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ABSTRACT 
The following project attempts to use the mathematical 

model of running based on a spring mass inverted pendulum 

presented by Geyer, Seyfarth and Blickhan in their paper 

“Spring-mass running: simple approximate solution and 

application to gait stability” [1] to predict the height of the 

stride during running and compare it to the real experimental 

value to determine the effect of running with and without shoes 

on the economy of the run. To collect the data necessary to 

conclude on the subject, several experimental subjects were 

filmed while running at different speeds with and without shoes 

and then, using a marker detection movement capture algorithm 

and interface calibrated with the results of a preliminary 

dataset, the information of the videos was inputted in the model 

for further analysis of the proposed hypothesis. 

 
INTRODUCTION 
 Since the dawn of mankind, running has been part of the 

most basic human needs because it allowed the early hominids 

to hunt animals in order to survive. With the evolution of the 

species, and as it happened with several other traits, running 

also evolved to fit the needs of humans in the environment that 

surrounded them. 

It has been a recent hypothesis that the usage of shoes for 

running might affect the way feet normally land on the ground, 

given that the evolution of the run happened while humans ran 

barefoot, hence feet are designed to be more effective that way. 

This hypothesis has generated a school of thought among 

runners where it is healthier and more effective to run with 

minimalistic sport shoes, trying to emulate barefoot running 

without risking injury. 

A few studies have taken place where the risk of injury is 

evaluated in scenarios were runners are using sport shoes and 

then compared with those running barefoot, however the actual 

impact of the barefoot run in the efficiency and economy of 

running has had less presence on this field of biomechanics 

investigation. 

The following project was developed from a research 

conducted at the Biomedical Engineering Department of Los 

Andes University where a 3D movement capture protocol was 

used to analyze the energy loss of runners with and without 

running shoes in comparison to a mathematical model that 

predicted the theoretical height of the end of the stride based on 

the actual height of the beginning of said stride. 

1. OBJECTIVES 
This project attempts to evaluate the conditions under 

which sport shoes have a negative effect on the economy of 

running. The economy of the run is defined according to the 

mathematical model presented by Geyer, Seyfarth and Blickhan 

in their paper “Spring-mass running: simple approximate 

solution and application to gait stability” for the Journal of 

Theoretical Biology in 2005 [1]. With said model, a data 

acquisition and analysis protocol in two dimensions will be 

designed, thoroughly tested and compared to the results 

obtained by the original three-dimensional analysis on the 

economy of running made by Susana Contreras. 

The first step is the design of an algorithm capable of 

finding the position markers placed on a runner in a 2D image 

and tagging their location as a numerical coordinate in a plane 

with a fixed reference point.  

Afterwards, it is crucial to design a protocol (and graphic 

interface) that allows analyzing a 2-dimensional video of the 

runner and acquiring the data necessary to compare the 

economy of the run at different speeds, in different conditions 

(with or without sport shoes) and to the results of different 

subjects. After perfecting the model and experimental protocol, 

it is planned to acquire data of a series of volunteer runners in 

order to draw conclusions on the effect of sport shoes in 

running, and with this information generate a statistical analysis 

for the experiment.  

The final step of the project would be to determine the 

relative importance of the “Z” variable (tridimensional 

coordinate) in the prediction of the stance using the spring-mass 

model. For this comparison, the previously collected 3D data 

from the original research will be used. 

2. METODOLOGY 

2.1. Spring-Mass Model 

The first step of the project was to get acquainted with the 

mathematical model presented in the Geyer, Seyfarth and 

Blickhan paper [1], given that the formula predicting the height 

of the end of the stance will be the one used to determine the 

theoretical value of the best possible running step, in terms of 

economy.  
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This model is based on the conservation of mechanical 

energy and angular momentum to predict the height of the 

following step during a stabilized run. 

 
Fig. 1. Graphical representation of the spring-mass model used for the 

theoretical analysis of the run. 

Figure 1 illustrates the graphical representation of the 

spring-mass model defined by Geyer et al. Where m represents 

the weight of the runner, l0 is the length of the leg from hip to 

ankle at rest, α0 is the angle formed between the leg and the 

horizontal line right before the first contact of the foot and the 

ground, g is the gravitational force, k is the stiffness constant of 

the leg when it is assumed as a spring, r is the radial position 

and φ is the angular position of the point-mass when its 

movement is the one of an inverted spring pendulum during the 

stance. 

The spring-mass model for running has two main phases 

and two events that determine the beginning and ending of said 

phases, these are: 

Touchdown: Event where the front foot makes contact 

with the ground. It marks the beginning of the Stance Phase. 

