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“When we solve a quantum-mechanical problem, what we really do is divide the universe

into two parts-the system in which we are interested and the rest of the universe. We then

usually act as if the system in which we are interested comprised the entire universe.”
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The problem of foundations of statistical physics has been a debatible theme since its

inception. In this work, we will give a brief introduction to this problem; a short

discussion presenting the approach of typicality is also made. Additionally we focus on

bipartite states consisting of System and a Bath, and study the statistical behaviour

of the reduced density matrices on the system. The typicality approach tells us that

there will be a concentration of measure phenomenon of this density matrices around a

typical state. Our goal is to gain information about the distribution of states around

the typical one. Our main result, is the eigenvalue distribution of the difference of two

random density matrices as an approximation to a distance measure between them. A

random perturbation on the Hamiltonian of the bipartite system is considered as well,

and expressions for the distributions in this case are found. The theoretical result are

confronted with numerical simulations in most of the cases, resulting in a satisfactory

agreement.
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Chapter 1

Introduction

The main purpose of this chapter is to introduce the motif of this thesis from a brief

review of the work done on the area of statistical physics since its foundations. An

extensive and more detailed account is given in Chapter 3 along with a discussion. At

the end of this chapter the main questions to be solved in this work are set.

1.1 Statistical Physics

Statistical Physics is an important and far reaching area of physics that deals with sys-

tems with a high number of components using probability theory. Since its foundations

with the works of Maxwell[1] and Boltzmann[2] it has been a subject of intense discussion

in particular on the interpretation of entropy and the methods that lead to the known

results of thermodynamics. Statistical physics is concerned in the development of meth-

ods to compute expected values of macroscopic quantities based on the microscopical

configuration. Classical statistical physics makes use of Newtonian Mechanics and pos-

tulates such as ergodicity and a priori equal probabilities to reproduce thermodynamic

quantities; the entropy in this case is obtained as a consequence of the postulates and

the system’s constrains involved in the calculations. A clear example of the triumph of

this theory is the description of the ideal gas in terms of non-interacting particles and

the blackbody radiation problem which eventually lead to the formulation of quantum

mechanics. The classical interpretation of the entropy was that of a measurable quantity

on a thermodynamic system related to the ways a system can be arranged and compelled

to increase in an isolated system in order for it to reach thermodynamic equilibrium. On

the other hand, quantum statistical physics deals with two kind of probabilities. One of

these is the naturally arising probability from the structure of a Hilbert space, e.g. the

Born interpretation of the squared norm of the wave functions as a probability density.

1



Chapter 1. Introduction 2

The second one comes from the classical probabilty theory associated with an ensemble

of separate systems [3]. The density operator emerges as a quantity describing efficiently

and conveniently both types of probability and it is actually a fundamental operator in

quantum statistical physics.

As in the classical theory, it is known that for the quantum approach the postulate

of a priori equal probabilities must be adopted or at least an equivalent postulate in-

volving random phases as well as the postulate of ergodicity [4]. However another point

of view on the foundations of statistical physics gives the same thermodynamic results.

This formalism was developed by Jaynes [5, 6] for both classical and quantum approaches

and involves results from information theory which change the interpretation of entropy.

To develop further this idea we shall introduce some definitions from information theory.

In the late 40’s a paper by Shannon[7] was published concerning information theory.

In his paper Shannon proposed a measure for lack of information represented by a set

of probabilities pi , what he then called the Entropy(von Neumann’s suggestion). This

function is now called the Shannon’s Entropy and is a measure of uncertainty; it is

defined

H({pi}) = −
∑
i

pi log pi. (1.1)

As mentioned in the work of Jaynes [5] a principle of maximization of the Shannon’s

entropy for the classical case (taking into account the restrictions on the system) gives

the same thermodynamical results without any postulates or extra assumptions in what

he calls statistical inference. In the quantum case Jaynes proposes the maximization of

a measure analogous to Shannon’s entropy, the von Neumann entropy

S(ρ) = −Tr ρ log ρ, (1.2)

where ρ is the density matrix associated with the system. The maximization must be

made over all ρ that satisfy the restrictions on the physical system. This point of view

on the foundations of statistical mechanics will be reviewed and discussed later in this

work. In the meantime, another brief introduction to another point of view is presented.

