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June, 2013



UNIVERSIDAD DE LOS ANDES

Extremum Seeking for Population Games

A dissertation submitted in partial satisfaction of the requirements for

the degree

Master of Science

in

Electrical Engineering

by

Jorge Ivan Poveda Fonseca

Examining committee members:

Examining committee members:

Dr. Nicanor Quijano, Chair

Copyright

Jorge I. Poveda, 2013

All rights reserved.



UNIVERSIDAD DE LOS ANDES

The dissertation of Jorge I. Poveda is approved, and it is acceptable in

quality and form for publication on microfilm and electronically:

Dr. Fernando Jiménez
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Raúl Ordóñez, Dr. Jason Marden, Dr. Dragan Nesic, Dr. William Moase, and Dr.

Andrew Teel dedicate to discuss my research with me, or to quickly review my work. I

also thank the anonymous reviewers of the papers related to this dissertations, for their

inputs and suggestions.

Finally and most importantly, I would like to thank to my parents for the education,

love, kindness, and care they gave me, as well as the support and encouragement to

always pursue my dreams, and work hard to accomplish them.

The research contained in this dissertation was partially funded by the Depart-

ment of Electrical and Electronics Engineering, and Departamento Administrativo de

Ciencia, Tecnologia e Innovación (Colciencias), by the “2012 Joven Investigador” grant.

This dissertation includes reprints or adaptations of the following papers:

• J. Poveda and N. Quijano, “A Shahshahani gradient based extremum seeking

scheme”, proceedings of Conference on Decision and Control (CDC), pp. 5104-

5109, 2012.

• J. Poveda and N. Quijano, “Dynamic Bandwidth allocation in wireless networks

using a Shahshahani gradient based extremum seeking control”, pp. 44-50, 2012.

• J. Poveda and N. Quijano, “Distributed extremum seeking for real-time resource

allocation”, to appear in proceedings of American Control Conference (ACC),



EXTREMUM SEEKING FOR EVOLUTIONARY GAME THEORIES 3

2013.

• J. Poveda and N. Quijano, “Extremum Seeking for Multi-Population Games”,

submitted to the Conference on Decision and Control, 2013.

• J. Poveda and N. Quijano, “Shahshahani gradient-like extremum seeking”, sub-

mitted to Automatica, 2013.

The author of these papers is the primary investigator and author of these research.



VITA

May 2, 1989 Born, Bogotá, Colombia.
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ABSTRACT OF THE DISSERTATION

Extremum Seeking for Population Games

by

Jorge Ivan Poveda Fonseca

Master of Science in Electrical Engineering

Universidad de los Andes, Bogotá, Colombia.

Proffesor Nicanor Quijano, Chair.

We present a non-model based approach for the semi-global convergence to strict Nash

equilibria or evolutionarily stable states (ESS) in population games and Nash equilibria

in constrained non-cooperative games. These types of games describe the interaction

among several systems, characterized by local or global cost functions, and whose ac-

tions are constrained to evolve on simplex-like manifolds. The approach presented is

based on the classical adaptive control for real-time optimization named extremum

seeking control, which implements sinusoidal perturbations to estimate -on average-

the gradient of a measured cost function. The algorithms presented in this paper al-

low the real-time constrained optimization of dynamical networked systems with full

or local information, where the mathematical structure of the model of the system and

its cost function to be optimized is unknown and only accessible by measurements.

For this purpose, we model the network as a multi-agent system, where every node

of the network represents an agent with internal stable dynamics. We analyze sep-

arately the single-population case and the multi-population case, based on the idea

of Shahshahani gradients and coupled evolutionarily stable states (C-ESS). We show

that by an appropriate tuning of the control parameters, convergence to an arbitrarily
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small neighborhood of the optimal solution can be achieved from an arbitrarily large

ball of initial conditions. We also investigate the case when some of the nodes of the

network do not participate actively on the game, and maintain a constant action along

time. We show that in this case, convergence to an optimal solution is also achieved

in the full-information case. The algorithms presented in this paper are inspired on a

specific type of replicator dynamics, which are also gradient systems with respect to

the Shahshahani metric. We show that this dynamics present an intrinsic multi-scale

and robust behavior when the states evolve outside of the feasible set. The results are

illustrated with different engineering applications analyzed via simulations.
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Chapter 1

Introduction

In several engineering applications the input-to-output mapping of a general dynam-

ical plant presents an extremum point, in which it is desirable to operate the system.

However, this mapping is generally unknown, poorly modeled, or even some times, time

varying. Moreover, if the gap between the model of the entire plant, and the real process

is considerable, the design of classic control systems aiming to regulate the states of the

plant to a pre-calculated set point, turns into an unfeasible strategy. In this situation,

extremum seeking control (ESC) has emerged as a suitable control system, designed

to achieve real-time unconstrained optimization of general dynamical systems. This is

achieved by estimating its gradient using a small perturbation signal, and then by a

continues optimization method (e.g., descendent gradient or Newton-like), the input of

the plant is regulated to an optimal set point. Due to the fact that the optimization

process is based only on measured values of the output of the plant, the control does

not require any knowledge of the model of the system.

On the other hand, the late technological advances in the sensing and communi-

cations area, together with the every day more complex interconnected engineering

systems, have motivated the research in the area of control of networked systems. In
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this type of structures, every subsystem (a node in the network) influences the other

subsystems by means of its own local decisions. If we consider that every subsystem

aims to operate at its most efficient point, this could lead to a conflict with the other

subsystems, resulting into a competition or game played at the network. A specific type

of games that modeled this behavior in an accurate way are the so called population

games. In a population game, several entities who play different types of roles, interact

in a strategic way by means of common cost functions. The entities in the same role are

characterized by an equal cost function, which also depends on the distribution of the

entities on the other roles. As the population of entities in a role, and the amount of

roles, are maintained constant, the evolution of the proportion of entities implementing

each role describes a natural type of simplex-like constraints. In this sense, the frame-

work of population games describes a wide number of engineering applications, e.g.,

congestion control systems, wireless networked systems, power distribution systems,

urban traffic systems, water distribution systems, and building temperature control

systems. The fact that most of these engineering systems have an optimal operation

point (a steady state input-to-output mapping with a maximum), and operate in dy-

namical and unpredictable operational environments, demands for control algorithms

capable of converging to an optimal equilibrium in an on-line and robust fashion. From

this perspective, the motivation for the study of extremum seeking controllers in this

type of engineering systems appears naturally.

1.1 A Brief Literature Review

Even though ESC was early studied in the 1950s [1] and 1960s [2], the first for-

mal proof of its stability properties was shown in [3] based on averaging and singular

perturbation methods. After this, several applications of ESC in engineering prob-
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lems have been developed [4][5][6][7][8][9], and alternative schemes have been proposed

[10][11][12][13][14]. One of the main contributions to the understanding of ESC is the

work in [15], where semi-global practical asymptotical stability (SPA) of a simplified

scheme is proved based on analyzing the averaged closed-loop system as an approximate

gradient system. Analysis of multivariable deterministic extremum seeking schemes

have also been carried out in [16] and [17]. Also, in [18] the authors extend the SPA

stability for a general multiple input-single output (MISO) ESC, where the perturba-

tion signals need only to satisfy a condition similar to the persistency of excitation

condition in the classical adaptive control literature [19]. Extremum seeking control

for optimization with constraints has been studied based on numerical algorithms [20],

[21], barrier and penalty functions [22], and more recently, based on a discontinuous

projection [23]. Unfortunately some of this approaches force in some way the knowledge

of the cost function, which reduces the advantages of ESC over other classical model

based algorithms as model predictive control [24] or traditional optimal control [25].

On the other hand, the idea of learning in games (algorithms designed to “solve” a

game) has received significant attention in the last years from the control systems per-

spective. Because of this, several algorithms for learning in games have been proposed

[26] [27] [28] [29] [30], where the convergence to a Nash equilibrium can be assured under

complete knowledge of the game structure. Extremum seeking control was shown to be

a successful algorithm to converge to a Nash equilibrium in non-cooperative games [23]

under restrictions of information of the players about the game and their opponents.

Nevertheless, even though the application of ESC in the solution of classic non-

cooperative games [31][32][33] and cooperative games [34] has been deeply studied,

there is a gap in the analysis of ESC in population games.

Population games rely on evolutionary game theory, which describes the behavior

of population dynamics, where the proportion of entities living in a specific habitat is

affected depending on the suitability that they perceived, which is correlated with a
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fitness function [35]. This behavior has been classicaly modeled by a system of first

order differential equations called the replicator dynamics equations (RDE) [36], [37],

[38]. The replicator dynamics, introduced in [36], was the first and most successful

proposal of an evolutionary game dynamics. These dynamics have been used to solve

a widely number of engineering problems such as control of water distribution systems

[39], power distribution systems [35], networked systems [40][41], and image matching

[42].

1.2 Contributions of this dissertation

We summarize the main contributions of this work as follows.

1. We generalize the replicator equation as a Shahshahani gradient, and analyze

its trajectories outside of the feasible set, as well as its convergence and multi

time-scales properties.

2. We design an extremum seeking control for the optimization of multiple input

single output (MISO) dynamical systems (or full information networks), where

the cost function is unknown and only accessible by measurements. We rely on

the idea of potential games and Shahshahani gradients.

3. We design an extremum seeking control for the distributed optimization of net-

works modeled as MAS, where every agent shares information only with its neigh-

boring agents. The algorithm is based on the recently introduced local replicator

equation (LRE). We generalize the LRE in terms of the adjacency matrix as-

sociated to the network and we analyze the stability properties of the LRE for

concave cost functions in the optimization setting.
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4. We design extremum seeking controllers for networks with multiple clusters of

agents, where the agents of the same cluster have a common cost function, which

also depends on the actions of the agents of the other clusters. This problem can

be seen as a constraint non-cooperative game between clusters. We consider the

full information case and the local-information case.

5. We design extremum seeking controllers for network with multiple clusters of

agents, where the agents who play the same strategy along all the populations

have a common cost function, which also depends on the actions of the agents

who play other strategies. We consider the full information case and the local-

information case.

6. We analyze the case where some agents play constant actions in the network.

We show that in the full information case convergence to the optimal solution

is achieved. However, in the local-information case convergence to the optimal

solution cannot be achieved.

1.3 Organization

We first present in Chapter 2 some background on Population Games and Shahsha-

hani gradients. We define two types of population states, one normalized with respect

to the total amount of entities in each population, and the other normalized with re-

spect to the total amount of entities playing each pure strategy in the game. We review

the concepts of evolutionarily stable states (ESS) for single populations, and coupled-

ESS for multi populations. We review the different replicator dynamics that converge

to the ESS and C-ESS in the single and multi population game.
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After this, in Chapter 3 we introduce some novel dynamics based on Shahsha-

hani gradients to solve general network optimization problems of multi-agent systems

comprised of single and multiple clusters of agents. We show that even when these

dynamics allow the solution of the network optimization problems where the mathe-

matical structure of the cost functions is known, they fail to solve the problem when

the cost functions are unknown and only accessible by measurements, as well as when

the agents have internal dynamics.

Therefore, motivated by the results in Chapter 4 we introduce in Chapter 5 the

extremum seeking dynamics for single-population games with full information applied

to MAS with static and dynamic agents. We consider the case of optimization with

inequality constraints, by the introduction of fictitious strategies in the game. We an-

alyze the case when some of the agents play constant actions in the MAS.

Then, in Chapter 5 we generalize the extremum seeking dynamics proposed in Chap-

ter 4, for application in multi-population games with full information with coupled and

decoupled constraints. This types of games can also be seen as non-cooperative games

with constraints, where the actions of the players are restricted to evolve on different

coupled and decoupled manifolds.

After this, in Chapter 6 we show how to modify the algorithm for single-population

games with full information to deal with single-population games with local informa-

tion. We show that under convexity assumptions on the cost function, convergence to

a neighborhood of the optimal solution is achieved. We also show that in this case, if

some agents decide to play constant actions, convergence to the optimal solution cannot

be achieved.
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In Chapter 7 we present the extremum seeking control for multi-population games

with local information. In this problem we aim to distributedly converge to a Nash

equilibrium in a non-cooperative game played by different networks, characterized by

convex cost functions, which are unknown and only accessible by measurements.

Finally in Chapter 8 we end with some conclusions and open problems.
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Chapter 2

Population Games and Shahshahani

Gradients

We now define some concepts on population games, and the Shahshahani gradients

that emerge in the context of evolutionary dynamics.

2.1 Population Games

We consider a society of multiple populations of entities, where the set PM =

{1, . . . ,M} is defined as the social set of populations. Each of the entities are pre-

programmed to play the ith pure strategy from a social set of pure strategies HN =

{1, . . . , N}, where i ∈ HN . The set of pure strategies that are present in the jth

population is given by HNj

j = {1, . . . , Nj}, where Nj ∈ N>0, and HNj

j ⊆ HN , for all

j ∈ PM . Also, we define the set PMi
i = {1, . . . ,Mi}, where PMi

i ⊆ PM , as the set of

populations in which the ith strategy from the set HN , is present. Let pij(t) ≥ 0 be the

amount of entities playing the ith strategy at the jth population at a given time t. Then,

the amount of entities of the entire society associated to the jth population is given by
∑Nj

i=1 pij(t) = Pj(t), for all j ∈ PM , while the amount of entities of the entire society
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associated to the ith strategy is given by
∑Mi

j=1 pij(t) = Si(t), for all i ∈ HN . The total

amount of entities in the entire society is given by
∑M

j=1

∑Nj

i=1 pij =
∑N

i=1

∑Mi

j=1 pij = Ω,

which we have assumed to be constant for all time. Based on this structure, we define

two types of society states: the first, normalized with respect to Pj, for every population

j ∈ PM ; and the second, normalized with respect to Si, for each strategy i ∈ HN . By

definition, each of these states are defined in specific manifolds, and along the society

their represent: decoupled constraints between populations, and coupled constraints

between populations, respectively.