Stance Phase: When the front foot is in contact with the 

ground, making the front leg compress and advance like an 

inverted spring pendulum would. The value of    is calculated 

throughout this phase. 

Takeoff: Event where the front foot is lifted from the 

ground. It marks the ending of the Stance Phase and the 

beginning of the Flight Phase. 

Flight Phase: When the front leg swings as a pendulum 

and the back leg is in contact with the ground. This phase isn’t 

measured as thoroughly as the stance phase, and it is assumed 

to be the time period where there is not any contact between the 

front leg and the ground. 

The mathematical model assumes the conservation of 

mechanical energy and angular momentum, as the following 

formulas describe: 

Conservation of Mechanical Energy: 

  
 

 
    

  

    
 

 

 
            

Conservation of Angular Momentum: 

        

And the final formula to predict the height at the end of 

the stride (      as a function of the previous height      is: 

         
 

  
                           

                      
 

               

 

2.2. Model Implementation 

The model explained in the last section was replicated in 

MATLAB and it was tested using the data previously obtained 

with a 3D movement capture montage by the assessor of the 

project, Juan Manuel Cordovez. The following graphs are the 

interpretation of said data: 

 
Fig. 2. Visualization of the markers in 2D space forming the front leg 

of the runner in one frame. 

 
Fig. 3. Trajectory graph of the markers in 2D (red for hip, yellow for 

knee, green for heel and blue for toes) 
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The trajectory graph on Fig. 3 was obtained by tagging the 

markers seen on Fig. 2 for every frame of the recorded run. The 

same graph was expanded versus time in order to better 

understand the height fluctuations during the different phases of 

the run: 

 
Fig. 4. Graph of the height of the markers in 2D versus frame of the 

video. 

The next step was the definition of the phases of the run on 

the graphs (stance and flight). The height of the hip was used to 

determine the frame in which each phase commences, and the 

hip marker was tagged with the result on the following graph: 

 

Fig. 5. Definition of the phases of the run using the height of the hip 

marker. 

The implemented model is able to find the height of the hip 

marker for every phase and event of the run, use it to predict 

the height of the same marker for the following stride and then 

compare it with the real value taken from the original inputted 

data, obtaining the percentage of height loss from the 

theoretical to the experimental height of the stride. An increase 

of this loss percentage indicates a lower economy of the run, 

since the resulting height of the stride is even further apart from 

the theoretical expected result. 

2.3. Collection of a 2D dataset 

After testing the implemented model using the 3D 

dataset provided from the previous research and obtaining 

coherent results for the predicted height values, a 

recording session was held in order to collect different 

versions of a 2D dataset. The images obtained were used 

to analyze which of them would be better to obtain the 

information needed for the model (the coordinates of the 

markers in the frame).  

The initial images were set to have the highest contrast 

between the markers and every other section of the image, 

including the runner and the background. A sample of the 

original images is displayed on Fig. 6. (a). 

However, after reevaluating the marker detection 

method and the implications of the restricted experimental 

setting for the runners and computational time in 

MATLAB, the final images looked different from the one 

on Fig. 6. (a). The final images had less restrictive 

conditions for lighting and clothing and were managed to 

be processed via a different marker detection method that 

consumed less than 1/5
th

 of the original computational 

time. A sample of the final images is displayed on Fig. 6. 

(b). 

  

Fig. 6. (a) Original Image for analysis vs. (b) Final Image for analysis. 

2.4. Design of an algorithm for marker detection  

With the collected preliminary 2D image dataset from the 

previous section, several marker detection methods were tested 

in order to find the one that managed to extract the 4 markers 

on each frame with the less amount of error.  

The first approach to the marker detection methods was 

Template Matching, where a fraction of the image 

corresponding to one of the 4 markers with the specific 

illumination and contrast conditions of the video was used as a 
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template to correlate with each frame of the original video, 

generating an intensity map such as the one on Fig. 7. (a). This 

map was then organized by rows, from the lowest to the highest 

value of intensity as shown on Fig. 7. (b) in order to extract the 

last column to the right and find the peaks of intensity that 

correspond to each one of the markers. By returning to the 

original position of this peaks lead to the position of each 

marker on the current frame and the result is shown on Fig. 8.  

(a).  

 

Fig. 7. (a) Intensity Map resulting from the Template Matching and (b) 

same frame result organized by rows from lowest to highest pixel 

value of intensity. 

The results obtained by Template Matching analysis were 

satisfactory. However, a slight change in the illumination when 

taking the video affected dramatically the results, because the 

brightness of some of the surfaces (especially those on the 

treadmill) sometimes surpassed those of the markers. Not to 

mention that the computational time required for the whole 

process on a full length experimental video was longer than 

expected and would have compromised the length of the 

experiment. 

