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Reliable vehicle routing problems consist of designing dependable transportation routes of minimal expected

cost over a network where some parameters are represented by random variables. In this work we consider the

case in which random variables describing travel times may be correlated. We propose a flexible methodology

to effectively handle any travel time distribution and correlations. The evaluator computes the moments

of the distribution of the route duration and finds an approximate distribution for which we have a closed

expression to compute performance measures of the route duration. A route generator engine is presented

to measure the performance of the evaluator and a benchmark method is proposed to measure its behavior.

Evaluators that assume independence are also included into the experiments to measure the impact of

disregarding correlation.

1. Introduction

Vehicle Routing Problems -VRPs- are optimization problems concerned with designing least-cost

routes to deliver (or pickup) goods to (from) customers in a supply chain given a road network. Each

route has an associated cost (e.g. duration, distance) and must satisfy some business constraints

(e.g. maximum capacity, maximum duration, time windows). Stochastic Vehicle Routing Problems

-SVRPs- (also referred to as Reliable Vehicle Routing Problems or RVRPs) arise whenever some

elements of the problem are stochastic. In this paper, we tackle a variant of VRPs where travel

times are stochastic and possibly correlated among each other.

In recent years, within the context of stochastic routing problems (Stochastic Vehicle Routing

Problems, Stochastic Shortest Path Problems and Stochastic Traveling Salesman Problem), there

has been an increasing amount of research that considers stochastic parameters (see [1, 2, 3]). The

most common sources of variability are present in demands and travel and service times [3, 4].
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Along with this, certain surveys highlight the relevance of travel time reliability to the decision

maker [5], where some of the major causes of fluctuations in the travel time are accidents, weather

conditions and traffic control devices.

Defining a distribution family for the travel time duration plays a key role in Reliable Vehicle

Routing Problems. On the one hand, for the sake of simplicity several works have mainly used

normal and lognormal distributions [6, 7, 8]. On the other hand, studies that pursue accuracy in the

modeling resort to other distributions such as gamma, Pareto and Burr [9, 10]. Gomez et al. [11]

introduce Phase-Type (PH) distributions to model travel times in the context of routing problems.

In the aforementioned papers, note that there is a trend for the use of additive distributions (e.g.

normal, gamma, PH) in order to avoid complex operations when assuming independence.

In contrast to this background, to the best of our knowledge, the SVRP with correlated param-

eters has not received enough attention. According to Gajewski and Rilett [12] rarely two edges

are independent, although certain surveys only consider correlation between adjacent or spatially

close edges [13, 14]. This dependence between travel times is generated by a third variable like

weather conditions or traffic, which affects both edges simultaneously. With the aim of finding

a portfolio of reliable nondominant paths in a network with stochastic and correlated link travel

times, Ji et al. [13] propose a Monte Carlo simulation to generate realizations of a path along with

a metaheuristic procedure to find a set of Pareto nondominant paths. Chen et al. [6] present a

multicriteria A* algorithm to solve the Spatial Dependent Reliable Shortest Path Problem. They

propose the use of normal distributions to model travel time duration along the edges of a road

network and dominance conditions to compare paths. Srinivasan et al. [15] use shifted lognormal

distributions to model edge and route travel time duration, forcing related edges to share similar

parameters.

A routing framework is a mathematical model with the task of finding the cheapest set of feasible

routes in routing problems such as the VRPs. These routing frameworks can be decomposed into

two parts: an optimization engine and a route evaluator. On the one hand, the optimization engine

is in charge of exploring the road network, revealing new promising routes and deciding which

feasible routes compose the solution set. Many of the optimization engines found in the literature

present a two-stage stochastic programming approach, in which a-priori routes as well as recourse

actions are defined [16, 17]. Mendoza and Villegas [18] sample multiple solution representation

spaces and build a solution from the sampled elements. They present a routing framework composed

of a randomized sample heuristic for the traveling salesman problem, a split procedure and a

set partitioning formulation. On the other hand, the route evaluator is in charge of determining
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whether a route is feasible or not according to the problem constraints. Evaluating feasibility, more

often than not, involves computing performance measures from the route duration distribution.

Analytically deriving the route total duration distribution in a correlated scenario can be very

demanding.

The main contribution of our study is to propose an approach to determine the reliability of a

route duration in which edge travel times are stochastic and possibly correlated among each other.

This approach consists of a route evaluator which computes the moments of the route duration

distribution and approximates a probability distribution according to those moments. Additionally,

we present a methodology to assess the proposed evaluator regarding computational efficiency and

accuracy.

