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Abstract

In this thesis we take a look to the concept of topological order, which has been of
great interest in the last few years due to the exciting properties of topological materials.
This order is characterized by a non-trivial relation between topology and phase transitions
that will be discussed along the project. First of all, we will understand the implications of
topological order by studying the topological properties of the Kitaev chain. In particular
we will study the emergence of bizarre symmetry-protected edge states that is one of the
most interesting properties of topological materials. On a second part, we will review
the classification of topological insulators. This classification contains the last secrets
about this strange relationship between topology and phase transitions . Therefore, it will
constitute our final idea to understand the real meaning of topological order.

En esta tesis vamos a revisar el concepto de orden topológico, el cual ha sido de gran
interés durante los últimos años . Este orden está caracterizado por una relación no trivial
entre topoloǵıa y transiciones de fase, la cual será entendida a lo largo de proyecto. Para
esto, primero se van a entender las implicaciones del orden topológico a través del estudio
de las propiedades de la cadena de Kitaev. En particular, nos enfocaremos en el estudio de
los extraños estados de borde, los cuales, a través de la historia se han configurado como
una de las propiedades más interesantes de los materiales topológicos. En una segunda
parte, vamos a entender la clasificación de los aislantes topológicos. Esta clasificación
contiene los últimos secretos de esta interesante relación entre topoloǵıa y transiciones de
fase. Esto nos dará los elementos que necesitamos para entender el verdadero significado
del orden topológico.
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Introduction

The existence of a wide variety of states of matter and the pursuit of some sort of order
parameter that could characterize these states has always been an area of great interest in
condensed matter physics. Landau theory gave a response to part of these questions by re-
lating each order parameter with some kind of symmetry-breaking. In 1982 Tsui, Stormer
and Gossard detected a new state of matter that could not be characterized by Landau
theory, the Fractional Quantum Hall state (FQH). A new theory that could explain this
phenomena was necessary and the final result was that this strange phase transition could
be identified with some type of topological invariant. This invariant received the name of
“Topological Order”.

Topology is the area of mathematics that studies the global properties of space that are
stable under continuous deformations. Nevertheless, the relationship between this math-
ematical concept and condensed matter is definitely non-trivial. In fact, the final aim of
this thesis will be to understand in detail the concept of topological state of matter. To
complete this objective we will start with the study of the p-wave superconducting wire,
mostly known as the Kitaev Chain [3]. This model was proposed by Alexei Kitaev in
2001 with the purpose of studying the stability properties of Majorana fermions and their
possible application to quantum computing.

Our interest in the Kitaev chain comes from the fact that it is a simple non-trivial
model in 1D with a topological phase transition [2] [4] [5]. This model will be perfect
for obtaining a first intuitive idea of the consequences of a topological order. Topological
materials are usually characterized by the presence of robust ground state degeneracies,
and the emergence of exotic symmetry protected edge states. Therefore, our objective in
this first part of the project will be to compute these ground state degeneracies in the
Kitaev chain and observe the properties of the edge states. All these computations will be
included in chapter 1.

1



In the second part, we are going to understand the concept of topological order in the
most fundamental way. Using the knowledge acquired in chapter 1 we intend to understand
the real relationship between topology and phase transitions which will finally lead us to
the periodic table of topological insulators [6] [1]. This periodic table uses elements of
algebraic topology and Clifford algebras [7] [8] to classify topological phase transitions
according to the symmetries: time-reversal, particle-hole and chirality. As we can see from
figure 1, this models predicts the existence of topological phase transitions in renowned
topological insulators such as the integer quantum Hall effect (IQHE), the spin quantum
Hall effect (SQHE) and the Kitaev chain (which is in the same class of polyacetylene. See
figure 1).

Understanding this table will give us the final secrets of topological order such as the
relation between topology, phase transitions, symmetries and dimension. Nevertheless, this
problem will require strong mathematical tools from Clifford algebras and representation
theory [9] that will be described in chapter 2. Once we have finished with the mathematical
formalism we will be ready to understand the classification problem and the concept of
topological order (Chapter 3).
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Figure 1: Taken from [1]. Periodic table of topological insulators. Topological insulators are

classified according to three symmetries (time-reversal , particle-hole and chirality). We will talk

more about this table in chapter 3.
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Chapter 1

The Kitaev Chain

We will start our attempt to understand the concept of topological order by taking a
look to the Kitaev Chain. This is a non-trivial toy model with the nice property that
the correlation functions can be easily computed compared to higher dimensional models.
Therefore, we will be able of getting a very good understanding of this problem that will
give us a first intuition of what is really a topological phase transition.

Furthermore, this chain is enriched by the emergence of some bizarre symmetry pro-
tected edge states. We will study these states in detail, and their relationship with the
topological phase transition in the Kitaev chain. At the end, we will give a first topological
description of the phase transition to get a first idea of what is the relationship between
topology and these strange phase transitions in the chain.

1.1 Many-Body formalism

Before starting with the Kitaev chain I will do a short description of the fermionic many-
body formalism. This first description, will lack of a strong mathematical formality that I
will compensate in chapter 2.

First of all, recall that Hilbert space of a many-body system is described by the Fock
space. This is the space of anti-symmetric tensors F = Λ∗V , where V corresponds to the
Hilbert space of one particle. Therefore, Λ∗V is the space generated by the elements of the
form {v1 ∧ v2 . . . ∧ vn|vi ∈ V } with a ∧ b := 1√

2
(a ⊗ b − b ⊗ a). In the definition of ∧ we

include the factor 1√
2

to obtain a normalized state a∧ b. In general, the wedge product for
n particles is defined as:
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v1 ∧ v2 . . . ∧ vn =
1√
n!

∑
σ∈Sn

εσvσ(1) ⊗ . . .⊗ vσ(n). (1.1)

Due to the antisymmetric properties, the wedge product satisfy vi∧vj = −vj∧vi. Thus
v ∧ v = 0 which implies the impossibility of having two particles in the same state. In
physics notation, we simply write |v1, v2 . . . , vn〉 := v1 ∧ v2, . . . ∧ vn.

The algebra of operators over this Hilbert space is generated by the creation and annihi-
lation operators (a†i , ai). These operators satisfy the canonical anti-commutation relations
(CAR):

{ak, a†j} = δij, {a†k, a
†
j} = 0, {ak, aj} = 0. (1.2)

This algebra acts on the Fock space Λ∗V by creation or annihilation of particles. There-
fore, if we assume that v1, v2, . . . are linearly independent states of V we will obtain

a†i |v1, . . . , vn〉 =|vi〉 ∧ |v1, . . . , vn〉 = |vi, v1, . . . , vn〉, (1.3)

ai|v1, . . . , vn〉 =
∑
j

(−1)j+1δij|v1, vj−1, vj+1 . . . , vn〉. (1.4)

Note that in the case of one particle, equation (1.4) is not well defined. In this case,
ai|vi〉 for all i corresponds to a state of 0 particles in Λ0V ∼= C. This state is known as the
vacuum |0〉 and is the same for all operators ai since Λ0V is one-dimensional. Likewise,
equation (1.3) can be defined in the case of 0 particles by a†i |0〉 = |vi〉. Therefore, using
equation (1.3) repeatedly we conclude that any state of Λ∗V can be generated by the
products of creation operators applied to the vacuum state

a†i1a
†
i2
. . . a†in|0〉. (1.5)

We conclude this introduction of many-body formalism by establishing the kind Hamil-
tonians we are going to work with. Suitable Hamiltonians will be hermitian combinations
of the creation and annihilation operators . Of course there is wide variety of these, but
we are going to restrict to the analysis and classification of quadratic Hamiltonians which
take the following form:
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H =
N∑

i,j=1

[
a†iAijaj +

1

2

(
a†iBija

†
j − aiBijaj

)]
, (1.6)

where A and B are matrices such that the H is hermitian. The reason we have lim-
ited our expectations to this type of Hamiltonians is because there are special tools on
the diagonalization of quadratic Hamiltonians that will simplify our analysis. On higher
dimensional Hamiltonians there is no guarantee we will be able to solve the system.

1.2 The Kitaev Chain and Majorana fermions

The Kitaev chain represents a superconducting wire of N sites

H =
∑
i

[
−t(a†iai+1 + a†i+1ai)− µa

†
iai + ∆aiai+1 + ∆∗a†i+1a

†
i

]
. (1.7)

The term µ is the chemical potential, so that µa†iai is the energy associated to each
free state. Instead, t(a†iai+1 +a†i+1ai) represents the interaction between neighbouring sites
which is determined by the hopping term t. The remaining terms describe the supercon-
ducting properties of the system as is is established by de BCS theory of superconductivity.
∆ is a complex superconducting parameter with the form ∆ = eiθ|∆|. These terms repre-
sent the Cooper pairs which are responsible of the non-conservation of the particle number.
However the system (1.7) still preserves the conservation of the parity of the particle num-
ber.

As it is mostly stated in literature [2] [3] , it is convenient at this point to rewrite the
Hamiltonian in terms of new variables bi and ci that satisfy the relations:

b†i = bi , c†i = ci,

{bi, bj} = {ci, cj} = 2δij,

{bi, cj} = 0.

(1.8)

Note that b2i = c2i = 1. These new operators represent the renowned Majorana
fermions which in quantum field theory are particles invariant under charge conjugation.
The basic idea of this transform is that a single Dirac fermion a can be decomposed in
two Majorana fermions. This originates several problematics starting by the fact that the
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number of operators has now been doubled which involves an apparent doubling of the
Hilbert space. In physics literature this proplem is commonly known as a “redundancy” in
the dimension of the Hilbert space. However, in mathematics Araki self-dual formalism [7]
understand this problem as a consequence of the isomorphism between Clifford and CAR
algebras. We will discuss more about this “redundancy” in Chapter 2, but for now we will
continue with the analysis of the Kitaev chain in the new Majorana representation.