2.1.1 Decoupled Population states

Define yij(t) =
pij(t)

Pj
Yj, as the proportion of entities playing the ith strategy in

the jth population, where Yj ∈ R>0, and where we have assumed that Pj is constant,

i.e., the number of entities in each population does not vary along time, for every

j ∈ PM . According to this, for the jth population, the society state is defined as

yj(t) = [y1j(t), . . . , yij(t), . . . , yNjj(t)]
>, and the overall society state is given by y =

[y1(t)>, . . . , yj(t)
>, . . . , yM(t)>]>, where y ∈ RΩ

≥0. Now, by its definition, every society

state associated to the jth population is confined to a simplex ∆
Nj

Yj
, given by

∆
Nj

Yj
= {yij(t) ∈ R≥0 :

∑

i∈H
Nj
j

yij(t) = Yj} (2.1)

for all j ∈ PM . Associated to the ith strategy in the jth population, there exists a con-

tinuously differentiable function fij(·) : Θ 7→ R, where Θ = ×j∈PM ∆
Nj

Yj
represents the

cartesian product of the M different manifolds ∆
Nj

Yj
. The function fij(·) represents the

payoff or fitness perceived by the proportion of entities of the jth population implement-

ing the ith strategy in the society. This function plays an important role in the evolution

of the society state y, as in general the bigger the payoff fij, the faster the proportion
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of entities implementing the ith strategy in the jth population will grow. According to

this, the simplexes ∆
Nj

Yj
can be seen as decoupled constraints between populations, i.e.,

the manifold ∆
Nj

Yj
is defined individually for every population and depends only on the

state yj, for every j ∈ PM .

2.1.2 Coupled Population States

Define now, yij(t) =
pij(t)

Si
Yi, as the proportion of entities in the jth population

playing the ith strategy, where Yi ∈ R>0, and where we have assumed that Si is con-

stant, i.e., the number of entities playing each strategy does not vary along time,

for every i ∈ HN . Then, for the ith strategy, the society state is defined as yi(t) =

[yi1(t), . . . , yij(t), . . . , yiMi
(t)]>, and the overall society state as y = [y1(t)>, . . . , yi(t)

>, . . . , yN(t)>]>,

where y ∈ RΩ
≥0. In this case, by its definition, the society state yi(t) related to the ith

strategy is confined to a simplex ∆Mi

Y i , given by,

∆Mi

Y i = {yij(t) ∈ R≥0 :
∑

j∈PMi
i

yij(t) = Y i}, (2.2)

for all i ∈ HN . Note that in this case, the simplexes ∆Mi

Y i can be seen as coupled

constraints between different populations, i.e., the constraint set ∆Mi

Y i is defined with

respect to ith state of the different populations in which the strategy i ∈ HN is present.

In this case the payoff function for each strategy in each population is now defined

as fij(·) : Ξ 7→ R, where Ξ = ×i∈HN ∆Mi

Y i represents the cartesian product of the N

different manifolds ∆Mi

Y i .

2.2 Shahshahani gradients

In general, the evolution on time of the population states can be ruled by a family

of different type of dynamics named evolutionary dynamics [43]. In this work, however,
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we will restrict our attention to the well known replicator dynamics (RDs) [36], which

for the multi-population setting with decoupled states are given by,

ẏij = βjyij


fij(y)− 1

Yj

∑

i∈H
Nj
j

yijfij(y)


 (2.3)

for all i ∈ HNj

j , and j ∈ PM , where βj ∈ R>0. And, similarly for the multi-population

setting with couple states are given by,

ẏij = βiyij


fij(y)− 1

Y i

∑

j∈PMi
i

yijfij(y)


 (2.4)

for all j ∈ PMi
i , and i ∈ HN , where βi ∈ R>0.

Note that in (2.3), the evolution of the society states yj, associated to the jth

population, depends also on the society states of the other populations by means of the

payoff functions fij(·). Also, note that the simplex ∆
Nj

Yj
is invariant under de dynamics

(2.3) for every population j ∈ PM , i.e., if yij(t0) ∈ ∆
Nj

Yj
, then yij(t) ∈ ∆

Nj

Yj
, for all t ≥ t0,

for all j ∈ PM .

On the other hand, for the evolution of the coupled population states, given by

(2.4), the evolution of the population state yij depends also on the society states of the

other populations by means of the second term in the dynamics (2.4). Note that in this

case the simplex ∆Mi

Y i is invariant under the dynamics (2.4), i.e, if yij(t0) ∈ ∆Mi

Y i , then

yij(t) ∈ ∆Mi

Y i , for all t ≥ t0, for all i ∈ HN .

Based on results on biological systems and differential geometry [44], it is possible

to see systems (2.3) and (2.4), as gradient systems with respect to a potential function

associated to the entire society, or to each population. We first introduce a different

metric from the Euclidean one, and the gradient systems that emerge with respect to it.

Definition 2.2.1. Consider the manifold M = Rn
>0, associated with a Riemannian met-

ric characterized by the n×n matrix G(z), whose diagonal terms satisfy glk(z) =
∑n

i=1 zl
zl

,
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for l = k. Consider also a real valued function J(·) : M 7→ R, which is continuously

differentiable and globally Lipschitz with respect to M , and whose classical euclidean

gradient is given by ∇J . Hence, the metric G(z) is the Shahshahani metric (SM) and

the gradient system given by ∇GJ = G−1∇J is a Shahshahani gradient (SG).

The application of the SM to the analysis of systems (2.3) and (2.4), leads to the

following Lemmas adapted from [45][44].

Lemma 2.2.1. Based on the SM, the RDs given by (2.3), are a gradient system with

respect to a potential function Jj(·) : RΩ
>0 7→ R, in ∆

Nj

Xj
, for each population j ∈ PM .

Proof : Defining ∇Jj = [
∂Jj(y)

y1j
, . . . ,

∂Jj(y)

∂yij
, . . . ,

∂Jj(y)

∂yNjj
]>, n = Nj, and applying the SM

to the manifold M , where the ith diagonal term of G is given by glk(y) =
∑Nj

i=1 yij
yij

, for

every j ∈ PM , leads to the following gradient system,

ẏij =

(
yij∑Nj

k=1 ykj

)
∂Jj(y)

∂yij
, ∀ i ∈ HNj

j , j ∈ PM (2.5)

Now, note that the simplexes satisfy ∆
Nj

Yj
⊂ M , and hence are endowed with the

metric G. By applying the orthogonal projection operator P (·) defined in [44], to

the gradient dynamics (2.5), for every j ∈ PM , the RDs (2.3) are obtained, where

fij =
∂Jj(y)

∂yij
, and βj = (

∑Nj

k=1 ykj)
−1, for all i ∈ HNj

j and j ∈ PM . �

Lemma 2.2.2. Based on the SM, the RDs given by (2.3), are a gradient system with

respect to a potential social function J(·) : RΩ
>0 7→ R, for the entire society.

Proof : By defining the SM as the diagonal matrix G, formed by M blocks, where the

ith term of the jth block is given by glk(z) =
∑Nj

i=1 yij
yij

, and the gradient ∇J ∈ RΩ as the

classical euclidean gradient, applying the SM, and projecting the result into Tyij∆
Nj

Yj
,

for every j ∈ PM , Lemma 2.2.2 holds. �
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Lemma 2.2.3. Based on the SM, the RDs given by (2.4), are a gradient system with

respect to a potential function Jj(·) : RΩ
>0 7→ R, in ∆Mi

Xi
, for each strategy i ∈ HN .

Proof Defining the gradient vector ∇iJ = [∂J1(y)
yi1

, . . . ,
∂Jj(y)

∂yij
, . . . ,

∂JMi
(y)

∂yiMi
]>, n = Mi,

and applying the SM to the manifold M , where the jth diagonal term of G is given by

glk(y) =
∑Mi

j=1 yij

yij
, for every i ∈ HN , leads to the following gradient system,

ẏij =

(
yij∑Mi

k=1 yik

)
∂Jj(y)

∂yij
, ∀ j ∈ PMi

i , i ∈ HN . (2.6)

As the simplexes satisfy ∆Mi
Yi
⊂ M , are also endowed with the metric G. By applying

the projection operator P (·), to the gradient dynamics (2.5), for every i ∈ HN , the RDs

(2.4) are obtained, where fij =
∂Jj(y)

∂yij
, and βi = (

∑Mi

k=1 yik)
−1, for all i ∈ HN . �

Remark 2.2.1. Note that both of the dynamics (2.3) and (2.4) are forward-invariant,

and hence if yij = 0 then ẏij = 0 and
∑M

j=1

∑Nj

i=1 ẏij = 0 for (2.3) and
∑N

i=1

∑Mi

j=1 ẏij = 0

for (2.4). Hence, the RDs (2.3) and (2.4) remain bounded at bd(∆
Nj

Xj
), and bd(∆M

Yi
),

respectively, even when the SM diverges at these boundaries.

Remark 2.2.2. In the case when Lemma 2.2.1 applies in a single population game

(j = 1), a social potential function exists for the population, and the Nash equilibrium

of the population game can be entirely characterized by the Kuhn-Tucker first order

conditions. However, since the Kuhn-Tucker first order necessary conditions are not

sufficient for local maximization, all local maximizer of the potential function will be

NE, but not all NE will be local maximizers.

The main stability concept in population games is the evolutionarily stable state

(ESS) for single-population games, and the coupled-ESS for multi-population games.
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These concepts are defined as follows.

Definition 2.2.2. Define fj as the vector of payoffs associated to the jth population.

Also, define yj as the social state associated to the jth population, and y as the overall

social state. For each of the jth populations, a state y∗j is an ESS if for all y ∈ Θ the

following two conditios are satisfied [46],

1. y∗j · fj(y∗) ≥ yj · fj(y∗),

2. if y∗ · fj(y∗) = y · fj(y∗), then y∗ · f(y) > y · f(y).

According to Definition 2.2.2, an ESS implies a NE, but a NE does not necessarily

implies an ESS. For multiple population games there exists a weaker stability notion

called a “coupled-ESS” [46].

Definition 2.2.3. A state y∗ is a “coupled-ESS” if the following two conditions are

satisfied,

1.
∑M

j=1

(
y∗j · fj(y∗)

)
≥∑M

j=1

(
yj · fj(y∗)

)

2.
∑M

j=1

(
y∗j · f(y)

)
>
∑M

j=1

(
yj · f(y)

)

for all y ∈ Θ. So, if yj is an ESS for every population j ∈ PM , the social state y∗ is

also a coupled-ESS.
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Chapter 3

Network Optimization with

Constraints

We now relate the framework of population games and Shahshahani gradients with

the problem of constrained network optimization. For this purpose we model a network,

as a multi-agent system (MAS) which can be controlled in a closed loop manner based

on continuous deterministic time-invariant differential equations of the form ẋ = f(x, v)

who rule the evolution of the states x of the MAS, and which in general may depend on

a vector of parameters v. Figure 3.1 illustrates this idea for the case when the network

is characterized by a single global cost function J(x).

ẋ = f (x, v, J(x))

J(x)
NETWORK

Figure 3.1: Closed loop system for a network characterized by a single cost function J .

To analyze the network optimization problem, we first analyze the case when a
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single cluster of multiple agents forming a network aim to optimize a global cost func-

tion using the full information of the network. We then analyze the problem when the

agents of the cluster only have information of their neighboring agents. After this, we

tackle the problem of multiple cluster of multiple agents interacting, where the agents

of the same cluster aim to optimize a common cost function using full information of

the network, and also using local information.

3.1 Optimization of a Single Cluster of Agents

Consider a network represented by a connected undirected graph, i.e., a graph where

every node (or agent) is at least connected to other node (or agent), G = (HN ,A), where

HN is the set of nodes, and A is the adjacency matrix.

1

2

34

5

1

2

34

5

a) b)

Figure 3.2: Graph associated to a population game with strategy set H5. a) Full

information case. b) Local information case.

An example of a graph G = (H5,A) is shown in Figure 3.2a, which has an adjacency

matrix given by,

A =




0 1 1 1 1

1 0 1 1 1

1 1 0 1 1

1 1 1 0 1

1 1 1 1 0




(3.1)
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This graph is complete in the sense that exists a path between every pair of nodes of the

graph, and hence every agent of the network shares information with the other agents

of the network.

Define also J(x) : RN 7→ R as a real-valued cost function associated to the network.

We consider the problem when a given resource X must be allocated among the agents

of the network aiming to maximize the global cost function J . For this purpose define

x = [x1, . . . , xi, . . . , xN ]> as the vector state of the network such that xi stands for the

amount of resource allocated to the ith agent, where i ∈ HN . Hence, as the resource is

fixed the states must satisfy all the time that x ∈ ∆N
X , where ∆N

X has the same structure

as the simplex (2.1), where we have omitted the subscript j as we are dealing with a

single population. Hence, x retains the same structure of a population state.

Thus, the optimization problem in the network can be stated as,

max J(x) s.t. x ∈ ∆N
X (3.2)

To solve this problem the following assumption on the cost function J must be done.

Assumption 3.1.1. Define ∇J(x) as the gradient vector of J evaluated at point x.

Then, there exists a feasible isolated point x∗ ∈ ∆N
X that satisfies

J(x∗) > J(x), ∇J(x)>x∗ ≥ ∇J(x)>x (3.3)

Note that Assumption 3.1.1 ensures the existence of an ESS in the problem, and it

is satisfied if, for instance, J is a convex function.

As we show that the SG (2.3) is a gradient system in ∆N
X of J , we can use this dy-

namics to solve problem (3.2), where the SG can be rewritten in terms of the adjacency

matrix as,

ẋ = P (x)∇gJ(x) (3.4)
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where P (x) = (I − (A+ I)G(x)−1), the SG is given by ∇gJ = G(x)−1∇J , I is the

N × N identity matrix, and G(x) is the SM matrix. Hence, the following lemma

adapted from [44][37], and [38] can be stated.

Lemma 3.1.1. Consider the SG given by (3.4), applied to the problem (3.2) with full

information of the network available. Then, under assumption (3.3), if x(t0) ∈ ∆N
X ,

the trajectories x(t) asymptotically converge to the point x∗ that maximizes J(x) in ∆N
X .

Remark 3.1.1. Note that in the case when every agent has an individual concave cost

function Ui(xi) : R 7→ R, then by defining J =
∑N

i=1 Ui(xi), the dynamics (3.4) converge

to the solution that maximizes every individual utility function.

