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In this work, we study the framework of weak values and the surprising quantum effects

they originate. In particular, we address the problem of simultaneous measurement of

non-commuting observables, and show that it can be solved with appropriate pre and

post-selection states that are entangled with an ancillary system. Then we apply the

previous results to develop a regularization method in quantum field theory. We provide

a regularization of the ultraviolet divergences in the Feynman propagator, both in the

bosonic and fermionic cases, by using weak values and entanglement.

En este trabajo estudiamos el formalismo de los valores débiles y los efectos cuánticos

sorprendentes que éstos originan. En particular, tratamos el problema de medición si-

multánea de observables que no conmutan, y mostramos que puede ser resuelto con

estados de pre y post-selección adecuados que estén enredados con un sistema auxiliar.

Luego aplicamos los resultados previos para desarrollar un método de regularización en

teoŕıa cuántica de campos. Proponemos una regularización de las divergencias ultravi-

oleta en el propagador de Feynman, tanto en el caso fermiónico como en el bosónico,

utilizando valores débiles y enredamiento.
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Chapter 1

Introduction

In 1988 Aharonov, Albert and Vaidman introduced the concept of weak value of an

observable in quantum mechanics [1]. This new quantity allows to perform a complete

description of a quantum system in the interval of time between two projective mea-

surements, in a time-symmetric formulation of quantum mechanics which is known as

two-state vector formalism [2, 3]. In addition, weak values can give place to unusual

or surprising results if measurements that minimize the interaction of the system with

the measurement device (weak measurements) and pre and post-selected ensembles are

considered [4, 5]. Those unusual situations have to deal with the fact that weak values

can afford values outside of the conventional range of expectation values of observables

[6].

The problem of simultaneous measurements of non-commuting observables of a quantum

system has being of much interest in quantum physics, giving place to the well-known

Mean King’s problem, for example [7] and it can be studied using pre and post-selected

ensembles together with entanglement. It has been proven that the former problem is

related with that of assigning weak values to a family of operators [8]; furthermore, given

appropriate initial and final states it is possible to produce any set of weak values for the

family of operators if certain linearity conditions are satisfied and if the states are entan-

gled with an ancillary system. As an application of the last fact, quantum entanglement

allows us to reproduce for a given quantum system, in the framework of weak values,

the same results that would be obtained for a classical system that is well localized in

the phase space [9]; being one of the already-mentioned surprising results of weak values.

Given that the pre and post-selected ensemble formalism is based on the choice of initial

an final states to define the weak value, one can evidence a similarity with propagators in

quantum field theory. This theory is a branch of Physics that tries to explain quantum
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phenomena with infinite degrees of freedom taking into account the laws of special rela-

tivity, it is very wide since it is used as a tool both in high energy physics and condensed

matter physics and predicts many physical results very accurately [10]. There exist sev-

eral elements of quantum field theory that are object of current investigation such as

renormalization and regularization methods, that try to avoid certain divergences that

appear in the calculations of perturbative series for energies in the ultraviolet regime [10].

Taking into account that quantum entanglement allows us to obtain arbitrary results

in terms of weak values for the observables of a quantum system and the similarity of

certain weak values and propagators, these techniques could be applied to regularize

propagators that present divergencies. For that purpose the idea is to construct special

initial and final field states that enable us to control the decaying of propagators, taking

advantage of the gaussian nature of such states.

It could be possible then to construct propagators that admit a finite diagrammatic

decomposition in terms of path integrals. In particular one could assign an arbitrary

value (even a negative one) to the weak value of the number of excitations operator for a

chain of N harmonic oscillators, to eliminate divergencies that naturally appear when N

is make to tend to infinity. This formalism would allow us to study a new approximation

to regularization, different from others as Pauli-Villars or dimensional regularization [11].

Finally, the objective of the present work is to develop the regularization method de-

scribed. This task includes the study of how the states that are the basis of the method

are constructed. We are also interested in if such states are stationary, which conditions

is it necessary to impose on the fields to obtain them and which are the implications of

considering entanglement with the ancillary or “ghost system”.

Also there appear some questions such as: What is the viability of reproducing physical

situations where divergencies can be avoided via weak values and what are the advan-

tages (if any) of performing regularization when there is post-selection information on

the system? In which instances do weak values of a quantum field appear? and lastly,

What is the physical meaning of this new perspective?

The present work is organized as follows: In chapter 2 we present the theory of quantum

measurements, in particular the Von Neumann scheme. In chapter 3 we introduce the

concept of weak value and study some of its characteristics. In chapter 4 the problem of

simultaneous measurements of non-commuting observables and its solution using weak

values and entanglement is presented. Chapter 5 introduces quantum field theory and

the problem of divergencies that we want to circumvent. In chapter 6 we develop the
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regularization method via weak values using the results from the previous chapters for

both a bosonic and a fermionic field. Finally, some conclusions and comments are made

in chapter 7.



Chapter 2

Quantum Measurement Theory

The aim of the first part of this thesis is to study some instances where strange or bizarre

quantum effects appear. In particular, we will study the problem of a simultaneous

measurement of non-commuting observables and see how it can be ascertained for certain

pairs of entangled states. The task of measuring the microscopic world is a difficult one,

since we do not have direct access to it. What we do instead is to interact with the

macroscopic objects to see the effects of the quantum world on them. For that purpose,

in this chapter we will begin by presenting the theory of quantum measurements from the

most general setting and then we are going to consider the Von Neumann measurements

scheme which will allow us to tackle the problem in the upcoming chapters.

2.1 Indirect Measurement Theory

The framework that we are going to work with to describe a quantum measurement

process is called the interaction picture. It is based on the fact that the system we want

to measure is going to interact with a macroscopic measurement device (that will also be

known as apparatus or ancilla). We will obtain information of the system by studying

its effects on the device. Throughout this chapter we will follow mainly [12].

The measurement process can then be decomposed into two steps:

1. Coupling between the system and the apparatus or pre-measurement.

2. Projective measurement on the apparatus, where the outcome is an eigenvalue of

the observable we want to measure.

4



Quantum Measurement Theory 5

Measurement Device: The apparatus is modelled as a quantum system ϕ with a cor-

responding Hilbert space Hϕ of dimension dϕ and a complete set of orthonormal basis

states |ϕk〉, k = 1, 2, . . . , dϕ. Let M̂ be the operator in Hϕ for which the former states

are eigenstates.

For the rest of this document, the observable M is called the pointer variable and

|ϕk〉 are the corresponding pointer states, also the subscript b refers to times before the

measurement and the subscript a means after the measurement. If we suppose that the

ancilla is initially prepared in a pure state 1 |ϕb〉 which is not necessarilly an eigenstate

of M̂ , then the initial density matrix of the ancilla is ρϕb = |ϕb〉〈ϕb|.

System: Let us call the system we want to measure ψ, with Hilbert space Hψ of

dimension dψ. Let |si〉, i = 1, 2, . . . , dψ be a complete orthonormal set of eigenstates of

the operator Ŝ acting on Hψ, which corresponds to the observable S to be measured.

Finally suppose that the initial state of the system is |ψb〉 =
∑

i ci|si〉, so the initial

density matrix of our system is ρψb = |ψb〉〈ψb|.

Based on the considerations made above, the Hilbert space of the total system is

HT = Hψ ⊗Hϕ. (2.1)

The initial density matrix of the total system is, since there is no initial correlation

between the system and the apparatus

ρTb = ρψb ⊗ ρϕb . (2.2)

The total Hamiltonian of our system is HT = HS+HM +Hint, where HS and HM stand

for the Hamiltonians of the system and the measurement device and Hint is the inter-

action Hamiltonian. We will be restricted to work with non-destructive measurements,

which is encoded in the condition
[
Ĥint, Ŝ

]
= 0.

The interaction between the device and the system is mediated by a unitary time-

evolution operator. While the evolution is unitary and then deterministic, the interac-

tions of the quantum world are not, for example the measurements that we perform.

The evolution operator is given by

Û = e−
i
~
∫
dtĤT . (2.3)

1We consider a pure state for simplicity, but any arbitrary state of the measurement device can be
expressed in terms of pure states
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The eigenstates of the system must be correlated with the states of the device in order

to make this device measurable, let us see how this is accomplished.

Following Eq. (2.2), the initial state of the total system is

|Tb〉 =
∑
i

ci|si〉 ⊗ |ϕb〉. (2.4)

Then, the state of the total system after the interaction is given by

Û

(∑
i

ci|si〉 ⊗ |ϕb〉

)
=
∑
i

ci|si〉 ⊗ |ϕi〉. (2.5)

The subscript i indicates that the pointer states are now correlated with the system

states. This correlation depends both on the apparatus and the system we are dealing

with, and will not be specified explicitly at this point. Now, the state of the total system

after the pre-measurement can also be described by the density matrix

ρTa = Û †ρTbÛ = Û † (ρψb ⊗ ρϕb) Û

=
∑
i

∑
j

|si〉 ⊗ |ϕi〉cic∗j 〈sj | ⊗ 〈ϕj |

=
∑
i

∑
j

|si〉 ⊗ |ϕi〉〈si|ρψb |sj〉〈sj | ⊗ 〈ϕj |

=⇒ ρTa =
∑
i

∑
j

|ϕi〉Π̂ψiρψbΠ̂ψj 〈ϕj |,

where we have defined the projectors Π̂ψi,j = |si,j〉〈si,j |. From the last line, it is clear

that the device and the system get entangled in the pre-measurement since ρTa can not

be written as a product of one pointer state and one system state.

Note also that if the initial system state is a pure state (ie: |ψb〉 = |sk〉), then the

expression for ρTa simplifies to ρTa = |ϕk〉|sk〉〈sk|〈ϕk|, in which case, the system is left

unchanged after the interaction as one would expect from the postulates of quantum

mechanics.

Finally, the state of the system after the pre-measurement is obtained by taking the

partial trace of the total density matrix over the degrees of freedom of the apparatus.

We will be doing this continuously throughout the thesis; this is because we will consider
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composed systems and we are interested only in a part of them.

ρψa = Trϕ (ρTa) =
∑
k

〈ϕk|ρT (a) |ϕk〉

=
∑
ijk

〈ϕk|ϕi〉Π̂ψiρψbΠ̂ψj 〈ϕj |ϕk〉

=
∑
ij

Π̂ψiρψbΠ̂ψj 〈ϕi|ϕj〉.

It is worth observing that if the states |ϕi〉 and |ϕj〉 are orthogonal (〈ϕi|ϕj〉 = δij), the

density matrix of the system after the pre-measurement is diagonal. Then there is no

interference between the pointer states, in concordance with a projective measurement.

But this scheme includes the case where there is interference between the eigenstates

of the system, case that will be of interest to us in upcoming chapters and that under

certain conditions can generate unusual results.

After the system and the ancilla get correlated, we can measure the system by per-

forming a projective measurement of the pointer’s variable M , which is known as the

read-out process. For this purpose, suppose that the mentioned measurement yields the

value ϕk, then the density matrix previously obtained transforms to

ρTa −→ ρTa (ϕk) =

(
idψ ⊗ Π̂ϕk

)
ρTa

(
idψ ⊗ Π̂ϕk

)
P (ϕk|ρTa)

. (2.6)

The term in the denominator of Eq. (2.6) is the probability of obtaining an outcome

ϕk, given that the total system is in the state ρTa and can be developed as a product of

probabilities as follows

P (ϕk|ρTa) = TrT

(
(idψ ⊗ Π̂ϕk)ρTa

)
=
∑
i

(
|〈ϕi|ϕk〉|2〈si|ρψb |si〉

)
=

∑
i

P (ϕk|ρϕi)P (si|ρψb) . (2.7)

If in addition we assume no overlapping 〈ϕi|ϕk〉 = δik, then P (ϕk|ρTa) = P (si|ρψb).
So the probability distribution of the ancilla’s observable Π̂ϕ will reflect the probability

distribution of the system’s observable Π̂ψ, as in a usual projective measurement.
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Finally, the state of the system after the reading out is given by [12]

ρψa(ϕk) = Trϕ


(
idψ ⊗ Π̂ϕk

)
ρTa

(
idψ ⊗ Π̂ϕk

)
P (ϕk|ρTa)

 .