It is easy to check (using the CAR algebra equations) that the following operators
satisfy the relations in (1.8):

bi = eiθ/2ai + e−iθ/2a†i , ci = −i(eiθ/2ai − e−iθ/2a†i ). (1.9)

We can rewrite now the terms of the Hamiltonian (1.7) as

a†iai =

(
eiθ/2

2
(bi − ici)

)(
e−iθ/2

2
(bi + ici)

)
=

1

4
(2 + 2ibici), (1.10)

and similarly,

a†iai+1 + a†i+1ai =
1

4
({bi, bi+1}+ {ci, ci+1}+ i(−2cibi+1 + 2bici+1))

=
i

2
(−cibi+1 + bici+1), (1.11)

eiθaiai+1 + e−iθa†i+1a
†
i =

1

4
({bi, bi+1} − {ci, ci+1}+ i(−2cibi+1 − 2bici+1))

=
i

2
(−cibi+1 − bici+1). (1.12)

From the equations above, we finally obtain our new Hamiltonian :

H =
i

2

∑
i

[−µbici + (t− |∆|)cibi+1 + (t+ |∆|)bici+1] + const, (1.13)

where const is a constant term that appears in the Hamiltonian due to the change of
variable. For obvious reasons this term can be neglected. We can identify now two cases
that are particularly interesting for our study:
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Figure 1.1: Taken from [2]. Ilustration of the Kitaev chain for open boundary conditions in the

Majorana representation. a)Represents the trivial case where the hopping and the superconducting

term approaches to 0. b) The non-trivial topological phase. The coupling is produced between

Majoranas in different Dirac fermions

1. |∆| = t = 0, µ < 0: This is the trivial case where the Hamiltonian (1.7) takes
the form H = −µ

∑
i a
†
iai + const. The ground state is simply the vacuum for the

operators ai. That is the state |0〉 such that ai|0〉 = 0 for all i. In the Majorana
representation, the Hamiltonian is −iµ

2

∑
i bici which represents the coupling of the

Majoranas in the same Dirac fermion. (See figure 1.2 (a))

2. |∆| = t > 0, µ = 0 This situation is much more interesting and is usually known as
the non-trivial topological phase. In this situation the Hamiltonian (1.13) takes the
form H = 2ti

∑
i bici+1. This originates a coupling between the Majoranas of different

Dirac fermions leaving the operators at the edges (b1 and cn) alone (See figure 1.2
(b)). This produces a new degeneracy in the ground state since the Majoranas in
the edge can be either occupied or unoccupied without repercussions in the energy
of the system. This new situation is related with the emergence of a new localized
edge state.

Now that we have a first idea of what is understood as a topological phase transition,
the next step will be to solve this system and compute the band structure in periodic
boundary conditions (PBC) and open boundary conditions (OBC). It is well known that
topological phase transitions occur in PBC an OBC indistinctly. The reason for working
in PBC first is that the hole diagonalization process can be completed analytically. Thus,
it will give us a first idea of the behaviour of the eigenstates in the system and will be a
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point of reference to compare with the results obtained for OBC. However, we shall not
forget that some of the most interesting physical properties of topological order, such as
the emergence of bizarre edge-states, only appear when OBC are taken.

1.3 Periodic Boundary Conditions (PBC)

To obtain PBC in the Hamiltonian (1.13) it is enough to fix the sum from i = 1 to N and
defining bN+1 = b1, cN+1 = c1. Since we have translational symmetry it will be natural
to take the Fourier transform to find the corresponding Bloch Hamiltonian. Therefore, we
can define the operators

b′k =
N∑
n=0

e−inkbn , c′k =
N∑
n=0

e−inkcn, (1.14)

where k belongs to the Brillouin Zone BZ = {πn/N |n ∈ (−N + 1,−N + 1, . . . N)}. It
is easy to check that the new operators satisfy b,†k = b′−k , c,†k = c′−k. Taking the inverse
Fourier transform we can express the operators ai and bi in terms of these new operators.
Finally, by replacing in the Hamiltonian (1.13) and using the property

∑
n e

in(k+k′) = δk,−k′
we obtain

H =
∑
k∈BZ

(
b′k c′k

)( 0 −iµ
2

+ it cos k + |∆| sin k
iµ
2
− it cos k + |∆| sin k 0

)(
b′−k
c′−k

)
(1.15)

This new Hamiltonian can now be trivially diagonalized on each k, obtaining the pos-
sible energies:

Λ2
k = (

µ2

4
+ t2 cos2 k + |∆|2 sin2 k − µt cos k) , ∀k ∈ BZ. (1.16)

As we did in the last section, the solutions for Λk turn interesting when taking t = |∆|.
In this case, equation (1.16) takes the form:

Λ2
k = (

µ2

4t2
+ 1− µ

t
cos k) , ∀k ∈ BZ. (1.17)

9



Figure 1.2: Band structure for a chain of 50 steps (PBC): a) µ
4t = 2. b) µ

4t = 0.8. Figures a)

and b) are in distinct topological phases.

The band structure for equation (1.17) is represented in figure 1.3. The band-gap closes
in λ = 1. A topological phase transition occurs at this point (See fig. 1.3). The effects of
this phase transition will be even simpler to appreciate in OBC due to the emergence of
exotic edge states.

As a final remark, observe that in equation (1.16) we can see that the number of eigen-
values for the Hamiltonian is 2N instead of N . This is a consequence of this “redundancy”
in the dimension of the Hilbert space that we mentioned in section 1.2. Although we are
going to leave that problem for Chapter 2, it is important to keep in mind that the number
of solutions for this type of Hamiltonians will always be determined by this effect.

1.4 The Bogoliubov Transformation

Since taking the Fourier transform has no sense when we are assuming open boundary
conditions(OBC) since translational symmetry is broken, solving the Hamiltonian in this
case will require more sophisticated tools.

The idea used by Lieb, Shultz and Mattis [8] is commonly known as the Bogoliubov
transform [10] . This transformation is a powerful tool on the diagonalization of bilinear
Hamiltonians. A complete understanding of the idea behind the Bogoliubov transform
requires notions of operator algebras that can be found in [7] [12] . However, for a more
simple explanation, we can proceed as follows:

Let us assume that we have a bilinear Hamiltonian with the form

10



Figure 1.3: Spectrum of the periodic Kitaev Hamiltonian. The evolution of the ground state is

clearly not adiabatic at the point λ = 1 due to the presence of a topological phase transition.

H =
N∑

i,j=1

[
a†iAijaj +

1

2

(
a†iBija

†
j − aiBijaj

)]
. (1.18)

Note that the Hamiltonian H will be Hermitian if and only if the matrix A is symmetric
and the matrix B is skew-symmetric. As we will see in section 1.5, the Kitaev Hamiltonian
(1.7) satisfies these conditions.

This Hamiltonian is written in terms of the creation and annihilation operators (a†i
and ai) that satisfy the relations of a CAR algebra. Our purpose is to find a linear
transformation that diagonalizes this Hamiltonian. That means finding matrices h and g
that define new operators ck and c†k that satisfy

ck =
N∑
i=1

(
gkiai + hkia

†
i

)
, c†k =

N∑
i=1

(
g∗kia

†
i + h∗kiai

)
, (1.19)
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and such that the Hamiltonian represented in the new basis has the form

H =
N∑
i=1

Λkc
†
kck + const, (1.20)

with Λ a diagonal matrix. The last condition is the most important. With the Hamiltonian
diagonalized, we need the new operators to have physical sense i.e. we would like c†k and
ck to be creation and annihilation operators in some other basis of our Hilbert space, so
they have to satisfy the relations of a CAR algebra:

{ck, c†j} = δkj, {c†k, c
†
j} = 0, {ck, cj} = 0. (1.21)

After a bit of work, the conditions (1.20) and (1.21) simplify to solve an ordinary
diagonalization problem. See equation (1.22). (All computations taking from (1.21) to
(1.22) are included in apendix A.1).

(A−B)(A+B)Φk =Λ2
kΦk,

(A+B)(A−B)Ψk =Λ2
kΨk.

(1.22)

Where Φ and Ψ are defined as the matrices Φ := g + h and Ψ := g − h. The subindex
k in Φk simply means taking the kth-column of Φ. Remark that both (A−B)(A+B) and
(A + B)(A − B) are symmetric since A is symmetric and B skew-symmetric. Note also
that by diagonalizing equation (1.22) we not online obtain the eigenvalues Λk but also the
matrices Φ and Ψ that determine the operators ck,c

†
k.

1.5 Open Boundary Conditions (OBC) : The Edge

State

The great disadvantage when taking OBC is that the spectrum cannot be solved analyti-
cally. We then have to simplify the model in order to avoid numerical problems due to the
number of variables. As we remarked in sections 1.2 and 1.3 there are interesting properties
when taking |∆| = t. This properties are related with a topological phase transition that
occurs when the value of µ gets closer to 2t. Is in this moment were we expect to find the
emerging edge states. Therefore, it will enough for our purposes to analyse the spectrum
in this particular case.
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Assume then that ∆ = −t and define a new variable λ = t/2µ . Our new Hamiltonian
will take the form :

H =
∑
i

[
−(a†iai+1 + a†i+1ai + aiai+1 + a†i+1a

†
i )− 2λa†iai

]
. (1.23)

This is a quadratic Hamiltonian and therefore we can diagonalize it by using the pro-
cedure that we developed in section 1.4. In terms of equation (1.18) the matrices A and
B for (1.23) take the form

A =


2λ −1
−1 2λ −1

. . . . . .

