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Preamble
The problem addressed in the present work is of an inherently multidisciplinary nature. It
requires the application of concepts from very diverse areas that include computational
neuroscience, machine learning, dynamical systems theory, statistics, computer
science, materials science, engineering, among others.
However, since this work is to serve as the culminating project of a Master Program in
Industrial Engineering, the first part of the problem is dedicated to the application of
modeling and simulation tools, including network graph theory, programming, among
others, for the development of a platform that allowed us to analyze the system here
proposed in a subsequent step. The latter corresponds to the second part of the present
work, and requires a wider background as mentioned above.
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Abstract
Creating computing systems that implement the information processing properties of
biological brains can have several advantages in terms of computational and energy
efficiency. The present work provides a numerical modeling tool to evaluate the
computational capabilities of a neuromorphic hardware architecture consisting of a
random network of memristive connections. This architecture is analyzed from the
perspective of the Reservoir Computing approach. A simple methodology based on the
definition of ordered and chaotic dynamical systems was used to determine the
Separation and Fading Memory Properties of the architecture proposed, as required by
the aforementioned approach. Results show the potential use of these networks as
reservoirs for the processing of time-varying inputs.
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Chapter 1 Introduction
1.1 Introduction to Neuromorphic Engineering: The General Framework
The present work is developed within the framework of Neuromorphic Engineering, a novel
interdisciplinary research field inspired on ideas and concepts from Neuroscience, Artificial
Intelligence (in particular the area of Machine Learning) and Engineering to explore and
understand the principles of neural computation to build and design brain-inspired computing
systems using electronic technology.
Modern von Neumann 1 computing architectures are designed to follow sequences of
instructions in order to carry out an operation. Each of these instructions require that information
travels back and forth between CPU and RAM, which are physically separated by a distance.
This separation limits the data transfer rate between processing and memory, resulting in
reduced computational power and high energy consumption.
In contrast, biological brains process information more efficiently by using massively parallel
architectures consisting of large networks of interconnected neurons and synapses that
participate simultaneously in the computation. Likewise, memory and processing in biological
neural networks are locally distributed throughout the brain in the form of synaptic strength. This
entails a more efficient storage and recall since the information exchange is direct and
continuous, as opposed to the inherent latency in current von Neumann architectures [1].
By emulating the massively parallel architecture and network dynamics exhibited in biological
nervous systems, as well as their particular features like their adaptive behavior and selforganizing structure, neuromorphic systems are able to exploit properties such as high
compactness, robustness to noise, fault tolerance and computational and energy efficiency
similar to those observed in biological systems [1]. Neuromorphic Engineering thus proposes an
alternative computing approach based on the processing characteristics of complex biological
brains.
Physical implementations of neuromorphic systems may occur at very different levels, ranging
from the whole brain, particular regions of the cortex, cortical columns and neural microcircuits,
to single neurons or structural parts of the neurons, such as interactions that occur at the axon
or membrane [2]. One particular application of interest corresponds to the construction of
sensory-motor systems, capable of performing machine-learning tasks such as object and
speech recognition or motor control processes that require signal prediction. All of these tasks
demand a system capable of processing time-varying inputs on real-time.
The present work makes part of a major project developed by the Materials Science and
Engineering Department at the University of Florida. The ultimate goal of this project aims at a
physical realization of a neuromorphic system able to perform machine-learning tasks like the
aforementioned above. The scope of the present work, however, is limited to the simulation of
the physical circuit.

1

Throughout this work, footnotes will serve as a support for the explanation of various relevant but non-determinant concepts.
The von Neumann architecture consists of three independent and physically separated components: a processing unit, a
control unit and a memory unit. This architecture is the paradigm on which current computers rely on.
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The project developed by the University of Florida proposes a nonconventional manufacturing
method for the fabrication of memristive nanofibers2 that can be spatially arranged to form an
artificial neural network architecture that exhibits random, recurrent and spatially dependent
connections in a highly dense and compact structure, all features of biological neural networks.
A more detailed description of the project can be found in [3]. This network would learn like the
brain in that memristive-like connections between fibers would grow and learn while others are
weakened, similar to the synaptic plasticity mechanisms used by biological nerve cells.
Given its recurrent structure and the adaptive nature of its connections, the neural network
architecture proposed is expected to exhibit the requisite dynamics for the efficient kernel
design in the emergent field of Reservoir Computing [4], a novel approach to design, train and
analyze neural networks with recurrent connections. As Reservoir Computing is a promising
approach towards a more accurate modeling of biological neural networks, it is expected that
the memristive network proposed imitates the brain more closely by naturally embracing
variability in memristor processing without significantly affecting its ability to perform useful
computations. However, these issues still remain to be demonstrated.
The efforts of the present work are emphasized on the exploration of the computational
capabilities of the electrospun memristive nanofiber neural network proposed by considering the
principles of the Reservoir Computing (RC) approach.

1.2 Objectives
As mentioned in the above introductory section, the present work makes part of a project
currently developed by the Materials Science and Engineering Department of the University of
Florida. The ultimate goal of that project aims at a hardware-based implementation of a
neuromorphic system that is proposed to work under the principles of the Reservoir Computing
approach. The objectives of the present work derive from that goal and are exposed below.
General Objective
The general objective of this work relies on the evaluation of the computational capabilities of
the neuromorphic architecture proposed by the University of Florida [3], by considering the
theoretical principles of the Reservoir Computing approach.
This objective required the two following specific objectives to be addressed:
I.
Provide a numerical modeling tool that allows the simulation of the network using
different parameters and inputs.
II.
Analyze and characterize de dynamical response of the architecture proposed.

1.3 Organization of the Work
The present work is developed as follows: Chapter 2 (Background) presents the main concepts
related to the Reservoir Computing approach, as well as a description of the main
characteristics of memristors and memristive systems, and how these make them ideal
candidates to be used as artificial processing units in neuromorphic systems. Chapter 3
(Methods) provides details about the modeling and the algorithm used for the simulation of the
network. Chapter 4 (Simulation) offers a description of the general structure of the program built
for the simulation of the network and the main sections of the code are presented in Appendix
A. Chapter 5 (Results) validates the memristor model used and the simulation of the network by
2

Electrospun nanofibers made up of a conductive core for the transmission of information, coated with a memristive shell to
form synapses between connections. Electrospinning is a fiber production method, which uses strong electric fields to draw
charged threads of polymer or ceramic solutions in the order of some ten nanometers (Wikipedia.org, 2015).
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analyzing the I-V curve3 response, as well as the typical input-dependent response reported in
previous works. This section also explores the computational capabilities of the network by
assessing its level of compliance with respect to the dynamics required to work under the
paradigm of Reservoir Computing. Finally, Chapter 6 (Conclusions) reports the most relevant
conclusions regarding the computational capabilities of the architecture proposed and provide a
guidance to continue exploring and harnessing the dynamics of memristive networks in future
works.

1.4 Contributions to the Field
The present work mainly contributes in the following 3 aspects to the field of neuromorphic
engineering:
I.

II.

III.

The construction of a numerical modeling tool that can simulate a novel neuromorphic
architecture. One big advantage of this tool is the object-oriented design of the program,
which allows the easy implementations of new functionalities, such as testing different
memristor models, as well as different architectures.
The theoretical proof of concept of the application of the proposed neuromorphic
hardware-based architecture as a reservoir that operates under the principles of the
Reservoir Computing approach. We were able to demonstrate the computational
capabilities of the novel neuromorphic architecture proposed by considering the
theoretical requirements of the considered approach.
The re-contextualization of an existing technique: the application of an existing technique
for evaluating the computational capabilities of artificial spiking recurrent neural networks
that operate under the principles of Reservoir Computing, to a simulated model of a
novel hardware-based neuromorphic architecture.

