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Abstract — In this work we study the input parameters 

distribution for a model to optimize the duration of promotion 

periods on the airline industry based on a real case study from 

a South American airline. We will focus on the buying 

probability and the arrival rate of a specific fare family. For 

doing so, we are going to use a data base provided by the 

airline. We are going to use different approaches to find the 

distributions. When working with the buying probability we 

are going to use the exponential, power and logit distributions, 

while when working with the arrival rates we are going to 

explore the non-homogeneous Poisson process.  

 
Index Terms— Airline promotion, input parameter distributions, 

arrival rate, buying probability.  

 

I. INTRODUCTION 

 

Revenue management can be applied in a variety of 

scenarios in which the main product is perishable. Hence, it is 

necessary to apply different strategies to maximize the amount 

of products sold by the perishable date (Talluri & Garrett J. , 

2004). One main application of revenue management is the 

airline industry. In this area if a ticket is not sold by the 

departure date, it is a lost income to the company. That is why 

it is very important to find strategies to maximize the number 

of tickets sold by the departure date. One of these strategies is 

to apply a promotion, which we are going to analyze in this 

paper. Furthermore, we are going to use a model that 

determines the duration of promotion periods in airlines. 

Basically the model is divided in two parts. The first one is the 

estimation of the input parameters and the second part is the 

stochastic dynamic programming. As a result of the model we 

have the days in which it is optimal to do promotions and the 

additional income perceive by the company. The specific 

purpose of this work is focus on the first part because of the 

importance of having good input parameters. It is very well 

known that good output results come from appropriate input 

data. For doing that we have industry data from a South 

American airline to estimate the parameters and in the same 

way verify our results and see if they are applicable to 

different cases.  

 

In this paper we are going to work in two specific case 

studies, which are going to be explained more on detail 

afterwards. We will determine the input data distributions, 

mainly the buying probability and the arrival rate distributions 

of a specific fare family. The idea of working in two different 

cases is to estimate a distribution that fits both cases so it can 

be apply to a more general case, where every day and every 

flight is a different scenario.  

 

In first place we are going to explain the pricing model to 

optimize the promotion periods for airlines to understand the 

importance of this work. As we are going to emphasize in the 

first part of the model it is important to mention that the actual 

method to estimate the parameters is deterministic. This paper 

is going to explore a stochastic distribution that represents 

reality in a more precise way. For doing so it is important that 

we consider that the arrival rate vary depending on the days 

left to departure, and the buying probability is higher when the 

price is lower and lower when the price is higher. Which 

means that the parameters, such as the buying probability, 

depend of different factors (Otero & Akhavan, 2014). For the 

purpose of this paper, we assume that the prices of the tickets 

are known, both for the superior and promotional fare family. 

 

After understanding the model, there is going to be an 

explanation on how the data was selected. This is a very 

important part because the data selection directly affects the 

distributions obtain and so the estimations of future model 

parameters in a general case. Also, to select the data it was 

very important to understand it, so those two explanations are 

going to be given in data section.  

 

We then proceed to the distribution estimation. In one hand 

we have the buying probability distribution and in the other 

hand we have the arrival rate distribution. In the first one 

various models were used such as exponential, potential, logit 

and a linear combination of those three. In the second case, 

many distributions were proved but finally it was concluded 

that the best model to represent de arrival rate was a non-

homogeneous Poisson process.  

 

All the information and process of finding the input 

distributions result in creating a new version of the model so 

the parameters are stochastic and representing reality as it was 

our main objective. That is why the following step was 
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modifying the model and in that way analyzing the new results 

and compare them with industry data. When running the 

model we could find that incremental revenue was about 3% 

of the revenues that are actually perceived in a regular flight. 

 

II. LITERATURE REVIEW – MODEL EXPLANATION 

 

Before explaining the model, we introduced some concepts 

that are going to be used throughout the document.   

 

Fare Family: There are different types of fare families in an 

airline. A superior fare family has more benefits that the 

promotional fare family. They pay more for extra services 

such as better food, bigger seats, VIP rooms etc.  

 

Fare Family Dilution: Passengers that were supposed to buy 

from a higher fare family buy promotional tickets in a lower 

fare family. They waive their benefits for a lower price.  

 

Time Dilution: Passenger that were supposed to buy their 

tickets in the future will buy in the promotional period at a 

lower fare.  

 

The model optimize the duration of promotion periods in 

order to maximize the incremental revenue perceived by the 

company. For doing so, the first part of the model estimate the 

parameters needed such as buying probability, arrival rate, and 

dilution that is found by solving a system of equations when 

having all the other parameters. In the second part we have the 

stochastic dynamic programming itself, and in the last part 

results are given but are not in the interest of this paper.  

 

It is important to mention that for the model three 

assumptions were made. In first place the dilution of higher 

fare families only occurs in the immediately superior fare 

family. This means that only two fare families are going to be 

used; superior fare family and promotional fare family. 

Promotional fare family means that in that fare family a 

promotion can be offer. Then, as an assumption, that 

promotion is only offered in one fare family. Lastly, it is 

assumed that there are no market effects such as competition 

or changes in the buying behavior of customers (Chen, 2012). 

After some literature review we found out that when they take 

into account competition, they assumed to know everything 

about the behavior of the other company. Since we don’t know 

that, we are not going to take into account those effects.  

 

As told before, revenue management models apply where 

the product is perishable, such as airline tickets. When the 

departure date arrives, if the tickets weren’t sold, the company 

perceived less income that if they have sold all. So, we have to 

figure out what actions can be performed in order to decrease 

the number of seats not sold by the departure date. A strategy 

that is usually used to incentivize demand are promotions. But, 

we have to find the right moment and the right duration for the 

promotion. It is true that promotion will increase the demand 

and thus the number of tickets sold by the departure date but 

doing a lot of promotion can increase the dilution between 

passengers which result in less tickets bought at regular price 

reflected in less incomes for the company. So the objective is 

to find the period of promotion that increases the demand 

while controlling the effects of dilution.  

 

A. Parameters Estimation 

 

We are going to estimate the buying probability and the 

arrival rate. For the buying probability we know that the 

behavior of the price vs. the probability of buying is 

represented by 𝑓(𝑥) which is shown in graph 1.  

 

 

 
Graph 1. 

 

In the graph it can be seen that at a bigger price the 

probability of buying is less, which is what actually occurs in 

reality. The blue part of the graph represents for example that, 

someone that is willing to pay for a 10 dollar ticket will also 

pay a 5 dollar fare. So the probability that a ticket is sold at a 

price x will be represent with the function 𝑔(𝑥), which is 

estimate as shown below. 

 

𝑔(𝑥) = ∫ 𝑓(𝑥)𝑑𝑥
∞

𝑃

= 1 − 𝐹(𝑥)           (1) 

 

The other parameters such as the time dilution, fare family 

dilution and incremental demand, where estimated using a set 

of equations. The notation and equations used were the 

following.  

 

Notation:  

𝑇: Set of intervals of time indexed by 𝑡. (Before, during and 

after promotion). 

𝑇 = {𝐵, 𝐷, 𝐴} 
𝐹: Set of fare families indexed by 𝑓. (Promotional Family 

(1), and non-promotional family (2)). 

𝐹 = {𝐹1, 𝐹2} 
𝑝𝑎𝑥𝑓,𝑡: Number of passengers with a ticket of family 𝑓 ∈ 𝐹 

at interval 𝑡 ∈ 𝑇.  

𝑁𝑡: Number of days in interval 𝑡 ∈ 𝑇. 

