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Abstract
This article is devoted to the study of fractional order systems applied to chemical engineering. Fractional calculus is
a branch of calculus which extends typical integer order operations like differentiation and integration to the real line
and even the complex plane. Between applications developed using this tool there are two main areas of the engineering
interest: modelling transport phenomena and control theory. Fundamental theory related to transport phenomena at
the microescale is treated for complex media such as nanoparticle difusion in biological tissues, heat transfer in granular
media and reological characterization of water-in-oil (W/O) highly concentrated emulsions. Then, the focus is traspased
to the macroscale for the study of reactor dynamics under nonideal mixng and flow conditions. Finally, the controller
proposed by (Tavazoei and Haeri, 2008) is used in order to switch between fractional order dynamics of a mixed reactor.
Keywords: Fractional Calculus, Complex Media, Reactor Dynamics.
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1. Introduction
In recent years it has turned out that many problems
arriving from the phenomenological study of problems in
engineering, physics, chemistry, among other sciences can
be described by differential models in fractional order derivatives (Podlubny, 1999).
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Fractional calculus is a relatively old branch of mathematics which generalizes the standar derivative operation
introduced by Lebniz for integer orders to complex:
dn
dα
f
(t),
n
∈
N
→
f (t), α ∈ C
dtn
dtα

2. The Fractional Calculus
2.1. What is a fractional derivative?
Fractional derivation is the name given to differentiation of any arbitrary order in the complex plane, this is:

(1)

dα f (t)
,
dtα

The standard symbol to be used in this work for differentiation by an arbitrary
order (α ∈ C) of a function f (t) is
dα
Dtα instead of dt
α f (t). Also fractional orders to be used
are restricted to real numbers (α ∈ R). Taking fractional
integrals of arbitrary order is a problem already solved,
this is done by the computation of the Riemann-Liouville
fractional integral:
−α
0 Dt f (t)

=

α
0 It f (t)

=

1
Γ(α)

Z

0

t

f (τ )dτ
, α ∈ R+
(t − τ )1−α

d⌈α⌉
f (t)
dt⌈α⌉
Z t
1
f (⌈α⌉) (τ )dτ
=
Γ(⌈α⌉ − α) 0 (t − τ )1+α−⌈α⌉
, α ∈ R+

=

(7)

Despite the fact that fractional calculus accept arbitrary
orders of differentiation, the context of this article is exclusively devoted to real numbers. Terefore, integration is
just an specific case of this type of differentiation in which
α < 0.
It may be not clear how a derivative of half order may
be calculated at the first time, but fractional order opperations are not unusual at all. In a first approximation think
in the order two power of the number 2, this is 22 = 2 ∗ 2,
in the same way order three power is 23 = 2 ∗ 2 ∗ 2 and one
can continue for any integer number (including 0 in wich
the result is one and negative powers). The operation is
extended for rational numbers in the sense of razionalization, to real ones through the Taylor series of exponentials
and logarithms and finally to complex numbers using the
Euler formula, this is:

(2)

The fractional derivative to be used here was introduced by (Caputo, 1969). By Caputo’s definition, the fractional derivative is calculated using the Lagrange’s rule of
exponents for differential operators, this is:
α
0 Dt f (t)

α∈C

⌈α⌉−α
0 It

(3)

beginlinenumbers Using integration by parts, the Caputo
fractional derivatives can also be expressed like
Z t
f (τ )dτ
1
α
, α ∈ R+
(4)
D
f
(t)
=
0 t
Γ(−α) 0 (t − τ )α+1

2α

=

ex

=

ln x =

eα ln 2
∞
X
xn
n=0
Z x
1

(8)
(9)

n!

dt
t

(10)

For real numbers and

ez = ex+jy = ex (cos x + j sin y)
(11)
In fractional differential equations theory, a fractional orz = x + jy
(12)
der system is defined by the following expression (R. Caponetto
and Petras, 2010),
For complex numbers.
This is exactly the way fractional order differentiation must
α
+
n
0 Dt y = f(t, y), α ∈ R , y ∈ R , t ≤ t0 < ∞
be understanded, integer order is just the repetition of opf : [0, ∞) × Rn → Rn
(5)
erations. In the case of real and complex orders an equation must bee used (see Section 2.2).
On the other hand, multifractional order systems which
are the main topic of this work, are defined by:
2.2. How to calculate fractional derivatives?
αi
0 Dt yi

= fi (t, yi ), αi ∈ R+ , i ∈ N ∧ 1 ≤ i ≤ n

2.2.1. Riemann-Liouville fractional derivatives
From the definition of Riemann-Liouville (RL) fractional integral founded by Laurent and using Lagrange’s
rule for differential operators, is easy to develop an expresion for fractional order derivatives, this is:

(6)

In this work multifractional order systems of intrest in
chemical engineering are studied. A brief introduction to
the Fractional Calculus in given in Section 2. Next, te
attetion is centred on transport processes in complex media (Section 3). As follows, frational viscoelastic models
given by (Mainardi, 2010) are explained and applied in
the context of complex fluids. Two novel Residence Time
Distribution (RTD) models for chemical reactors are developed in Section 5. Then, the controlled proposed by
(Tavazoei and Haeri, 2008) is used for switching fractional
order dynamics of a nonisothermal chemical reactor. Finally, conclusions about the work are given in Section 7.

dn n−α
f (t)
(13)
aI
dtn t
Equation (13) is referred as the Riemann-Liouville fractional derivative, is the most comonly used expresion for
computing fractional derivatives, also coincides with results from the Grunwald-Letnikov fractional operator (See
Section 2.2.2). Is important to remark that the parameter
n in this equation is the higher integer nearest to α.
α
a Dt f (t)

2

=

From the last equation it colud be noted that all the definitions for fractional derivatives coincide both in the limit
when α approaches n and when the lower limit a trends
to −∞.

2.2.2. Grunwald-Letnikov (GL) fractional derivatives
It also exists another way for computing classical fractional derivatives, the definition introduced by Grunwald
in 1964 makes the approach from the definition of limit
from which integer order derivatives are usually defined.
Some skills of the derivation made by Grunwald are included as follows.
f (t + h) − f (t)
h→0
h

f ′ (t) = lim

The decision of using a given definition remains to the
problem statement itself, as it will be seen in Section 3,
the Time Fractional Diffusion Equation (TFDE) specifies
a Caputo fractional derivative for time derivation. Also,
when it is neccesary to use RL definition in a given problem, one can change this classical operator by Caputo one
applying equation (20).

(14)

f (t + 2h) − 2f (t + h) + f (t)
(15)
h2
f (t + 2h) − 3f (t + 2h) + 3f (t + h) − f (t)
f ′′′ (t) = lim
h→0
h3
(16)
 
n
X
k n
f (t − kh)
(−1)
k
k=0
(n)
f (t) = lim
(17)
h→0
hn
 
n
X
α
f (t − kh)
(−1)k
k
k=0
α
(18)
a Dt f (t) = lim
h→0
hα
As it was stated in section 2.2.1, the GL definition coincides with the RL one which is developed from the integral
representation of derivatives.
f ′′ (t) = lim

h→0

2.3. Integral transforms of fractional derivatives
Solving ordinary and partial differential equation requires a methods which lies with complicated notation and
definition of fractional calculus. Fortunatly, integral transforms have an special property for an operation which all
fractional operators have in common, the convolution. The
Laplace transform of a convolution is given by:
L {(f ∗ g)(t)} = F (s)G(s)
Where,
F (s) = L {f (t)} =
And,

2.2.3. Caputo fractional derivatives
There is another definition for fractional order derivatives, in 1990 M. Caputo introduced a definition which
includes his name while studying the viscoelastic behavior of intermediate processes. Caputo fractional derivative
is computed using integration by parts over the classical
definition. This operator for derivatives is also consistent
with the integral approach developed by Laurent. Below,
the expression finded by Caputo is shown,
Z t
f (n) (τ )dτ
1
C α
(19)
a Dt f (t) =
Γ(n − α) a (t − τ )α−n+1

(f ∗ g)(t) =

n−1
X
k=0

(t − a)k−α f (k) (a)
Γ(k − α + 1)

0

∞

e−st f (t)dt

(22)

0

t

f (t − τ )g(τ )dτ

(23)

L {0 Itα f (t)} = s−α F (s)

(24)

Using the convolution property, it tis also posible to obatain
the Laplace transform of Caputo fractional derivative, this
is:
α
α
L {C
0 Dt f (t); s} = s F (s) −

n−1
X

sα−k−1 f (k) (0)

(25)

k=0

In the frequency domain equation (25), shows the possibility of solving initial value problems with Caputo definition without having inital conditions for fractional order
derivatives. In contrast, the Laplace transform of the corresponding RL fractional operator is:
L {0 Dtα f (t); s} = sα F (s) −

2.2.4. Relation between fractional operators
Once it is known that GL and RL deifnitions are equivalent (Podlubny, 1999), it remains to obtain a relation to
Caputo’s definition. Using integration by parts over equation (13),
= a Dtα f (t) +

Z

Z

Therefore, the Laplace transform of RL fractional integral
is obtained from:

As it will be shown later, in contrast to RL definition, while
solving initial value problems with the aid of Caputo definition is not neccesary to specify fractional order initial
conditions, but integer ones, one of the main reasons as
to why most applications in engineering are based on the
Caputo definition. Particulary in this work the Caputo
fractional derivative will be the oficial expresion to be employed, until aditional specifications it must be assumed
that Caputo is used.

