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Abstract 

Toxoplasma gondii is a major opportunistic pathogen in immunocompromised individuals, 

who can develop Toxoplasmic Encephalitis (TE), the most prevalent cause of central nervous 

system (CNS) chronic infection (1). Without a competent immune system, a maintenance 

treatment needs to be administered to control the infection, and induce its latent stage. 

However, appropriate dosing and frequency of the administered drugs have not been 

determined (1-4), and dose-limiting side effects often reduce the adherence to the 

treatment (2, 3). Therefore, a mathematical model that integrates the infection dynamics of 

T. gondii in specific brain cells populations, the effect of the medication in the patient, and 

the immune system state effects, is proposed as an approach. Analysis of the basic 

reproduction number of the model reveals a new threshold for therapy discontinuation at 

259 CD4 cells/mm3. Simulations of free parasite population dynamics and pharmacokinetics 

of used drug, highlight the insufficiency and excessiveness of medication according to the 

immune and disease state of the patient. Maintenance treatment protocols were proposed 

for discrete ranges of the immune system state with the presentation of an increment of 

drug concentration in synchrony to the founded reactivation peaks, and with a stable drug 

concentration coherent with the requirements of the free parasites stable population. Is 

concluded, that an ordinary differential equation (ODE) system for T. gondii dynamics is 

useful for the understanding of the establishment and reactivation of the infection within 

the brain, and drug regimen efficiency is also suitable to be proposed through a coupled 

pharmacokinetic model. Future work includes the discussion of the proposed protocols with 

clinical professionals, and the improvement of the coupling between the ODE and the 

pharmacokinetic models in order to study changes in reactivation dynamics. 
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1. Introduction 

Toxoplasma gondii is a well-distributed obligated parasite that can practically infect any 

mammal or bird; including humans. T. gondii also presents a complex life cycle with felines 

as its definite host, where sexual reproduction is possible. Infection can be accomplished 

through the ingestion of the encysted stage of the parasite, as well as by vertical transmission 

to the fetus. As cysts can survive for up a year in the environment, and life-long within the 

host, consumption of contaminated water and raw meat are principal risk factors for human 

epidemics (5). Regardless of the neuronal alterations, widely discussed among researchers 

(5, 6), infection in immunocompetent subjects is considered to be controlled by the immune 

system, setting it as an asymptomatic disease that last latently within the host. Nevertheless, 

facilitated or reactivated infection is a recurrent event in immunosuppressed humans, who 

can develop Toxoplasmic Encephalitis (TE), a disease pathologically characterized by the 

necrosis and thrombosis of involved vessels, and perivascular inflammation (2). 

Therapeutic management of TE involves two approaches: primary, and maintenance 

treatment. Primary (induction) therapy is performed as an initial prophylaxis to treat the 

acute infection. Once a clinical and neurological positive response is observed, maintenance 

treatment can be executed in order to control the infection until the immune system, if 

possible, resumes its competence. Both treatments generally consist in a regimen of 

pyrimethamine, in combination with sulfadiazine or clindamycin. These drugs are effective 

in the eradication of the free stage of the parasite (tachyzoites) from the central nervous 

system (CNS), but fail in the elimination of the slow replicative stage (bradyzoites) and cysts 

within the cells. For that reason, in the absence of a competent immune system or the 

maintenance treatment, the infection reactivation is possible. 

Maintenance protocol estimation is done according to the immune system state of the 

patient, expressed in the count of CD4 cells. However, appropriate dosing and frequency of 

the administrated drugs have not been determined (2), as well as the safety immune state 

to stop medication, this results in the application of empiric protocols for an indefinite period 

of time (1). Combination of the drugs possess diverse side effects and potential toxicity, 

especially for the bone marrow (2, 7). The presentation of these dose-limiting side effects 

often reduces the treatment adherence, and therefore the risk of reactivation increases. 

T. gondii seroprevalence varies notably worldwide, e.g. United States has shown 11% 

records, while Colombia and Brazil related data is as high as 63.5% and 71.3% respectively 

(8).  It is estimated that 20-47% of AIDS patients will develop at least one episode of TE, with 

a probability of neurologic impairment of 40%, and a mortality of 70% in untreated cases. 

Treated patients are assume to present drug-related side effects in the 40-60% of the cases, 

a percentage of treatment interruption due to side effects of 7%, and a relapse rate of 50-

80% after twelve months of treatment ending (1). Is important to recall that most of these 

ranges present values reported by different researchers, the wide spectrum is commonly 
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explained by the differences in parasite strains, clinical and population characteristics of the 

patients, and medical regimens. However, the occurrence of treatment discontinuity and 

reactivated infections is a constant issue stated by scientists. 

The aim of this research is to capture the evolution of the T. gondii infection within the brain, 

as well as its response to treatment regimens in order to provide an accurate protocol that 

will guide the management of the disease according to measurable variables as the CD4 cells 

count. More efficient dosing and frequency of the Toxoplasmic Encephalitis maintenance 

treatment is suitable to be established with the use of a mathematical model that integrates 

the infection dynamics of Toxoplasma gondii in specific brain cells populations, and the effect 

of the medication in the patient. This approximation is novel in the study of the disease and 

expects to provide a new perspective for the study of the parasite invasion. 

A set of ordinary differential equations (ODEs) is proposed to model the dynamics of the 

target populations: tachyzoites, neurons, and glial cells. In addition, Hill-equation-modeling 

is used to represent the effect of the immune system. Pharmacokinetics of the treatment 

are analyzed as a one-compartment model for an oral administrated drug with first order 

reabsorption and multiple dosing. Drug discontinuation criteria is studied trough the analysis 

of the basic reproduction number in relation to required drug effect and immune system 

state.  Later, simulations at different immune system states are performed in order to detect 

reactivation periods and intensities of the infection. Drug regimens for discrete ranges of 

CD4 cells count are proposed to couple medication peaks and stable concentrations 

according to the requirements of the free parasite’s dynamics. Mathematical analysis’ scope 

involves equilibrium points, stability criteria, and reproduction number determination with 

the use of the next generation matrix theorem. 
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2. Research Question and Objectives 

With the exposed considerations and methodology gap, the following research question is 

proposed: How to define a more efficient maintenance treatment protocol for AIDS-

associated Toxoplasmic Encephalitis with a mathematical model? 

 

2.1. General Objective 

To stablish a maintenance treatment protocol for AIDS-associated Toxoplasmic Encephalitis 

with the CD4 cells count as guideline 

 

2.2. Specific Objectives  

- To investigate the essential agents and dynamics for the establishment of the acute, 

latent, and reactivated infection of Toxoplasma gondii in the brain. 

- To propose and analyze a mathematical model of Toxoplasma gondii in the brain 

that captures the dynamics and stages of the infection in an immunocompetent 

individual. 

- To simulate Toxoplasmic Encephalitis in an immunosuppressed individual and 

analyze its response in terms of parasitemia, CD4 count, and toxicity of current treatment 

protocol. 

- To vary treatment protocol in terms of dosing and frequency in order to couple it to 

the reactivation periods and intensity requirements. 
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3. State of Art 

Current investigation of T. gondii infection dynamics in the CNS is primarily being developed 

in biological, molecular, and biochemical aspects. The understanding of the 

immunoregulatory processes involved in the control of the infection, the manipulation of 

host cells by the parasite, as well as cyst-development strategies to avoid immune scrutiny, 

are common investigation objectives to reach the development of vaccines and more 

efficient treatments (5). The generalized aim to address the role of the cerebral cells 

populations during T. gondii infection (9), and the existence of differential growth strategies 

within the different brain cells and neuronal subpopulations (6), is present in several 

researches, proving the interest in the study of long-term interactions of the infection agents. 

The study of differential contribution of specific cells to the establishment of T. gondii within 

the CNS have been achieved by several researchers that evaluate infection percentages, 

replication/growth suitability, and cyst distribution of the parasite (10, 11). General 

methodology of this studies involve the use of brain tissue, human or murine, the cultivation 

of parasite, and the evaluation of the infection development through immunofluorescence 

staining. Results of the investigations have provided an overview of T. gondii behavior in 

terms of infection preferences and cyst development, better exposed in the literature review 

section, that help to understand infection dynamics in the brain. 