−1 2λ −1
−1 2λ

 (1.24)

and

B =


0 −1
1 0 −1

. . . . . .

1 0 −1
1 0

 . (1.25)

As we expected, A is symmetric and B is skew-symmetric. Therefore, as we commented
in section 1.4, the problem of diagonalizing the Hamiltonian (1.23) reduces to diagonalizing
the matrix (A−B)(A+B)Φk = Λ2

kΦk with

(A+B)(A−B) = 4



λ2 + 1 −λ 0
−λ λ2 + 1 −λ
0 −λ λ2 + 1

. . .
. . . . . .

−λ λ2 + 1 −λ
0 −λ λ2


. (1.26)
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The matrix (A+ B)(A− B) is close to be a Toeplitz matrix 1 but it is not due to the
factor λ2 in the bottom-right corner. Because of this, we can think in proposing an ansatz
for Ψk similar for the one we would propose for a Toeplitz matrix. Suppose

Ψkl = αeikl + βe−ikl (1.27)

where α and β are coefficients to be determined. Writing the eigenvalue equations for
each l we will have

(1 + λ2)(αeik + βe−ik)− λ(αe2ik + βe−2ik) =
Λ2
k

4
(αeik + βe−ik) , l = 1; (1.28)

λ2(αeikn + βe−ikn)− λ(αeik(n−1) + βe−ik(n−1)) =
Λ2
k

4
(αeikn + βe−ikn) , l = n; (1.29)

(αeikl + βe−ikl)(1 + λ2 − λ(eik + e−ik)) =
Λ2
k

4
(αeikl + βe−ikl) , ∀l 6= 1, n. (1.30)

From equation (1.30) we get the condition

Λ2 = 4(λ2 + 1− 2λ cos k). (1.31)

Note that the result obtained is the same that the one we got for PBC (1.17). The
difference between both models will be in the values that k can assume. Remember that for
PBC the possible values for k were the elements of the Brillouin Zone. It will be different
for OBC, where the values of k will be determined instead by the equations (1.28) and
(1.29). Now, replacing Λ2

k from (1.31) into (1.28) and (1.29) we get the restrictions

α + β = 0, (1.32)

α(λeik(N+1) + eikN) + β(λe−ik(N+1) + e−ikN) = 0. (1.33)

We conclude that α = −β, so that we can fix

Φkl = α sin(kl). (1.34)

1A matrix in which each descending diagonal from left to right is constant.
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Figure 1.4: Spectrum of the Hamiltonian (1.23) for a chain of 50 steps with λ taking values

between 0.2 and 2. The important part is at the bottom. There is an state with energy close to 0

bellow λ = 1. This new zero-mode is the edge state we have been looking for.

Additionally, solving for (1.33) we find the following transcendental equation:

sin(kN) = −λ sin(k(N + 1)). (1.35)

Solving equation (1.35) requires a numerical treatment. We used a combination of the
partition method and Newton-Raphson to solve this problem2. Computing the roots of
function (1.35) we can appreciate there is an strange effect when λ approaches to N + 1/N
(remember N is the number of steps in the chain). For λ > N + 1/N , we can find N real
non-trivial solutions in the interval (0, π). Meanwhile, when λ < N + 1/N equation (1.35)
has only N−1 real non-trivial solutions in the interval (0, π). We can find the missing value

2All numerical procedures are done for a chain of 50 sites and can be found in the following link
https://github.com/cifu9502/Thesis/blob/master/Thesis
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of k in the imaginary axis. Supposing k = ik′ we can see that equation (1.35) transforms
into

sinh(k′N) = −λ sinh(k′(N + 1)). (1.36)

Numerically, we verified that equation (1.36) has only one non-trivial solution when
λ < N/N + 1. We can now add this solution to complete the spectrum of the Hamiltonian
when λ < N/N+1. The final results can be observed in figure 1.5 that shows the evolution
of the Hamiltonian in the interval (0.2, 2). The bizarre state at the bottom is the edge
state we were looking for and corresponds to the imaginary solution of equation (1.36).
Note that this state has energy 0 bellow λ = 1. This description is compatible with the
state we observed in fig. (1.2)(b), a degenerate state at the edges with energy equal to 0.

To verify that this state is indeed localized at the edges of the chain, we will compute
the corresponding occupation number

〈E|a†iai|E〉 = 〈Ω|c0a†iaic
†
0|Ω〉 , ∀i, (1.37)

where E = c†0|Ω〉 is the edge state and |Ω〉 is the vacuum for the new operators (ci). In this
notation, we assumed that index 0 corresponds to the edge state. Now, expressing the ai’s
in terms of the ck we can obtain the following expression for the occupation number:

〈E|a†kak|E〉 =
∑
j

h∗jkhjk − h∗0kh0k + g∗0kg0k, (1.38)

where g and h are the same matrices of equation (1.19). Remember from section 1.4
that solving the diagonalization problem also obtain the matrices g and h. All these
computations, including the procedure to obtain equation (1.38), can be found in appendix
A.2.

The results for the edge state are shown in figure 1.5. In the trivial phase (λ ≥ 1 )
the occupation number is localized at the bulk of the chain leaving zero particles at the
edges. Note also, that the total number of particles is very small for this values of λ. This
makes sense since λ = µ/2t and t = |∆|, so that λ > 1 implies that the chemical potential
dominates over the hopping and the superconducting term.

As it was expected, the non-trivial case λ < 1 is much more interesting 3. We started
taking λ = 0.8 and we decreased its value until it gets very close to 0. Figure 1.5 shows

3Indeed the algorithm we developed for finding the occupation number is no longer valid in this phase.
The reason and solution for this problem is discussed at the end of this section
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us that some bizarre states at the edges of the chain are “activated”. This fact is more
visible when λ ≈ 0 (figure 1.5 (a)) when we observe a flat occupation number inside the
bulk and two excitations at the edges of the chain. This fits perfectly with the description
of the edge state we saw in section 1.2 where we mentioned the existence of a non-trivial
phase characterized by free Majorana modes at the edges.

Additionally, we can see that the number of electrons in the chain increases while λ
decreases. This makes sense because when λ < 1 the system enters into a “superconduct-
ing” phase where the hopping term t = |∆| domains over the chemical potential µ. When
λ→ 0, the occupation number is nearly 0.5 at the bulk and its even greater at the edges.

We were also interested in observing this localization in some of the excited states in the
chain. A similar formula for the occupation number of these states can be easily obtained
by exchanging 0 for n in equation (1.38):

〈n|a†kak|n〉 =
∑
j

h∗jkhjk − h∗nkhnk + g∗nkgnk, (1.39)

where the state 〈n| corresponds to the nth excited state in the spectrum. The result for
n = 5 is in figure 1.6. We can observe that excited states are basically modes over the
function of the edge state.
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(a) λ = 0.00002 (b) λ = 0.5

(c) λ = 0.8 (d) λ = 1

(e) λ = 2 (f) λ = 10

Figure 1.5: Occupation number of the edge state for different values of λ in a chain of 100 steps.

It can be observed that for λ ≥ 1 (Cases (d),(e) & (f))the occupation number is basically localized

in the bulk leaving the edges empty. Meanwhile, for λ < 1 (Cases (a),(b) & (c))the states at the

edges are “activated”. The final result is that for λ close to 0 the occupation number is higher at

the edges of the chain.
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(a) λ = 0.00002 (b) λ = 0.5

(c) λ = 0.8 (d) λ = 1

(e) λ = 2 (f) λ = 10

Figure 1.6: We now represent the third excited state for each of the values in figure 1.5. This

excited states are basically normal modes over the edge state .
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An important numerical remark

It is important to remark that the procedure we applied for solving this model is no
longer valid in the non-trivial phase (λ < 1). The reason of this is the edge state and the
mentioned “redundancy”. The edge state represents a new zero-mode of the hamiltonian
(as we saw in figure 1.5) and therefore it is a state with energy near to 0. The consequence
is that the algorithm we developed presents problems with equation (A.11) since Λk = 0
for the edge states, which implies that we cannot compute the vectors Φ andΨ.

The solution for this problem is given in section 2.3. The problem we wanted to solve
was basically diagonalizing a matrix of the form(

A B
B −A

)
(1.40)

see equation (2.8). From the problem of redundancy we know we will obtain 2N eigenvalues.
Indeed, implementing a numerical diagonalization we can get that these 2N values are
(λn,−λn) for n between 1 and N . The first value λ1 is 0 in the non-trivial phase since it
corresponds to the edge state. Now, as we remark in section 2.3 we can choose N of these
eigenvalues to compute the occupation number.

So far, we have taken the N eigenvalues corresponding to the positive spectrum of the
chain. However, in the non-trivial phase this is not correct since λ1 = 0. Therefore, there
is no particular reason for choosing the eigenvector of λ1 and not the one corresponding
to −λ1. From this, we obtain that any suitable choice of eigenvalues most contain the
eigenvectors of both zero-modes λ1 and −λ1. Once this consideration is taken, we could
finally obtained the result of figure 1.5. All numerical procedures can be found in the
following link: https://github.com/cifu9502/Thesis/blob/master/Thesis.

1.6 Topology in the Kitaev Chain

Until this point we have used the name of topological order in several occasions to describe
these strange phase transitions in the Kitaev chain. However, the ideas we have presented
are very distant from the pure concept of topology (see section 2.1). In this section, we will
solve this problem by giving the first topological interpretation to the phase transitions
that we found in the Kitaev chain.