Now, consider the case when the agents of the MAS do not share information with

all the other agents but only with some of them. To analyze this incomplete networked

system we introduce the set of adjacent or neighborhood nodes to the ith node (or

agent) as Ni = j, (i, j) ∈ A, where (i, j) ∈ A represents the ith node (or agent) having

information of the jth node (or agent). Figure 3.2b represents a graph G = {H5,A},
where the adjacency matrix A is given by,

A =




0 0 1 0 0

0 0 1 0 1

1 1 0 0 0

0 0 0 0 1

0 1 0 1 0




(3.5)

To solve problem (3.2) when the agents have a structure as the one in figure 3.2b,

the local replicator equation (LRE) introduced in [47] can be used. This dynamics
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written in terms of the SG, the SM, and the adjacency matrix A, are given by,

ẋ = Q(x)∇gJ(x) (3.6)

where Q(x) =
(∑N

i=1 ei(Ax)Ii −G(x)−1A
)

, the SG is given by ∇gJ = G(x)−1∇J ,

ei ∈ RN is the vector of zeros with 1 in the ith position, Ii ∈ RN×N given by Ii =

[0, . . . , ei, . . . ,0], and G(x) is the SM matrix.

Now, the following propositions (adapted from [47]) summarize the main properties

of the local replicator system (3.6).

Proposition 3.1.2. Consider the local replicator system given by (3.6). If x(t0) ∈ ∆N
X ,

then x(t) ∈ ∆N
X for all t ≥ t0 ≥ 0. If x(t0) ∈ int(∆N

X), then x(t) ∈ int(∆N
X) for all

finite time.

Remark 3.1.2. According to Proposition 3.1.2, the simplex ∆N
X , defined in the clas-

sical Shahshahani gradient, retains its invariance properties under the local replicator

system. Additionally, if the initial conditions lie in the interior of the simplex ∆N
X , for

all finite time the trajectories remain in the interior of ∆N
X .

Hence, by applying the LRE (3.6) to solve problem (3.2) we obtain the following

Lemma adapted from [47] for a concave potential function J : RN 7→ R.

Lemma 3.1.3. Consider the SG given by (3.6), applied to the problem (3.2) with lo-

cal information of the network available. Then, under assumption 3.3, if x(t0) ∈ ∆N
X ,

the trajectories x(t) asymptotically converge to the point x∗ that maximizes J(x) in ∆N
X .
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Remark 3.1.3. An interesting characteristic of the SG (3.4) and the LRE (3.6) is

that if a fictitious node is added to the network G, and this node has payoff equal

to zero, then the non-fictitious variables of the network will optimize J in the set

∆̄N
X = {x ∈ RN

≥0 : 1>x ≤ X}, allowing the optimization under inequality constraints.

3.2 Optimization of multiple-clusters of agents

Consider now a MAS comprised of N agents, divided into M different clusters.

Assume that the jth cluster has Nj different agents, for all j ∈ PM . The ith agent in

the jth cluster, controls its own state xij ∈ R≥0, where i ∈ HNj

j , and j ∈ PM . In this

case the vector of states of the MAS is given by x ∈ RΩ
>0. Figure 3.3 shows for instance

a networked structure of two MAS, each one with two clusters, where the left hand side

clusters of the MASs have four agents while the right hand side clusters of the MASs

have three agents. In the MAS shown in figure 3.3a) all the agents of the same cluster

have full information of the other agents of the same cluster. On the other hand, the

agents of the clusters of the MAS shown in figure 3.2b) only share information with some

other agents of the same cluster. In both cases the clusters share information between

then by means of a link between two agents (2 and 3). Note that in these systems

there are four types of agents numbered {1, 2, 3, 4}. According to this, the structure of

this networked system can be analyzed based on the framework of population games,

where the concept of population is analogous to a cluster, and the concept of strategy

is analogous to the type of the agent. In this sense, the systems shown in figure 3.3 are

population games with H4 = {1, 2, 3, 4}, P2 = {1, 2} (the left one and the right one),

H4
1 = 1, 2, 3, 4, H3

2 = {1, 2, 3}, P2
1 = {1, 2}, P2

2 = {1, 2}, P2
3 = {1, 2}, and P2

4 = {1}.
For this multi-cluster case we assume that each of the agents of the jth cluster aims

to maximize a cost function Jj(x), for all j ∈ PM , which depends on the overall state
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a) b)

Figure 3.3: MAS systems with two clusters. a) clusters with full information. b) clusters

with local information.

x.

Based on this structure we define to different types of general problems that arise

in this structures:

max Jj(x) s.t. x ∈ Θ (3.7)

where Θ = ×j∈PM ∆
Nj

Xj
, for all j ∈ PM , and where the constrained set for the jth cluster

is given by ∆
Nj

Xj
= {xij ∈ R≥0 :

∑
i∈H

Nj
j

xij = Xj}, and

max Jj(θ) s.t. x ∈ Ξ (3.8)

where Ξ = ×i∈HN ∆Mi

Xi , for all i ∈ HN , and where the constrained set for the ith strategy

is given by ∆Mi

Xi = {xij ∈ R≥0 :
∑

j∈PMi
i
xij = X i}.

Problem (3.7) describes a dynamical multi-resource allocation problem, where mul-

tiple fixed resources Xj, for every j ∈ PM , must be optimally allocated among all the

agents of the M clusters of the MAS. On the other hand, problem (3.8) describes a

multi-market share competition problem [45], where the ith resource X i is shared by

PMi
i multiple clusters in the MAS, aiming to maximize their own cost function. In

order to solve these two problems we make the following assumptions on each problem.

Assumption 3.2.1. Consider the problem (3.7) and let us define the vector ∇Jj(·) =

[
∂Jj(y)

∂y1j
, . . . ,

∂Jj(y)

∂yij
, . . . ,

∂Jj(y)

∂yNjj
]>, as the gradient vector of the jth cost function associated to
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the jth cluster, with respect to the states under control by the agents of the same cluster.

Then, there exists a feasible isolated point x∗j that satisfies
∑M

j=1∇Jj(x) · x∗j >
∑M

j=1∇Jj(x) · xj,
for all feasible x 6= x∗.

Assumption 3.2.2. Consider the problem (3.8) and let us define the vector ∇iJ =

[ ∂J1
∂xi1

, . . . ,
∂Jj
∂xij

, . . . ,
∂JMi

∂xiMi
]>. Then, there exists a feasible isolated point x∗i , such that

∑N
i=1

(
∇iJ(x) · x∗i

)
>
∑N

i=1

(
∇iJ(x) · xi

)
, for all feasible x 6= x∗.

As we know that the replicator dynamics (2.3) and (2.4) are Shahshahani gradients,

problems (3.7) and (3.8) can be solved by implementing these dynamics respectively,

which can be rewritten in terms of the adjacency matrix, for problem (3.7) as,

ẋj = Pj(x)∇gJj(x) (3.9)

where Pj(x) = (I − (A+ I)G(xj)
−1), and for problem (3.8) as,

ẋi = Pi(x)∇giJ(x) (3.10)

where Pi(x) = (I − (A+ I)G(xi)
−1). From this, we obtain the following Lemmas.

Lemma 3.2.1. Consider the SG given by (3.9), applied to the problem (3.7) with full

information of the network available. Then, under assumption 3.2.1, if xj(t0) ∈ ∆
Nj

Xj

for all j ∈ PM , the trajectories x(t) asymptotically converge to the point x∗ that maxi-

mizes Jj(x) in ∆
Nj

Xj
, for all j ∈ PM .

Lemma 3.2.2. Consider the SG given by (3.10), applied to the problem (3.8) with full

information of the network available. Then, under assumption 3.2.2, if xi(t0) ∈ ∆Mi

Xi ,

the trajectories x(t) asymptotically converge to the point x∗ that maximizes Jj(x) in

∆Mi

Xi , for all i ∈ HN .
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In the same way that in the single-population case, we can generalize the dynamics

(3.9) and (3.10) for the local information case. According to this, we obtain the following

LREs for multi population games,

ẋj = Qj(x)∇gJj(x) (3.11)

where Qj(x) =
(∑Nj

i=1 eij(Axj)Iij −G(xj)
−1A

)
, eij ∈ RNj is the vector of zeros with 1

in the ith position, Iij ∈ RNj×Nj given by Iij = [0, . . . , eij, . . . ,0], and

ẋi = Qi(x)∇giJ(x) (3.12)

where Qi(x) =
(∑Mi

j=1 eij(Axi)Iij −G(xi)
−1A

)
, eij ∈ RMi is the vector of zeros with

1 in the jth position, Iij ∈ RMi×Mi given by Iij = [0, . . . , eij, . . . ,0]. The following

lemmas are a consequence of the application of the dynamics (3.11) and (3.12) when

the cost functions Jj(x) : Rω 7→ R are convex with respect to its variables.

Lemma 3.2.3. Consider the SG given by (3.12), applied to the problem (3.8) with local

information of the network available. Then, if Jj(x) : RΩ 7→ R is a convex function with

respect to the Nj variables associated to the agents of the network, and if xj(t0) ∈ ∆
Nj

Xj

for all j ∈ PM , the trajectories x(t) asymptotically converge to the point x∗ that maxi-

mizes Jj(x) in ∆
Nj

Xj
, for all j ∈ PM .

Lemma 3.2.4. Consider the SG given by (3.11), applied to the problem (3.7) with local

information of the network available. Then, if Jj(x) : RΩ 7→ R is a convex function with

respect to the Nj variables associated to the agents of the network, and if xi(t0) ∈ ∆Mi

Xi

for all i ∈ HN , the trajectories x(t) asymptotically converge to the point x∗ that maxi-

mizes Jj(x) in ∆Mi

Xi , for all i ∈ HN .



EXTREMUM SEEKING FOR POPULATION GAMES 24

3.3 Dynamic Agents and Non-Model Requirements

The dynamics previously introduced for solving single and multiple constrained

optimization problems in networks with full and local information, are all based on

Shahshahani gradients. This means that in order to implement these algorithms it is

mandatory to known the exact mathematical form of the cost functions Jj(x), such

that the practitioner can calculated analytically the gradient of this function and then

implement the control system based on this pre-calculated gradient. Also this control

systems cannot deal with real-time contro-optimization of a network as it does not

take into account the internal dynamics of the agents. Furthemore, if the plant varies

slowly on time, the gradient of the cost function must be calculated several times in

order to maintain an optimal operation point in the real network. Note, that as the

gap between a model of a plant and the real plant is always present, in fact it is un-

likely to control the plant in an optimal point calculated based on mathematical models.

For this purpose, to deal with the real-time control problem of dynamic MAS

whose structure is characterized by networks, we assume that each agent in the multi-

population setting has intrinsic internal dynamics θ̇ij = gij(x, θ), that in general depends

on the overall states x and θ, where θ ∈ RΩ, and we generalize the problems (3.7) and

(3.8) as,

max Jj(θ) s.t. θ̇ij = gij(x, θ), x ∈ Θ (3.13)

max Jj(θ) s.t. θ̇ij = gij(x, θ), x ∈ Ξ (3.14)

Both problems must be solved based on the fact that the cost functions of each popu-

lation are unknown (or poorly known), and only accessible by measurements. Further-

more, they must be solved without the exact knowledge of the functions gij(·), which

characterize the internal dynamics of each agent, in each cluster.

Based on these problems which require adaptive controllers able to optimize in
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real-time the input-to-output steady state of the network, we will combine the main

features of the Shahshahani gradients and the classic extremum seeking control, to

design a robust Shahshahani gradient based extremum seeking control (SGESC). The

ESC will be able to optimize the plant under the constraints imposed in problems

(3.13) and (3.14). These constraints are natural in, for instance, resource allocation

problems, congestion control problems, and oligopoly economic markets. The nature of

the ESC proposed, makes it suitable for applications in engineering problems modeled

as population games (e.g., networked systems as water distribution systems [39], urban

traffic control systems [48], and control of smart grids [49]), where the control system

has only access to measurements of a potential function (i.e., Jj) associated to clusters

of different subsystems, and where every subsystem has individual internal dynamics.

We will first consider the full information case and then the local-information case.
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Chapter 4

Extremum Seeking for

single-constrained networks with

full information

In this section we present the ESC that solves problem (3.7) in networks comprised

of a single cluster of agents subject to a single constraint. An example of this structure

is shown in Figure 3.2a).

For this purpose we first consider the case when the agents of the network can

be represented by static maps. Subsequenlty, we generalize our results for general

dynamical systems.

4.1 Optimization in static maps

For static maps the constrained extremum seeking problem can be stated as (3.2),

where ∆N
X = {x ∈ RN

≥0, 1>x = X}, for X ∈ R>0, and where J : RN 7→ R is a smooth

and globally Lipschitz continuous function, which in practice is only accessible by mea-

surements. We first consider the case of optimization in (3.2) under strict equality
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constraints imposed by ∆N
X , and then we analyze the case when inequality constraints

are considered in ∆N
X , i.e., in ∆̄N

X .

4.1.1 The equality constraints case

Under strict equality constraints on (3.2) the feasible set of the optimization problem

is defined by the simplex ∆N
X . Hence, x retains the structure of population state with

strategy space HN and parameterizing constant X. Note that in this case Assumption

3.1.1 ensures the existence of an ESS in the population game. To achieve extremum

seeking of J in ∆N
X , consider the Shahshahani gradient based extremum seeking control

(SGESC) shown in Figure 4.1, and characterized by the following dynamics,

k
s

aµ(t) µ(t)

x̂

x

++

1
X

×◦
C

A

• +

C

×+

1⊤(·)

y = J(x)

− 1
X

Figure 4.1: Scheme of SGESC for static maps.

˙̂x = kx̂ ◦
(
J(x)µ

1>x̂

X
+ C− 1

X
x̂>(J(x)µ+ C)

)

x = A(x̂+ aµ)

(4.1)

where the operator ◦ represents the Hadamard product, � represents the classical

inner product, and ⊗ the scalar product. We define C ∈ RN
>0 as the column vector

whose entries are equal to the constant C ∈ R>0, x̂ ∈ RN is an auxiliary variable,

A ∈ RN×N = IN×N is defined as the identity matrix, the vector of dither signals is
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given by µ(t) = [µ1(t), . . . , µi(t), . . . , µN(t)]>, where µi(t) = sin(ω̄ωit), for i ∈ HN ,

ω̄ ∈ N>0, and ωi 6= ωj for every i 6= j. The adaptation gain is defined as k = 2εω̄, the

parameters a and ε satisfy 0 < ε, a� 1.

The following proposition illustrates the application of the SGESC in networks with

a static cluster of agents, aiming to optimize an unknown function J under equality

constraints on the state variables.

Proposition 4.1.1. Consider the SGESC given by (4.1) applied to the cost function

J , which satisfies Assumption 3.1.1 in ∆N
X . Given an arbitrary compact set Ω ⊂ RN

>0,

and an initial condition x̂(t0) ∈ Ω, the system (4.1) will be SPAS with respect to a, ε,

and C−1, in RN
>0.