C α
a Dt f (t)

(21)

n−1
X
k=0

sk

α−k−1
f (t) t=0
0 Dt





(26)
Here is obvious the neccesity of defining fractional order
initial conditions, its important to remark that when working with RL fractional derivatives, A derivative will never
be zero. Now, in what follows from this point the notations ∂ α /∂tα is equivalent to Dtα and they both refer to
the Caputo fractional derivative with lower limit equal to
zero 0 Dtα .

(20)
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3. Transport Phenomena in Complex Media
The mathematical modeling of transport phenomena
is of great interest in areas such as engineering, physics,
biology, chemistry, medicine and many others (Podlubny,
1999; Oldham and Spanier, 1974; Petras, 2011; Metzler
and Klafter, 2010; Miller and Ross, 1993; Nigmatullin,
1986; Schneider and Wyss, 1989). The regular theoretical procedure in order to describe these phenomena is
solving analytically –when ever possible– the standard diffusion equations; nevertheless, when transport processes
are occurring in complex media where anomalous diffusion (Barkai, 2002a; Magin, 2010; Dieterich et al., 2008;
S.Liu et al., 2012) might take place, standard solutions
are no longer appropriate to describe the dynamics within
those systems. Such behavior is due mainly to the fact that
complex systems usually no longer follow Gaussian statistics, and therefore Fick’s second law for mass or Fourier
law for heat transport fail to describe the dynamics (analogous to the linear viscoelasticity theory). In the last
decade, a number of approaches have been developed whose
purpose is describing transport dynamics in complex systems beyond the classical Brownian motion. In particular, transport equations containing fractional derivatives
have been aptly explored as suitable mathematical models for describing phenomena of anomalous diffusion and
transport dynamics in complex media. For comprehensive
reviews, we refer the reader to Metzler and Klafter (Metzler and Klafter, 2000, 2004), Zaslavsky (Zaslavsky, 2002),
Barkai (Barkai, 2002b) and the references there in. Several approaches can lead to evolution equations with fractional derivatives, for example, the generalized Langevin
equation(Tateishi et al., 2012), fractional Brownian motion (Magdziarz et al., 2009), fractional Langevin equation (Eab and Lim, 2011), Continuous Time Random Walks
(CTRW) (Barkai, 2002b) and corresponding fractional Fokker
Planck equation (Górska et al., 2012). In many cases, the
origin of anomalous diffusion in a given system is unknown
and it is not always clear which model of those mentioned
above applies to a particular system, an information which
is essential when diffusion controlled processes are considered. Therefore, determining a suitable mathematical
model for describing anomalous transport is an important
problem and a current topic of research.
Recently, the use of fractional calculus has emerged as
a valuable mathematical tool that can be applied in the
solution of problems involving anomalous transport phenomena, this approach allows for analytical models with
better accuracy (Klages et al., 2008; Nigmatullin, 1986;
Dieterich et al., 2008; Scherer et al., 2008; Tomovski et al.,
2010, 2012). The main advantage of the fractional calculus
approach is that fractional derivatives provide an excellent
and intuitive way of incorporating memory and relaxation
properties of various materials and processes. The time–
fractional diffusion equation (TFDE) describes a diffusion
processes where the Mean Square Displacement (MSD) follows none–Gaussian statistics with a subdiffusive (α < 1)
4

or superdiffusive (α > 1) regime characterized by a power
law evolution of the MSD in time (< x2 >∼ tα ). In contrast to classical Brownian motion where the MSD evolves
as a linear function of time (< x2 >∼ t). Therefore,
by time fractional diffusion equation we mean an evolution equation obtained from the standard linear diffusion equation by replacing the first–order time derivative
with a fractional–time derivative of order α. The complementary space–fractional diffusion equation obtained by
replacing the second order space–derivative in the diffusion equation has also been considered in the literature
(see for example Ref. (Gorenflo and Mainardi, 1998) and
references therein). The more general case of the space–
time fractional diffusion equations with a generalized R–
L (Riemann–Liouville) time fractional derivative of order
0 < α < 1 and type 0 ≤ ν ≤ 1 (defined as a composite fractional derivative) and Riesz–Feller space fractional
derivative of order 0 < β ≤ 2 has been recently considered
by Tomovski et al. (Tomovski et al., 2012).
The time fractional diffusion equation is given as follows,
∂αu
= λ2 ∇2 u(x, t), x ∈ D ⊂ R3 , t ≥ 0, 0 < α ≤ 2
∂tα

(27)

Solutions to the time fractional diffusion equation have
been reported using both numerical and analytical approximations. In the numerical case, fractional derivatives can be computed using quadrature rules following
for example the approach put forward by Diethelm et al.
(Diethelm et al., 2005) as well as approaches based on
the classical Grünwald–Letnikov’s definition (Podlubny,
1999; Scherer et al., 2008). Analytical solutions, on the
other hand, have been proposed by several reaserchers using different approaches. Mainardi (Mainardi, 1994) and
Mainardi and Pagnini (Mainardi and Pagnini, 2003) using common integral transform techniques (i.e. a combination of Laplace and Fourier transforms method), has
studied different aspects of the boundary–value problems
for the time–fractional diffusion equation and their applications, similar studies have been conducted by Podlubny (Podlubny, 1999) and both theoretically by Kosztolowicz (Kosztolowicz, 2004) and experimentally by Kosztolowicz et al. (Kosztolowicz et al., 2005); nevertheless
those solutions are based on a generalization of the exponential function called the M–Wright function (Mainardi
et al., 2010) whose numerical evaluation is not an easy task
as has been shown in the literature by Luzcho (Luzcho,
2008)). However, as shown by Mainardi et al. (Mainardi
et al., 2010) the M–Wright function is related to the Mittag–
Lefler function –another generalization of the exponential
function– through the Laplace transform for which numerical routines have been provided and are much easier to calculate. In this work, we present a methodology that uses
Sturm–Liouville type series including the Mittag-Leffler
function (See Appendix A). Our method gives the fundamental solution for subdiffusive equations in the form of
series of the Mittag-Leffler functions which is convenient

At this point the reader must identify the Fick’s law as
an specific case of the STFDE in which α = 1 and β = 2,
then is implicit the supposition of a linear evolution of the
MSD with time, that is x2 ∝ t. Despite the fact that
power law evolution is not the only way for this behaviour,
it is more general than linear (Other trends will be analysed later). The concept of a fractional reality used in this
work applies for all those dependences which do not obey
a linear tendency, particulary granular media presents a
incredibly anomalous behaviour (Reis et al., 2007).

for numerical calculations.
The methodology described in this paper to solve the
time fractional diffusion equation is of great interest not
only for practical applications in different areas (e.g. chemical reaction in complex media, drug release in human
tissue, rheology of complex solutions, quantum mechanics, heat conduction in granular media), it also provides a
powerful technique for an easy solution of linear fractional
PDEs and allows for the comparison with classical models. Given the basic nature of the diffusion problems (e.g.,
heat and mass), this communication limits itself to a general and non–specific derivation of the solutions and the
application of one such solutions to one specific problem.
However, the range of possible applications and uses of the
approach outlined here is potentially broad.
In Section 3.1, the guide to the Spatial-Time Fractional
Diffusion Equation (STFDE) is given based on the Continious Time Random Walks theory (CTRW). Then, in section 3.2, a short introduction to the GITT applied to classical partial differential equation (PDE) is given. In Section
3.3 the application of the GITT to the time–fractional diffusion equation is explained, responses to impulse and step
excitations are also shown graphically for both cartesian
and curvilinear coordinate systems.

