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Abstract

The models of evolutionary dynamics are usually based in a fixed

background fitness, and when they include cooperation, they also in-

clude a fixed degree of cooperation. However, in a biological system

each individual is going to have different fitness and cooperate in

different degrees due to phenotypic variability, even in isogenic popu-

lations.This is an effect of the gene expression noise. Expression noise

affects the fitness of an organism when its fitness depends on the ad-

vantage of some phenotype that is generated by a gene or group of

genes, and an increase in gene noise expression can lead to a decrement

of the average total fitness of organisms.

We first set up an stochastic program for individual and group selec-

tion with fixed background fitness and cooperation level. The results

of these stochastic simulations were corroborated and compared to the

analytical stochastic model and some approximations for large popu-

lations and weak selection. Then we introduced phenotype variability

in the case of individual selection and finally we adapted the simula-

tion to a common goods game for group selection with cooperation

variability.

Our stochastic simulations show that the fixation times are altered

if the background fitness is a non-linear function of the gene expres-

sion level, as so changes in fixation probability with the variance of

the fitness distribution. Including phenotypic variability in Moran

processes allows a more realistic approach to the process of individ-

ual selection(Natural Selection), and the evolution of cooperation and

group selection(Natural selection at a second level). Detailed simula-

tions of competition populations of cooperators and defectors would



allow characterization of the importance of phenotypic variability and

its utility or impact in an evolutionary process.
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1

Introduction

The understanding of natural selection and evolution is an important field in

biological sciences. When these theories were initially proposed as an explanation

for the diversity and extinction of species in biological systems, their descriptions

were mostly qualitative[12; 18]. The needed of a predictive theory led in the 20th

century to the creation of numerical models to describe natural selection in a

quantitative way.

In the first stage, these numerical models were based in deterministic differen-

tial time equations, which describe the time evolution of the population of several

species in a competitive scenario, where the parameters of evolution are the re-

productive(fitness) and death rates. With the emergence of stochastic methods,

numerical models for natural selection as a stochastic process were formulated.

This was a more realistic approach because it explains the random fluctuations

found in real biological data. These stochastic natural selection models were usu-

ally based on the Moran process (used in this work for modeling asexual repro-

duction), where an individual with certain phenotype is selected for reproduction

with a probability proportional to its fitness, and the new offspring is an exact

copy of its parent. Thus, what the stochasticity of the Moran process is simu-

lating is the random adversities that organisms face in their environment, which

we called environmental noise, but this model does not take into a account the

internal gene expression noise of organisms. Gene noise makes that an isogenic

population have phenotypic variability.

The phenotype of an organism determines the reproductive and survival rates,
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which are summarized in the fitness. This fitness is larger when the phenotype

has an advantageous trait, and lower when phenotype has a disadvantageous trait

with respect to a given environment. The reproductive rate of an individual thus

depends on a phenotype, but this can be through a physical advantage or a social

behavior. Social behaviors such as cooperating or cheating can be inherited or

imitated. In evolutionary dynamics these phenotypes are usually assumed to be

inherited, as in the present work.

These social behaviors have become an important factor in the study of natural

selection. Natural selection does not just lead to selfish competitive behaviors, it

also leads to the emergence of cooperative interactions, where groups of organisms

gather in a common benefit to be a successful group. Evolution has different

mechanisms, and one that is usually found in literature for the emergence of

cooperation is group selection[26], which consist of a situation with competing

groups where individuals interact among the same group.

Although it is known that there is a phenotypic variability; in stochastic

evolution models usually the average fitness of a genotype is used, assuming that

the mean fitness is the important feature in the competitive system[18]. It is

known that gene expression noise can have effects on the average fitness of a

phenotype, and increasing noise can lead to a lower average fitness[28]. How does

this affect an evolutionary model with a Moran process? What are the effects

on macroscopic quantities as fixation probabilities, average fixation times and

average populations? Wang et al, made calculations of the effects of noise for two

alleles with the same fitness and noise. They used a Wright-Fisher process, and

they found that the fixation probability decreases under certain conditions. This

has not been examined in evolutionary dynamics with Moran process.

The inclusion of cooperative games in evolutionary dynamics has been done

also assuming a deterministic degree of cooperation. In a real biological or so-

cial system, individuals cooperate in different degrees. Traulsen[22] has studied

demographic noise in evolutionary game theory, with a model based on multiple

strategies (cooperate or defect), in a game where an individual imitates a strategy

in a Moran process, but with certain probability it can flip to another strategy,

this probability is called demographic noise. This is similar to a Moran model

with internal noise, but is a discrete system of strategies. We are interested in the
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case where a strategy can be adopted to different degrees, for example a group

of individuals that have and average degree of cooperation with certain variance,

which we can call demographic noise. Our purpose is to examine how this noise,

which we assume is due to internal gene noise, affects the dynamics of a Moran

process for group selection.

To answer the question of the effects of phenotype variability in the Moran

process, in Chapters 2 and 3 we will see the importance of the concept of fitness

in evolutionary theory and the basic deterministic models of reproduction and

natural selection. After this, for the purpose of examining the effects of noise,

in Chapter 4 we will see the standard stochastic model of Moran process for

natural selection. Later in chapter 5 we explain the theory of fitness that is due

to cooperative interactions in a biological system, and then this resulting fitness

will be added to the stochastic model to study the evolution of cooperation with

standard stochasticity. In Chapter 6, we shall examine the connection between

stochastic equations and the deterministic models. Finally in Chapters 7 and 8

we add the fitness and cooperation variability to the stochastic models studied in

Chapters 4 and 5, with this implementation done, the effects of noise in a Moran

process will be discussed. Additionally in Appdx A and B can be find some codes

in C++ for evolutionary dynamics simulations presented in this document.
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2

Natural Selection and Fitness

First of all, it is useful to start by explaining what biological evolution is. Today

in colloquial language evolution means changes over time. From this, it could be

inferred that evolution happens in many things around us; changes in the shapes

of mountains, the different leafs of trees across seasons, etc, but evolution in living

systems has a key difference. It is the ability to reproduce, where descendants

can have modifications, which are mutations. Biological evolution thus consists

of changes in the characteristics of populations of organisms over the course of

generations. This concept can be improperly understood. Changes on traits

of an individual along its life are not considered evolutionary, but changes on

its offsprings that can be inherited are evolutionary. Therefore, more exactly,

biological evolution implies reproduction and inheritance of the new features.

Changes in traits across successive generations is the beginning of the way to

explain the diversification in living beings. Why have some species persisted over

long periods of live history? Why are polar bears white but similar to brown bears

in north America? Then, an interesting question is: Which are the mechanism

that leads to an evolutionary process? Evolutionary dynamics has three basic

mechanisms: replication, mutation and selection, where they respectively have

dependence in an evolutive process[12].

Charles Darwin proposed one of these mechanisms, natural selection, which

states that changes in population traits are gradually directional to the fittest

trait, and through genetic inheritance the fittest characteristic gets fixed in the

population depending on the environment. Those changes with features that fit

4



organisms to their environment are called adaptations, and explain the diversity

of live[4]. According to Darwin’s theory, the descendants from a common ancestor

evolve in a diversity of characteristics because they have adaptations to different

conditions of life. This answer the questions above. Organisms as alligators have

keep unchanged because their characteristics fit well to almost all the natural

conditions they have confronted since millions of years ego. Polar bears have

white fur because this provides camouflage for hunting and protects them from

ultraviolet radiations that are intense in the polar regions. Polar bears are a

clear example of adaptation, because was discovered that they descended from a

population of brown bears that were isolated during a period of glaciation in the

Pleistocene1.

After Charles Darwin proposed the concept of natural selection as a mech-

anism to understand evolution, in the early 20th century scientists created ap-

proaches to modeling it mathematically. To modeling this process a quantity

that describes how much a characteristic is more selective than others is needed.

This quantity is called fitness, and it is usually defined as the average number of

offsprings produced by individuals of a certain type and the average number of

these that survive[18].

There are several kinds of fitness in the literature. One of them is Absolute

fitness; it is the per capita grow rate, that implies the processes of birth and

death. For the mathematical description and simulations that will be found in this

document, fitness will be defined as in Sean[18] “the reproductive contribution

by an individual to the next generation”.

1 Douglas P. DeMaster and Ian Stirling (8 May 1981). ”Ursus Maritimus”. Mammalian
Species No. 145, pp. 1-7.
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3

Deterministic Model of

Reproduction and Selection

In the last section it was explained the concept of fitness and its function in the

model of natural selection. In this chapter the basic deterministic models of pop-

ulation growth and competition will be explained, where the concept of fitness

is essential to understand these first mathematical models of reproduction and

natural selection. By determinism we mean that given some conditions the final

result is always the same. For example if you know the initial frequencies and the

rates of birth and death of two interacting species and measure the frequencies at

a certain time, this process is deterministic if every time you set the same initial

frequencies, you get the same final conditions at the same times. Deterministic

population growth models are useful from understanding the dynamic processes

of growing and in predicting population frequencies and steady states. These de-

terministic models are divided in two types: discrete and continuos. This chapter

gives some basic concepts of these two types that will be used for the development

of this work. Furthermore in the last part of this chapter a continuous model of

natural selection will be explained.
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3.1 Discrete Model

In discrete models of population growth the number N of individuals increases

with each time step ∆t. The population at time t+ τ is a recurrence function of

the present generation at time t and past populations,

Nt+∆t = f(Nt, Nt−∆t, ......, N0), (3.1)

but usually it is just a function of the present population

Nt+∆t = f(Nt). (3.2)

Given the initial conditions, the recurrence relation is solved if it is possible to

write Nn∆t in terms of the initial conditions, n and ∆t. This allows us to know

the state of the nth generation without using the recursion equation.

Most of the recurrence relations have no solution, but even then, they allow

us to know about the properties of population dynamics, such as the existence of

steady states. Due to this fact, they are essential for the algorithms in computa-

tional simulations of biological systems, as for example, the Fibonacci sequence

for modeling rabbit population growth and plant patterning.

Now one of the most popular examples of discrete processes in literature will

be shown. Suppose that at certain average period of time an individual divides;

for example consider a cell and its offsprings that divide into r cells each time τ .

The equation of this process is

Nt+τ = rNt, (3.3)

this is a recurrence equation, and the solution in terms of the initial condition x0

after n periods of time is

Nnτ = N0r
nτ . (3.4)

The recurrence relation can be transformed to

Nt+τ −Nt = (r − 1)Nt, (3.5)
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that is a difference equation of first order. For long times and taking τ = 1, this

discrete equation can be transformed into a differential equation in time.

3.2 Continuous Model

The most simple system in continuous growth is the single species model of birth.

Where the per capita rate of change in population is due to the reproductive

contribution r of each individual,

dN(t)

dt
= rN(t), (3.6)

but this is for growth in a perfect environment. In a more realistic situation, with-

out considering ecological interactions, there are a death rate d and a migration

rate m. Then the rate of change in the population would be

dN(t)

dt
= rN(t)− dN(t)−mN(t). (3.7)

The solution of this equation is

N(t) = N0e
(r−d−m)t, (3.8)

where if r − d −m is positive the population will grow, and if r − d −m it will

decrease.

Now let us see a continuous model of natural selection, where we have a

population of constant size N and two or more species competing. The constant

size condition in a biological system is due to limiting resources, and will generate

selection and in a experimental situation with microorganisms it can be set up

by maintain the population at its maximum carrier capacity.

Suppose we have two organisms A and B competing, with fitnesses fA and fB

and frequencies xA and xB respectively. Because of the constant size xA+xB = N ,

there is a rate of death φ common to the two populations of organisms that keeps

8



this condition. The differential equations for these two types are

dxA
dt

= fAxA − φ, (3.9)

dxB
dt

= fBxB − φ. (3.10)

Solving these two equations for φ

φ =
xAfA + xBfB

N
, (3.11)

and replacing φ in the equation for xA, we obtain the differential equation for xA:

dxA
dt

= xA(1− xA
N

)(fA − fB). (3.12)

The solution for this equation is

xA(t) =
xA0e

(fA−fB)t

1− xA0

N
+ xA0

N
e(fA−fB)t

. (3.13)

In these two equations it can be seen that the dominance of A depends only on

the fact that its fitness is larger than the fitness of B (Figure 3.1), and the time

of fixation will be shorter if the initial population increases Figure (3.2). It can

be seen also that the equilibrium points are the points of dominance.
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The difficulty with this model is that it describes the macroscopic dynam-

ics as that for the average population over time, but it does not let us see the
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intrinsic process of selection, how each individual is chosen over the others for re-

production and finally a type invades the population and what is the probability

of dominance. Later we will see the stochastic model for a situation of constant

size and two types of organisms with different fitness.
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4

Stochastic Model of Natural

Selection

Deterministic models of population dynamics allows us to describe some expected

behaviors of evolution in biological systems, but in the real world variables as

population size are stochastic and in average behave similar to the determinis-

tic model. Even so, important quantities as the probability that an organisms

invades a population are not predictable by the deterministic model. Instead, a

stochastic approach includes this and is a more realistic model of the behavior of

reproduction and competition dynamics in biological systems.