Proof : By changing the time scale from t to τ = tω̄, expanding the right hand side

of (4.1), replacing k = 2εω̄, and expanding the Hadamard product, the ith term of (4.1)

becomes,

dx̂i
dτ

= 2εx̂i

(
J(x)µi

1>x̂

X
+ C

− x̂>(J(x)µ+ C)

X

) (4.2)

for all i ∈ HN , where xi = x̂i+aµi. For a sufficiently small ε, the right hand side of (4.2)

varies slowly in comparison to the time-varying perturbation signal µ. Using standard

averaging theory [50], considering a as a small constant, and expanding J(x̂+aµ) in its

Taylor series with respect to x̂ [11], the average system of (4.2), given by ˙̂xA = εgAi (x̂A),



EXTREMUM SEEKING FOR POPULATION GAMES 29

can be found. In this case gi is given by,

gAi =
2

T

[∫ T

0
x̂i
1>x̂

X

(
J(x̂) + aµ(s)>∇J(x̂)

+O(a2)
)
µi(s)ds+

∫ T

0
x̂iC ds

− 1

X

∫ T

0
x̂i

N∑

i=1

x̂i

(
J(x̂) + aµ(s)>∇J(x̂)

+O(a2)
)
µi(s)ds−

∫ T

0
x̂i
x̂>C

X
ds

]

(4.3)

for all i ∈ HN .

System (4.3) can be expressed as gAi = gAi1 + gAi2 + gAi3 + gAi4, where because of the

2π-periodic selection of µ, the terms gik, for k = {1, . . . , 4} are given by,

gAi1 = x̂Ai
1>x̂A

X

(
a
∂J(x̂A)

∂x̂Ai
+O(a2)

)

gAi2 = 2x̂Ai C

gAi3 =− x̂Ai
X

(
x̂A>

(
a∇J(x̂A) +O(a2)

)
)

gAi4 =− 2x̂Ai
x̂A>C

X

(4.4)

where the 1/2 term in the derivatives of J is cancelled. Therefore, the entire average

system can be rewritten as,

∂x̂Ai
∂τ

= εx̂Ai

[(
1>x̂A

X

)
ζi + 2C − 1

X
ζ̄

]
(4.5)

where ζi =
(
a∂J(x̂A)

∂x̂Ai
+O(a2)

)
, for all i ∈ HN , and ζ̄ = x̂A> (ζ + 2C), where ζ is the

vector in RN whose ith entry is ζi. Note that when 1>x̂A 6= X, the maximizers of J

are not, in general, equilibrium points of (4.5). To analyze the behavior of the system

(4.5), we introduce the auxiliary variable z = (1>x̂A−X)C, and we obtain the complete

system in terms of x̂A and z,

∂x̂Ai
∂τ

= εx̂Ai

(
ζi

(
δz

X
+ 1

)
− x̂A>ζ

X

)
− 2ε

x̂Ai z

X
(4.6a)

δ
∂z

∂τ
=− 2ε

z

X
(1>x̂A) (4.6b)
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for all i ∈ HN ,where δ = 1/C. Here, for sufficiently big values of C, the state z moves

in a faster time scale than x̂Ai . As x̂A can be seen as a frozen variable in (4.6b), the

equilibrium point z∗ = 0 will be asymptotically stable if (1>x̂A) > 0. Hence, the

manifold 1>x̂A = X is asymptotically stable in the positive orthant RN
>0. To analyze

the “reduced model” in (4.6a), i.e., when z = 0 and x̂A ∈ ∆N
X = {x̂A ∈ R+, 1>x̂A = X},

we replace z = 0 in (4.6a), and as x̂Ai is bounded by X, the reduced averaged system is

obtained,

∂x̂Ai
∂τ

= εx̂Ai

(
ζi −

1

X

N∑

j=1

x̂Aj ζj

)
(4.7)

where the constant C has vanished for all i = {1, . . . , N} due to the fact that 1>x̂A = X.

Equation (4.7) is a Shahshahani gradient with small perturbations on the derivatives,

which under Assumption 1 has a unique equilibrium point x̂A∗. Consider the change of

variables ˜̂xAi = x̂Ai − x̂A∗i , and the Lyapunov function V (˜̂xA) = −∑N
i=1 x̂

A∗
i ln

(
˜̂xAi
x̂A∗
i

+ 1
)

,

where clearly V (0) = 0, and using Jensen’s inequality it can be seen that, V (˜̂xA) ≥
− ln

∑N
i=1

(x̂A∗
i (˜̂xAi +x̂A∗

i ))
x̂A∗
i

= − ln(1) = 0. The derivative of V (˜̂xA) along the trajectories

of the system (4.7), is given by

V̇ (˜̂xA) = −ε
N∑

i=1

x̂A∗i

(
ζi −

N∑

j=1

˜̂xAj ζj

X
−

N∑

j=1

x̂A∗j ζj

X

)
(4.8)

Expanding (4.8), using the fact that
∑N

i=1 x̂
A∗
i = X, and replacing ζ, (4.8) reduces to,

V̇ (˜̂xA) = aε
N∑

i=1

∂J(˜̂xA + x̂A∗)

∂x̂Ai
˜̂xAi + ε

N∑

i=1

˜̂xAi O(a2) (4.9)

and note that |˜̂xAi (t)| ≤ X for all i ∈ HN , then the norm of the second term of (4.9) will

be bounded by XO(εa2). Under Assumption 3.1.1, and following the ideas of [18], the

first term in (4.9) is negative definite in ∆N
X , and hence for sufficiently small values of

a the first term in (4.9) dominates the second term and the system (4.7) will be SPAS

in RN
>0, i.e., from an arbitrarily large set of initial conditions in RN

>0 the trajectories of

˜̂xAi will converge to an arbitrary small residual set around the origin, where the second
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term in (4.9) dominates the first term. Hence, from the stability properties of systems

(4.6a)-(4.6b), the average system (4.5) will be SPAS with respect to a and δ = 1/C in

RN
>0, and from Lemma 1 in [51], the original system (4.2) will be SPAS for small values

of a, 1/C, and ε in RN
>0. �

Proposition 4.1.1 states that by an appropriate tuning of the parameters a, k, and C,

the SGESC given by (4.1) can arbitrarily regulate the state x to a neighborhood of x∗,

which maximizes the cost function J in the feasible set, even if the initial conditions are

located outside of ∆N
X , but in the positive orthant RN

>0. Note that if J has a quadratic

structure, the terms O(a)2 vanishes, and Assumption 1 will guaranty the average system

(4.7) to be GAS.

Additionally, Proposition 4.1.1 relies on the fact that the average system of (4.1)

is an approximate Shahshahani gradient when the trajectories x̂A(t) have converged to

the simplex ∆N
X . Once in ∆N

X , x̂A(t) asymptotically settles to a neighborhood of the

ESS (x∗), which maximizes the cost function J . As x = x̂ + aµ(t), the trajectories of

x(t) will remain in an O(a)− neighborhood of ∆N
X , where the parameter a is selected to

satisfy a� 1. Aditionally, under Assumption 3.1.1, convergence to a neighborhood of

the NE that maximizes J (i.e., the ESS x∗) is always achieved irrespective if x̂(t0) ∈ RN
>0

lies arbitrary close to another NE in the bd(∆N
X). This selection between NE in ∆N

X only

requires the cost function J to be measured on-line, and it is an intrinsic characteristic

of the replicator systems.

Also, note that even when Theorem 1 requires the existence of a unique maximizer

of J in the feasible set, local stability results in ∆N
X could be obtained by relaxing As-

sumption 3.1.1 to hold in a compact subset of ∆N
X .

Remark 4.1.1. When
∑N

i=1 x̂
A
i (t0) 6= 1 and C � 1 we can analyze the trajectories of

the ith term of the average system of the dynamics (4.1) to characterize the point in ∆N
X

where the trajectories converge once they have been initialized outside the feasible set.
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Indeed, for sufficiently big values of C, this average system can be approximated as,

˙̂xAi ≈ −
x̂Ai
δX

(1>x̂A −X) (4.10)

for all i ∈ HN , where δ = 1/C, and where all the terms x̂Ai (t) for all i ∈ HN evolve

approximately at the same rate. If 1>x̂(0)A − X > 0, x̂Ai (t) will decrease toward the

origin for all i ∈ HN . Also, if 1>x̂A(0) − X < 0, x̂Ai (t) will tend to diverge for all

i ∈ HN . As 1>x̂A − X = 0, is an asymptotically stable and invariant manifold (see

Appendix B1), the approximate point where the trajectories x̂Ai (t) will reach 1>x̂A = X

will be given by the intersection of the plane ∆N
X , and a vector x̂A(t) starting at x̂A(t0)

and pointing towards: the origin if 1>x̂A(t0) − X > 0, or away from the origin if

1>x̂A(t0)−X < 0, that is given by,

x̂A∆
i =

x̂Ai (t0)

1>x̂Ai (t0)
(4.11)

for all i ∈ HN . The bigger the value of C, the closer the trajectories of x̂A(t) started

outside of ∆N
X will converge to (4.11), for all i ∈ HN .

Note that an interesting characteristic of system (4.1) is that for sufficiently big

values of C, and initial conditions outside of ∆N
X , the convergence to x̂A∆ given by

(4.11), is independent of the gradient of J . Indeed, for sufficiently big values of C this

convergence occurs in a faster time scale than the evolution of x̂(t) in ∆N
X .

4.1.2 The inequality constraints case

To optimize J in ∆̄N
X = {x ≥ 0, 1>x ≤ X}, consider the introduction of a fictitious

strategy i = N+1 into the population game, which extends the strategy set to HN+1 =

{1, . . . , N,N + 1}. This introduces a virtual slack variable x̂N+1 in the dynamics (4.1),

which together with the states x̂i, for i ∈ HN define an extended simplex ∆N+1
X =
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{x̂ ∈ RN+1
≥0 ,1>x̂ = X}, where 1> ∈ RN+1, and C ∈ RN+1

>0 in Figure 4.1. The virtual

slack variable is introduced in the control system by defining the dither signal in (4.1)

as µ(t) ∈ RN+1, where µi(t), for all i ∈ HN , is defined as in the equality constrained

optimization case, and µN+1 , 0, such that the payoff associated to the strategy N + 1

(i.e., ∂J(x)
∂xN+1

), will be equal to zero. By introducing this slack variable the problem (3.2) on

∆̄N
X can be solved by implementing -on average- an approximate Shahshahani gradient

on ∆N+1
X . We assume that J satisfies Assumption 3.1.1 in ∆̄N

X . The matrix A ∈ RN×N+1

is defined as A = [IN×N |0], where 0 is the column vector in RN whose entries are all 0,

such that the orthogonal projection x = A(x̂+ µ(t)) maps from RN+1 to RN .

This leads to the following proposition for extremum seeking with inequality con-

straints.

Proposition 4.1.2. Consider the SGESC given by (4.1), applied to a potential func-

tion J that satisfies Assumption 3.1.1 with respect to ∆̄N
X . Given an arbitrary compact

set Ω ⊂ RN+1
>0 , and an initial condition x̂(t0) ∈ Ω, the system (4.1) will be SPAS with

respect to a, ε, and C−1, in RN+1
>0 .

Proof: Using the same averaging analysis as in the proof of Theorem 1, the average

closed loop system in the τ -scale is equal to (4.5), where ζN+1 = 0. Taking the sum-

mation over ˙̂xAi for i ∈ HN+1 it is easy to see that 1> ˙̂xA = 1>x̂A∇J
(
1− 1>x̂A

)
, which

ensures that if 1>x̂A = 1 the extended simplex ∆N+1
X is invariant. Hence the stability

properties of (4.6b) holds, i.e, the simplex ∆N+1
X is asymptotically stable in RN+1

>0 . The

“reduced model” (4.7) is now given by (4.7) for all i ∈ HN and,

∂x̂AN+1

∂τ
= εx̂AN+1

(
− 1

X

N∑

j=1

x̂Aj ζj

)
(4.12)

for i = N + 1. Note that in ∆N+1
X the dynamics (4.7) are decoupled from (4.12) for all

i ∈ HN , and hence the equilibrium point x̂A∗i , for i = {1, . . . , N}, depends strictly on
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∇J(·), and x̂A∗N+1 ensures that 1>x̂A = X. According to this, x̂AN+1 only plays the role of

a virtual slack variable, used to ensure the invariance of ∆N+1
X . Given that x̂AN+1 ≥ 0 the

function V (˜̂xA) = −∑N+1
i=1 x̂A∗i ln

(
˜̂xAi
x̂A∗
i

+ 1
)

is still a valid Lyapunov function. Taking

the derivative of V along the trajectories of the average system (4.7)-(4.12) we obtain

that,

V̇ =− ε
N∑

i=1

x̂A∗i

(
ζi −

1

X

N∑

j=1

(˜̂xAj + x̂Aj )ζj

)

+ εx̂A∗N+1

(
1

X

N∑

j=1

(˜̂xAj + x̂Aj )ζj

) (4.13)

Factorizing
∑N

j=1(˜̂xAj + x̂Aj )ζj, replacing ζ, and due to the fact that
∑N+1

i=1 x̂A∗i = X, we

obtain that,

V̇ = aε
N∑

i=1

∂J(˜̂xA + x̂A∗)

∂x̂Ai
˜̂xAi + ε

N∑

i=1

˜̂xiO(a2) (4.14)

Under Assumption 1 the first term of (4.14) is negative definite in ∆̄N
X , and negative

semidefinite in ∆N+1
X . Note that according to the dynamics (4.12), the origin ˜̂xAi = 0

remains for all i ∈ HN irrespective of ˜̂xAN+1, which only ensures ∆N+1
X to be invariant.

