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School Engineering

Universidad de los Andes
July 2012



DISTRIBUTED OPTIMIZATION WITH POPULATION DYNAMICS

Approved by:

Kevin Passino, Committee Chair
Department of Electrical and Computer
Engineering
The Ohio State University

Nicanor Quijano, Advisor
Department of Electrical and Electronics
Engineering
Universidad de los Andes
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SUMMARY

Distributed optimization problems are generally described as the minimization of a global

objective function in a system, where each agent can get information only from a neighborhood de-

fined by a network topology. To solve this problem, we present a local strategy based on population

dynamics, where payoff functions and tasks are assigned to each node in a connected graph. We

prove that the local replicator equation (LRE) converges to an optimal global outcome by means

of the local-information exchange subject to the topological constraints of the graph. To show the

application of the proposed strategy, we implement the LRE to solve both an economic dispatch

and a distributed lighting control problem, requiring variations of the original framework. Finally,

we present some simulation and implementation results that illustrate the theoretic optimality and

stability of the equilibrium points.
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CHAPTER I

INTRODUCTION

A challenging problem in most of networked large-scale systems is to optimize a global function

when each agent in the process has only partial knowledge of the objective function and only can

share information with the neighbors defined by a constrainded topology. Although the range

of applications of distributed optimization is wide, the most representative ones are described

in a recent survey [5], where the author presents a general framework and the applications are

derived from particular theoretical results. These problems have been solved with different methods

including gradient, subgradient, and proximal procedures [5, 17], distributed control [6, 20], game

theory [35, 31], and consensus protocols [39, 33], in the context of specific applications like power

and coverage problems in sensors and wireless networks, coordination of multiagent systems, traffic

systems, and estimation in sensor networks.

In general, to solve distributed optimization problems we have to assign specific tasks to agents

in such a way that a global objective is achieved based on local information shared on a constrained

network topology. However, this may be a complicated problem due to the coupling constraints

that arise in many large-scale systems [31], and to the definition of appropriate dynamics that lead

the system to the proposed goal.

Many network-optimization problems can be expressed as a constrained resource allocation,

where a limited amount of resources must be distributed among agents with local information and

a general criterion. This problem can be formulated as a dynamic replicator model [52], which de-

scribes how a large group of individuals (resources) is distributed among different habitats (agents)

such that all individuals achieve a common welfare in equilibrium, according to the satisfaction

(fitness) perceived in each habitat. The replicator dynamics have been widely studied in economics

and biology [25, 55, 36, 46], as well as in specific engineering problems in image processing [38, 32],

communications [1, 53], power systems [41], and control [45, 42]. In these problems, the proposed

objectives are achieved by a correct selection of fitness functions in an environment with centralized

1



or hierarchical coordination.

Nevertheless, the centralized information structures may not be robust, feasible, scalable, or

cheap when the number of agents is large or the optimization process is performed over a fixed and

constrained network topology [40]. To solve this problem, we relax the full-information requirements

of the original population model and preserve the main ideas of the evolutionary game theory in

the replicator dynamics. The resulting technique yields a desired global outcome by the definition

of appropriate fitness in each node, while the state of each agent evolves to an equilibrium by

means of a fitness-dependent dynamic process. Our work is related to the results in [31, 33], where

distributed optimization problems are solved by designing local objective functions using the game-

theoretic framework, such that the resulting games (e.g., potential games) guarantee the existence

of optimal equilibria achievable by means of distributed learning algorithms.

The main contribution of this work is to propose a novel method to use the constrained in-

formation in a connected graph in order to calculate local functions in each node and define the

dynamics to achieve a general objective. This strategy, that we refer to as the local replicator

equation (LRE), allows us to use some analogies with natural and economic behaviors to facilitate

the design of fitnesses according to each problem application. Besides, the gradient properties of

the replicator dynamics guarantee the minimization of potential functions with certain constraints

included in the system’s trajectories [25]. However, when the topology restricts the payoff func-

tions, we propose coherent assumptions on the fitnesses (based mainly on economic concepts) to

ensure the convergence of the LRE.

One important application of the distributed optimization is the field of energy management and

efficiency processes [23], where the development of intelligent large-scale infrastructures represents a

challenge in the design of distributed strategies to coordinate the growing number of interconnected

devices. This is the case for smart grids and smart building concepts, which deal with the energy

management in the power distribution systems and efficient controllers for different energy systems

in commercial and housing structures, respectively.

The power distribution grid is a complex and highly connected network with a large number

of nodes and possible different topologies, where different variables (e.g., generated power, power

flows, and demanded energy) must be considered to keep the whole grid in working order. In
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addition, the inclusion of distributed generators in the grid may affect the performance and the

expected improvements of the system, if the power supplied by the units is not dispatched taking

into account their economic, technical, and topological characteristics. To solve this problem,

marked-based techniques are used in [58, 9] to facilitate the interaction among agents in a virtual

market where the participants attempt to achieve an optimal equilibrium by means of demand-

supply trades. Moreover, the authors in [14, 43] define a multiagent framework in subsystems

of the grid to propose a hierarchical structure that facilitates the coordination of the generators.

Although most of the control strategies for the coordination of agents accomplish their objective in

specific situations, some of them (generally based on heuristics) do not have the necessary elements

to analyze the effects of the network topology and the convergence to desired steady states of

the agents. However, to avoid the central coordinator, the consensus algorithm described in [59]

equalizes the incremental costs of the units using local information. Compared with our solution,

this technique uses a similar objective with different dynamics in each agent.

On the other hand, most of the building automation problems require a constrained minimiza-

tion of the energy usage over a deeply coupled network of sensors and actuators. Especially, lighting

systems are an interesting field in the energy efficiency processes since the implementation of ad-

vanced control strategies represents significative savings (30-60%) in the consumption of large-scale

systems [30]. Lighting controllers cover a wide range of applications from conventional methods

to intelligent techniques and agent-based controllers [15]. The new characteristics of the light-

ing systems, the advances in building designs, and the networked sensor-actuator environments,

have motivated the development of techniques based on hierarchical structures [16], systems with

agent coordination [48], and wireless sensors with optimization algorithms [56], in order to provide

comfort to the occupants and energy savings.

To show the flexibility of the LRE in both the solution of the economic dispatch and the

distributed lighting control problems, we relax some assumptions in the proposed method to design

the fitnesses and dynamics with particular characteristics for each application. Although there are

several efficient techniques to solve the proposed application problems, the aim of this work is not

to compare results, but to show the implementability and the necessary adaptations of the general

theoretic concepts of the LRE.
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As a summary of the rest of this work, in Chapter 2, we describe the general optimization

problem and the basic methods that supports the definition of the LRE. Next, Chapter 3 shows

the general formulation of the local replicator equation, the achievable steady states, and the

assumptions on the fitness functions to guarantee the stability of the equilibrium points of the

system. In order to show the applicability of the proposed strategy, in Chapter 4 we solve the

dispatch and the lighting control problems with the convergence analysis and simulation results for

different situations in each case. Finally, the more relevant topics about the method and results

are discussed in Chapter 5.

4



CHAPTER II

PROBLEM FRAMEWORK

In this section, we describe the general distributed optimization problem and two different strate-

gies that can solve the problem without topological constraints. The first technique is based on

population dynamics and the second one is developed under the assumptions of a competitive mar-

ket. These strategies are the basis of the local-information method that we propose to solve the

networked problems in Section 3.

2.1 Distributed Optimization Problem

Distributed resource allocation problems over networks can be seen as a particular case of a con-

strained optimization of the form [5]

min H(p) =
N
∑

i=1
hi(p)

s.t. p ∈ P,

(1)

where hi : RN 7→ R is a convex real-valued function for i = 1, . . . , N , p ∈ R
N is the vector of

decision variables, and P is a compact convex set. The environment in which the optimization

problem must be solved is defined by an undirected and connected graph G , (H,A), where

H , {1, . . . , N} is the set of nodes, and A ⊂ H ×H denotes the set of arcs between nodes. These

interconnections constrain the communication among adjacent agents, such that the ith node can

only get information from its neighbors defined by the set Ni = {j : (i, j) ∈ A}. For this reason,

distributed solution methodologies must be developed taking into account the local information

restriction given by the defined graph topology.

The difficulty of this problem arises because hi(p) is associated to the ith node (or agent) of the

network, is defined by specific parameters in each node, and depends on all the decision variables.

Moreover, the network topology defines only local information for each node, and the constraints

and final objective function are coupled for all the agents in the process. However, the definition

of the objective function and constraints depends on the specific application, and therefore, the
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necessary parameters, functions, and calculations in each node must be formulated according to

the particular methodology used to solve the general problem.

One of the problems solved by using this general framework is the dynamic resource allocation.

In this case, hi(p) is generally associated to a cost function of the ith agent (or a negative utility

function), H(p) is considered as the total cost of the network, and P is defined by the total amount

of available resources (coupling constraint) and the capacities of each node (individual constraints).

Next, to introduce properly the distributed technique proposed in this work, we show two processes

that have been used to optimally allocate resources in a centralized way by means of two different

concepts: replicator dynamics and exchange economy equilibrium.

2.2 Replicator Dynamics

Originally, the replicator dynamics equation describes how certain behavioral characteristics of a

population of individuals evolve via natural selection by means of their mutual interactions and their

relative fitnesses [52]. However, from a different point of view, the authors in [42, 44, 28, 11] have

used the replicator dynamics as an appropriate mechanism to model the allocation of a population

in an environment, whose individuals while in constant interaction seek habitats with different

conditions (e.g., different density of food or mates) to feed or reproduce. The welfare that a

population share perceives by living in each habitat is measured by a fitness function that depends

on the characteristics of each patch and on the distribution of the population in the environment.

The fundamental principle of this concept is that the population, after an evolutionary process,

tends to reach an equilibrium point where all individuals achieve the same fitness (e.g., the same

food intake rate). In this sense, each individual attempts to maximize its payoff with the influence

of others’ strategies while a common social welfare is obtained for the total population.

To model the replicator equation we use the definition of the graph G = (H,A), and let the

set of nodes H = {1, . . . , N} be the set of pure strategies (N habitats), pi(t) ≥ 0 be the relative

amount of individuals playing strategy i (ith population share), and p = [p1 p2 . . . pN ]⊤ be the

population state. In this case, pi is a normalized state variable and in consequence, p(t) ∈ ∆ for

all t, where

∆ =

{

p ∈ R
N
+ :
∑

i∈H

pi = 1

}

. (2)
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Assuming that the number of players in the population is large enough to approximate the amount

of individuals playing a certain strategy as a continuous variable, the replicator equation is given

by [52],

ṗi = pi
(

fi(p)− f̄(p)
)

, for all i ∈ H, (3)

where fi : ∆ 7→ R represents the fitness function that the individuals perceive in the ith habitat

and f̄(p) is the average fitness of the population defined as

f̄(p) ,
∑

j∈H

pjfj(p). (4)

According to this definition, the habitats whose fitnesses are greater than the average tend to

increase their population shares, while the relative amount of individuals playing a less profitable

strategy tend to decline. Moreover, the set ∆ is invariant under (3) as a consequence of the definition

of the average fitness [25, 55]. Hence, if the initial population state p(0) ∈ ∆, all trajectories of the

system remain in ∆, for all t ≥ 0 (i.e., the total population remains constant). The steady state of

(3) is achieved when p∗i
(

fi(p
∗)− f̄(p∗)

)

= 0, where p∗ = [p∗1 p
∗
2 . . . p∗N ]⊤ ∈ ∆ is the equilibrium

point. If p∗i > 0, for all i, the equilibrium point satisfies the condition

fi(p
∗) = f̄(p∗) = f̄∗, for all i ∈ H, (5)

where f̄∗ is the average fitness at equilibrium.

The invariance of ∆ and the definition of the equilibrium point are desirable properties when

the replicator dynamics are applied to distributed optimization problems. In this case, the total

objective function of the general problem (1) is related to a potential function H(p), which can be

minimized by the replicator equation. If the fitness associated to each node is chosen such that

the system (3) is a special type of gradient system (i.e., a Shahshahani gradient), the minimization

of H(p) is guaranteed at the equilibrium point (5), while the constraint p ∈ ∆ is respected for all

time. According to Theorem 19.5.4 in [25], if we choose the fitness functions such that

fi(p) = −
∂H(p)

∂pi
, for all i ∈ H, (6)

the replicator dynamics (3) is a Shahshahani gradient with potential function H(p). While we

could use this property to solve the optimization problem, the graph constraints in the networked

environment must be considered with different local-information dynamics.

7



For a general resource allocation problem, the process described by the search of habitats can

be related to the desired and optimal resource distribution. In this case, the fixed amount of

resources is given by the total population, the agents among which the resources must be split are

the patches in the environment, and the resources flow can be modeled by the population behavior

(3). The fixed amount of resources is held constant for all time while it is split dynamically among

the different agents to achieve a common fitness.