3

The IV curve or IV characteristic refers to the relation between the electric current through a device and the corresponding
voltage across its two terminals. It is usually represented as a current (output) vs. voltage (input) graph. By assessing its shape,
it is possible to determine the nature of the device (resistive, capacitive, inductive, memristive, etc.) as well as its basic
parameters for modeling purposes.
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Chapter 2 Background
This section presents a brief summary of the background required for understanding the work
presented in the following chapters. The information presented here is not intended to cover the
background of the research in its entirety, but rather to present a framework for the development
of the rest of this work.

2.1 Reservoir Computing
The brain is a complex dynamical system
that consists of billions of interconnected
nerve cells. At every moment, timevarying signals from the visual, tactile,
auditory and olfactory senses are
integrated and processed by the dynamics
of the brain’s subnetworks, permitting
animals and humans to react in real-time
to a continuously changing stream of
sensory input. The recurrent connectivity
of the brain and its ability to process
continuous input streams from rapidly
changing environments have inspired
neuromorphic computing approaches for
real-time computing 4 on time-varying
inputs. One such approach is Reservoir
Computing [5].

Figure 1. The Reservoir Computing General Architecture

The term Reservoir Computing (RC) refers to a novel approach for training neural networks with
recurrent connections. In contrast with classical algorithms for training recurrent neural
networks, the RC approach does not consist on the training of these connections; it is rather
based on principles of high-dimensional dynamical systems in combination with statistical
learning [5].
The general network architecture proposed by the RC approach is depicted in Figure 1. It
consists of an input layer, a hidden layer or reservoir, defined as a network of interconnected
nonlinear units that exhibit random recurrent connections, and the output layer, which can
contain one or multiple readout maps.
Several types of nonlinear units for the construction of reservoirs can be found in the literature.
The most outstanding ones are proposed by the exponents of the Liquid State Machine [5] and
the Echo State Network [6], two RC methods that were suggested independently. The former
proposes a biologically plausible type of nonlinear unit, which corresponds to the model of a
spiking neuron, while the latter proposes the use of sigmoid functions as nonlinear units, a less
realistic but equally powerful type.
The hallmark of the RC approach relies on the role played by the reservoir. As mentioned
before, this approach does not consist on the training of the recurrent connections within the
4

Real-time or ‘on-line’ computing, in contrast to ‘off-line’ computing, refers to the mapping of a time-varying input signal to a
time-varying output signal. On the other hand, in ‘off-line’ computations the mapping occurs from an input initial state to some
terminal output state without any external influence. The former applies for input-driven systems, while the latter applies for
autonomous systems.
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reservoir. It rather acts as a filter5 ! ! that performs a nonlinear online6 projection of time-varying
inputs ! ! into high-dimensional7 intermediate transient states ! ! ! , called perturbations. At
any point in time, these perturbations, which correspond to the internal states of the units within
the reservoir, contain temporal (current and past) information about the inputs necessary for
their analysis at a subsequent step [5]. At this first stage, the information contained in the input
is encoded by the dynamics of the reservoir into a time-dependent pattern in space
(spatiotemporal pattern) that contains multiple dimensions.
At a second stage, the reservoir state, i.e. the perturbations, can be read out through a simple
feedforward network ! ! whose connections can be trained to extract salient information about
the inputs according to the desired task. The readout map is trained to learn and interpret these
spatiotemporal patterns and transform this higher-dimensional information into the desired
output. In such way, information that was not initially linearly separable can then be processed
through simple linear regression techniques in the output layer [5].
Since the reservoir does not require a task-dependent construction, multiple readout modules
can be trained in parallel in order to perform different tasks, enabling real-time parallel
computing on the same input stream [5].
The RC approach is potentially successful if the reservoir is able to encode the relevant features
of the input signal in the state space of the network, i.e. the perturbations, in such a way that the
readout function can easily extract them. In previous works, it has been shown that the
encoding ability of the reservoir is linked to its dynamics, which appear to be related to the
connectivity structure of the network [7-10]. Since the concept of reservoir can be extended to
any high-dimensional nonlinear dynamical system8 driven by time-dependent inputs, the RC
approach can be studied from the perspective of dynamical systems theory. According to this,
any dynamical system with the adequate dynamics, i.e. operating within the proper dynamical
regime, can be used to perform universal computations [11].
Depending on the response of the system to small perturbations in its initial conditions, its
dynamics can be defined as being either ordered or chaotic. A system is said to be in the
ordered regime if the trajectories in the phase space9 evolve to one of a set of stable states
under small perturbations in its initial conditions [11]. Ordered systems are a synonym of
stability. On the other hand, a system is said to be chaotic, if small perturbations in its initial
conditions lead to trajectories in the phase space that exponentially diverge from each other.
Chaotic systems are associated with instability and are characterized by extreme sensitivity to
the initial conditions [11].
5

The term filter refers to mappings from the time domain to the time domain, i.e. a mapping or transformation of a timevarying input signal to a time-varying output signal.
6
It is a synonym for real-time.
7

It is said to be high-dimensional because the reservoir transforms the time-varying input signal into a spatio-temporal pattern
that describes the state of the nodes within the network at each point in time.
8
The term dynamical system makes reference to a system that evolves in time. Mathematically, dynamical systems are usually
represented by a set of coupled differential equations. High-dimensional dynamical systems are the ones that present a high
state space, i.e. at any point in time, a high number of variables (or dimensions) is necessary to describe the state of the system.
9
The phase space of a !-dimensional dynamical system refers to the space in which all possible states ! of the system can be
represented. In the phase space representation, each point in the n-space corresponds to a different state of the system. The
phase space permits the exploration of the time evolution of the system as a whole.
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It has been conjectured that for a reservoir to be computationally powerful, its dynamical regime
should be somewhere in the transition between order and chaos [7-11]. The region that divides
order and chaos is called the critical point, better known under the name of ‘the edge of chaos’.
It has been shown that the information processing capability of a system is optimized in the
critical state [10, 11].
A reservoir should posses the two following properties in order to be computationally useful: the
Fading Memory property and the Separation property. It has been demonstrated that these two
properties are strongly related to the dynamics of the reservoir [5, 7-9, 12].
The first property, the Fading Memory property, referred as FMP for the rest of this work, is
related to the information storage capacity of the reservoir. It refers to the ability of the reservoir
to integrate temporal information of the input history in its current state [5, 6]. This means that
the current state of the reservoir ! ! ! can be fully described by a finite history !!!! , !!!!!! , …,
!!!! , !! of the input !(!) [12]. This ability of the reservoir is determined by the range of stable
patterns that the network is able to generate. This definition of FMP is equivalent to the
requirement for ordered dynamics: network state differences converge to zero if there are no
longer any differences in the inputs [11]. For this reason, the FMP is associated to an ordered
dynamical regime.
The second property, the Separation property, referred as SP for the rest of this work, is related
to the computational power10 of the reservoir. The SP refers to the ability of the reservoir to
generate separated enough network states as response to two different input signals, i.e. being
able to map different input streams into significantly different trajectories in the phase space of
the reservoir [5, 12, 13]. Increasing the nonlinearity of the projection performed by the reservoir
enhances the SP by improving its ability to generate a rich set of internal states [14]. This
diversity in the number of states is a characteristic feature of systems operating in a chaotic
regime. In fact, high-dimensional nonlinear dynamical systems have been found to be
responsible for chaotic behaviors.
Although chaotic dynamics seem to reinforce the SP, they lack the FMP, since differences in the
initial conditions are amplified; consequently, current network states would contain spurious
information about the initial conditions, which makes it hard to deduce any features of recent
inputs [12]. On the other hand, very ordered systems present the FMP but do not provide
significant separation. Hence, these two properties seem to be antagonistic. As stated by the
authors in [11], “Ideally, one would like to have high separation on salient differences in the
input stream but still keep the fading memory property, especially for variances in the input
stream that do not contribute to salient information”.
Optimal computation capabilities thus depend on a delicate balance between order and chaos,
i.e. the critical point. It has been shown that information processing tasks such as information
transmission and storage, computational power and adaptability are optimal when a network
operates near the critical point [10].