=
1

P (ϕk|ρTa)
〈ϕk|Û |ϕb〉ρψb〈ϕb|Û

†|ϕk〉

=
1

P (ϕk|ρTa)
Σ̂kρψbΣ̂

†
k

From this last formula we see that we can determine the state of the system ρψ(ϕk) after

reading the outcome ϕk, since we know all the elements from the right hand side of

the last equation. The system and the device become unentangled after this projective

measurement. The operator Σ̂k is known as the Kraus or measurement operator, we

will return to it later on.

2.2 The Von Neumann Scheme

In this section we will present a particular case of the indirect measurement scheme that

was developed in the previous section [13]. The pointer variable will be the device’s

position q̂ (with conjugated canonical momentum p̂) which has a set of eigenstates that

we will label {|q〉}. The kets representing the initial and final pointer states after the

pre-measurement are given by

|ϕb〉 =

∫
dq|q〉〈q|ϕb〉 =

∫
dq|q〉ϕb(q)

|ϕi〉 =

∫
dq|q〉〈q|ϕi〉 =

∫
dq|q〉ϕi(q)

Where ϕb(q) and ϕi(q) are the wavefunctions associated with the initial and final pointer

states respectively. Now, if Ŝ is the observable that we want to measure, we define the

interaction Hamiltonian as 2

Ĥint = g(t)Ŝ ⊗ p̂, (2.8)

where g(t) is a function that accounts for the strength of the interaction. In many

instances the Von Neumann scheme is developed via impulsive measurements, in which

case g(t) is a delta function in time but we are not going to be restricted to that regime.

Nevertheless, the time T that the interaction between the device and the system lasts

is assumed to be very short, so it is reasonable that this function must have a finite

support. Let g =
∫ T

0 g(t)dt, following the fact that the interaction time is small we

2The Hamiltonian can also be considered in terms of the position variable q, in which case the
framework is analogous.
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obtain ∫ T

0
dtĤT ≈ gŜ ⊗ p̂ =⇒ Û = e−

i
~gŜ⊗p̂. (2.9)

The former one is the unitary operator that transforms the initial state, therefore [12]

|Ti〉 =
∑
i

ci|si〉 ⊗ |ϕi〉 = e−
i
~gŜ⊗P̂

(∑
i

ci|si〉 ⊗ |ϕb〉

)

=
∑
i

ci|si〉 ⊗ e−
i
~gŜ⊗P̂

∫
dq|q〉ϕb(q)

=
∑
i

ci|si〉 ⊗
∫
dq|q〉ϕb(q − gsi).

From the last expression, we obtain that during the pre-measurement, the initial pointer’s

position is translated by qsi. This results in a correlation between the translation of the

pointer and the state of the system we are measuring. Then it is clear that if there

is no overlapping, we can obtain information of the state of the system by reading the

displacement of the pointer.

ϕi(q) = ϕb(q − gsi) (2.10)

In particular, let us suppose that the initial wavefunction of the pointer in position

representation is a Gaussian centered at zero, described by

ϕb(q) =
1√

2π∆1/4
e−

q2

4∆2 , (2.11)

and in addition, let us suppose that the system is in a state
∑

i ci|si〉, then after the

pre-measurement we will have:

ϕi(q) =
1√

2π∆1/4
e−

(q−gsi)
2

4∆2 . (2.12)

Following the previous section, we can obtain the ancilla’s density matrix by taking the

partial trace of ρTa over Hψ:

ρϕa = TrψρTa =
∑
i

〈si|ρTa |si〉

=
∑
i

〈si|

∑
j,k

|ϕk〉Π̂ψkρψbΠ̂ψj 〈ϕj |

 |si〉
=

∑
i

|ϕi〉〈si|ρψb |si〉〈ϕi|.
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This density matrix can be finally rewritten as [12]

ρϕa =
∑
i

〈si|ρψb |si〉
∫ ∫

dqdq′|q〉ϕ∗b(q′ − gsi)ϕb(q − gsi)〈q′|. (2.13)

The previous formula enables us to compute the mean value of any function f(q̂) after

the pre-measurement by means of

〈f(q̂)〉a = Tr(f(q̂)ρϕa) =
∑
i

〈si|ρψb |si〉
∫
dqf(q̂)|ϕb(q − gsi)|2. (2.14)

For instance, if we compute 〈q̂〉a we obtain

〈q̂〉a = 〈q̂〉b + g 〈S〉b = g 〈Ŝ〉b . (2.15)

This equality follows from the fact that without lost of generality, we can prepare our

initial state such that 〈q̂〉b = 0. So after the pre-measurement, the mean value of

the pointer’s variable is shifted by an amount proportional to the mean value of the

observable Ŝ that we want to measure. In the case of a Gaussian initial state, the final

state will be

ϕa(q) =
1√

2π∆1/4
e−

(q−g〈S〉b)
2

4∆2 (2.16)

Moreover, in an analogous way, we can compute the mean value of q̂2 and the variance

of q̂

〈q̂2〉a = 〈q̂2〉b + g2 〈Ŝ2〉b (2.17)

∆q̂2
a = ∆q̂2

b + g2∆Ŝ2
b , (2.18)

from which we see that the initial variance of the pointer’s variable is increased by

an amount proportional to the variance of the observable Ŝ we are measuring. If the

uncertainty of the meter is comparable with the typical distance (separation between

eigenvalues) of the observable, we can not obtain a determined value for the observable

with complete certainty and there is a resolution problem. Let us consider the differences

between the two cases: the one where we can distinguish between different eigenvalues

and the case where we can not.

• ∆q � g∆S: This limit is reached when the uncertainty in the measuring device is

less than the typical distance (separation between eigenvalues of the observable)

or when the interaction between the device and the system is strong. In this case

we can make a distinction between the possible final states of the system and get

a definite outcome for the measurement.
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In particular, if we consider the ancilla as a classical object, we can make the

approximation

ϕb(q) ≈ δ(q) (2.19)

And therefore ∆q = 0, and ϕa(q) = δ(q − gsi). This case corresponds to an ideal

or projective measurement.

• ∆q � g∆S: This limit can be reached when the interaction between the system

and the measuring device is weak enough or when the uncertainties of the observ-

able and the apparatus are of the same order, meaning that the final wavefunction

ϕ̃(q) of the apparatus doest not distinguish between different eigenvalues

ϕi(q) ≈ ϕj(q) ≈ ϕ̃(q) (2.20)

Nevertheless, in order to perform a real measurement, there still has to exist a

certain criterium for distinguishability.

In the particular case where the conjugate variable to the pointer variable p is

well localized and has a small uncertainty (∆p � 1), necessarily by virtue of the

uncertainty principle, the uncertainty of the pointer variable q will be big. This

regime corresponds to a weak measurement and will be studied in more detail in

the next chapter. It is important to stress the fact that ∆q � 1 is not a sufficient

condition for a weak measurement, as there could exist systems where the uncer-

tainties of both canonical variables are big, as Fig. 1 shows. This is a common

misconception in the literature about weak measurements that we expect to clarify

here.

2.3 Final Remarks

In the same way as we considered the measurement of a single observable of a given

quantum system, we could instead consider the simultaneous measurement of two ob-

servables Ŝ1 and Ŝ2 of the same system. We will then require two different measurement

devices ϕ1 and ϕ2, each one being a good probe for the corresponding observable, and

the theory developed in the present chapter can be used for both devices to obtain

outcomes for the simultaneous measurement. In this case, the Hamiltonian in the von

Neumann scheme will read

Hint = g1(t)Ŝ1 ⊗ p̂1 + g2(t)Ŝ2 ⊗ p̂2 (2.21)
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Figure 1: Example of a phase space pointer distribution where the uncertainties in both canonical

variables are not negligible and does not correspond to a weak measurement.

Where gi(t) are coupling constants and p̂i are the conjugate pointer variables of each

apparatus i = 1, 2. This exercise is straightforward if the two observables in question

commute, but if they do not the problem becomes much more complex [14] and its so-

lution will be the objective of a future chapter.

It is worthwhile to mention that even when the treatment of quantum measurement

theory was done from a more physical point of view, there is a rich mathematical gen-

eralization of this theory which was not presented since it is not in the scope of the

work, but we suggest the reader to review it for completeness [15]. In this formalism

a projective measurement is described by a projector valued measure (PVM) on the

Hilbert space of the system, but if we consider an interaction picture where the Hilbert

space is the tensor product given by Eq. (2.1), a measurement is better understood as a

positive operator valued measure (POVM). In addition, if we consider unitary evolution

on the Hilbert space H1⊗H2, this evolution is not in general unitary if one is restricted

to H1 only; this evolution is rather described as a superoperator [15].



Chapter 3

Weak Values

The purpose of this chapter is to introduce the key operational tool that is the basis of

this work: the weak value of a quantum observable. We will present some of its properties

as well as applications to support the idea that the weak value is to be regarded as a

definite physical property of a system during the time interval between two projective

measurements. To this end we will begin by studying an alternate, time symmetric,

approach to quantum mechanics in which weak values arise as natural properties of

observables, we will follow [3]. We then study the conditions for a weak measurement

to be performed, the possibility that weak values allow us to discover quantum effects

that are hidden under the noise and finally a mechanical interpretation of weak values.

3.1 Two-state Vector Formalism

As classical mechanics is a deterministic theory, it is enough to have complete initial or

final boundary conditions to obtain the whole dynamics of the system we are dealing

with. Furthermore, mixed boundary conditions could be redundant or lead to an in-

consistent result. On the other hand, quantum mechanics is not a deterministic but a

probabilistic theory. For instance we can impose both initial and final boundary condi-

tions simultaneously on a system, and they will remain independent.

Example: Suppose we are going to measure the spin of a spin-1
2 particle first on the

x-axis and then in the y-axis. Say that the measurement of the x-component of the spin

yields Sx = +~
2 , if we then perform the measurement of the y-component of the spin of

the particle in question, it is possible to obtain both Sy = +~
2 as well as Sy = −~

2 . So

imposing different final boundary conditions to this quantum system is consistent.

13
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The previous fact suggests the idea of developing a quantum theory that is symmetric

in time and does not make a distinction between past and future results of experiments.

The time-symmetrized version of quantum mechanics is known as the two-state vector

formalism (TSVF), an approach to quantum mechanics which is particularly helpful for

the study of experiments involving pre and post-selected ensembles as is our objective

in this work.

In standard quantum mechanics a system at a given time t is completely described

by the quantum state |ψ〉. This state contains maximal information about how the sys-

tem can affect other systems interacting with it at the time t, for example measurement

devices. Note that the concept of a quantum state is time-asymmetric since it is defined

from the result of a measurement performed in the past.

In the TSVF, a system is completely described at a given time t by a two-state vector

〈φ| |ψ〉 , (3.1)

where |ψ〉 stands for an usual quantum state, defined by the results of a measurement

performed in the past on the system. The backwards evolving quantum state 〈φ| is

defined by a measurement performed in the system in a time after t.

In the TSVF there is no preference for measurements performed in the past or in the

future; they are put on the same footing. In addition, this formalism describes the same

Physics as standard quantum mechanics [3] so there is nothing new at this point, the

reason for introducing our new formalism in the fact that nature is symmetric and the

important role that symmetries have played among the history of Physics also suggests

that quantum mechanics could be symmetric in time.

A system that is described by a two-state vector will be called a pre and post-selected

system. In order to have a system completely described by a TSV, it is necessary that a

complete measurement in the past of t and another one in the future of t are performed.

If in our previous example we measure the x-component of the spin-1
2 and obtain, say

Sx = +~
2 , and then we measure the y-component, yielding Sy = +~

2 , this system is pre

and post-selected system that can be described by a TSV in the time between the two

measurements.