Evaluation of therapeutic treatments, including the type of drug and its regimen, is 

commonly achieved by retrospectives studies that aims to detect the most effective therapy 

for TE by tracking complete and partial clinical response, death, and drug-limiting toxicity of 

the individuals. The meta-analysis of prevention and treatment of TE in HIV-infected patients 

developed by Yan et al. in 2013 (3), is one of the most complete analysis, collecting 11 

randomized trials with more than 1400 patients. However, it concludes that available data 

fails to identify significant differences among treatments, and emphasize in the drug-limiting 

toxicity phenomena as one of the reasons that leads to wide ranges of confidence intervals, 

precluding the selection of a superior regimen. Therefore, available and clinical-accepted 

treatment is the one that is ultimately used by professionals for the prevention and 

treatment of TE. 

Review of current investigation exposes a lack of diverse mathematical approximations to 

study T. gondii infection dynamics. Most of the studies, analyze epidemiological models 

related to the dispersion of the parasite, involving food management, hydric sources, 

interactions with cats, and vertical transmission (12, 13). Cellular and within-host models are 

limited; even though modeling of kinetics of the invasion is one of the relevant investigations 

found (14), the work of Sullivan, A. may be the only reference for the use of mathematical 

models to analyze several aspects of parasite infection. His doctoral dissertation, ‘Multiscale 

Modeling of Toxoplasma gondii’ (15), includes ODE modeling of the acute infection, partial 
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differential equations (PDEs) modeling of the chronic infection, within-host dynamics ODE 

modeling, and cellular automata brain simulations of the infection. 

Sullivan’s closest work to the aims of this study is the model for within-host dynamics of T. 

gondii infection (16). It describes the dynamics of 7 populations (uninfected cells, cells 

infected with tachyzoites, cells containing early-stage bradyzoites, cells containing encysted 

bradyzoites, free tachyzoites, free bradyzoites, and the effector cells of the immune system) 

with ordinary differential equations. The developed mathematical analysis was in terms of 

basic reproduction number (𝑅0) and equilibrium points, and it presents simulations at 

different states of the immune system as well. With the inclusion of these agents, the model 

contemplates acute and chronic infection processes, and is able to suggest 3 different 

equilibrium point: a disease-free equilibrium, an immune-free equilibrium, and an immune-

response mediated endemic equilibrium. The critical value for the reported 𝑅0 depends on 

the initial size of the healthy population, the death rates of infected cells, the invasion rates 

of the parasite, and the conversion rates between T. gondii stages. It is concluded that 

infection is favored in large organs with long life expectance, and exposes the possibility of 

latent infection without activation of immune system. Simulations were performed to 

support the role of immune system as critical agent in the control of the infection and the 

recovery of cell’s population. 

Nevertheless, there is no evidence of mathematical models applied to Toxoplasma gondii 

infection dynamics within the CNS, nor in the study of the development of Toxoplasmic 

Encephalitis and the evaluation of therapeutic treatments response at different states of the 

immune system. 
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4. Literature Review 

Toxoplasma gondii, is considered one of the major opportunistic parasites in 

immunocompromised patients (5, 17), in whom the development of Toxoplasmic 

Encephalitis (TE) represents the most severe state of the infection (9). To understand the 

problematic exposed in this study is necessary to review the biology of the parasite, its 

interaction within the host (especially, its migration and establishment within the CNS), and 

the development of the TE disease as well as its treatment and considerations. 

 

4.1. Toxoplasma gondii’s Life Cycle Within the Host 

T. gondii is an obligated parasite from the Apicomplexan phylum capable to infect and 

replicate in theory within any nucleated cell of a mammal or a bird (5), setting it in as a highly 

successful parasite that presents several strategies of infection, dissemination, instauration, 

and reactivation, thanks to its infective stages (tachyzoites, bradyzoites, and cysts). Stages of 

infection by T. gondii are explained, and considerations related with cerebral cells 

populations of relevant studies are discussed in the present section. 

4.1.1. Tachyzoites: Acute Infection and Dissemination 

After the ingestion of cysts or oocysts, T. gondii is released into the lumen of the small 

intestine, where invasion of local cells (18), and circulation through the bloodstream starts. 

This spread of the parasite is usually in its tachyzoite stage, and is believed to be 

strengthened thanks to  manipulation of the innate immune system, with the theory of the 

use of dendritic cells and macrophages as ‘Trojan horses’ (5, 19). 

Tachyzoite is the term that describes the fast replicative stage of the parasite within the 

infected cell. This stage is responsible of leading the dissemination and infection, actively 

penetrating the host cell membrane or passively, by phagocytosis (17). Dissemination into 

the CNS occurs in a poorly understood mechanism where tachyzoites cross the blood brain 

barrier and infects cerebral cells taking advantage of the adaptive immune response’s lag. 

Without factors that induce the differentiation into bradyzoites and/or cyst development, 

tachyzoites replicate until the host cell supports its growth prior its lysis. 

4.1.2. Bradyzoites and Cysts: Latent Infection 

Bradyzoites describe the slow replicative stage of the parasite that results from the 

differentiation of tachyzoites within the cell. The development of this stage indicates the 

presence of adverse conditions for the survival of new parasites released from an eventual 

host cell rupture. The replicative activity decrement within the cell ultimately induces the 

formation of the quiescent stage of T. gondii, tissue cysts. Inductors for the formation of cysts 

are in general stress factors of the extracellular environment e.g. changes in temperature 

and pH, and host immunity response (20). 
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4.2. Toxoplasma gondii in the CNS 

T. gondii needs to establish a balance between its propagation activity and the induced 

immune response, as wells as immune system needs to balance the control of the infection 

and self-induced damaged (5, 9). This is a reason why it is believed that parasite develops 

different strategies and interactions with certain cells of the CNS according to their behavior 

in terms of their growth suitability and their cooperation with cells of the immune system. It 

is exposed that the target cells of the parasite in the CNS are neurons, and glial cells 

(astrocytes, and microglia) (5, 9, 10, 21, 22). Therefore, a review of several findings about T. 

gondii and these cells of the CNS infection dynamics is shown below. 

4.2.1. Neurons 

Development of cysts within neurons is a strategy of the parasite to evade its elimination due 

to the immune system (9). These strategy is considered exclusive by some researchers (9, 

23) and may be possible because of the incapability to inhibit parasitic growth (5). However, 

cyst development in other type cells have been replicated in-vitro and considered to be 

present in-vivo (22). Nevertheless, predilection and higher stability of the cysts are still 

associated with neuron population (21) and its use for the establishment of latent infection 

is widely agreed.  

4.2.2. Glial Cells (Astrocytes and Microglia) 

This brain cell subpopulation can control parasitic growth by stimulating the immune system 

response, leading to the disinfection of the parasite within the cells (9). Astrocytes have 

shown immunological cooperation with T cells (23), inducing the secretion of IFN-gamma, 

the main inhibitor of parasitic growth. Microglia have similar functions during the infection 

but the preferential interaction may be better explained by their phagocytic activity (24). 

Formation and disinfection of cysts within these cells is considered relevant for the latent-

reactivation cycle of T. gondii infection in the CNS, allowing the maintenance of the chronic 

infection, and providing recovered cells suitable for infection in relation with the 

spontaneous rupture of cysts from other populations as neurons (22). 

 

4.3. AIDS-associated Toxoplasmic Encephalitis 

Toxoplasma gondii remains as the most prevalent cause of CNS chronic infection (1), despite 

the decline of its incidence due to the use of highly active anti-retroviral (HAART) therapy as 

prevention prophylaxis treatment. High prevalence of T. gondii and HIV infection in 

developing regions, in addition to the difficulty of HAART enrollment, set Toxoplasmic 

Encephalitis (TE) as one of the AIDS-associated diseases with highest mortality and 

management complications (2, 25). 
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4.3.1. Clinical Manifestations 

TE patients tend to present symptoms of encephalitis, neuromotor disorders, and mental 

illnesses. Clinical manifestations include hemiparesis, altered mental state, seizures, cranial 

nerve disturbances, speech abnormalities, meningismus, delusional behavior, confusion, 

lethargy , global cognitive impairment, and coma, among others (1, 4). As localization of 

parasite lesions are believed to be preferences on the amygdala, movement disorders as 

tremor, hemiballism, dyskinesia and parkinsonism have been also reported (2). 

