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Abstract—A novel hierarchical demand response program is
presented. It takes into account the customers’ energy consump-
tion preferences in an environment with smart-autonomous loads
and appliances. Energy consumption activities are defined as
coalitions of loads with a value that represent their compactness
and importance for the user and the Shapley value allows to
reduce the size of a coalition reducing the energy consumption
according to the user’ consumption strategy. The demand side is
divided in three levels: (i) electricity market level; (ii) customer’s
level; and (iii) loads level. For each level, a game-theoretical
framework is developed to achieve an optimal energy allocation
in a decentralized way. An incentives scheme is proposed for an
electricity market with participative customers. The induce game
is simulated in order to verify the efficiency and the reduction
of the peak to average ratio when the equilibrium of the game
is implemented.

Index Terms—Demand side Management, resource allocation,
evolutionary population games, demand response, mechanism
design, social choice function, Cooperative games, energy con-
sumption activities.

I. INTRODUCTION

The most important tasks of a high level control in an
electrical smart grid are to provide a direct participatory
mechanism to the customers and an efficient and competitive
energy management [2]. In recent years, demand response
programs have been raised with the purpose of modifying
and smooth the load’s consumption profile, specially in peak
hours [18], [25]. Several works in North America and Australia
[15] have shown that customers participation and feedback
is more effective than direct load control programs because
the latter produce a rebound effect when the control signal is
removed. The deployment of smart meters is a step towards
power distribution grid modernization. The control strategies
mainly include direct load control and load scheduling over
a period of time. More specific approaches are focused on
domestic applications with a high impact in the consumption
profile, such as air conditioners and heater devices which can
be modelled mathematically [5]. Game theory has become a
fundamental tool for energy management in small-scale power
systems as well as in electricity markets [24], [1]. An open
challenge that remains relatively unexplored is the study of
cooperative systems where the customers cooperate to achieve
an optimal social level in energy consumption [10], [7], [12],
[23]. A demand response that utilizes economic incentives,
i.e, real-time pricing, coupled with technology innovation
(communication networks), could be employed to induce an
optimal response from consumers to adjust their demands in
order to improve the efficiency of electricity utilization [21],
[9], [20], [8]. However, due to the limited capabilities of

processing and computing systems over large-scale distributed
systems, the decision making process must be done in a
decentralized form [13]. Demand side management methods
generally require exchange of true information to be used
in the optimization problem. The main drawback is that in
the markets, in general, this information is private and the
customers may not be willing to reveal it. The key lies in
designing a mechanism where reporting information truthfully
be the best response for each user, and where the best selfish
decision would imply the maximization of the total welfare.

A hierarchical control strategy for the energy manage-
ment in a power network is proposed. Moreover, the goal
is to provide a direct participation mechanism to the user,
to increase renewable generators integration and to manage
energy efficiently and inexpensively [2], [13]. The proposed
approach takes advantage of communication and cooperation
between loads to establish a self-organizing system in which
it is possible to identify energy consumption activities as
clusters of loads with some similar characteristics. On the
other hand, evolutionary population dynamics are used to
distribute the customer’s energy between his set of activities.
The contributions of this paper can be summarized as follows:
(1) We propose an incentives function and an energy valuation
function for electricity customers with bi-dimensional private
information (user’s preferences); (2) We propose an energy
allocation strategy for smart loads as a cooperative game, and
exploit the properties of solution concepts to achieve a fair
distribution and allocative efficiency; (3) We define energy
consumption activities as coalitions of loads with a value that
represents their compactness and importance to the user. It
is achieved a load reduction that does not affect substantially
the user’s power consumption activities. The system model is
presented in Section II. Section III describes the modeling of
the economic mechanism. In Section IV, the energy allocation
problem for the customers activities is presented. Then, section
V describes the formulation of a cooperative coalitional game
as a tool for allocating the energy resource among a set of
loads, according to their marginal contribution to the develop-
ment of an activity. Section VI exposes simulation results and
discussion. Finally, conclusions are presented in Section VII.

II. SYSTEM MODEL AND PROBLEM FORMULATION

The system is composed of: (i) a consumers set N , each
one of these consumers owns a set of electric consumption
devices Ln where (n ∈ N ) with certain rated power ϕnl
(n ∈ N , l ∈ L); (ii) renewable energy sources; (iii) storage ele-
ments; and (iv) a demand aggregator. The electric consumption
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devices are assumed smart; therefore, they have processing
and computing abilities, and are capable of communicating
with the rest of the loads of the same customer via Internet.
The consumers have a possibility to establish the flexibility
level of each one of their loads (Fnl ) anytime. It is assumed
that the consumer’s flexibility level Fn is the average of
all its loads’ flexibility levels. For the hierarchical control
scheme (Fig. 1), in the upper level the i-th customer determine
their consumption level qi in response to the energy price p,
taking in account an incentive scheme [16], [4], [6], [11] that
seeks to maximize the global welfare and tries to modify
the consumption pattern of the customers. Each customer
i = 1, 2, ..., n has private information θi ∈ Θi called type.
There is an information exchange between customers such
as an auction, where customers try to communicate their
valuation of the energy reporting a level of flexibility and
a minimum consumption θ̂i = (F̂i, Q̂i); then, the outcome
assigns certain quantity of energy and a determined payment
(or incentive) to each user q = (q1, ..., qn) and I = (I1, ..., In)
respectively.

