

using the six degrees of freedom of the platform and a test body was simulated. 

The values of the kinematic variables (orientation, angular velocity, angular 

acceleration, linear velocity and linear acceleration) were recorded and the resultant 

dynamic variables (Forces and moments) were calculated using the hand-written 

model and compared to the values calculated by the numerical simulation 

(SimMechanics®). The simulated trajectory is presented on Figure 9. 

 

 

Figure 9. Simulated trajectory for model verification 

 

The Figure 10 shows the results in one of the directions, it can be noticed that there 

are no significant differences. The error in forces and moments on every direction is 

less than 0.1%. 

 

Figure 10. Force and moment in the direction b1 
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The result in the other two directions (Figure 11, Figure 12) is basically the 
same. It was verified that the hand-written model was correctly formulated.  

 

Figure 11. Force and moment in the direction b2 

 

 

Figure 12. Force and moment in the direction b3 
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5.  EXPERIMENTAL SETUP 

 

The experimental setup includes the instrumentation and the test body for the 

research. In this section the experimental setup is presented and explained. First, a 

diagram of the measurement system is presented, then the instruments and their 

characteristics (range and uncertainty) are shown and finally the test body that was 

designed for the research is presented.   As it was stated on previous sections, the 

angular velocity and angular acceleration as well as the forces and moments acting 

on the body should be measured for the identification of the inertial parameters. For 

this reason a six-axis load cell and an inertial measuring unit are the instruments 

selected for the experiment. This load cell measures the three-dimensional force 

and moment acting on the object attached to it. The inertial measuring unit is 

composed of three gyroscopes and three accelerometers, such that it can measure 

the three-dimensional angular velocity and linear acceleration of the object in which 

it is mounted.  

 

5.1 Measurement system 
 

The measuring system is composed by the computer, the control system, the 

Stewart platform, the six axis load cell and the inertial measuring unit (Figure 13). 

The object under study is attached to the moving base of the platform through the 

load cell, such that it measures the forces and torques transmitted to the body. The 

IMU is attached to the body in order to measure its angular velocity. The idea of 

the experiment is to command motion to the platform through the computer and the 

control system. For the center of mass experiment, static orientations are 

commanded to the platform and for the inertia tensor identification the platform is 

required to follow a desired trajectory. The orientations and trajectories that reduce 

the uncertainty on the parameters are studied on the next chapters. Once the 

platform is taken to the desired states, the measurements of force, moment, and 

angular velocity are recorded. Finally these data is used to calculate the center of 

mass and inertia tensor by using the identification equations.  
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Figure 13. Diagram of the measurement system  

 

5.2 Measurement of the forces and moments 
 

The forces and moments will be measured using a six-axis load cell ATI Delta 

SI660-60 (Figure 14). The body under study is attached to the sensor and the 

outputs are six voltage signals from the strain gauges. These signals are converted 

to forces and moments using the calibration matrix of the instrument.  

 

Figure 14. Six-axis load cell 

The load cell has a defined reference frame to measure the forces and 

moments.  This coordinate system is taken as the body-fixed reference frame (B) 

and it is used to express all the variables in the measurement process. The results 

are also presented using these coordinates. The range, resolution and uncertainty 

of this instrument are shown on Table 1. These data was taken from the 

manufacturer of the instrument.  
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SI-660-60 
Fx, Fy 

(N) 
Fz 
(N) 

Tx 
(Nm) 

Ty,Tz 
(Nm) 

Range 660 1980 60 60 
Resolution 1/8 1/4 10/1333 10/1333 

Uncertainty (95%) 9.9 19.8 0.75 0.9 
Table 1. Properties of the load cell 

5.3 Measurement of the angular velocity 
 

The angular speed will be measured using an inertial measuring unit (IMU) 

(Figure 15) and the angular acceleration is going to be calculated with a numerical 

differentiation of the speed. The IMU measures the components of the angular 

velocity in the body-fixed reference frame.  

 
Figure 15. Inertial Measuring Unit 

 
The range, sensitivity and uncertainty of the IMU are presented on Table 2. 

These properties were measured. In the calibration process, the IMU was mounted 

on a shaft rotating at constant angular speed in order to calculate the sensitivity of 

the gyros. The range was obtained from the manufacturer and the uncertainty was 

estimated from the measurements.  

 $� $� $� 
Range (G�!/�� 1.3090 1.3090 1.3090 

Sensitivity(
£¤¥¦ /¡� 1.1154 1.1644 1.1592 

Uncertainty (95%) 
(G�!/�� 8.4#10-4 7.2#10-4 3.7 #10-3 

Table 2. Properties of the IMU 
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5.4 Test Body 
 

The measurement system needs to be calibrated. This means that initial 

measurements shall be done to a body with known inertial properties. For this 

reason a test body was designed and built. The principle consideration in the 

design was that the geometry of the body must include only simple shapes that can 

be easily manufactured and CAD modeled in order to obtain an accurate 

estimation of the properties. It was also necessary that the properties of the object 

could be changed by adding masses at different points of it. The final consideration 

was that the object must be easily attached to the load cell (the load cell has 4 

threaded holes to mount the body). Taking these considerations into account, the 

test body was designed as a cylinder with some planes with threaded holes to 

mount masses. The body is attached to the load cell through two plates, one that is 

fixed to the instrument and other fixed to the body. The body can be placed 

horizontally (Figure 16) and vertically (Figure 17) relative to the load cell.   

 

 

Figure 16. Test body oriented horizontally relative to the load cell 

 

The body (without the plates) is completely symmetric and the center of gravity is 

located in the geometric center of the body. The dimensions of the cylinder are 50 

cm long and 7.5 cm diameter. It was manufactured using CNC in order to reduce 

the uncertainty in the dimensions. This allows us to estimate the inertial properties 

using CAD. The moments and products of inertia of the body relative to the center 

of mass in the reference frame B are presented in  
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Figure 17. Test body oriented vertically relative to the load cell 

 

9��<�� � 381 0 00 13 00 0 381� 
Table 3. Inertial properties of the test body 

The results of this research are presented for the body and the plates. This is 

because subtracting the center of mass and inertia of the plates increase the 

uncertainty and it is left as future work. The properties of the body and the plates 

are presented on Table 4 and Table 5. It is important to notice that when the plates 

are included the properties of the body are different depending on the orientation of 

it relative to the load cell. 

 

9��<�� � 381.3 0 00 18.5 00 0 379.1� 
Table 4. Properties of the body and the plates (oriented horizontally) 

 

9��<�� � 505.0 0 00 505.0 00 0 16.2� 
Table 5. Properties of the test body and the plates (oriented vertically)  
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 The manufactured body is shown on Figure 18.After the construction of the 

body it was noticed that the attachment of the fixed plate to the load cell has some 

movement and therefore includes some uncertainty on the calculated properties 

because for each experiment the object doesn’t have the same orientation, 

however the difference is very small. The same problem occurs with the 

attachment of the second plate to the plate that is fixed to the load cell.  

 
Figure 18. Test body 

 
 

The complete measurement system is presented on Figure 19. 
 

 

 
Figure 19. Pictures of the measurement system 

  
 

 

  

 

 

 



39 
 

6. CENTER OF MASS IDENTIFICATION 

 

In this chapter the center of mass identification research is presented. First a 

study on the workspace of the platform is conducted. After that the orientations that 

reduce the uncertainty on the identification of the center of gravity are studied. 

Using this result the estimated uncertainty of the parameter is calculated using 

Montecarlo simulations. Finally the experimental results are presented.  

6.1 Study of the workspace of the platform 
 

As it was seen on the inverse kinematic analysis (equations ( 29 ) and ( 30 )), 

the vectors of the legs are a function of the state of the moving coordinate system, 

such that: 

¬ � ��� ( 31 ) 
Where, 

¬ � O�� �� �� �® �¯ �°R (The length of the six actuators)  � O� � � � � �R 
�> � ±�� � 	 N �H� � �H�� · �� � 	 N �H� � �H�� 

This means that for certain state, the length of the actuators can be easily 

calculated. The workspace of the platform is the set of states q which can be 

reached by the platform by moving the six actuators to a length between its limits. 

The main idea of the proposed experiment is to use the platform to generate static 

states of the body in roll and pitch. For this reason a study of the workspace is 

done by presenting the following question; for a given orientation state (roll and 

pitch), does any vector ¬ in the range [Lmin, Lmax] (of each actuator), and a vector ̂ exist, such that:  

¬ �  ���, �, ̂� � 0 ( 32 ) 
 

The mathematical definition of the studied workspace can be stated as: 

³ � ´��, ��|µ ¬ ¶ O�=>·, �=¤¸R°µ ̂  ¶  ¹®, ¬ �  ���, �, ̂�º ( 33 ) 
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Where, 

̂: O� � � �R  
³: Workspace of the platform for roll and pitch, (all possible combinations of these 
rotations) 

This problem was numerically solved to find the combinations of roll and 

pitch that the platform can achieve within the length of the actuators and without 

falling into a singularity.  The singularities are the states where the platform gains 

one or more degrees of freedom. There are two types of kinematic singularities. In 

the inverse kinematic singularities the manipulator loses 1 or more degrees of 

freedom, because infinitesimal motion cannot be accomplished in certain directions 

(even when the actuators are moving). In the direct kinematic singularities, the 

manipulator gains one or more degrees of freedom. This means that in such 

positions, infinitesimal movements can be made without changing the length of the 

actuators. This is the only singularity that exists within the workspace of the 

Stewart platform [6].The study of these singularities is done by calculating the force 

transmission matrix in each of the desired states.  The force transmission matrix 

(H) results from a static analysis of the forces and moments acting on the moving 

platform [13]. This matrix is the transpose of the Jacobian. 