This new approach has been developed in recent years and is known as Typicality which

we shall explain further in the next section.
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1.2 Typicality

As we mentioned in the previous section, the foundations of statistical physics is a de-

batible topic nowadays. Searching for a fundamental explanation of the theory and

justification for the postulates, the problem is approached from a concentration of mea-

sure point of view. By definition typicality refers to a finite group of events which

encompass the mayority of the mass on a probability density function, the so called

typical events. To mention one of the first works on the area of typicality applied to

statistical physics one can remit to the paper of Lubkin [8], LLoyd and Pagels [9] and

Page [10]. In the 1993 paper of Page he manage to show that the average von Neumann

entropy for a subsystem A of dimension n whose state is obtained tracing out another

subsystem B of dimension m with m ≥ n will be for the case 1� n ≤ m approximately

〈SA〉 ' lnn− n

2m
, (1.3)

where the average is defined with respect to the unitarily invariant Haar measure on the

space of vectors |ψ〉 in the mn-dimensional Hilbert space of the total system. This result

implies that the average entropy will be concentrated around its maximum at lnn. A

similar result was obtained previosly by Lubkin [8]; in his work he estimated that for

n� m

〈SA〉 ' lnn− n2 − 1

2(mn+ 1)
, (1.4)

which asymptotically is equivalent to that founded by Page. However, Lubkin was

unable to calculate 〈SA〉 exactly. In Page’s work [10] with the help of Lloyd to find the

eigenvalue distribution for the reduced density matrix a conjecture was made to give the

exact formula for the average entropy, namely

〈SA〉 =
mn∑

k=m+1

1

k
− m− 1

2n
. (1.5)

This conjecture was proven to be true by Foong and Kanno [11] and later by Sánchez

[12]. The exact result, which was also calculated recently by Sommers and Życzkowski

[13], is presented below

〈SA〉 = ψ(nm+ 1)− 1

nm

n∑
i,j=1

(W−1)i,jΓ(m− n+ i+ j)ψ(m− n+ i+ j), (1.6)

where ψ(x) is the digamma function defined as ψ(x) = Γ′(x)/Γ(x) and the matrix

(W )i,j = Γ(m−n+ i+ j−1). This results show indeed the concentration of the entropy

about its maximum for large systems and emerge as a replacement from Jaynes’ principle

of maximum entropy. The result presented in equation 1.6 is obtained using methods of
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random matrices which will be further developed in chapter 2. The approach from the

random matrix theory in the problem of bipartite quantum states was first pointed by

Bohigas et al [14] in the analysis of chaotic bipartite systems. Since then, it is a stan-

dard approach to problems in the area of quantum bipartite systems with random nature.

Some recent development in the area of typicality followed with the works of Popescu et

al [15, 16] and Goldstein et al[17]. In order to see the meaning of the results consider a

bipartite quantum system; i.e. a system whose Hilbert space is a product space HS⊗HB
(System and Bath). Now suppose we impose a restriction on the system (e.g. a fixed

interval for the energy). Consequently the dynamics of the system will be restricted

to the restricted Hilbert subspace HR ⊆ HS ⊗ HB. In the light of their works, the

canonical ensemble is a consecuence of the typicality phenomenon since for almost all

pure states in the restricted Hilbert space (HR), the reduced state of the system will be

very close to the canonical state. I emphasize the words almost and close because it can

be quantified according to the main result in [15, 16] that states:

Theorem 1.1. For a randomly chosen |ψ〉 ∈ HR ⊆ HS ⊗ HB and arbitrary ε > 0,

the distance between the reduced density matrix of the system ρS = TrB |ψ〉 〈ψ| and the

canonical state ΩS = TrB
IR
dR

is given probabilistically by

P

(
‖ρS − ΩS‖1 ≥ ε+

√
dS

deff
B

)
≤ 2e−

dRε
2

18π3 , (1.7)

where dS and dR are the dimensions of HS and HR respectively and deff
B is the effective

size of the Bath defined as

deff
B =

1

Tr Ω2
B

, (1.8)

where ΩB = TrS
IR
dR

. The distance ‖·‖1 is the trace-norm

‖A‖1 = Tr
√
A†A. (1.9)

In order to see the concentration of measure phenomenon which gives place to typicality,

we must have deff
B � dS and ε � 1 � dRε

2. These conditions can be easily achieved if

the dimension of the bath is much larger than that of the system for the former and if

the dimension of the restricted space is large for the later, e.g., we can choose ε = d
−1/3
R

for large dR. By random |ψ〉 it means distributed according to the Haar measure1 on

the unitary group of adequate dimensions. The proof of this theorem is based on Levy’s

lemma and the details can be found in Appendix B.1.

1More on the Haar Measure is presented on Section 2.1
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This result has powerful implications since there is no need to use the principle of

a priori equal probabilities, nor the maximization of the entropy. The results states

that for a sufficiently large composite system (the usual case in problems in statistical

physics), where the bath is larger than the system of interest, and given a restriction R

such that the dimensions of the Hilbert space associated with it is large the mayority of

the states on the composite system will result in the canonical state for the system of

interest. This result was obtained without making any extra assumptions or proposing

any postulates and is given exclusively by the concentration of measure phenomenon.

The probability decays exponencially for the set of states which are far from the canon-

ical state. In consequence the von Neumann entropy for the reduced state will be close

to its maximum log dS and many other quantum properties will be essentially the same

for any typical state. The concentration of the entropy was also proved in a paper by

Hayden et al [18] using Levy’s lemma. The result is presented keeping the notation of

Theorem 1.1

Theorem 1.2. For a randomly chosen |ψ〉 ∈ HS ⊗HB with dB ≥ dS ≥ 3. Then

P (S(ρS) < log dS − α− β) ≤ exp

(
− (dBdS − 1)α2

8π2 ln 2(log dS)2

)
, (1.10)

where β = dS
dB ln 2 .

