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Abstract

Compressed sensing is a technique for recovering an unknown sparse signal from a

number of random linear measurements. The number of measurements required for

perfect recovery plays a key role and it exhibits a phase transition. If the number of

measurements exceeds certain level related with the sparsity of the signal, exact recovery

is obtained with high probability. If the number of measurements is below this level,

exact recovery occurs with very small probability. In this work we are able to reduce

this threshold by incorporating statistical information about the data we wish to recover.

Our algorithm works by minimizing a suitably weighted `1-norm, where the weights are

chosen so that the expected statistical dimension of the descent cones of a weighted

cross-polytope is minimized. We also provide Monte Carlo algorithms for computing

intrinsic volumes of these descent cones and estimating the failure probability of our

methods.
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Chapter 1

Introduction

Recent years have shown how convex optimization can help to tackle problems in many

different fields, such as computer science [GW95, GvHL06], biology [Ban08, JZBP09],

operations research [AM, KWAB11], physics [HNW15, SS11], beside others [BGdN06,

CLX15]. These interdisciplinary collaborations usually are linked through information

problems. Broadly speaking these problems are concern with how to sample, encode,

transfer, decode and process data. Compressed sensing is an example of how linear

programming can be used to attack a sampling problem in signal processing.

In this thesis, we study the well-known sensing problem where the goal is to sample

(or recover) an unknown signal x0 ∈ Rd. But for some reason it is too expensive (or

simply impossible) for us to have access to the whole signal; instead, we have access to

m random linear measurements, where m is strictly less (and probably a lot less) than

d. Formally:

Problem 1.1 The sensing problem consists on trying to recover a signal x0 ∈ Rd from

m linear measurements encoded in a vector y0 := Ax0, where A is a given m×d matrix

with m < d.

This is also known as a linear inverse problem. Such problem can be solved efficiently

if the original x0 is sufficiently sparse and A is drawn from a Gaussian distribution (i.e.

all the entries are iid N(0, 1)); this result was first shown in the seminal work by Can-

des, Romberg and Tao [CRT06a]. They introduced the following convex optimization

algorithm as a possible solution to the sensing problem,

∆(y0) := arg min
x

‖x‖1 s.t. Ax = y0. (P)

1
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This solution has two clear advantages: it can be solved with linear programming,

i.e. very efficiently, and it is incredibly reliable under the right assumptions. Arguably

this is why it has been catching a lot of attention in the last decade, to such an extent

that it is now known as the field of compressed sensing. Good part of the research in

the field has concentrated on proving theoretical guarantees to explain the behaviour of

(P).

One interesting phenomenon about this formulation is that as the number of mea-

surements m varies, the probability of recovering the original signal using (P) exhibits a

phase transition. This means that with a small number of measurements m the probabil-

ity of success if very low, but after certain threshold when m is big enough the problem is

successful recovering x0 with probability almost 1. Recently, Amelunxen, Lotz, McCoy,

and Tropp [ALMT14] proved that this threshold occurs at the statistical dimension of

a cone associated with the problem.

In this thesis we review the theoretical results that we believe are the state-of-the-art

of the field. Further, we consider a variation of the sensing problem, in which we have

access to statistical information about the signal we wish to recover. Concretely, we

work with the following problem:

Problem 1.2 Consider the sensing problem with the additional hypothesis that x0 ∈ Rd

is drawn from a known distribution F . Is it possible to take advantage of this new

information?

Under the right circumstances, this additional structure can be used to further re-

duce the number of necessary measurements m to recover the signal x0. We propose a

weighted `1-norm minimization algorithm to achieve this. Among our main contribu-

tions are two methods to find good weights for such algorithm.

The paper [ALMT14] also proved that the probability of (P) “performing well” is

closely related to the intrinsic volumes of descent cones generated by cross-polytopes.

However, there is no known formula or method to compute these volumes. Another

contribution of this work is an efficient Monte Carlo algorithm to estimate intrinsic

volumes and approximate the success probability and the statistical dimension.

1.1 Some comments and notation

Before I start I would like to explain a few things about the spirit of this document.

Many times in this text I will use an informal style. In my few years pursuing a career

as a mathematician I have discovered that it is always better to understand first the
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general ideas behind definitions and theorems and then try to complete the details. My

informality is an attempt to give insight on these underlying ideas.

Also, I tried to illustrate numerous notions with examples and figures. I have a highly

graphical mind and for me it is easier to understand and internalize concepts if I can

visualize them. I really enjoyed writing and thinking about the geometrical ideas in this

document and tried to make it very friendly. I hope you have as much fun reading this

thesis as I had doing it.

After this section I will use the plural subject “we” instead of the singular “I”, in

part because I personally prefer to do so and in part because I believe that this thesis is

not only product of my work. On the contrary, most of this research wouldn’t have been

possible without the support and help of my advisers and our co-author Felipe Rincón;

this thesis is based on our recent paper [DJRV16].

For this document I assume that the readers have some basic knowledge of linear

algebra, multivariate analysis, convex geometry and probability theory. Here I make a

short summary of notation.

I use bold lower case letters x for vectors and upper case bold letters M for matrices.

Non-bold lower case letters are used to represent real quantities, i.e. entries or constants.

For example xi represents the ith component of x and Mij represents the (i, j) entry

of matrix M. Note that in some instances I also use upper case bold letter to denote

random vectors.

The sets of natural, integer and real numbers are represented with N,Z and R re-

spectively. The notation (xi)
N
i denotes a finite sequence of N elements.

Often I use vector norms; in particular, the `1 and `2 norms. Let x ∈ Rd be an

arbitrary vector, for any p ≥ 1 the `p-norm is defined as ‖x‖p =
(∑d

i=1 |xi|p
)1/p

. The

support of x is defined as: supp(x) = {i : xi 6= 0}. The set Sd−1 ⊂ Rd denotes the

unitary `2-ball.

For an arbitrary set S ⊂ Rd, define its convex hull as the minimum convex set

containing S, thus

conv(S) =

{
n∑
i=1

λiai : for some a1, . . . ,an ∈ S and λ1, . . . , λn with

n∑
i=1

λi = 1

}
.

In a similar way, its conic hull is the minimum cone containing S, in other words

cone(S) = {λa : λ ≥ 0 and a ∈ S} . For a subset R ⊂ R, its infimum inf(R) is defined

as the greatest lower bound of R. Analogously, its supremum sup(R) is defined as the

lowest upper bound of R.
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Let E be an arbitrary element of a σ-algebra, let X ∈ Rd be a measurable random

variable and f : Rd → R a measurable function. Here PX{E} (or simply P{E}) denotes

the probability of event E. Similarly, EX [f(X)] (or E[f(X)]) and var [f(X)] denote the

expected value and variance of f(X) respectively.

1.2 Organization of this thesis

In the remaining of this chapter we present the theoretical results of compressed sensing

relevant to our research. Chapter 2 describes the stochastic setting we study, introduces

a method to take advantage of this model using weighted `1-norms, and gives an efficient

way of choosing good weights. In Chapter 3 we investigate the geometry of the descent

cones generated by weighted cross-polytopes and present a novel Monte Carlo algorithm

to estimate their intrinsic volumes. In Chapter 4 we use similar ideas to develop a method

of steepest descent, based on a Monte Carlo algorithm, that optimizes the expected

statistical dimension in terms of the weights. We show a few numerical examples where

we apply our algorithms in Chapter 5. Finally, we conclude with a discussion and open

problems in Chapter 6.

1.3 Related work

Compressed sensing with prior information has been studied in the past with different

models. In each model the known information is different. For example, the paper

[MDR14] analyzes the case where a signal similar to the one to be recovered is known

beforehand. Also, [VL10, FMSY12] assume information about the support of the signal

x0. Specifically, the first paper assumes to know part of the support entries and the

second one assumes to have prior knowledge about the support location. All these

analyses mainly rely on the Restricted Isometry Property, an approach that we do not

pursue on this work.

The idea of using weighted `1-minimization in this subject was first introduced in

[CWB08]. This paper proposes an iterative algorithm with dynamic weights to reduce

the number of necessary measurements to recover the signal. Weighted `1-minimization

has also been investigated under probabilistic hypotheses. The papers [Xu10, KXH+09]

consider the case in which the allowed non-zero entries of the vector fall into two sets, and

each set has a different probability of being non-zero; [KXH+11] generalizes this model to

n sets (our numerical example 5.2 falls into this setting). The article by [MP15] considers

a Bayesian setting, where the entries are independent and the probability of being non-

zero is given by a continuous function. The authors fo this paper independently obtained
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a result analogous to Theorem 2.6 below. We discuss differences and similarities in the

next chapter. The above mentioned works are all based on Grassmannian Angles; our

approach with intrinsic volumes is implicitly related to them.

Weighted `1-minimization has also recently been used in other contexts. For instance,

[RW15] develops a theory about the use of weighted norms to better interpolate smooth

functions that are also sparse. Similarly, [SRR15] uses a weighting function w(·) to

tackle the problem of superresolution imagining. In particular, the paper studies how

to recover a point measure that encodes a signal (a continuous function in this case) by

using a convex algorithm and a relatively small set of measurements of the signal.

1.4 Standard compressed sensing

Recall that we will focus on the linear program (P) proposed by [CRT06a] as a solution

to the sensing problem. The problem (P) is said to be successful for a matrix A and

a vector x0 if it outputs only one solution and the solution is x0. It is clear that

this problem cannot successfully recover arbitrary signals. By picking m << d we are

collapsing dimensions and subsequently loosing information. However, it was proved

in [CRT06a] that if A is picked as a random matrix with iid N(0, 1) entries, then this

method is successful with high probability for all sufficiently sparse vectors.

Definition 1.3 (Sparse signals). Let s ∈ N be a constant number. We say that a

vector x ∈ Rd is s-sparse when ‖x‖0 := #{i : xi 6= 0} is less or equal to s. We denote

the set of s-sparse vectors by Σs.

