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Chapter 1

Introduction

In 1876 Harnack showed that any algebraic curve on the real projective space
of degree d can have at most d

2 − 3d+ 4
2 connected components. He showed

how to construct curves that attained that maximum therefore the bound is
sharp. Curves that attain this maximum are called M-curves.

Latter, Hilbert worked on degree 6 M-curves and he found that the topol-
ogy of these curves relative to the axes of the projective space was fixed. So
he asked in the first part of his 16th problem what possible topological con-
figurations could M-curves have, that is, the position of its components with
respect to the axes of the projective space.

The problem continues to be unresolved. However, Mikhalkin showed in
[Mik00] that a special type of M-curves had a unique topological type. These
curves were originally called simple Harnack curves, however, the simple was
later dropped to become just Harnack curves [MO07]. The theorem was
proved in a more general setting than the projective space, which are toric
varieties. The main tool for proving this theorem was amoebas, which are
the image of the curve under the map (z, w) 7→ (log |z|, log |w|). Existence
of Harnack curves was proved using the tool known as patchworking of real
algebraic curves [Mik00, Vir06]. Further work extended the definition of
Harnack curves to singular curves and showed that simple Harnack curves
were characterized by having amoebas of maximal area [MR01]. In this sense
Harnack curves are the ones whose amoebas are best understood.

Kenyon, Okounkov and Sheffield showed in [KOS06] that Harnack curves
were closely related to dimers as the amoeba of Harnack curves was the
limit of height functions of random perfect matchings of dimers. This clearly
unveiled applications of the theory of Harnack curves to physics as dimers
model the structure and phase transitions of a polymer with two atoms. In
particular the surface tension of dimer is dual to the Ronkin function used
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to study amoebas. In [KO06] this connection is used to calculate the moduli
space of Harnack curves in CP2 of a given degree. In the proof, Harnack
curves of genus 0, which we call rational Harnack curves, were central and
their importance was further reflected through the connection to dimers.

Further work with Harnack curves includes another characterization in
terms of total curvature of their amoeba [PR10] and in [Nis08] in terms of
its coamoeba. Further connections to statistical mechanics are stablished
in [MO07]. Harnack curves were generalized to tropical Harnack curves in
[Lan15] and to pseudoholomorphic Harnac curves in [Bru14].

In this thesis we focus on rational Harnack curves as their importance
was evident in [KO06]. Our main results provide explicit parametrizations
of rational Harnack curves on any toric surface. We hope that with further
work these parametrizations will be useful to calculate the moduli space of
Harnack curves with any given Newton polygon with applications to dimer
theory.

This thesis is organized in the following way. Chapter 2 is a review of
the basic theory of algebraic geometry and specifically toric varieties needed
to understand the setting. Chapter 3 shows how Harnack curves can be
understood through their amoebas and reviews most of the theory known
so far of Harnack curves. In chapter 4 we present our results with rational
Harnack curves. We end by showing and inequality which comes from the
positivity of the curvature of amoebas of Harnack curves.
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Chapter 2

Toric Varieties

In this chapter we review the basic theory of toric varieties. We use the
book [CLS11] as a general reference for this chapter. We review the main
definitions and properties as well as some intuition behind them. However
several statements are without proof as they are not relevant for this thesis.
All proofs can be found in [CLS11].

2.1 Algebraic Varieties
We begin by reviewing the basic concepts of algebraic geometry.

Definition 2.1.1. Consider the polynomial ring S = C[x1, . . . , xn]. For any
ideal I of S, the set V(I) := {p ∈ Cn | ∀f ∈ I f(p) = 0} is called the zero
set of I. An affine algebraic variety is the zero set of any ideal.

Because of Hilbert’s Basis theorem, S is a Noetherian ring so I is a
finitely generated which means V(I) is the zeros of finitely many polynomi-
als. Conversely, for any variety V , we can define its ideal as I(V ) := {f ∈
S | ∀p ∈ V f(p) = 0}. The Nullstellensatz states that I(V(I)) =

√
I =

{f ∈ S | ∃k ∈ N fk ∈ I} and V(I(V )) = V . For a polynomial to be in I(V )
means that it is zero everywhere in V , so that in V it is essentially the zero
polynomial. This motivates the following definition:

Definition 2.1.2. Given an affine variety V , its coordinate ring C[V ] =
S/I(V ). Given two varieties V1 and V2, a function φ : V1 → V2, is a morphism
if the map φ∗ = C[V2] → C[V1] given by φ∗(g) = g ◦ φ is a C-algebra
homomorphism.

Example 2.1. The algebraic torus (C∗)n = (C \ {0})n is an algebraic vari-
ety given by the ideal I = {x1y1 − 1 | i ∈ [n]} ⊆ C[x1, . . . , xn, y1, . . . , yn].
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Its coordinate ring is written C[x±1 , . . . , x±n ] as they correspond to Laurent
polynomials.

Coordinate rings are the main object associated to V . Note that points
{p} ⊆ Cn are affine algebraic varieties given by the maximal ideal V({p}).
As all maximal ideals of S are of this form, we note that points are exactly
the varieties corresponding to maximal ideals. More generally, prime ideals
correspond to irreducible varieties, i.e. varieties which are not the union of
finitely many smaller varieties. By the Nullstellensatz we have the following
characterization of coordinate rings of affine varieties

Proposition 2.1.3. A C algebra is the coordinate ring of an affine variety
if and only if it is finteley generated and has no nilpotent elements different
from 0, i.e. if fk = 0 for k ≥ 1 then f = 0

Now in order to do geometry, V(I) must have a topology. We could use
the topology given by V(I) as a subspace of Cn with the analytic topology.
However, we rather use the following coarser topology which captures the
algebraic properties of Cn.

Definition 2.1.4. The Zariski topology of Cn is the topology generated by
{V(I)} as its closed sets.

This way, algebraic varieties are exactly the closed subspaces of Cn with
the Zariski topology. Moreover, it is easy to see that the closed sets of V are
generated by the zero set of the ideals I ⊆ V(I). This topology is a subset
of the classical analytic topology. However, some intuitive notions of the
classical topology do not hold anymore. For example, the Zariski topology
is not Hausdorff as every open set is dense.

From a coordinate ring R the associated variety can be recovered by
taking the set of maximal ideals as points and with the topology generated
by closed sets V(I) where in this case V(I) are the sets of maximal ideals
containing I for any prime ideal I. We write V = Spec(R) to say V is the
associated variety of R. Points of Spec(R) can also be thought as C algebra
morphisms between R and C. If f ∈ Hom(R,C) then f−1(0) is a maximal
ideal in R. When points are thought of this way, a C-algebra morphism
between coordinate rings φ∗ : R1 → R2 induces a morphism φ : Spec(R2)→
Spec(R1) by composition φ(f) = f ◦ φ∗.

Now let V = Spec(R) be irreducible and f ∈ R. We have that the set
{x ∈ V | f(x) = 0} = Spec(R/〈f〉) is also an algebraic variety. But now if
we consider its complement, Vf = {x ∈ V | f(x) 6= 0}, it is also an algebraic
variety as it is isomorphic to Spec(R[x]/〈1 − xf〉) where the isomorphism
is given by the projection of V × C to V . The ring of coordinates of Vf

7



is isomorphic to Rf :=∼= {
g

fm
| g ∈ R m ∈ N}. We call this ring the

localization of R in f .
In a similar way as charts glue to form differential varieties, affine alge-

braic varieties glue to form general algebraic varieties. Suppose we have a
collection of affine varieties {Vα}α∈A for a set A, a collection {Vα,β}(α,β)∈A2

where Vα,β is a Zariski open subset of Vα and a collection {gα,β}(α,β)∈A2 where
gα,β : Vα,β → Vβ,α is an isomorphism. To glue them we need that the isomor-
phisms satisfy the following compatibility conditions:

• gα,α is the identity.

• gβ,γ|Vβ,α∩Vβ,γ ◦ gα,β|Vα,β∩Vα,γ = gα,γ|Vα,β∩Vα,γ

Then we define an algebraic variety to be:

X =
( ⋃
α∈A

Vα

)
/ ∼

where a ∼ b if gα,β(a) = b for a ∈ Vα and b ∈ Vβ.

Example 2.2. Consider CPn the projective space, that is, Cn+1 \ {0}/ ∼
where a ∼ (ta0, . . . , tan) for any a ∈ Cn+1 \{0} and t ∈ C∗. Elements of CPn
are described in homogeneous coordinates where the equivalence class of a
is denoted [a0 : · · · : an]. Let Ui = {[a0 : · · · : an] ∈ CPn | ai 6= 0}. Under
the map φi : Ui → Cn where φi([a0 : · · · : an]) = (a0

ai
, . . . ,

an
ai

) (where ai
ai

= 1
is omitted) we have that Ui is isomorphic to Cn. Let Ui,j be the image of
Uj ∩ Ui under φi and gij = φj ◦ φ−1

i . It is easy to check that gij satisfy the
gluing compatibility conditions. So we have that CPn is an algebraic variety
by gluing n+ 1 copies of Cn.

One of the fundamental operations in most categories is the product.
For affine varieties U1 and U2 its product, U1 × U2, is just the product as
topological spaces. As these are Zariski closed inside Cn and Cm the product
must be a Zariski closed in Cn+m so it is in fact an algebraic variety. Its
coordinate ring is given by C[U1×U2] = C[U1]⊗CC[U2]. For abstract algebraic
varieties the product X1 × X2 is constructed by gluing all sets of the form
U1 × U2 where U1 ⊆ X1 and X2 ⊆ U2 are the affine open sets and the gluing
maps are just the tensor of the respective gluing maps of X1 and X2.

As in any geometric theory, the notion of compactness is of extreme im-
portance. With the Zariski topology, every algebraic variety is trivially com-
pact, as all closed sets have positive codimension. However algebraic varieties
may not be compact in the analytic topology (like C, for example). So we
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need to relate the concept of being analytically compact with the Zariski
topology.

Definition 2.1.5. An algebraic variety is called complete if it satisfies the
universal property that for any variety Y the projection π : X × Y → Y
maps Zariski closed sets to Zariski closed sets.

It is a well known theorem in topology that compact topologies satisfy
this property, often known as the Tube Lemma. The following proposition
tells us this is exactly the definition we want

Proposition 2.1.6. An algebraic variety is complete if and only if it is com-
pact in the analytic topology

Definition 2.1.7. An affine variety X is normal if it is irreducible and C[X]
is integrally closed i.e. every element of C(X) that is a root of a monic
polynomial in C[X][z] actually lies in C[X]. An algebraic variety is normal
if it has an open cover of affine normal varieties.

Normality is another central property in algebraic geometry. C[x1, . . . xn]
and C[x±1 , . . . x±n ] are both unique factorization domains, which imply they
are integrally closed, so Cn and (C∗)n are both normal varieties.

Example 2.3. Consider the ideal I = 〈x3 − y2〉 ⊆ C[x, y] and V = V(I).
This is the classical example of a reducible variety which is not normal. To
see this let X and Y be the cosets of x and y in C[V ] = C[x, y]/〈x3 − y2〉.
We have that Y

X
/∈ C[V ] but satisfies (Y

X
)2 −X = 0.

One of the main tools in algebraic geometry is the idea of divisor. This
is a generalization of the order of vanishing of zeros of a polynomial, as well
as the order of a pole of rational function. For an affine algebraic variety X,
let C(X) be the field of functions of X, that is, the set of functions defined
over any Zariski open set of X. It is a field as the inverse of a function f is
defined outside V(f) which is a Zariski open. When X is affine C(X) is the
field of fractions of C[X]. To generalize the idea of order of vanishing, we
need discrete valuation rings.

Definition 2.1.8. An integrally closed ring R with K as its field of fractions
is a discrete valuation ring if there is a surjective function ord : K∗ → Z that
satisfy the following:

1. ord(ab) = ord(a) + ord(b).

2. If a+ b 6= 0 then ord(a+ b) ≥ min(ord(a) + ord(b)).
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3. R = {a ∈ K | ord(a) ≥ 0}.

The idea is that the function ord will tell us the order of vanishing. Note
that if f and g are one variable polynomials, the order of vanishing over
a point satisfy the above. If R is a discrete valuation ring then it is local
with {a ∈ K | ord(a) > 0} as unique maximal ideal. Now if X is an
algebraic variety, the zeroes of a generic function in C(X) define a subvariety
of codimension 1. We want to define the order of vanishing of this function
in that subvariety. So let Y be a sub variety of X of codimension 1 and
consider

OX,Y = {f ∈ C(X) | f is defined in a non empty Zariski open of Y}

This ring is local and its maximal ideal is the set of functions vanishing on
Y . The reason we look at normality is the following theorem

Theorem 2.1. Let X be a normal variety and Y an irreducible codimension
1 subvariety. Then OX,Y is a discrete valuation ring.