In this part, some properties of stochastic processes and the technique of

Markov chains to calculate the probabilities of the absorbing states and ab-

sorbance times in such systems will be explained. Competition and natural

selection in biological scenarios, which are modeled with Moran process, have

the properties of such stochastic systems. This relation allows us to calculate

analytically expressions for fixation probability and average time of fixation of a

new mutant or group of mutants competing with the old population in two cases:

random and neutral drift.
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4. Stochastic Model of Natural Selection

4.1 Moran process

This process is a stochastic model that was created by Moran to simulate selec-

tion among different types of individuals across generations in finite populations,

where the organism with the largest fitness will invade the whole population

depending on the initial population.

Imagine an experiment where a population of bacteria is at its maximal carrier

capacity; then the population size will be constant, and that means that when

an offspring is born other individual has to die. This is the Moran process,

where at each time step one individual of the population is chosen randomly for

reproduction with a probability that depends of its fitness. In order to keep a

constant population size, the new offspring replaces another individual of the

population that is chosen randomly as is depicted in Figure (4.1).

Individual selected 
for reproduction

Select for 
death

Replace

Figure 4.1: Example of birth and death in Moran process, where it is seen that

the size population is constant.

Because a Moran process is a birth and death process, it is a Markov chain

which has two absorbing states in the case of two types competing.

What is a Markov chain? A Markov chain is a random process with a set of

discrete and finite states. In this process, the transitions from one state to another

occurs in discrete time steps, where the transition to the next state depends only

on the present state and not on the preceding sequence of states, which is the

Markov property.
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4. Stochastic Model of Natural Selection

The next Figure (4.2) is a graph that represents a Markov chain,

n n+1n-1

p
n-1,n

p
n,n-1

p
n,n+1

p
n+1,n

p
n,n-1 

 is the transition probability from n to n-1.

Figure 4.2: Graph of transitions in a Markov process.

where n, n − 1 and n + 1 are states of the system and the arrows represent

the transition between neighbor states. The master equation for the probability

flux of state n is

dPn
dt

= −(pn,n−1 + pn,n+1)Pn + pn−1,nPn−1 + pn+1,nPn+1. (4.1)

Now let us see the Markov graph representation for a simple Moran process in a

population of size N and two different organisms of type A and B Figure (4.3),

where n is the number of individuals of type A(red balls) and the system has a

population size N = 14, the fitnesses for the two types are fA and fB.
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4. Stochastic Model of Natural Selection

n=4 n=5n=3

P
3,4

P
4,3 P

4,5

P
5,4

p
n,n-1 

 is the transition probability from n to n-1.

Figure 4.3: Graph of transitions in a simple Moran process.

The probabilities of being selected for reproduction are pA and pB, with the

condition pA + pB = 1, and each one is proportional to the type‘s fitness, usually

a linear function[19].

pA =
fAn

fAn+ fB(N − n)
, pB =

fB(N − n)

fAn+ fB(N − n)
. (4.2)

The individual selected to die is chosen randomly, so the probabilities of death

for A and B are
n

N
,

N − n
N

(4.3)

respectively. Therefore the probabilities of transition are

pn,n+1 =
fAn

fAn+ fB(N − n)

N − n
N

, pn,n−1 =
fB(N − n)

fAn+ fB(N − n)

n

N
(4.4)

and

pn,n = 1− pn,n−1 − pn,n+1 (4.5)

In the next simulation Figure (4.4) we show the population of individuals of type

A as a function of time for a stochastic simulation of the Moran process. This

stochastic simulation is a Monte Carlo step algorithm written in C++. This code
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4. Stochastic Model of Natural Selection

can be found in the Appdx A.
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Figure 4.4: Stochastic simulation of the Moran process for two executions of the pro-

gram(Randomdrift.cpp). Blue line represents the population of B individuals and red A in-

dividuals. The fitnesses are fA = 2, fB = 1 and N = 100 with an initial population of A

individuals i = 1.

Now imagine that you have an experiment where you have m >> 1 boxes

with medium for growing bacterias, and in each of them you set the same initial

conditions of population for two different types of bacteria. Then you let them

compete until they have reached dominance in each box.
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4. Stochastic Model of Natural Selection

Initial condition

After competition

Figure 4.5: Representation of several boxes with the same initial conditions that have different

final states because of the stochasticity. The fraction of boxes where A wins is called fixation

probability.

This is equivalent to running several times a simulation with the same initial

conditions. Because of the stochasticity there is a fraction of boxes where each

type dominate, but not in all, and this fraction is called the fixation probability

for that respective type. It can be calculated analytically by solving the follow

recurrence equation for ρi the fixation probability.

ρi = pi,i+1ρi+1 + pi,i−1ρi−1 + pi,iρi. (4.6)

where i is the initial population of individuals of type A.

4.2 Neutral Drift

In neutral drift two different types of organisms have equal fitnesses, so the dom-

inance of one of them will depend only on the frequency of each type.

The analytical procedure to find the probability of dominance is as follows:

With a population of size n and i individuals of type 1, the probabilities of

choosing are: i/n for type 1 and (n− i)/n for type 0. Then the probability that
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4. Stochastic Model of Natural Selection

the population changes from i to i+ 1 is[12]

pi,i+1 =
i(n− i)
n2

, (4.7)

and from i to i+ 1 is

pi,i−1 =
(n− i)i
n2

. (4.8)

The probability ρi of fixation or dominance for the initial condition of i individuals

of type 1 is ρi = 0 if i = 0 and ρi = 1 if i = n; this is because when an individual

is chosen to die it is replaced by one of its same type. The probability ρi is the

sum of the probabilities of dominate from three events, that is

ρi = pi,iρi + pi,i−1ρi−1 + pi,i+1ρi+1 i = 1, 2, 3, ..., n− 1 (4.9)

defining the new variables

yi = ρi − ρi−1 (4.10)

The series for yi is a geometric series

n∑
i=1

yi = ρn − ρ0 = 1. (4.11)

Since pi,i−1 = pi,i+1 and pi,i = 1− 2pi,i+1, let us write equation (4.9) as

2ρipi,i+1 = pi,i+1(ρi−1 + ρi+1) (4.12)

ρi − ρi−1 = ρi+1 − ρi (4.13)

because ρ0 = 0, then yi = ρ1 and
∑n

i=1 yi = ρn − ρ0 = nρ1. To determine ρi note

that ρi =
∑i

j=1 yj = iρ1, so finally

ρi =
i

n
. (4.14)

This probability for neutral drift depends only on the initial population. In the

next Figure (4.6) it can be seen that two simulations results in different population
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4. Stochastic Model of Natural Selection

dominance.

Figure 4.6: Two executions of the same neutral drift simulation with two different

dominance results, which are due to stochasticity.

The result for the probability ρi can be corroborated with the simulation

shown in the next Figure (4.7). This simulation can be found in Appdx B.
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Figure 4.7: Fixation probability in neutral drift as a function of initial population

i and size n = 100.
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4. Stochastic Model of Natural Selection

4.3 Random Drift

We can perform the same calculation for the same process as before, but assuming

that type 1 has fitness r and type 0 fitness 1[12]. Then the probability that 1 is

chosen for reproduction is
ri

ir + n− i
, (4.15)

and that 1 been chosen for elimination is

i

n
. (4.16)

Type 0 has probability for reproduction n− i/(ri+ n− i) and n− i/n for elimi-

nation. Therefore the probabilities of transition are

pi,i+1 =
ri

ri+ n− i
n− i
n

(4.17)

pi,i−1 =
n− i

ri+ n− i
i

n
(4.18)

pi,i = 1− pi,i+1 − pi,i−1. (4.19)

Once again the conditions for fixation probabilities ρi are ρ0 = 0, ρn = 1 and

ρi = pi,iρi + pi,i+1ρi+1 + pi,i−1ρi−1. (4.20)

With the new variable yi = ρi − ρi−1 we can write equation (18) as

yi = yi+1
pi,i+1

pi,i−1

= yi+1
ri

n− i
n− i
i

(4.21)

then yi+1 = 1
r
yi, and these lead to

yi =
1

ri−1
ρ1 (4.22)
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4. Stochastic Model of Natural Selection

since 1 = ρ1(1 +
∑n−1

m=1
1
rm

) and ρi = ρ1(1 +
∑i−1

j=1
1
rj

), the fixation probability is

ρi =
1 +

∑i−1
j=1

1
rj

1 +
∑n−1

m=1
1
rm

. (4.23)

In this expression we have a telescopic series. The sum value for a telescopic

series is
n∑
i=0

1

xn
=

1− 1
xn+1

1− 1
x

. (4.24)

Therefore the probability of fixation for type 1 starting in state i is

ρi =
1− 1/ri

1− 1/rn
. (4.25)

This result can be checked in a Moran process simulation where the fixation

probability is measured as a function of r. In the Figure (4.8) below the analytical

curve and the stochastic measures are shown.
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Figure 4.8: Fixation probability in random drift as a function of r in a population

of size n = 100 and initial state i = 50 ,where each point was calculated with

1000 executions. The line represents the analytical model.

In the case where type 0 has a fitness s, the fixation probability Eq. (4.25) is
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4. Stochastic Model of Natural Selection

written as

ρi =
1− (s/r)i

1− (s/r)n
(4.26)

4.4 Fixation Times

Fixation time is the average time that the competition system takes to reach one

of the two dominance states[1; 24]. Because of the stochasticity of the system the

time for reaching these states is a distribution, where each time t for reaching

an absorbing state(0 or n) starting from i type A individuals has a probabil-

ity P n,0
i (t). As for fixation probabilities, for P n,0

i (t) there is also a recurrence

equation, that is the probability sum of three different events:

• The probability of jump to state i− 1 in the first time step, and from there

it takes a time t− 1 with probability P n,0
i−1(t− 1) for reaching the absorbing

state.

• The probability of jump to state i+ 1 in the first time step, and from there

it takes a time t− 1 with probability P n,0
i+1(t− 1) for reaching the absorbing

state.

• The probability of staying in state i in the first time step, and from there

it takes a time t− 1 with probability P n,0
i (t− 1) for reaching the absorbing

state.

The recurrence equation is

P n,0
i (t) = Pi,i−1P

n,0
i−1(t− 1) + Pi,i+1P

n,0
i+1(t− 1) + Pi,iP

n,0
i (t− 1). (4.27)

The probability of time t for reaching state n is P n
i (t), and the recurrence equation

for the dominance of type A is[1]

P n
i (t) = Pi,i−1P

n
i−1(t− 1) + Pi,i+1P

n
i+1(t− 1) + Pi,iP

n
i (t− 1) (4.28)
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4. Stochastic Model of Natural Selection

with the boundary conditions P n
0 (t) = 0 and P n

n (0) = 1. The average absorbsion

time is

ti =

∞∑
t=0

tP n
i (t)

∞∑
t=0

P n
i (t)

, (4.29)

where
∞∑
t=0

P n
i (t) = ρi. Multiplying Eq. (4.28) by t, sum it and applying the

identity
∞∑
t=0

tP n
i (t− 1) = ρi(ti + 1). (4.30)

We get

tiρi = Pi,i−1ρi−1(ti−1 + 1) + Pi,i+1ρi+1(ti+1 + 1) + Pi,iρi(ti + 1). (4.31)

Replacing τi = tiρi and using the recurrence equation Eq. (4.9), the above

equation becomes

−ρi = Pi,i−1τi−1 − τ1(Pi,i+1 + Pi,i−1) + Pi,iτi+1. (4.32)

Because this is a recurrence relation we can use si = τi − τi+1, and get

si =
Pi,i−1

Pi,i+1

si−1 +
ρi

Pi,i+1

. (4.33)

since s0 = −τ1, and iterating some times:

s1 =
ρ1

P1,2

− t1ρ1
P1,0

P1,2

:

s3 =
P3,2

P3,4

[
P2,1

P2,3

(
ρ1

P1,2

+ s0
P1,0

P1,2

)
+

ρ2

P2,3

]
+

ρ3

P3,4

.