The rest of this paper is organized as follows. Section 2 describes the SVRP with corre-

lated parameters, highlighting the relevance of considering randomness and correlation. Section 3

presents a route evaluator to address the problem previously described. In Section 4, we present a

methodology to assess the mentioned evaluator where computational efficiency and accuracy are

measured using handcrafted networks. Finally, a summary of the contributions and possible future

research directions are outlined in Section 5.

2. Problem Description

The classical deterministic VRP is defined on a graph G = 〈V,E〉, where V = {ν0, ν1, · · · , νn} is

the set of vertices and E = {e= (νi, νj) : i 6= j, νi, νj ∈ V} is the set of edges. Vertex ν0 represents

the depot, at which there is an unlimited fleet of vehicles, and the remaining vertices are the

customers to be served. In the SVRP with stochastic travel times, each edge e ∈ E is associated

with a random variable t̃e, which represents the travel time duration distribution of the edge e. For

the sake of simplicity, we ignore service times and demands, notwithstanding that these parameters

can be included with mild adaptations. Linear correlation of travel times means that the travel

time associated with an edge ek
(
t̃ek
)

is pairwise correlated with the travel time associated with

edge el
(
t̃el
)

according to a correlation factor ρ(t̃ek ,t̃el)
(∀ek, el ∈ E). Let M be a matrix of size

|E| × |E|, where Mk,l represents the correlation between t̃ek and t̃el (∀ek, el ∈ E). As well as the

linear correlation, higher order correlation is also taken into account. A route r is a tuple of vertices

r= {ν0, ν(1), ν(2), · · · , ν(i), · · · , ν(nr), ν0}, where ν(i) ∈ V \{ν0} is the ith customer visited in the route,

and nr is the number of customers visited by the route. We refer to route r, depending on the

context, as a sequence of nodes or as a set of edges Er. To be feasible, each route r must satisfy a

set of constraints (e.g. maximum capacity, maximum duration, maximum distance). The maximum
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duration constraint enforces that the duration of a route r (denoted by T̃r) must not exceed a

threshold T with at least a certain probability β (see equation 1). In this paper, we will only set a

maximum duration restriction, nonetheless, other constraints can also be included.

P
(
T̃r <T

)
>β. (1)

In this case we have to compute a cumulative probability of T̃r (here also referred to as route

success probability or route reliability) to evaluate maximum duration constraint and determine

feasibility, however other constraints may require computing other performance measures of the

route using T̃r . This paper presents tools to derive the travel time distribution of a route to further

evaluate its feasibility.

For example, the travel time distribution of a route r (T̃r) can be computed from the convolution

of travel times of the edges that compose it:

T̃r =
∑
e∈Er

t̃e. (2)

If the distributions of travel times of edges in set Er of a route r are independent and are modeled

using distribution families with the additive property (e.g. normal, gamma, PH), the route duration

distribution will also follow that distribution family. For example, for a route r defined by the set

of edges Er, if the duration of all edges e ∈ Er are independent and follow a normal distribution

with mean µe and variance σ2
e , it follows that the route duration distribution is normal with mean∑

e∈E µe and variance
∑

e∈E σ
2
e . However, in practical settings, more often than not, travel time

distributions are complex and correlated. Deriving the probability distribution of the duration of

a certain route is thus a complex operation.

2.1. Impact of Correlation on Route Success Probability

Various surveys state that neglecting correlations may lead to poor routing decisions. The mathe-

matical impact of correlation on the first two moments of the route duration distribution is outlined

below, followed by an illustrative experiment where we examine route reliability changes while the

correlation between the edge travel times increases.

First, let us compute the mean and variance of T̃r:

E[T̃r] =
∑
e∈Er

E[t̃e]

V ar[T̃r] =
∑
ek∈Er

∑
el∈Er

Cov[t̃ek , t̃el ]

=
∑
e∈Er

V ar[t̃e] +
∑
ek∈Er

∑
ek 6=el∈Er

Cov[t̃ek , t̃el ]
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Figure 1 Fluctuation of the Route Duration Success Probability.
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In a scenario where we ignore correlation, we have

E[T̃r] =
∑
e∈Er

E[t̃e]

V ar[T̃r] =
∑
e∈Er

V ar[t̃e]

Note that, even though the first moment remains the same in the presence of correlation, variance

will increase or decrease depending on the covariance factors. Compared to the independent sce-

nario, a route with higher variance has a more disperse probability distribution, and in consequence

there is a higher probability of exceeding the threshold and hence lower reliability.