So if f is a function in OX,Y that vanishes on Y , ord(f) is a positive
integer. In order to consider all zeroes of f at the same time (V(f) may not
be reducible) we define Weil divisors

Definition 2.1.9. A Weil divisor is the finite formal sum
s∑
i=1

aiDi where
ai ∈ Z and Di is an irreducible subvariety of codimension 1. In particular,
codimension 1 irreducible varieties are considered divisors themselves. For a
function f ∈ C(X)∗, the divisor of f is div(f) = ∑

Y
ordY (f)Y . A divisor of

this form is called principal.

The divisor of f is well defined as there are only finitely many codimension
1 irreducible varieties where it vanishes. We define an equivalence relation ∼
where two divisors are equivalent if they differ by a principal divisor, that is,
D1 ∼ D2 if D1 −D2 = div(f) for some f ∈ C(X). The group resulting from
the quotient of all Weil divisors under this equivalence relation is called the
class group Cl(X) and it is a major invariant of a normal variety.

2.2 Construction of Toric Varieties
Let f be a Laurent polynomial with complex coefficients. The zeros of this
polynomial define a subvariety V = V(f) ⊆ (C∗)n inside the algebraic torus.
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This subvariety may have points whose coordinates can be arbitrarily big or
arbitrarily small, which follow an asymptotic behavior. However, the torus
does not have zero points or infinity points which could give us informa-
tion about the asymptotic behavior of V as it approaches zero or infinity.
Therefore, to better understand the nature of V it is necessary to choose an
appropriate completion of the torus (which in the analytic topology means
a compactification) where new solutions to the polynomial appear giving us
the information about V which we previously lacked.

Example 2.4. Consider f(x, y) = x+ y− 1. We know the solutions for this
polynomial is an algebraic curve which is a line in C2. However (1,0) and (0,1)
are solutions of f who do not belong to (C∗)2, but tell us how are the points
of V near the coordinate axes: when y is arbitrarily small x approaches to 1
and vice versa. The curve also extends to infinity as x and y get arbitrarily
big. The bigger x and y become the more insignificant the term −1 in the
polynomial becomes, making the curve seem almost like y = −x. This can
be explained by the fact that in CP2 the point with homogeneous coordinates
[1 : −1 : 0] is in the closure of V . So adding the coordinate axes and the line
at infinity help us better understand the curve. This is the idea we want to
generalize using toric varieties.

However, CP2 is not always the completition of the torus which helps
study the curve V(f).

Example 2.5. Consider f(x, y) = y− a(x2− 1) with a ∈ R>0. Let V be the
closure of V(f) ⊆ (C∗)2 in CP2. The homogenization of f is fh(x, y, z) =
zy − x2 + z2 so that V consists of the zeros of fh in CP2. Outside the torus
V has the points [1 : 0 : 1], [−1 : 0 : 1], [0 : a : 1] and [0 : 1 : 0]. The first
3 points gives us precise information about the curve near x = 0 and y = 0.
However, while the last point does tell us that at infinity y becomes infinitely
more large than x, it does not give precise information about how large is y
compared to x.

The algebraic torus (C∗)n is a group under coordinate-wise multiplication.
In particular it acts on itself multiplicatively.

Definition 2.2.1. A toric variety is an irreducible variety such that there is
a Zariski open set isomorphic to the algebraic torus (C∗)n and the action of
the torus extends to all the variety.

Example 2.6. Recall the variety from example 2.3 given by V = V(I) where
I = 〈x3 − y2〉 ⊆ C[x, y]. The map φ : C∗ → V given by φ(t) = (t2, t3) is an
injective morphism, and its image V \{(0, 0)} is an open torus inside V . The
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action of C∗ can be extended to all V by letting t(x, y) = (xt2, yt3). So this
is a toric variety.

The name toric comes from the algebraic torus embedded inside the
variety. As we will see this action equips the variety with a nice com-
binatorial structure which is very powerful in order to study these vari-
eties. The combinatorial structure is given by lattices, i.e. Zn as an ad-
ditive group. We consider 2 different lattices: N = Zn and its dual M =
Hom(N,Z) ∼= Zn. N is called the lattice of 1-parameter subgroups as for
each a = (a1, . . . , an) ∈ N we associate the one parameter subgroups of the
torus given by t 7→ (ta1 , . . . , tan). M is called the group of characters where
for each a = (a1, . . . , an) ∈ M we associate the character χa : (C∗)n → C∗
where χa(t1, . . . , tn) = ta1

1 . . . tann . We often think of characters as Laurent
monomials xa = xa1

1 . . . xann .
Now let A = {a1, . . . , as} be a finite subset of M . Consider the map

φA : (C∗)n → Cs where

φA(t) = (χa1(t), . . . , χas(t))

Suppose that A spans Rn where M is considered as a subset of Rn. Then
the map is injective and its image T is isomorphic to an n dimensional torus.
Let YA be the Zariski closure of T . As the image of φ is a subgroup of (C∗)S
which is also a torus, its action can be extended to all Cs. For it to be
extended to YA we need to see that tYA = YA. But that happens because the
action maps the torus to itself, tT = T and the action is continuous in Cs.
Then YA is an affine toric variety. Now let S be the semigroup generated by
A, S = NA = {

s∑
i=1

λsas | λ ∈ N}. Consider the ring

C[S] := {
∑
m∈S

amx
m | am ∈ C and am 6= 0 for finitely many m}

The ring is finitely generated by {xa1 , . . . , xas} and is clearly free of non
trivial nilpotent elemnts. Hence it is the coordinate ring of an affine algebraic
variety. We have that that C[S] ⊆ C[x±1 . . . x±n ]. This means that C[Sσ] is an
integral domain so Spec(C[S]) is an irreducible variety. The inclusion C[S] ⊆
C[x±1 . . . x±n ] induces an inclusion T ↪→ Spec(C[S]). If t ∈ T , the action of t
on T over itself can be though as an automorphism ψt of C[x±1 . . . x±n ]. This
automorphism maps C[S] to itself. Then the torus action is carried over to
Spec(C[S]): for f ∈ Hom(C[S],C) tf = f ◦ ψt. So Spec(C[S]) is a toric
variety. Moreover the following theorem can be proved:

Theorem 2.2. YA = Spec(C[S]). Every affine toric variety is of this form
and its corresponding ideal is prime and generated by monomials.
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We will focus on a special kind of semigroups, which have an important
underlying discrete geometry. Consider NR = N ⊗ R ∼= Rn and MR =
M ⊗ R ∼= Rn.

Definition 2.2.2. A (rational polyhedral convex) cone is a set of the form

cone(A) = {
∑
a∈A

caa | ca ∈ R≥0}

for a a finite set A ⊆ N .

The classical definition of a cone is that for any a ∈ A and c ∈ R≥0

then ca ∈ A. However, as we will only work with rational polyhedral convex
cones, we will just refer to them as cones. For a cone σ the dimension dim(σ)
is just the dimension of the linear span of sigma while its codimension is
n− dim(σ). For m ∈MR consider its corresponding hyperplane Hm := {u ∈
N | 〈u,m〉 = 0} and its corresponding half-spaceH+

m := {u ∈ N | 〈u,m〉 ≥
0}. Hyperplanes can be used to define the faces and the dual of a cone:

Definition 2.2.3. A face of a cone σ is a set of the form τ = Hm∩σ for any
m ∈ MR. By taking m = 0 we get that σ is a face of itself. If τ is a face of
σ such that τ 6= σ we say that τ is a proper face.

The following properties of faces are easy to see:

1. A face of a cone is a cone.

2. The intersection of two faces of σ is a face of σ.

3. The face of a face of σ is a face of σ.

Definition 2.2.4. Given a cone σ ⊆ NR, its orthogonal is the subspace

σ⊥ := {m ∈MR | σ ⊆ Hm}

and its dual is the cone

σ∨ := {m ∈MR | σ ⊆ H+
m}

The dual of a cone is a cone in MR and it satisfies that (σ∨)∨ = σ. The faces
of a cones are in correspondence with the faces of its dual. If τ is a face of
σ the dual face in σ∨ is τ ∗ = τ ⊥ ∩σ∨ = {m ∈ σ∨ | ∀u ∈ τ 〈u,m〉 = 0}.
Under this correspondence the dimension of τ is the codimension of τ ∗ and
containment is reversed. In particular, σ∗ = {0} and {0}∗ = σ∨.
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Example 2.7. Consider the cone σ generated by v1 = (1, 0) and v2 =
(−1,−1). The vector u1 = (0,−1) is such that σ ⊆ H+

u1 and cone({v1}) = σ∩
σ = Hu1 and the vector u2 = (1,−1) is such that σ ⊆ H+

u2 and cone({v2}) =
σ ∩ σ = Hu2 . Any other m such that σ ⊆ H+

m is in cone({u1, u2}). So
we have σ∨ = cone({u1, u2}), cone({v1})∗ = cone({u1}) and cone({v2})∗ =
cone({u2}).

Definition 2.2.5. A cone σ is said to be strongly convex if it has no positive
dimensional subspace of NR as a subset.

It is easy to check that σ is strongly convex if and only if dim(σ∨) = n.
Strong convexity is also equivalent to σ∩(−σ) = {0}. Now let σ be a strongly
convex cone and consider Sσ := σ∨∩M . Sσ is a finitely generated semigroup
under the addition operation of M and spans MR. Then we can have the
following definition:

Definition 2.2.6. If σ is a strongly convex fan, its corresponding affine toric
variety is Uσ = Spec(C[Sσ]).

The requirement of σ to be a strongly convex fan is asked for σ∨ to be
full dimensional and Uσ to have dimension n. Points of Uσ are in bijection
with C-algebra homomorphisms of C[Sσ] to C, which in turn are in bijec-
tion with semigroup homomorphisms between Sσ and C (as a semigroup by
multiplication).

Example 2.8. If {e1, . . . , en} is a basis of Zn and σ = cone({e1, . . . , en}) we
have that Sσ is isomorphic as a semigroup to Nn, so C[Sσ] is isomorphic to
C[x1, . . . , xn] and Uσ ∼= Cn. For r ≤ n and τ = cone({e1, . . . , er}) we have
that Sτ is isomorphic as semigroup to Nr × Zn−r, so C[Sσ] is isomorphic to
C[x1, . . . , xr, x

±
r+1, . . . , x

±
n ] and Uσ ∼= Cr × (C∗)n−r.

Toric varieties that arise from cones are particularly nice as they have the
following characterization.

Theorem 2.3. An affine toric variety X is normal if and only if there is a
strongly convex cone σ such that X ∼= Uσ.

Recall that the variety from example 2.3 is toric but not integrally closed.
Note that this variety has as semigroup N \ {1}. So it is not of the form Uσ
because a cone containing that semigroup would contain the element {1}.
Now that we have discussed affine normal varieties we show how to glue
them together to form normal toric varieties.

Definition 2.2.7. A fan Σ is a finite set of strongly convex cones satisfying
the following conditions:

14



1. If σ ∈ Σ and τ is a face of σ, then τ ∈ Σ.

2. If σ, τ ∈ Σ then σ ∩ τ is a face of each.

The support of a Σ is |Σ| = ⋃
σ∈Σ

σ ⊆ NR and Σ(r) is the set of cones of Σ of
dimension r.

For each σ ∈ Σ we have the corresponding affine variety Uσ. If τ is a face
of σ such that τ = Hm∩σ, we have that Sτ = Sσ+Zm. Then C(Sσ) ⊆ C(Sτ )
and this inclusion shows that Uτ is isomorphic to the localization (Uσ)xm . So
if we have σ1, σ2 ∈ Σ their intersection is a face of both and the corresponding
toric variety Uσ1∩σ2 . Moreover, if σ1∩σ2 = Hm∩σ1 then σ1∩σ2 = H−m∩σ2.
So Uσ1∩σ2 is naturally embedded in both Uσ1 and Uσ2 by the inclusions i1 and
i2. The images of this embeddings are (Uσ1)xm and (Uσ2)x−m and they are
isomorphic by the map gσ1,σ2 = i2 ◦ i−1

1 . It is easy to check that this maps
satisfy the compatibility condition so we can define the following:

Definition 2.2.8. If Σ is a fan, then the corresponding normal toric variety
XΣ is given by gluing {Uσ}σ∈Σ with the above gluing data. As τ ⊆ σ means
Uτ ⊆ Uσ we only have to consider gluing the affine space corresponding to
the maximal cones of Σ.