This allows us to generalize our definition of success for a pair (A, s), i.e. the problem

(P) is successful for a m×d matrix A and a constant s ∈ N if it successful for all s-sparse

vectors. We also use the terms perfect recovery and exact recovery to refer to success.

In high school we learn that if we want to solve Ax = y and we have less equations

than variables, then in the best-case scenario we will obtain infinitely many solutions.

The fact that we can exactly recover a vector by taking less measurements than d seems

to be magic at first and has motivated many people to work on this problem. Needless

to say, the research on the field has grown exponentially. Much the work done since

the appearing of [CRT06a] has tried to answer the questions it opened. Some of these

questions are: given a fixed s,

(Q1) what conditions does a matrix A have to satisfy in order to be good to this

problem?
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(Q2) is it possible to construct “nice” matrices with a deterministic algorithm?

and in the case of standard normal random matrices,

(Q3) for a given s, what is the probability of obtaining an A for which (P) successfully

recovers all s-sparse vectors?

(Q4) if we want to be able to recover an s-sparse signal how many measurements m do

we need to take?

(Q5) and conversely: if we can only take m measurements, how sparse can the signals

we wish to recover be?

To the best of our knowledge, there is not a known deterministic algorithm to con-

struct matrices that beat Gaussian matrices. “Beat” in the sense that they allow (P)

to recover Σs with a higher s (less sparse). There are, however, a lot of interesting

approaches to question (Q2), see for example [DeV07, TDC13].

The rest of this section is devoted to present the answers to the remaining questions,

or at least the best answers we have. In the following section we discuss the Restricted

isometry property a sufficient condition for perfect recovery, question (Q1). We give

a geometrical characterization of perfect recover and a bound to the probability in

question (Q3). Finally in the last part of the section, we discuss an explicit formula for

this probability and with it we show theorems to answer the last two question. Almost

all of the results in this chapter are not original, but they are vital to comprehend this

thesis.

Although this was not mentioned in [CRT06a], numerical examples showed that with

this setting the probability of exact recovery exhibits a phase transition. Thus, if the

number of measurements m varies, the probability of perfect recovery tends to be a

binary function: with a small number of measurements the probability of success if

very low, but after certain point when m is big enough the problem is successful with

probability almost 1. Moreover, the position of the phase transition is not random, it is

directly related with s, m and d, Figure 1.1 exemplifies this behavior. The last section of

this chapter is dedicated to the theory developed in [ALMT14] about this phenomena.

The first approach: RIP

What do we really want from the map A : Rd → Rm if we want to be able to recover an

arbitrary element of Σs, for a fixed s? Intuitively we do not want to loose information



Chapter 1. Introduction 7

Figure 1.1: Empirical perfect recovery probability of (P) for two values of d (200 and
600) and all possible values of s,m. At each point the darkness indicates its probability
of failure, thus, certain failure is represented with black and certain success with white.

Taken from [ALMT14].

about Σs, in other words, we don’t want to send two s-sparse signals to the same

point, because this imply that we have no way to differentiate between the two of them.

One way of achieving this is to keep these elements far away. So, essentially we aim

to maintain the metric structure of Σs. This is the basic idea behind the Restricted

isometry property (RIP), originally proposed in [CRT06b, CT05] and fully developed in

[Can08].

Definition 1.4 (Restricted isometry Property). For a fixed s ∈ N, a matrix A is

said to satisfy the Restricted isometry property for s if there exists a constant δ > 0 such

that

(1− δ)‖x‖22 ≤ ‖Ax‖22 ≤ (1 + δ)‖x‖22 (1.1)

holds for every x ∈ Σs. The isometry constant δs of a matrix A is the infimum over all

d > 0 such that (1.1) holds.

We will use RIPs to abbreviate this condition. Imagine now that a matrix A satisfies

RIP2s with some constant δ2s < 1. Take any pair of not equal vectors x1,x2 ∈ Σs.

Clearly the difference between them lies in Σ2s and we may apply the lower bound of

equation (1.1),

(1− δ)‖x1 − x2‖22 ≤ ‖A(x1 − x2)‖22.

Then, the two points will not collapse; since their distance between the images is greater

than zero. Thus, we may distinguish between points in Σs. The next theorem by Candès

[Can08] formalizes these thoughts.
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Definition 1.5 (Projection). For a given closed set C ⊂ Rd and x ∈ Rd, the projection

of x onto C is defined as πC(x) := arg min {‖x− y‖2 : y ∈ C}.

Note that if the set C is not convex, this projection may not be well defined, since

it could happen that several points achieve the minimum distance. For simplicity we

assume that when this is the case the projection returns any of those points.

Theorem 1.6. Assume that A satisfies RIP2s with δ2s <
√

2 − 1. Then the solution

x∗ = ∆(y0) to (P) obeys

‖x∗ − x0‖1 ≤ C0‖x0 − xs‖1 (1.2)

where C0 is a positive constant and xs = πΣs(x0).

Remark 1.7 If x0 ∈ Σs, the algorithm (P) will perform a perfect recovery.

This property has another desirable feature: it is very robust. In the original sensing

problem we assume that the sampled signal can be perfectly measured. Nevertheless,

in real life this is not the case, all the measuring instruments have some degree of

uncertainty. A more realistic model considers y0 = Ax0 + z0 where z0 represents some

unknown, and possibly non-sparse, noise. There are numbers of ways to conceive the

noise. In a simple setting one considers the noise to be bounded, i.e. ‖z0‖ ≤ ε for some

ε > 0. Candès proposed the following convex optimization problem to recover the signal,

∆(y0) := arg min
x

‖x‖1 s.t. ‖Ax− y0‖2 ≤ ε. (PN)

Using the isometry property he analyzed the performance of this algorithm and proved

an analogue to Theorem 1.6 for the noisy case, see [Can08] for more details.

Theorem 1.8. Assume that A satisfies RIP2s with δ2s <
√

2 − 1. Then the solution

x∗ = ∆(y0) to (PN) obeys

‖x∗ − x0‖2 ≤ C0k
−1/2‖x0 − xs‖1 + C1ε, (1.3)

where C0 is the same constant as before and C1 > 0 is another fixed number.

It has been shown that random Gaussian matrices satisfy RIP with high probability

under the right hypothesis on d,m and s; see for example [BDDW07]. Additionally, there

exist known bounds for the constant δ that are asymptotically tight [BT10, BCT11].

The Restricted isometry property seems to fix many of the gaps in the theory. This

property has many advantages, for instance, it presents an upper and an lower bound,

clearly a desirable feature. As we saw, this eases the convergence analysis of algorithms,
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even in the noisy case. RIP has become the predominant tool in the field. In fact, this

property has played a key role in many different contexts related to compressed sensing

such as algorithms [NT09, GK09], complexity [TP14, BDMS12], deterministic matri-

ces [BFMW13], matrix completion [RFP10, CZ13], beside others [ALPTJ11, KW11].

But still many questions remain unanswered. RIP offers a sufficient condition for

perfect recovery. It is unknown if RIP is also a necessary condition. There is no hope

in trying to answer question (Q3) via RIP. More explicitly, if A is a standard normal

matrix and s ∈ N, it is very hard to determine what is

PA {Problem (P) is successful for the pair (A, s)}

using only RIP. The next section presents a necessary and sufficient condition for perfect

recovery and, with it, a first answer to this question.

We shall note that aside from RIP there are other properties that try to characterize

the underlying structure of good matrices for compressed sensing; take for instance the

null space property and the coherence. We refer interested readers to [Rau10]. However,

these properties appear to lack of attractive features that made RIP the paramount tool.

The geometrical approach

In this section we review some of the ideas presented in the work by Chandrasekaran,

Recht, Parrilo and Willsky [CRPW12]. As we said, the main idea is to characterize a

successful problem from a geometrical perspective and with it study the probability of

perfect recovery. We shall remark that [CRPW12] develops a more general framework

to study compressed sensing. We introduce the basic concepts of the general theory, but

after this we restrict ourselves to the case of sparse vectors and `1-norm minimization.

The idea to extend compressed sensing to different contexts is the following: in com-

pressed sensing one wants to recover sparse signals. The problem is that the function

‖ · ‖0 is not convex and trying to minimize it would be very difficult, in fact NP-hard

[Nat95]. Instead, one can use the `1 norm to promote the sparsity in the recovered sig-

nals. In the general context we have linear measurements from an unknown object with

a certain property, like sparsity, and we would like to recover it from this measurements

by “promoting” this property.

In order to formalize these thoughts, define
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Definition 1.9. (Set of atoms) A collection of elements A ⊂ Rd is said to be a set of

atoms if it satisfies that for all x ∈ Rd

x =
d∑
i=1

ciai with ci ≥ 0 and ai ∈ A.

Further, assume that every element of A is an extreme point of its convex hull, conv(A).

Naively one can think that a set of atoms is equivalent to a basis, however, they don’t

satisfy independence and can only generate the space using positive coefficients. In fact,

if we wanted to extend a basis {bi} to a set of atoms we would need to include minus

the basis. Thus, for any base the collection {±bi} is always a valid set of atoms.

Define the function ‖ · ‖A : Rd → R given by

‖x‖A = inf{t > 0 : x ∈ tconv(A)}.

Without loss of generality one can assume that the centroid of the convex hull is the

origin, otherwise we can move the atoms to recenter the hull.

Intuitively, atoms play the same role of 1-sparse vectors in compressed sensing. If one

takes A = {±ei} then the ‖ · ‖A is equal to the `1-norm. Note that in many applications

the convex hull conv(A) is not symmetric and therefore ‖ · ‖A is not a norm. However

the theory developed in [CRPW12] doesn’t required it to be a norm.