We set up an illustrative experiment to expose the impact of correlation in the reliability of a

given route. Let us consider the evaluation of a route r, which is composed of four edges. For each

edge of the route, we generate independent data streams of 1000 realizations, where all edges follow

a lognormal distribution with mean 10 time units and a variance of 50. Subsequently, we induce

correlation to the data streams using the method proposed by Iman and Conover [19], establishing

a pairwise correlation ρ between every pair of edges. Realizations of the route total duration are

constructed with the summation of edge travel times. Using the route total duration realizations,

we count the proportion of realizations that do not surpass a threshold T of 40 time units (also

called successful realizations). Figure 1 displays the results of the experiment, where the proportion

of successful realizations (Y axis) varies in connection with the increase of the correlation factor ρ

(X axis).

Figure 1 shows how an increase in the correlation factor ρ decreases the percentage of successful

realizations. Note that in the scenario with the smallest correlation factor (ρ = −0.4) the per-

centage of successful routes is around 100%, which means that almost all the realizations of the
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route at that scenario are smaller than the established threshold. In the scenario with the highest

correlation factor (ρ = 1.0) the percentage of successful routes is the lowest of the experiment.

Additionally, the proportion of successful realizations monotonically decreases as the correlation

factor increases. Figure 1 illustrates that the bigger the correlation among the edge travel times

the smaller the reliability of a route. Note that in the case where ρ= 0 edge travel times are inde-

pendent. Evaluators that assume independence ignore variations in the correlation factor and, at

best, will return a probability close to the one obtained at the scenario when ρ= 0. Evaluators that

assume independence underestimate the success probability if the correlation among each pair of

edge travel times is negative and overestimate the success probability if correlation is positive.

3. Evaluating Route Reliability

For our study, we present an approach which we call the Moment Matching evaluator to asseess

the reliability of a route duration when the edge travel times are stochastic and correlated. This

procedure computes the moments of the route duration distribution based on the moments of the

edge travel times distributions and the linear and higher order correlation factors. Using moment

matching algorithms, we fit a PH distribution to the computed moments, to finally evaluate the

performance measures.

The evaluator presented here takes advantage of PH distributions in different ways. Section 3.1

presents PH distributions and their properties, with special focus on fitting algorithms, which have

a key role in this paper.

3.1. Modeling Travel Times with PH Distributions

Introduced by Neuts [20], a Phase-Type -PH- distribution with parameters Z and τ̃ models the

time until absorbtion in Continuous (or Discrete) Time Markov Chains -CTMC- (or -DTMC-)

with a finite number of transient states and one absorbing state.

Using a similar example to the one presented by Gomez et al. [11], we illustrate the behavior

of PH distributions. Let the random variable x model the travel time of the edge that connects

customers A and B.

Depending on the weather conditions, three possible states can be identified. First, under excel-

lent conditions, travel time follows and Erlang distribution with k = 2 and rate λ1. This scenario

occurs with probability τ1. Moreover, under normal and bad weather conditions, travel times are

exponentially distributed with rates λ2 and λ3, respectively, and will occur with probabilities τ2

and τ3 = 1− τ1− τ2, respectively. Figure 2 is the graphical representation of x while Figure 3 cor-

responds to its matrix representation. Then x follows a PH distribution with parameters Zx and

~τx (x∼ PH (Zx, τ̃x)).
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Figure 2 Graphical Representation of PH distribution x
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Figure 3 Matrix Representation of PH distribution x

Zx =

−λ1 λ1 0 0
0 −λ1 0 0
0 0 −λ2 0
0 0 0 −λ3



~̃τx =
(
τ1 0 τ2 τ3

)

PH distributions have three properties that make them attractive to model travel times. First,

there is no essential loss of generality when fitting a PH distribution to observed data given that

these distributions are dense in the set of positive continuous distributions (see [20]). Therefore, any

distribution on [0,∞) (e.g. travel time distributions) can theoretically be approximated arbitrarily

close by a PH distribution [21]. Second, the probability density function, the cumulative density

function and the moment generating function of a PH distribution are closed expressions in terms

of Z and ~τ . In the Appendix we present some useful PH definitions and properties. Third, PH

distributions have the additive property, hence the convolution of independent PH distributions is

again a PH distribution. For the purposes of this project, the modeling, fitting and generation of

random variates from PH distributions is performed using the jMarkov Project [22].

As in the case of a CTMC, a continuous time PH distribution can be expressed in terms of

a mixture or convolution of exponential distributions. Therefore, the distributions that can also

be expressed as sequences and combinations of exponential distributions are PH distributions as

well. These distributions are also referred to as sub-classes of the PH distribution. There exist

several algorithms for fitting PH distribution to other positive distributions. In the context of
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PH, fitting algorithms are divided into two categories: moment matching [23, 24, 25, 26] and

maximum likelihood [21, 27]. For maximum likelihood algorithms, we use the procedure proposed

by Thummler et al. [27] because of its flexibility to fix a determined number of phases of the

PH distribution. For moment matching algorithms, we use the method presented by Osogami and

Harchol-Balter [24] because it can fit PH distributions to a wider spectrum of moments and yields

distributions with a small number of phases. To the best of our knowledge, Horváth and Telek

[26] is the only work that proposes an algorithm to fit more than three moments. Nonetheless, the

spectrum of moments which are feasible is very limited.