𝑟𝑡,𝑓: rate of passengers by day, 𝑡 ∈ 𝑇, of family 𝑓 ∈ 𝐹. 

𝑑𝑖𝑙𝐹2: Percentage of dilution from family 𝐹2 to 𝐹1. 

𝑑𝑖𝑙𝐴: Percentage of dilution from interval 𝐴 to 𝐷. 

𝑑𝑖𝑛𝑐: Incremental demand 

 

Note that the rate of passengers by day for every fare family 

is a deterministic parameter which does not represent a real 
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behavior. That is why during this paper we are going to 

explain how this parameter estimation is going to change.  

 

Dilution between fare families:  

𝐹1 : ∑𝑟𝐹1𝑁𝑡
𝑡𝜖𝑇

=∑𝑃𝑎𝑥𝐹1,𝑡
𝑡𝜖𝑇

− 𝑑𝑖𝑙𝐹2𝑟𝐹2𝑁𝐷 − 𝑑𝑖𝑛𝑐 

𝐹2 : ∑𝑟𝐹2𝑁𝑡
𝑡𝜖𝑇

=∑𝑃𝑎𝑥𝐹2,𝑡
𝑡𝜖𝑇

+ 𝑑𝑖𝑙𝐹2𝑟𝐹2𝑁𝐷 

 

Dilution between time:  

𝑥 = 𝑃𝑎𝑥𝐹1,𝐷 − 𝑑𝑖𝑙𝐹2𝑟𝐹2𝑁𝐷 − 𝑟𝐹1𝑁𝐷 − 𝑑𝑖𝑛𝑐 
𝑦 = 𝑟𝐹1𝑁𝐴 − 𝑃𝑎𝑥𝐹1,𝐴 

𝑑𝑖𝑙𝐴𝑟𝐹1𝑁𝐴 = {
min(𝑥, 𝑦)             𝑥, 𝑦 > 0
      0                  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 

B. SDP Model 

 

After having the parameters estimated we have the SDP 

model itself with all of its elements that are shown below.  

 

Epochs: 𝑛 = {0,1,2, … ,𝑁} in days  

State variable:  

𝑆𝐴𝑛: Seats available at day 𝑛. 

 

Notation:  

𝑝𝑛,𝑓 =Non-promotional fare at day 𝑛 in fare family 𝑓 

𝑝𝑝 =Promotional fare 

Pr(𝑗|𝑠, 𝑎) =Probability from selling 𝑠 − 𝑗 seats by taking 

decision 𝑎 

𝐷𝑛,𝑓 =Demand for price 𝑝𝑛 in fare family 𝑓  

𝐷𝑛,𝑓 =∑𝑖𝑃𝑟(𝑆𝐴𝑛 − 𝑖|𝑆𝐴𝑛, 𝑎)

𝑆𝐴𝑛

𝑖=0

 

 

 

Actions:  

𝐷𝑃:Do promotion 

𝑁𝑃:Do not do promotion 

 

Immediate rewards:  

𝑈𝑁𝑃(𝑆𝐴) = 0 

𝑈𝐷𝑃(𝑆𝐴𝑛) = 𝑑𝑖𝑛𝑐𝑛𝑝𝑝 − (𝑝𝑛,𝐹1 − 𝑝𝑝)𝐷𝑛,𝐹1
− (𝑝𝑛,𝐹2 − 𝑝𝑝)𝐷𝑛,𝐹2𝑑𝑖𝑙𝐹2

− 𝑑𝑖𝑙𝐴∑(𝑝𝑛,𝐹1 − 𝑝𝑝)𝐷𝑖,𝐹1

𝑁

𝑖=𝑛

 

 

Transition probabilities:  
Pr(𝑗|𝑆𝐴𝑛, 𝑎)

=

{
 
 
 

 
 
 

0  (1)
0   (2)

(
𝑟𝐹1,𝑛

𝑆𝐴𝑛 − 𝑗
)𝑔(𝑝𝑎)

𝑆𝐴𝑛−𝑗(1 − 𝑔(𝑝𝑎))
𝑟𝐹1,𝑛−𝑆𝐴𝑛+𝑗     (3)   

∑ (
𝑟𝐹1,𝑛

𝑆𝐴𝑛 − 𝑖
)𝑔(𝑝𝑎)

𝑆𝐴𝑛−𝑖(1 − 𝑔(𝑝𝑎))
𝑟𝐹1,𝑛−𝑆𝐴𝑛+𝑖  (4)

𝑟𝐹1,𝑛

𝑖=min (𝑆𝐴𝑛,𝑟𝐹1,𝑛)

 

 

(1) 𝑗 > 𝑆𝐴𝑛 

 (2) 𝑗 < m𝑎𝑥 (𝑆𝐴𝑛 − 𝑟𝐹1 , 0) 

(3)max(𝑆𝐴𝑛 − 𝑟𝐹1,𝑛 , 0) < 𝑗 ≤ SAn 

(4) 𝑗 = max (𝑆𝐴𝑛 − 𝑟𝐹1,𝑛 , 0) 

 

Reward Function:  

𝑅𝑛(𝑆𝐴𝑛) = 𝑚𝑎𝑥𝑎∈{𝐷𝑃,𝑁𝑃}{𝑈𝑎(𝑆𝐴𝑛)

+∑Pr(𝑗|𝑆𝐴𝑛, 𝑎)  𝑅𝑛+1(𝑗)

𝑆𝐴𝑛

𝑗=0

} 

 

This model is going to be used to see how the estimation of 

parameters change the results that are obtain by introducing 

deterministic data. Also, we are going to generate a general 

case and see how the model reacts to general data and its 

consistency and sense with reality. 

III. DATA BASE SELECTION 

 

The data base that was given to as is from a South 

American airline and has 69,780 records that represent 

209,719 tickets sold. One record is one reservation and thus it 

can have more than one ticket, for example a family 

reservation. In addition, the data is from flights between June 

2012 and June 2013 with selling dates from June to August 

2012. The data base has different fare families with 

promotional and non-promotional tickets and three main 

destinations; Santiago de Chile (SNF), Antofagasta (ANF), 

and Puerto Mont (PMC).  

 

For this paper, it was necessary to select part of the data to 

find the distributions mention before. Not all data was used 

because, in first place, there were too many cases, different 

flights parameters have different shape distributions and 

different amount of data. And in second place, there was some 

information that wasn’t useful because of the lack of 

information or in the way it was register. So having a good 

selection of data would affect the results obtained. 

 

So based in what was said before, the first filter we did was 

taking all the records in which the flight date was before 

August 2012. This was because we wanted to know the buying 

probability and the arrival rate before the departure date of the 

flight. Since we only have selling dates from June to August 

2012, a flight that departs in October 2012 will have as last 

recorded ticket sold two months before departure which will 

result in a lack of information for that case. After that, the 

departure date was also filter from July 25 to August 5. This 

dates were selected because we wanted to have minimum one 

month of information of the selling period. So, since the 

selling dates start in June 25, the first flight we take was one 

month later. And the last day we took was because is the last 

day of records of selling dates. Then, after establishing the 

periods of time another filter was made but this time it was 

with respect to the fare families. We selected the fare families 

that have promotion and we only take into account the non-

promotional tickets since we want to model the promotional 

fare family distributions in a period of no promotion. This 

result in 5,248 records and 18,414 tickets sold. 
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The table below (Table 1) resumes the first filter that was 

made to the data.  

 

 
Table 1. 

 

Then, when the database was reduced and had only the 

information we wanted and consider relevant, we found out 

that the tickets sold on weekends were register on Mondays. 