10

There is not a unique definition for the computational power of a machine. However, a machine is said to be computationally
powerful depending on the amount of operations that it can perform, i.e. the amount of mappings between inputs and
outputs.

11

Accordingly, a reservoir can be conceived as a time-dependent pattern generator, and
analyzing its computational capabilities is a matter of analyzing these patterns for characterizing
its dynamical regime.

2.2 Memristors and Memristive Devices
Based on symmetry arguments, memristors were first theorized in 1971 by Leon Chua as a
fourth fundamental circuit element [15]. Chua noted that there are six possible mathematical
relations between pairs of the four fundamental circuit variables: current (!), voltage (!), charge
(!) and magnetic flux (!). Two of these relations have already been explained: by definition,
the charge is the time integral of the current !" = ! !" , and the magnetic flux is the time
integral of the voltage (!" = ! !"), which can be deduced via Faraday Induction Law. Thus,
four basic circuit elements should be somehow related to the remaining four relations. At that
moment, three of these circuit elements have already been discovered: the resistor (!" = ! !"),
the capacitor (!" = ! !") and the inductor (!" = ! !") , where ! , ! and ! refer to the
resistance, the capacitance and the inductance, respectively. Based on this, Chua suggested
that there should be a fourth basic element that explains the relation between charge and flux
(!" = ! !"), and he proposed the concept of the memristor (short for ‘memory resistor’) with
memristance ! [15, 16]. The general symbol used to represent memristors in circuit diagrams is
shown in Figure 2.
A memristor is defined as an asymmetric two-terminal
electronic device whose conductance can be incrementally
modified according to the magnitude and direction of the
applied voltage across or the current through the device [15].
Depending on their electrical properties and the physical
Figure 2. Symbol of a Memristor
mechanisms involved11, memristors can act as either analog
or digital memories, in which values can be stored in the internal state variable of the memristor,
i.e. its memristance (or conductance). Moreover, memristors are non-volatile 12 passive
electronic devices because no source of power is needed to maintain data storage. Therefore,
memristors have the capacity to act as memory devices, storing multiple bits of information
using their multistate behavior, at very low power consumption.
Figure 3 (a) shows the typical IV pinched hysteresis loop characteristic of memristors. It has
been shown that the behavior of a memristor has a strong dependence to the rate of change of
the applied input. This dependence can be appreciated in the different shapes of the IV curve
when the frequency of the applied input (voltage or current)13 is increased or decreased. Figure 3
(b) shows the hysteretic effects on the conductance of memristors. At the same levels of
voltage (or current), different values of the conductance can be observed, depending on the
amount of charge that has flown through the device (the input history), whether induced by a
voltage or a current source. These hysteretic properties of the conductance explain the memory
effects of memristors.

11

Some of the physical mechanisms that have been found to be related to the memory response of memristors are:
nanomechanical effects, molecular switching effects, electrostatic/electronic effects, electrochemical metallization effects,
valence change effects, thermochemical effects, phase-change effects, magnetoresistive effects and ferroelectric tunneling
effects [17].
12
Not all memristors exhibit a non-volatile memory. It depends on the physical mechanism(s) responsible for the memory
effect in the device.
13
Memristors can be any of the two following types: voltage-driven or current-driven.

12

Figure 3. IV Characteristics of Memristors. a) Theoretical IV curve of memristors. b) Hysteretic effects on memristance (conductance).

For a long time, no one had ever proved the existence of the memristor, until 2008, when a
team from HP Labs showed that memristance arises naturally in nanoscale electronic devices in
which solid-state electronic and ionic transport phenomena are coupled under the effect of an
external bias voltage [16]. This discovery resulted in a wide spectrum of new research areas.
One such area is the application of memristors on the development of nonconventional
neuromorphic systems, as we will see later in this chapter and throughout the rest of this work.
Before HP Labs’ discovery in 2008, several memristive devices 14 had been built using
conventional active circuit elements like transistors, with the drawbacks of low density and high
power consumption and complexity. However, the advancement in nanoelectronics technology
allowed for the first time the construction of nanodevices that exhibit memristive properties.
These new memristive nanodevices can be arranged into different functional circuit blocks to
create multi-purpose computational fabrics [17]. They can be integrated into large arrays for use
as non-volatile memory (NVM), they can also be used for analog or digital logic or as artificial
synapses in neuromorphic circuits, among other applications. After NVMs, the second mostwidely cited application of memristive devices is artificial synapse emulation [17].
Given their adaptive behavior, their memory capacity and their nanoscale dimensions, these
new memristive devices are ideal for the emulation of synapses in ultra-high dense and
compact artificial neuromorphic systems [18-20]. Neurons and synapses are the equivalent of
both memory and processing in biological neural networks. Memristors, by combining memory
with processing, offer the unequaled opportunity of being incorporated as fundamental units in
neuromorphic hardware architectures.
In fact, the concept of memristor and its mathematical foundations were later extended by Chua
to describe a wider range of dynamical systems known as memristive systems [21]. These
systems include several biological materials and mechanisms, from sweat ducts [22] to blood
[23], and even ionic transport process responsible for plasticity mechanisms that occur between
synapses and neurons in the brain have been found to be described by memristive systems [2426]; all these systems appear to be manifestations of memristive behavior itself [21].
14

Devices that exhibit a memristor-like behavior.

13

Despite the advantages of memristive nanodevices, they present high defect rates, high
variability (device to device variation and temporal variation) and device ageing [18, 19]. Fully
exploiting their potential will thus require computing architectures and design approaches
immune to device variability and with a high fault tolerance level, i.e. adaptive neuromorphic
systems that can self-heal and rewire themselves around defective components and failures
through continuous self-organizational processes [27, 28].
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Chapter 3 Methods
As stated in the introductory section, the ultimate goal of the project to which the present work is
ascribed to, is dedicated to the construction of a neuromorphic hardware architecture able to
perform machine-learning tasks such as speech recognition, or object recognition and motion
analysis in computer vision, which naturally involve the processing of time-varying input signals.
For achieving this goal, they propose to build a random network with memristive connections as
a plausible method for the construction of a reservoir that operates under the principles of the
RC approach. However, the present work is limited to the numerical modeling and simulation of
the physical circuit. This section presents a detailed scheme of the circuit and describes the
memristor model used, as well as the considerations and assumptions that were taken into
account for the modeling of the network.

3.1 Random Memristive Networks as Reservoirs
As indicated in section 2.1, critical dynamics seem to be definitive for high computational
capabilities. Several elements have
been proposed as essential ingredients
responsible for the critical behavior of a
system. Two such elements are: i)
complex
networks
of
nonlinear
threshold units connected to each
other [10], and ii) the existence of
feedback loops between them [29].
The former increases the nonlinear
response of the reservoir, enhancing its
SP, as explained in section 2.1, while
the latter improves the behavior of the
reservoir by increasing the influence of
past events on the current state of the
network, giving place to memory effects
that support the FMP.
Figure 4. Scheme of a Random Network with Memristive Connections

Accordingly, it is proposed to use a
random network of memristive recurrent connections as a reservoir. A simplified scheme of the
architecture proposed is provided in Figure 4. In this case, memristive connections would not
only grant the reservoir with memory effects that account for its FMP, but also the nonlinear
behavior of memristors (characterized by their IV response, see Figure 3) would support its SP.
Similarly, recurrent connections within the network allow the feedback necessary for improving
the memory of the reservoir.
Therefore, a random network with memristive connections would constitute a dynamical system
that is very likely to give rise to interesting dynamics and behaviors useful for computational
purposes. The latter will be tested throughout the present work.