» K � » �>
°

>¼� ½H � K¾¿À � 0; ( 34 ) 

» , � » �H� # �>½H
°

>¼� � ,¾¿À � 0; ( 35 ) 

 Â LÃ¸jMÃ¸jÄ � OÅR N � 

 

( 36 ) 
 

Where, 

OÅR � | Æ� Æ� …B�È # Æ� B�È # Æ� … Æ°B°È # Æ°~ 
�>:Magnitude of the force on each actuator 
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Æ>: Unitary vector in the direction of each actuator LÃ¸j: External force applied to the moving platform MÃ¸j: External moment applied to the moving platform 

 

If the condition number of OÅR is very high, the system is ill-conditioned and 

therefore the forces on each actuator (�>) cannot be accurate calculated. Also, if 

the determinant tends to zero, the system tends to be singular and it means that 

there are certain solutions for � different than zero that makes  LÃ¸j � 0 and/or MÃ¸j � 0. The physical meaning of this is that the actuators could be exerting force 

on the moving platform but it cannot withstand forces or moments. It is also known 

that, 

9� !�"�Å� É 0 Ê  ���!�Å� É ∞ 

Where, 

cond (H): Condition number of H 

So, if an upper limit on the condition number is imposed, then the 

determinant will be lower limited, and the system will be far from the singularities. 

If ���!�Å� Ë Ì É !�"�Å� Í Î 

This means that the condition number of the force transmission matrix 

should be under certain limit. The limit was established based on the experience. A 

singularity has been observed when the angle in yaw is greater than 90 degrees. 

To guarantee that the platform is far enough from this singularity, the angle should 

be restricted to about 70 degrees and the corresponding condition number of H is 

about 40. After solving the equation ( 33 ) using the Levenberg-Marquardt 

algorithm, the singularity-free workspace [14] for roll and pitch calculation was 

determined. It is presented on Figure 20. 
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Figure 20. Workspace of the platform, for roll and pitch combinations 

 

The difference between the workspace with the restriction for singularities 

and the workspace with the restriction on the length of the actuators only is huge, 

and can be seen on Figure 21. 

 
Figure 21. Comparison of the workspaces 

 

6.2 Numerical condition optimization 
 

The sensitivity of the system to perturbations in the measured values of 

forces or moments can be estimated by calculating the condition number of the 

matrix LoyLo. If the condition number of this matrix is very high, the system is ill-

conditioned and the solution ( ) will have large changes with small perturbations of 

the measured variables. On the other hand, if the condition number is small, the 
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system is less sensitive to this perturbations and the numerical solution will be 

more accurate [15]. In this case the condition number depends on the values of the 

forces on each experiment. By studying the static equations of forces, it is realized 

that the generated forces depends only on the orientation of the object (equation ( 

18 )) .  

Once the workspace of the platform is known, it could be determined how the 

condition number changes with the orientation of the object, and which angles 

reduce this number to a minimum. Because the size of the space of possible 

combinations of angles is very high, a division was made using low discrepancy 

sequences. These pseudorandom numbers have a uniform distribution, such that 

for a space in ¹i, the n sequences of numbers divide the space homogeneously 

[16].For example, if we have the workspace divided in only three points (orientation 

1, orientation 2 and orientation 3) and we are using two experiments, the space of 

possible combinations is shown on Table 6. 

1 1 1 2 2 2 3 3 3 

1 2 3 2 2 3 1 2 3 

Table 6. Example of a space of combinations 

The low discrepancy sequences allow reducing this space by using only 

some of the combinations but keeping them uniformly distributed. For example we 

can use only three combinations, those which give better information.  

1 1 2 

2 3 3 

Table 7. Example of reducing the size of the space of combinations 

For each of the experiments with n orientations (n=2, 3, 4…), the size of the 

space of possible combinations of roll and pitch is mn were m is the number of 

points of the workspace. This size was reduced to less than 100000 points using 

the low discrepancy sequences.  After that, the condition number of the system 

was calculated on each of those points. The minimal condition numbers that were 

found by this method are presented on Table 8. 
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n 2 3 4 5 6 
CN 2.00 1.07 1.20 1.31 1.24 

Table 8. Condition numbers obtained using low discrepancy sequences 

Finally, the angles that generated the ten smaller condition numbers for 

each experiment were taken as initial condition for a numerical minimization 

process; the final results are shown on Table 9.   

n 2 3 4 5 6 
CN 2 1 1 1 1 

Table 9. Condition numbers obtained after the minimization 

There are various angles that for � Ï 3 make the condition number become 

a minimum. These angles are shown on Figure 22. These are the combinations of 

roll and pitch that reduce the sensitivity of the solutions to changes in the 

measured values. Therefore these are the combinations selected for the center of 

mass identification experiment. 

 
Figure 22. Angles that minimize the condition number 

  

It is noted that the combination of angles that minimize the condition number are 

those angles which are very separated within the workspace (near the border). This 
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is very logic, because combinations that are close to each other would give 

basically the same information. 

6.3 Montecarlo Simulations 

Using the combinations of roll and pitch found on the last section, various 

runs of Montecarlo simulations [17] were done for estimating the uncertainty on the 

center of mass location. In these simulations the designed experiment was 

repeated many times (in this case 2500) including the noise (uncertainty) of the 

instruments. On each one, the bias and precision error of the instruments were 

randomly selected from a normal distribution. The precision error is different for 

every measurement during an experiment, while the bias error is the same for all 

the measurements in an experiment but vary between experiments. The precision 

error of the load cell was taken directly from the uncertainty reported by the 

manufacturer. It was calculated as the 95% interval divided by 1.96 (assuming 

normality) in order to obtain the standard deviation of the distribution. The bias 

error of the load cell was calculated as the standard deviation of the offset from 

experiment to experiment. For the IMU a calibration was done using constant 

velocity motions in the three axes. These data allowed the determination of the 

bias and precision errors.  

After running preliminary simulations, it was noted that the resultant uncertainty 

depends a lot on the orientation of the body relative to the load cell. First the object 

was simulated in a vertical orientation relative to the cell. The experiments with 2 to 

10 orientations were simulated. The results (Figure 23) show that as the number of 

orientations is increased, the uncertainty (99.7%) is decreased. Furthermore, it is 

clearly realized that the coordinate with the greatest uncertainty is the direction b3. 

This fact can be explained from two points of view. First, because the coordinate in 

the direction b3 is greater than the other two, it increases the uncertainty on the 

measurement due to the uncertainty on the forces and moments; and second, the 

vector in the direction b3 cannot be orthogonal to the gravity, because the platform 

cannot achieve 90 degrees of orientation. This makes more difficult to measure this 

component (in the extreme case of zero orientation, no moment will be generated 
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in the direction b1 or b2). Table 10 shows the values of the center of mass 

simulated in both cases. 

 
 G��<<� G� �<<� G� �<<�  

Vertical 0 0 247 
Horizontal 0 0 53 

Table 10. Simulated values for the center of mass 

 

 
Figure 23. Estimated uncertainty on the center of mass location (object placed 

vertically) 

In order to verify the distribution of the data, a normal probability plot for the 

uncertainty is presented for the case of 5 orientations.   

 

 
Figure 24. Normal probability plot of the simulations for the center of mass 

identification (object placed vertically) 
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This figure demonstrates that the distribution of the uncertainty is normal.      

This can be concluded because in the interval between the 25% and the 75%, and 

most of the points in the entire interval falls into a straight line. This result is very 

interesting because it shows that that the distribution of the measured center of 

mass location is normal. It is important to remember that the distribution of the 

uncertainty on the forces and moments was assumed normal, so this means that 

the output of the experiment has the same distribution than the input.  

The uncertainty for the center of mass location when the body is horizontal 

relative to the load cell is presented on Figure 25.  

 

 
Figure 25. Estimated uncertainty on the center of mass location (object placed 

horizontally) 

The uncertainty is drastically reduced (73% in the worst case) relative to the 

obtained with the object in a vertical position. This fact and other simulations 

revealed that the uncertainty is greater when the center of mass is distant from the 

load cell origin. This is a very important conclusion from the simulations, because it 

means that it is very important to attach the object to the load cell in an orientation 

that keeps the center of mass very close to the origin in order to obtain low 

uncertainty.  A normal probability plot is presented for the simulations with the body 

placed horizontally in the case of 5 orientations.  
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Figure 26. Normal probability plot of the Montecarlo simulations for the center of 

mass identification (object placed horizontally) 
 

As in the past case, Figure 26 demonstrates the normality of the distribution of the 

measured variable.  

6.4 Experimental results for the center of mass identification 
 

After the poses that minimize the uncertainty on the center of mass location 

were found, they were going to be tested in the laboratory. However, some 

problems were found to take the platform to the desired states. It was necessary to 

recalculate the workspace with more restrictions to the length of the actuators 

(reduce the stroke from 30.48 to 20 cm). The workspace used for the experiments 

is shown on Figure 27. The minimization of the condition number was conducted 

again using this workspace. The resulting condition numbers are presented on 

Table 12. 