The concentration arround the value of log dS−β is exponentially decaying and it is nar-

rower while dB � dS � 1. This result has profound implications on the conception of

statistical quantum physics because the assumptions made to obtain the desired concen-

tration phenomenon are minimal; it only requires that the dimensions of the systems are

high and especially that the bath(B) dimension is higher than that of the subsystem(S).

As it was mentioned before, these restrictions can be easily achieved by macroscopical or

highly degenerate systems leading to the known result of maximum entropy. In the next

section we will present the especial case we worked on in this project. We will also give

some remarks about how the initial project evolved to include some interesting results

obtained throughout its development.

1.3 The project

Now that we have presented these important results on statistical physics we focus on

the problem that will be explored throughout this work. A particular case of study was

chosen in which the topics of typicality and random matrices were relevant: Consider

a bipartite quantum system whose Hilbert space is of the form H = HS ⊗ HB and

its dynamics are described by a Hamiltonian H = HS ⊗ IB + IS ⊗ HB + λHSB where
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HSB is the interaction Hamiltonian between the system(S) and the bath (B) controlled

by a parameter λ. Now we impose an energy restriction R on the total system of the

form E ≤ ET ≤ E + ∆E, where ET is the total energy of the system (note that if

λ = 0 then ET = ES + EB, the sum of the eigenvalues of HS and HB respectively).

The restricted subspace HR is considered to be highly degenerate when λ = 0. When

the perturbation HSB is switched on (λ > 0), the degeneracy will be at least parcially

removed. Choosing the perturbation from an ensemble of random matrices, for instance

the Gaussian Unitary Ensemble introduced in section 2.4.1, and taking the limit λ→ 0,

the basis of eigenvectors will lay on the initially degenerate subspace. On account of the

random nature of the perturbation, one shall expect that the basis on the degenerate

subspace will be random as well. Indeed, any density matrix written in this basis will

be expressed as the direct sum of density matrices belonging to different and orthogonal

subspaces, explicitly

ρ =
⊕
i

ρi, (1.11)

or equivalently if ρ = |ψ〉 〈ψ| then

|ψ〉 =
∑
i

∑
a,β

ψ
(i)
a,β |i; a, β〉 . (1.12)

The indexes a and β run from 1 to the dimension of the Hilbert subspaces of HS and

HB ( HSi and HBi respectively) and the index i is introduced to make the sum over

orthogonal subspaces. Each direct summand will belong to the product Hilbert subspace

HSi ⊗HBi with HSi⊥HSj and HBi⊥HBj for i 6= j by construction. For high dimensions

of the subspaces we expect this condition will hold so the approximation is valid. In

consequence the Hilbert space that was once(λ = 0) a product space HS ⊗ HB is now

of the form

H =
⊕
i

HSi ⊗HBi . (1.13)

With this in mind the main questions and therefore objectives of this thesis are for-

mulated: Does the density matrix associated to each subspace HAi ⊗HBi presents the

typicality phenomenon treated by far?, and if that is he case, what can be said about

the distribution of ρ in the form of (1.11)? It is the purpose of this thesis to adequately

solve this questions and to give quantitative results about the statistical properties of

such density matrices.

The main questions were formulated at the begining of the project; however, they were

slightly changed so they can adjust to some new results obtained in colaboration with

the project supervisor. The new questions would then be: Does the random Hamilto-

nian generates a random basis of eigenvectors in the restricted Hilbert space?, and if
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that is the case, what can we say about the concentration of reduced density matrices

around the canonical?. The former question is equivalent to the first initial question

in the sense that a random basis will imply a concentration of measure phenomenon.

For the later, we are now concerned with the distribution of reduced density matrices

of the form (1.11) around the canonical. For that purpose, we are going to derive the

distribution for the difference of two of this reduced density matrices as an approximate

distance measure.

The rest of the thesis is divided in four chapters: In Chapter 2 the mathematical tools

necessary to study this bipartite system are introduced. In Chapter 3 more on the

foundations of statistical physics along with some typicality theorems will be shown. In

Chapter 4 the case of study is developed and the main results of this work are presented

and discussed. Finally, in the Appendices, the proofs for most of the theorems and

detailed calculations are presented for the curious reader.



Chapter 2

Mathematical Background

In this chapter, the mathematics that are considered relevant to this work are presented

and explained further. The main topics covered in this brief chapter are: Random

matrix theory, Haar measure, Levy’s lemma, and averages with respect to the Haar

measure, along with some group theory and the free probability theory. We are going

to need these mathematical tools to prove the theorems from chapters 1 and 3, develop

the results from chapter 4, and mainly to give the reader an insight of the mathematical

structure that is behind the typicality approach.