3.2. Moment Matching Approach

The main source of error when ignoring correlation is the underestimation or overestimation of the

moments of the route duration distribution. In Section 2.1 we explain how the variance of the route

duration is affected by correlation. The solution we propose to this problem is to find a distribution

that resembles route duration distribution, at least in the moments of the distribution.

Consider a route r defined by the sequence of edges Er. The nth moment of the travel time

distribution of the route r (T̃r) is defined as:

nth moment of T̃r =E
[(
T̃r

)n]
.

Substituing for equation 2

=E

[(∑
e∈Er

t̃e

)n]
,

=
∑
e1∈Er

· · ·
∑
en∈Er︸ ︷︷ ︸

n summations

E
[
t̃e1 · · · t̃en

]
.

Then, the first two moments of the route duration distribution are:

E
[
T̃r

]
=E

[(∑
e∈Er

t̃e

)]
=
∑
e∈Er

E
[
t̃e
]
. (3)

and

E
[
T̃ 2
r

]
=E

(∑
e∈Er

t̃e

)2
 , (4)

=
∑
ek∈Er

∑
el∈Er

E
[
t̃ek · t̃el

]
, (5)
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=
∑
e∈Er

E
[
t̃2e
]

︸ ︷︷ ︸
2nd moment of the edge travel time distributions

+
∑
ek∈Er

∑
el 6=ek∈Er

E
[
t̃ek · t̃ek

]
.︸ ︷︷ ︸

Correlation information

Equivalently, the variance of the route duration can be expressed as:

V ar
[
T̃r

]
= V ar

[(∑
e∈Er

t̃e

)]
,

=
∑
ek∈Er

∑
el∈Er

Cov
[
t̃ek , t̃el

]
,

=
∑
e∈Er

V ar
[
t̃e
]

︸ ︷︷ ︸
Variance of the edge travel time distributions

+
∑
ek∈Er

∑
el 6=ek∈Er

Cov
[
t̃ek , t̃el

]
.︸ ︷︷ ︸

Covariances between the marginal distributions

For the third moment

E
[
T̃ 3
r

]
=E

(∑
e∈Er

t̃e

)3
 (6)

=
∑
ek∈Er

∑
ek∈Er

∑
em∈Er

E
[
t̃ek · t̃el · t̃em

]
. (7)

Consider three independent random variables t̃e1 , t̃e2 and t̃e3 from any probability distribution. It

can be shown that in a scenario where travel times are independent

E[t̃e1 · t̃e2 · t̃e3 ] =E[t̃e1 ] ·E[t̃e2 ] ·E[t̃e3 ]

In this scenario, the expected value of the product of the random variables can be expressed in terms

of the moments of t̃e1 , t̃e2 and t̃e3 exclusively. Hence, in a broad view, in a scenario where travel

times are independent the moments of the route duration distribution can be obtained exclusively

from the moments of the travel times of individual edges.

According to Equation 3, even in the presence of correlation, the first moment of the route

duration distribution can be expressed as the summation of the first moments of the edge travel time

distributions. In contrast, variance is in turn, affected by correlation factors (represented by the

covariances). Consequently, the second moment of the route duration distribution (see equation 4)

cannot be computed exclusively with the moments of the marginal distributions. In general terms,

we need to know in advance certain cross-expectations, i.e. E[t̃2ek · t̃el ] (which can be computed

using the correlation factors), in order to compute the second, third and higher moments of the

route duration distribution (see equations 4 and 6). According to equations 3, 5 and 7 the set of



10

expected values required to compute the first, second and third moment, respectively, of the route

duration distribution are outlined below.

E[te],∀e∈ Er,

E[tek · tel ],∀ek, el ∈ Er,

E[tek · tel · tem ],∀ek, el, em ∈ Er.

In practice, these expectations can be obtained from real traffic data.

Having the first n moments of the route total duration distribution, we use a fitting algorithm

to find a PH distribution with the same moments. For the purposes of this work, we set n to three

because of two reasons. On the one hand, many surveys agree that accurate modeling of travel

times should include the effects of skewness. Therefore, using only one or two moments may lead to

an inaccurate estimation of the route performance measures. On the other hand, in the literature of

PH distributions there is a lack of fitting algorithms to efficiently fit a PH distribution using more

than three moments. We use PH distributions because of their flexibility to fit a wide spectrum of

moments and compute the performance measures of a route duration, which is the last step of the

procedure.