 

Figure 27. Workspace used for the experiments 
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Another difficulty was found with the measurements. Because the load cell is 

very sensitive to forces and moments, the offset of the instrument changes when 

the screws are tightened. To solve this issue, the linearity of the forces and 

moments in the equations of motion was used to make the measurement relative to 

an initial value and not in an absolute form. This procedure reduces the time of the 

experiment (because it is not necessary to measure the offset) and the time of the 

post-processing (because there is no need to calculate the offset).The 

disadvantage of this is that the condition number is changed relative to the 

expected. If we analyze two points of measurement, the point i and some point of 

reference (ref) the forces and moments on each point can be calculated using 

equations ( 37 ) and ( 38 ). 

 

,�,�,��H � ( 0 L�> �L�>�L�> 0 L�>L�> �L�> 0 * G�G�G�� ,�,�,�� ¾Ð � U 0 L�£ÃÑ �L�£ÃÑ�L�£ÃÑ 0 L�£ÃÑL�£ÃÑ �L�£ÃÑ 0 ` G�G�G�� 
( 37 ) ( 38 )  

 

If the reference measurement is subtracted from the other measurement, 

(equation ( 39 )), it can be seen that the change in the moments depends on the 

change on the forces (equation ( 40 )). 

,�,�,��H � ,�,�,�� ¾Ð � Ò( 0 L�> �L�>�L�> 0 L�>L�> �L�> 0 * � U 0 L�£ÃÑ �L�£ÃÑ�L�£ÃÑ 0 L�£ÃÑL�£ÃÑ �L�£ÃÑ 0 `Ó G�G�G�� ( 39 ) 

 

∆,�∆,�∆,�� �  0 ∆L� �∆L��∆L� 0 ∆L�∆L� �∆L� 0 � G�G�G�� ( 40 ) 

 

And because each measurement includes the offset, it is eliminated when 

the equations are written in terms of the difference (equations ( 41 ) and ( 42 )). 
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∆, � , ¾��H � ÕÐÐJ¾À � , ¾�� ¾Ð � ÕÐÐJ¾À � , ¾��H � , ¾�� ¾Ð ( 41 ) ∆K � K ¾��H � K ¾�� ¾Ð ( 42 ) 

 

The identification equations are rewritten as ( 43 ). 

 �
pqq
qrU∆OFR�∆OFR�g∆OFRi

`
s

U∆OFR�∆OFR�g∆OFRi
`
tuu
uvw�

U∆OFR�∆OFR�g∆OFRi
`

s
U∆,�N∆,�Ng∆,hN

` ( 43 ) 

 

The reference measurements are taken when the object is static. The angles 

in roll (R) and pitch (P) used for each experiment are shown on Table 11. 

 

N R (°) P (°) R (°) P (°) R (°) P (°) R (°) P (°) R (°) P (°) 
2 28.5 -14.5 -29.1 15.5             
3 28.9 16 1.7 -31.9 -29.1 15.5         
4 -28.9 16 14.1 26.5 28.2 -25 -19.5 -24.1     
5 -29.1 15.5 -2.7 30.9 27.7 -16 -19 -24.4 29.1 15.5 

Table 11. Commanded Angles 

For each case there was an expected condition number (from the model). It 

was compared with the obtained condition number in the experiment using the 

absolute and the relative measurement of the forces and moments. The results are 

shown on Table 12. 

    Horizontal Vertical 
n CNT CNA CNR CNA CNR 
2 3.52 3.4 13 3.2 13.9 
3 2.99 2.8 1.7 2.7 1.8 
4 3.27 3 1.8 2.9 1.9 
5 3.25 3 1.8 -  - 

Table 12. Obtained condition numbers  

Where, 

CNT: Expected condition number 
CNA: Experimental condition number using the absolute measurement method.  
CNR: Experimental condition number using the relative measurement method 
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It is important to notice that the condition number of the system using the 

absolute measurement method is very close to the expected. However when the 

relative measurement method was used, the condition number changed. This is 

normal because the simulations were done using the absolute method. 

Nevertheless, the condition number was reduced in all cases except in the 

experiment with only two orientations. Another important analysis is to compare the 

measured forces and moments with the theoretical values. In Table 13 the mean 

and standard deviation of the difference of each variable is presented. It is 

important to notice that when the body is placed vertically, the difference between 

the measured value and the expected value is greater and should affect the 

uncertainty on the measured value.  

 

    F1 (N) F2 (N) F3 (N) M1 (N) M2 (N) M3 (N) 

Horizontal 
Mean 2.9 2.2 2.3 0.1 0.1 0.0 

St. Dev 1.9 1.4 0.7 0.1 0.1 0.0 

Vertical 
Mean 3.7 5.2 2.9 0.4 0.2 0.0 

St. Dev 2.6 1.7 1.5 0.3 0.2 0.0 
Table 13. Difference in the measured values relative to the expected 

 

The platform in the 3-orientations experiment is presented on Figure 28. 

 

   

Figure 28. 3-Orientations center of mass identification experiment 

Before analyzing the experimental data, it is important to explain that there is an 

important source of uncertainty in the theoretical value. At this moment the joint of 
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the body to the load cell have some problems of movement, so the test body is not 

always equally oriented. For each test, the body was detached from the load cell 

so there is uncertainty in the coordinates of the center of mass in b1 and b2. The 

coordinate b3 should not vary between experiments.  

6.4.1 Results for the center of mass: Body placed Horizontally 
 

The experiments for 2, 3, 4 and 5 orientations were carried out with the body 

placed horizontally. In Table 14 to Table 17 the results for the experimental data are 

presented. Each table shows the theoretical value of the location of the center of 

mass (Gj), the mean measured value (�Ö), the standard deviation of the 

measurements (S), the difference with the theoretical value (Dif.) and the expected 

uncertainty (3× from the simulations).  

 

2 Orientations 

 
Gj 

(mm) 
�Ö  

(mm) 
S 

 (mm) 
Dif. 

 (mm) 
(3×) 
(mm) 

b1 0.00 0.61 4.90E-02 0.61 0.63 

b2 0.00 0.84 8.28E-02 0.84 0.52 

b3 53.00 52.64 6.59E-03 -0.36 0.46 

Table 14. 2-Orientations results 
(horizontal) 

 

3 Orientations 

 
Gj   

(mm) 
�Ö 

(mm) 
S 

 (mm) 
Dif. 

(mm) 
(3×) 
(mm) 

b1 0.00 0.17 7.00E-03 0.17 0.46 

b2 0.00 0.15 8.32E-03 0.15 0.38 

b3 53.00 52.59 9.39E-03 -0.41 0.49 

Table 15. 3-Orientations results 
(horizontal) 

 

 

4 Orientations 

 
Gj   

(mm) 
�Ö 

(mm) 
S 

 (mm) 
Dif. 

(mm) 
(3×) 
(mm) 

b1 0.00 0.29 3.18E-03 0.29 0.40 

b2 0.00 0.41 1.21E-02 0.41 0.32 

b3 53.00 52.80 1.06E-02 -0.20 0.43 

Table 16. 4-Orientations results 
(horizontal)  

 

5 Orientations 

 
Gj   

(mm) 
�Ö 

 (mm) 
S (mm) 

Dif. 
 (mm) 

(3×) 
(mm) 

b1 0.00 0.25 3.00E-03 0.25 0.35 

b2 0.00 0.50 2.08E-03 0.50 0.31 

b3 53.00 52.82 1.52E-02 -0.18 0.38 

Table 17. 5-Orientations results 
(horizontal) 

 

Where, Gj  : Theoretical location of the center of mass �Ö: Mean value of the measurements 
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S: Standard deviation of the measurements 

Dif: Difference of the mean experimental value with the theoretical value. 

(3×): Expected uncertainty from the simulations (99.7% interval). 

 

The experimental results for the center of mass with the object placed 

horizontally show that the difference between the measured value and the 

theoretical one was always less than 1 mm. In all cases the difference falls (or is 

very close to) the 99.7% interval of expected uncertainty. It is very difficult to 

conclude about the uncertainty on each direction because the problems in the 

assembly of the body. However, it seems that in the b3 direction the uncertainty is 

reduced when more orientations are used. It is also clear that the standard 

deviation of the measurements is very low in all cases (less than 1 tenth of 

millimeter); besides, the lower standard deviations are found in the 5 orientations 

experiment, which confirm the tendency of the simulations.   The 3 orientations 

experiment also has a low standard deviation because in that case more repetitions 

were conducted.  

6.4.2 Results for the center of mass: Body placed vertically 

 

2 Orientations 

 
Gj   

(mm) 
�Ö 

(mm) 
S 

 (mm) 
Dif. 

(mm) 
(3×) 
(mm) 

b1 0.0 0.10 1.29E-02 0.10 2.20 
b2 0.0 0.77 6.65E-02 0.77 1.71 
b3 247.0 228.39 2.11E-01 -18.61 2.53 

Table 18. 2-Orientations results 
(vertical) 

 

3 Orientations 

 
Gj   

(mm) 
�Ö 

(mm) 
S 

 (mm) 
Dif. 