Example 2.9. Let σ1 = cone({(1, 0), (0, 1)}), σ2 = cone({(1, 0), (−1,−1)}),
σ3 = cone({(−1,−1), (0, 1)}) and Σ be the fan containing all faces of σi for i ∈
{1, 2, 3}. We have that σ∗1 = cone({(1, 0), (0, 1)}), σ∗2 =
cone({(1,−1), (0,−1)}) and σ∗3 = cone({(−1, 1), (−1, 0)}). Their correspond-
ing rings are C(Sσ1) = C[x, y], C(Sσ2) = C[xy−1, y−1] and C(Sσ3) = C[x−1y, x−1].
We have that Uσ1

∼= Uσ2
∼= Uσ3

∼= C2. We also have that σ1 ∩ σ2 =
cone({(1, 0)}) so that C(Sσ1∩σ2) = C[x, y±] and Uσ1∩σ2

∼= C∗ × C. The
inclusions of this variety into Uσ1 and Uσ2 induces the isomorphism g1,2 :
(Uσ1)y → (Uσ2)y−1 given by g1,2(a, b) = (ab−1, b−1). In the same way we have
g1,3(a, b) = (a−1, a−1b) and g2,3(a, b) = (a−1b, a−1). This copies of C2 glue
together in the same way that CP2, so that XΣ ∼= CP2.

2.3 Properties of Toric Varieties
One way of constructing examples of toric varieties is using the product of
fans. As one would expect, if Σ1 and Σ2 are fans over (N1)R and (N2)R, their
product Σ1 × Σ2 = {σ1 × σ2 | σ1 ∈ Σ1 σ2 ∈ Σ2} is a fan over (N1 × N2)R.
This product operation behaves very nicely with respect to the product of
algebraic varieties.
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Proposition 2.3.1. Let N1 and N2 be lattices and let Σ1 and Σ2 be fans in
(N1)R and (N2)R respectively. Then XΣ1×Σ2 = XΣ1 ×XΣ2

Example 2.10. Consider the fan in R given by Σ0 = {{0}, cone(1), cone(−1)}.
The maximal affine open spaces have coordinate rings C[x] and C[x−1].
This means that XΣ0 is constructed by gluing 2 copies of C using the map
φ(x) = x−1, so XΣ0 = CP1. Now consider Σ to be the fan consisting of the
following cones and all of their faces.

• σ1 = cone((1, 0), (0, 1))

• σ2 = cone((−1, 0), (0, 1))

• σ3 = cone((−1, 0), (0,−1))

• σ4 = cone((1, 0), (0,−1))

It is easy to see that Σ = Σ0×Σ0 so we have that XΣ = XΣ0×Σ0 = CP1×CP1.

We now look how the combinatorial structure of Σ is reflected in XΣ.
The main relationship is orbit-cone correspondence. This means there is a
bijection from Σ to the orbits of XΣ by the action of the torus. For each
σ ∈ Σ, we first associate a distinguished point in Uσ to it. Let γσ be the
point given by the following semigroup homomorphism Sσ → C

m 7→

1 m ∈ Sσ ∩ σ⊥

0 m ∈ Sσ \ σ⊥

This is in fact a group homomorphism as σ⊥ is a subspace (closed under
addition) and if m ∈ σ⊥ and m′ /∈ σ⊥ then m + m′ /∈ σ⊥. Recall that a
point a is in the relative interior of a cone σ, relint(σ) if there is an open
neighborhood U of a such that U ∩ span(σ) ⊆ σ. The reason we distinguish
the point γσ is the following proposition:

Proposition 2.3.2. Let σ ⊆ NR be a cone and let u ∈ N . Then lim
t→0

λu(t) =
lim
t→0

(tu1 , . . . , tun) converges in Uσ if and only if u ∈ σ. Moreover, if u ∈
relint(σ) then lim

t→0
λu(t) = γσ.

Proof. λu(t) converges, if and only if its image under every function in C(Uσ)
converges and the limit is given by the element in hom(C(Uσ),C) which
maps every function f to lim

t→0
f(λu(t)). This happens if and only if χm(λu)

converges for all m ∈ Sσ. But χm(λu) = t〈m,u〉, which converges if and only
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if 〈m,u〉 ≥ 0. But 〈m,u〉 ≥ 0 for every m ∈ Sσ if and only if u ∈ (σ∨)∨ = σ.
We also have that

lim
t→0

χm(λu) =

1 〈m,u〉 = 0
0 〈m,u〉 > 0

u ∈ relint(σ) means that 〈m,u〉 > 0 for every m /∈ Sσ ∩ σ⊥. Also, 〈m,u〉 = 0
for every m ∈ σ⊥. Then lim

t→0
λu(t) induces the same semigroup homomor-

phism than γσ, so lim
t→0

λu(t) = γσ.

Now if we let the torus T act on γσ we get the orbit O(σ) = Tγσ. As
χm(γσ) = 0 for m ∈ Sσ \ σ⊥, χm(tγσ) = 0 for any t ∈ T . So the only
characters that change with the action of T over γσ are those in σ⊥. So the
points in O(σ) are given by Hom(M∩σ⊥,C∗). As dim(M∩σ⊥) = n−dim(σ),
we have that O(σ) ∼= (C∗)n−dim(σ). In fact, these are the only orbits of the
action of T in XΣ, as stated by the following theorem.

Theorem 2.4. There is a bijection between cones of Σ and orbits of XΣ
given by σ ↔ O(σ) and the following hold

1. If n = dimNR then O(σ) ∼= (C∗)n−dim(σ)

2. If σ ∈ Σ then the affine open set Uσ is the union of the orbits

Uσ =
⋃

τ face of γ
O(τ)

3. The closure of the orbit O(σ) is

O(σ) =
⋃

σ face of τ
O(τ)

This theorem is called the Orbit-Cone Correspondance and it is one of
the main tools in understanding normal toric varieties. It gives a very precise
geometric description of XΣ and how the action of the torus behaves in XΣ.
For example, it shows that the fixed points of the action are all γσ for each
σ ∈ Σ(n). On the other hand, O({0}) = T .

Example 2.11. Take the cone Σ from example 2.9 so that XΣ = CP2. The
action of the torus in CP2 is given by (t,t2)[a : b : c] = [t1a : t2b : c]. We have
that the fixed points of CP2 under the action of the torus are the points 0 of
each Uσi ∼= C2 for i ∈ {1, 2, 3}. This correspond in homogeneous coordinates
to the points [0 : 0 : 1], [0 : 1 : 0] and [1 : 0 : 0], which are clearly fixed
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under the torus action. The orbit of τ1 = cone({(1, 0)}) is the orbit of the
point γτ1 [1 : 1 : 0], the orbit of τ2 = cone({(0, 1)}) is the orbit of the point
γτ1 [1 : 0 : 1] and the orbit of τ3 = cone({(−1,−1)}) is the orbit of the point
γτ3 [1 : 1 : 0]. Finally, γ{0} = [1 : 1 : 1].

The toric varieties we will be interested are the ones which arise from
polytopes

Definition 2.3.3. A (lattice) polytope ∆ is the convex hull conv(A) ⊆ MR
of a finite set A ⊆M . Polytopes of dimension 2 are usually called polygons.

As we did with cones, we can define the faces of polytopes to be the points
of ∆ that minimize some linear function on MR. Recall that linear funcions
on MR are the dot product with an element of NR.

Definition 2.3.4. For each face Γ of ∆ we have a cone σ(Γ) = {u ∈
NR | 〈u,Γ〉 = min(〈u,Γ〉)}. The fan Σ(∆) = {σ(Γ) | Γ face of ∆} is called
the inner normal fan of ∆.

It is easy to see that in fact σ(Γ) is a different cone for each Γ and that
Σ(∆) is a fan in NR. With this fan we can construct the toric variety XΣ(∆)
which we will just call X∆. The dimensions of the cones in the inner normal
fan reverse the dimensions of faces, that is, dim(σ(Γ)) = n−dim(Γ). This fan
has the property that its support |Σ(∆)| = NR, that is, the fan is complete.
This is nice because of the following proposition.

Proposition 2.3.5. The toric variety XΣ is complete if and only if the fan
Σ is complete.

The Orbit-Cone Correspondance is particularly nice for toric varieties
that come from polytopes. For each face Γ we have a corresponding cone
σ(Γ) and an orbit in X∆, O(σ(Γ)). We have that dim(O(σ(Γ)) == n −
dim(σ(Γ)) = dim(Γ). So for every k dimensional face Γ in ∆ we have a
corresponding k dimensional torus and its closure are precisely the orbits
corresponding to faces of Γ. Then the poset of faces of ∆ under inclusion is
isomorphic to the poset of torus invariant closed sets of X∆ under inclusion.
So X∆ really looks similar to ∆.

Finally, we would like to discuss morphisms between toric varieties. Mor-
phisms between algebraic varieties were defined as maps whose pullback on
the coordinate rings are C-algebra homomorphism. However in the case of
toric varieties this does not necessarily preserve the torus action, which is
fundamental for toric geometry. This motivates the next definition.
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Definition 2.3.6. Let Σ1 and Σ2 be fans in the lattices N1 and N2 with
torus T1 and T2 respectively. Then a morphism φ : XΣ1 → XΣ2 is toric if its
restriction φ|T1 : T1 → T2 is a group homomorphism.

This definition implies that we have the commutative diagram

T1 ×XΣ1
Φ1−−−→ XΣ1yφ|T1×φ

yφ
T2 ×XΣ2

Φ2−−−→ XΣ2

where Φ1 and Φ2 are the torus action. From the definition, the fact that φ|T1

is a group homomorphism means that the diagram above commutes when
replacing XΣ1 and XΣ2 by T1 and T2. But as T1 × T1 is a Zariski dense in
T1 ×XΣ1 , then the whole diagram commutes.

Recall that N1 represent the one parametric subgroups of the torus, λ :
C∗ → T1. Then by composing with φ we have the one parametric subgroup
of the torus T2, φ ◦ λ : C∗ → T2. This means that φ induces a lattice
map (a Z linear map) φ̃ : N1 → N2. On the other hand, if we have a
map φ̃ : N1 → N2 we can recover the map φ by tensoring with C∗. As
T1 = N1⊗ZC∗ and T2 = N2⊗ZC∗, the map is given by extending continuously
the map φ̃⊗1 : T1 → T2. For an arbitrary lattice map, it is not always possible
to extend this map to a morphism between XΣ1 and XΣ2 and when it does,
it is not necesarily toric. The following shows us the necessary and sufficient
conditions on a lattice map to be a map induced by a toric morphism.

Definition 2.3.7. Let N1 and N2 be lattices and let Σ1 and Σ2 be fans in
(N1)R and (N2)R respectively. A lattice map φ̃ : N1 → N2 is said to be
compatible with the fans Σ1 and Σ2 if for every cone σ1 ∈ Σ1 there exists a
cone σ2 ∈ Σ2 such that φ̃R(σ1) ⊆ σ2.

Theorem 2.5. Let N1 and N2 be lattices and let Σ1 and Σ2 be fans in (N1)R
and (N2)R respectively.

(a) For every lattice map φ̃ : N1 → N2 compatible with the fans Σ1 and
Σ2 there is a toric morphism φ : XΣ1 → XΣ2 such that φ|T1 = φ̃ ⊗ 1 :
N1 ⊗Z C∗ → N2 ⊗Z C∗.

(b) For every toric map φ : XΣ1 → XΣ2 the induced map between lattices
φ̃ : N1 → N2 is compatible with the fans Σ1 and Σ2.

This means there is a bijection between toric morphisms and lattice map
compatible with the respective fans. So in this sense the category of normal
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toric varieties with toric morphisms is equivalent to the category of fans
with compatible fans. This is why the combinatorics of fans encode all the
information of normal toric varieties.

2.4 Cox Homogeneous Coordinates
In this section we show another way to construct toric varieties from a fan.
This construction is inspired as a generalization of homogenous coordinates
of projective varieties. We have that CPn = (Cn+1 \ {0})/C∗. The general
construction consists of removing a closed set from an affine space and then
considering the orbits under the action of a group.

Let Σ be a fan and let Σ(1) = {ρ1, . . . , ρr}. For this section we will assume
that Σ(1) spans NR. Note that Di = ¯O(ρi) are codimension 1 irreducible
closed sets of XΣ and XΣ \ T = ⋃r

i=1Di. As χm does not vanish in the torus
for any m ∈M and each Di is irreducible then div(χm) must be of the form
r∑
i=1

aiDi. The coefficients ai are actually very easy to compute.

Proposition 2.4.1. Let vi be the minimal generator of ρi. Then ordDi(χm) =
〈m, vi〉.

This implies that div(χm) =
r∑
i=1
〈m, vi〉Di. As Di are the only irreducible

divisors that are invariant under the action of T , the subgroup
r⊕
i=1

ZDi =

ZΣ(1) of Weil divisors is called the torus invariant divisors.

Theorem 2.6. Let Σ be a fan such that Σ(1) spans NR. Then we have the
short exact sequence

0 −→M
α−→ ZΣ(1) −→ Cl(Xσ) −→ 0

where α is given by m 7→ div(χm) and the third arrow is the quotient under
equivalence of divisors.