A downside of this evaluator is that it requires a considerable amount of information to be imple-

mented. However, the benefit of this evaluator is that a few number of moments can approximate

a distribution.

Finally, we illustrate the applicability of the procedure with a handcrafted example. Consider

a network with three vertices {ν1, ν2, ν3} and three edges {e1 = (ν1, ν2), e2 = (ν2, ν3), e3 = (ν3, ν1)}

as depicted in Figure 4. Let r be a route defined by the sequence of vertices (ν1, ν2, ν3, ν1) or

equivalently by the sequence of edges Er = (e1, e2, e3). For each edge of the network, there is set of

sample data. To ensure feasibility the duration of the route must be less than T = 40 with at least

the probability β = 85%. Using the sample data, we can compute the expected values and also the

the correlation matrix M.

Figure 4 Illustrative Network

ν1

ν2 ν3

e1

e2

e3
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Based on the computed expected values and equations 3, 4 and 6, the moments of the route

distribution can be computed. Let us establish the moments of the route duration as E
[
T̃r

]
=

39.68,E
[
T̃ 2
r

]
= 1,864.265,E

[
T̃ 3
r

]
= 102,891.37. We use the method proposed by Osogami and

Harchol-Balter [24] to fit a PH distribution to these moments, from which we get the PH distri-

bution T̃m
r depicted in Figures 5 and 6. Therefore, the probability that the route total duration

T̃m
r is less than T is 71.5%, and thus, according to the Moment Matching evaluator this route is

infeasible (cumulative probability function for a PH distribution is presented in the Appendix).

Figure 5 Graphical Representation of T̃m
r

0.137 0.137 0.137 0.137 0.137 0.331 0.021
1.00 0.003

0.997

4. Computational Experiments

In this section we explain how to measure some performance metrics of the route evaluator embed-

ding it into a route generator engine. For this purpose, the remainder of this section is divided into

four subsections: first, the instance generation and route selection procedure is presented; later,

we propose a benchmark to compare the performance of a route evaluator; next, we explain the

experiment where a route evaluators can be used to evaluate a set of routes; and finally, results

from the experiment are exposed.

Figure 6 Matrix Representation of T̃m
r

Zm =



−0.137 0.137 0.000 0.000 0.000 0.000 0.000
0.000 −0.137 0.137 0.000 0.000 0.000 0.000
0.000 0.000 −0.137 0.137 0.000 0.000 0.000
0.000 0.000 0.000 −0.137 0.137 0.000 0.000
0.000 0.000 0.000 0.000 −0.137 0.137 0.000
0.000 0.000 0.000 0.000 0.000 −0.331 0.001
0.000 0.000 0.000 0.000 0.000 0.000 −0.021



~τm =
(
1.000 0.000 0.000 0.000 0.000 0.000 0.000

)
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4.1. Instance Generation and Route Selection Engine

The instance generation and route selection engine is divided into two elements. First, the engine

creates instances of the Reliable Vehicle Routing Problem with stochastic and correlated travel

times. Later, the engine selects some routes to be evaluated. Besides the instance generation and

route selection, the engine allows us to set a benchmark for each route evaluation such that the

accuracy of many route evaluators can be compared.

The instances that we generate for the SVRP with correlated parameters define a graph with a

set of nodes, a set of edges and sample data for each edge in the network. In practice, the sample

data can be obtained from traffic information systems, which can provide the information of the

correlations.

To configure an instance we start defining its theoretical parameters. Subsequently, we simu-

late realizations from the edge travel times distributions. The generated data must be correlated

according to the correlation parameters. To create these realizations, we propose generating inde-

pendent realizations from the edge travel times distributions, and then, inducing correlation using

the method proposed by Iman and Conover [19].

We consider the following parameters for an instance:

• Number of Nodes: Number of vertices that compose the instances.

• Number of Clusters: Number of node groups in the instance. All clusters have the same

number of nodes calculated as the number of correlated nodes (Density Percentage × Number

of Nodes) divided by the number of clusters. The Density Percentage parameter is explained

below.

• Density Percentage: Proportion of nodes that belong to any cluster. This means that the

complement of this percentage represents the proportion of nodes that do not belong to any

cluster.

• Nodes Location: Position of each vertex in a two-dimensional space. Each vertex’s position is

assigned randomly.