More generally, a system is in a quantum state |ψ〉 when, at time ta < t, a measurement

of the observable A is performed, yielding an outcome A = a. Between ta and t there is
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unitary evolution given by: U(ta, t) = exp(−i
∫ t
ta
Hdt) and

|ψ〉 = U(ta, t) |a〉 . (3.2)

In addition, there should be a measurement of the observable B with outcome B = b at

a time tb > t, so that the backward evolution in time from tb to t gives:

〈φ| = 〈b|U †(t, tb). (3.3)

For a quantum system described by a two-state vector, the probability for an outcome

cn given that an ideal measurement is performed on an observable C of the system at

time t is given by the Aharonov-Bergmann-Lebowitz formula [2].

P(cn) =
| 〈φ|Πc=cn |ψ〉 |2∑
j | 〈φ|Πc=cj |ψ〉 |2

, (3.4)

where Πcj is the projection to the eigenspace corresponding to the eigenvalue cj .

As noted before, the formalism of TSVF and weak values has given rise to several

bizarre quantum situations that in some sense have allowed us to have a deeper under-

standing of the quantum world; the importance of studying it resides there. Next we

will present an example of these strange or anti-intuitive phenomena.

3.1.1 Three boxes paradox

Let us consider a particle that can be located in one of three boxes. The boxes are

labelled as i = 1, 2, 3; so if the particle is in box i at a given time, it is at the state |i〉.
Suppose that the initial state of the particle at a time t1 is given by

|ψ〉 =
1√
3

(|1〉+ |2〉+ |3〉). (3.5)

At time t2 the particle is in the state

|φ〉 =
1√
3

(|1〉+ |2〉 − |3〉). (3.6)

Following the theory presented in this chapter, in a time between t1 and t2 the particle

is described by the TSV

〈φ| |ψ〉 =
1

3
(〈1|+ 〈2| − 〈3|)(|1〉+ |2〉+ |3〉). (3.7)
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Now, opening the i-th box corresponds to measuring the projection operator Πi = |i〉 〈i|.
We can apply the ABL formula, Eq. (3.4) to calculate the probability of finding the

particle when we open the box i; for instance

P(Π1 = 1) =
| 〈φ|1〉 〈1|ψ〉 |2

| 〈φ|1〉 〈1ψ〉 |2 + | 〈φ|2〉 〈2|ψ〉+ 〈φ|3〉 〈3|ψ〉 |2
= 1

P(Π2 = 1) =
| 〈φ|2〉 〈2|ψ〉 |2

| 〈φ|2〉 〈2ψ〉 |2 + | 〈φ|1〉 〈1|ψ〉+ 〈φ|3〉 〈3|ψ〉 |2
= 1.

We see that if at a time between t1 and t2 we open either the box 1 or the box 2 we are

certain to find the particle in there. Moreover if we open at the same time both boxes

we will not find the particle and there is also certain probability to find it in the box 3

(although it is not equal to 1). This result can be generalized to N boxes with the same

result [3]: the particle is “simultaneously” in the first N − 1 boxes, if we open one of

them we are sure to find the particle there.

The result previously obtained is surprising as it goes against our intuition, but we

will see what such anti-intuitive results mean and how can they be interpreted at the

end of this chapter.

3.2 Weak Measurements

Now that we have presented some foundational facts and machinery, let us pick up the

thread of last chapter by continuing studying quantum measurement theory. In an ideal

measurement as the ones described in the previous chapter, the initial position of the

pointer q is well localized around zero, meaning that the conjugated momentum p has a

very large uncertainty and therefore the Hamiltonian of the measurement also presents

large uncertainty.

On the other hand, a weak measurement is reached when the initial state of the mea-

suring device has a momentum p well localized around zero and with small uncertainty.

This leads to a large uncertainty in q, making outcomes become imprecise. One could

wonder then what are the advantages of performing a measurement that in most of the

cases does not yield a definite value. However, performing weak measurements to an

ensemble of N identical systems would increase the precision of the measurement by a

factor of
√
N and we will see later on that in fact general measurements can be under-

stood, under certain conditions, in terms of weak measurements.

From the postulates of standard quantum mechanics, when a system is measured this
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implies a collapse of the system to one of the eigenstates of the observable that is being

measured. In a weak measurement, the idea is to make the coupling between the appa-

ratus and the system so small that the change on quantum state due to the measurement

is negligible, so we pay the price of losing statistical significance by granting that the

state is not perturbed. If we are working in the TSVF, for a weak measurement we

require that the two-state vector describing the system is not significantly disturbed, so

of course the measurement will be affected by both states.

The outcome of a weak measurement of an observable A performed on a system de-

scribed by a TSV 〈φ| |ψ〉 is the weak value of A

Aw =
〈φ|A|ψ〉
〈φ|ψ〉

. (3.8)

Weak values of quantum mechanical observables are the elements of reality in the TSVF

and they are of great importance since they have uncovered several new quantum phe-

nomena that were hidden “under the noise” as we already mentioned, but it is important

to stress that weak values are not expectation values as this confusion could give raise

to conceptual problems [16]. In addition, weak values are the most important basis of

this work as they are a fundamental tool for obtaining the results here presented.

Now we will see how the weak value of the observable A arises when a weak mea-

surement is performed on a system described by the TSV 〈φ| |ψ〉. Consider a Von

Neumann measurement, with the hamiltonian given by Eq. (2.8) and prepare the initial

state of the measurement device such that the conjugated momentum p to the pointer

variable is well localized and with small uncertainty. Then, at a time t between the

two measurements that define the ensemble, the state of the device is given by (N is a

normalization constant)

ϕ(q) = N 〈φ|e−ipA|ψ〉 e−
q2

2∆2

= N 〈φ|1− ipA|ψ〉 e−
q2

2∆2

= N 〈φ|ψ〉
(

1− 〈φ|ipA|ψ〉
〈φ|ψ〉

)
e−

q2

2∆2

= N eiAwpe−
q2

2∆2 . (3.9)

The second line follows from the fact that p is small and localized. As p is the generator

of translations, the apparatus state is finally given by

ϕ(q) = N e−
(q−Aw)2

2∆2 . (3.10)
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From this we see that the measuring device is pointing to the weak value of A.

Note from Eq. (3.8) that if the states 〈φ| and |ψ〉 are nearly orthogonal, the weak

value can assume very large values. Moreover, the weak value needs not to lie inside the

spectrum of A, this fact gives raise to consequences known as bizarre effects or quantum

miracles, such as negative kinetic energy or negative particle numbers as we shall see

later on. Also note that in spite that in the limit ∆p → 0 the expectation value tends

to the weak value [6], they are conceptually different and must not be confused to avoid

misconceptions, weak values provide information about the system but their are not

expectation values.

Finally, it is important to notice that even when the outcome of a weak measurement

with pre and post-selection is a weak value and in a certain limit weak and expectation

values coincide, in general, weak and strong measurements do not yield the same out-

comes. When a weak measurement is performed on a system, it will not in general lead

to a definite shift on the pointer variable, but statistical average of these measurements

are performed on a pre and post-selected ensemble the result will be the weak value of

the observable in question. Nevertheless, there exist instances when one does not need

to perform a weak measurement to obtain a weak value as outcome [3].

3.3 Eccentric Weak Values are Unlikely

Generally, the expectation value 〈ψ|A|ψ〉 of an observable is interpreted as an average of

eigenvalues of A in the context of a measurement of the observable. We will see that the

statistics of measurement outcomes can be related to the statistics of weak values, so

the weak value is indeed a definite physical property of a system during a time between

two complete measurements and not only an operationally powerful tool. We will follow

the formalism proposed by Botero and Aharonov in [6].

Let us consider a complete measurement of an observable A for a given system, in

the context of chapter 2, where the initial states of the system and the device are given

by |ψ1〉 and |ϕ〉 respectively. We will consider an only pre-selected ensemble Ω1 de-

fined by a set of systems prepared in the initial state |ψ1〉. The final device probability

distribution is given by

P(q|Ωa
1) =

∑
α

〈ψ1|Π̂α|ψ1〉 P(q − α|ϕ) (3.11)
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The limit ∆q → 0 corresponds to a projective measurement. In any case, the mean and

variance of q will be still given by Eq. (2.15) and Eq. (2.18).

Suppose that after some time we perform a post-selection on our ensemble by mea-

suring and observable B of the system. This action would define a subensemble that we

denote Ω12, in such case the final conditional state of the device is

|ϕa12〉 =
1√

P(ψ2|ψ1ϕ)
〈ψ2|eigAp|ψ1〉 |ϕ〉 (3.12)

Where P(ψ2|ψ1ϕ) accounts for the size of the subensemble Ω12. Also, from the final

state of the pointer we can calculate its probability distribution P(q|Ωa
12) = |ϕa12|2.

Furthermore, it is clear that we can perform the partition

P(q|Ωa
1) =

∑
β

P1β(ϕ)P(q|Ωa
1β) (3.13)

Where we sum over all the posible subensembles Ω1b of Ω1. Eq. (3.13) yields two very

important consequences: First of all, the device’s expectation value satisfies 〈q〉Ωa1 =∑
β P1β(ϕ) 〈q〉Ω1βa

, which together with Eq. (2.15) gives

〈ψ1|A|ψ1〉 =
∑
β

P1β(ϕ) 〈q〉Ωa1β (3.14)

Meaning that the weighted average of the expectation values within the pre and post-

selected ensemble yields the expectation value of the observable. Secondly, as we clearly

have P(q|Ωa
1) ≥ P1β(ϕ)P(q|Ωa

1β) for all p and all outcomes β of the observable B. This

condition is precisely the one that allows weak values to lie outside the spectrum of the

observable, to see this let us expand the wavefunction of the device as a superposition

in the following way

ϕa12(q) ∝
∑
α

〈ψ2|Π̂α|ψ1〉ϕ(q − α). (3.15)

• In the strong measurement case the probability distribution goes as P(q|Ωa
12) ∝∑

α | 〈ψ2|Π̂α|ψ1〉 |2P(q − α|ϕ), and we have a pooling of wavefunctions each cen-

tered at the eigenvalues of the observable A and with weights giveb by the ABL

formula, Eq. (3.4).

• The interesting case is the weak measurement regime, when we have ∆p → 0,

then ∆q � 1 and in such case there could exist overlap between shifted functions

ϕ(q − α) and ϕ(q − α′) for α 6= α′ which yields to interference. This is precisely
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what gives rise to weak values lying beyond the spectrum of A, eccentric weak val-

ues as negative particle numbers are a consequence of quantum interference seen

as superposition of shifted wavefunctions [6].

If we consider also that for a weak measurement p has to be very well localized

we obtain the weak value as the limit of the expectation value: lim∆q→0 〈q〉Ωa12
=

Re 〈ψ2|A|ψ1〉
〈ψ2|ψ1〉 as well as the limit P(ψ2|ψ1ϕ) → | 〈ψ2|ψ1〉 |2, which implies little dis-

turbance of the state of the system.

To summarize, in the weak regime the posterior distribution of the pointer vari-

able is a mixing of distributions centered in the different weak values defined by

the post-selection and weighted by the corresponding transition probability. This

suggests that in this instance the expectation value of A is better understood (at

least opperationally) as an average of weak values as we stated at the beginning

of this section.

Finally, it is straightforward to obtain that the expectation value of A corresponds to

the weighted average of the weak values over a complete post-selection, by considering

Eq. (3.13) in the weak limit

∑
β

| 〈ψβ|ψ1〉 |2Re
〈ψβ|Â|ψ1〉
〈ψβ|ψ1〉

= 〈ψ1|Â|ψ1〉 . (3.16)

From this we see that, under certain conditions, expectation values can be interpreted

as averages of weak values. From last equation it is also remarkable that to ensure that

the average over all pre and post-selected subensembles is a quantity bounded by the

spectrum of Â, the possibility of obtaining an eccentric weak value is quite small. This

gives rise to the “golden rule” to understand weak values: “Eccentric weak values are

unlikely”.

Thanks to the rule “eccentric weak values are unlikely” we see that the realizability

of an experiment where bizarre effects are evidenced is very difficult, nevertheless there

have been several successful attempts to attain this strange results such as [17, 18].