To do this, we will follow the idea from [11], which implies coming back to the result we
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obtained for the Kitaev chain in PBC. 4 Remember that for PBC we obtained the following
Bloch Hamiltonian:

H =
∑
k∈BZ

(
b′k c′k

)( 0 −iµ
2

+ it cos k + |∆| sin k
iµ
2
− it cos k + |∆| sin k 0

)(
b′−k
c′−k

)
. (1.41)

This Hamiltonian can be rewritten as

H =
∑
k∈BZ

(
b′k c′k

)
Hk

(
b′−k
c′−k

)
, (1.42)

where

Hk = (|∆| sin k)σx + (
µ

2
− t cos k)σy, (1.43)

where σx , σy are the corresponding Pauli matrices. It is well known that σ matrices
describe rotations in the block sphere. Since we have only the matrices σx and σy, we can
think of Hk as an element of the unitary circle S1, described by the normalization of the
vector (|∆| sin k, µ

2
− t cos k). However, not all the elements in S1 will be a representation

of Hk for some k. To see this, let us take the path in S1 given by the elements of Hk for
k ∈ [−π, π].

First note that for k = 0, H0 corresponds to the normalization of (0, µ
2
− t) which is

simply (0, 1) or (0,−1) depending on the case when µ
2
− t is greater or less than 0, respec-

tively. This corresponds to saying that λ is greater or less than 1 in each case. Meanwhile,
when k = π = −π the corresponding vector in S1 can only be (0, 1).

Again, our problem is divided in two phases. In the trivial phase (λ > 1) we will obtain
a path in S1 that starts in (0, 1) at k = −π and passes again through (0, 1) at k = 0. It is
simple to see that the point (1, 0) is not in this path since it would imply that µ

2
−t cos k = 0

for some k which is impossible in the trivial phase. See figure 1.6 (a).

In the non-trivial phase (λ < 1) the situation is completely different. Since we have
that H0 corresponds to the point (0,−1) in S1 and Hπ = H−π corresponds to (0, 1). It

4Remember that topological phase transitions are presented for PBC and OBC indistinctively. The
reason why we use PBC, is that the diagonalization process can be completed analytically in this conditions.
However we shall never forget that the most interesting properties of topological order are only obtained
at OBC.
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(a) λ > 1 (b) λ < 1

Figure 1.7: The following represents the path of Hk for the interval [−π, π]. a) Corresponds to

the trivial phase. The resulting path can be homotopically deformed to a point. b) The non-trivial

phase corresponds to a non-contractible loop around S1.

follows that in the non-trivial case the path given by k ∈ [−π, π] corresponds to a closed
loop around the circle that starts in the north pole (0, 1), passes through the south pole
(0,−1) at k = 0 and then comes back to the north. See figure 1.6 (b).

Figure 1.6 represents the first topological description that we have for the phase tran-
sition in the Kitaev chain. The topological order that characterizes this chain will be a Z2

invariant:

• 0 for the trivial phase since the final loop is contractible.

• 1 for the non-trivial phase since it corresponds to a non-contractible cycle around S1.

This concludes our analysis of the Kitaev chain. We will continue with the description
of topological phase transitions in chapter 3, where we will use all the intuition we have
acquired from the Kitaev chain to understand the relationship between topology and phase
transitions in matter.
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Chapter 2

Mathematical Formalism

In this chapter, we are going to develop the mathematical formalism necessary to tackle
the problem of classification of topological materials. This includes taking a look to some
of the most important mathematical concepts in this theory, such as topology, Clifford
algebras and symmetry groups.

In the section about topology, we will remark the main aspects about this mathematical
theory. However, we will avoid the controversial relationship between topology and phase
transitions, which will be explained in chapter 3.

Then, we will take a look at Clifford and CAR Algebras and their relation with fermionic
many-body systems. As we remarked in section 1.1, these algebras are the mathematical
formalism that we use to describe the second quantization and will play a very important
role in this classification.

Once we have finished with the study of Clifford algebras, we will understand the
role of symmetries in the periodic table of topological insulators (see figure 1). One of
the most important characteristics of topological phase transitions is that they cannot be
characterized in any type of symmetry-breaking. We conclude from this, that we are going
to characterize phase transitions according to the symmetries that are always preserved in
the system. This will lead us to the concept of symmetry group and their representation
theory in the space of Clifford algebras.
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2.1 The Notion of Topology

We will start this chapter with a short non-formal description of one of the most important
concepts in this thesis. The concept of Topology.

In simple words, topology is the area of mathematics that studies the global properties
of spaces that are stable under continuous deformations. Therefore, we are going to say
that two surfaces are topologically equivalent if we can continuously evolve one of this
surfaces to the other.

This notion of continuous deformation is usually characterized by two important con-
cepts: The number of “holes” and the homotopy groups. In two dimensions, for example,
it is well known that two compact, closed, oriented manifolds are topologically equivalent
if they have the same number of holes. The basic idea is that it is not possible to create
or annihilate any hole from a figure by means of a continuous deformation. For example,
take a look to figure 2.1. All the surfaces in figure b) have only one hole and therefore,
are topologically equivalent. However, these surfaces cannot be smoothly deformed to the
sphere in figure a).

Now, to understand the concept of homotopy let us think in two distinct closed paths
(γ1, γ2) over a surface M that pass through a definite point p ∈ M . Then each path is a
function γi : S1 → M such that γi(0) = γi(2π) = p. We can now define that these two
paths are homotopically equivalent if we can smoothly deform the path γ1 into γ2.

Definition 2.1. The first homotopy group π1(M) over M is defined as the set of all distinct
homotopy classes of closed maps γ : S1 → M that passes through a point p. The group
multiplication in π1(M) is given by simple concatenation of paths:

(a) Sphere (b) Torus

Figure 2.1: Topology in 2D surfaces
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Figure 2.2: Paths in the torus

γ1 ∗ γ2(t) =

{
γ1(2t) if t ∈ [0, π]

γ2(2t− π), if t ∈ [π, 2π].
(2.1)

Let us see some examples:

• π1(S2) is the trivial group: In the sphere S2 all cyclic paths are contractible, and
therefore are homotopic to a point. Then π1(S2) only has one element.

• π1(S1) ∼= Z. A non-contractible path in the unitary circle S1 is a path that laps
around the circle. Indeed, two paths with different number of laps around the circle
are not homotopic. It follows that the elements of π1(S1) can be characterized by the
number of laps which is an integer number (The orientation is important, counter
clockwise paths can be considered as negative). Therefore π1(S1) ∼= Z.

• π1(T ) ∼= Z⊕Z. Taking a look into figure 2.2 we see that there are two non-homotopic
paths generating the group π1(T ). Thus π1(T ) ∼= Z⊕ Z.

We can see from this examples that the number of holes in a figure is directly related
with the homotopy group. Basically, new holes give new options for non-contractible paths
which determines the homotopy group.

The idea we have exposed in this section is the pure concept of topology. However, the
relation between this concept and topological phase transitions in matter is still not clear.
We gave a first intuition about this relationship in section 1.6. However, the real connection
between these two ideas is still far from our understanding and won’t be completely clarified
until chapter 3.
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2.2 Clifford and CAR Algebras

The structures we used in chapter 1 to describe the many-body formalism are better
understood in the language of Clifford Algebras. In this section, we are going to formalize
this idea.

Let us start with a real finite dimensional Hilbert space V and let g be its non-degenerate
inner product. Let Cl(V, g) be an algebra over R and c : V → Cl(V, g) so that v → c(v).
Now suppose the elements of Cl(V, g) satisfy the following relation:

{c(v1), c(v2)} = 2g(v1, v2). (2.2)

Definition 2.2. The algebra Cl(V, g) that satisfies the condition (2.2) is defined as the
Clifford Algebra of V under the product g.

Now suppose that we have and orthogonal set on V given by the vectors v1, v2, . . . , vn.
Then the Clifford relations will look as follows:

{ci, cj} = 2δij. (2.3)

This last equation remembers the algebra generated by the creation and annihilation
operators a and a† that we defined in section 1.1. Although the creation and annihilation
operators don’t generate a Clifford algebra, they satisfy another algebraic properties that
are usually known as CAR(Canonical Anti-commutation Relations):

{ai, a†j} = δij , {ai, aj} = 0 = {a†i , a
†
j}. (2.4)

Note that if we define ci = ai + a†i . The operators ci will satisfy the relations of a
Clifford algebra (2.3),which is simply a particular case of the Majorana fermions that we
defined in equation (1.9).

We can generalize the notion of a CAR algebra by defining for a vector space V the
operators av and a†v for each v ∈ V . These are defined as the operators that act onto the
Fock space Λ∗V via the relations

a†v(v1 ∧ . . . ∧ vn) =v ∧ v1 ∧ . . . ,∧vn (2.5)

av|v1, . . . , vn〉 =
∑
j

(−1)j+1g(v, vj)|v1, vj−1, vj+1 . . . , vn〉. (2.6)
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In the case were the vi’s are linearly independent we obtain the exact same expression
we had in equation (1.1).

2.3 Nambu Space and Diagonalization Problem

In this section we are going to talk more about the problem of diagonalization of bilinear
Hamiltonians. Our main task is to show that the problem finally reduces to a diagonaliza-
tion in Clifford algebras.

We will start by defining the set Q that contains all possible quadratic Hamiltonians
H of the form

H =
N∑

i,j=1

[
a†iAijaj +

1

2

(
a†iBija

†
j − aiBijaj

)]
. (2.7)

We are interested in finding solutions for this kind Hamiltonians which basically lead
us to a diagonalization problem. In section 1.4 we introduced the Bogoliubov transform
and we used it to find the solutions of the Kitaev chain. Now, we want to give a more
general description of this diagonalization problem in CAR algebras.

