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ABSTRACT 

Emulsions are of interest at an industrial level due to the properties obtained with these 

mixtures. Microscopic analysis is of interest to the understanding of emulsions to 

accomplish a deeper understanding in this subject. A program capable of simulating the 

behavior of an emulsion was developed using programming language Python. The general 

framework of the Lattice-Boltzmann Method is used while adding the Shan and Chen 

model for multi-component fluids. The simulation of superficial tension, drop deformation 

and the principal mechanisms of coalescence are studied and predictions on what is 

happening in an emulsion are discussed. Comparisons are also made with what is found 

on literature and limitations on the code are explained.  
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CHAPTER 1 

1.1 INTRODUCTION 

Fluid mechanics has been a research area of high interest for a long time. Through time, as 

technology advances, it is common to see people investing a lot of time in trying to 

understand the mechanisms involved in a particular phenomenon. However, it is not 

always easy to understand what is happening in a fluid since these flows tend to be very 

complex and not easy to describe mathematically. Examples of this are wind turbines in 

which technological advances are being implemented at a high rate but their 

understanding is still somewhat limited, creating the necessity to understand in a better 

way what happens in the interaction between air and blades in this system to improve the 

efficiency of them.  

Since the understanding and prediction of these mechanisms is so difficult it is of no 

wonder that the last advancements in trying to describe how fluids behave occurred a 

long time ago. In the 1750’s and 1850’s a big development in this area was accomplished 

by the creation of a mathematical model capable of reproducing the flows observed in 

nature, this mathematical model is known as the Navier-Stokes equations. Unfortunately, 

solutions to these equations are very limited because of the complexity involved, which 

means the full potential of them was not exploited for a long time. [1] 

In the 1950’s computational algorithms stated to emerge that were capable of solving said 

equations for different and more complex cases than the solutions obtained before. 

Software libraries are now commercially available to simulate conditions needed by the 

user [12].  

A special area of interest is simulationsof free surface flows. A free surface is a fluid that 

has a limit pressure condition [13], meaning that there is a discontinuity in the properties 

of a continuum fluid or a defined boundary between two different fluids which is what 

occurs in an emulsion (a mixture of immiscible fluids).  



 

2 

 

Many studies have been made to describe the behavior of emulsions at a macroscopic 

level of how different mechanisms contribute to the emulsification process and stability of 

said emulsion [14,15,16]. But it is of interest to study emulsions on a microscopic level in 

order to predict what is going to happen in the manufacturing process and the behavior of 

the finished product. For low Reynolds number the behavior of a drop in an emulsion has 

been studied using the Boundary Element Method developed by Rallison and Acrivos in 

1978 and was described in more detail by Pozrikidis [25]. Solutions using this method have 

been obtained in 3 dimensions simulating single drop breakup [Zinchenko 1999, Cristini 

2001], cusping and capture (Zinchenko 1999) and interaction between 2 drops (Manga 

and stone). 

The current problem of these libraries are not for sale and the commercial alternatives 

have the problem that the acquisition of this type of software is too expensive and often 

times are too slow and don’t offer a lot of flexibility when dealing with multi-component 

fluids, making it very difficult for the general public to have access to this kind of tools and 

to be able to take advantage of these simulation packages. Adding to this that these types 

of algorithms have some difficulties simulating drop coalescence [17] it is simply not easy 

to conduct a proper investigation using just one method to simulate multi-component 

fluids. 

The general problem is then that there is a need to offer an alternative to the commercial 

simulation packages capable of simulating multi-component fluids so that it is more 

accessible to the general public that is interested in this matter while having more 

flexibility with the changes necessary to conduct a proper investigation and takes care of 

some of the limitations present in previous models. 

In more detail, what it is proposed in this work is the development of a program with an 

open source code (with programming language Python) to implement the Lattice-

Boltzmann method (LBM) for a fast and easy implementation giving the user a high 

control over the simulations. 
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1.2 EXISTING METHODS 

1.2.1 Volume of Fluid (VOF) 

The VOF method consists on a grid of cells, each containing information about a specific variable 

like pressure, velocity, mass, etc. Because of this it is possible to know where the surface of the 

fluid is located since the information on a cell tells us if there is fluid in a cell or not by tracking the 

volume fraction at each cell. 

Other variables like curvature and slopes can be calculated by fitting a curve using the volume 

fraction of neighboring cells. This volume fraction can take values of either zero or one, meaning 

that it is treated as a step function. 

With this method boundary conditions must be handled in a special way, pressure outside of the 

fluid must be modeled accordingly by simulating the pressure generated by the superficial tension 

and the velocity must satisfy a shear stress of zero at the surface. 

If we denote the fluid fraction as “F”, the evolution of the surface by the kinematic equation: 

���� + � ���� + � ���� + 	 ���
 = 0(1) 
Where u,v and w are the velocity components at directions x,y and z respectively. The modeling of 

the solution to this equation is not always easy, but generally the procedure consists of checking 

the information at neighboring cells to determine the direction of movement of the fluid and 

calculate how much fluid moves from one cell to the other while maintaining the condition of only 

starting filling fluid into an empty cell after an interface cell has been completely filled. 

This method is not very used for this kind of applications since the Boundary Element Method 

yields more accurate results while only having the simulate the interface of the drop [28]. 

However in the presence of a multiphase fluid this method can be a good candidate for its use. A 

very similar method to simulate free surface flows has been developed using the Lattice-

Boltzmann Method and is illustrated in detail in the Appendix B of this work. 
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1.2.2  Boundary Element Method (BEM) 

In a previous project [17] a MATLAB code was developed using the methods proposed by 

Zinchenkoetal. [23] implementing some modifications able to simulate any number N of 

drops. The advantage of using this method developed by Acrivos and Rallison [24] is that a 

drop can be discretized and at each node of the discretized mesh the velocity can be 

calculated with high accuracy and a displacement in able to be simulated.  

The evolution of the velocity at a point �� on the mesh is calculated by: 

 

��(��) = 21 + � ����(��) − 18������ ∆"#(�)$#�(�, ��)&�(�) 
+ 18��(1 − �) � �#(�)'#�((�, ��))((�)&�(�)*+

,- .(2) 
 

Where � = /0/1 is the ratio between the particle viscosity �2 and the suspending medium 

viscosity ��,  ��� is the velocity of the suspended fluid, �  indicates the surface in which 

the integral of the mth particle is being calculated and )((�) is the outward normal vector 

on a given point in the drop. 

The first integral is known as the Single-Layer hydrodynamic potential and the second one 

is known as the double-Layer hydrodynamic potential. On the Single-Layer potential the 

presence of the function $#�(�, ��)called the Green function which is defined as the 

solution of the Stokes equation for velocity due to a point force applied. Mathematically it 

is defined as: 

$#�(�, ��) = 34#�5 + 5#5�56 7(3) 
Where 4#� are unit vectors in the direction of I and j on a Cartesian frame and r is defined 

as: 5 = � − ��(4) 
Finally ∆" is the jump in stress due to the traction at the interface of the drop, this means 

that: 
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∆" = "� − ": =; (<� − <:), ) =  (>) 
Here, < is the Newtonian stress tensor that incorporates a conservative force. The indices 

“s” and “p” stand for the suspended fluid and the particle respectively. 

 

Figure 1.Two drops interacting with the Boundary Element Method. Separation between 

drops is shown on the right. From [17] 

Results using this method can be found in [17]. Two drops interacting in a shear flow is 

shown on figure 1. Here it was found that in order to simulate coalescence a difficult 

implementation of code is necessary to recalculate the mesh when necessary. Because of 

this difficulty a new method for multi-component fluids is required. 
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1.3 OBJECTIVES 

General Objective 

Development of libraries based on the Lattice-Boltzmann Method capable of simulating 

the behavior of multi-component fluids on different types of conditions in order to have a 

better understanding on the microscopic phenomena present in this type of 

fluids.Specific Objectives 

• Development of a computational program using programming language Python 

implementing the Lattice-Boltzmann Method in 2 and 3 dimensions. 

• Implementation of the Shan-Chen method for multi-component fluids in 2D and 3D 

on programming language Python. 

• Simulation of various initial conditions and changing flow conditions to determine 

the capabilities of the developed software. 

• Implementation of algorithms capable of calculating necessary to measure 

important variables on simulations such as surface tracking and normal calculation. 
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CHAPTER 2 

2.1 THE LATTICE-BOLTZMANN METHOD 

2.1.1 The Boltzmann Equation 

Under the presence of a force G the Boltzmann equation can be written as: 

�"�� + ?. �"�� + $. �"�? = Ω(")(6) 
In this equation f denotes the amount of particles that have speed, position, time and 

volume. The variable ? is the microscopic velocity of the molecules present in the field, 

this means that the left side of the equation describes the motion of the particles given a 

force G at x, and the right side handles the interaction between molecules. 

This collision operator is often simplified by what is called the BGK approximation, which 

states that collision is given by: 

ΩCDE = g(t) − f(t)τ (7) 
Where f K is a distribution that represents the local equilibriumand depends on density, 

velocity and temperature. Taking this into account the Boltzmann equation can be written 

as: 

�"(�)�� + ? �"(�)�� = −1τ L"(�) − M(�)N(8) 
Where 

OP =; Q, ) = is the relaxation time for collision and it is calculated as the dot 

product of the number of particles and a proportional coefficient A. The properties of the 

fluid can be calculated from the moments of the function f as: 

R = �"(�, ?, �)&? (9) 
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R� = �?"(�, ?, �)&? (10) 
To discretize time, the Boltzmann equation has to be written as an ordinary differential 

equation as: 

T"(�)T� + 1� " = 1� M(11) 
Where 

T"(�)T� = ��� + ? ��� (12) 
Thus, equation 11can be simplified by a Taylor expansion as: 

"(� + &�) − "(�) = −&�� L"(�) − M(�)N(13) 
To discretize the velocity first the velocity moment is defined as: 

U = �V(?)"�&? (14) 
Here V is a moment function that is dependent on the components of the molecular 

velocity. In two dimensions It can be proven [1] that this moment is also equal to: 

U = R���	#	�VL?#�N W1 + ?. �X' + (?. �)Y2(X')Y − �Y2X'Z6
�[O

6
#[O (1>) 

With: 

?#� = \2X'L?# , ?�N](16) 
And 	# , 	�  as weighting factors depending on the direction particles are moving. Assuming 

an isothermal model and factoring that the speed of sound is ^� = O\6 = X' [1] yields the 

weights constants as: 
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	� = 	Y	Y = 4/9 

	O…a = 	O	Y, 	Y	O, 	6	Y, 	Y	6 = 19(17) 
	b…c = 	O	6, 	6	O, 	O	O, 	6	6 = 1/36 

And each component of ?#� is 0 or ±\2X'e3/2 = ^ which means that the velocities in 

discrete form are: 

4� = ?O,O = (0,0)] 

4O…a = ?O,Y, ?Y,O, ?6,Y, ?Y,6 = (±1,0)]^, (0, ±1)]^(18) 
4b…c = ?O,6, ?6,O, ?O,O, ?6,6 = (±1,±1)]^ 

The velocity moment is now then: 

U = �fgV(4g)"g2hi
g[O (19) 

From here the equilibrium function can be defined as: 

"g2h = 	gR W1 + 34. �^Y + 9(4. �)Y2^a − 3�Y2^YZ(20) 
Now the discretization of the Boltzmann is complete and is a usable equation that can be 

implemented in a computer program. 

 

 

 

 

 



 

10 

 

2.1.2 General framework of the Lattice Boltzmann Method 

This method consists in the first order discretization of the Boltzmann equation for gasses 

so that the possible spatial positions that a particle can occupy is greatly reduced, because 

of this a program can be developed that calculates the position of these particles at all 

times by placing these possible positions of particles in a defined lattice and by only 

allowing these particles to move in a limited set of directions. It has been proven thatin 2D 

there are 9 possible directions including a stationary position so that the Lattice-

Boltzmann equation can yield physical results [10]. A scheme of this model is shown in 

figure 2. 