 

4.3.2. Diagnosis 

Presence of cysts and free tachyzoites is an indicator of the disease progression and the 

development of brain lesions. Toxoplasma abscesses are described as regions of severe 

perivascular inflammation surrounded by section with coagulative necrosis and thrombosis 

of vessels (2). 

General methods for the diagnosis of active infection and/or reactivation of T. gondii and 

toxoplasmosis in HIV/AIDS patients are (1): 

- Serology 

- Visual demonstration of T. gondii in body fluids (cerebrospinal fluid, bronchoalveolar 

lavage, blood) by microscopic examination 

- Histologic evaluation, including immunoperoxidase staining of tissue biopsies 

- Isolation of T. gondii from tissue biopsy fluids 

- Computed Tomography scans and/or Magnetic Resonance of the brain in attempt to 

demonstrate the presence of multiple ring-enhancing lesions 

 

 

4.3.3. Treatment 

Medication therapy for TE treatment is generally leaded by the administration of 

pyrimethamine, an inhibitor of the dihydrofolate reductase (DHFR), in addition of a 

dihydropteroate synthetase (DHPS) inhibitor as sulphonamides (26). This drugs act 

synergically against the folic acid metabolism, essential for the replication and dissemination 

of the parasite. Up to 60% of treated patients develop secondary effects due to medication, 

usually related to skin rash, bone marrow suppression, general toxicity, and intolerance (2, 

3), decreasing the adherence to the treatment due to the dose-limiting events. 

TE treatment has two approaches: a primary therapy to manage the acute infection or its 

reactivation, and a secondary (maintenance) therapy to control the infection and induce the 

latent establishment until immune system recovers its function, this because the inefficacy 

of the drugs to eliminate the encysted version of the parasite within the tissues. 
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Recommended regimens and considerations for each therapy are listed below; however, is 

important to recall that there is no completely accepted therapy protocol, and their 

approaches are result of empiric trials and deliberations about specific clinical reports  

among professionals (1, 2, 4). 

4.3.3.1.  Primary Treatment 

Primary treatment is prescribed for patients with evidence of acute infection and TE 

development. As a guideline for suspected possibility of the presentation of the disease, CD4 

cell count is evaluated to indicate the necessity of the therapy. Even when greatest risk of TE 

development is believed to be present in patients with <100 CD4 cells/mm3, higher 

thresholds have been recommended in order to ensure the protection to reactivation 

events. Current threshold has been set at 200 CD4 cells/mm3, however researcher has 

exposed the difficulty of unified opinions about the critical state of the immune system to 

develop TE (1). 

These considerations result in the following recommended regimen as an example (1): 

Pyrimethamine in a 200mg loading dose followed by 50 to 75mg once daily, oral pathway; 

sulfadazine, or clindamycin, in 1000-1500mg every 6 hours or 600-1200mg in the second 

case; and the use of folinic acid to decrease side effects. 

4.3.3.2. Maintenance Treatment 

Maintenance therapy is performed once positive clinical response is observable. It is 

essentially a less aggressive version of the primary therapy and its main objective is to set 

the infection in a latent stage to control the replication and the dissemination of the parasite 

through the brain. 

Once again, most appropriate dosage and frequency of drugs have not been determined (2), 

but common regimens consist in 25-50mg of pyrimethamine and 4-6g of sulfadiazine daily 

(1, 2). 

4.3.3.3. Discontinuation 

Analysis of safe state of the patient to stop the maintenance therapy have not been 

consistently addressed. Nevertheless, the strengthen of the immune system expressed in the 

rise of CD4 cells count is a common guideline to therapy discontinuation. A CD4 cell count 

higher than 200 CD4 cells/mm3 is the regular criteria to end the treatment. However, it has 

been exposed that the period that this improvement lasts affects significantly to the 

reactivation of TE, this time goes from 3 months up to a year and there is no a supported 

recommendation. Also, without the administration of HAART therapy, maintenance therapy 

lasts lifelong due to the risk of reactivation (1) and its interruption correspond to a lack of 

treatment adherence rather than to a positive response of the patient. 
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5. Methods 

A set of ordinary differential equations is proposed to model the dynamics of the target 

populations: tachyzoites, neurons, and glial cells. To represent the effect of the immune 

system state on the system, parameters variation is performed with a Hill-equation-tendency 

in order to enhance and diminish specific dynamics within the model.  

Mathematical understanding and analysis of the model include determination of equilibrium 

points and stability criteria. To address the correct immune system state to discontinue 

therapy, an analysis of the basic reproduction number of the model is performed with the 

next generation matrix theorem. 

Simulations at different immune system states are executed to evaluate the periods and 

magnitudes of the reactivation events expressed in the amount of free parasites in the 

system. The analysis is focused on the tachyzoite population due to its importance in the 

dissemination of the infection, and because of the effectivity of drugs in this parasite stage.  

Then, pharmacokinetics of the treatment are analyzed as a one-compartment model for an 

oral administrated drug with first order reabsorption and multiple dosing. Due to the 

impossibility to integrate the pharmacokinetic model to the ODE model, better explained in 

the present section, a successful maintenance regimen is assigned to the dynamics of the 

free tachyzoites at the specific immune system, and proportional drug requirements where 

assigned to the remain immune states through time. 

Finally, drug protocols for discrete ranges of immune system states are proposed accordingly 

to the drug requirements estimated in previous analysis, and with the presence of a second 

drug peak in synchrony to the first reactivation peak of the infection.  

 

5.1. ODE model for T. gondii Infection 

The proposed model (Figure 1) represents the infection dynamics of Toxoplasma gondii in 

the brain. Selected populations to analyze were free tachyzoites, as the infective stage of the 

parasite, neurons, and glial cells. In order to model the role of the immune system state, 

positive and negative effect on certain parameters was adjusted with parameters modeled 

with Hill equation dynamics. 
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Figure 1 Compartmental Model diagram of T. gondii brain infection. Free tachyzoites 𝐹𝑇, uninfected 
neurons 𝑈𝑁, uninfected glial cells 𝑈𝐺 , infected neurons 𝐼𝑁, infected glial cells 𝐼𝐺, neurons with cysts 
𝐶𝑁, and glial cells with cysts 𝐶𝐺 dynamics are shown. Flow expressions among compartments appear 
on the arrows. 

 

5.1.1. Uninfected Neurons 𝑼𝑵 

Neurons are produced at a constant rate 𝜆𝑁 and have a constant natural mortality rate 𝑚𝑁. 

Therefore, in a disease free situation, neuron population equilibrium reaches 𝑈𝑁
∗ =

𝜆𝑁

𝑚𝑁
. 

Uninfected neuron population is reduced due to infectious contacts with free tachyzoites; 

the magnitude of this decrement is proportional to both populations abundance, 𝛽𝑁𝐹𝑇𝑈𝑁. 

Healthy neuron population do not recover by different forces besides its natural production. 

These assumptions result in the following equation for 𝑈𝑁 variation in time 

𝑈𝑁
′ = 𝑚𝑁(𝑈𝑁

∗ − 𝑈𝑁) − 𝛽𝑁𝐹𝑇𝑈𝑁 (1) 
 

5.1.2. Uninfected Glial cells 𝑼𝑮 

Glial cells are produced at a constant rate 𝜆𝐺 and have a constant natural mortality rate 𝑚𝐺. 

Therefore, in a disease free situation, glial cell population equilibrium reaches 𝑈𝐺
∗ =

𝜆𝐺

𝑚𝐺
. 

Uninfected glial cell population is reduced due to infectious contacts with free tachyzoites; 
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the magnitude of this decrement is proportional to both populations abundance, 𝛽𝐺𝐹𝑇𝑈𝐺. 