(mm) 
(3×) 
(mm) 

b1 0.0 -0.77 2.98E-02 -0.77 1.5 
b2 0.0 -0.70 8.98E-03 -0.70 1.01 
b3 247.0 232.47 1.40E-01 -14.53 1.71 

Table 19. 3-Orientations results 
(vertical) 

 

4 Orientations 

 
Gj   

(mm) 
�Ö (mm) 

S 
 (mm) 

Dif. (mm) 
(3×) 
(mm) 

b1 0.00 -0.28 2.03E-02 -0.28 1.27 
b2 0.00 0.62 5.32E-02 0.62 0.90 
b3 247.00 232.24 1.56E-01 -14.76 1.54 
Table 20. 4-Orientations results (vertical) 
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In the case of the object placed vertically, it was also confirmed that the 

uncertainty on the identification of the components in b1 and b2 of the center of 

mass is very low, and falls in the expected interval of uncertainty. However in the b3 

direction the error is very high compared to the simulation. Future work should 

include study on the causes of this difference.  There is work to do on the study of 

the uncertainty associated to the manufacturing of the body, as well as the 

assembly of the body to the load cell. It is also important to say that the object is 

now placed over the load cell by using two steel plates. The inertial properties of 

these plates have to be discounted from the measured values, and these 

calculations introduce uncertainty. In this research only the uncertainty on the 

measurement of the whole body was analyzed.  
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7.  INERTIA TENSOR IDENTIFICATION 

 

 In this chapter a study to reduce the uncertainty on the inertia tensor is 

conducted. Then the trajectory that reduces the uncertainty is tested in Montecarlo 

simulations and laboratory tests and compared with simple motions for the 

identification of the tensor.  

7.1 Uncertainty reduction 
 

Because the Stewart platform has 6 controlled degrees of freedom, the 

uncertainty can be reduced by programming trajectories with rotational and 

translational motion.  

7.2 Reduction of the uncertainty by using angular velocity and acceleration 
spheres 

 

When a rigid body is subjected to rotational motion, the necessary moment to 

make it spin at certain angular acceleration and speed depends on the distribution 

of the mass relative to the axis of motion. The inertia tensor is normally defined 

relative to the center of mass of the object and relative to a body-fixed coordinate 

system. The inertia scalar depends on the inertia tensor and the direction of the 

axis of rotation expressed on the coordinate system of the tensor.  

 

It can be demonstrated that ‘the locus E of points whose distance from a point 

O is inversely proportional to the square root of the moment of inertia of a set S of 

particles about line OP is an ellipsoid’ [7]. The idea to reduce the uncertainty on the 

identification of the tensor was to make the object rotate relative to different axes in 

the space. If a uniform study of the axes in the three dimensional space is 

conducted, more information about the inertia ellipsoid will be collected. A good 

strategy to perform this study is to generate a sphere of angular acceleration and 

angular speed. This allows studying a lot of axes (uniformly distributed) maintaining 

constant magnitude.  
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The angular acceleration sphere was generated using continuous functions. For 

this purpose only sine and cosine functions were used and the components of the 

angular acceleration were calculated using a set of functions like the following: 

 

0 Ø � Ø Ù N 2Ú 0 Ø Û Ø Ú 

d)Ü Ý � � 	������ sin�Û� d)Ü Ý � � �	sin ��� d)Ü Ý � � 	������ cos�Û� 
 

  

( 44 ) 

 

      
These functions arose from an analysis of generating the components of a 

circle that is rotating (Figure 29). The components of the circle in the plane b1’b2 

depends on �, and then this circle is rotated around the b2 axis. Therefore, the 

components on b1 and b3 depends also on Û. 

 

 

Figure 29. Diagram for the generation of the sphere equations 

These components generate the angular acceleration sphere. Once the 

components of the angular acceleration over time are known, the angular speed is 

calculated as the integral of the acceleration. However, these components of 

velocity cannot be directly used because programming them on the platform would 

generate high accelerations and jerk. The velocity signal has to be smoothed, and 

the proposed method is to use an s-function. This function increases from zero to 

one in certain time (∆"� such that it is continues and smooth. The function that was 

used for this purpose is called sigmoid function and is calculated according to 

equation ( 45 ). 

���� � 11 � �w¸ ( 45 ) 
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 The angular velocity signal has to be smoothed at the beginning and at the 

end, but it has to maintain its value during the time of the motion. For this reason, a 

new function composed by two sigmoids and a constant was built. The function is 

presented in equation (46).  

 

��"� �
Þß
ßà
ßßá

11 � �w¸             0 Ë " Ë ∆"                                              � � ��� � â��∆"ã N "
1                   ∆" Ë " Ë "Ã·¥ � ∆"                                                                

11 � �¸         "Ã·¥ � ∆" Ë " Ë "Ã·¥      � � ��� � â��∆"ã N �" � �"Ã·¥ � ∆"��äß
ßå
ßßæ

 

(46) 
Where, 

 ∆": Time interval for the rise and the drop ��, ��: Constants that determine the value of the function at the time  ∆" "Ã·¥: Duration of the complete function 

 

Figure 30 shows an example of this function, where ∆" is 0.5 seconds and the 

total time is 5 seconds. 

 

Figure 30. Example of a smoothing function 

 After the angular velocity is smoothed, the angular acceleration is 

recalculated as the derivative of the speed. Using this procedure, the angular 

speed and acceleration were calculated and are presented on Figure 31. These 
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are the graphs of the components of the angular speed and acceleration. Those 

components form a sphere, such that at every instant the body is moving relative to 

a different axis in space. A lot of the possible axes are being covered by these 

spheres.  

 
Figure 31.Angular velocity (left) and acceleration (right) spheres for the 

identification of the tensor 
 

7.2.1 Reduction of the uncertainty by reducing the inertial forces 
 

The external moment acting on the body (equal in magnitude to the moment 

acting on the load cell) can be calculated as: 

 1 � I d)Ü Ý � dÜ Ý # çè dÜ Ý é � / # D 
 D � m�Fê6 � E� 

 

( 47 ) 
 

If the acceleration of the center of mass (Fê6) is zero, the load cell will not 

measure the moment of the inertial forces acting on the center of mass of the body. 

This means that the forces acting on the body will be only due to the action of 

gravity. Therefore, the magnitude of F will be reduced and so will be the uncertainty 

due to the error in the center of mass identification. This is the dynamic analogy of 

the reduction on the uncertainty of the center of mass when it was close to the load 
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cell origin. The acceleration of the center of mass can be canceled by using the 

three translational degrees of freedom of the platform. If the acceleration of the 

center of mass is set to be zero, the acceleration of the center of the moving 

platform (OB) can be calculated as ( 48 ): 

 Fëì �  �d) # í � d # �d # í� ( 48 ) 
 

Where t is the position vector from the center of the platform (OB) to the center of 

mass 

 

7.3 Trajectory implementation 
 

The desired trajectory is expressed as the angular velocity of the body and the 

linear acceleration of the center of the platform (OB) or other point (p). Once a 

trajectory has been defined, it must be simulated within the dynamic model of the 

object in order to calculate the dynamic response and estimate the uncertainty. For 

running the model, the necessary variables are orientation, angular speed, angular 

acceleration, linear acceleration of some point on the body (p), the body properties 

and the position vector between the point p and the center of mass. This means 

that the orientation and the angular acceleration must be calculated from the 

angular velocity.  This procedure is presented on Figure 32. 

 

Figure 32. Diagram of the procedure for running the model 
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If the simulated trajectory is going to be tested on the laboratory, it is 

necessary to know the orientation of the body and the position vector of the origin of 

the moving coordinate system of the platform (u). With these variables, the required 

lengths of the legs of the platform can be calculated using the inverse kinematics 

analysis. Consequently, the orientation has to be estimated from the angular 

velocity (as in the past case), and the position of OB has to be calculated from the 

acceleration of the center of the platform. If the acceleration of the platform is not 

known, it is calculated using equation ( 49 ). 

 �î� � �- � �)� � # ï � �� � # � �� � # ï� ( 49 ) 

 

Where ï, is the position vector from from OB to the point p. 

  

The process for calculating the length of the actuators is presented on Figure 

33.  

 

Figure 33. Diagram of the procedure for programming motion on the platform 

7.3.1 Determination of the orientation of the body 

 

The Euler angles (�, �, �) are estimated from the angular velocity and angular 

acceleration. It is necessary to use a transformation matrix from the components of 

the angular speed to the time derivative (rate of change) of these angles. In order to 

obtain this matrix, it is necessary to study the representation of orientation. 
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The analysis is going to be made for the representation of orientation  Yaw-

Pitch-Roll in moving axes because it is easier to understand, but the result is the 

same for the RPY in fixed axes representation.  

Figure 34. Intermediate reference frames for angular velocity analysis 

 

Starting from the earth-fixed frame, the axes are rotated an angle � in a3 

(Figure 34). This generates a second coordinate system (�′) with the axes 

presented in Table 21. 

�ð� � �� �� �� �ð� cos��� sin��� �ð� � sin��� cos��� 

Table 21. Axes of the first intermediate reference frame 

After that, the �′ system is rotated an angle � about �′�, creating a new 

system �′′ (Figure 34). 