2.1 Group theory and the Haar measure

To begin, we start giving some definitions to finally arrive to the concept of the Haar

measure on a group. In this work we are particularly interested in the Haar measure on

the unitary group U(n). First we begin with the definition of a group and a σ-algebra:

Definition 2.1. A group is a set G together with an operation · : G×G→ G satisfying

• (g · h)· = g · (h · k) for all g, h, k ∈ G (Associativity)

• ∃e ∈ G such that g · e = e · g = g for all g ∈ G (Existence of identity)

• For all g ∈ G ∃g−1 ∈ G such that g · g−1 = g−1 · g = e (Existence of inverse)

Definition 2.2. A σ-algebra on a set X is a collection Σ of subsets of X such that:

• ∅ ∈ Σ

• If S ∈ Ω then X\S ∈ Σ

8
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• If a countable collection of subsets S1, S2, . . . ∈ Σ then
⋃∞
i=1 Si ∈ Σ

The unitary group U(n) is a compact and connected topological space, so the smallest

σ-algebra containing all the open sets of X is called de Borel σ-algebra B, the elements

of B are called Borel subsets.

Definition 2.3. A measure on a set X with σ-algebra Σ is a function µ : Σ→ R≥0∪{∞}
such that:

• If a countable collection of disjoint elements S1, S2 . . . ∈ Σ then

µ

( ∞⋃
i=1

Si

)
=
∞∑
i=1

µ(Si)

2.1.1 The Haar measure

Definition 2.4. A Haar measure on G is a measure µ : Σ → [0,∞) where Σ is a

σ-algebra containing all Borel subsets of G such that

• µ(G) = 1

• µ(gS) = µ(Sg) = µ(S) for all g ∈ G,S ∈ Σ. Where the set gS = {gs|s ∈ S}.

To ensure that the Haar measure exist and is unique up to a constant multiplication we

invoke the next theorem:

Theorem 2.5. If G is a locally compact group, then there exists a left (and right) Haar

measure on G which is unique up to scalar multiple.

The proof of Theorem 2.5 can be found in the book by Weil [19]. Since the group U(n)

is a compact group this ensures the existence of the Haar measure for the group. The

interest in the Haar measure on the unitary group is due to the fact that a quantum

mechanical pure state can be transformed into another pure state by applying an unitary

transformation ∣∣ψ′〉 = U |ψ〉 . (2.1)

When U is sampled with the Haar measure on the unitary group this implies that

multiplying by another unitary matrix would not change the result of any average value

calculated from |ψ′〉 where the average is taken over the U . Therefore the state |ψ′〉 could

be considered a random pure state generated from the state |ψ〉. Another way to visualize

it is to generate a random point in the S2d−1 sphere where d is the dimension of the



Chapter 2. Mathematical Background 10

Hilbert space H where |ψ〉 lives. In later sections a combinatorial method to calculate

averages with respect to the Haar measure is presented in terms of the Weingarten

function.

2.2 Averages and Haar measure

A principal tool in this work are the averages with respect to the unitarily invariant

Haar measure and how to compute them. To generate a random pure state it is posible

to act on it by a random unitary matrix

|ψ〉random] = U |ψ0〉 , (2.2)

where |ψ0〉 is any state in the corresponding Hilbert space. As a consequence the density

matrix will have a form

ρ = U |ψ〉 〈ψ|U †, (2.3)

so to calculate moments of this density matrix or averages of operators one will be faced

by terms involving the matrix entries of the random unitaries. The calculation involves

taking the average with respect to this random unitaries sampled by the Haar measure,

in general the integral to be calculated is of the form

Id,I,J,I′,J ′ =

∫
U(d)

Ui1j1 . . . UinjnU
∗
j′1i
′
1
. . . U∗j′

n′ i
′
n′
dU, (2.4)

where U(d) is the group of unitary d×d matrices and dU its corresponding Haar measure.

An expression for this integral for n = n′ was obtained by Collins [20]

Id,n =
∑

σ,τ∈Sn

δi1i′σ(1)
. . . δini′σ(n)

δj1j′τ(1)
. . . δjnj′τ(n)

Wg(τσ−1), (2.5)

where σ and τ are permutations on the symmetric group Sn and Wg(τσ−1) is the

Weingarten function defined as

Wg(d, σ) =
1

n!

∑
λ`n

χλ(1)2χλ(σ)

sλ,d(1)
, (2.6)

where χλ is the character of the irreducible representation of Sn labeled by a partition

of n named λ. sλ,d(1) is the Schur polynomial indexed by the partition λ evaluated at

1, which gives the dimension of the irreducible representation of U(d) associated with λ
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[20]. Some values of this function for small n are

Wg(d, (1)) =
1

d
Wg(d, (1, 1)) =

1

d2 − 1

Wg(d, (2, 1)) =
−1

(d2 − 1)(d2 − 4)
Wg(d, (2)) =

−1

d(d2 − 1)
.