Besides natural production, healthy glial cells population is able to recover due to the action 

of immune system, that has a disinfection effect on infected and encysted glial cells at a 𝜏𝐺 

rate. These assumptions result in the following equation for 𝑈𝐺 variation in time 

𝑈𝐺
′ = 𝑚𝐺(𝑈𝐺

∗ − 𝑈𝐺) − 𝛽𝐺𝐹𝑇𝑈𝐺 + 𝜏𝐺(𝐼𝐺 + 𝐶𝐺) (2) 
 

5.1.3. Infected Neurons 𝑰𝑵 

The magnitude at which infected neuron population increases is equivalent to the magnitude 

of healthy neuron decrement due to infectious contacts, 𝛽𝑁𝐹𝑇𝑈𝑁. When a neuron is 

infected, there are two possibilities; it dies at a 𝑝𝑁 rate due to parasite growth within the 

cell, or it develop cysts and differentiate into an encysted neuron at 𝑑𝑁 rate. Resultant 

equation for 𝐼𝑁 variation in time is 

𝐼𝑁
′ = 𝛽𝑁𝐹𝑇𝑈𝑁 − 𝑝𝑁𝐼𝑁 − 𝑑𝑁𝐼𝑁 (3) 

 

5.1.4. Infected Glial cells 𝑰𝑮 

The magnitude at which infected glial cell population increases is equivalent to the 

magnitude of healthy glial cell decrement due to infectious contacts, 𝛽𝐺𝐹𝑇𝑈𝐺. When a glial 

cell is infected, there are three possibilities; it dies at a 𝑝𝐺 rate due to parasite growth within 

the cell, it develop cysts and differentiate into an encysted glial cell at 𝑑𝑁 rate, or it is cleared 

by the action of the immune system at a 𝜏𝐺 rate. Resultant equation for 𝐼𝐺  variation in time 

is 

𝐼𝐺
′ = 𝛽𝐺𝐹𝑇𝑈𝐺 − 𝑝𝐺𝐼𝐺 − 𝑑𝐺𝐼𝐺 − 𝜏𝐺𝐼𝐺  (4) 

 

5.1.5. Neurons with Cysts 𝑪𝑵 

The magnitude at which encysted neuron population increases is equivalent to the 

magnitude of differentiation of infected neurons 𝑑𝑁𝐼𝑁. Neurons can die due to the rupture 

of its cysts at a 𝑘𝑁 rate. Resultant equation for 𝐶𝑁 variation in time is 

𝐶𝑁
′ = 𝑑𝑁𝐼𝑁 − 𝑘𝑁𝐶𝑁 (5) 

 

5.1.6. Glial cells with Cysts 𝑪𝑮 

The magnitude at which encysted glial cell population increases is equivalent to the 

magnitude of differentiation of infected glial cells 𝑑𝐺𝐼𝐺. Glial cells can die due to the rupture 

of its cysts at a 𝑘𝐺  rate. Simultaneously, encysted glial cell population decreases with the 

disinfection action of the immune system at a 𝜏𝐺 rate. Resultant equation for 𝐶𝐺 variation in 

time is 
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𝐶𝐺
′ = 𝛼(𝑇𝐶)𝑑𝐺𝐼𝐺 − 𝑘𝐺𝐶𝐺 − 𝜏𝐺𝐶𝐺 (6) 

 

5.1.7. Free Tachyzoites 𝑭𝑻 

Free tachyzoites are exclusively produced due to the lysis of infected and encysted neurons 

and glial cells. The magnitudes of these productions are proportional to the magnitude of 

cells deaths, 𝑝𝑁𝐼𝑁,  𝑝𝐺𝐼𝐺 ,  𝑘𝑁𝐶𝑁, and 𝑘𝐺𝐶𝐺 , multiplied by the amount of parasites released 

per each lysis, 𝛿𝑁, 𝛿𝐺, 𝛾𝑁, and 𝛾𝐺, respectively. Tachyzoites are consumed in each infectious 

contact and its population decreases due to natural mortality rate 𝑚𝐹𝑇
 as wells as due to the 

action of immune system 𝜏𝐹𝑇
 and medication-dependent 𝜑 disinfection rates. Resultant 

equation for 𝐹𝑇 variation in time is 

𝐹𝑇
′ = 𝛿𝑁𝑝𝑁𝐼𝑁 + 𝛿𝐺𝑝𝐺𝐼𝐺 + 𝛾𝑁𝑘𝑁𝐶𝑁 + 𝛾𝐺𝑘𝐺𝐶𝐺 − 𝛽𝑁𝐹𝑇𝑈𝑁 − 𝛽𝐺𝐹𝑇𝑈𝐺 − 𝜏𝐹𝑇

𝐹𝑇

− 𝑚𝐹𝑇
𝐹𝑇 − 𝜑(𝑃)𝐹𝑇  

(7) 

 

 

5.2. Immune System Effect 

The effects of the immune system on certain parameters of the model are divided in positive 

and negative effects, expressed in 𝛼(𝑇𝐶) and 𝜖(𝑇𝐶) respectively. These function-parameters 

were modeled with a Hill-equation dynamic as shown 

 

𝛼(𝑇𝐶) =
𝑇𝐶

𝑛

𝑘0.5
𝑛 + 𝑇𝐶

𝑛 
(8) 

 

𝜖(𝑇𝐶) =
𝑇𝐶

−𝑛

𝑘0.5
−𝑛 + 𝑇𝐶

−𝑛 
(9) 

 

Were 𝑇𝐶  is the current CD4 count of the individual, 𝑘0.5 is the CD4 count where half of the 

maximum value of the parameters is achieved and 𝑛 is the Hill coefficient. The sketch 

presented in Figure 2 illustrates the 𝛼 and 𝛽 behavior in function of 𝑇𝐶  with the parameters 

used in the model. 
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Figure 2 𝛼 and 𝜖 behavior in function of CD4 count. Curves of positive (blue) and negative (black) 
effects of the immune system. Parameters values are: 200 cells/mm3 for 𝑘0.5, and 3 for 𝑛. 

 

As 𝛼 and 𝜖 adopt saturation values (one as maximum and zero as minimum), they are useful 

to modulate rates that may increase or decrease as function of the immune system state, 

using them as factors that are multiplied by the parameters. 

Therefore, the phenomena in which differentiation and disinfection is privileged in a 

competent immune individual is reached with the multiplication of 𝛼 by the 𝑑𝑖 and 𝜏𝑖 rates. 

Opposite to the lysis of the infected cells and rupture of cysts captured by 𝑝𝑖 and 𝑘𝑖  rates, 

that are enhanced in the situation of an immunocompromised patient and therefore are 

multiplied by the 𝜖 factor. 

 

5.3. Equilibrium Points and Stability Criteria 

The set of equilibrium points of the model is the result of the homogenization to zero of the 

variation in time equations for all the variables. The value of the variables at these steady 

state solutions are analyzed to conclude if stability to perturbations is present. Stability 

criteria was performed with the evaluation of the eigenvalues of the resultant Jacobian 

matrix, evaluated at the set of equilibrium points, and knowing that if there is at least one 

positive eigenvalue, equilibrium points are unstable. Numerical solutions for the solution of 

the free tachyzoites steady state were performed due to the analytical difficulty. 

The evaluation of equilibrium points and its stability criteria were evaluated at discrete states 

of the immune system varying the CD4 cells count. Therefore, for each cells count, in the 

range from 1-1000 cells/mm3, numerical solutions of the steady states of the variables and 

the existence of its stability were achieved.  
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5.4. Estimation of the Basic Reproduction Number 

The basic reproduction number is the number of secondary infections caused by a single 

infective into a susceptible population. Denoted as 𝑅0, if this number is greater that one, 

there will be an epidemic. This definition is provided by Fred Brauer, Dawn Bies and Carlos 

Castillo-Chavez (27), as well as the following explanation of the next generation matrix 

method to estimate 𝑅0.  

5.4.1. Next Generation Matrix 

The derivation of the basic reproduction number is achieved due to the linearization of the 

ODE model about the disease-free equilibrium point. 

With the determination of 𝑛 disease compartments (states at infection) and 𝑚 non-disease 

compartments, is possible to express the set of ODEs in the form 

 

𝑥𝑖
′ = ℱ𝑖(𝑥, 𝑦) − 𝒱𝑖(𝑥, 𝑦),     𝑖 = 1,… , 𝑛 

𝑦𝑗
′ = 𝑔𝑗(𝑥, 𝑦),     𝑗 = 1,… ,𝑚 

 

Where 𝑥 ∈ 𝑅𝑛 and 𝑦 ∈ 𝑅𝑚. In this sense, the rate at which secondary infections increase de 

ith disease compartment is denoted as ℱ𝑖, while the rate at which disease progression 

decreases the ith compartment is denoted as 𝒱𝑖, e.g. deaths or recovery. Non-disease 

compartments dynamics are captured by 𝑔𝑗. 