In order to correct the previously explained problems, a new 

marker detection method was tested. This one allowed less 

restrictive experimental settings that could compromise the 

final video (such as illumination and clothing contrasts), and it 

consisted in the extraction of the color components map for 

each frame and then using the color channel corresponding to 

the color of the marker (in this case, blue) to find the places of 

the image that contribute the most to this color channel. Since 

nothing else on the image is blue, the markers are the points 

selected. 

The result of this new method is shown on Fig. 8. (b), and it 

is clear how the method produces a cleaner result that Template 

Matching does in terms of the intensity map, something that 

reduces the chances of finding a peak in a place where there is 

no marker. Also, as it was explained on the previous section, 

the computational time was highly reduced by the change in the 

method. 

 

Fig. 8. (a) Result of Image Analysis with Template Matching with 

identified markers vs. (b) Result of Image Analysis by Color Channel 

with identified markers. 

2.5. Model Calibration 

After the protocol for marker detection was finished, some 

calibration was necessary in order to make sure that the model 

is applicable to several other videos of different runners and to 

be able to use the information extracted by the model as real 

measurements in units. 

In order to interpret the pixel positions obtained from the 

marker detection, one of the real measurements of the runner is 

needed. The distance chosen was the length of the straight line 

between the hip marker and the knee marker, and this real 

measurement in meters is used as a scaling factor to convert the 

pixel positions of the markers into real distances. 

The last necessary step to calibrate the model was the 

development of an interpolation function capable of identifying 

the few places where the markers are lost and using the 

neighboring positions to avoid generating peaks in the position 

graph that could alter the phase detection section of the model 

implementation.  

2.6. Experimental Settings 

2.6.1.  Original 

As it was previously shown on Fig. 6.(a), the original 

experimental settings depended on several factors that needed 

to be controlled for the images to be fit for the marker detection 

and model implementation code. These factors were: 

Lighting: The light had to be frontal to the treadmill in 

order to provide the least amount of glare in the surfaces other 

than the markers. Too much overhead lighting would cause the 

marker detection method to find markers over the surfaces of 

the treadmill. 
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Distance: The distance between the camera and the 

treadmill was fixed at 1.5 meters, modifying this distance 

would cause a change in the dimensions of the markers on the 

final video, reducing the correlation with the previously 

selected template and possibly losing some of the markers in 

several frames of the video. 

Markers: The markers were white polystyrene pallets cut 

in halves.  

Background and Clothing: The background and clothes 

for the runners were strictly black with no light portions, 

because those were easily identified by the code as new 

inexistent markers. 

Camera: The camera used was the one of an iPhone 5, with 

120 fps video sampling frequency. 

2.6.2.  Final 

When the marker detection method was modified, the 

requirements for the experimental settings became less 

restrictive, which allowed to modify the protocol of the data 

recollection as follows: 

Lighting: Direct overhead lighting is avoided because of 

the glare. However the markers can be still detected with really 

dim lighting and strong natural daylight. 

Distance: The distance from the camera to the treadmill can 

be freely modified, as the scaling factor takes care of the 

proportions of the image obtained.  

Markers: The markers are blue ping pong balls cut in 

halves. 

Background and Clothing: The background remains black 

to avoid external factors, but the clothing can now be whatever 

the runner prefers to wear with the only exception for blue. 

Camera: The camera remains to be that of an iPhone 5 with 

120fps video sampling frequency.  

2.7. Final Tests 

The final tests were conducted by taking videos of several 

volunteer runners following the previously explained 

experimental protocol. The runners were asked to bring the 

shoes in which they normally ran and then 8 separate videos 

were taken: 

4 videos running with shoes and 4 videos running without 

them, the runners decided randomly which set of videos they 

wanted to start with. For each of the two sets of 4, a video was 

taken running at the highest speed the runner felt comfortable 

in (100% of their capacity) and then one for 80% of this value, 

one for 70% and one for 60%. The order of both sets was 

randomized by the interface of the project in order to avoid a 

propagated experimental error due to the order of the velocities 

of running. 

2.8. Statistical Analysis 

The statistical analysis for the complete set of experimental 

data was designed as a multi-factor ANOVA and its analysis 

was conducted using statistical software such as STATA and 

SPSS. 

The variable used to compare between factors and subjects 

is the error between the theoretical and experimental values of 

the height of the stride for each subject in each one of the two 

conditions (with and without shoes).  