Then by induction:

si = s0

i∏
j=1

Pj,j−1

Pj,j+1

+
i∑

j=1

ρj
Pj,j+1

i∏
m=j+1

Pm,m−1

Pm,m+1

, (4.34)
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4. Stochastic Model of Natural Selection

with the convention that
i∏
i+1

Pm,m−1

Pm,m+1
= 1. Now to determinate t1, we use the fact

that
i∑

n=1

sn = τ1 − τi+1, and τn = 0.Then

τ1 =
n−1∑
i=1

si, (4.35)

and using Eq. (4.34)

τ1

(
1 +

n−1∑
i=1

i∏
j=1

Pj,j−1

Pj,j+1

)
=

n−1∑
i=1

i∑
j=1

ρj
Pj,j+1

i∏
m=j+1

Pm,m−1

Pm,m+1

, (4.36)

Finally t1 is

t1 =
n−1∑
i=1

i∑
j=1

ρj
Pj,j+1

i∏
m=j+1

Pm,m−1

Pm,m+1

. (4.37)

With this result we can determinate the expression for the fixation time ti of i

initial A individuals. We can see that

i−1∑
k=1

sk = τ1 − τi, (4.38)

but in this equation we can replace

i−1∑
k=1

sk =
n−1∑
k=1

sk −
n−1∑
k=i

sk

to get the relation

τi =
n−1∑
k=i

sk (4.39)

where replacing sk. ti is

ti = −ρ1t1
ρi

n−1∑
k=i

k∏
j=1

Pj,j−1

Pj,j+1

+
n−1∑
k=i

k∑
j=1

ρj
ρiPj,j+1

k∏
m=j+1

Pm,m−1

Pm,m+1

. (4.40)
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For random drift t1 and ti simplify to:

t1 =
n

1− ( s
r
)n

n−1∑
k=1

(
s

r
)k

k∑
l=1

(
1− (

s

r
)l
)( 1

n− 1
+
s

rl

)
, (4.41)

ti = t1 − t1
(

1− (s/r)n

1− (s/r)i

)
+

n

r(1− (s/r)i)

n−1∑
k=i

k∑
l=1

(
1− (s/r)l

) (rl + s(n− l))
l(n− l)

(4.42)

If we observe carefully these expressions, it can be seen that t1 is shorter as fitness

r increases. In the case for ti, the larger the initial population i, the shorter the

average time for reaching dominance. These interpretations are consistent with

those from Eq. (3.12).
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5

Game Theory, Cooperation and

Fitness

Until now we have seen evolutionary dynamics where fitness depends on the phe-

notypes advantages of organisms, but fitness is also affected by interactions with

other members of population. These interactions can be due to social behaviors,

and can lead to emergence of cooperation. Thus in this chapter the fitness value

due to cooperative interactions among individuals will be shortly developed using

game theory. Next, this fitness will be implemented in the stochastic model of

selection.

Evolution is usually described as a fierce competition between individuals,

that leads to a selfish behavior as, for example the competition among lions for

females, but it has been seen that in many biological systems evolution leads

also to cooperative behaviors between individuals[3], for example when bacteria

gather in a biofilm to help each other, or in cooperation among humans in a work

team.

Natural selection can lead to cooperation if it implies a higher benefit than

that when individuals are selfish. A population of only cooperators can then

be invaded by a cheater if behaving like that has more benefit, or the opposite

situation where cheaters are invaded by cooperators. The mechanisms that lead

to one of those behaviors in a population of individuals depend on the biological

system.
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Some scientist have proposed models to described the selection of cooperation

and behavior interactions among organisms. This field of science has been called

evolutionary game theory. For example Martin A. Nowak, who has worked in

evolutionary dynamics, has proposed five mechanisms for the evolution of coop-

eration based on game theory, where the benefit of cooperating or defecting is

related to the fitness of individuals[13; 19]. The mechanisms are: kin selection, di-

rect reciprocity, indirect reciprocity, network reciprocity and group selection. The

last one, group selection, describes the evolution of cooperation in individuals of

different groups that are on competition.

Differences between evolutionary game theory and classical game theory are

essential. Classical theory considers rational players thinking about others strate-

gies, which becomes an infinite iterating game [24]. In evolutionary game theory

organisms are considered not rational, and strategies spreads depending on the

utility that they give to the players; they can be imitated or inherited.

5.1 Fitness Due to Cooperate-Defect Startegies

When organisms have interactions in some environment, where each of them has

the possibility of different strategies or behaviors, from those interactions each

individual in the biological system will get an utility. In the simplest situation

imagine two different organisms that have the option of two behaviors: cooperate

and defect. For example in sea there are two fish, the white shark and Pilot fish,

that cooperate between them. The White shark lets Pilot fish eat the parasites

on its skin. Therefore it is said that if the shark lets it eat from its skin, it

cooperates, and the Pilot fish cooperates when it cleans the shark’s skin.
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Figure 5.1: Illustration of cooperation between White shark and Pilot

fish(www.pioneermindset.wordpress.com).

The utilities of this interaction can be visualize in a payoff matrix.

Pilot fish

White shark

 C D
C Ashark Bshark
D Cshark Dshark


White shark

P ilot fish


C D

C Afish Bfish
D Cfish Dfish


Where the elements of the left hand matrix are the utilities for the shark,

and the right hand matrix has the utilities for the Pilot fish. This utility of the

interaction represents a contribution to the fitness of each individual. For the

White shark, it will get a skin clean of parasites, increasing its life time and

possibility of reproduction. For the Pilot fish, it will get a source of food and

protection from bigger predators. Both organisms can get a larger per capita

reproduction rate from the altruistic act.

As we see in the last matrices, a matrix is needed for the utilities of each

individual, but in the case where the utilities from the interaction are symmetric
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just one payoff matrix is used:

(C D

C R S

D T P

)
. (5.1)

An example of this symmetric situation, is a group of bacteria that have pair

interactions, where each time that two bacteria meet they have the options of

cooperate producing an enzyme for processing food, or defect taking food without

invest energy to produce the enzyme. This interaction has a benefit b and a cost

c for producing the enzyme. Thus, the payoff matrix of this game is

( C D

C b− c −c
D b 0

)
,

where it can be observed that the strategy with the largest utility is defecting,

but if this strategy invades the group, no bacterium will have a benefit.

Now let us examine how the process of selection works in game theory. Imagine

a group of size n with i individuals that cooperate and n − i that defect. The

expected payoff πC of cooperators due to pairwise encounters with the rest of

individuals in the group is

πC =
R(i− 1) + S(n− i)

n− 1
. (5.2)

This average utility will represents a reproductive rate for the individuals with

the strategy of cooperation. Usually this fitness is a linear function with the form

fC = 1− w + wπC , (5.3)

where w is called the intensity of selection, and represents how much the game

contributes to selection process. For example, for w = 0 the competition reduces

to neutral drift and the game has not effect on the fitness.

There is another function of fitness that is usually used, this is an exponential
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function of expected payoff πC ,

fC = ewπC . (5.4)

This function is usually used for analytical results of fixation probabilities when

intensity of selection is large.

Then in summary, in a group of size n and i cooperators, the expected payoff

and fitness for a defector will be:

πD =
Ti+ P (n− i− 1)

n− 1
fD = 1− w + wπD. (5.5)

Systems where there is not fitness due to interaction and it is intrinsic to

each type of organism, as random drift also can be written in a payoff matrix,

and doing the algebraic calculations get same transitions probabilities. Then for

neutral drift (A B

A 1 1

B 1 1

)
and for random drift (A B

A r r

B s s

)
.

Let us calculate πA in the case that w = 1 for random drift.

fA = πA =
r(i− 1) + r(n− i)

n− 1
= r and fB = s

We have seen above examples of cooperation among different species, but the

interest of this work is to study how cooperation evolves among individuals of

the same specie, as humans or yeast.
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5.2 Fixation Probability

For fixation probability the same procedure is used as for random drift, with the

difference that fC,D is a function of the frequency i[19]. First of all, we should

define Pi,i+1 and Pi,i−1:

Pi,i+1 =
fCi

fCi+ fD(n− i)
n− i
n

. (5.6)

Again the equation for ρi is

ρi = ρiPi,i + ρi−1Pi,i−1 + ρi+1Pi,i+1 (5.7)

replacing the new variable xi = ρi − ρi−1.

Pi,i−1xi = Pi,i+1xi+1 (5.8)

with the conditions

x0 = 0 and
n∑
i=1

xi = 1, (5.9)

xi+1 = xi
Pi,i−1

Pi,i+1

, 0 < i (5.10)

by induction xi in terns of ρ1 is:

xi = ρ1

i−1∏
j=1

Pj,j−1

Pj,j+1

. (5.11)

Then replacing (5.13) in (5.11) ρ1 is

ρ1 =
1

1 +
n∑
i=2

i−1∏
j=1

Pj,j−1

Pj,j+1

, (5.12)
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and finally since ρi =
i∑

j=1

xj;

ρi = ρ1(1 +
i∑

j=2

j−1∏
m=1

Pm,m−1

Pm,m+1

). (5.13)

Now with ρ1 it is possible calculate ρi. Since ρi =
i∑

j=1

ρi =
i∑

j=1

ρ1

j−1∏
m=1

Pm.m−1

Pm,m+1

= ρ1

(
1 +

i−1∑
j=1

j∏
m=1

Pm,m−1

Pm,m+1

)
(5.14)

Therefore

ρi =

1 +
i∑

j=2

j−1∏
m=1

Pm,m−1

Pm,m+1

1 +
n∑
i=2

i−1∏
j=1

Pj,j−1

Pj,j+1

. (5.15)

For weak selection w � 1 the expression Eq. (5.12) for ρ1 can be reduced to a

simpler form. Starting with the ratio of the transition probabilities, that is

Pi,i−1

Pi,i+1

=
fD
fC

=
1− w + wπD
1− w + wπC

. (5.16)

Now the term that need to be simplified in ρ1 is the summation

n−1∑
k=1

k∏
j=1

fD(j)

fC(j)
, (5.17)

where just the linear terns in the product will be considered. For k = 2 the

product is

2∏
j=1

fD(j)

fC(j)
=

(1− w + wπD(1))(1− w + wπD(2))

(1− w + wπC(1))(1− w + wπC(2))
≈ 1− 2w + w(πD(1) + πD(2))

1− 2w + w(πC(1) + πC(2))
,

(5.18)
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and for k = 3

3∏
j=1

fD(j)

fC(j)
≈ 1− 3w + w(πD(1) + πD(2) + πD(3))

1− 3w + w(πC(1) + πC(2) + πC(3))
. (5.19)

Then by induction:

k∏
j=1

fD(j)

fC(j)
≈

1− kw + w
k∑
j=1

πD(j)

1− kw + w
k∑
j=1

πC(j)

. (5.20)

The summations over πC and πD

k∑
j=1

πD(j) =
1

n− 1
(k(Pn−P )+(T−P )

k∑
j=1

j) ,
k∑
j=1

πC(j) =
1

n− 1
(k(Sn−R)+(R−S)

k∑
j=1

j)

(5.21)

Using Gauss summation formula

k∑
j=1

j =
k(k + 1)

2
(5.22)

in Eq. (5.21), we get that the summation in the denominator of ρ1 is

n−1∑
k=1

1− w + wk
n−1

(Pn− P + (T−P )
2

(k + 1))

1− w + wk
n−1

(Sn−R + (R− S) (k+1)
2

)
(5.23)

Now the last simplification is done by using the binomial approximation

(1 + x)α ≈ 1 + αx , x� 1. (5.24)

Then Eq. (5.23) becomes

n−1∑
k=1

(
1 +

wk

n− 1
(Pn− P +

T − P
2

(k + 1) + Sn−R + (R− S)
(k + 1)

2
)

)
,

(5.25)
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and using the summation formula

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
, (5.26)

it is equal to

n−1+
wn

2

(
(Pn− P + Sn−R) + (R− S + T − P )

(
1

2
+

(2n− 1)

6

))
. (5.27)

Therefore ρ1 is written as

ρ1 =
1

n
(

1 + w
2

(
(Pn− P + Sn−R) + (R− s+ T − P )(1

2
+ (2n−1)

6
)
)) , (5.28)

and using again the binomial approximation

ρ1 =
1

n
− w

n2

[
(Pn− P + Sn−R) + (R− s+ T − P )(

1

2
+

(2n− 1)

6
)

]
. (5.29)

The fixation probability ρD for a defector in a population of n− 1 cooperators is

ρD = 1− ρn−1, (5.30)

and the approximation for weak selection is

ρD =
1

n
+
w

6n
[4R− S − T − 2P + n(−2R− S + 2T + P )] . (5.31)

5.3 Group Selection

In biological systems natural selection does not happen only at the level of indi-

viduals; it also happens at the level of groups of individuals[27], where the groups

with larger average fitness will proliferate splitting in new groups of individuals

with the same behavior or physical advantage. This phenomenon of group se-

lection is also observed in social systems. For example, competitions between

working teams, or the alliance among enterprises to get any common benefit that

they can not get working individually. At the biological level, group selection
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has an interesting example and commercial use as described by (Graig and Muir

1996)[6]. They made observations on the selection on chickens groups in a farm,

where chickens groups that do not fight among themselves are selected to have

new offsprings, which will be introduced in the farm because they will behave as

their parents, and do not fight others inside the cages. The utility of this strategy

is an increase in egg production.

Group selection is a mechanism for the emergence of cooperative behaviors[13].

Some examples of this fact are given in [2; 3; 7], where bacteria gather to produce

enzymes needed to process some food source in the environment. Cheating could

be a better strategy individually , but the group needed by a population fraction

contributing to the group goods, makes that cooperating producing enzymes fixed

in population.

This process of selection at a second level is simulated using a modified Moran

process, that is as follows[19; 25]. In a population of m groups of maximum size

n, where individuals have interaction only with others in their group. At each

time step one individual of the entire population is selected for reproduction,

and the new offspring will added to the group of such individual. When this

group reaches the maximum amount of population n, with probability q it splits

randomly in two groups, and a random group is chosen to be replaced by the new

offspring group. Finally with a probability 1 − q, this group does not split, and

one individual from it is chosen randomly to be replaced by the new offspring

(Figure 5.2).