3.2 The Memristor Model
Several physical and chemical mechanisms have been encountered to be responsible for the
behavior of memristors and memristive devices. Some of these are: nanomechanical effects,
molecular switching effects, electrostatic/electronic effects, electrochemical metallization effects,
valence change effects, thermochemical effects, phase-change effects, magnetoresistive effects
and ferroelectric tunneling effects. A detailed review on these mechanisms is provided in [30].
15

Based on these mechanisms, several
memristor models can be found in the
literature [16, 31-40].
It has been found that these
mechanisms are related to the type of
materials used for the fabrication of
the
device.
The
memristive
connections of the network proposed
in the present work are capacitor-like
metal-insulator-metal (MIM) structures
(see Figure 5). Usually, one of the ‘M’
electrodes
is
made
of
an
Figure 5. Scheme of the Metal-Insulator-Metal (MIM) structure of
electrochemically active metal, such
Thin Film Memristors
as silver or cupper, and the other ‘M’
electrode
is
made
of
an
electrochemically inert metal, like platinum or gold [30]. The intermediate phase ‘I’ between the
electrodes, i.e. the insulator, is usually made of oxides or higher chalcogenide that typically
show some ionic conductivity [30].
The materials used for the fabrication of the memristive connections in the present work are
platinum and silver for the metal electrodes, and sol-gel 15 titanium dioxide for the solid
electrolyte. A detailed diagram of these structures can be seen in Figure 5.
The predominant memory mechanisms found in memristors made out of these materials have
been found to be the valence change mechanism (VCM) and the electrochemical metallization
mechanism (ECM). The latter is present if both electrodes are made of the same
electrochemically active metal.
A physical model that describes the behavior of a memristor that operates under the valence
change mechanism is proposed in [16]. This model is slightly modified in [34] in order to account
for possible nonlinearities in ionic transport at the edges of the intermediate ‘I’ phase usually
presented in nanoscale devices due to the high electric fields induced by even very small
voltages.
The memristor model used in the present work is the one proposed in [34], and is briefly
described below.
This model assumes that the solid electrolyte, i.e. the intermediate insulator phase, consists of a
two-layer thin film. One of the layers is doped with oxygen vacancies and thus it behaves as a
semiconductor16. The second layer is an undoped region and behaves as an insulator. The
width ! of the doped region is modulated depending on the amount of electric charge that has
flown through the device. These two regions can be modeled as two resistors in series, as
depicted in Figure 5. The total resistance of the memristor, !!"! , is a sum of the resistances of
the doped (!!" -Low Resistance State LRS) and the undoped (!!"" –High Resistance State
HRS) regions:
15

The sol-gel process is a wet-chemical technique used for the fabrication of ceramic materials. In this process, the ‘sol’ (or
solution) gradually becomes a gel-like structure that contains both a liquid and a solid phase (Wikipedia.org, 2015).
16
A semiconductor is a solid substance that has a conductivity value between that of an insulator and that of most metals
(Wikipedia.org, 2015).

16

!!"! ! = !!" + !!"" (1 − !),
!(!)

where !(!) =
∈ {0, 1} is the width of the doped region normalized by the total length ! of
!
the electrolyte layer. The rate of change of the boundary layer between the doped and the
undoped regions depends of the resistance of the doped area, the passing current and other
factors [34]. It is given by the following state equation:
!"
! !
= ! !!" ∙ ! ! ∙ !(!(!)),
!"

!

where !! corresponds to the dopant mobility and !(!) corresponds to the current at time !.
!(!(!)) is known as the window function, and accounts for the nonlinear dopant drift that occurs
at the boundaries between the ‘M’ and ‘I’ phases of the device. The window function proposed
in [34] is given by:
! !(!) = 1 − !(!) − !"# −! !

!!

The parameter ! serves to control the shape of the window function. The Ohm’s law relation is
applicable between the voltage across the memristor and the current:
! ! = !!"! (!) ∙ !(!)

3.3 The Network Model
A diagram of the electrospun memristive nanofiber neural network architecture proposed by the
University of Florida is shown in Figure 6. The detailed views provided in Figure 6 illustrate the
cross section of the fibers (right), as well as the configuration of the connection between two
fibers at an intersection (right) and the connection between a fiber and an electrode (left). Each
fiber (blue lines in Figure 6) is made up of a conductive core coated with a memristive shell.
Hence, the intersection between any two fibers (blue dots in Figure 6) represents a memristive
connection (detailed view in Figure 6).
Since fibers are randomly arranged, their specific spatial configuration and connectivity are
undetermined. This allows us to model the system as a network of randomly connected
memristors, similar to the one depicted in Figure 4.
Using network graph theory notation, the nodes of the network (yellow, blue and orange dots in
Figure 4 and Figure 6) may represent any of the following: a driving external source (yellow dots),
a fiber (blue dots) or a grounded point (orange dots). For practical reasons the set of nodes was
divided in three subsets: a subset ℰ of external nodes, a subset ℐ of internal nodes and a subset
! of grounded nodes, respectively, according to the aforementioned distinctions.
On the other hand, edges of the network represent physical memristors, which may connect the
set of internal nodes ! ∈ ℐ (i.e. the fibers) to other internal nodes ! ∈ ℐ (a different fiber), or either
to an external node ! ∈ ℰ (i.e. a driving source) or a grounded node ! ∈ !. Since there are two
memristive shells in contact at each intersection between two fibers (see detailed view provided
in Figure 6), i.e. between two internal nodes ! ∈ ℐ, these connections were modeled as a pair of
memristors in series whose polarities were randomly assigned. The polarities of the other
memristors, i.e. the ones that connect an internal node ! ∈ ℐ to either an external node ! ∈ ℰ or
a grounded node ! ∈ !, were also randomly assigned.
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The uncertainty in the spatial configuration of the fibers was modeled by randomly assigning !
and ! coordinates to each of the internal nodes ! ∈ ℐ inside a 2D square area of dimensions
1x1. These points were randomly connected as well. The connectivity structure was modeled as
follows: the connection between two fibers, i.e. between two internal nodes ! ∈ ℐ, was modeled
as a random variable that follows a Bernoulli distribution17 whose parameter ! depends on the
distance between fibers, i.e. the distance between internal nodes ! ∈ ℐ. This probability ! was
!

!!,!

!

defined as ! = !! ! , where !!,! corresponds to the Euclidean distance between nodes !
and !, and ! is a parameter that controls the density of connections. The connection between
the set of internal nodes ℐ and the other sets of nodes, external ℰ and grounded !), was
randomly assigned.
The values used for the physical parameters of the memristor model, such as ionic mobility !! ,
!!"" /!!" ratio and gap size ! are shown in
Table 1. The dopant mobility and gap size were selected according to the literature. The
!!"" /!!" ratio was selected on practical assumptions that will be explained in section 5.1. The
initial condition for the state variable ! of the memristor model was in most cases drawn from a
uniform distribution with min = 0.1 and max = 0.3. It was assumed that memristors are voltagedriven.
Table 1. Physical Parameters of the Memristor Model
!!
10

!!

!!"" /!!" 18

! !! !!

m s

V

!