For that reason, on weekends the amount of data decrease 

significantly in respect to weekdays. Having that into account, 

it was decided to take out records that have as selling date 

Saturday or Sunday. Then, as we wanted to model the arrival 

rate of passengers to a flight, we divided data for each day of 

the departure date and for each possible route. When having 

the data divided in those classifications, we calculate the 

number of tickets of each route and for selecting the final data 

two main elements were taken into account. In first place we 

wanted two groups of data that have different distributions and 

in second place we wanted to have the greatest amount of data 

possible. For the first criteria we used the graphing method 

and visually compare the behavior of data. In the other hand, 

the second criteria is important because it is not possible to fit 

data to a distribution if there is not a significant amount of 

data.  

 

Finally, two cases were selected. In first place, what we will 

call case A from now on, is a flight on Friday August 3, 2012 

from Santiago de Chile (SCL) to Antofagasta (ANF). The 

information of the case is shown in the table below (Table 2). 

 

 
Table 2. Case A. Information 

 

In the other hand, the second case, which we will call Case 

B from now on, is a flight on Monday July 30, 2012 from 

Antofagasta (ANF) to Santiago de Chile (SCL) and the 

information is on the table below (Table 3).  

 

 
Table 3. Case B. Information 

 

As it was told before, this cases were selected not only 

because they have the greater number of tickets sold but 

because their graphical distributions represent the main two 

graphical behaviors seen in the different scenarios. In first 

place, when seeing the arrival rate graphs it can be seen that 

Case A is strictly increasing from the beginning of the selling 

period to the departure date, it has less rate in the first days 

that in the last ones with some peaks that also increase as the 

departure day is closer. In the other hand, Case B at the last 

day is decreasing and the difference between the first and the 

last days in number of tickets sold is not as bigger as it is in 

Case A. This case also have some peaks in some days that are 

really distance from the average rate. The graphs below show 

both cases daily arrival rate of passengers. The yellow bars are 

the daily rate and the red line is the cumulative rate until the 

departure date. In addition the x-axis represent the days left to 

departure and the y-axis the arrival rate.  

 

 
Graph 2. Case A. Arrival Rate 

 

 
Graph 3. Case B. Arrival Rate 

 

Now, for the buying probability, some similar graphs were 

developed. The main difference between both cases is that one 

graph has a smoother and linear behavior than the other one. 

In the x-axis the price is shown, and in the y-axis the buying 

probability is represented. Also it is important to remind that 

the light green line represent the cumulative distribution 𝑔(𝑥) 
explain in section II and dark green bars represent the 

probability 𝑓(𝑥) of each given price. In addition, for doing 

this graphs, because of the variety of prices, they were divided 

in groups of a range of two dollars, meaning that the graphs 

below show the histogram of prices with a very small interval 

for each class.  

 

 
Graph 4. Case A. Buying Probability 

Flight dates July 25 2012 - August 5 2012

Selling dates June 25 2012 - August 5 2012

Fare classes O-N-Q-X

Records 5,248

Tickets Sold 18,414

Flight Date August 3, 2012 (Friday)

Origin SCL

Destination ANF

Tickets Sold 543

Flight Date July 30, 2012 (Monday)

Origin ANF

Destination SCL

Tickets Sold 500
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Graph 5. Case B. Buying Probability 

IV. BUYING PROBABILITY DISTRIBUTION 

 

Taking into account the graph 4 and 5, it can be seen that a 

red dotted line is over each one of the graphs. This line 

represent where the distribution was truncated. It was decided 

to truncate the distribution at that points because the buying 

probability were very close to zero, so if the price was higher 

than the red dotted line price it was considered to be zero. 

After truncating the distributions, the following graphs were 

obtain.  

 

 
Graph 6. Case A. Truncated Buying Probability 

 

 
Graph 7. Case B. Truncated Buying Probability 

 

Now, the main objective was to figure out the distribution 

of the light blue line 𝑔(𝑥) which is the one that give us the 

real buying probability for a price 𝑥. For doing this, three main 

distributions were studied which are the main one use in 

literature for this type of cases. The distributions were the 

logit, exponential and potential which general formula 

distribution are shown below.  

 

Logit: 

𝑑(𝑝) =
𝑐𝑒−(𝑎+𝑏𝑝)

1 + 𝑒−(𝑎+𝑏𝑝)
                 (2) 

 

Where 𝑐 is the number of tickets sold and 𝑎 and 𝑏 are 

parameters that have to be estimated depending on the data. 

 

Exponential:          

𝑑(𝑝) = 𝑒𝑎−𝑏𝑝                     (3) 
Where 𝑎 and 𝑏 are parameters that have to be estimated 

depending on the data. 

 

Potential: 

𝑑(𝑝) = 𝑎𝑝−𝑏                       (4) 
Where 𝑎 and 𝑏 are parameters that have to be estimated 

depending on the data. 

 

It is important to mention that 𝑑(𝑝) is the cumulative 

demand at price 𝑝, so to find the probability distribution it is 

necessary to divide that function over the total demand. This 

last term is represented by 𝑐. 

 

Now, for estimating the parameters each one of the 

equations was modified so it can be written in the form 𝑎𝑥 +
𝑏 = 𝑦 so a linear regression could be made and thus the 

unknown parameters could be estimated. So for each one of 

the distributions the following transformations were made.  

 

Logit:  

𝑑(𝑝) =
𝑐𝑒−(𝑎+𝑏𝑝)

1 + 𝑒−(𝑎+𝑏𝑝)
 

 

𝑑(𝑝) + 𝑑(𝑝)𝑒−(𝑎+𝑏𝑝) = 𝑐𝑒−(𝑎+𝑏𝑝) 

𝑑(𝑝) = (𝑐 − 𝑑(𝑝))𝑒−(𝑎+𝑏𝑝) 

ln 𝑑(𝑝) = ln[(𝑐 − 𝑑(𝑝))𝑒−(𝑎+𝑏𝑝)] 

ln 𝑑(𝑝) = ln[𝑐 − 𝑑(𝑝)] + ln[𝑒−(𝑎+𝑏𝑝)] 

ln 𝑑(𝑝) = ln[𝑐 − 𝑑(𝑝)] − (𝑎 + 𝑏𝑝) 
 

𝑎 + 𝑏𝑝 = ln[𝑐 − 𝑑(𝑝)] − ln[𝑑(𝑝)]                (5) 
 

Exponential:  

 

𝑑(𝑝) = 𝑒𝑎−𝑏𝑝 
 

ln[𝑑(𝑝)] = ln[𝑒𝑎−𝑏𝑝] 
ln[𝑑(𝑝)] = 𝑎 − 𝑏𝑝 

 

   𝑎 − 𝑏𝑝 = ln[𝑑(𝑝)]                                       (6) 
 

Potential: 

 

𝑑(𝑝) = 𝑎𝑝−𝑏 
 

ln[𝑑(𝑝)] = ln[𝑎𝑝−𝑏] 
ln[𝑑(𝑝)] = ln 𝑎 + ln[𝑝−𝑏] 
ln[𝑑(𝑝)] = ln 𝑎 − 𝑏𝑙𝑛 𝑝 

 

 𝑐 − 𝑏 ln(𝑝) = ln[𝑑(𝑝)]                              (7) 
𝑤ℎ𝑒𝑟𝑒 𝑐 = ln 𝑎 , 𝑠𝑜 𝑎 = 𝑒𝑐 
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When having the distributions in a way that parameters 

could be estimated from a linear regression, we proceed to 

calculate the parameters value for each of the distribution. The 

results find for each type of distributions are shown below for 

each one of the cases.  