2.3 General Equilibrium in Exchange Economies

An exchange economy is a market setting without production, where each consumer chooses among

different goods (or commodities) that are available to trade with other consumers. Each consumer

possesses an initial endowment of goods and certain preferences (represented by a utility function)

for the different bundles of commodities.

To better describe the consumer choice, let us assume that there are N commodities in the

economy. Thus, a consumption bundle is a vector q = [q1 q2 . . . qN ]⊤ ∈ R
N
+ , where qi ≥ 0 represents

the demanded amount of the ith good. The initial stock is given by e = [e1 e2 . . . eN ]⊤ ∈ R
N
+ ,

where ei is the amount of the good i endowed to the consumer. The economic theory postulates

that each individual tries to maximize his utility by means of exchanges of goods constrained by

certain prices given in the market. Let p = [p1 p2 . . . pN ]⊤ ∈ R
N
+ be the price vector, where pi is

the price of the the ith commodity. Thus, the optimization problem can be expressed as

maxq∈RN
+

u(q)

s.t.
∑N

i=1 piqi ≤
∑N

i=1 piei,
(7)

where
∑N

i=1 piei represents the wealth of the individual, which clearly constrains the commodity

bundles that can be afforded by the consumer. Given that it is assumed that each individual is

price-taker (i.e., the market prices are not influenced by the consumers), the prices are the only

parameters in the economy and determine the possible demands of each good. Therefore, the

resulting optimal price-depending functions q∗i = qi(p), for i = 1, . . . , N , are so-called demand

functions for each commodity at prices p.
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In general, the consumer’s utility u(q) is assumed to be continuous, concave, and locally nonsa-

tiated1 in order to guarantee that qi(p) is single valued [34]. With these conditions, we can define

functions zi : R
N
+ 7→ R, for all i, such that zi(p) = qi(p)− ei. This expression is the excess demand

function for commodity i, which represents the difference between the demand and supply of each

good. The excess demand functions satisfy the following properties for all i [34]

1) zi(p) is continuous.

2) zi(αp) = zi(p), for any α > 0 (homogeneous of degree zero).

3)
∑N

i=1 pizi(p) = 0, for all p ∈ R
N
+ (Walras’ law).

(8)

The homogeneity of zero degree implies that a proportional change in prices does not affect the

constraint in the utility maximization problem (7). Therefore, the affordable commodity bundles

are the same with p or with αp, and the optimum does not change. Notice that the Walras’ law

implies that
∑N

i=1 piqi(p) =
∑N

i=1 piei. In consequence (due to the nonsatiation characteristic),

the consumer fully expends his wealth in purchasing a commodity bundle q(p) that maximizes his

preferences with a given vector price p. With this property, the constraint in problem (7) is always

active.

The concept of Walrasian equilibrium in the defined economy is achieved when the demanded

amount for each commodity equals its initial stock. Therefore, a price vector p∗ = [p∗1 . . . p∗N ]⊤ is

a dynamic Walrasian equilibrium if

zi(p
∗) = 0 if p∗i > 0

zk(p
∗) < 0 if p∗k = 0,

(9)

for at least one positive price. It is worth noting that different endowments e generally imply

different equilibria. In addition, if p∗ is a price equilibrium, αp∗ is also an equilibrium due to

the homogeneity of degree zero of the excess demand functions. Although the properties of the

equilibrium (9) has been widely analyzed given the importance of this concept in economy (see

for instance [34, 50, 37] for extended studies on this topic), the dynamics to reach the equilibrium

prices are more difficult to state because real economic variables and processes cannot be accurately

represented by simple models. However, a classical price adjust process known as tâtonnement,

1A function u(q) is locally nonsatiated if for every q ∈ R
N
+ and every ǫ > 0, there exists a q′ ∈ R

N
+ such that

‖q − q′‖ ≤ ǫ and u(q′) > u(q).

9



describes the prices dynamics for a pure exchange market based on the law of supply and demand.

A common expression for the tâtonnement process is given by [34]

ṗi = kizi(p), for i = 1, . . . , N, (10)

where ki > 0 is a constant affecting the speed of adjustment. Roughly speaking, these dynamics

describe the process of achieving the price equilibrium by means of competition among consumers,

where the price of a good increases if demand exceeds supply, and decreases in the opposite case (for

a negative excess demand function). One of the main results on stability of the general equilibrium

is based on the substitution properties of the commodities. For this, it is assumed that the increase

in the price of one good decreases its demand and rises the demand of every other commodity. This

property, so-called gross substitutability, can be formally expressed as

∂zi(p)

∂pi
≤ 0, for all i = 1, . . . , N

∂zi(p)

∂pj
≥ 0, for all i 6= j,

(11)

if zi(p) is differentiable for all i. With these properties and assumptions, next theorem characterizes

a well-known result about the stability of p∗ in the tâtonnement process.

Theorem 2.3.1 [2, 37] Under the assumption of gross substitutability, homogeneity of degree zero,

and Walras’ law of the excess demand function zi(p), for all i = 1, . . . , N , the equilibrium point p∗

achieved by the dynamics (10) is globally asymptotically stable.

Although the gross substitutability is a very restrictive assumption in an economy with a high

number of commodities (each commodity is substitute of every each other), excess demand functions

with this property may arise in several economic contexts [34], specially with aggregate goods.

Moreover, this condition supports the analysis of some real situations and the development of

more efficient and faster algorithms [21], as well as resource allocation strategies in more recent

applications [10, 57].

2.4 Relationships among Replicator Dynamics, Economic Equilibrium, and

Distributed Optimization

Although many economic theorists consider that the research field on the tâtonnement process

died out long time ago [21], recent studies in evolutionary economics (whose main purpose is to
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obtain practical methods and theoretical tools to solve complex problems based on the evolution

theory), take into account more realistic conditions in the economies and define new models to deal

with different agents in real scenarios. In particular, the authors in [26, 24, 27] show the closeness

between the economic equilibrium and the replicator dynamics concepts.

Based on these ideas, if we define the relative fitness in (3) as zRD
i (p) = fi(p) − f̄(p), the

replicator dynamics (3) and the tâtonnement process (10) are similar [26]. According to this

definition, the price may be analogous to the population in each habitat and the demanded amount

of each commodity is related to the welfare perceived in each habitat. Moreover, in a natural

context, the fitness in a patch (the demanded amount of a good) decreases when the population

share in that habitat (the price of the commodity) rises. Therefore, this relationships satisfy the

economic demand law and a simple natural rule (e.g., the more individuals inhabit a patch, the

less the food intake rate for the population in that habitat).

The tâtonnement process implies that the consumer has complete and costless information about

prices and behavior of the commodities in order to obtain the equilibrium prices that maximize his

preferences [21]. In this sense, the economic adjust may solve the main optimization problem (1),

but it violates the network topology constraints that define the distributed and local-information

issue. In the same way, for the replicator dynamics approach, a gradient system can be obtained

with an adequate choice of fitness functions (as in the condition (6)), such that (1) can be solved

for certain constraints. Nevertheless, the implementation of the replicator dynamics requires in-

formation from all agents to calculate the average fitness (4). Therefore, this algorithm needs a

fixed topology defined at least by a graph with a central agent in a star network. In this kind of

structures, the optimization process is inefficient when the number of agents increases [5], and the

algorithm is highly sensitive to topological changes and failures in communication links due to the

important role of the central agent.

To solve these problems, next we describe how to apply the advantageous properties of the

replicator dynamics with only local information in a generic connected graph without a central co-

ordinator. With this novel algorithm, the distributed optimization problem is solved respecting the

topology constraints, as well as the maximum availability of resources in the allocation problems.

11



The analogies with the economic process are used in the next section to relax the tâtonnement sta-

bility assumptions and to obtain coherent conditions to guarantee the convergence of the proposed

technique.
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CHAPTER III

LOCAL REPLICATOR EQUATION (LRE)

Although replicator equations may be implemented by a hierarchical multi-agent system [41], when

the number of agents is large the use of full information may require a high amount of information of

different sources, possible synchronization among all agents, and therefore, high performance (and

expensive) communication channels. In order to deal only with local information we introduce

some variations in the original replicator equation. In this novel method, the natural environment

is associated to the graph G = (H,A) defined as the topological constraint in the general distributed

optimization problem (Section 2.1). In consequence, the habitats are represented by the nodes in

the set H = {1, . . . , N}, and the possible links between patches are represented by arcs in A.

Hence, individuals only have information about their nearest habitats and decisions are made over

neighborhoods to maximize the fitness, yielding the same payoff across the environment.

To describe the interaction topology, we define that if (i, j) ∈ A, node i can get information

about node j. Moreover, we consider that the pair (i, j) ∈ A is equal to the pair (j, i) ∈ A, so

the graph G is undirected. Additionally, each node must be linked at least to another node in the

graph to guarantee that the optimization problem can be solved [39]. Hence, for every i ∈ H, there

exists j ∈ H, such that (i, j) ∈ A. In words, there exists a path between any two nodes in G, which

defines that the graph is connected.

At this point, it is important to recall that Ni is the set of adjacent nodes to the node i (the

so-called neighborhood of i). Formally, Ni = {j : (i, j) ∈ A} (note that i /∈ Ni). To obtain

the local-information model, the replicator dynamics with full information defined by (3) can be

expressed as

ṗi = pi



fi(p)
N
∑

j=1

pj −
N
∑

j=1

fj(p)pj



 , (12)

with the average fitness defined by (4) and the fact that
∑N

j=1 pj = 1. Taking into account

the summations in (12) only over the neighborhood of node i, we obtain the model for the local
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replication equation (LRE) given by

ṗi = pi



fi(p)
∑

j∈Ni

pj −
∑

j∈Ni

fj(p)pj



 , (13)

for all i ∈ H, where fi(p) is still the fitness function that describes the payoff for the ith node.

Notice that Equation (13) can be expressed in a similar form as original replicator dynamics

ṗi = pi(gi(p)− ḡi(p)), (14)

where gi(p) represents a local payoff obtained by weighting the original fitness functions with the

neighboring population, and ḡi(p) is a local average fitness calculated only with the local information

of the neighbors of node i. Therefore, the full information constraint for the calculus of the original

average fitness in (4) is relaxed in the local replicator equation. Besides, the equilibrium points of

the LRE (13) and the original formulation (3) are the same under some connectivity conditions in

the graph topology (as we show in Section 3.2).

In order to keep the main characteristics of the original replicator dynamics in the local repli-

cation equation, we must show that: i) the simplex ∆ is invariant under (13); ii) by choosing

appropriately the fitness functions, all individuals achieve the same payoff at equilibrium; and iii)

the equilibrium point of (13) is asymptotically stable with region of attraction ∆. The first condi-

tion allows us to apply certain constraints to the distributed optimization problem (e.g., availability

of resources), such that they are preserved over time. In this sense, the local replicator equation

can also be used as an appropriate strategy for dynamic allocation of limited resources. The ac-

complishment of the second condition implies that the equilibrium points of the original replicator

dynamics and the LRE are the same. Thus, it permits the system to obtain the desired objective

function (e.g., a potential function in a gradient system), and to achieve different distributed control

goals such as equal agents’ welfare or a common set point. Finally, the stability of the equilibrium

point guarantees the convergence of the proposed strategy to the optimal solution.

3.1 Invariance of ∆ under the LRE

The next result shows that the invariance of the simplex holds for the local-information case.

Proposition 3.1.1 If the initial conditions p(0) ∈ ∆, the set ∆ is invariant under the local repli-

cator equation (13).

14



Proof: Let us define the adjacency matrix of the graph G as A = [aij ] ∈ {0, 1}N×N , where

aij =











1 if (i, j) ∈ A,

0 otherwise.
(15)

Note that given two vectors p, p′ ∈ R
N

Ap =





∑

j∈N1

pj
∑

j∈N2

pj . . .
∑

j∈NN

pj





⊤

,

and

p′⊤Ap =
∑

i∈H



p′i
∑

j∈Ni

pj



 =
∑

i∈H



pi
∑

j∈Ni

p′j



 = p⊤Ap′, (16)

since A = A⊤ when the graph is undirected. Now, the sum over all i ∈ H in Equation (13) is given

by1

∑

i∈H

ṗi =
∑

i∈H



pifi
∑

j∈Ni

pj



−
∑

i∈H



pi
∑

j∈Ni

pjfj



 .

If we define the vector Xf , [p1f1 p2f2 . . . pNfN ]⊤, the previous equation can be expressed as

∑

i∈H

ṗi = X⊤
f Ap− p⊤AXf ,

and by the property in Equation (16),
∑

i∈H ṗi = 0. Given that by assumption
∑

i∈H pi(0) = 1,

the set ∆ is invariant under the local-information model (13).

�

Notice that if the unit simplex ∆ is invariant, its interior (int(∆)) and boundary (bd(∆)) are also

invariant. These properties are used below to define some characteristics of the trajectories of the

system (13).