It is assumed that 

ℱ𝑖(0, 𝑦) = 𝒱𝑖(0, 𝑦) = 0,     𝑦 ≥ 0, 𝑖 = 1,… , 𝑛 

This means, in the absence of individuals in the disease compartments, is impossible to 

increase or decrease the population of the infected individuals. Biologically it provides a 

scenario where immigration of individuals into disease compartments can only be possible 

due to their interaction with infected ones, i.e. secondary infections. 

There is also necessary to assume that 𝑦𝑗
′ = 𝑔𝑗(0, 𝑦) has a unique equilibrium point, which 

is (0, 𝑦0). This point is called the disease-free equilibrium point, and it is an equilibrium point 

of the full system. 

Final remarks on the notation are that as ℱ𝑖 represents new infections, it cannot be negative. 

Opposite to 𝒱𝑖, which can be negative whenever the compartment is empty, in order to avoid 

negative states of 𝑥 variables. 
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Because of the first assumption, 
𝜕ℱ𝑖(0,𝑦𝑜)

𝜕𝑦𝑗
=

𝜕𝒱𝑖(0,𝑦𝑜)

𝜕𝑦𝑗
= 0 for every pair (𝑖, 𝑗). This implies that 

the linearized equations for the disease compartments are decoupled from the remaining 

equations and can be written as 

𝑥′ = (𝐹 − 𝑉)𝑥 

 

Where 𝐹 and 𝑉 are the 𝑛x𝑛 matrices with entries 

 

𝐹 =
𝜕ℱ𝑖(0, 𝑦𝑜)

𝜕𝑥𝑗
, 𝑉 =

𝜕𝒱𝑖(0, 𝑦𝑜)

𝜕𝑥𝑗
 

 

Therefore, 𝐹 entries are the rates at which secondary infections are produced in 

compartments 𝑖 by an index case in compartment 𝑗. The expected time of an individual 

initially introduced into disease compartment 𝑗 spends in disease compartment 𝑖 can be 

interpreted as 𝑉−1. Hence, the number of secondary infections produced by a single infected 

individual can be expressed as the product of the expected duration of the infectious period 

and the rate at which secondary infections occurs. Resultant matrix is known as the next 

generation matrix with small domain, 𝐾𝐿 

𝐾𝐿 = 𝐹𝑉−1 

That is nonnegative and therefore has a nonnegative maximum eigenvalue, 𝑅0, associated 

to an eigenvector, 𝜔. 𝑅0 and 𝜔 suitably define a typical infective dynamic, and is possible to 

define the disease-free equilibrium as an stable point  if 𝑅0 < 1 or unstable if 𝑅0 > 1. 

 

 

5.5. Numerical Simulations 

Numerical simulations were performed on Matlab Software with the use of ODE solvers and 

the inclusion of parameters reported in literature, exposed in the following table. 
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Table 1. Parameters table. 

Parameter Meaning Value Units 

𝑻𝑪 T cell count [0-1000] 𝑇𝑐𝑒𝑙𝑙𝑠

𝑚𝑚3  

𝜶(𝑻𝑪) T cell count positive effect 𝑇𝐶
3

2003 + 𝑇𝐶
3 

 

𝝐(𝑻𝑪) T cell count negative effect 𝑇𝐶
−3

200−3 + 𝑇𝐶
−3 

 

𝑼𝑵
∗  Stable population of uninfected neurons 12.21*10^6(28) 𝑢𝑛𝑖𝑛𝑓𝑒𝑐𝑡𝑒𝑑 𝑛𝑒𝑢𝑟𝑜𝑛𝑠 

𝑼𝑮
∗  Stable population of uninfected glial cells 12.21*10^7(28) 𝑢𝑛𝑖𝑛𝑓𝑒𝑐𝑡𝑒𝑑 𝑔𝑙𝑖𝑎𝑙 𝑐𝑒𝑙𝑙𝑠 

𝒎𝑵 Mortality rate of uninfected neurons 1/75*365*24 
Estimated 

1

ℎ
 

𝒎𝑮 Mortality rate of uninfected glial cells 1/15*365*24 
Estimated 

1

ℎ
 

𝜷𝑵 Rate of infective contacts with neurons 
per tachyzoite 

20(14)*10.5%(21)/𝑈𝑁
∗  1

ℎ ∗ 𝑡𝑎𝑐ℎ𝑦𝑧𝑜𝑖𝑡𝑒
 

𝜷𝑮 Rate of infective contacts with glial cells 
per tachyzoite 

20(14)*49.6%(21)/𝑈𝐺
∗  1

ℎ ∗ 𝑡𝑎𝑐ℎ𝑦𝑧𝑜𝑖𝑡𝑒
 

𝒑𝑵 Lysis rate of infected neurons 1/48(21, 24) 1

ℎ
 

𝒑𝑮 Lysis rate of infected glial cells 1/36(21) 
 

1

ℎ
 

𝒅𝑵  Differentiation rate of neurons 1/96(21, 24) 1

ℎ
 

𝒅𝑮 Differentiation rate of glia cells 1/96(21, 24) 1

ℎ
 

𝝉𝑮 Disinfection rate of infected and 
encysted glial cells  

0.522 Estimated 1

ℎ
 

𝒌𝑵 Lysis rate of encysted neurons 1/60 Estimated 1

ℎ
 

𝒌𝑮 Lysis rate of encysted glial cells 1/3 Estimated 1

ℎ
 

𝜹𝑵 Ratio of tachyzoites released by infected 
neuron 

3.2(21)  𝑡𝑎𝑐ℎ𝑦𝑧𝑜𝑖𝑡𝑒𝑠

𝑖𝑛𝑓𝑒𝑐𝑡𝑒𝑑 𝑛𝑒𝑢𝑟𝑜𝑛
 

𝜹𝑮 Ratio of tachyzoites released by infected 
glial cell 

11.5(21)  
 

𝑡𝑎𝑐ℎ𝑦𝑧𝑜𝑖𝑡𝑒𝑠

𝑖𝑛𝑓𝑒𝑐𝑡𝑒𝑑 𝑔𝑙𝑖𝑎𝑙 𝑐𝑒𝑙𝑙
 

𝜸𝑵 Ratio of tachyzoites released by encysted 
neuron 

10um(11)*(1000/70um)(17) 𝑡𝑎𝑐ℎ𝑦𝑧𝑜𝑖𝑡𝑒𝑠

𝑒𝑛𝑐𝑦𝑠𝑡𝑒𝑑 𝑛𝑒𝑢𝑟𝑜𝑛
 

𝜸𝑮 Ratio of tachyzoites released by encysted 
glial cell 

40um(11)*(1000/70um)(17) 𝑡𝑎𝑐ℎ𝑦𝑧𝑜𝑖𝑡𝑒𝑠

𝑒𝑛𝑐𝑦𝑠𝑡𝑒𝑑 𝑔𝑙𝑖𝑎𝑙 𝑐𝑒𝑙𝑙
 

𝝉𝑭𝑻 Removal rate of free tachyzoites 0.23/24(15) 
20 Estimated 

1

ℎ
 

𝒎𝑭𝑻 Mortality rate of free tachyzoites 0.8/24(15) 1

ℎ
 

𝑭 Pyrimethamine bioavailability 100%(29)  

𝑽 Pyrimethamine volume of distribution 245.63(7) 𝐿 

𝒌𝒂 Pyrimethamine absorption rate 1.55(7) 𝐿

ℎ
 

𝒌𝒆 Pyrimethamine elimination rate 0.004975217(7) 𝐿

ℎ
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5.6. Pharmacokinetics and Protocol Design 

Plasma concentration of the drug is modeled as a one-compartment model for an oral 

administrated drug with first order reabsorption and multiple dosing. 

Equation for multiple doses (concentration of the drug after 𝑛 dosage, and 𝑡 time with the 

use of drug concentration 𝐷) is: 

𝑃𝑛 =  
𝐹𝐷𝑘𝑎

𝑉(𝑘𝑎 − 𝑘𝑒)
[
1 − 𝑒−𝑛𝑘𝑒𝑡

(1 − 𝑒−𝑘𝑒𝜆)
−

1 − 𝑒−𝑛𝑘𝑎𝑡

(1 − 𝑒−𝑘𝑎𝜆)
] 

(10) 

 

Meaning and values of the parameters are expressed in Table 1. 