Fig. 1: Hierarchical scheme.

The objective functions of the rest of the customers is not
entirely known by an user; however, its functional form is com-
mon knowledge for all the customers. With the specification of
the parameters F and Q, the objective function is completely
determined. Those parameters specify the type of the customer.
Each type produces a unique objective function. Moreover,
each customer has a probability distribution for all possibles
values of types. At the customer level, there is a controller
that distributes the energy of the customer between his set
of activities (clusters of loads) using population evolutionary
dynamics [19]. Finally, at the lower level (load level) the
energy assigned to an activity is distributed between the
loads that compose it using cooperative games, specifically,
the Shapley value. An overview of the sequence is shown
in Algorithm 1. An aggregator is an entity who collects
consumers’ parameters and optimizes the management of the
collected information. The energy storage elements play an
important role in power supply and regulation, especially when

there are renewable energy sources [2], [3]. The balancing
market works as a sealed bid auction and its outcome involves
production adjustments and the balancing market price, it takes
place some minutes before energy delivering and constitutes
the last mechanism to achieve the balance between supply
and demand. It is assumed that the control system is applied
the day of operation, i.e., in the balance phase. Hence, the day
ahead market and generators operation restrictions and reserve
requirements are not taken in account.

Stage I
(a) Aggregator defines the available resources and

determines a signal price β for an horizon of time
Stage II

(a) Customers define F for their sets of smart-loads
(b) Local controllers receive a dynamic signal price β
(c) Local controllers exchange reported values of

Q and F
(d) Local controllers compute the optimal consumption

strategy qi
Stage III

(a) Smart-loads form coalitions that represents
energy consumption activities

(b) Energy assigned to a customer qi is
allocated in his set of activities

(c) Loads into each energy consumption activity
are ranked according to its Shapley value

(d) Energy is assigned to the loads according
to this ranking

Algorithm 1: Hierarchical scheme sequence

The storage (qs =
∑
k q

s
k) can be considered as another

user who is capable of supplying power. There is no minimal
reserve requirement; the storage evaluates its state of charge
(SoC) and optimizes locally the power quantity that should be
received or delivered, the objective function for the storage is

Usk(q) = vsk − qskps(||qsk||)− ck (1)

with the restriction: −Qsk ≤ qsk ≤ Qsk. vsk is the power
valuation of the k-th storage element and is a function of SoC,
vsk = g(1 − SoCk)[$]. The price of storing and delivering
q power units depends on the storage costs (charge and
discharge) for the chosen technology and the fixed costs (ck),
which in turn includes maintenance and operation costs, capital
costs, costs associated with the service life (allowed quantity
of charge and discharge cycles), etc.

The aggregator makes an economic dispatch of the genera-
tion resources after determining the energy quantities coming
from both the renewable plants (qr =

∑
γ q

r
γ) and the main

network (qg) which solve the following optimization problem:

min
∑
j

qjcjgen = min[
∑
γ

qrγp
r
γ(||qrγ ||1) + qgpg(||qg||1)︸ ︷︷ ︸

cgen

] (2)

The supply restrictions are: 0 ≤ qrγ ≤ Qrγ , 0 ≤ qg and the
power balance equation qg + qr = ||q||1 + qs.
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III. MECHANISM DESIGN

Customers are price anticipating users and they determine
their consumptions solving a decentralized optimization prob-
lem (maximizing their own payoff function Wi). An incentive
scheme rewards or penalizes the customer’s behavior through
an ex-post payment. In this work, a linear price function is
assumed p(‖q‖1) = α0 + β

∑
i qi [$/kWh], where qi is

the consumption level of the i-th customer, and α0 and β,
are time varying parameters that depends on the renewables
availability. The ‖q‖1 :=

∑n
i=1 qi is the total consumption.

The customer’s welfare function (Wi) constitutes the payoff
function for the i-th user.