3.4 Mechanical Interpretation of Weak Values

In this final section we will try to answer the question: Can weak values be interpreted

as a definite mechanical property on a system described by a pre and post-selected

ensemble?. For that purpose, sometimes in physics it is fruitful to express c-numbers in
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their polar decomposition [19], so let us look at the polar decomposition of the matrix

element 〈ψ2|eiÂp|ψ1〉 (for simplicity g=1), which can be expressed as

〈ψ2|eiÂp|ψ1〉 = 〈ψ2|ψ1(p)〉 =
√
R12(p)eiS12(p) (3.17)

In this sense p can be regarded as a back-reaction parameter on the system generated

by the observable Â. As well, the phase factor S12(p) can be seen as the generator of a

reaction of the system on the device given by the unitary operator eiS12(p), as we are in

the weak regime we can expand the exponential

qa = e−iS12(p)qbe
iS12(p) = (1− iS12(p) + · · · )qb(1 + iS12(p) + · · · )

= qb + i [qb, S12(p)] = qb + ξ12(p)

Where ξ12(p) = S′12(p) = Im d
dp log 〈ψ2|ψ1(p)〉 [19] and the higher order terms cancel as

they involve commutators of the phase and its derivative. Note that we obtain the weak

value of A for the rotated state |ψ1(q)〉 and the post-selection state |ψ2〉.

ξ12(p) = Re
〈ψ2|Â|ψ1(p)〉
〈ψ2|ψ1(p)〉

(3.18)

Thus, when a weak measurement is performed, there is a definite reaction on the pointer

variable of measuring device given by the weak value ξ12(p) as well as a reaction on the

system mediated by the operator eiAp, this is what is called the action-reaction picture

in measurement theory.

To get a better understanding of what is happening, let us express the final device’s

wavefunction Eq. (3.15) as a Fourier integral

ϕa12(q) =
1√
2π

∫ ∞
−∞

dp× µ(p)ϕb(p)e
−i[pq+S12(p)] (3.19)

Where the factor µ(p) accounts for a likelihood factor. And suppose that the variable p

conjugated to the pointer variable is very well localized around a value p0, then we can

expand the exponential term in Eq.(3.19) as

e−i[pq+S12(p)] ≈ e−i[p0q+S12(p0)+(S′12(p0)−q)(p−p0)] (3.20)

Then, the final wavefunction of the device can be expressed as a shifted Fourier transform

of the initial one

ϕa12(q) = eiΛF [ϕb(p)µ(p)] (q − ξ12(p0)) (3.21)
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If the device’s wavefunction approximates an eigenstate of p, the final wavefunction of

the pointer in this case is the initial wavefunction rigidly shifted by the weak value ξ12(p)

up to the phase eiΛ, (Λ = S12(p0)− p0ξ12(p0)). Therefore, this weak value corresponds

to an infinitesimal unitary transformation of the system generated by A, the mechanical

effect of the weak value on the measuring device is such that it minimizes the dispersion

in the back-reaction on the system.

From Eq. (3.21) we can find the stronger condition for a weak measurement to be

performed over a system. The product ϕb(p)µ(p) must be well defined, then it is not

enough to have a very localized state around p, we require that the decay of the function

is strong enough to make the product to be concentrated, as there could exist cases

where the likelihood factor grows very fast, originating divergences.

The condition of the p-state being well localized and decaying fastly enough can be

achieved for example if we consider that ϕb(p) is a window function of width ε, where

ε → 0 [6]. This approach allows us to consider arbitrary pointer distributions even

far form the weak regime, suppose that ϕb(p) is an analytic function with unbounded

support, in this case we could express this function as a superposition of window func-

tions of width tending to zero as is done in [6]. The result is that strong measurement

distributions can be still understood as quantum superpositions of weak measurements,

this suggests the idea that weak measurements play a fundamental role in quantum

measurement theory as general Von Neumann measurements can be interpreted in weak

terms.

To conclude, let us summarize what has been done in the present chapter. We presented

the TSVF, where the weak value arises naturally as the outcome of a weak measurement

as well as some examples of bizarre quantum effects arising in this framework. We then

presented an approximation in which weak values can also be understood operationally

as quantum averages of weak values over a suitable posterior probability distribution

and where they have a mechanical effect on a system. We expect that this formulation

reinforces the idea that weak values constitute legitimate physical concepts and can be

applied in a much wider range than in the weak measurement context as we will see in

the second part of this work.



Chapter 4

Entanglement and Weak Values

In this chapter, we finally address the problem of simultaneous measurements of non-

commuting observables. We use the theory developed in the two foregoing chapters to see

the relation of this problem with the mean king’s problem and to relate it to the problem

of assigning arbitrary weak values to a family of operators. We will see that for a pair of

conjugate canonical variables (say x and p), if one considers an ancillary system that is

entangled with the system in question, the inference problem of simultaneously assigning

values to x and p is solvable. This result is the basis for the regularization method that

will be developed in the upcoming part of this thesis, so mixing the formalism of weak

values and pre and post-selected (PPS) ensembles with entanglement could open new

perspectives in the study of measurement theory.

4.1 Motivation: The Mean King’s Problem

To begin, let us enunciate a famous and very studied problem in quantum information

theory that will serve as a starting point for the study of simultaneous measurements

for non-commuting observables [7]:

“Once upon a time, a Physicist got stranded in the kingdom of a very mean king, fa-

mous for his cruelty. When the Physicist arrived to the palace of the king, she was

arrested by the king’s men and taken to the throne. The king then proposes the physicist

a deal: The physicist will receive a spin-1
2 atom and can prepare it in any state of her

choosing. Then the king’s laboratorists will determine the value of either σx, σy or σz,

after that the physicist can perform a second measurement on the atom Only after the

second measurement, the physicist is revealed which of the three spin components have

the king’s men measured. Immediately after that she must state what was the result of

23
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the intermediate measurement correctly, otherwise she will die.”

Since the formulation of this problem in 1987, there have been several solutions to

the original problem and variations of it as well as experimental realizations that have

applications in optics and cryptography. The solution to any of the modifications of this

problem makes use of entanglement [20]. The existence or non-existence of solutions for

the problem has revealed new unexpected implications in quantum mechanics.

4.2 Simultaneous Measurement of Non-commuting Observ-

ables

We could, as many people have done before, think of a modification of the Mean King’s

problem. Suppose that the king allows the physicist to perform initial and final mea-

surements on a determined system as in the original problem, but instead of performing

a measurement of spin, the intermediate measurement performed by the king’s men is a

simultaneous measurement of two non-commuting observables. After the final measure-

ment of the physicist, she is told what are the observables that where measured, Are

there any instances where the physicist can infer with certainty which are the outcomes

of the measurements performed by the king? Let us develop this problem, by following

[8].

We first consider the simultaneous measurement of two non-commuting observables.

It can be seen as an interaction of the system with two independent measuring instru-

ments, where each one is an accurate probe for the respective observables.

Let A1 and A2 be the observables of the system that we want to measure simulta-

neously. Suppose they have no common eigenstates, which is a sufficient condition for

them to not commute. The two measurement instruments are I1 and I2 and are de-

scribed by the canonical pairs (q̂1, π̂1) and (q̂2, π̂2) respectively, the unitary operator

that encapsulates the simultaneous interaction of the system with both instruments is

given by (up to some constants)

Û(q1, q2) = ei(A1q1+A2q2) (4.1)
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Our goal is to find conditions such that the initial state of the measurement instruments

ρ̂ is related with the final state ρ̂′ via a unitary, deterministic Kraus operator K̂

ρ̂′ = K̂ρ̂K̂†, (4.2)

K̂ = ei(α1q̂1+α2q̂2). (4.3)

Where (α1, α2) ∈ R2 and they do not depend on the instruments. Let us consider this

problem including pre and post-selection states |ψi〉 and |ψf 〉. The initial state of the

total system is ρ̂⊗ |ψi〉 〈ψi| and after post-selecting we obtain

ρ̂′T = (id⊗ |ψf 〉 〈ψf |)
[
Û(q1, q2)ρ̂⊗ |ψi〉 〈ψi| Û †(q1, q2)

]
(id⊗ |ψf 〉 〈ψf |). (4.4)

We obtain the state of the apparatus by taking the trace over the system, that is

ρ̂′ = 〈ψf |Û(q1, q2)|ψi〉 ρ̂ 〈ψi|Û †(q1, q2)|ψf 〉 ; (4.5)

then, the Kraus operator is proportional to the matrix element 〈ψf |Û(q1, q2)|ψi〉.

K̂ = ei(α1q̂1+α2q̂2) ∝ 〈ψf |Û .(q1, q2)|ψi〉 (4.6)

From this we see that the inference problem is equivalent to finding a pair of states

(|ψi〉 , |ψf 〉) such that weak values ei(α1q̂1+α2q̂2) can be assigned to the family of opera-

tors {Û(q1, q2)|(q1, q2) ∈ R2}. More precisely, K = ei(α1q̂1+α2q̂2) =
〈ψf |ei(A1q1+A2q2)|ψi〉

〈ψf |ψi〉 .

Let us consider, as a first attempt, the canonical pair (x̂, p̂) of the system where the

pre and post-selection is performed by eigenstates of x̂ and p̂ respectively, in which case

the Kraus operator is

K̂ ∝ 〈p|ei(xq̂1+pq̂2)|x〉 . (4.7)

Applying the Baker-Haussdorf-Campbell formula we obtain

K̂ = ei(xq̂1+pq̂2)e
i
2
q̂1q̂2 . (4.8)

We therefore obtain the desired term plus an additional term which represents back-

action between the two measurements.

It seems that in spite of the additional information provided by the post-selection, back-

action forbids us to reach the desired result. For that reason let us tackle the problem

by considering also an ancillary system described by canonical variables xa, pa.
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Define now the conjugate pairs (x̂±, p̂±) as

x̂± =
1√
2

(x̂± x̂a), (4.9)

p̂± =
1√
2

(p̂± p̂a). (4.10)

Notice that x̂ = (x̂++x̂−)√
2

and p̂ = (p̂++p̂−)√
2

and that the sum q̂1x̂+ q̂2p̂ can be expressed

in terms of Eqs. (4.9) and (4.10) as

q̂1x̂+ q̂2p̂ =

[
1√
2

(q̂1x̂+ + q̂2p̂−)

]
+

[
1√
2

(q̂1x̂− + q̂2p̂+)

]
≡ L+R. (4.11)

Since the operators L and R commute ([L,R] = 0), we can perform the following fac-

torization

ei(q̂1x̂+q̂2p̂) = e
i( 1√

2
(q̂1x̂++q̂2p̂−))

e
i( 1√

2
(q̂1x̂−+q̂2p̂+))

. (4.12)

Now let us consider the state |x−, p+〉, a simultaneous eigenstate of x̂− and p̂+ with

eigenvalues x− and p+ respectively. And in the same way, the state |x+, p−〉 a simul-

taneous eigenstate of x̂+ and p̂− with eigenvalues x+ and p−. We point out that the

previous states are entangled states of the system and the ancilla.

Note that the state |x−, p+〉 is also an eigenstate of R with eigenvalue 1√
2
(q̂1x− + q̂2p+)

1√
2

(q̂1x̂− + q̂2p̂+) |x−, p+〉 =
1√
2

(q̂1x− + q̂2p+) |x−, p+〉 , (4.13)

and that the state |x+, p−〉 is also an eigenstate of L with eigenvalue 1√
2
(q̂1x+ + q̂2p−)

1√
2

(q̂1x̂+ + q̂2p̂−) |x+, p−〉 =
1√
2

(q̂1x+ + q̂2p−) |x+, p−〉 . (4.14)

Therefore, if we consider a pre-selection in the state |x−, p+〉 and a post-selection per-

formed by the state |x+, p−〉, we have that

〈x+, p−|ei(q̂1x̂+q̂2p̂)|x−, p+〉 = 〈x+, p−|x−, p+〉 e
i√
2

[q̂1(x++x−)+q̂2(p++p−)]
. (4.15)

Hence, the Kraus operator is

K̂ =
〈x+, p−|ei(q̂1x̂+q̂2p̂)|x−, p+〉

〈x+, p−|x−, p+〉
= ei(q̂1x+q̂2p). (4.16)

We see that in this case there is not back-action and the inference problem is solved

for the PPS ensemble used. We remark also that this result can be obtained within a

more general and constructive framework [8]. In fact, it is possible to solve the inference
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problem for any pair (f(x), p), where f must satisfy the condition of being an odd degree

polynomial.