This shows how to compute the class group of XΣ. In particular we have
that every Weil divisor is equivalent to a torus invariant divisor. Applying
the contravariant tensor Hom(_,C∗) we have the exact sequence

1 −→ G −→ (C∗)r α∗−→ T −→ 1 (2.1)
where the group G is defined to be Hom(Cl(Xσ),C∗). This will be the

group in our quotient construction. The starting affine space is Cr with co-
ordinate ring C[xρ1 , . . . , xρr ]. For each ray in Σ we have a corresponding
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variable. This ring is graded by Cl(Xσ) where the degree of xρi is the equiv-
alence class of Di. This is called the homogenous ring or Cox ring. The map
α∗ is the quotient and shows how (C∗)r is mapped to T . In order to extend
this mapping we need to define a toric variety around that torus but looks
more similar to XΣ.

Let ei for 1 ≤ i ≤ r be the canonical base vectors of Rr. We define
Σ̃ = {σ̃ | σ ∈ Σ} where σ̃ = cone({ei | ρi ⊆ σ}). The fan Σ̃ retains the
poset structure of Σ, but it is more easy to understand its toric variety as
the cones are generated by canonical vectors. Note that Cr is the affine toric
variety given by σ0 = cone({ei | i ∈ [r]}). By the orbit cone correspondence,
as all cones of Σ̃ are faces of σ0, we have that XΣ̃ is Cr without the orbits
corresponding to faces of σ0 which are not in Σ̃. Note that Uσ̃ are the points
where xi is not 0 for all i such that ρi is not a face of σ. This means that if we
define the monomial xσ̂ = ∏

i ρi /∈σ(1)
xi, Uσ̃ = Cr \V(xσ̂). As XΣ̃ = ⋃

σ∈Σ(n) Uσ̃

we have that

XΣ̃ = Cr \
⋂

σ∈Σ(n)
Vxσ̂ = Cr \V(〈xσ̂ | σ ∈ Σ(1)〉)

The ideal B(Σ) = 〈xσ̂ | σ ∈ Σ(1)〉 is called the irrelevant ideal. Its zero
set, Z(Σ) = V(B(Σ)) is called the exceptional set and it is the set that
must be removed in the quotient construction. Another way of computing
Z(Σ) is done with primitive collections. A subset C ⊆ Σ(1) is primitive if
cone(C) /∈ Σ but the cone of every proper subset of C is in Σ(1). In other
words, primitive collections are the subsets of Σ(1) whose corresponding cone
in Rr is a minimal face of σ0 which is not in Σ̃. The closure of the orbits of
this faces form Z(Σ). But the closure of the face corresponding to the subset
C ⊆ Σ(1) is V(xi | ρi ∈ C). So we have

Z(Σ) =
⋃

C primitive
V(xi | ρi ∈ C)

The lattice map Zr → N given by ei 7→ vi is compatible with the fans Σ̃ and
Σ, because σ̃ 7→ σ. This means that the induced map XΣ̃ → XΣ is a map of
toric varieties.

Definition 2.4.2. A cone is called simplicial if its generators are linearly
independent vectors in NR. A fan is simplical if all of its cones are simplicial.

Theorem 2.7. Let Σ be a simplical cone such that Σ(1) spans NR. Then
XΣ̃/G is a geometrical quotient, i.e. XΣ is isomorphic to (Cr \ Z(Σ))/G.
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This means that for simplicial fans the orbits of the quotient of Cr \Z(Σ)
by G are in one-to-one correspondence to the points of its toric variety. This
quotient works just as a normal topological quotient. When the fan is not
simplicial, not all the orbits are closed, so the quotient construction can not
be isomorphic to the XΣ. However, even if it is not simplicial, it is an almost
geometric quotient, meaning that in some Zariski open (which is dense) the
quotient is geometric. Fortunately, for the purposes of this thesis we work
only with 2 dimensional fans, which are always trivially simplicial.

Example 2.12. Let Σ be the fan from Example 2.10 so that XΣ = CP1 ×
CP1. Σ is simplicial as any 2 dimensional fan is simplicial. We have four
rays in Σ(1), ρ1 = cone((1, 0)), ρ2 = cone((−1, 0)) ρ3 = cone((0, 1)) and
ρ4 = cone((0, 1)). The two primitive collections are {ρ1, ρ2} and {ρ3, ρ4} so
that Z(Σ) = V(x1, x2)∪V(x3, x4) = (0, 0)×C2∪C2× (0, 0) ⊆ C4. The map
α : M → Z4 from Theorem 2.6 is given by the matrix:(

1 −1 0 0
0 0 1 −1

)

Then α∗ : (C∗)4 → T is given by (a, b, c, d) 7→ (ab−1, cd−1). The group G
is the kernel of this function, so we must have that a = b and c = d. So
G ∼= (C∗)2 and its action on C4 \ Z(Σ) is given by (a, c)(̇z1, z2, z3, z4) =
(az1, az2, cz3, cz4). The XΣ = (0, 0) × C2 ∪ C2 × (0, 0)/G which is exactly
CP1 ×CP1 given by the classical homogeneous coordinates quotient of CP1.

When working with homogeneous coordinates we denote [a1 : · · · : ar] to
the equivalence orbit of (a1, . . . , ar) when G acts on Cr \ Z(Σ).
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Chapter 3

Simple Harnack Curves

Definition 3.0.1. Let f(x) = ∑
m∈M

amx
m be a Laurent polynomial in n

variables. The Newton polytope of f is the convex hull of the set {m | am 6=
0} in MR = M ⊗ R ∼= Rn.

We will see that if ∆ is the Newton polytope of f , X∆ is the appro-
priate completion of the torus we need to better study V . To see this and
understand the asymptotic behaviour of ∆ we need to use amoebas.

3.1 Amoebas
Let Log : (C∗)n → Rn be the map

Log(z1, . . . , zn) := (log |z1|, . . . , log |zn|)

Definition 3.1.1. The amoeba of f is A := Log(V ), the image of the zero
set of f .

Amoebas will be our main tool for studying Harnack curves. The follow-
ing is one of their main properties:

Proposition 3.1.2. (Gelfand, Kapranov and Zelevinsky [GKZ08]) All the
connected components of the complement of the amoeba, Rn \ A, are convex
and are in bijection with Laurent series expansions of 1/f .

Proof. Recall the following theorems from complex analysis:

• Let F (x) = ∑ ∑
m∈M

amx
m be a formal Laurent series (am may not be

zero for any m). Then the domain of convergence of F is of the form
log−1(B) where B is a convex subset of Rk.
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• If φ is a holomorphic function with domain of the form log−1(B) where
B is a convex subset of Rn, then there is a unique formal Laurent series
converging to φ.

Now if a point p in Rn lies outside the amoeba if and only if f is never 0
in its preimage. This means 1/f is well defined over a neighborhood of p so
there must exist a formal power series which converges to 1/f there and it
is unique. Then as the domain of convergence of that series is of the form
log−1(B), B must be the connected component of Rn \ A where p lies on
and it must be convex. Moreover, connected components of Rn \ A are in
bijection with Laurent series expansions of 1/f .

Now consider v a vertex of ∆. We have

f(x) =
∑
m∈∆

amx
m = avx

v(1 +
∑

m∈∆\{v}

am
av
xm−v) = avx

v(1 + g(x))

Using the geometric series on g(x) we have the following Laurent expansion
for 1

f
:

1
f

(x) = a−1
v x−v(1− g(x) + g(x)2 . . . )

This series converges if and only if |g(x)| < 1. Now let u be a vector in
the relative interior of −σ(v) and λ be a positive real number. By let-
ting y = x exp(λu), we have that Log(y) = Log(x) + λu and |ym−v| =
|xm−v| exp(λ〈u,m − v〉). But as u ∈ relint(−σ(v)), 〈u,m − v〉 < 0 for every
m ∈ ∆ \ {v}. So for a big enough λ, |ym−v| can be arbitrarily small for all
m ∈ ∆ \ {v}. In particular |g(x)| < 1 for a big enough λ. Then the series
converges for that y and for any point in y − σ(v).

As the cones σ(v) cover allN when considering all vertices of ∆, at infinity
the amoeba must be in between this cones becoming thinner. For a ray to
remain inside the amoeba it can not be going in the direction of a vector in
relint(−σ(v)) for any vertex v. So it must go in a direction inside −σ(Γ) for
some face Γ of ∆ with positive dimension. These parts of the amoeba going
to infinity in these directions are colloquially called tentacles and hence the
name amoeba.

The fact that amoebas at infinity must follow vectors normal to the faces
of ∆ already tell us why to choose X∆ as the completion of the torus. The
idea behind the previous argument is that as we translate in a fixed direction
on the image of Log, some monomials become much more significant than
others. In order for a solution of f to exist, at least two monomials must
grow equally fast otherwise one term would be too big to cancel out with
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Figure 3.1: The amoeba of f(x, y) = xy3 +x3y+ 10x2y+ 10xy−x2 + 4x− 2.

the rest. Given a face Γ of ∆ let X∆(Γ) be the closure of the orbit of X∆
corresponding to σ(Γ). Translating by a vector in σ(Γ) makes eventually all
monomials not in Γ insignificant compared to the others. In X∆(Γ) the value
of the monomials not in Γ become 0 when seen as homogeneous functions.
So solutions to f there would correspond to solutions of the restriction of f
to Γ, f |γ(x) = ∑

m∈Γ
amx

m

These ideas let us construct an analog of the amoeba for X∆.

Definition 3.1.3. The moment map τ : X∆ → ∆ is defined as follows:

τ(x) :=

∑
m∈∆
|xm|m∑

m∈∆
|xm|

This is a convex combination of points in ∆ so the image of the map is
indeed in ∆. More over, for any face Γ the image of X∆(Γ) is precisely Γ.

Definition 3.1.4. The compactified amoeba τ(A) is defined as the image of
the closure of V in X∆ under τ .
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For each vertex v, any affine cone of the form y−σ(v) is mapped under τ
to neighborhood of v in ∆. Then τ(A) does not contain any vertex. For any
face Γ of positive dimension, τ(A)∩ Γ is the compactified amoeba of f |γ(x).

Definition 3.1.5. For any holomorphic function f , we can define the Ronkin
functional Nf : Rn → R as

Nf (x) := 1
(2πi)n

∫
Log−1(x)

log |f(z)|
z1 . . . zn

dz1 . . . dzn

Alternatively, it can be seen as the following integral:

Nf (x) := 1
(2π)n

2π∫
0

. . .

2π∫
0

log |f(z)|dθ1 . . . dθn

where z = (ex1+iθ1 , . . . , exn+iθn). This is a convex function as log is plurisub-
harmonic. Consider ∇Nf = ν = (ν1, . . . , νn) the gradient vector from the
Ronkin function of a polynomial f where:

νj = 1
(2πi)n

∫
Log−1(x)

∂jf(z)
f(z)

zj
z1 . . . zn

dz1 . . . dzn

Note that if x and y are two points in the same connected component of
R \ A, then the cycles Log−1(x) and Log−1(y) are homologous. Then ∇Nf

is constant in that component, so the following is well defined:

Definition 3.1.6. Let E be a connected component of the complement of
the amoeba. The order of E is the vector ν(E) = ∇Nf (x) for any x ∈ E.

Proposition 3.1.7. (Forsberg, Passare and Tsikh [FPT00]) For any con-
nected component E of R \ A we have ν(E) ∈ Zn

Proof. To see that νj(E) is integer, fix θk for any k 6= j and we get that the
integral

1
2π

2π∫
0

∂jf(z)
f(z) dθj (3.1)

which is an integer by the classical argument principle from complex analysis.
As ∂f

∂zj
is continuous on θj but (3.1) is always an integer, it is constant. Then

νj(E) equals that integer.
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Proposition 3.1.8. (Forsberg, Passare and Tsikh [FPT00]) Fix c ∈ Log−1(x)
and let s ∈ Zn \ {0}. Then 〈s,∇Nf (x)〉 is the number of zeros minus
the order of the pole at the origin of the one variable Laurent polynomial
f(cws) = f(c1w

s1 , . . . , ckw
sn) inside the unit circle |w| = 1.

Proof. Under the change of coordinates w 7→ cws the unit circle |w| = 1 is
mapped to Log−1(x) and is homologous to the 1-cycle given by s1γ1 + · · ·+
snγn where γj is the 1-cycle given by (c1, . . . , cje

2πit, . . . , cn) for t ∈ [0, 1].
Then, by the argument principle, we have that the number of zeros minus
the order of the pole at the origin of f(zws) is:

∫
|w|=1

d log |f(zws)| = 1
2πi

n∑
j=1

∫
γj

d log |f(z)|

= 1
2πi

n∑
j=1

∫
γj

∂jf(z)
f(z) dzj

=
n∑
j=1

sjνj

= 〈s, ν〉

Theorem 3.1. The order ν maps injectively the connected components of
R \ A to ∆ ∩M .