3.2 Fitness Selection and Equilibrium Points

The choice of the fitness function is one of the most important issues in the behavior of the trajec-

tories of the LRE. In evolutionary game theory, as well as in behavioral ecology [28], the fitness of

the individuals depends on the frequencies of the strategies (number of individuals sharing some

1In the forthcoming expressions of this section, we may omit the argument of fi(p), for i = 1, . . . , N , for simplicity
in the notation.
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patch). In general, the more individuals sharing the same strategy, the smaller the fitness (which

can be associated to the amount of resources in a habitat). Moreover, the fitness is assumed positive

according to the analogy with the demanded amount of a commodity in an exchange economy. In

this way, the definition of fi : ∆ 7→ R+ as a continuous differentiable mapping in ∆ and strictly

decreasing in the argument pi, allows us to make some analogies between the dynamics described

by the LRE and the tâtonnement process. Besides, with the defined conditions for the fitness

functions, the vector field ϕ(x) = ẋ in Equation (13) is locally Lipschitz continuous, and all tra-

jectories p(t) are unique and continuous through every initial condition x(0) ∈ ∆ for all t. With

these properties, and with the invariance of the set ∆ presented in Section 3.1, some properties of

the trajectories of (13) can be summarized as follows [55]:

• If some initial population share is zero (i.e., pi(0) = 0 for some i ∈ H), this population will

not evolve (i.e., pi(t) = 0, for all t).

• If p(0) ∈ int(∆) (i.e., p(0) ∈ ∆ and pi(0) > 0, for all i), all populations (or pure strategies)

will be present at any time.

• If p(0) ∈ int(∆) is not an equilibrium point, a case of convergence of the trajectories to a

stationary state can be achieved asymptotically when t→ ∞.

• If p(0) ∈ int(∆), some population shares may tend to zero as t → ∞. Then, the LRE

prevents any population quantity from becoming negative. This situation is called truncation

of a population state, and it is related to the behavior of the strategies whose associate

fitnesses are smaller than the average fitness at equilibrium.

The truncation behavior in nature is related to some patches which become uninhabited when the

supplies or mates in other habitats are large enough to provide a higher fitness to all individuals

in the population. This situation may affect the connectivity of the graph in the local-information

model due to the reduced number of connections. In this sense, the local replication model has a less

robust topology (from the point of view of information interchange) than the ordinary replicator

dynamics, especially in cases where there is truncation in nodes that may affect the connectivity

of the graph. To analyze the connectivity, we define a component of G as a maximal connected
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(a) Connected graph.
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(b) Connected graph.
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(c) Disconnected graph.

Figure 1: Example of graph structures for processes with (a) local information in a connected
graph, (b) truncation of a non-cutpoint and preservation of connectivity, and (c) formation of
several components by the truncation of cutpoints.

subgraph of G. Since we assume that G is connected (i.e., every pair of nodes are joined by a path),

it has only one component. A disconnected graph has at least two components. A cutpoint of G is

a node whose removal increases the number of components of the graph [12]. However, with the

removal of a non-cutpoint, several cutpoints may appear. Note that nodes with only one adjacent

node are not cutpoints.

In the context of dynamic resource allocation, we consider a node removed from the graph when

its associated population share is zero (i.e., a truncated node). Although physical communication

channels may remain in the graph topology, when a node is truncated, no individuals inhabit this

patch and the information flow is performed through the other nodes and their own paths. For this

reason, the location of the truncated nodes may turn the connected graph into several components

that can be seen as independent graphs with different resource allocation processes. This situation

can be seen graphically in Figure 1. Hence, to determine the equilibrium points of the system we

consider three cases: i) when there is no truncation in the system, ii) when truncation is given in

nodes that are not cutpoints, and iii) when there is truncation in cutpoints.

3.2.1 Equilibrium Points without Truncation

When there is no truncation in the local replicator equation, an equilibrium point must satisfy

p∗ ∈ int(∆) since p∗i > 0, for all i ∈ H. Hence, a stationary point is achieved in (13) when

fi(p
∗)
∑

j∈Ni

p∗j =
∑

j∈Ni

fj(p
∗)p∗j , for all i ∈ H. (17)

Condition (17) is satisfied if fi(p
∗) = fj(p

∗), for all j ∈ Ni and all i ∈ H. Given that the graph G

is assumed connected,

fi(p
∗) = fj(p

∗) = f̄∗, for all i, j ∈ H, (18)
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where f̄∗ = f̄(p∗) is the equilibrium average fitness. Then, at steady state all fitnesses are equal and

all individuals earn the same payoff. Notice that (18) is only a possible condition to satisfy (17).

For this reason, the stability analysis of this equilibrium point is required to show the convergence

from any p(0) ∈ int(∆) to the point of equal social welfare.

3.2.2 Equilibrium Points with Truncation in Non-cutpoints

According to the previous definitions, the kth node is truncated if p∗k = 0. This condition is achieved

when fk(p
∗) < fj(p

∗), for all j ∈ Nk, or using Equation (14), gk(p
∗) < ḡk(p

∗). Therefore if the

surrounding habitats are more suitable, the population in node k goes to zero asymptotically.

To better define an environment with m untruncated nodes (N −m truncated ones), for 1 ≤

m ≤ N , let us assume that the nodes are numbered such that p∗i > 0, for i = 1, . . . ,m, and p∗k = 0,

for k = m+ 1, . . . , N .

When the truncated nodes are not cutpoints, connectivity of the graph is preserved with their

elimination (as in Figure 1(b)). Therefore, the condition in Equation (17) for the m untruncated

nodes can be expressed as

fi(p
∗)
∑

j∈Ni

p∗j =
∑

j∈Ni

fj(p
∗)p∗j , for i = 1, . . . ,m. (19)

Note that if a truncated node k ∈ Ni, for some i = 1, . . . ,m, Equation (19) is not altered since

p∗k = 0. Then, to satisfy condition (19) the equilibrium point is given by

fi(p
∗) = f̄∗, if p∗i > 0, for i = 1, . . . ,m

fk(p
∗) < f̄∗, if p∗k = 0, for k = m+ 1, . . . , N

(20)

Recall that
∑m

i=1 p
∗
i = 1 by invariance of ∆, and hence, all the individuals of the population

also obtain the same fitness in equilibrium (as in the previous case). Notice that the equilibrium

definition (18) is a special case of the general equilibrium (20) with m = N untruncated nodes.

3.2.3 Equilibrium Points with Truncated Cutpoints

Suppose that the removal of the N −m truncated nodes splits the graph G into n different com-

ponents, as in Figure 1(c). The resultant components noted as Cl , (HCl ,ACl), for l = 1, . . . , n,

are connected subgraphs with a set HCl of nodes and a set of arcs ACl . Hence, there are no paths
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between nodes i, j if i ∈ HCk and j ∈ HCl . At equilibrium, each node of a certain component will

achieve the same fitness, but in general, this value may be different for each component.

When we define elimination of a node, this is a continuous evolutionary process that is produced

by the reduction of the population share assigned to that node. Then, truncation is a concept valid

only at equilibrium, when the amount of resources in a node tends to zero. Furthermore, the

difference among equilibrium fitnesses in different components depends on the initial conditions

and system transients. By considering the formation of different components in the graph, the

equilibrium point in the lth component is given by

f∗l , fi(p
∗) = fj(p

∗), for all i, j ∈ HCl , (21)

where in general f∗l 6= f∗k for components Cl and Ck. However, similar to the other cases, the

equilibrium point for the truncated nodes is p∗k = 0. The steady state p∗ in Equation (21) may be

difficult to calculate even for continuous linear fitness (because it depends on the initial conditions

and the convergence time). Besides, in this case, the individuals may achieve different payoffs, and

this condition could be unacceptable in applications such as in the maximization of a common utility

for all agents [41], or in the achievement of a set point in a distributed control system [42]. For

this reason, we consider the truncation in cutpoints as an undesirable condition to solve effectively

a distributed optimization problem. However, this drawback can be overcome by increasing the

graph connectivity or by using topologies in which nodes with strong connectivity are provided with

high fitnesses. Therefore, in the next section, we analyze the stability of the general equilibrium

point (20), assuming that truncation is only allowed in non-cutpoints.

3.3 Stability Analysis

In order to define assumptions we require to show stability of the equilibrium point (20) of the LRE,

we use the closeness among the concepts of the tâtonnement process and the population dynamics

proposed in [26, 27]. In this sense, we define the local relative fitness for the ith node in (13) as

zLRE
i (p) = gi(p)− ḡi(p) =



fi(p)
∑

j∈Ni

pj −
∑

j∈Ni

fj(p)pj



 , (22)

and then, the LRE can be expressed as

ṗi = piz
LRE
i (p), for i = 1, . . . , N, (23)
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If we compare the tâtonnement process (10) and the LRE (23), zLRE
i (p) may be assumed as the

excess demand function for the ith commodity in the tâtonnement process. Thus, we can use the

properties of zi(p) in (8) and the gross substitutability condition to take advantage of the main

result in the economic framework (i.e., Theorem 2.3.1). Nevertheless, there exist some conceptual

differences between the exchange economies and the LRE that must be relaxed before using directly

the classic market results. First, the initial endowments are constant in a pure exchange economy

with a tâtonnement process, whereas the local average fitness ḡi(p) is clearly dependent on the

population state. These kind of dynamics are included in the so-called economic trading processes

[21], where dynamics of the endowments are modeled explicitly, and the stability conditions are more

restrictive. However, we relate the LRE to the tâtonnement process to obtain coherent conditions

to guarantee stability when the local relative fitness is defined without distinction of demand and

supply. Second, while in the tâtonnement (10) the value to adjust the convergence rate (i.e., ki)

is a positive constant, in the local replicator dynamics that value is given by the population share

in each habitat. This dissimilarity can be relaxed if the economic process is expressed in the more

general form [2, 21, 26]

ṗi = φi(zi(p)), for i = 1, . . . , N,

where φi(·) is a continuous and sign-preserving2 function. Notice that the multiplication of zLRE
i (p)

by pi in (23) can be seen as a form of the function φi(·) since pi ≥ 0 for all i.

On the other hand, several similarities between both dynamics can be obtained analyzing the

properties of the LRE. If we assume that fi(p) is continuous and differentiable (as we state in Section

3.2), the requirements of the excess demand function in (8) can be derived from the invariance of

∆ described in Section 3.1. Specifically,

1. The continuity of zLRE
i (p) is clearly obtained from the continuity of fi(p).

2. If p(0) ∈ ∆, then p(t) ∈ ∆, for all t. Hence, αp(t) /∈ ∆ for any α > 0. In this sense, the

homogeneity of degree zero in prices of z(p) becomes void in the LRE [27], and therefore, we

consider the invariant case in which α = 1.

3. The Walras’ law implies that
∑N

i=1 pizi(p) = 0. In the proof of Proposition 3.1.1, we have

2A function φi(zi(p)) is sign-preserving if sgn(hi(zi(p)))=sgn(zi(p)).
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shown that
N
∑

i=1

ṗi =

N
∑

i=1

pi(gi(p)− ḡi(p)) =

N
∑

i=1

piz
LRE
i (p) = 0.

Hence, the local relative fitness also satisfy the Walras’ law.

With respect to the equilibrium points, by using the definition of the local relative fitness in (22)

and the connectivity assumption of the graph, we can express the general equilibrium with N −m

truncated non-cutpoints in (20) as

gi(p
∗) = ḡi(p

∗), if p∗i > 0, for i = 1, . . . ,m

gk(p
∗) < ḡk(p

∗), if p∗k = 0, for k = m+ 1, . . . , N

or

zLRE
i (p∗) = 0, if p∗i > 0, for i = 1, . . . ,m

zLRE
k (p∗) < 0, if p∗k = 0, for k = m+ 1, . . . , N,

which is the same Walrasian equilibrium point defined for the exchange economy in (9). Now, we

can state the first result about stability in the LRE.

Theorem 3.3.1 If the fitness function fi(p) is differentiable for all i = 1, . . . , N , the initial condi-

tions p(0) ∈ int(∆), and the local relative fitness defined in (22) satisfies the gross substitutability

property, the equilibrium point (20) of the local replicator equation (13) is asymptotically stable in

∆.

Proof: According to the previous discussion, the properties (8) are accomplished with the two

first conditions, and the connectivity of the graph G is implied in the definition of the equilibrium

point (20). Moreover, with the substitutability condition, all requirements to show stability of

the economic process are satisfied. However, due to the stated dynamic differences between LRE

and tâtonnement, we cannot use directly Theorem 2.3.1 to show stability in the local replicator.

Therefore, we adapt a result based only on the static characteristics of the equilibrium point of the

economic process, which we show previously to be the same in the LRE.