3.2. The Generalized Intregral Transform Method
The use of the GITT for solving integer order PDEs
have been explored in previously published works (Cotta,
1993; Guerrero et al., 2009; Knupp et al., 2012). This
approach is based on an extension of the classical integral
transform method extensively explored by Mikhalov and
Özişick (Mikhalov and ´’Ozişick, 1984) for heat and mass
diffusion and by Carslaw and Jaeger (Carslaw and Jaeger,
1959) in the context of heat conduction in solids.
In this section, the technique is explained for a simple
boundary value problem (BVP) on classical partial differential equations. In order to successfully apply the GITT,
the following steps are required (Guerrero et al., 2009):

3.1. Continious Time Random Walks (CSTRW) guide to
the Spatial-Time Fractional Diffusion Equation (STDFE)
As a starting point for the transcription of a physical world into a mathematical one, the Continuous Time
Random Walk (CTRW) theory will be adopted, CTRWs
are described in terms of a waiting time probability density function (PDF) ψ(t), and a jump length PDF f (x)
(Barkai, 2002a). Thus, the PDF of finding the random
walker at position x at time t is given by


Z t
p(x, t) = δ(x) 1 −
ψ(τ )dτ

1. Homogenize the boundary conditions.
2. Choose an appropriate associated boundary value
problem and find eigenvalues, eigenfunctions, orthogonality theorem and norm.
3. Define an appropriate integral transform by the orthogonality theorem and its corresponding inverse
formula.
4. Apply the transform over the original PDE and solve
the resulting ordinary differential equation (ODE) or
algebraic equation.
5. Invert the transform to find the final solution.

0

+

Z

0

t

ψ(t − τ )

Z

The problem to be analysed is represented by:

∞

−∞

f (x − ǫ)p(ǫ, t)dǫdτ (28)

∂u(x, t)
∂ 2 u(x, t)
,
= λ2
∂t
∂x2

By taking the Laplace-Fourier transform of this equation.
P̂ (ω, s) =

1
1 − Ψ(s)
s
1 − F (ω)Ψ(s)

u(x, 0) = f (x)

Now if the mean square displacement (MSD) x2 evolution with time is given by a power law (the same for
position), it can be shown that (Hernandes et al., 2009).
(30)

f (x) ∼ x−(1+β)

(31)

2

=λ

β
−∞ Dx p(x, t)

(34)

∂u(L, t)
∂u(0, t)
=
=0
(35)
∂x
∂x
As can be noted, boundary conditions are already homogeneous in this example. The second step requires to
specify and associated BVP, for this case:

And finally, identifying fractional derivatives transforms
on equation (29), it reduces to the so–called spatial–time
fractional diffusion equation (STFDE).
C α
a Dt p(x, t)

(33)

with the following initial and boundary conditions to complete the numerical formulation of the problem:

(29)

ψ(t) ∼ t−(1+α)

0 ≤ x ≤ L, t ≥ 0

(32)
5

d2 ψ(x)
+ µ2 ψ(x) = 0
dx2

(36)

dψ(L)
dψ(0)
=
=0
dx
dx

(37)

3.3. Application to the TFDE
As might be expected, the inconvenient of applying
the technique on a TFDE is the solution of the resulting fractional ordinary differential (ODEα ) equation after transformation, a problem that can be cumbersome as
has been previously shown by Podlubny (Podlubny, 1999).
Here, we will provide solutions for impulse and step perturbations on cartesian and curvilinear coordinate systems
using Laplace transforms.

This is a Sturm-Liouville type system (for more information see Ref. (Myint-U and Debnath, 2006)), which general
solution is given by:
ψ(x) = C1 cos(µx) + C2 sin(µx)

(38)

By application of the boundary conditions, one can
identify eigenvalues µi given as solutions to the equation
cos(µL) = 0, with corresponding eigenfunctions, ψi (x) =
cos(µi x). It is also important to notice that there is another eigenvalue µ0 = 0 whose corresponding eigenfunction is ψ0 (x) = 1. Using Sturm-Liouville well known theory (see (Myint-U and Debnath, 2006)), the corresponding
orthogonality theorem will be:
hψi (x), ψj (x)i =

Z

L

0

ψi (x)ψj (x)dx = δij Ni2

3.3.1. Cartesian Coordinate Systems
The TFDE in cartesian coordinate systems for homogeneus boundary conditions of the Dirichlet type is given
by:

(39)

2
∂ α u(x, t)
2 ∂ u(x, t)
=
λ
, 0 ≤ x ≤ L, t ≥ 0, 0 < α ≤ 2
∂tα
∂x2
(47)
with the following initial and boundary conditions:

(40)

u(x, 0) = f (x)

where Ni is the norm, in this case given by:
Ni2 =

Z

0

L

ψi2 (x)dx =

L
2

∂u(L, t)
∂u(0, t)
=
=0
(49)
∂x
∂x
For superdiffusive processes where α > 1, an initial
condition for the first order time derivative is needed, in
this paper it will be assumed to be zero. The associated
boundary value problem in this case is the same to that
for the example in Section ?? as well as the eigenvalues,
eigenfunctions, the orthogonality theorem and norm. Application of the transform to the TFDE (Eq. 47) hence,
will turn it into an ODEα initial value problem:

The third step calls for the definition of the integral transform, which is formulated as:
ûi (t) = F {u(x, t)} = hu(x, t), ψi (x)i

(41)

In general, the inverse transform can be found by the
following formula,
u(x, t) = F −1 {ûi (t)} =

∞
X

ûi (t)

i=0

ψi (x)
Ni2

(48)

(42)

The next step involves the application of the transform
to the original PDE (Eq. 33). The application of the integral transform (Eq. 41) generates the following ODE initial
value problem,

dα ûi (t)
+ µ2i λ2 ûi (t) = 0
dtα

(50)

ûi (0) = fˆi

(51)

dûi (t)
+ µ2i λ2 ûi (t) = 0
dt

(43)

Application of the Laplace transform yields an algebraic
equation of the form:

ûi (0) = F {f (x)} = fˆi

(44)

sα Ûi (s) − sα−1 fˆi + µ2i λ2 Ûi (s) = 0

(52)

where Ûi (s) = L {ûi (t)}. Solving for Ûi (s) provides,

whose solution is:
ûi (t) = fˆi exp −µ2i λ2 t



(45)

Ûi (s) = fˆi

Finally the solution appears in the last step (application of the inversion formula, Eq. 42),

sα−1
+ µ2i λ2

(53)

Taking the inverse Laplace transform of Eq. 53, we obtain,
ûi (t) = fˆi Eα,1 −µ2i λ2 tα

∞


2Xˆ
fi exp −µ2i λ2 t ψi (x)
u(x, t) =
L i=0

sα

(46)



(54)

Eα,1 represents the two parameters Mittag-Leffler function
(see Appendix A). The solution to the original field is
finally obtained by inversion of the transform, which is
achieved by operating on Eq. 54 using the definition in
Eq. 42:

The expression in Eq. 46 that provides analytical solution
to the original field u(x, t).

∞

u(x, t) =
6


2Xˆ
fi Eα,1 −µ2i λ2 tα ψi (x)
L i=0

(55)
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Figure 1: Impulse response fˆi = cos µi2L
systems for different fractional derivative orders at a fixed dimensionless time of t = 0.3.
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u(r, 0) = f (r)
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(57)

∂u(0, t)
∂u(R, t)
=
=0
(58)
∂r
∂r
The associated BVP problem case is the Bessel zero order
equation for the same boundary value conditions, that is:


d
dψ(r)
r
+ µ2 rψ(r) = 0
(59)
dr
dr
dψ(0)
dψ(R)
=
=0
(60)
dr
dr
The eigenvalues µi for this Sturm-Liouville type system
are given as solutions of equation J1 (µR) = 0. The corresponding eigenfunctions are ψi (r) = J0 (µi r), orthogonality theorem derived from Sturm-Liouville theory is then
obtained as:
Z R
hψi (r), ψj (r)i =
ψi (r)ψj (r)rdr = δij Ni2
(61)

3.3.2. Curvilinear Coordinate Systems
Active compounds diffusion through biological tissues
is an usual case of anomalous diffusion in curvilinear coordinate systems (Hernandez et al., 2009). In this section
solutions are deduced for both cylindrical and spherical
coordinate systems for symmetric type transport.

0

where, Ni is the norm, in this case given by:
R

R2
J0 (µi R)
(62)
2
0
Therefore, the transform derived for this problem is:
Z R
ûi (t) = H {u(r, t)} =
u(r, t)ψi (r)rdr
(63)
Ni2 =

Cylindrical Coordinates
The TFDE in cylindrical coordinates for mixed type homogeneous boundary conditions is given by:

0 ≤ r ≤ R, t ≥ 0, 0 < α ≤ 2

0.5

oi
n

h
in carteFigure 2: Step response fˆi = µ1 sin(µi L) − sin µ2i L
i
sian coordinate systems for different fractional derivative orders at a
fixed dimensionless time of t = 0.3.