Proof. Note that by the previous proposition 〈s, ν〉 is at most the degree
of f(zws) which is max

m∈∆∩M
〈s,m〉. So for every s ∈ Zn \ {0} we have that

〈s, ν〉 ≤ max
m∈∆∩M

〈s,m〉 which means that ν ∈ ∆∩M as ∆ is convex and ν has
integer coordinates.

Now let E and E ′ be two different connected components of Rn \ A.
Consider x ∈ E ∩ Qn and x′ ∈ E ′ ∩ Q. Then there exists s ∈ Zn such that
x− x′ = rs for r > 0. Now if c = ex and c′ = ex

′ we have that 〈s, ν(E)〉 and
〈s, ν(E ′)〉 are the number of zeros in the unit disk minus the order of the pole
at the origin of f(cws) and f(c′ws) respectively. However, c′ws = c(erw)s so
〈s, ν(E ′)〉 is also the number of zeros in the circle |w| ≤ er. As r > 0, er > 1
and there must be zeros of f(cws) inside the ring 1 < |w| < er, otherwise the
segment [x, x′] would not intersect the amoeba, which contradicts the fact
that x and x′ come from different components of Rn \ A. This means that
〈s, ν(E ′)〉 > 〈s, ν(E ′)〉, then ν(E) 6= ν(E ′). This proves the injectivity of
ν.

27



Note that E contains a ray of the form x + ts with t > 0 if and only if
f(cws) has all of its zeros on the unit disk. As the total number of zeros is
the degree of f(cws), we have that E contains the ray x + ts if and only if
〈s, ν〉 = max

m∈∆∩M
〈s,m〉. But this happens if and only if ν is in the border and

s ∈ −σ(Γ) where ν ∈ relint(Γ). In particular, there for each vertex v of ∆
there is always a component with order v, as there is always one component
with a copy of −σ(v) inside.

Corollary 3.1.9. The number of connected components of R \ A is at least
the number of vertices of ∆ and at most the number of integer points of ∆.

The following is another map which let us better understand A, specially
the critical points of Log.

Definition 3.1.10. Let V be smooth. The logarithmic Gauss map is γ :
V → CPn−1 is defined as

γ(z) :=
[
z1
∂f

∂z1
: · · · : zn

∂f

∂zn

]

If (̄v) ⊆ X∆ is the closure of V , γ can be extended to γ̄ : V̄ → CPn−1

continuously.

The traditional Gauss map of a smooth variety maps each point of the
variety to the subspace in the Grassmaninan which is ortoghonal to the
variety at that point. The logarithmic Gauss map is the Gauss map applied
to the image of the curve under a holomorphic complex logarithm (it is
independent of the branch). Note that the amoeba is the real part of this
image. Now let F ◦ be the critical points of the amoeba map Log and let F
be the closure of F ◦ in X∆.

Proposition 3.1.11. The map γ : V̄ → CPn−1 has degree n! Volume(∆).

Proof. The degree of γ is the number of points in γ−1([0 : · · · : 0 : 1]. This are
the points where z1

∂f

∂z1
, . . . , zn−1

∂f

∂zn−1
and f are all zero. This polynomials

all have Newton polytope ∆, so by Kouchnirenko’s theorem this is the mixed
volume of n copies of ∆, which is n! area(∆).

Proposition 3.1.12.
F = γ−1(RPn−1)
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Proof. p ∈ V ◦ is a critical point of Log if and only if there is a vector v in
the tangent space of p whose push-forward under Log is mapped to the 0
vector. But the holomorphic logarithm log maps Log −1(Log(p)) into {z ∈
(C∗)n | Re(z) = Log(p)}. As Log is taking the real part of the holomorphic
logarithm, log(v) must be a purely imaginary vector. But that happens if
and only if γ(p) is in RPn.

Corollary 3.1.13. If V is a defined over the reals, then Log(RV ) ⊆ F .

More generally, if C is defined over the reals we have that if z ∈ F then
its conjugate z̄ must also be in F .

3.2 Topology of Harnack Curves
From now on we fix the number of variables to 2. For a real polynomial
f ∈ R[x, y] with zeroes C◦ = V (f) ⊆ (C∗)2 let RC◦ := (R∗)2 ∩ C. Let ∆
be the Newton polytope of f , X = X∆ and C ⊆ X and RC ⊆ RX be the
closure in X of C◦ and RC◦ respectively. If Γ1, . . . ,Γn are the sides of ∆
in cyclical order, let l1, . . . , ln their corresponding real torus invariant sub-
varieties in RX∆ and d1, . . . dn their corresponding integer lengths (dj is the
number of integer points inside Γj minus 1).

The main object of study of this thesis are the following curves:

Definition 3.2.1. A smooth real algebraic curve RC ⊆ (R∗)2 is called a
(simple) Harnack curve if the following conditions hold:

• The number of connected components of RC̄ is g +1 where g is the
number of interior points of ∆.

• Only one component O of RC̄ intersects l1 ∪ · · · ∪ ln.

• O can be divided in n disjoint arcs, α1 . . . αn, cyclically ordered, such
that αj ∩ lj consists of dj points (counted with multiplicities) and αj ∩
lk = ∅ for j 6= k.

This curves were named after Harnack because he showed in 1876 that
curves in the projective plane can have at most g+ 1 components where g is
the arithmetic genus (g = | int(∆) ∩M |) [Har76]. Curves which attain the
maximum number of components are called M-curves. Hilbert’s 16th prob-
lem asks to classify all possible topologies types of M-curves. Harnack curves
are M-curves with one component intersecting cyclically every axis of X∆.
This makes Harnack curves the best behaved curves among M-curves, as
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Mikhalkin proved that their topological type is unique for a fixed ∆ [Mik00]
[ref].

Note that in particular, Harnack curves have the maximum number of
components: they have g compact components,

n∑
j=1

dj unbounded compo-

nents and by Corollary (3.1.9) g+
n∑
j=1

dj = |∆∩M | is the maximum possible
number of components a curve whose corresponding Newton polytope is ∆
can have. For the rest of the chapter assume C is a Harnack curve. We will
start by showing its topological type is unique.

Proposition 3.2.2. F = RC

Proof. Corollary 3.1.13 says that RC ⊆ F . Now each compact component
of RC cover RP1 twice. Now the non-compact components of Rc◦ are the
connected components of O ∩ (R∗)2. By maximality there are |∂∆∩M | non
compact components. If the ends of this components are in the same axes of
X∆ then they cover all at least RP1 once. The components whose endpoints
lie in different axes of X∆ covers the fraction of RP1 which corresponds to the
angle between the corresponding sides of ∆. As the order of intersection of
RC agrees with the cyclical order of the sides of ∆, this sides are consecutive
and each of this components correspond to one of the n vertices of ∆. As
the sum of the angles of ∆ is π(n− 2), in total all of this components cover
all of RP1 at least n − 2 times. By considering all components of RC and
adding them we have that RC cover RP under (̄γ) at least 2g+ |∂∆∩M |−2.
By Pick’s area formula this is exactly 2 area(∆). By Proposition 3.1.11 the
degree of (̄γ) is also 2 area(∆). Then there cannot be any other preimage of
γ−1(RP), so RC = γ−1(RP) = F by Proposition 3.1.12.

The map Log is a map between surfaces. The most common type of
singularities of maps between surfaces are folds. They are dense in Log(F ) As
the complement of the amoeba consists in convex components, an inflection
point of Log(RC) must correspond to a branching point in F . Only one of this
branches can be in RC. If the other branch is constant under Log, then the
singularity is a pinching. This is a double point of log(RC), and it happens
when two branches of log(RC) intersect. Both branches have inflection there.
If it is not constant then the other branch becomes an imaginary fold and
this singularity is a junction between the double imaginary fold and the real
fold.

Definition 3.2.3. A real logarithmic inflection point of a curve C is an
inflection point of log(RC).
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Proposition 3.2.4. If C is a Harnack curve then it does not have real log-
arthmic inflection points.

Proof. Both junctions and pinching imply non real elements of F . However
by proposition 3.2.2 neither of these singularities appear in Harnack curves.

Proposition 3.2.5. Each arc αj intersects lj in the order induced by the
cyclic order of the sides of ∆.

Proof. Near the intersection points Log(RC) are the border of components
of R2 \ (A) which are convex. If a component of αj ∩R∗n has end points with
opposite order, to reverse the order it must either have an inflection point
or that component must cover RP1 under γ more than once. But neither of
these can happen.

Proposition 3.2.6. The order map ν is a bijection between the components
of R2 \ (A) and ∆ ∩M .

Proof. By the last proposition, each connected component of Log(RC) bor-
ders a different component of R2 \ (A). By maximality of C there are
exactly|∆ ∩ M | components of RC and ν is injective by Theorem 3.1, ν
must be a bijection.

This implies that every element of RC is in the border of the amoeba.

Corollary 3.2.7. The map Log is injective in RC and 2-to-1 in the rest of
C

Proof. We have that Log(F ) is exactly the border of the amoeba. This means
that Log is injective over RC. Now if we take a point p in the interior of the
amoeba, its preimage consists of at least 2 complex conjugate points. The
number of preimages remains constant if we move p along a path until it hits
Log(F ). But there we have a fold after which the number of preimages is 0.
So before the fold the number of preimages was at most 2.

Theorem 3.2. The topology of (RX∆, {l1 . . . , ln},RC) is unique up to ∆.

Proof. We have already established how the special component O of RC
intersects in a unique topological way the axes ofX∆. We are only left to show
that the points in RC◦ belong to a fixed component of RX \ ⋃{l1 . . . , ln} =
(R∗)2. Let R1,1, R−1,1, R−1,−1, R1,−1 be the different components of (R∗)n.
For x ∈ RC we define ν(x) to be the order of the component of R \ (A)
whose closure contains Log(x). Without loss of generality suppose (0, 0) ∈ ∆
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and that {x ∈ RC◦ | ν(x) = (0, 0)} ⊆ R1,1. We will prove that for every
x ∈ RC◦, x ∈ R(−1)ν(x)2 ,(−1)ν(x)1 .

Let p ∈ RC be such that ν(p) = (0, 0). Let Q ⊆ R2 be a path along
(A) between p and x. If (a1, a2) is the homology class of the cycle Log−1(Q)
in H1((C∗)2) then x ∈ R(−1)a2 ,(−1)a1 which is the same homology class of
Arg(Log−1(Q)) in the real torus. This is because a1 and a2 are the number
of times Arg(Log−1(Q)) crossed the Arg(C∗ × R∗) and Arg(R∗ × C∗). But
Arg(C∗×R∗)) is a cycle of homology class (1, 0) and by (the proof of) Theorem
3.1 〈(1, 0), ν(x)〉 is the number of times that cycle intersects Arg(Log−1(Q)).
So a1 = ν(x)1. By doing the same with the second coordinate we get that
ν(x) = (a1, a2)

3.3 Characterizations of Harnack Curves
In the last section we considered smooth Harnack curves. In [MR01] singular
Harnack curves were defined.

Definition 3.3.1. Let RC be a real singular curve. RC is Harnack if it is
the limit of smooth Harnack curves where the compact components retract
to a point and these are the only singularities of RC.

Considering singular Harnack curves lets us give nice characterizations of
all Harnack curves.

Theorem 3.3. Let C be a curve defined over the reals with Newton polygon
∆. The following are equivalent:

1. RC is Harnack curve

2. F = RC

3. The map Log is at most 2-to-1.

4. area(A) = π2 area(∆)

We have already shown 1.→ 2. (Proposition 3.2.2) and 2.→ 3. (Corollary
3.2.7). Now we will show that 3.→ 1.. Let C be a curve such that Log is at
most 2-to-1 on C. The only type of singularities Log can have such that the
map is 2-to-1 are real folds, so this must mean that F = RC.

Now we first suppose that C is smooth. Let l be the number of compact
ovals of C◦. Then the Euler characteristic of A (the alternated sum of the
Betti numbers of A) is ξ(A) = 1 − l. By the 2-to-1 property we have that
Log : C → A is a branched double covering, so we have that ξ(C) = 2ξ(A) =
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2 − 2l. On the other hand we also have that ξ(C) = 2 − 2g. So g = l. So
we have that the total number of components of C ⊆ X∆ is g + 1. The
only thing left to show is that the special component O intersects the axes
of X∆ cyclically. But if it does not, then Log(O) would self intersect. Such
intersection means two folds are maped to the same point which implies that
nearby Log has 4 preimages which contradicts the fact that Log is 2-to-1.

Now for to finish the theorem we need to prove the equivalence of con-
ditions 3 and 4. In order to compute the area of the amoeba we need the
following measure.