There is still another very interesting feature of this result. If we consider weak mea-

surements of arbitrary functions of x and p with the same pre and post selection states

(ie: |x−, p+〉 and |x+, p−〉) we can obtain that quantum operators are related to classical

functions in phase space by

f̂ =

∫
dxdp∆̂(x, p)f(x, p), (4.17)

∆̂(x, p) =
1

(2π)2

∫
d2qeiq1(x̂−x)+iq2(p̂−p). (4.18)

It is also possible to define the weak generalization of any function of the canonical

variables, in fact the results of the upcoming chapters are based in the consideration

of weak functions. We can define for instance the weak generalization Ww of the usual

Wigner function W (x, p) = (1/2π)
∫
dq′ 〈q + 1

2q
′|ψ〉 〈ψ|q − 1

2q
′〉 e−ipq′ in the PPS ensem-

ble 〈ψf | |ψi〉 as

Ww(x, p) =
〈ψf |∆̂(x, p)|ψi〉
〈ψf |ψi〉

. (4.19)

If, in particular, we consider the PPS ensemble defined by 〈x−, p+| |x+, p−〉, we obtain

W (x, p) = δ(x− x̂)δ(p− p̂), (4.20)

We therefore obtain a Wigner function that is a delta function in phase space. This

means that we can reproduce the same observable results that we would obtain for a

classical system, in terms of weak values for a quantum system thanks to entanglement.

We use entanglement to create a classical world starting from the quantum world, ex-

tending the domain of classicality. This is another example of a bizarre effect or quantum

miracle that appears due to weak values.

4.3 Comments before moving forward

In this chapter, the weak values for solving the problem of inference were calculated

directly. We remark that the weak value of an observable Â in a determined PPS

ensemble can be obtained via Aw = Trs(ÂŴ ), where Ŵ is the so called weak value

operator, defined by

Ŵ = Tra

(
|ψi〉 〈ψf |
〈ψf |ψi〉

)
. (4.21)
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And the subscripts s and a refer to tracing over the degrees of the system of the ancilla.

This will help us later to calculate determined weak values of operators of composed

systems.

Since the states presented in this chapter are entangled, one could ask how much entan-

glement is needed to achieve the inference?. This is explained in [9], the entanglement of

the two-vector states is related with the Shannon entropy of the coefficients of a certain

singular decomposition of the states. In the case that one has two possible pairs of states

that solve the inference problem, one can compare them via the entanglement required.

Finally, we have seen that weak values open a new sector of quantum mechanics, where

unusual situations or quantum bizarre effects appear. If we consider entanglement in

addition, the range of this effects extends, as noted in [9]. To recall, we presented as

examples the three boxes paradox, the simultaneous measurement of non-commuting

observables and the reproduction of the classical world in terms of quantum mechanics.

We remark that any assignment of weak values to a family of quantum operators is

possible in a suitable PPS ensemble. This will happen as long as some determined lin-

earity constraints are respected and if we include an ancillary system involving entangled

states. This condition will be of crucial importance in the upcoming part of the work,

where we will use it to assign determined weak values to certain operators acting on

quantum fields.



Chapter 5

Quantum Field Theory

With the present chapter we begin the second part of this thesis. It deals with a very

important branch of Physics: Quantum Field Theory. As it is impossible to make a

compendium of such a wide topic in this chapter, we will present a brief introduction to

the most important concepts that will allow us to discuss the problem of regularization

later on. For a complete review of this topic see for example: [10, 11, 21].

5.1 Justification of QFT

The purpose of Quantum Field Theory (QFT) is to apply quantum mechanics to dy-

namical systems of fields. Since its inception QFT has been a very important theory

in Physics, it has a very wide field of action ranging from elementary particle physics,

atomic and nuclear physics, cosmology, condensed matter physics and even pure math-

ematics, predicting accurate results in all of them.

Why do we introduce fields in classical physics? The answer is to construct laws of

nature that are local, differing for example from action-at-a-distance theories as the

Newtonian gravitation, because we evidence that nature has local properties.

QFT appears when one is to combine quantum mechanics with special relativity and

brings with it some very important consequences such as the fact that the particle num-

ber is not conserved in certain theories. QFT also solves the causality problem and

provides an elegant way of calculating scattering amplitudes which describe transitions

between states that involve different particle numbers.

Finally, experimental confirmations of the predictions made by QFT have been obtained

29
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with high accuracy, for example in the LHC experiments [22]. For the previous reasons

we believe that it is worth to study QFT as it could give us a better understanding of

the universe.

5.2 Fundamental Concepts

A quantum field is a function of spacetime (ie: of the time and the spatial coordinates),

the fluctuations of the field are what we know as particles. In this section we will present

the simplest relativistic free theory: The Klein-Gordon theory. Despite the fact that it

is a toy model for quantum fields, it is useful to study more complex theories as the

Dirac equation and it will help us to see the divergency problems. In addition, with

the discovery of the Higgs boson, Klein-Gordon theory has taken importance since it

describes this particle.

Let us consider the following Lagrangian for a real scalar field φ

L =
1

2
(∂µφ)2 − 1

2
m2φ2. (5.1)

The Euler-Lagrange equations yield the following equation of motion

(∂µ∂µ +m2)φ = 0. (5.2)

Which is clearly the Klein-Gordon(KG) equation, it can also be obtained by considering

the Einstein’s momentum and energy dispersion relation and applying the first quanti-

zation. The KG equation has solutions φ(t,x) as plane waves, but it is useful to consider

the previous solutions in terms of momentum space by taking the Fourier transform

φ(t,x) =

∫
d3p

(2π)
eip·xφ(t,p). (5.3)

In the same way, the KG equation in momentum space is written as(
∂2

∂t2
+ (p2 +m2)

)
φ(t,p) = 0. (5.4)

This is the equation of a harmonic oscillator with frequency ωp =
√
|p|2 +m2 for each

p. Meaning that the solution of the KG equation is the superposition of harmonic

oscillators, each oscillating at a different frequency. The fact that we can decompose our

solution in independent normal modes is very useful to quantize the KG field, since we

can quantize each of the modes as in usual quantum mechanics. For that purpose we

write the field and its conjugate momentum as a sum of an infinite number of creation
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and annihilation operators

φ̂(x) =

∫
d3p

(2π)3
√

2ωp

[
âpe

ipx + â†pe
−ipx

]
(5.5)

π̂(x) =

∫
d3p

(2π)3
(−i)

√
ωp
2

[
âpe

ipx − â†pe−ipx
]

(5.6)

And we assume canonical commutation relations (In general, the quantization of fields

is not as simple as in the KG case, where it is reduced to assume CCR and put hats to

the operators)

[âp, âq] = [â†p, â
†
q] = 0,[

âp, â
†
q

]
= (2π)3δ(3)(p− q).

By direct calculation, we can prove that[
φ̂(x), π̂(y)

]
= iδ(3)(x− y), (5.7)[

φ̂(x), φ̂(y)
]

= [π̂(x), π̂(y)] = 0. (5.8)

As we started studying the KG theory from the Lagrangian, we can also calculate its

corresponding Hamiltonian, which turns to be

H =
1

2

∫
d3x[π2 + (∇φ)2 +m2φ2]. (5.9)

By introducing Eqs. (5.5) and (5.6) into the last equation we arrive to an expression for

the Hamiltonian in terms of the creation and annihilation operators

H =
1

2

∫
d3p

(2π)3
ωp(âpâ

†
p + â†pâp) =

∫
d3p

(2π)3
ωp

(
âpâ
†
p +

1

2
(2π)3δ(3)(0)

)
. (5.10)

This equation is of crucial importance. It allows us to see the emergence of divergences

in the theory, which are a huge area of study in QFT, giving place to techniques as

regularization or renormalization.

Note that Eq. (5.10) contains a delta function evaluated at zero, implying that we

have an infinite value for the Hamiltonian. This divergence arises from the fact that we

have an infinite sum over modes that have zero-point energy ωp. This corresponds to

an infrared divergence.

Besides the infrared divergence, note that the integral in Eq.(5.10) diverges for |p| � 1

(for high energies). This is called an ultraviolet divergence, it is the one of interest to

us in the present job. This divergence arises from the fact that we are assuming that
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our theory is valid for any arbitrary scale, in other words for arbitrarily short distances

or equivalently arbitrarily high energies. This assumption is clearly non-true since our

theory must break at a certain scale when we approach to the planck length. Generally

this divergence is cured by introducing a cut-off momentum from which one does not

consider higher energies. The framework that we are going to establish for regulariza-

tion via weak values in similar to the cut-off one, but it still considers all possible energies.

To see what happens with the infrared divergence we define the vacuum state of the

KG field as the state such that

âp |0〉 = 0, ∀p. (5.11)

We can then calculate the energy of the vacuum state by computing

H |0〉 =

(∫
d3p

(2π)3

ωp
2

(2π)3δ(3)(0)

)
|0〉 = E0 |0〉 =∞|0〉 . (5.12)

The energy corresponding to the vacuum state of the field is infinite; nevertheless, this

will help us to circumvent the problem of the infrared divergence. As the energy levels

of the fields are quantized, we are only interested in the differences between energies of

eigenstates and the energy of the vacuum. We therefore can calibrate the hamiltonian

by substracting from it an infinite term corresponding to E0.

: H := H − E0 =⇒ : H : |0〉 = 0. (5.13)

The notation : A : for an operator A is known as the normal order, for practical purposes

it is obtained by moving all creation operators to the left. Then the Hamiltonian in

normal order reads

: Ĥ :=

∫
d3p

(2π)3
ωpâ

†
pâp, (5.14)

which solves the infrared divergence problem.

The vacuum state corresponds to a zero particle state. In the same way parting from

the vacuum we can define a state corresponding to a particle with momentum p via the

creation operator as follows

|p〉 = â†p |0〉 . (5.15)

With corresponding energy ωp

H |p〉 = Ep |p〉 = ωp |p〉 , (5.16)
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And in the same way one can define multiparticle states as

|p1, p2, . . . , pn〉 = â†p1
â†p2
· · · â†pn |0〉 . (5.17)

We can define also as in quantum mechanics a number operator as

N̂ =

∫
d3p

(2π)3
â†pâp. (5.18)

When we apply the number operator to a determined state it will give us the number

of particles that compose it. Note that we have [Ĥ, N̂ ] = 0, it implies that the particle

number is conserved. But that is not the case when we consider interacting field theories

as we will do later on.

For simplicity we considered a real field φ(x), one could have considered a complex

field. In such case the Lagrangian contains terms of the field and its complex conjugate,

and by means of Noether’s theorem there would appear a conserved quantity that is the

charge. There appear also two number operators N̂± counting the number of particles

with positive and negative charge, but they are not necessarily conserved.

We mentioned in the introduction of this chapter that one of the features of QFT is

that it provides a solution to the causality problem. Let us analyze this: If we create a

particle at a spacetime point x what is the probability of finding it at a spacetime point

y later?

The answer to this question is to calculate the propagator, defined as

D(x− y) = 〈0|φ̂(x)φ̂(y)|0〉 =

∫
d3pd3q

(2π)6

1

2
√
EpEq

〈0|âpâ†q|0〉 e−ipx+iqy

=

∫
d3pd3q

(2π)6

1

2
√
EpEq

(2π)3δ(3)(p− q)e−ipx+iqy =

∫
d3p

(2π)3

1

2Ep
e−ip(x−y)

The exponential in the final expression for the propagator can be expressed as a cosine

function plus a sine function. In the UV limit or near the origin (which is x ≈ y) the

sine function is zero but the cosine turns to be 1, then the propagator also diverges in

the ultraviolet. This is the divergence that we are going to deal with later on.