 

Figure2.Possible displacement of particles and density distribution at each point of the 

lattice.FromSukop [10]. 

As it is seen in this figure each point in this lattice also holds some important information 

necessary for calculating simulation variables, a distribution of density "gthat varies 

depending on the direction “a” being evaluated. From this it is possible to obtain a 

macroscopic density by a simple summation over "g 

R =�"gc
g (21)

In a similar way, the macroscopic velocity is calculated by: 
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� = 1R�"gc
g 4g(22) 

Where eaare the individual velocities that a particle has in a specific direction and � is the 

macroscopic velocity. It can be demonstrated that this discretization is able to comply 

with the Navier-Stokes equations as long as a proper lattice is used. In 3D a similar lattice 

is used with the difference that now there are now 19 velocities necessary as it is seen on 

figure 3. 

 

Figure3.Lattice for a 3D simulation using the Lattice-Boltzmann Method. From [2]. 

Once the density and velocity are known the evolution of the fluid with the pass of time is 

calculated, this again is made in a discretized way with equation13 replicated here for its 

importance: 

"g(� + 4g∆�, � + ∆�) − "g(�, �) = −"g(�, �) − "g2h(�, �)j  

Where the left side of the equation describes the streaming of particles and the right side 

represents the collision between particles. Even if this is all described in one equation, 

both terms must be calculated separately since it is necessary to collide particles in a 

different way in the presence of an obstacle. 
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The collisions are calculated by performing a relaxation of the movement of particles to an 

equilibrium distribution. It can be observed on the collision term that everything is divided 

with jwhich is the relaxation parameter and determines the viscosity of the fluid.Finally 

the equilibrium distribution is determined by equation 20: 

"2h = 	g kR + 34g� − 32�Y + 92 (4g�)Yl 
Where	#are the weights associated with a particular lattice, in 3D it is given by:  

	g = 13 "m5n = 1 

	g = 118 "m5n = 2…7(23) 
	g = 136 "m5n = 8…19 
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2.1.3 Lattice Boltzmann Units 

When working with the Navier-Stokes equations it is often convenient to work with 

dimensionless units. To accomplish this, a length and a time scale are defined as o� and �� 

respectively, meaning that the physical position vector and dimensionless time is given as: 

op = 5:o�,: (24)�p = �:��,: (2>) 
In the same way, dimensionless velocity is defined as: 

�: = o�,:��,: �p (26) 
Replacing these variables on the Navier-Stokes equations it yields as a result that the 

Reynolds number is for any given units: 

X4 = o�Y��q (27) 
Were q is the viscosity of the fluid. Since it is of interest to define this viscosity in 

dimensionless units, equation 27 can be written like: 

qp = o�,pY��,pX4(28) 
But because we are working with dimensionless variables we have that: 

��,p = 1n)&o�,p = 1 
Giving a dimensionless viscosity of: 

qp = 1X4(29) 
As a next step a discretization is necessary to be able to work in lattice units as the 

method requires this. A discrete length and time is then defined as: 
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rs = 1t(30) 
ru = 1t#u2v (31) 

Here, N is the number of cells utilized and t#u2v is the number of iterations needed to 

reach this discretized time. Through a dimensionless analysis the desired variables in 

lattice Boltzmann units are found to be: 

�wx = rurs �p (32) 
qwx = rursY 1X4(33) 

With these equations it is now possible to define a problem starting from physical units 

and transform the given variables to a set of units that are given to the program that is 

now capable of simulating the desired scenario. 

Example problem 

Now a modified example from reference [30] is presented here to give more clarity on 

how to handle units conversion. If we have a flow in a 5cm x 5cm plane and we want the 

top of the plane to move with a velocity of 4^y/yz) and the fluid has a viscosity of 3^yY/yz). 

To express this problem in lattice-boltzmann units first we define a characteristic length 

and velocity as: 

o�,: = 3^y��,: = 4^y/yz) 

Which gives: 

��,: = o�,:��,: = 34yz) 

The Reynolds number is then: 
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X4 = ��,:o�,:{: = 3 

If we define a grid of 200x200 we have a discretized length of: 

rs = 1200 = 0.00> 

Finally we define a discrete time scale which is decided by the user, for stability purposes 

a good choice is ru~rsY resulting in: 

ru = 2.>�10}b 

The velocity in lattice units is then: 

�wx = rurs �p 

And the viscosity is: 

{wx = rursY 1X4 

Utilizing a BGK approximation the relaxation parameter is: 

j = {wx^�Y + 12 

Where ^�Y = 1/3. Finalizing the units conversion. 
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2.2 THE LATTICE-BOLTZMANN METHOD FOR EMULSIONS 

What was presented so far is the general Lattice-Boltzmann method for a single fluid. 

With multi-component fluids calculations are done in a different manner. The real general 

velocity for a number of fluids < is given by [Shan-Chen]: 

�~ = 1R~�"g~4gg (34) 
And the equilibrium velocity in order to find the equilibrium density is calculated as: 

�� = �� O��~ � "g~4gg �� ���~ (3>) 
This means that now we need two or more lattices in order to simulate multiple fluids. 

However an interaction potential is needed to simulate non local interaction between 

particles. Shan and Chen proposed the interaction potential as: 

�~(�) = −$�~(�, �)�	g�~�(� + 4gΔ�, �)4gg (36) 
Here �~is a function that depends on the density of the fluid, <� refers to the opposite 

fluid and the parameter G determines the intensity of this interaction potential present 

between fluids. 

What this function is doing is simulating a repulsive force between fluids. Oncethis is 

calculated and together with equations34 and 35,the behavior of an emulsion is 

accomplished since two fluids have a repelling force from each other. However it is 

necessary to implement the effect of this force into the general framework of the Lattice-

Boltzmann Method. 
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Force incorporation 

In order to learn how to incorporate this force into the model, first we have to look into 

Newton’s second law: 

� = yn = y&�&� (37) 
Noticing that the density is proportional to the mass and that j is the relaxation time for 

collisions Sukop[10] suggests that this change in velocity is equal to: 

Δ� = j�R (38) 
Then the equilibrium velocity can be expressed as: 

�2h = � + Δ� = � + j�R (39) 
Where the force here is the same found in equation 36. Replacing this velocity in equation 

20, the equilibrium distribution can be found and the collision and streaming steps can 

now be calculated as before. 
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2.3Mesh Creation: The Marching Cubes Algorithm 

Since the intent of this work is to simulate multi-component fluids for research purposes,it 

is essential to provide the user with tools capable of calculating important variables to 

help us understand what is happening in a simulation. In a lot of cases it is necessary to be 

able to calculate the surface normal, curvature or the deformation of a drop. In order to 

accomplish this, a mesh of the surface of the fluid must be calculated and it is done by 

utilizing the Marching Cubes Algorithm. 

This algorithm is not hard to understand, since the LBM works by moving particles in a 

lattice and storing information like density into each node at the lattice, the procedure is 

to simply choose a value that you want to interpolate from the scalar field (isosurface) 

which in this case it should be a between zero and one because the interface of a drop has 

a value of less than one. As a second step we have to build a cube using the vertices of the 

lattice and numerating said vertices as it is shown on figure 4. This cube will have to 

change values at each iteration in such a way that it covers the entire lattice grid. 

 

Figure 4. A generated cube from the lattice. An edge and vertex index is defined. From 

[29] 

The next step is to check all of the vertexes to see if one or several of them are below the 

isosurface and then create a triangular facet based on this. Take for example that if vertex 

3 is under the isosurface then a triangle needs to have the form as figure 5: 
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Figure 5. Triangle construction for vertex 3, uses edges 2,3 and 11. From [29] 

 

The position of the vertex of the triangle on the edge of the cube must now be 

interpolated by performing the operation: 

� = �O + (�������� − �O)(�Y − �O)�Y − �O (40) 
Were �O and �Yare the vertices of a cut edge and �O,�Yare the values at each vertex on the 

scalar field. The complexity of the algorithm lies in the possible combinations the triangles 

can be built and how they connect to each other. This is why a vertex and edge table is 

needed, so that all possible combinations are taken into account and every triangle is 

formed in a way that a mesh is created around the isosurface.An example of the 

triangulated surface produce is shown on figure 6. 
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Figure6. Triangular mesh of a spherical drop using the Marching Cube Method. 

 

The developed source code to implement this algorithm can be found on Appendix A 

where the explained method is implemented on programming language Python.  
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CHAPTER 3 

3.1 RESULTS 

3.1.1 Behavior of emulsions 

The implementation of what has been described previously has been programmed on the 

open source language Python, a programming language that has proven to be very 

adequate to simulate the scenarios under study in this work, even though there are faster 

alternatives in which the code could have been written, Python offers the advantage that 

it has no cost and the simulating time is not extended greatly. With this in mind it is 

considered as a great alternative for people wanting to program while keeping costs low. 

As was stated before, the Shan & Chen implementation for multi-component fluids was 

utilized. With this method there are several simulations that can be made. First it is 

important to verify if the code developed is able to simulate the general behavior present 

in emulsions.  

What this means is that when 2 fluids start interacting somehow they mustrepel each 

other since both are immiscible fluids. To check if this behavior is represented an aleatory 

distribution of particle of two fluids is generated expecting both fluids to separate as time 

advances. Results of this simulation are observed on figure9. 
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Figure 7. Evolution of a two phase simulation. Both fluids repel each other as expected in 

an emulsion.Bottom image taken from a MATLAB code developed by [22]. 

To compare the results obtained it can be seen on figure 7that a similar program that also 

uses the LBM was developed by [22] using a MATLAB implementation of the Shan-Chen 

model. Results for the second panel and the ones reported by this problem are very 

similar, both fluids separate just as an emulsion would behave in real life. 
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Additional to this, the code is able to simulate superficial tension between 2 fluids. Since 

the inter-particle force is imposed for both fluids, the code is able to vary the superficial 

tension by changing the parameter G present in equation 36. This means that if this 

parameter is small, the interface between fluids may not be very clear to distinguish. On 

the other hand, if this parameter is of a high magnitude, the separation between fluids is 

easier to recognize. According to Sukop [10], this parameter needs to be small because if 

the magnitude of the force is too big the increment of velocity on equation 39 would yield 

unstable results. However, if this parameter is too small a diffusive interface is obtained. 

 

Figure8. Two fluids with the same viscosity and density.To the left the superficial tension 

parameter is G=1.2 and to the right this parameter is G=1.8 

An example of this is illustrated on figure 8, on the first picture it is clear that defining the 

area were one fluid ends and the other begins is not an easy thing to accomplish. On the 

other picture however, there seems to be an interface that separates both fluids.This kind 

of behavior is what is expected when the superficial tension is increased. 

This is of course not enough to prove that the method simulates superficial tension 

effectively. To help us illustrate if the behavior obtained is what is expected in a physical 

process results must be compared to Laplace’s Law. The result of said corroboration is 

demonstrated on figure 9. 
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Figure9. Law of Laplace.Pressure difference against 1/r results in a good fit. 

Just as it is predicted by the law of Laplace, the relationship between the pressure 

difference measured inside and outside an immersed drop against the inverse of the 

radius must be linear. Since a linear relation was found to fit the simulation points, it can 

be said that the physical representation of superficial tension is accomplished using this 

model in the case of emulsions. A small error is found since the interception with the 

vertical axe is not zero but this error can be reduced depending on the points where the 

pressure difference is calculated [10]. 

 

Figure 10. Laplace law. Results obtained on [31]. 
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Similar results were obtained on [31] as can be seen on figure 10. Their findings are that a 

superficial tension is of about < = 0.11 which is lower than our results, meaning that even 

though the qualitative behavior is simulated big differences can be obtained depending on 

the method utilized and number of iterations run to measure the pressure difference. 