Lemma 3.3.2 (Adapted from [50], pag 327). Let p∗ ∈ ∆ be an equilibrium vector that satis-

fies (20). Under the assumptions of invariance of ∆, p(0) ∈ int(∆), and gross substitutability of

zLRE
i (p), for all i = 1, . . . , N , we have

N
∑

i=1

p∗i z
LRE
i (p) > 0, for all p ∈ int(∆).
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Now, in order to show stability, let

V (p) =
∑

i∈H

p∗i ln

(

pi
p∗i

)

(24)

be a valid Lyapunov candidate in ∆ [55], known as the relative entropy function. The time derivative

of V (p) is given by

V̇ (p) = −
∑

i∈H

p∗i
pi
ṗi,

and by using the definitions of LRE (14) and local relative fitness (22), we have

V̇ (p) = −
∑

i∈H

p∗i (gi(p)− ḡi(p)) = −
∑

i∈H

p∗i z
LRE
i (p).

According to the result in Lemma 3.3.2, V̇ (p) < 0 for p ∈ int(∆) and it is equal to zero only in the

defined equilibrium point. Therefore, an equilibrium p∗ that satisfies (20) is asymptotically stable

in ∆ for the LRE.

�

Although in the previous result we use the substitutability assumption to show stability, one of the

advantageous characteristics of the replicator equation is to obtain a desired outcome by the defi-

nition of appropriate fitness in each node of the network. In contrast, to satisfy the substitutability

condition in zLRE
i (p) for all i, we must consider all the weighted fitnesses in each neighborhood. In

this sense, the fitness choice can be a difficult task in order to ensure stability of the equilibrium

point for specific applications. To solve this issue, we start by proposing the next statement.

Proposition 3.3.3 Consider an equilibrium point p∗ ∈ ∆ and any p 6= p∗ such that p ∈ int(∆). If

we order the relations p∗i /pi for all i in the form

p∗1
p1

≥
p∗2
p2

≥ . . . ≥
p∗N
pN

, (25)

and this arrangement implies that

f1(p) ≥ f2(p) ≥ . . . ≥ fN(p), (26)

the equilibrium point p∗ is asymptotically stable in the simplex ∆.
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Proof: With the same Lyapunov function (24), V̇ (p) can be expressed as

V̇ (p) = −
∑

i∈H

p∗i



fi(p)
∑

j∈Ni

pj −
∑

j∈Ni

fj(p)pj



 . (27)

This equation can be simplified using some topological properties of undirected and connected

graphs. For this, let ni and mi be different functions depending only on the variables of the ith

node. Exploiting the connectedness of the graph and the fact that j ∈ Ni if and only if i ∈ Nj, we

have [4]
∑

i∈H

ni
∑

j∈Ni

mj =
∑

(i,j)∈A

nimj + njmi. (28)

Now, by using this property in (27) we can obtain

V̇ (p) = −
∑

(i,j)∈A

(fi(p)− fj(p))
(

p∗i pj − p∗jpi
)

. (29)

With the assumption that G is undirected (i.e., (i, j) = (j, i)), we can assume that fi(p) ≥ fj(p) for

every (i, j) ∈ A. Thus, a sufficient condition to ensure that V̇ (p) ≤ 0 in (29) is

p∗i pj − p∗jpi ≥ 0, or
p∗i
pi

≥
p∗j
pj
, for all (i, j) ∈ A.

Notice that V̇ (p) = 0 only when p = p∗. Moreover, we can obtain the arrangements (25) and (26)

using the connectivity of G. Hence, with the stated conditions, p∗ is asymptotically stable in ∆.

�

The conditions in the last proposition allow us to derive some important properties for the fitness

functions of every node. In a disequilibrium condition with a population state p, the relation p∗i /pi

is a measure of the distance between the ideal relative amount of individuals in the ith habitat and

the actual state of that variable. This distance must affect directly the payoff in patch i, and it

determines the place of the ith fitness in the ordered list (26) (i.e., the greater the distance, the

greater the fitness). Consequently, we may infer that although every fitness function depends on all

the population shares given by p, the proper population pi must be the most influential variable in

the definition of the fitness fi(p). From this stability condition, and with the natural and demand

23



laws proposed in Section 3.2, some relaxed conditions for the fitnesses are given by

1) fi(p) is positive and differentiable for all i ∈ H, and all p ∈ ∆

2)
∂fi(p)

∂pi
≤ 0, for all i ∈ H.

3)

∣

∣

∣

∣

∂fi(p)

∂pi

∣

∣

∣

∣

≥

∣

∣

∣

∣

∂fi(p)

∂pj

∣

∣

∣

∣

, for all i 6= j.

4)
∂fi(p)

∂pj
=
∂fj(p)

∂pi
, for all i 6= j.

(30)

The last condition is obtained if it is assumed that the marginal effect of moving one individual from

habitat i to habitat j, equals the effect of the opposite move. This is known as external symmetry,

and is a regular assumption in population games [47]. Nevertheless, the gross substitutability is a

quite conservative property, and conditions in (30) are not enough to satisfy it. Notice that the

assumptions in (11) applied to the local relative fitness in the LRE imply

∂zLRE
i (p)
∂pi

= ∂fi
∂pi

∑

j∈Ni

pj −
∑

j∈Ni

∂fj
∂pi
pj ≤ 0, for all i ∈ H

∂zLRE
i (p)
∂pj

= ∂fi
∂pj

∑

k∈Ni

pk −
∑

k∈Ni

∂fk
∂pj

pk + aij(fi − fj) ≥ 0, for all i, j ∈ H, and i 6= j,

(31)

where aij is the element of the adjacency matrix A defined in (15). The condition ∂zLRE
i (p)/∂pi ≤ 0

is satisfied with the last two assumptions in (30), but ∂zLRE
i (p)/∂pj ≥ 0 requires (in the economic

framework) that gross substitutability applies for every possible pair of different commodities.

However, the authors in [3] propose that certain static properties of the equilibrium remain when

only one commodity is chosen to be gross substitute of the rest of goods in an exchange economy.

This property, by using the second equation of (31) and the fourth assumption of (30), can be

expressed as

∂fj
∂pi

∑

k∈Ni

pk −
∑

k∈Ni

∂fj
∂pk

pk ≥ aij(fj − fi), (32)

for all i ∈ H and a chosen j 6= i. To satisfy this inequality, we must consider the difference among

the fitness of the substitute habitat and the rest of payoffs, as well as the influence of the population

shares on the gross substitute.

To summarize the conditions of the fitness functions based on the previous analysis, let j ∈ H

be the most suitable habitat in the environment and the gross substitute for all the other habitats

(i.e., the node with higher fitness). Then, an increment in the jth population share represents an
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increment in the fitnesses of the other patches. This is due to the fact that individuals in the

other habitats tend to migrate to the best patch, and in consequence, the welfare of the staying

individuals rises. Moreover, if for two habitats k and l, the population that leaves k is bigger

than the one that migrates from l, we can infer that the welfare in the kth patch is lower than the

welfare in l. This description (based on (32)) corresponds to a coherent natural (and economic)

environment, that we can define formally as follows.

Definition 3.3.1 An environment defined by a connected graph G = {H,A} is said to be coherent

if it satisfies the following conditions of the fitnesses for all p ∈ ∆.

1. The fitness functions in each node satisfy the four conditions of (30).

2. If j =argmaxi∈Hfi(p), and fl(p) > fk(p) for any l, k 6= j, then
∂fl(p)

∂pj
<
∂fk(p)

∂pj
.

With these relaxed conditions, we use a locally Lipschitz Lyapunov function to show stability of

the LRE.

Theorem 3.3.4 If the local replicator equation (13) is developed in a coherent environment with

initial conditions p(0) ∈ int(∆), the equilibrium point p∗ ∈ ∆ that satisfies Equation (20) is asymp-

totically stable in ∆.

Proof: According to the previous discussion about the substitute habitat of the environment, let

us consider the Lyapunov function candidate given by

V (p) = max
i∈H

fi(p) (33)

which is locally Lipschitz continuous in p and continuous in t. These conditions are derived from

the differentiability condition of fi(p) that leads the vector field ϕ(p) = ṗ in Equation (13) to be

locally Lipschitz. Moreover, the minimum of V (p) is reached at p∗ since the simplex ∆ is invariant

under the LRE. In consequence, V (p) is a valid Lyapunov function.

Now, given that Equation (33) is locally Lipschitz, it is differentiable almost everywhere (in the

sense of Lebesgue measure) [8]. However, there are points where the derivatives do not exist. In

order to calculate V̇ (p), let Hf = {l : fl(p) = V (p)} be the set of indices for which there exists
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a point where the differentiability of V (p) fails. Since the trajectories of (13) are continuous, and

according to [11, 49], V̇ (p) is given by

V̇ (p) =





∑

k∈Hf

λk∇f
⊤
k (p)



 ṗ,

for all λk > 0 such that
∑

k∈Hf
λk = 1. In this equation,

∑

k∈Hf
λk∇fk(p) is the generalized

gradient of V (p) [8], ∇fk(p) is the regular gradient of fk(p), and ṗ = [ṗ1 ṗ2 . . . ṗN ]⊤. Using the

LRE (13), previous equation can be expressed as

V̇ (p) =
∑

i∈H

ψi(p)



fi(p)
∑

j∈Ni

pj −
∑

j∈Ni

fj(p)pj



 , (34)

where

ψi(p) = pi
∑

k∈Hf

λk
∂fk(p)

∂pi

By using the property described in (28), we can express Equation (34) as

V̇ (p) =
∑

(i,j)∈A







pipj [fi(p)− fj(p)]
∑

k∈Hf

λk

(

∂fk(p)

∂pi
−
∂fk(p)

∂pj

)







, (35)

Given that G is undirected, we can assume that fi(p) ≥ fj(p) for all (i, j) ∈ A. Moreover, since

pi, pj > 0 and λk > 0, a sufficient condition to ensure that V̇ ≤ 0 is that ∂fk(p)/∂pj ≥ ∂fk(p)/∂pi.

Notice that this condition is satisfied by the fitness assumptions in Definition 3.3.1, since fk(p) is

the maximum of the fitness (i.e, k ∈ Hf = {l : fl(p) = maxi∈H fi(p)}). In addition, V̇ (p) = 0 only

when p = p∗ that satisfies the equilibrium conditions. Therefore, the general equilibrium point (20)

is asymptotically stable in ∆.

�

It is worth noting that to obtain the previous result, we first relate the tâtonnement process with

the LRE by showing that the local relative fitnesses can be thought of as the excess demand

functions. Additionally, we show that the static properties of zi(p) and z
LRE
i (p) can be equalized

with the invariance of the simplex under the local replicator dynamics. Finally, we also show

that the Walrasian equilibrium and the general non-cutpoints truncated equilibrium conditions are

the same. However, tâtonnement and the LRE have dynamic differences in the vector field and
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in the definition of the constant endowments. For this reason, we use the gross substitutability

property and a static result in exchange economies to prove stability of the equilibrium point of

LRE by means of the relative entropy function as a valid Lyapunov candidate. Although stability

is guaranteed with the substitutability assumption, this property affects the entire local relative

fitness. Moreover, this condition is very conservative, and the definition of fitness functions to

satisfy it could be a hard task. In consequence, we derive some characteristics that relate the ith

fitness with the population share pi, in order to obtain certain conditions on fi(p) to facilitate the

design process. Next, we analyze the gross substitutability and a relaxation of this assumption

to propose a set of sufficient conditions in the so-called coherent-environment definition. Finally,

we show that if the LRE is performed in a coherent environment, the general equilibrium point is

asymptotically stable in the invariant set.
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CHAPTER IV

APPLICATIONS

In order to show how the advantages of the proposed strategy can be used to solve certain dis-

tributed optimization problems, we propose two application frameworks: i) dispatch of distributed

generators, and ii) distributed control of lighting systems. Although both problems can be seen

as resource allocation processes in a networked system, there are some differences that allow us to

implement the LRE method with significative variations compared to the general strategy stated

in the previous section.

The dispatch problem is set out as a constrained distributed optimization, where the objective

function is separable in functions that depend only on one variable with a coupling constraint

directly related to the simplex invariance. In this sense, we can apply the Shahshahani gradient

properties to solve it [25]. In contrast, the lighting control requires a relaxation of the invariance

property by the addition of a slack variable in the LRE process, given that in this case, the final

goal is to achieve a common set point in the lighting system. However, we also take into account

the limited resources constraint in an environment where the fitnesses are multivariable functions

that depend on the sensor measurements.

4.1 Dispatch of Distributed Generators

The recent trends in the modernization of the electricity distribution systems imply the monitoring,

protection, and optimization of the interconnected elements of the grid. These processes require

communication networks that support the inclusion of new devices (e.g., smart meters, intelligent

electronic devices, and distributed generators) in order to reduce operation and maintenance costs,

improve reliability and power quality, integrate distributed renewable energy sources, allow the

consumers to react to real-time prices, and provide a flexible framework for an scalable smart grid.