Remark form section 1.4 that our approach to diagonalize the Hamiltonian 2.7 was
basically taking a vector a = {a1, a2, . . . , an} and a vector a† with the adjoin operators and
then diagonalizing the Hamiltonian with the form

H =
1

2

(
a† a

)(A B
B −A

)(
a
a†

)
. (2.8)

Last equation gives the origin of this “redundancy” in the dimension of the Hilbert space
that we mentioned in section 1.2. The real problem is that now we have to diagonalize a
matrix with dimensions 2N×2N which involves that we are going to obtain 2N eigenvalues.
However, we shall not forget that the operators a and a† are not completely independent
since they are related by the involution †. The final result of this restriction will be that
the eigenvalues of the matrix will be reduced to N again according to the election of a
complex structure J [7]. This argument annihilates the redundancy. A better explanation
about this election of a complex structure can be found in [7] [12].

Now, from eq (2.8) we can see that it is more comfortable to work in the space generated
by the operators ai and a†i . Thus, it will be define the space W := V ⊕ V ∗. Space W is
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usually known as the Nambu space.There is a natural morphism from the nambu space to
the CAR algebra which is given by

φ : W −→ CAR

v1 + v∗2 −→ a†v1 + av2 ,
, (2.9)

where v∗ := 〈v|·〉. The reason we use the Nambu space W as the Hilbert space instead
of V , is because the diagonalization problem will be much simpler in this notation. This
idea is similar to the one proposed by Araki in [7]. Nambu space its also refereed as the
particle-hole space since it generates a division between particles (φ(V )) and holes (φ(V ∗)
in the system.

We can now define an anti-linear involution C : W → W such that

C(v1 + v∗2) = v2 + v∗1. (2.10)

Operator C basically exchanges particles and holes in the nambu space. It is simple to
check from equation (2.10) that it is indeed anti-linear and C2 = 1.

Furthermore, it is well known that an involution C defines a real structure WR (A 2N
dimensional real vector space) such that WR⊗C ∼= W . This real structure is given by the
fixed space of C

WR = {w ∈ W |C(w) = w}. (2.11)

We can readily check that under this definition, an element w ∈ WR satisfies that α(w)
is self-adjoin. In fact, the Majorana operators defined in (1.8) generate the space α(Wreal).
As a consequence of this, the algebra generated by α(WR) is the same algebra generated
by the Majorana fermions which is indeed a Clifford algebra over WR.

As we already did in equation (1.13), in this new representation Hamiltonian (2.8) can
be represented as H = iH ′, where H ′ is a 2N×2N skew-symmetric matrix. This statement
can be checked immediately from the Clifford relations (equation (2.2)).

The main remark of this section, is that many-body systems can be written in the
language of Clifford algebras through the Nambu space. This simplifies the problem of
redundancy and gives us a new reason to further our study of Clifford Algebras.
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2.4 Classification of Clifford algebras

Now that we are aware of the tremendous importance of Clifford Algebras in this theory, we
are going to take a look to their classification theory. First of all, remark that any Clifford
Algebra can be characterized by the quadratic form determined by its inner product [12]
(Q(v) := g(v, v)) using the relation

{c(v), c(v)} = 2g(v, v) = 2Q(v). (2.12)

The other anti-commutation relations are also determined by the quadratic form since

2g(v1, v2) = (g(v1 + v2, v1 + v2)− g(v1, v1)− g(v2, v2)

= Q(v1 + v2)−Q(v1)−Q(v2).
(2.13)

Thus we obtain

{c(v1), c(v2)} = Q(v1 + v2)−Q(v1)−Q(v2). (2.14)

Now, the signature of a non-degenerate quadratic form is a pair (p, q) where p is the
number of positive eigenvalues of the matrix representation of Q and q is the number of
negative eigenvalues .Since g is non-degenerate, Q cannot have 0 eigenvalues. The final
result is that there exists a base of V ({vi}) where the quadratic form can be written as

Q(v) = y21 + y22 + . . .+ y2p − y2p+1 − . . .− y2p+q, (2.15)

where yi is the coefficient of v in the base {vi}. It is simple to prof from the last
fact that the Clifford algebras determined by quadratic forms with the same signature are
isomorphic. Therefore, we can characterize every real Clifford algebra by the signature of
its quadratic form:

Definition 2.3. The algebra Clp,q is the real Clifford algebra that corresponds to the
quadratic form with signature (p, q).

In the complex case the classification is similar, except that now the Clifford algebras
will be only determined by the dimension of the initial Hilbert space V :

Definition 2.4. The algebra Cln is the complex Clifford algebra that corresponds to a
vector space of dimension n.

29



(p,q) Clp,q

(0,0) R
(1,0) R⊕ R
(2,0) M2(R)
(3,0) M2(C)
(4,0) M2(H)
(0,1) C
(0,2) H
(0,3) H⊕H

Table 2.1: Table of Clifford Algebras

To understand how this classification works let us take a look to some examples:

• The algebra Cl0,1 is the algebra generated by the quadratic form Q(y) = −1. Clifford
algebra relations imply that {c(y), c(y)} = 2c(y)2 = −2. Then c(y)2 = −1 which
implies that the algebra generated by c(y) is the same algebra generated by i. Thus
Cl0,1 ∼= C.

• The algebra Cl0,2 is generated by two elements c1 , c2 such that c21 = c22 = −1 and
{c1, c2} = 0. From both relations bellow we can see that (c1c2)

2 = −1 too. This is
isomorphic to the algebra of quaternions H which is the real algebra generated by
the elements î, ĵ and k̂, that satisfy the relations î2 = ĵ2 = k̂2 = −1, î ĵ = k̂, ĵ k̂ = î
and k̂ î = ĵ. Thus, Cl0,2 ∼= H.

• The algebra Cl3,0 is generated by three elements c1, c2 and c3 that satisfy c2i = 1 and
{ci, cj} = 0. We can associate c1, c2 and c3 to the matrices σx, σy and σz, so that we
get Cl2,0 ∼= M2(C) which is the algebra of complex matrices in 2 dimensions.

Using a similar idea, we can fill the table 2.4 with the first Clifford algebras according
to their signature. Additionally, the classification for any Clifford algebra is completed
using the following theorem :

Theorem 2.5. For each signature (p, q) the following algebras are isomorphic:

• Clp+1,q+1
∼= CLp,q ⊗M2(R)

• Clp+4,q
∼= CLp,q ⊗M2(H) ∼= Clp,q+4
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The prof of theorem 2.5 can be found in [12]. Note that theorem 2.5 establishes that if
two signatures (p, q) and (p′, q′) satisfy p−q = p′−q′(mod 8) then we can characterize Clp′,q′
in terms of Clp,q using the relations in the theorem. It follows, that every Clifford algebra
can be characterized using 2.5 and table 2.4, which contains all possible congruences of
p− q mod 8.

The final result for real Clifford algebras is that they are characterized by some sort of
mod 8 periodicity over p−q. This generalizes to the concept of Bott periodicity in K-theory
This concept establishes an equality in the homotopy groups of the Clifford algebras with
the same p− q mod 8. A full description of this problem would require a whole discussion
about K-theory and Morita classes of equivalence that we are not going to address in this
project. However, more information about this topic can be found in [12] [13] [14].

It is also possible to obtain this classification for complex Clifford algebras and the
result is a Bott periodicity mod 2. Therefore, there is only one non-trivial complex
Clifford algebra which is Cl1. The other is Cl0 is simply the trivial algebra C. Any other
case can be obtained from the relation

Cln+2 = Cln ⊗M2(C). (2.16)

The real purpose of this classification will become more clear in chapter 3 .

2.5 Symmetries and Representation Theory

By means of Wigner’s theorem , it is known that in quantum mechanics any symmetry
can be represented by the action of a unitary or anti-unitary operator [15].

A unitary operator, is a linear operator U in a Hilbert space that satisfies

〈Uv1|Uv2〉 = 〈v1|v2〉, ∀v1, v2. (2.17)

While an anti-unitary operator A is anti-linear and satisfies

〈Av1|Av2〉 = 〈v2|v1〉, ∀v1, v2. (2.18)

In the classification problem we will start with a group G that contains all unitary and
anti-unitary symmetries that are imposed to be preserved in the system. We can define
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then a representation of G onto the Nambu space (WR, ρ) such that ρ : G → O is an
homomorphism and O is the algebra of operators over WR.

This group is endowed with a Z2-grading φ : G→ Z2 given by

φ(g) :=

{
1 if g is unitary,

−1 if g is anti-unitary.
(2.19)

This function φ is an homomorphism since the multiplication of two anti-unitary sym-
metries is unitary, while the multiplication of a unitary and an anti-unitary symmetry is
anti-unitary.

Now, let us call H ⊂ Q the subspace of quadratic Hamiltonians where the symmetry
group G is preserved. Then H is basically the set of Hamiltonians that commute with all
the symmetries in G:

H = {H ∈ Q|ρ(g−1)Hρ(g) = H ∀g ∈ G}. (2.20)

The problem that we would like to solve is : “Is it possible to characterize the space H
according to a given symmetry group G?”.

In the classification problem we are given a symmetry group G which will be basically
a subgroup of the group generated by < T ,P > where T is the Time-Reversal Symmetry
and P is the Particle-Hole Symmetry (See section 3.2). Our task, is to characterize the
space H of all the Hamiltonians that commute with the elements of G.

To solve this problem we will require the notion of intertwining operator:

Definition 2.6. In representation theory, an intertwining operator between two G- rep-
resentations (V1, ρ1) and (V2, ρ2) is an homomorphism T : V1 → V2 such that ρ1(g)T =
T ρ2(g). We will name the space of intertwining operators as HomG(V1, V2).

Let us remark that the space of self-intertwining operators in (V, ρ), HomG(V, V ), is the
group of operators H that commute with all the elements in the group (ρ(g)H = Hρ(g)) .
Therefore, HomG(V, V ) is the same space H that we would like to characterize.

