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Introduction

The symmetric traveling salesman problem, or STSP for short, is the problem of finding the short-
est hamiltonian cycle in a weighted, undirected finite simple graph. The STSP has acquired great
importance in many branches of Mathematics, Computer Science and Operations Research. It not
only has a wide number of applications, but also its associated decision problem belongs to the
class of NP − complete problems, making it interesting in both practical and theoretical contexts.

Since its formulation as a linear programming problem over the 0/1 polytope defined by the con-
vex hull of the adjacency matrices of the hamiltonian cycles in Kn, called the Symmetric Traveling
Salesman Polytope and denoted here by STSP (Kn), proposed by Dantzig et. al. in 1954, many
people have tried to solve the STSP using relaxations of the aforementioned polytope. Such ap-
proximations can be developed in different ways, for example, finding some valid inequalities for
the polytope and then optimizing over the larger polyhedron defined by these.

Another approach is to construct successive approximations of the polytope by families of convex
sets (not necessarily polyhedra) in which is possible to perform optimization in polynomial time.
Sherali and Adams [17], Lováz and Schrijver [15], Kojima and Tunçel [12], Lassere [14] and Veomett
[18] have constructed such approximations for 0/1 polytopes. In particular, Lasserre showed that
for general polynomial optimization problems over 0/1 polytopes it was possible to find a sequence
of Semidefinite Programing Problems (SDP s) which in a finite number of steps coincided with the
original problem, thus, showing that every 0/1 program in polynomials was in fact equivalent to a
semidefinite program.

In her doctoral thesis, E. Veomett described another SDP approximation (suggested by A. Barvi-
nok) for general compact convex sets. She showed that this sequence of approximations again
coincided in a finite number of steps with the initial convex set when the latter was a 0/1 polytope
and also found metric bounds for the approximation when the 0/1 polytope was the STSP (Kn).
More precisely, she showed that

(Rk − x̄) ⊆ STSP (Kn)− x̄ ⊆
(
n

k
+

10

n

)
(Rk − x̄) (0.0.1)

where 1 ≤ k ≤ bn2 e, Rk is the k-th approximating set and x̄ is the barycenter of the STSP (Kn).

The main purpose of this dissertation is to study the approximation scheme proposed by E.
Veomett and A. Barvinok. We show that the metric bounds in formula 0.0.1 can be improved
when n is even1. We do not have simple formulas for the new bounds but numerical evidence
(included in this thesis) allow us to conjecture that

(Rk − x̄) ⊆ STSP (Kn)− x̄ ⊆ Bk(Rk − x̄) (0.0.2)

1It’s possible to improve the bounds also for n odd using the same technique we developed here, but these bounds
were not calculated.
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where

Bk =

(
1

3

√
k − 1
n
2 − 1

+
2

3

)(
n

k
+

10

n

)
and 1 ≤ k ≤ n

2 for n even. The main technique employed to calculate these new bounds was
the use of semidefinite programming duality on certain maximization problem obtaining a natural
generalization of Lemma 1 of [18] (see Lemma 2.1.2). This generalization allowed us to reduce the
problem of finding metric bounds as above to purely combinatorial questions on the underlying
graph Kn more efficiently (see Lemma 2.2.2). Moreover the above approach allowed us to obtain
metric bounds on the STSP (G) for the graphs G with enough symmetries and we have made a
detailed study of the case when G is the complete bipartite graph Kn,n.

It is well known that the STSP (Kn) is a polyhedron with a very complex structure, not only it is
the polytope associated to an NP−complete problem, but it also has a remarkable property shown
by Billera and Sarangarajan ([2]): every 0/1 polytope appears as a face of the STSP (Kn) for some
n.2. This motivated us to ask whether these universally properties held also for the polytope associ-
ated to the Bipartite Traveling Salesman Problem (denoted here by STSP (Kn,n)). In Proposition
1.3.6, we show that the Billera and Sarangarajan theorem also holds for the STSP (Kn,n).

This dissertation is organized as follows: Chapter 1 contains preliminaries on graph theory, ba-
sics on polyhedra, some facts about the Traveling Salesman Problem and basics on algorithms.
Subsection 1.1.1 and Section 1.3 of this chapter describe interesting properties of the STSP (Kn),
STSP (Kn,n) and its Hamiltonian structure. Chapter 2 is devoted to the Barvinok-Veomett relax-
ation. Here we prove the main results of the dissertation, namely Theorem 2.2.3 and its companion
Theorem 2.2.4.

2In fact Billera and Sarangarajan showed that the property held for the Asymmetric TSP , but the result for the
STSP (Kn) can be derived immediately from this fact.



Chapter 1

Preliminaries

1.1 Basic Concepts on Graphs

This section is devoted to the basic definitions on graphs that we’ll use on the entire text. We
introduce the complete graphs Kn and Kn,n which are the main domains where our Traveling
Salesman Problems will take place. Both, Kn and Kn,n are so crucial in the study of the Traveling
Salesman Problem that some elementary results on their combinatorics (see Propositions 1.1.1,
1.1.2, 1.1.3 and 1.1.5) will give us the main results of this dissertation.
The main objective of this section is to give to the reader basic terminology and notation used in
this text; we won’t be as complete in the presentation as a book on graph theory. This means that
the reader won’t find classical results on the definitions encountered here unless they’re crucial
to the development of the dissertation. Thus, a simple definition-example-picture way to describe
things will be used on this section. For a better introduction to the subject see [3], [5] or [9].
A graph is an ordered pair G = (V,E) of sets such that E is a set of unordered pairs of elements
of V . The set V is the set of vertices (or nodes) and E is the set of edges. If a graph G is given,
we will denote by V (G) and E(G) the sets of vertices and edges of it. Graphs can be represented
pictorially in R2 by points and lines. The vertices are placed arbitrarily as points in the plane, and
lines are drawn connecting two of those points, let’s say v and w, if the set {v, w} belongs to E.
For example, if G = (V,E) is a graph with V = {1, 2, 3, 4} and E = {e1 = {1, 2}, e2 = {1, 3}, e3 =
{2, 3}, e4 = {3, 4}}, then, one of such representations for this graph could be the following:

2
1

4
3

Figure 1.1: An example of a graph.

Two vertices v and w are adjacent if {v, w} ∈ E. If all the vertices of a graph G are pairwise
adjacent, then G is complete. A complete graph with n vertices is denoted by Kn (see Fig. 1.6).
We say that e ∈ E is incident to v ∈ V if v ∈ e. If we represent the set of vertices V by the set
[n] = {1, 2, ..., n} and we give an ordering to the set of edges, let’s say E = {e1, e2, ..., em}, then,
it’s possible to represent a graph by an m× n matrix A = (aij) called the incidence matrix of the
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10 Chapter 1. Preliminaries

graph G, where

aij =

{
1 if ej is incident to the vertex i,

0 otherwise.

For example, the incidence matrix of the graph in fig. 1.1 is

A =


e1 e2 e3 e4

1 1 1 0 0
2 1 0 1 0
3 0 1 1 1
4 0 0 0 1

.
Another way to represent a graph with n vertices is by its symmetric n × n adjacency matrix
A′ = (a′ij), where

a′ij =

{
1 if {i, j} ∈ E,

0 otherwise.

The adjacency matrix for the graph in fig. 1.1 is

A′ =


1 2 3 4

1 0 1 1 0
2 1 0 1 0
3 1 1 0 1
4 0 0 1 0


A graph G = (V,E) is called bipartite with bipartition (V1, V2) if there is a partition of V into
disjoint sets V1 and V2 such that each edge joins a vertex in V1 to a vertex in V2. If V1 and V2 have
n and m elements respectively, we will always identify these sets with V1 = {1, ..., n} = [n] and
V2 = {1′, 2′, ...,m′} = [m′]. If every vertex in V1 is adjacent to every vertex in V2, we say that the
graph is a complete bipartite graph. The graph Kn,m denotes the complete bipartite graph with
partitions of size n and m (see Fig. 1.7).

1

2

3

4

1’

2’

3’

Figure 1.2: A bipartite graph.

As the reader can see, the adjacency matrix of a bipartite graph has always the form

A′ =

(
On×n Bn×m
Btm×n Om×m

)
where Ok×l denotes the zero matrix of size k × l. Thus, the information of the entire graph is
condensed in the matrix B which is the reduced adjacency matrix of the bipartite graph G. For
example, the reduced adjacency matrix of the bipartite graph in Fig. 1.2 is

B =


1′ 2′ 3′

1 1 0 0
2 1 1 0
3 0 0 1
4 1 0 0

.



1.1. Basic Concepts on Graphs 11

For any graph G = (V,E), a node sequence v0, v1, ..., vl, l ≥ 1, is called a v0 − vk walk if the edges
{vi−1, vi} ∈ E for i = 1, ..., l. The node v0 is called the origin, the node vl is called the destination
and the nodes {v1, ..., vl−1} are called intermediate nodes. The length of the walk v0, ..., vl is l.
Two of the most important definitions that we are going to use through this dissertation are the
concepts of paths and cycles. A path is a walk in which there are no repeated nodes, for example
the path 4, 1′, 2, 2′ is the longest path on the bipartite graph of Fig. 1.2 (see Fig. 1.3). A cycle is
a closed path, that is, a path v0, ..., vl for which v0 = vl.

1

2

3

4

1’

2’

3’

Figure 1.3: The longest path of the graph in Fig. 1.2.

A Hamiltonian cycle is a cycle that passes through all the vertices of a graph. A graph G is said
to be Hamiltonian if it has a Hamiltonian cycle. An example of a Hamiltonian graph is shown in
Fig. 1.4, here, the cycle 1, 3, 5, 7, 2, 4, 6, 1 is Hamiltonian.

1

2
3

4

5

6
7

Figure 1.4: A Hamiltonian graph.

Let G = (V,E) be a graph with even number of vertices , a subset M ⊂ E is called a perfect
matching if M consists of disjoint edges and every vertex of G is incident to an edge in M .

1

2

3

4

5

6

7

8

Figure 1.5: A perfect matching on a graph.
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1.1.1 Some properties of Kn and Kn,n

Figure 1.6: The complete graph K12

1 1’

2 2’

3 3’

4 4’

5 5’

6 6’

Figure 1.7: The complete bipartite graph K6,6

There are nice properties that are shared by Kn and Kn,n with respect to their “Hamiltonian
structure”, with this we mean, the way all Hamiltonian cycles of the graph are placed on it (like
puzzle pieces). As we will see on the following chapters, this structure can help us to find some
quantities of interest.
To every Hamiltonian cycle in Kn we can associate a permutation of numbers {1, 2, ..., n} beginning
with the number 1 where the permutations (1, a2, ..., an) and (1, an, ..., a2) are identified (see Fig.
1.8).

1

2
3

4

5

6
7

Figure 1.8: The Hamiltonian cycle (1, 3, 5, 7, 2, 4, 6) = (1, 6, 4, 2, 7, 5, 3) in K7.

Thus, is easy to see from this representation that the total number of Hamiltonian cycles on Kn is

# Ham. Cycles in Kn =
(n− 1)!

2
. (1.1.1)

It’s possible to do the same with the Hamiltonian cycles on Kn,n. We can associate a permuta-
tion from the list {1, 2, ..., n, 1′, 2′, ..., n′} that interlaces the numbers 1, ..., n (call them ais) with the
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numbers 1′, ..., n′ (call them bis) starting from 1 and identifying the permutations (1, b1, a2, b2, ..., an, bn)
and (1, bn, an, ..., a2, b1)3.

1 1’

2 2’

3 3’

4 4’

Figure 1.9: Hamiltonian cycle (1, 3′, 2, 1′, 3, 2′, 4, 4′) in K4,4.

Again, we find that

# Ham. Cycles in Kn,n =
n!(n− 1)!

2
. (1.1.2)

In order to find the dimension of a polyhedron one usually tries to find a given number of affine
independent vectors and the following factorization of the graphs Kn and Kn,n will help us to do
that on some polyhedra associated to these graphs (see Proposition 1.3.2 and 1.3.3). Again, we
see some similarities on the behavior of Hamiltoninan cycles on Kn and Kn,n.

Proposition 1.1.1. For any k ≥ 1:

I. The edge set of K2k+1 can be partitioned into k Hamiltonian cycles.

II. The edge set of K2k can be partitioned into k−1 Hamiltonian cycles and one perfect matching.

Proof. See [13] for a proof of this. The proof is very similar to that of Proposition 1.1.2.

Proposition 1.1.2. For any k ≥ 1:

I. The edge set of K2k,2k can be partitioned into k Hamiltonian cycles.

II. The edge set of K2k+1,2k+1 can be partitioned into k Hamiltonian cycles and one perfect match-
ing.

Proof. I. First, label the vertices of K2k,2k with the letters v0, v1, ..., v2k−1 and v′0, v
′
1, ..., v

′
2k−1 and

then construct the Hamiltonian cycles

Ci = (vi, v
′
i−1, vi+1, v

′
i−2, vi+2, ..., v

′
i−k, vi+2k) i = 0, ..., k − 1,

where all subindices are taken modulo 2k. We claim that the cycles Ci form a partition
of K2k,2k. In oder to prove this, take an edge {vi, v′j} in K2k,2k and consider the following
systems of equations in Z2k

(1)

{
i = x+ y (mod2k),

j = x− y − 1 (mod2k),
(2)

{
i = x+ y (mod2k),

j = x− y (mod2k).