Let x0 ∈ Rd and A ∈ Rm×d. Suppose we have access to linear measurements encoded

in y0 = Ax0. Chandrasekaran at el. proposed the natural convex optimization problem

to solve the sensing problem in this context:

arg min
x

‖x‖A s.t. Ax = y0. (1.4)

If A = {±ei} ⊂ Σ1 then this algorithm is equal to (P). The good thing about this for-

mulation is that it can be used in many other contexts, for instance: matrix completion,

where we can only see some of the entries of a low-rank matrix and aim to reconstruct

the whole matrix; matrix dimixing, where we have access to the sum M + N of a sparse

matrix and a low-rank matrix and want to recover the pair (M,N); and the moment

problem, where we want to recover a discrete measure and we only have access to linear

combinations of its moments. For many other examples we refer the reader to Section

2.2 of [CRPW12].

For now on we only consider the caseA = {±ei}, however all the results in this section

have analogues for arbitrary sets of atoms A. Our goal now is to give a geometrical
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characterization of success that will help us answer the questions stated at the beginning

of this section. In order to do so, we present the following definition.

Definition 1.10. (Descent Cone) For a point x0 ∈ Rd and f : Rd → R a convex

function let D(f,x0) be the descent cone (also known as tangent cone) of the function

f at x0, given by

D(f,x0) := Cone{x− x0 : f(x) ≤ f(x0)}.

Thus, D(f,x0) is the cone of directions in which f decreases.

Example 1.1. In this thesis we are specially interested in the case where f(·) = ‖ · ‖1.

If we take x0 = e1, then the points x satisfying the condition f(x) ≤ f(x1) form the `1

ball of radius one.

x0

D(‖ · ‖1,x0)

0

Figure 1.2: The figure on the left is the `1-ball and the one on the right is the descent
cone generated by the `1-norm and e1.

The following theorem from [CRPW12] presents a geometrical formulation of success.

Even though it has a very simple proof, it is a very powerful tool to study the problem.

Theorem 1.11. ([CRPW12]) The compressed sensing method (P) is successful for A

and x0 if and only if D(‖ · ‖1,x0) ∩ ker(A) = {0}.

Thus, certifying high probability success of Program (P) is equivalent to guarantee

that a random vector subspace doesn’t intersect a cone. This characterization opens new

ways to attack the problem and link it to new branches of mathematics; questions like

this have been deeply studied in the past in the field of integral and stochastic geometry.

Wait, a random vector subspace? Is there a way to measure them? Yes, it turns out

that if A ∈ Rm×d is a random matrix with iid entries N(0, 1) then ker(A) is uniformly

distributed over the Grassmannian Gr(d−m,Rd), (d−m)-dimensional subspaces of Rd.
It follows that if K is a fixed subspace of dimension d −m and Q ∈ O(d) is a random

rotation matrix, chosen with the Haar measure on O(d), then,

PA{(P) is successful for x0 and A} = PQ {D(‖ · ‖1,x0) ∩QK = {0}} .
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We encourage readers to prove Theorem 1.11 and understand this idea. It shouldn’t

take more than a couple of lines. Before we get to see how this result is used to study

the success probability, we present here an illuminating example of the usefulness of this

perspective.

Example 1.2. We have been talking about high probability of perfect recovery. But,

it would be nice to have matrices that make Problem (P) successful for all the s-sparse

signals, for a fixed s. One of the simplest questions that one can ask is: Does there

exist a matrix A ∈ R2×3 that works for every x ∈ Σ1 ⊂ R3? The answer is yes! Thanks

to Theorem 1.11 it is enough to prove that there exists a linear projection that doesn’t

collapse any vertex with another point of the cross-polytope. This would imply that the

kernel doesn’t intersect the descent cone at any vertex.

Here we construct a simple projection that sends the three dimensional cross-polytope

onto a regular hexagon. For this purpose, we define A as the linear transformation

that maps ek 7→
[
cos
(

2πk
n

)
, sin

(
2πk
n

)]
for k = 0, 1, 2. Using this we conclude that the

projection that we are looking for is given by the following matrix:(
1 cos(2π/3) cos(4π/3)

0 sin(2π/3) sin(4π/3)

)
.

It is easy to see that the preimage of any vertex of the hexagon is only a point, see

Figure 1.3. Thus, Problem (P) is successful for any 1-sparse vector and this matrix.

Figure 1.3: Projection of a three dimensional cross-polytope onto a hexagon. The
blue lines represent the projection kernel translated to each vertex.

The following proposition is the equivalent to Theorem 1.11 in the noisy case. In

this case perfect recovery cannot be guaranteed since the solution is an approximation;

nonetheless it gives sufficient conditions to certify a bounded error.
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Proposition 1.12 ([CRPW12]). Suppose that we are given n noisy measurements y =

Ax0 + ω where ‖ω‖ ≤ γ, and A : Rd → Rm. Let x̂ denote an optimal solution of (PN).

Further, suppose for all z ∈ D(‖ · ‖1,x0) we have ‖Az‖ ≥ ε‖z‖, for a constant ε > 0.

Then ‖x̂− x0‖ ≤ 2γ
ε .

In [CRPW12], the authors use this proposition to examine both the noisy and noise-

less settings. In particular, if we set γ = 0 then the theorem guarantees perfect recovery

for the noiseless problem (P). Thus, we have a simple condition that ensures perfect

recovery, i.e. ‖Az‖
‖z‖ ≥ ε > 0; we may concentrate only in certify the existence of such

lower bound.

The approach followed in [CRPW12] is built on the theory developed by Gordon in

[Gor88]. Let’s summarize their main results.

Definition 1.13 (Gaussian width). The Gaussian width of a set S ⊂ Rd is defined

as follows

w(S) := Eg

[
sup
z∈S

gT z

]
where g is a random vector with iid standard normal entries.

Gordon uses the Gaussian width to give lower bound on the expected value of ‖Az‖.
Define λm = E(‖g‖) where g ∈ Rm is a random Gaussian vector.

Theorem 1.14 ([Gor88]). Let Ω be a closed subset of Sd−1. Let A : Rd → Rm be a

random map with iid standard normal entries. Then

E
[
min
z∈Ω
‖Az‖2

]
≥ λm − w(Ω).

Intuitively the Gaussian width measures how co-related is a Gaussian variable g with

the set S. In particular, if S ⊂ Sd−1 the Gaussian width is equal to the expected value

of ‖πS(g)‖2. Using this result and concentration inequalities [CRPW12] prove that if

the number of measurements m exceeds a threshold given by the Gaussian width then

the failure probability decreases exponentially.

Corollary 1.15 ([CRPW12]). Let A : Rd → Rm with iid zero-mean normal entries

having variance 1/m. Let Ω = D(‖ · ‖1,x0) ∩ Sd−1 denote the spherical part of the

descent cone.

1. Suppose that we have measurements y0 = Ax0 and solve the convex program (P).

Then the program is successful with probability at least 1− exp (−1
2 [λm − w(Ω)]2)

provided that

m ≥ w(Ω)2 + 1.
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2. Suppose that we have noise measurements y = Ax0 + ω, with the noise bounded

by ‖ω‖ ≤ δ, and that we solve the convex program (PN). Let x̂ be the solution

obtained. We have that ‖x̂− x0‖ ≤ 2δ
ε with probability at least

1− exp (−1

2
[λm − w(Ω)−

√
nε]2)

provided that

m ≥ w(Ω)2 + 3/2

(1− ε)2
.

This corollary describes the behaviour of the success probability. This could be

viewed as a valid answer for question (Q3). Unfortunately, computing Gaussian widths

is not easy. For this reason, it is useful to have an upper bound.

Proposition 1.16 ([CRPW12]). Let x0 ∈ Σs be a s-sparse vector. Then

w(D(‖ · ‖1,x0) ∩ Sd−1)2 ≤ 2s log

(
d

s

)
+

5

4
s.

Hence, m ≥ 2s log
(
d
s

)
+ 5

4s + 1 are enough measurements to recover any s-sparse

vector with high probability. Which is a possible answer to questions (Q4) and (Q5).

The phase transition of inverse linear problems

As we mentioned earlier, the success probability exhibits a phase transition. In this

section we explore the explanation given in [ALMT14] for this phenomena. Corollary

1.15 bounds the probability of failure, nevertheless, it doesn’t give an explicit equation.

In other words, we still lack of a formula to compute

PA{(P) is successful for x0 and A} = PQ {D(‖ · ‖1,x0) ∩QK = {0}} .

We start with the definition of intrinsic volumes of polyhedral cones.

Definition 1.17. (Intrinsic Volumes) Let C a polyhedral convex cone in Rd. For

each 0 ≤ s ≤ d, the sth intrinsic volume νs(C) is given by

νs(C) := Pg{πC(g) lies in the relative interior of a s-dimensional face of C},

where g is a standard normal vector in Rd.

Remark 1.18 There is a generalized definition of intrinsic volumes for convex cones.

For more information we refer the readers to [ALMT14].
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The intrinsic volumes divide the space in cells and measure the volume of such cells

using a Gaussian distribution. For example, the cone C ⊂ Rd itself is one of these cells,

the volume of C under the Gaussian measure is equal to νd(C). Since all the points

inside C will remain invariant under the projection and the interior of C has dimension

d. On the other hand, if C is a pointed cone then its polar cone C◦ = {y : 〈x,y〉 ≤
0 for all x ∈ C} is the cell projected to 0 (the only 0-dimensional face). Therefore, the

volume of C◦ is equal to ν0(C). Let’s compute these volumes in an 2-dimensional cone.

Example 1.3. Consider a convex cone C ⊆ R2. The standard normal distribution is

symmetric with respect to 0. As a consequence, in the two-dimensional case the intrinsic

volumes are completely defined by the angle θ between the rays of C. Thus, ν2(C) is

the fraction of a circle inside C, i.e. θ/2π. Clearly, regardless the value of θ, the fraction

of the circle projected to a face of dimension 1 is always π and therefore ν1(C) = 1/2.

Which implies ν0(C) = (π − θ)/2π. See Figure 1.4.