�ðð� � �ð� �ð� �ð� �ðð� cos��� � sin��� �ðð� sin��� cos��� 

Table 22. Axes of the second intermediate reference frame 

The final rotation occurs about a3 (Figure 34). The same analysis is used to 

write the components of the final coordinate system (B).  
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C� � �ðð� �ðð� �ðð� C� cos��� sin��� C� � sin��� cos��� 

Table 23. Body fixed axis 

The angular velocity of B relative to A can be thought as the sum of the 

angular velocity of �′ relative to A plus the angular velocity of �′′ relative to �′ plus 

the angular velocity of B relative to �′′ [18] (equation ( 50 )). Because the change 

between these intermediate frames is a simple rotation, the angular velocity 

between them is just the time derivative of the rotation, acting on the axis of the 

rotation (equation ( 51 )): 

�� � � �� �ñ � ��ñ �ññ � ��ññ �  �� � � �) �� � �)�ð� � �) �� 

( 50 ) ( 51 ) 
 

This angular velocity vector is expressed in the coordinate system B using 

Table 21 to Table 23 and the result is expressed in equation ( 52 ).  

�� � � �) �� sin��� �� � cos����sin���� �� � cos��� ��� � �)�cos��� �� � sin��� ��� �  �)�� 

( 52 ) 
 

Writing this equation in a matricial form: 

$1$2$3� � 1 0 �ò�0 ó� ó�ò�0 �ò� ó�ó�� (�)�)�) * � ô (�)�)�) * ( 53 ) 

 

 

The inverse relation ( 54 )can also be calculated as [8]:  

 

(�)�)�) *>
� U1 ò�ô� ó�ô�0 ó� �ò�0 ò�ó� ó�ó� `

>
$�$�$��> ( 54 ) 
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The second time derivative of the Euler angles is expressed as: 

 

(�õ�õ�õ *>
�

pqq
qqr0 �) ó�ô� � �)ò�ó�� �)ó�ó�� � �) ò�ô�0 ��) ò� ��) ó�
0 �) ó�ó� � �)ò�ò�ó�� �)ò�ó�ó�� � �) ò�ó� tuu

uuv
>

$�$�$��> � U1 ò�ô� ó�ô�0 ó� �ò�0 ò�ó� ó�ó� `
>

$) �$) �$�) �> 

 
( 55 ) 

 

The first and second time derivatives of the Euler angles are used to 

estimate the orientation of the body using a second-order Taylor series 

approximation (equation ( 56 )).  

����>ö� � ����> � (�)�)�) *>
Δ" � (�õ�õ�õ *>

Δ"�2 � σ�Δ"�� ( 56 ) 

 

7.3.2  Numerical Derivative  
 

The angular acceleration of the body is calculated as the time derivative of the 

angular speed. For this purpose a five point’s numerical derivative is used. This 

derivative is presented in equation ( 57 ), this method has an error of order �∆"�® 

[19]. 

 

$) �"� � $�" � 2∆"� � 8$�" � ∆"� � 8$�" � ∆"� � $�" � 2∆"�12 N |∆"| � ×�∆"�® 
( 57 ) 

 

Because this method uses points beyond and behind the current point, it is 

necessary to introduce different equations for points at the beginning and at the end 

of the signal. They also introduce an error of order �∆"�®.The estimation of the 

derivative at the first point is calculated using equation ( 58 ) 
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$) �0� � �50$�0� � 96$�∆"� � 72$�2∆"� � 32$�3∆"� � 6$�4∆"�24 N |∆"| � ×�∆"�® ( 58 ) 

 

At the second point the derivative is estimated using the equation presented 

in ( 59 ). 

 

$) �∆"� � �6$�0� � 20$�∆"� � 36$�2∆"� � 12$�3∆"� � 2$�4∆"�24 N |∆"| � ×�∆"�® ( 59 ) 

 

 The derivative in the last two points is calculated using equations ( 60 ) and   

( 61 ). 

 

$) �ô � ∆"� � �2$�ô � 4∆"� � 12$�ô � 3∆"� � 36$�ô � 2∆"� � 20$�ô � ∆"� � 6$�ô�24 N |∆"| � ×�∆"�® 

( 60 ) 

 

$) �ô� � 6$�ô � 4∆"� � 32$�ô � 3∆"� � 72$�ô � 2∆"� � 96$�ô � ∆"� � 50$�ô�24 N |∆"| � ×�∆"�® 
( 61 ) 

 

7.3.3 Determination of the position of the center of the moving platform  
 

Once the acceleration of the center of the platform is known, it is necessary to 

calculate its position. The acceleration must be first rotated to the inertial reference 

frame (equation ( 62 )), and then integrated twice (equation ( 63 )).  

�õ � 	 N �î� ( 62 ) 
 

� � ù �õ IÀIÀ ( 63 ) 
 

7.3.4 Numerical Integral 
 

It is necessary to integrate the signal of linear acceleration. For this reason, a 

fourth order Runge-Kutta method [19] was implemented. Because this method 
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requires knowledge of the entire signal, first a numerical interpolation using a spline 

was used to estimate the value of the function at any point (equation ( 65 )).  

 ��0� � �ú ( 64 ) 
 

� � �û�@���", �) � ( 65 ) 
 

 

 The value of the function at each point is calculated using equation ( 70 ). 

This equation uses the values of the parameters presented in equations ( 66 ) to     

( 69 ). The initial condition of the position of the platform ( 64 ) is known and is used 

to start the iteration. 

 Ù� � ∆" N ��"� 
 

Ù� � ∆" N ��" � 0.5∆"� 
 

Ù� � ∆" N ��" � 0.5∆"� 
 

Ù® � ∆" N ��" � ∆"� 
 

( 66 ) ( 67 ) ( 68 ) ( 69 ) 
 
 ��" � ∆"� � ��"� � �Ù� � 2Ù� � 2Ù� � Ù®�6  ( 70 ) 

 

7.3.5 Simulation of the proposed trajectory  
 

Using the procedures explained in the last sections, the desired trajectory of 

spheres of angular speed and angular acceleration were simulated. The 

trajectory was simulated with different frequencies and amplitudes in the 

generation of the spheres. The first condition for the trajectory is that it has to 

be within the singularity-free workspace of the platform.  This is guaranteed by 

keeping the condition number of the force transmission matrix (H) below certain 

limit (���!�Å� Ë Ìü 40) and by keeping the length of the actuators between the 

limits �0.8 Ë � Ë 1.1�. The second condition has to do with the frequency of the 

motion. It has to be lower enough to be far from the first elastic vibration of 

body. Finally the platform has to be able to achieve the required accelerations. 

Taking this into account, the programmed motion has a frequency of 1.5 Hz and 

amplitude of the angular acceleration of 8 
£¤¥¦ý .The angular acceleration and 



66 
 

velocity spheres were presented on Figure 31. The required position and 

orientation of the platform are presented on Figure 35 and Figure 36. 

 
Figure 35. Required orientation of the platform 

 

  

Figure 36. Required position of the platform 

The orientation presented on Figure 35 guarantees that the obtained angular 

velocity and acceleration spheres are the desired ones. The position of the center 

of the platform presented in Figure 36 ensures that the acceleration of the center of 

mass of the body is zero (when it is placed horizontally). The simulated moment 

caused by the angular motion of the body for this trajectory is presented on Figure 

37. It can be noticed that it has the form of an ellipsoid. This is what reduces the 

uncertainty, because information of the mass distribution along many axes in space 

is obtained. In this particular case the ellipsoid seems like a sphere (and more like 

a circle), because all the products of inertia are zero, two of the moments are very 

similar and the other one is very small.  
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Figure 37. Moment generated on the body due to angular motion 

 This trajectory is also going to be tested without the condition of zero 

acceleration of the center of gravity of the body. In that case, the required 

orientation is the same, but the required position of the center of the platform is 

different. It is constant in the three axes because the acceleration of that point is 

set to zero.  

7.3.6 Simulation of simple motions 
 

In order to compare the resultant uncertainty on the identification of the 

tensor, simple trajectories were also calculated. These trajectories are just simple 

harmonic motions in roll, pitch and yaw (Figure 38). In this case the motion on each 

axis was also multiplied by the s-function in order to smooth the beginning and the 

end of the movement. This motion has the same amplitude of angular velocity and 

acceleration that the trajectory presented in the last section.  

 
Figure 38. Required orientation for simple experiments 
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This trajectory studies a lot of points but in only 4 axes in space (Figure 39). 

This makes that this trajectory probably will be very good to identify the moments 

of inertia, but not the products. 

 
Figure 39. Axis used in simple motion experiments 

 The trajectory was also calculated with and without acceleration of the 

center of gravity of the body. Figure 40 shows the required position of the center of 

the platform (OB) to maintain the center of gravity of the object placed horizontally 

at rest.  

 

  
 

Figure 40. Required position of the center of the platform for simple motions  
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7.4 Montecarlo Simulations for the inertia tensor identification 
 
The hand-written model of the body was used to conduct simulations that 

included the expected uncertainty of the instruments. For a given trajectory of the 

body, the forces and moments acting on it were calculated using the model. After 

that, noise was included on the angular speed, force, and moment signals 

according to the uncertainty of the instruments. At every instant, a random number 

(from 0 to 1) was generated and used as the probability of a normal distribution of 

the uncertainty. The correspondent value of the uncertainty was used. After 2500 

simulated repetitions of the experiment, the resultant uncertainty on the tensor was 

calculated. Four trajectories were simulated to analyze the uncertainty on the 

tensor. The first trajectory is a sphere of angular velocity and acceleration with no 

acceleration of the center of mass (this was explained on the last section). The 

second trajectory was the same sphere but without keeping the center of mass 

static. The final trajectory included simple motions in roll, pitch and yaw (harmonic 

motions), using both cases: static and non-static center of mass. The case of 

simple motions without cancelling the acceleration of the center of mass is one of 

the typical motions used for the identification of the tensor. All the trajectories were 

simulated with the object placed horizontally and vertically.  