In adition to this procedure to calculate averages of matrix elements it is also useful

to consider the average of quantities such as 〈exp(β Tr(AUBU †))〉U for A and B n× n
matrices and where the average is taken with respect to the unitarily invariant Haar

measure. The result of this average is a well-known integral called the Harish-Chandra-

Itzykson-Zuber integral, named after the works of Harish-Chandra [21] and years later

by Itzyckson and Zuber [22]. The formula is presented in the 1979 paper from Iztyzcson

and Zuber [22]

∫
dU exp[β Tr[AUBU †]] = β−n(n−1)/2

(
n−1∏
i=1

i!

)
det(exp[βλi(A)λj(B)]1≤i,j≤n)

∆(λ(A))∆(λ(B))
, (2.7)

where λ(A) and λ(B) are the eigenvalues of A and B respectively; the only condition

is that the eigenvalues are simple. The Vandermonde determinant for the eigenvalues

of the matrices appears in the expression ensuring high correlations. This determinant

can be expanded as a product of the form

∆(~λ) =
∏

1≤i<j≤n
(λj − λi). (2.8)

With this formula for the average value of exp(β Tr(AUBU †)) concludes this short sec-

tion about Haar measure averages; this expresions and way to compute averages will

be used in the development of the case of study. For a deeper study of this techniques

including demonstrations we refer the reader to the references mentioned along this

chapter.

2.3 Levy’s lemma

Levy’s lemma is a concentration of measure result regarding high dimensional systems.

Troughout this work it will be used as a fundamental tool to prove typicality in the

context of quantum statistical physics. The theorem as found in [23] is
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Theorem 2.6. Let f : Sd−1 → R be a real valued function on the (d − 1)-dimensional

Euclidean hypersphere with Lipschitz constant

η = sup
~x1, ~x2

|f( ~x1)− f( ~x2)|
‖ ~x1 − ~x2‖

(2.9)

where ‖ · ‖ denotes the standard euclidean norm. Then, for a random point ~x ∈ Sd−1,

P (|f(~x)− 〈f〉| ≥ ε) ≤ 2 exp

[
− dε2

9π3η2

]
. (2.10)

A clear application to quantum mechanics can be seen when a pure state can be repre-

sented by a point on a hypersphere. Consider a state |ψ〉 ∈ H with dim(H) = d; then

the state can be written as

|ψ〉 =
d∑
i=1

ψi |i〉 , (2.11)

where ψi is a complex number; ψi = Reψi + iImψi. The normalization gives us the

condition
d∑
i=1

|ψi|2 =
d∑
i=1

(Reψi)
2 + (Imψi)

2 = 1, (2.12)

which can be seen as an equation for a 2d − 1 unit sphere in Euclidean space. As a

consequence of this the standard Euclidean metric on R2d and the metric induced by

the standard Hilbert space norm(‖ |ψ〉 ‖2 =
√
〈ψ|ψ〉) coincide in the sense that

‖ ~x1 − ~x2‖ = ‖ |ψ1〉 − |ψ2〉 ‖2 (2.13)

2.4 Random Matrices

Now that we know we can represent a vector in the Hilbert space by its components;

we can also represent operators as matrices given a certain basis. We are interested in

the density operator which contains all the quantum information of a physical system.

Now, for the theorems of typicality a random state is needed; therefore we are interested

in the random matrix theory explained next.

The concept of random matrices refers to matrices in which its elements are randomly

distributed according to a distribution. Random matrices were first studied in the con-

text of mathematical physics by Hsu and Wishart in the 1930s but the interest in their

development and its application in physics began with the work of Wigner in the 1950s.

Wigner used random matrices to model the statistical behavior of slow neutron reso-

nances imposing a random Hamiltonian for complex nuclei [24, 25]. The main purpose
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of studying random matrices is to acquire some information about the eigenvalues and

eigenvectors of a matrix whose entries are random variables with a distribution restricted

by symmetry properties we might impose on it (e.g. a Hermitian matrix). Depending on

how the elements of a random matrix are distributed one might work in certain ensem-

ble. The relevant ensembles of random matrices for this work are the Gaussian Unitary

Ensemble (GUE), the Wishart Ensemble (WE) and a modified Wishart Ensemble. If the

reader is interested in this particular topic we recommend an excelent book of Mehta

[25], where the mayority of the results presented in this section can be found.

2.4.1 Gaussian Unitary Ensemble (GUE)

This ensemble is a mathematical idealization since it implies a maximum statistical

independence allowed under the symmetry constrains [25]. It is widely used when is

required to model a physicsl system without time reversal invariance because a Hamil-

tonian describing such system is only restricted to the Hermitian constrain (this matrix

is not restricted to be real or self-dual). A formal definition is given below

Definition 2.7. The Gaussian Unitary Ensemble(GUE) is defined in the space H of

Hermitian matrices by the following properties(for a matrix H in the ensemble):

1. The probability P (H)dH that an element of the GUE will belong to the volume

element

dH =
∏
k≤j

dH
(R)
kj

∏
k≤j

dH
(I)
kj , (2.14)

where R and I stand for the Real and Imaginary part of the matrix element, is

invariant under every automorphism

H → U−1HU (2.15)

of H into itself where U is a unitary matrix. This can also be seen as a Haar

measure on the unitary group which is invariant under multiplication of unitary

matrices which was introduced previously.