It’s clear that if we can solve any of these two systems with x ≤ k − 1 then {vi, v′j} is in
Cx. Let α = i + j (mod 2k) and β = i − j, if α and β are even then choose x to be the
solution of the equation α = 2x (mod 2k) with x < k and y the solution of the equation
β = 2y (mod 2k) with y < k 4, then, x and y are a solution of system (2). If α and β are
odd, choose x to be the solution of the equation α + 1 = 2x with x < k, and y the solution

3Of course it’s possible to associate the cycles with permutations of the numbers {1, .., 2n} where even numbers
are not next to each other. This notation is used in Proposition 1.1.5.

4Remember that the equation α = 2x (mod 2k) with α even has exactly two solutions x1, x2 in Z2k and these
are such that 0 ≤ x1 < k ≤ x2 < 2k.
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of the equation β − 1 = 2y (mod 2k) with y < k, and thus, x and y are a solution of system
(1). This shows that

E(K2k,2k) =
⋃

0≤i≤k−1

E(Ci).

Moreover, this is a disjoint union thanks to the fact that if two pairs of numbers r, s and x, y
satisfy

(3)

{
r + s = x+ y (mod2k),

r − s = x− y (mod2k),

we must have that 2x = 2r (mod 2k) and 2y = 2s (mod 2k) and hence we must have that
x = r and y = s if we require that x, y, r and s have to be less than k.

II. As we did with the last case, label the vertices in the same way and then define the cycles

Ci = (vi, v
′
i−1, vi+1, v

′
i−2, vi+2, ..., v

′
i−k, vi+2k) i = 0, ..., k − 1.

Again, it’s possible to show that these cycles don’t share any edges, but in this case these
cycles do not cover the entire graph K2k+1,2k+1. If the edge {vi, vj} is given and we try to
solve one of the two systems

(4)

{
i = x+ y (mod2k + 1),

j = x− y − 1 (mod2k + 1),
(5)

{
i = x+ y (mod2k + 1),

j = x− y (mod2k + 1).

with the restrictions x < k and y < k, then we will find a solution only in the case when
i+ j 6= 2k− 1 (following the procedure given in the first case), but if i+ j = 2k− 1 then the
a solution of system (4) always satisfy x = k (mod 2k+ 1) and hence it’s not possible to find
a solution with the desired restrictions. So we take the union of these edges and generate the
matching

M = (v0, v
′
2k−1)(v1, v

′
2k−2)...(v2k−1, v0)(v2k, v

′
2k)

to create the desired partition.

An interesting question that could arise for any Hamiltonian graph G = (V,E) is the following
one:

Given a subset F ⊆ E, how many Hamiltonian cycles pass through the set F? (1.1.3)

Of course F needs to be a collection of paths and edges, otherwise no Hamiltonian cycle can
pass through F . Another thing that we should know is at least some kind of description of all
Hamiltonian cycles that has G, thing that isn’t quite obvious for most graphs, in fact deciding
whether a graph has a even ONE Hamiltonian path is NP − complete. Therefore, it seems
reasonable to ask this question to the graphs Kn and Kn,n.

Proposition 1.1.3 (E. Veomett [18]). Let (k1, k2, ..., km) be a partition of k (k + m ≤ n). Let
p1, ..., pm be vertex disjoint paths in Kn of length k1, ..., km respectively. Then the number of
Hamiltonian cycles in Kn containing all of paths p1, ..., pm is

2m−1(n− k − 1)! (1.1.4)

Proof. Let p1, ..., pm be vertex disjoint paths of lengths k1, ..., km with
∑
ki = k. If we fix the path

p1 as the start of each cycle passing through all this paths, then, see each of the remaining paths
p2, ..., pm as single boxes with two orientations and the remaining n− k−m vertices as boxes with
one orientation, then there will be 2m−1((n − (k + m) + (m − 1))! = 2m−1(n − k − 1)! ways to
order these boxes. Clearly, each of this orderings correspond uniquely to a Hamiltonian cycle in
Kn containing those paths.
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The case of the complete graph Kn,n is a little bit more complicated, but it can be tackled by
first studying the next example:

Example 1.1.4 (Cooper’s problem 5). An important international meeting on physics will be held
at the California Institute of Technology where several talks on different areas will be given. The
main organizer of the String Theory conferences is professor S. Cooper, who is the one indicated
to schedule the different talks of this area. On this meetin, professor Cooper has decided to make a
distinction to himself since he thinks that no physicist in the area had made great advances on the
subject other than the improvements he has done on a paper uploaded to the arXiv last week. So,
he scheduled himself as the first speaker of the event.
In this meeting there will be n speakers from Asia, m from Africa, l from South America and
k speakers from North America including professor Cooper himself. Professor Cooper needs to
be careful with the order on which each speaker will present their talk as there have been some
tensions between speakers from North America and Asia. The problems are that after an Asian or
an African has given his talk, only another Asian or South American will be tolerated to give their
talk and if a North American or a South American has finished their talk, the next lecturer must
be North American or African.
After some time arguing with his friends, professor Cooper came up with a good solution to the
problem but now he wonders how many solutions are there, given that the number of
African and South American speakers are the same and that he must be the first
speaker?.
In order to solve this problem, let us first assign to the North Americans, South Americans, Africans
and Asians the letters A, L, F and S respectively, and then construct the digraph shown in Fig.
1.10.

L F

A

S

Figure 1.10: Cooper’s problem digraph.

This graph contains the edge (X,Y ) if and only if the speaker of continent Y is allowed to give his
lecture just after a speaker of continent X has given it. Each schedule that can be programmed
by professor Cooper can be seen as a list of the letters A,S, L, F that begins with the letter A (as
professor Cooper will be the first speaker) and having the same number of Ls and F s. Now, we
see from the graph that if an F speaker gives his talk, then, in order for another F speaker to give
his lecture, an L speaker must have given his talk before him. This tells us that an admissible list
should have the form

A ... F ... L ... F ... F ... L ...

Figure 1.11: An admissible list.

Here, in the blue spaces we can only place A speakers and in the red spaces we can only allocate
S speakers. From here we see that the total possible schedules that professor Cooper can program

5From the TV Series the Big Bang Theory.



16 Chapter 1. Preliminaries

are6: {(
k−1+l
l

)
(k − 1)!

(
s+l−1
l−1

)
(s)! · l! · l! = l(k + l − 1)!(s+ l − 1)! if l > 0,

(k − 1)! if l = 0
(1.1.5)

Proposition 1.1.5. Let p1, p2, ..., pm be vertex disjoint paths in Kn,n such that each path has an
even number of vertices and such that the sum of the lengths of all paths is k with k+m ≤ 2n. Let
α = 2n−k−m

2 , then, the number of Hamiltonian cycles in Kn,n that pass through all paths p1, ..., pm
is

(2n− k − 1)!(
2α
α

) (1.1.6)

Proof. As each path has an even number of vertices, their extremes must lie on different parts (let
us name them as par one and two), thus, each path can have two orientations: an A orientation
if they start from the first partition and end on the second one or an S orientation if they start
on the second partition and end on the first one. Now, the number of vertices on each partition
that don’t lie on any of the m paths is α = 2n−k−m

2 . Name those unallocated vertices on the first
partition as F vertices and the unallocated vertices on the second partition as L vertices. We see
that each Hamiltonian cycle that passes through the paths p1, ..., pm can be associated to a list of
different letters A, F , L and S that behaves the same way as Cooper’s problem (we give to the
path p1 an A orientation). Since each of the paths p2, ..., pm can have any of the two orientations,
we see that the total number of Hamiltonian paths that pass through the given paths is

m−1∑
s=0

(
m− 1

s

)
α ((m− s) + α− 1)! (s+ α− 1)! (1.1.7)

=(m− 1)!(α!)2
m−1∑
s=0

(
m− 1− s+ α

m− 1− s

)(
s− 1 + α

s

)
(1.1.8)

=(m− 1)!(α!)2

(
m− 1 + 2α

m− 1

)
(1.1.9)

=
(2n− k − 1)!(

2α
α

) . (1.1.10)

Corollary 1.1.6. Let p1, ..., pm, q1, ..., ql and r1, ..., rt vertex disjoint paths in Kn,n (with bipartition
V1 and V2) such that the pis have odd length and the qis and ris have even length. Suppose that
the endpoints of each of the qi paths lie on the partition V1 and the extremes of the ri paths lie on
the partition V2. If the total sum of the lengths of all paths is k (k+m+ l+ t ≤ 2n) then the total
number of Hamiltonian cycles that pass through all the given paths is

NKn,n(k,m, l, t) = 2l+t
(2n− k − 1)!(

2α
α

) (1.1.11)

where α = 2n−k−m
2 .

Proof. If we denote by v1 and v2 the number of vertices in V1 and V2 respectively that don’t lie on
any of the paths, then, a quick calculation shows that

l + v1 = t+ v2 = α =
2n− k −m

2
.

6Remember that l = m and that the ways to allocate n different balls on m different boxes is
(m+n−1

m−1

)
if we

don’t care the order of the balls on each box.
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Again, it’s possible to assign two different orientations to each of the paths pi which we will call A
and S orientations as in Proposition 1.1.5. Assign the letter F to each of the qi paths and to the
vertices in V1 that don’t lie on any path, also, assign the letter L to each of the ri paths and to
the vertices in V2 that don’t lie on any path. If m 6= 0, we see, as in the last proposition, that each
Hamiltonian cycle that passes through the given paths can be associated to a list of the different
letters A, F , L and S that behaves the same way as Cooper’s problem, except that this time there
are l and t elements of the F s and Ls respectively that have two orientations (these orientations
don’t change the behavior with respect to the other types of sets), thus the number we’re searching
for is

m−1∑
s=0

(
m− 1

s

)
2l+tα ((m− s) + α− 1)! (s+ α− 1)! m ≥ 1.

Finally, if m = 0 we easily see that the number of Hamiltonian paths asked for is

2l+t−1α!(α− 1)! = 2l+t
(2n− k − 1)!(

2α
α

) .

1.2 Convexity and Polyhedra Preliminaries

The main purpose of this section is to introduce some results in convex and polyhedral theory
needed for Chapter 2. In particular, our main objective is to prove the Krein-Milman and the
Weyl-Minkowsky theorems since for their constructions, we need a bunch of amazing and beautiful
notions that will be used in the next chapter.
Let {x1, x2, ..., xm} a finite set of points from Rd. A point

x =

m∑
i=1

αixi where

m∑
i=1

αi = 1 and αi ≥ 0 for i = 1, ...,m

is called a convex combination of x1, ..., xn. A set S ⊆ Rd is called convex if for any two
points x, y ∈ S all their convex combinations lie in S. For any subset S ⊆ Rd, the convex hull
of S, denoted by conv(S), is defined as the set of all possible convex combinations of points
from S. If S is a convex set and x1, ..., xn ∈ S then we easily see (using induction on n) that
conv(x1, ..., xn) = conv({x1, ..., xn}) ⊆ S, therefore, for any subset S ⊆ Rd, the convex hull of S is
the smallest convex set containing S.

Figure 1.12: A set and its convex hull.

An important class of convex sets that we’re going to study are polyhedra:

Definition 1.2.1. A polyhedron P ⊆ Rd is the set of points that satisfy a finite number of linear
inequalities; that is

P = {x ∈ Rd : Ax ≤ b} (1.2.1)

where A is a m× d matrix and b ∈ Rm. A bounded polyhedron is called a Polytope.
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Example 1.2.2. Let x1 = (1,−2, 0), x2 = (1, 2, 0), x3 = (0, 0,−1), x4 = (−3, 0, 2). Then, it can be
shown that conv(x1, ..., x4) is the polyhedron P1 = {x ∈ R3 : Ax ≤ b} where

A =


−1 1 −1
−1 −1 −1
1 0 −1
1 0 2

 b =


1
1
1
1

 .

x4

x1

x3

x2

Figure 1.13: The polyhedron P1 = conv(x1, ..., x4).

Example 1.2.3. Polyhedra can have an empty interior. Consider the polyhedron P2 = {x ∈ R3 :
Ax ≤ b} with

A =


0 0 1
0 0 −1
0 1 0
0 −1 0
−1 0 0
−2 −1 0

 b =


0
0
1
1
1
3

 .

then, P2 is a infinite rectangle on the plane z = 0. We see that an unbounded polyhedron cannot be
seen as the convex hull of finitely many points because P = conv(x1, ..., xm) would imply that P ⊂
Sd(0, R), where Sd(0, R) denotes the ball in Rd with centre at the origin and radius R =

∑m
i=1 ||xi||.

Figure 1.14: An unbounded polyhedron with empty interior.

Example 1.2.4. Let’s define

A =



1 1 1
1 1 −1
1 −1 −1
1 −1 1
−1 −1 1
−1 −1 −1
−1 1 −1
−1 1 1


b =



1
1
1
1
1
1
1
1
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then, it can be shown that the polyhedron P3 = {x ∈ R3 : Ax ≤ b} is the octahedron conv(±e1,±e2,±e3)
plotted in Fig.1.15.