7.4.1 Results of the simulations: Body placed horizontally 
 

When the body is placed horizontally, it has the properties described in 

 

9��<�� � 381.3 0 00 18.5 00 0 379.1� 
Table 24. Theoretical inertia tensor (body placed horizontally) 

 

The following tables present the results of the Montecarlo simulations. The 

following names will be used for the trajectories.  
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• Trajectory 1: Sphere of angular velocity and acceleration (8 
£¤¥¦ý ) with 

acceleration of the center of gravity of the body equal to zero.  

• Trajectory 2: Sphere of angular velocity and acceleration (8 
£¤¥¦ý ) with 

acceleration of the center of the platform equal to zero. 

• Trajectory 3: Simple motions with acceleration of the center of gravity of 

the body equal to zero 

• Trajectory 4: Simple motions with acceleration of the center of the 

platform equal to zero. 

 

The result for each simulation is the standard deviation of the uncertainty 

(difference between the real value and the measured value) on the parameters 

(×). On each table this result is presented in absolute value as well as a 

percentage of the moments of inertia. The percentage of the products cannot 

be calculated because these parameters are zero and therefore the percentage 

makes no sense. The 99.7% interval is also presented on each table. The 

meaning of this interval is that 99.7% of the data had less uncertainty than the 

presented in the table.   

 

  I11 I12 I13 I22 I23 I33 × (gm2) 1.0 0.6 0.7 0.8 0.6 1.0 × (%) 0.3 - - 4.4 - 0.3 
3× (99.7%) 3.0 1.8 2.1 2.4 1.8 3 

Table 25. Simulation results – Trajectory 1 
body placed horizontally 

 

 

  I11 I12 I13 I22 I23 I33 × (gm2) 1.1 0.6 0.7 0.9 0.6 1.0 × (%) 0.3 - - 5.1 - 0.3 
3× (99.7%) 3.3 1.8 2.1 2.7 1.8 3.0 

Table 26. Simulation results – Trajectory 2 
body placed horizontally 

 
I11 I12 I13 I22 I23 I33 × (gm2) 1.6 1.1 1.1 1.7 1.2 1.5 × (%) 0.4 - - 9.2 - 0.4 

3× (99.7%) 4.8 3.3 3.3 5.1 3.6 4.5 
Table 27. Simulation results – Trajectory 3 

body placed horizontally 

  I11 I12 I13 I22 I23 I33 × (gm2) 1.7 1.2 1.1 1.8 1.2 1.5 × (%) 0.4 - - 9.9 - 0.4 
3× (99.7%) 5.1 3.6 3.3 5.4 3.6 4.5 

Table 28. Simulation results – Trajectory 4 
body placed horizontally 

 
From this result it is confirmed that the uncertainty is reduced when the 

proposed trajectory is used. They also confirmed that when the center of gravity of 
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the object is static the uncertainty is reduced in comparison to the trajectory that 

allows the motion of that point. In the next section the results of the simulations 

with the body placed vertically are presented and finally all the results are 

compared. 

7.4.2 Results of the simulations: Body placed vertically 
 

9��<�� � 505.0 0 00 505.0 00 0 16.2� 
Table 29. Theoretical inertia tensor (body placed vertically) 

 

  I11 I12 I13 I22 I23 I33 × (gm2) 2.9 1.5 1.5 2.2 1.1 1.0 × (%) 0.6 - - 0.4 - 5.9 

3× (99.7%) 8.7 4.5 4.5 6.6 3.3 3.0 
Table 30. Simulation results – Trajectory 1 

body placed vertically 

  I11 I12 I13 I22 I23 I33 × (gm2) 4.5 1.6 2.1 4.2 1.7 1.0 × (%) 0.9 - - 0.8 - 5.9 

3× (99.7%) 13.5 4.8 6.3 12.6 5.1 3.0 
Table 31. Simulation results – Trajectory 2 

body placed vertically 
 

  I11 I12 I13 I22 I23 I33 × (gm2) 4.4 3.0 2.3 4.4 2.3 1.5 × (%) 0.9 - - 0.9 - 9.1 

3× (99.7%) 13.2 9.0 6.9 13.2 6.9 4.5 
Table 32. Simulation results – Trajectory 3 

body placed vertically 

  I11 I12 I13 I22 I23 I33 × (gm2) 5.7 3.0 2.8 5.8 2.6 1.5 × (%) 1.1 - - 1.1 - 9.4 

3× (99.7%) 17.1 9.0 8.4 17.4 7.8 4.5 
Table 33. Simulation results – Trajectory 4 

body placed vertically 
 

From these results, it is clear that the uncertainty is reduced when the object is 

placed horizontally. This means that a good strategy to obtain a low uncertainty on 

the identification of the tensor is to place the object such that the center of mass is 

very close to the origin of the load cell. Future work should include a study on how 

the uncertainty changes with the position of the center of mass and the orientation 

of the object. It can also be concluded that the proposed trajectory reduces the 

uncertainty in comparison to traditional methods. In order to make a comparison, 

the change in the uncertainty was calculated for each trajectory compared to the 

simple motions with acceleration of the center of gravity. The results are presented 

on the following tables.  



72 
 

× I11 
(gm2) 

Change 
(%) 

× I22 
(gm2) 

Change 
(%) 

× I33 
(gm2) 

Change 
(%) 

Trajectory 4   1.67 - 1.83 - 1.51 - 
Trajectory 3 1.60 -4.7 1.71 -6.5 1.48 -1.8 
Trajectory 2 1.13 -32.3 0.95 -48.3 0.96 -36.2 
Trajectory 1 1.01 -39.8 0.81 -55.8 0.96 -36.5 

Table 34. Comparison of the simulated uncertainty in the moments of inertia 
between different trajectories (body placed horizontally) 

× 
× I12 
(gm2) 

Change 
(%) 

× I13 
(gm2) 

Change 
(%) 

× I23 
(gm2) 

Change 
(%) 

Trajectory 4   1.16 1.10   1.18   
Trajectory 3 1.13 -3.3 1.09 -1.0 1.17 -0.7 
Trajectory 2 0.58 -50.5 0.74 -33.1 0.63 -46.4 
Trajectory 1 0.57 -51.4 0.68 -38.0 0.58 -50.5 

Table 35. Comparison of the simulated uncertainty in the products of inertia 
between different trajectories (body placed horizontally) 

From these simulations we can conclude that the proposed trajectory 

reduces the uncertainty in more than 36% in all cases for the moments of inertia 

and in more than 38% in all cases for the products.  

 

× I11 (gm2) 
Change 

(%) I22 (gm2) 
Change 

(%) I33 (gm2) 
Change 

(%) 
Trajectory4   5.70 - 5.78 - 1.52 - 
Trajectory 3 4.41 -22.6 4.44 -23.1 1.47 -3.2 
Trajectory 2 4.54 -20.3 4.19 -27.5 0.96 -36.6 
Trajectory 1 2.88 -49.4 2.16 -62.7 0.95 -37.0 
Table 36. Comparison of the simulated uncertainty in the moments of inertia 

between different trajectories (body placed vertically) 

× I12 (gm2) 
Change 

(%) I13 (gm2) 
Change 

(%) I23 (gm2) 
Change 

(%) 
Trajectory4   3.04 - 2.80 - 2.56 - 
Trajectory 3 3.04 0.0 2.28 -18.6 2.34 -23.1 
Trajectory 2 1.55 -49.0 2.10 -25.0 1.69 -27.5 
Trajectory 1 1.54 -49.4 1.47 -47.6 1.08 -62.7 
Table 37. Comparison of the simulated uncertainty in the products of inertia 

between different trajectories (body placed vertically) 

 
It is interesting to notice that when the object is placed vertically, the reduction 

of the uncertainty on the moments of inertia is greater when the center of mass has 
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no acceleration. In this case the use of the sphere with the acceleration of the 

center of gravity equal to zero reduces the uncertainty in more than 20% compared 

to the same sphere but with acceleration of the center of mass. When the object 

was placed horizontally, this reduction was only of 7% approximately.  

 
In order to check the distribution of the uncertainty on the tensor, the normal 

probability plot is shown on Figure 41. This is the normal probability plot for the 

simulations with the proposed trajectory (trajectory 1) with the object placed 

horizontally.  All other trajectories have a similar behavior.  

 

 
Figure 41. Normal probability plot of the Montecarlo simulations for the inertia 

tensor identification 

It is verified that the uncertainty on the tensor also has a normal distribution, 

since the data fit a straight line. This is interesting because it means that the 

measured values have the same distribution of uncertainty than the inputs. It also 

allows using known distributions (t-student, normal) for estimating the real value 

from some measurements.  
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7.5 Experiments 
 

The inertia tensor identification experiment was carried out using the test body 

in the horizontal and vertical position. In these experiments the four trajectories 

were tested. Before conducting these experiments it was necessary to measure 

the location of the center of gravity of the object. Therefore, the center of mass 

identification experiment was realized before. The idea was to compare the results 

obtained in the simulation with actual experimental results. It is expected that the 

proposed trajectory reduces the uncertainty on the identification on the tensor 

compared to simple motions. Besides, uncertainty is expected to be very high 

when the object is placed vertically.  