2. The linearly independent components of H are also statistically independent which

means the probability P (H) will be expressed as the product of functions of single

entries (Real and Imaginary part) of the matrix

P (H) =
∏
k≤j

f
(R)
kj (H

(R)
kj )

∏
k≤j

f
(I)
kj (H

(I)
kj ). (2.16)
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As its name suggests, each entry is a Gaussian random variable with its real and imag-

inary part independently sampled. In the book of Mehta [25] it is shown that the joint

distribution for the elements of a matrix H in the GUE goes like

P (H) ∝ e−TrH2
. (2.17)

Seeing that the matrices of the GUE are self-adjoint, they can be diagonalized and have

real eigenvalues. In consideration of the unitary invariance it is a common practice to

work with the distribution of the eigenvalues. The distribution of eigenvalues is known

and its derivation can be found in the book of Mehta [25]:

P (λ1, . . . , λN ) = CNe
−

∑N
i=1 λ

2
i

∏
j<k

(λj − λk)2, (2.18)

where CN is a constant such that
∫

(
∏
i dλi)P (λ1, . . . , λN ) = 1 and it can be computed

using Selberg’s integral [13];

CN =
2
N(N−1)

2 (π)−
N
2∏N

j=1 Γ(1 + j)
. (2.19)

A different distribution is obtained if the trace is fixed and it is studied in the works

of Delannay et al [26, 27]; but, it is not of interest in this work because the GUE will

be used to generate the Wishart ensemble, which can be normalized as will be shown

afterwards and to model random Hamiltonians which has no restriction on their traces

and their eigenvalues can be easily re-escalated. Considering that the expression for the

distribution of the eigenvalues given in (2.18) contains the Vandermonde determinant∏
j<k(λj − λk); one can conclude the eigenvalues are strongly correlated. The form of

this probability distribution tell us that the probability of two eigenvalues having the

same value is zero. Without the Vandermonde term the distribution would be the prod-

uct of the distribution of each eigenvalue, hence the eigenvalues would be independently

Gaussian distributed random variables.

In the book of Mehta [25] the exact distribution of the eigenvalue density is calculated

along with the distribution for the spacings between levels, the n-level correlation func-

tions among other probability distributions involving the eigenvalues. The result for the

eigenvalues density obtained through a calculation concerning orthogonal polynomials

is:

σ(λ) =

N−1∑
i=1

ϕ2
j (λ), (2.20)

where N is the dimension of the matrix and the ϕj(λ) are given by

ϕj(x) = (2jj!
√
π)−1/2e−

x2

2 Hj(x). (2.21)
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The Hj(x) are the Hermite polynomials defined by the relation

Hj(x) = ex
2

(
− d

dx

)j
e−x

2
. (2.22)

The asymptotic behavior for large matrices (N → ∞) on the GUE of the distribu-

tion of eigenvalues was derived by Wigner and is known as the semicircle law. In his

argument, Wigner considered the distribution of the eigenvalues to be continuous so the

density of eigenvalues will be given by [25]

σ(λ) =


1

π
(2N − λ2)1/2, |λ| < (2N)1/2

0 |λ| > (2N)1/2
, (2.23)

The derivation is based on the treatment of a 2D Coulomb gas with the procedure similar

to the one developed in 4.2.1 and is made in the book of Mehta [25]. A comparation

between the exact density and the asymptotic behaviour for the eigenvalue density in the

GUE in shown in figure 2.1, as we can see the exact distribution present some oscilations

that become smoother with increasing dimension of the matrix. We also see that the

number of peaks on the oscilations correponds to the dimension of the matrix N . We

also see that for low dimensional cases the limits of the support does not correspond with

the exact distribution reaching absolute higher eigenvalues while for high dimensions the

correspondence is observed.

2.4.2 Wishart Ensemble

The Wishart ensemble follows naturally from the multiplication of two Gaussian random

matrices. It was the first ensemble of random matrices studied; it was introduced by

Wishart in the context of multivariate analysis [28]. If ψ is a N ×M random matrix

belonging to the GUE; then ψψ†, a N ×N matrix, will be distributed according to the

Wishart distribution, whose distribution of eigenvalues is [29]

PWishart(λ1, . . . , λN ) ∝ e−
∑
i λi

N∏
i=1

λM−Ni

∏
i<j

(λi − λj)2. (2.24)

In this expression the Vandermonde determinant appears again. This is due to the

Jacobian of the transformation from matrix elements to eigenvalues. The squared Van-

dermonde determinant ensures high correlation and repulsion of the eigenvalues. Be-

cause we are interested in the distribution of eigenvalues for a density matrix; the trace

constrain must be considered, which lead us to the modified Wishart ensemble.
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Figure 2.1: Density of eigenvalues for the GUE: Exact result (Blue) and asymptotic
Wigner’s semicircle law (purple); from left to right and up to down N = 2, 6, 20, 100