Proposition 3.3.2. Let h : Rn → R be a smooth convex function. The
function defined on the Borel sets µh(E) = λ(∇(f)), where λ is the Lebesgue
measure, is a measure. Moreover, it satisfies µh(E) = det(Hess(h))λ(E).
This measure is called the Monge-Ampaire measure.

If h is not smooth we can still define the Monge ampaire measure by
letting µ(E) = λ({η | h(x)−〈x, η〉 achieves its minimum at E}). Note that
the fact that h is convex makes Hess(h) positive semidefinite so µh will be
a positive measure. The measure that will help us compute the area of
Amoebas is the Monge-Ampaire measure of the Ronkin function Nf and we
will denote it just by µ. As the Ronkin function is linear in the compliment
of the Amoeba where each component is mapped to its order under ∇(Nf )
which is a point, we have that µ(R2\A) = 0. As the preimage of each
vertex v of ∆ under ∇(Nf ) contains a copy of −σ(v), R2 is the convex hull
of these preimages. This means that ∇(Nf )(R2) = ∆. So we have that
det(Hess(Nf )) area(A) = µ(A) = µ(R2) = area(∆). So the only thing left is
to calculate det(Hess(Nf )).

Let x = (x1, x2) be a point in the amoeba where Log−1(x) intersects
transversally the curve C in finite points (that happens almost everywhere).
Let k = |Log−1(x)∩C|, z = (z1, z2) = (ex1+iθ1 , ex2+iθ2) and for each point in
Log−1(x)∩C define φj(x) such that C is locally given by log(z) = x+ iφj(x).

Proposition 3.3.3.

Hess(Nf ) =
k∑
j=1
± 1

2π


∂φj,2
x1

∂φj,2
x2

∂φj,1
x1

∂φj,1
x1


Where each term in the sum is a positive definite matrix with determinant
equal to 1.

Proof. Again by the argument principle we know that the expression (3.1)
equals an integer ν(x1, z2) which is the number of zeros of the function z1 7→
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f(z1, z2) inside the disk log |z1| < x1. So we have
∂Nf

∂x1
= 1

2π

∫ 2π

0
ν(x1, e

x2+iθ2)dθ2

However as we are now considering the point inside the amoeba, this function
is not constant as we vary θ but now has jumps of magnitude 1 each time
f(z) = 0, i.e. when θ2 = φj,2(x). This means ∂2Nf

∂φj,2∂x1
= ± 1

2π and by the
chain rule we get

∇∂Nf

x1
=
(
∂2Nf

∂2x1
,
∂2Nf

∂x2∂x1

)

=
 k∑
j=1

∂2Nf

∂φj,2∂x1

∂φj,2
∂x1

,
k∑
j=1

∂2Nf

∂φj,2∂x1

∂φj,2
∂x2


=
 k∑
j=1
± 1

2π
∂φj,2
∂x1

,
k∑
j=1
± 1

2π
∂φj,2
∂x2


= 1

2π

k∑
j=1
±∇φj,2

The sign of each term can be determined by knowing that ν(x1, z2) increases

when x1 increases, so each term contributing to ∂2f

∂2x1
must be positive. Anal-

ogously we get ∇∂Nf

∂x2
= 1

2π
∑k
j=1±∇φj,1. This proves the first statement

of the proposition. To calculate the determinant, we start by noting that
f(ex1+iθ1 , ex2+iθ2) = 0. Again by the chain rule we get

∂f

∂z1
z1(1 + ∂φj,1

∂x1
) + ∂f

∂z2
z2
∂φj,2
∂x1

= 0

∂f

∂z1
z1(1 + ∂φj,1

∂x2
) + ∂f

∂z2
z2
∂φj,2
∂x2

= 0

Let a = ∂f

∂z1
z1 and b = ∂f

∂z2
z2. The above is a real linear system with 4

equations and 4 variables (∇φj, 1 and ∇φj, 2) so we can solve it and it is
easily verified that the solution is

∇φj, 1 = 1
Im(ab̄)

(Re(ab̄),−|a|2)

∇φj, 2 = 1
Im(ab̄)

(−|b|2,Re(ab̄))
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As Re(ab̄)2 − Im(ab̄)2 = 1
2((ab̄+ āb)2 − (ab̄− āb)2) = |a|2|b|2 we get that the

determinant (∇φj, 1,∇φj, 2) is 1 as desired.

Now to bound det(Hess(Nf )) we need the following inequality on the
determinant of sums of matrices.

Proposition 3.3.4. Let A1 and A2 be 2× 2 positive definite matrices. Then
det(A1 +A2) ≥ (

√
det(A1)+

√
det(A21))2 and equality hold if and only if one

is a multiple of the other.

Proof. Write Aj =
(
aj bj
bj cj

)
for j = 1, 2. Using Cauchy-Schwartz inequality

on the vectors (bj,
√

det(Aj)) we get b1b2 +
√

det(A1) det(A2) ≤ √a1c1a2c2.
Then

det(A1 + A2)− det(A1)− det(A2) = a1c2 + a2c1 − 2b1b2

≥ 2√a1c1a2c2 − 2b1b2

≥ 2
√

det(A1) det(A2)

The first inequality achieves equality when a1c2 = a2c1 which means (a1, c1)
are proportionate with (a2, c2). The second inequality achieves equality
when (b1,

√
det(A1)) and (b2,

√
det(A2)) are proportionate, which together

are equivalent to A1 being proportionate to A2.

Theorem 3.4. Let C be a real planar curve with Newton polygon ∆ and
amoeba A. Then area(A) ≤ π2 area(∆) and equality hold if and only if Log
is 2-to-1.

Proof. As C is defined over the reals, z ∈ C implies z̄ ∈ C so all generic
points have at least two preimages. Then by proposition 3.3.3 2πHess(f)
is the sum of at least two positive definte matrices with determinant 1. By
proposition 3.3.4 the determinant of the sum of this matrices is at least 4,
so det(Hess(f)) ≥ 1

π2 . Hence area(A) ≤ π2 area(∆). If the map is 2-to-1 we
have that the two preimages are complex conjugate and φ1 = −φ2. So the
two matrices are actually the same so the equality in porposition 3.3.4 holds.
Then det(Hess(f)) = 1

π2 almost everywhere and area(A) = π2 area(∆).
We now have to show that if area(A) = π2 area(∆) then Log is 2-to-1. If
the area is maximal it means that the map is 2-to-1 almost everywhere in A.
We need to check that the map is 2-to-1 in F . Let x ∈ Log(F ) and suppose
Log−1(x) ∩ C has more than two isolated points. Then neighborhoods of
each preimage of x are mapped to either discs or half discs around x, so
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there would be an open set in the intersection where the Log has more than
2 preimages which is a contradiction.

Suppose that Log−1(x) ∩ C has a curve γ inside. Here we consider two
case. If γ is of the form {z ∈ Log−1(x) | zm = c where c is a constant
and m ∈ M , then f(z) = (zm − c)g(z) for some polynomial g. But then
the amoeba of f is the amoeba of g together with the line given by the
amoeba of zm − c which has zero area. But ∆(f) strictly contains ∆(g),
so area(A(f)) = area(A(g)) ≤ π2 area(∆(g)) < π2 area(∆(f)) which is a
contradiction.

Now suppose γ is not of that form. Near each p ∈ γ there are generic
points in C arbitrarily close to p. This points have only two conjugate preim-
ages and their arguments are arbitrarily close to those of p. But the frac-
tional part of ∇(Nf ) only depends on the arguments. So for different points
p ∈ γ, the limit of ∇(Nf )(z) when z approaches p is different. Let L(p)
be this limit. Then L(γ) is a closed curve inside ∆. As γ is not of the
form {z ∈ Log−1(x) | zm = c, L(γ) is not inside and affine line. Then the
region inside L(γ) has positive area. By convexity of Nf we have that x
minimizes Nf − 〈x, η〉 for all η inside that region. This means that x is a
point with mass, i.e. µ({x}) > 0. But this cannot happen because then
area(A) = area(A \ {x}) ≤ π2µ(A \ {x}) < π2µ(A) = area(A).
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Chapter 4

Rational Harnack Curves

4.1 Parametrization of Rational Harnack Curves
In this section we will construct a characterization of rational simple Harnack
curves for any toric surface using Cox homogenous coordinates. As Kenyon
and Okounkov did in [KO06] for CP2, we will use a connectivity argument.
Let f ∈ R[x±, y±] with Newton polygon ∆ with dim(∆) = 2 and suppose
the curve C = ¯V(f) ⊆ X∆ is rational, that is, of genus 0. This means that
there is a rational map φ : CP1 → C. Let l1, . . . , ln be the sides of ∆ with
integer lengths d1, . . . , dn (di = |li∩M |−1) and let u1 . . . un be the respective
smallest integer inner normal vectors. As the restriction of f to any side of
∆ is a pseudo homogeneous polynomial of di + 1 monomials, we have that C
intersects the orbit of li in di points counted with multiplicities. So the map
φ must be of the form:

φ(t) =
a1,0

d1∏
m=1

(t− a1,m) : · · · : an,0
dn∏
m=1

(t− an,m)

X∆

(4.1)

using the homogeneous coordinates of X∆. As f is real, all roots are real
or come in complex conjugate pairs. As the curve does not contain the
fixed points of X∆ we must have that if k 6= m then ak,sk 6= am,sm for all
1 ≤ sk ≤ dk and 1 ≤ sm ≤ dk.
Remark. Equation 4.1 actually means

φ([r : s]) =
a1,0

d1∏
m=1

(r − sa1,m) : · · · : an,0
dn∏
m=1

(r − san,m)

X∆

This function is well defined because φ([λr : λs]) = [λd1 : · · · : λdn ] · φ([r :
s]) and [λd1 : · · · : λdn ] is an element of the quotient group G of the Cox
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construction by Lemma 4.1.2. So instead of working with [r : s] we work
with the local coordinate t = r

s
as we will be doing calculus.

From this parametrization we can have an explicit parametrization of
the curve inside the torus using the map α∗ from Equation 2.1. The map
α : M → Zn is given by the 2× n matrix | |

u1 . . . un
| |


Then

α∗(t1, . . . , tn) 7→
(

n∏
k=1

t
〈e1,uk〉
k ,

n∏
i=1

t
〈e2,uk〉
k

)
(4.2)

where e1 = (1, 0) and e2 = (0, 1). Applying this to our parametrization gives
the following lemma.

Lemma 4.1.1. Let C be a rational curve inside X∆ as in 4.1. Then C◦ =
T ∩ C is parametrized by n∏

k=1

ak,0 dk∏
m=1

(t− ak,m)
〈e1,uk〉 , n∏

k=1

ak,0 dk∏
m=1

(t− ak,m)
〈e2,uk〉


where t ∈ CP1 \ {ak,m | k ∈ [n] m ∈ [dk]}.

This parametrization uses integer normal vectors of ∆, so it will be useful
to consider the fundamental law that integer normal vectors of a polygon
obey.

Lemma 4.1.2. Let ∆ be a polygon with integer lengths d1, . . . dn and respec-
tive smallest integer inner normal vectors u1, . . . , un. Then

n∑
k=1

dkuk = 0

This lemma is usually known as the Balancing Condition on ∆.

Proof. Let v1, . . . , vn be the sides of ∆ as vectors oriented anticlockwise. As
adding all these vectors is going all around ∆ back to the starting point,
n∑
k=1

vk = 0. Now rotating vk anticlockwise by an angle of π2 we get dkuk. So
rotating everything in the previous equation gives the desired result.
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We wish to use this to determine which rational curve are Harnack curves.
A necessary condition is that the roots obey the same order as the edges of ∆.
Under this parametrization, φ(RP1) is the component of RC that intersects
the axes of X∆.

Definition 4.1.3. We say that a rational curve C is cyclical if all constants
in equation 4.1 are real and RP1 can be subdivided in disjoint intervals Ai
for i ∈ [n] such that for all k ∈ [di] we have ai,k ∈ Ai and the intervals follow
the same order as the edges of ∆, i.e. there exists a homeomorphism from
ψ : RP1 → ∂∆ where ψ(Ai) = li.

This is clearly a necessary condition for a rational curve to be Harnack.
By definition it is a sufficient condition for a smooth curve. However, when
the arithmetic genus g is greater than 0, the curve is not smooth. So it is not
trivial that this is a sufficient condition for a curve to be Harnack because we
do not know if it is in fact a limit of smooth Harnack curves. In other words,
if it has the g different isolated singular points that come from contracting the
compact ovals. In [Bru14] they show that this is actually a sufficient condition
and generalize Harnack curves to pseudoholomorphic curves. However we
show an alternative proof that this cyclical parametrizations are equivalent
to rational Harnack curves (Theorem 4.1).