 

For this experiment it is also proposed to use the relative measurement method 

presented on the center of mass experiment.  If we measure a point ‘i’ and we have 

a reference point ‘ref’ when the object is static, we can write equations ( 71 ) and    

( 72 ). 

 

,�,�,��H � OωeN RbIN � OFR3 G�G�G�� ( 71 ) 

 

,�,�,�� ¾Ð � OFR/þ� G�G�G�� ( 72 ) 

 

Where, 

OωeN R � ( $) � �$) � � $�$�� �$) � � $�$��$�$� �$) � � $�$�� �$�� � $����$�$� $�� � $�� $) � � $�$�
   �$�$� �$�� � $��� $�$�$) � �$) � � $�$�� �$�$�$�$� $) � � $�$� $) � * 

 

If the measurement of reference (equation ( 72 )) is subtracted from the other 

measurement (equation ( 71 )), the change in moment will be (equation ( 73 )). 

 

,�,�,��H � ,�,�,�� ¾Ð � OωeN RbIN � ´OFR3 � OFR/þ�º G�G�G�� ( 73 ) 

 



75 
 

The change in the moments depends on the change of the forces and the 

change in angular speed (equation ( 74 )).  

 

∆,�∆,�∆,�� � OωeN RbIN �  0 ∆L� �∆L��∆L� 0 ∆L�∆L� �∆L� 0 � G�G�G�� ( 74 ) 
 

 

This procedure eliminates the error introduced by the offset of the load cell.  

The identification equations are rewritten as: 

 IN � OOωe} RaOωe} RRw� |Oωe} Ral∆lMmn � ∆lLG�n n~ ( 75 ) 
 

Where, 

∆lMmn: U∆,�N∆,�N∆ g,hN
` Oωe} R: UOωeN R�OωeN R�gOωeN Ri

` ∆LG� : U∆OFR� ∆OFR� g∆OFRi ` 

 

For the identification of the inertia tensor, the results of the identification of the 

center of mass with 3 orientations were used. The experimental results for the 

inertia tensor identification are presented on the next section. Each table presents 

the result for a programmed trajectory. The results are: the mean experimental 

value (��), the standard deviation of the measurements (S), the difference between 

the mean measured value and the theoretical value(Dif.) expressed as absolute 

value and as percentage (for the moments of inertia) and the expected uncertainty 

(99.7% interval)from the simulations (3×). 
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7.5.1 Results for the inertia tensor: body placed horizontally 
 

9��<�� � 381.3 0 00 18.5 00 0 379.1� 
Table 38. Theoretical value of the inertia tensor (body placed horizontally) 

 

9�� 9�� 9�� 9�� 9�� 9�� �Ö (gm2) 387.2 1.2 1.2 18.3 -1.8 381.0 
S(gm2) 0.2 1.8 0.2 0.0 0.2 0.5 

Dif.(gm2) 5.9 1.2 1.2 -0.2 -1.8 1.9 
Dif. (%) 1.6 - - -1.3 - 0.5 

3× (99.7%) (gm2) 8.7 4.5 4.5 6.6 3.3 3.0 
Table 39. Experimental results for the inertia tensor using trajectory 1. (object 

placed horizontally) 

 

 9�� 9�� 9�� 9�� 9�� 9�� �Ö (gm2) 391.7 1.3 1.8 20.9 -1.7 380.8 
S(gm2) 0.4 4.5 0.2 0.1 0.1 0.5 

Dif.(gm2) 10.5 1.3 1.8 2.4 -1.7 1.7 
Dif. (%) 2.7 - - 12.8 - 0.4 

3× (99.7%) (gm2) 13.5 4.8 6.3 12.6 5.1 3.0 
Table 40. Experimental results for the inertia tensor using trajectory 2. (object 

placed horizontally) 

 

9�� 9�� 9�� 9�� 9�� 9�� �Ö (gm2) 387.4 2.7 1.7 18.3 -0.8 381.0 
S(gm2) 0.3 0.1 0.3 0.0 0.1 0.3 

Dif.(gm2) 6.1 2.7 1.7 -0.2 -0.8 1.9 
Dif. (%) 1.6 - - -1.1 - 0.5 

3× (99.7%) (gm2) 13.2 9.0 6.9 13.2 6.9 4.5 
Table 41. Experimental results for the inertia tensor using trajectory 3. (object 

placed horizontally) 
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9�� 9�� 9�� 9�� 9�� 9�� �Ö (gm2) 392.5 3.4 1.7 21.3 -1.0 381.1 
S(gm2) 0.5 0.1 0.2 0.1 0.2 0.1 

Dif.(gm2) 11.2 3.4 1.7 2.7 -1.0 2.0 
Dif. (%) 2.9 - - 14.7 - 0.5 

3× (99.7%) (gm2) 17.1 9.0 8.4 17.4 7.8 4.5 
Table 42. Experimental results for the inertia tensor using trajectory 4. (object 

placed horizontally) 

 The experimental results with the body placed horizontally show that the 

trajectory with the lowest uncertainty is the angular velocity and acceleration 

sphere with no acceleration of the center of gravity of the body. However, the result 

for the simple motion with no acceleration of the center of mass is very close in the 

error on the moments but the uncertainty in the products is greater. Results also 

shoe that the obtained differences between the measured and the theoretical value 

are all within the expected uncertainty. These results are summarized in Table 43 

and Table 44. The average error on each component of the tensor was calculated 

for each trajectory.  

 

Mean Dif. Moments % Products 
Trajectory 4  5.32 6.06 2.05 
Trajectory 3 2.73 1.08 1.76 
Trajectory 2 4.84 5.34 1.60 
Trajectory 1 2.70 1.11 1.39 

Table 43. Summary of the results for the identification of the inertia tensor (body 
placed horizontally) 

S Moments % Products 
Trajectory 4  0.207 0.149 0.176 
Trajectory 3 0.203 0.125 0.154 
Trajectory 2 0.323 0.267 1.597 
Trajectory 1 0.239 0.085 0.717 

Table 44. Summary of the standard deviation obtained in the inertia tensor 
identification experiments (body placed horizontally) 

The proposed trajectory (trajectory 1) reduced the average uncertainty in the 

moments in 50% compared to the simple motions with center of gravity 

acceleration (trajectory 4).The average uncertainty of the proposed trajectory 

corresponds to 1.1% of the nominal value while the simple trajectory has 
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uncertainty of 6.1% of the value. The average uncertainty obtained in the products 

with the proposed method (1.39 gm2) is 32% less than the obtained with simple 

motions (2.05 gm2). The standard deviation of the measured moments was also 

less in the proposed method. However it is greater for the products. This should be 

studied more carefully in the future because in this case only 5 tests were 

conducted for each trajectory. As it was explained on the center of mass 

experiment, there is still great uncertainty on the variables due to the difficulties to 

attach the object to the load cell in the same orientation for all tests.  

7.5.2 Results for the inertia tensor: body placed vertically 
 

9��<�� � 505.0 0 00 505.0 00 0 16.2� 
Table 45. Theoretical value of the inertia tensor (body placed vertically) 

 

9�� 9�� 9�� 9�� 9�� 9�� �Ö (gm2) 562.0 7.2 -2.0 564.6 -5.7 18.6 
S(gm2) 0.3 0.2 0.2 0.4 0.2 0.0 

Dif.(gm2) 57.0 7.2 -2.0 59.6 -5.7 2.4 
Dif. (%) 11.3 - - 11.8 - 15.1 

3× (99.7%) (gm2) 8.7 4.5 4.5 6.6 3.3 3.0 
Table 46. Experimental results for the inertia tensor using trajectory 1. (object 

placed vertically) 

 

9�� 9�� 9�� 9�� 9�� 9�� �Ö (gm2) 549.1 41.3 -6.1 641.6 2.2 18.5 
S(gm2) 2.4 1.7 0.1 1.4 0.1 0.0 

Dif.(gm2) 44.1 41.3 -6.1 136.6 2.2 2.3 
Dif. (%) 8.7 - - 27.0 - 14.1 

3× (99.7%) (gm2) 13.5 4.8 6.3 12.6 5.1 3.0 
Table 47. Experimental results for the inertia tensor using trajectory 2. (object 

placed vertically) 
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9�� 9�� 9�� 9�� 9�� 9�� �Ö (gm2) 537.3 13.0 0.0 588.3 -7.9 19.7 
S(gm2) 2.2 1.1 0.6 0.7 0.4 0.0 

Dif.(gm2) 32.3 13.0 0.0 83.3 -7.9 3.5 
Dif. (%) 6.4 - - 16.5 - 21.5 

3× (99.7%) (gm2) 13.2 9.0 6.9 13.2 6.9 4.5 
Table 48. Experimental results for the inertia tensor using trajectory 3. (object 

placed vertically) 

 

9�� 9�� 9�� 9�� 9�� 9�� �Ö (gm2) 548.8 37.8 -7.3 677.3 -3.8 19.7 
S(gm2) 1.44 0.50 0.48 0.91 0.67 0.09 

Dif.(gm2) 43.8 37.8 -7.3 172.3 -3.8 3.5 
Dif. (%) 8.7 - - 34.1 - 21.7 

3× (99.7%) (gm2) 17.1 9.0 8.4 17.4 7.8 4.5 
Table 49. Experimental results for the inertia tensor using trajectory 4. (object 

placed vertically) 

These results are summarized in Table 50 and Table 51. The average error 

on each component of the tensor was calculated for each trajectory. 