However, the limited communication channels are one of the constraints in the proposed de-

velopments in automatic metering, demand response programs, and the coordination of intelligent

electronic devices. Moreover, the expected high penetration of small-scale generators connected
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directly to the distribution network (i.e., distributed generators (DGs)), introduces new variables

in the system that may affect the adequate performance of the grid if the constraints for power and

costs of the units are not satisfied. For these reasons, the power supplied by each DG in the system

must be controlled using an appropriate dispatch process by means of a networked optimization

scheme.

4.1.1 Problem Formulation

The dispatch of DGs is basically a distributed optimization problem, where a total demand of power

must be supplied by the generation units according to technical and commercial aspects of each

DG. The final goal of this process is the maximization of the general utility of all generators by

providing periodic and planned supply of power to the system in a defined communication topology.

Assuming that the DGs are located in the network according to optimal placement criteria and

respecting the power flow constraints [51], the optimization problem in a real power dispatch with

N generators can be specified by

max utot(pG) =
N
∑

j=1
uj(pGj

)

s.t.
N
∑

j=1
pGj

= Pd

0 ≤ pGi
≤ Pnomi

, for all i ∈ H,

(36)

where pG = [pG1
pG2

. . . pGN
]⊤ is the vector of dispatched powers to the N generators, ui(pGi

)

and utot(pG) are the utility functions for the ith DG and for the whole system, respectively; Pd is

the demanded (total) power to be dispatched, and Pnomi
is the nominal power of each unit.

This problem can be directly related to the general distributed optimization problem proposed

in (1), where H(p) is the total utility, hi(p) is the utility of the ith generator, and P is represented

by the convex set defined by the constraints of the limits of each unit and the total demanded

power to be dispatched. In addition, we assume that the graph G = {H,A} is given by the

possible communication channels among the units in the distribution grid. If we define the utility

ui : R+ 7→ R+ to be a strictly concave function (as it is the general case for the generators’ utilities

[60]), the objective function utot(pG) is separable and has a unique optimal solution. This maximum
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point is obtained when all the marginal utilities are equal, i.e.,

∂u1
∂pG1

∣

∣

∣

∣

pG1
=p∗

G1

= . . .
∂ui
∂pGi

∣

∣

∣

∣

pGi
=p∗

Gi

= . . .
∂uN
∂pGN

∣

∣

∣

∣

pGN
=p∗

GN

= d (37)

for some d > 0 such that all constraints in (36) are satisfied by the optimum power vector p∗G.

This problem may be solved by market based techniques [58], centralized Lagrange optimization

methods, or decomposition techniques with heuristic or iterative algorithmic procedures [40]. How-

ever, when the number of generators increases and the information about all nodes is not available,

centralized algorithms are not effective, and decomposition techniques may not converge since

they need some type of coordination between decentralized subsystems. Moreover, market based

approaches become complex when the constraints about the dispatched power allowed to each gen-

erator are taken into account in all units. For these reasons, and given that distributed generation

dispatches must be performed in short intervals of time (due to the changing demand [14]), reliable

and fast methods (e.g., consensus algorithms [59] and the local replicator equation) should be used

to calculate the optimal power for each DG.

4.1.2 Optimal Dispatch with the LRE

In order to solve the dispatch process using the local replicator equation, let pGi
= Pdpi be the

dispatched power to the ith generator, where pi is the ith population share in the original LRE.

Therefore, the habitats are related to the distributed generators, the fitness functions should be

obtained from the utility of each unit, and the total population is given by the total desired power

to be supplied by the DGs. In this context, Equation (13) for the dispatch problem is given by

ṗGi
=
pGi

Pd



fi(pGi
)
∑

j∈Ni

pGj
−
∑

j∈Ni

pGj
fj(pGj

)



 , (38)

for all i ∈ H. In addition, the set

∆G =

{

pG ∈ R
N
+ :
∑

i∈H

pGi
= Pd

}

(39)

is invariant under (38). With this property, the first constraint of the general problem (36) is

satisfied for all time. The restrictions on the maximum capacity of each unit are satisfied by using

certain parameters of the utility functions (as it is shown in Section 4.1.3). In order to define the
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fitness functions, we take advantage of the special structure of the problem (36). According to

the property in (6) and given that in this case we need to maximize the total utility, the ordinary

replicator dynamics (3) is a Shahshahani gradient with potential function utot(pG) if

fi(pGi
) = β

∂utot(pG)

∂pGi

= β
∂ui(pGi

)

∂pGi

, for all i ∈ H, (40)

where β > 0 is a constant that affects the convergence speed, but does not affect the equilibrium

nor the stability of the replicator equations [55]. Notice that if utot(pG) is a concave potential

function, then fi(pGi
) is monotonically decreasing. Moreover, since the equilibrium points of the

regular replicator and the LRE are the same, the maximization of the proposed objective function

is guaranteed under the gradient structure in the local-information strategy.

Now, we consider the general equilibrium points of the dispatch process when truncation is

allowed only on non-cutpoints. According to the stated conditions to obtain (20), the steady state

in the dispatch problem is obtained when

fi(p
∗
Gi
) = f̄∗, if p∗i > 0, for i = 1, . . . ,m

fk(0) < f̄∗, and p∗k = 0, for k = m+ 1, . . . , N.
(41)

When there is no truncation in the system (i.e., m = N), fi(p
∗
Gi
) = fj(p

∗
Gj

), for all i, j ∈ H, and all

generators are dispatched (i.e., p∗Gi
> 0, for all i). Hence, condition (37) is satisfied at equilibrium

and the total utility maximization is achieved. In the truncation case, the non-negativity power

constraints are active for some generators, and therefore, the equilibrium point (41) solves optimally

the dispatch problem in the boundary of ∆G (39). Truncation in the dispatch process depends on

the total demanded power Pd and on the generation cost of each unit. In general, the equilibrium

average fitness f̄∗ is related inversely to Pd. Hence, if the demanded power is low, this quantity

may be supplied by the cheaper generators in the system, while the more expensive ones are

truncated. On the contrary, if Pd is high, units with low cost may not cover the desired power, and

in consequence, expensive DGs must be dispatched to satisfy the demand. Figure 2 shows more

clearly this situation for different linear fitness functions such as the used in the example proposed

in Section 4.1.4.

We have shown that truncation in cutpoints is not a desirable situation in the optimization

processes since every component of the graph can achieve a different fitness in equilibrium. In
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particular, this situation contradicts the desired optimum in (37) for the dispatch problem. For

this reason, next we analyze the stability of the general equilibrium point (41) for a general class

of fitness functions.

4.1.3 Stability Analysis

Although the dispatch problem is a particularization of the conditions stated in Section 3.3, this

optimization process has some remarkable properties. First, given that the objective function is

explicit and separable, we can choose the fitnesses such that the resulting replicator equations are

a Shahshahani gradient. The resulting fitness functions depend only on one variable and should be

positive and decreasing (according to (30)). With these conditions the convergence to the optimal

point is ensured if the objective function is concave (or convex for a minimization problem) [25].

However, the dispatch problem has additional constraints on the capacity of generation of each

unit. These constraints cannot be covered by the invariance of the simplex ∆G unless we define an

extra condition to the fitness functions. For this, let Ci ∈ R+, for all i ∈ H, be the point in which

fi(Ci) = 0. This value is called the carrying capacity [11], and it is used to show the positiveness

of the payoffs if
∑

i∈HCi ≥ Pd.

Then, the conditions for the fitness functions are summarized as: i) fi(pGi
) is a scalar differen-

tiable mapping in ∆G; ii) ∂fi(pGi
)/∂pGi

< 0; iii) fi(0) > 0, for all i ∈ H; and iv)
∑

i∈HCi ≥ Pd.

The next result shows that the equilibrium points where all individuals achieve the same fitness

(i.e., no truncation and truncation in non-cutpoints cases) are asymptotically stable.

Proposition 4.1.1 Given the above conditions for fi, and if pGi
(0) ∈ int(∆G), for all i ∈ H,

the equilibrium point p∗G ∈ ∆G that satisfies (41) is asymptotically stable under the local replicator

equation (38).

Proof: To show stability we use the same Lyapunov function (33), which is defined for this

problem as

V (pG) = max
i∈H

fi(pGi
). (42)

Notice that V (pG) is a locally Lipschitz continuous function in pG, and continuous in t. In order

to show that (42) is a valid Lyapunov function (i.e., V (pG) ≥ 0, for all pG ∈ ∆G, and p∗G is the
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global minimum of V (pG) in ∆G), we use the carrying capacities constraint and the invariance of

the simplex when pG(0) ∈ int(∆G).

In the worst case (i.e.,
∑

i∈H Ci = Pd), the equilibrium point is given by p∗Gi
= Ci, and V (pG) = 0

since fi(Ci) = fj(Cj) = f̄∗ = 0, for all i, j ∈ H (using condition (41) and the demanded power

constraint). However, any deviation of this equilibrium point, which may be represented for an

increment in the ith population share (i.e., pGi
> Ci), is compensated by the reduction in another

population (i.e., pGj
< Cj, for some j 6= i). Therefore, fj(pGj

) > 0, and V (pG) > 0 since all fitness

functions are strictly decreasing by assumption. Notice that in this case, truncation is not possible

since p∗Gi
= Ci > 0, for all i ∈ H.

When there is no truncation and
∑

i∈HCi > Pd, f̄
∗ > 0, and any deviation of the equilibrium

point increases some of the fitnesses. Then, p∗G the minimum point of V (pG) in ∆G. In the

non-cutpoints truncation case (i.e., p∗Gk
= 0, for k = m+ 1, . . . , N), we have

fk(p
∗
Gk

) = fk(0) < fi(p
∗
Gi
) = fj(p

∗
Gj

) = f̄∗,

for all i, j = 1, . . . ,m, and k = m+1, . . . , N . Therefore, V (p∗G) = f̄∗ > 0. Taking into account that

all fitnesses are decreasing, we define the deviations from the equilibrium point as: i) by increments

or decrements of the population shares in untruncated nodes; or ii) only by increments in truncated

nodes (notice that decrements in these nodes are not allowed since pGi
≥ 0, for all i ∈ H). In the

first case, an increment in some pGi
necessarily represents a decrement in another untruncated node

(e.g., pGj
), and then, an increment in fj(pGj

). Moreover, if pGi
decreases, fi(pGi

) increases. In the

second case, an increment in some truncated node (i.e., pGk
> 0, for some k), necessarily implies a

reduction in some untruncated share. In this way, any deviation from the equilibrium point implies

an increment in some fitness of the untruncated nodes. Hence, p∗G is the minimum of (42) in ∆G,

and V (pG) is also a valid Lyapunov function for the truncation case.

Now, V̇ (pG) is obtained using the same concepts in the proof of Theorem 3.3.4. For this case,

V̇ (pG) =
∑

j∈Hf







λj
∂fj(pGj

)

∂pGj

pGj



fj(pGj
)
∑

l∈Nj

pGl
−
∑

l∈Nj

fl(pGl
)pGl











(43)

In this equation, fj(pGj
) ≥ fl(pGl

) for all l ∈ Nj since j ∈ Hf , and by the definition of Hf ,

fj(pGj
) = V (pG) = maxi∈H fi(pGi

). Therefore, the expression inside the square brackets in (43) is
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greater or equal to zero. Moreover, λj > 0, pGj
> 0, and ∂fj(pGj

)/∂pGj
< 0 for all j ∈ Hf . Hence,

V̇ (pG) ≤ 0. Additionally, V̇ (pG) = 0 only when fj(pGj
) = fl(pGl

), for all j ∈ Hf = H, which

corresponds to the equilibrium point. Finally, with these results, the equilibrium point without

truncation achieved by means of the local replicator equation (38) is asymptotically stable.

Given that truncation is a steady state concept, the non-positiveness analysis of V̇ (pG) above

holds for the truncation case. In addition, if p∗Gj
> 0, for j = 1, . . . ,m, and p∗Gk

= 0, for k = m+

1, . . . , N , then, k /∈ Hf since fk(p
∗
Gk

) < fj(p
∗
Gj

). Therefore, by using Equation (43), V̇ (pG) = 0 only

at equilibrium. With these conditions, the truncation equilibrium point (41) is also asymptotically

stable under the local replicator equation.

�

As we stated previously, the truncation in cutpoints is not a desirable situation in the dispatch

process. However, in the next section, we propose a simulation example in which we compare the

equilibrium points obtained with full and local information in two cases that illustrate the need of

connectivity in the graph.