Wi(θi, θ̂−i) = Ui + Ii = vi − qip(‖q‖1) + Ii (3)

where Ui[$] is the utility and Ii[$] is the incentives function
for the i-th customer. Wi depends on the i-th user type θi =
(Fi, Qi) and of the type reported by the other customers θ̂−i =

(θ̂1, ..., θ̂i−1, θ̂i+1, .., θ̂n) = (F̂−i, Q̂−i). The problem is that,
in general, customers are not willing to report their true values
[24], [11]. The user’s utility Ui represents the satisfaction level
obtained by the customer and is composed of two terms: the
first one, vi[$], is the valuation of energy; and the second
indicates the cost of his consumption. vi depends on the private
values Q

i
[kWh] and (Fi). The minimum consumption of i-th

user is established according to the level of flexibility of his
set of loads and their nominal power, Q

i
=
∑
h (1−Fh) qh.

Utility functions satisfy the following properties: (i) Ui is
non-decreasing; the marginal benefit is non negative, ∂U∂q ≥ 0.
(ii) Ui is concave, i.e., the marginal benefit is a non increasing
function, ∂2U

∂q2 ≤ 0. (iii) A lower flexibility level implies a
major utility, ∂U

∂F < 0. (iv) For zero consumption, the utility
is null U = 0,∀F . The valuation function has the following
form

vi(qi;Fi, Qi) = A (B −Fi)
{

1− exp

(
−
qi

Q
i

)}
(4)

where A and B, are constants and the valuation function is
completely specified by the values of Fi and Q

i
, qi being the

decision variable. Let θi be the customers’ private information
and θ−i = (θ1, ..., θi−1, θi+1, ..., θn). Each customer defines
his type θi = (Fi, Qi) and sends information about his type
θ̂i = (F̂i, Q̂i) to the other customers. θ̂j is the information
reported by the j-th customer. It is assumed that agents
are strategic in the sense that they are allowed to make an
unfaithful report (i.e., θ̂i 6= θi). A class of mechanism that is
dominant strategy incentive compatible and satisfies allocative
efficiency is the Vickrey-Clarke-Grooves (VCG) mechanism.
The payment structure of a VCG mechanism guarantees that
the welfare of one customer is maximized only if it reports its
true type value to the rest of the customers. The Groves pay-
ment (incentives) scheme has the form Ii =

∑
j 6=i Ui(q

∗, θ̂j)+

hi(θ̂−i), where hi : Θ−i → R is any arbitrary function. In the
Clarke mechanism, the function hi is given by the relation
hi(θ̂−i) = −

∑
j 6=i Ui(q

∗
−i, θ̂j)). In this case hi is defined

as hi(θ̂−i) = −
{∑

j 6=i vj(||q−i||)− (||q−i||)p(||q−i||)
}

. The
incentives function is therefore

Ii(θi, θ̂−i)︸ ︷︷ ︸
[$]

=


∑
j 6=i

vj(q\i(θi, θ̂−i))− ||q\i(θi, θ̂−i)||︸ ︷︷ ︸
[kWh]

p(||q\i(θi, θ̂−i)||)︸ ︷︷ ︸
[$/kWh]


−


∑
j 6=i

vj(q−i(θ̂−i))− ||q−i(θ̂−i)||︸ ︷︷ ︸
[kWh]

p(||q−i(θ̂−i)||)︸ ︷︷ ︸
[$/kWh]

 (5)

where, q\i is obtained by computing q∗ with all the agents
and then removing qi, and q−i is obtained by computing q∗

without the i-th player. The incentives correspond quantita-
tively to the effect of the customer over the social welfare
(
∑
iWi). Hence, the customers utility functions are aligned

with the social welfare.
Remark. This class of incentive follows the philosophy of a
VCG mechanism in the sense that it does not depend on the
i-th user’s consumption but it depends on the consumption of
the rest of the agents [14], [18]. The first term in the right
hand side of Eq. (5) use a consumption vector q calculated
taking i into account and then removes qi. The second term
of Eq. (5) use a q calculated ignoring to i.

Proof. The Groves payment (incentives) scheme has the form

Ii =
∑
j 6=i

Ui(q
∗, θ̂j) + hi(θ̂−i) (6)

where hi : Θ−i → R is any arbitrary function. In the Clarke
mechanism, the function hi is given by the relation

hi(θ̂−i) = −
∑
j 6=i

Ui(q
∗
−i, θ̂j)) (7)

In this case hi takes the form

hi(θ̂−i) = −

∑
j 6=i

vj(||q−i||)− (||q−i||)p(||q−i||)

 (8)

So the incentives function Eq. (6) is

Ii =
∑
j 6=i

Uj(q
∗
\i, θ̂j)−

∑
j 6=i

Ui(q
∗
−i, θ̂j))

Ii(q\i, q−i, θ̂−i) =
∑
j 6=i

Ui(q
∗
\i, θ̂j)−

∑
j 6=i

Ui(q
∗
−i, θ̂j))