To each parametrization, we associate a point in Rs, where s = n +
n∑
k=1

dk, which is the vector of the constants ak,m with 1 ≤ k ≤ n and 0 ≤
m ≤ dk. This induces a topology on the rational curves given by these
parametrizations. Different points in Rs may correspond to the same curve if
they are in the same orbit when t is transformed by elements of PGL(R, 2) or
when the multiplicative constants ak,0 are multiplied by elements of ker(α∗).
The proof will consist of a connectivity argument. We first show that under
small perturbations of these constants the curve remains Harnack. This
shows that under a fixed ∆ the set in Rs that corresponds to Harnack curves
is open. Then we show that any limit of Harnack curves remain Harnack,
even if ∆ changes. This not only let us see that the set in Rs corresponding
to Harnack curves is closed, but also let us prove the existence of rational
Harnack curves for every ∆. As the set in Rs that corresponds to cyclical
parametrizations is connected and the subset of those who correspond to
Harnack curves is a clopen and it is not empty, they must be equal.

Definition 4.1.4. A logarithmic inflection point is a point in Log(RC) which
is an inflection point of RC.

Logarithmic inflection points are important because they imply the ex-
istence of singularities in F other than folds. Because the components of
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the compliment of the amoeba are convex, if Log(RC) self intersects it must
have inflection points. So being free of logarithmic inflection is necesary for
being Harnack. It is stated in [Mik04] that being free of logarithmic inflection
points is equivalent to being a Harnack curve. However this is not quite true.
For example, the curve given by f(x, y) = y − x2 − 1 is free of logarithmic
inflection points but it is not Harnack as Log is 4-to-1. What happens here is
that both components of RC◦ overlap perfectly when Log is applied, so there
is no inflection points. But all real folds are double and the other elements
of F are imaginary double folds so the map is 4-to-1. However, this theorem
might be true if we add the condition that Log is an embedding of RC.

In order to prove that under small perturbations cyclical parametrizations
remain Harnack, we first show that the curve remains free of logarithmic
inflection points. To show this we need to calculate the curvature of the
border of the amoeba, Log(φ(RP1)). To calculate the curvature we work with
the coordinate of the torus using Lemma 4.1.1. Recall that the numerator
of a real plane curve given by (x(t), y(t)) is x′y′′ − x′′y′ where ′ denotes the
derivative with respect to t. After applying logarithm we have that:

x′(t) =
n∑
k=1

dk∑
m=1

〈e1, uk〉
t− ak,m

y′(t) =
n∑
k=1

dk∑
m=1

〈e2, uk〉
t− ak,m

x′′(t) = −
n∑
k=1

dk∑
m=1

〈e1, uk〉
(t− ak,m)2

y′′(t) = −
n∑
k=1

dk∑
m=1

〈e2, uk〉
(t− ak,m)2

To show that the curvature is never 0 we must show that x
′′

x′
6= y′′

y′

Example 4.1. Let ∆ be the unit square so that X∆ = CP1×CP1. We have
that a rational curve of degree ∆ is given by [t−a1 : t−a2 : t−a3 : t−a4]X∆ .
Suppose the curve is cyclical so that the labeling agrees with the cyclical
order of ∆ and 0 < a1 < a2 < a3 < a4 < ∞. Fix t real such that t < ai.
By letting ri = 1

a1 − t
for i ∈ [4] and considering the first two edges as
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coordinates we get

x′(t) = r3 − r1

y′(t) = r4 − r1

x′′(t) = r2
3 − r2

1

y′′(t) = r2
4 − r2

2

x′′

x′
= r2

3 − r2
1

r3 − r1
= r3 + r1

y′′

y′
= r2

4 − r2
2

r4 − r2
= r4 + r2

But as r1 > r2 > r3 > r4 we have that r1 + r3 > r2 + r4 so x′′

x′
6= y′′

y′
and the

curvature is not 0. As t was arbitrary (for any fixed point in φ(RP1) we may
label the edges starting by the next axis the curve intersects) we have that
the curvature of φ(RP1) is never 0.

Proposition 4.1.5. For a fixed ∆, the set of cyclical parametrizations free
which are free of logarithmic inflection is an open subset of all the cyclical
parametrizations.

Proof. We must prove that if we have a cyclical curve which is free of log-
arithmic inflection and we make small real perturbations to the coefficients,
the curve remains logarithmic inflection free. Note that the numerator of
the curvature is continuous on the constants of the parametrization. So
the only case where the curvature could drastically change is when t ap-
proaches a root of the parametrization. Let A be the set of these roots,
A = {ak,m | 1 ≤ k ≤ n 1 ≤ m ≤ dk}. Suppose without loss of generality t
approaches a where a is a root corresponding to l1 (i.e. a = a1,m for some
m ∈ [d1]). Under a suitable action of PGL(R, 2) on t we can assume all
elements of A are positive and ak1,m1 ≤ ak2,m2 if (k1,m1) ≤ (k2,m2) in the
lexicographical order (equality can only hold if k1 = k2). Let v1 and v2 be
the smallest integer vectors parallel to l1 and l2 respectively and going in the
direction opposite to l1 ∩ l2. We do a linear change of coordinates(

x̂
ŷ

)
=
(

v1
v2

)(
x
y

)

The numerator of the curvature under this coordinates is x̂′ŷ′′ − x̂′′ŷ′ =

det
(

v1
v2

)
(x′y′′−x′′y′). As l1 and l2 are consecutive sides of ∆, det

(
v1
v2

)
6=
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0. So inflection points are preserved under this change of coordinates. We
have now that

x̂′(t) =
n∑
k=1

dk∑
m=1

〈v1, uk〉
t− ak,m

ŷ′(t) =
n∑
k=1

dk∑
m=1

〈v2, uk〉
t− ak,m

x̂′′(t) = −
n∑
k=1

dk∑
m=1

〈v1, uk〉
(t− ak,m)2

ŷ′′(t) = −
n∑
k=1

dk∑
m=1

〈v2, uk〉
(t− ak,m)2

Note that 〈v1, u1〉 = 0 < 〈v2, u1〉. So for t near a we have that ŷ′′ has a

negative term − 〈v2, u1〉
(t− a)2 which is much larger in absolute value than any

term in x̂′′ or ŷ′ when t is sufficiently close to a. We remain to show that
x̂′ is not 0. Following the cyclical order of ∆ we get that 〈v1, u1〉 = 0 and
then all k such that 〈v1, uk〉 > 0 are smaller than all k such that 〈v1, uk〉 < 0.
As the order of the elements in A agrees with the order of ∆, we have that
if 〈v1, uk1〉 > 0 > 〈v1, uk2〉 then 1 < k1 < k2 which means 1

t− ak1,m1

<

1
t− ak2,m2

< 0 . By the Balancing Condition on ∆ (Lemma 4.1.2) we have

that
n∑
k=1
〈v1, uk〉 = 0, so in x̂′ counting with multiplicities there are as many

positive terms as negative terms. But the negative terms are all bigger in
absolute value than the positive terms. So x̂′ < 0. Then ŷ′′x̂′ approaches
positive infinity much faster than ŷ′′x̂′. So the curvature remains non 0 near
φ(a).

Remark. The curvature may become 0 after a small perturbation if a double
real root becomes double complex roots or the cyclical order is not respected.
The following examples show that this can happen.

Example 4.2. Let ∆ be conv((0, 0), (1, 0), (0, 1) so that X∆ = CP2 and

we have a curve C parametrized by
(
t− a
t− c

,
t− b
t− c

)
where 0 < a < b < c.

Now sightly perturb this curve so that we have the curve Ĉ parametrized by(
t− a

t− c− ε
,
t− b
t− c

)
with ε > 0. Let x̂ and ŷ be the local coordinates of Ĉ after

applying logarithm. The Newton polygon of this curve ∆̂ is the unit square
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and X∆ = CP1 × CP1, however, this is no longer a cyclical parametrization.
In fact we can see that two inflection values appear, one just before φ(c) and
the other one just after φ(c+ ε). When b < t < c we have that for C,

x′′

x′
− y′′

y′
=
( 1
t− a

+ 1
t− c

)
−
( 1
t− b

+ 1
t− c

)
= 1
t− a

− 1
t− b

< 0

So for a fixed t in the interval (b, c) and a sufficiently small ε we have
x̂′′

x̂′
− ŷ′′

ŷ′
< 0. But if we now fix ε and let t approach c we have that ŷ

′′

ŷ′
=

1
t− c

+ 1
t− b

will approach to negative infinity, while x̂
′′

x̂′
will approach 1

ε
+

1
a− c

which is constant. So x′′

x′
− y′′

y′
approaches positive infinity and there

will be a value where the two are equal generating an inflection. In a similar
way another inflection value appears after c+ ε. The two values are actually
mapped to the same point in the amoeba generating a pinching.

Example 4.3. Now consider ∆ = conv((0, 0), (2, 0), (0, 1) and C the curve
given by φ(t) = [t − a : (t − b)2 : t − c] where a < b < c are real. In local

coordinates the curve is given by
(
t− a
t− c

,
(t− b)2

(t− c)2

)
. For t near b but smaller

than b we have that

x′′

x′
− y′′

y′
=
( 1
t− a

+ 1
t− c

)
−
( 2
t− b

+ 2
t− c

)
= 1
t− a

− 2
t− b

− 1
t− c

> 0

Here x′ > 0 > y′ so that x′′y′ < x′y′′ (this last inequality is also true for
t near b but larger than b). Now consider a perturbation Ĉ where the curve
given by φ̂(t) = [t − a : (t − b + εi)(t − b − εi) : t − c] with i =

√
−1. The

curve is still real with its torus coordinates
(
t− a
t− c

,
(t− b+ εi)(t− b− εi)

(t− c)2

)
,

however by definition it is not cyclical as its roots are not real. For a fixed
t near b but different and sufficiently small ε, we still have that x̂′′ŷ′ < x̂′ŷ′′.
However, when t = b we have that y′′ has the term − 1

ε2
and x̂′ > 0, so for

a sufficiently small ε we have that x̂′′ŷ′ > x̂′ŷ′′ at t = b. Then two inflection
points must appear near b. This points are junctions, where an imaginary
double fold starts.

43



For an amoeba inflection free curve to be a rational simple Harnack curve,
we need to have that the only singularities are g isolated double points where
g is the arithmetic genus of the curve (we will show in theorem 4.1 that this is
always the case). If a cyclical curve has arithmetic genus 0 then it is smooth
and it is Harnack by definition.

Proposition 4.1.6. There exist rational Harnack curves with Newton poly-
gon conv((0, 0), (0, d), (d, d), (d, 0)).

Proof. As seen in example 4.1, there are amoeba inflection free curves with
the unit square as Newton polygon. As the arithmetic genus is 0 we have that
it is Harnack. So the area of its amoeba is π2. Now consider φd(t) = [(t−a1)d :
(t− a2)d : (t− a3)d : (t− a4)d]X∆ we have a curve whose Newton polygon is
d∆ and that the amoeba is a homothety by a factor of d of the amoeba of the
original curve. Then the area of the amoeba is d2π2 = area(d∆) so it is also
a simple Harnack curve because of the maximality of its area. Automatically
there must be (d− 1)2 singularities which are isolated double points.

Proposition 4.1.7. For a fixed ∆ the set of rational simple Harnack curves
is an open subset of the set of cyclical curves.

Proof. If we have a rational Hanarck curve, it is cyclical. By doing a small
perturbation the isolated double points will not collide and by Proposition
4.1.5 Log(φ(RP1)) will not self intersect. Then the curve will still be a simple
Harnack curve.