The fixed factors were the ones specified in the 

experimental design of the previous sections, and the variable 

factors included on the test are previous training of the runner, 

weight, height, gender, and presence or absence of shoes on the 

experiment. 

3. RESULTS 

3.1. Model Implementation Matlab Code and 

Working Interface 

The final version of the code will be provided with the 

final document of the project, it contains the full 

implementation of the model, marker detection method and 

final working dynamic interface usable to amplify the data 

recollection for the project. 

The final program has three main windows. The first one, 

shown on Fig. 9, allows the input of the runner’s basic 

information and it also generates the randomized order in which 

the runner will perform the experiment. After completing this 

window and clicking on Analyze, the next window is displayed. 

 
Fig. 9. Interface Window for the initial input of the runner’s data. 

On Fig. 10, the simulation and analysis of data window is 

displayed. It shows the inputted basic information and allows to 

upload a video and select its running speed and gives an option 

between With Shoes and Without Shoes. After clicking 

Analyze, the video is processed frame by frame and the 

simulation results and graphs are displayed on the right side of 

the window (With Shoes on the top and Without Shoes on the 

bottom).
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Fig. 10. Interface Window for simulation and analysis of inputted data. 

By clicking Compare, the third window of the interface is 

displayed as shown on Fig. 11. This window shows the 

numerical difference in the height of the predicted stance and 

the graphical representation of it for the same runner With 

Shoes and Without them, this allows a more visual 

representation of the final objective of the project that is to 

know the impact of shoes on the economy of running. 

 
Fig. 11. Interface Window for the final comparison of the data between 

With Shoes and Without Shoes. 

3.2. Experimental Data 

The experimental data for 26 subjects was recollected 

throughout the last weeks of the development of the project. 

However, the number of subjects is not high enough to produce 

a significant test power for statistical analysis. Nonetheless, a 

preliminary analysis of the results of a few of the subjects was 

made and it is presented next.  

Fig. 12. Error in Yi with shoes (green) and without shoes (blue) for a 

runner at 60% of their maximum measured speed. 

The results of the majority of the runners presented a 

pattern in error distribution when comparing running with and 

without shoes for each speed tested. As it is shown on Figure 

12, when running at low speeds (such as 60% of the maximum 

capacity of the runner), the error bar is higher (with a 0.01 

meters difference) when running with shoes. According to the 

previously explained theoretical analysis, this means that the 
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run at 60% of the maximum velocity is more efficient when 

done without shoes. 

However, after analyzing the same comparison done for 

higher speeds (such as the maximum measured velocity for the 

runners), the results were inverted, as seen on Figure 13. 

 

Fig. 13. Error in Yi with shoes (green) and without shoes (blue) for a 

runner at their maximum measured speed. 

This pattern on the evaluated results suggests that when 

running at lower velocities, it is beneficial to the economy of 

running to do so barefoot, but when running at higher speeds, 

shoes provide the support necessary to make the run more 

efficient. 

4. CONCLUSIONS 
The human body is a complex machine, designed to evolve 

throughout time and adapt to different situations. Running is 

not the exception. The preliminary results of the analysis for a 

few experimental subjects suggests that running barefoot is 

more effective at less extreme speeds. However, the study also 

suggests that the usage of sport shoes might be beneficial at 

higher speeds as it provides security and a fair amount of 

cushioning to the runner. 

Initially, the mathematical model proved useful as a base 

for the comparison of the effectiveness of each of the cases, 

given that without the data of the model considered to be 

theoretical the comparison between both types of run would not 

have been possible, because even with the same subject, both 

runs with and without shoes are independent and different, 

making it impossible to draw conclusions of their direct 

comparison. 

With the development and testing of different detection 

methods, it was proved that designing a detection method less 

prone to error was easier than obtaining a database with a lot of 

restrictions to prevent said errors. Also, the calibration of the 

model was crucial to avoid the propagation of errors impossible 

to correct without over fitting the model and restricting it to 

only a few cases of perfect dataset processing. 

5. FUTURE WORK 
In order to finish the experimental process, the model and 

interface will be used to collect and analyze the remaining data 

for the investigation. With a complete set of results, the 

statistical analysis can be completed and conclusions can be 

drawn from the model, the hypothesis and the implementation 

of the interface and related code. 

After that, and using the original 3D data from the previous 

work by Juan Manuel Cordovez and Susana Contreras, a 

numerical comparison of the effect of removing the “Z” 

variable can be made. This variable was eliminated when the 

dataset for the project was taken as a 2D video instead of a 3D 

recording. If the error produced by removing this variable is 

low enough, it can be concluded that the project managed to 

generate a cheaper way to analyze a human motion problem 

with only a small fraction of error added to the results.    
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