 

 
Graph 8. Case A. Estimated Distributions 

 

 
Table 4. Case A. Parameters Estimation 

 

 
Graph 9. Case B. Estimated Distributions 

 

  
Table 5. Case B. Parameters Estimation 

 

Then, after having all the parameters estimated, it was 

necessary to compare it to real data to determine if the 

industry behavior was correctly represented by the 

distributions found. For this, two different things were made. 

In first place, to calculate the relative error between the 

proposed distributions and the real data, the following 

equation was used.  

 

𝐸𝑟𝑟𝑜𝑟 =
∑ |𝑅𝑒𝑎𝑙𝑖 − 𝑑(𝑝)𝑖|
𝑛
𝑖=1

𝑛
                         (8) 

 

In second place, it was proposed a distribution as a linear 

combination of the other Theorical distributions since not 

always data follows strictly one distribution. Even more, when 

having real data it is not usual that data follows a distribution 

since we are modelling real life situations. 

 

𝑑(𝑝) = 𝑥 (
𝑐𝑒−(𝑎+𝑏𝑝)

1 + 𝑒−(𝑎+𝑏𝑝)
) + 𝑦(𝑒𝑐−𝑑𝑝) + 𝑧(𝑒𝑝−𝑓)          (9) 

                                                 𝑤ℎ𝑒𝑟𝑒 𝑥 + 𝑦 + 𝑧 = 1 

In order to calculate the best values for x, y, and z so the 

error found was minimum, a simple optimization problem was 

established where the objective function was to minimize the 

error and the decision variables were 𝑥, 𝑦, and 𝑧. The 

optimization problem used was the following.  

 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 
∑ |𝑅𝑒𝑎𝑙𝑖 − 𝑑(𝑝𝑖)|
𝑛
𝑖=1

𝑛
 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:                                                                         

𝑑(𝑝𝑖) = 𝑥 (
𝑐𝑒−(𝑎+𝑏𝑝𝑖)

1 + 𝑒−(𝑎+𝑏𝑝𝑖)
) + 𝑦(𝑒𝑐−𝑑𝑝𝑖) + 𝑧(𝑒𝑝𝑖

−𝑓
) 

                                                                     ∀𝑖 ∈ 1. . 𝑛 

𝑥 + 𝑦 + 𝑧 = 1 

 

When solving the optimization problem for each of the 

cases with its corresponding parameters values found with the 

linear regression, the results found where the following:  

 

Case A: 𝑥 = 0.29, 𝑦 = 0.71, 𝑧 = 0 

Case B: 𝑥 = 0.61, 𝑦 = 0.39, 𝑧 = 0 

 

Which result in the following distributions:  

 

Case A:  

𝑑(𝑝) = 0.29 (
543𝑒(9.21−0.10𝑝)

1 + 𝑒(9.21−0.10𝑝)
) + 0.71(𝑒9.99−0.06𝑝)      (10) 

 

Case B: 

𝑑(𝑝) = 0.61 (
500𝑒(6.49−0.08𝑝)

1 + 𝑒(6.49−0.08𝑝)
) + 0.39(𝑒9.16−0.05𝑝)     (11) 

 

Finally, when all the parameters and distributions where 

established it was necessary to calculated the error of each one 

of the distributions and its graphics with respect to the original 

data.  

 

Case A:  

 

 
Graph 10. Case A. Proposed Distributions 

 

 
Table 6. Case A. Total Error 

 

It can be seen that the smaller error was found when the 

proposed distribution was used (purple line).  

a b c

Logit -9.2187 0.1055 543

Exponential 9.9925 0.0626

Potential 3.736E+12 5.5593

a b c

Logit -6.4891 0.0776 500

Exponential 9.1595 0.0499

Potential 5.399E+10 4.5335

Logit Exponential Proposed Potential

Error Total 0.07 0.04 0.02 0.07
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Case B:  

 

  
Graph 11. Case B. Proposed Distributions 

 

 
Table 6. Case A. Total Error 

 

As in case A, the smaller error was when the proposed 

distribution was used (purple line). 

 

Now, the errors found were very small and can be accepted 

when fitting data to a distribution. But it was also analyzed 

that the distributions could change depending on how far the 

departure date was. So it was decided to divide the buying 

period in three intervals (P1: 42-29 days before departure, P2: 

28-15 days before departure, and P3: 14-0 days before 

departure) and graph the buying probability in each of the 

intervals to see if the distributions were different by using a 

subjective approach by analyzing the graphs behaviors.  

 

 
Graph 12. Case A. Buying probability by period 

 

 
Graph 13. Case B. Buying probability by period 

  

It can be seen in the graphs above that depending of the 

period the behavior of the curves actually change and they 

tend to look similar between cases. So the same steps than 

before were made for each of the periods for each of the cases. 

The best fit distribution for each of the cases is shown below 

for each of the periods.  

 

Case A:  

 

Period 1 

 
Table 6. Case A. Period 1 Total Error 

 

𝑑(𝑝) = 0.78 (
76𝑒(15.8−0.2𝑝)

1 + 𝑒(15.8−0.2𝑝)
) + 0.22(𝑒11.1−0.1𝑝)       (12. 𝑎) 

𝑔(𝑝) = 0.78 (
𝑒(15.8−0.2𝑝)

1 + 𝑒(15.8−0.2𝑝)
) + 0.22 (

𝑒11.1−0.1𝑝

76
)    (12. 𝑏) 

 

 

 

Period 2 

 
Table 7. Case A. Period 2 Total Error 

 

𝑑(𝑝) = 0.07 (
150𝑒(7.2−0.1𝑝)

1 + 𝑒(7.2−0.1𝑝)
) + 0.93(𝑒7.7−0.05𝑝)      (13. 𝑎) 

𝑔(𝑝) = 0.07 (
𝑒(7.2−0.1𝑝)

1 + 𝑒(7.2−0.1𝑝)
) + 0.93 (

𝑒7.7−0.05𝑝

150
)   (13. 𝑏) 

 

 

 

 

Period 3 

 
Table 8. Case A. Period 3 Total Error 

 

𝑑(𝑝) = 0.58 (
317𝑒(9.2+0.1𝑝)

1 + 𝑒(9.2+0.1𝑝)
) + 0.42(𝑒9.5−0.06𝑝)        (14. 𝑎) 

𝑔(𝑝) = 0.58 (
𝑒(9.2+0.1𝑝)

1 + 𝑒(9.2+0.1𝑝)
) + 0.42 (

𝑒9.5−0.06𝑝

317
)     (14. 𝑏) 

 

 

Case B:  

 

Period 1 

 
Table 9. Case B. Period 1 Total Error 

 

𝑑(𝑝) =
62𝑒(29.9−0.4𝑝)

1 + 𝑒(29.9−0.4𝑝)
                        (15. 𝑎) 

Logit Exponential Proposed Potential

Error Total 0.05 0.06 0.04 0.09

Logit Exponential Proposed Potential

Total Error 0.04 0.07 0.03 0.09

Logit Exponential Proposed Potential

Total Error 0.09 0.03 0.03 0.05

Logit Exponential Proposed Potential

Total Error 0.05 0.06 0.03 0.08

Logit Exponential Proposed Potential

Total Error 0.06 0.13 0.06 0.14
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𝑔(𝑝) =
𝑒(29.9−0.4𝑝)

1 + 𝑒(29.9−0.4𝑝)
                       (15. 𝑏) 

 

 

Period 2 

 

 

 
Table 10. Case B. Period 2 Total Error 

 

𝑑(𝑝) =
204𝑒(7.2+0.09𝑝)

1 + 𝑒(7.2+0.09𝑝)
                (16. 𝑎) 