Ii(q\i, q−i, θ̂−i) =
∑
j 6=i

vj(q
∗
\i(θi, θ̂−i))

− ||q∗\i(θi, θ̂−i)||p(||q
∗
\i(θi, θ̂−i)||)

−

∑
j 6=i

vj(q−i(θ̂−i))− ||q−i(θ̂−i)||p(||q−i(θ̂−i)||)

 (9)
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Proposition III.1. The mechanism with the incentives scheme
given by Eq. (5) is ”Dominant Strategy Incentive Compatible
(DSIC)” if truth telling is an equilibrium in dominant strate-
gies, i.e.,

Wi(q
∗
i , q−i) ≥Wi(qi, q−i)

⇐⇒
∑
i

Wi(q
∗
i , q−i) ≥

∑
i

Wi(qi, q−i) (10)

where q∗i is the optimal consumption strategy of the i-th
customer, q−i are the consumptions of all the customers except
the i-th customer, and qi is any other consumption strategy of
the i-th customer.

Proof. The necessary and sufficient condition for a social
choice function to be dominant strategy incentive compatible
is

Wi(θi, θ−i) ≥Wi(θ
′

i, θ−i) (11)

the welfare function is defined as in (3)

Wi(θi, θ−i) = vi(θi, θ−i)− qip(‖q‖1) + Ii(θi, θ−i)

replacing in (11) gives

vi(θi, θ−i)− qi(θi, θ−i)p(‖q(θi, θ−i)‖1)

+

∑
j 6=i

vj(θi, θ−i)− q(θi, θ−i)p(θi, θ−i)


−

∑
j 6=i

vj(θ̂i, θ−i)− q(θ̂i, θ−i)p(θ̂i, θ−i)


≥ vi(θ̂i, θ−i)− qi(θ̂i, θ−i)p(

∥∥∥q(θ̂i, θ−i)∥∥∥
1
)

+

∑
j 6=i

vj(θ̂i, θ−i)− q(θi, θ−i)p(θi, θ−i)


−

∑
j 6=i

vj(θ̂i, θ−i)− q(θ̂i, θ−i)p(θ̂i, θ−i)



vi(θi, θ−i)− qi(θi, θ−i)p(‖q(θi, θ−i)‖1)

+

∑
j 6=i

vj(θi, θ−i)− q(θi, θ−i)p(θi, θ−i)

 ≥
vi(θ̂i, θ−i)− qi(θ̂i, θ−i)p(

∥∥∥q(θ̂i, θ−i)∥∥∥
1
)

+

∑
j 6=i

vj(θ̂i, θ−i)− q(θi, θ−i)p(θi, θ−i)



− qi(θi, θ−i)p(‖q(θi, θ−i)‖1)

+
∑
j

vj(θi, θ−i)− q(θi, θ−i)p(θi, θ−i) ≥

− qi(θ̂i, θ−i)p(
∥∥∥q(θ̂i, θ−i)∥∥∥

1
)

+
∑
j

vj(θ̂i, θ−i)− q(θ̂i, θ−i)p(θi, θ−i)

∑
j

vj(θi, θ−i)− ||q(θi, θ−i)||p(θi, θ−i)

≥
∑
j

vj(θ̂i, θ−i)− ||q(θ̂i, θ−i)||p(θi, θ−i)

∑
j

Wj(θi, θ−i) ≥
∑
j

Wj(θ̂i, θ−i)

when each agent or customer truthfully report his type, the
total welfare function is maximized.

That is, total welfare is maximized if and only if for each
agent i (i = 1, 2, ...n), it is always a best response for
agent i to report his true type θi irrespective of what is
reported by the rest of the agents. Eq. (10) indicates that
if the i-th customer plays the strategy that maximizes Wi

and the rest of the customers play their best strategies, then∑
iWi is also maximized. To achieve the design goals, the

mechanism must fulfill: incentive compatibility, individual
rationality, and factibility [22]. Locally, each customer tries
to maximize Wi using his own type and the types reported by
the other customers, and obtains a vector of consumptions
q∗ = q1, ..., q

∗
i , ..., qn from which the customer takes the

consumption strategy given by q∗i . Once all the customers have
found their consumption strategy, it is possible to establish
the balancing price and the incentives for each of them. The
decentralized optimization problem involves to solve a set of
N equations with N unknown variables given by the first order
conditions ∂Wi

∂qi
= 0.

Proposition III.2. For the energy consumption game induced
by the mechanism with social choice function W =

∑
iWi,

exist a solution in dominant strategies and is unique.

If an uniform probability density function πi(Fi,Qi) is of
common knowledge in the set of customers, the response
function is obtained taking the expected value of the welfare
function E(Wi).