Where fˆi , µi and ψi (x) are the excitation transform (See
Appendix B), the eigenvalues and eigenfunctions previously given at Section ?? for the actual problem boundary
conditions.
Plots of the solutions provided by Eq. 55 for impulse
(e.g., Tracer injection) and step (e.g.,Diffusion through
membranes) excitations are shown in Figures 1 and 2, respectively, diffusivity are set to the unity (λ2 = 1) and
characteristic length for these examples is three (L = 3).
The behaviour is illustrated both for subdiffusive (α < 1),
fickean (α = 1) and superdiffusive (α > 1) type processes.
For the F - transform of the impulse function see Eq. B.2.
Both the pulse and step responses in Figures 1 and 2 are
in agreement with other published results in the literature (?Mainardi and Pagnini, 2003; Mainardi et al., 2010).



∂u(r, t)
∂ α u(r, t)
21 ∂
r
,
=λ
∂tα
r ∂r
∂r

0

Z

ψi2 (r)rdr =

0

Application of Eq. 63 over the original PDE (Eq. 56)
and its initial condition turns it into:

(56)

dα ûi (t)
+ µ2i λ2 ûi (t) = 0
dtα

with the following initial and boundary conditions:
7

(64)

ûi (0) = fˆi

(65)

2

By the same procedure implemented in the previous
section, the final solution can be identified to be:

1.8

α=1.2

1.6

α=1.0
α=0.8

1.4

(66)

1.2
U(x,t)

∞
 J0 (µi r)
2 Xˆ
fi Eα,1 −µ2i λ2 tα
u(r, t) = 2
R i=0
J0 (µi R)

Where fˆi and µi are the excitation transform (See Appendix B) and the eigenvalues are the roots of first order
bessel function of the first kind for the actual problem
boundary conditions.
Plot of the solution provided by Eq. 66 for impulse response (e.g., Tracer injection in a blood vein) is shown
in Figure 3, respectively, diffusivity are set to the unity
(λ2 = 1) and characteristic length for these examples is
one (R = 1). The behaviour is illustrated both for subdiffusive (α < 1), fickean (α = 1) and superdiffusive (α > 1)
type processes. For the F -transform of the impulse function see Eq. B.3.

0.8
0.6
0.4
0.2
0





ûi (t) = F {u(ρ, t)} =

∂u(0, t)
= u(R, t) = 0
∂ρ

(68)
u(ρ, t) =
(69)

(71)

The eigenvalues µi for this boundary value problem are
hence solutions to the equation, sin (µR) = 0, and the
corresponding eigenfunctions will be ψi (ρ) = ρ1 sin (µi ρ).
Orthogonality theorem derived from Sturm-Liouville theory is:

hψi (ρ), ψj (ρ)i =

Z

R
0

ψi (ρ)ψj (ρ)ρ2 dρ = δij Ni2

1

Z

R

u(ρ, t)ψi (ρ)ρ2 dρ

(74)

0

∞
 sin (µi ρ)
2 Xˆ
fi Eα,1 −µ2i λ2 tα
R i=0
ρ

(75)

(72)
4. Fractional Order Viscoelasticity

where Ni is the norm, in this specific case given by:
Ni2 =

0.2 0.4 0.6 0.8

Where fˆi and µi are the excitation transform (See Appendix B) and the eigenvalues are the roots of the equation
sin(µi R) = 0 for the actual problem boundary conditions.
For definitions of the impulse function in curvilinear
coordinates systems and its transforms see Eq. B.4.
It is possible to consider other forms for Equations 56
and 67, leading to different and more complex diffusive
processes which in the end may be related to different diffusive regimes (Klages et al., 2008; Tomovski et al., 2010,
2012; Kilbas et al., 2005). It is also important to note
that Eq. 55, Eq. 66 and Eq. 75 can also be recast in terms
of the M–Wright function (Mainardi and Pagnini, 2003;
Mainardi et al., 2010) or the more general H–Fox functions (Mainardi et al., 2005).

The associated boundary value problem for this case is
given by:


d
2 dψ(ρ)
ρ
+ µ2 ρ2 ψ(ρ) = 0
(70)
dρ
dρ
dψ(0)
= ψ(R) = 0
dρ

0
X

and by the applying the same algorithms used for the previous examples; the final explicit solution for the original
field u(ρ, t) will be:

(67)

with the initial and boundary conditions, given by:
u(ρ, 0) = f (ρ)

-0.8 -0.6 -0.4 -0.2

The transform that obeys the orthogonality theorem in
Eq. 72 is:

∂u(ρ, t)
1 ∂
∂ u(ρ, t)
ρ2
,
= λ2 2
α
∂t
ρ ∂ρ
∂ρ
0 ≤ ρ ≤ R, t ≥ 0, 0 < α ≤ 2

-1

h
i
Figure 3: Impulse response fˆi = π2 in cylindrical coordinate systems for different fractional derivative orders at a dimensionless
t = 0.05. The profiles correspond to solutions of Equation 66

Spherical Coordinates
In the case of spherical coordinate system, the time fractional diffusion equation takes the following form,
α

1

Z

0

R

R
ψi2 (ρ)ρ2 dρ =
2

Emulsions are colloidal systems in which droplets of a
liquid are dispersed in a second immiscible liquid. They
are widely used in several industrial applications: cosmetics, food, pharmacy, coatings, agrochemical, oil recovery

(73)
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and the so-called liquid explosives (Dimitrova and LealCalderon, 2004; Pal, 2006; Tadros, 2004; Dimitrova and
Leal-Calderon, 2001; Masalova et al., 2011; Masalova and
Malkin, 2008). These colloids are a non-equilibrium system, which means that they are kinetically and thermodynamically unstable and consequently a surfactant that
stabilizes the droplets by ensuring a short range repulsive
interaction at the interface is needed for their formation
(Datta et al., 2011; Dimitrova and Leal-Calderon, 1999).
Highly concentrated emulsions also known as high internal phase ratio emulsions are of special interest because
of the complexity of their rheological behavior caused by
the deformation of the droplets (Pal, 2006). In addition
to such tightly packed configuration, the significant and
permanent hydrodynamic interaction between neighboring
droplets induces mechanical interference between them,
thus prohibiting their free displacement and therefore inducing a sort of “caging” phenomena.
Rheology of complex media, which is concerned with
how materials flow and deform under an imposed stress, is
by far the most used tool for emulsion characterization because of its versatility and because of the paramount information that can be obtained through different tests. Typical rheological tests include steady state measurements
to obtain the viscosity of the fluid as a function of the
shear rate (Pal, 1998a), oscillatory tests, which measure
the frequency-dependent linear viscoelastic relationship between strain and stress, to obtain the elastic and viscous
moduli (G′ and G′′ ) (Mason et al., 1997; Pal, 1998b; Alvarez et al., 2010; Malkin et al., 2004) and creep experiments to obtain the compliance modulus (J) as function
of time (Macosko, 1994).
All these tests are possible because when the so called
soft materials (i.e emulsions) are deformed, their microstructure stores and dissipates energy in a time-dependent manner thus exhibiting memory (Squires and Mason, 2010).
This allows the study of both responses, that is, the elastic response, which represents the solid-like behavior of
the fluid and the viscous response, which represents the
liquid-like behavior of the system. This is referred to as
viscoelasticity and accurate methods for its study are required to be able to adequately quantify the phenomena
(Waigh, 2005).
In the specific case of rheology, applying the hypothesis
of causality and invariance for time translation (Mainardi,
2010), one can demonstrate the so-called “Constitutive
Models”:
Z t
σ(t) =
G(t − τ ) dǫ(τ )
(76)

In this study we have adopted the definition proposed
by Caputo for the time derivative, which is a regularization of the lower limit in the Riemann-Liouville definition.
This definition was introduced by Caputo (Caputo, 1969)
and adopted by him and Mainardi (Mainardi, 2010) in the
framework of linear viscoelasticity. The Caputo fractional
derivative is more restrictive than the Riemann-Liovulle
fractional derivative in that the derivative of order n is
required to exist and be Laplace transformable; the interested reader is referred to Gorenflo and Mainardi (Gorenflo
and Mainardi, 1997) and Podlubny (Podlubny, 1999) for
further details. The main utility of Caputo’s definition
for treating physical and engineering problems resides in
the fact that standard initial conditions can be handled
in a straightforward manner (i.e., expressed in terms of
integer-order derivatives).
First, this paper will introduce to the classical mechanical models, identifying for them, important relations such
as the compliance, the relaxation modulus, and dynamic
functions. Then, the fractional models are presented based
on the Scott-Blair element (Podlubny, 1999), for these
models, material and dynamic functions are derived too.
Finally, in the context of highly complex systems such as
concentrated inverse emulsions, these fractional models are
tested as fitting tools.
4.1. Classical Mechanical Models
Classical mechanical models for viscoelastic materials
are derived from parallel and series combination of the
Hookean (elastic) solid and the Newtonian (viscous) fluid.
The pure elastic material following the Hooke’s behaves
with a deformation proportional to the applied stress.
σ(t) = mǫ(t)
1
m
G(t) = m