In fact, the most important quantity in interacting field theory is the Feynman propa-

gator, defined as

DF (x− y) = 〈0|T{φ̂(x)φ̂(y)}|0〉 = Θ(x0 − y0)D(x− y) + Θ(y0 − x0)D(y − x) (5.19)
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Where T represents the time order of operators, meaning that operators evaluated at a

later time are moved to the left. The Feynman propagator can also be expressed as an

integral in momentum space by introducing the integral expression for the propagator.

Then we can express DF (x− y) as

DF (x− y) =

∫
d4p

(2π)4

ie−ip(x−y)

p2 −m2
. (5.20)

We have to distinguish between the two possible cases for this propagator. For x0 > y0

we have to choose an accurate path of integration, enclosing the pole +Ep. In the other

case, y0 > x0, we integrate over the upper half-plane, enclosing the pole −Ep. The

Feynman propagator can be written compactly as

DF (x− y) =

∫
d4p

(2π)4

ie−ip(x−y)

p2 −m2 + iε
, (5.21)

which is known as the iε representation.

5.3 Interacting Fields

To get a more realistic theory we will consider weakly interacting theories such as the

φ4 theory, with Lagrangian

L =
1

2
(∂µφ)2 − 1

2
m2φ2 − λ

4!
φ4 (5.22)

Where λ � 1 is a coupling constant. This is known as a φ4 theory, in the calculations

there will appear elements of the form a†a†a†a, that create and destroy particles. Then,

for such theory the particle number is not conserved ([H,N ] 6= 0). We want solutions

to the Schrödinger equation in the interaction picture, that is

|ψ(t)〉 = U(t, t0) |ψ(t0)〉 . (5.23)

The time evolution operator in Eq. (5.23) can be obtained via the Dyson’s formula

U(t, t0) = T

[
exp(−i

∫ t

t0

dτHI(τ))

]
, (5.24)
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where HI is the interacting Hamiltonian. The Dyson formula can also be expressed

conveniently to perform calculations as

U(t, t0) =

∫ t1

t0

dt1

∫ t2

t0

dt2 · · ·
∫ tn−1

t0

dtnHI(t1) · · ·HI(tn)

= 1−
(
i

∫ t

t0

dt′HI(t
′)

)
+

(
(−i)2

∫ t

t0

dt′
∫ t′

t0

dt′′HI(t
′)HI(t

′′)

)
+ · · ·

All this formalism is useful to calculate scattering amplitudes and cross sections of

particle processes as we have mentioned. For that end we consider the S-matrix

〈f(t→ −∞)|i(t→∞)〉 = 〈f |S|i〉 . (5.25)

In a perturbative expansion, this matrix includes elements of the form

〈0|T{φ1φ2 · · ·φn}|0〉 (5.26)

It is precisely this kind of matrix elements the ones that we are interested in. To calculate

such strings of time ordered fields we use a powerful tool known as the Wick’s theorem,

it states that

T [φ(x1)φ(x2) · · ·φ(xn)] =: (φ(x1)φ(x2) · · ·φ(xn) + all possible contractions) : (5.27)

The contraction of two fields φI(x1)φ(x2) is just the Feynman propagator DF (x1 − x2).

The proof of Wick’s theorem can be found in several sources such as [10, 21]. This

proof uses strongly the Gaussian nature of the states that compose the propagator (the

vacuum state in particular). The interesting and most important consequence about the

Wick’s theorem is that if it applies, we only need the two-point function to generate all

the subsequent diagrammatics. There are several examples of the previous fact, where

the field theories are based on Gaussian states and only two-point functions are defined

to generate all the diagrammatics. A very interesting example is the Sorkin-Johnston

state [23], which is an approach to study quantum gravity and QFT in curved spacetimes.

Given that Wick’s theorem applies, we can express any string of fields in terms of

the Feynman propagator of only two fields. For example the string of four fields corre-

sponding to the interacting φ4 theory of the Lagrangian (5.22) will reduce to

〈0|T{φ1φ2φ3φ4}|0〉 = DF (x1 − x2)DF (x3 − x4) +DF (x1 − x3)DF (x2 − x4)

+DF (x1 − x4)DF (x2 − x3) (5.28)
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There is a graphical way of understanding the integrals involving propagators which are

the famous Feynman diagrams. By applying the Feynman rules one can compute scat-

tering amplitudes in an easier way than performing the integrals by direct calculation.

We do not explore these topics in the present work as it is not our purpose. Neverthe-

less, some of the calculations that are performed currently in high energy laboratories

as CERN are too long even for supercomputers if the Feynman formalism is applied. It

is worth to note that there are more sophisticated ways of calculating scattering ampli-

tudes which shorten dramatically the calculation time [24].

There exist a generalization, known as the LSZ formula [10], for higher order point-

functions, but we are going to be restricted only to two-point functions by taking advan-

tage of Wick’s theorem. This is why the gaussian nature of the states will be of crucial

importance to us in the next chapter.

We present some concluding remarks for this section. Throughout this chapter we only

studied in detail the KG field for simplicity. Another important (perhaps the most im-

portant) field theory is the Dirac theory, which describes particles of spin 1
2 , for instance

electrons. It is our purpose to study its propagator later on.

As we know, the Feynman propagator presents an UV divergence. The matrix ele-

ments that we want to calculate can be written in terms of Feynman propagators of

two fields or two-point functions, given that the states involved are Gaussian so we can

apply Wick’s theorem. Our task at this point is then reduced to regularize the two-point

function, then we will have the divergences eliminated for arbitrary strings of fields. This

is the purpose of the next chapter.



Chapter 6

Regularization Via Weak Values

In this chapter we are going to use the results obtained in the first part of this work

to tackle the problem of divergences appearing in QFT. We will see the relation be-

tween the first part of this thesis dealing with foundations of quantum mechanics and

the second part, Quantum Field Theory. The scattering amplitudes in QFT are matrix

elements which are very similar in form to the elements of reality in the TSVF, the

weak values. They only differ from a normalization constant and from that similitude

arises the idea of applying weak value theory to QFT. There is also another interesting

relation between the two frameworks, in Dirac theory antiparticles evolve backwards in

time, as the post-selection states in the TSVF.

6.1 Regularization of the Bosonic Feynman Propagator

Remember that the field can be expressed as the sum of its positive frequency part and

its negative frequency part.

φ(x) =

∫
d3k√
2ωk

(
ake
−ikx + a†ke

ikx
)

= φ+(x) + φ−(x). (6.1)

Let us consider the weak propagator, which is nothing but the propagator 〈out|S|in〉 in

the previous section divided by the amplitude 〈out|in〉, as we want to regularize, this

normalization will not affect the physics derived from our theory as long as the in and

out states are nor orthogonal and can be taken as a re-scaling constant.
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D
(w)
F (x1 − x2) =

〈f |T [φ(x1)φ(x2)]|i〉
〈f |i〉

. (6.2)

After introducing expression (6.1) in the propagator we get

D
(w)
F =

Θ(t1 − t2)

〈f |i〉
〈f |

N∑
k1=1

1

2ωk1

(
ak1e

−ik1x1 + a†k1
eik1x1

) N∑
k2=1

1

2ωk2

(
ak2e

−ik2x2 + a†k2
eik2x2

)
|i〉

+
Θ(t2 − t1)

〈f |i〉
〈f |

N∑
k2=1

1

2ωk2

(
ak2e

−ik2x2 + a†k2
eik2x2

) N∑
k1=1

1

2ωk1

(
ak1e

−ik1x1 + a†k1
eik1x1

)
|i〉 .

If we now take the limit N → ∞, the sums will be transformed into integrals and we

will obtain the following expression for the weak bosonic propagator

D
(w)
F (x1 − x2) = Θ(t1 − t2)

∫
d3k

2ωk

[
〈f |âkâ†k|i〉
〈f |i〉

e−ik(x1−x2) +
〈f |â†kâk|i〉
〈f |i〉

eik(x1−x2)

]

+ Θ(t2 − t1)

∫
d3k

2ωk

[
〈f |âkâ†k|i〉
〈f |i〉

eik(x1−x2) +
〈f |â†kâk|i〉
〈f |i〉

e−ik(x1−x2)

]
.

Note that if we were calculating the matrix element in the vacuum state, only the

element 〈0|aa†|0〉 will not vanish. As we are calculating the matrix element between

some arbitrary states |i〉 and |f〉, none of the posible combinations between creation

and anihilation operators will be zero in general. Nontheless, for simplicity we will

assume that matrix elements of the form 〈f |aa|i〉 and 〈f |a†a†|i〉 are zero. The previous

assumption will allow us to write the weak propagator in terms of the number operator,

which is related with the creation and anihilation operators by means of

N̂k = â†kâk, 1 + N̂k = âkâ
†
k. (6.3)

If we define νk as the weak value of the operator N̂k in the ensemble 〈f | |i〉

νk =
〈f |N̂k|i〉
〈f |i〉

. (6.4)

Then we have that the weak propagator can be written as

〈f |T [φ(x1)φ(x2)]|i〉
〈f |i〉

= Θ(t1 − t2)

∫
d3k

2ωk

[
2νk cos(k(x1 − x2)) + e−ik(x1−x2)

]
+ Θ(t2 − t1)

∫
d3k

2ωk

[
2νk cos(k(x1 − x2)) + eik(x1−x2)

]
. (6.5)

We can express the exponential functions in Eq. (6.5) as a sin(k(x1 − x2)) and a

cos(k(x1 − x2)). Note that for short distances, ie: x1 ≈ x2 (k → ∞), the sine func-

tion is zero while the cosine function has value 1. This fact generates a divergence in
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the theory, the idea is then to find initial and final states |i〉 and |f〉 such that the weak

value νk tends to −1
2 as k →∞ (high energies). If we could be able to find such states,

then the cosine function generating the divergence would be canceled out and therefore

the weak propagator would be regular as desired. We require

lim
k→∞

νk = −1

2
. (6.6)

Note that obtaining an arbitrary weak value for the number operator of a quantum

field is not a difficult task, as we will see for instance in the following example [25].

Consider a scalar field that will be pre and post-selected in the following states for a

given momentum k

|φi〉 = α |0〉+ β |1k〉 (6.7)

|φf 〉 = γ |0〉+ δ |1k〉 . (6.8)

Where off course |α|2 + |β|2 = |γ|2 + |δ|2 = 1. We can calculate the weak value of the

number operator:

νk =
〈φf |N̂k|φi〉
〈φf |φi〉

=
βδ

αγ + βδ
. (6.9)

If we choose α =
√

3
2 , β = 1

2 , γ = 2√
7

and δ = −
√

3
7 , we obtain for the weak value

νk = −1. (6.10)

The concept of a negative number of particles is analogous to what we found in the three

boxes paradox example back in chapter 2. Even more, if we choose instead α = 1√
2
,

β = 1√
2
, γ = − 3√

10
and δ = 1√

10
, we will obtain an even weirder weak value for the

number operator between the two measurements

νk = −1

2
. (6.11)

If we calculate the probability of this field to be at the state |φi〉 at time t1 and to be at

the state |φf 〉 at a later time t2 we get | 〈φf |φi〉 |2 = 1
5 , so we could be tempted to think

that this quantum miracle is not as rare as one could expect.

But our task is not as simple as this seems, since we want that our weak propaga-

tor generates finite a diagrammatic decomposition, there are more restrictions on the

states |i〉 and |f〉, as we already mentioned, we need these states to be Gaussian. To

attain this necessary feature we will have to recall what we did in chapter 4 to solve

the problem of inference for simultaneous measurements of non-commuting observables.

Here is where entanglement takes part, we will then require an ancillary quantum field
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Figure 2: The tanh function for the weak number of excitations allows us to have the desired

behaviour: Zero for low energies and − 1
2

for energies greater than k0 (k0 = 40 in this case).

that is entangled to our field in order to perform a regularization that generates a finite

diagrammatic decomposition.