IV. CUSTOMER LEVEL ALLOCATION

The customer’s local controller must determine au-
tonomously the distribution of qi among its loads. It is assumed
that a load cluster represents a certain energy consumption
activity and that every cluster is characterized by a certain
average flexibility level F and a specific value vGC called
grand-coalitional value, which depends on the cooperation
among its loads and represents the importance of each activity.
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The optimal value of power allocated to each cluster is
determined by evolutionary population dynamics.
Assumption 1. The population is composed by energy units
and the population size for the i-th customer is the quantity
qi, hence the size of the population is very large.

Each energy unit is a selfish agent that receives a payoff
when it selects a determined strategy. The set of strategies S
is the set of clusters of activities that a customer has. The
payoff received by an energy unit when it selects a strategy is
called the fitness function.

Definition IV.1. A fitness function fi∈S : X → R is
a continuous mapping that allocates a payment vector to
each strategy. The fitness function of the i-th cluster is the
following:

fi =
(
1−F i

) (
κvGCi

)
(0.4− xi) (12)

where κ is a normalization factor and vGCi is the value of
the i-th grand-coalition, i.e., vGCi is a quantitative measure of
the level of cooperation between the loads that belongs to the
cluster.

Assumption 2. The agents (energy units) or individuals (in the
population context) are identical.

Definition IV.2. The population state x is defined as the
proportion of individuals choosing each strategy. x is a vector
with dimension equal to the number of strategies or clusters.

The set of population states is the following simplex: X ={
x ∈ Rm+ :

∑
i∈S xi = 1

}
. The scalar value xi represents the

energy proportion in the i-th cluster. The energy allocated
to the k-th cluster of the i-th customer is qi,k = qixk. The
evolutionary process is focused on pairwise interactions, where
agents (energy units) compare constantly their payoff with the
payoff received by any other agent, and change their strategy
for the other agent’s strategy if the latter’s payoff is greater.
It is assumed that the probability of an interaction between
two individuals is the same for any pair of individuals. The
review protocol βji = xi [fi − fj ]+ and the balance equation
ẋi =

∑
j βjixj − xi

∑
j βij are used. With

∑
k xk = 1,∑

j xjfj = f̄ = fp, the replicator dynamic can be obtained,

i.e, ẋi = 2xi

{
fi
∑
j xj − fp

}
= 2xi {fi − fp}.

Proof. Using the review protocol βji = xi [fi − fj ]+ in the
balance equation Eq. ẋi =

∑
j βjixj − xi

∑
j βij

ẋi =
∑
j

{
xi [fi − fj ]+

}
xj − xi

∑
j

{
xj [fj − fi]+

}

= 2xi

∑
j

xjfi −
∑
j

xjfj


with

∑
k xk = 1,

∑
j xjfj = f̄ = fp,

ẋi = 2xi

fi∑
j

xj − fp


= 2xi {fi − fp} (13)

ẋi = 2xi {fi − fp} (14)

V. LOAD LEVEL ALLOCATION

Cooperative game theory helps to determine quantitatively
the level of cooperation of each load in the cluster it belongs,
and provides an allocation rule regarding the execution of
the user’s activities according to the loads’ cooperation. A
coalitional game is defined as the pair (Ln, ν), where Ln =
{1, 2, 3, ...l} is the finite set of loads of n-th customer and
ν : 2n → R is a real valued characteristic function over the
family of subsets of Ln.

Definition V.1. An energy consumption activity is a set of
loads (Coalition) with similarity relations in: (i) operating
time; (ii) type of activity; and (iii) relative spatial Euclidean
distance. An activity is also called a cluster or coalition in the
cooperative coalitional game.

Definition V.2. A coalition S is a non empty subset of Ln.
When S = Ln, S is called the grand-coalition. ν determines
the value of the coalition and quantifies its payoff.

Definition V.3. The characteristic function ν for the coopera-
tive game is defined as

ν(Ωi,n,Ωj,n, ti,n, tj,n, ri,n, rj,n) = a1νt+a2νact+a3νd (15)

ν maps each player’s coalition S to a payoff that is propor-
tional to a linear combination of the operation time similarity
νt(ti,n, tj,n), type of activity similarity νact(Ω

i,n,Ωj,n), and
relative spatial similarity νd(ri,n, rj,n) [5]. The agent’s strat-
egy is to act jointly with others loads trying to maximize the
coalition value, seeking a greater energy assignment.

So the similarity measure is considered as the level of
cooperation. The characteristic function ν depends only on
the members of the coalition, no matter how the rest of the
loads are structured [17].