Even though group selection is usually considered as a mechanisms for the

emergence of cooperation and social behaviors, it is also involved in the evolution

of phenotypic traits[26; 27], which can be influenced by group selection. As an

example of this, a simulation of random drift with group selection will be shown

later.
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a)

 Selected for 
reproduction in 
a group of size 

n

b)

 Selected for 
reproduction in 
a group of size 

n

Figure 5.2: a) . With probability q the group splits in two groups, where generally

q � 1 to allow invasion in groups before any splitting. b) With probability 1− q
the new offspring take the place of other individual in the group.

Fixation probability in group selection is often calculated for an initial single

mutant in whole population of m groups of size n, with a small q[19; 25]. If the

splitting probability is small enough, such that the average time for an splitting

event is larger than that for fixation of a single mutant in a groups, the fixation

probability Φ(1) in population can be separated in two events: fixation probability

ρ(1, n) of a mutant in a group of size n, and fixation probability φ(1,m) of a single

group of mutants in a population of m groups. Thus the risk of dominance of a

single mutant is

Φ1(n,m) = φ1(m)ρ1(n). (5.32)

The general form of ρ1 has been already determined in Eq. (5.12). A general

form for φ1(m) can be derived because of the small q. After a mutant of type
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A has invaded its host group of n − 1 type B individuals, then the population

will be composed of homogenous groups of A or B individuals. As a result, the

transition probability Pl,l+1 that population changes from l A groups to l + 1 is

the product of three events:

• The probability that an individual of type A is selected for reproduction.

fA(n)ln

fA(n)ln+ fB(0)(l −m)n
. (5.33)

• The probability of splitting q

• The probability that a B group is chosen for elimination.

m− l
m

(5.34)

Thus Pl,l+1 is given by

Pl,l+1 = q
fA(n)l

fA(n)l + fB(0)(l −m)

m− l
m

, (5.35)

and Pl,l−1 by

Pl,l−1 = q
fB(n)(m− l)

fA(n)l + fB(0)(l −m)

l

m
, (5.36)

In this phase of the process where there are only homogeneous groups, each

group behaves as an individual of fitness fA,B(n)n. Consequently the fixation

probability of a single mutant of type A in a group has the same form as Eq.

(5.12) for a single mutant in a population of size m:

φ1(m) =

(
1 +

m−1∑
k=1

k∏
l=1

fB(0)

fA(n)

)−1

(5.37)

Hence, the fixation probability of a single mutant A in a structured population

of m groups of maximum size n is given by

Φ1(n,m) =

(
1 +

n−1∑
k=1

k∏
j=1

fB(j)

fA(j)

)−1(
1 +

m−1∑
k=1

k∏
l=1

fB(0)

fA(n)

)−1

. (5.38)
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In random drift, where a mutant A of fitness r is introduced in a population of

nm − 1 type B individuals with fitness s, the respective fixation probability ha

an analytical solution, and reduces to

Φ1(n,m) =
1− s/r

1− (s/r)n
1− s/r

1− (s/r)m
. (5.39)

This is can be corroborated with the stochastic simulation data in (Figure 5.3).

From this expression some important features of a structured population can

be seen[26]. Comparing the fixation probability ρ1(r, nm) of a single mutant A in

a unstructured population of size nm with that for group selection, Φ1(r, n,m), we

see that for s < r we have Φr,n,m 6 ρ1(r, nm), which means that an advantageous

mutant is less likely to be fixed in a structured population. In contrast, for r < s

we have Φr,n,m > ρ1(r, nm), which means that a disadvantageous mutant is more

likely to be fixed in a structured population. This shows that the process of group

splitting works as a suppressor of individual selection.
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Figure 5.3: Group selection for no interaction games. n = 10, m = 10 and

q = 0.001
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Now we will study the case of interaction games, where there are social in-

teractions among the individuals of each group. In this system we have type

C(cooperators) individuals and type D(defectors), with the payoff matrix.

(C D

C R S

D T P

)
(5.40)

and the expected fitnesses by individual are

fC(i) = 1− w + wπC(i) fD(i) = 1− w + wπD(i). (5.41)

The fixation probability for a single cooperator in a group of n− 1 defectors, for

weak selection, has been already determined in Eq. (5.29). Thus

ρD(n) =
1

n
− w

6n
[(T −R + 2P − 2S)n− (T + 2R− 4P + S)] . (5.42)

Fixation probability φC(m) of a single group of cooperators can be compute using

Eq. (5.37), which for weak selection is[25]

φD(m) =
1

m

[
1 +

w

2
(m− 1)(R− P )

]
. (5.43)

Therefore the fixation probability of a single mutant in a structure population of

m groups of size n is given by

ΦC(n,m) =
1

mn

[
1 + w

(
−(T −R + 2P − 2S)n− (T − 4R + 2P + S)

6
+
m− 1

2
(R− P )

)]
.

(5.44)

Using Eq. (5.31) for a single defector in a group, and the fixation probability of

a single defector group,

φD(m) =
1

m

[
1− w

2
(m− 1)(R− P )

]
, (5.45)

39



the fixation probability of a single defector in structured population is

ΦD()n,m) =
1

nm

[
1 + w

(
1

6
((2T − 2R + P − S)n− (T − 4R + 2P + S)) +

m− 1

2
(R− P )

)]
.

(5.46)

Now let us compare these analytical approximations with the pair interaction

stochastic simulation. For this propose a prisoner’s dilemma game will be used,

with the payoff matrix

( C D

C b− c −c
D b 0

)
, (5.47)

where c represents the cost of cooperating and b the benefit that an individual

gets from the cooperation of its partner. In (Figure 5.4) the population fraction as

a function of time steps for group selection is shown, where the peaks represents

the splitting of a group, the division of a group of size n replaces another group of

size n most likely by a new group of n/2 individuals, which explains the abrupt

changes in population.
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Figure 5.4: The peaks are the splitting of a group, and the splitting probability

is q = 0.001. The code for this simulation can be found in Appdx B.
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Now let us analyze the conditions where a cooperator is more likely to in-

vade a structure population of defectors than a single defector invade a popula-

tion of cooperators. In other words, what are the values of the ratio c/b where

ΦC(n,m) ≥ ΦD(n,m). For b and c, the fixation probabilities simplify to

ΦC(n,m) =
1

mn

[
1 + w

(
−1

6
(3cn+ 3(c− b)) +

m− 1

2
(b− c)

)]
(5.48)

ΦD(n,m) =
1

mn

[
1 + w

(
1

6
(3cn+ 3(c− b))− m− 1

2
(b− c)

)]
. (5.49)

The inequality reduces to

(m− 1)(b− c) ≥ cn+ c− b, (5.50)

which can be written as
b

c
≥ n

m− 2
+ 1. (5.51)

From this inequality it is inferred that the benefit to cost ratio where a cooperator

is most likely to invade than a defector, depends on the structure of population.

This inequality is compared in the next figure with data obtained from a group

selection simulation for different values of m (Figure 5.5).
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Figure 5.5: Group selection curve for invasion. Red line represents the analytical

solution, and the point were calculated using a simulation with the parameters

q = 0.001, w = 0.1 and n = 10. This simulation required of a parallel processing

in C++.
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6

From Stochastic Equations to

Deterministic Average Equations

In the preceding chapters we have studied some aspects of the deterministic evolu-

tionary equations and the stochastic process without the analysis of the relation

between them. Therefore in this chapter we will study the connection of the

stochastic process with the deterministic dynamics, which is of particular impor-

tance to interpret the results of the stochastic simulations compared with the

deterministic model, and evaluate under what conditions the deterministic model

reproduces the average stochastic process.

In the literature we find differential equations for growth processes, such as

protein production and degradation, predator-prey dynamics such as the Lolka-

Volterra equations and selection dynamics as Eq. (3.12). These are deterministic

descriptions of those processes, which really are stochastic. What these equa-

tions are telling us about is the average behavior of those systems, but how can

those equations be derived from the master equation Eq. (4.1)? Many of these

differential equations have been proposed without a direct explanation of their

relation with the implicit stochastic process [23]. For example, the equation

dxi
dt

= xi(πi(x)− π̄) (6.1)

for replication dynamics in evolutionary game theory is not the result from aver-

aging over the master equation of its respective Moran process. This also happens
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with random drift and Eq. (3.12), where the average of the stochastic simulation

does not fit with the solution of this equation.

In this section a simple approach to derive the average differential of some sim-

ple stochastic systems will be shown, such as that of protein creation and degra-

dation and for more difficult master equation as those that result in Moran pro-

cess for evolutionary dynamics, using Focker-Planck approximation and Langevin

equation.

6.1 A Simple Example: Protein creation and

degradation

Inside any cell there is a genetic system that is responsible for the production of

the proteins that the cell needs. Suppose that the expression rate of protein is γ,

but inside of cell this proteins also have a degradation, that can be represented

by the rate β. Because of the stochasticity these rates represents the probabilities

by unit time of creation or degradation. Taking 1 as the time step and assuming

it is small enough compared to γ and β that just one events happens at each time

step[17; 21], the master equation for the state of i proteins is

dpi(t)

dt
= −(γ + iβ)pi(t) + (i+ 1)βpi+1(t) + γpi−1(t). (6.2)

where i goes from 0 to ∞ and the average of i is represented by

〈i〉 =
i=∞∑
i=0

ipi(t). (6.3)

Averaging over Eq. (6.2) we get

d〈i〉
dt

= −
i=∞∑
i=0

i(γ + iβ)pi(t) +
i=∞∑
i=0

i(i+ 1)βpi+1(t) +
i=∞∑
i=0

iγpi−1(t). (6.4)
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and replacing the next summations in the above equation

∞∑
i=0

iγpi−1(t) =
∞∑
i=0

(i+ 1)γpi(t)
∞∑
i=0

i(i+ 1)βpi+1(t) (6.5)

the average simplifies to the differential equation

d〈i〉
dt

= γ − β〈i〉, (6.6)

which has the solution

〈i〉 =
γ

β
+

(
〈i〉0 −

γ

β

)
e−βt (6.7)

and the average protein number 〈i〉 = γ/β in steady state.

We can also determine the steady state protein distribution by taking dpi(t)
dt

= 0

in the master equation

0 = −(γ + iβ)pi(t) + (i+ 1)βpi+1(t) + γpi−1(t), (6.8)

which can be written as

(i+ 1)pi+1 − 〈i〉pi = ipi − 〈i〉pi−1. (6.9)

Setting yi = ipi − 〈i〉pi−1 and using the above equation, the sum over yi is

∞∑
i=0

yi = 0. (6.10)

Then yi must be 0, and the recurrence equation for pi is

pi =
〈i〉
i
pi−1 (6.11)

Therefore

pi =
〈i〉i

i!
p0. (6.12)
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Because of
∞∑
i=0

pi = 1 and
∑
〈i〉i/i! = e〈i〉, p0 = e〈i〉 and finally

pi =
〈i〉i

i!
e−〈i〉. (6.13)

The steady state of proteins have a Poisson distribution, which for large 〈i〉 can

be approximated to a continuos Gaussian distribution.

These two results; the deterministic law and steady state distribution, were

simple to determinate due to the lineal form of the transition rates Pi,i+1 and

Pi,i−1 of this system; but even then, the dynamical distribution is difficult to

calculate analytically. Next we will see some approximation methods to calculate

the deterministic law when the transition probabilities are not lineal.

6.2 Average Differential Equations in Evolution-

ary Dynamics

In this section an approximation method to find deterministic differential equa-

tions from stochastic systems, where the transition probabilities are non-linear

functions of the stochastic state variable i, will be explained.

In evolutionary dynamics we have transition probabilities that are not linear

function of the population frequency i, which have the form

Pi,i+1 =
1− w + wπC
1− w + w〈π〉

i

n

n− i
n

Pi,i−1 =
1− w + wπD
1− w + w〈π〉

i

n

n− i
n

. (6.14)

Introducing these transitions probabilities into the master equation

dPi(t)

dt
= −(Pi,i+1 + Pi.i−1)Pi(t) + Pi+1,iPi+1(t) + Pi−1,iPi−1(t), (6.15)

and averaging over all the systems we will find terms of the form

n∑
i=0

1− w + wπ(i)C
1− w + w〈π(i)〉

i

n

n− i
n

iPi(t), (6.16)

which need to be transformed to get averages of i, and write the average differ-
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ential equation as
d〈i〉
dt

= f(〈i〉, 〈i〉2, .., 〈i〉m). (6.17)

This method to obtain the deterministic law is difficult. However it is possible

to use a easier method using the relation between Fokker-Planck equation and

Langevin equation.

First, to determine the Fokker -Planck equation, let us set Pi,i+1 = P+
i and

Pi,i−1 = P−i , and consider the case where i is large and behaves as a continuos

variable. We can then write the transition probabilities as

P+
i = P+(i) and P−i = P−(i). (6.18)

Expanding the terms P (i ± 1, t), P+(i ± 1) and P−(i ± 1) as a Taylor series

up to second order, the Fokker-Planck equation for the Moran process(one step

process) is[23]

∂P (i, t)

∂t
= − ∂

∂i

[(
P+(i)− P−(i)

)
P (i, t)− 1

2

∂

∂i

(
P+(i) + P−(i)

)
P (i, t)

]
.

(6.19)

This equation is often used to calculate the probability distribution and averages

in steady state. This can also be done with the Langevin approach.