An attempt to get an expression for the weak value of the number operator would

be

νk = −1

4
(1 + tanh(l(k − k0))) . (6.12)

This expression is zero for low energies and the limit limk→∞ νk = −1
2 is reached. We

want a weak value that is zero for certain energies below a cut-off k0, so that the usual

propagator will not be affected. For frequencies greater that the cut-off, the weak value

tends rapidly to −1
2 and the ultraviolet divergency is avoided. The decay of the weak

value from zero to −1
2 can be tuned via the parameter l. So let us see if we could find

pre and post-selection states that give raise to this expression for the weak value.

6.2 Example of States That Regularize the Propagator

Let us consider gaussian states of the field and the ancilla, that we can write as

ρs =
∞∑
n=0

e−βn |n〉s 〈n|s ρa =
∞∑
n=0

e−βn |n〉a 〈n|a . (6.13)

Here β is a parameter that encapsulates the cut-off k0 and is proportionally inverse to

a power of k. For such states we have

∆x2 + ∆p2

2
= H = n+

1

2
. (6.14)
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And since ∆x2 = ∆p2, then

〈∆x2〉 = 〈n〉+
1

2
=

1

eβ − 1
+

1

2
=

1

2

(
eβ + 1

eβ − 1

)
. (6.15)

The second equality follows from the fact that for a bosonic field we obtain the Bose-

Einstein distribution for the average value of n. We therefore obtain

〈n〉+
1

2
=

1

2
coth

(
β

2

)
. (6.16)

Now, consider the transformation β → β′ = β + iπ, then the state of the system will be

transformed to

ρs → ρ′s =
∞∑
n=0

e−(β+iπ)n |n〉s 〈n|s =
∞∑
n=0

(−1)ne−βn |n〉s 〈n|s . (6.17)

Some of the coefficients of the density matrix are negative, this fact can only be achieved

by means of entanglement, so we see that to have gaussian initial and final states that

allow regularization entanglement is required. For the state ρs an effective average value

of n will be given by

〈ñ〉+
1

2
=

1

2

(
eβ − 1

eβ + 1

)
=

1

2
tanh

(
β

2

)
. (6.18)

In base of the previous results, let us consider the following pre and post-selection states

of both the system and the ancilla in the braket notation

|ψi〉 =
∞∑
n=0

e−
βn
2 |n〉s |n〉a (6.19)

|ψf 〉 =

∞∑
n=0

(−1)ne−
βn
2 |n〉s |n〉a . (6.20)

Now we are going to calculate the weak value of the number operator between the PPS

ensemble 〈ψf | |ψi〉 and see that it actually fulfils the requirements needed to regularize

the propagator. The weak value can be obtained by means of

ν(k) = Trs(N̂Ŵ ); Ŵ =
Tra(|ψi〉 〈ψf |)
〈ψf |ψi〉

. (6.21)

Ŵ is nothing but the weak value operator in the specified PPS ensemble.

〈ψf |ψi〉 =

( ∞∑
n=0

(−1)ne−
βn
2 〈n|s 〈n|a

)( ∞∑
n=0

e−
βn
2 |n〉s |n〉a

)
=

∞∑
n=0

(−1)ne−βn. (6.22)
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Figure 3: Weak value for the PPS ensemble 〈ψf | |ψi〉 as a function of β.

Tra(|ψi〉 〈ψf |) = Tra

[( ∞∑
n=0

e−
βn
2 |n〉s |n〉a

)( ∞∑
n=0

(−1)ne−
βn
2 〈n|s 〈n|a

)]

= Tra

( ∞∑
n=0

(−1)ne−βn |n〉s |n〉a 〈n|s 〈n|a

)
=

∞∑
n=0

(−1)ne−βn |n〉s 〈n|s . (6.23)

We finally obtain

ν = Trs

(
N̂

∑∞
n=0(−1)ne−βn |n〉s 〈n|s∑∞

n=0(−1)ne−βn

)
=

∑∞
n=0(−1)nne−βn∑∞
n=0(−1)ne−βn

= − ∂

∂β
log

( ∞∑
n=0

(−1)ne−βn

)
= − ∂

∂β
log(1 + e−β)−1 =

−e−β

1 + e−β
. (6.24)

As the parameter β is k-dependent, the weak value for the number operator can be

finally written as

ν(k) = − 1

eβ + 1
. (6.25)

Since the dependence of β in k goes for example as β ∼ 1
k , we see that the weak value

of the number operator for the PPS ensemble 〈ψf | |ψi〉 has the required behaviour

lim
β→0

νk = lim
k→∞

νk = −1

2
(6.26)

lim
β→∞

νk = lim
k→0

νk = 0. (6.27)

So for low energies the propagator remains unchanged but for higher energies than k0,

the divergence is eliminated. Although we only presented a single pair of states that

regularize the propagator and are gaussian, it is clear that there could exist many more

PPS ensembles that help us to achieve the goal of regularizing.
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Figure 4: Graphic of the propagator for (x1 − x2)2 > 0. We can see the divergence at the origin.

6.3 Exact Expressions for the Regularized Weak Bosonic

Propagator

In the previous chapter we presented a compact way of representing the Feynman prop-

agator in momentum space, the iε representation. One can also perform the integral

and write the propagator in position space in terms of some special functions. That is

what we are going to do now. First, for the usual propagator to see the divergencies and

then for the regularized weak propagator.

DF (x1 − x2) = 2π

∫ ∞
0

k2dk

(2π)32ωk
e−iωk|t1−t2|

∫ π

0
eikr cos(θ) sin(θ)dθ

= 2π

∫ ∞
0

k2dk

(2π)32ωk
e−iωk|t1−t2|

sin(kr)

kr
. (6.28)

If we define s = (x1 − x2)2, we can evaluate the integral for the time-like case (s > 0)

and for the space-like case (s < 0) in terms of Hankel functions and modified Bessel

functions as

DF (x1 − x2) =
i

4π2

∫ ∞
0

dk
k2

ωk
eiωk

√
s =

m

8π
√
s
H

(1)
1 (m

√
s), s > 0 (6.29)

DF (x1 − x2) =
i

4π2

∫ ∞
0

dk
k2

ωk

sin(k
√
−s)

k
√
−s

= − im

4π2
√
−s

K1(m
√
−s), s < 0. (6.30)

From this expressions the divergences are clear. Both the Hankel and modified Bessel

functions of the second kind present a divergence at the origin; furthermore, we see that

the propagator also has a divergence going as 1
s . Fig. 4 shows graphically the divergence

problem that we are aiming to solve within this work.

Now, we want to see if there exist closed expressions for the weak bosonic propagator,
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Figure 5: Short distances behaviour of weak propagator and the usual propagator for (x1 − x2)2 > 0.

The former is finite at the origin while the latter diverges.

which can be written in the form

D(w)(x1 − x2) =

∫
d3k

(2π)32ωk
(1 + ν(k))e−ik(x1−x2) +

∫
d3k

(2π)32ωk
ν(k)eik(x1−x2)

=
1

4π2

∫ ∞
0

dk
k2

2ωk
(1 + ν(k))e−iωk|t1−t2|

sin(kr)

kr
+

1

4π2

∫ ∞
0

dk
k2

2ωk
ν(k)eiωk|t1−t2|

sin(kr)

kr
.

We do not obtain an analytical expression for this integrals. We instead introduce the

expression (6.12) for the weak value and perform numerical integration of them. Fig.

5 shows the short distances behaviour of the weak propagator, we see that it is in fact

regularized in the origin as expected.

6.4 Regularization of the Fermionic Feynman Propagator

Now we want to apply the same procedure for regularization described previously to the

Dirac propagator.

S
(w)
F (x1 − x2) =

〈f |T
[
Ψ(x1)Ψ(x2)

]
|i〉

〈f |i〉
. (6.31)

S
(w)
F (x1 − x2) = Θ(t1 − t2)

〈f |Ψ(x1)Ψ(x2)|i〉
〈f |i〉

−Θ(t2 − t1)
〈f |Ψ(x2)Ψ(x1)|i〉

〈f |i〉
. (6.32)

Note that the difference with the bosonic propagator comes from the minus sign, which

appears to respect causality. In this case we also have a frequency decomposition for
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Figure 6: Short distances behaviour of weak propagator for (x1 − x2)2 > 0. We can see that both

propagators coincide for big enough distances.

Figure 7: Short distances behaviour of weak propagator for (x1 − x2)2 > 0. We can see that the

divergence at the origin is cured.
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the field and its complex conjugate that are given by

Ψ(x) =
∑
r=1,2

∫
d3p

(2π)3

1√
2Ep

(
arpu

r(p)e−ipx + br†p v
r(p)eipx

)
(6.33)

Ψ(x) =
∑
r=1,2

∫
d3p

(2π)3

1√
2Ep

(
ar†p u

r(p)eipx + brpv
r(p)e−ipx

)
. (6.34)

In the same way as in the bosonic case, we first consider a finite number of modes N

and then take the limit to infinity. We also neglect the matrix elements that are of the

form 〈f |ab|i〉 and 〈f |a†b†|i〉. Then we obtain

S
(w)
F (x1 − x2) = Θ(t1 − t2)A(x1 − x2)−Θ(t2 − t1)B(x1 − x2). (6.35)

A =
∑
r=1,2

∫
d3p

(2π)3

1

2Ep

[
(ur(p)ur(p))e−ip(x1−x2)

〈f |arpa
r†
p |i〉

〈f |i〉
+ (vr(p)vr(p))eip(x1−x2)

〈f |br†p brp|i〉
〈f |i〉

]
.

B =
∑
r=1,2

∫
d3p

(2π)3

1

2Ep

[
(ur(p)ur(p))e−ip(x1−x2)

〈f |ar†p arp|i〉
〈f |i〉

+ (vr(p)vr(p))eip(x1−x2)
〈f |brpb

r†
p |i〉

〈f |i〉

]
.

If we assume that the number operators do not depend on the polarization we can then

sum the spinors over polarizations using the identities

∑
r=1,2

(ur(p)ur(p)) = /p+m
∑
r=1,2

(vr(p)vr(p)) = /p−m. (6.36)

Then we obtain for A and B

A(x1 − x2) =

∫
d3p

(2π)3

1

2Ep

[
(/p+m)e−ip(x1−x2)

〈f |arpa
r†
p |i〉

〈f |i〉
+ (/p−m)eip(x1−x2)

〈f |br†p brp|i〉
〈f |i〉

]
.

B(x1 − x2) =

∫
d3p

(2π)3

1

2Ep

[
(/p+m)e−ip(x1−x2)

〈f |ar†p arp|i〉
〈f |i〉

+ (/p−m)eip(x1−x2)
〈f |brpb

r†
p |i〉

〈f |i〉

]
.

We now define two kinds of number operators, one for a and other for b

νa,p =
〈f |a†pap|i〉
〈f |i〉

, νb,p =
〈f |b†pbp|i〉
〈f |i〉

. (6.37)

By applying the canonical anticommutation relations we get

1− νa,p =
〈f |apa†p|i〉
〈f |i〉

, 1− νb,p =
〈f |bpb†p|i〉
〈f |i〉

. (6.38)

Now, note that we can take out the momentum matrices from the integrals, they will

transform to (/p + m) → (i/∂ + m) and (/p −m) → −(i/∂ + m). So in terms of the weak
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number operators we get

S
(w)
F = (i/∂ +m)Θ(t1 − t2)

[∫
d3p

(2π)3

1

2Ep

(
e−ip(x1−x2)(1− νa,p)− eip(x1−x2)νb,p

)]
−(i/∂ +m)Θ(t2 − t1)

[∫
d3p

(2π)3

1

2Ep

(
e−ip(x1−x2)νa,p − eip(x1−x2)(1− νb,p)

)]
.(6.39)

If we develop the term A, we then obtain a relation for the weak number operators

similar to the bosonic one

A(x1 − x2) =

∫
d3p

(2π)3

1

2Ep
(cos(p(x1 − x2))− i sin(p(x1 − x2))− cos(p(x1 − x2))νa,p

+ sin(p(x1 − x2))νa,p − cos(p(x1 − x2))νb,p − sin(p(x1 − x2))νb,p).