Definition V.4. νtime : R2 → R indicates the temporal
similarity degree and is given by:

νt(ti,n, tj,n) = C1

{(
ti,n

a1

)
exp (−τ1ti,n) +

(
tj,n

a2

)
exp (−τ2tj,n)

}
+ C2

{
−
(
sin
(
−π

4

)
ti,n + tj,n cos

(
−π

4

))2
2σ2

}
(16)

where (ti,n) is the relative operation time for the i-th load
of the n-th user, C1, C2, τ1, τ2, a1 and a2 are constants.
The rated power of the i-th load of the n-th user is denoted
as ϕni ∈ R≥0. The rated power of the n-th user is given by
ϕn =

∑
k ϕ

k
i .

Definition V.5. The type of activity vector for the j-th load
is defined as

Ωj = [ωjB , ω
j
I , ω

j
Q, ω

j
E , ω

j
A]
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ωji ∈ [0, 1], and indicates the grade of belonging to the type
i activity. Without loss of generality, it is assumed that an
activity can be classified in one or more of the following
types: 1) B: Basic; 2) I: Industrial; 3) Q: Quality; 4) E:
Extended; 5) A: Advanced. Ωj is row-stochastic, i.e, Ωj ·1 = 1,
where 1 = [1, 1, ..., 1]

′
. For example, the vector Ωj =[

1 0 0 0 0
]

indicates that the j-th load is destined for
basic activities only. The vector Ωj =

[
0 0 0 0.7 0.3

]
indicates that the j-th load is able to perform both type E
and A activities; however, it is more suitable for executing
extended (E) activities than advanced (A) ones.

Definition V.6. Given two activity type vectors, νact : R2 →
R indicates their activity type similarity degree.

νact(Ω
i,n,Ωj,n) =

∥∥Ωi,n + Ωj,n
∥∥

K
max

(
Ωi,n + Ωj,n

)
(17)

where K: number of non-null positions in the sum vector
(Ωi,n + Ωj,n).

The set of all activity types for a population of loads can
be represented in matrix form as

A =


Ω1

Ω2

...
Ωn

 =


ω1
B ω1

I · · · ω1
A

ω2
B ω2

I · · · ω2
A

...
...

. . .
...

ωnB ωnI · · · ωnA

 (18)

Definition V.7. The spatial similarity between a pair of loads
is related to the Euclidean distance from one to another.
It is assumed that loads are distributed in a local three-
dimensional space, with the origin of coordinates located
at some reference point inside the building. The distance
between a pair of loads located at ri = (xi, yi, zi) and
rj = (xj , yj , zj) respectively, is defined as the usual form
di,j = ‖ri − rj‖2 =

√
(xi − xj)2 + (yi − yj)2 + (zi − zj)2.

Then, the spatial similarity is given by νd : R2 → R.

νd(ri, rj) = C

(
1−
‖ri − rj‖2
dmax

)
(19)

where dmax is the maximum possible distance inside the
building in which the loads are located and C is a constant.

Definition V.8. For each pair of agents (loads) the utility
matrix Un, is defined as

Uni,j = νi,j − (νi,i + νj,j).

Un stablishes the profit obtained by a load acting in alliance
with each one of the others loads.

Definition V.9. The surplus matrix E corresponds to the
payoff difference between acting with other load and acting
alone. It is defined as

E := máx{0, Un}

E is symmetric and its diagonal is zero. E indicates the set
of loads with which the cooperation is profitable.

Coalition formation process is based on a set of local
interactions between agents (loads of a given user) through a
communication infrastructure. In a coalition formation game,
the set of possible coalitions has dimension equal to 2n

including the null coalition. It is a combinatorial problem
over the set of loads (players). The algorithm is shown in
Algorithm 2. By local computing, each load of the n-th
customer determines its own coalitional value; then, the load
computes the coalitional value from its interaction with each
load belonging the set Ln, selects the one that produces the
higher surplus and sends to this load a request to form a
coalition. If the selected load determines that this coalition
is good too, it replies with an affirmative response and the
coalition is formed. The new pair of loads act like an unique
load with new attributes and it searches again for feasible
new members. Each coalition defines an energy consumption
activity, so the coalition formation can be seen as an energy
consumption activity extraction process.

(1) Initialize parameters of each load
(2) Compute vi,i for i-th load
(3) for j=1:l

(a) Compute vi,j
(b) Compute Uni,j = νi,j − (νi,i + νj,j)
(c) Compute Eij

end for
(4) for i=1:l

Find j that maximizes Eij
if Eji ≥ Ejk for all k
(a) Send Request to j
(b) Make the coalition between i and j

li = {li, lj}
(c) Reduce the number of agents
(d) Compute the equivalent parameters
end if

end for
(5) repeat until Eij = 0 for all i,j
(6) Compute the Shapley value for each load
(7) Compute the energy allocation for each load qi,k
Output Initial coalitional structure