Using LaSalle’s principle and following the same procedure for the entire system (4.7)-

(4.12) as in the proof of Theorem 1, it can be seen that the average system will be

SPAS in small (a), and the original system will be SPAS in small (a, ε). �

Remark 4.1.2. Similarly as Theorem 1, Theorem 2 ensures convergence of x̂(t) to

a neighborhood of the optimal solution in ∆N+1
X , and hence in ∆̄N

X , even if x̂(t0) lies

outside of ∆N+1
X . As the point x̂A∆

i ∈ ∆N+1
X -where the trajectories converge- is given by

(4.11), this point will depend also on the initial condition of the virtual slack variable

x̂N+1(t0), and then its selection may play an important role in the optimization problem

when multiple maximizers of J exist in ∆̄N
X .
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Figure 4.2: Scheme of SGESC for dynamic systems

4.2 Optimization in Dynamical systems

Consider now the introduction of dynamics into the agents of the MAS. Hence, the

full information network can be represent by the general dynamical system given by,

θ̇ = g(θ, x), y = h(θ) (4.15)

where θ ∈ RM , x ∈ RN , h(·) : RM 7→ R, and the output y is only accessible by mea-

surements. In this case, we aim to control in real-time the state x of the dynamics that

generate the output of the system to operate its maximum point. For this purpose we

make the following classical assumption on the dynamics of system (4.15) to achieve

extremum seeking.

Assumption 4.2.1. The function g(·, ·) : RM×RN 7→ RM is a smooth continuously dif-

ferentiable with respect to its arguments, such that g (θ∗, x) = 0, if and only if θ∗ = l(x),

where l(·) : RN 7→ RM , and for each x ∈ RN , the equilibrium θ∗ = l(x) is globally

asymptotically stable.

Hence, the goal is to maximize the steady state input-to-output mapping J(x) =

h (l(x)) : RN 7→ R of the dynamical system (4.15), by controlling the input variables
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x ∈ ∆̄N
X for inequality constraints or x ∈ ∆N

X for equality constraints. To achieved this,

consider the SGESC shown in Figure 4.2, and characterized by the dynamics (4.16),

where the constants a and k and the vectors 1, C, and µ(t), as well as the matrix A,

are defined as in Subsection V-A.

θ̇ = g(θ, x)

˙̂x = kx̂ ◦
(
h(θ)µ

1>x̂

X
+ C− 1

X
x̂>(h(θ)µ+ C)

)

x = A(x̂+ aµ)

(4.16)

The next theorem illustrates our main result for the SGESC applied to a general dy-

namical MAS with full information.

Theorem 4.2.1. Consider the system given by (4.16) under Assumption 1 in the

steady-state map J(x) = h(l(x)) with respect to ∆N
X , and under Assumption 2 in θ̇.

Given an arbitrary compact set Ω ⊂ RN+1
>0 , and an initial condition x̂(t0) ∈ Ω, the

system (4.1) will be SPA stable in RN
>0, with respect to a, C−1, ε, and ω̄.

Proof Rewriting (4.16) in the τ -scale we obtain the following system,

ω̄
∂θi
∂τ

= gi(θ, x)

∂x̂i
∂τ

= 2εx̂i

(
h(θ)µi

1>x̂

X
+ C − x̂>(h(θ)µ+ C)

X

) (4.17)

which can be analyzed based on singular perturbation theory [50] where ω̄ appears as

the perturbation parameter. Given that the steady state of θ̇ is given by θ∗ = l(x),

and the input-to-output-mapping J(x) = h(l(x)) satisfies Assumption 3.1, according to

Theorem 3.2 the reduced system will be SPA stable in (a, ε). Given that Assumption

4.1 ensures global stability of the boundary layer system, from Lemma 1 in [15], the

original system (4.16) will be SPA stable in (a, ε, ω̄). �
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The robustness characteristic of the SGESC (4.16) is critical for practical applica-

tions in dynamical systems that require extremum seeking controllers for optimization

with constraints. In this situation, the states of the system could be suddenly forced

arbitrarily out of the manifolds ∆N
X (or ∆̄N

X) due to numerical approximations or un-

predictable perturbations on the plant under control. The algorithm (4.16) ensures the

state x̂(t) to be regulated back to ∆N
X (or ∆̄N

X), and hence x(t) to an O(a)− neighbor-

hood of the constraint set, where the extremum seeking of J(h(x) is achieved.

Remark 4.2.1. Although in the present work we consider extremum seeking in simplex-

like manifolds, the framework of Shahshahani gradients allows in a natural way the for-

mulation of extremum seeking controllers to optimize dynamical systems under other

two type of constraints: the positive orthant, and the sphere in RN . This can be achieved

by a suitable change of variables on the control system (see for instance [44]).

Additionally, note that even when the analysis of the SGESC in Section 3 was

carried out without taking into account the classical low pass filter implemented after

the multiplication of J and µ(t), it can be used to improve the convergence speed of

the dynamics (4.16), allowing the increase of the adaptation gain k, while attenuating

the oscillations in the closed-loop system. In this sense, we believe that the algorithm

presented can be classified into the family of extremum seeking controllers based on

a continuous optimization method (i.e., the Shahshahani gradient), and an estimator

for the derivatives of the unknown steady state input-to-output mapping, proposed

in [52]. However, as the method is inspired in evolutionary dynamics that emerge in

population games, it allows in a natural way the selection between different NE, and

ensures convergence to an ESS.
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4.3 Network with agents with constant actions

An interesting scenario emerges when in a network some agents decide to implement

the SGESC while other decide to maintain their action constant. In this situation, the

resource should be allocated taking into account the fixed resource in some agents. The

application of the SGESC in this case leads to the following proposition.

Proposition 4.3.1. Consider a network with N agents where at least 1 agent imple-

ments the dynamics (4.16). Under Assumption 1 in the steady-state map J(x) = h(l(x))

with respect to the states of the agents who implement the dynamics (4.16), and under

Assumption 2 in θ̇, given an arbitrary compact set Ω ⊂ R>0, and an initial condition

x̂(t0) ∈ Ω, the system (4.1) will be SPA stable in R>0, with respect to a, C−1, ε, and ω̄.

4.4 Numerical Examples

Example 1: Two agents with full information Consider the following non-quadratic

cost function,

J(x) =
4∑

j=1

Bj exp

(
−

(x1 − x∗1j)2 + (x2 − x∗2j)2

cj

)
(4.18)

which must be maximized on ∆2
1 = {x ∈ R2

≥0,1
>x = 1}. The parameters Bj, cj, x

∗
1j,

and x∗2j in (4.18) correspond to the jth entries of the vectors B, c, x∗1, and x∗2, given

by B = [3, 15, 3, 3]>, c = [0.01, 1.5, 0.01, 0.01]>, x∗1 = [0.65, 0.5, 0.35, 0.8]>, and

x∗2 = [0.9, 0.5, 0.35, 0.7]>. Note that the cost function (4.18) has 4 local maxima in

R2
>0, but only one in ∆2

1, given by x∗ = [0.5, 0.5]>. Furthermore it can be checked that

x∗ satisfies Assumption 1, globally in ∆2
1. The parameters of the SGESC are defined

as a = 0.01, k = 0.08, C = 20, and µ(t) = [sin(40t), sin(42t)]>.
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Figure 4.3: Trajectories of x̂ superimposed on the contour curves of J . The red balls

denote the points x̂A∆, and the green ball denotes the NE that maximizes J in ∆2
1.

Figure 4.3 shows three different trajectories of x̂(t) with initial conditions outside

of ∆2
1, given by: x̂(0) = [0.1, 0.7]>, x̂(0) = [0.2, 0.2]>, and x̂(0) = [0.9, 0.75]>. The

trajectories converge in a faster time scale (see the inset for x̂(0) = [0.1, 0.7]>) to

a neighborhood of the points x̂A∆ = [0.125, 0.875]>, x̂A∆ = [0.5, 0.5]>, and x̂A∆ =

[0.545, 0.454]>, respectively, in ∆2
1. Then, the trajectories seek the maximizer x̂∗ =

[0.5, 0.5]>. Note that the trajectories can pass arbitrarily close to the maximizers of J

located outside ∆2
1.

Now, we consider the case when the cost function (4.18) must be optimized in

∆̄2
1 = {x ∈ R2

≥0,1
>x ≤ 1}. In this case, there are two local maximizers of (4.18)

in ∆̄2
1, given by x∗a = [0.5, 0.5]> and x∗b = [0.35, 0.35]>. We define the dither sig-

nal as µ(t) = [sin(20t), sin(22t), 0]>, and hence a slack variable x̂3(t) is introduced

into the control system to allow the optimization in ∆3
1. Figure 4.4 shows the tra-

jectory of x̂(t) for x̂(0) = [0.4, 1, 1]>, converging to a neighborhood of the point

x̂A∆ = [0.166, 0.416, 0.416]> in the manifold ∆3
1, and then evolving until the coordi-

nates x̂1 and x̂2 converge to a neighborhood of x̂∗b . The inset shows the evolution in

time of the vector state x̂(t). Figure 4.5 shows the case when the initial condition is
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Figure 4.4: Trajectory of x̂ converging to the simplex ∆3
1, and its projection in R2

≥0

converging to x̂∗b in ∆̄2
1. The red ball denotes the point x̂A∆. The trajectories are

superimposed on the contour curves of J .

defined as x̂(0) = [0.4, 1, 0.01]>. Here x̂A∆ = [0.283, 0.709, 0.07]> in ∆3
1, which is

located closer to the maximizer x̂∗a, and hence the trajectory of the system converges to

a neighborhood of x̂∗a. This illustrates the behavior discussed in the Remark 3, when

the selection of the initial condition of the virtual slack variable x̂3 can be used to select

among different local maximizers of J when Assumption 1 is satisfied only locally in

the feasible set.

Example 2: Two clusters coupled by dynamics Consider two MAS, each one com-

posed of 3 agents. Each MAS has a fixed amount of resources, where X1 = 1 represents

the resources of the MAS 1 and X2 = 3 represents the resources of the MAS 2. These

resources must be allocated among all the agents of each MAS. Let xij be the allo-

cated resource to the ith agent of the jth MAS, where i = {1, 2, 3}, and j = {1, 2}.
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Figure 4.5: Trajectory of x̂ converging to the simplex ∆3
1, and its projection in R2

≥0

converging to x̂∗a in ∆̄2
1. The red ball denotes the point x̂A∆. The trajectories are

superimposed on the contour curves of the J .

Additionally, every agent has intrinsic stable dynamics given by,

θ̇11 =− 2θ11x12 + θ12 + x11x12

θ̇21 =− θ21θ32 + x21x32

θ̇31 =− θ31 + x31

θ̇12 =− θ12 + θ11x12 + x12

θ̇22 =− θ22θ31 + x22x31

θ̇32 =− θ32 + x32

(4.19)

which couple the two MAS. In this sense, every MAS represents a different population,

where each population has a strategy set H3 (as each strategy is associated to each

agent), and xij retains the population state structure, parameterized by Xj, for j =

{1, 2}.
The agents aim to maximize an unknown potential social function, given by,

J(x) =
2∑

j=1

3∑

i=1

(θij − θ∗ij)2 (4.20)
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Figure 4.6: Evolution of the allocated resource among the 3 agents of population j = 1.

The NE associated to the population game are shown with green circles.

where θ∗i1 = [17/11, 3/11, 2/11]>, θ∗i2 = [3, 1/2, 1]>, and where J is only accessible to

each agent by measurements. To achieve an optimal resource allocation, every popula-

tion implements the SGESC given by (4.16), where each agent of the two populations

measures J , and shares the information of its own state xij, with the other agents

of the same population. Note that in the steady state of (4.19), the two populations

are decoupled, and the feasible set of this optimization problem is given by the two

simplexes ∆3
1 ×∆3

3. The parameters a and k of the SGESC associated to both pop-

ulations are selected as a = 0.1, k = 0.5. The perturbation vector associated to the

MAS 1 is selected as µ1 = [sin(5.5t), sin(7t), sin(9t)]>, while for the MAS 2 is defined

as µ2 = [sin(t), sin(2.5t), sin(4t)]>. The constant C is defined as C = 5. Figure 4.6

shows the evolution of the population state associated to the MAS 1, in the simplex ∆3
1

. The trajectories of x̂i1, for i ∈ H3 are shown in Figure 4.7. The initial conditions are

defined as x̂(0) = [0.3, 0.1, 0.6]>. In the same way Figure 4.8 shows the evolution of

the population state of the MAS 2, in the simplex ∆3
3. Figure 4.9 shows the trajectories

of x̂i2, for i ∈ H3. Here, the initial conditions are defined as x̂ = {1, 1.5, 0.5}. Note

that in both cases the allocation converges to the NE that maximizes J . The constant
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Figure 4.8: Evolution of the allocated resource among the 3 agents of population j = 2.

The NE associated to the population game are shown with green circles.

C is always used irrespective if the initial conditions are located in the feasible sets,

aiming to guarantee the robustness of the method for all future time.
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Chapter 5

Extremum Seeking for

multi-constrained networks with

full information

We know generalize the ESC presented in Chapter 4 to solve the problem with

multiple-clusters of agents with full information. A en example of this system is shown in

figure (3.3)a. We first consider the problem (3.13) where the constraints are decoupled

between states of different clusters, and then we consider problem (3.14), where the

constraints are coupled between clusters.

5.1 Decoupled Constraints

To analyze problem (3.13), we first consider the case when the dynamics associated

to the state θ are negligible, i.e., Jj(·) : RΩ
≥0 7→ R is a direct mapping of the overall state

of actions x. After this, we generalize our results for the general dynamic problem (3.7).



EXTREMUM SEEKING FOR POPULATION GAMES 46

5.1.1 Static Maps Analysis

From now on in this section, we will refer to the point xj = [x1j, . . . , xNjj]
> as a

feasible point if xj ∈ ∆
Nj

Xj
, for all j ∈ PM , i.e., x ∈ Θ.

Now, consider the following extremum seeking dynamics for the ith agent of the jth

cluster,

˙̂xij = kx̂ij

(
Jj(x)µij(t)

Xj

∑

k∈H
Nj
j

x̂kj + C . . .

. . .− 1

Xj

∑

k∈H
Nj
j

x̂kj(Jj(x)µkj(t) + C)

) (5.1)

where xij = x̂ij + aµij(t), for all i ∈ HNj

j , and j ∈ PM . The dither signal is defined as

µij(t) = sin(ω̄ωij), where ω̄ ∈ N>0, and ωij is different for every agent i ∈ HNj

j , in every

cluster j ∈ PM . Also, the auxiliary variable x̂ij ∈ R≥0 has been introduced for every

state xij. The adaptation gain for all the agents of the society is given by k = 2εω̄, and

C ∈ R≥0. The constants ε ∈ R>0 and a ∈ R>0 satisfy 0 < a, ε� 1. Note that in (5.1),

the summations are defined over the states associated to all the agents present in the

jth cluster.

We summarize the characteristics of the dynamics (5.1) with the following proposi-

tion.