C

C◦

θ

Figure 1.4: Convex cone C in R2 - The green region (the polar cone) is projected
onto a 0-dimensional face (the point of the cone), the blue regions are projected into
1-dimensional faces and the red region is projected is projected onto a full dimensional

face.

There are many interesting properties about intrinsic volumes, and also many open

questions; see [SW08, ALMT14]. One of these properties is that the intrinsic volumes of

a cone C define a discrete probability measure over the set {0, 1, . . . , d}. The expected

value of a random variable with this distribution is called the statistical dimension of C.

Definition 1.19. (Statistical Dimension) Let C ⊆ Rd a polyhedral cone. Define the

statistical dimension δ(C) as

δ(C) :=

d∑
s=0

sνs(C).

For many theoretical results it is useful to have the following equivalent definition of

statistical dimension.

Lemma 1.1. ([ALMT14]) Let C ⊆ Rd a polyhedral cone, then the statistical dimension

of the cone is equal to

δ(C) := Eg[‖πC(g)‖22],
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where g is a standard normal vector in Rd.

Remark 1.20 As the reader probably guessed the Gaussian width and the statistical

dimension are related. In fact, if C is a convex cone, then

w2(C) ≤ δ(C) ≤ w2(C) + 1.

For a detailed proof consult [ALMT14].

The statistical dimension of the cone D(‖ · ‖1,x0) seems to be very close to the

inflection point of the phase transition. Numerical experiments based on Monte Carlo

simulations support this statement. The following theorem is an attempt to formalize

this claim in a more general setting. Given a convex function f : Rd → R and x0 ∈ Rd,
consider the convex optimization problem

min
x
f(x) s.t. Ax = Ax0. (Pf )

Theorem 1.21. ([ALMT14]) Fix a tolerance η ∈ (0, 1). Let x0 be a fixed vector,

f : Rd → R a convex function and A ∈ Rm×d be a random matrix with iid entries

N(0, 1). Then,

m ≤ δ(D(f,x0))− aη
√
d =⇒ (Pf ) succeeds with probability ≤ η

m ≥ δ(D(f,x0)) + aη
√
d =⇒ (Pf ) succeeds with probability ≥ 1− η,

where aη :=
√

8 log 4/η.

Unlike the results given in [CRPW12], this theorem bounds both “tails” of the success

probability, thus, providing an explanation for the phase transition. The proof of this

theorem is based on the kinematic formula from integral geometry, which relates the

probability of success with the intrinsic volumes of the corresponding descent cone.

Definition 1.22. Let C ⊂ Rd a closed convex cone. For each s ∈ {0, 1, . . . , d}, the sth

tail functional is defined as

ts(C) :=

d∑
j=s

νj(C).

Similarly, the sth half-tail functional is defined as

hs(C) :=

d∑
j=s

j−s even

νj(C).
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Theorem 1.23. (Kinematic formula [SW08]) Let C ⊂ Rd a closed convex cone and

L ⊂ Rd a linear subspace with dimension d−m, then

PQ {C ∩QL = {0}} = 1− 2hm+1(C).

Remark 1.24 In [ALMT14] is shown that for each closed convex cone C ∈ Rd which is

not a linear subspace

2hs(C) ≥ ts(C) ≥ 2hs+1(C) for s = 0, 1, 2, · · · , d− 1.

Thus, combining the previous two results we conclude that 1− tm(D(‖ · ‖1,x0)) is very

close to the probability of perfect recovery.

This result unequivocally answers question (Q3) about the probability of success. It

appears that the intrinsic volumes carry the essential of the statistical information of

convex cones and they have been studied from numerous perspectives [AB12, GNP14,

MT14, AL15]. Sadly, computing such volumes is very difficult even in the “elementary”

polyhedral case we are interested in. In Chapter 3, we present a method to approximate

them as a possible way to overcome this issue.



Chapter 2

The stochastic setting

In this chapter we explore a way to solve Problem 1.2, that is:

Consider the sensing problem with the additional hypothesis that x0 ∈ Rd is drawn

from a known distribution F . Is it possible to take advantage of this new infor-

mation?

This is a natural extension of the sensing problem since in real applications the signals

are often random vectors that follow a specific distribution. In many cases we are able

to know the underlying distribution of the signals, or at least an approximation. This

new setting opens the possibility of further reducing the number of measurements m

needed for perfect recovery by incorporating this statistical information.

2.1 Weighted compressed sensing

Let X0 ∈ Rd be the data we wish to recover and assume that X0 follows some known

distribution F . In order to reduce the number of necessary measurements m, we aim to

increase the probability of (P) being successful. Theorem 1.11 gives us a good insight on

what we can do. Imagine that we have a particular point x′ with very high probability.

Then, if we can modify the `1-norm in order to sharpen the descent cone at x′ and

reduce the probability of intersection with the kernel of A, we should be able to increase

the probability of perfect recovery; see Figure 2.1. In this chapter we explain how to

obtain a good modification of the `1-norm based on the distribution F .

Definition 2.1. (w-weighted `1-norm) For a fixed vector w ∈ Rd>0, the `w1 -norm is

given by,

‖x‖w1 =
d∑
i=1

wi|xi|.

18
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Figure 2.1: The blue points are x′, the polytopes are the `1 and `w1 balls and the
green planes are the ker(A) + x′.

Note that by modifying the weights we are able to deform the descent cones. Consider

the optimization problem

∆w(y0) = arg min
x

‖x‖w1 s.t. Ax = y0. (Pw)

We say that the problem (Pw) is successful or performed a perfect recovery for A

and x0 if it has a unique solution and this solution is x0, where y0 := Ax0.

Definition 2.2. Let X0 ∼ F be a random vector and let A ∈ Rm×d be a random matrix

with i.i.d. entries N(0, 1) independent of X0. For a given vector w ∈ Rd>0 we define

s(w) = PA,X0{(Pw) is successful for X0 and A}.

Denote [d] := {1, 2, . . . , d}. If x ∈ Rd, its support is supp(x) := {i ∈ [d] : xi 6= 0}. If

B is the `w1 ball of radius ||x||w1 , the support of x determines which face of B the vector

x lies in. It follows that all vectors with a fixed support I ⊆ [d] have the same descent

cone D(‖ · ‖w1 ,x).

We will thus adopt the notation D(I,w) := D(‖ · ‖w1 ,x) where x has support I. In

this way we focus on the distribution induced by F over the subsets I of [d].

Definition 2.3. (Expected intrinsic volumes) For a fixed vector w ∈ Rd>0 and

X0 ∼ F a random vector, we define the kth expected intrinsic volume as

ν̄k(w) = EX0 [νk(D (supp(X0),w))] ,

for k = 0 . . . d.
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We define t̄k and h̄k as the tail and the half-tail of the expected intrinsic volumes,

just as in Definition 1.22. It is easy to prove by conditioning that the failure probability

is given by

1− s(w) = 1− 2h̄m+1(w).

Just as in the deterministic case this probability is very hard to compute. In the

following Chapter we will also use our Monte Carlo algorithm to estimate this probability.

2.2 How to choose the weights?

We want our weights to shift the phase transition towards smaller values of m. Even

though, in this setup drawing a phase transition plot doesn’t make sense, because it may

happen that some distributions don’t generate points with all possible sparsities. For

this purpose, we now concentrate on the behavior of the phase transition in this setting,

and we state an equivalent version of Theorem 1.21.

Theorem 2.4. Fix a tolerance η ∈ (0, 1). Let w ∈ Rd>0 be a fixed vector of weights,

X0 ∼ F a random vector and A ∈ Rm×d a random matrix with i.i.d entries N(0, 1)

independent from X0. Then

PX0

{
m ≥ δ(D(supp(X0),w)) + aη/2

√
d
}
≥ 1− η/2 =⇒ s(w) ≥ 1− η,

PX0

{
m ≤ δ(D(supp(X0),w))− aη/2

√
d
}
≥ 1− η/2 =⇒ s(w) ≤ η,

where aη :=
√

8 log 4/η.

Proof. First, we prove the initial implication. For a fixed support I ⊆ [d] define

s(I,w) := PA{(Pw) is successful for a vector x, with support I, and A} and take

f(w) := 1− s(w) and f(I,w) := 1− s(I,w).

Let qI := PX0{supp(X0) = I}.

Fix an m, name Γ the collection of supports containing all the sets I that satisfy

m ≥ δ(D(I,w)) + aη/2
√
d. (2.1)

By conditioning on the support we obtain the following,

f(w) =
∑
I∈Γ

qIf(w, I) +
∑
I∈Γc

qIf(w, I).
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By definition any element of Γ satisfies (2.1), thus we may apply Theorem 1.21 and

bound f(w, I) from above in the first sum with η/2 and in the second one with 1. Then,

f(w) ≤
∑
I∈Γ

qI
η

2
+
∑
I∈Γc

qI ≤
η

2
+
η

2
= η.

The last inequality follows from the hypothesis on Γ, namely, PX0{Γc} ≤ η/2.

Using an analogous argument is easy to prove the other direction. If we define now

Γ as the set of elements that satisfy

m ≤ δ(D(supp(X0),w))− aη/2
√
d

and use the other implication of Theorem 1.21 we obtain,

s(w) =
∑
I∈Γ

qIs(w, I) +
∑
I∈Γc

qIs(w, I) ≤ η,

which proves the statement.

The above theorem implies that the more the distribution of the random variable

δ(D(supp(X0),w)) is concentrated around its mean, the sharper the phase transition

will be. Hence, we introduce the following definition.

Definition 2.5. (Expected statistical dimension) For a fixed vector w ∈ Rd>0 and

a X0 ∼ F a random vector, the expected statistical dimension is given by

δ(w) := EX0 [δ(D(supp(X0),w))] . (2.2)

Now, we propose to choose the weights w so as to minimize the expected statistical

dimension. Theorem 2.6 below provides an analytically tractable upper bound for δ(w)

and a description of the resulting optimal weights. We begin with a lemma that allows

us to bound the statistical dimension of the cones D(I,w).