 

Figure 11. Superficial tension is changed when the value of G is varied. 

Finally on figure 11 the change of the force magnitude is studied by varying the parameter 

G on equation 36. Results show that varying this parameter has an effect on the 

superficial tension observedjust as it was predicted before. This is a parameter however 

that it is not very suited to change that much since at low values the interface can be too 

diffuse and at high values it can generate numerical instabilities. 

3.1.2 Drop Coalescence 

An advantage that the developed code has against other existing methods, for example 

the Boundary Element Method, is that coalescence is easily observed while using LBM. On 

figure 12 a comparison between both methods is illustrated by simulating the interaction 

between 2 drops under shear flow in similar conditions. 
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Figure12. Comparison of coalescence between the Boundary Element Method (mesh 

without coalescence) and the Lattice-Boltzmann (Coalescence observed). 

As can be seen, with the Boundary Element Method as soon as both drops encounter each 

other they deform greatly since these drops cannot actually coalesce to form a single drop 

without first implementing a new mesh capable of joining both drops with the appropriate 

conditions. This is not a necessary action on the program developed since when 2 drops 

touch each other the process of coalescence starts. 

3.1.3Critical Distance 

Since it was observed that the initial vertical separation of drops had an effect on the 

presence of coalescence a study was made to determine the relationship between the 

velocity of the imposed shear flow and the critical distance defined as the 

minimumvertical distance 2 drops must have initially so that both drops coalesce when 

they approach each other. Meaning that under this distance coalescence will always be 

present. The result of this relation is shown on figure 13. Here a linear tendency is 

observed. 
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Figure13. Critical distance to observe coalescence vs velocity of the imposed shear flow. 

As a next step, the effect of drop size on coalescence was studied. On figure 14 a size ratio 

of 0.8 was simulated resulting in drop deformation but no coalescence was presented. 

 

Figure14. Interaction between drops with a size ratio of 0.8 and initial separation of 25 

lattice units 

This behavior is observed even when the two drops are at a lower distance than the 

critical distance for coalescence. From this we can infer that an emulsion under high shear 

flow and large size distribution the phases will not coalesce as much as an emulsion that 

doesn’t comply with these characteristics. 

A similar finding was also found in a previous investigation using the Boundary Element 

Method [17], it was found that the deformations observed with similar size ratios were 
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much higher than those interactions with smaller size ratios. An example of this is shown 

on figure 15, a pair of simulations that corroborate our findings. 

 

Figure 15. Interaction between 2 drops with different sizes. Left: Size ratio of 1. Right: 

Size ratio of 0.7 

3.1.4 Drop Breakup 

Another phenomenon that can be appreciated with this code is drop break up. Of the 

imposed shear flow is high enough, a drop may present a separation into two or more 

drops even if coalescence has occurred before or if a drop is deformed past a critical stage 

like it is seen on figure 16 and 17. 

 

Figure16. Coalescence of two drops and drop break up as a result of high shear flow. 
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Figure 17. Drop break up of a single drop by induced shear flow. Top and bottom wall 

moving at a velocity of u=1.2 

What this means is that in an emulsion there is a critical value that will separate both 

phases even more and it was also found that depending on the viscosity ratio this can be 

easier to accomplish. 

 

Figure 18. Drop break up by a flow with Re=1 and� = �. From [19] 

To compare, in [21] a similar break of a drop is accomplished as illustrated on figure 18. 

This means that if in an emulsion the flow is strong enough large drops can divide and the 

emulsion conserves its mixture. 



 

30 

 

3.1.5Drop Deformation under shear flow 

Several studies have been conducted in relation to the behavior of a drop under shear 

flow [20]. In a given shear flow a drop can acquire a shape similar to the one in figure 19. 

 

Figure 19. Typical Deformation of a drop under shear flow. From [21] 

The Taylor deformation parameter is the defined as: 

T" = n − �n + �(41) 
Where a andb are the lengths of the principal directions as illustrated before. In order to 

find these values numerically it is necessary to calculate the Inertia Tensor as: 

U = 1)���#(�# − ���)(5# − 5��)��
#[O (42) 

Where �# is the surface of a triangular face, CM is the subscript for the center of mass and 

q and r are coordinates x,y and z. From this we can calculate the deformation parameter 

since the eigen values of this tensor describe the magnitude of the principal axes on the 

drop. 

In order to characterize how a drop deforms under shear flow it is convenient to work 

with dimensionless parameters. To describe the intensity of the shear flow the Capillary 

number is used, which represents the relative effect of viscous forces against superficial 

tension. This number is represented as: 
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�n = �X�< (43) 
Here, � is the imposed shear flow, R is the initial radius of the drop, � is the viscosity of 

the fluid and < is the superficial tension. 

Haihu Liuetal. [21] Found that for a ratio of viscosities � = 1 there is a linear relation 

between Capillary number and drop deformation, which is congruent with our finding on 

this works. A comparison between both results is shown in figure 20. 

 

 

Figure20. Linear relationship Between Df and Ca. Above figure from [21] and second one 

with the implemented code. 
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As can be seen on this figure, both models present a good fitting with a relationship close 

to T" = 1.>�n, meaning that there is a linear relationship and that the code implemented 

is capable of measuring this kind of behavior. 

In a previous study Gonzalez et al [18]showed that there is a different behavior when the 

viscosity ratio � is varied. Again, simulations were run in order to determine if this is 

indeed predicted by the current model. Results and a comparison between both methods 

are illustrated on figure 21. 
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Figure 21. Drop deformation with LBM and BEM. The linear relation between Df and Ca 

is present at low viscosity ratios. After that the relation is lost and a deformation tends 

to get smaller. 

It is seen that with the Boundary Element Method the drop deformation tends to get 

smaller and the linear relationship with Ca is lost. Our simulations have the same behavior 

but the actual deformations observed were much smaller. This makes us believe that 

there are more factors that influence deformation than just the viscosity ratiothat the 

current model is not simulating accordingly. 

Also it is worth noticing that the scale of the Capillary number is much lower, this is 

because for the current program is very unstable at high velocity of shear flow, because of 

this simulations did not have the same reach as the cited references. 

Finally, the effect of viscosity is studied and compared with results from the literature as it 

is seen on figure 22. 
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Figure 22. Droplet deformation vs reduced time. Above, our results and below taken 

from [20] 

 

Again it is seen that the effect of viscosity in our implementation appears to have a severe 

effect on drop deformation. Both simulations are very different, meaning that with the 

current implementation there are some problems with simulating the effect of viscosity 

but there seems to be no problem when changing the Capillary number. Having this in 

mind for future implementations it would be convenient to change the BGK 

approximation, which dictates the effect that determines the viscosity of the fluid. 
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3.2 Conclusions 

• The Lattice-Boltzmann Method adequately simulates superficial tension since the 

Laplace  law is replicated by the code. 

• It was observed that in the presence of high imposed shear flow it is harder for 

drop coalescence to be observed. 

• There appears to be a linear relation between velocity of the imposed flow and the 

critical distance to coalesce. 

• Drop breakup can appear when the imposed flow is very large. 

• Deformation depends on both Capillary number and viscosity of the fluids. 

• The relationship between Deformation and Capillary number was found to be 

linear for values of � = 1 or close to it. For high values of � the observed 

deformation is lower and this relationship is lost. 

• For high ratio of viscosities deformation starts increasing faster than with lower 

ratios but the final deformation is lower. 

• A computer program was developed that simulates the behavior of emulsions 

while providing the user with the tools necessary to conduct a proper research of 

these types of fluids. 

• Limitations on the code were found when the capillary number is “high” and the 

viscosity ratio differs from 1 too much. 
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Appendix A: Source codes for selected functions 

Emulsions 

The source code for simulating emulsion is now shown: 

importnumpy as np 

importscipy as sp 

import findlist3d 

import circ3df as circ 

import time 

importpdb 

import marching 

import minimum 

fromenthought.tvtk.api import tvtk 

#os.system("cls") 

#Nombre archivo para guardar las imagenes 

nombre = 'DropShearR11Ca0.8_' 

#Numero de iteraciones 

maxT   = 300 

#Frecuencia de imagen 

itPlot = 3000 

itstop = 10 

par = 0 

t=0 

#Constantes generales 

lx = 30 

ly = 30 

lz = 30 

#Amplitud de la fuerza de interaccion 

G = -1.8 

#Velocidad de las paredes 

UW = 0.8 

#Densidad del fluido 1 

rho1_0 = 1 

#Densidad del fluido 2 

rho2_0 = 1 

#Numero de gotas 

numdrops = 1 

#Coordenadas de las gotas y radio 

coordinates = np.array([[0,0,0,10]]) 

#Relaxation parameter for fluid 1 

omega1 = 1 

#Relaxation parameter for fluid 2 

omega2 = 1 

#Reynolds Number 

Re = 0.1 
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##Parametros por defecto 

#Tao fluido 1 

tao1 = 1/omega1 

#Viscosity of fluid 1 

vlb1 = (tao1-0.5)*(1./3) 

#Delta of distance 

dz = 1./lz 

#Delta of time 

dt = Re*(dz**2)*vlb1 

#Gravity 

grav = 0 

 

##Comienzo de programa 

obst_x =np.zeros([numdrops,1]) 

obst_y =np.zeros([numdrops,1]) 

obst_z =np.zeros([numdrops,1]) 

obst_r =np.zeros([numdrops,1]) 

 

fori in xrange(numdrops): 

#Posicion de las gotas 

obst_x[i,0] = coordinates[i,0]    

obst_y[i,0] = coordinates[i,1] 

obst_z[i,0] = coordinates[i,2] 

    #Radio 

obst_r[i,0] = coordinates[i,3]    

 

obst = np.zeros([lx+1,ly+1,lz+1]) 

# Location of top/bottom boundary 

obst[:,0,:] = 1 

### Location of top/bottom boundary 

obst[:,ly,:] = 1 

bbRegion = findlist3d.find(obst,1) # Boolean mask for moving bounce-back cells 

bbRegionb = list(bbRegion[:,1]) 

bbRegionc = list(bbRegion[:,2]) 

bbRegiona = list(bbRegion[:,0]) 

del(bbRegion) 

obst = np.zeros([lx+1,ly+1,lz+1]) 

obst[:,0,:] = 1 

obst[lx,:,:] = 1 

bbRegion = findlist3d.find(obst,1) # Boolean mask for bounce-back cells 

bbRegionb2 = list(bbRegion[:,1]) 

bbRegionc2 = list(bbRegion[:,2]) 

bbRegiona2 = list(bbRegion[:,0]) 

del(bbRegion) 

 

 

Gomega1 = G/omega1 

Gomega2 = G/omega2 
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# D3Q19 LATTICE CONSTANTS 

tNS   = 

np.mat([1./3,1./18,1./18,1./18,1./18,1./18,1./18,1./36,1./36,1./36,1./36,1./36,1./36,1./36,1./36,1.