J(t) =

∗

G (ω) = m

ǫ(t) =

σ(t) = b1 ǫ̇(t)
J(t) =

J(t − τ ) dσ(τ )

1
b1

G(t) = b1 δ(t)

t

−∞

(79)
(80)
(81)

On the other hand, viscous linear fluids obeys the Newton’s viscosity law in which the shear rate is directly proportional to the applied stress. Fluids dissipates energy,
solids storages energy,

−∞

Z

(78)

∗

G (ω) = jωb1

(77)

(82)
(83)
(84)
(85)

In a viscoelastic material (which behaves both like a
solid and a fluid), if we assume that these responses occur at the same time, this is, a parallel arrange between
Hookean and Newtonian elements, the Voigt model is obtained:

Based on these assumptions, stress and strain are treated
mathematically as input/output signals and consequently
the creep compliance modulus will be interpreted as the
stress step response of the strain (or vice versa).
9

σ(t) = mǫ(t) + b1 ǫ̇(t)


1
b1
J(t) = J1 1 − e−t/τǫ , J1 = , τǫ =
m
m
G(t) = Ge + G− δ(t), Ge = m, G− = b1
G∗ (ω) = Ge + jωG−

4.2. Fractional Mechanical Models
Fractional mechanical models are derived from the use
of a new element fist introduced by Scott-Blair (Blair,
1947). A natural way for understanding this model is
thinking on it as an intermediate behavior between the
Newtonian viscous fluid (with the stress being proportional to ǫ̇(t)) and the Hookean elastic solid (with the stress
proportional to ǫ(t)), this is:

(86)
(87)
(88)
(89)

On the other hand, if a series arrangement is supposed,
this is, an elastic response followed by the viscous, the
Maxwell model is deduced,
σ(t) + a1 σ̇(t) = b1 ǫ̇(t)

σ(t) = b1 Dtα ǫ(t)
J(t) =

(90)

(104)

b1
, τσ = a1
a1

(92)

G∗ (ω) = b1 (jω)α

G1 =

G1 (τσ ω)2
G1 (τσ ω)
G (ω) =
+j
1 + (τσ ω)2
1 + (τσ ω)2
∗

σ(t) + a1 σ̇(t) = mǫ(t) + b1 ǫ̇(t)

(93)

1
a1
−
m
b1

(95)

G1 =

b1
−m
a1

(96)

G1 (τσ ω)2
G1 (τσ ω)
+j
1 + (τσ ω)2
1 + (τσ ω)2

σ(t) = mǫ(t) + b1 Dtα ǫ(t)
  α 

t
J(t) = J1 1 − Eα −
τǫ

(94)

J1 =

(105)

Using the generalized Einstein-Stokes relation, the compliance function J(t) can be interpreted to play the role of
the MSD for momentum transport; therefore, the ScottBlair model is analogous to the Time Fractional Diffusion Equation (TFDE) (Nigmatullin, 1986). By the correspondence principle (Mainardi, 2010), the fractional Voigt
model is obtainded from the parallel combination of the
Scott-Blair element with the elastic one,

More complex arrangements can be obtained if we use
Voigt’s and Maxwell’s models in combination with known
Hooke’s and Newton’s, for example consider a series combination of a elastic response with the Voigt’s element
(known as the Zener model):

G∗ (ω) = Ge +

b1 t−α
Γ(1 − α)

G(t) =

G(t) = G1 e−t/τσ ,

G(t) = Ge + G1 e−t/τσ ,

(103)

(91)

Jg =



J(t) = Jg + J1 1 − e−t/τǫ ,

t
b1 Γ(1 + α)

a1
1
, J+ =
b1
b1

J(t) = Jg + J+ t,

(102)

α

G(t) = Gg +

G− t−α
Γ(1 − α)

G∗ (ω) = Gg + (jω)α G−

(97)

(106)
(107)
(108)
(109)

The analogous arrangement with a viscous element replacing the elastic one, derives in the anti Zener model :

In the same way, the fractional Maxwell model can be
obtained from the series combination with the Scott-Blair
element in the place of the viscous one, this is:

σ(t) + a1 σ̇(t) = b1 ǫ̇(t) + b2 ǫ̈(t)

σ(t) + a1 Dtα σ = b1 Dtα ǫ(t)

(98)

(110)

α



J(t) = J+ t + J1 1 − e
J1 =

−t/τǫ



t
Γ(1 + α)
  α 
t
G(t) = G1 Eα −
τǫ
J(t) = Jg + J+

,

a1
b2
b2
− 2 , τǫ =
b1
b1
b1

(99)

G∗ (ω) = G1

G(t) = G− δ(t) + G1 e−t/τσ ,
b2
b1
b2
, G1 =
− 2
a1
a1
a1


2
G1 (τσ ω)
G1 (τσ ω)
∗
G (ω) =
+ j G− +
1 + (τσ ω)2
1 + (τσ ω)2
G− =

(jwτσ )α
1 + (jwτσ )α

(111)
(112)
(113)

Fractional Zener model is obtained by a parallel combination of fractional Voigt’s and an elastic element:

(100)

σ(t) + a1 Dtα σ = mǫ(t) + b1 Dtα ǫ(t)
  α 

t
J(t) = Jg + J1 1 − Eα −
τǫ
  α 
t
G(t) = Ge + G1 Eα −
τǫ

(101)
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(114)
(115)
(116)

G∗ (ω) = Ge + G1

(jwτσ )α
1 + (jwτσ )α

(117)
−0.2

On the other hand, fractional anti Zener model is obtained by the parallel combination of a Scott-Blair element
with the fractional Voigt viscoelastic response, this is:

J [1/Pa]

−0.4
−0.6
−0.8
−1

σ(t) +

a1 Dtα σ

=

b1 Dtα ǫ(t)

+

b2 Dt2α ǫ(t)

  α 

t
tα
+ J1 1 − Eα −
J(t) = J+
Γ(1 + α)
τǫ
  α 
t−α
t
G(t) = G−
+ G1 Eα −
Γ(1 − α)
τǫ
G∗ (ω) = G− (jω)α + G1

(jwτσ )α
1 + (jwτσ )α

(118)
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Figure 5: Log-Log compliance plot for a 80% concentrated inverse
emulsion. Red circles correspond to experimental data, while continuous black line is the adjusted fractional model

(120)
(121)

2

Again more complex arrangements can be obtained by
combination of these elements (?Podlubny, 1999). Nevertheless, in order to highlight the power of this models we
will focus on the fractional anti Zener (which includes all
of the previous).

1.5

J [1/Pa]

1
0.5
0
−0.5

Experimental
Model

−1

4.3. Application to Concentrated W/O Emulsions
4.3.1. Experimental
Emulsion preparation
Highly concentrated inverse (water-in-oil) emulsions with
a concentration of the dispersed phase of 85%wt, were prepared with mineral oil (USP), mili-Q de–ionized water and
two non–ionic surfactants provided by Croda: Sorbitan
Monooleate (Span 80), oil soluble, hydrophilic-lipophilic
balance of 4.3, and polisorbate 20 (Tween 20), water soluble, hydrophilic–lipophilic balance of 16.7. The oil–tosurfactant mass ratio provided a concentration larger than
the critical micellar concentration (CMC).
Emulsions were prepared by slow constant addition
of the dispersed phase to the continuous phase (semi–
batch process) using a peristaltic pump (Fischer Scientifics). The emulsification process consisted of three steps,
first a pre–mixing stage to ensure correct homogenization
of the dispersed phase (mixture of Tween–20 and water)
and the continuous phase (mixture of Span–80 and mineral oil) at 300 rpm for 15 minutes; second, a mixing stage
that included the incorporation of the dispersed phase at
0.5mL/s, 20◦ C and constant tip velocity of 3.5m/s; and
third, a homogenization stage for 10 minutes at constant
temperature and tip velocity.