𝑔(𝑝) =
𝑒(7.2+0.09𝑝)

1 + 𝑒(7.2+0.09𝑝)
              (16. 𝑏) 

 

 

Period 3 

 
Table 11. Case B. Period 3 Total Error 

 

𝑑(𝑝) = 0.24 (
234𝑒(7.6+0.08𝑝)

1 + 𝑒(7.6+0.08𝑝)
) + 0.71(𝑒8.1−0.04𝑝)

+ 0.04(𝑒21.5𝑝−3.9)         (17. 𝑎) 

𝑔(𝑝) = 0.24 (
𝑒(7.6+0.08𝑝)

1 + 𝑒(7.6+0.08𝑝)
) + 0.71 (

𝑒8.1−0.04𝑝

234
)

+ 0.04 (
𝑒21.5𝑝−3.9

234
)      (17. 𝑏) 

 

 

Lastly, since the main objective is to find a distribution that 

represent the buying probability of all the possible cases and 

not for two particular cases, with the distributions found 

before for each of the periods, it was determine the 

distribution for each period that generates the smaller error for 

both cases. Also, since the cases selected represent different 

distributions found in the data base, it’s a good approximation 

for industry behavior.  

 

So the distributions of case B where applied in case A and 

the ones of case A where applied in case B and the errors were 

recalculated. The table below show the errors found.  

 

 
Table 12. Comparison of Cases 

 

It can be seen that for period 1 and 2 the lower error is due 

when parameters of case B are used for both cases while in 

period 3 it is better to use the distribution found with the 

parameters of case A. So in conclusion, the final distributions 

that represent with a maximum error of 7% both distributions 

are the following.  

 

Period 1:  

𝑑(𝑝) =
62𝑒(29.9−0.4𝑝)

1 + 𝑒(29.9−0.4𝑝)
                (18. 𝑎) 

𝑔(𝑝) =
𝑒(29.9−0.4𝑝)

1 + 𝑒(29.9−0.4𝑝)
               (18. 𝑏) 

 

 

Period 2:  

𝑑(𝑝) =
204𝑒(7.2+0.09𝑝)

1 + 𝑒(7.2+0.09𝑝)
                  (19. 𝑎) 

𝑔(𝑝) =
𝑒(7.2+0.09𝑝)

1 + 𝑒(7.2+0.09𝑝)
                 (19. 𝑏) 

 

Period 3:  

𝑑(𝑝) = 0.58 (
317𝑒(9.2+0.1𝑝)

1 + 𝑒(9.2+0.1𝑝)
) + 0.42(𝑒9.5−0.06𝑝)      (20. 𝑎) 

𝑔(𝑝) = 0.58 (
𝑒(9.2+0.1𝑝)

1 + 𝑒(9.2+0.1𝑝)
) + 0.42 (

𝑒9.5−0.06𝑝

317
)   (20. 𝑏) 

 

 

V. ARRIVAL RATE DISTRIBUTION 

 

Reminding the graphs 2 and 3 shown before, it can be 

thought that the arrival rate follows a non-homogenous 

Poisson process. So we are going to do a simple analysis of 

data to proof the distributions we guessed the data follows. 

However, the amount of data available wasn’t sufficient to 

perform in a correct way the hypothesis tests necessary. So we 

are going to divide this section mainly in three parts. In first 

place we are going to do an explanation on the additional data 

used for each one of the cases. Then, we are going to explain 

the steps we followed to determine the different distributions 

and lastly we are going to present some conclusions and a 

general case base on the results found for case A and B and an 

additional case that we are going to explain later.  

 

So, in first place, the amount of data that we had used for 

the previous distributions was not enough for the inter arrival 

rate distribution. This is because we had a daily rate and we 

only had a maximum of 30 days before departure date. So it 

was not possible to do a hypothesis test correctly because of 

the little amount of data. As a solution for this problem we 

manage a different approach. For each one of the cases we 

analyze all the flights in each particular departure date. In that 

way we could have 3 to 4 times the data we had before, since 

in each day we had 3 to 4 different flights. It was necessary to 

have as an assumption that for all the flights of a specific date 

the arrival rate behave in the same way. That is an assumption 

that is reasonable because we are using the same type of 

flights. Even more, we are talking of two specific flights 

between the principal cities.  

 

For case A we have the following graph for the average rate 

of each one of the days before the departure date.  

 

Logit Exponential Proposed Potential

Total Error 0.04 0.07 0.04 0.09

Logit Exponential Proposed Potential

Total Error 0.08 0.04 0.03 0.06

Parameters A Parameters B Change Parameters A Parameters B Change

Period 1 0.03 0.07 -0.04 0.13 0.06 0.07

Period 2 0.03 0.06 -0.03 0.12 0.04 0.08

Period 3 0.03 0.10 -0.07 0.04 0.03 0.01

Case A Caso B
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Graph 14. Arrival rate for August 3 

 

It can be seen that the graph follows a similar behavior that 

the one show at the beginning of this paper (graph 3), but in 

this case we have 4 times data than before. This allows us to 

make an appropriate analysis of the behavior of the arrival 

rates and be able to divide data to generate the non-

homogeneous Poisson process we assume that data follows or 

analyze other distributions in the case that the data does not 

distribute as expected. 

 

Now, for the second case the same behavior and 

comparison to graph 4 was made. In graph 15 the average rate 

of each day is shown. It can be seen that, as in case A, the 

behavior was very similar to case B with only one flight. So 

this leads us that our assumption can be used without affecting 

drastically the results on the model.  

 

 
Graph 15. Arrival rate for July 30 

 

Now, since the main objective is to find an arrival rate 

distribution that can be used and apply in every real life case, 

we analyze a third departure date to generate a general case 

distribution for data using three different days. If we only use 

case A and case B we were going to model an arrival rate 

distribution of specific days of the week. Using a third 

departure date helps in having more data and more scenarios 

to compare and generalize. So the third day used was July 26. 

This day was selected because it had a different behavior than 

the other two days and it had a significant amount of data. 

Having a different shape distribution is very important since 

we want a general case of arrival distributions and this is 

possible by having different scenarios and proving the 

distribution in them. The graph below shows the average 

arrival rate for this case.  

 

 
Graph 16 Arrival rate for July 26 

 

Since we already had all the information necessary to 

estimate a distribution for the arrival rate, for each of the 

cases, some steps were made and are going to be explain with 

case A and then the results for the other two cases are going to 

be shown. 

 

When trying to find the non-homogenous Poisson process 

distribution of data we have to follow these steps: In first place 

all the data of a particular case is taken and with a hypothesis 

prove it is analyze if the data follows an exponential 

distribution with some rate 𝜆.If the data follows the 

exponential distribution, is divided in two and with a 

hypothesis test it is prove that the means and variances are 

equal between both groups. If the prove is passed then it can 

be conclude that the data can be represented by a Poisson 

process with rate 𝜆. If some of the hypothesis tests failed, then 

the data is divided in two groups and the same analysis is done 

to each group of data independently. This process is repeated 

until for all groups the hypothesis test are passed which means 

that each group, individually, have the same mean and 

variance. Then, it can be conclude that the data follows a non-

homogeneous Poisson process with different rates depending 

on the group. It is important to mention that when dividing the 

data in two, the first group represent the first days and the 

second group the second half of the days. This means that the 

division isn’t random. Also, the division can be made in three 

or more groups. In this case, we divide the data in two groups 

and when necessary in three groups. 