/36,1./36,1./36,1./36])   #weigh factors wi 

cxNS  = np.mat([0,0, 0,1,-1,0, 0,1,-1, 1,-1,0, 0, 0, 0,1, 1,-1,-1])   #velocity ex 

cyNS  = np.mat([0,1,-1,0, 0,0, 0,1, 1,-1,-1,1, 1,-1,-1,0, 0, 0, 0])   #velocity ey 

czNS  = np.mat([0,0, 0,0, 0,1,-1,0, 0, 0, 0,1,-1, 1,-1,1,-1, 1,-1])   #velocity ez 

oppNS = np.mat([0,2,1,4,3,6,5,10,9,8,7,14,13,12,11,18,17,16,15])   #opposing node 

 

[x,y,z] = np.mgrid[-lx/2:lx/2+1,-ly/2:ly/2+1,-lz/2:lz/2+1] 

 

jx1 = np.zeros([lx+1,ly+1,lz+1]) 

jx2 = np.zeros([lx+1,ly+1,lz+1]) 

jy1 = np.zeros([lx+1,ly+1,lz+1]) 

jy2 = np.zeros([lx+1,ly+1,lz+1]) 

jz1 = np.zeros([lx+1,ly+1,lz+1]) 

jz2 = np.zeros([lx+1,ly+1,lz+1]) 

 

# Density distribution 

fIn= np.zeros([19,lx+1,ly+1,lz+1]) 

gIn= np.zeros([19,lx+1,ly+1,lz+1]) 

 

# Calculates density distribution 

fori in xrange(19): 

cuNS1 = 3*(cxNS[0,i]*jx1+cyNS[0,i]*jy1+czNS[0,i]*jz1) 

cuNS2 = 3*(cxNS[0,i]*jx2+cyNS[0,i]*jy2+czNS[0,i]*jz2) 

for p in xrange(lz+1): 

for j in xrange(lx+1): 

for k in xrange(ly+1): 

t = 0 

for l in xrange(numdrops): 

if (abs((x[j,k,p]-obst_x[l]))**2+abs((y[j,k,p]-obst_y[l]))**2+abs((z[j,k,p]-

obst_z[l])**2))<((obst_r[l])**2) or (abs((x[j,k,p]-obst_x[l]))**2+abs((y[j,k,p]-

obst_y[l]))**2+abs((z[j,k,p]-obst_z[l])**2))==((obst_r[l])**2): 

fIn[i,j,k,p] = 0 

gIn[i,j,k,p] = rho2_0*tNS[0,i]*(1 + cuNS2[j,k,p]+(1./2)*(cuNS2[j,k,p]*cuNS2[j,k,p])-

(3./2)*(jx2[j,k,p]**2+jy2[j,k,p]**2+jz2[j,k,p]**2)) 

t = t+1 

elif (abs((x[j,k,p]-obst_x[l]))**2+abs((y[j,k,p]-obst_y[l]))**2+abs((z[j,k,p]-obst_z[l]))**2) > 

((obst_r[l])**2) and (t<1): 

fIn[i,j,k,p] = rho1_0*tNS[0,i]*(1 + cuNS1[j,k,p] + 1./2*(cuNS1[j,k,p]*cuNS1[j,k,p])-

(3./2)*(jx1[j,k,p]**2+jy1[j,k,p]**2+jz2[j,k,p]**2)) 

gIn[i,j,k,p] = 0 

t = t+1 

 

## MAIN LOOP (TIME CYCLES) 
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for cycle in xrange(paso,maxT+1): 

tic=time.clock() 

    ##  MACROSCOPIC VARIABLES 

counter = counter+1 

rho1 = sum(fIn).reshape(lx+1,ly+1,lz+1) 

rho2 = sum(gIn).reshape(lx+1,ly+1,lz+1) 

##  e*f 

        temp1 = (((fIn).reshape(19,(lx+1)*(ly+1)*(lz+1)))) 

temp1=np.mat(temp1) 

tempf=np.array(cxNS*temp1) 

jx1 = tempf.reshape(lx+1,ly+1,lz+1) 

del(tempf) 

tempf = np.array(cyNS*temp1) 

jy1 = tempf.reshape(lx+1,ly+1,lz+1) 

del(tempf) 

tempf = np.array(czNS*temp1) 

jz1 = tempf.reshape(lx+1,ly+1,lz+1) 

del(tempf) 

del(temp1)         

temp2 = (((gIn).reshape(19,(ly+1)*(lx+1)*(lz+1)))) 

temp2=np.mat(temp2) 

tempf=np.array(cxNS*temp2) 

jx2 = tempf.reshape(lx+1,ly+1,lz+1) 

del(tempf) 

tempf=np.array(cyNS*temp2) 

jy2 = tempf.reshape(lx+1,ly+1,lz+1) 

del(tempf) 

tempf=np.array(czNS*temp2) 

jz2 = tempf.reshape(lx+1,ly+1,lz+1) 

 

rhoTot_OMEGA = rho1*omega1 + rho2*omega2 

        uTotX = (jx1*omega1+jx2*omega2) / rhoTot_OMEGA 

        uTotY = (jy1*omega1+jy2*omega2) / rhoTot_OMEGA 

        uTotZ = (jz1*omega1+jz2*omega2) / rhoTot_OMEGA 

 

rhoContrib1x = np.zeros([rho1.shape[0],rho1.shape[1],rho1.shape[2]]) 

rhoContrib2x = np.zeros([rho2.shape[0],rho2.shape[1],rho2.shape[2]]) 

 

rhoContrib1y = np.zeros([rho1.shape[0],rho1.shape[1],rho1.shape[2]]) 

rhoContrib2y = np.zeros([rho2.shape[0],rho2.shape[1],rho2.shape[2]]) 

 

rhoContrib1z = np.zeros([rho1.shape[0],rho1.shape[1],rho1.shape[2]]) 

rhoContrib2z = np.zeros([rho2.shape[0],rho2.shape[1],rho2.shape[2]]) 

 

    ##  Calculates the force therm (sum) explained on chapter 7 of SukopEq 98 

fori in xrange(19): 

rhoContrib1x = rhoContrib1x + circ.circshift(rho1*tNS[0,i],czNS[0,i],cyNS[0,i],cxNS[0,i])*cxNS[0,i] 

rhoContrib1y = rhoContrib1y + circ.circshift(rho1*tNS[0,i],czNS[0,i],cyNS[0,i],cxNS[0,i])*cyNS[0,i] 
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rhoContrib1z = rhoContrib1z + circ.circshift(rho1*tNS[0,i],czNS[0,i],cyNS[0,i],cxNS[0,i])*czNS[0,i] 

 

rhoContrib2x = rhoContrib2x + circ.circshift(rho2*tNS[0,i],czNS[0,i],cyNS[0,i],cxNS[0,i])*cxNS[0,i] 

rhoContrib2y = rhoContrib2y + circ.circshift(rho2*tNS[0,i],czNS[0,i],cyNS[0,i],cxNS[0,i])*cyNS[0,i] 

rhoContrib2z = rhoContrib2z + circ.circshift(rho2*tNS[0,i],czNS[0,i],cyNS[0,i],cxNS[0,i])*czNS[0,i] 

 

##    Total velocity with force term 

gravterm1 = grav/(omega1*rho1) 

gravterm1[sp.isinf(gravterm1)] = 0 

gravterm1[sp.isnan(gravterm1)] = 0 

uTotX1 = uTotX - Gomega1*rhoContrib2x #POTENTIAL CONTRIBUTION OF FLUID 2 ON 1 

uTotY1 = uTotY - Gomega1*rhoContrib2y + gravterm1 

uTotZ1 = uTotZ - Gomega1*rhoContrib2z 

 

rho2t = np.zeros([rho2.shape[0],rho2.shape[1],rho2.shape[2]]) 

rho2t[:,:,:] = rho2[:,:,:] 

rho2t[rho2t<10**-4]=0 

gravterm2 = grav/(omega2*rho2t) 

gravterm2[sp.isinf(gravterm2)] = 0 

gravterm2[sp.isnan(gravterm2)] = 0 

uTotX2 = uTotX - Gomega2*rhoContrib1x #POTENTIAL CONTRIBUTION OF FLUID 2 ON 1 

uTotY2 = uTotY - Gomega2*rhoContrib1y + gravterm2 

uTotZ2 = uTotZ - Gomega2*rhoContrib1z 

 

    #  COLLISION STEP FLUID 1 AND 2 

fEq = np.zeros([19,lx+1,ly+1,lz+1]) 

gEq = np.zeros([19,lx+1,ly+1,lz+1]) 

fOut = np.zeros([19,lx+1,ly+1,lz+1]) 

gOut = np.zeros([19,lx+1,ly+1,lz+1]) 

fori in xrange(19): 

cuNS1 = 3*(cxNS[0,i]*uTotX1+cyNS[0,i]*uTotY1+czNS[0,i]*uTotZ1) 

cuNS2 = 3*(cxNS[0,i]*uTotX2+cyNS[0,i]*uTotY2+czNS[0,i]*uTotZ2) 

fEq[i,:,:,:] = (rho1*tNS[0,i]) + np.multiply((rho1*tNS[0,i]),cuNS1) + 

np.multiply((rho1*tNS[0,i]),(0.5*(np.multiply(cuNS1,cuNS1)) - 

(1.5*(np.multiply(uTotX1,uTotX1)+np.multiply(uTotY1,uTotY1)+np.multiply(uTotZ1,uTotZ1))))) 

gEq[i,:,:,:] = (rho2*tNS[0,i]) + np.multiply((rho2*tNS[0,i]),cuNS2) + 

np.multiply((rho2*tNS[0,i]),(0.5*(np.multiply(cuNS2,cuNS2)) - 

(1.5*(np.multiply(uTotX2,uTotX2)+np.multiply(uTotY2,uTotY2)+np.multiply(uTotZ2,uTotZ2)))))                

fOut[i,:,:,:] = fIn[i,:,:,:] - omega1 * (fIn[i,:,:,:]-fEq[i,:,:,:]) 

gOut[i,:,:,:] = gIn[i,:,:,:] - omega2 * (gIn[i,:,:,:]-gEq[i,:,:,:]) 

 

##      OBSTACLE (BOUNCE-BACK)    

if(len(bbRegiona)>0): 

fori in xrange(19): 

cuNS1 = 3*(cxNS[0,i]*uTotX1+cyNS[0,i]*uTotY1+czNS[0,i]*uTotZ1) 

cuNS2 = 3*(cxNS[0,i]*uTotX2+cyNS[0,i]*uTotY2+czNS[0,i]*uTotZ2) 

                #pdb.set_trace() 
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                #fOut[i,bbRegiona2,bbRegionb2,bbRegionc2] = 

fIn[oppNS[0,i],bbRegiona2,bbRegionb2,bbRegionc2] 

fOut[i,bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[0:(ly+1)*(ly+1)]),bbRegionc[0:(lz+1)*

(lz+1)]] = 

fIn[oppNS[0,i],bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[0:(ly+1)*(ly+1)]),bbRegionc[

0:(lz+1)*(lz+1)]] - 

(2*rho1[bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[0:(ly+1)*(ly+1)]),bbRegionc[0:(lz+1

)*(lz+1)]]*tNS[0,i]*(UW)*czNS[0,i]) 

fOut[i,bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[(ly+1)*(ly+1):2*(ly+1)*(ly+1)]),bbRegi

onc[0:(lz+1)*(lz+1)]] = 

fIn[oppNS[0,i],bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[(ly+1)*(ly+1):2*(ly+1)*(ly+1)]

),bbRegionc[0:(lz+1)*(lz+1)]] + 

(2*rho1[bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[(ly+1)*(ly+1):2*(ly+1)*(ly+1)]),bbR

egionc[0:(lz+1)*(lz+1)]]*tNS[0,i]*(UW)*czNS[0,i]) 

                #gOut[i,bbRegiona2,bbRegionb2,bbRegionc2] = 

gIn[oppNS[0,i],bbRegiona2,bbRegionb2,bbRegionc2] 

gOut[i,bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[0:(ly+1)*(ly+1)]),bbRegionc[0:(lz+1)*

(lz+1)]] = 

gIn[oppNS[0,i],bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[0:(ly+1)*(ly+1)]),bbRegionc[

0:(lz+1)*(lz+1)]] - 

(2*rho2[bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[0:(ly+1)*(ly+1)]),bbRegionc[0:(lz+1

)*(lz+1)]]*tNS[0,i]*(UW)*czNS[0,i]) 

gOut[i,bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[(ly+1)*(ly+1):2*(ly+1)*(ly+1)]),bbReg

ionc[0:(lz+1)*(lz+1)]] = 

gIn[oppNS[0,i],bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[(ly+1)*(ly+1):2*(ly+1)*(ly+1)