−e1

−e2

e1

e2

e3

−e3

Figure 1.15: The Octahedron.

A very important example of polyhedra is (see 1.2.21):

Definition 1.2.5. A 0/1 polytope is defined as the convex hull of a finite set of 0/1 vectors, that
is, as the convex hull of subsets of the vertices of the regular cube Cd = {0, 1}d.

Figure 1.16: Three 0/1 polytopes in R3

The dimension of a convex set B (denoted by dim(B)) is defined as the dimension of the smallest
affine subspace containing B. For example, the dimensions of the polyhedra seen in the previous
examples were dim(P1) = dim(P3) = 3 and dim(P2) = 2. We say that a convex set in Rd is
full dimensional if its dimension is d, a full dimensional compact convex set is called a Convex
Body . Sometimes it’s not easy to calculate the dimension of a given convex set B (see for example
Propositions 1.3.2 or 1.3.3), but for polyhedra this can be easily calculated provided that we know
the description of it (that is the matrix A and vector b). For any polyhedron P = {x ∈ Rd : Ax ≤
b, A ∈ Rm×d} define the sets7

[m]
=

= {i ∈ [m] : A(i, )x = bi, ∀x ∈ P}
[m]
≤

={i ∈ [m] : A(i, )x < bi, for some x ∈ P}.

and define the matrices (A=, b=) and (A≤, b≤) to be those obtained by taking the [m]= and [m]≤

rows from the matrix (A, b).

Definition 1.2.6. Let x̂ ∈ P .

1. We say that x̂ is an inner point of P if A(i, )x̂ < bi for all i ∈ [m]≤.

7The row i of a matrix A will be denoted as A(i, ). In general, when we write x ∈ Rd we mean that x is a column
vector.
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2. We say that x̂ is an interior point of P if Ax̂ < b.

Proposition 1.2.7. Every nonempty polyhedron has an inner point.

Proof. If [m]≤ = ∅ it’s trivial. In the other case, for each i ∈ [m]≤ let xi ∈ P be such that
A(i, )xi < bi. Now, define

x̂ =
1

|[m]≤|
∑

i∈[m]≤

xi,

then x̂ is an inner point of the polyhedron.

Proposition 1.2.8. Let P = {x ∈ Rd : Ax ≤ b, A ∈ Rm×d} be a nonempty polyhedron. Then

dim(P ) + rank(A=) = d

Proof. If [m]≤ = ∅ the result is trivial as being simply the rank-nullity theorem of basic linear
algebra, so, let’s suppose that [m]≤ 6= ∅. Without loss of generality we could assume that [m]= 6= ∅
(if not, simply add to A and b a row full of zeros). Thus, the system A=x = 0 has k + 1 =
d − rank(A=) + 1 affinely independent solutions. Let y1, ..., yk+1 be those solutions and let x̂ be
an inner point of P . Now, choose ε > 0 such that

x̂+ εB ⊆ {x ∈ Rd : A≤x < b≤},

where B is the unit ball in Rd and define zi = x̂+ ε
||yi||yi for i = 1, ..., k + 1. Then, z1, ..., zk+1 are

k + 1 affine independent vectors in P , that is

dim(P ) ≥ k = d− rank(A=).

Now, suppose that dim(P ) = r and choose w1, ..., wr+1 ∈ P affine independent. Then, the vectors
w1 − wr+1, w2 − wr+1, ..., wr − wr+1 are linearly independent in null(A=). This implies that

dim(P ) = r ≤ d− rank(A=).

Given a polyhedron P = {x ∈ Rd : Ax ≤ b, A ∈ Rm×d} a natural question we could ask about
its description is the following one:

Which of the inequalities A(i, )x ≤ bi are necessary in the descrition of P? (1.2.2)

for example, it’s possible to drop out the inequality (−2, 1, 0)x ≤ 3 of the polyhedron P2 described
in Example 1.2.3, because if a point x ∈ R3 satisfies the inequalities (0,−, 0)x ≤ 1 and (−1, 0, 0)x ≤
1 (which are the fourth and fifth inequalities in the description of P2), then it clearly satisfies the
inequality (−2,−1, 0)x ≤ 3. But, how do we know that the remaining description is minimal? are
there two minimal descriptions for a polyhedron that have different number of inequalities?

Definition 1.2.9. The inequality πx ≤ π0 [or (π, π0)] is called a valid inequality for the convex
set S if it is satisfied by all points in S.

Note that (π, π0) is a valid inequality for S if and only if S lies in the half-space {x ∈ Rd : πx ≤ π0}
if and only if maxx∈S πx ≤ π0.



1.2. Convexity and Polyhedra Preliminaries 21

Figure 1.17: Two valid inequalities for a polyhedron.

Definition 1.2.10. If (π, π0) is a valid inequality for S, and F = {x ∈ S : πx = π0}, F is called
a face of S, and we say that (π, π0) represents F . A face F is said to be proper if F 6= ∅ and
F 6= S. If (π, π0) represents a nonempty face F we say that (π, π0) supports S.

Example 1.2.11. Let P1 be the polytope of Fig. 1.13. We see that each of the rows of (A, b) are
valid for P1. Moreover, each of the rows of (A, b) defines a proper face of dimension 2: the matrix
multiplication


−1 1 −1
−1 −1 −1
1 0 −1
1 0 2



x1 x2 x3 x4

1 1 0 −3
−2 2 0 0
0 0 −1 2

 =


−3 1 1 1
1 −3 1 1
1 1 1 −5
1 1 −2 1


show us that every valid inequality (A(i, ), b1) represents a face that contains exactly three of the
points x1, x2, x3 and x4. It’s easy to see that those points are affine independent, therefore the
dimension of each of the faces represented by the rows of (A, b) is 2.

Example 1.2.12. The same happens with the octahedron P3 described in Fig. 1.15, each valid in-
equality (A(i, ), bi) defines a proper face of dimension 2 that has exactly 3 of the points ±e1,±e2,±e3.

Example 1.2.13. The valid inequality (−2,−1, 0, 3) for the polyhedron P2 represents a face of
dimension 0 given by F = {(−1,−1, 0)}. Note that dim(P2)− dim(F ) = 2 > 1.

As we have seen on the examples given at the beginning of this section, some bounded polyhedra
can be described by a finite number of points that lie on its boundary. If we look at figures 1.13 and
1.15, we see that these points never lie in the interior of a line segment contained in the polytope,
and it seems reasonable to think that this is a strong property which characterizes those points
that give the description of a polytope as their convex hull. It turns out that this is always the
case, not only for polytopes but also for any compact convex set (this result is the Krein-Milman
Theorem).

Definition 1.2.14. Let A ⊆ Rd be a convex set. A point a ∈ A is called an extreme point of A
if there do not exists two different points b, c ∈ A such that a = b+c

2 . The set of all extreme points
of A is denoted by ex(A).

Let us first describe the extreme points of polyhedra.

Definition 1.2.15. If u is an extreme point of a polyhedron P then we’ll say that u is a vertex
of P .
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Theorem 1.2.16. Let P= {x ∈ Rd : Ax ≤ b} be a polyhedron. For u ∈ P let

I(u) = {i : A(i, )u = bi}

be the set of the inequalities that are active on u. Then u is an extreme point of P if and only if
the rows {A(i, ) : i ∈ I(u)} linearly spans the vector space Rd. In particular, we see that if u is an
extreme point of P , then |I(u)| ≥ d.

Proof. Suppose that the rows A(i, ) with i ∈ I(u) don’t span Rd. Then, we can choose c ∈ Rd such
that A(i, )c = 0 for all i ∈ I(u). Choose ε > 0 sufficiently small such that the points z = u+ εc and
y = u− εc lie in P (this can be done since the set {x ∈ Rd : A(i, )x < bi i /∈ I(u)} is a nonempty
open set). Hence, u = z+y

2 and it is not an extreme point of P .
Suppose now that u is a point such that the rows A(i, ), i ∈ I(u) span Rd. This implies that the
system

A(I(u), )x = bI(u)

has an unique solution (which is u). Therefore, if z, y ∈ P are such that u = z+y
2 then z = y = u

since they must satisfy the inequality A(I(u), )x ≤ bI(u).

u

u+ εc

u− εc

A(I(u), )

Figure 1.18: A point in a polyhedron that is not a vertex.

In order to prove the Krein-Milman Theorem, we will need two basic properties of convex sets.

Proposition 1.2.17. Let S ⊆ Rd be a convex set. Then int(S) is convex.

Proof. Let x1, x2 ∈ int(S) and suppose that the open balls B1 and B2 satisfy xi ∈ Bi ⊂ int(S).
Let α ∈ [0, 1] and define the set C = αB1 + (1−α)B2, clearly this set is open and satisfies C ⊆ A.
Therefore C ⊆ int(S) and hence the point αx1 + (1− α)x2 ∈ int(S).

Proposition 1.2.18. Let S be a closed convex set with nonempty interior and let u ∈ ∂S.8 Then
there is a proper face F of S such that u ∈ F .

Proof. Thanks to the Hanh-Banach theorem, there exist a valid inequality (π, π0) for int(S) such
that u ∈ {x : πx = π0}. Define F as the face represented by this valid inequality.

Theorem 1.2.19 (Krein-Milman). Let S ⊂ Rd be a compact convex set. Then S = conv(ex(S)).

Proof. We proceed by induction on the dimension d. If d = 0, then S is a point and the result
follows. Now, suppose that d > 0. If S is not full dimensional, then S lies in a affine subspace of
dimension less than d and hence the result follows by the induction hypothesis. So, let’s suppose
that S is full dimensional and that u ∈ S. If u ∈ ∂S, then by Proposition 1.2.18, u lies in a proper
face F represented by the valid inequality (π, π0). Since dim(F ) < dim(S), we must have that
u ∈ conv(ex(F )) = F . But, we see that x ∈ ex(F ) implies x ∈ ex(S) since the existence of two
points a, b ∈ S such that a+b

2 = x implies that πa = πb = π0, contradicting the fact that x ∈ ex(F ).

8Remember that ∂S = S̄ \ int(S).
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Therefore, u ∈ conv(ex(S)). Now, if u ∈ int(S) then draw a straight line passing through u. This
line intersect the boundary of S on two points, since these points lie in conv(ex(S)) and u lie on
the convex hull of these two points, we have that u ∈ conv(ex(S)).

This theorem is quite powerful, as we will see on the next two propositions:

Theorem 1.2.20. Let S ⊆ Rd be a compact convex set and let c ∈ Rd. Then

max
x∈S

ctx = ctu,

for some u ∈ ex(S).

Proof. Let α = maxx∈S c
tx, then (ct, α) is a valid inequality for S. Let F the proper face described

by this inequality, then, by the Krein-Milman theorem, ex(F ) 6= ∅ and any u ∈ ex(F ) is an extreme
point of S.

Theorem 1.2.21. Every polytope is the convex hull of finitely many points.

Proof. By Theorem 1.2.16, every vertex v of a polyhedron is a solution to a system A(i, )x = bi
with i ∈ I(v). Then the number of vertices of a polyhedron described by a matrix A of size m× d
will never exceeds

(
m
d

)
and hence is finite. The result follows by the Krein-Milman Theorem.

Example 1.2.22. Now, we are able to prove that the polytope described in Fig. 1.13 is in fact the
convex hull of the points x1 = (1,−2, 0), x2 = (1, 2, 0), x3 = (0, 0,−1), x4 = (−3, 0, 2). To see this,
note that the maximum number of vertices of P1 is

(
4
3

)
= 4 and in Example 1.2.11 we showed that

x1, ..., x4 were in fact vertices of P1.

We now define the central object of this section:

Definition 1.2.23. Let B a nonempty convex set. The set

B◦ = {c ∈ Rd : ctx ≤ 1}

is called the polar dual of B.

Example 1.2.24. We see that the polytope described in the Fig. 1.13 is the polar dual of the
convex set B = conv(y1, y2, y3, y4) where y1 = (−1, 1,−1), y2 = (−1,−1,−1) y3 = (1, 0,−1) and
y4 = (1, 0, 2).

x4

x1

x3

x2

y2

y1
y3

y4

Figure 1.19: The convex set B and its polar dual.

Proposition 1.2.25. Let B ⊆ Rd be a convex set, then

1. B◦ is a closed convex set containing the origin.
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2. If C is another convex set such that B ⊆ C, then C◦ ⊆ B◦.

3. Let α > 0 then, (αB)◦ = 1
αB
◦.

4. B ⊂ (B◦)◦

Proof. 1. The origin obviously lies in B◦, moreover, we see that c, d ∈ B◦ and α ∈ [0, 1] implies
that λctx + (1 − λ)dtx ≤ α + (1 − α) = 1 for every x ∈ B◦, hence B◦ is convex. Now, let
{ci}i ⊂ B◦ such that ci → c, then for every fixed x ∈ B we clearly have that ctix→ ctx ≤ 1.

2. Suppose that B ⊆ C and choose c ∈ C◦ then ctx ≤ 1 for all x ∈ C, hence for all x ∈ B.

3. Let α > 0, then ct(αx) ≤ 1 for every x ∈ B◦ if and only if αc ∈ B◦ if and only if (αB)◦ = 1
αB
◦.

4. This is clear since ctx = xtc for every pair of vectors x, c ∈ Rd.

Now, we prove the basic reason of why working with polars is the same as working with the initial
convex sets. This fact is going to help us to prove some propositions in an easy way.