10

!
10 nm

As a dynamical system, the state space19 of the network is determined by the value of its state
variables, i.e. its components, at any point in time.
Since the components of the network correspond to the memristors, the network is fully
described if the value of the conductance, as well as the value of the voltage across and the
current through each of the memristive connections is known at any point in time. In addition,
from a practical point of view, we are interested in the value of the voltage at each of the internal
nodes ∈ ℐ, and the total current that flows through the network.
The algorithm used for the temporal evolution of the network, under an external applied voltage
goes as follows:
1. Establish the initial conditions for the state variable ! that determines the initial
conductance state of each memristors (see The Memristor Model section).
2. For fixed values of the conductance, determine the voltage at the internal nodes using a
matrix form of Kirchhoff’s current law (KCL) applied to the set ℐ internal nodes [41].
3. Determine the voltage across each memristor using the results obtained in step 2.
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The Bernoulli distribution is a probability distribution of a random variable that takes the value 1 with success probability of
! and the value 0 with failure probability of ! = 1 − ! (Wikipedia.org, 2015)
18
The selection of this value for the !!"" /!!" ratio is based on practical assumptions that will be explained in the Results
section.
19
The state space
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4. For a short time period, update the values of the conductance of each memristor, using
the voltages obtained in step 3.
5. Go back to step 2.
The time step used for the simulations was 10 !".

Figure 6. Diagram of the Electrospun Memristive Nanofiber Neural Network

In the following chapter a more detailed description of the simulation of the network will be
provided.

19

Chapter 4 Simulation
The simulation of the network was carried out using the Python programming language. An
object-oriented design (OOD) and programming (OOP) approach were used. Section 4.1
describes the design of the structure of the program and Appendix A describes in detail how this
design is converted into a working program.

4.1 Structure of the Program
Since the design is object-oriented, the program counts with two types of objects: a Memristor
object and a MemristiveNetwork object. Each of these objects was implemented in the program
as a class; thus, there is a set of attributes and a set of methods associated with each of them.
The set of attributes and methods of the Memristor class are defined according to the memristor
model exposed in section 3.2. The set of attributes and methods of the MemristiveNetwork class
are defined taking into account the parameters that describe the network and the procedures
needed to evolve in time the state of the network, like the input or time step.
The Memristor object was implemented as the main class and the MemristiveNetwork object
was implemented as a subclass of the main class, which means that the MemristiveNetwork
class inherits attributes and methods from the Memristor class. These classes were coded as
two separated scripts: BiolekModel.py and Biolek_RandomMemristiveNetworkV2.py (see
Appendix A for a detailed description).
Besides these two scripts mentioned above, the program counts with a third script,
Simulation.py, which basically creates an instance of the MemristiveNetwork class and
according to the parameters and the input introduced by the user, it controls the time evolution
of the instantiated MemristiveNetwork object created.
The details of the implementation are explained in Table 2. Figure 7 shows the elements of the
program and how they interact with each other.
Table 2. Description of the Structure of the Program
Attributes
•

Class Memristor

•
•
•
•
•
•

!!" : Low resistance state
!!"" : High resistance state
!"#: Dopant mobility
!: Width of the electrolyte layer
! : Normalized width of the
doped region.
! : Control parameter of the
window function

•

•

•
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Methods
__init__(Ron, Roff, mob, D, xo, p):
this is the constructor method of
Memristor class. Whenever this
method is called, it creates an
instantiated Memristor object with its
attributes set at the values introduced
by the user as parameters.
dG(voltage, dt): this method updates
the value of attribute ! , given the
instantaneous voltage across the
device and a delta of time, which
corresponds in this case to the time
step !" defined by the user.
getConductance():
this
method
calculates
the
instantaneous
conductance value of a Memristor
object according to the value of
attribute ! at a given moment. It
returns the value of the conductance.
getState(): it returns the value of
attribute !.

•

•
•
•
•
•

•

•

•
Class
MemristiveNetwork

•

•

•

!: Number of internal nodes
!: Number of external nodes
!": Number of grounded nodes
!: Total number of nodes
!: Scaling factor (parameter that
controls the density of the
connectivity)
! : !×! matrix of distances
between internal nodes. Each
!!" element of matrix !
corresponds to the distance
between internal node ! and
internal node !.
! : !×! matrix of connections.
Each !!" element of matrix !
can be either 1, if there exists a
memristive connection between
internal node ! and any other
kind of node ! (internal, external
or grounded), or 0, if such
memristive connection does not
exist.
! : !×! matrix of memristive
connections. Each !!" element
of matrix ! corresponds to a
memristive connection between
internal node ! and any other
kind of node ! (internal, external
or grounded). As mention in
section 3.3, the connection
between two internal nodes
corresponds to two memristors
in series rather than just one.
!: !×! matrix of polarities. Each
!!" element of matrix ! can be
either 1 or -1, indicating the way
in which the voltages at the two
terminals of the memristor are
being
subtracted
when
calculating the voltage across
each memristor, thus defining
its polarity.
!: !×! matrix of conductances.
Each !!" element of matrix !
corresponds to the conductance
of the memristive connection
between node ! and node !.
!"#$%&' : !×! matrix
of
instantaneous voltages across
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•

•

•

•

•

getCurrent(voltage): this method
calculates the instantaneous current
through each memristive connection,
according to the conductance value
of the Memristor object(s) at that
connection. It returns the value of the
current.
__init__( Ron, Roff, mob, D, xo, p,
internalnodes,
externalnodes,
groundednodes, scalingfactor): this
is the constructor method of
MemristiveNetwork class. Whenever
this method is called, it creates an
instantiated
MemristiveNetwork
object with its attributes set at the
values given by the user as
parameters. This method calls the
constructor method of the Memristor
class in order to create the
memristive connections within the
network.
setDistances():
this
method
randomly assigns x,y coordinates to
each internal node inside a 2D
square area of dimensions 1x1. Then
it calculates the distance between the
internal nodes and stores these
values in matrix !.
createMemristiveConnections(Ron,
Roff, mob, D, xo, p, scalingfactor):
this method randomly assigns 1 or 0
to each entry !!" of matrix ! , to
indicate if whether the pair of nodes !"
are or not connected by a memristive
20
connection, respectively , depending
on the probability of connection
defined by distance !!" . Then, for
each existing memristive connection,
this method creates instances of the
Memristor class (each memristor
objects with its own set of attributes)
and stores these Memristor objects in
matrix !. It also initializes matrix ! of
polarities by randomly assigning 1 or
-1 to each entry !!" for which the
corresponding value !!" is equal to 1.
setConductanceMatrix():
this
method calculates the conductance
for each Memristor object in matrix !
(using the getConductance() method
of Memristor class), according to the
initial value of their attribute ! ; it
stores these conductance values in
matrix !.
updateVoltage(V_E, V_GR): given
an
established
matrix
of

As described in section 3.3, memristive connections between pairs of internal nodes are modeled as two Memristor objects
connected in series. Memristive connections between an internal node and an external or a grounded node are modeled using
a single Memristor object.
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•

memristive connections.
!"##$%& : !×! matrix
of
instantaneous currents through
memristive connections.

•

•

•
•
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conductances ! , this method is in
charge of calculating the voltage at
each internal node by implementing a
matrix form of Kirchhoff’s current law
(KCL). This method also calculates
the voltage across each memristive
connection between nodes ! and ! by
subtracting the voltages at these
nodes. The voltage across each
memristive connection is then stored
in matrix !"#$%&'.
updateConductance(dt):
this
method
updates
matrix
of
conductances ! using the voltages
stored in matrix !"#$%&'.
updateCurrent():
this
method
updates matrix !"##$%& using the
voltage and conductance values
stored in matrices !"#$%&' and !.
getConductanceMatrix(): it returns
matrix !.
getStateMatrix(): it returns an !×!
matrix with the values of attribute !
for each Memristor object in each
memristive connection of matrix !.