]),bbRegionc[0:(lz+1)*(lz+1)]] + 

(2*rho2[bbRegiona[0:2*(lx+1)*(lx+1):2],list(np.sort(bbRegionb)[(ly+1)*(ly+1):2*(ly+1)*(ly+1)]),bbR

egionc[0:(lz+1)*(lz+1)]]*tNS[0,i]*(UW)*czNS[0,i]) 

 

    ## STREAMING STEP FLUID 1 AND 2 

fori in xrange(19): 

fIn[i,:,:,:] = circ.circshift(fOut[i,:,:,:],czNS[0,i],cyNS[0,i],cxNS[0,i]) 

gIn[i,:,:,:] = circ.circshift(gOut[i,:,:,:],czNS[0,i],cyNS[0,i],cxNS[0,i]) 

 

## VISUALIZATION 

if(cycle%itPlot==0): 

print 'iteracion', cycle 

toc=time.clock() 

            print 'tiempo de iteracion:', toc-tic 

name = nombre + str(cycle) 

name2 = 'vel' + name 

 

            [T,p,nodes,elements] = marching.cubes(x,y,z,rho1,0.6) 

            D = minimum.dist(nodes,elements) 

print 'Def', D 

 

tet_type = tvtk.Triangle().cell_type 

ug = tvtk.UnstructuredGrid(points=nodes) 
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ug.set_cells(tet_type, elements) 

w = tvtk.XMLUnstructuredGridWriter(input=ug, file_name='tri'+name+'.vtu', data_mode=0) 

w.write() 

 

grid = tvtk.RectilinearGrid() 

grid.point_data.scalars = rho1.ravel() 

grid.point_data.scalars.name = 'Densidad' 

grid.dimensions = rho1.shape 

grid.x_coordinates = x[:,0,0] 

grid.y_coordinates = y[0,:,0] 

grid.z_coordinates = z[0,0,:] 

            # view(grid) 

w = tvtk.XMLRectilinearGridWriter(input=grid, file_name=name+'.vtr') 

w.write() 

 

Where the streaming function is: 

defcircshift(A,fac1,fac2,fac3): 

        '''Calculates streaming step''' 

importnumpy as np 

if fac1>0: 

for j in range(A.shape[0]): 

temp1=np.array([A[j,:,0]]) 

temp2=np.array([A[j,:,1]]) 

fori in range(A.shape[2]): 

A[j,:,i+1]=temp1 

temp1[:]=temp2[:] 

if (i+2)>(A.shape[2]-1): 

A[j,:,0]=temp1 

break 

elif ((i+2)<(A.shape[2]-1)) or ((i+2) == (A.shape[2]-1)): 

temp2[:]=A[j,:,i+2] 

elif fac1<0: 

for j in range(A.shape[0]): 

temp1=np.array([A[j,:,0]]) 

temp2=np.array([A[j,:,-1]]) 

fori in range(A.shape[2]): 

A[j,:,-i-1]=temp1 

temp1[:]=temp2[:] 

ifA.shape[2]-2-i == 0: 

A[j,:,0]=temp1 

break 

elifA.shape[2]-2-i > 0: 

temp2[:]=A[j,:,-i-2] 

elif fac1==0: 

                A=A 
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if fac2>0: 

for j in range(A.shape[0]): 

temp3=np.array([A[j,0,:]]) 

temp4=np.array([A[j,1,:]]) 

fori in range(A.shape[1]): 

A[j,i+1,:]=temp3 

temp3[:]=temp4[:] 

if (i+2)>(A.shape[1]-1): 

A[j,0,:]=temp3 

break 

elif ((i+2)<(A.shape[1]-1)) or ((i+2) == (A.shape[1]-1)): 

temp4[:]=A[j,i+2,:] 

elif fac2<0: 

for j in range(A.shape[0]): 

temp3=np.array([A[j,0,:]]) 

temp4=np.array([A[j,-1,:]]) 

fori in range(A.shape[1]): 

A[j,-i-1,:]=temp3 

temp3[:]=temp4[:] 

ifA.shape[1]-2-i == 0: 

A[j,0,:]=temp3 

break 

elifA.shape[1]-2-i > 0: 

temp4[:]=A[j,-i-2,:] 

elif fac2==0: 

                A=A 

 

if fac3>0: 

for j in range(A.shape[1]): 

temp3=np.array([A[0,j,:]]) 

temp4=np.array([A[1,j,:]]) 

fori in range(A.shape[0]): 

A[i+1,j,:]=temp3 

temp3[:]=temp4[:] 

if (i+2)>(A.shape[0]-1): 

A[0,j,:]=temp3 

break 

elif ((i+2)<(A.shape[0]-1)) or ((i+2) == (A.shape[0]-1)): 

temp4[:]=A[i+2,j,:] 

elif fac3<0: 

for j in range(A.shape[1]): 

temp3=np.array([A[0,j,:]]) 

temp4=np.array([A[-1,j,:]]) 

fori in range(A.shape[0]): 

A[-i-1,j,:]=temp3 

temp3[:]=temp4[:] 

ifA.shape[0]-2-i == 0: 

A[0,j,:]=temp3 
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break 

elifA.shape[0]-2-i > 0: 

temp4[:]=A[-i-2,j,:] 

elif fac3==0: 

                A=A 

 

return A 

 

The Marching Cubes Algorithm 

Because of its importance this algorithm is fully presented here: 

def cubes(xx,yy,zz,c,isolevel): 

    '''Given a grid cell and an isolevel, calculate the triangular 

facets required to represent the isosurface through the cell. 

    Return the number of triangular facets, the array "triangles" 

will be loaded up with the vertices at most 5 triangular facets. 

    0 will be returned if the grid cell is either totally above 

of totally below the isolevel.''' 

 

 

importnumpy as np 

import Vertex 

import order 

 

edgeTable=[ 

0x0  , 0x109, 0x203, 0x30a, 0x406, 0x50f, 0x605, 0x70c, 

    0x80c, 0x905, 0xa0f, 0xb06, 0xc0a, 0xd03, 0xe09, 0xf00, 

    0x190, 0x99 , 0x393, 0x29a, 0x596, 0x49f, 0x795, 0x69c, 

    0x99c, 0x895, 0xb9f, 0xa96, 0xd9a, 0xc93, 0xf99, 0xe90, 

    0x230, 0x339, 0x33 , 0x13a, 0x636, 0x73f, 0x435, 0x53c, 

    0xa3c, 0xb35, 0x83f, 0x936, 0xe3a, 0xf33, 0xc39, 0xd30, 

0x3a0, 0x2a9, 0x1a3, 0xaa , 0x7a6, 0x6af, 0x5a5, 0x4ac, 

    0xbac, 0xaa5, 0x9af, 0x8a6, 0xfaa, 0xea3, 0xda9, 0xca0, 

0x460, 0x569, 0x663, 0x76a, 0x66 , 0x16f, 0x265, 0x36c, 

    0xc6c, 0xd65, 0xe6f, 0xf66, 0x86a, 0x963, 0xa69, 0xb60, 

    0x5f0, 0x4f9, 0x7f3, 0x6fa, 0x1f6, 0xff , 0x3f5, 0x2fc, 

    0xdfc, 0xcf5, 0xfff, 0xef6, 0x9fa, 0x8f3, 0xbf9, 0xaf0, 

    0x650, 0x759, 0x453, 0x55a, 0x256, 0x35f, 0x55 , 0x15c, 

    0xe5c, 0xf55, 0xc5f, 0xd56, 0xa5a, 0xb53, 0x859, 0x950, 

0x7c0, 0x6c9, 0x5c3, 0x4ca, 0x3c6, 0x2cf, 0x1c5, 0xcc , 

    0xfcc, 0xec5, 0xdcf, 0xcc6, 0xbca, 0xac3, 0x9c9, 0x8c0, 

    0x8c0, 0x9c9, 0xac3, 0xbca, 0xcc6, 0xdcf, 0xec5, 0xfcc, 

0xcc , 0x1c5, 0x2cf, 0x3c6, 0x4ca, 0x5c3, 0x6c9, 0x7c0, 

    0x950, 0x859, 0xb53, 0xa5a, 0xd56, 0xc5f, 0xf55, 0xe5c, 

    0x15c, 0x55 , 0x35f, 0x256, 0x55a, 0x453, 0x759, 0x650, 

    0xaf0, 0xbf9, 0x8f3, 0x9fa, 0xef6, 0xfff, 0xcf5, 0xdfc, 
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    0x2fc, 0x3f5, 0xff , 0x1f6, 0x6fa, 0x7f3, 0x4f9, 0x5f0, 

    0xb60, 0xa69, 0x963, 0x86a, 0xf66, 0xe6f, 0xd65, 0xc6c, 

    0x36c, 0x265, 0x16f, 0x66 , 0x76a, 0x663, 0x569, 0x460, 

    0xca0, 0xda9, 0xea3, 0xfaa, 0x8a6, 0x9af, 0xaa5, 0xbac, 

    0x4ac, 0x5a5, 0x6af, 0x7a6, 0xaa , 0x1a3, 0x2a9, 0x3a0, 

    0xd30, 0xc39, 0xf33, 0xe3a, 0x936, 0x83f, 0xb35, 0xa3c, 

    0x53c, 0x435, 0x73f, 0x636, 0x13a, 0x33 , 0x339, 0x230, 

    0xe90, 0xf99, 0xc93, 0xd9a, 0xa96, 0xb9f, 0x895, 0x99c, 

    0x69c, 0x795, 0x49f, 0x596, 0x29a, 0x393, 0x99 , 0x190, 

    0xf00, 0xe09, 0xd03, 0xc0a, 0xb06, 0xa0f, 0x905, 0x80c, 

    0x70c, 0x605, 0x50f, 0x406, 0x30a, 0x203, 0x109, 0x0] 

 

triTable =( 

    [-1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 1, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 8, 3, 9, 8, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 3, 1, 2, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [9, 2, 10, 0, 2, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [2, 8, 3, 2, 10, 8, 10, 9, 8, -1, -1, -1, -1, -1, -1, -1], 

    [3, 11, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 11, 2, 8, 11, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 9, 0, 2, 3, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 11, 2, 1, 9, 11, 9, 8, 11, -1, -1, -1, -1, -1, -1, -1], 

    [3, 10, 1, 11, 10, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 10, 1, 0, 8, 10, 8, 11, 10, -1, -1, -1, -1, -1, -1, -1], 

    [3, 9, 0, 3, 11, 9, 11, 10, 9, -1, -1, -1, -1, -1, -1, -1], 

    [9, 8, 10, 10, 8, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 7, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 3, 0, 7, 3, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 1, 9, 8, 4, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 1, 9, 4, 7, 1, 7, 3, 1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 10, 8, 4, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [3, 4, 7, 3, 0, 4, 1, 2, 10, -1, -1, -1, -1, -1, -1, -1], 

    [9, 2, 10, 9, 0, 2, 8, 4, 7, -1, -1, -1, -1, -1, -1, -1], 

    [2, 10, 9, 2, 9, 7, 2, 7, 3, 7, 9, 4, -1, -1, -1, -1], 

    [8, 4, 7, 3, 11, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [11, 4, 7, 11, 2, 4, 2, 0, 4, -1, -1, -1, -1, -1, -1, -1], 