Theorem 1.2.26 (The Bipolar Theorem). Let B be a closed convex set containing the origin on
its interior, then,

B = (B◦)◦. (1.2.3)

Proof. Let’s suppose that c ∈ (B◦)◦ but c /∈ B. Let (π, π0) be a valid inequality for B that strictly
separates this convex set from c. Since B contains the origin, we have that π0 > 0 and hence,
the point b = 1

π0
πt belongs to B◦. However, btc > 1 by construction, hence it’s impossible that

c ∈ (B◦)◦, a contradiction.

Example 1.2.27. Let S be a nonempty convex set such that S◦ = S. Then, we have that ctx ≤ 1
for every pair c, x ∈ S and hence S ⊂ S(0, 1), where S(0, 1) denotes the closed unit ball with
centre at the origin. On the other hand, we easily see that S(0, 1)◦ = S(0, 1), therefore, S(0, 1) =
S(0, 1)◦ ⊂ S◦ = S. Thus, the only convex set which satisfies the equality S◦ = S is the closed unit
ball.

Example 1.2.28. Let C = {(ζ1, ..., ζd) : −1 ≤ ζi ≤ 1 for i = 1, ..., d} a cube in Rd. We clearly
see from its definition that C is a polytope which is defined by the inequalities

±etix ≤ 1.

Therefore, C is the polar dual of the set D = conv(±ei : i = 1, ..., d). Now, let v = (v1, ..., vd) ∈
ex(C), then vi must be equal to 1 or −1, otherwise we’ll have that

vi + 1

2
(v1, ..., 1, ..., vd) +

1− vi
2

(v1, ...,−1, ..., vd) = v.

Then, thanks to the Krein-Milman theorem C = conv((±1,±1, ...,±1)). Hence, by the bipolar
theorem, the convex set D is a polytope described by the inequalities

(±1,±1, ...,±1)x ≤ 1.

That is, D = {(ζ1, ..., ζd) : |ζ1|+ ...+ |ζd| ≤ 1}, as we stated in Example 1.2.4.

−e1

−e2

e1

e2

e3

−e3
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Figure 1.20: The cube and the octahedron are polar duals

On this last example we saw how the bipolar theorem can help us to prove that a convex set
generated by finitely many points was a polytope. It turns out that this technique work in general:

Theorem 1.2.29 (The Weyl-Minkowski Theorem). A polyhedron is a polytope if and only if it is
the convex hull of finitely many points.

Proof. Let P = conv(x1, ..., xm). Without loss of generality we may suppose that P is full dimen-
sional an that it contains the origin (otherwise we could work on the affine space generated by P
and then we can move it to the origin). Then, we see that P ◦ is a polyhedron defined by the matrix
with rows A(i, ) = xti and the vector b = (1, ..., 1)t. Since P is full dimensional, then there exists
ε > 0 such that S(0, ε) ⊂ P , hence, P ◦ ⊆ S(0, 1/ε). Thus, by Theorem1.2.21, P ◦ = conv(u1, ..., uk)
is the convex hull of its vertices. Therefore, using the bipolar theorem we’re done.

1.3 The Traveling Salesman Problem

Alfred, a good friend and partner in our office, is going for vacation to Germany. Alfred is a fussy
guy and he has convinced himself that he will enjoy this trip only if he visits all of the 52 best
known locations in Berlin. We are concerned about his wish, so, we told him that such traveling
could be a little bit expensive, but he won’t believe us until we show him that the cheapest possible
tour will cost him a large amount of money. We know that the costs of going from one location to
another is proportional to the distance between them and we know that Alfred will be quite upset
if he visits one location twice.

The 52 locations in Berlin that Alfred wants to
visit.

Alfred asks us:

“Can you convince me not to do this circuit by showing me the exact value of the optimal tour?”
(1.3.1)

The problem Alfred has just asked us to solve is called the (Symmetric) Traveling Salesman
Problem , or STSP for short, and is one of the most important problems in combinatorial opti-
mization. It was one of the first problems in optimization that seemed too hard to solve (and still
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seems unsolvable for large instances! 9) and has a lot of applications other than planning (in an
optimal way) a relaxing travel through Berlin: Drilling of printed circuits boards (PCBs), X-Ray
crystallography, Overhauling gas turbine engines, vehicle routing, control robot motions and others
(see [10]).
Related to the STSP is the following problem: Suppose that a ñame10 seller located in Bolivar
wants to optimize his profit. This seller has a little Willys Jeep in which he transports the product
through n different villages and hence the amount of ñame he can carry is very limited, in fact,
one refill of his car with the product will only satisfy the demand of one village. Therefore, he
must refill his car in one of the n farms11 that produce ñame, then carry the product to one of the
n villages where he delivers the product and then go to a different farm to refill his car again with
ñame (farms only allow him to refill his car one time in each day) to sell it in another village.

The seller wants to:

Find the tour that minimize the fuel consumption of his car. (1.3.2)

A

F1

F2

B

C

A

F1,1

F1,2

F2

B

C

Figure 1.21: It’s possible to enlarge some Kn,m problems to Kn,n problems.

Of course it’s not optimal to travel from one village to another without having passed by a farm
before because he won’t have supplies for the second village, the same happens with farms since the
seller will be with his car at maximum capacity. Thus, the seller is moving in a bipartite graph and
hence we will call this problem the (Symmetric) Bipartite Traveling Salesman Problem, or
Bipartite STSP for short. This problem, as well as the STSP , are known to be NP − complete
([6]), and as we can see, it can have different applications too.

Clearly, the STSP and the Bipartite STSP can be defined as optimization problems on the
hamiltonian cycles of the complete graphs Kn and Kn,n respectively:

The STSP (for Kn)
Given the real numbers ce ∈ Rd with e ∈ E(Kn). Find the Hamiltonian cycle x in Kn that
minimizes the value ∑

e∈x
ce (1.3.3)

The STSP (for Kn,n)
Given the real numbers ce ∈ Rd with e ∈ E(Kn,n). Find the Hamiltonian cycle x in Kn,n that
minimizes the value ∑

e∈x
ce (1.3.4)

9Although it has been solved for 85,900 Locations in a VLSI Application.
10Ñame is a vegetable similar to a sweet potato that is popular in the coasts of Colombia.
11In most real applications, the number of farms usually will be less than the number of villages, but this can be

fixed splitting some the factories into a number of copies of themselves, see Fig. 1.21. Of course the seller will need
to restrict himself to a fixed number of times that he must visit some of the farms in a tour.
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To each Hamiltonian cycle x in Kn and y in Kn,n, we can associate their n × n adjacency and
reduced adjacency matrices A = (aij) and B = (bij) where

aij =

{
1 if the cycle x contains edge {i, j} ,
0 if the cycle x does not contains edge {i, j} ,

and

bij =

{
1 if the cycle y contains edge {i, j} with i ∈ [n] and j ∈ [n′] ,

0 if the cycle y does not contains edge {i, j} with i ∈ [n] and j ∈ [n′] .

Note that A is symmetric and all the elements of its diagonal are always zero while B may not
have these properties. Also, we can associate to each Hamiltonian cycle x on a graph G = (V,E)
its E(G)× 1 incidence vector v = (ve) where

ve =

{
1 if the cycle x contains edge e ,

0 if the cycle x does not contain edge e .

Thus, it’s possible to see the STSP and the Bipartite STSP as linear optimization problems:

The STSP (for Kn)
Given a symmetric matrix c ∈ Rn×n. Solve the optimization problem

min Tr(cx)

s.t. x ∈ Rn×n is the adjacency matrix of some Hamilitonian cycle in Kn.

The STSP (for Kn,n)
Given a matrix c ∈ Rn×n. Solve the optimization problem

min Tr(cy)

s.t. y ∈ Rn×n is the reduced adjacency matrix of some Hamilitonian cycle in Kn,n.

and hence, the Krein-Milman Theorem motivates us to define the following sets:

Definition 1.3.1. Let G = (V,E) be a Hamiltonian graph. We denote by STSP (G) the Traveling
Salesman Polytope on G defined as. the convex hull of all incidence vectors (or adjacency
matrices) of Hamiltonian cycles in G.

The idea of studying the STSP using the polytope STSP (Kn) was first introduced by George
Dantzig, Ray Fulkerson, and Selmer Johnson in 1954 when they successfully solved a 49-city
instance of the STSP using a linear relaxation of the Traveling Salesman Polytope (the same
type of relaxation D used in the proof of Proposition 1.3.3). The idea of finding relaxations for
the Traveling Salesman Polytopes is still being studied, for example the paper [18] on which this
dissertation is mainly based, and this is of course motivated by the fact that, for example, a
full satisfactory description by linear inequalities for the STSP (Kn) cannot be known unless
NP = co−NP (see [11]). By satisfactory description we mean a set of inequalities with coefficients
less than 2n+|c| determining the polytope, such that a short proof of the fact that each of these
inequalities actually are needed in the description exists.
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(

The solution for the 49-city problem found by
Dantzig et. al.

)

1.3.1 Some Properties of STSP (Kn) and STSP (Kn,n)

On this subsection we’re going to study some properties of STSP (Kn) and STSP (Kn,n). In
particular we find their dimensions and we prove that, as in the case of the STSP (Kn), every 0/1
polytope appears as a face of STSP (Kn,n) for some n.12

Proposition 1.3.2.

dim(STSP (Kn)) =
n(n− 3)

2

Proof. See [13] for a proof of this. The proof is very similar to that of Proposition 1.3.3.

Proposition 1.3.3.
dim(STSP (Kn,n)) = n(n− 2)

Proof. Let A be the 2n×n2 incidence matrix of Kn,n, then, because every vertex in a Hamiltonian
path cycle has degree 2 we have that

STSP (Kn,n) ⊆ D = {x ∈ Rn
2

: Ax = 2 · 12n×1, x ≥ 0},

and hence, by Lemma 1.2.8, we have that

dim(STSP (Kn,n)) ≤ dim(D) ≤ n2 − 2n = n(n− 2).

Now, in order to see the reverse inequality we are going to show that STSP (Kn,n) has n2− 2n+ 1
affinely independent vectors. For this, we’re going to use the partitions found in Lemma 1.1.1 and
therefore we need to consider two cases:

Case I. Suppose that n = 2k + 1 for some k ≥ 1. If the vertices of Kn,n are labeled with letters
v1, ..., vn and v′1, ..., v

′
n, consider the subgraph of Kn,n generated by removing the vertices

vn and v′n. This subgraph is a complete bipartite graph K2k,2k and thus, by Lemma 1.1.2,
it is possible to find a partition of it into k disjoint cycles. Let C1, ..., Ck be those cycles
and let’s label the edges of each Ci with the letters eij where j = 1, ..., 2n − 2. For each
of this cycles on this subgraph let’s generate the cycles Cij on Kn,n by removing the edge
eij = {vs, v′r} from Ci and then adding the new edges {vs, v′n}, {vn, v′n} and {vn, v′r}. Now,
consider the incidence vectors of each of the Cij cycles and suppose that each of this vectors
have associated the following order to each of its components:

e11 | e12 | ... | e21 | ... | ek1 | ... | ek(2n−2) | f1 | ... | f2n−1

v = ( , , ... , , ... , , ... , , , ... , ),

12This is probably a well known result, but we didn’t found the proof of this on any reference.
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here the letters from f1 through f2n−1 represent the remaining edges that weren’t labeled
(i.e. the edges containing the vertices vn and v′n). For example, if we label f1 = {v1, v

′
n} and

f2n−1 = {vn, v′n} , then, the incidence vector of the cycle C11 is

e11 | e12 | ... | e1(2n−2) | e21 | ... | ek(2n−2) | f1 | ... | f2n−1

C11 = ( 0 , 1 , ... , 1 , 0 , ... , 0 , 1 , ... , 1 ).

Let B be the matrix such that each row correspond to the incidence vector of a cycle Cij
(rows ordered with the lexicographic order), then

B =


A 0 0 ... 0 F1

0 A 0 ... 0 F2

...
...

...
. . .

...
...

0 0 0 . . . A F2k


where the matrices Fi are some 0− 1 matrices and

A = 12n−2×2n−2 − I2n−2 =


0 1 1 ... 1
1 0 1 ... 1
...

...
...

. . .
...

1 1 1 ... 0

 .
This show that the incidence vectors of the cycles Cij are linearly independent, hence

dim(STSP (Kn,n)) ≥ k(2n− 2)− 1 = 4k2 = (n− 1)2 − 1 = n(n− 2).

Case II. Suppose that n = 2k + 2. Then, after removing the vertices vn and v′n from Kn,n, the
remaining graph is possible to be partitioned into k disjoint cycles and a perfect matching.
Once again, let C1, ..., Ck those cycles and M the matching of the subgraph. Now, construct
the cycles Cij for j = 1, ..., 2n − 2 as in the Case I and also extend the matching M to any
cycle of Kn,n, call this cycle T . In the same fashion as we did with the cycles Ci, create
2n − 2 cycles Tj on Kn,n by removing an edge {vs, v′r} ∈ M from T and then adding the
new edges {vs, v′n}, {vn, v′n} and {vn, v′r}. Once more, consider the matrix B of the incidence
vectors of all these tours with the lexicographic order on the edges of the Cij , then the edges
of M and finally the edges containing the vertices vn and v′n . This matrix has the form:

B =


A 0 0 ... 0 0 F1

0 A 0 ... 0 0 F2

...
...