Figure 7. Structure of the Program

Chapter 5 Results
5.1 Single Device Characterization
Memristors can operate in two different regimes: a soft switching regime and a hard switching
regime. While the soft switching regime is characterized by a curved IV hysteresis loop with a
low degree of nonlinearity, the hard switching regime is characterized by a sudden change in
the conductance that gives rise to a triangular IV hysteresis loop with a higher degree of
nonlinearity. This transition occurs at a certain threshold voltage.
The shape of the IV curve varies in accordance with the behavior of the memristance, which
changes depending on the amount of charge that has flown through the device. Since
memristors are input-driven dynamical systems, the amount of charge can be controlled by
modulating the amplitude and frequency of the input voltage. This dependence on the input can
be observed in Figure 8.
At low frequencies (1Hz - 5Hz), the threshold voltage, i.e. the voltage amplitude required to
transition from the soft to the hard switching regime, is lower in contrast to the threshold voltage
at higher frequencies (10Hz - 100Hz), for the same !!"" /!!" ratio. However, when the
!!"" /!!" ratio increases, the tuple amplitude-frequency at which the transition occurs changes.
At a higher !!"" /!!" ratio, the threshold voltage increases when the frequency is kept
constant.
According to the memristor model used, independently of its parameters, the same device can

Figure 8. Single Device Characterization.: The effect of Amplitude, Frequency and ROFF/RON ratio On the Switching Behavior of a
Single Memristor
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operate in both regimes depending on the characteristics of the input in terms of amplitude and
frequency. However, the ratio between the maximum and minimum resistance states, !!"" /
!!" , which is a parameter of the memristor, modifies the tuple amplitude-frequency at which the
transition from soft to hard switching occurs.
As it will be described later, the hard switching regime is a desirable condition given its high
degree of nonlinearity, which has been shown to reinforce the SP of the network [29].
Since the neural network proposed in this work is to be used as a physical hardware device, the
levels of energy consumption become a critical factor. Because low frequencies and low
!!"" /!!" ratios appear to be related to a low threshold voltage, a frequency ! = 10Hz and a
ratio !!"" /!!" = 10! will be used for the rest of the simulations in this work, unless stated
otherwise. If higher !!"" /!!" ratios are used21, the threshold voltage would be in the order of
10! V, which is unpractical. In contrast to the model, TiO2-based memristors usually present
higher !!"" /!!" ratios with lower threshold voltages [35].
The latter issue mentioned above appears to be one of the drawbacks of the memristor model
used. However, this model has the advantages of preserving the IV-curve dependence on the
amplitude and frequency that is usually observed in experimental TiO2 memristors. Also, it
seems to be a unique model, since it is one of the few able to reproduce the asymmetric IV
curve characteristics usually encountered for TiO2 physical memristor devices [16, 35].

5.2 Network Characterization
As mentioned in section 2.1, a nonlinear response of the reservoir enhances its SP. From the
results presented in section 5.1, it can be observed that the degree of nonlinearity of a single
memristor, as characterized by the shape of the IV curve, increases as the amplitude of the
input surpasses the threshold voltage.
In [42], a method for quantitatively measuring the degree of nonlinearity in the response of a
physical system was proposed, and was applied for the analysis of a random network of both
linear and nonlinear resistors.

21

1

3

Several different values for the !!"" /!!" ratio have been reported in the literature. These range from 10 to 10 .
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(a)

(b’)

(b’’)

(b’’’)

Figure 9. Nonlinear Response of the Network characterized by Higher Harmonic Generation (HHG). a) Effect
of voltage amplitude on the nonlinear response of the system. IV curve characteristic of a b’) soft and b’’)
hard switching regimes. b’’) IV curve characteristic of the transition between the soft and the hard switching
regimes.

The method proposed in [42] is based on a physical phenomenon known as high harmonic
generation 22 (HHG), associated with systems that produce extreme nonlinear frequency
conversions. Many nonlinear physical systems generate second or even higher harmonics, i.e.
their output contains a frequency !!! , where ! represents integer multiples of the frequency of
excitation !! . Thus, it is proposed to use numerical simulations to study the nonlinear current
response of the network in the frequency domain. This analysis was performed using the
Fourier transform of the signals.
22

When a gas (usually at reduced pressure) is targeted by a very intense laser pulse, strong nonlinear interactions can lead to
the generation of very high odd harmonics of the optical frequency of the pulse. This is known to be as an extreme form of
nonlinear frequency transformation (Wikipedia.org, 2015).
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For this purpose, a random network of 10 nodes
with a connectivity parameter ! = 0.7 was
simulated using a 10 Hz sinusoidal input, at
different levels of voltage amplitude. Figure 11
shows the graph representation of the simulated
network. For each simulated network, the HHG
analysis was performed on current data collected
over 10 cycles of the input signal. For each
amplitude level, the network was reset to the
same initial state. Results are presented in Figure
9.
There is a resemblance in the macroscopic
behavior of the network and that of a single
device. For a given frequency level, the
dependence of the switching regime of the
network to the amplitude of the input voltage is
preserved, as characterized by the shape of the
IV curve. This dependence is observed in Figure 9
(b’)-(b’’’).

Figure 10. General Network Architecture Used

In Figure 9 (a) a sharp rise in the ratio of higher harmonic amplitudes to the fundamental
emerges when the threshold voltage (~5V) of the network is surpassed. As the amplitude of the
input surpasses the threshold voltage, the switching behavior moves gradually toward the hard
switching regime. Together, these results indicate that the hard switching regime is associated
to a higher degree of nonlinearity. The same qualitative results were experimentally obtained in
[4] when testing a random network of atomic switches23. These results were later confirmed
numerically in [29].
Although nonlinear behavior of high dimensional dynamical systems is usually associated with
chaotic dynamics, there is not enough evidence to suggest that the hard switching regime is
directly related with a chaotic regime. In the following subsections several tests based on the
definition of ordered and chaotic systems will be performed. These results will allow us to
determine the level of attainment at which the random network of memristive connections
proposed posses the SP and the FMP.

5.3 The Separation Property
It has been proved that the degree of nonlinearity of the reservoir improves its SP. Likewise,
results from last section suggest that the hard switching regime is associated with a higher
degree of nonlinearity, as characterized by the generation of higher harmonics. Accordingly, one
would expect that the SP displays a significant improvement when the network operates in the
hard switching regime.
As proposed in [5], one way to quantify the SP of a reservoir is evaluating the evolution of the
distance between trajectories in the phase space of the network, generated by two different
inputs. The network is said to have the SP, if the distance between the trajectories neither
decays to zero nor diverges exponentially with time.
23

Atomic switches are elements whose behavior can be described by using a memristor model.
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From the whole set of variables that describe the state space of the network, we are in particular
interested in the voltage at the internal nodes, since they are accesible from a practical point of
view. Hence, for a given input condition !(!), the !-dimensional state space of the network
!!! (!) is defined by the value of the voltages at each inernal node !!"#_! , i.e.
!!! ! = !!"#! , !!"#! , … , !!"#$ , for any point in time !.
Table 3. Separation Property Evaluation - Input Conditions for the Soft Switching Regime
Soft Switching
Input 4 Input 5

Input 1

Input 2

Input 3

%
Variation

Input 6

Input 7

Input 8

0.2%

0.4%

0.8%

1%

2%

4%

8%

10%

Frequency

10.02 Hz

10.04 Hz

10.08 Hz

10.1
Hz

10.2
Hz

10.4
Hz

10.8 Hz

11 Hz

Amplitude

1.002 V

1.004 V

1.008 V

1.01 V

1.02 V

1.04 V

1.08 V

1.1 V

Base
Condition

1V

10Hz

Table 4. Separation Property Evaluation - Input Conditions for the Hard Switching Regime

Hard Switching
Input 4 Input 5
1%
2%

% Variation

Input 1
0.2%

Input 2
0.4%

Input 3
0.8%

Frequency

10.02 Hz

10.04 Hz

10.08 Hz

10.1 Hz

Amplitude

10.02 V

10.04 V

10.08 V

10.1 V

Input 6
4%

Input 7
8%

Input
10%

10.2 Hz

10.4 Hz

10.8 Hz

11 Hz

10.2 V

10.4 V

10.8 V

11 V

Base
Condition
1V

10Hz

The definition of Euclidean distance was used to estimate the separation between trajectories in
the phase space of the network. Thus, the distance between the trajectories generated by input
!
conditions ! ! and !(!) is given by: !!,!
=

!
!!!