    [9, 0, 1, 8, 4, 7, 2, 3, 11, -1, -1, -1, -1, -1, -1, -1], 

    [4, 7, 11, 9, 4, 11, 9, 11, 2, 9, 2, 1, -1, -1, -1, -1], 

    [3, 10, 1, 3, 11, 10, 7, 8, 4, -1, -1, -1, -1, -1, -1, -1], 

    [1, 11, 10, 1, 4, 11, 1, 0, 4, 7, 11, 4, -1, -1, -1, -1], 

    [4, 7, 8, 9, 0, 11, 9, 11, 10, 11, 0, 3, -1, -1, -1, -1], 

    [4, 7, 11, 4, 11, 9, 9, 11, 10, -1, -1, -1, -1, -1, -1, -1], 

    [9, 5, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [9, 5, 4, 0, 8, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 5, 4, 1, 5, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 
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    [8, 5, 4, 8, 3, 5, 3, 1, 5, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 10, 9, 5, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [3, 0, 8, 1, 2, 10, 4, 9, 5, -1, -1, -1, -1, -1, -1, -1], 

    [5, 2, 10, 5, 4, 2, 4, 0, 2, -1, -1, -1, -1, -1, -1, -1], 

    [2, 10, 5, 3, 2, 5, 3, 5, 4, 3, 4, 8, -1, -1, -1, -1], 

    [9, 5, 4, 2, 3, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 11, 2, 0, 8, 11, 4, 9, 5, -1, -1, -1, -1, -1, -1, -1], 

    [0, 5, 4, 0, 1, 5, 2, 3, 11, -1, -1, -1, -1, -1, -1, -1], 

    [2, 1, 5, 2, 5, 8, 2, 8, 11, 4, 8, 5, -1, -1, -1, -1], 

    [10, 3, 11, 10, 1, 3, 9, 5, 4, -1, -1, -1, -1, -1, -1, -1], 

    [4, 9, 5, 0, 8, 1, 8, 10, 1, 8, 11, 10, -1, -1, -1, -1], 

    [5, 4, 0, 5, 0, 11, 5, 11, 10, 11, 0, 3, -1, -1, -1, -1], 

    [5, 4, 8, 5, 8, 10, 10, 8, 11, -1, -1, -1, -1, -1, -1, -1], 

    [9, 7, 8, 5, 7, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [9, 3, 0, 9, 5, 3, 5, 7, 3, -1, -1, -1, -1, -1, -1, -1], 

    [0, 7, 8, 0, 1, 7, 1, 5, 7, -1, -1, -1, -1, -1, -1, -1], 

    [1, 5, 3, 3, 5, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [9, 7, 8, 9, 5, 7, 10, 1, 2, -1, -1, -1, -1, -1, -1, -1], 

    [10, 1, 2, 9, 5, 0, 5, 3, 0, 5, 7, 3, -1, -1, -1, -1], 

    [8, 0, 2, 8, 2, 5, 8, 5, 7, 10, 5, 2, -1, -1, -1, -1], 

    [2, 10, 5, 2, 5, 3, 3, 5, 7, -1, -1, -1, -1, -1, -1, -1], 

    [7, 9, 5, 7, 8, 9, 3, 11, 2, -1, -1, -1, -1, -1, -1, -1], 

    [9, 5, 7, 9, 7, 2, 9, 2, 0, 2, 7, 11, -1, -1, -1, -1], 

    [2, 3, 11, 0, 1, 8, 1, 7, 8, 1, 5, 7, -1, -1, -1, -1], 

    [11, 2, 1, 11, 1, 7, 7, 1, 5, -1, -1, -1, -1, -1, -1, -1], 

    [9, 5, 8, 8, 5, 7, 10, 1, 3, 10, 3, 11, -1, -1, -1, -1], 

    [5, 7, 0, 5, 0, 9, 7, 11, 0, 1, 0, 10, 11, 10, 0, -1], 

    [11, 10, 0, 11, 0, 3, 10, 5, 0, 8, 0, 7, 5, 7, 0, -1], 

    [11, 10, 5, 7, 11, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [10, 6, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 3, 5, 10, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [9, 0, 1, 5, 10, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 8, 3, 1, 9, 8, 5, 10, 6, -1, -1, -1, -1, -1, -1, -1], 

    [1, 6, 5, 2, 6, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 6, 5, 1, 2, 6, 3, 0, 8, -1, -1, -1, -1, -1, -1, -1], 

    [9, 6, 5, 9, 0, 6, 0, 2, 6, -1, -1, -1, -1, -1, -1, -1], 

    [5, 9, 8, 5, 8, 2, 5, 2, 6, 3, 2, 8, -1, -1, -1, -1], 

    [2, 3, 11, 10, 6, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [11, 0, 8, 11, 2, 0, 10, 6, 5, -1, -1, -1, -1, -1, -1, -1], 

    [0, 1, 9, 2, 3, 11, 5, 10, 6, -1, -1, -1, -1, -1, -1, -1], 

    [5, 10, 6, 1, 9, 2, 9, 11, 2, 9, 8, 11, -1, -1, -1, -1], 

    [6, 3, 11, 6, 5, 3, 5, 1, 3, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 11, 0, 11, 5, 0, 5, 1, 5, 11, 6, -1, -1, -1, -1], 

    [3, 11, 6, 0, 3, 6, 0, 6, 5, 0, 5, 9, -1, -1, -1, -1], 

    [6, 5, 9, 6, 9, 11, 11, 9, 8, -1, -1, -1, -1, -1, -1, -1], 

    [5, 10, 6, 4, 7, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 3, 0, 4, 7, 3, 6, 5, 10, -1, -1, -1, -1, -1, -1, -1], 

    [1, 9, 0, 5, 10, 6, 8, 4, 7, -1, -1, -1, -1, -1, -1, -1], 
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    [10, 6, 5, 1, 9, 7, 1, 7, 3, 7, 9, 4, -1, -1, -1, -1], 

    [6, 1, 2, 6, 5, 1, 4, 7, 8, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 5, 5, 2, 6, 3, 0, 4, 3, 4, 7, -1, -1, -1, -1], 

    [8, 4, 7, 9, 0, 5, 0, 6, 5, 0, 2, 6, -1, -1, -1, -1], 

    [7, 3, 9, 7, 9, 4, 3, 2, 9, 5, 9, 6, 2, 6, 9, -1], 

    [3, 11, 2, 7, 8, 4, 10, 6, 5, -1, -1, -1, -1, -1, -1, -1], 

    [5, 10, 6, 4, 7, 2, 4, 2, 0, 2, 7, 11, -1, -1, -1, -1], 

    [0, 1, 9, 4, 7, 8, 2, 3, 11, 5, 10, 6, -1, -1, -1, -1], 

    [9, 2, 1, 9, 11, 2, 9, 4, 11, 7, 11, 4, 5, 10, 6, -1], 

    [8, 4, 7, 3, 11, 5, 3, 5, 1, 5, 11, 6, -1, -1, -1, -1], 

    [5, 1, 11, 5, 11, 6, 1, 0, 11, 7, 11, 4, 0, 4, 11, -1], 

    [0, 5, 9, 0, 6, 5, 0, 3, 6, 11, 6, 3, 8, 4, 7, -1], 

    [6, 5, 9, 6, 9, 11, 4, 7, 9, 7, 11, 9, -1, -1, -1, -1], 

    [10, 4, 9, 6, 4, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 10, 6, 4, 9, 10, 0, 8, 3, -1, -1, -1, -1, -1, -1, -1], 

    [10, 0, 1, 10, 6, 0, 6, 4, 0, -1, -1, -1, -1, -1, -1, -1], 

    [8, 3, 1, 8, 1, 6, 8, 6, 4, 6, 1, 10, -1, -1, -1, -1], 

    [1, 4, 9, 1, 2, 4, 2, 6, 4, -1, -1, -1, -1, -1, -1, -1], 

    [3, 0, 8, 1, 2, 9, 2, 4, 9, 2, 6, 4, -1, -1, -1, -1], 

    [0, 2, 4, 4, 2, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [8, 3, 2, 8, 2, 4, 4, 2, 6, -1, -1, -1, -1, -1, -1, -1], 

    [10, 4, 9, 10, 6, 4, 11, 2, 3, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 2, 2, 8, 11, 4, 9, 10, 4, 10, 6, -1, -1, -1, -1], 

    [3, 11, 2, 0, 1, 6, 0, 6, 4, 6, 1, 10, -1, -1, -1, -1], 

    [6, 4, 1, 6, 1, 10, 4, 8, 1, 2, 1, 11, 8, 11, 1, -1], 

    [9, 6, 4, 9, 3, 6, 9, 1, 3, 11, 6, 3, -1, -1, -1, -1], 

    [8, 11, 1, 8, 1, 0, 11, 6, 1, 9, 1, 4, 6, 4, 1, -1], 

    [3, 11, 6, 3, 6, 0, 0, 6, 4, -1, -1, -1, -1, -1, -1, -1], 

    [6, 4, 8, 11, 6, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [7, 10, 6, 7, 8, 10, 8, 9, 10, -1, -1, -1, -1, -1, -1, -1], 

    [0, 7, 3, 0, 10, 7, 0, 9, 10, 6, 7, 10, -1, -1, -1, -1], 

    [10, 6, 7, 1, 10, 7, 1, 7, 8, 1, 8, 0, -1, -1, -1, -1], 

    [10, 6, 7, 10, 7, 1, 1, 7, 3, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 6, 1, 6, 8, 1, 8, 9, 8, 6, 7, -1, -1, -1, -1], 

    [2, 6, 9, 2, 9, 1, 6, 7, 9, 0, 9, 3, 7, 3, 9, -1], 

    [7, 8, 0, 7, 0, 6, 6, 0, 2, -1, -1, -1, -1, -1, -1, -1], 

    [7, 3, 2, 6, 7, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [2, 3, 11, 10, 6, 8, 10, 8, 9, 8, 6, 7, -1, -1, -1, -1], 

    [2, 0, 7, 2, 7, 11, 0, 9, 7, 6, 7, 10, 9, 10, 7, -1], 

    [1, 8, 0, 1, 7, 8, 1, 10, 7, 6, 7, 10, 2, 3, 11, -1], 

    [11, 2, 1, 11, 1, 7, 10, 6, 1, 6, 7, 1, -1, -1, -1, -1], 

    [8, 9, 6, 8, 6, 7, 9, 1, 6, 11, 6, 3, 1, 3, 6, -1], 

    [0, 9, 1, 11, 6, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [7, 8, 0, 7, 0, 6, 3, 11, 0, 11, 6, 0, -1, -1, -1, -1], 

    [7, 11, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [7, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [3, 0, 8, 11, 7, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 1, 9, 11, 7, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 
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    [8, 1, 9, 8, 3, 1, 11, 7, 6, -1, -1, -1, -1, -1, -1, -1], 

    [10, 1, 2, 6, 11, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 10, 3, 0, 8, 6, 11, 7, -1, -1, -1, -1, -1, -1, -1], 

    [2, 9, 0, 2, 10, 9, 6, 11, 7, -1, -1, -1, -1, -1, -1, -1], 

    [6, 11, 7, 2, 10, 3, 10, 8, 3, 10, 9, 8, -1, -1, -1, -1], 

    [7, 2, 3, 6, 2, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [7, 0, 8, 7, 6, 0, 6, 2, 0, -1, -1, -1, -1, -1, -1, -1], 

    [2, 7, 6, 2, 3, 7, 0, 1, 9, -1, -1, -1, -1, -1, -1, -1], 

    [1, 6, 2, 1, 8, 6, 1, 9, 8, 8, 7, 6, -1, -1, -1, -1], 

    [10, 7, 6, 10, 1, 7, 1, 3, 7, -1, -1, -1, -1, -1, -1, -1], 

    [10, 7, 6, 1, 7, 10, 1, 8, 7, 1, 0, 8, -1, -1, -1, -1], 

    [0, 3, 7, 0, 7, 10, 0, 10, 9, 6, 10, 7, -1, -1, -1, -1], 

    [7, 6, 10, 7, 10, 8, 8, 10, 9, -1, -1, -1, -1, -1, -1, -1], 

    [6, 8, 4, 11, 8, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [3, 6, 11, 3, 0, 6, 0, 4, 6, -1, -1, -1, -1, -1, -1, -1], 