...
. . .

...
...

...
0 0 0 . . . A 0 F2k

G1 G2 G3 . . . Gk C F2k+1


where the matrix A equals that of Case I, C = 1n−1×n−1 − In−1 and the other matrices are
0 − 1 matrices. This shows that the row vectors of B form a set of k(2n − 2) + (n − 1) =
n2 − 2n+ 1 and thus,

dim(STSP (Kn,n)) ≥ n(n− 2).

As we mentioned before the STSP (Kn) and STSP (Kn,n) are 0/1 polytopes, and although at
first sight 0/1 polytopes may seem quite inoffensive since they are simply the convex hull of finite
vertices of the cube, they are really complicated structures. One of the problems that remain open
is

How many “different” full dimensional 0/1 polytopes are there for a given dimension?
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With “different” we mean 0/1 nonequivalence: Two 0/1 polytopes are 0/1 equivalent if you can
transform one to the other using composition of (1) permuting coordinates and (2) replacing some
coordinates xi by 1 − xi. This question has been successfully solved for the cases n = 2, 3, 4, 5, 6
(see [19] and [4]) but it seems that the numbers are getting too high to being calculated using
computers (see [19]). At least, a lower bound for this number has been obtained by Ziegler and
Sarangarajan ([19]):

Theorem 1.3.4. There are at least 22d−2

“different” full dimensional 0/1 polytopes in Cd
13.

But what relationship do all these 0/1 facts share with Traveling Salesman Polytopes? Well, at
least we see that every STSP (G) is a 0/1 polytope, but what else can be said about them? One
answer lies in the following results:

Theorem 1.3.5 (Billera-Sarangarajan [2]). Let Sn be the symmetric group of order n. For each
σ ∈ Sn let us associate the matrix

X(σ)ij =

{
1 if σ(i) = j,

0 otherwise.

and with them the polytope

ATSP (Kn) = conv{X(σ) : σ is a cycle of length n}.

Let P ⊂ Cd be a 0/1 polytope with 2d − k vertices, k > 1, then P appears as a face of ATSP (Kn)
for n ≥ (4k + 1)d.

The set ATSP (Kn) is the Asymmetric Traveling Salesman Polytope and it’s the associated poly-
tope to the Asymmetric Traveling Salesman Problem, which is the a generalization of the STSP
to the case when the costs of going from city A to city B and going from city B to city A are
not equal. The Billera-Sarangarajan theorem shows how “nasty” can be the ATSP (Kn) in view
of Theorem 1.3.4. The facial structure of the ATSP (Kn) seems too complicated and that’s why
optimizing over it could be difficult. Theorem 1.3.5 also holds for the polytopes we’re going to
study:

Proposition 1.3.6. Let P ⊂ Cd be a 0/1 polytope with 2d − k vertices, k > 1, then P appears as
a face of STSP (Kn,n) for n ≥ (4k + 1)d.

Proof. We are going to prove that ATSP (Kn) appears as a face of STSP (Kn,n) and the result
follows. First, let us denote by x = (xi,j) the reduced incidence matrix of every Hamiltonian cycle
in Kn,n. Consider the set

F = {x ∈ STSP (Kn,n) : xi,i′ = 1, ∀i ∈ [n]}.

F is clearly a face of STSP (Kn,n) as for all x ∈ STSP (Kn,n) we have that xi,j′ ≤ 1. Now, take a
vertex x = (1, 1′, i2, i

′
2, ..., in, i

′
n) of F and view it as a matrix x = (xi,j′)n×n, then

x = In +X(σ)

where σ is the cycle σ = (1 in in−1 ... i2). This shows that F = ATSP (Kn) + In.

Corollary 1.3.7. Let P ⊂ Cd be a 0/1 polytope with 2d − k vertices, k > 1, then P appears as a
face of STSP (Kn) for n ≥ 2(4k + 1)d.

Proof. This follows from Proposition 1.3.6 since STSP (Kn,n) clearly appears as face of STSP (K2n):
consider the face

F = {x ∈ STSP (K2n) : xij = 0 for every i, j such that (−1)i+j = 1}

13In fact, the polytopes in the collection that they found are 0/1 equivalent if and only if the lattice generated by
their faces are isomorphic.
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1.4 Basics on Algorithms and Complexity

This section is devoted to the explanation of some basic notions and terminology on algorithms and
complexity. Here we’re going to define what means for a problem to be solved in polynomial time,
also we introduce the definition of an oracle and state some results (without giving any proof) on
some basic problems related to convex bodies. On this section we will stay in a more “story teller”
mode, thus, a formal explanation of lots of things won’t be given. The results encountered here
along with their respective proofs can be found on [8] and [7].

1.4.1 Problems

On this dissertation, a problem will be a general question to be answered, usually possessing
several parameters, or free variables, whose values are left open. A problem is described by
giving: (1) a general description of all its parameters, and (2) a statement of what properties the
answer, or solution, is required to satisfy. If all parameters are set to certain values, we speak of
an instance of the problem.

Example 1.4.1. Consider the problem,

(Weak) Separation Problem
Given a rational closed convex set Q ⊆ Qd, a point y ∈ Qd and a rational number δ > 0, either
assert that

y ∈ S(Q, δ) =
⋃
x∈K

S(x, δ)

or find a vector c ∈ Qd with ||c||∞ = 1 such that

ctx ≤ cty + δ

for every x ∈ Q.

Then, the open parameters of this problem are the point y, the closed convex set Q and a number
δ > 0. If a particular Q,y and δ are given, we have an instance of the (Weak) Separation Problem.
A solution of such an instance is one of the following: The statement that y belongs to S(Q, δ), or
a vector c ∈ Qd such that cty + δ ≥ maxx∈Q c

tx.

Example 1.4.2. For the problem,

(Strong) Optimal Decision Problem
Given a convex body Q ⊆ Rd, a point c ∈ Rd and a real number γ, decide whether exists or not
a point y ∈ Q such that cty < γ.

the parameters are the vector c ∈ Rd, the convex body Q and the real number γ. A solution of an
instance of this problem is just a “yes ” or “no” answer. This type of problems where the solution
is only a “yes” or “no” answer is called a decision problem.

As we would like to solve problems using computers, we will need a way to describe the instances
of such problems using finite strings of letters (otherwise the computer won’t be able to read te
problem). This representation of an instance of a problem as strings is called an encoding scheme.
The encoding scheme that we’re going to use is the binary encoding scheme which assigns to each
instance of a problem, a string of 0’s and 1’s. Thus, if we denote by

{0, 1}∗ =
⋃
n∈N
{0, 1}n,
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a problem can be defined as a subset Π ⊂ {0, 1}∗ × {0, 1}∗ where: each string σ ∈ {0, 1}∗ is called
an instance of Π provided that always exists a solution τ ∈ {0, 1}∗ such that (σ, τ) ∈ Π (we are
adopting the convention that when an instance of a given problem doesn’t have a solution, the “no
solution” will be the taken as the ’solution’ of such instance).

1.4.2 Algorithms

An algorithm is a general step by step procedure that solves a problem. In the terminology given
above, an algorithm that solves the problem Π is a machine M that read the instance σ ∈ {0, 1}∗
and transform it in a number of “steps” (whatever a step will mean for the machine) into a string
τ ∈ {0, 1}∗ that satisfy the condition (σ, τ) ∈ Π. If our algorithm is defined by a machine M then
we say that we are working with the model of computation given by the machine M . We will only
work with two models of computation:

1. The bit model, is the model of computation given by a Deterministic Turing Machine .
Roughly speaking, a Turing Machine consist of five parts: (1) a infinite tape divided into
cells where we can write an instance σ (one bit per cell), (2) a magic eye that can read, erase,
write and move through the cells of the tape according to (3) a function whose entries are:
(i) the information that the eye reads on the cell (these can be 1,0 or ∗) and (ii) an internal
state of the machine. Those (4) internal states also are changed by the function and they
contain (5) two distinguished states, named B and E, which says to the machine when to
start and when to stop.

Example 1.4.3. Consider the Turing Machine defined by the set of states X = {B,E,Happy,Sad}
and the function

(a) If the machine is in state B and its magic eye reads the number 1 then the new state of
the machine will be Happy and the eye immediately moves to the right.

(b) If the machine is in state B and its magic eye reads the number 0 then the new state of
the machine will be Sad and the eye immediately moves to the right.

(c) If the machine is in state B and its magic eye reads no number then the new state of
the machine will be E and stops.

(d) If the machine is Happy and its magic eye reads the number 0 then the new state of the
machine will be Happy, the eye writes 1 on the cell it has just read and then it moves
to the right.

(e) If the machine is Happy and its magic eye reads the number 1 then the new state of the
machine will be Happy and the eye moves to the right.

(f) If the machine is Happy and its magic eye reads no number then the new state of the
machine will be Sad and then it moves to the right.

(g) If the machine is Sad and its magic eye reads the number 0 then the new state of the
machine will be Sad again it moves to the right.

(h) If the machine is Sad and its magic eye reads the number 1 then the new state of the
machine will be Happy, the eye writes nothing on the cell it has just read and then it
moves to the right.

(i) If the machine is Sad and its magic eye reads no number, then the new state of the
machine will be E and then it stops.

Thus, for example if I we give to the machine the instance σ = 110 ∗ 0010011 ∗ 1 then the
answer given by this machine will be τ = 111∗0011111∗1; this machine transform any string
in a string on such that its ’components’ don’t have a zero in the middle of two ones.

2. The arithmetic model of computation is the model given by a machine that perform each
basic arithmetic operation (addition, subtraction, multiplication, division, comparison) in
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one step. In this model of computation we won’t care about the encoding of numbers, the
machine associated to the arithmetic model will have the mystic power to read even real
numbers and perform operations with them in one step.

1.4.3 Encoding Length and Time-Space Complexity

The encoding length (or size) of an instance is defined to be the length of its string representation
in the encoding scheme. As we will use the binary encoding scheme, the length of an instance will
be the number of bits needed to describe it.

Example 1.4.4. • To encode an integer n we will need one bit for the sign and dlog2(|n|+ 1)e
bits to describe its absolute value. The second statement is easily deduced by the fact that if
the number of bits need to describe |n| is k, then

2k − 1 ≥ |n| ≥ 2k−1 − 1.

We will denote the encoding length of an integer by

〈n〉 = dlog2(|n|+ 1)e

• The encoding size of the rational r = p/q where p and q > 0 are coprime integers is defined
as

〈r〉 = 〈p〉+ 〈q〉

• For a rational matrix A we define the encoding length 〈A〉 as the sum of the encoding length
of its entries. Hence, the encoding length of the linear programming problem

max
Ax≤b

ctx

will be denoted by 〈A, b, c〉 = 〈A〉+ 〈b〉+ 〈c〉.

The time complexity function f : N → N of an algorithm express the maximum time f(n)
needed to solve any problem instance of encoding length at most n. In the bit model “time” means
the number of steps in which the Turing machine reaches the end state E from the beginning
state B, for a certain input string σ. In the arithmetic model, “time” means the number of basic
arithmetic operations performed by the problem during the solving of the problem with a given
instance σ.
Similarly, the space time complexity function g : N→ N of an algorithm express the maximum
space g(n) used during the solving of any problem instance of encoding length at most n. In the
bit model, “space” means the maximum length of the string occurring throughout executing the
steps on the tape. In the arithmetic model the “size” will mean the maximum dimension of the
data used in some operation during the execution of the algorithm.

Definition 1.4.5. A polynomial (space) time algorithm is an algorithm whose (space) time
function is bounded by a polynomial p(·) for every n ∈ N.

Example 1.4.6. • It can be proved that all the basic arithmetic operations described in the def-
inition of the arithmetic model can be computed in polynomial time in the bit model provided
that the numbers being computed have length bounded by a polynomial.

• Thanks, to the above item. If an algorithm runs in polynomial time in the arithmetic model
and the algorithm always does operations with rational numbers (or vectors) that have en-
coding length bounded by a polynomial on the encoding length of the initial input then the
algorithm will run in polynomial time in the bit model.

• Consider the problem:
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The Doubly Exponential Problem
Given a n ∈ N calculate the number 22n .

We can construct the following algorithm:

Given, n do
a← 2
for i in 1 : n
{
a← a · a;
}
return a

Thus, the doubly exponential problem can be solved in polynomial time in the arithmetic model.
But in the process, the encoding length of the numbers calculated increase exponentially, thus
it’s impossible for a Turing Machine to solve this in polynomial time.

Example 1.4.7. Consider the problem,

Semidefinite Membership Problem
Given a symmetric matrix A ∈ S(Rd), decide whether A ∈ S+(Rd).