−1

−0.5

0

0.5

1

t [s]

Figure 6: Log-Log compliance plot for a 70% concentrated inverse
emulsion. Red circles correspond to experimental data, while continuous black line is the adjusted fractional model

Rheological characterization
All rheological measurements were performed 30 minutes
after preparation. High reproducibility was achieved. It
is important to highlight that two samples per test were
prepared and that the experimental error was not higher
than 10% in all cases.
A controlled–stress rheometer (TA instruments) equipped
with a 20mm–parallel plate geometry was used to perform
11

all creep experiments and all the oscillatory tests at a constant gap of 1mm and constant temperature of 20◦ C with
a maximum deviation of ±0.1◦ C. The measurements are
independent of the gap size, thus assuring no wall–slip.
Creep tests were performed with a conditioning step at
1s−1 followed by creep step for 5 minutes at different imposed stress values: [1, 2, 5, 10, 25, 50, 75, 125] P a.
Two oscillatory tests were performed: the first oscillatory test was a frequency sweep with a pre–shear of 1
minute at 1s−1 , followed by the frequency step between
[1 − 100]rad/s. The second oscillatory test was a stress
sweep with a pre–shear of 1 minute at 1s−1 , followed by
the stress step between [1 − 100]P a. These tests allowed
us to obtain the value of the elastic modulus (G′ ) in the
linear viscoelastic region for comparison with the values of
G′ obtained using the proposed model. In this region, G′ is
independent of the frequency and the stress. No creaming
or other signs of instability were observed during either
of the experiments. All samples used in this work were
freshly prepared just prior to use and characterization.
Optical Microscopy
Average droplet size was determined through optical microscopy using a Motic BA 300 phase contrast microscope
equipped with a 115-volt lamp. Images were analysed using the Motic images Plus software v2.0 thus allowing us
to obtain the Sauter mean diameter (D[4, 3]) reported.

−1.05
−1.1

J [1/Pa]

−1.15
−1.2
−1.25
−1.3
Experimental
Model

−1.35
−1.4
−1.45

−1

−0.5

0

0.5

1

t [s]
Figure 4: Log-Log compliance plot for a 85% concentrated inverse emulsion. Red circles correspond to experimental data, while continuous
black line is the adjusted fractional model

4.3.2. Results
In order to fit the experimental data obtained from
Creep experiments for W/O emulsions at disperse phase
concentration of 85, 80 and 70% p/p, the anti Zener model
was considered; therefore, the compliance take this form:
  α 

t
J(t) = Btβ + A 1 − Eα −
τ

is widely credited for laying down a multi–scale approach
to RTD theory; he identified the large–scale breakup of
fluid into clumps and the subsequent homogenization at
small scales due to diffusion as separate processes. As
such, two quantities where deem necessary to describe the
degree of mixing –namely the scale of segregation and the
intensity of segregation. Detailed discussion of RTD theory can be found in the research literature, as well as
in chemical engineering textbooks (Levenspiel, 1999; Froment and Bischoff, 1979) and in the seminal paper by
Dankwerts (Danckwerts, 1953). In the context of modern
fluid mechanics these two stages are refered to as stirring
and mixing, the distinguishing feature being that stirring
is a mechanical action, whilst mixing is diffusion–driven or
the result of coarse–graining (Thiffeault, 2012).
With tracer experiments –the experimental way of determining the RTD– one wants to know whether the flow
in the in a given device or process deviates significantly
from the ideal, and when it does one would like to know
by how much in order to treat such a deviation. Whenever the RTD largely deviates from ideal behavior such as
the classic plug flow or perfect backmixing, adverse effects
take place in flowing systems. For example, low yield or
selectivity in chemical reactors, poor degradation of contaminants in water treatment processes, undesirable contaminant formation in furnaces, and inadequate interfacial
mass or heat transfer in processing equipment. Therefore, knowledge of the RTD is considered useful, since
it provides insight into the mixing performance of equipment, but there are well known shortcomings (M.Liu and
n. Tilton, 2010). In particular, RTD provides no information in regard to the spatial distribution of mixing within

(122)

Creep results for the 85% concentration emulsion can
exhibit an wear oscillatory behavior (See Fig. 4) very uncommon in this material function,
While the concentration is decreased the oscillatory behavior trends to disappear (See Figs. 5 and 6), the model
still fits reasonable well the results. Parameters for each
adjustment can be seen on Table 1.
5. Fractional Models for Nonideal Flow Patterns
in Chemical Reactors
One of the now most classical problems in continuos
flows is the questions about fluid mixing and how to measure it. In Chemical Engineering, Residence Time Distribution (RTD) has been traditionally one of the most useful
indicators of mixing behavior in continuous flow process
equipment where fluid particles are stirred for a certain
amount of time (M.Liu and n. Tilton, 2010; Thiffeault,
2012).
One of the earliest attempts to quantify mixing was
made by Peter V. Danckwerts (Danckwerts, 1953). Danckwerts realized that scale played a very important role and
12

Table 1: Fitting parameters for the anti Zener model

Concentration (%)
85
80
70

B
0.0448
0.1688
6.5860

β
0.02466
0.63160
1.60200

(123)

sα Cout(s) = sCsys (s)

Introducing the dimensionless time θ = tv/V ,

θ

0

f (θ − φ)cin (φ)dφ

(125)

Inverse Laplace transformation arise to the time-domain
representation of the model:

Now, taking the Laplace trasnform o equation (124) and
rearranging,
sF (s)Csys (s) = F (s)Cin (s) − F (s)Cout (s)

Dθα cout (θ) = Dθ csys (θ)

F (s)
sCsys (s)
1 − F (s)

(127)

F (s)
,
1 − F (s)

α>1

5.2. The Fractional Dispersion Model
In order to derive a fractional model for tubular reactors consider first the classical dispersion model:
∂ 2 c(x, t)
∂c(x, t)
= λ2
∂t
∂x2

The operation on the left side of the last equation represents an integration, otherwise this is not physically realizable; therefore, the following supposition is feasible:
s−α =

(133)

This is, the classical dynamics replaced by fractional dynamics taking into account nonidealities in mixing.

(126)

By convolution property of the Laplace transform Cout (s) =
F (s)Cin (s); therefore,
Cout (s) =

(131)

Introducing the Caputo definition for the fractional derivative (Podlubny, 1999):
Z θ
(⌈α⌉)
cout (φ)dφ
1
(132)
Dθα cout (θ) =
Γ(⌈α⌉ − α) 0 (θ − φ)α+1−⌈α⌉

(124)

By definition, the RTD follows the rellation given below,
cout (θ) = f (θ) ∗ cin (θ) =

(130)

Where Eα,β is the two parameters Mittag-Leffler function
(See Appendix A). Plots of this function for different values of the unique model parameter (α) can be seen on Figure 7. As expected, for α = 1 the classical CSTR impulse
response is obtained, and as this parameter grows, typical deviation from the CSTR ideal response are obtained.
This model gives as a little insight on the dynamics of
mixed reactors with relatively small deviation from ideality. For much larger deviation from ideality the reader is
subbmitted to the following sections.
Now, let us resume equation (128) rearranged, this is:

Consider a tracer (nonreactive) experiment taking place
in a mixed reactor with single inlet-outlet, let cin be the
concentration of the current going into the reacotr, csys
the mean concentrationat the reactor, and cout the concentration o the current flowing out of the reactor. For an
ideal CSTR cout = csys . By considering constant volume;
therefore, perfect level control,

Z

τ
0.03712
0.059
0.05276

f (θ) = θα−1 Eα,α (−θα )

5.1. The Fractioal CSTR Model

Dθ csys (θ) = cin (θ) − cout (θ)

α
1.968
1.786
2.058

In the case of an ideal CSTR α = 1; thus, this order α
could be an indicative of the nonideality of the mixing
at the reactor. On the oder hand lets verify the inpulse
response of the system (f (θ)), solving equation (128) for
F (s),
1
F (s) = α
(129)
s +1
By inverse Laplace transformation, the RTD is indentified:

a given system.
In this paper a novel one parameter model has been
developed based on fractional derivatives, using the two
parameter Mittag-Lefflier function which overcome memory aspects of nonideal flows and due to the insight it
gives about the vessel dynamics it could be coupled with
the controler design of the operation (Podlubny, 1999).
A generaliztion of the deispersion model is also proposed
based on the Schneider-Wyss fractional diffusion equation
(Podlubny, 1999).

V Dt csys (t) = v [cin (t) − cout (t)]

Parameters
A
0.02749
0.08447
3.74E-06

(134)

This time using the Schneider-Wyss fractional diffusion
equation in order to account the nonidealities in the dispersion, this is:

(128)

∂ 2 c(x, t)
∂ α c(x, t)
= λ2
α
∂t
∂x2
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(135)
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Figure 8: Plots of the Fractional Dispersion Model for different combinations of parameters α and P eα .