!

!!"!! ,! − !!"!! ,! .

Since the switching regime depends on the amplitude and frequency characteristics of the input,
two different input conditions where chosen as the base, one for each switching regime, from
which other different input conditions where created by gradually inducing percentage variations
in the frequency and amplitude. To evaluate the effect due to variations in these two variables
(frequency and amplitude), they were independently modified for each new condition. The input
conditions for the soft and hard switching regimes are shown in Table 3 and
Table 4, respectively. The base conditions for each regime were chosen according to the
results in Section 5.2. In this case, the network used is the same as in Figure 11.
For each input condition, the SP analysis was performed on data collected over 20 cycles of the
input signal. However, results are reported only for the first 5 cycles. For each condition, the
network was reset to the same initial state. Results for the soft and hard switching regimes are
presented in Figure 11 and Figure 12, respectively.
In all cases, i.e. for frequency and amplitude variations in both the soft and hard switching
regimes, separation between trajectories is maintained in time, even when differences with
respect to the base condition are small (~1%). In addition, it can be observed that higher
variations in these parameters with respect to the base condition, give rise to a higher
separation in the trajectories. This proportional variation in the output with respect to variations
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in the input is a desirable behavior, since we want varied and higher levels of separability as the
distance between inputs increases.

(a)

(b)

Figure 12. Effect of the Soft Switching Regime on the Separation Property of the Network to different Input Conditions that Differ in
Frequency and Amplitude. a) Variations in amplitude and b) frequency.

(a)

(b)

Figure 11. Effect of the Hard Switching Regime on the Separation Property of the Network to different Input Conditions that Differ in
Frequency and Amplitude. a) Variations in amplitude and b) frequency.

Although distances between trajectories do not decay or diverge, they do oscillate. This
oscillation may have a negative effect on the performance of the readout map at the final stage,
since every certain amount of time, the network state will be the same from the point of view of
the readout map, even when the network is presented with two different input conditions similar
to the one used for this experiment. This non-decaying oscillatory behavior of the distance
between trajectories in the phase space of the network may be attributable to the oscillatory
nature of the input, since every time the input voltage reaches zero, necessarily all voltages
(and hence currents) must be zero given the input-driven quality of the system. An estimate for
the average distance between two trajectories can be estimated as their root mean square
value (not reported here).
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(a)

(b)

Figure 13. Separation of Trajectories in the Soft Switching Regime
for a Randomly Selected Internal Node. a) Separation due to
variations in amplitude. b) Separation due to variations in
frequency.

(a)
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(b)

Figure 14. Separation of Trajectories in the Hard Switching Regime
for a Randomly Selected Internal Node. a) Separation due to
variations in amplitude. b) Separation due to variations in
frequency.

It was conjectured at the beginning of this section that nonlinearities introduced by the hard
switching condition might significantly improve the separability of the network. From Figure 12, it
can be observed that distances between trajectories, for variations in both frequency and
amplitude, are amplified by almost an order of magnitude when the network operates under the
hard switching condition, indicating an enhanced SP. This improvement might be attributable to
the higher degree of nonlinearity introduced by the hard switching regime, as characterized by
the generation of higher harmonics in section 5.2.
For both regimes, variations in the frequency with respect to the base condition produce a
higher level of separability, in contrast to the separation induced by variations in the amplitude.
The network thus exhibits a higher sensitive to changes in frequency than to changes in
amplitude in the input conditions.
This sensitivity can be better appreciated when the state variables, i.e. the voltage at the
internal nodes, are separately analyzed for the base and modified conditions. Figure 13 and
Figure 14 show the deviations in the trajectory of the voltage at a randomly selected internal
node (node 8 in Figure 10), when both the frequency and amplitude of the input are modified with
respect to the base condition, for the soft and hard switching regimes, respectively. If
trajectories were the same and there was no separation between them, they would remain in
the diagonal cyan line shown in plots of Figure 13 and Figure 14. It can be observed that
frequency variations in the input conditions give rise to nonlinearly correlated responses, while
amplitude variations give rise to linearly correlated responses. This is the case for both the soft
and the hard switching regimes. Similar results were obtained for the rest of the internal nodes.

5.4 The Fading Memory Property
As explained in section 2.1, the FMP is associated with an ordered dynamical regime, i.e. the
system exhibits low sensitivity to minimal variations in the initial conditions. Since the network
proposed here is an input driven dynamical system, a wide part of its state variables are zero,
unless there is an external driving force. This is the case for all voltages and currents, except for
the conductance of the memristors. For this reason, it is proposed to evaluate the sensitivity of
the network to small variations in the initial conditions of the memristors, i.e. their conductance.
However, as in section 5.3, the state space of the system is defined in terms of the voltage at
the internal nodes, since they are of practical relevance. The network is said to present the FMP
if variations introduced in the initial conditions lead to a decaying distance between trajectories
produced by the same input under different initial conditions.
The method for evaluating the FMP of the network is the same as described in section 5.3, with
minimum variations. In this case, as we are interested in evaluating the sensitivity to variations
in the initial conditions of the state variables, the input signal was kept constant. Variations in
the initial conditions of the conductance were induced by changing only a predefined number of
initial conductance values, i.e. only a small set of memristors were initially modified, while the
others were kept constant. Table 5 shows the number of memristors that were modified for each
simulated set of initial conditions, and the percentage they represent within the total number of
connections. A base condition was randomly defined in this case too. For the creation of the
base condition, a uniform distribution with min = 0.1 and max = 0.3 was used, since it is
assumed that when there is no driving input signal, memristors return to their high resistance
state (HRS), which means a low value for the state variable !, according to the memristor model
proposed in section 3.2.
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To test a more realistic scenario, a random variation in the total of connections of the system
was simulated. All conductance values were reinitialized using the same distribution as for the
base condition.
The separation between the trajectories in the phase space defined by the value of the voltage
at the internal nodes was also estimated using the concept of Euclidean distance.
Table 5. Fading Memory Property Evaluation – Description of the conditions for the soft and hard switching
regimes

Number of Memristors
Modified
%

Condition
1

Condition
2

Condition
3

Condition
4

Condition
5

1

5

10

20

All

2%

13%

25%

50%

100%

As the switching condition modifies the response of the system, the same set of initial conditions
was evaluated for both the soft and the hard switching regimes. These conditions were induced
by changing the amplitude of the input voltage while keeping the frequency constant (10 Hz).
The amplitudes used for the soft and hard switching conditions were 1V and 10V, respectively.
For each input condition, the FMP analysis was performed on data collected over 20 cycles of
the input signal. In this case, the network used is the same as in Figure 10. Results are
presented in Figure 15. For the hard switching regime results were only reported for the first 0.5
sec, since it presented a faster decay.
Both the soft and the hard switching regimes show a decaying distance between the trajectories
in the voltage at the internal nodes, produced by different initial conditions in the conductance of
the connections. This suggests that the network is able to erase the spurious information
contained in the initial conditions of the system, and thus it serves as evidence that the network
possess the FMP.
The hard switching regime induced higher variations in the trajectory of the system in contrast to
the soft switching regime. This difference can be explained by the higher degree of nonlinearity
of the system in the hard switching condition, as discussed in section 5.3. However, it presented
a higher rate of convergence compared to the soft switching condition.
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(a)

(b)

Figure 15. Effect of the Switching Regime on the Fading Memory Property of the Network. a) Soft switching regime. b) Hard
switching regime.