Lemma 2.1. For any I ⊆ [d] the following upper bound on the statistical dimension of

the descent cone D(I,w) holds

δ(D(I,w)) ≤ inf
τ≥0

|I|+ τ2

(∑
i∈I

w2
i

)
+
∑
i 6∈I

2√
2π

∫ ∞
τwi

(u− τwi)2e−
u2

2 du

 ,

where the infimum is achieved at a unique τ > 0.
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Proof. This is a special case of Proposition 4.1 in [ALMT14]. Remember that the

subdifferential of a convex function f : Rd → R at a point x is defined as

∂f(x) := {z ∈ Rd : f(y) ≥ f(x) + 〈z,y − x〉 for all y ∈ Rd}.

Note that if x ∈ Rd satisfies

xi =

xi > 0 if i ∈ I

0 else,

then, for τ ≥ 0, the τ scaling of the subdifferential of || · ||w1 at x is given by

τ∂||x||w1 :=

(z1, . . . , zd) :

zi = τwi if i ∈ I

|zi| ≤ τwi if i 6∈ I

 .

Therefore, (
dist(g, τ∂||x||w1 )

)2
=
∑
i∈I

(gi − τwi)2 +
∑
i 6∈I

((|gi| − τwi)+)2,

and taking expected value with respect to g, Gaussian vector in Rd (iid standard normal

entries), the statement follows.

For I ⊆ [d], recall that qI = P{supp(X0) = I} and for i ∈ [d] let βi :=
∑

I3i qI . We

assume that 0 < βi < 1 for all i.

Theorem 2.6. For any w ∈ Rd>0 and any τ > 0 the following inequality holds

δ(w) ≤ EX0 [| supp(X0)|] +
d∑
j=1

(
βj(τwj)

2 + (1− βj)

[√
2

π

∫ ∞
τwj

(u− τwj)2e−
u2

2 du

])
.

(2.3)

The right hand side is minimized if λi := τwi, i ∈ [d] satisfies the equation

λi
βi

(1− βi)
=

√
2

π

∫ ∞
λi

(u− λi)e−
u2

2 du. (2.4)

Proof. Conditioning on supp(X0) we have that

EX0 [δ(D(supp(X0),w))] =
∑
I⊆[d]

δ(D(I,w))qI .
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By Lemma 2.1 we know that the right hand side is bounded, for any choice of τI > 0 by

∑
I⊆[d]

qI

|I|+ τ2
I

(∑
i∈I

w2
i

)
+
∑
i 6∈I

2√
2π

∫ ∞
τiwi

(u− τIwi)2e−
u2

2 du


In particular the inequality holds when all τI coincide with a given value τ . Changing

the order of summations we conclude that EX0 [δ(D(supp(X0),w))] is bounded above

by

∑
I

|I|qI +
d∑
j=1

τ2w2
j

∑
I3j

qI

+

∑
I 63j

qI

(√ 2

π

∫ ∞
τwj

(u− τwj)2e−
u2

2 du

)
which proves the first claimed inequality. Next note if λi := τwi the right-hand side of

(2.3) is bounded above by

h(λ) : = EX0 [| supp(X0)|] +
d∑
j=1

(
βjλ

2
j + (1− βj)

[√
2

π

∫ ∞
λj

(u− λj)2e−
u2

2 du

])

= Eg,X0

 ∑
i∈supp(X0)

(gi − λi)2 +
∑

i 6∈supp(X0)

((gi − λi)+)2

 ,
where g is a normally distributed random vector in Rd. Since the function inside the

expectation is convex in λ, h(λ) is also convex. It follows that h(λ) is minimized at any

point with ∇h(λ) = 0. The equation ∂h
∂λi

= 0 is equivalent to

λi
βi

(1− βi)
=

√
2

π

∫ ∞
λi

(u− λi)e−
u2

2 du.

and thus (2.4) holds.

Remark 2.7 One may relax even more this inequality in order to obtain weights with

a closed form. To see this note that√
2

π

∫ ∞
λj

(u− λj)2e−
u2

2 du ≤
√

2

π

∫ ∞
0

(u− λj)2e−
u2

2 du = 1 + λ2
j − 2

√
2

π
λj .

So the right-hand side of (2.3) is bounded above by the strictly convex function

j(λ) := E| supp(X0)|+ ||λ||22 +
d∑
j=1

(
(1− βj)

(
1− 2

√
2

π
λj

))

whose global minimum is attained when ∇j(λ) = 0, that is, when

λj :=

√
2

π
(1− βj).
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Example 2.1. Let d > 0 be given and let Z be a random variable taking values in [d]

with P(Z = i) = pi. Assume that 0 < pi < 1 and that supp(X0) equals the set of basic

vectors ej with j ∈ [d] which appear in an i.i.d. sample of the random variable Z of size

d.

Lemma 2.2. The following statements hold for this model:

βi = 1− (1− pi)d for i ∈ [d]

E[| supp(X0)|] = d−
d∑
i=1

(1− pi)d.

Moreover, the weights λi which are optimal for this model (in the sense that they

minimize the two upper bounds from the previous theorem) satisfy respectively:

λi
1− (1− pi)d

(1− pi)d
=

√
2

π

∫ ∞
λi

(u− λi)e−
u2

2 , for i ∈ [d], or (2.5)

λi =

√
2

π
(1− pi)d for i ∈ [d]. (2.6)

Proof. Define the random variable

W i =

1, if Z = i

0, otherwise.

The number 1 − βi which equals the probability that i does not appear in the support

coincides with the probability that there are only zeroes in an independent sample of

W i of size d. This probability equals (1− pi)d. We conclude that βi = 1− (1− pi)d as

claimed. To determine the expected size of the support define, for i ∈ [d] the random

variable

Ai =

1, if i ∈ (Z(1), . . . , Z(d)) and

0, otherwise.

and P(Ai = 0) = 1−βi. Since the size of the support equals
∑d

i=1Ai, its expected value

equals
∑d

i=1 βi = d−
∑d

i=1(1− pi)d as claimed. The last two claims follow immediately

from Theorem 2.6.



Chapter 3

Estimating the intrinsic volumes

of weighted cross-polytopes

Crucial for estimating the statistical dimension and the failure probability is to find

viable approximations of the corresponding intrinsic volumes. In order to do so, we

need to understand the geometry of the descent cones generated by weighted cross-

polytopes, i.e., cones of the form D(I,w). In particular, we seek to answer the following

question: given a descent cone C and a point x, what is the dimension of the face

containing πC(x)? An efficient method to answer this question will allow us to design a

Monte Carlo algorithm for estimating the intrinsic volumes of such cones.

3.1 The geometry of the problem

Before we start with the theoretical results, we review their underlying ideas. The

first challenge that we had in trying to answer the question stated above is the fact

that descent cones are very different since vectors with different sparsities may generate

distinct cones. Our first result, Proposition 3.1, states that every descent cone can be

decomposed as the sum of a linear space L and a descent cone generated by a 1-sparse

vector C. Thanks to the symmetry of the Gaussian distribution we can characterize

the intrinsic volumes of this product by the intrinsic volumes of C. Therefore, we may

concentrate only on pointed descent cones.

Lemma 3.1. Let C ⊂ Rd−k+1 be a convex cone and L ⊂ Rk−1 a vector subspace. Then,

νi(L× C) = νi−k+1(C) for i = (k − 1), . . . , d.

For any other i, νi(L× C) = 0.

25
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Proof. This is an easy corollary of Proposition 4.4.13 in [Ame11].

We wish to determine the dimension of the face onto which the point g is projected,

a natural approach would be to determine the face in which the projection lies. Every

polyhedral cone defines a partition of the space, where each cell of the partition is

projected onto a different face, as we show in Figures 1.2 and 4.1. These cells are defined

by a finite number of linear inequalities. A brute force algorithm would determine the

cell by checking the membership of the point via inequalities. The problem with this is

that the number of faces is exponential on the dimension d!. A simple counting argument

shows that the number of q-dimensional faces of these pointed descent cones is equal to

2q
(
d−1
q

)
, for any q < d; note that there is just one d-dimensional face (the cone itself).

By summing up all these numbers we obtain

1 +
d−1∑
q=0

2q
(
d− 1

q

)
= 1 + 3d−1.

Fortunately, many of the cells are very much alike, they are very symmetric and we

may focus on a particular subset of the space that only contains one cell per dimension.

The idea is to map the points to this set and then try to identify the cell. To see how

this works, assume that the descent cone C is generated by e1. Consider a fixed point

g = (g1, . . . , gd) and define the linear map T that sends g to (g1, |g2|, . . . , |gn|). This

linear map can be viewed as a diagonal matrix where all the diagonal entries are either

1 or -1. By construction, the cone is symmetric in all directions, except e1, hence, the

cone C is invariant under T, that is T(C) = C. Therefore, g and T (g) are projected

onto faces with the same dimension, ergo it is enough to check the projection of T (g).

By doing so we get rid of exponentially many inequalities. As an example consider the

case of C ⊂ R2.

Example 3.1. Consider a 2-dimensional cone C. Due to our last argument, we know

that we can map any point g ∈ R2 using T to the darker region of Figure 3.1 with-

out changing the dimension of the face where it is projected. The usefulness of this

observation is that this leaves us with just two inequalities, instead of four, to check

membership (These inequalities define the green an red lines in the image). Note that

in higher dimensions this has a drastic effect, since the number of inequalities is reduced

by a factor of 2−(d−1).

However, even with this map there are too many regions to check when the dimension

is higher than two. Theorem 3.3 uses similar ideas to focus on a region where the

variables are ordered in a suitable way and the number of inequalities is linear in d.
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C

C◦

g T(g)

Figure 3.1: Graphic representation of the idea behind Theorem 3.3. Our algorithm
only considers the darker region.