Proposed protocols where designed manually with the modification of dosage and frequency 

of the drug regimen. 

 

 

6. Results and Discussion 

 
6.1. ODE model for T. gondii Infection and Immune System Effect 

A summary of the ODE equations with the addition of the immune system effects if shown 

in the following table. 

Table 2. ODE system summary. 

Variable Meaning Equation 

𝑼𝑵 Uninfected 

Neurons 

𝑈�̇� = 𝑚𝑁(𝑈𝑁
∗ − 𝑈𝑁) − 𝛽𝑁𝐹𝑇𝑈𝑁  

𝑼𝑮 Uninfected Glial 

cells 

𝑈�̇� = 𝑚𝐺(𝑈𝐺
∗ − 𝑈𝐺) − 𝛽𝐺𝐹𝑇𝑈𝐺 + 𝛼(𝑇𝐶)𝜏𝐺(𝐼𝐺 + 𝐶𝐺) 

𝑰𝑵 Infected Neurons 𝐼�̇� = 𝛽𝑁𝐹𝑇𝑈𝑁 − 𝜖(𝑇𝐶)𝑝𝑁𝐼𝑁 − 𝛼(𝑇𝐶)𝑑𝑁𝐼𝑁 

𝑰𝑮 Infected Glial cells 𝐼�̇� = 𝛽𝐺𝐹𝑇𝑈𝐺 − 𝜖(𝑇𝐶)𝑝𝐺𝐼𝐺 − 𝛼(𝑇𝐶)𝑑𝐺𝐼𝐺 − 𝛼(𝑇𝐶)𝜏𝐺𝐼𝐺  

𝑪𝑵 Neurons with 

cysts 

𝐶�̇� = 𝛼(𝑇𝐶)𝑑𝑁𝐼𝑁 − 𝜖(𝑇𝐶)𝑘𝑁𝐶𝑁 

𝑪𝑮 Glial cells with 

cysts 

𝐶�̇� = 𝛼(𝑇𝐶)𝑑𝐺𝐼𝐺 − 𝜖(𝑇𝐶)𝑘𝐺𝐶𝐺 − 𝛼(𝑇𝐶)𝜏𝐺𝐶𝐺  

𝑭𝑻 Free Tachyzoites 𝐹�̇� = 𝜖(𝑇𝐶)(𝛿𝑁𝑝𝑁𝐼𝑁 + 𝛿𝐺𝑝𝐺𝐼𝐺 + 𝛾𝑁𝑘𝑁𝐶𝑁 + 𝛾𝐺𝑘𝐺𝐶𝐺)

− (𝛽𝑁𝑈𝑁 + 𝛽𝐺𝑈𝐺 + 𝛼(𝑇𝐶)𝜏𝐹𝑇
+ 𝑚𝐹𝑇

+ 𝜑(𝑃))𝐹𝑇 
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6.2. Equilibrium Points 

Equilibrium points were determined by solving the homogenous ODE system, resultant 

expressions are shown below: 

 

𝑈𝑁
̅̅ ̅̅ =

𝑚𝑁𝑈𝑁
∗

𝑚𝑁 + 𝛽𝑁𝐹𝑇
̅̅ ̅

 

 

𝐼�̅� =
𝛽𝑁𝐹𝑇

̅̅ ̅𝑚𝑁𝑈𝑁
∗

(𝑝𝑁 + 𝑑𝑁)(𝑚𝑁 + 𝛽𝑁𝐹𝑇
̅̅ ̅)

 

 

𝐶𝑁
̅̅̅̅ =

𝑑𝑁𝛽𝑁𝐹𝑇
̅̅ ̅𝑚𝑁𝑈𝑁

∗

𝑘𝑁(𝑝𝑁 + 𝑑𝑁)(𝑚𝑁 + 𝛽𝑁𝐹𝑇
̅̅ ̅)

 

 

𝑈𝐺
̅̅̅̅ =

𝑚𝐺𝑈𝐺
∗

𝑚𝐺 + 𝛽𝐺𝐹𝑇
̅̅ ̅ (1 − 𝜏𝐺 (

𝑘𝐺 + 𝜏𝐺 + 𝑑𝐺

(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)
))

 

 

𝐼�̅� =
𝛽𝐺𝐹𝑇

̅̅ ̅𝑚𝐺𝑈𝐺
∗

(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺) (𝑚𝐺 + 𝛽𝐺𝐹𝑇
̅̅ ̅ (1 − 𝜏𝐺 (

𝑘𝐺 + 𝜏𝐺 + 𝑑𝐺

(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)
)))

 

 

𝐶𝐺
̅̅ ̅ =

𝑑𝐺𝛽𝐺𝐹𝑇
̅̅ ̅𝑚𝐺𝑈𝐺

∗

(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺) (𝑚𝐺 + 𝛽𝐺𝐹𝑇
̅̅ ̅ (1 − 𝜏𝐺 (

𝑘𝐺 + 𝜏𝐺 + 𝑑𝐺

(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)
)))

 

 

𝐹𝑇
̅̅ ̅ =

𝛿𝑁𝑝𝑁𝐼�̅� + 𝛿𝐺𝑝𝐺𝐼�̅� + 𝛾𝑁𝑘𝑁𝐶𝑁
̅̅̅̅ + 𝛾𝐺𝑘𝐺𝐶𝐺

̅̅ ̅

𝛽𝑁𝑈𝑁
̅̅ ̅̅ + 𝛽𝐺𝑈𝐺

̅̅̅̅ + 𝜏𝐹𝑇
+ 𝑚𝐹𝑇

+ 𝜑
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Polynomial expression that integrates the seven equations solution results in three solutions 

for the system. Two of them with biological meaning: first, the disease-free equilibrium 

where infected and encysted populations, as well as free tachyzoites, are not present; and 

the second, an equilibrium point that privileges the establishment of the infection within the 

modeled populations. Numerical simulations of the equilibrium points in function of the 

immune system state are shown in Figure 3. 

 

 

Figure 3 Equilibrium points of the ODE system. Equilibrium points of each variable of the Toxoplasmic 
Encephalitis model are numerically estimated in variation of the immune system state, expressed in 
the CD4 cell count (cells/mm3) on the horizontal axis. Initial conditions for the system where 1.21x107 
cells for 𝑈𝑁 population, and 1.21x108 cells for 𝑈𝐺  population, only one free tachyzoite was set in the 
system in the absence of infected and encysted population. 

Is possible to observe how free tachyzoites population tends to decrease its equilibrium point 

as the immune system is strengthened, being significantly reduced in the case of a patient 

with a CD4 cell count >100 cells/mm3, this result is consistent with the considerations 

exposed by professionals where the minimum threshold for TE risk is set at this immune 

system state. However, the size of the equilibrium points of the remain populations still are 

low at that immune system state. In the case of neurons, a considerable increment of the 

encysted population, and therefore the establishment of a latent infection, is only observable 

in a CD4 count >600 cells/mm3, whereas the recovery of a portion of uninfected neurons is 

only seen in a CD4 count >900 cells/mm3. Nevertheless, neuron dynamics exhibits the 

expected behavior of a brain cell subpopulation with a tendency of latent infection 

development. On the other hand, glial cells show a not monotonic tendency, except for the 

recovery of uninfected glial cells that increases constantly with the strengthened of the 

immune system. The establishment of latent infection is stimulated from the beginning of 
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the immune system improvement until a CD4 count of 800 cells/mm3 approximately. From 

there, a decrement of the infected and encysted glial cells population is observable, this may 

be caused due to a breakpoint where the lysis and rupture rates have declined so much that 

disinfection processes executed by the immune system are benefited and both, acute and 

latent infection, is reduced. This behavior is an overview of the role of the glial cell population 

in the continuous management of the infection, and highlights the cyclic dynamics that are 

present due to the providing of new susceptible cells after their disinfection. 

 

6.3. Stability Criteria 

Due to the complexity of the polynomial expression, numerical approximations where 

performed to evaluate the value of the equilibrium points and their stability. Results expose 

the instability of the diseases-free equilibrium point in all immune system states, opposite to 

the behavior of the second equilibrium point. 