A well known algorithm in the arithmetic model of computation used to solve this problem is the
implementation of the decomposition A = LDLt where D is diagonal matrix and L is a lower
triangular matrix whose diagonal equals the ones vector. The time needed to construct such decom-
position is O(d3), if the matrix has size d × d, in the arithmetic model. This algorithm performs
some multiplications, sums and divisions (as this process is a modification of he Gauss Elimina-
tion procedure). Thus, since there are divisions involved, it may happen that some of the numbers
calculated during the execution of the algorithm become too large. It has been proved by Edmons
in 1967 that this won’t happen, provided that the matrix is rational and that we “take some care”
with the way we perform the division between two rational numbers (see Section 1.3 of [8]).

1.4.4 Oracles

Roughly speaking an Oracle is a subroutine (or a black box) which magically gives instantaneously
(not too long) answers to certain questions asked by an algorithm. When an algorithm uses an
Oracle, we say that the algorithm is an Oracle Algorithm. Thus, a Oracle Algorithm can be seen
as an enlarged Turing Machine which has an extra tape, in which the machine can write instances
σ whenever it needs to do it. This instances are read by second mystical eye, which, immediately
writes an answer τ such that (σ, τ) ∈ Π′ for a fixed problem Π′ and such that the encoding length
of this answer doesn’t exceeds the number Φ(n), where Φ is a polynomial and n is the encoding
length of the initial instance of the problem.
Oracles are principally introduced to avoid the need of giving to a machine a complete description
of some of its instances: “such a list would increase the size of the input exponentially, making
most complexity issues meaningless” as writes Schrijver.

Example 1.4.8. Suppose that we’re trying to solve a non-linear global optimization problem over
a function called Noideaofdescription which was wrote in Python by Alfred, a partner (who is
on vacations) which works in the office next to ours. We only have one program in our computer
to perform non-linear optimization, let’s say it’s Matlab, we don’t know a word of Python, thus,
we don’t know how the Python file is structured (it has 200 in-line text!!) and we can’t see if this
function has a closed form for which we can calculate its gradient (this could help the Matlab toolbox
to solve the optimization quicker).
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Here we have an example of an Oracle: We do some adjustments on Matlab to connect it with the
Python interpreter and then use the Noideaofdescription function as an oracle to calculate the
values of the function and use it to employ a method that could find the optimal value.

We define the time and space complexity of an oracle algorithm in the same way we did with
normal algorithms, but this time, we also take into account the polynomial Φ in the definition of
the (space) time complexity function (since the time needed to read the output of the oracle could
take importance in the total calculations).
We’ll say that a set Q is given by an oracle that solves the problem Π′, if for every problem Π
on which the set Q appears as a parameter, we have access to an oracle that solves the problem
Π′ for Q.
There is a very important result on optimization that says:

Polynomial Time In Linear Optimization
Let Q be a convex body in Qd contained in the ball S(0, R). Suppose that Q is given by a (Weak)
Separation Oracle (see Example 1.4.1). Then, for any c ∈ Qd and any rational number ε > 0, the
problem of finding a vector y “almost” in Q such that ctx ≤ cty + ε for all x that are “deep” in
Q, or assert that Q is “almost” empty. Can be solved in oracle-polynomial time on the encoding
length of Q which is defined as:

〈Q〉 = 〈R〉+ 〈d〉.a (1.4.1)

aThis problem is called the (Weak) Optimization Problem see [8].

Thus, if someone gives us a full dimensional polyhedron P in its basic form {x : Ax ≤ b}, then it’s
possible to create a polynomial time Separation Oracle for it: give me a y ∈ P , then I can check in
polynomial time on 〈A, y, b〉 if all the products A(i, )y are or not less or equal than each of the bi.
If all of this inequalities is satisfied, then y lie in P . If not, an inequality (let’s say, the i-th one)
doesn’t hold, thus we can choose vector A(i, ) as the output for the oracle.

Theorem 1.4.9. There exists a weak separation oracle for spectrahedra.

Proof. Let A1, ..., Am, B be symmetric matrices on Qd and let δ > 0. Let’s define the set

Q = {x ∈ Qm :

m∑
i=1

xiAi −B ∈ S+(Qd)}.

Now, take a vector z ∈ Qd and define the matrix

C =

m∑
i=1

ziAi −B − δI.

Since C is real symmetric, we can perform the LDLt decomposition in polynomial time. If all
elements of the matrix D are non-negative, then, we will have that z almost belongs to Q. Now,
suppose that the element di on the diagonal of D is negative. Then, using Gauss Elimination
(running time O(n3)) we can easily find a vector ζ ∈ Qd orthogonal to the space span{Lj : j 6= i}
where Li denotes the column i of L. Thus, the multiplication

ζtCζ = (Ltζ)tD(Ltζ) = (Ltiζ)2di < 0

Now, we define the vector a = (−ζtA1ζ, ...,−ζtAmζ) then,

0 > ζtCζ = ζt

(
m∑
i=1

ziAi −B − δI

)
ζ, (1.4.2)

atz > ζt(−B − δI)ζ, (1.4.3)

atz + δ||ζ||2 > ζt(−B)ζ, (1.4.4)
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but for any x ∈ Q we have that

0 ≤ ζt
(

m∑
i=1

xiAi −B

)
ζ, , (1.4.5)

atx ≤ ζt(−B)ζ, (1.4.6)

therefore,

atz + δ||ζ||2 ≥ atx.

This says that there exist a polynomial time (weak) membership oracle for the set Q.

The sets that have the same form as the set Q are called Spectrahedra, and as we can see, they
are the intersection of an affine space with the cone of all positive semidefinite matrices in Qd. As
a direct consequence of 1.4.1, we have that:

(Weak) Semidefinite Optimization Problem
Let Q be a full dimensional spectrahedron in Qd bounded by the ball S(0, R). For any c ∈ Qd
and any rational number ε > 0, the problem of finding a vector y “almost” in Q such that
ctx ≤ cty + ε for all x that are “deep” in Q, or assert that Q is “almost” empty. Can be solved in
oracle-polynomial time.

The remark 1.4.1 is a consequence of the discovery of the Ellipsoid Method, a procedure that
solves the (Weak) Nonemptiness Problem (see theorem below) in polynomial time for a closed
convex set given by a Separation Oracle. For completeness, we will state this result as a theorem
(again, for a proof and explanation of the method see [8]).

Theorem 1.4.10. Consider the problem,

The (weak) nonemptiness problem
Given a rational number ε > 0 and a circumscribed closed convex set (K; d,R) (that is, a closed
convex set K ⊂ Rd such that K ⊂ S(0, R)), say if there exist a point a ∈ Qd such that

a ∈ S(K, ε) :=
⋃
x∈K

S(x, ε)

or give a positive definite matrix A ∈ Qd×d and a point a ∈ Qd such that K ⊂ E(A, a) and
md(E(A, a)) ≤ ε where

E(A, a) = {x ∈ Rd : (x− a)tA−1(x− a) ≤ 1}

is the ellipsoid defined by A with centre at a and md is the Lebesgue measure on Rd.

Then, there exist an oracle-polynomial time algorithm, called the ellipsoid method, that solves
the weak nonemptiness problem if K is given by a Separation Oracle.
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1.4.5 The P and NP classes.

Taken from [7].

Definition 1.4.11. A decision problem Π is a problem such that Π ⊂ {0, 1}∗ × {0, 1}. Hence
is a problem that has only two possible solutions a “yes!!” or a “not, buuh”.

As we may notice, optimization problems are not decision problems, but they have a “natural”
decision problem associated to them:

Example 1.4.12 (Binary Search). Consider the problem of Example 1.4.2, thus we have a
convex body Q, a vector c and a real number γ. Consider now the optimization problem

min
x∈Q

ctx.

Suppose that we have a polynomial time algorithm for the optimization problem. Then we clearly
obtain almost immediately a polynomial time algorithm for the Optimal Decision Problem: find
γ̂ = minx∈Qc

tx and then compare γ̂ with γ, if γ < γ̂ then return “no, buhh”, otherwise return
“yes!!”.
Now, let us suppose that we have a polynomial time algorithm for the decision problem and that
we know in advance that Q ⊂ S(0, R) for some R ≥ 0. We know that

−||c||2R ≤ γ̂ = min
x∈Q

ctx ≤ ||c||2R.

therefore, we can run the known algorithm for decision problem with γ = 0. If the answer is “yes”,

try again the decision problem, but this time with γ = −||c||2R
2 If the new answer is “No, buhh”, try

again but this time with the number γ = −||c||2R
4 , if the answer is “yes!!”, then try with γ = −3||c||2R

8
and continue by successively halving the remaining interval of uncertainty. Thus, given ε > 0, if
we want to approximate γ̂ by a “ε-near” number obtained by this procedure, then, at the n step of
the procedure we will have that

|appxn(γ̂)− γ̂| ≤ ||c||
2R

2n−1
⇒ ||c||

2R

2n−1
≤ ε⇐⇒ log2(

||c||2R
ε

) + 1 ≤ n

hence we will solve the (weak) optimization algorithm at most (log2( ||c||
2R
ε ) + 1) × p(enc.length)

where p is the polynomial that bounds the time taken to solve the decision problem. This latter
number is clearly bounded again by a polynomial.
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Definition 1.4.13. The class of all decision problems for which a polynomial time algorithm exist
is called the class P.

Hence, as we saw in the last subsection, the Linear Programming Problem and the Semidefinite
Programming Problem for convex bodies that are well described are in P. A well known fact is
that there exists problems for which no polynomial time algorithm is known, take as an example
the Symmetric Traveling Salesman Problem, which certainly is an linear optimization problem in a
polyhedron (the STSP (Kn)) by the Weyl-Minkowsky theorem, but no well description is known
for it (and seems not knowable by the results of Billera and Sarangarajan). This fact makes us
thing that there are two type of problems: The Tractable Problems and the Intractable Problems.
There’s a general believe that the intractable problems are well described by certain subset of
problems belonging to the class NP:

Definition 1.4.14. The class NP can be defined as the class of decision problems Π with the
following property:

If an answer to an instance of Π is affirmative, then this fact has a proof of polynomial length.

Example 1.4.15. Consider the Optimal Decision Problem for the STSP (Kn), a matrix of weights
c and a bound γ. Suppose that our partner in the office (who has just come from his vacations) tell
us that he solved (using some mystic powers) the Optimal Decision Problem for this pair (not by
despair). And give us the answer “yes!!” along with a Hamiltonian Cycle x that, he says, satisfy the
bound Tr(cx) < γ. We don’t believe in his words, and we proceed to cheek if he is saying the truth
or only a bunch of lies. How much time would we spend checking the veracity of the statement?.

Certainly we will spend the little time of n(n−1)
2 + 1 arithmetic operations! Hence, the Traveling

Salesman Problem is in NP.

From the last example we discover something that is very interesting:

What would happen if our partner had come with the answer “No, buhhh”? (1.4.7)

We see that we only have two options: believe in his words or stay as if he hasn’t said anything.
It’s impossible to us to decide whether he is telling the truth or not. The class of decision problems
for which the complementary answer can be proved in polynomial time is called the class co−NP.
We clearly see that P = co − P since the answer given by the algorithm give us the proof of the
statement, thus P ⊂ NP ∩ co − NP. There are lots of questions that remain open:P = NP?,
P = NP ∩ co − NP?, NP = co − NP?. As a final remark, we should mention that there exist
another class of important problems:

Definition 1.4.16. We call a decision problem Π NP − complete if the existence of a polynomial
time algorithm for it implies that every NP problem can be solved in polynomial time14.

An amazing result proved by Richard M. Karp in 1972 is that there exist NP − complete prob-
lems!!! in fact

Theorem 1.4.17. The Symmetric Traveling Salesman Problem is an NP − complete problem.

which motivates the study of a good approximation of it.

14This means that there exist a polynomial time Turing Reduction from such problem to any other NP problem.



Chapter 2

Barvinok-Veomett
Semidefinite Relaxation of
Compact Convex Sets

As we remarked in the last section, linear optimization over a convex body B ⊂ Rd (even if it is
a polyhedron) could be difficult if we don’t have access to a Separation Oracle that could tell us
(in polynomial time) whether a point y ∈ Rd lies in B or gives us a hyperplane that separates y
from B. Therefore, a nice idea could be to approximate B by another convex body Q for which we
have a Separation Oracle (that of course, runs in polynomial time), optimize the linear function
over Q, then, from this optimal value find bounds for the minimum (or maximum) value that the
function attains over B. Of course, the time required to solve the optimization problem for Q using
the ellipsoid method could be quite long (as in practice the ellipsoid method isn’t efficient), but
we’ll be happy to say that we have found some bounds for the optimal value of a NP -problem in
polynomial time.
We will now present a way to define how a convex body is being approximated by another convex
body:

Definition 2.0.18. Given two convex bodies B,Q ⊂ Rd and a number α ≥ 1, we say that Q
α-approximates B if

Q ⊂ B ⊂ αQ.