After giving this insight, we continue with some definitions. Let w = (w1, . . . , wd) ∈
Rd>0. The closed unit ball Bw is

Bw := {z ∈ Rd : ||z||w1 ≤ 1} = convex{± ei/wi : i = 1, . . . , d},

where the eis are the standard basis vectors of Rd. The polytope Bw is combinatorially

equivalent to the d-dimensional cross-polytope.

Let y ∈ Rd, I := supp(y), and k = |I|. We will restrict ourselves to the non-trivial

case when k ≥ 1. The descent cone D(I,w) of the norm ||·||w1 at y depends only on I

and w, so in order to compute it we can assume that y = 1
k

∑
i∈I ei/wi. In particular,

||y||w1 = 1. We then have

D(I,w) = cone{z− y : z ∈ Bw}.

Proposition 3.1. Suppose k 6= d. The descent cone D(I,w) is isometric to the cone

D′(I,w) := cone{e0/a± ei/wi : i = 1, . . . , d− k} × Rk−1,

where e0, e1, . . . , ed−k are the standard basis vectors of Rd−k+1, and a :=
√∑

i∈I w
2
i . In

particular, after modding out by its lineality space, D(I,w) is combinatorially equivalent

to a cone over the (d− k)-dimensional cross-polytope.
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Proof. Our description of Bw gives

D(I,w) = cone{±ei/wi − y : i = 1, . . . , d}

= cone{±ei/wi − y : i /∈ I}+ cone{−ei/wi − y : i ∈ I}

+ cone{ei/wi − y : i ∈ I}.

Since the generators of the last cone satisfy the relation
∑

i∈I(ei/wi−w) = 0, this cone

is the (k − 1)-dimensional subspace

L = {z ∈ Rd :
∑

i∈I wizi = 0 and zi = 0 for any i /∈ I}.

We thus have

D(I,w) = cone{±ei/wi − y : i /∈ I}+ cone{−ei/wi − y : i ∈ I}+ L.

Since k 6= d, the first summand in this expression contains the vector −2y. It follows

that the middle summand in the expression is redundant, because for any i ∈ I we have

(−ei/wi − y) + 2y ∈ L. Therefore

D(I,w) = cone{±ei/wi − y : i /∈ I}+ L. (3.1)

Now, let a :=
√∑

i∈I w
2
i . It is easy to check that the vectors e′0, e

′
1, . . . , e

′
d−k defined

as e′0 := − 1
a

∑
i∈I wiei and {e′1, . . . , e′d−k} := {ei : i /∈ I} form an orthonormal basis for

the orthogonal complement L⊥. We can write the generators of the cone in the right

hand side of equation (3.1) as ±ei/wi − y = (e′0/a ± ei/wi) − (y + e′0/a). The vector

y + e′0/a is in the subspace L, so we have

D(I,w) = cone{(e′0/a± ei/wi)− (y + e′0/a) : i /∈ I}+ L

= cone{e′0/a± ei/wi : i /∈ I}+ L

= cone{e′0/a± e′i/wi : i = 1, . . . , d− k}+ L,

from which the desired result follows.

Proposition 3.1 allows us to understand projections onto the descent cone D(I,w)

by understanding projections onto the cone

D(I,w) := cone{e0/a± ei/wi : i = 1, . . . , d− k} ⊂ Rd−k+1.



Chapter 3. Intrinsic volumes of weighted cross-polytopes 29

We now recall the concept of polarity for polyhedral cones [Roc15]. If C is any

polyhedral cone in Rl, its polar cone is C◦ := {z ∈ Rl : 〈z,x〉 ≤ 0 for all x ∈ C}. There

is an inclusion reversing correspondence between faces of C and faces of C◦: If F is a

face of C, its corresponding polar face of C◦ is F ◦ := {z ∈ C◦ : 〈z,x〉 = 0 for all x ∈ F}.
Our interest in polar cones comes from the following fact: If F is any face of C, the set

of points of Rl whose projection onto C lands in F is the polyhedral cone F + F ◦.

The following proposition describes explicitly the cone polar to the descent cone

D(I,w).

Proposition 3.2. The cone polar to D(I,w) is equal to

D(I,w)◦ = cone{−ae0 ± w1e1 ± · · · ± wd−ked−k} ⊂ Rd−k+1.

In particular, D(I,w)◦ is combinatorially equivalent to a cone over the (d−k)-dimensional

hypercube.

Proof. The cone D(I,w)◦ is generated by the rays that are polar to the facets of D(I,w).

If F is a facet of D(I,w) then F has the form

F = cone{e0/a+ siei/wi : i = 1, . . . , d− k},

where all the si are either 1 or −1. The ray polar to F is generated by the vector

−ae0 + s1w1e1 + s2w2e2 + · · ·+ sd−kwd−ked−k, so the result follows.

We now use these ideas to understand projections onto D(I,w). Recall that the

number a is defined as a :=
√∑

i∈I w
2
i .

Theorem 3.3. Let z = (z0, z1, . . . , zd−k) ∈ Rd−k+1. Consider the permutation i1,

i2, . . . , id−k of the numbers 1, 2, . . . , d − k that satisfies |zi1 |/wi1 ≥ |zi2 |/wi2 ≥ · · · ≥
|zid−k

|/wid−k
. For j = 0, 1, . . . , d− k − 1 define

bj := wi1 |zi1 |+ · · ·+ wij |zij | −
a2 + w2

i1
+ · · ·+ w2

ij

wij+1

|zij+1 |,

and

bd−k := wi1 |zi1 |+ · · ·+ wid−k
|zid−k

|.

Then the numbers bj satisfy b0 ≤ b1 ≤ · · · ≤ bd−k, and the projection of the point z

onto the cone D(I,w) lands in the interior of a face of dimension l, where l is such that

bl−1 < az0 ≤ bl (where by convention b−1 = −∞ and bd−k+1 =∞).
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Proof. For any 1 ≤ j ≤ d− k − 1, the difference between bj and bj−1 is

bj − bj−1 = −
a2 + w2

i1
+ · · ·+ w2

ij

wij+1

|zij+1 |+

(
wij +

a2 + w2
i1

+ · · ·+ w2
ij−1

wij

)
|zij |

= −
a2 + w2

i1
+ · · ·+ w2

ij

wij+1

|zij+1 |+
a2 + w2

i1
+ · · ·+ w2

ij

wij
|zij |

= (a2 + w2
i1 + · · ·+ w2

ij )
(
|zij |/wij − |zij+1 |/wij+1

)
,

which is always non-negative and thus bj−1 ≤ bj . Similarly, we have

bd−k − bd−k−1 = (a2 + w2
i1 + · · ·+ w2

id−k
)(|zid−k

|/wid−k
) ≥ 0,

and so the numbers bj satisfy b0 ≤ b1 ≤ . . . ≤ bd−k.

Now, let si := sign(zi) ∈ {−1, 1} (if zi = 0 take si = 1). Assume first that l ≤ d− k.

Consider the l-dimensional face F of D(I,w) defined by

F := cone{e0/a+ sijeij/wij : j = 1, . . . , l}.

We will show that z ∈ int(F ) + F ◦, from which the result follows. For any j such that

l ≤ j ≤ d− k, consider the vector

vj := −ae0 +

j∑
r=1

sirwireir −
d−k∑
r=j+1

sirwireir ∈ F ◦.

Define the number λ ∈ R by(
a2 +

l∑
r=1

w2
ir

)
λ := −az0 +

l∑
r=1

wir |zir |.

Our choice of l implies that, if l < d − k then λ ≥ |zil+1
|/wil+1

, and if l ≥ 1 then

λ < |zil |/wil . For 1 ≤ j ≤ l let

αj := wij |zij | − w2
ijλ > 0.

If l < d− k, for l ≤ j ≤ d− k let βj ≥ 0 be defined as

2βj :=


λ− |zil+1

|/wil+1
if j = l,

|zij |/wij − |zij+1 |/wij+1 if l < j < d− k,

|zid−k
|/wid−k

+ λ if j = d− k.
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If l = d− k, take βd−k := λ. With this notation in place, it is routine to check that

z =
l∑

j=1

αj(e0/a+ sijeij/wij ) +
d−k∑
j=l

βjvj ∈ int(F ) + F ◦,

as claimed.

Assume now that l = d− k + 1. In this case, one can write

z = αe0 +
d−k∑
j=1

αj(e0/a+ sijeij/wij ),

with αj := wij |zij | ≥ 0 and α := z0 − bd−k/a > 0, which shows that z ∈ int(D(I, w)) as

claimed.

3.2 A Monte Carlo Algorithm

This last theorem allows us to better understand the geometry of the problem; with this

in mind, we propose Algorithm 1 for estimating such volumes. The algorithm generates

a random support I with a given distribution F and a standard normal vector g, and

returns the dimension V of the face in which πC(g) lies.

Let ∆ be the minimum index set that generates the face F = cone{e′0/a+ siei/wi :

i ∈ ∆} on which the projection lands. For reasons that we will review in the next

section, it is useful to record this set along the way in the algorithm.

The most expensive part of Algorithm 1 is the sorting performed in line 14. As

a consequence of this fact, the algorithm has O(d log(d)) complexity. Thanks to this

low complexity, Algorithm 1 can be used to efficiently estimate the expected statistical

dimension via Monte Carlo simulations. To do this, we need to draw enough points (Vi)i

and then calculate its mean 1
n

∑n
i=0 Vi. But how many points are enough to get a good

estimation of δ̄? Proposition 3.4 is an answer to this question.