In Figure 15 (a), the first condition, which corresponds to the modification of the initial conditions
of a single memristor, produced a higher distance between the trajectories in contrast to
conditions where a higher number of switches were modified. This suggests that some
memristive connections have a higher level of influence than others in the behavior of the
network. When the memristive connection that was altered during the first condition is observed,
it corresponds to a connection between an internal node and a grounded node; specifically
nodes I_node8 and GR_node1 of the network depicted in Figure 10.

5.5 Wave Generation Task
The waveform generation task is a
prerequisite for RC. In this task, the RC
approach uses the reservoir’s ability to
nonlinearly project the input signal into a
higher representational space i.e. its SP.
This
allows
for
spatiotemporal
decomposition and reconstruction of the
input signal into an arbitrary waveform
[43].
This task is carried out in three steps. In
the first step, an input signal is used to
drive the reservoir into an active state. In
the second step, the state of the network,
defined by the state of the internal nodes,
is collected and recorded. In the last step,
each of the variables within the state of Figure 16. HHG Analysis. Second Harmonic Amplitude to Higher Harmonic
the network is used as a basis vector to Amplitudes Ratio.
construct the desired signal using leastsquared linear regression [43].
In order to test the performance of the network in the wave generation task, the state of the
network, define by a !×! matrix (! time points and ! internal nodes), is divided in two sets: a
training set and a test set. The training set is used to construct the regression model for the
generation of the desired signals using linear regression; and the test set is used to evaluate the
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model. The measure used to evaluate the performance of the network was the mean square
error (MSE) for the test set. It is estimated as:
!"# =

!
!!!

!!"!"#$ ! − !
!

!

For this task, the variables chosen to
represent the state of the network were
once again the voltages at the internal
nodes. In order to evaluate the effect of the
switching regime on the performance of the
network, the system was driven with a 10Hz
sinusoidal signal, using different voltage
amplitudes.
In section 5.2 it was already established the
relation between the degree of nonlinearity
of the network, as characterized by the
generation of higher harmonics, and the
switching regime. In this section, we want to
see if there is any relation between the
generation of higher harmonics and the
performance of the network for the wave
generation task; thus the same HHG
analysis carried out in section 5.2 was Figure 17. Wave Generation Task. Reconstruction of a triangular,
performed here, but the ratio of the second square and sinusoidal waves.
harmonic amplitude to higher harmonic
amplitudes was calculated this time.
A least-squared linear regression model was used to reconstruct 10 Hz triangular and square
signals with an amplitude of 5V, and a sinusoidal signal with the same amplitude but a 20Hz
frequency. Each of the signals was independently reconstructed. The total number of time
points simulated was 100.000; 60% of the points were used as the training set and the
remaining 40% were used as the test set. Results are shown in Figure 16 and Figure 18.
The improvement (i.e. the decrease in the
MSE) in the reconstruction of the triangular
wave as the input amplitude increases (Figure
18) might be explained by the generation of
higher harmonics induced by the hard
switching regime. According to the Fourier
transform of a triangular wave (not reported
here), it can be reconstructed by adding the
terms of the series that correspond to odd
multiples of the fundamental harmonic, i.e.
10Hz, 30Hz, 50Hz, and so on, for this
particular case. The Fourier transform also
shows that the importance of each harmonic
decreases as the harmonic increases, which
Figure 18. Performance of the Network in the Wave means that the amplitude of the third
Generation Task for Different Input Voltages.
harmonic is lower with respect to the
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amplitude of the first, and the same for the fifth harmonic with respect to the third. In Figure 16 it
can be observed that the ratio of the second to third harmonic amplitudes is minimum (which
implies that the third harmonic becomes more important) for the same input voltage (~5V) at
which there is a noticeable improvement in the MSE of the triangular wave.
Following a similar reasoning, it can be observed that the increase in the MSE (Figure 18) of the
20Hz sine wave coincides with the voltage amplitude (~2.5V) at which higher harmonics
become more important (sharp drop in Figure 16). Unexpectedly, the MSE of the square wave
did not show any significant improvement, even when higher harmonics were generated. Just
as an Illustration of the power of the network, Figure 17 shows the fitting of the curves for three
different input amplitudes (1V, 8V and 15V).
These results suggest that the increased degree of nonlinearity of the network, induced by
higher input voltages and characterized by the generation of higher harmonics, is somehow
related to the performance of the network and thus serve as a method for evaluating the
computational quality of memristive networks. Similar results were obtained in [44].
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Chapter 6 Conclusions and Outlook
Numerical modeling tools play an essential role in the characterization and description of
complex physical systems, especially when the possibilities of experimentally exploring, in the
case of networks, different architectures with different parameters and inputs, are limited.
The numerical modeling tool presented here allows the evaluation and optimization of the
computational capabilities of the network by permitting the introduction of different inputs and
parameters, as well as (two) different types of connectivity with different levels of density.
On the other hand, simulation results presented here support the RC as a viable approach for
the training of recurrent neural networks. Moreover, these results suggest that random networks
made out of memristive connections are a plausible alternative for the construction of kernels
that operate under the principles of RC, based on high dimensional nonlinear dynamical
systems.
Since memristive neural networks are input-driven systems, their behavior largely depends on
the characteristics of the input in terms of amplitude and frequency. In contrast with autonomous
dynamical systems, whose dynamics are determined by the parameters of their constitutive
elements, memristive neural networks’ dynamics are also determined by the nature and
properties of the input. Thus controlling their behavior and taking the most advantage of their
dynamics for computational purposes requires adequate encoding techniques of the input
signals.
Although simple, the methods presented here for the evaluation of the SP and the FMP are a
good first approach to determine if a particular reservoir architecture posses the adequate
dynamics for being used under the principles of RC. However, more sophisticated methods for
better determining the characteristics of the inputs, as well as the properties of the network that
give rise to one or other behavior are demanded. These new methods should incorporate
different kinds of input signals, such as spike trains or constant bias. In this task, numerical
modeling and simulation, together with experimental results, are essential. These methods
would serve as a tool for subsequent optimization of the computational capabilities, not only of
reservoirs made out of random memristive networks, but also for any other kind of dynamical
system, since equivalences can usually be made from one system to the other, independently of
their nature or background.
For future works, it might be interesting to study the effect of the type of the input signal, as well
as the effect of the connectivity of the nodes on the overall behavior of the network, since these
factors appear to have nontrivial effects. Also, future works might focus on the implementation
of the reservoir for the solution of benchmark tasks, and try to find how the performance of the
reservoir in these tasks is related to the dynamics of the system as characterized by its
separability and memory capabilities.
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Appendix A. The Program
This section provides the lines of code that correspond only to the main classes and procedures described in section 4.1
and that make part of the simulation of the network. The other parts of the code correspond to graph and plots, which
are not relevant for the development of the simulation.
I.

Script #1: BiolekModel.py
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II.

Script#2: Biolek_RandomMemristiveNetworkV2.py

Memristor Model:
Depending on the model
to be used, the code
allows to import different
libraries that correspond
to different memristor
models. Only the model
proposed in [34] was
implemented
for
the
development
of
the
analysis of the network.
However, other memristor
models are available too.
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KCL:
Application
of
Kirchhoff’s current
law (KCL) matrix
form
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III.

Script#3: Simulation.py
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Type of Network:
Two types of network
can be modeled using
the code: a Random
network, and a two
layer bipartite network,
which is called Mesh.
There is a different
library for each type of
network.

…

Simulation Loop:
Procedure
that
controls the time
evolution of the
network.
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