For high energies (x1 ≈ x2) the sine functions are zero and the necessary condition for

the cosines to cancel out is

lim
p→∞

(1− νa,p − νb,p) = 0. (6.40)

An analogous calculation for B yields the same condition, so we have a consistent rela-

tion for the weak values νa,p and νb,p to reach regularization. It is clear that both weak

values have to be zero for low energies, otherwise the propagator will be changed in the

regime we are not interested.

In the particular case where νa,p = νb,p = νk we obtain the simple condition

lim
k→∞

νk =
1

2
. (6.41)

We see that we get almost the same result as in the bosonic case, only differing from

a minus sign. This result is expectable since for fermions we have canonical anticom-

mutation relations. The question that arises now is if there exist a PPS ensemble that

performs the condition (6.40)?.

The existence of regularizing states for the weak fermionic propagator can be seen from

Eq. (6.39). We see that, as in usual QFT, the weak fermionic propagator can be related

with the weak bosonic propagator via

(S
(w)
F (x1 − x2))αβ = (i/p+m)αβD

(w)
F (x1 − x2). (6.42)

This means that if one can regularize the bosonic propagator (as we already did) via

weak values and entanglement, it is also possible to regularize the fermionic propagator

by this method. There should exist PPS ensembles that cure the divergencies of SF ,
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but we leave this task for future work as well as the more general case when the ladder

operators depend on the polarizations. In addition, it seems that the weak value limit

given by Eq. (6.41) can be reached via thermal states, in opposition to what we expected.

This suggests that the treatment for regularizing in the fermionic case must be made

much more carefully.

6.5 Comments on the method

We mentioned that one of the main techniques to regularize divergencies in QFT is to

define a cut-off from which we do not consider higher energies. The basic idea of the

approach that we are taking to regularize via weak values is to consider also a cut-off

(which we call k0), but we do not discard the higher energy modes.

By introducing the weak value νk with an appropriate value to eliminate UV diver-

gencies, we are imposing that for modes with k > k0, the fluctuations become classical.

In this sense we are not truncating the theory as we consider that all possible energies

contribute to the propagator. However, we still get a finite theory in which for high

energies the classical limit of the fields is recovered.

By applying the weak values framework and entanglement to quantum field theory we

can embed an infinite theory into a finite one. The previous fact is achieved via some

particular but still physical states, there lies the interest of the method developed.

In the problem of inference of simultaneous measurement of non-commuting observ-

ables, we require an ancilla that is entangled with our principal system. In the same

way, for regularization in QFT we require an ancillary quantum field that is entangled

with the field of interest. There is still the question of what is the significance of this

“ghost field”?. Does it have to exist?. One could think of two possibilities for the ancilla:

• There is a regularizing field present in all space, that is entangled with all the

other quantum fields of the universe and permits regularization of propagators.

Its fluctuations are also controlled since it is entangled with all the other fields

that compose the matter of the universe.

• The other possibility is that as we know, in the macroscopic world all states are

highly entangled. This fact could make possible a mechanism in which all propa-

gators are regularized in the UV limit as we see that actually happens in nature.



Chapter 7

Conclusions

This work was originally motivated by the study of quantum bizarre effects. Weak val-

ues have allowed us to find several surprising quantum effects or miracles, that keep

hidden “under the noise” when the results of measurements are not post selected. In

the last years, several examples of such miracles have appeared in quantum optics and

quantum information theory and it has been shown that entanglement helps to evidence

this instances. The idea of the thesis was to extend the framework of weak values to

quantum field theory and study its possible applications.

We have made a complete bibliographic review of the framework of weak values, begin-

ning from the two-state vector formalism [3]. Then we studied the formalism developed

by Botero and Aharonov [6], in which weak values are given a definite physical inter-

pretation and quantum measurements are understood in terms of weak measurements.

After that we introduced entanglement plus weak values to provide a solution to the

problem of simultaneous measurements of non-commuting observables in quantum me-

chanics, being this a true quantum miracle [8].

In the second part of this thesis we used the machinery developed in the first part

to study the problem of divergences in quantum field theory. In particular we obtained

necessary conditions for the regularization of the bosonic Feynman propagator by means

of entanglement and weak values. We also proposed a pair of states that regularize the

propagator and provided numerical realizations of this regularization. In addition we

applied the regularization method to a Dirac field and found conditions for regularizing

the propagator, taking into account that some additional assumptions are required in

this case.

The method that we developed is based on the introduction of a cut energy k0, from

49
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which the fluctuations of the quantum field are classical. It can be also understood in

terms of introducing an appropriate weak value for the number of particles operator,

that cancels out the terms that generate the divergence in the integral of the propaga-

tor. We see that this features are similar to the regularization methods that introduce

a cut-off or sum counter-terms, but the only requirement is an ancillary field that is

entangled with the corresponding field of interest.

A very important part of this work is that we are imposing that the states that regu-

larize the propagator are gaussian. This allows us to make use of Wick’s theorem and

reduce the problem of regularizing n-point functions to that of regularizing the two-

point function only. That is why we are only concentrated in Feyman propagators for

fields at two points. The condition of gaussianity implies the necessity of entanglement

with an ancillary field but it provides a finite diagrammatic decomposition given that

divergences in the two-point function are cured.

We do not attempt to suggest that the regularization method here developed has to

replace the methods that already exist and that are completely successful at the time

of making calculations. Our method is just the realization of a particular case of all

the possible situations allowed in quantum mechanics. We wanted to show that it could

happen that nature helps to favor conditions where some particular states appear and

divergences are ommited. This fact can be classified as a quantum miracle as the ones

presented in the first part. In this sense we consider that the objectives of the work have

been satisfied.

On the other hand, there is much future work to be performed. For instance, calculate

the analytic expressions for the weak bosonic propagator which were carried numerically

in this work. We could also propose other PPS ensembles that regularize the propagator

and compare them with the one presented, we could contrast the physical viability of

the ensembles or how much entanglement will be needed for each one. Regarding the

fermionic propagator, it is still missing to develop the method more rigorously and ex-

plore the possibility that thermal states could regularize it. Then it is also left to find

examples of states that perform the aforementioned regularization and to see if we can

find analytic formulas for this weak propagator in position space.

We expect that this work enforces the idea that weak values are legitimate physical

concepts that can appear in several branches of physics and that often lead us to new

surprising results.



Bibliography

[1] D. Albert Y. Aharonov and L. Vaidman. How the result of a measurement of a

component of the spin of a spin-1/2 particle can turn out to be 100. Physical Review

Letters, 60:1351–1354, 1988.

[2] P. Bergmann Y. Aharonov and J. Lebowitz. Time symmetry in the quantum process

of measurement. Physical Review, 134:B1410B1416, 1964.

[3] Y. Aharonov and L. Vaidman. The two-state vector formalism: An updated review.

Lect. Notes Phys, 734:399–447, 2008.

[4] Y. Aharonov and D. Rohrlich. Quantum paradoxes: Quantum theory for the per-

plexed. Wiley, 2008.

[5] Y. Aharonov A. Botero S. Nussinov S. Popescu J. Tollaksen L. Vaidman. The

classical limit of quantum optics: not what it seems at first sight. New Journal of

Physics, 15:093006, 2013.

[6] Y. Aharonov and A. Botero. Quantum averages of weak values. Physical Review

A, 72:052111, 2005.

[7] Y. Aharonov L. Vaidman and D. Albert. How to ascertain the values of σx, σy and

σz of a spin -1/2 particle. Physical Review Letters, 58:1385–1387, 1987.

[8] A. Botero. Entanglement, weak values, and the precise inference of joint mea-

surement outcomes for non-commuting observable pairs. Physics Letters A, 374:

823–828, 2010.

[9] A. Botero. Entanglement and weak values: A quantum miracle cookbook. Quantum

Theory: A Two-Time Success Story, pages 279–289, 2014.

[10] C. Itzykson and J-B. Zuber. Quantum field theory. Dover Publications, 2006.

[11] R. Haag. Local quantum physics. Springer, 1996.

[12] B. Svenson. Pedagogical review of quantum measurement theory with an emphasis

on weak measurements. Quanta, 2, 2013.

51



Bibliography 52

[13] J. Von Neumann. Mathematical foundations of quantum mechanics. Investigations

in Physics. Princeton University Press, 1955.

[14] P. Busch and P. J. Lahti. The standard model of quantum measurement theory:

History and applications. Found. Phys., 1996.

[15] J. Preskill. Lecture notes on quantum computation. Caltech theory group, 2015.

URL http://www.theory.caltech.edu/people/preskill/ph229/#lecture.

[16] R. E. Kastner. Time-symmetrised quantum theory, counterfactuals and ‘advanced

action’. Stu. Hist. Philos. Sci. B, 34, 2003.

[17] O. Hosten and P. G. Kwiat. Observation of the spin hall effect of light via weak

measurements. Science, 319:787–790, 2008.

[18] T. Denkmayr H. Geppert S. Sponar H. Lemmel A. Matzkin J. Tollaksen and

Y. Hasegawa. Observation of a quantum cheshire cat in a matter-wave interfer-

ometer experiment. Nature communications, 5, 2014.

[19] A. S. Sanz and S. Miret-Artés. A trajectory description of quantum processes. a

bohmian perspective. Lecture Notes in Physics. Springer, 2012.

[20] M. Ozawa G. Kimura, H. Tanaka. Solution to the mean king’s problem with mu-

tually unbiased bases for arbitrary levels. Phys. Rev. A, 73, 2006.

[21] U. Haisch. Lecture notes on quantum field theory. Caltech theory group, 2011. URL

http://wwwthep.physik.uni-mainz.de/~uhaisch/QFTI10/QFTI.pdf.

[22] K. A. Olive et al (PDG). Electroweak model and constraints on new physics. Chin.

Phys., C38, 2014.

[23] S. Johnston. Feynman propagator for a free scalar field on a causal set. Phys.

Rev. Lett., 103:180401, Oct 2009. doi: 10.1103/PhysRevLett.103.180401. URL

http://link.aps.org/doi/10.1103/PhysRevLett.103.180401.

[24] S. He F. Cachazo and E. Y. Yuan. Scattering of massless particles in arbitrary

dimensions. Phys. Rev. Lett., 113, 2014.

[25] P. C. W. Davies. Quantum weak measurements and cosmology. Quantum Theory:

A Two-Time Success Story, pages 101–112, 2014.

http://www.theory.caltech.edu/people/preskill/ph229/#lecture.
http://wwwthep.physik.uni-mainz.de/~uhaisch/QFTI10/QFTI.pdf
http://link.aps.org/doi/10.1103/PhysRevLett.103.180401

	Abstract
	Acknowledgements
	1 Introduction
	2 Quantum Measurement Theory
	2.1 Indirect Measurement Theory
	2.2 The Von Neumann Scheme
	2.3 Final Remarks

	3 Weak Values
	3.1 Two-state Vector Formalism
	3.1.1 Three boxes paradox

	3.2 Weak Measurements
	3.3 Eccentric Weak Values are Unlikely
	3.4 Mechanical Interpretation of Weak Values

	4 Entanglement and Weak Values
	4.1 Motivation: The Mean King's Problem
	4.2 Simultaneous Measurement of Non-commuting Observables
	4.3 Comments before moving forward

	5 Quantum Field Theory
	5.1 Justification of QFT
	5.2 Fundamental Concepts
	5.3 Interacting Fields

	6 Regularization Via Weak Values
	6.1 Regularization of the Bosonic Feynman Propagator
	6.2 Example of States That Regularize the Propagator
	6.3 Exact Expressions for the Regularized Weak Bosonic Propagator
	6.4 Regularization of the Fermionic Feynman Propagator
	6.5 Comments on the method

	7 Conclusions
	Bibliography