• Edge Travel Time Distribution Family: For each instance, we set a unique distribution family

for every edge travel time distribution. Thus, we randomly choose one distribution from the

following positive distribution families: Lognormal, Erlang, Gamma and Johnson-SL. These

distributions are chosen because most of them have been used previously in the routing lit-

erature [10] and because all of them allow matching a distribution to the first and second

moments of a positive distribution. For each edge in the network, the expected value of the

travel time distribution is the Euclidean distance between the tail and the head vertex, the
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variance of the travel time distribution is computed using a unique coefficient of variation,

CoV .

• Coefficient of Variation (CoV ): The coefficient of variation CoV is the ratio between the

standard deviation and the mean of a random variable. We arbitrarily force all edges in an

instance to have the same coefficient of variation. This means that the standard deviation of

an edge travel time is computed as the quotient of the expected value and the coefficient of

variation.

• Correlation Factors: All the edges that belong to the same cluster are pairwise correlated

according to a correlation factor ρ. Edges that belong to different clusters are correlated with

a correlation factor of ρ/2. We say that an edge belongs to a cluster if both its tail and head

vertices belong to that cluster.

• Instance Family: We define an instance family as a set of instances that share similar parame-

ters. We define four families city, suburban, municipal, and state. For example, all the instances

from the city family have 30 nodes and the coefficient of variations is a random number in

the interval [0.6 - 0.8], meanwhile all the instances from the municipal instance have 10 nodes

and the coefficient of variations is in the interval [0.2 - 0.4].

After the configuration and data generation of an instance, we design a set of routes R to be

evaluated. Each route of the set R is a randomized tour solution to the Traveling Salesman Problem

(TSP). To find each tour, we propose the use of the Randomized Nearest Neighbor algorithm with

a randomization parameter k to find solutions to the TSP problem [18].

4.2. Benchmark Method

One important contribution of this paper is to provide a methodology to assess the performance

of a route evaluator. The performance metrics we propose for our route evaluator are:

1. Route evaluation accuracy, which is the comparison between the reliability computed by the

route evaluator and the real route reliability.

2. Evaluation time: computational time spent since the route evaluator is called until the route

success probability is computed.

Section 4.1 presents a series of parameters that need to be defined in order to generate instances

of the SVRP with correlated parameters. These instances, based on simulated data, provide routes

to be evaluated by the route evaluator. In consequence, the same data that used by the route

evaluator is used to compute the real performance measures. Bounded only by the maximum route

duration constraint, feasibility of a route depends solely on the probability that the duration of
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the route is less than a time threshold T . As we have mentioned before, realizations of a route can

be obtained by computing the summation of the columns corresponding to edges of the route.

From input data the success probability can be obtained by counting the proportion of route

duration realizations that do not exceed the maximum duration threshold T . In addition, we

compute an acceptance confidence interval based on this proportion. For instance, we use the

interval proposed by Wilson [28]. Note that, an accurate estimation of the route reliability should

be within the confidence interval. Therefore, if the route evaluator estimates that the success

probability is between (or outside) the upper and lower bounds of the confidence interval, that

evaluation is labeled as successful (or unsuccessful).

4.3. The Experiment

In this section we explain how the route generator engine is applied iteratively to test different

route evaluators under many different scenarios. The experiment is designed to test two route

evaluators: (i) Moment-Matching and (ii) Gomez et al. [11] evaluator, which assumes independence

between the travel times. In the route evaluator presented by Gomez et al. [11] edge travel times

distribution are fitted to PH distributions (in this case we use PH distribution with 7 phases), and

the total duration of a route is derived as the convolution of the random variables corresponding

to the edge travel times. The same experiment can be adapted to test other configurations of the

proposed route evaluators as well as other route evaluators.

This experiment has three objectives. First is to test the behaviour of the route evaluators

under scenarios with correlated travel times. Therefore, we include into the experiment the method

proposed by Gomez et al. [11] as a second route evaluator. Second, to illustrate the impact of

including correlation by measuring the performance of the route evaluators in scenarios featuring

travel time correlations. Third, shed light on which configurations suit each route evaluator better.

Algorithm 1 shows the pseudocode of the experiment. A step-by-step explanation of the algorithm

is outlined below.

1. First, configure the instance set I according to the parameters previously described (line 1).

2. For each instance i∈ I, generate data according to the instance configuration (line 3).

3. A set R of routes to be evaluated is created. For this, we propose the use of a Randomized

Nearest Neighbor algorithm with a randomization factor k, which defines solution tours for

the TSP [18]. Hence, each tour is equivalent to a route to be evaluated (line 5).