    [8, 6, 11, 8, 4, 6, 9, 0, 1, -1, -1, -1, -1, -1, -1, -1], 

    [9, 4, 6, 9, 6, 3, 9, 3, 1, 11, 3, 6, -1, -1, -1, -1], 

    [6, 8, 4, 6, 11, 8, 2, 10, 1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 10, 3, 0, 11, 0, 6, 11, 0, 4, 6, -1, -1, -1, -1], 

    [4, 11, 8, 4, 6, 11, 0, 2, 9, 2, 10, 9, -1, -1, -1, -1], 

    [10, 9, 3, 10, 3, 2, 9, 4, 3, 11, 3, 6, 4, 6, 3, -1], 

    [8, 2, 3, 8, 4, 2, 4, 6, 2, -1, -1, -1, -1, -1, -1, -1], 

    [0, 4, 2, 4, 6, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 9, 0, 2, 3, 4, 2, 4, 6, 4, 3, 8, -1, -1, -1, -1], 

    [1, 9, 4, 1, 4, 2, 2, 4, 6, -1, -1, -1, -1, -1, -1, -1], 

    [8, 1, 3, 8, 6, 1, 8, 4, 6, 6, 10, 1, -1, -1, -1, -1], 

    [10, 1, 0, 10, 0, 6, 6, 0, 4, -1, -1, -1, -1, -1, -1, -1], 

    [4, 6, 3, 4, 3, 8, 6, 10, 3, 0, 3, 9, 10, 9, 3, -1], 

    [10, 9, 4, 6, 10, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 9, 5, 7, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 3, 4, 9, 5, 11, 7, 6, -1, -1, -1, -1, -1, -1, -1], 

    [5, 0, 1, 5, 4, 0, 7, 6, 11, -1, -1, -1, -1, -1, -1, -1], 

    [11, 7, 6, 8, 3, 4, 3, 5, 4, 3, 1, 5, -1, -1, -1, -1], 

    [9, 5, 4, 10, 1, 2, 7, 6, 11, -1, -1, -1, -1, -1, -1, -1], 

    [6, 11, 7, 1, 2, 10, 0, 8, 3, 4, 9, 5, -1, -1, -1, -1], 

    [7, 6, 11, 5, 4, 10, 4, 2, 10, 4, 0, 2, -1, -1, -1, -1], 

    [3, 4, 8, 3, 5, 4, 3, 2, 5, 10, 5, 2, 11, 7, 6, -1], 

    [7, 2, 3, 7, 6, 2, 5, 4, 9, -1, -1, -1, -1, -1, -1, -1], 

    [9, 5, 4, 0, 8, 6, 0, 6, 2, 6, 8, 7, -1, -1, -1, -1], 

    [3, 6, 2, 3, 7, 6, 1, 5, 0, 5, 4, 0, -1, -1, -1, -1], 

    [6, 2, 8, 6, 8, 7, 2, 1, 8, 4, 8, 5, 1, 5, 8, -1], 

    [9, 5, 4, 10, 1, 6, 1, 7, 6, 1, 3, 7, -1, -1, -1, -1], 

    [1, 6, 10, 1, 7, 6, 1, 0, 7, 8, 7, 0, 9, 5, 4, -1], 

    [4, 0, 10, 4, 10, 5, 0, 3, 10, 6, 10, 7, 3, 7, 10, -1], 

    [7, 6, 10, 7, 10, 8, 5, 4, 10, 4, 8, 10, -1, -1, -1, -1], 

    [6, 9, 5, 6, 11, 9, 11, 8, 9, -1, -1, -1, -1, -1, -1, -1], 

    [3, 6, 11, 0, 6, 3, 0, 5, 6, 0, 9, 5, -1, -1, -1, -1], 

    [0, 11, 8, 0, 5, 11, 0, 1, 5, 5, 6, 11, -1, -1, -1, -1], 
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    [6, 11, 3, 6, 3, 5, 5, 3, 1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 10, 9, 5, 11, 9, 11, 8, 11, 5, 6, -1, -1, -1, -1], 

    [0, 11, 3, 0, 6, 11, 0, 9, 6, 5, 6, 9, 1, 2, 10, -1], 

    [11, 8, 5, 11, 5, 6, 8, 0, 5, 10, 5, 2, 0, 2, 5, -1], 

    [6, 11, 3, 6, 3, 5, 2, 10, 3, 10, 5, 3, -1, -1, -1, -1], 

    [5, 8, 9, 5, 2, 8, 5, 6, 2, 3, 8, 2, -1, -1, -1, -1], 

    [9, 5, 6, 9, 6, 0, 0, 6, 2, -1, -1, -1, -1, -1, -1, -1], 

    [1, 5, 8, 1, 8, 0, 5, 6, 8, 3, 8, 2, 6, 2, 8, -1], 

    [1, 5, 6, 2, 1, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 3, 6, 1, 6, 10, 3, 8, 6, 5, 6, 9, 8, 9, 6, -1], 

    [10, 1, 0, 10, 0, 6, 9, 5, 0, 5, 6, 0, -1, -1, -1, -1], 

    [0, 3, 8, 5, 6, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [10, 5, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [11, 5, 10, 7, 5, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [11, 5, 10, 11, 7, 5, 8, 3, 0, -1, -1, -1, -1, -1, -1, -1], 

    [5, 11, 7, 5, 10, 11, 1, 9, 0, -1, -1, -1, -1, -1, -1, -1], 

    [10, 7, 5, 10, 11, 7, 9, 8, 1, 8, 3, 1, -1, -1, -1, -1], 

    [11, 1, 2, 11, 7, 1, 7, 5, 1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 3, 1, 2, 7, 1, 7, 5, 7, 2, 11, -1, -1, -1, -1], 

    [9, 7, 5, 9, 2, 7, 9, 0, 2, 2, 11, 7, -1, -1, -1, -1], 

    [7, 5, 2, 7, 2, 11, 5, 9, 2, 3, 2, 8, 9, 8, 2, -1], 

    [2, 5, 10, 2, 3, 5, 3, 7, 5, -1, -1, -1, -1, -1, -1, -1], 

    [8, 2, 0, 8, 5, 2, 8, 7, 5, 10, 2, 5, -1, -1, -1, -1], 

    [9, 0, 1, 5, 10, 3, 5, 3, 7, 3, 10, 2, -1, -1, -1, -1], 

    [9, 8, 2, 9, 2, 1, 8, 7, 2, 10, 2, 5, 7, 5, 2, -1], 

    [1, 3, 5, 3, 7, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 7, 0, 7, 1, 1, 7, 5, -1, -1, -1, -1, -1, -1, -1], 

    [9, 0, 3, 9, 3, 5, 5, 3, 7, -1, -1, -1, -1, -1, -1, -1], 

    [9, 8, 7, 5, 9, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [5, 8, 4, 5, 10, 8, 10, 11, 8, -1, -1, -1, -1, -1, -1, -1], 

    [5, 0, 4, 5, 11, 0, 5, 10, 11, 11, 3, 0, -1, -1, -1, -1], 

    [0, 1, 9, 8, 4, 10, 8, 10, 11, 10, 4, 5, -1, -1, -1, -1], 

    [10, 11, 4, 10, 4, 5, 11, 3, 4, 9, 4, 1, 3, 1, 4, -1], 

    [2, 5, 1, 2, 8, 5, 2, 11, 8, 4, 5, 8, -1, -1, -1, -1], 

    [0, 4, 11, 0, 11, 3, 4, 5, 11, 2, 11, 1, 5, 1, 11, -1], 

    [0, 2, 5, 0, 5, 9, 2, 11, 5, 4, 5, 8, 11, 8, 5, -1], 

    [9, 4, 5, 2, 11, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [2, 5, 10, 3, 5, 2, 3, 4, 5, 3, 8, 4, -1, -1, -1, -1], 

    [5, 10, 2, 5, 2, 4, 4, 2, 0, -1, -1, -1, -1, -1, -1, -1], 

    [3, 10, 2, 3, 5, 10, 3, 8, 5, 4, 5, 8, 0, 1, 9, -1], 

    [5, 10, 2, 5, 2, 4, 1, 9, 2, 9, 4, 2, -1, -1, -1, -1], 

    [8, 4, 5, 8, 5, 3, 3, 5, 1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 4, 5, 1, 0, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [8, 4, 5, 8, 5, 3, 9, 0, 5, 0, 3, 5, -1, -1, -1, -1], 

    [9, 4, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 11, 7, 4, 9, 11, 9, 10, 11, -1, -1, -1, -1, -1, -1, -1], 

    [0, 8, 3, 4, 9, 7, 9, 11, 7, 9, 10, 11, -1, -1, -1, -1], 

    [1, 10, 11, 1, 11, 4, 1, 4, 0, 7, 4, 11, -1, -1, -1, -1], 
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    [3, 1, 4, 3, 4, 8, 1, 10, 4, 7, 4, 11, 10, 11, 4, -1], 

    [4, 11, 7, 9, 11, 4, 9, 2, 11, 9, 1, 2, -1, -1, -1, -1], 

    [9, 7, 4, 9, 11, 7, 9, 1, 11, 2, 11, 1, 0, 8, 3, -1], 

    [11, 7, 4, 11, 4, 2, 2, 4, 0, -1, -1, -1, -1, -1, -1, -1], 

    [11, 7, 4, 11, 4, 2, 8, 3, 4, 3, 2, 4, -1, -1, -1, -1], 

    [2, 9, 10, 2, 7, 9, 2, 3, 7, 7, 4, 9, -1, -1, -1, -1], 

    [9, 10, 7, 9, 7, 4, 10, 2, 7, 8, 7, 0, 2, 0, 7, -1], 

    [3, 7, 10, 3, 10, 2, 7, 4, 10, 1, 10, 0, 4, 0, 10, -1], 

    [1, 10, 2, 8, 7, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 9, 1, 4, 1, 7, 7, 1, 3, -1, -1, -1, -1, -1, -1, -1], 

    [4, 9, 1, 4, 1, 7, 0, 8, 1, 8, 7, 1, -1, -1, -1, -1], 

    [4, 0, 3, 7, 4, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [4, 8, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [9, 10, 8, 10, 11, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [3, 0, 9, 3, 9, 11, 11, 9, 10, -1, -1, -1, -1, -1, -1, -1], 

    [0, 1, 10, 0, 10, 8, 8, 10, 11, -1, -1, -1, -1, -1, -1, -1], 

    [3, 1, 10, 11, 3, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 2, 11, 1, 11, 9, 9, 11, 8, -1, -1, -1, -1, -1, -1, -1], 

    [3, 0, 9, 3, 9, 11, 1, 2, 9, 2, 11, 9, -1, -1, -1, -1], 

    [0, 2, 11, 8, 0, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [3, 2, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [2, 3, 8, 2, 8, 10, 10, 8, 9, -1, -1, -1, -1, -1, -1, -1], 

    [9, 10, 2, 0, 9, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [2, 3, 8, 2, 8, 10, 0, 1, 8, 1, 10, 8, -1, -1, -1, -1], 

    [1, 10, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [1, 3, 8, 9, 1, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 9, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [0, 3, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1], 

    [-1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1]) 

 

triangles = np.zeros([1,3]) 

ntriang = 0 

 

fori in xrange(len(xx)-1): 

for j in xrange(len(yy)-1): 

for k in xrange(len(zz)-1): 