Proposition 3.4. Let (Vi) be iid random variables generated by the Algorithm 1 with

input w and F . Then if we define V̄ = 1
n

∑n
i=0 Vi,

P(|V̄ − δ̄(w)| > t) ≤ ε,

when n ≥ log(2/ε)d2

2t2
.
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Algorithm 1 Generate point

Input: w,F
Output: V,∆
1: V = 0,∆ = ∅;
2: I ← generate support with distribution F .
3: k ← |I|
4: if k = 0 then . The cone is trivial
5: return V,∆
6: end if
7: g← generate a standard normal vector of dimension d and take the absolute values
8: a← ‖w[I]‖2
9: z0 ← g[I] · w[I]/a

10: n← d− k
11: z← g[Ic]
12: w← w[Ic]

13: z[i]← z[i]
w[i] ∀i

14: z, σ ← sort the elements of z in descent order and let σ be the new order of the
index

15: b← (n+ 1)-dimensional zero vector
16: b[1]← −a2z[1]
17: for j ← 1 . . . (n− 1) do
18: b[j + 1]← b[j] + (z[j]− z[j + 1])(a2 +

∑j
i=1 w[σ(i)]2)

19: end for
20: j ← 1
21: while az0 > b[j] and j < n+ 1 do
22: j ← j + 1
23: end while
24: if az0 > b[n+ 1] then j = j + 1
25: end if
26: V ← j + k − 2
27: if j 6= 1 and j 6= n+ 2 then
28: ∆ = Ic[σ[1 . . . (j − 1)]]
29: end if
30: return V,∆

Proof. The variables (Vi) have a bounded range, between 0 and d. Therefore the hy-

pothesis for the Hoeffding’s inequality [Hoe63] are fulfilled and

P(|V̄ − δ(C)| > t) ≤ 2 exp

(
−2nt2

d2

)
.

By taking n as in the theorem the result follows.
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Numerical algorithm to minimize

the expected statistical dimension

In this section we develop a numerical algorithm for minimizing δ(w). More concretely,

we describe a Monte Carlo gradient descent algorithm. For this purpose, we need a way

to estimate the gradient of the expected statistical dimension function. The principal

issue in doing so is the fact that the statistical dimension doesn’t a have closed formula.

We overcome this inconvenience by finding local expressions for the the derivative of the

projection norm.

4.1 Local derivative of ‖πC(g)‖2
2

We base our argument on the following proposition.

Proposition 4.1. Let X0 be a random vector with distribution F and I = supp(X0).

Take C := D(I,w) and δ̄(w) the expected statistical dimension defined in (2.2). Then

∂δ̄(w)

∂wl
= EIEg

(
∂‖πC(g)‖2

∂wl

)
for any l = 1, . . . , d.

Proof. It is possible to commute the differential operator ∂(·)
∂wl

with the two expected

values. Indeed, for the first expected value we note that EI represents a simple sum and

the operator is linear. For Eg we use a measure theoretic version of the Leibniz integral

rule.

33
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An explicit formula for ∂‖πC(g)‖2
∂wl

would thus lead to a Monte Carlo estimation of

the gradient. Let g ∈ Rd be a vector and I be a support, both fixed. Define C ′ :=

cone{e′0/a ± ei/wi : i /∈ I} with e′0 = − 1
a

∑
i∈I wiei. In proposition 3.1 we proved that

the descent cone decomposes as

C = C ′ + L,

where L ⊂ Rd is a vector subspace and C ′ ⊆ L⊥. Define πC′ and πL as the projections

onto C ′ and L respectively. Then

‖πC(g)‖22 = ‖πC′(g) + πL(g)‖22 = ‖πC′(g)‖22 + ‖πL(g)‖22.

Our goal is to give explicit formulas for ‖πC′(g)‖22 and ‖πL(g)‖22, and use them to find

the gradient ∇‖πC(g)‖22 with respect to the variables w.

First, we study the projection onto C ′. Recall that every polyhedral cone defines a

partition of the space, where every cell consists of the vectors that are projected onto a

particular face. Every partition cell has non-empty interior. If g was picked at random

with normal standard distribution, then it will almost surely belong to the interior of

one of these cells. Thus, there is a neighborhood of g that is linearly projected onto the

same face; Figure 4.1 displays a partition of R3. We use this fact to “locally” describe

the projection πC′(g) as a linear operator.

Thanks to our algorithm in Section 3 we are able to get the smallest index set ∆ ⊆ Ic

that generates the face F = cone{bi := e′0/a+ siei/wi : i ∈ ∆} on which the projection

πC′(g) lies. Without loss of generality we can assume that g ≥ 0, and consequently, the

signs si are positive. For the sake of clarity, we will assume that I is the set {1, . . . , k}
and ∆ = {k+1, . . . , k+r}. In order to write the projection onto the subspace generated

by the vectors bi, consider the matrix

A =

 b1 · · · br

 .

By taking the product P := A(ATA)−1AT we obtain the desired linear projection.

After some computations we obtain the d× d matrix

P =
1

‖wI∪∆‖2


PI C 0

CT P∆ 0

0 0 0

 ,
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Figure 4.1: Parition generated by the descent cone of a cross-polytope at e3. The
cross-polytope is represented in red, the polar cone is represented in green, the cells
that are projected onto 1-dimensional faces are represented by blue polytopes and the

cells projected onto 2-dimensional faces are represented by purple polytopes.

where PI is a k × k matrix, P∆ is an r × r matrix, and C is a k × r matrix, defined by

PI =
‖w∆‖2

‖wI‖2


w2

1 . . . w1wk
...

. . .
...

w1wk . . . w2
k

 , C =


−w1wk+1 . . . −w1wk+r

...
. . .

...

−wkwk+1 . . . −wkwk+r

 ,

P∆ =


‖wI∪∆‖2 − w2

k+1 . . . −wk+1wk+r

...
. . .

...

−wk+1wk+r . . . ‖wI∪∆‖2 − w2
k+r

 .

This projection is equal to πC′(·) in a neighborhood of g, where ‖πC′(g)‖22 = ‖Pg‖22 =

gTPg. By expanding this last term we get

‖πC′(g)‖2 =
1

‖w∆∪I‖2

∑
i∈I

∑
j∈I

wiwjgigj
‖w∆‖2

‖wI‖2
− 2

∑
i∈I
j∈∆

wiwjgigj − 2
∑
i,j∈∆
i 6=j

wiwjgigj

+
∑
i∈∆

(‖w∆∪I‖2 − w2
i )g2

i

)
.
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In order to obtain a closed formula for the gradient, we explicitly compute
∂‖πC′ (g)‖2

∂wl

for the three possible cases.

• Case 1: If l ∈ I,

∂‖πC′(g)‖2

∂wl
=

2

‖w∆∪I‖2

‖w∆‖2

‖wI‖4

(
‖wI‖2gl

(
wlgl +

∑
i∈I
i 6=l

wigi

)
− wl

∑
i∈I

∑
j∈I

wiwjgigj

)

−gl
∑
i∈∆

wigi + wl

∑
i∈∆

g2
i − wlg

TPg

 .

• Case 2: If l ∈ ∆,

∂‖πC′(g)‖2

∂wl
=

2

‖w∆∪I‖2

 wl
‖wI‖2

∑
i∈I

∑
j∈I

wiwjgigj − gl
∑
i∈I

wigi − gl
∑
i∈∆
i 6=l

wigi

+wl
∑
i∈∆
i 6=l

g2
i − wlgTPg

 .

• Case 3: Otherwise,
∂‖πC′ (g)‖2

∂wl
= 0.

Analogously, if we choose a basis for L and repeat the same procedure, we get

‖πL(g)‖2 =
1

‖wI‖2

∑
i∈I

(‖wI‖2 − w2
i )g

2
i − 2

∑
i,j∈I
i 6=j

wiwjgigj

 .

For this function, the directional derivative is equal to

∂‖πL(g)‖2

∂wl
=

2

‖wI‖2

∑
i∈I
i 6=l

(wlg
2
i − glwigi)− wl‖πL(g)‖2


if l ∈ I and zero in any other case.
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4.2 Monte Carlo gradient descent algorithm

Using these directional derivatives, we are able to explicitly find the gradient ∇‖πC(g)‖22
with respect to w. We combine these formulas and Proposition 4.1 to obtain a good

approximation of ∇δ̄ via a Monte Carlo method. Algorithm 2 summarizes these ideas.

Informally the algorithm does the following: it generates M supports (Ii)
M
i with distri-

bution F and for each support, it generates N points (gj)
N
j with normal distribution.

For each pair (Ii,gj) it computes the gradient of the projection of gj onto the cone

D(Ii,w). Finally, the algorithm averages these quantities to obtain an approximation

of ∇δ̄.

Algorithm 2 EstimateGradient

Input: w,M,N, d,F
Output: D
1: D← d-dimensional zero vector
2: for i← 0 . . .M do
3: I ← generate a support with distribution F
4: for j ← 0 . . . N do
5: g← generate a standard normal vector of dimension d and take the absolute

value in each entry
6: ∆← findDelta(g,w, I)
7: if ∆ = ∅ then . g belongs to C or to its polar
8: continue to next iteration
9: end if

10: Dg ← d-dimensional zero vector
11: for l← 1 . . . d do
12: Dg[l]← compute the directional derivative with data (l,g,w, I,∆)
13: end for
14: D = D + Dg/(MN)
15: end for
16: end for
17: return D

We developed a method of steepest descent for approximating the weights w that

minimize the expected statistical dimension δ̄. This procedure uses Algorithm 2 to

choose the descent direction and our Monte Carlo estimation of the statistical dimension

given in Chapter 3 to find the step size. In the following chapter, we exemplify the

performance of this algorithm with numerical results.

Remark 4.2 In lines 9 and 10 of Algorithm 3 we estimate the expected statistical

dimension using the Monte Carlo method proposed based on Algorithm 1, note that

this estimation must be made with the same set of points. Generating only one set of

points has two advantages: (1) the computational cost is lower and (2) it reduces the

uncertainty carried by the Monte Carlo. We have experimentally observed that when
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Algorithm 3 Monte Carlo gradient descent

Input: w,M,N, d,F
Output: w
1: shouldContinue ← true
2: while shouldContinue do
3: D← EstimateGradient(w,M,N, d,F)
4: γ ← min{wi/2Di : Di > 0} . Find a step size that doesn’t violate the weights

positivity.
5: isBetter ← false
6: i← 0
7: while isBetter = false and i < 11 do
8: w1 ← w − γ

2i
D . New weights candidate

9: δ̂1 ← Estimate δ̄(w)
10: δ̂2 ← Estimate δ̄(w1)
11: if δ̂2 < δ̂1 then . The new weights are better
12: isBetter ← true
13: else
14: i← i+ 1
15: end if
16: end while
17: if isBetter = false then . Did not find an useful step size
18: shouldContine ← false
19: end if
20: w← wAux
21: end while
22: return w

two different sets are generated, estimates tend to be too noisy to be compared and in

general this leads to undesirable outputs.