2.4.3 Modified Wishart Ensemble

To apply the random matrix theory to quantum mechanics consider a bipartite system

System-Bath. The density matrix ψ will be a dS × dB matrix , where dS and dB are

the dimensions of the Hilbert spaces of the System and Bath respectively. To find the

reduced matrix on the System we can take he partial trace over the Bath ψS = TrB ψ;

or, what is equivalently make the matrix product ψS = ψψ†. Because of the constraint

of normalization TrψS = 1, the distribution of the eigenvalues change slightly from the

Wishart distribution. The modified distribution can be found in a paper of Sommers

and Zyczkowski [13], it reads

P (λ1, . . . , λN ) = CdS ,dBδ

(
dS∑
i

λi − 1

)
dS∏
i=1

λdB−dSi Θ(λi)Θ(1− λi)
∏
i<j

(λi − λj)2, (2.25)

where the Heaviside step functions Θ and the Dirac delta were introduced to constrain

the eigenvalues. CdS ,dB is a constant that ensures normalization and depends only on

the dimensions of the Hilbert subspaces dS and dB, explicitly

CdS ,dB =
Γ(dSdB)

dS−1∏
j=0

Γ(dB − j)Γ(dS − j + 1)

. (2.26)
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This restriction on the eigenvalues affects profoundly the spectrum of the reduced den-

sity matrix [30], since for a matrix in the Wishart ensemble the typical eigenvalues scales

with dS ; however, in the case it is a density matrix the typical eigenvalues will go like

1/dS . This is not the only consequence of the fixed trace condition as is shown in a

paper by Nadal [31]; but it leads to a new behavior of the density for high dimensions

(dS ,dB) and a concentration phenomenon.

The eigenvalue marginal density was calculated exactly by Sommers and Zyczkowski

[13] using the Cauchy transformation and it reads for dB ≥ dS

ρ(λ) =
Γ(dSdB)

dS

dS∑
i,j=1

(W−1)j,i
λdB−dS+i+j−2(1− λ)dSdB−(dB−dS+i+j)

Γ(dSdB − (dB − dS + i+ j − 1))
, (2.27)

where

(W−1)i,j = (−1)i+j
dS∑

k=max(i,j)

(
k − 1

i− 1

)(
k − 1

j − 1

)
Γ(dB − dS + k)

Γ(k)Γ(dB − dS + i)Γ(dB − dS + j)
.

(2.28)

From this probability density it is possible to calculate the moments using the Beta

function

〈λr〉 =
Γ(dBdS)

dSΓ(dBdS + r)

dS∑
i,j=1

(W−1)j,iΓ(dB − dS + i+ j − 1 + r). (2.29)

In a recent paper by Nadal [31] the asymptocic behavior for the eigenvalue density was

computed using the 2D Coulomb gas method. Taking the limit as dS → ∞,dB → ∞
but keeping their ratio c fixed 0 ≤ c = dS/dB ≤ 1, Nadal obtained the average density

ρ(λ) =
1

2πcλ

√
λdS − L1

√
L2 − λdS , (2.30)

with L1,2 = c

(
1∓

√
1

c

)2

. Now as in the GUE we want to compare the exact solution

with the symptotical case. For that purpose we plot the two distributions for different

values of dS and dB, the result can be seen in figure 2.2.

In figure 2.2 we can see some interesting behaviours. First we note that the exact dis-

tribution presents oscilations and certain peaks highly marked for low dimensions. A

curious remark is that the number of peaks corresponds to the dimension of the sub-

system dS and this number does not depend on dB. For higher dB the support of the

distribution is narrower around the typical value of λ ∼ 1/dS and the distribution be-

haves as a semicircular law with the center arround this value. We can then verify that
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Figure 2.2: Marginal Density for one eigenvalue in the Wishart ensemble: Exact
distribution(blue), Asymptotic behaviour(red); from left to right and up to down dS =

2, dB = 3, dS = 5, dB = 20,dS = 10, dB = 20 and dS = 15, dB = 20

the typicality phenomenon occur for higher dimensions of the system. In addition we

see that the converge of the exact solution to the asymptotic case happens to be fast in

the sense that for dimensions of the order of dS = 15, dB = 20 the discrepances between

the two functions are very low.

In the next section we will present the free probability theory. Since we are working

with matrices in a probabilistic way, which are elements that do not commute; we shall

introduce the free probability theory to deal with such elements. We are mainly moti-

vated by the asymptotic expression for the eigenvalues of equation (2.30) and how to

compute the distribution for the difference of two matrices; which was is one of our main

objectives.

2.5 Free Probability

In this section the basic aspects of free probability are introduced. This area of math-

ematics generalizes the classical concepts of probability when the random variables do

not commute. All the theorems and the definitions are can be found in the great book

on free probability by Nica and Speichert [32]. We begin by the definition of a non

commutative probability space
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Definition 2.8. A non commutative probability space (A, ϕ) consists of a unital algebra

A over C and a unital functional

ϕ : A → C; ϕ(IdA) = 1.