4.1.4 Simulation Results

Let us consider a system as the one shown in Figure 1 (i.e., N = 6), formed by DGs with different

characteristics defined by a relative generation cost factor (ci), and the nominal power (Pnomi
) of

each unit. With these economic and technical parameters, we define a utility function for each DG

of the form

ui(pGi
) =

−pGi

ciPnomi

(pGi
− 2Pnomi

) , for all i ∈ H,

where the possible maximum utility is achieved when each unit generates its nominal power (i.e.,

ui(Pnomi
) = Pnomi

/ci). This is a valid utility function since quadratic expressions are generally

used to describe the profit in generation units [60], and ui(Pnomi
) satisfies the expected relationship

between an economic utility, the nominal power, and the costs of generation of the DGs. To obtain

appropriate fitness functions in this simplified dispatch problem, we use (40) to obtain

fi(pGi
) =

β

ci

(

1−
pGi

Pnomi

)

, for i = 1, . . . , N. (44)
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Figure 2: Example of truncation for different fitnesses with N = 4 and β = 1. In this case
f4(0) < f̄∗, p∗G4

= 0, and
∑3

i=1 p
∗
Gi

= Pd.

Notice that fi is a decreasing linear function, fi(0) = β/ci, and fi(Pnomi
) = 0. Therefore, all

stability conditions are satisfied since the carrying capacity of each generator is its nominal power.

In this sense, the positiveness constraint is obtained when Pd ≤
∑N

i=1 Pnomi
, which is an obvious

restriction to respect the technical parameters in each generator for the dispatch process. With

these parameters, Figure 2 shows the truncation process in the fourth node, which depends directly

on the cost of each generator.

In this example, we propose two cases with different parameters1 to illustrate the theoretical

results: i) truncation of a non-cutpoint (i.e., node 1 in Figure 1(b)); and ii) truncation of cutpoints

(i.e., nodes 1 and 2 in Figure 1(c)). Notice that truncation is given in the more expensive nodes in

each case. Moreover, at the beginning of the dispatch process, a desired power Pd ≤
∑N

i=1 Pnomi
is

programmed to be distributed among the generators.

Figure 3 shows the simulation results for both of the cases with full and local-information repli-

cator equations with the parameter β = 0.5 and β = 7.5, respectively, and the same fitness functions

in (44). In the first case, the equilibrium points are the same for both techniques and correspond

to the optimal resource allocation. However, the convergence time depends mainly on the graph

topology and on β. Hence, this parameter can be tuned to adjust the response speed. In the

1The costs for the first case are c = [1 0.2 0.5 0.45 0.4 0.3] p.u., and for the second case are
c = [1 0.8 0.5 0.4 0.5 0.3] p.u. In both of the cases, the nominal powers are Pnom = [172 47 66 106 32 120]
kW., and the desired power to be dispatched is Pd = 0.2

∑6

i=1
Pnomi

.
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Figure 3: Results of the dispatch process for a negotiation period with full and local information
techniques. Power (upper graphics) and fitnesses (lower graphics) are shown for each of the two
cases. The power graphics show the behavior of the six dispatched powers (solid lines) and the
theoretical optimal values (dashed line). The fitness of the truncated nodes are shown in dashed
lines in the bottom figures.

second case with local information, the rightmost figures show the formation of two components.

Here, the fitnesses of the nodes in each component are equal, but the equilibrium point is different

from the optimal. This deviation depends on the initial conditions and on the convergence time

of the truncated nodes. Conversely, the steady state achieved with full information corresponds

to the expected optimum. Although non-optimal results are obtained with the formation of sep-

arate components, generally the network structure of the power distribution systems allows the

more suitable nodes (the more active generators) to be connected with a larger number of weak

nodes (possible truncated generators). Hence, the connectedness of the graph is strong and the

possible deviations from the optimal equilibrium due to truncated cutpoints are avoided. Besides,

the stability of the equilibrium points guarantees the achievement of the optimal solution to the

maximization problem (36) even in poorly connected graphs as the one used in this example for

the first case (Figure 1(b)).

4.2 Distributed Lighting Control

Building automation deals mainly with the efficient use of energy resources in commercial and

residential environments due to the high energy consumption in buildings (which is around 70%
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of the electricity produced in developed countries [23]). In particular, lighting uses a 25% of this

energy with an expected growth of a 0.8% per year [54]. Therefore, appropriate resource allocation

techniques are an important part of the new energy efficiency processes given that significative

savings (30-60%) can be obtained with the implementation of optimal control strategies in lighting

systems [30].

With the advances in sensors, actuators, and communication devices, lighting systems have

improved significatively their characteristics as well as the complexity and coverage. Hence, the

implementation of a proper control system in a large-networked environment (e.g., office buildings)

requires a high number of interconnected sensors and actuators. For this reason, the amount of

information may be too large to be managed by centralized controllers [13], and in consequence,

local-information techniques with adaptation capabilities must be implemented to ensure an ade-

quate performance of the system.

Moreover, an important issue in the design of lighting control is to obtain adequate illumination

in offices and houses since productivity and welfare of the people are directly related to adequate

lighting levels. Thus, an appropriate illumination control must provide comfortable lighting levels

and reduction in power consumption. These are the main purposes in the LRE-based technique,

where the power resources are dynamically allocated among several lighting zones in an environ-

ment, considering the illuminance control as a distributed optimization problem.

In this case, a limited amount of power is split among several lamps in order to obtain the same

illumination in the entire environment with the minimum deviation from a desired set point. Then,

the comfort can be related to the uniformity in the lighting levels in each zone (e.g., workstations),

and the energy efficiency is achieved by the adaptability of the system to light perturbations (e.g.,

windows with daylight) and by the regulation of the total amount of power available for lighting.

4.2.1 Lighting Model

To analyze a lighting control system, we propose a simplified model of a room with lighting zones,

each one composed by a lamp and a light sensor located in the middle of the illumination area as

it is shown in Figure 4. In this case, the zones are distributed uniformly, no partitions (e.g., walls

or cubicles) are considered in the room, the desired illumination set point is the same for the entire
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environment, and the control variables are defined by the power applied to each lamp.

Zone 1 Zone 2

Zone 3 Zone 4

Zone 6

Zone 8

Lamps

Photosensors

Figure 4: Model of the environment for lighting control with eight zones.

By assuming that the light emission of each lamp has the same intensity in a broad solid

angle (e.g., in incandescent or fluorescent lamps) and that the lamps (or the sets lamp-ballast) are

dimmable from the off state to a maximum power, the illuminance perceived by the ith sensor due

to the jth lamp can be expressed by

Eij = ηjpLj
/d2ij ,

where pLj
is the electrical power applied to the lamp j, dij is the distance between the ith sensor

and the jth lamp, and ηj is a proportionality factor that depends on certain characteristics of the

lamp (e.g., luminous efficiency and effective illuminance solid angle, among others [22]). When

there are no physical divisions in the room, the influence of the other lamps over each zone’s sensor

is not negligible, and the light perceived by each sensor is given by the sum of the illuminance

produced by all the lamps. Therefore, this case is similar to the real and typical illuminance

measurement systems with sensors close to the roof and half size walls to divide the workstations

in office buildings [7, 18]. Taking into account these conditions, we can express the illuminance

perceived by the sensor i in an environment with N lamps as

Ei(pL) =
N
∑

j=1

Eij =
N
∑

j=1

ηjpLj

d2ij
, for all i = 1, . . . , N, (45)

where pL = [pL1
pL2

. . . pLN
]⊤. Notice that the previous expression represent a linear mapping Ei :

R
N
+ 7→ R+ that can be approximated to a static function since the dynamics of the lamps and the

sensors are fast enough compared to the controller behavior. Although the lamp-sensor dynamics
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are relaxed, the illuminance in each zone depends on the power applied to all the lamps. Thus,

to analyze an environment without partitions is a more challenging problem from the distributed-

control point of view, given the high coupling among the variables, the constraints in the resources,

and the available local information. In order to deal with these problems, we adapt the local

replicator equation to control the lighting system when it is seen as a networked resource allocation

in a connected graph.

4.2.2 Distributed Lighting Control with the LRE

The resource allocation problem can be stated in a different form in this application because the

final goal is to achieve a desired uniform set point. To describe the new problem, let us consider

that Ptot is the limited amount of power to be used in the lighting system (which is analogous

to the total population in the LRE model). Then, the illumination zones are the habitats in the

environment, and the power applied to the ith lamp is related to the population in that habitat. In

this sense, the LRE can be used to obtain an optimal power in each lamp with appropriate fitness

functions. However, the invariance of the simplex ∆ under (13) is not an advantage in this case

since all available power is distributed among the lamps, and in consequence, the set point could

not be obtained if Ptot is large. For instance, if the desired illuminance is low or there are external

lights to the environment, only a portion of Ptot is required to achieve the reference. Therefore, the

adequate constraint in the optimization problem should be

N
∑

i=1

pLi
≤ Ptot, (46)

which is in contradiction to the invariance of ∆ if the constraint is not active. To solve this problem,

we add a fictitious zone (or fictitious agent) in the power allocation process with a slack variable

pLN+1
≥ 0. Then, the new population state is defined by

padd = [pL1
pL2

. . . pLN
pLN+1

]⊤.

To model the local-information exchange among agents in this extended framework, we define a new

graph Gadd , (Hadd,Aadd), where Hadd = H ∪ {N + 1} and Aadd is formed by the union of A and

at least one pair (j,N + 1) for some j = 1, . . . , N . This definition allows the system to include the

fictitious agent into a new connected graph Gadd, in order to take into account the slack variable in
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the optimization process. Notice that the arcs between the fictitious zone and the chosen adjacent

nodes are not physical communications channels, but they represent additional dynamics in each

node of the neighborhood NN+1. If we define pLi
= piPtot, for i = 1, . . . , N , the local replicator

equation (13) for this application is given by

ṗLi
=
pLi

Ptot



fi(padd)
∑

j∈Ni

pLj
−
∑

j∈Ni

fj(padd)pLj



 (47)

for all i ∈ Hadd. Notice that with the addition of the dynamics of pLN+1
, the set

∆padd =







padd ∈ R
N+1
+ :

∑

i∈Hadd

pLi
= Ptot







(48)

is invariant under (47), and the inequality proposed in (46) is satisfied for all time.

To define the fitness functions according to the proposed control goal in this system, let Eset > 0

be the desired set point in the lighting environment. If we use the illuminance of each zone (45) to

define the tracking error in the ith zone as Eset − Ei(padd), we can obtain appropriate fitnesses by

using increasing functions with respect to this error. In a linear form, the fitness functions can be

given by

fi(padd) = B + Eset − Ei(padd), for all i = 1, . . . , N

fN+1 = B,
(49)

where B > 0 is constant such that fi(padd) > 0, for all padd ∈ ∆add. With this fitness choice, the

higher the error in a certain zone (i.e., the darker the zone), the higher the fitness, and more power

should be assigned to that lamp to reduce the difference between the set point and the measured

illuminance. In this way, the LRE compensates the differences among the zones by a continuous

allocation of the available power. If we substitute the definition (45) in the previous expression, we

have

fi(padd) = B + Eset −
N
∑

j=1

ηjpLj

d2ij
, for all i ∈ H

fN+1 = B.

(50)

In this application, the fitnesses in the real zones depend on all powers applied to the lamps. It

is remarkable that this condition is not due to a complete information in the system, but to the

measures provided by the sensors, which obtain indirectly the influence of all the lamps in every

zone of the environment. On the other hand, the fitness definition of the fictitious zone determines
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the equilibrium value of the rest of the zones since the replicator dynamics tend to equalize the

payoffs in all habitats.

To explain the possible equilibrium points in this problem, we use the general case of truncation

in non-cutpoint nodes analyzed in Section 3.2.2. In this sense, the ith real-lighting zone is truncated

if at equilibrium, p∗Li
= 0. This situation corresponds to a zone where the measured illuminance

is greater than the set point (e.g., due to a big external light source close to that zone), and

then, no power is allocated to the ith lamp. The truncation condition in the fictitious zone can

be explained with two situations: i) if Ptot is large enough, the resource assigned to the fictitious

agent (p∗LN+1
> 0) is used to store the surplus power (which is not applied to any real actuator in

the system), and all the untruncated lighting zones achieve the set point with only a portion of the

total power; and ii) when the resources are scarce, the power of the fictitious agent becomes zero at

equilibrium, and Ptot is totally split such that all untruncated zones perceive the same illumination

(as close as possible to the set point). In this case, the process is performed at the end, without

the fictitious agent. Then, the equilibrium point p∗add = [p∗L1
. . . p∗LN

p∗LN+1
]⊤ achieved in the

lighting system (using the same index notation for the m truncated and N −m untruncated nodes

in Section 3.2.2) can be obtained as follows.

i) Equilibrium Points with Surplus Resources: In this case, p∗Li
> 0, for i = 1, . . . ,m; p∗Lk

= 0,

for k = m+1, . . . , N ; and p∗LN+1
> 0. Here, the fictitious node is untruncated, since only a portion

of Ptot is applied to the lamps. Besides, given that the graph Gadd is assumed connected after the

removal of truncated nodes and ∆padd (48) is invariant, the equilibrium condition in the LRE (47)

is

fi(p
∗
add) = fN+1 = B, for i = 1, . . . ,m

fk(p
∗
add) < B, for k = m+ 1, . . . , N.