Langevin proposed an stochastic differential equation of the form

di

dt
= a(i, t) + b(i, t)ξ(t), (6.20)

that have a deterministic part a(i, t) and the stochastic b(i, t)ξ(t), where ξ(t) is

an uncorrelated time random variable with white noise 〈ξ〉 = 0. Since this is a

Langevin approach for the Moran process, the quantities a(i, t) and b(i, t) must

satisfy the absorbing states 0 and n, where di/dt = 0. Therefore a(i, t) = 0 and

b(i, t) = 0 for i = 0, n. This tells us that these factors have a relation with the

transition probabilities.

Ito’s calculus lets us establish the equivalence between Langevin and Fokker-

Plank[5; 10]. For an arbitrary function f [i(t)], Ito’s formula for the expansion of
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the differential df [i(t)] = f [i(t) + di(t)]− f [i(t)] is

df [i(t)] = {a(i, t)∂if +
1

2
b2(i, t)∂2

i f}dt+ b(i, t)∂ifξdt. (6.21)

Averaging this equation

d

dt
〈f [i(t)]〉 = 〈a(i, t)∂if +

1

2
b2(i, t)∂2

i f〉+ 〈b(i, t)∂ifξ〉, (6.22)

where because of the irregularity of ξ, 〈b(i, t)∂ifξ〉 = 0. Thus∫
f(i)∂tP (i, t)di =

∫
a(i, t)∂ifP (i, t)di+

∫
1

2
b2(i, t)∂2

i fP (i, t)di. (6.23)

Integrating by parts this becomes∫
f∂tPdi = aPf | −

∫
∂i(aP )fdi+

1

2
b2P∂if | −

∫
1

2
∂i(b

2P )∂ifdi (6.24)

and once again for the integral that contains ∂if∫
f∂tPdi = aPf | −

∫
∂i(aP )fdi+

1

2
b2P∂if | −

1

2
∂i(b

2P )f | +
∫

1

2
∂2
i (b

2P )fdi,

(6.25)

where the boundary terms banish because they are evaluated in the absorbing

states i = 0, n. Therefore we obtain∫
∂tPfdi =

∫ (
−∂i(aP ) +

1

2
∂2
i (b

2P )

)
fdi. (6.26)

Since f(i) is arbitrary, the integral terms correspond to Fokker-Planck equation

∂tP (i, t) = −∂i(a(i, t)P (i, t)) +
1

2
∂2
i (b

2(i, t)P (i, t)). (6.27)

Notice that f(i) can be i(t). Then the Langevin equation

di

dt
= a(i, t) + b(i, t)ξ(t) (6.28)

is equivalent to Fokker-Planck Eq. (6.27). Therfore by similitude with Eq. (6.19),

48



the coefficients a(i, t) and b(i, t) are written in terms of transition probabilities as

a(i) = P+(i)− P−(i) , b(i) =
√
P+(i) + P−(i). (6.29)

Hence, the result of the Langevin approach is the macroscopic equation plus a

noise term; the macroscopic(deterministic) or average differential equation is

d〈i〉
dt

= P+(〈i〉)− P−(〈i〉) for i� 1 or | i− 〈i〉 |� 1. (6.30)

Now let us see the evolutionary dynamics differential equation. Setting x = i/n

and taking in to account that n� 1 we obtain

dx

dt
=
x

n

πC(x)− 〈π(x)〉
Γ + 〈π(x)〉

. (6.31)

Where πC(x) = R(x − 1/n) + S(1 − x), 〈π(x)〉 = πC(x)x + πD(x)(1 − x) and

Γ = (1−w)/w. For w = 1 this equation has the term 〈π(x)〉 unlike the standard

replicator Eq. (6.1). From this it is good to point out that there are different

types of transition probabilities for the Moran process, such as Fermi imitation

and local update mechanism[24]. Using the payoff matrix Eq. (5.1) and its

respective elements for random drift, the macroscopic equation for random drift

is
dx

dt
=
x

n

(1− x)(r − s)
xr + s(1− x)

. (6.32)

Below in Figure (6.1) simulations of random drift and a comparison with the

standard replication equation Eq. (3.12) for large populations are shown , where

a considerable difference is observed .

49



0 5000 10000 15000 20000
steps

0

0.2

0.4

0.6

0.8

1

Po
pu

la
tio

n 
Fr

ac
tio

n

i=10, n=1000, r=2, s=1.

0 50000 100000 150000 200000

Steps

0

0.2

0.4

0.6

0.8

1

Po
pu

la
tio

n 
Fr

ac
tio

n

Standart replication equation
Random drift simulation

Figure 6.1: Left: Five simulations of random drift for a no so large population n =

1000. Right: Comparison of random drift and standard replication dynamics(with

t = t′10000) for a population of 10000 and an initial state of 100 individuals with

fitness r = 2. The other type with s = 1.

In Figure 6.2 it is shown how a stochastic simulation for large n population

size is close to the deterministic solution of Eq. (6.32), which satisfies the law of

large numbers in stochastic processes.

0 50000 100000 150000 200000
Time

0

0.2

0.4

0.6

0.8

1

P
op

ul
at

io
n

Differential equation
Stochastic simulation

n=10000 and i=100, with r=2 and s=1

Figure 6.2: In this graph it is shown how the average differential equation fits to

a random drift simulation.
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7

Effects of No Deterministic

Fitness due to Internal Gene

Expression Noise

So far we have seen the classical model of random drift and evolutionary theory of

cooperation, wherein the fitness is considered to be deterministic, which suggests

an idealized situation because it is known that fitness is not deterministic and is

subject to random intracellular effects[15]. From this part of the document we

are going to discuss the problem stated in this thesis which can be summarized in

the next question: What are the effects of fitness variability in the Moran model

of selection?

Gene expression noise is a consequence of stochastic variation in cellular pro-

cesses, such as mRNA transcription an protein synthesis, which are due to extrin-

sic and intrinsic noise of organisms[8; 15]. These intrinsic stochastic fluctuations

results in the variability of isogenic populations of cells under equal environment

conditions[28]. When noise is small, individual cells behave similar to the av-

erage population, but when noise is comparable to the average population, this

can have large effects on the macroscopic characteristics of a population of organ-

isms, such as fixation probabilities, average fitness, fixation times and steady-state

points[11].

Noise has an important role in biological systems and evolution, it generates
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mistakes in the genetic transcription and consequently mutations in organism,

where new traits in species face in a successful way adversities in nature that

old traits do not[12]. This is a beneficial result of noise in biological systems,

but it also can have deleterious consequences on the optimums performance of

phenotypes in organisms[28].

In the present chapter, first it will be defined which stochastic process are con-

sidered extrinsic and intrinsic to individuals in our evolutionary simulation, and

how the intrinsic cellular noise affects the fitness of a phenotype. To do this, we

present the functional dependence of fitness with protein expression level, which

has optimum values. Next the distributions of fitness are introduced into the evo-

lutive simulation(see example code in Appdx A), and the resulting macroscopic

quantities measured for several values of noise and types of fitness distribution.

Finally we compare this results to the fitness deterministic case and create a

dynamical analytical approximation to relate intracellular and extrinsic noise.

7.1 Gene Expression Noise in Moran Process

In this model we have a stochastic process of Moran replication, where two or-

ganisms with different characteristics competing in an environment that is at

its maximum resource capacity, and therefore has a finite and constant popula-

tion size. The stochasticity in the simulations that have been shown in previous

chapters is due to factors external to individuals. For example, fluctuations in

food sources in a media for growing bacteria, or aleatory changes in temperature,

these are the fluctuations that random numbers simulate in these previous mod-

els. However, this model does not assume that there are also intrinsic fluctuations

in organisms that are not taken into account at the moment when an individ-

ual reproduces. The standard Moran process assumes that the new offspring is

an exact copy of its parent, which does not happen with real organisms due to

gene network noise. These fluctuations are due to random births and deaths

of molecules in gene expression dynamics inside organisms. Gene expression is

responsible for generating the traits of phenotypes. As a result of this noise, it

generates phenotype variability in isogenic populations.

The resulting fitness distribution will be added in the simulation at the mo-
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ment of replication, and the new offspring will have a fitness that comes from

this stochastic distribution. Here we assume that each time step in Moran pro-

cess is equivalent to the time that organisms as bacteria take to reproduce. In

other words we are considering that the protein distribution is the steady state

distribution.

7.2 Fitness as a Function of Gene Expression

We have defined fitness as the reproductive contribution by individual to next

generation. This fitness depends on any phenotype of the organisms.It is known

that gene repression or activation generate the lack or expression of a phenotype

characteristic. This characteristic can lead us intuitively to think that fitness

monotonically depends on gene expression level , but this is an incorrect con-

sideration. Instead fitness is a non-monotonic function of gene expression with

optimal and critical values. A way to analyzing this assumption, is to consider

that, if a bacterium expends lots of its energy producing proteins to generate

any phenotype, it will not have enough energy for producing biomass, in others

words, for replication. In the other hand, if the bacterium has a low expression

of the gene corresponding to a phenotype, this characteristic will not be enough

successful, which does not represent a reproductive advantage.

Protein synthesis is a costly process for organisms, and there should be optimal

expression levels for each gene. To compute these optimum levels of protein syn-

thesis, have been proposed models based in the trade-off between the cost energy

and the reproductive(biomass production) benefit of gene expression level[9; 28].

These models shown that, fitness is a limited non-monotonic function of protein

synthesis, which means that there is a range where fitness is a non-null positive

value with a maximum. In the next (Figure 7.1), are shown some fitness functions

from the works of Kahn and Wang.
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a) b)

Figure 7.1: a): These curves represent the fitness function for different values

of the optimal expression level x0. They were generated assuming a benefit and

cost functions, B(x) and C(x), where the x-axis is the expression level relative

to the optimum. This graph was taken from [9] b): Parallel reaction model in

a gene metabolic network, where the vertical axis represents fitness. This graph

was taken from[28].

The non-monotonic form of fitness functions leads to special properties when

we examine the resulting distribution fitness from a protein distribution. To study

these properties, we are going to use a simple triangular fitness function (Figure.

7.2). With this testing function, we will measure the average fitness for several

values of protein variance.
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Figure 7.2: a): Triangular fitness function and an example of a distribution of

protein expression with the form of a gaussian function. These functions are

not taken from data of any biological system, they are a test tool to examine

their effects on the stochastic simulation. b) In this figure is illustrated the fact

that two different alleles corresponding to two different phenotypes have different

fitness distributions.

In the next (Figure 7.7) the resulting fitness distributions for several variance

σ2 values of the Gaussian protein distribution are shown.
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Figure 7.3: Fitness distributions resulting from the triangular function with op-

timum value 2 and maximum fitness 2 a) Protein expression variance 0.01. b)

Protein expression variance 0.04. c) Protein expression variance 0.09. d) Protein

expression variance 0.25.

In (Figure 7.7), is observed that average fitness decreases as variance increases.

Now, the dependence of these two quantities will be examine in a graph of mean

fitness versus variance σ (Figure 7.8). In this graph mean fitness has a lineal

dependence with variance.
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Figure 7.4: Mean fitness dependence of protein square root variance.

The changes in average fitness of the resulting distribution are a consequence

of the non-monotonic form of fitness function. As a result, a symmetric gaussian

protein distribution generates an asymmetric fitness distribution with fitness de-

creasing as noise increases. Contrary, a linear increasing function have no effect

on the symmetry and average of fitness as noise vary. These asymmetric result-

ing distributions can be classified in two types: humped toward left, and humped

toward right (Figure. 7.5).
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Figure 7.5: a) Distribution humped toward left. These distributions characterizes

because the mean is at the right hand of the mode(Gamma distribution with

variance 0.3). b) Distribution humped toward right(Extreme Value distribution

with variance 0.3). These distributions characterizes because the mean is at the

left hand of the mode. The example distributions have mean equal 2.

The effects of the asymmetric shapes with growing noise will be examine in

the dynamics of moran process.

7.3 Fixation Probability

In this model the fitness for the initial populations of individuals and their off-

springs comes from a statistical distribution, which can be usually gaussian or

poisson’s, but for simplicity, we are initially going to use a Gaussian distribution.

Then, we will used asymmetric distributions like gamma, to analyze the effects

of symmetry in Moran process.

Let individuals of alleles of types 1 and 0 have values of fitness f1i and f0j

respectively, that are random values from a fitness distribution. Then the prob-

ability that type 1 is choosen for reproduction is

preproduction =

∑n
i=1 f1i∑n

i=1 f1i +
∑N−n

j=1 f0j

(7.1)

where n is the number of type 1 individuals and N the size of total population.
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Therefore the probabilities of transition are

Pn,n+1 =

∑n
i=1 f1i∑n

i=1 f1i +
∑N−n

j=1 f0j

N − n
N

(7.2)

Pn,n−1 =

∑N−n
j=1 f0j∑n

i=1 f1i +
∑N−n

j=1 f0j

n

N
(7.3)

replacing them in recursion equation

yn = yn+1
Pn,n+1

Pn,n−1

, (7.4)

which leads to

yn = yn+1
N − n
n

n∑
i=1

f1i

N−n∑
j=1

f0j

. (7.5)

Since y1 = ρ1, evaluating (31) for n = 1, 2 gives

y2 =
ρ1

N − 1

N−1∑
m=1

sm

1∑
m=1

rm

(7.6)

y3 =
ρ1

N − 1

N−1∑
m=1

sm

1∑
m=1

rm

2

N − 2

N−2∑
m=1

sm

2∑
m=1

rm

. (7.7)

Thus, by induction

yi = ρ1
(i− 1)!(N − i)!