Now, by means of Schur’s lemma we obtain that if V is an irreducible G-representation,
then set HomG(V, V ) is a division algebra. This fact can be readily proof as follows:

Proof. Let τ ∈ HomG(V, V ). If ker(τ) 6= 0 then ker(τ) is a sub-representation of V . This

is impossible since V is irreducible, thus we conclude that ker(τ) = 0 which implies that τ is

invertible ∀τ ∈ HomG(V, V ). Then HomG(V, V ) is a division algebra .
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The importance of Schur’s lemma in this context follows from the fact that there are
only three division algebras over R and they are all Clifford algebras: R , C and H.
Therefore, for irreducible representations we can characterize the space HomG(V, V ) as
one of the algebras above. The question is what happens with the representation induced
in the nambu space WR. Presumably this representation won’t be irreducible. However,
it is always possible to decompose WR in irreducible representations using a isotypical
decomposition [13]. It follows that

WR ∼=
⊕
λ∈Ĝ

Wλ
∼=
⊕
λ∈Ĝ

Rλ ⊗ Sλ, (2.21)

where Ĝ is the set of all inequivalent irreducible G-representations, Rλ and irreducible
representation of type λ and

Sλ := HomG(Rλ,WR). (2.22)

Sλ is usually refereed as the multiplicity of Rλ in WR. It basically indicates how many
times the representation Rλ appears in the isotypical decomposition of WR.

We can now understand the space H in each of the irreducible representations and join
them to characterize the complete space. Following the computation in [14, (1.144)] we
can see that

Hom(WR,WR) ∼= W ∗
R ⊗WR

∼=
⊕
λ,λ′

(R∗λ ⊗ S∗λ)⊗ (Rλ′ ⊗ Sλ′)

∼=
⊕
λ,λ′

(R∗λ ⊗Rλ)⊗ (S∗λ ⊗ Sλ′)

∼=
⊕
λ,λ′

Hom(Rλ, Rλ′)⊗Hom(Sλ, Sλ′).

(2.23)

And adding the condition of G invariance we obtain

Hom(Rλ, Rλ′) ∼= δλ,λ′Dλ, (2.24)

with Dλ one of the common division algebras. The factor δλ,λ′ implies the impossible
homomorphism between Rλ and Rλ′ with λ 6= λ′ since they are inequivalent irreducible
representations. We conclude that
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H ∼= HomG(WR,WR) ∼=
⊕
λ

Dλ ⊗Hom(Sλ, Sλ). (2.25)

There is an special remark that most be taken in account in this part. Equation (2.21)
is not completely truth since WR is a real vector space. Some considerations about super-
division algebras most be taken in account to solve this inconvenience. However, this would
take us too far from our real objective that is understanding the paper of topology in the
classification of phase transitions. This problem is carefully treated in [9] and [14]. The
final result, taken from [14, (2.149)] is that

H ∼= HomG(WR,WR) ∼=
⊕
λ

Dλ ⊗Hom(Sλ, Sλ), (2.26)

where Dλ is a real super division algebra. As we had before, there are not too many real
super division algebras. Indeed there are only 10 which correspond to the eight Clifford
algebras in table 2.4 and the first two complex algebras Cl0 and Cl1.

This last statement is the bridge that joins the theory of Clifford Algebras with the
classification of topological insulators.
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Chapter 3

Classification of Topological Phases

In this final chapter, we will use all the mathematical tools that we developed in chapter
2 to understand the real relationship between topology and phase transitions. This will
finally lead to the periodic table of topological insulators [6] which is the final aim of this
thesis.

Understanding this table, will give as a thorough idea of the relationship between
topology, phase transition and symmetries. In particular, we will understand why the
states in these phases are said to be symmetry protected and what kind of conditions a
system is required to present a topological phase transition.

3.1 The great idea: Topological Point of View for a

Phase Transition

On chapter 1, we saw in the Kitaev chain that the most interesting properties of topological
materials occur when the band-gap closes. In periodic boundary conditions, there was a
non-smooth evolution of the ground state when λ → 1 (figure 1.3). In open boundary
conditions instead, the effects are even harder due to the emergence of a new zero-mode
for all values of λ in the non-trivial phase (figure 1.5).

Taking a look to both cases, we concluded that topological phase transitions occur
indistinctively in PBC and OBC, and that the only determinant factor for this transition
to occur is that the gap closes. This last statement is actually the real definition of a
topological phase transition [2]:
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Definition 3.1. We say that two Hamiltonians are in distinct topological phases if we
cannot make an adiabatic evolution from one of these Hamiltonians to the other without
closing the gap.

Let us now understand this definition from a topological point of view. What we have
is a space of possible Hamiltonians H that the system is allowed to take. An adiabatic
evolution is a smooth path in H between two Hamiltonians. A gap-less Hamiltonian is a
forbidden element of H. Therefore, we can think that the hypothesis of non-closing the
gap is adding new “holes” in our space of possible Hamiltonians, and the possible adiabatic
evolutions will be intrinsically related with the homotopy group of this space. It follows,
that if we get to characterize the space of possible Hamiltonians including the condition
that the gap never closes, then we will be able to decide if this space has topological phase
transition by computing its homotopy group.

Let us think of the following case. Consider only particle-number preserving Hamilto-
nians of the form

H =
∑
i

a†iAa, (3.1)

where A is a hermitian matrix. Suppose that the matrix A has the eigenvalues λ1, λ2 . . . λn.
None of these eigenvalues must be 0 because it would imply that the gap is closed. There-
fore, we can divide these eigenvalues in two groups: λi > 0 and λi < 0. This transformation
is usually known as the spectral flattening [6] and can be obtained using sgn function which
is defined for real numbers as

sgn(x) :=


−1 if x < 0

0 if x = 0

1 if x > 0.

(3.2)

This sgn function can be easily extended to hermitian matrices by taking

sgn(H) = Xsgn(D)X†, (3.3)

where D is the matrix of real eigenvalues of H. From the definition of sgn function
we can readily check that the matrices H and sgn(H) are in the same topological phase.
Furthermore, it is natural to think that if two Hamiltonians H and H ′ have distinct number
of positive eigenvalues, then there is no possibility of finding a smooth path that joins both
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Hamiltonians. This is simple to see because any smooth transformation from H to H ′

would have to pass through a Hamiltonian with a zero eigenvalue.

The condition of having the same number of positive eigenvalues can be formally written
using sgn function. Suppose that we have two admissible Hamiltonians H and H ′, both
with n positive eigenvalues (Such that the other N−n eigenvalues are negative). Taking the
spectral flattening we can see that there exists a unitary matrix u ∈ U(n)×U(N −n) such
that u(sgn(H))u† = sgn(H ′). This transformation is possible since sgn(H) and sgn(H ′)
have the same eigenvalues. It follows that we can characterize the restriction of no-closing
the gap by taking the space

H :=
N⋃
n=0

U(N)/(U(n)× U(N − n)). (3.4)

Therefore, in one dimension the space of distinct topological phases will be simply
determined by the first homotopy group H. This group is well known to be 1 (the trivial
group) so that there are no topological phases in this dimension.

3.2 Symmetries of Gapped Hamiltonians :

Time-Reversal and Particle-Hole

Recall that one of the most important features of topological order is that it cannot be
characterized by any type of symmetry-breaking. From this we can think that if a symmetry
is preserved in some topological phase, it should also be preserved in the others. Therefore,
the classification of topological insulators is performed according to the symmetries that
are imposed to be preserved among all the topological phases in the system.

When symmetries are taken into account, the problem of classifying phase transitions
in gapped Hamiltonians is much more interesting. This happens because our new space
of Hamiltonians is different to case with no symmetries, since we have to restrict to only
those Hamiltonians that commute with the symmetries established as we did in section
2.5.

In our context, the classification of gapped hamiltonians is mostly presented for two
specific symmetries [1]:

• Time-reversal Symmetry (TRS): T .
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• Particle-Hole Symmetry (PHS): P .

We will start with TRS. Classically, the operation performed by the time-reversal op-
erator T is simply a reversion in the arrow of time:

T : (t, x)→ (−t, x). (3.5)

In quantum mechanics, Wigner’s theorem guarantees that any symmetry imposed in
the Hamiltonian can be characterized by a unitary or anti-unitary operator [15].

In particular, we can see that TRS corresponds to an anti-unitary operator. To see
this, we say that a Hamiltonian H preserves TRS if it commutes with T ([H, T ] = 0).
This basically means that if |Ψ〉 is an eigenstate of H, then so is T |Ψ〉. From the spinless
particles Schroedinger equation

− ih ∂
∂t
|Ψ〉 =

(
p2

2
+ V

)
|Ψ〉, (3.6)

and knowing that T : p→ −p, we get that the complex conjugation K : Ψ→ Ψ∗ satisfies
that K|Ψ〉 is another eigenstate. Indeed, any TRS operator takes the form T = UK .
Clearly, T is an anti-unitary operator and T iT −1 = −i.

Note also that if T = K then T 2 = 1. There is also the possibility of T 2 = −1
that occurs when spinfull particles are considered [4]. The next question would be if it is
possible for T 2 to take any other value. The answer is no. First note that applying time
reversal twice on a state should return to the same state up to an overall phase factor eiφ.
Then we have that

T T 2 = T 2T
⇒T eiφT −1 = eiφ

⇒e−iφ = eiφ = ±1.

(3.7)

Therefore TRS can be characterized by the value of T 2 = ±1.