 

So, for the first group of data, Case A, a hypothesis test was 

done to know if the data followed and exponential distribution 

with rate 𝜆 =
1

10.6
. For this, a Chi Square test was made with 8 

ranges and the resulting test statistic (𝑌) was 12.53 compare to 

a Chi-Square with 7 degrees of freedom and an acceptance 

level of 5%. The hypothesis and the test statistic equation are 

shown below.  

 

𝐻0: The data follows an exponential distribution with rate 𝜆 

𝐻𝑎: The data doesn’t follow an exponential distributionwith          

.           rate 𝜆 

 

𝑌 =∑
(𝑜𝑖 − 𝑒𝑖)

2

𝑒𝑖

𝑘

𝑖=1

 

 

The table below show the process used to calculate the test 

statistic and as a conclusion we could say that the null 
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hypothesis is accepted and thus the data follows and 

exponential distribution with rate 𝜆. 

 

 
Table 12. Chi Square test for Case A 

 

Then, we proceed to do the second part of the proof, mean 

and variance test. We divided the data in two groups and we 

made the proof of variance and means. In first place, for the 

means proof we had the following hypothesis and test statistic 

that was compare with a normal distribution (𝑧 = ±1.96) with 

𝛼 = 5%. 

 

𝐻0: 𝜇1 = 𝜇2 

𝐻𝑎: 𝜇1 ≠ 𝜇2 
 

𝑧0 =
𝑥1̅̅̅ − 𝑥2̅̅ ̅

√
𝑆1
2

𝑛1
+
𝑆2
2

𝑛1

= −2.032 

 

The hypothesis basically say that the means of both groups 

are equal which means that for that data the mean is 

homogeneous. That means that at the beginning and at the end 

of the selling period the mean is the same. 

 

As a conclusion, the hypothesis test was rejected which 

means that the mean of the first group is different from the one 

of the second group. Then the variance proof was made and 

the hypothesis are shown below as well as the test statistic. As 

the mean test, the statistic was compare to a normal 

distribution with the same acceptance level.  

 

𝐻0: 𝑆1
2 = 𝑆2

2 

𝐻𝑎 : 𝑆1
2 ≠ 𝑆2

2 

 

𝑆𝑝 =
(𝑛1 − 1)𝑆1

2 + (𝑛2 − 1)𝑆2
2

(𝑛1 + 𝑛2 − 2)
 

 

𝑧0 =
𝑆1 − 𝑆2

𝑆𝑝√
1
2
(
1
𝑛1
+
1
𝑛2
)

= −4.46 

 

As the mean proof, the variance proof was also rejected 

which means that the data is not homogeneous and is 

necessary to split in groups the original data and repeat the 

procedure for each group independently having the same 

number of data in each group. The first part of the data, which 

now on is going to be referred as Case A.1 consists of 30 days 

before departure date to 15 day before departure date. In the 

other hand, we are going to call Case A.2 the days closer to 

the departure date, 14 days before departure date to departure 

date. In the table below it can be seen the chi-square test done 

to both scenarios. 

 

 
Table 13. Chi Square test for Case A.1 

 

 

 
Table 14. Chi Square test for Case A.2 

 

As it can be seen, in both cases the null hypothesis was 

accepted which means that the data follows and exponential 

distribution with the corresponding mean of each of the cases. 

Then, the mean and variance test was done and in this case the 

null hypothesis were accepted which means that for each of 

the cases independently the means and variance are equal so 

we can reassure that the data follow the exponential 

distribution and is homogeneous. Now, on the tables below a 

brief summary of the hypothesis test for each of the cases is 

shown.  

 

 
Table 15. Mean and Variance Hypothesis test for Case A.1 

 

 
Table 15. Mean and Variance Hypothesis test for Case A.2 

 

After the hypothesis test we could conclude the final 

distributions of the arrival rates for each of the cases. The 

same procedure was used for case B and the additional case 

which now on is going to be called case C and represents the 

general distribution of the arrival rate. To determine the rate 

and the divisions of the general arrival rate, it was prove for 

each of the cases different means and the hypothesis test was 

done. The general distribution was then, the mean that result 

in an acceptance prove for each of the three scenarios which 

where case A, case B and the additional date mention before. 

p F(p) oi ei (oi-ei)^2/ei

0.125 1.42 20 15 1.67

0.250 3.05 18 15 0.60

0.375 4.98 3 15 9.60

0.500 7.35 16 15 0.07

0.625 10.40 17 15 0.27

0.750 14.69 17 15 0.27

0.875 22.04 15 15 0.00

1.000 97.63 14 15 0.07

X^2 14.07 Y 12.53

p F(p) oi ei (oi-ei)^2/ei

0.143 1.37 7 8.57 0.29

0.286 2.99 5 8.57 1.49

0.429 4.97 9 8.57 0.02

0.571 7.52 9 8.57 0.02

0.714 11.12 14 8.57 3.44

0.857 17.28 10 8.57 0.24

1.000 320.07 6 8.57 0.77

X^2 12.59 Y 6.27

p F(p) oi ei (oi-ei)^2/ei

0.143 1.93 13 8.57 2.29

0.286 4.21 7 8.57 0.29

0.429 7.00 3 8.57 3.62

0.571 10.59 11 8.57 0.69

0.714 15.66 12 8.57 1.37

0.857 24.32 3 8.57 3.62

1.000 450.55 11 8.57 0.69

X^2 12.59 Y 12.57

Mean 0.63 1.96 -1.96

Variance 0.28 1.96 -1.96

 0  1−  2    2

Mean 0.37 1.96 -1.96

Variance 0.42 1.96 -1.96

 0  1−  2    2



 11 

In the table below it can be seen the arrival rate and mean for 

each of the cases. Also, it is established if it was necessary to 

divide the cases in two or three divisions.  

 

 
Table 16. Final mean for Case A and C 

 

 
Table 17. Final mean for Case B 

 

It can be seen that the Case A and C where only divided 

into two periods while it was necessary to divide case B in 

three different periods. Also, in case C there were two possible 

means that represent the exponential distribution for the first 

period, while for the second one it was only one. When 

analyzing the result using the model we are going to use the 

first mean for case C.   

 

VI. MODEL CHANGES  

 

The initial model explain in section II. Literature Review, 

was changed in two specific parts. The first one has to do with 

the estimation of the buying probability and the second one 

with the arrival rate distribution.   

 

The estimation of the buying probability did a small change 

to the model. This is because in the original model the buying 

probability was a parameter that was introduced by the user, 

now, the buying probability is calculated through equations 

18. 𝑏, 19. 𝑏 and 20. 𝑏 shown before using the price of each 

day, which is introduced as a parameter. To calculate the price 

of each day we used the information from the data base 

provided by a South American airline and we did a mean of 

the price for each day before the departure date for each of the 

cases. Since in some cases the amount of data wasn’t enough 

and the price normally doesn’t change day after day in the 

airline business we used the batch mean method to calculate 

the price for every five days. This means that we have a total 

of 6 different price periods in which each of them consists of 

the batch mean of one sixth of the total amount of data for 

each case. Then, we did the same to the promotional price and 

to the superior fare family price. In addition, the buying 

probability of the promotional price was calculated with the 

same equations explain in this document but the higher family 

buying probability was calculated based on the data base. This 

was because the higher family prices were, as expected, higher 

than the ones of the promotional fare family so if the same 

equations were used the probability was going to be as a result 

very low. So as a future work this probability estimation could 

be worked.  

 

In the other hand, when modifying the arrival rate of 

passengers the procedure was different. In first place the 

arrival rate of the superior fare family was calculated with a 

similar procedure to the one of the price using batch mean 

method. This was because this paper focused on the 

promotional fare family but as a future work the superior fare 

family could be included. Even if the equations were not 

calculated, the data was based on the data base which is a very 

good representation of reality and of what we are trying to 

model. On the other hand, for the promotional fare family the 

arrival rate was calculated as a Poisson process using the rates 

found in the previous section.  