(N − 1)!

i∏
j=2

N−(j−1)∑
m=1

sm

j−1∑
m=1

rm

, i ≥ 2. (7.8)
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From the condition
∑N

n=1 yn = 1− ρ1, the expression for ρ1 is

1 = ρ1 +
N∑
i=2

ρ1
(i− 1)!(N − i)!

(N − 1)!

i∏
j=2

N−(j−1)∑
m=1

sm

j−1∑
m=1

rm

(7.9)

ρ1 =

1 +
N∑
i=2

(i− 1)!(N − i)!
(N − 1)!

i∏
j=2

N−(j−1)∑
m=1

sm

j−1∑
m=1

rm


−1

(7.10)

For simplicity in the calculus of ρ1 with this expression, we use sm as a determin-

istic variable. Therefore, the above equation reduces to

ρ1 =

1 +
N∑
i=2

(i− 1)!si−1

i∏
j=2

1
j−1∑
m=1

rm


−1

. (7.11)

Because ρ1 is a function of the product among the sum of samples from a

statistical distribution, ρ1 is an stochastic variable, then we should calculated the

average of ρ1, which is the result that simulation will give as fixation probability.

The calculus of the average ρ in terms of the mean and standard deviation of the

stochastic variable rm is really a calculus of inferential statistics.

7.4 Results

First we started by examine the effects of the gene expression noise in the ran-

dom drift simulation. To do this, we used a gaussian protein distribution and a

triangular fitness function (Figure 7.6).
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Figure 7.6: a): Fitness triangular function of expression level. b): Resulting

fitness distribution due to triangular function.

With these protein distribution and fitness function, we set up a random drift

simulation to measure the average time that mutants with mean fitness r̄ = 2 take

to reach 0.5 of population and the average time of fixation. This simulations were

set up such that the fixation probability for mutants was approximately 1 (Figure

7.7). In (Figure 7.7a) it is seen that average fixation time is larger as standard

deviation in protein expression increases, but in (Figure 7.7b) is observed that

average fixation time have no changes with the increasing of standard deviation.

The first result is due to the fact that protein distribution is centered with fit-

ness function, where the non-monotonic form of the fitness function affects the

resulting fitness distribution. The second result is due to the centered position

of the protein distribution, which is enough away form the center, such that it is

affected by the linear part.
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Figure 7.7: a): Average time when 10 initial mutants(mean fitness r̄ = 2) reach

50% of a population of size 1000. This graph shows the average time using a

gaussian distribution with a linear function and a non-linear function(parameters

as in (Figure 7.6a) centered with the gaussian distribution. b): Average fixation

time when the expression distribution is not centered with the fitness function.

Fitness function centered on 10 and distribution centered on 11 and 12.

From the second result of (Figure 7.7), it can be inferred that if we have a

gaussian fitness distribution, its variance have no effect on the fixation probability

and average time. Then we examined if the average fixation of the resulting fitness

distribution is similar to that of the deterministic fitness simulation with fitness

equal to the average of that distribution(Figure 7.8). In this figure the analytic

time curve was plotted using Eq. (4.42).
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μ=2, parameters of triangular function: a=0, b=4, c=2, d=2. 
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Figure 7.8: a) Average resulting fitness from the triangular function as a function

of the standard deviation of the expression level distribution . b) Average fixation

time as a function of the mean fitness.

Taking in account the result above, we measured the fixation probability as

a function of the variance of a fitness gaussian distribution, where we obtained

that for these types of distributions the variance has not effects in the fixation

probabilities and times neither average population fraction measured at certain

time step with measures over 103 simulations. In a more carefully examination

analyzing the theoretical expression Eq. (7.3), which have a non-linear form

and should be affected by the variance of the fitness distribution, was decided

to increase the statistical sample, which means that we increase the number of

simulations to 2 × 104, with this we decrease the variance of sampling and each

measure of fixation probability is close to the real value(a consequence of the

central limit theorem). Based on this, we set up a fixation probability simulation

with a population of size 100 and a initial mutant of average fitness r̄ = 2 and a

gaussian distribution, and the rest of individuals with deterministic fitness s = 1.

The fixation probability for r deterministic; from Eq. (4.25) is ρ1 = 0.5. The

results for 2×104 simulations were: a fixation probability for the initial mutant of

ρ1 = 0.5 for variance 0 for r, and ρ1 = 0.48 for a variance of 0.3. This simulation

were executed several times, where the values for the fixation probabilities have

variations in the third decimal place.

The simulation was evaluated until 0.3 because for larger values the distri-
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bution gives negative values, but even that, we can infer that symmetrical dis-

tributions and variances σ2 � r̄ leads to small effects in this simulations. Thus

search for an asymmetrical distributions where the mean and mode have different

values, for this we used a gamma function, which is humped toward left. Using

this, we obtained a considerable change of the fixation probability as the variance

increased (Fig. 7.9) for the analytical Eq. (7.3) and the simulation for a mutant

of fitness r̄ = 2.

Figure 7.9: Fixation probability for a mutant whose type has average fitness r̄ = 2

as a function of fitness noise from a gamma distribution, in a population of size

n = 100 and individuals of fixed fitness s = 1.

The behavior above can be interpreted in a qualitative way. This kind of

distributions has the propriety of increasing the probability for values to the left

of the mean as the variance increases. This means that as variance increases

in (Fig. 7.9) the number of individuals with fitness smaller than r̄ is larger as

variance rises. Therefore we can expect that for a simulation with a distribution

humped to right the fixation probability would be larger as variance goes up.

Using the same conditions we measured the average population at certain

time step as a function of variance (Fig. 7.10).
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Figure 7.10: n = 100, s = 1, i = 1, gamma distribution with average 2 and

average population measured at time step 700.

Now let us examine the consequences on the average fixation times. Using

the same conditions as before and a gamma distribution. We obtained (Figure.

7.11).
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Figure 7.11: n = 100, s = 1, i = 1, gamma distribution for r with average 2 .

This result is a consequence that the fixation average time is measure each

time that the mutants invade the population. The variance has not effects on

the fixation time, but if we measure the average fixation time of reaching certain

average population traction, this will be affected because the fixation probability

is. This means that the average population equation will be affected by the fitness

variability.

To test the above hypothesis of asymmetry, we measured the effects of right

humped distributions (Figure. 7.12).
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Figure 7.12: a): Fixation probability for increasing variance of a extreme value

distribution, where n = 100, r̄ = 1, s = 0.7 and initial population i = 1. b) Ex-

treme value distribution used in simulation for variance 0.001. This distribution

is humped toward right .

This result, that is opposite to that we expected before, is a consequence of

the fact the this distribution with small changes in variance gives negative values

of fitness, which is not allowed, individuals with negative fitness have no sense

in this simulation. Thus the values of variance were limited and not comparable

with the mean fitness. This results were also obtained for conditions as those for

(Fig. 7.9).

7.5 The Fluctuation-Dissipation Theorem

The fluctuation dissipation theorem is an approach to noise between different

species in a stochastic system of coupled reactions. This theorem is based on the

Ω expansion around to the stable points in master equation[10], which leads to a

system of time differential equations for the variances of different species in the

stochastic system. The matrix formulation of this theorem is as follow[16]

dσ

dt
= Aσ + σAT + B (7.12)
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where σij are the covariances and

Aij =
∂

∂〈nj〉
∂〈ni〉
∂t

, Bij =
∑
k

vjkvikRk (7.13)

ni are the quantities involved in the stochastic process. Bii is the sum of fluxes for

each species ni. When there are no equation for terms of the form∂t〈ninj〉, which

represent events that change two different species simultaneously, Bij = 0[16].

As an example to learn how this theorem works, we can solve these equa-

tions in a system of protein synthesis from mRNA, where the average number of

proteins is denoted by 〈x〉 and the mRNA by 〈y〉. They follow the dynamics.

∂t〈y〉 = λ1 − β1〈y〉 (7.14)

∂t〈x〉 = λ2〈y〉 − β2〈x〉 (7.15)

thus

A =

(
−β1 0

λ2 −β2

)
, B =

(
λ1 + β1〈y〉 0

0 λ2〈y〉+ β2〈x〉

)
(7.16)

Finally the matrix for time derivates of variances is(
∂tσ

2
y ∂tσxy

∂tσxy ∂tσ
2
x

)
=

(
−2σyyβ1 + β1〈y〉+ λ1 λ2σyy − σyxβ2 − β1σxy

λ2σyy − σyxβ2 − β1σxy λ2〈y〉 − β2〈x〉+ 2(λ2σxy − β2σxx)

)
(7.17)

Thus the respective differential equations for each variance are

dσ2
y

dt
= −2σyyβ1 + β1〈y〉+ λ1 ,

dσxy
dt

= λ2σyy − σyxβ2 − β1σxy

dσ2
x

dt
= λ2〈y〉 − β2〈x〉+ 2(λ2σxy − β2σxx) (7.18)

In steady state the noise η2
x = σ2

x/〈x〉2 for proteins is related with mRNA noise
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η2
y = 1/〈y〉 by the equation

η2
x =

1

〈x〉
+

1

〈y〉(1 + β1/β2)
. (7.19)

In this equation we can see the intrinsic poissonian noise 1/〈x〉 and the external

noise; the second term, which is the mRNA poissonian noise scaled by factor that

depends on the degradation rates. This noise relation can also be derived using

the moment generating function[17].

7.6 Fluctuation-Dissipation Theorem for Ran-

dom Drift and Stochastic Fitness

In random drift two types of organisms with fitnesses r and s compete in popu-

lation of fixed size n. In this system, the population fraction 〈x〉 of individuals

with fitness r follows the time differential equation

d〈x〉
dt

=
r〈x〉(1− 〈x〉)

n(r〈x〉+ s(1− 〈x〉))
− s〈x〉(1− 〈x〉)
n(r〈x〉+ s(1− 〈x〉))

, (7.20)

where for simplicity we are going to use 〈x〉 = x̄.

The first two derivatives respect to x̄ for the probability fluxes of this equation

are:

∂

∂x̄

dx̄

dt
=
r − s
n

[
(1− 2x̄)(rx̄+ s(1− x̄))− x̄(1− x̄)(r − s)

(rx̄+ s(1− x̄))2

]
(7.21)

∂2

∂x̄2

dx̄

dt
=

[
(2x̄(s− r)− 2s)(rx̄+ s(1− x̄))− 2(r − s)(s− x̄2(r − s)− 2x̄s)

(rx̄+ s(1− x̄))3

]
(7.22)

Thus, using Eq. (7.12), the differential equation for σxx in the case of fixed fitness

is
dσxx
dt

= 2σxx∂x
dx̄

dt
+Bxx
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dσxx
dt

= 2σxx
r − s
n2

[
(1− 2x̄)(rx̄+ s(1− x̄))− x̄(1− x̄)(r − s)

(rx̄+ s(1− x̄))2

]
+
x̄

n2

(1− x̄)(r + s)

rx̄+ s(1− x̄)
,

(7.23)

where the general equation for σij has been divided by n because generally in

literature the time step dt is rescale to dt/n. This was done to have compatibility

with simulations, where time is not rescale to size n of the system. In the next

(Figure 7.13), the solution of Eq. (7.23) is plotted with different simulations

for random drift with deterministic fitness and noise fitness. It is observed that

the variance differential equations has maximum value at similar times in the

simulation.
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Figure 7.13: In this graph there are several plots for noise η2
x = σxx/〈x〉2. There

are curves from the stochastic simulation and one that is the solution of the

analytical differential equation for variance. In the simulations for random drift

r̄ = 2, s = 1 and the noise for r is 0.4(gaussian distribution), n = 1000 and

i = 10. The simulation data were obtained with 1000 simulations, which is not

an enough large to have similar curves in each execution of the program.
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After we compared the deterministic fitness simulation with the analytical

equation, we made the same measures of noise and average population for different

conditions os population and variance fitness. In (Figure 7.14) was studied the

change of total noise for several values of fitness variance in a population of 100

individuals.
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Figure 7.14: In this graph there are several plots for noise η2
x = σxx/〈x〉2. In the

simulations for random drift r̄ = 2, s = 1, and the random values for r come from

a gamma distribution with different variance for each curve. The population size

is n = 100 and the initial number of individual with fitness r is i = 1. The

simulation data were obtained with 104 simulations.

We were interested in the effects of fitness noise when the fixation probability

of a mutant is close to 1. Then we used the same values of fitness variance for

a population of 100 and 10 initial mutants (Figure. 7.15). In this simulations is

observed that the difference among the effects of noise is smaller than that for a

fixation probability of 0.5.
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Figure 7.15: In this graph there are several plots for noise η2
x = σxx/〈x〉2. In the

simulations for random drift r̄ = 2, s = 1, and the random values for r come from

a gamma distribution with different variance for each curve. The population size

is n = 100 and the initial number of individual with fitness r is i = 10. The

simulation data were obtained with 104 simulations.