4. For each route r ∈R a benchmark confidence interval is generated (line 7).

5. Each route is evaluated by each of the route evaluators (lines 8 to 9). Each evaluation returns

two values. First, the computational time required for the evaluation is computed. Second, if
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Algorithm 1 Computational Experiment

1: I ← generateInstancesConfiguration()

2: for ı∈ I do

3: getInstanceData(ı)

4: EMı←∅,EGı←∅

5: R← generateRoutes(K, ı)

6: for r ∈R do

7: CIr← computeBenchmarkCI(r)

8: EMı←EMı ∪ evaluateWithMomentMatchingEvaluator(r,CIr)

9: EGı←EGı ∪ evaluateWithGomezEvaluator(r,CIr)

10: end for

11: printEvaluationResults(ESı, tı)

12: printInstanceConfiguration(ı)

13: end for

the evaluation was successful (according to the benchmark confidence interval) the evaluation

returns 1, otherwise 0.

6. Finally, evaluation results are printed (lines 11 and 12).

To summarize, we have set up an experiment to iteratively evaluate routes from an instance

generation and route selection engine in order to accomplish the three objectives we presented.

4.4. Results

This section presents the results from the experiment of Section 4.3. We divide the parameters used

in the experiment in two groups. On the one hand, in Table 1 we have the parameters whose values

depend on the instance family. These parameters are the number of nodes, the number of clusters

and the Coefficient of Variation. For example, instances from family city have 30 nodes, 3 clusters,

and the CV is randomly chosen between 0.6 and 0.8, whereas instances from family municipal have

10 nodes, 1 cluster and the CoV is randomly selected from the interval [0.2 ; 0.4]. On the other

hand, in Table 2 we have global parameters which are independent from the instance families.

Let us establish city, as the instance family with the greatest number of nodes, highest variability

and the greatest number of correlated edge travel times. We configure state as the instance with

the smallest number of nodes, lowest variability and the smallest number of correlated edge travel
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times. Note that the smaller the number of correlated edge travel times the closer we get to an

independent scenario.

To assign values for the CoV we split the ranges proposed by Fu [29]. For the values of correlation

factor we use the highest correlation range reported by Srinivasan et al. [15]. In addition, certain

experiments are conducted without correlation between the nodes (ρ = 0). Other parameters such

as the number of clusters or the percentage of correlated nodes are established arbitrarily, with the

goal of generating instances with representative correlation.

Table 1 Parameters per Family

city suburban municipal state
Number of Nodes 30 20 10 5
Number of Clusters 3 2 1 1

CoV [0.6 ; 0.8] [0.4 ; 0.6] [0.2 ; 0.4] [0.1 ; 0.2]

Table 2 Global Parameters

Correlation Factor (ρ) [0.64 - 0.96] or 0
% Of Correlated Nodes (perc) 0.8
Random Factor of RNN (k) 3

Number of Routes per Instance 40
Instances per Family 50

We first examine the accuracy of the route evaluators. Using the parameters presented above,

Tables 3 and 4 list the percentage of successfully evaluated routes per family and per route evaluator

using the experiment of Section 4.3. Table 3 shows the results of scenarios with positive correlation

where ρ was randomly chosen from the interval [0.64 - 0.96]. Moreover, Table 4 presents results

from scenarios where pairwise correlation is set to zero. Both in the correlated and not correlated

scenarios, we generated 2,000 routes to be evaluated per family. For example, of the 2,000 routes

generated in city instance families in the scenarios with correlation (see Table 3), 84.20% of them

are successfully evaluated by the Moment Matching evaluator, 10.70% of the routes are properly

evaluated by the Gomez et al. [11] evaluator (also referred to as the Independent evaluator).

In the correlated scenarios, the Moment Matching evaluator outperforms the Independent eval-

uator. In the scenarios with no correlation, the Moment Matching algorithm archives a good

performance, although for some families, the Independent evaluator has a larger percentage of

successfully evaluated routes. On average, the Independent evaluator outperforms the Moment

Matching evaluator. The difference is explained by the fitting procedure. On the one hand, the

Independent evaluator uses maximum likelihood algorithms and, on the other hand, the Moment
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Matching evaluator uses Moment Matching algorithms. It is expected that maximum likelihood

algorithms outperform moment matching methods, since the former fit the shape and are able

to approximate the moments of a continuous distribution, whereas the latter can only find a PH

distribution that fits the moments of the original distribution.

These results show that the Moment Matching evaluator performs properly on scenarios both

with positive and zero correlation factors, meaning that this evaluator can be used in VRPs that

do not necessarily have correlated parameters.

Regarding the Independent evaluator, larger instances lead to a lower accuracy percentage.

Furthermore, the average performance in the scenario with no correlation (89.25%) is far better

compared to the scenarios where there exists correlation (33.20%).

These results illustrate how the correlation plays a major role in the accuracy of the route

evaluation. The evaluator that assumes independence has a low number of successfully evaluated

routes in scenarios with correlated edge travel times and the accuracy of the model improves

whenever the instance family has a smaller number of correlated edge travel times.