(51)

Thus, according to the fitness definition (49), the steady state tracking error in the untruncated

real zones is zero, and the illuminance in those zones is equal to the set point (i.e., Ei(p
∗
add) = Eset,

for all i = 1, . . . ,m). Moreover, the illuminance in the truncated zones is greater than the desired

reference.

ii) Equilibrium Points with Scarce Resources: Here, p∗Li
> 0, for i = 1, . . . ,m; p∗Lk

= 0, for
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k = m+ 1, . . . , N ; and p∗LN+1
= 0. Then, the equilibrium condition is given by

fi(p
∗
add) = f̄∗ > B, for i = 1, . . . ,m

fk(p
∗
add) < B, for k = m+ 1, . . . , N

fN+1 = B,

(52)

where f̄∗ is the average fitness function in steady state. In this case, the tracking errors of the

untruncated real zones are equal and positive, while the illuminance in the truncated zones is

greater than the set point, and the fictitious zone is also truncated.

In both of the equilibrium situations,
∑

i∈Hadd
pLi

= Ptot and thus, all population obtain the

same fitness in steady state (as in the general LRE (13)). It is remarkable that conditions (51)

and (52) define general equilibrium points that consider the situations of truncation of real zones,

which are not common in closed lighting environments. However, these conditions allow systems

with external light to take advantage of these additional sources to save energy by turning off the

lamps of zones with abundant illuminance.

4.2.3 Stability Analysis

To analyze the stability of the general equilibrium points stated previously, we define two constraints

that are usually assumed in lighting systems: i) the lamps used in the environment are similar

enough to assume that the proportionality constants are equal; ii) the illuminance measurement

is performed such that the influence of the lamps over the sensors is direct (i.e., the sensors are

placed close to the light sources, according to real light measurement systems [7, 18]). With this

last condition, we can assume that the measured illuminance profile in the room is continuous and

decreasing with the distance when the brightness is not uniform. In other words, if there is a

zone brighter than the others, the illuminance measured in sensors close to the brighter source is

higher compared to the illuminance measured in the more distant zones. With these constraints,

the next result shows that the equilibrium points where all individuals achieve the same fitness are

asymptotically stable.

Proposition 4.2.1 Given the fitness functions in (49), if the illuminance profile in the lighting

environment is continuous and decreasing with the distance, padd(0) ∈ int(∆padd), and ηi = ηj = η,
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for all (i, j) ∈ Aadd, the equilibrium point p∗add ∈ ∆padd that satisfy Equations (51) or (52) is

asymptotically stable under the local replicator equation (47).

Proof: With the fitness definitions in (49), the candidate function (33) is also a valid Lyapunov

function for the lighting control. Now, if we replace the derivatives of the fitness functions (50) in

Equation (35), we have

V̇ (padd) =
1

Ptot

∑

(i,j)∈Aadd







pLi
pLj

(fi(padd)− fj(padd)) η





∑

k∈Hf

λk

(

d2ki − d2kj
(dkidkj)2

)











. (53)

Recall that in this equation, the zones whose indices belong to Hf are the zones with higher fitness

since Hf = {k : fk(padd) = maxi∈Hadd
fi(padd)}. Therefore, if k ∈ Hf , fk is the darkest zone in

the environment. Now, if fi > fj (i.e., zone i is darker than zone j), by the constraint in the

environment illuminance profile, the distance from the sensor i to the lamp k must be shorter

than the distance between sensor j and lamp k (i.e., dki < dkj)
2. In consequence, the expression

in brackets in (53) is negative. Given that by assumption, pLi
, pLj

, λk, η, and Ptot are positive,

V̇ (padd) ≤ 0.

In addition, if p∗Li
> 0, for i = 1, . . . ,m; and p∗Lk

= 0, for k = m+ 1, . . . , N ; then, k /∈ Hf since

fk(p
∗
add) < fi(p

∗
add). Hence, by using Equation (53), V̇ (padd) = 0 only at the equilibrium points in

conditions (51) or (52), and then p∗add is asymptotically stable in ∆add.

�

Remark: Notice that the proposed assumptions for the lighting system are in concordance with

the ones in Definition 3.3.1. In this sense, the theoretical coherent environment may be also defined

naturally in real models.

4.2.4 Simulation Results

To prove the application of the LRE, we implement the technique in a simulated framework that

emulates a real environment with N = 8 lighting zones similar to the room shown in Figure 4. The

lamps are distributed uniformly in a 10 m × 5 m area with the sensors distributed in the same

way 3 m below. The nominal power of the lamps is 80 W with different proportionality constant ηi

2Notice that given the proposed structure of a lighting zone, the distance dik = dki, for all i, k = 1, . . . , N .
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Figure 5: Graph structures for the simulated lighting system.

to simulate the possible differences in the luminaires3. To observe the influence of the connection

between zones (including the fictitious one), we consider two cases according to the topologies

shown in Figure 5. In the first case, the information exchange is defined among the nearest nodes,

and the fictitious zone (FZ) is connected to two of them. The connectedness in this configuration

is stronger than the one proposed for the second case, where the nodes are connected only with

two neighbors, and the fictitious node is linked to the first real zone.

To test the performance of the LRE in both cases, we simulate different conditions in the set

point (starting in Eset = 500 lx and Eset = 550 lx, from t = 6 s to t = 8 s), with a total available

power Ptot = 360 W. With these conditions, the controller drives the system first to the set point in

each zone, and then, to an equilibrium with uniform illuminance and a positive steady state error,

given that the resources are not enough to reach the desired reference. Besides, a disturbance is

applied to the system at t = 2 s, and removed at t = 4 s. This disturbance corresponds to turn on

a lamp with a power of 10 W in the middle of the lamps 1 and 2. Figure 6 shows the results for

both cases. Starting from an initial power applied to each lamp (pLi
(0) = 35 W, for all i = 1, . . . , 8

and pL9
(0) = 80 W, such that

∑

j∈Hadd
pLj

= Ptot), from t = 0 s to t = 2 s the power resources

are allocated such that the set point is reached in every zone. However, in the second case, the

settling times in the more distant zones from zone 1 (where the fictitious node is connected) are

notably greater than the ones in the first case. These differences are caused due to the topological

characteristics of the graph. On the other hand, the necessary amount of power to achieve the set

point is different in each zone due to the different values of the constants of the lamps.

Given that the disturbance applied between t = 2 s and t = 4 s is closer to the first two

zones, the influence of the external source on these nodes is greater than the effect on the others.

3Although in the stability analysis we have assumed the same ηi for all lamps, in the simulations we re-
lax this condition to represent a more general case. The proportionality constants used in the simulation are
[34.53 25.38 29.95 29.61 29.98 33.07 28.59 33.22 30.08] lm/W.

44



0 2 4 6 8
0

50

100

150

0 2 4 6 8
350

400

450

500

550
O

ut
pu

t I
llu

m
in

an
ce

 (
lx

)

Zone 1

0 2 4 6 8
0

50

100

150

0 2 4 6 8
350

400

450

500

550

Zone 3

0 2 4 6 8
0

50

100

150

0 2 4 6 8
350

400

450

500

550

Zone 5

0 2 4 6 8
0

50

100

150

In
pu

t P
ow

er
 (

W
)

0 2 4 6 8
350

400

450

500

550

Zone 7

0 2 4 6 8
0

50

100

150

0 2 4 6 8
350

400

450

500

550

O
ut

pu
t I

llu
m

in
an

ce
 (

lx
)

Time (s)

Zone 2

0 2 4 6 8
0

50

100

150

0 2 4 6 8
350

400

450

500

550

Time (s)

Zone 4

0 2 4 6 8
0

50

100

150

0 2 4 6 8
350

400

450

500

550

Time (s)

Zone 6

0 2 4 6 8
0

50

100

150

In
pu

t P
ow

er
 (

W
)

0 2 4 6 8
350

400

450

500

550

Time (s)

Zone 8

Figure 6: Simulation results for the local replicator equation for an eight zones framework. Output
illuminance in each zone (Ei in right axis and solid lines) and power applied to each lamp (pLi

in left axis and dashed lines) are shown for the two cases. The first case is presented with thick
dark lines and the second one with thin light lines. In addition, the illuminance set point (Eset in
dash-dotted thin lines) is presented.

Nevertheless, the power is allocated such that the set point is achieved after a transient period.

Notice that the necessary power to maintain the desired illuminance is reduced given that the

disturbance is a light source. After the disturbance is removed at t = 4 s, the equilibrium point is

reached again with the same total power achieved by the first reference. Given the small changes

in most of the responses, the influence of the disturbance is almost the same for the two cases with

distinct topologies.

The situation where the total power is not enough to reach the reference is presented from t = 6

s to t = 8 s. The new set point (550 lx) is too large, and all the available power (Ptot = 360 W)

is distributed among all lamps in order to obtain a uniform illuminance in all zones. Furthermore,

when the two cases are compared, the transient periods due to the set point change have a similar

behavior to the first time interval. Figure 7 shows clearly the saturation in the fictitious zone in

this last interval, where the sum of the powers applied to the lamps is presented for each case.

Notice that the constraint (46) is only active from t = 6 s to t = 8 s, while the total power used in

the real zones is reduced in the interval affected by the disturbance of an external light source.

In this simulation results, we have illustrated the effects of disturbances and truncation in the

fictitious zone. Nevertheless, the truncation in real zones is an interesting situation that we present
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Figure 7: Sum of the powers applied to all lamps. The results for the first case (solid line), second
case (dashed line), and the total available power Ptot (dotted line) are presented.

in the next results obtained in a real testbed.

4.2.5 Implementation Results

In order to show the performance of the local replicator equation, we have implemented the local-

information technique to achieve a desired set point in a testbed that emulates an environment with

different lighting zones. This testbed consists of a small-scale closed environment (i.e., isolated from

the ambient light), where each zone is formed by a incandescent lamp (6.3 V, 150 mA) and a generic

photoresistor to sense the illuminance by means of a voltage divider. The zones are distributed

uniformly (as in Figure 4) and in this case, no partitions are considered in the environment. The

power supplied to the ith lamp is controlled by the voltage applied to each actuator, and the

measurement of the illuminance in each zone (i.e., Ei(padd)) is related directly to the voltage

obtained in the sensor array.

The relationship between illuminance and resistance in a typical photoresistor is given by

log10 rip = ci −mi log10Ei(padd),

where rip is the resistance of the photoresistor, and ci, mi are positive specific parameters of the

sensor. Substituting (45) in the previous expression and taking into account the configuration of

the voltage divisor in the sensor, an expression for the output voltage in function of the applied

46



powers is given by

vOi
(padd) =

ci1

ci2 + ci3

(

∑N
j=1 ηjpLj

/d2ij

)−mi
, for all i ∈ H, (54)

where ci1 , ci2 , and ci3 are positive constants which depend on the sensor’s parameters. If we define

Vset as the desired set point (in this case, the set point is a voltage according to the measures in

the sensors), the tracking error in the ith zone is Vset − vOi
, and the fitness functions are expressed

as

fi(padd) = B + Vset −
ci1

ci2+ci3

(

∑N
j=1 ηjpLj

/d2ij

)

−mi
, for all i ∈ H

fN+1 = B.

(55)

It is remarkable that in this case, the fitnesses are given by a more complex functions than the

linear ones defined in (50). However, if the sensor and lamp constants are equal for all zones,

the fitness functions in (55) satisfy the proposed stability conditions for the lighting environment

(i.e, conditions in (30) and the definition of a continuous lighting profile decreasing with the dis-

tance). Nevertheless, the testbed in this implementation has two different sensors in zones 5 and

6, which allow these zones to be truncated due to the higher illuminance measured by the distinct

photoresistors.

In order to describe the implementation of the LRE, we assume that the amount of resources is

enough to achieve the desired output voltage in all zones (i.e., the fictitious zone is untruncated).

Moreover, given that in incandescent lamps the relation power-voltage is approximately a constant,

we use the applied voltage to each lamp as the control variable. To define the topology of the

graph, let us consider that each real node is linked only with its nearest neighbors. Finally, to

show the influence of the placement of the fictitious zone (FZ) in the system, we consider two cases

according to the two topologies shown in Figure 8. Each configuration defines the neighborhoods

of the nodes (including FZ, numbered by definition as node N +1) to be used in general Equation

(47).

Given that there is no truncation in the FZ, at equilibrium f∗i = f∗j = B in the untruncated

real zones. This implies that the error tend to zero, and the set point is achieved when p∗Li
> 0.