In order to study the effects of noise for large populations, we set up a simu-

lation for a population of size 1000 and fixation probability of the mutant of 0.5

(Figure. 7.16). In this examination we found that the effects on total noise are

the same as that for a population of size 100, but the difference for the average

population was smaller in this case for the values of fitness variance.
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Figure 7.16: In this graph there are several plots for noise η2
x = σxx/〈x〉2. In

the simulations for random drift r̄ = 2, s = 1, and the random values for r

come from a gamma distribution with different variance for each curve. The

population size is n = 1000 and the initial number of individual with fitness r

is i = 1. The simulation data were obtained with 104 simulations.a) Standard

deviation curves. b) Average population fraction curves. It can be observed that

the standard deviations and the difference in the population average are smaller

than the case for n = 100, which means that for large populations the effects of

internal noise decrease. The simulation data were obtained with 104 simulations.

Now we will to tray of derive an analytical expression to relate the internal

fitness noise and the external population noise. In order to do this we are going

to use the fluctuations theorem and make some considerations on the resulting

differential equations to get an approximated expression.

In this system of natural selection, fitness is not a deterministic variable, which

affects the birth and death fluxes for x̄. Fitness depends on the protein expression

of each cell or individual. The average equation for protein expression p̄

dp̄

dt
= β(ȳ1, ...., ȳk)− λp̄. (7.24)

Where β(ȳ1, ...., ȳk) is a function of the k reactions in the genetic network. We

can consider the case where phenotypic proteins are not altered by the rest of

metabolic network.

For simplicity s will be considered deterministic and r(p) stochastic.
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Then, the matrices A and B for this system are

A =

(
−λ 0

∂p
dx̄
dt

∂x̄
dx̄
dt

)
,

B =

(
β(ȳ1, ...., ȳk) + λp̄ 0

0 x̄(1−x̄)
n(r(p̄)x̄+s(1−x̄))

(r(p̄) + s)

) (7.25)

Therefore the variance equations are

dσpp
dt

= −2λσpp + β(ȳ1, ...., ȳk) + λp̄ ,
dσpx
dt

= σpp∂p̄
dx̄

dt
+ σxp∂x̄

dx̄

dt
− λσxp

dσxx
dt

= 2

(
∂p̄
dx̄

dt
σxp + σxx∂x̄

dx̄

dt

)
+

x̄(1− x̄)

n(r(p̄)x̄+ s(1− x̄))
(r(p̄) + s) (7.26)

We are interested in the direct relation of fitness variability with population

dynamics. To examine this, we can considerate that for each generation of cells(a

birth and death event), all of them would have reached its internal steady state,

which is valid because of the large difference between the times for protein events

and a birth and death cell. Hence σpp is a time constant respect to the Moran

process

0 = −2λσpp + β(ȳ1, ...., ȳk) + λp̄. (7.27)

Thus, due to the fact that fitness is a function of protein expression level, we can

take only the system of differential equations for σxx and σrr, which are

dσxx
dt

= 2

(
σxf

x̄(1− x̄)s

n2(rx̄s(1− x̄))2
+ σxx

r − s
n2

x̄(1− x̄(r − s))
(rx̄+ s(1− x̄))2

)
+

x̄(1− x̄)

n2(rx̄+ s(1− x̄))
(r+s)

(7.28)

dσxf
dt

=
1

n2

σff
x̄n

x̄(1− x)s

(rx̄+ s(1− x̄))2
+ σfx

r − s
n

x̄(1− x̄(r − s))
n2(x̄r + s(1− x̄))2

, (7.29)

where using the central limit theorem it has been considered that the variance

σff depends on the population nx̄, then the new variance for a given x̄ is σff/nx̄.

The resulting solutions for this system of coupled equations are plotted in (Figure.

7.17).
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Figure 7.17: In this graph there are several plots for noise η2
x = σxx/〈x〉2. In

the approximate solution for random drift r̄ = 2, s = 1, . The population size

is n = 100 and the initial number of individual with fitness r is are i = 1 and

i = 10. Solutions of Eq. (7.6) with σff = 3.5

75



8

Stochastic Cooperation

We now focus on the effects of noise in evolutionary processes where fitness is

due to cooperative interactions among individuals. In chapter 5 we studied the

standard model for a stochastic process of selection where fitness is a function of

cooperative interactions. This model, like that seen for random drift, does not into

account that in real biological systems organisms cooperate at different degrees,

and consequently the resulting fitness of this interaction is not deterministic.

8.1 Group selection using common goods game

To simulate stochastic cooperation we use a more simple game where there are

not pair interaction among individuals; this game is a system of common goods,

where individuals in a group interact through a common source of benefit. This

describes a classic game in behavioral economics[20] where a group of people is

given an amount of money, each person has to contribute money, and the total

amount is divided by the number of people in the group, and then each individual

gets back this quantity times a factor larger than one.

In this model of group selection, the dynamics of interaction inside each group

of the population of m groups, is as follows: each individual invests a random cost

ci in the common pool and then the n members of the group obtain a common

benefit b = B
∑
ci
n

, where the benefit factor is such that B > 1 . The utility of each

individual is ui = b−ci. Therefore, if everyone cooperates with the same amount,
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they get back a larger amount, but if just some individuals cooperate, they will

get back a smaller amount than the invested. Furthermore, if nobody cooperates,

there will be no payoff, which has as consequence a lower reproduction rate of

the group.

c1

c2

c3

b

b

Figure 8.1: Illustration of a voluntary common goods game, where each individual

invest an amount ci to the common good pool and everyone has a benefit b.

The expected payoff of a cooperator is

πC =

∑i
j=1 b− ccj

i
(8.1)

and the fitness is

fc = 1− w + wπc (8.2)

In our simulations we used w = 1.

In a bacterial example, plasmids in E. coli are the individuals and the E.coli

are the groups [14]. The plasmids take nutrients from the cell for their own

reproduction, but when they take too much the bacteria will reproduce slower.

Another example is when a group of bacteria produce an enzyme to process a

food source, which all the bacteria have equal accessibility.

We used this cooperation model to simulate group selection in individuals

with no deterministic degree of cooperation. The population was divided in two
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types, where their cooperation degrees come from Gaussian distributions with

different means and standard deviations, and we call cooperators the type of

individuals with a higher mean degree of cooperation. Different measures of

fixation probability as a function of noise and benefit were done for this system

where , as shown bellow.
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Figure 8.2: a): Fixation probability as a function of benefit when initially all

groups are homogeneous . b): Fixation probability as a function of mean cost for

several values of benefit.
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Figure 8.3: a): Fixation probability of cooperators as a function of mean degree

of defectors cooperation. b): Fixation probability of cooperators as a function

of their mean degree cost. The graph shows different points for several values of

benefit when all the groups are initially homogeneous.

It is seen that initially for a group where there is a defector, this individual

have a larger probability of reproduction than the rest of the group, but as this

kind of individuals reproduce, the overall fitness of the group decreases respect
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to the rest of the groups with cooperators.
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Figure 8.4: a): Fixation probability of 50 cooperators in a group of size 100. b):

Fixation probability when a population of m = 10 and n = 10 has initially a

mixed group with 5 cooperators and the rest of the groups are deffectors.

This result of no dependence of fixation probability with benefit for homoge-

neous groups is due to the structured population, as was seen in the section for
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game theory, the ratio of transition probabilities for homogeneous groups is∑n
j=1 ccj∑n
j=1 cdj

m− l
l

b− 1

b− 1
. (8.3)

Because we did not observe the effects of noise for a lineal fitness function of

the payoff, we set up an exponential function as

f = ewπ, (8.4)

where we used the intensity of selection w = 1. We made measures of fixation

probabilities for a non structured population and group selection. It is observed

that fixation probability have a negative effect as noise is higher for the exponen-

tial fitness function.
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Figure 8.5: Fixation probability data as a function of the variance in the degree of

cooperation. The red points are data for a structured population and the squared

points for a non structured population.

82



9

Conclusions

In this work we have analyzed the effects of intracellular gene noise in evolution-

ary dynamics models based on the Moran process. In a first step to relate the

stochastic simulations with the deterministic dynamics, we studied the standard

replication equation and the modified replication equation. These two equations

describe the average time evolution of a classical Moran process; the standard

equation has considerable discrepancies with stochastic simulations while the

modified equation fits well. What we have observed is that these equation have

two stable points, which are the absorbing states. This means that no matter

what is the initial condition is, the average population steady state is the invasion

whereas in the simulations this is not the case. For example, in the case of 0.5 of

fixation probability the average population steady-state is 0.5. These determinis-

tic equations perform well only in the case where the fixation probability for one

of the species is close to 1.

We have also examined the changes in population dynamics when a non-

monotonic fitness function of gene expression is implemented in the Moran pro-

cess. We found that for centered gene expression distributions an increasing

gene noise has a negative effect on average fitness increasing the fixation times.

In order to study the effects of large variance fitness in random drift, we used

asymmetrical fitness distributions, such as gamma and extreme value.

We found that for the fixation probability of a mutant in random drift have

a negative effect for humped left distributions as gamma, where the fixation

probability decreased considerably from 0.5 to 0.36 for variance values comparable
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to the squared of the mean fitness. This effect was also observed for a gaussian

distribution, but is a small effect due to the symmetry of the gaussian distribution

and the limited large variances because of the negative fitnesses are not allowed.

The same calculations were done for left tailed distributions were the effects

are not appreciable because the limited variance of these distributions. As a

summary of these last analyses, we concluded that the average fitness is not

always the principal effect on a Moran process, where in the case of distributions

such as gamma, noise have considerable negative effects in fixation probabilities,

which is due to the fact that phenotypes with those distribution have most of the

population with a fitness lower than the average.

The effects of internal noise are mitigated with increasing initial populations

of mutants: it was observed that the difference between the average fixation time

for a noiseless population and a noisy one is smaller for a larger population at the

same level of internal noise. On the other hand, increasing the total population

has no effect on the fixation probability. To study cooperative dynamics we used

group selection with a common goods game. For a homogeneous population, in-

creasing the benefit of an altruistic behavior has no effect, whereas in a structured

population increasing the benefit increases the fixation probability. This shows

that group selection under this kind of game is a mechanism for the evolution of

cooperation. Combining the two previous questions, we examined the effects of

variability in the degree of cooperation using a linear fitness function 1−w+wπ

of the payoff with w = 1 and gaussian and gamma distributions. In this case

variability in the degree of cooperation has not effect. After this, was used an

exponential ewπ mapping of fitness with w = 1. It was found that using a gamma

distribution the fixation probability of cooperators decreased as the noise in the

degree of cooperation increased. This also was done with a non structured popu-

lation and compared with group selection, where we can conclude that structure

in population increases the reduction of fixation probability with noise. As a

summary of the results for group selection we can conclude that in a system of

unicellular organisms where structured populations and cooperative interactions

such as a common production of enzymes can be found, this enzyme production

can fluctuate because of gene noise, and this in turn can lead to harmful effects

as as a decreasing in fixation probability of cooperative individuals.
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Appdx A

.1 C++ code for random drift

The C++ code algorithm for random drift is as follow.

1 // Proceso de Moran para Random drift.
2 #include <iostream>
3 #include<string>
4 #include<fstream>
5 #include<iomanip>
6 #include <ctime>
7 #include <cstdlib>
8 #include<cmath>
9 using namespace std;

10 int main ()
11 {
12 double randomr, randomk, r=2, s=1;
13 int randomr1, randomk1, n=1000, i=10;
14 // Parametros de la matriz
15 double R=1, S=0.1, T=0.5, P=0, x,X,Pc,Pd, Fc, Fd, w=1, pro, pc, pd, re, aux;
16 // 0 para los de fitness s y 1 para los de fitness r en los valores de las componentes de los vectores
17 double A[n], A1[n], B[100],B1[100];
18 //randomr = (rand()%99)+1;
19 //randomk = (rand()%99)+1;
20 srand((unsigned)time(0));
21 for(int se=0;se<i;se++)
22 {
23 A1[se]=1;
24 }
25 x=i;
26 int t=0;
27 while(x>0 && x<double(n))
28 {
29 x=0;
30 for(int a=0;a<n;a++)
31 {
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32 if(A1[a]==1) x=x+1;
33 }
34 X=x/double(n);
35 cout<<t<<” ”<<X<<” ”<<1−X<<endl;
36 Pc=r∗x; Pd=s∗(double(n)−x);// reproduction with fitness r for cooperate
37 pc=Pc/(Pc+Pd);
38 t++;
39 //pro=Pc/(Pc+Pd); pro=(Pc−Pd)/(2∗10)+0.5; pro=1 − exp((Pd−Pc)); pro= 1/(1+exp(−(Pc−Pd)));
40 randomk = (rand()%10001);
41 randomr1 = (rand()%n);
42 randomr=randomk/10000;
43 if(randomr < pc){
44 A1[randomr1]=1;}
45 else A1[randomr1]=0;
46 //cout<<randomr<<” ”<<pc<<endl;
47 }
48 return 0;
49 }

.2 C++ code for random drift with fitness dis-

tribution

The following code is the algorithm for random drift including the stochastic

fitness with a normal distribution.