Algorithm 2: Coalition Formation Process

The Shapley value is a popular solution concept in coop-
erative game theory that provides a unique allocation to a set
of players in a coalitional game. Let Πs as usual denote the
collection of all permutation of loads inside a coalition S.
π ∈ Πn is any permutation. The Shapley value is defined as
φ(L, ν) =

(∑
π∈Πn

δπ
)
/s!. δπ is a vector that distribute the

coalition value in the set of loads having into account the order
in which the coalition is formed. The Shapley value faithfully
captures the marginal contributions of the players in decid-
ing the allocations. It value tries to capture how coalitional
competitive forces influence the possible outcomes of a game
and describes a reasonable or fair way of dividing the gains
from cooperation given the strategic realities captured by the
characteristic function.
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coalition Coalition value (v)

{l1} −→ 80
{l2} −→ 20
{l3} −→ 50
{l1, l2} −→ 130
{l1, l3} −→ 140
{l2, l3} −→ 100
{l1,l2, l3} −→ 160

TABLE I: Coalition sets and coalition values

π δ

l1 ← l2 ← l3 (80, 50, 30)
l1 ← l3 ← l2 (80, 70, 10)
l2 ← l1 ← l3 (110, 20, 30)
l2 ← l3 ← l1 (60, 20, 80)
l2 ← l3 ← l1 (110, 0, 50)
l2 ← l3 ← l1 (60, 50, 50)

φ (83.3, 35, 41.6)

TABLE II: Shapley value computing

Definition V.10. An allocation (x1, x2, ..., xn) is individually
rational if xi ≥ v ({i}).

Definition V.11. An allocation (x1, x2, ..., xn) is efficient if∑
n xi = v (N).

When one coalition does not have assigned enough power
to supply all their loads, only a portion of these will receive
energy supply. Then, the load must be ranked according to its
marginal contribution given by its Shapley value, and the loads
with low marginal contribution will not receive energy. This
way to assign power gives priority to the more useful loads
and allows to reduce the size of a coalition without knowing
its dimension. Consider for example a coalition composed
by three loads (l1,l2,l3), according to (15) the value of each
coalition is established, table (I)

The Shapley value is calculated from table (I) and the result
is shown in table (II). In the first column (table II) appear
all the possible permutations inside the coalition. For each
permutation, the vector δ is calculated using the values of the
coalition structure.

VI. SIMULATION RESULTS AND DISCUSSION

For a system composed by 10 customers, with A = 2000,
B = 2, α = 200 and i = 1, 2, 3, ..., 10 and private information
(Q

i
,Fi). 

Q
1

Q
2

Q
3

Q
4

Q
5

Q
6

Q
7

Q
8

Q
9

Q
10


=



1.0
0.5
2.6
1.8
3.8
0.9
2.0
1.3
0.3
1.0


,



F1

F2

F3

F4

F5

F6

F7

F8

F9

F10


=



0, 0
1, 0
0, 22
0, 4
0, 6
0, 78
0, 91
0, 23
0, 1
1, 0



Using the generation profile shown in Fig. 2a, the cases
exposed in Table III are analyzed.
β has a peak around 20:00 h which mean that at that time

a little increment in the consumption produce a significant

Case F̂1 Q̂
1

W1
Maximum

price [$/kWh]

1 F1 Q
1

66000 720

2 F1 5.0 25000 730
3 1.0 Q

1
10000 770

4 1.0 5.0 −30000 850

TABLE III: Alternative behavior of Customer 1.
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(d) Incentives profile, Player 1. Case 1,
player1 report true type; Case 2, player1 report
false type.

Fig. 2: 24-hours profile

increase in the energy price. The variation of the sensitivity
parameter β and price is shown in Fig. 2b. The lower price
is obtained for case 1, where customer 1 report his true
information θ̂1 = θ1. A deviation of only one customer affects
the price charged to all customers. The consumption profile
for customer 1 is the same for the four cases regardless
of report false values. The more affected customers are the
more flexibles (Customers 7 and 10) which increase their
consumption when customer 1 does not report truhtfully. The
total consumption profile is shown in Fig. 2c and differs more
among cases when β has a high value. When the sensitivity
parameter is low, the consumption are almost the same. The
evolution of the incentives along the day for player 1 in the
cases 1 and 2 of Table III is presented in Fig. 2d. When
Customer 1 reports false information, the incentives for all
the users are reduced and become negative in some cases. The
largest variation is reached when β is higher. Customers 2 and
9 get the lower incentives, their common characteristic is a low
value in Q. Finally, the total welfare (valuation plus incentives
minus cost) for each customer

∑24
k=1W

k
i is presented in Fig.