 

6.4. Estimation of the Basic Reproduction Number: Treatment Discontinuation 

Criteria 

The selected states at infection, were the infected neurons (𝐼𝑁), the infected glial cells (𝐼𝐺), 

the encysted neurons (𝐶𝑁), and the encysted glial cells (𝐶𝐺) compartments. Next generation 

matrix is developed ignoring the 𝛼 and 𝜖 parameters to facilitate its approach. Nevertheless, 

their effect is included later in the analysis of 𝑅0 values. In order to express the new infections 

as a direct interaction of infected and encysted cells with uninfected populations, free 

tachyzoites dynamics were assumed to be much faster than others, so its value approaches 

instantly to an equilibrium given by the equation 

𝐹𝑇 =
𝛿𝑁𝑝𝑁𝐼𝑁 + 𝛿𝐺𝑝𝐺𝐼𝐺 + 𝛾𝑁𝑘𝑁𝐶𝑁 + 𝛾𝐺𝑘𝐺𝐶𝐺

𝛽𝑁𝑈𝑁 + 𝛽𝐺𝑈𝐺 + 𝜏𝐹𝑇
+ 𝑚𝐹𝑇

+ 𝜑
 

Disease-free equilibrium point was determined as 

 

𝐷𝐹𝐸 = [𝑈𝑁 , 𝑈𝐺 , 𝐼𝑁 , 𝐼𝐺 , 𝐶𝑁 , 𝐶𝐺] = [𝑈𝑁
∗ , 𝑈𝐺

∗ , 0,0,0,0] 

 

Therefore, ℱ and 𝒱 matrices were defined as 

ℱ = [

𝛽𝑁𝐹𝑇𝑈𝑁

𝛽𝐺𝐹𝑇𝑈𝐺

0
0

]           𝒱 = [

(𝑝𝑁 + 𝑑𝑁)𝐼𝑁
(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)𝐼𝐺
−𝑑𝑁𝐼𝑁 + 𝑘𝑁𝐶𝑁

−𝑑𝐺𝐼𝐺 + 𝑘𝐺𝐶𝐺 + 𝜏𝐺𝐶𝐺

] 
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Leading to the 𝐹 and 𝑉 matrices 

𝐹 =

[
 
 
 
𝛽𝑁𝑈𝑁

∗ Ω𝐼𝑁 𝛽𝑁𝑈𝑁
∗Ω𝐼𝐺

𝛽𝑁𝑈𝑁
∗Ω𝐶𝑁

𝛽𝑁𝑈𝑁
∗ Ω𝐶𝐺

𝛽𝐺𝑈𝐺
∗Ω𝐼𝑁 𝛽𝐺𝑈𝐺

∗Ω𝐼𝐺
𝛽𝐺𝑈𝐺

∗Ω𝐶𝑁
𝛽𝐺𝑈𝐺

∗Ω𝐶𝐺

0
0

0
0

0              0
0              0 ]

 
 
 

 

 

Where, 

Ω𝐼𝑁 =
𝛿𝑁𝑝𝑁

𝛽𝑁𝑈𝑁
∗ + 𝛽𝐺𝑈𝐺

∗ + 𝜏𝐹𝑇
+ 𝑚𝐹𝑇

+ 𝜑
 

Ω𝐼𝐺 =
𝛿𝐺𝑝𝐺

𝛽𝑁𝑈𝑁
∗ + 𝛽𝐺𝑈𝐺

∗ + 𝜏𝐹𝑇
+ 𝑚𝐹𝑇

+ 𝜑
 

Ω𝐶𝑁
=

𝛾𝑁𝑘𝑁

𝛽𝑁𝑈𝑁
∗ + 𝛽𝐺𝑈𝐺

∗ + 𝜏𝐹𝑇
+ 𝑚𝐹𝑇

+ 𝜑
 

Ω𝐶𝐺
=

𝛾𝐺𝑘𝐺

𝛽𝑁𝑈𝑁
∗ + 𝛽𝐺𝑈𝐺

∗ + 𝜏𝐹𝑇
+ 𝑚𝐹𝑇

+ 𝜑
 

 

𝑉 = [

𝑝𝑁 + 𝑑𝑁 0 0                 0
0 𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺 0                 0

−𝑑𝑁

0

0
−𝑑𝐺

𝑘𝑁              0
0     𝑘𝐺 + 𝜏𝐺

] 

 

Hence, 

𝐾𝐿 = 𝐹𝑉−1

=

[
 
 
 
 
 
 
𝛽𝑁𝑈𝑁

∗ (𝑘𝑁Ω𝐼𝑁 + 𝑑𝑁Ω𝐶𝑁
)

𝑘𝑁(𝑝𝑁 + 𝑑𝑁)

𝛽𝑁𝑈𝑁
∗ ((𝑘𝐺 + 𝜏𝐺)Ω𝐼𝐺 + 𝑑𝐺Ω𝐶𝐺

)

(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)

𝛽𝑁𝑈𝑁
∗Ω𝐶𝑁

𝑘𝑁

𝛽𝑁𝑈𝑁
∗Ω𝐶𝐺

𝑘𝐺 + 𝜏𝐺

𝛽𝐺𝑈𝐺
∗(𝑘𝑁Ω𝐼𝑁 + 𝑑𝑁Ω𝐶𝑁

)

𝑘𝑁(𝑝𝑁 + 𝑑𝑁)

𝛽𝐺𝑈𝐺
∗((𝑘𝐺 + 𝜏𝐺)Ω𝐼𝐺 + 𝑑𝐺Ω𝐶𝐺

)

(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)

𝛽𝐺𝑈𝐺
∗Ω𝐶𝑁

𝑘𝐺

𝛽𝐺𝑈𝐺
∗Ω𝐶𝐺

𝑘𝐺 + 𝜏𝐺

0
0

0
0

0              0
0              0 ]

 
 
 
 
 
 

 

 

As the determinant of this 𝐾𝐿 matrix is zero, there is only one non-zero eigenvalue that 

corresponds to 𝑅0 



27 

 

 

𝑅0 = 
𝛽𝑁𝑈𝑁

∗ (𝑘𝑁Ω𝐼𝑁
+ 𝑑𝑁Ω𝐶𝑁

)(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺) + 𝛽𝐺𝑈𝐺
∗(𝑘𝑁)(𝑝𝑁 + 𝑑𝑁)((𝑘𝐺 + 𝜏𝐺)Ω𝐼𝐺 + 𝑑𝐺Ω𝐶𝐺

)

𝑘𝑁(𝑝𝑁 + 𝑑𝑁)(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)
 

 

Substituting  Ωi expressions, 

 

𝑅𝑜 = 
𝛽𝑁𝑈𝑁

∗ (𝛿𝑁𝑝𝑁 + 𝑑𝑁𝛾𝑁)(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺) + 𝛽𝐺𝑈𝐺
∗(𝑝𝑁 + 𝑑𝑁)((𝑘𝐺 + 𝜏𝐺)𝛿𝐺𝑝𝐺 + 𝑑𝐺𝛾𝐺𝑘𝐺)

(𝑝𝑁 + 𝑑𝑁)(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)(𝛽𝑁𝑈𝑁
∗ + 𝛽𝐺𝑈𝐺

∗ + 𝜏𝐹𝑇
+ 𝑚𝐹𝑇

+ 𝜑)
 

 

Recalling the meaning of 𝜑 parameter as the tachyzoites-disinfection effect of the 

medication is valuable to analyze the necessary conditions to make 𝑅0 < 1 in terms of 𝜑, in 

order to avoid an epidemic. Hence, the desired value for 𝜑 is  

 

𝜑 > 𝛽𝑁𝑈𝑁
∗ (

𝛿𝑁𝑝𝑁 + 𝑑𝑁𝛾𝑁

𝑝𝑁 + 𝑑𝑁
− 1) + 𝛽𝐺𝑈𝐺

∗ (
(𝑘𝐺 + 𝜏𝐺)𝛿𝐺𝑝𝐺 + 𝑑𝐺𝛾𝐺𝑘𝐺

(𝑘𝐺 + 𝜏𝐺)(𝑝𝐺 + 𝑑𝐺 + 𝜏𝐺)
− 1) − (𝜏𝐹𝑇

+ 𝑚𝐹𝑇
) 

 

Minimum medication disinfection effect to prevent epidemic were simulated numerically in 

variation of the immune system state. Resultant graphic is shown in Figure 4. 