Figure 7: Plots of the fractional CSTR model for different values of
the fractional derivative (α).
α

∂
The operator α representing the Caputo fractional deriva∂t
tive. The solution to this equation was first given by Mainnardi (Mainnardi, 1994):


l
|x|
c(x, t) =
Mα/2
(136)
2λtα/2
λtα/2
Where Mα represents the Mainnardi function (See Appendix A). Note that in the specific case of α = 1, this
solution reduces to the classical solution of the diffusion
equation:


x2
l
exp − 2
(137)
c(x, t) = √
4λ t
2 πtλ

Plots of the Fractional Dispersion Model can be seen in
Figure 8. Fractional orders representative of superdispersion casued by the turbulence generates peaks at different
times while as is usual in the classical dispersion model
the Peclet Number moves the distribution to the classical
CSTR behavior as it decreases, on the other hand similar
to the PFR as it goes to infinity. The Fractional Dispersion model is equivalent ot the Fractional CSTR model
developed in the last section for small values of the Fractional Peclet Number.

5.2.1. Application to Fluidized Bed Reactor (FBR)
In cases where a highly exotermic reaction has to be
carried out (e.g. formation of phthalic anhydride), the
choose of a PBR or CSTR is no longer an option due to
an uncheckable design, leading to thermal issues like runaways, meltdowns, and even explosions (Levenspiel, 1999).
A fluidized bed reactor could be the adequete selection to
carried out the desired reaction. The fluidized bed reactor
is now used in many industrial applications(Froment and
Bischoff, 1979). In this type of reactor, a fluid (gas or liquid) is passed through a granular solid material (usually a
catalyst possibly shaped as tiny spheres) at high enough
velocities to suspend the solid and cause it to behave as
though it were a fluid. This process, known as fluidization,
imparts many important advantages to the FBR. Despite
of the advantages of the FBR handling thermal gradients,
the main issue is the calculation of mass and heat flows
within the vessel due to complex hydrodynamics behaviour
and flow patterns of the operation (Froment and Bischoff,
1979). Some Aproximations in order to predict this flows
are done by using computational fluid dynamics (Zimmermann and Taghipour, 2005; Fang et al., 2013; Dou et al.,
2008; Jing et al., 2013) Nevertheless those types of aprox-

Now, considering a flow system with mean velocity u, the
solution given by Mainnardi turns into:


l
|x − ut|
c(x, t) =
(138)
M
α/2
2λtα/2
λtα/2
Rearranging, the concentration at the outlet is finally obtained as a function of dimensionless time,
!
r
r
P eα
P eα
Mα/2
|1 − θ|
(139)
cout (θ) =
4θα
θα
This is a two parameter model (α and P eα ) with P eα =
uα l2−α
being the ”fractional Peclet Number”. This model
λ2
coincides with the dispersion model first obtained by Smith
and Levenspiel (Levenspiel, 1999) in the case of α = 1:
r


Pe
P e(1 − θ)2
cout (θ) =
(140)
exp −
4πθ
4θ
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0.015
Experimental Data
Fractional Dispersion Model
Axial Dispersion Model

0.01
E(θ)

Figure 10: Block diagram for closed loop system adapted from (Tavazoei and Haeri, 2008). The integer order is subtracted by the block
with gain s, while the fractional is added by the other with gain sα .
0.005

for tanking into account the limit reactant concentration
and reactor temperature is:
0
0.5

1

1.5

2

2.5
θ

3

3.5

4

dCA
CA,in − CA
=
− kCA
dt
τ

4.5

dT
θ
Tin − T
−∆Hrxn
kCA +
=
+
(Tw − T ) (145)
dt
τ
ρCP
ρCP V


Ea
(146)
k = k0 exp −
RT

Figure 9: Solids RTD on a FBR. Experimental data taken from
(Bhusarapu et al., 2005).

imations demands a high computational capacity. Therefore in this paper we present a first aproximation to calculate this non-idialities using the RTD. In Figure 9 the
Fractional Dispersion Model is adjusted to experimental
data from solids RTD on a FBR. The Axial Dispersion
Model uses a Peclet number of 2.245 while the Fractional
Dispersion Model was fitted with fractional order α = 1.30
and fractional Peclet number P eα = 6.103.

In previous equations variables CA and T are limit reactant concentration and temperature in the reactor, CA,in
and Ti n are concentration and temperature in feed, τ is
the mean residence time, ∆Hrxn is the reaction heat, R
is the gas constant, CP adn ρ are mean values of reactant
mixture heat capacity and density, Tw is the coolant temperature, k is the kinetic constant for reactant consumption rate which is give by the Arrhenius equation (146),
where parameters k0 and Ea are the frequency factor and
reaction activation energy.

6. Fractional Dynamics of a CSTR
6.1. Switching dynamic orders
Here the methodology presented by (Tavazoei and Haeri,
2008) is presented in order to switch the dynamic order of
a system. With this purpose, consider the non-linear time
non-autonomous system described by:
ẏ = f(t, y) + u, y ∈ Rn , t ≤ t0 < ∞
f : [0, ∞) × Rn → Rn

u=

(142)

CA
CA,in
T ρCP
y2 =
(−∆Hrxn )CA,in
Tin ρCP
y2,in =
(−∆Hrxn )CA,in
Tw ρCP
y2,w =
(−∆Hrxn )CA,in
Ea ρCP
E=
(−∆Hrxn )CA,in R
y1 =

= f(t, y)

θ
ρCP V

(147)

However implementing this control law in practice requires
that the relation between the cooling fluid flow rate and
the heat transfer coefficient is known. Introducing the following change of variables

Therefore, the resulting closed loop system is:
α
0 Dt y

Changing the cooling fluid flow rate influences the system
dynamics via the heat transfer coefficient θ which is dependent on the cooling fluid flow rate. If the jacket dynamics
are fast enough compared to the reactor dynamics, this
relation is time independent. Therefore, we shall consider
in the sequel that the control input

(141)

With u being the control action. Implementation of a
closed loop controller with transfer function:
C(s) = sα − s, α ∈ R+

(144)

(143)

The control flow diagram can be seen in Fig. 10.
6.2. Dynamic operation of a non-isothermal CSTR
A CSTR is a an ideal reactor (Fogler, 2010) where the
reactant mixture properties in the whole tank is assumed
to be uniform; therefore, it is perfectly mixed. A model
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(148)
(149)
(150)
(151)
(152)

The dimensionless system to be analysed is


dy1
1 − y1
E
y1
(153)
=
− k0 exp −
dt
τ
y2


dy2
y2,in − y2
E
y1 + u(y2,w − y2 ) (154)
=
+ k0 exp −
dt
τ
y2
This change of variables is made by the assumptions of
constant density, heat capacity and heat of reaction in the
course of time.
6.3. Methodology for Simulation of Fractional Order Systems
In this section a methodology is intended to be specified
for solving the following initial value problem (IVP).
αi
0 Dt yi

= fi (t, yi ), yi (t0 ) = yi0

(155)

Based on the development of (Diethelm et al., 2005) for
fractional order systems, the proposed numerical algorithm
for the actual multifractional order systems is:
1. Discretize the solution horizon [to , tf ] with step size
h naming tN = N h and yN = y(tN ).
∗
2. Predict a dummy point yi,N
using

Figure 11: Dynamic behaviour of a fractional CSTR for different
fractional orders (α1 = α2 ).

N
−1
X
hαi
bi,k,N fi (tk , yk ) (156)
Γ(1 + αi )

∗
yi,N
= yi,0 +



y2,in − y2
E
=
y1 + u(y2,w − y2 )
+ k0 exp −
τ
y2
(161)
On Figure 11, concentration and temperature responses
are drawn at five different fractional orders. The best performance (based on the settling time and overshoot percentage) appears when the fractional order is close to 0.7.
In Figure 12 the same results are drawn in a phase plot,
where oscillations in the integer order model are evident.
Dtα2 y2

k=0

Using rectangular quadrature weights defined by
bi,k,N = (N − k)αi − (N − k − 1)αi

(157)

3. Evaluate the actual independent variable by
yi,N = yi,0 +
×

"N −1
X

hαi
Γ(1 + αi )
#

ci,k,N fi (tk , yk ) + fi (tN , y∗N )

k=0

(158)
When the control variable is the coolant flow rate, it
acts directly con the temperature differential equation;
therefore, through this control strategy, the order of concentration differential equation does not changes. System
response when only the temperature differential equation
order is changed (while concentration one is set to unity)
is drawn on Figures 13 and 14 in time domain and phase
plot, respectively.