3a and 3b. Although the consumption level is almost equal for
all the analyzed cases, the users welfare is maximized when
users report values that coincide with his private values. The
utility components per player are valuation, cost, incentives
and payment. The cost for i-th customer is equal to qip(‖q‖1),
and the payment is the cost minus the incentives. Simulation
results are consistent with the fact that a slight shift in the
reported information caused an inefficiency in the system.
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Fig. 3: Monetary transfers and player’s welfare

A set of loads L are characterised by the parameters on
Table (IVa). The Shapley value and the grand-coalition value
are shown in Table (IVb).

Load tr [s] (r1, r2) [m] qnom [kWh]
l1 127 (15,8) 0.20
l2 1150 (4,16) 0.12
l3 1358 (19,7) 0.70
l4 985 (13,9) 0.36
l5 190 (17,15) 0.14
l6 1041 (3,17) 0.06
l7 159 (20,10) 0.24
l8 169 (18,12) 0.08

(a)

Cluster φ(L, ν) vGC

{l1, l5, l7} (7.5, 11.17, 17) 35.67
{l2, l3, l4} (18.5, 9.83, 8.33) 36.66
{l6} 13 13
{l8} 13 13

(b)

TABLE IV: (a) load’s description. (b) Shapley and grand-coalition values

The corresponding activity matrix as defined in (18) is

A =



0.5 0.5 0 0 0 0
0 0 0.75 0.25 0 0
0 0 0.5 0.25 0.25 0
0 0.5 0 0 0 0.5
0 0.5 0 0 0 0.5
0 0 0.5 0.25 0.25 0
0 0 0 0 0.5 0.5
0 0.25 0 0 0.5 0.25


(20)

The coalition formation process produces four clusters or
coalitions in the following order:

(l1 ← l5 ← l7)
(l3 ← l4 ← l2)

(l6)
(l8)

Equivalent parameters are shown in Table (V)

Cluster tr [s] (r1, r2) [m] qnom [kWh]
{l1, l5, l7} 158.75 (18,10.75) 0.58
{l2, l3, l4} 1160.8 (10,12) 1.18
{l6} 1041 (3,17) 0.06
{l8} 169 (18,12) 0.08

TABLE V: Equivalent parameters for each coalition

and the equivalent or reduced activity matrix is
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Fig. 4: (a) State evolution of 3 clusters with changes in the flexibility and
in the coalitional value. (b) Convergence of the fitness function after made
some perturbations in the clusters characteristics.

Ar =

 0.125 0.25 0 0 0.25 0.375
0 0.125 0.5 0.1875 0.0625 0.125
0 0 0.5 0.25 0.25 0
0 0.25 0 0 0.5 0.25

 (21)

Once the structure of the clusters is establish, the allocated
power to each cluster is determined as in Section IV, and
finally the loads that receive energy in each cluster are those
with a greater Shapley value. For a customer with three
activities (clusters of loads), with the following characteristicsvGC1

vGC2
vGC3

 =

120
124
90

 ,
F1

F2

F3

 =

 0, 2
0.22
0, 22


the evolution of the state is presented in Fig. 4a. The final

state of the normalized energy received by each cluster is
x = (0.41, 0.42, 0.18). There is a variation in the coalitional
value of the third cluster to vCG3 = 174 at minute 70 that
produces an equilibrium state in which cluster 3 receives
more energy.There is a perturbation in the flexibility level
F2 = 0.05 and F3 = 0.05 at minutes 150 and 210 respectively.
When the cluster are less flexible, it receives more energy
units. The convergence of the fitness is presented in Fig. 4b.
The evolutionary process reaches the equilibrium state when
the fitness function’s values are equal and the energy units
(individuals) receive the same payoff in any cluster, then there
is no reason to migrate to another cluster, i.e., ẋ is zero in the
equilibrium state.

VII. CONCLUSIONS

The incentives function defined in the economic mechanism
for the energy market allows to extract truthful information
about the valuation of energy that each customer makes when
they have a rational behavior. Moreover, the fact that users
are price anticipating implies more efficiency in the electricity
market because it is possible to achieve consumption levels
that minimize the overall cost of consuming a certain quan-
tity of energy. The active participation of the customers by
establishing their level of minimal consumption and flexibility
and providing true information makes that the demand profile
can be smoothed. In the ideal case, when all the customers
act rationally, the peak to average ratio in the demand profile
is reduced by 20% approximately. Population evolutionary
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dynamics represent an optimal way to allocate a resource,
since the allocation corresponds to the convergence state of
a system in which an energy units population constantly
evaluates the profit gained in a given cluster and may change
to another cluster when its profit is not the fittest. Load level
cooperation for each customer allows to extract and identify
the consumption activities in an autonomous way; at the same
time, it allows to extract the marginal contribution of each load
inside an activity. An environment with smart loads capable
of computing their marginal contribution in a distributed way
according to parameters specified previously by the user makes
possible that the system operates autonomously.
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