On the other hand, the steady state error is negative for truncated zones (i.e., v∗Ok
> Vset), and the

illuminance at equilibrium cannot be reduced even when the power applied the truncated nodes is
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Figure 8: Information exchange configuration for the local replicator equation. The location of
the fictitious zone affects the connectivity of the resulting graphs after truncation of zones 5 and
6. The final graph is disconnected for case 1 and connected for case 2.

zero. This effect is shown in Figure 9, where the desired reference changes from Vset = 6 V (in the

first 100 s) to Vset = 5 V (from t = 100 s to t = 200 s), and finally it is set to Vset = 5.5 V in the

last 100 s.

In this case, central zones 5 and 6 become truncated due to the influence of the neighbors and

to the characteristics of their sensors. Notice that for both of the cases, the measured voltages in

these zones are greater than the set points while the applied voltages are reduced to zero.
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Figure 9: Results of the local-information controller in the testbed. Output variables (vOi
in left

axis) and control variables (pLi
in right axis) are shown in the upper and lower parts of the graphics,

respectively for each zone. In addition, the desired set points are shown with light dotted lines, and
case 1 and case 2 behaviors are distinguished by dashed and solid lines, respectively. Note that the
scale in the control-variable axes for zones 5 and 6 are different to better observe the truncation
behavior.

Truncation in central zones allows the position of the fictitious zone to determine the connec-

tivity of the graph. For instance, in case 1, truncation of nodes 5 and 6 results in two separate
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components (Figure 8(a)), and the set point is only achieved by the zones adjacent to the fictitious

one (i.e, zones 7 and 8). The equilibrium points in the first four zones are different and depend

mainly on the power conditions at the beginning of each set point change. On the contrary, in case

2 (Figure 8(b)), the resulting graph is still connected because of the placement of FZ. In conse-

quence, all untruncated nodes achieve the set points since the resource allocation is performed over

the resulting graph that includes all zones (except the truncated ones).

4.2.6 Lighting Control as a Distributed Optimization Problem

In the previous sections, the proposed distributed optimization (1) is not related directly to lighting

control. Nevertheless, given that the purpose of the system is to achieve a common set point

with limited resources over the extended graph Gadd, we can express this goal as a constrained

minimization of the total square error given by

min H(padd) =
1
2

N
∑

i=1
(Ei(padd)− Eset)

2

s.t. padd ∈ ∆padd.

(56)

According to the Shahshahani gradient condition in (6), the constrained optimum in (56) is achieved

if fi(padd) = −∂H(padd)/∂pLi
. Then, using the illuminance definition in (45) we have

fi(padd) = ηi

[

∑

j∈H

1
d2ij

(Eset − Ej(padd))

]

, for all i ∈ H

fN+1 = 0.

(57)

With these fitness functions and the general equilibrium conditions in (20), the equilibrium point

p∗add satisfies

Eset − Ei(p
∗
add) = 0, for i = 1, . . . ,m

Eset − Ek(p
∗
add) < 0, for k = m+ 1, . . . , N,

(58)

when the resources are surplus and the fictitious zone is untruncated, and

Eset − Ei(p
∗
add) = E∗ > 0, for i = 1, . . . ,m

Eset − Ek(p
∗
add) < 0, for k = m+ 1, . . . , N,

(59)

where E∗ is the uniform illuminance in untruncated real zones when the resources are scarce. The

optimality of (58) and (59) for the problem in (56) can be shown by using the Karush-Kuhn-Tucker

conditions assuming a regular configuration in the physical location of the lighting zones when the
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fictitious zone is truncated. It is remarkable that these results are the same obtained in Section

4.2.2, where fitnesses are defined by (49). Therefore, the LRE drives the lighting environment

to achieve the desired control goals in both cases. However, in order to calculate the fitnesses in

(57), each agent in the graph needs to know the illuminance in all the zones, which clearly violates

the local-information constraints imposed by the graph topology. In contrast, the fitnesses in (49)

depend only on the illuminance in each zone. In this sense, we can solve the optimization problem

(56) by means of the LRE with fitnesses that depends only on the local measurement of each sensor

(i.e., respecting the topological graph constraints).
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CHAPTER V

DISCUSSION

Although the well-known ordinary replicator equation (3) has been used to describe effectively

resource allocation process in biology, economy, and engineering, this model needs full information

about the population state to calculate the average fitness in (4). In consequence, this technique

is not an appropriate method to solve distributed optimization problems over networked systems.

In this work, we propose the local replicator equation in order to include the constraints imposed

by the scarce communication channels in large-scale systems, by using a relaxation of the original

replicator model. Moreover, the local-information model facilitates the addition of new nodes by

means of single links to any node in the graph, and the definition of simple and specific dynamics

including only the neighbors’ states. In this way, the LRE satisfies the scalability property required

in many applications of networked optimization problems.

The LRE solves effectively certain particularizations of the general distributed optimization

problem (1) when the constraints can be related with the simplex invariance. In this sense, the

local-information technique uses the gradient characteristic of the ordinary replicator dynamics

when the fitnesses are obtained appropriately from the objective function H(p). Therefore, this

potential function can be minimized through the system’s trajectories with the advantage that

the constraints are implicit. This advantage is directly used in the dispatch problem, where the

objective function is composed of the utilities of each unit that depends only on their own population

share. In the lighting problem, even though the fitnesses can be obtained from a general objective

function, the resulting functions do not respect the local-information restrictions. For this reason,

we use fitness that depends only on information available in each node.

We can solve a broader set of optimization problems (including tracking in distributed control

systems) with the addition of a slack variable in the process. We have shown that this addition

preserves the invariance of the new simplex set and the convergence to an optimal equilibrium.
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However, when the fitness selection results in a function that depends on all the decision vari-

ables (e.g., in the lighting system), the potential function to describe the replicator dynamics as

a Shahshahani gradient is not easy to obtain. Moreover, H(p) depends highly on the problem’s

model, and in some cases, it could have a different structure compared to the one stated in (1). It

is worth noting that if the ordinary replicator model is a Shahshahani gradient, this property is

not in general, a characteristic of the LRE. However, we have shown that the equilibrium points

in both techniques are the same if the process is performed with the same fitness functions in a

connected graph.

The connectedness of the graph is an important condition to solve distributed optimization

problems. These topologies are used in the LRE to preserve the invariance of the simplex ∆ and to

define the general equilibrium points where the fitness functions are equal for all the individuals in

the population. Without a path between any two nodes in the graph, separate subsets of habitats

appear in the environment, and the resource allocation process is performed independently in each

component. Therefore, the graph structure should be chosen such that the connectivity can be

robust to possible losses of links or node truncations. In this sense, possible cutpoints should have

high fitness (e.g., cheap DGs in the dispatch or dark zones in lighting environments).

Another important characteristic of the proposed technique is the convergence to an optimum,

which is guaranteed by the asymptotic stability of the general equilibrium points. In order to define

the fitnesses conditions to show this stability, we use the similarity of the replicator equation with

the tâtonnement process in the pure exchange economies. Although the market convergence is

conceived as a totally decentralized decision-making process where the consumers try to maximize

their preferences, in tâtonnement (as well as in the ordinary replicator dynamics) there exists a

market manager whose behavioral rule is given by the tâtonnement equation [50]. In this sense,

the LRE may be used to solve more complex economic problems including different kind of agents

(e.g., consumers, workers, and firms) by defining different fitness functions [24, 27].

As we have shown previously, the LRE and the market dynamics are related by means of the

analogy between the local relative fitness zLRE
i (p) defined in (22) and the excess demand function

z(p). However, in a pure exchange economy, the commodities that are ultimately consumed are

those that individuals possess as initial constant endowments, whereas in the LRE, the local average
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fitness (related to the endowments) changes over time. Despite of these differences, we define the

fitness conditions of a coherent environment to ensure the convergence of the LRE based on the

conditions on the tâtonnement stability.

An important result of the coherent environment conditions is the validity of the Lyapunov

function V (p) = maxi∈H fi(p) to prove stability in the LRE. Notice that this function decreases

along the system’s trajectories until it achieves a minimum at the equilibrium point. In the same

sense, if we choose V (p) = mini∈H fi(p) with some minor modifications in the proof of Theorem

3.3.4, the equilibrium points of the LRE are the maxima of this new Lyapunov function. Given that

the fitnesses represent the welfare of the individuals, the LRE maximizes the satisfaction of the least

satisfied population share. This represent a notion of fairness in the original optimization problem

(1), which is a desirable (or depending on the application, necessary) condition in distributed

optimization [19]. For instance, with the fitness definition (49) for the lighting control, we are

minimizing the maximum of the tracking errors in the system; while in the dispatch process with

the fitnesses in (40), we are maximizing the minimum marginal utility of the generators. With

these results, the LRE may solve certain “minimax” problems when the optimization framework

has certain special characteristics.

One of the drawbacks of the replicator model is the evolution of the truncated habitats. Accord-

ing to (13), if pk = 0 for some k ∈ H, this population share remains in zero for all time. Although

the tendency to zero in the population of truncated habitats is asymptotic (i.e,. limt→∞ pk(t) = 0),

some premature static states can be achieved due to numerical errors and approximations in digital

solvers or controllers. The main problem in this situation is that truncated nodes will not evolve

even if the conditions in the system change (e.g., if the demanded power Pd increases, the cost in

a DG decreases, the total power for lighting Ptot rises, or the external light sources vanish). The

first solution for this problem is to guarantee that the initial conditions are strictly in the interior

of ∆ (∆G or ∆add in the dispatch or lighting problems, respectively). Second, we need to check

the population state such that if pk = 0, a small amount of population ǫ > 0 is assigned to the

kth habitat and the difference ǫ− pk is split and subtracted to all the untruncated neighbors of k,

in order to preserve the simplex condition p ∈ ∆. Notice that the value of ǫ can be very small or

randomly chosen in a positive narrow interval close to zero as in a small perturbation method. With
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this, we prevent the algorithm to achieve degenerate states that do not evolve, without affecting

the performance of the system.

Finally, we discuss some important characteristics of the implemented LRE in the applications.

In the dispatch problem, we consider additional constraints over the maximum power of each gener-

ator. In this case, the simplex invariance allows the LRE to satisfy the demand-dispatch restriction,

while the carrying capacities limitation prevents the optimization process to obtain dispatched pow-

ers above the technical specifications of the DGs. Notice that these constraints are included in the

fitness functions of each node. Besides, the dispatch of distributed generators in smart grids must

be performed in short time intervals (i.e, negotiation periods), where possible changes in the DGs’

parameters, demand factors, and/or utility functions may occur. In consequence, the optimization

system must be capable to response fast enough, before the beginning of another negotiation pe-

riod [29]. In this sense, the parameter changes in the LRE can be obtained by modifying locally

the information in each node, and the convergence speed is adjusted with the parameter β. The

condition thing that is necessary to guarantee is that the initial dispatched powers must satisfy

pG ∈ ∆G at the beginning of each negotiation period.

Now, in the lighting control problem, the inclusion of the fictitious node relaxes the original

simplex invariance and allows the LRE to obtain different purposes, such as the set point tracking.

Moreover, the role of the fictitious zone is important in the graph robustness given that the connec-

tions of this new node affects the graph topology. Hence, the fictitious zone’s neighborhood becomes

a design parameter that may connect different components in a room, distant environments (e.g.,

different floors in buildings), or increase the connectedness in certain weak graphs (as in the second

case in Section 4.2.5). Notice that the arcs and the corresponding adjacent nodes to the fictitious

zone are not defined physically, but there are additional software tasks in the local controllers of the

chosen neighbors. Moreover, the definition of the fitness function of the fictitious zone (fN+1 = B)

determines the equilibrium value of the rest of fitnesses. Hence, this zone possesses important

information about the desired behavior of the system, and its position in the graph may affect the

response in farther zones. On the other hand, the disturbances in the lighting environment have

been considered as light sources (e.g., windows with daylight), which allow the system to reduce

the total power consumed by the lamps while the set point condition is satisfied. In this sense,
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this technique makes possible the energy savings using natural light. Moreover, building energy

management programs may schedule fixed values of power (Ptot) to be used in the lighting systems

according to demand response programs or peak power reduction.
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CHAPTER VI

CONCLUSIONS

We have presented a novel strategy to solve distributed optimization problems in a networked sys-

tem. The local replicator equation uses local information to dynamically allocate limited resources

according to the population dynamics described by the replicator model. The obtained equilibrium

points can be related to the global objective function by means of the appropriate choice of the

fitness functions, which achieve a common value in steady state. The distributed characteristics of

the technique allow the algorithm to be implemented in a large-scale system with a connected graph

structure, facilitate the inclusion of new nodes to the network, and guarantee the convergence to

an optimal solution. To prove the application of the strategy, we use LRE to optimally dispatch

distributed generators and to control a lighting system in order to achieve a uniform illuminance

level with limited power. The performance of the strategy is shown by means of simulation and

implementation results in environments with different configurations and models. Given that this

technique can be used efficiently in dynamic resource allocation processes, the application to other

energy efficiency problems and more general distributed optimization problems is considered as

future work.
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