                ##  Determine the index into the edge table which 

                ##  tells us which vertices are inside of the surface 

gridp = np.zeros([8,3]) 

gridp[0,:] = [i,j,k] 

gridp[1,:] = [i+1,j,k] 

gridp[2,:] = [i+1,j+1,k] 

gridp[3,:] = [i,j+1,k] 

gridp[4,:] = [i,j,k+1] 

gridp[5,:] = [i+1,j,k+1] 

gridp[6,:] = [i+1,j+1,k+1] 

gridp[7,:] = [i,j+1,k+1] 

gridval = np.zeros([8,1]) 
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gridval[0] = c[i,j,k] 

gridval[1] = c[i+1,j,k] 

gridval[2] = c[i+1,j+1,k] 

gridval[3] = c[i,j+1,k] 

gridval[4] = c[i,j,k+1] 

gridval[5] = c[i+1,j,k+1] 

gridval[6] = c[i+1,j+1,k+1] 

gridval[7] = c[i,j+1,k+1] 

 

cubeindex = 0 

if (gridval[0] <isolevel): 

cubeindex |= 1 

 

if (gridval[1] <isolevel): 

cubeindex |= 2 

 

if (gridval[2] <isolevel): 

cubeindex |= 4 

 

if (gridval[3] <isolevel): 

cubeindex |= 8 

 

if (gridval[4] <isolevel): 

cubeindex |= 16 

 

if (gridval[5] <isolevel): 

cubeindex |= 32 

 

if (gridval[6] <isolevel): 

cubeindex |= 64 

 

if (gridval[7] <isolevel): 

cubeindex |= 128 

 

                #/* Cube is entirely in/out of the surface */ 

if (edgeTable[cubeindex] == 0): 

continue 

 

                #/* Find the vertices where the surface intersects the cube */ 

vertlist = np.zeros([12,3]) 

if (edgeTable[cubeindex] & 1): 

vertlist[0] = Vertex.Interp(isolevel,gridp[0],gridp[1],gridval[0],gridval[1]) 

 

if (edgeTable[cubeindex] & 2): 

vertlist[1] = Vertex.Interp(isolevel,gridp[1],gridp[2],gridval[1],gridval[2]) 

 

if (edgeTable[cubeindex] & 4): 

vertlist[2] = Vertex.Interp(isolevel,gridp[2],gridp[3],gridval[2],gridval[3]) 
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if (edgeTable[cubeindex] & 8): 

vertlist[3] = Vertex.Interp(isolevel,gridp[3],gridp[0],gridval[3],gridval[0]) 

 

if (edgeTable[cubeindex] & 16): 

vertlist[4] = Vertex.Interp(isolevel,gridp[4],gridp[5],gridval[4],gridval[5]) 

 

if (edgeTable[cubeindex] & 32): 

vertlist[5] = Vertex.Interp(isolevel,gridp[5],gridp[6],gridval[5],gridval[6]) 

 

if (edgeTable[cubeindex] & 64): 

vertlist[6] = Vertex.Interp(isolevel,gridp[6],gridp[7],gridval[6],gridval[7]) 

 

if (edgeTable[cubeindex] & 128): 

vertlist[7] = Vertex.Interp(isolevel,gridp[7],gridp[4],gridval[7],gridval[4]) 

 

if (edgeTable[cubeindex] & 256): 

vertlist[8] = Vertex.Interp(isolevel,gridp[0],gridp[4],gridval[0],gridval[4]) 

 

if (edgeTable[cubeindex] & 512): 

vertlist[9] = Vertex.Interp(isolevel,gridp[1],gridp[5],gridval[1],gridval[5]) 

 

if (edgeTable[cubeindex] & 1024): 

vertlist[10] = Vertex.Interp(isolevel,gridp[2],gridp[6],gridval[2],gridval[6]) 

 

if (edgeTable[cubeindex] & 2048): 

vertlist[11] = Vertex.Interp(isolevel,gridp[3],gridp[7],gridval[3],gridval[7]) 

 

                #/* Create the triangle */ 

for t in xrange(0,15,3): 

iftriTable[cubeindex][t]==-1: 

break 

triangles = 

np.append(triangles,[vertlist[triTable[cubeindex][t]],vertlist[triTable[cubeindex][t+1]],vertlist[triTa

ble[cubeindex][t+2]]],axis=0) 

ntriang = ntriang +1 

 

triangles = np.delete(triangles,[0]) 

triangles = np.delete(triangles,[0]) 

triangles = np.delete(triangles,[0]) 

triangles = np.reshape(triangles,(ntriang,9)) 

    [nodes,elements] = order.nodelements(triangles) 

return(triangles,ntriang,nodes,elements) 
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Appendix B 

Free Surface Flows 

Simulations up until now were directed towards two different fluids and in general the 

Lattice-Boltzmann method works for single fluid single phase conditions. For other type of 

conditions like water going through a canal or trying to describe rain falling on a swimming 
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pool there is a need to simulate the fluid and its interaction with the atmosphere. To 

account for these kinds of scenarios a code was developed to simulate the free surface 

present in these situations. 

The first step in achieving this is to create a flag of four types of cells possible on the 

simulation. A first flag that indicates that the cell is full of fluid, another one that indicates 

that it is partially filled with fluid, while the third indicating that the whole cell is empty, 

meaning it only contains gas inside. Finally a fourth kind of flag sets the boundary of the 

problem in the case there is an obstacle in the lattice. 

 

Figure 23. The three main types of cells are shown, fluid, interface and gas cells. From 

[28] 

Here the entire steps of the algorithm are changed since now mass is being transferred 

between cells and the interface is changing with time. Figure 24 shows the basic steps 

necessary for a proper implementation of the method. 

 

Figure 24. General process of the free surface flow algorithm.From [1] 

Mass Exchange 

The important part of the new algorithm is to correctly describe the movement of the 

interface while conserving the mass of the fluid. To achieve this it is necessary to define 
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the fluid fractions as: 

∈= yR  

Now we calculate the mass exchange with the amount of density distribution function 

that is streamed into the cell minus the amount that is streamed away from the cell. This 

is:  ∆y#(� + ∆�) = "� (� + ∆�4# , �) − "#(�, �) 
This description is incomplete since it is needed to include the area of the fluid between 

the cells, because of this an approximation is made by averaging the fluid fraction from 

the two cells, this gives:  

∆y#(�, � + ∆�) = ¡2 L∈ (� + ∆�4# , �)+∈ (�, �)N2  

¡2 = "� (� + ∆�4#, �) − "#(�, �) 
Since the fluid fraction for fluid cells is always one, this equation is true for interface-fluid 

cells as well as interface-interface cells that are exchanging mass. 

Free surface interface  

Since the steps of the algorithm need to solve the Lattice-Boltzmann equation, gas cells 

are never actually calculating anything, only fluid and interface cells actually have a 

density distribution and are capable of exchanging information according to the equations 

defined in section XXX. However, since the interface cells are able to stream in 18 

directions some of the density distributions are created in a gas cell. Because of this, all 

streamed values to a gas cell must be deleted and it is assumed that the viscosity of the 

fluid is much lower than the viscosity of the gas phase, meaning that the gas cells follow 

the motion of the interface. 

Since streaming is done normally at the interface and fluid cells, not all of the information 

at the interface is complete since there is supposed to be a streaming distribution function 

coming from the gas cells, hence a reconstruction at the surface must be made in order to 
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maintain the balance and effect of the gas phase. This means that we need to reconstruct 

the interface with: 

"� (�, � + ∆�) = "#2h(R¢, �) + "� (R¢, �) − "#(�, �) 
This reconstruction has to be made if the distribution function is coming from a gas cell or 

from the direction of the interface normal in order to balance the forces at the interface. 

The normal is calculated using: 

    ; ), 4�  = M54n�45�ℎn)0 
) = 12¤

∈ L��}O,(,wN−∈ L��¥O,(,wN∈ L��,(}O,wN−∈ L��,(¥O,wN∈ L��,(,w}ON−∈ L��,(,w¥ON¦ 

Flag Changes 

After collision it is necessary to save 2 new variables, the cells that have filled with fluid 

and the cells that have emptied during this step. The criterion that is utilized to determine 

if a cell filled or emptied is: 

y(�, � + ∆�) = (1 + §)R(�, � + ∆�)"m5n"zoo4&^4oo 
y(�, � + ∆�) ; (0 − §)R(�, � + ∆�)"m5n)4y¨�z4&^4oo 

Where k is an offset to prevent the reconverting of a new interface cell on the following 

step and is equal to 0.001 for the purpose of this work. When all cells have been updated 

the layer of the interface cells has to be closed and conservation of mass must be 

maintained. To accomplish this, first, the neighbors of all filled cells that are empty are 

converted to interface cells. To each of these cells, the average density and the average 

velocity are calculated so that they are initialized with the equilibrium XXX. To avoid 

problems, interface cells need to be deleted from the list of emptied cells. Finally, all of 

the filled cells are changed to a flag of fluid. 
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A similar approach is made with emptied cells, all their neighbors with a flag of fluid cells 

are converted to interface cells and all of the cells that are in the list of emptied cells are 

now flagged as gas.  

Since cells that were initially full of fluid have a mass of 1 and gas cells have a mass of 0 

these cells are now fully updated, however, interface cells that have filled or emptied can 

have an excess of mass or negative values of mass. To correct this, the excess of mass 

must be distributed to the surrounding cells in order to conserve mass. This excess in mass 

is calculated as: 

y2s = y"m54y¨�z4&^4oo¡ 
y2s = y − R"m5"zoo4&^4oo¡ 

The distribution of this mass however is not uniform since the excess mass originates from 

the boundary movement being too fast, meaning that a larger proportion must be 

distributed towards the direction of the movement. This is done by the distribution: 

y(� + ∆�4#) = y(� + ∆�4#) + y2h(©#/©uªugw) 
Where ©uªugw  is the sum of the weights calculated as: 

©# = ; ), 4# = z" ; ), 4# = z¡M54n�45�ℎn)0z)"zoo4&^4oo¡0z" ; ), 4# = z¡)m�M54n�45�ℎn)0z)"zoo4&^4oo¡  

©# = −; ), 4# = z" ; ), 4# = z¡)m�M54n�45�ℎn)0z)4y¨�z4&^4oo¡0z" ; ), 4# = z¡M54n�45�ℎn)0z)4y¨�z4&^4oo¡  

A code that is able to perform these types of simulations in 2D has been developed 

previously at the University and has been refined and included to the libraries developed 

for this work. 

Superficial tension  
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Since adding the effect of superficial tension is very time consuming and difficult to do the 

implementation of this has not been done here, however, the basis for creating these type 

of physical behavior is available to the user and is presented here. 

As was shown before, a reconstruction on the surface of the fluid is necessary to maintain 

equilibrium of forces at the interface. This is done by reconstructing these cells with 

equation: 

"#(� − 4#, �) = −"#2h(R« , �) − "#2h(R« , �) − "� (�, �) 
Superficial tension is included here by noting that this reconstruction is made basedon the 

density of the gas phase. Physically the exerted pressure by the gas is calculated as: 

¨«(�) = 13R«(�) − 2§(�)< − Υ 

Where §(�) is the curvature at the interface, < is the superficial energy and Υ is an 

additional term of pressure that stabilizes the interface. This last term is only present in 

some special cases like metal foams [Ref]. 

The complex part here is finding the curvature term since a mesh is necessary to be 

created and additional calculations are required to approximate this value in a correct 

manner. 

 

 

Free Surface Flows Results 

On another note, some existing code was adapted to the current developed libraries in a 

way that it is clearer for the user and correcting some bugs that were present on previous 

works. 
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An example of the resulting code in 2D is shown in figure 25 were a drop in mid air falls 

due to gravity into a fluid, disrupting the equilibrium of the static fluid and finally the two 

of them merge and reach equilibrium. 

 

Figure 25. Drop falling in air to a fluid using the free surface Lattice Boltzmann Method in 

2D. 

Although the implementation in 3D is not yet implemented all of the basic functions are 

available, the basic Lattice-Boltzmann Method is running and an exchange of mass and 

flag reinicialization is done in 3D. So the potential to refine these routines for a simulation 

of other free surface flows is implemented. However, more work in these types of flows is 

required since curvature calculation is not an easy task and must be approximated from a 

triangulated surface. 
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