1 // Proceso de Moran
2 #include <iostream>
3 #include<string>
4 #include<fstream>
5 #include<iomanip>
6 #include <ctime>
7 #include <cstdlib>
8 #include<cmath>
9 double a=0.0, b=4, c=2, d=3;

10 double round( double k );
11 double fitness( double k );
12 using namespace std;
13 int main ()
14 {
15 double randomr, randomk, r1, p1, r2, p2, r, p, f1, f2, pro1=2, pro2=1, sigma1=0.0, sigma2=0.0, f01=2, f02=1;
16 int x, randomr1, randomk1, n=1000, i=10, deltat=500;
17 // Parametros de la matriz

86



18 double R=1, S=0.1, T, P=0, X, f0,Pc,Pd, Fc, Fd, w=1, pro, pc, pd, re, aux;
19 // 0 defect, 1 cooperate: los valores de las componentes de los vectores
20 double A[n], A1[n], B[n];
21 //randomr = (rand()%99)+1;
22 //randomk = (rand()%99)+1;
23 srand((unsigned)time(0));
24 for(int se=0;se<n;se++)
25 {
26 if(se<i) A1[se]=1;
27 else A1[se]=0;
28 }
29 for(int se=0;se<n;se++)//asignacion de la distribucion fenotipica(fitness) inicial para los alelos 1 y 0
30 {
31 if(A1[se]==1){
32 randomk = (rand()%1000)+1;
33 randomr= (rand()%1000)+1;
34 r1=randomk/1000;
35 r2=randomr/1000;
36 p1=pro1+sigma1∗sqrt(−2∗log(r1))∗sin(6.28∗r2);
37 // distribucion centrada en fitness pro1
38 //if(p1 <= pro1){f1=(f01)∗(3∗sigma1−pro1)/(3∗sigma1)+p1∗f01/(3∗sigma1);}
39 //else f1=(f01)∗(3∗sigma1+pro1)/(3∗sigma1) − p1∗f01/(3∗sigma1);
40 B[se]=fitness(p1);
41 }
42 else{
43 randomk = (rand()%1000)+1;
44 randomr = (rand()%1000)+1;
45 r1=randomk/1000;
46 r2=randomr/1000;
47 p2=pro2+sigma2∗sqrt(−2∗log(r1))∗sin(6.28∗r2);
48 //distrubucion centrada en fitness pro2
49 // if(p2 <= pro1){f1=(f01)∗(3∗sigma1−pro1)/(3∗sigma1)+p1∗f01/(3∗sigma1);}
50 //else f1=(f01)∗(3∗sigma1+pro1)/(3∗sigma1) − p1∗f01/(3∗sigma1);
51 B[se]=fitness(p2);
52 }
53 }
54 x=i;
55 int t=0;
56 srand((unsigned)time(0));
57 while(x>0 && x<n)
58 {
59 x=0;
60 for(int a=0;a<n;a++)
61 {
62 if(A1[a]==1) x=x+1;
63 }
64 X=double(x)/double(n);
65 cout<<t<<” ”<<X<<” ”<<1−X<<endl;
66

67 double f0=0, f1=0;
68 for(int se=0;se<n;se++)
69 {
70 if(A1[se]==1){ f1=f1+B[se];}
71 else{ f0=f0+B[se]; }
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72 }
73 //if(X==0.5){break;}
74 t++;
75 pc=f1/(f1+f0);
76 double random = (rand()%1001);
77 double randoM =random/1000;
78 if(randoM < pc){
79 randomk1 = (rand()%n);
80 A1[randomk1]=1;
81 randomk = (rand()%1000)+1;
82 randomr= (rand()%1000)+1;
83 r1=randomk/1000;
84 r2=randomr/1000;
85 p1=pro1 + sigma1∗sqrt(−2∗log(r1))∗sin(6.28∗r2);
86 //if(p1 <= pro1){f1=(f01)∗(3∗sigma1−pro1)/(3∗sigma1)+p1∗f01/(3∗sigma1);}
87 //else f1=(f01)∗(3∗sigma1+pro1)/(3∗sigma1) − p1∗f01/(3∗sigma1);
88 B[randomk1]=fitness(p1);
89 }
90 else{
91 randomk1 = (rand()%n);
92 A1[randomk1]=0;
93 randomk = (rand()%1000)+1;
94 randomr= (rand()%1000)+1;
95 r1=randomk/1000;
96 r2=randomr/1000;
97 p2=pro2+sigma2∗sqrt(−2∗log(r1))∗sin(6.28∗r2);
98 //if(p2 <= pro1){f1=(f01)∗(3∗sigma1−pro1)/(3∗sigma1)+p1∗f01/(3∗sigma1);}
99 //else f1=(f01)∗(3∗sigma1+pro1)/(3∗sigma1) − p1∗f01/(3∗sigma1);

100 B[randomk1]=fitness(p2);
101 }
102 }
103

104 return 0;
105 }
106 double round( double k )
107 {
108 const double sd = 100; //for accuracy to 3 decimal places
109 return int(k∗sd + (k<0? −0.5 : 0.5))/sd;
110 }
111 double fitness( double k )
112 {
113 double f;
114 if(k>a && k<b){
115 if(k <= c ){f=d∗a/(a−c)+d∗k/(c−a) ;}
116 else f=d∗b/(b−c) − d∗k/(b−c);}
117 else f=0;
118

119 return k;
120 }
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Appdx B

.3 C++ code for fixation probability in neutral

drift

This is a program to calculate the fixation probability in neutral drift as a function

of the initial population.

1 // Proceso de Moran
2 #include <iostream>
3 #include<string>
4 #include<fstream>
5 #include<iomanip>
6 #include <ctime>
7 #include <cstdlib>
8 #include<cmath>
9 using namespace std;

10 int main ()
11 {
12 double randomr, randomk, r=1;
13 int randomr1, randomk1, n=100, i;
14 // Parametros de la matriz
15 double R=1, S=0.1, T=0.5, P=0, x,X,Pc,Pd, Fc, Fd, w=1, pro, pc, pd, re, aux;
16

17 // 0 defect, 1 cooperate: los valores de las componentes de los vectores
18 double A[n], A1[n], B[100],B1[100];
19 //randomr = (rand()%99)+1;
20 //randomk = (rand()%99)+1;
21

22 srand((unsigned)time(0));
23 for(i=1; i<100; i=i+1)
24 {
25 double m1=0;
26 for(int m=0; m<100; m++)
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27 {
28

29 for(int se=0;se<n;se++)
30 {
31 if(se<i) A1[se]=1;
32 else A1[se]=0;
33 }
34 x=i;
35 int t=0;
36 while(x>0 && x<n)
37 {
38 x=0;
39 for(int a=0;a<n;a++)
40 {
41 if(A1[a]==1) x=x+1;
42 }
43 X=x/n;
44 // cout<<t<<” ”<<X<<” ”<<1−X<<endl;
45 Pc=r∗x; Pd=double(n)−x;// reproduction with fitness r for cooperate
46 pc=Pc/(Pc+Pd);
47 t++;
48 //pro=Pc/(Pc+Pd);
49 //pro=(Pc−Pd)/(2∗10)+0.5;//pro=1 − exp((Pd−Pc));//pro= 1/(1+exp(−(Pc−Pd)));
50 randomk = (rand()%1001);
51 randomr1 = (rand()%n);
52 randomr=randomk/1000;
53 if(randomr < pc)re=1;//A1[randomr1]=1;
54 else re=0;//A1[randomr1]=0;
55 A1[randomr1]=re;
56 //cout<<randomr<<” ”<<pc<<endl;
57 }
58 //cout<<x<<endl;
59 if(x==n) m1++;
60 }
61 cout<<i<<” ”<<m1/100<<endl;
62 }
63 return 0;
64 }

.4 C++ code for group slection

The following code simulate the Moran process for group selection for pair inter-

actions among the individuals of each group.

1

2 // Proceso de Moran

90



3 #include <iostream>
4 #include<string>
5 #include<fstream>
6 #include<iomanip>
7 #include <ctime>
8 #include <cstdlib>
9 #include<cmath>

10 double c=2, b=4;
11 double P=0, R=b−c, S=−c, T=b, w=0.1;
12 double pro1( double j, double k, double r );
13 double pro0( double j, double k, double r);
14 using namespace std;
15 int main ()
16 {
17 int n=100, m=1, randomm, N=n∗m, randomn, randomn1; // m is the number of groups and n is the size of each group
18 double q=0.00,x, X,xk,xj, randomk, randomr,p, sumpro, r=0;
19 double A[N], A1[m], A12[m],A0[m], A2[n];
20 srand((unsigned)time(0));
21 /∗for(double r=0.5; r<4; r=r+0.1){
22 p=0;
23 for(int i2=0; i2<500; i2++)
24 { ∗/
25 for(int se=0;se<N;se++)
26 {
27 randomk = (rand()%1001);
28 randomr=(randomk)/1000;
29 if(randomr<0.7){ A[se]=1;}
30 else A[se]=0;
31 }
32 // 1 cooperate, 0 no cooperate and 2 no individual
33 x=1; X=1;
34 int t=0;
35 // int t1=0;
36 while(x>0 && X>0){
37 x=0; X=0;
38 for(int a=0;a<N;a++)
39 {
40 if(A[a]==1)x=x+1;
41 if(A[a]==0)X=X+1;
42 }
43 t++;
44 sumpro=0;
45 for(int i=0; i<m; i++){
46 xk=0, xj=0;
47 for(int j=n∗i; j<(n∗(i+1)); j++)
48 {
49 if(A[j]==0 || A[j]==1){xk=xk+1;}
50 if(A[j]==1){xj=xj+1;}
51 }
52 A1[i]=pro1(xj,xk,r); A12[i]=pro0(xj,xk,r);
53 A0[i]=xk;
54 sumpro=sumpro+pro1(xj,xk,r)+pro0(xj,xk,r);
55 }
56 // if(t==10){break;}
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57 // escojer un grupo aleatoriamente y un tipo para reprodicirse
58 cout<<t<<” ”<<x/(x+X)<<” ”<<X/(x+X)<<endl;
59 // if(x/(x+X)==0.7){break;}
60 double sumpro1=0, verdad;
61 int mselect;
62 randomk = (rand()%1001);
63 randomr=(randomk)/1000;
64 for(int im=0;im<m;im++)
65 { // cout<<”A1=”<<A1[im]<<endl;
66 //cout<<”A12=”<<A12[im]<<” ”<<im<<endl;
67 // if(im==5){break;}
68 if(sumpro1<randomr && randomr<= (sumpro1+(A1[im]/sumpro))){verdad=1; mselect=im; break;}
69 sumpro1=sumpro1+ A1[im]/sumpro;
70

71 if(sumpro1<randomr && randomr<= (sumpro1+(A12[im]/sumpro))){verdad=0; mselect=im; break;}
72 sumpro1=sumpro1+A12[im]/sumpro;
73 }
74 //cout<<verdad<<” ”<<mselect<<” ”<<randomr<<” ”<<sumpro<<endl;
75 if(A0[mselect] < n){for(int nj=n∗mselect; nj < (n∗mselect+n); nj++){if(A[nj]==2){A[nj]=verdad; break;}} }
76 else{double randomkq = (rand()%1001);
77 double randomrq=randomkq/1000;
78 if(randomrq >= q){ randomn=(rand()%n);randomn1=n∗mselect+randomn;A[randomn1]=verdad;}
79 else{double randomk1, randomr1; A2[0]=verdad;
80 loop:
81 int i1,i2=0;
82 for(int i=1; i<n; i++){
83 randomk1 = (rand()%1001);
84 randomr1=randomk1/1000;
85 if(randomr1 < 0.5){randomn1=n∗mselect+i; A2[i]=A[randomn1]; A[randomn1]=2;}
86 else{A2[i]=2;}
87 }
88 for(i1=0; i1<n; i1++){randomn1=n∗mselect+i1; if(A[randomn1]==2)i2=i2++;}
89 if(i2==n) goto loop;
90 randomm=(rand()%m);
91 for(int i=0; i<n; i++){randomn1=n∗randomm+i; A[randomn1]=A2[i];}
92 }
93

94 }
95

96 }
97 // cout<<x/(x+X)<<endl;
98 /∗ if(X==0){p=p+1;}
99 }

100 cout<<r<<” ”<<p/500<<endl;
101 }∗/
102 return 0;
103 }
104 double pro1( double j, double k, double r)
105 {
106 double C=1−w+w∗((R∗(j−1)+S∗(k−j))/(k−1)), D=1− w + w∗((T∗j+P∗(k−j−1))/(k−1)), p;
107 p=j∗C;
108 // p=r∗j;
109 return p;
110 }
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111 double pro0( double j, double k, double r)
112 {
113 double C=1−w+w∗((R∗(j−1)+S∗(k−j))/(k−1)), D=1− w + w∗((T∗j+P∗(k−j−1))/(k−1)), p;
114 p=(k−j)∗D;
115 //p=k−j;
116 return p;
117 }
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