 

Figure 4 Minimum medication disinfection effect. It is notable that as immune system recovers its 
healthy state, the minimum efficiency of the medication, in terms of tachyzoites disinfection rate, is 
reduced. 



28 

 

Simulation proposes that the maximum disinfection rate needed is a mortality rate of 139.1 

per hour, and suggests that a CD4 count higher than 259 cells/mm3 represents a competent 

immune system capable to avoid epidemic without the need of a positive effect of 

medication. This threshold is higher than the suggested by professionals (200 cells/mm3) but 

is coherent with the concern of professionals about the persistence of reactivated TE 

continuously reported, and the extraordinary reports of patients with CD4 count >300 

cells/mm3 that where incorrectly discontinued for therapy (1, 25, 30).  

 

6.5. Numerical Simulations 

The following analysis was the evaluation of free tachyzoites population dynamics in function 

of diverse immune system states and time. These simulations were performed to identify the 

magnitude and frequency of the occurrence of reactivation peaks, and the existence of 

endemic or stable behavior of the free stage of the parasite, and are shown in Figure 5. 

6.5.1. Free Tachyzoites Population 

Because of the estimated immune system state where discontinuation of the therapy is 

feasible, simulations were performed until a 259 CD4 cells/mm3 count. Also the period of 

simulation was five years, a greater time of expected survival of a non-treated patient. First 

peaks of infection presented a similar behavior in all immune system states, they appear 

during first two weeks of brain infection, and also have a considerable higher magnitude than 

reactivation peaks. For that reason, their visualization was removed. 

 

(A)  
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(B)  

Figure 5 Reactivation crests. Free tachyzoites dynamics are plotted in function of the immune system 

state and time during five years of infection. B graphic at the bottom is a visualization improvement 

of A surface though a peak analysis. 

Simulations are shown from the presentation of the first reactivation peak (second infection 

peak), also because of the aim of the study to integrate these dynamics to the protocols of 

the administrated drugs in the maintenance therapy. As seen, the resultant graphic, named 

reactivation crests graphic, exhibits some general behaviors: In the case of a strongly 

compromised patient, magnitude of the free parasite population remains high as well as the 

frequency of the reactivation peaks, therefore, the parasite population is believed to be 

constantly free and infection is highly successful; with the strengthened of the immune 

system is possible to observe that first reactivation peaks occurs later in time and with a 

lower magnitude, similarly the following peaks decline their magnitude as time and CD4 cell 

count increases. 

 

 

6.6. Pharmacokinetics and Protocol Design 

The main objective of the pharmacokinetics stage was to integrate the drug concentration 

profile within the patient, and the behavior of the infection in terms of free parasite 

populations in its brain. However, the way this model coupling was proposed is not feasible 

with current investigations and evaluations of drug efficacy. The effect of medication as 

modeled (𝜑 parameter) is a mortality rate induced by the drug concentration, this estimation 

is not reported in the literature and therefore a different rapprochement was performed. 

6.6.1. Drug Requirements 

In order to assign the drug requirements for the free tachyzoites dynamics the evaluation of 

a successful regimen of pyrimethamine was analyzed, as shown in Figure 6.  
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The stable concentration of this regimen was 1.7 μg/mL and it was assigned to the stable 

population of a patient with a CD4 cell count of 160 cells/mm3. Then, drug requirement 

where assigned proportionally to this ratio and a normalized version of the reactivation 

crests graphic was obtained, shown in Figure 7. 

 

 

Figure 6 Pharmakocinetics of a successful maintenance treatment. Primary therapy consisted in a 
loading dose of 200mg followed by 75mg daily per 6 weeks. Maintenance therapy was induced with 
a dosing of 50mg daily. 

 

 

Figure 7 Drug Requirements Surface. Assignation of stable concentrations required for each point of 
free tachyzoites in function of the time and the immune system is presented. 

As observable, current management of the protocol for maintenance therapy for TE results 

in a stable concentration of the leading drug that may be insufficient in the case of strongly 

immunocompromised patients whereas is excessive for the control of reactivation events in 

patients with a recovered immune system. 
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6.6.2. Proposed Protocols 

Due to the complexity of developing an automatic selection of dosing and frequency of the 

drug’s regimen, an approximation was done with the manual-designed protocols that exhibit 

a second drug peak in synchrony to the first reactivation peak of the infection, and whose 

stable magnitudes are in accordance with the drug requirements previously found. 

A summary of the proposed protocols is shown in Table 3, and the visualization of their 

pharmacokinetics is presented in Figure 8. 

Higher stable concentrations were not possible to reach due to the dose-limiting side effects 

reported in the literature. Therefore, an improvement of the immune system state with 

alternative therapies as HAART, is suggested in order to reach a CD4 cell count where the 

required drug concentration is possible to reach. 

 

Table 3. Proposed Protocols. 

CD4 cells count 
(cells/mm3) 

Maintenance treatment 

 Daily 
dose 
(mg) 

Duration 

(weeks) 

Daily 
dose 
(mg) 

Duration 

(weeks) 

Daily 
dose 
(mg) 

Duration 

(weeks) 

Daily 
dose 
(mg) 

Duration 

(weeks) 

[0-30] 75 D.C.       

[30-60] 62.5 18 50 D.C.     

[60-90] 62.5 18 25 D.C.     

[90-120] 50 18 25 D.C.     

[120-150] 25 11 75 8 50 24 12.5 D.C. 

[150-180] 25 24 75 8 50 24 12.5 D.C. 

[180-210] 25 46 75 8 50 38 12.5 D.C. 

[210-240] 25 72 50 65 12.5 D.C.   

[240-270] 12.5 122 25 80 12.5 D.C.   

D.C. Discontinuation criteria: until a stable immune system improvement (CD4 count >259 cells/mm3) 

is observable. 
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Figure 8 Pharmacokinetics of proposed protocols. A visualization of the proposed protocols and their 
relation with the drug requirements is shown. 

 

 

 

 

7. Conclusions 

Infection by Toxoplasma gondii is suitable to be studied from a mathematical approach 

thanks to the studied infection dynamics among the involved populations, including the 

evaluation of infective effectiveness, growth suitability, and dissemination behaviors within 

the host. Therefore, it was possible to summarize the most relevant findings reported by 

several researches in order to capture the essential strategies of the parasite for the 

establishment of the acute, latent, and reactivated infection in relation with specific brain 

cell populations. 

Since the study of T. gondii inside the host’s brain is notably challenging, the use of 

mathematical models, as ODEs systems, is useful for the understanding of the establishment 

and reactivation of the infection. The novel approach that was proposed allows the 

understanding of the development of TE in diverse states of a patient without the clinical 

considerations and limitations that may be present in a retrospective study. Leading to the 

evaluation of the disease in both, immunocompromised and immunocompetent patients. 

Also, it was possible to evaluate the performance of non-conventional protocols of the 

therapy for TE, avoiding the risks in the patient, and quantifying its efficacy and applicability. 
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Mathematical analysis of a modeled phenomenon as T. gondii infection leads to useful 

findings that results from the evaluation of the problematic from a different perspective. The 

basic reproduction number estimation of the system, and its evaluation in relation to the 

medication effect reveals the necessity of the drug until a threshold of 259 CD4 cells/mm3 in 

the patient. No evaluation of this threshold was previously addressed, and even though is 

necessary to discuss it with professionals and to design clinical trials, it highlights the need of 

rigorous study of the topic. 

Design of the maintenance protocols was possible with the study of involved 

pharmacokinetics. However, is necessary to couple the models with a parameter present in 

both systems of equations in order to analyze changes in the presentation of reactivation 

peaks and more efficient drug regimens. Experimental design of the evaluation of drug 

efficacy in terms of induced mortality of the parasite, or the reconsideration of the coupling 

methodology of the models is aim to be done in future work. Finally, discussion of the 

findings and proposed protocols with clinical professionals is required to strengthen the 

accuracy of the model and contribute to the more efficient management of AIDS-associated 

Toxoplasmic Encephalitis. 
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