The reason of why we choose this type of approximation is that if c ∈ Rd and Q α-approximates
B then

min

(
1

α
M,αM

)
= min
x∈αQ

ctx ≤ min
x∈B

ctx ≤ min
x∈Q

ctx = M. 15 (2.0.1)

So, we are looking for tight α-approximations if we want to find better confidence intervals for the
optimal value of the linear function over B.
It turns out that is possible to construct the same procedure stated in the first paragraph using
weaker assumptions on the “relaxation” Q (although the running time of the procedure possibly
will be even greater, but still polynomial). We can replace the need of a Separation Oracle for a
Membership Oracle :

(Strong) Membership Problem

Given a convex body Q ⊆ Rd and a point y ∈ Rd, decide whether y ∈ Q or not. (2.0.2)

This result is an important theorem due to Yudin and Nemirovski (1976) which shows how
surprising are the applications of the ellipsoid method: it’s quite hard to believe that from a finite
number of questions (bounded by a polynomial on the encoding length of Q) of whether some
points lie or not in Q (or in some transformation of Q for which we can extend the oracle) we can
find an optimal solution for an optimization problem!. The proof of this theorem is rather subtle

15Note that M could be positive or negative.
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and uses a variant of the ellipsoid method, called the Shallow Ellipsoid Method (see [8]). For
completeness, we state this result as a theorem:

Theorem 2.0.19 (Yudin-Nemirovski Theorem). There exists an oracle-polynomial time algorithm
that solves the (weak) violation problem for every centered convex body (Q;n,R, r, a0) given by a
(weak) membership oracle.1617

This chapter is devoted to the study of this type of relaxations, that is, given a convex body
B we will approximate it by other convex bodies P1, P2, ... given by a (polynomial running time)
Membership Oracle and such that

Pi ⊆ B, Pi ⊆ Pi+1 for all i = 1, 2, ...

This approximation is due to Barvinok and Veomett (2007) and we’ll study the quality of this
approximations for some special polytopes.

2.1 General Construction

Let B ⊆ Rd be a convex body containing the origin in its interior and let µ be a probability measure
on B such that the barycenter x̄ =

∫
B
x dµ(x) = 0. Let

B◦ = {c ∈ Rd : ctx ≤ 1, x ∈ B}

be the polar dual of B and let Wk be the space of all polynomials of degree at most k on Rd. Given
a point c ∈ Rd we define the bilinear symmetric form qk,c on Wk given by

qk,c(p, q) =

∫
B

(1− ctx)p(x)q(x) dµ(x), p, q ∈Wk . (2.1.1)

We see that if c ∈ B◦, then

qk,c(p, p) ≥ 0, ∀p ∈Wk,

which says that the associated quadratic form to qk,c is positive semidefinite on Wk. Therefore, it
is natural to approximate B◦ by the set

Pk = {c ∈ Rd : qk,c � 0} (2.1.2)

Proposition 2.1.1. Let B and as described above, then for every k ≥ 1 we have that

1.

B◦ ⊆ Pk, Pk+1 ⊆ Pk, (2.1.3)

thus,

P ◦k ⊆ B, P ◦k ⊆ P ◦k+1. (2.1.4)

2. Pk is a spectrahedron, therefore, for both Pk and P ◦k it’s possible to construct polynomial time
(weak) membership oracles.

3. the sets Pk and P ◦k are convex bodies.

Proof. 1. We have already seen that B◦ ⊂ Pk. The inclusion Pk+1 ⊆ Pk is clear since Wk ⊆
Wk+1.

16Remember that we only are allowed to handle rational inputs so we need weak version of those algorithms.
17Using binary search we can optimize a function over a convex body given by a violation oracle.
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2. Let λ1, ..., λn be scalars such that
∑n
i=1 λi = 1, then, for any c1, ..., cn ∈ Rd we have that

n∑
i=1

λiqk,ci(p, p) = qk,
∑n
i=1 λici

(p, p),

which says that the quadratic forms induced by the qk,c live in an affine space of S(Wk). Now,
checking that the form qk,c is (almost) positive semidefinite can be computed in polynomial
time on its encoding, thus Pk has a polynomial time (weak) membership oracle. Finally,
thanks to the Yudin-Nemirovski we can do (weak) maximization of a linear function over Pk,
then we can check if the optimal value of this maximization was (almost) greater than one
or not, hence we’re checking if the linear function belongs or not to P ◦k , therefore, there’s as
a polynomial time (weak) membership oracle for P ◦k .

3. Using the dominated convergence theorem it’s easy to see that if cn → c with ci ∈ Pk for all
i = 1, 2, ... then for any p ∈ Wk we have qk,cn(p, p) → qk,c(p, p), thus Pk is a closed convex
set. Finally, suppose that Pk is unbounded, then, since it is convex and has the origin in its
interior, it must contain a ray. Let’s suppose that

L = {αa : α ≥ 0} ⊆ Pk,

with a ∈ B. Then, for every α ≥ 0 and p ∈Wk we have that

qk,αc(p, p) ≥ 0 ⇐⇒
∫
B

p2(x) dµ ≥ α
∫
B

atxp2(x) dµ,

thus, we must have that ∫
B

atxp2(x) dµ ≤ 0 ∀p ∈Wk.

But, let s ∈ R such that
s < min

x∈B
atx ≤ 0, 18

and define the polynomial
q(x) = atx− s ∈W1.

Then, ∫
B

atxq(x)2 dµ =

∫
B

(atx)2(atx)− 2s(atx)(atx) + s2(atx) dµ

>

∫
B

s2(atx)− 2s2(atx) + s2(atx) dµ

= 0,

a contradiction. Therefore, Pk and hence P ◦k are convex bodies.

Now, how good is this approximation? We clearly see that if c ∈ Pk \ B◦ then there must be a
x ∈ B such that ctx > 1, but how far can the linear function ctx get on B? In order to attack this
problem, first note that if γ ∈ R and c ∈ Pk are such that

1 + γ = max
x∈B

ctx > 0

then

ctx ≤ 1 + γ ⇐⇒ 1

1 + γ
ctx ≤ 1⇐⇒ c ∈ (1 + γ)B◦ (2.1.5)

18Remember that the origin belongs to the interior of B.
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which tell us that

B◦ ⊂ Pk ⊂ (1 + γ̂)B◦ where 1 + γ̂ = max
c∈Pk

max
x∈B

ctx . (2.1.6)

Therefore, a natural way to find upper bounds is using duality:

Lemma 2.1.2. Let y ∈ B be fixed. Then

max
c∈Pk

cty ≤ Eµ(r(X)) (2.1.7)

where r ∈W2k is a sum of squares that satisfy the identity

y = Eµ(Xr(X)).

Proof. Let m ≥ 1 and define the Lagrangian function

L(c, p1, ..., pm) = cty +

m∑
l=1

qk,c(pi, pi) c ∈ Rd, pi ∈Wk.

Then,

min
p1,...,pm∈Wk

cty +

m∑
l=1

qk,c(pi, pi) =

{
cty if c ∈ Pk,
−∞ if c /∈ Pk,

therefore,

max
c∈Pk

cty = max
c∈Rd

min
p1,...,pm∈Wk

L(c, p1, ..., pm) ≤ min
p1,...,pm∈Wk

max
c∈Rd

L(c, p1, ..., pm).

But, if we let r =
∑m
i=1 p

2
i , then

max
c∈Rd

L(c, p1, ..., pm) = Eµ(r(X)) + max
c∈Rd

∫
B

ct(y − xr(x)) dµ(x),

where

max
c∈Rd

∫
B

ct(y − xr(x)) dµ(x) = max
c∈Rd

ct
∫
B

(y − xr(x)) dµ(x) =

{
0 if y = Eµ(Xr(X)),

∞ if y 6= Eµ(Xr(X)).

x̄

y

Figure 2.1: We want to be able to change the barycentre at our will using polynomials.
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The above lemma is telling us that if we can modify the center of mass of B at our will using
polynomials in Wk, then, we’ll have that B◦ = Pk. Of course this may not happen for some
sets, specially in the case when the set B doesn’t have any sort of symmetries (we may construct
polynomials based on those symmetries to find better approximations). We see that if a type of
Stone-Weierstrass theorem could be proven for sum of squares, then we will expect that

Guess: P∞ = B◦ with P∞ = ∩k≥1Pk (2.1.8)

for any convex body B. We’ll leave this question open. Now, let’s see two examples.

Example 2.1.3. Let B = S(0, 1) the closed unit ball in Rd and µ = 1
md(B)md where md denotes

the Lebesgue measure on Rd. In order to see how good is the approximation of B◦ by P1, we only
need to find upper bounds for the value maxc∈Pk c

t(e1) where e1 = (1, 0, ..., 0) (remember that the
Lebesgue measure is invariant under rotations). Now, for any α ∈ [−1, 1] define the balls

Bα = {x ∈ B : x1 = α},

and let q(x) = (et1x+ β)2, then, for any c ∈ Rd we have that

ctE(Xq(X)) =

∫
B

ctxq(x) dµ(x)

=
1

md(B)

∫ 1

−1

∫
Bα

(c1; c2)t(α; y)(α+ β)2 dmd−1(y)dm(α)

=
1

md(B)

∫ 1

−1

∫
Bα

(c1α+ ct2y)(α+ β)2 dmd−1(y)dm(α)

=
1

md(B)

∫ 1

−1

c1α(α+ β)2md−1(Bα)dm(α) +
1

md(B)

∫ 1

−1

(α+ β)2

∫
Bα

ct2ydmd−1(y)dm(α),

where c = (c1; c2) and x = (x1; y) with c2, y ∈ Rd. The barycenter of Bα with respect md−1 is
clearly the origin, therefore ∫

Bα

ct2ydmd−1(y) = 0,

which implies that

ctE(Xq(X)) = ct(e1)

(
1

md(B)

∫ 1

−1

α(α+ β)2md−1(Bα)dm(α)

)
, (2.1.9)

= ct(e1)
md−1(B0)

md(B)

∫ 1

−1

α(α+ β)2(1− α2)
d−1
2 dm(α). (2.1.10)

Using the same technique employed above we can see that

E(q(X)) =
md−1(B0)

md(B)

∫ 1

−1

(α+ β)2(1− α2)
d−1
2 dm(α), (2.1.11)

therefore,

max
c∈Pk

ct(e1) ≤
∫ 1

−1
(α+ β)2(1− α2)

d−1
2 dm(α)∫ 1

−1
α(α+ β)2(1− α2)

d−1
2 dm(α)

=
(d+ 2)β2 + 1

2β
,

but
√
d+ 2 = min

β

(d+ 2)β2 + 1

2β
,

hence, we have that

P ◦1 ⊆ B ⊆
√
d+ 2P ◦1 . (2.1.12)
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The following example shows that 2.1.8 is satisfied by 0 − 1 polytopes, in fact a stronger result
can be given.

Example 2.1.4 (0-1 Polytopes). Let A = conv(x1, ..., xn) be a 0 − 1 polytope given along with
the probability measure that distributes uniformly on the vertices of A, that is

µ(S) =
|{xi ∈ S}|

n
.

We see that A may not be a convex body, and that x̄ = 1
n

∑n
i=1 xi may not be the origin. Then, we

could find a subspace L of Rd such that

A ⊆ L+ x̄ and dim(A) = dim(L).

We define B = A− x̄ and set the polar dual of this set as

B◦ = {c ∈ L : ctx ≤ 1 ∀x ∈ B}.

Therefore, for any p ∈Wk and c ∈ L we define the quadratic form

qk,c(p) =
1

n

n∑
i=1

(1− ctyi)p(yi)2, yi = xi − x̄

and the relaxations

Pk = {c ∈ L : qk,c < 0}.

It’s possible to prove Lemma 2.1.2 again for this case, but as we would like to take advantage of
the 0− 1 structure of the xi we rewrite this lemma in terms of the original points:

Lemma 2.1.5. Let y ∈ A, then

max
c∈Pk

ct(y − x̄) ≤ E(r(X))

for any r ∈W2k sum of squares such that

E(Xr(X)) + (1− E(r(X)))x̄ = y.

We can use Lemma 2.1.5 to prove that Pd = B◦. Suppose that y is a vertex of A, then we would
like to translate the barycentre of A to y, thing that is possible using the polynomial

p(x) =
∏
i∈y

xi
∏
i/∈y

(1− xi).

We see that r(x) = np(x)2 satisfy the equalities E(Xr(X))) = y and E(r(X)) = 1, thus Lemma
2.1.5 implies that

max
c∈Pk

ct(y − x̄) ≤ 1,

proving that Pd = B◦.

2.2 Approximating Traveling Salesman Polytopes

On this section we’re going to find metric bounds for the approximation of the Traveling Salesman
Polytopes associated to K2n and Kn,n. Here, we will see how powerful is Lemma 2.1.2 when it’s
used in conjunction with the Hamiltonian Structure of Kn and Kn,n.
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2.2.1 Approximating STSP (K2n)

Let X = STSP (K2n) and suppose that X has the probability measure that distributes uniformly
on the vertices of X. Then, as we saw on example 2.1.4, the exact approximation of B = X − x̄
can be reached at step n(n−1)

2 . We first see that this number can be reduced:

Lemma 2.2.1. For any n ≥ 1 we have that P ◦n = (STSP (Kn)− x̄).