Proposition 5.1.1. Consider the static problem (3.7) in a MAS with M clusters and

Ω agents, where the Nj agents of the jth cluster are characterized by a common cost

function Jj(·) : RΩ
≥0 7→ R, for every j ∈ PM . Under Assumptions 3.2.1, the dynamics

(5.1), are SPA stable in the positive orthant, with respect to the parameters a, ε, and

1/C, for every agent i ∈ HNj

j , in every cluster j ∈ PM .
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Proof: Rewriting system (5.1) in the τ = ω̄t scale, leads to the following dynamics for

the ith agent of the jth cluster,

∂x̂ij
∂τ

= 2εx̂ij

(
Jj(x)µij(τ)

Xj

∑

k∈H
Nj
j

x̂kj + C . . .

. . .− 1

Xj

∑

k∈H
Nj
j

x̂kj(Jj(x)µkj(τ) + C)

) (5.2)

Defining the dither vector µ = [µ>1 , . . . , µ
>
j , . . . , µ

>
M ]>, whose components are µj = [µ1j, . . . , µij, . . . , µNjj]

>,

and x = x̂+ aµ(τ), where x̂ = [x̂>1 , . . . , x̂
>
j , . . . , x̂

>
M ]>, and x̂j = [x̂1j, . . . , x̂ij, . . . , x̂Njj]

>,

replacing x in J(·), considering a as a small constant, and expanding J(·) in its Taylor

series with respect to x̂ [11], leads to the following dynamics for the ith agent of the jth

cluster,

∂x̂ij
∂τ

= 2εx̂ij

((
Jj(x̂) + aµ(τ)>∇Jj(x̂) . . .

. . .+O(a2)
)µij(τ)

Xj

∑

i∈H
Nj
j

x̂ij + C . . .

. . .− 1

Xj

∑

k∈H
Nj
j

x̂kj
((
Jj(x̂) + aµ(τ)>∇Jj(x̂) . . .

. . .+O(a2)
)
µkj(τ) + C

))

(5.3)

For sufficiently small ε, the non-autonomous system (5.3) can be approximated by its

average autonomous system [50], which is given by,

∂x̂Aij
∂τ

=
2ε

T

∫ T

0
x̂ij

((
Jj(x̂) + aµ(s)>∇Jj(x̂) . . .

. . .+O(a2)
)µij(s)
Xj

∑

k∈H
Nj
j

x̂kj + C . . .

. . .− 1

Xj

∑

k∈H
Nj
j

x̂kj
((
Jj(x̂) + aµ(s)>∇Jj(x̂) . . .

. . .+O(a2)
)
µkj(s) + C

))
ds

(5.4)

where because of the 2π-periodic and zero-mean value nature of the dither signals µij(t),

the only terms that do not vanish are those where the term µ2
ij(t) appears, for every
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i ∈ HNj

j , and j ∈ PM . This leads to the following average dynamics for the ith agent

of the jth cluster,

∂x̂Aij
∂τ

= εx̂Aij

( 1

Xj

(
a
∂Jj(x̂

A)

∂x̂Aij
+O(a2)

) ∑

k∈H
Nj
j

x̂Akj . . .

. . .+ 2C − 1

Xj

∑

k∈H
Nj
j

(
a
∂Jj(x̂

A)

∂x̂Akj
+O(a2) + 2C

)
x̂Akj

) (5.5)

for all i ∈ HNj

j and j ∈ PM . To analyze the dynamics (5.5) consider the introduction

of an auxiliary variable zAj = (
∑

k∈H
Nj
j

x̂Akj − Xj)C, for every cluster j ∈ PM , which

generates the following extended system in the s = ετ -scale,

∂x̂Aij
∂s

= x̂Aij

((∂Jj(x̂A)

∂x̂Aij
+O(a2)

)(δzAj
Xj

+ 1
)
. . .

. . .− 1

Xj

∑

k∈H
Nj
j

(∂Jj(x̂A)

∂x̂Akj
+O(a2)

)
x̂Akj

)
− 2

Xj
x̂Aijz

A
j (5.6)

δ
∂zAj
∂s

= − 2

Xj
zAj

∑

k∈H
Nj
j

x̂Akj (5.7)

and note that for sufficiently small δ, system (5.7) moves in faster time scale than

system (5.6), for all j ∈ PM , and considering x̂Aij as a frozen variable, for every i ∈
HNj

j and every j ∈ PM , the equilibrium point z∗j = 0 will be asymptotically stable if
∑

k∈H
Nj
j

x̂Akj > 0. Thus, in the positive orthant RNj

>0, the manifold ∆
Nj

Xj
= {x̂Aij ∈ R≥0 :

∑
k∈H

Nj
j

x̂Akj = Xj}, is asymptotically stable for every cluster j ∈ PM .

To analyze the slower dynamics (5.6), we set zj to its equilibrium z∗j = 0, and as x̂Aij

is now confined to the manifold ∆
Nj

Xj
, the trajectories of x̂Aij(t) are bounded by Xj, for

all j ∈ PM . Therefore, we obtain the “reduced” dynamics for the ith agent of the jth

cluster,
∂x̂Aij
∂s

= ax̂Aij

(∂Jj(x̂A)

∂x̂Aij
− 1

Xj

∑

k∈H
Nj
j

∂Jj(x̂
A)

∂x̂Akj
x̂Akj

)
+O(a2) (5.8)

for all i ∈ HNj

j , and j ∈ PM . System (5.8) is an approximate Shahshahani gradient

(2.3) with respect to the jth population, which under Assumption 3.2.1 has a unique
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equilibrium point x̂∗A ∈ Θ̂A, where Θ̂A = ×j∈PM ∆̂
NjA
Xj

, and ∆̂
NjA
Xj

= {x̂Aij ∈ R>0 :
∑

i∈H
Nj
j

x̂Aij = Xj}, for all j ∈ PM . From Lemma 2.2.1, this equilibrium point maximizes

Jj(x) for all j ∈ PM , i.e., x̂∗A is an NE, and a coupled-ESS.

To analyze the stability of this point, define the error state as ˜̂xAij = x̂Aij − x̂A∗ij , and

consider the Lyapunov function V (˜̂xA) = −∑M
j=1

(∑
i∈H

Nj
j

x̂A∗ij ln
( ˜̂xAij
x̂A∗
ij

+ 1
))

, which is

equal to zero when ˜̂xA = 0, and positive definite everywhere else in Θ̂A [38]. The deriva-

tive of V along the trajectories of the system (5.8), is given by, V̇ = a
∑M

j=1

(∑
i∈H

Nj
j

˜̂xAij
∂J(x̂A)

∂x̂Aij

)
+O(a2),

which under Assumption 3.2.1, and sufficiently small values of a, will be negative defi-

nite in Θ̂A. Hence we conclude that the system (5.8) will be SPA stable in the parameter

a. By the SPA stability of system (5.8), and the GAS stability in the positive orthant

RNj

>0, for every j ∈ PM , of the dynamics (5.7), the average system (5.5) will be SPA

stable with respect to the small parameters (ε, a, 1/C), for every j ∈ PM . Hence,

as xij = x̂ij + aµij(t), by an appropriate tuning of the parameters ε, a, and 1/C, the

states xij(t) associated to the agents of the society can be arbitrarily regulated from

an initial condition in the positive orthant, to an arbitrary small neighborhood of the

coupled-ESS x∗.

Based on this result we now analyze the general case for dynamical systems.

5.1.2 Dynamical Systems Analysis

To solve the general problem (3.13) and to guarantee the existence of an extremum

seeking solution with respect to the input-to-output mapping associated to each agent

of every cluster, we need the following assumption on the dynamics of each agent.

Assumption 5.1.1. For all i ∈ HNj

j , and all j ∈ PM , the function gij(·, ·) : RΩ
≥0 ×

RΩ 7→ R is continuously differentiable, and satisfies that gij(x, θ
∗) = 0, if and only if
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θ∗ij = lij(x), where lij(·) : RΩ
≥0 7→ R, and for each x ∈ RΩ

≥0, the equilibrium θ∗ij = lij(x)

is GAS.

Now, consider the following dynamics for the ith agent of the jth cluster,

∂θij
∂t

= gij(x̂+ aµ(t), θ) (5.9)

∂x̂ij
∂t

= kx̂ij

(
Jj(θ)µij(t)

Xj

∑

k∈H
Nj
j

x̂kj + C . . .

. . .− 1

Xj

∑

k∈H
Nj
j

x̂kj(Jj(θ)µkj(t) + C)

)
(5.10)

for all i ∈ HNj

j and j ∈ PM , where the parameters k, µ(t), a, and C, are selected as

in the static case. We summarize our main result for dynamical MAS systems with

multiple clusters with full information with the following theorem.

Theorem 5.1.2. Consider the general problem (3.13) in a MAS with M clusters and

Ω agents, where the Nj agents of the jth cluster are characterized by a common cost

function Jj(·) : RΩ
≥0 7→ R, for every j ∈ PM . Under Assumptions 3.2.1 and 5.1.1,

the closed loop system given by (5.9)-(5.10), is SPA stable in the positive orthant, with

respect to the parameters ω̄, a, ε, and 1/C, for every agent i ∈ HNj

j , in every cluster

j ∈ PM .

Proof: The dynamics of the ith agent of the jth cluster in the τ = ω̄t scale are given
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by,

ω̄
∂θij
∂τ

= gij(x̂+ aµ(τ), θ) (5.11)

∂x̂ij
∂τ

= 2εx̂ij

(
Jj(θ)µij(τ)

Xj

∑

k∈H
Nj
j

x̂kj + C . . .

. . .− 1

Xj

∑

k∈H
Nj
j

x̂kj(Jj(θ)µkj(τ) + C)

)
(5.12)

for all i ∈ HNj

j and j ∈ PM . System (5.11)-(5.12) is in the standard singular per-

turbation form, where for a small ω̄, system (5.11) evolves in a faster time scale than

(5.12), and by Assumption 5.1.1, the associated boundary layer dynamics will be glob-

ally asymptotically stable. Definining lj = [l1j, . . . , lij, . . . , lNjj]
>, for all j ∈ PM , and

l(·) = [l>1 , . . . , l
>
j , . . . , l

>
M ]>, and substituting θ∗ij = lij(x) in (5.12), the reduced dynamics

for the ith agent of the jth cluster are obtained,

∂x̂ij
∂τ

= 2εx̂ij

(
Jj(l(x))µij(t)

Xj

∑

k∈H
Nj
j

x̂kj + C . . .

. . .− 1

Xj

∑

k∈H
Nj
j

x̂kj(Jj(l(x))µkj(t) + C)

) (5.13)

and letting Jj(x) := Jj(l(x)), system (5.13) is equal to system (5.1), which under

Assumption 3.2.1 was was shown to be SPA stable with respect to a, ε, and 1/Cj, for

all j ∈ PM . Using Lemma 1 in [15], the original system (5.11)-(5.12) will be SPA stable

with respect to ω̄, a, ε, and 1/Cj, in the time scale t, for all j ∈ PM .

Remark 5.1.1. Note that in the case when all the agents of all the clusters aim to

maximize a global potential function J(·) : RΩ
≥0 7→ R, subject to M multiple constraints

of the form ∆
Nj

Xj
, the previous analysis applies, and Assumption 3.2.1 is restated as

∇J(x) · x∗ > ∇J(x) · x, which is satisfied, if for instance J(·) is convex in Θ. The

following corollary is a consequence of this fact.
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Figure 5.1: Scheme for the ESC of the ith agent of the jth cluster.

Corollary 5.1.3. Consider the following constrained multiple-input-single-output clas-

sic dynamic optimization problem,

max J(θ), s.t. θ̇ij = lij(θ, x), x ∈ Θ (5.14)

where J(·) : RΩ
≥0 7→ R is only accessible by measurements, and x ∈ RΩ

≥0. Under As-

sumption 3.2.1 restated as in Remark 5.1.1, and Assumption 5.1.1, the ESC given by

(5.9)-(5.10), where Jj(·) := J(·), is SPA stable in the positive orthant, with respect to

the parameters a, ε, 1/C, and ω̄, in the t time scale.

Sketch of the Proof: By rewriting the closed loop system in the τ = ω̄t scale, a

standard singular perturbed problem is obtained. In this case using the same Lyapunov

function used in [53], the average reduced system can be shown to be SPA stable with

respect to the parameter a and ε. Given that the dynamics θ̇ are GAS because of

Assumption 5.1.1, the entire closed loop system will be SPA stable in the positive

orthant RΩ
>0, with respect to the parameters a, ε, 1/C, and ω. �

Remark 5.1.2. Similarly as in Chapter 4, inequality constraints in the sets ∆
Nj

Xj
can be

tackled by introducing a fictitious agent into each cluster, i.e., a slack variable in the x̂j

vector. This variable is introduced by defining µj ∈ RNj+1, where µNj+1j := 0, such that
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an extended simplex ∆̂
Nj+1
Xj

= {x̂ij ∈ R≥0 :
∑

i∈H
Nj+1

j

x̂ij = Xj} is created on the control

system. In this extended system the partial derivative of the function Jj(·) (or J(·) in

(5.14)), with respect to the slack variable xN+1j is given by
∂Jj(x)

∂x̂Nj+1j
= 0, and hence has

no effect on the equilibrium point of the real plant. Also, note that by a simple change

of variables [44] other types of constraints (e.g., non linear) could be considered.

5.2 Coupled Constraints

We follow a similar analysis as in the previous subection to analyze the extremum

seeking dynamics that solve the general problem (3.14), where the states of agents

of different clusters are coupled by a constrained set. First of all, we neglect the in-

ternal dynamics of the agents and then we generalize our results for dynamical systems.

5.2.1 Static Maps Analysis

We now refer to the point xi = [xi1, . . . , xiN ]> as a feasible point if xi ∈ ∆Mi

Xi , for

all i ∈ HN , i.e., x ∈ Ξ. To solve problem (3.8) when the cost functions of each cluster

Jj(·) are static maps from the actions x, we introduce the following ESC dynamics for

the ith agent of the jth cluster,

˙̂xij = kx̂ij

(
Jj(x)µij(t)

X i

∑

k∈PMi
i

x̂ik + C . . .

. . .− 1

X i

∑

k∈PMi
i

x̂ik(Jk(x)µik(t) + Ck)

)
(5.15)

for all j ∈ PMi , and i ∈ HN , where xij = x̂ij + aµij(t), the dither signal µij(t), and

the parameters a , k, and C are defined as in Section 5.1. Note that in this case, the
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summation terms in (5.15) are defined over the ith agents of all the clusters j ∈ PMi
i ,

in the MAS.