Table 3 Percentage of Successful Evaluations in Scenarios
With Correlated Travel Times

Instance Percentage of Successful Evaluations
Family Moment Matching Independent
city 84.20% 10.70%

suburban 81.70% 18.75%
municipal 78.15% 24.35%

state 99.50% 79.00%
Average 85.89% 33.20%

Table 4 Percentage of Successful Evaluations in Scenarios Where
the Correlation Factor Is Zero

Instance Percentage of Successful Evaluations
Family Moment Matching Independent

city (ρ= 0) 81.70% 94.20%
suburban (ρ= 0) 86.05% 84.20%
municipal (ρ= 0) 85.70% 79.55%

state (ρ= 0) 98.45% 99.05%
Average 87.98% 89.25%

With respect to the computational time for the evaluation (Table 5), the procedure that on

average requires a longer time is the Independent evaluator, because of the time required to fit and

evaluate. Note that the time spent initializing an instance or evaluating a route increases when the

number of nodes in the instances of the family increases.
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Table 5 Evaluation Time per Route Evaluator and Family
(Average)

Instance Average Evaluation Time per Instance (ms)
Family Moment-Matching Independent

city 25.61 1,332.01
suburban 15.53 673.92
municipal 8.77 185.52

state 21.94 39.75
Average 17.96 557.80

5. Conclusions & Future Work

This paper presents a method to evaluate a route where travel times on a road network are

stochastic and possibly correlated. We present the impact of correlation on the moments of a

route duration distribution and display how the feasibility of a route can change in accordance

with the correlations between the edges of a route. The evaluator we introduce is flexible since it

can incorporate other types of business constraints (e.g. capacity, time windows), as well as other

stochastic and correlated parameters.

We show how the proposed evaluator can be implemented using real traffic data and provide

an experiment to measure their performance along with an evaluator that assumes independence.

Embedding the Moment Matching evaluator and the evaluator proposed by Gomez et al. [11] into

a route generation engine, we assess the performance measures of the methods evaluations in terms

of their accuracy and the computational time required for evaluation.

Our results show that under correlated scenarios the Moment Matching evaluator outperforms

the evaluator presented by Gomez et al. [11] which assumes independence. In scenarios with inde-

pendent travel times, there is not a unique dominant evaluator, since in some cases the Moment

Matching evaluator is more accurate and in other cases the most accurate one is Gomez et al. [11].

Although we present a route evaluator for the RVRP with correlated parameters and a bench-

mark method, there are several aspects that require further investigation.

1. Embed the route evaluator into a routing framework and solve real instances. All the exper-

iments conducted here are performed on handcrafted instances. Testing the performance of

our route evaluator on real networks is needed to measure its real performance.

2. Benchmark other route evaluators. As we show in Section 1, many evaluators have been

developed to estimate certain route performance measures. Adapting those route evaluators

to a correlated environment may provide more information about the needs of the evaluation

procedure.
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3. Test the performance of the route evaluator under different constraints and new stochastic

and correlated parameters. In this study, we restrict the problem to the maximum duration

constraint and the only source of stochasticity is the travel time.

4. Although we consider that this evaluator is adaptable to other constraints and stochastic

parameters, the performance of the evaluator has not been studied under different parameters

such as stochastic discrete demands.

5. A common approach to the problem is simulating route duration realizations. We may also

consider including into our study another evaluator based on simulation. This evaluator would

estimate the performance measure of a route with realizations of the route duration.
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Appendix. Phase-Type Distributions

In this section we shall only discuss some of the properties of continuous PH distributions. Further defi-

nitions and properties of continuous and discrete PH distributions can be found on [30, 20].

Consider a Markov Process on the states {0,1, · · · ,m,m+ 1} with infinitesimal generator matrix Q

Q=

[
Z z
0 0

]
,

and initial probability vector (τ, τ0).

Matrix Z of size m×m satisfies Zii < 0 (for 0≤ i≤m), and Zij ≥ 0 (for i 6= j). Vector z satisfies Z×1+z=

0, where 1 is a column vector of 1’s. We also have that τ × 1 + τ0 = 1. We assume that states 1, · · · ,m
are transients while m+ 1 is an absorbing state. The time x before absorbtion of state m is called the PH

distribution with parameters Z and τ . Then, x∼ PH(Z, τ).

The density function is given by

f(x) = τ(exp)(Zx)t ∀x> 0

cumulative probability function of x is given by

F (x) = 1− τ(exp)(Zx)1 ∀x> 0
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and finally, the moment generator function is given by

E[xn] = (−1)nn!τZ−n1 ∀n∈Z+