 

In first place, the arrival rate affect the transition 

probabilities and the demand of each day depending on the 

amount of seats available. So let us remind us the parts of the 

SDP model we show previous in this document that are going 

to be affected by the changes in the arrival rate.    

 
Pr(𝑗|𝑆𝐴𝑛, 𝑎): Probability of transition from having 𝑆𝐴 seats 

available in day 𝑛 and by taking decision 𝑎 resulting in 𝑗 seats. 

 

This transition probability is represented as a cubic matrix 

(𝐓𝐏) having one square matrix for each of the days that the 

flight is available, and having as rows and columns the 

number of seats.  

 

𝐷𝑛,𝑓 =Demand for price 𝑝𝑛 in fare family 𝑓  

 

The demand is represented as a matrix (𝐃) that has 1 

column for every day and one row for each seat. This is 

because the price change depending of the days and the 

demand is going to be affected depending on the number of 

seats available. 

 

Also it is important to mention that for calculating both 

matrices it was necessary to introduced as a parameter the 

arrival rate of passengers for each day as a vector which we 

are going to call 𝐴𝑅̅̅ ̅̅ . 

 

Lastly, as another parameter to calculate the matrices we 

have the probability that the rate is 𝐴𝑅̅̅ ̅̅  for each day using a 

Poisson process with the rate found in the previous section for 

each of the days. We are going to call this vector 𝑃𝑃̅̅ ̅̅  and is 

going to change during the method depending on the vector 

𝐴𝑅̅̅ ̅̅ . Basically we use the following equation to calculate each 

position in 𝑃𝑃̅̅ ̅̅ .  

 

𝑃𝑃̅̅ ̅̅ 𝑖 =
𝑒−λi 𝜆𝑖

AR̅̅ ̅̅ 𝑖

AR̅̅ ̅̅ 𝑖!
 

 

Where 𝜆𝑖 is the arrival rate in day 𝑖 which is exactly the 

result obtain in the previous section in table 16 and 17.  

 

 Now that we have a little idea of the parameters we have to 

calculated them in order to change the SDP model, the 

following pseudo code show the changes made to include the 

Poisson process in the model.  

 

 

 𝐴𝑅̅̅ ̅̅ = 0⃗  
Initialized 𝑃𝑃̅̅ ̅̅  

30 to 15 dbd* 14 to 0 dbd *

Case A 8.88 12.4

11.6

10.1
Case C 10.7

30 to 21 dbd* 20 to 11 dbd * 10 to 0 dbd *

Case B 11.6 11.7 10.6
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Calculate m=max 𝑃𝑃̅̅ ̅̅  

 

While m>0.005 do  

Calculate 𝐓𝐏𝐭𝐞𝐦𝐩 

Calculate 𝐃𝐭𝐞𝐦𝐩 

 

Update 𝐓𝐏 = 𝐓𝐏 + 𝐓𝐏𝐭𝐞𝐦𝐩 ∗ 𝑃𝑃̅̅ ̅̅  

Update 𝐃 = 𝐃+ 𝐃𝐭𝐞𝐦𝐩 ∗ 𝑃𝑃̅̅ ̅̅  

 

     𝐴𝑅̅̅ ̅̅ = 𝐴𝑅̅̅ ̅̅ + 1⃗  
Update 𝑃𝑃̅̅ ̅̅  and 𝑚 

 

End while 

 

 

Basically what we are doing is calculating an expected 

value of the demand and the transition probability based on a 

Poisson process having as rate the mean found in the arrival 

rate section. In the other hand, the stopping criteria of the 

while is established because the Poisson process is continuous 

and we can have a probability for a very large number. The 

problem is that the probability is every time less significant 

because the value decrease approaching to zero. That is why 

we only consider the probability of a certain rate that is bigger 

to 0.5% so we avoid having an infinite cycle. 

 

VII. CASE STUDY 

 

Finally, when we found the distributions and we did the 

changes to the model, we could run the model and see how it 

behave with industry behavior based data. In this section, as it 

was done in the sections above, we are going to analyze the 

results of each one of the three cases worked during the 

document; case A, case B and the general case. In the annexes 

section the parameters used for each of the cases is shown in 

detail. Additionally, for all the cases a dilution of 0.1 was used 

for both time and fare family dilution, a promotional price of 

53 dollars, 150 seats available and 30 days before departure 

date. This data was calculated based on the data provided.  

 

1. Case A.  

 

In the table below it can be seen a piece of the solution, 

some of the periods in which it is optimal to do the 

promotion. The complete solution can be seen in the 

annexes, with the incremental revenues solution. In the 

x axis the days until departure are shown while in the y 

axis we have the number of seats available.  

 

 
Table 18. Results for Case A 

 

 

Basically, this table says if with j seats available in day 

i before departure date it is optimal to do promotion 

(represented with a 1) or not to do promotion 

(represented with a zero). For example, if we are on 8 

days before the departure day and we have 24 seats 

available we must do promotion until there are 12 seats 

available. It is important that if the 12 seats are not sold 

that day, the policy could change next day. Continuing 

with the example, if only 2 seats are sold in day -8, 

then in day -7 it is not optimal to do promotion until 

there are 20 seats available. So the promotional policy 

varies depending on the number of days before 

departure and the number of seats available. 

Specifically in this result we can see that the promotion 

is done in the days closer to the departure date and 

when having more than ten seats available. This has 

sense since we want to maximize the number of seats 

sold. If in the days closer to departure we have a lot of 

chairs, something is need to be done. In the other hand, 

promotion starts when having more than 10 seats 

available and this can be because of the arrival rate that 

its mean is closer to ten. So we have in average that 10 

people are going to buy at a regular fare.  

 

Since the matrix above only gives as information of the 

policy in terms of when to do the promotion and not in 

the incomes expected, a matrix of the incremental 

revenues is also get as a result and it can be seen in 

annexes as told before.  This second matrix is the one 

that allows us to see the impact of the policy in the 

revenues of an airline which is the important result and 

what an airline would like to maximize, it is the final 

objective.  

 

When analyzing the results, we used the data base to 

estimate the revenues perceived by the company in the 

particular day study in the case, this particular time we 

are talking of case A that represent the flights in 

August 3. Since we are talking of all the flights of one 

day and we have the incremental revenues for only one 

-1 -2 -3 -4 -5 -6 -7 -8 -9 -10 -11 -12 -13 -14 -15 -16 … -30

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

… … … … … … … … … … … … … … … … …
…

…

8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

9 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 … 0

10 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 … 0

11 0 0 0 1 0 0 0 0 0 0 1 1 1 1 1 0 … 0

12 1 1 1 1 1 1 0 0 0 0 1 1 1 1 1 0 … 0

13 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

14 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

15 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

16 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

17 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

18 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

19 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

20 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

21 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 … 0

22 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 … 0

23 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 … 0

24 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 0 … 0

25 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

26 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

27 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

… … … … … … … … … … … … … … … … … … …

150 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 … 0

Se
at

s 
A

va
ila

b
le

Days until departure
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flight it was necessary to estimate the revenues per 

flight. For doing so we calculated the number of tickets 

sold and divide them by the average seats in one flight, 

150. With that information we could calculate the 

incomes per flight and know the percentage that the 

incomes of the company will increase per flight when 

using the model. The conclusions we found are shown 

in the table below.  