These dynamics lead to the following proposition.

Proposition 5.2.1. Consider the general problem (3.8) in a MAS with M clusters

and Ω agents, where the Nj agents of the jth cluster are characterized by a common

cost function Jj(·) : RΩ
>0 7→ R, for every j ∈ PM . Under Assumption (3.2.2), the

extremum seeking control given by (5.15), is SPA stable in the positive orthant, with

respect to the parameters, a, ε, and 1/C, for all the agents i ∈ HN , and clusters j ∈ PM .

Proof: To analyze the dynamics (5.15), we follow a similar averaging analysis as in

the previous section, and by introducing the auxiliary variable zAi = (
∑

k∈PMi
i
x̂Aij −X i)C,

which now relates the ith states of the agents of the different clusters, the following av-

erage dynamics in the τ = ω̄t-are obtained,

∂x̂Aij
∂τ

= εx̂Aij

((
∂Jj(x̂

A)

∂x̂Aij
+O(a2)

)(
δzAi
Xi

+ 1

)
. . .

. . .− 1

Xi

∑

k∈PMi
i

(
∂Jk(x̂

A)

∂x̂Aik
+O(a2)

)
x̂Aik

)
− 2ε

Xi
x̂Aijzi (5.16)

δ
∂zAi
∂τ

= − 2ε

Xi
zi
∑

k∈PMi
i

x̂Aik (5.17)

for the ith agent of the jth cluster. In this case the manifolds described by ∆Mi

Xi will be

asymptotically stable in the positive orthant RMi
>0, for every i ∈ HN . The equivalent

reduced system of (5.16) in the s = τε-scale is given by,

∂x̂Aij
∂s

= ax̂Aij

(∂Jj(x̂A)

∂x̂Aij
− 1

Xi

∑

k∈PMi
i

∂Jk(x̂
A)

∂x̂Aik
x̂Aik

)
+O(a2) (5.18)

which under Lemma 2.3 and Assumption (3.2.2), and using the Lyapunov function,

V = −∑N
i=1

(∑
j∈PMi

i
x̂A∗ij ln

( ˜̂xAij
x̂Aij

+1
))

will be SPA stable with respect to the parameter
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a. Again, by the SPA stability of system (5.18), and the GAS stability in RMi , for every

i ∈ HN of the system (5.17), the average system (5.16)-(5.17) will be SPA stable with

respect to the parameters ε, a, and 1/C, for all i ∈ HN .

5.2.2 Dynamical Systems Analysis

To solve the problem with dynamic agents given in (3.14), the closed loop system

with the ESC will be given by,

θ̇ij = gij(x̂+ aµ(t), θ) (5.19)

˙̂xij = kx̂ij

(
Jj(θ)µij(t)

Xi

∑

k∈PMi
i

x̂ik + C . . .

. . .− 1

Xi

∑

k∈PMi
i

x̂ik(Jk(θ)µik(t) + C)

)
(5.20)

where the control parameters are selected as in the static case. System (5.19)-(5.20) in

the τ scale is again in the singular perturbation form, with the parameter ω̄ acting as

a small constant. Under Assumption 5.1.1 the dynamics (5.19) are GAS, and replacing

the equilibrium point of (5.19) in (5.20) leads to the reduced system (5.18), which is

SPA stable with respect to a, ε, and 1/C. Following the same procedure as in Section

5.1.2, the entire closed loop system (5.19)-(5.20) will be SPA stable with respect to the

parameters a, ε, 1/C, and ω̄. We summarize with the following theorem.

Theorem 5.2.2. Consider the general problem (3.14) in a MAS with M clusters and

Ω agents, where the Nj agents of the jth cluster are characterized by a common cost

function Jj(·) : RΩ
>0 7→ R, for every j ∈ PM . Under Assumptions 3.2.2 and 5.1.1, the

extremum seeking control given by (5.19)-(5.20), is SPA stable in the positive orthant,

with respect to the parameters ω̄, a, ε, and 1/C, for all the agents i ∈ HN , and clusters

j ∈ PM .
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×+
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Figure 5.2: Scheme for the ESC of the ith agent of the jth cluster.

Remark 5.2.1. Note that in (5.10) and (5.20), we have assumed that the positive con-

stants ε and C where defined all equal for all the agents of every clusters in the MAS.

However, this was done merely for notational convenience, as it is only required that in

(5.10) each of the agents of the jth cluster implements the same parameters εj, and Cj,

for every j ∈ PM , and in (5.20) each of the ith agents of the clusters PMi
i implements

the same parameters εi, and Ci, for every i ∈ HN . As δj = 1/Cj, and δi = 1/Ci, the

selection of different values of Cj for (5.10), or Ci in (5.20), will lead to multiple differ-

ent time scales in the convergence speed of the variables zj and zi, i.e., the convergence

speed of x̂j and x̂i to the feasible sets ∆
Nj

Xj
, and ∆Mi

Xi
.

Remark 5.2.2. The asymptotic stability in the positive orthant of the manifolds ∆
Nj

Xj

and ∆Mi

Xi , may be critical for the implementation of extremum seeking controllers to op-

timize under constraints dynamical systems, which generally operate under dynamical

and unpredictable environments.

Note that the mathematical structure of the problems (3.13) and (3.14) when the

agents have full information of the states of the system is analogous to a non-cooperative

game, where each cluster act as a player aiming to optimize its own cost function (i.e.,
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Jj(x)), and where the actions of the players (i.e., xij) are constrained to evolve on the

sets ∆
Nj

Xj
and ∆Mi

Xi .

Example 3: Dipatch of DGs in microgrids

Consider an electrical power distribution system comprised of two competitive mi-

crogrids, i.e., subsystems formed by groups of distributed generators (DGs), local loads

and storage devices. We aim to achieve an optimal dispatch of the DGs in both micro-

grids, subject to the different constraints that emerge in the dynamic energy market

environment. Each microgrid has a cost function Jj(x), which depends on the power

dispatched by the DGs of both microgrids. This cost function also depends on pricing

parameters, and technical characteristics of the DGs. Given a demanded power to the

electrical power distribution system, and a given generation cost per microgrid, the

amount of power to be produced by each DG must be controlled on-line to achieve an

optimal dispatch, covering at the same time the total demanded power.

Consider an electrical power distribution system comprised of two microgrids, where

each microgrid must satisfy with its own distributed generators (DGs) a given demanded

power in a specific geographical zone. Without loss of generality we assume that the

cost functions of the microgrids have the quadratic structure J1(x) = x>Q1x+ bx, and

J2(x) = x>Q2x + bx, which is common in power distribution systems [49]. Here, we

have defined x = [x11, x21, x12, x22]> as the vector of powers dispatched by the DGs

of the microgrids, where xij stands for the power dispatched by the ith DG, in the jth

microgrid, for i = {1, 2}, and j = {1, 2}. The matrices Qj are defined as,

Q1 =




−2 −1 1 3

1 −3 2 4

1 2 3 4

2 3 6 1



, Q2 =




2 1 1 3

1 −3 2 5

−1 2 3 4

−2 3 6 1




(5.21)

and the vectors bj as b1 = [1, 1, 1, 1]> and b2 = [1, 1, 1, 1]>. In this first scenario,
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Figure 5.3: Dispatch of DGs for microgrid 1.

we assume that both microgrids must satisfy a demand of 1 MW, i.e., x11 + x21 =

1 MW, and x12 + x22 = 1 MW, which represent the feasible sets. This problem

has a unique solution that maximizes both cost functions, and is given by x∗ =

[0.4, 0.6, 0.4334, 0.5667]> MW. Figures 5.3 and 5.4 show the trajectories along time of

the powers dispatched by each DG, in each microgrid. The initial conditions are given

as x(0) = [0.3, 1.1, 0.2, 1.1]> MW. The simulation parameters are a = 0.01, k = 0.1,

C = 5, ω̄ = 10, ω11 = 1, ω12 = 1.5, ω21 = 1.8, and ω22 = 2. The inset in Figures 5.3 and

5.4, shows the power dispatched by the microgrids converging to the feasible sets in a

faster time scale. Then, the cost functions are optimized under the two simultaneous

constraints. Note that the derivative of the Lyapunov function along the trajectories of

the closed-loop system is given by V̇ (˜̂x) = V̇1(˜̂x) + V̇2(˜̂x), where for the microgrid one,

V̇1 = −4˜̂x2
11 − 6˜̂x2

21 is negative definite in every point different from the origin, and then

satisfies the classical pure ESS condition. For the microgrid two, V̇2 = −12˜̂x2
12 − 3˜̂x12

˜̂x21

is not negative definite, and hence x∗2 is not a pure ESS for the microgrid two. How-

ever, for the complete MAS we obtain that V̇ = −(10˜̂x2
21 + 3˜̂x21

˜̂x12 + 12˜̂x2
21), which is

negative everywhere except at the origin, and satisfies the coupled-ESS condition.

Now, consider the scenario when the two microgrids must satisfy given demanded

powers in different geographical zones by sharing DGs. Therefore, in this case we
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Figure 5.4: Dispatch of DGs for microgrid 2.

define the feasible sets as x11 + x12 = 1.5 MW , and x21 + x22 = 1 MW . To illustrate

the results we consider the following matrices Qj and vectors Bj, for j = {1, 2}, which

generate a nontrivial solution, where all the optimal dispatched powers satisfy x∗ij 6= 0,

Q1 =




−2 −1 1 3

1 −3 2 4

1 2 3 4

2 3 6 1



, Q2 =




2 1 1 3

1 3 2 5

4 2 −3 4

2 3 6 −1




(5.22)

and b1 = [1, 5, 3, 2]>, b2 = [1, 2, 2, 1]>. Here, the optimal dispatch is given by x∗ =

[0.364, 0.1897, 1.1358, 0.8102]> MW . Figures 5.5 and 5.6 shows the evolution of the

dispatched powers along time, using the same simulation parameters, and converging

to the optimal solution that maximizes J1(x) and J2(x), under the two simultaneous

constraints.

In this case, the pure ESS condition is not satisfied by the DGs sharing a common

demand as V̇1 = −9˜̂x2
11 − 8˜̂x2

21 − ˜̂x11
˜̂x22, and V̇2 = −14˜̂x2

12 − 9˜̂x2
22 + 9˜̂x12

˜̂x11, which are

both indefinite. However, the complete MAS satisfies the coupled-ESS condition as

V̇ = −(17˜̂x2
11 + 10˜̂x11

˜̂x22 + 23˜̂x2
22) is negative in every point except at the origin.
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Chapter 6

Extremum Seeking for

single-constrained networks with

local information

We now analyze the case when the MAS is represented by a incomplete graph. In

this section we consider the single-cluster case with a single constraint.

The distributed ESC applied to the multi-agent dynamical system with local infor-

mation described in Figure 3.2b, is given by,

θ̇i = gi(θ, x̂+ aµ(t))

˙̂xi = kx̂i

(
(ζi + C)

∑

k∈Ni

x̂k −
∑

k∈Ni

(ζk + C)x̂k

)

ζ̇i = − ωL
(
ζi − J

(
θ
)
µi(t)

)
(6.1)

where k ∈ R>0 is the adaptation gain, a ∈ R>0, X ∈ R>0 defines the size of the simplex

∆X , C ∈ R>0 is a positive constant added to ensure that (ζi+C) > 0, and the frequency

ωL characterizes a low pass filter.
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Basically, every agent in the MAS implements a dither signal µi(t) = sin(ωt), and

a low pass filter, with output ζi, to extract the gradient information of the measured

steady state input-to-output cost function Ui(·). Then, this extracted gradient infor-

mation is used in an approximate local replicator system, where each node, sharing

information only with its neighboring nodes, calculates its optimal amount of resources

x̂i to be allocated.

Figure 6.1 shows a scheme of the system (6.1) for the ith node that belongs to HN .

Next, we analyze the system (6.1) applied to networks with nodes without internal

dynamics, and then we generalize our results for general dynamic networked systems.

6.1 Static maps analysis

If we neglect the dynamics of the nodes of the graph G, the system (6.1) is reduced

to

˙̂xi = kx̂i

(
(ζi + C)

∑

k∈Ni

x̂k −
∑

k∈Ni

(ζk + C)x̂k

)

ζ̇i =− ωL
(
ζi − J(x̂+ aµ(t))µi(t)

) (6.2)

where k = 2εωL. The following proposition illustrates the main features of the dis-

tributed ESC for MAS with static agents and local information.

Proposition 6.1.1. Consider the system (6.2). If J(x) is a convex Lipschitz continuous

function, then there exists a constant C∗, such that for any C > C∗, if x̂(t0) ∈ int(∆X ),

the system (6.2) is semi-globally practically asymotically stable with respect to ε, a and

ωL, and converges to a neighborhood of the optimal solution of the problem (3.2).
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Proof Changing the time scale to τ = ωLt and replacing k = 2εωL, the closed loop

system (6.2) can be rewritten as follows,

∂x̂i
∂τ

= 2ε
x̂i
X
(

(ζi + C)
∑

j∈Ni

x̂j −
∑

j∈Ni

(ζj + C)x̂j

)
(6.3)

∂ζi
∂τ

= −
(
ζi − Ui(x̂i + aµi(t))µi(t)

)
(6.4)

System (6.3)-(6.4) can be approximated by its average system,

∂x̂Ai
∂τ

= 2ε
x̂Ai
X
(

(ζAi + C)
∑

j∈Ni

x̂Aj −
∑

j∈Ni

(ζAj + C)x̂Aj

)
(6.5)

∂ζAi
∂τ

= −
(
ζAi − havei

)
(6.6)

where havei can be obtained as follows,

havei =
1

T

∫ T

0
Ui(x̂i + aµi(s))µi(s)ds (6.7)

Using a Taylor series expansion [11], Ui(x̂i+aµi(s)) = Ui(x̂i)+a∂Ui(x̂i)
∂x̂i

µi(t)+O(a2), and

because of the 2π-periodic and zero-mean value nature of µi(t), replacing in (6.7) yields

havei = a
2

∂Ui(x̂
A
i )

∂x̂Ai
+O(a2). Changing the time-scale to α = ετ , the dynamics (6.5)-(6.6)

can be rewritten as,

∂x̂Ai
∂α

= 2
x̂Ai
X
(

(ζAi + C)
∑

j∈Ni

x̂Aj −
∑

j∈Ni

(ζAj + C)x̂Aj

)
(6.8)

ε
∂ζAi
∂α

= −
(
ζAi − havei

)
(6.9)

System (6.8)-(6.9) is in the standard singular perturbation form [50], where given that

ε is small, (6.9) evolves in a faster time scale than (6.8). The reduced system can be

found by evaluating the equilibrium of (6.9)
(
i.e., ζA∗i = a

2

∂Ui(x̂
A
i )

∂x̂i
+O(a2) in (6.8)

)
.