Proof. The first thing that we must notice is that for any k ≥ 1 the sets Pk are invariant with
respect permutations of coordinates: if we let yσ denote the vector obtained from y by permuting
the coordinates using the permutation σ ∈ Sd (the symmetric group of order d = n(n− 1)/2) and
let x ∈ STSP (Kn) be the hamiltonian cycle (1, 2, ..., n), then for any c ∈ Rd and τ ∈ Sd we will
have that

|STSP (Kn)|E((1− ctX)p2(X)) =
1

2d

∑
σ∈Sd

(1− ctxσ)p2(xσ) (2.2.1)

=
1

2d

∑
σ∈Sd

(1− ctτxτσ)p2(xτσ) (2.2.2)

= |STSP (Kn)|E((1− ctτX)p2(X)) (2.2.3)

which implies that c ∈ Pk if and only if cτ ∈ Pk. Therefore, for every two y1 and y2 hamiltonian
cycles in STSP (Kn) we’ll have that

max
c∈Pk

cty1 = max
c∈Pk

cty2.

So, let’s fix a hamiltonian cycle x and consider the polynomial

r(y) = |STSP (Kn)|
(

(xty)(xty − 1)...(xty − (n− 1))

(xtx)(xtx− 1)...(xtx− (n− 1))

)2

∈W2n,

which clearly satisfy the conditions of Lemma 2.1.5 with E(r(X)) = 1.

Now we prove a generalization of Lemma 1 in [18] as a direct consequence of Lemma 2.1.5.

Lemma 2.2.2. Let A = conv(x1, ..., xn) be a 0− 1 polytope in Rd such that for any 1 ≤ i ≤ d the
number of xj such that i ∈ supp(xj) is always a constant γ and such that |supp(xi)| = ρ for any
i = 1, ..., n. If there exists a polynomial r ∈W2k which is a sum of squares such that∑

x3i
r(x) = α i ∈ supp(x1) (2.2.4)∑

x3i
r(x) = β i /∈ supp(x1) (2.2.5)

with α > β, then,

max
c∈Pk

ct(x1 − x̄) ≤ βn

γ(α− β)
+ 1 (2.2.6)

Proof. Let r as stated in the lemma, then

n

α− β
∑
x3i

r(x) =
αn

α− β
i ∈ supp(x1) (2.2.7)

n

α− β
∑
x3i

r(x) =
βn

α− β
i /∈ supp(x1) (2.2.8)
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thus,

n

α− β
∑
x3i

r(x)− βn

α− β
= n i ∈ supp(x1), (2.2.9)

n

α− β
∑
x3i

r(x)− βn

α− β
= 0 i /∈ supp(x1). (2.2.10)

Now, since |supp(xj)| = ρ for any j = 1, ..., n and
∑
x3i x = γ for any i = 1, ..., d we see that the

equality nρ = dγ holds. Furthermore we have that

ρ

n∑
j=1

r(xi) =

d∑
i=1

∑
x3i

r(xi) = ρ(α− β) + dβ,

hence,
n∑
i=1

r(xi) = (α− β) +
d

ρ
β = (α− β) +

n

γ
β

and

E(
n

α− β
r(X)) =

nβ

γ(α− β)
+ 1.

Therefore, for any i = 1, ..., d we will have that

n

α− β
∑
x3i

r(x) + (1− E(
n

α− β
r(X)) = n i ∈ supp(x1), (2.2.11)

n

α− β
∑
x3i

r(x) + (1− E(
n

α− β
r(X)) = 0 i /∈ supp(x1). (2.2.12)

which is the same as
etiE(Xr(X)) + (1− E(r(X)))etix̄ = etix1.

Now, use Lemma 2.1.5.

Thanks to this Lemma we’re now able to find the metric bounds for X = STSP (K2n).

Theorem 2.2.3. Let n ≥ 2, then, for k = 1, ..., n we have that

P ◦k ⊂ X ⊂
(

1 +
β(n− 1)

α− β

)
P ◦k (2.2.13)

where

α =

r∑
l=k

(
l

k

)(
k

2k − l

)((
n− 1

l

)
2l(2n− l − 2)! +

(
n− 1

l − 1

)
2l−1(2n− l − 1)!

)
(2.2.14)

β =

r∑
l=k

(
l

k

)(
k

2k − l

)((
n− 2

l

)
2l(2n− l − 2)! + 2

(
n− 2

l − 1

)
2l−1(2n− l − 2)! +

(
n− 2

l − 2

)
2l−2(2n− l − 2)!

)
(2.2.15)

Proof. Let’s define the sets,

Γ1 = {(i, i+ 1) | i odd} (2.2.16)

Γ2 = {(i, i+ 1) | i even}. (2.2.17)

Now, fix k in 1, ..., n and define the polynomials

pi,k(x) =
∑
I⊂Γi
|I|=k

∏
e∈I

xe
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and
qk(x) = p2

1,k(x) + p2
2,k(x).

We claim that the polynomial qk satisfies the conditions posed in Lemma 2.2.2. The technique to
find the values α and β of the Lemma is to use the nice properties of the sets Γi: their intersection is
empty and each one of them doesn’t have edges adjacent to each others. These properties make the
problem of finding those values easier as the possible combinations that we will have to consider
are only a few (compared to other types of sets different from the Γi’s). Now, we see that the
monomials of qk have the form ∏

e∈A
xαA,ee

where A is some subset of some Γi, therefore, in order to find the value∑
x3pq

∏
e∈A

xαA,ee

we will only care the cardinality of A and its structure with respect the edge pq (thanks to Lemma
1.1.3) and we won’t care about the exponents as the elements on which we are going to evaluate
these polynomials are 0/1 vectors. For l ∈ k, . . . , r = min{2k, n} and pq any edge, the possible
structures for sets A in the monomials of qk are

Ai,l(pq) ={L ⊂ Γi; |L| = l, L doesn’t have edges adjacent to pq and pq /∈ L}
Bi,l(pq) = {L ⊂ Γi; |L| = l, L have one edge adjacent to pq}
Ci,l(pq) = {L ⊂ Γi; |L| = l, L have two edges adjacent to pq}
Di,l(pq) = {L ⊂ Γi; |L| = l, pq ∈ L }

thus, tackling out the exponents, the representation of the polynomials p2
i,k in terms of these sets

are

p2
i,k(x) =

r∑
l=k

(
l

k

)(
k

2k − l

) ∑
L∈Ai,l(pq)

∏
e∈L

xe +
∑

L∈Bi,l(pq)

∏
e∈L

xe +
∑

L∈Ci,l(pq)

∏
e∈L

xe +
∑

L∈Di,l(pq)

∏
e∈L

xe

 .

and then counting all the possible subsets L we arrive to the values

|Ai,l(pq)| =


(
n−2
l

)
if pq /∈ Γi, l ≤ n− 2(

n−1
l

)
if pq ∈ Γi, l ≤ n− 1

0 else

(2.2.18)

|Bi,l(pq)| =

{(
n−2
l−1

)(
2
1

)
if pq /∈ Γi

0 else
(2.2.19)

|Ci,l(pq)| =

{(
n−2
l−2

)(
2
2

)
if pq /∈ Γi

0 else
(2.2.20)

|Di,l(pq)| =

{
0 if pq /∈ Γi(
n−1
l−1

)
else

(2.2.21)

Now, using the lemma of counting tours given by Veommet we find that

1. if pq ∈ Γi and

(a) L ∈ Ai,l(pq) then ∑
x3pq

∏
e∈L

xe = 2l(2n− l − 2)!
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(b) L ∈ Di,l(pq) then ∑
x3pq

∏
e∈L

xe = 2l−1(2n− l − 1)!

2. if pq /∈ Γi and

(a) L ∈ Ai,l(pq) then ∑
x3pq

∏
e∈L

xe = 2l(2n− l − 2)!

(b) L ∈ Bi,l(pq) then ∑
x3pq

∏
e∈L

xe = 2l−1(2n− l − 2)!

(c) L ∈ Ci,l(pq) then ∑
x3pq

∏
e∈L

xe = 2l−2(2n− l − 2)!

therefore, if we let

α =

r∑
l=k

(
l

k

)(
k

2k − l

)((
n− 1

l

)
2l(2n− l − 2)! +

(
n− 1

l − 1

)
2l−1(2n− l − 1)!

)

β =

r∑
l=k

(
l

k

)(
k

2k − l

)((
n− 2

l

)
2l(2n− l − 2)! + 2

(
n− 2

l − 1

)
2l−1(2n− l − 2)! +

(
n− 2

l − 2

)
2l−2(2n− l − 2)!

)
then ∑

x3pq

qk(x) =

{
α+ β, if pq ∈ y
2β, if pq /∈ y

and finally

max
c∈Pk

cty ≤ 1 +
β(n− 1)

α− β = Bk.

Remarks:.
For the case k = 1, it’s easy to calculate B1. In fact

B1 =
2

3
(2n) +

8n/3

12n2 − 30n+ 16
(2.2.22)

which gives an improvement of the bounds found in [18]. The calculations for any k are quite
difficult to handle, but numerical experimentations motivate us to conjecture that (see the Figures
below):

Bk ≈

(
1

3

√
k − 1

n− 1
+

2

3

)(
2n

k
+

10

2n

)
= Aproxk ≤

(
2n

k
+

10

2n

)
The following figures illustrate the bounds obtained in function of k for a given n. Here we plotted
four approximations: The bounds Bk (red curve), the Aproxk bounds (black curve) and the real
and approximated bounds found by Veomett (green and blue curves)
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Bounds for 2n = 10

Bounds for 2n = 50
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Bounds for 2n = 100

Bounds for 2n = 200. The red line is constant since computations of Bk for
k ≥ 200 were not possible.

2.2.2 Approximating STSP(Kn,n)

The Kn,n case is similar to the Kn case, the only difference is that this time we’re going to use
Lemma 1.1.11. Remember that the number of hamiltonian cycles that pass through a given edge
is (n− 1)!(n− 1)! and the total number of hamiltonian cycles in Kn,n is (n)!(n− 1)!/2, then, if we
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can find a polynomial qk such that for a given vertex y ∈ X∑
x3ij

qk(x) =

{
α+ β if ij ∈ y
2β if ij /∈ y

(2.2.23)

and α > β, then

max
c∈Pk

cty ≤ nβ

α− β
+ 1.

Theorem 2.2.4. Let X = STSP (Kn,n) n ≥ 2, then, for k = 1, ..., n we have that

P ◦k ⊂ X ⊂
(

1 +
βn

α− β

)
P ◦k (2.2.24)

where

α =

r∑
l=k

(
l

k

)(
k

2k − l

)((
n− 1

l

)
(2n− l − 2)!(

2n−2l−2
n−l−1

) +

(
n− 1

l − 1

)
(2n− l − 1)!(

2n−2l
n−l

) )
(2.2.25)

β =

r∑
l=k

(
l

k

)(
k

2k − l

)((
n− 2

l

)
(2n− l − 2)!(

2n−2l−2
n−l−1

) + 2

(
n− 2

l − 1

)
2

(2n− l − 2)!(
2n−2l
n−l

) +

(
n− 2

l − 2

)
(2n− l − 2)!(

2n−2l
n−l

) )
(2.2.26)

and r = min 2k, n.

Proof. This proof follows the same idea as Theorem 2.2.3.

Remarks:
It is possible to calculate a raw approximation of the bounds found in Theorem 2.2.4: let

Cl =

(
l

k

)(
k

2k − l

)(
n− 1

l − 1

)
(2n− l − 2)!(

2n−2l
n−l

) 1

l(n− l)(n− 1)

then,

nβ

α− β
=

∑r
l=1 nClg(l)∑r
l=1 Clh(l)

≤ n max
l=k,...,r

g(l)

h(l)
, (2.2.27)

where

g(l) = 2l3 − (2n+ 1)l2 − (4n2 − 6n+ 1)l + (4n3 − 6n2 + 2n), (2.2.28)

and

h(l) = (n− 3)l3 + (−3n2 + 7n− 1)l2 + (2n3 − 3n2)l . (2.2.29)

Lemma 2.2.5. The function

M(l) =
2l3 − (2n+ 1)l2 − (4n2 − 6n+ 1)l + (4n3 − 6n2 + 2n)

(n− 3)l3 + (−3n2 + 7n− 1)l2 + (2n3 − 3n2)l

is non-increasing for every l ≥ 0 and n ≥ 1.

From Lemma 2.2.5, we obtain the bounds

1 +
nβ

α− β
≤ 1 + n

2k3 − (2n+ 1)k2 − (4n2 − 6n+ 1)k + (4n3 − 6n2 + 2n)

(n− 3)k3 + (−3n2 + 7n− 1)k2 + (2n3 − 3n2)k

Also, we conjecture (see the figures below) that

1+
nβ

α− β
≈ Appxn =

(
1

3

√
k − 1

n− 1
+

2

3

)(
1 + n

2k3 − (2n+ 1)k2 − (4n2 − 6n+ 1)k + (4n3 − 6n2 + 2n)

(n− 3)k3 + (−3n2 + 7n− 1)k2 + (2n3 − 3n2)k

)
.

The following figures illustrate the bounds obtained in function of k for a given n. Here we plotted
three approximations: The exact bounds (red curve), the Aproxk bounds (black curve) and the
approximated bounds found using Lemma 2.2.5 (blue curve).
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Bounds for n = 10

Bounds for n = 50
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Bounds for n = 100

Bounds for n = 200.
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