Chapter 5

Numerical Experiments

We consider four numerical examples, in three of them, first, second and fourth, we

obtain promising results for the way we choose our weights: our recovery algorithm using

the suitably weighted `1-norm outperforms the non-weighted approach. To select the

weights we employed two methods, the one described in Theorem 2.6 and the numerical

algorithm described in Chapter 4. In the third example we show a particular setting in

which our approach might not always be better.

All the experiments were performed using MATLAB and the CVX package with

Gurobi as solver. We present three kinds of graphs: Recovery Frecuency, Expected

Intrinsic Volumes and Histograms of the statistical dimensions. To draw the Recovery

Frequency figures we executed the following procedure: for each m, number of measure-

ments, generate 100 independent instances of each problem with the given distribution

and with them estimate the frequency of perfect recovery. We defined 10−5 to be our

success tolerance. For the Expected Intrinsic Volumes figures, we ran the next algorithm:

generate 1000 supports with the given distribution and for each support generate 100

points with Algorithm 1, count the frequency to estimate ν̄k for all k. We only present

the histogram in the second experiment, where we explain how we made it.

Remark 5.1 With Theorem 2.6, the entries with null probability of being non-zero,

have extremely high weights. To prevent numerical problems we set the weights of these

entries to be a fixed constant M much greater than the other weights. For our purposes,

we determine empirically that M = 100 is big enough.
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5.1 Recovering Juan Valdez

In this experiment we recover a binary image with the logo of the Colombian brand Juan

Valdez. The image had size 750× 244 pixels (columns times rows). We perform a row-

by-row reconstruction, thus, we treat every row from the image as signal x0. Therefore,

in every instance of the experiment we recover 244 vectors in {0, 1}750.

To train the weights we assumed that the rows from the logo were drawn from

a distribution F and to approximate it we used the 244 data from the image. This

example may appear to be unfair since we are using our training set to test the algorithm.

However, the goal of this experiment is not to test our methods in a real application,

but to visually show the capacity of our methods.

We used the intrinsic volumes estimated with our Monte Carlo to determine the

minimum m needed to recover the image with the weights of Theorem 2.6 and with

constant weights 1. Our weighted algorithm only required 30% of the measurements

to recover the logo with high probability; on the other hand, the standard method

demanded 70%.

Figure 5.1: Recovered images using m = 0.2d. The left image was reconstructed
using our weights, the right image was reconstructed using weights one.

Figure 5.2: Recovered with m = 0.3d - same conventions as in Figure 5.1.

Figure 5.3: Recovery with m = 0.7d - same conventions as in Figure 5.1.
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5.2 Independent Bernoulli entries

For the first example we generate random vectors X0 ∈ R128 using the following distri-

bution: we partition the entries of X0 into 8 blocks of equal length, and in every block

we take the entries to be i.i.d. random variables with a Bernoulli distribution, where the

distribution parameter is defined by the index of the block. The parameters are given

by

︸ ︷︷ ︸︸ ︷︷ ︸ . . . ︸ ︷︷ ︸
B(1, 2−1) B(1, 2−2) B(1, 2−8)

.

Since the probability of being non-zero decreases exponentially in every block, the spar-

sity of this distribution is guaranteed.

Figure 5.4: The figure on the left shows the estimated recovery frequency; the figure
on the right displays the expected intrinsic volumes estimated with our Monte Carlo.
The blue lines are the results with our weights from Theorem 2.6, the red lines are the
results with the classical approach, and the green lines are the results with the weights

obtained with Algorithm 3.

In this experiment the statistical dimensions of the cones generated by the points

with this distribution are very concentrated, as Figure 5.5 shows. Thus, the hypothesis

for Theorem 2.4 are satisfied for a small parameter η. Therefore, problem (Pw), with

our weights, is guaranteed to have higher success probability than (P).
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Figure 5.5: Histograms of the statistical dimensions of random cones generated with
independent Bernoulli entries. On the left the histogram with cones with weights one.

On the right the histogram with cones with the weights found with Theorem 2.6.

5.3 A non-sharp case

For the last experiment our choice of weights is not always the best. In this example we

consider an artificial distribution with four possible supports, each one with probability

1/4, as in Figure 5.6. One particular characteristic of this distribution is that the intrin-

Figure 5.6: Possible supports: Each row represents a support; a blue point is a 1 and
white is a 0.

sic volumes for the descent cones corresponding to different supports are concentrated

around different locations. Since all the supports have equal probability, the expected

intrinsic volumes are not concentrated, as we show in Figure 5.7. Intuitively, what The-

orem 2.4 is showing in this case is that the transition is not sharp, and therefore by

minimizing δ̄ we are not necessarily reducing the probability of failure, i.e., the tail of

the intrinsic volumes. We ran the descent algorithm proposed in Chapter 4 starting at

weights one. After two iterations, we obtained very similar weights to the ones found

using the bound in Theorem 2.6.

5.4 MRI

We took real brain MRI from 5 patients. The resonances were composed of multiple

2D slides of the brain. In order to promote a sensible distribution in this setting, we

restricted our attention to the slides at eye-level height. Subsequently, we centered and

cut the images, increasing the ratio between the non-zero entries and the size of the

image as much as possible. After this process we ended up with 47 grayscale images of

size 215× 184 pixels.
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Figure 5.7: Expected instrinsic volumes of the non-sharpe experiment. Same conven-
tions as in Figure 5.4.

Figure 5.8: Heat map of
one of the weights founded.

We performed a row-by-row reconstruction and tested the

weights described in Theorem 2.6, using a leave-one-out cross-

validation to measure the frequency of perfect recovery for

several number of measurements m. In other words, we se-

lected the ith image and used the rows of the other 46 images

to obtain the empirical distribution F̂i, which we then used to

compute the weights ŵi and measure the frequency of perfect

recovery of the ith image. We repeated the procedure for all

the images and took the average of the frequencies. Figure

5.9 shows the results.

In the Bernoulli experiment, where the entries are independent, the expected intrinsic

volumes are concentrated and thanks to this our ideas work very well. This example

is particularly interesting because the entries do not appear to be independent and yet

our methods work. This suggests that the volumes may be concentrated under other

assumptions apart from independence.

Figure 5.9: Frequency of perfect recovery of the MRI experiment. Same conventions
as in Figure 5.4.



Chapter 6

Conclusions and open problems

In this work, we showed that it is possible to take advantage of prior statistical infor-

mation from a signal, i.e. its support distribution, to improve the classical compressed

sensing method. In particular, we developed a method to reduce the number of mea-

surements needed to perform a perfect recovery by minimizing an appropriate weighted

`1-norm. To do so, we presented two ways to find good weights. Our methods pick the

weights aiming to minimize the expected statistical dimension, δ̄. One method uses an

explicit formula, 2.4, based on an upper bound and the other uses a numerical method

based on a Monte Carlo gradient descent algorithm.

We showed through experiments that in fact our methods are effective in many

contexts. However, in a case where the expected intrinsic volumes were not concentrated

our methods fail. It appears that under these circumstances minimizing the statistical

dimensions may spread the expected intrinsic volumes, increasing their variance and

their tail, namely the failure probability. This opens questions like: What to minimize

when the statistical dimension does not work? and how to find optimal weights in

those cases? We believe that one way to tackle this is by fixing m, the number of

measurements, and choosing weights that minimize the probability of failure.

Our numerical method to find the weights is much slower than the one with the

explicit formula. In fact, the experiments shown that it has worst results minimizing

δ̄. Nevertheless, it reveals positive features of our explicit formula, we observed that if

we initialize Algorithm 3 with uniform weights (1, · · · , 1) it tends to converge to similar

weights as the ones founded with (2.4). More than that, if we initialize the algorithm

with the bound weights, the numeric method fails to find a non-negligible step size to

continue.
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Aside from the weights, we hope that people in the industry and also in academia,

working in applications, can use our Monte Carlo algorithm to estimate the failure

probability and use it to decide about the number of measurements they need to take

or the sparsity of the vectors they may recover with their sampling tools.

Finally, we conclude with some open problems and future research directions:

Explicit computation of intrinsic volumes. A very interesting and important

direction for future research is to find a way to explicitly compute the intrinsic volumes

of the cones in this setting. This would unlock the doors to better ways to analyze the

statistical properties of linear inverse problems.

Convexity of the expected statistical dimension. The fact that the weights

obtained with our numeric algorithm seem to converge to the weights w found with the

bound of Theorem 2.6 suggests that w is a local optimum. It will be interesting to know

if the statistical dimension is convex with respect to the weights or not. If this is the

case, the bound from Theorem 2.6 should be close to the minimum value.

Weights in other contexts. We would also like to explore new ways to apply our

ideas to other related areas, such as matrix completion, matrix decomposition, tensor

decomposition and super-resolution.

Deterministic matrices for compressed sensing. The amount of data managed

in real applications nowadays has unprecedented dimensions. Although state-of-the-art

random generators are powerful, they cannot escalate well for today’s problem and linear

inverse problems are not an exception. In this regard, it will be very practical to have

deterministic methods to construct good matrices for compressed sensing. Perhaps the

geometrical perspective pursued in this thesis may give some insight.

A matrix approach to compressed sensing with a priori distributions. Here

we modify the objective function from program (P) to take advantage of the statistical

information provided by F . But we believe that it is possible to accomplish something

similar by changing the distribution of matrix A in such away that the ker(A) gets

redistributed away from the most probable descent cones.
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