Now before using a connectivity argument we must turn our attention to
limits of Harnack curves. The following lemma shows what happens when
we degrade ∆ to a smaller polygon.
Lemma 4.1.8. Let φ : CP1 → X∆ as in 4.1 and C◦ = φ(CP1)∩T . Let l1 and
l2 be consecutive edges such that {v} = l1 ∩ l2 and ∆̂ = conv((∆∩M) \ {v})
spans R2 as an affine space. Suppose that for k1 6= m2 ak1,m1 6= ak2,m2 except
only for a1,d1 = a2,1 = a. Then tC◦ has Newton polygon ∆̂. Moreover,
if d1, d2 > 1, it can be parametrized using Cox homogenous coordinates by
φ̂ : CP1 → X̂∆̂ where

φ̂ =
[
a1,0

d1−1∏
m=1

(t− a1,m) : (t− a)h : a2,0

d2−1∏
m=1

(t− a2,m) : · · · : an,0

dn∏
m=1

(t− an,m)
]

X̂∆̂
(4.3)

and h is the integer length of the new edge that appears between l1 and
l2. If either d1 = 1 or d2 = 1 just drop the corresponding homogeneous
coordinates and adjust the multiplicative constants to take into account a1,0
and a2,0.
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Proof. First note that because a1,d1 = a2,1 = a, v = φ(t) ∈ C̄◦ ⊆ ∆. So ∆
cannot be the Newton polygon of C◦ as it would not contain v. The fact that
the component of R2 \ A of order v is mapped to neighbourhood of v under
the moment map shows that this component does not exist and v is not in
the Newton polygon of C◦. By applying Lemma 4.1.1 to φ we get that C◦ is
parametrized as n∏

k=1

ak,0 dk∏
m=1

(t− ak,m)
〈e1,uk〉 , n∏

k=1

ak,0 dk∏
m=1

(t− ak,m)
〈e2,uk〉

 (4.4)

Lemma 4.1.1 works even if the Newton polygon of Ĉ is not ∆. Note that
the term (t − a) has exponent 〈e1, u1〉 + 〈e1, u2〉 on the first coordinate and
〈e2, u1〉+ 〈e2, u2〉 on the second. Now let us apply Lemma 4.1.1 to φ̂ in order
to check they parametrize the same curve. All terms (t − ak,m) will appear
with the same exponents as in 4.4, except for the term (t− a). Let u be the
smallest integer inner normal vector of the new side of ∆̂ which is not in ∆.
We have that the exponent of (t − a) is h〈e1, u〉 in the first coordinate and
h〈e2, u〉 in the second coordinate. However by the Balancing Condition on
the triangle ∆ \ ∆̂ we have that u1 + u2 − hu = 0. Then

〈e1, u1〉+ 〈e1, u2〉 = h 〈e1, u〉
〈v2, u1〉+ 〈e2, u2〉 = h 〈e2, u〉

So all the exponents agree. If d1 = 1, to take into account the term a1,0

choose two non parallel edges of ∆̂ lk1 and lk2 . Let φ̂ be as in equation 4.3
but multiplying the coordinates corresponding to lk1 and lk2 by aβ1 and aβ2

where β1 and β2 are the solutions of the linear system | |
uk1 uk2

| |


β1

β2

 =

 |u1
|


A similar correction can be done to equation 4.3 when d2 = 1. So the
multiplicative constants also agree and both parametrizations give the same
curve in the torus T as desired. As φ̂ is such that roots from different axes
are different we have that in fact the Newton polygon of Ĉ is ∆̂.

The following proposition was noted by Mikhalkin and Rullgard in [MR01].
They sketch two arguments for it, one using complex orientations and the
other using areas. While they say only the complex orientation argument
works even when ∆ degenerates, we show how the area argument also works
in this case.
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Proposition 4.1.9. Let Cs for 0 < s < 1 be a family of simple Harnack
curves with fixed Newton polygon ∆ such that they vary continuously on s
and they degenerate to a curve C0. If the Newton polygon of C0 is still full
dimensional, then C0 is a simple Harnack curve.

Proof. Let ∆̂ be the Newton polygon of C0. By lemma 4.1.8 ∆̂ ⊆ ∆ (where
the containment is strict if roots from different axes meet). For 0 ≤ s <
1 let Rs be the Ronkin function of Cs and As be its amoeba. Then for
s > 0, ∇Rs maps R2 to ∆ and ∇R0 maps R2 to ∆̂. So for a fixed point
in p, ∇Rs(p) converges to a point inside ∆̂ as s goes to 0. Points such
that ∇Rs(p) ∈ ∆ \ ∆̂ are further away going to infinity as s goes to 0.
Let ε > 0. Then there is a disk D ⊂ R large enough so that the area
of ∇R0(D) is bigger than area(∆̂) − ε

4π2 . As s goes to 0, because D is
compact, we have that ∇Rs(D) is arbitrarily close from ∇R0(D). So for
a sufficiently small s the area of ∇Rs(D) and ∇R0(D) differ at most ε

4π2 .

Then area(∇Rs(D)) ≥ area(∆̂) − ε

2π2 . But as Cs is Harnack the logarithm

is 2-to-1. Then area(As ∩ D) ≥ π2 area(∆̂) − ε

2 . Again, for a sufficiently

small s the area of As ∩D and A0 ∩D differ by at most ε2 . So we have that
area(A0) ≥ area(A0 ∩D) ≥ π2 area(∆̂)− ε. As ε is arbitrarily small we have
that area(A0) = π2 area(∆̂) and by maximality of this area C0 is a simple
Harnack curve.

Now we are ready to prove our main theorem.

Theorem 4.1. Let C be rational real curve. The following conditions are
equivalent:

• C is a simple Harnack curve.

• C is cyclical.

Proof. All Harnack curves are cyclical by definition. By proposition 4.1.7 the
set of all Harnack curves is an open subset of cyclical curves. By proposition
4.1.9 it is also closed. For a fixed cyclical order of the edges of ∆, the set of
cyclical curves is a connected subset of Rs. Then the set of rational Harnack
curves is either empty or equal to the set of cyclical curves. So we only
need to show the existence of rational Harnack curves of Newton polygon ∆.
Note that while Mikhalkin proves in [Mik00] the existence of smooth simple
Harnack curves, it is not clear why there are rational Harnack curves when
the arithmetic genus is greater than 0.
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Now take a square big enough such that it contains ∆. By proposition
4.1.6 there exists a Harnack curve with that square as Newton polygon. Now
proceed to eliminate one by one all lattice points that do not belong to ∆
using lemma 4.1.8. By proposition 4.1.9 they remain being Harnack. As
they are finitely many lattice points inside the square but outside ∆ this
process ends. When it does, the remaining curve will be a Harnack curve
with Newton polygon ∆.

The advantage of this Theorem over the more general result in [Bru14]
is that here all rational Harnack curves are given explicitly. If we let ∆ be
arbitrary rather than fixed, we get the following general statement of rational
Harnack curves.
Theorem 4.2. A rational real curve C◦ ⊆ (R∗)2 is Harnack if and only if
there exists A = {a1, . . . am} ⊆ R with a1 < · · · < am such that C◦ is the
image of φ : RP1 \ A→ (R∗)2 given by

t 7→
(
b
m∏
k=1

(t− ak)βk , c
m∏
k=1

(t− ak)γk
)

where b and c are non zero reals and βk and γk are integers that satisfy the
following:

1.
m∑
k=1

βk =
m∑
k=1

γk = 0.

2. If θk = arg(βk + iγk) then |{θk | k ∈ [m]}| ≥ 3.

3. θ1 ≤ · · · ≤ θm where the order in S1 is given by its usual order but with
θ1 as its first element.

Proof. Note that rational curves with a parametrization such as in Lemma
4.1.1 satisfies the first condition because of the Balancing Condition on ∆.
However, from this condition we can recover back ∆. Suppose we have A
and φ satisfying the above conditions. Let ∼ be the equivalence relation on
[m] such that j ∼ k if and only if θj = θk. Let A1, . . . An be the equivalence
classes of [m] under ∼ and let uk = ∑

j∈Ak
(βj, γj) for each k ∈ [n]. Condition 1

states that
n∑
k=1

uk = 0. Reversing the process in the proof of Lemma 4.1.2, let

wk be the clockwise rotation of uk by π

2 . Let v1 = (0, 0) and for 2 ≤ k ≤ n

let vk = vk−1 + wk−1. Let ∆ = conv({vi | i ∈ [n]}. Then if we consider
φ̃ : CP1 → X∆ to be

φ̃(t) =
 ∏
k∈A1

(t− ak)dk : · · · :
∏
k∈An

(t− ak)dk

X∆
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where dk is the greatest common divisor of βk and γk, by Lemma 4.1.1 α∗ ◦
φ̃|RP1\A = φ if b = c = 1. When b or c are different from 1 the multiplicative
constants can be adjusted as in the proof of Lemma 4.1.8. Now condition 2
is equivalent to dim(∆) = 2 and condition 3 is equivalent to being cyclical
which by theorem 4.1 is equivalent to being Harnack.

Remark. By definition we have that φ(∞) = (b, c) as ∞ /∈ A. ∞ may be
chosen to be a root of A where in the description of φ we would have the
constant 1 instead of (t−∞). However by acting on t by PGL(R, 2) we can
always assume ∞ /∈ A which makes the details in the last proof easier.

4.2 A Nice Inequality from the Curvature Nu-
merator

The fact that rational curves do not have any logarithmic inflection points
imply an inequality on its curvature numerator. As in Example 4.1, showing
that x

′′

x′
≥ y′′

y′
ultimately meant that for r1 > · · · > r4 > 0 we have r1 + r3 >

r2 + r4 which is clearly trivial. For other polygons the inequality behind is
not so trivial. However sometimes it is also possible to directly show this
inequality however it is slightly less trivial.

Example 4.4. Let ∆ be the hexagon ∆ = conv((1, 0), (2, 0), (3, 1), (2, 2), (1, 2), (0, 1)).
Consider l1 = conv((1, 0), (2, 0)) and label the rest of the edges in the anti-
clockwise cyclical order. If a1 < · · · < a6 are its roots so that φ(t) = [t− a1 :
· · · : t− a6]X∆ composing with α∗ we get(

(t− a5)(t− a6)
(t− a2)(t− a3) ,

(t− a1)(t− a2)(t− a6)
(t− a3)(t− a4)(t− a5

)

Suppose t < a6 and let rk = 1
ak − t

so r1 > · · · > r6 > 0. Letting x and y be
the logarithmic coordinates we get

x′′

x′
= r2

2 + r2
3 − r2

5 − r2
6

r2 + r3 − r5 − r6
y′′

y′
= r2

3 + r2
4 + r2

5 − r2
1 − r2

2 − r2
6

r3 + r4 + r5 − r1 − r2 − r6

At first it is not clear which is bigger, x
′′

x′
or y

′′

y′
. However as t approaches

a1, r1 approaches infinity as well as y
′′

y′
while x

′′

x′
approaches a constant. So
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y′′

y′
>

x′′

x′
as they may never be equal because the curve is Harnack which

means free of inflection points. Some intuition of why this inequality holds
may be seen after a change of coordinates:(

x̂
ŷ

)
=
(

1 −1
1 0

)(
x
y

)

Note that the rows of the transformation matrix are the vectors parallel to l6
and l1 in the direction opposite to their common vertex (1, 0). In the torus
this change of coordinates means (z, w) 7→

(
z

w
, z
)
so we get

(
(t− a4)(t− a5)2

(t− a1)(t− a2)2 ,
(t− a5)(t− a6)
(t− a2)(t− a3)

)

Which implies

x̂′′

x̂′
= r2

1 + 2r2
2 − r2

4 − 2r2
5

r1 + 2r2 − r4 − 2r5
ŷ′′

ŷ′
= r2

2 + r2
3 − r2

5 − r2
6

r2 + r3 − r5 − r6

It is still not evident why one is bigger than the other but by noting that
a+ b

c+ d
is a weighted mean between a

c
and b

d
we see that

x̂′′

x̂′
= (r2

1 − r2
4) + 2(r2

2 − r2
5)

r1 + 2r2 − r4 − 2r5

= (r1 + r4) r1 − r4

r1 + 2r2 − r4 − 2r5
+ (r2 + r5) 2r2 − 2r5

r1 + 2r2 − r4 − 2r5
ŷ′′

ŷ′
= (r2

2 − r2
5) + (r2

3 − r2
6)

r2 + r3 − r5 − r6

= (r2 + r5) r2 − r5

r2 + r3 − r5 − r6
+ (r3 + r6) r3 − r6

r2 + r3 − r5 − r6

Now because r1 +r4 > r3 +r6, any weighted mean between r1 +r4 and r2 +r5
must be bigger than any weighted mean between r2 + r5 and r3 + r6 so we
have that x̂

′′

x̂′
>
ŷ′′

ŷ′
.

In general if we take do a change of coordinates using the first and the
last edges of a polygon ∆, x̂

′′

x̂′
will have the biggest term r1 while ŷ′′

ŷ′
will
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not. As r1 can tend to infinity, this change of coordinates will always make
x̂′′

x̂′
>

ŷ′′

ŷ′
. Note that by changing the initial side of ∆ the inequality will

change, so there is a different (but possibly equivalent) inequality for each
vertex. This inequality can be stated just in terms of ∆ and r1, . . . , rm.

Proposition 4.2.1. Let ∆ be a polygon with sides l1, . . . ln (ordered cycli-
cally), integer lengths d1, . . . , dn and smallest inner normal vectors u1, . . . , un
respectively. Let for 1 ≤ k ≤ n and 1 ≤ m ≤ dk let rk,m be positive reals such
that if (k1,m1) ≤ (k2,m2) in the lexicographical order then rk1,m1 ≥ rk2,m2

with equality only hold if k1 = k2. Let v1 be the vector obtained from rotating
u1 clockwise and vn the vector obtained from rotating un anticlockwise. Then

n∑
k=1

dk∑
m=1
〈v1, uk〉r2

k,m

n∑
k=1

dk∑
m=1
〈v1, uk〉rk,m

>

n∑
k=1

dk∑
m=1
〈vn, uk〉r2

k,m

n∑
k=1

dk∑
m=1
〈vn, uk〉rk,m
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