In the other hand, PHS is also anti-unitary. We can understand PHS as an exchange
between particles (a†) and holes (a) in the system just how its proposed in equation (2.10).
Therefore, the conjugation C from section 2.3 is some type of particle-hole symmetry .
This is an anti-unitary operator since C is anti-linear and satisfies C2 = 1. As in TRS,
it is known that any PHS operator takes the form P = UC, with U a unitary operator.
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Using a similar procedure to the one in equation (3.7), we obtain that PRS can be also
characterized by P2 = ±1. The difference between PRS and TRS comes from the fact that
PRS is characterized to be preserved if P anti-commutes with H ({H,P} = 0) [1]. The
mean idea of this fact, is that under charge conjugation of particles and holes the spectrum
of the Hamiltonian should only be inverted around the vacuum state.

Furthermore, if we are going to work with the symmetries T and P we should also take
in account their product T P , which is an element of the symmetry group (section 2.5)
generated by both of them. This last symmetry is better known as chiral or sub-lattice
symmetry [1]. Since it is the multiplication of two anti-unitary operators, we obtain that
chiral symmetry is unitary.

This are the three symmetries used to classify topological insulators as we saw in picture
1. We are now ready to make a description of this table which will lead us to what is known
as the ten-fold way.

3.3 The ten-fold way: Periodic Table of Topological

Insulators and Superconductors

Both of the symmetries that we mentioned in the last chapter have three alternatives: to
not be present, to square to +1 or to square to −1 (∅,+1,−1). This give us a total of
9 different options depending on the alternatives of T and P . However there is still one
case we have not mentioned. When both symmetries are not present, there is still the
chance that chiral symmetry (T P) commutes with the Hamiltonian. In total, there are
ten possible cases in this classification which explains the name of ten-fold way.

Our task, is to characterize the space of gapped hamiltonians H (equation (2.20)) that
are compatible with the symmetry group corresponding to each case in the ten-fold.

To achieve this, we will start taking the hamiltonian for the nambu space (in the Ma-
jorana representation). This hamiltonian takes the form H = iH ′ with H ′ skew symmetric
(see section 2.3). Supposing that T is preserved, we have that T HT † = H. And since
T is anti-symmetric, we obtain T H ′T † = −H ′ using the relation T iT † = −i . Then, H ′

anti-commutes with T .

We can now take the spectral flattening to iH ′ as we did in section 3.1. This will
guarantee that we are classifying over the equivalence classes of gapped Hamiltonians. Let
h̃ := i sgn(iH ′). Then h̃ anti-commutes with T and h̃2 = −1 since every spectral flattening
squares to +1 by definition (equation (3.3)). The last equations remember the relations of
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a Clifford Algebra with a new element that squares to −1. We may think then that there
is a Clifford algebra generated by the symmetry group and the flatted hamiltonian h̃ is
extending this algebra to a higher dimensional Clifford algebra.

Remark: In the case when PHS is preserved the procedure is a little different. Since P
already anti-commutes with H we don’t need to take the hamiltonian in the Majorana represen-

tation since we already have a Clifford extension. Therefore we can take the spectral flattening

directly to H, and the flatted operator h̃ will satisfy h̃2 = 1.

The previous statement is the bridge between the classification of topological phases
and the classification of Clifford algebras. We have already made a thorough description
of Clifford algebras in section 2.4. So the important question here is if it is possible to
characterize the algebra generated by the symmetry group in each case of the ten-fold as
one of the then algebras that we obtained in section 2.4. To show this, let us take a look
to some examples:

• No symmetry is preserved: In this case, the complex algebra generated by the sym-
metry group {∅} is simply Cl0 ∼= C. Then, operator h̃ is extending this algebra to
Cl1 ∼= C⊕ C.

• Time-reversal is preserved with T 2 = −1: The complex algebra generated by the
symmetry group is a real Clifford algebra generated by two operators: T and iT
(The element iT guarantees that the algebra is complex). Note that (iT )2 = iT iT =
−iT iT −1 = i2 = −1. We can also obtain {T , iT } = 0. This corresponds to the
algebra Cl0,2 ∼= H, and h̃ extends this algebra to Cl0,3 ∼= H⊕H.

• Particle-Hole is preserved with P2 = 1: In this case the complex algebra is generated
by the elements P and iP . By a similar procedure we can obtain that P2 = (iP)2 = 1
and {P , iP} = 0. Therefore the algebra generated is Cl2,0 ∼= M2(R) and since h̃2 = 1,
it extends this algebra to Cl3,0 ∼= M2(C).

• Particle-Hole and Time-reversal are preserved with P2 = 1 and T 2 = −1: Since
[T , H] = 0 and {P , H} = 0 then {T P , H} = 0. Therefore we can now take the
algebra generated by P , iP and iT P . It is simple to check that these operators
anti-commute with each other and P2 = (iP)2 = (iT P)2 = 1. Therefore, we have
the algebra Cl3,0 ∼= M2(C) . Since the flatted hamiltonian satisfies h̃2 = 1 in this
case, the extended algebra will be Cl4,0 ∼= M2(H) .

Using a similar idea, we can complete the table 3.1 with all the Clifford extensions in
each case of the ten-fold. The first two cases, where only unitary symmetries are taken in
account, correspond to the complex Clifford algebras and the others to the real case.
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T P T P Clifford Algebra Extended Algebra

∅ ∅ ∅ Cl0 ∼= C Cl1 ∼= C⊕ C
∅ ∅ 1 Cl1 ∼= C⊕ C Cl2 ∼= M2(C)
+1 ∅ ∅ Cl2,0 ∼= M2(R) Cl2,1 ∼= M2(R)⊕M2(R)
−1 ∅ ∅ Cl0,2 ∼= H Cl0,3 ∼= H⊕H
∅ +1 ∅ Cl2,0 ∼= M2(R) Cl3,0 ∼= M2(C)
∅ −1 ∅ Cl0,2 ∼= H Cl1,2 ∼= M2(C)
+1 +1 1 Cl2,1 ∼= M2(R)⊕M2(R) Cl3,1 ∼= M4(R)
+1 −1 1 Cl1,2 ∼= M2(C) Cl2,2 ∼= M4(R)
−1 +1 1 Cl3,0 ∼= M2(C) Cl4,0 ∼= M2(H)
−1 −1 1 Cl0,3 ∼= H⊕H Cl1,3 ∼= M2(H)

Table 3.1: Algebra extensions for the ten-fold

We have characterized h̃ as an extension between Clifford algebras. Now, thinking h̃ as a
representation onto the nambu space we get from equation (2.26) that for every irreducible
representation the space H is given by the tensor product of the Clifford algebra with
the space of endomorphisms End(Sλ). End(Sλ) is a vector space of the form R2n with
n depending on the dimension of the irreducible representation. We obtain that h̃ is a
norm-preserving homomorphism between Rn ⊗ Clin to Rn ⊗ Clext, where Clin and Clext
are the initial and the extended Clifford algebra in table 3.1 .

The final result will be that for each class of the ten-fold, the space H of symmetry
compatible gapped hamiltonians h̃ will correspond to a symmetric space in the “Cartan
label” [1] [16]. To explain how this is done let us take the following cases.

• No symmetry is preserved: We have a complex Clifford extension from C→ C⊕C. As
a representation in the nambu space we have Rn⊗C ∼= Cn → Cn⊕Cn ∼= Rn⊗(C⊕C).
The action of h̃ is norm preserving since h̃ is a flatted hamilitonian, and it splits in
parts Cm , Cn−m in the extended space Cn ⊕ Cn. Therefore the space H is

H :=
N⋃
m=0

U(n)/(U(m)× U(n−m)). (3.8)

As it was expected, this is the same space that we obtained in section 3.1 (equa-
tion (3.4)) since this is the case when the system is not constrained by any type of
symmetry. The Cartan Label of this class is A.
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• Time-reversal is preserved with T 2 = −1: We have a Clifford extension from H →
H ⊗ H. This case is very similar to the case with no symmetries, just that now
the algebra in question is the quaternion algebra and not the complex algebra. The
group of norm-preserving transformations in H is well known to be the symplectic
group Sp(n). Thus we obtain:

H :=
N⋃
m=0

Sp(n)/(Sp(m)× Sp(n−m)). (3.9)

The Cartan Label of this class is AII.

• Particle-Hole is preserved with P2 = 1: The Clifford extension is M2(R) → M2(C).
As a representation h̃ will correspond to the assignation of a complex structure to the
real algebra. The space of non-equivalent complex structures over R is well known
to be characterized as

H := O(2n)/U(n) (3.10)

The Cartan Label of this class is D.

• Particle-Hole and Time-reversal are preserved with P2 = 1 and T 2 = −1: The
Clifford extension is M2(C)→M2(H). This case is very similar to the last one, just
that in this case h̃ is a quaternionic structure over C. It follows that

H := U(2n)/Sp(n) (3.11)

The Cartan Label of this class is DII.

Using a similar procedure we can complete the table 3.2 with the characterization of every
space H for each case in the ten-fold.

Table 3.2 concludes the characterization of the space of possible Hamiltonians according
to the hypothesis that gapless Hamiltonians are forbidden and the given symmetry group
is preserved among all the topological phases. Therefore to complete the classification we
only need to take the corresponding homotopy group to the space H.

In the case of one dimension, the final results can be found in table 3.3. The homotopy
groups of the symmetric spaces can be found in [1]. There are three results possible:

• ∅: Means that the homotopy group is trivial which implies that there are no topo-
logical phase transitions in the class.
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• Z2: Means that the homotopy group is Z2 which implies that there are two distinct
topological phases. These phases can be characterized by a Z2 invariant (0, 1).

• Z2: The system has a countable number of distinct topological phases. These phases
can be characterized by an integer invariant.

The results obtained are a little different from the ones presented by Ryu in figure 1
[1]. This is the result of a difference in notation between Ryu’s project and this thesis
which makes that the sign of T 2 is inverted. However, the idea behind the classification is
basically the same.