Using trapezoidal quadrature weights:
ci,k,N = (1 + αi )N αi − N 1+αi + (N − 1)1+αi , if k = 0
= (N − k + 1)1+αi − 2(N − k)1+αi
+ (N − k − 1)1+αi , if 0 < k < N

(159)

= 1 , if k = N

4. Repeat until reaching the desired y(tf )
Finally, there is a way to excite both concentration and
temperature differential equations at the same time, this
is accomplished when both feed and coolant flowrates are
the controlling variables (Luyben, 2007). On Figures 15
and 16 dynamic response is shown for different fractional
order combinations.

6.4. Results
The model which is the subject of the present analysis
is a multifractional order system resulting from a dynamic
order switch of the dimensionless model shown in the previous section:


E
1 − y1
y1
(160)
− k0 exp −
Dtα1 y1 =
τ
y2
16

Figure 12: Phase plot of the fractional CSTR for different fractional
orders (α1 = α2 ).

Figure 14: Phase plot of the fractional CSTR for different fractional
orders, but only in the temperature differential equation (161) (α1 =
1 ∧ 0 < α2 ≤ 1).

Figure 13: Dynamic behaviour of a fractional CSTR for different
fractional orders, but only in the temperature differential equation
(161) (α1 = 1 ∧ 0 < α2 ≤ 1).

Figure 15: Dynamic behaviour of a fractional CSTR for different
fractional orders in both temperature and concentration differential
equation.
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Figure 16: Phase plot of the fractional CSTR for different fractional
ordersin both temperature and concentration differential equation.
Figure 17: Detailed phase plot of an integer order CSTR.

As can be seen, the best performance (between the
analysed systems) appears when the concentration differential equation fractional order is set to one while the temperature is 0.85. Figures 12, 14 and 16 shows phase plots
for the same initial value. In Figures 17, 18 and 19 much
more complete diagrams are drawn.

7. Conclusions
In this work the application of the generalized integral
transform technique to solve the time–fractional diffusion
equation has been reported and the results of such analytical models.
In conclusion, we expect that our general methodology
(GITT) will be used in a number of future applications
in systems where anomalous diffusion can be an important issue. Models that include fractional derivatives seem
to provide a valuable alternative approach for describing
the dynamics in such systems as illustrated in this work.
Clearly the topic is of significant importance and further
work is thus required.
The creep experiments are adjusted in a satisfactory
way by the fractional Zener model, the relation of the nucleus (Compliance) of the constitutive model to diffusion
through the generalized Einstein-Stokes relation tells us
that the mean square displacement must take the same

Figure 18: Detailed phase plot of a fractional order CSTR.
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perdispersion. Theoretically, the Fractional CSTR Model
and the Fractional Dispersion Model coincides when small
Peclet number are considered; nevertheless, evaluation of
the Mainnardi function is not an easy task (For algorithms
of evaluation, the paper of Luchko (Luzcho, 2008) is recomended).
The model equation of RTD with corresponding parameters is very similar to traditional one parameter models developed to account for complex flow patterns, and
can be solved by similar approaches. The possibility of dynamically describe nonideal flows with the aid of fractional
derivatives open a new area in control theory of this type
of nonideal equipment due to the proved troubleshooting
while tunnig classical PID controllers for fractional order
systems (Podlubny, 1999).
A suitable method has been implemented for the simulation of multifractional order systems of differential equations. This method allows simulation of unit operations in
chemical engineering with its dynamic order changed by
fractional controllers.
In the simulation of a multifractional order non-isothermal
CSTR, the state space is sensible to fractional derivatives combinations and the separatrix (Khalil, 2002) moves
changing the properties of equilibrium points.
The less the fractional order, less oscillations presents
the system response but in specific cases speed can decrease. Therefore, a detailed specification of fractional order in a controller switching dynamic order can be a useful
tool in process control.

Figure 19: Detailed phase plot of a fractional order CSTR.

form. Therefore, the results are in agreement with those
found for granular media by Vargas (Vargas and McCarthy,
2007), in which the MLF function was introduced in order
to take into account the so-called waiting times, this is,
the time period in which a particle (in this case a droplet)
is encapsulated by the other surrounding it. In this case
it the weight of this term (the one containing the MLF
function) appears to be higher when the concentration is
greater (introducing an oscillatory component); therefore,
supporting the hypothesis of waiting time in soft materials.
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A novel method for RTD analysis of nonideal flow in a
mixed vessel was developed with moderate results in prediction of the age distribution and the step response of the
system using only one parameter: the fractional integration order relating the mean and the outlet concentration
of the tank.
The relation proposed between the mean concentration
value at the vessel with the concentration leaving the operation is succesful in modeling deviations from ideality
in stirred reactors; nevertheless another type of transfer
function must be considered for tubular reactors, due to
the fact that describing system dynamics as a function of
a mean concentration is no longer coherent in that kind
of operation. In spite of, the Fractional Dispersion Model
(two parameter model) was proposed for deviations from
ideality in tubular reactors. It is coheretn with the classical deispersion model from Smith and Levenspiel (Levenspiel, 1999) when classical dispersion takes place, but also
predicting multiple peaks behind the assumption of su-

Appendix A. Special Functions of the Fractional
Calculus
In this appendix a brief about Mittag-Leffler and Wright
functions is explained based on more extensive treatment
by Podlubny (Podlubny, 1999).
Appendix A.1. Mittag-Leffler function
Using the gamma function, it’s possible to state a generalization for the exponential function which is usually
called the two parameters Mittag-Leffler function.
Eα,β (z) =

∞
X

k=0
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zk
Γ(αk + β)

(A.1)

As there is a two parameters function, there is a one parameter two.
Eα (z) =

∞
X

k=0

zk
= Eα,1 (z)
Γ(αk + 1)

Appendix B. Some Integral Transforms
In this appendix integral transforms are given for specific excitations to cartesian, cylindrical and spherical coordinates systems using the Dirac delta function δ(x).

(A.2)

An step with discontinuity in the
 middle of the cartesian
system is modelled by H x − L2 . Its F transform is:




 
1
µi L
L
=
(B.1)
sin(µi L) − sin
F H x−
2
µi
2

From its Taylor series representation, it can be shown that
the exponential function, is not more than a particular case
of Mittag-Leffler function.
exp(z) =

∞
X

k=0

zk
= E1 (z)
Γ(k + 1)

(A.3)

An impulse in the center of the one dimensional
cartesian

system x ∈ [0, L], is defined by δ x − L2 . Its F transform
is:
 



L
µi L
F δ x−
= cos
(B.2)
2
2

Some other particular cases of the Mittag-Leffler function
are exposed next.
E0,1 (z) =
E1,2 (z) =

1
1−z

ez − 1
z

(A.4)
(A.5)

E2,1 (z 2 ) = cosh(z)

(A.6)

sinh(z)
z

(A.7)

E2,2 (z 2 ) =

E 12 ,1 (z) = exp(z 2 )erf c(−z)

For cylindrical coordinates excitation is modelled by δ(r)
2πr
(see (Myint-U and Debnath, 2006)), its H transform is:


2
δ(r)
=
(B.3)
H
2πr
π
In the case spherical initial condition modelling an imδ(ρ)
pulse is 4πρ
2 (see (Myint-U and Debnath, 2006) and its T
transform is given by:


µi
δ(ρ)
=
T
(B.4)
2
4πρ
4π

(A.8)

Its fundamental property commonly used for Laplace transforms inversion is wrote as:

sα−β
L tβ−1 Eα,β (atα ) = α
s −a

(A.9)

Appendix C. Moments of RTDs

Appendix A.2. Wright function
As the Mittag-Leffler function plays the role of the exponential function for ODEα , the Wright function do the
same for the PDEα . Its apperance when solving this kind
of equations is usually introduced after a contour deformation to the Hankel one, in this order of ideas is useful
to take into account the folllowing definition.
Z
 dσ
exp σ + zσ −α β
Wα,β (z) =
σ
Ha
∞
k
X
z
=
(A.10)
k!Γ(αk + β)

In characterizing RTD, moments and moments around
the mean are of special interes. Despite the fact that integration of hypergeometric series presented in this paper is
very difficult, some relations involivng its Laplace transforms can be used.
The nth moment of the distribution f (t) is defined as:
Z ∞
µn =
tn f (t)dt = (−1)n Dsn F (0)
(C.1)
0

where F (s) = L {f (t)}. Moments around the mean can
also be calculated:
 
Z ∞
n
X
n
µn−k τ k (C.2)
µ′n =
(t − τ )n f (t)dt =
(−1)k
k
0

k=0

An special case of the Wright function is the Mainnardi
function:
Mα (z) = W−α,1−α (−z) =

∞
X

k=0

k=0

(−1)k z k
(A.11)
k!Γ[1 − α(k + 1)]

A particular case of the Mainnardi function is:
 2
z
1
M1/2 (z) = √ exp −
π
4
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