∂x̂Ari
∂α

=
x̂Ari
X

((
a
∂U(x̂Ari )

∂x̂Ari
+O(a2) + 2C

) ∑

j∈Ni

x̂Arj

−
∑

j∈Ni

(
a
∂Uj(x̂

Ar
j )

∂x̂Arj
+O(a2) + 2C

)
x̂Arj

) (6.10)
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However, since (6.10) is a local replicator system in the α-time scale, and if x̂Ar(t0) ∈
∆X , then ‖x̂Ari (t)‖ ≤ X and ‖ 1

X
∑

j∈Ni
x̂Ari (t)‖ ≤ 1 for all t ≥ t0. Therefore,

∂x̂Ari
∂α

=
x̂Ari
X

((
a
∂U(x̂Ari )

∂x̂Ari
+ 2C

) ∑

j∈Ni

x̂Arj

−
∑

j∈Ni

(
a
∂Uj(x̂

Ar
i )

∂x̂Arj
+ 2C

)
x̂Arj

)
+O(a2)

(6.11)

To show stability of (6.11), the following valid Lyapunov function is selected [47],

V (x̂Ar) = max
i∈H

(
∂Ui(x̂

Ar
i )

∂x̂Ari
+ 2C

)
(6.12)

which is locally Lipschitz continuous in x̂Ar, and differentiable in almost everywhere (in

the sense of Lebesgue measure). In order to calculate ∂V (x̂Ar)
∂α

, let Hf = {j : V (x̂Ar) =
∂Uj(x̂Ar

j )

∂x̂Ar
j
} be the set of indices for which there exists a point where the differentiability

of V (x̂Ar) fails. Given the continuity of the solutions of (6.11), and according to [47],
∂V (x̂Ar)

∂α
is given by ∂V (x̂Ar)

∂α
=
∑

k∈Hf
λk

∂2Uk(x̂Ar
k )

∂x̂2Ar
k

∂x̂Ar
k

∂α
, for all λj > 0 and

∑
j∈Hf

λj = 1.

Replacing (6.10) in ∂V (x̂Ar)
∂α

, and under Assumption 3.2, ∂V (x̂Ar)
∂α

can be rewritten as

follows,

∂V (x̂Ar)

∂α
=
∑

k∈Hf

x̂Ark λk
X

∂2Uk(x̂
Ar
k )

∂x̂2Ar
k

[(
a
∂Uk(x̂

Ar
k )

∂x̂Ark

+ 2C
) ∑

l∈Nk

x̂Arl −
∑

l∈Nk

(
a
∂Ul(x̂

Ar
l )

∂x̂Arl
+ 2C

)
x̂Arl

]
+O(a2)

(6.13)

and given that
∂Uk(x̂Ar

k )

∂x̂Ar
k
≥ ∂Ul(x̂

Ar
l )

∂x̂Ar
l

for all l ∈ Nk since k ∈ Hk. For sufficiently C >> 0,

the terms in the parenthesis of (6.13) will be positive, and the general expression inside

the brackets of (6.13) is greater or equal to zero. Due to the fact that x̂Ark > 0, λk > 0,

and the concavity of Uk(·), the term out of the brackets of (6.13) will be negative

definite if x̂Ar 6= x̂Ar∗. Because the O(a2) term can be arbitrarily reduced by reducing

the parameter a, the system (6.11) will be SPA stable with respect to the parameter a

in the α-time scale.
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ωL
s+ωL

××+ ++−×k
s

C
∑

j∈Ni
x̂j

∑
j∈Ni

(ζj + C)x̂j µi(t)aµi(t)

θ̇i = gi(θi, xi)

yi = Ui(θi)

xi

x̂i ζi

yi

1
X

Figure 6.1: Scheme of the system (6.1) for the ith node.

Defining zi = ζAi − havei , for all i ∈ H, the boundary layer system associated to

(6.9) will be globally asymptotically stable. Hence, by the SPA stability of the reduced

system and the global asymptotic stability of the boundary layer system, using Lemma

2 in [51] the average system (6.5)-(6.6) will be SPA stable with respect to a and ε in

the τ -time scale. Finally, by using Lemma 1 in [51], the original system (6.2) will be

SPA stable with respect to a, ε and ωL, in the t-time scale. �

6.2 Dynamical Systems Analysis

We now generalize the distributed extremum seeking control, to achieve distributed

on-line optimal resource allocation in dynamic MAS. In this case, the closed loop system

(6.1) is given by,

θ̇i = gi(θ, x̂+ aµ(t))

˙̂xi = 2εγω̄L
x̂i
X
(

(ζi + C)
∑

j∈Ni

x̂j −
∑

j∈Ni

(ζj + C)x̂j

)

ζ̇i = − γω̄L
(
ζi − J

(
θ
)
µi(t)

)
(6.14)

for all i ∈ H, where we have now defined k = 2εωL, where ωL = γω̄L, and where

γ ∈ R>0. The following theorem illustrates the main result of the ESC for single-
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constrained MAS with dynamic agents.

Theorem 6.2.1. Consider the system (6.14) under Assumptions 5.1.1. Then, if J :

RΩ 7→ R is a convex function, there exists a constant C∗, such that for any C > C∗,

if x̂(t0) ∈ int(∆X ), the system (6.14) is semi-globally practically asymptotically stable

with respect to ε, a and ωL and γ.

Proof : Changing the time scale to β = tγ,

γ
∂θi
∂β

= gi(θi, x̂i + aµi(t))

∂x̂i
∂β

= 2εω̄L
x̂i
X
(

(ζi + C)
∑

j∈Ni

x̂j −
∑

j∈Ni

(ζj + C)x̂j

)

∂ζi
∂β

= − ω̄L
(
ζi − Ui

(
θi
)
µi(t)

)
(6.15)

for all i ∈ H. System (6.15) is the standard singular perturbation form, where for small

γ, θi evolves in time faster than x̂i and ζi. Hence, the reduced system can be obtained

by replacing θi = l(x̂i + aµi) and defining a new time scale τ = ωLβ,

∂x̂i
∂τ

= 2ε
x̂i
X

(
(ζi + C)

∑

j∈Ni

x̂j −
∑

j∈Ni

(ζj + C)x̂j

)

∂ζi
∂τ

= −
(
ζi − Ui

(
li(x̂i + aµi(t))

)
µi(t)

) (6.16)

System (6.16) is the same as (6.3)-(6.4), which was shown to be SPA stable with respect

to a, ε and ωL. Hence, under Assumption 3.1, the boundary layer system of (6.15) will

be GAS, and the closed loop system (6.14) will be SPA stable with respect to a, ε, ω̄L,

and γ. �

It can be easily checked that if a fictitious variable xN+1 is added to the system as

a fictitious node with perturbation signal µN+1(t) = 0 (which will lead to ∂UN+1

∂x̂N+1
= 0),

then the general system (6.14) retains its stability and optimality properties in a set
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∆X = {x̂i ≥ 0,
∑

i∈(H−N+1) x̂i ≤ X}, thus allowing the solution of dynamic resource al-

location problems where the total amount of resources do not have to be fully allocated

among all the agents.

Remark 6.2.1. From the SPA stability of the system (6.14), and based on the analysis

for continuous extremum seeking controllers [11], some guidelines for the tuning of the

scheme can be inferred. Indeed, given an arbitrary far initial condition x̂(t0) ∈ ∆,

and a sufficiently big positive constant C∗, then for any C > C∗ there exist positive

constants ω̄∗L and a∗, such that for any ω̄L ∈ (0, ω̄∗L) and a ∈ (0, a∗), there exists a

positive constant ε∗(a), such that for any ε ∈ (0, ε∗(a)), there exists a positive constant

γ∗(a, ω̄L, ε) such that for any γ ∈ (0, γ∗(a, ω̄L, ε)), the trajectories of the system (6.14)

converge asymptotically to an arbitrary neighborhood of the optimal solution.

Example 4: Resource Allocation in MAS

Consider the MAS system shown in Figure 6.2, where every agent only shares in-

formation with its neighboring agents.

x1 x2 x3 x4 x5

Figure 6.2: MAS of 5 agents sharing only local information.

Associated to every agent we consider the following first order dynamics and quadratic

cost functions,

θ̇i = Ai(−θi + xi), Ui = −(θi − θ∗i )2 (6.17)

for all i = {1, . . . , 5}. The agents aim to simultaneously maximize a global cost function

J(θ) =
∑5

i=1 Ui(θi), by controlling on-line the amount of resource xi that maximizes
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Figure 6.3: Trajectories x̂(t) of the agents in the MAS.

their individual cost function Ui(θi), such that
∑5

i=1 xi(t) = X = 5. The parameters of

the dynamics and cost functions (6.17) of the agents are given by A1 = 2, A2 = 2.5,

A3 = 1.8, A4 = 2.5, A5 = 2, θ∗1 = 1.25, θ∗2 = 1.5, θ∗3 = 0.75, θ∗4 = 1, and θ∗5 = 0.5. The

parameters of the distributed extremum seeking are selected as a = 0.2, k = 18, C = 5,

ωL = 3.5, ω = 40. Figure 6.3 shows a 20 seconds simulation of the trajectories of x̂i(t),

for all the agents of the MAS. Here, after an abrupt transient at the beginning of the

simulation, the trajectories converge to a small neighborhood of the optimal allocation

x∗i = θ∗i , for every i = {1, . . . , 5}, as it is shown in the insets. Note that the trajectories

satisfy
∑5

i=1 x̂i(t) = 5, and x̂i(t) ≥ 0 for all time.

On the other hand, Figure 6.4 shows the evolution in time of the global cost function

J(θ), which approximately after 5 seconds has converged to a neighborhood of its

optimal point J∗ = 0. Note that although in the present work we have assumed that the

cost function of every agent depends only on its own state, under stronger assumptions

than those presented here, and using dither signals with different frequencies for every

agent, the case when the cost functions depend also on the states of the other agents
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Figure 6.4: Evolution in time of the global cost function J(θ).

can be tackled. Similarly, by means of a change of variables other types of manifolds

different from ∆X can be implemented by equivalent dynamical systems [44].
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Chapter 7

Extremum Seeking for

multi-constrained networks with

local information

To analyze the network optimization problem with local information and multiple-

clusters, shown in Figure 3.3b, we define the set Nij, as the set of neighborhood nodes

of the ith node in the jth set. In this case we can generalize the closed loop system with

ESC dynamics as,

θ̇ij = gij(θ, x̂+ aµ(t))

˙̂xij = kx̂ij


(ζi + C)

∑

k∈Nij

x̂k −
∑

k∈Nij

(ζk + C)x̂k




ζ̇ij = − ωL
(
ζi − Jj

(
θ
)
µij(t)

)

(7.1)

where the terms in (7.1) maintain j fixed for the decoupled state, and i fixed for the

coupled states. The parameters µij, C k, a and ωL, are selected as in Chapter 4. These

leads to the following Theorems for coupled and decoupled constraints.
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Theorem 7.0.2. Consider the general problem (3.13) and the closed loop system (7.1)

under Assumption 5.1.1, where j ∈ PM is a fixed population. Then, if Jj : RΩ 7→ R

is a convex function, there exists a constant C∗, such that for any C > C∗, if x̂(t0) ∈
int(∆X ), the system (6.14) is semi-globally practically asymptotically stable with respect

to ε, a and ωL and γ.

Theorem 7.0.3. Consider the general problem (3.14) and the closed loop system (7.1)

under Assumption 5.1.1, where i ∈ HN is a fixed strategy. Then, if Jj : RΩ 7→ R

is a convex function, there exists a constant C∗, such that for any C > C∗, if x̂(t0) ∈
int(∆X ), the system (6.14) is semi-globally practically asymptotically stable with respect

to ε, a and ωL and γ.

Remark 7.0.2. In the case when the agents have only local information, the manifolds

∆
Nj

Xj
and ∆Mi

Xi are not attractive, and the initial conditions of the population state must

be located on them to achieve extremum seeking. Also, if some agents decide to play a

constant action without using the full information of the network, convergence to the

optimal solution cannot be achieved.
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Chapter 8

Conclusions

We have introduced novel extremum seeking controllers, based on evolutionary game

theory ideas that emerge in general multi-populations games. The algorithms proposed

allows the on-line optimization of MAS modeled as population games, where different

groups of agents characterized by the same cost function, compete aiming to maximize

their cost functions, under multiple coupled and decoupled constraints, i.e., constraints

that can relate the different states of the different groups of agents. The extremum

seeking controllers are suitable for application in networked systems with full and local

information.
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[11] D. Nes̆ić, Y. Tan, W. f, and C. Manzie, “A unifyng approach to extremum seeking:

Adaptive schemes based on estimation of derivatives,” 49th IEEE Conference on

Decision and Control, 2010.

[12] Y. Pan, U. Ozguner, and T. Acarman, “Stability and performance improvement of

extremum seeking control with sliding mode,” Int. J. Control, vol. 76, pp. 968–985,

2003.

[13] C.Zhang and R. O. nez, “Robust and adaptive design of numerical optimization-

based extremum seeking control,” Automatica, vol. 45, pp. 634–646, 2009.

[14] A. Ghaffari, M. Krstic, and D. Nes̆ić, “Multivariable newton based extremum
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[32] P. Frihauf, M. Krstic, and T. Başar, “Nash equilibrium seeking for games with

non-quadratic payoffs,” in Proc. IEEE Conf. on Dec. and Cont., pp. 881–886,

2010.
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[52] D. Nes̆ić, Y. Tan, C. Manzie, A. Mohammadi, and W. Moase, “A unifying frame-

work for analysis and design of extremum seeking controllers,” in Proc. of IEEE

Chinese Control and Decision Conference, pp. 4274–4285, 2012.



EXTREMUM SEEKING FOR POPULATION GAMES 79

[53] J. Poveda and N. Quijano, “A shahshahani gradient based extremum seeking

scheme,” in proceedings of Conference on Decision and Control, 2012.