Mean Dif. Moments % Products 
Trajectory4  73.21 21.50 16.31 
Trajectory 3 39.70 14.80 6.97 
Trajectory 2 60.99 16.63 16.53 
Trajectory 1 39.67 12.72 4.96 

Table 50. Summary of the results for the identification of the inertia tensor (body 
placed vertically) 

 

S Moments % Products 
Trajectory4  0.812 0.333 0.551 
Trajectory 3 0.953 0.224 0.690 
Trajectory 2 1.274 0.322 0.665 
Trajectory 1 0.254 0.130 0.227 

Table 51. Summary of the standard deviation obtained in the inertia tensor 
identification experiments (body placed horizontally) 
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In this case the results also show that the best trajectory is the sphere of 

angular velocity and acceleration with zero acceleration of the center of gravity. 

The average uncertainty obtained is 39.67 gm2 or 12.72% of the nominal value, 

compared to 73.21 gm2 or 21.5% obtained with simple motions. The reduction on 

the uncertainty associated to the products is also remarkable because it changes 

from 16.31 gm2  to 4.96 gm2  in average. It is interesting to notice that when the 

object is placed vertically is very important to maintain the center of gravity static, 

this implies a reduction of approximately 20  gm2 (4% of the nominal value).  

7.5.3  Comparison of the commanded trajectory to the actual trajectory 
 

In this section the commanded trajectory is compared with the measured 

trajectory of the body. Because the IMU measures angular velocity, and because 

that is the signal that the body should follow, the comparison is done between the 

theoretical angular velocity and the measured. Figure 42, Figure 43 and Figure 44 

show the angular speed in the model and the actual speed of the body on each 

direction of the body fixed reference frame.  

  

Figure 42. Comparison of the angular velocity in the direction b1 

  

Figure 43. Comparison of the angular velocity in the direction b2 
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Figure 44. Comparison of the angular velocity in the direction b3 

 
The measured angular velocity has the same form of the commanded but the 

frequency is slightly different. The commanded signal has a frequency of 1.5 Hz 

and the measured have a frequency of 1.54 Hz. This difference makes the 

commanded signal to be delayed relative to the measured. The average difference 

in magnitude is of approximately 4.4%. Even though the signals are different the 

measured sphere of velocity and acceleration are achieved. The measured angular 

speed and acceleration spheres are shown on Figure 45. They have the same 

shape and dimensions than the desired signals. However they have some 

differences due to noise and uncertainty and the differences on the angular velocity 

signal that were already explained.  

 

 
Figure 45. Angular speed (left) and acceleration (right) spheres generated in the 

real experiment 

 
Future work should include the verification of the acceleration of the center of 

mass. The linear acceleration is not necessary to determine the tensor but it would 

be interesting to know of the platform is achieving the desired translational 
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trajectory.  The measured moment caused by the angular motion of the body for 

this trajectory is presented on Figure 46. 

 
Figure 46. Measured moments due to rotational motion 

This measurement also corresponds to the expected behavior of the 

simulation that was presented on Figure 37. It has some differences because of 

noise and uncertainty. Future work should include modifications to the spherical 

trajectory presented here. For example, the identification trajectory could include 

spheres of different radius (magnitude of angular velocity and angular 

acceleration). This change would combine the best attributes of the proposed 

trajectory and the use of simple motions, because a lot of axes but also a lot of 

points over each axis will be studied. This would give better information about the 

inertia ellipsoid. The experimental setup for the inertia tensor identification is shown 

on Figure 47 and Figure 48. 

 
 

 
Figure 47. Experimental setup (body 

placed horizontally) 
 

 
Figure 48. Experimental setup (body 

placed vertically) 
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8. CONCLUSIONS 

 

8.1 General conclusions 
 

• The result of this research project is an experimental system and a 

methodology to measure the center of mass location and inertia tensor 

(inertial properties) of a rigid body. The research was focused on the 

reduction of the uncertainty associated to the identified parameters, the 

reduction of the time consumed by the experiment and in guaranteeing 

the integrity of the body by using only low accelerations.  

 

• The experimental setup for the identification includes a 6-degrees of 

freedom parallel robot (Stewart platform), a six-axis load cell to measure 

forces and moments acting on the body under study and an inertial 

measuring unit to measure angular velocity.  

 

• The center of mass identification experiment use static orientations of 

the platform in two axes and it only requires the use of the load cell. The 

inertia tensor is done by programming a motion that uses the 6-DOF of 

the platform and both instruments, the IMU and the load cell.  

 

• The time consumed by the experiment is reduced because the same 

assembly is used for the center of mass and inertia tensor identification. 

Furthermore, the post-processing is very fast because only algebraic 

calculations have to be carried out. 

 

• The uncertainty on the 9 parameters is reduced because redundant 

information is used for the identification. A least squares method is used 

to determine the parameters that better fit the experimental data.  
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8.2  Center of mass identification 
 

• The uncertainty on the center of mass identification was reduced by 

taking the object to orientations that improve the numerical condition of 

the system. These orientations were found by calculating the singularity-

free workspace of the platform and running a hybrid optimization.  

 

• The body has to be subjected to at least two orientations. Montecarlo 

simulations showed that as more simulations are used, the uncertainty is 

smaller. In experiments of course this has the disadvantage of more time 

consumed by the experiment and the post-processing.  

 

• The positioning of the body deeply affects the uncertainty on the center 

of mass location. Preliminary results show that if the center of mass is 

close to the load cell origin, the uncertainty is reduced.  

 

• The mean difference between the measured value of the center of mass 

location and the theoretical value was less than 1 mm (typically 0.5 mm) 

in all cases (from 2 to 5 orientations) in all directions, when the object 

was placed horizontally. However in these results there is some 

uncertainty due to the difficulties to attach the object to the load cell in 

the same position for all experiments. Experimental results also 

confirmed that when the object is placed vertically (center of mass 

located far from the load cell origin) the uncertainty is increased in the 

vertical direction (more than 14 mm). 

 

8.3 Inertia Tensor Identification 
 

• According to the results of this project, it seems that the uncertainty on 

the inertia tensor is reduced if the object is moved relative to different 

axes on the space. The space can be swept in a uniform way by 
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generating a sphere of angular acceleration and a sphere of angular 

velocity. As more axes are used, the uncertainty is smaller.  

 
• Preliminary simulated and experimental results also show that the 

uncertainty on the tensor is reduced when the center of gravity remains 

static during the motion of the body. The difference is more notable when 

the center of mass is far from the load cell origin.  

 

• Preliminary experimental results showed that the proposed method using 

the spheres of angular velocity and acceleration reduced the average 

uncertainty on the tensor from 6.1% of the nominal value of the moments 

of inertia and 2.05 gm2 on the products using simple motions to 1.1% in 

the moments and 1.39 gm2 in the products when the object was placed 

horizontally.  
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9. FUTURE WORK 

 

9.1 Simulations 
 

• The analysis of how the platform can be taken to the desired static states at 

the border of the workspace should be realized. This will allow the use of the 

original points calculated by means of the minimization and therefore reduce 

the uncertainty.  

 

• A study on how the uncertainty on the 9 parameters change with the 

properties of the body should be conducted. This would make clearer why 

the uncertainty is increased when the object is placed vertically. It would 

also allow establishing limits on the bodies that can be measured with this 

system. In the same way this will allow to know what uncertainty is achieved 

for different bodies by using the same poses/trajectories or what 

poses/trajectories should be used with different bodies in order to achieve 

the same uncertainty.  

 

• It would be interesting to simulate the center of mass identification using a 

dynamic experiment and compare with the static one. Similarly, a study on 

what the best trajectory is for the identification of the center of mass using a 

dynamic experiment should be realized.   

 

• More trajectories for the inertia tensor identification should be evaluated. 

They can use the idea of the sphere of angular velocity and acceleration, 

but with different amplitude and frequency. Likewise, another idea is the use 

of concentric spheres such that for the same axis of rotation a lot of points 

are studied, but at the same time a lot of axes are covered. This would 

combine the best attributes of the proposed method and the use of simple 

motions.  
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• It would be interesting to evaluate if measuring the angular acceleration 

improves the accuracy of the system, and what is the best way to do it.  

9.2 Experiments 
 

• The attachment of the test body to the load cell must be improved such that 

there is no relative motion between them and the orientation of the body 

relative to the reference frame remains unchanged during the experiment 

and between experiments.  

 

• More tests for the center of mass and inertia tensor identification should be 

performed. It would be interesting to store a lot of results that allow 

estimating the experimental distribution of the measurements.  

 

• Execute an experimental sensitivity analysis, changing the properties of the 

body. The masses that were designed for changing the properties are 

already constructed but the tests have to be carried out.  

 

• Implement a completely dynamic experiment and compare to the use of a 

static experiment for the center of mass identification.  

 

• Calibrate the instruments again and study in detail the changes in offset and 

sensitivity that they have after a test, such that the uncertainty caused by 

them can be included in the simulations.  

 

• Study and reduce the sources of noise to the signals. This should include 

study on the vibrations of the platform, and electromagnetic noise affecting 

the IMU signals. The use of a suspension system can be implemented in 

order to reduce the mechanical vibrations.  
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