There are still interesting ideas that are missing from this classification. We may
first think that there is no necessity of using PRS ant TRS to obtain a classification of
topological phases. Indeed, the classification of topological materials have been generalized
for any type of unitary or anti-unitary symmetries [9] [14], using the ideas from sections
2.4 and 2.5.

Another important question will be what happens in higher dimensions. From figure
1 we can appreciate that the classification is different for materials in distinct dimensions.
This happens because the space of parameters is different. For example, in 2D the space of
parameters corresponds to the Brillouin zone which is a 2 dimensional torus. This problem
is solved by taking the second homotopy group instead of the first [1]. This explains the
difference between the classification of topological materials in distinct dimensions.

Like these, there are many more questions about topological materials that still need
to be understood. We will treat them in future projects.
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T P T P H Cartan Label

∅ ∅ ∅ U(n)/(U(m)× U(n−m)) A
∅ ∅ 1 U(n) AIII
+1 ∅ ∅ O(n)/(O(m)×O(n−m)) AI
−1 ∅ ∅ Sp(n)/(Sp(m)× Sp(n−m)) AII
∅ +1 ∅ O(2n)/U(n) D
∅ −1 ∅ Sp(n)/U(n) C
+1 +1 1 O(n) BDI
+1 −1 1 U(n)/O(n) CI
−1 +1 1 U(2n)/Sp(n) DIII
−1 −1 1 Sp(n) CII

Table 3.2: Space of symmetry-compatible gapped hamiltonians for each case in the ten
fold

T P T P H1(H)

∅ ∅ ∅ ∅
∅ ∅ 1 Z
+1 ∅ ∅ Z2

−1 ∅ ∅ ∅
∅ +1 ∅ ∅
∅ −1 ∅ ∅
+1 +1 1 Z2

+1 −1 1 Z
−1 +1 1 Z
−1 −1 1 ∅

Table 3.3: Group of topological phases in 1D for each case in the ten-fold
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Conclusions

The aim of this project was to understand the concept of topological order from two
different perspectives.

First of all, we analysed the case of the Kitaev chain. We observed in PBC and OBC
that it presents some sort of phase transition in the moment where the gap closes. This
transition was characterized by a non-smooth evolution of the ground state near the gapless
point.

In OBC the consequences of this phase transition where quiet interesting. Once the gap
closes, it remains closed in a non-trivial superconducting phase generating a new zero-mode.
This zero-mode was found to be localized at the edges of the chain in the most extreme case
of the superconducting phase, which explains the name of edge state. Actually the edge
state is one of the most important characteristics of topological materials. In the quantum
hall effect for example, the edge state is characterized by an edge current flowing at the
boundaries of the plate. What we obtained for the Kitaev chain is a 1D representation
of this fact. These edge states are said to be symmetry protected. But the real fact is
that they are topologically stable and the topology of this states is characterized by the
symmetries preserved in the system as we observed in chapter 3.

On a second part, we attempted to understand the real relationship between topology,
phase transitions and symmetries. A first topological interpretation of topological phase
transitions was given in section 1.6 for the Kitaev chain. The result was that each phase
could be characterized by a Z2 topological invariant according to two possible types of
loops in S1 (contractible and non-contractible).

A better explanation was given in chapter 3 where it was proposed that a topological
phase transitions occurs when the gap is closed. We concluded that a gapless hamiltonian
could be understood as some kind of hole. Therefore, we could characterize the topological
phases by taking the homotopy group of the space of gapped hamiltonians.

The relationship between symmetries and these systems comes from the fact that topo-
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logical phase transitions cannot be characterized by any type of symmetry-breaking. There-
fore, topological insulators are classified according to the symmetries that are imposed to
be preserved in the system. We were able to classify topological materials according to
the possible cases of time-reversal and particle-hole symmetry in the ten-fold. The most
important idea at this point is that the space of gapped hamiltonians is different depending
on which symmetries are preserved. We characterized these spaces for each combination
of symmetries as some type of Clifford algebra extension.

To conclude, we have obtained a very good perspective of topological order, from its
implications, such as the emergence of bizarre edge states, to its relationship with topology
and symmetries. There are still many interesting questions in this area, but we will leave
them for future projects.
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Appendix A

A.1 From Bogoliubov to a Diagonalization Problem

We know from section 1.4 that the operators ck satisfy

{ck, c†j} = δkj, {c†k, c
†
j} = 0, {ck, cj} = 0 (A.1)

where

ck =
N∑
i=1

(
gkiai + hkia

†
i

)
, c†k =

N∑
i=1

(
g∗kia

†
i + h∗kiai

)
. (A.2)

Combining both equations we get

δkj = {ck, c†j} =

{
N∑
i=1

(
gkiai + hkia

†
i

)
,

N∑
q=1

(
g∗jqa

†
q + h∗jqaq

)}
,

=
∑
i,q

gkig
∗
jq{ai, a†q}+ gkih

∗
jq{ai, aq}+ hkig

∗
jq{a

†
i , a
†
q}+ hkih

∗
jq{a

†
i , aq},

=
∑
i,q

gkig
∗
jqδiq + hkih

∗
jqδiq,

=
∑
i

gkig
∗
ji + hkih

∗
ji.
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It is easy to see that the last condition is equivalent to

gg† + hh† = I. (A.3)

And similarly for {c†k, c
†
j} = 0 and {ck, cj} = 0 we obtain

ghT + hgT = O. (A.4)

Therefore, the operators ck satisfy the relations of a CAR algebra if and only if h and
g satisfy equations A.3 , A.4.

Now, to find the explicit matrices g and h as well as the proper values Λk we can compute
[H, ck] in two different ways. First using equation (1.18) and second using equation (1.20).

We will start with the second one:

[H, ck] =
∑

Λi[c
†
ici, ck]

=
∑

Λi − c†ickci − ckc
†
ici

=
∑

Λi{c†i , ck}ci = Λkck

=
∑
r

Λk(gkrar + hkra
†
r).

(A.5)

On the other hand, for equation (1.18) we first verify the relations

[a†iaj, ak] =− δikaj,
[a†iaj, a

†
k] = δjka

†
i ,

[a†ia
†
j, ak] = δjka

†
i − δika

†
j,

[aiaj, a
†
k] = δjkai − δikaj,

[aiaj, ak] = 0 = [a†ia
†
j, a
†
k].

(A.6)

Then we can easily compute [H, ck]:

[H, ck] =

[∑
i,j

a†iAijaj +
1

2

(
a†iBija

†
j − aiBijaj

)
,
∑
r

(
gkrar + hkra

†
r

)]

=
∑
i,j

Aijgkiaj + Aijhkja
†
i +

1

2
Bij

(
gkja

†
i − gkia

†
j − hkjai + hkiaj

)
.

(A.7)
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Comparing now the results of (A.5) and (A.7) for each ai, a
†
i , we find the relations

Λkgkj =
∑
i

gkiAij − hkiBij, (A.8)

Λkhkj =
∑
i

gkiBij − hkiAij. (A.9)

This relation can be rewrite in matrix form as:

Λg = gA− hB , Λh = gB − hA. (A.10)

If we define Φ = g + h and Ψ = g − h. We readily get to

ΛΦ = Ψ(A−B) , ΛΨ = Φ(A+B). (A.11)

Then we obtain

Φ(A−B)(A+B) =Λ2Φ, (A.12)

Ψ(A+B)(A−B) =Λ2Ψ. (A.13)

These equations can be understood as a diagonalization problem where the rows of Φ
and Ψ are the eigenvectors of the corresponding matrices. This last equation is what we
were looking for:

(A−B)(A+B)Φk =Λ2Φk, (A.14)

(A+B)(A−B)Ψk =Λ2Ψk. (A.15)

Remark that these matrices are symmetric sinceA is symmetric andB is skew-symmetric.
So the system is solvable.

A.2 Computing the Occupation Number of the Edge

State

Now that we have obtain a numerical solution of the equation

(A+B)(A−B)Ψk = Λ2Ψk, (A.16)
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we can compute the matrix Φk using equation (A.11). Using the relations Φ = g + h and
Ψ = g − h we get the canonical transformations

ck =
N∑
i=1

(
gkiai + hkia

†
i

)
, c†k =

N∑
i=1

(
g∗kia

†
i + h∗kiai

)
. (A.17)

Write (A.20) in matrix form :(
c
c†

)
. =

(
g h
h∗ g∗

)(
a
a†

)
. (A.18)

It is simple to see from equations (A.3) and (A.4) that inverse of the transformation
above is (

a
a†

)
. =

(
g† hT

h† gT

)(
c
c†

)
. (A.19)

Thus, we have

ak =
N∑
i=1

(
g∗ikci + hikc

†
i

)
, a†k =

N∑
i=1

(
gikc

†
i + h∗ikci

)
. (A.20)

We can now replace this term into (1.37):

〈E|a†kak|E〉 =
∑
ij

〈Ω|c0(gikc†i + h∗ikci)(g
∗
jkcj + hjkc

†
j)c
†
0|Ω〉. (A.21)

Computing (A.21) for the elements in the base using normal order we readily find the
relations

〈Ω|c0cicjc†0|Ω〉 = 0, (A.22)

〈Ω|c0c†ic
†
jc
†
0|Ω〉 = 0, (A.23)

〈Ω|c0c†icjc
†
0|Ω〉 = δ0iδ0j, (A.24)

〈Ω|c0cic†jc
†
0|Ω〉 = δij − δ0iδ0j. (A.25)
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Replacing these equations in (A.21) we get to the result of equation (1.38):

〈E|a†kak|E〉 =
∑
j

h∗jkhjk − h∗0kh0k + g∗0kg0k, (A.26)

which is what we where looking for.
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