 

 
Table 19. Case A Incremental Revenue 

 

So we can conclude that we could generate and 

incremental revenue of 2.74% for the airline. Then we 

calculate the incremental revenues obtain by promotion 

in this flight and we obtain that they were 219 USD 

which means that the revenues obtain with the model 

are 40% bigger. This is very important because this 

model, not only generate good results but can be used 

by anyone in the company which means that the 

decision on doing or not promotion is not determine by 

the experience of a group of individuals.  

 

2. Case B. 

 

In this case, the same tables were generated and are 

show in table 20 and 21.  

 

 
Table 20. Results for Case B 

 

 

 
Table 21. Case B Incremental Revenue 

 

In this case we can see a difference with case A with 

respect to the policy. In this policy promotion is done 

closer to departure day but not as closer as in case A. 

Also, we can see two similar behaviors that were 

present in case A. In first place, the promotion is done 

from 10 seats available to the total number of seats 

available. Second, we can see some spots inside the 

promotion periods were is not optimal to do promotion.  

 

In the other hand, when analyzing the revenue results, 

we can see that we obtain similar results that the ones 

in case A. We can see that we obtain an incremental 

revenue of 277 dollars which increase the total 

revenues of the company in 2.45% similar as in case A. 

In this particular case we didn’t have data for 

promotions done in that flight so we can’t compare it to 

an exact number but we can say that the incremental 

revenues were greater than the incremental revenues of 

promotions in case A.  

 

3. Case C (General Case) 

 

Lastly, in the general case the same analysis was made 

and in table 22 we can see that the optimal promotion 

period obtain is smaller than in the other two cases and 

there is no non promotional spots inside promotional 

spots. Also, similar to the other cases we can see that 

when there are less than 10 seats available it is not 

optimal to do promotion.  

 

 
Table 22. Results for Case C 

 

In the other hand, when doing the revenue analysis we 

didn’t have a direct case to compare with as we did in 

cases A and B since table C is a general case which 

parameters result as a combination of the two cases 

below. So for analyzing the result obtain, we estimate 

the mean income perceive by a flight and the mean 

number of seats sold in a day to calculate the income 

per flight. Then we compare it to the incremental 

revenues obtain when running the model. The results 

are shown in the table below.  

 

 
Table 23. Case C Incremental Revenue 

 

Revenues August 3 (USD) 91,254$       

Number of seats 1217

Number of Flights 8.11

Revenues/Flight  (USD) 11,247$       

Incremental Revenue (USD) 308.5$         

Percentage 2.74%

-1 … -5 -6 -7 -8 -9 -10 -11 -12 -13 -14 -15 -16 -17 -18 -19 -20 … -30

0 0 … 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

… …

0

… … … … … … … … … … … … … … … …

0

…

8 0 … 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

9 0 … 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 … 0

10 0 … 0 1 0 0 0 1 1 1 1 1 1 0 0 0 0 0 … 0

11 0 … 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 … 0

12 0 … 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 … 0

13 0 … 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 … 0

14 0 … 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 … 0

15 0 … 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 … 0

16 0 … 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 … 0

17 0 … 0 0 0 0 0 1 1 1 1 1 0 1 1 1 1 0 … 0

18 0 … 0 0 0 0 0 1 1 1 1 1 0 0 1 1 1 0 … 0

19 0 … 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 … 0

20 0 … 0 0 0 0 0 1 1 1 1 1 1 0 0 1 1 0 … 0

21 0 … 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 … 0

… … … … … … … … … … … … … … … … … … … … …

150 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0 0 0

Days until departure

Se
at

s 
A

va
ila

b
le

Revenues July  30 66,171$       

Number of seats 877

Number of Flights 5.85

Revenues/Flight  (USD) 11,318$       

Incremental Revenue (USD) 277.3$         

Percentage 2.45%

-1 -2 -3 -4 -5 -6 -7 -8 -9 -10 -11 -12 -13 -14 -15 -16 … -30

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 … 0

10 0 0 0 1 1 1 0 0 0 0 1 0 0 0 0 0 … 0

11 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 … 0

12 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 … 0

13 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 … 0

14 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 … 0

… … … … … … … … … … … … … … … … …

0

…

150 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0

Days until departure
Se

at
s 

A
va

ila
b

le

Revenues 78,713$       

Number of seats 1047

Number of Flights 6.98

Revenues/Flight  (USD) 11,277$       

Incremental Revenue (USD) 1,491.6$      

Percentage 13.23%
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In this case, we could see that the incremental revenues 

were much greater than the other two cases and this 

could be because of the parameters used. So we can 

conclude that using the general case estimation of 

parameters we can obtain the better results and have 

and incremental revenue of 13% over the actual 

revenues.  

VIII. CONCLUSION 

 

As a brief resume in this paper we found two different cases 

were the input parameters show different shape distributions 

for the two parameters we wanted to model. Having that we 

found a third case in which we used the information of the 

previous cases to generate a general case. We found that each 

case had a linear combination of power, logit and exponential 

distribution to model the buying probability. Also we found 

that the arrival rate is model as a non-homogeneous Poisson 

process divided in two or three periods depending on the case. 

Lastly we modify our model and found that the promotional 

policy increases the revenue of the company in about 3% in 

cases A and B, and about 13% in case C.  

 

As a main conclusion calculating the input parameters for 

any model is very important to obtain good results and most 

important, results that can be compare to a real case and thus 

know the accuracy and behavior of a model. Also, for 

calculating this input parameters it is important to have a good 

and complete data base so the parameters represent in the most 

accurate the desire reality. This allowed us to find two main 

cases to work with and identify the different shapes and 

distributions of the behaviors of buying probability  

 

Now, when analyzing the buying probability one of the 

more important conclusions is that the join of different 

approaches is a better solution or fit than each one separately. 

So, when modeling probabilities the most used approaches 

used in literature are the exponential, logit, and potential 

distributions. A linear combination of those three gave us the 

best approximation to the data we had. So we can conclude 

that the combination of different empirical distributions could 

model in a better way reality because when modeling real data 

we have to take into account the reality is not precise which 

means that doesn’t behave as an exact function.  

 

In addition, the arrival rate depends on the period we are 

standing on. We can’t say that the arrival rate of passengers to 

buy their tickets is the same when the flight open than one 

week before departure date. So it is very important to analyze 

distributions not only using the data we have but analyzing the 

system where data came from and the behavior of the 

customers. With this we were able to conclude that the arrival 

rate follow a non-homogenous Poisson process divided in two 

to three periods.  

 

Lastly, when modifying the model we could conclude that 

the policy will increase the revenue of the airline companies. 

This is very important because, as told before, this is a model 

easy to used, the parameters are already calculated and thus is 

applicable in an airline company. This could help to determine 

the promotional policy in a mathematical supported way and 

not based in experience. This is very important because 

experience not always give us the best and more accurate 

results. 

 

Finding the input distribution not only help us to use a 

model but to find accurate and real results that can be used as 

recommendations for real airlines helping them in their day to 

day decisions.  

IX. FUTURE WORK 

 

As future work we proposed to work in the superior fare 

family estimation of input parameters. In that way the model 

would represent in a better way reality. Also, it can be work in 

one of the assumptions that only two fare classes were taken 

into account. That is something that is not real because airlines 

had a set of different fare families that is much greater than 

two. So a more detail analysis on fare families can be done 

and it can be used the methodology explain to recalculated the 

input parameters.  

 

Lastly, another very important future work is to apply this 

model with the input parameter distributions found in a real 

airline and in that way found real data to get statistics of the 

accuracy of the model and of the input parameters by 

comparing it to another airline data base since not all the 

airlines have the same demand and prices.  
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