The elements a ∈ A are called non-commutative random variables in (A, ϕ)

In particular if the elements of A obey certain relations or the functional ϕ has some

properties the probability space is denoted as:

• ϕ(ab) = ϕ(ba) ∀a, b ∈ A, then ϕ is Tracial

• If A is a *-algebra

– ϕ(a∗a) ≥ 0 ∀a ∈ A, then ϕ is positive and (A, ϕ) is a *-probability space.

– We can have as well selfadjoint (a = a∗), unitary (aa∗ = a∗a = 1) and normal

(aa∗ = a∗a) random variables.

Some examples of a non-commutative probabillity space are the ones defined next:

Example 2.1. Let A = Md(C) the algebra of d× d complex matrices with usual matrix

multiplication and ϕ(A) = tr(A) = 1/d
∑

iAii the normalized trace for A ∈ Md(C).

Then (Md(C), tr) is a *-probability space.

Example 2.2. Let H be a Hilbert space and let B(H) be the algebra of all bounded

operators on H. Suppose A is a unital *-subalgebra of B(H) and ψ a normalized vector

on H, then ϕ(a) := 〈aψ, ψ〉. The space (A, ϕ) is a *-probability space.

An important concept in classical probability and in free probability is that of indepen-

dence. For instance, we can think of example 2.1 and consider the quantity tr[ABA];

since the random variables do not commute, the fact that B is between the two As has

a consequence in the behaviour among the As. The As behave as if they were inde-

pendent, where intuiton tell us they are not. For classical probability the independence

is defined as the factorization of the joint probability distribution in products of the

marginal probability distributions;i.e., P (x1, . . . , xn) = P (x1) · · · · · P (xn). In the case

of free probability this is not the case and free independence is defined in terms of the

non commutative probability space as

Definition 2.9. Let (A, ϕ) be a non-commutative probability space and let I be a fixed

index set. Let for each i ∈ I,Ai ⊂ A be a unital subalgebra. The subalgebras (Ai)i∈I)
are called freely independent if

ϕ(a1 · · · ak) = 0

whenever we have
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• k is a positive integer;

• aj ∈ Ai(j)(i(j) ∈ I) ∀j = 1, . . . , k;

• ϕ(aj) = 0 ∀j = 1, . . . , k;

• neighboring elements are from different subalgebras.

In particular if Ai = alg(1, ai) generated by elements ai ∈ A(i ∈ I) are freely indepen-

dent, then (ai)i∈I are called freely independent random variables.

To make it clearer we consider the example 2.1 and the case tr[ABA] as a framework

for the next example

Example 2.3. Consider A,B ∈Md(C) then it is true that tr[A− trA] = 0 and the same

for B. Then if the product ABA is to be considered independent, it must satisfy

tr[(A− trA)(B − trB)(A− trA)] = 0; (2.31)

which is equivalent to the expression

tr[ABA] = tr[A2]tr[B] + 2(trAtrBA− (trA)2trB). (2.32)

Furthermore, if A and B are free independent then tr[AB] = trAtrB; the expression will

be then

tr[ABA] = tr[A2]tr[B]. (2.33)

In general if we have the trace of the product tr[An1Bm1 · · ·AnFBmF ], the independence

will imply

tr[An1Bm1 · · ·AnABmB ] = tr[A
∑
i ni ]tr[B

∑
imi ] (2.34)

The property of free independence will be important when the distribution of the dif-

ference is taken since for the procedure the matrices must be free independent. An

important theorem that will be useful concerns the free independence between Haar

unitary random matrices.

Theorem 2.10. Let (AN )N∈N and (BN )N∈N be sequences of N ×N matrices such that

AN and BN converges in distribution (with respect to tr) for N →∞. Furthermore, let

(UN )N∈N be a sequence of Haar unitary N ×N random matrices. Then UNANU
†
N and

BN are asymptotically free for N →∞

Theorem 2.10 will be very useful when we consider the asymptotic distribution of eigen-

values. A density matrix can be expressed as ρ = UΛU †; the theorem tells us that two
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of this matrices will be asymptotically free for N →∞, where N is the dimension of the

matrix. In addition to this property of independence and asymptotic freeness, we can

define the moments and cumulants for a certain probability measure just as in the clas-

sical case. The relationship between the cumulants and moments is obtained in terms

of Non crossing partitions(NC) and differ from the classical case; the NC partitions are

briefly defined next

Definition 2.11. Let S be a finite totally ordered set. The set π = {V1, . . . , Vr} is a

partition of S if and only if the Vi are pairwise disjoint, non-void subsets of S such that

V1∪· · ·Vr = S. The elements Vi are called blocks and for two elements p, q ∈ S we write

p ∼=π q if p and q belong to the same block. A partition π of the set S is called crossing

if there exist p1 < q1 < p2 < q2 in S such that p1
∼=π p2 �π q1

∼=π q2. If π is not crossing,

then it is called non-crossing, the set of all not-crossing partitions is denoted as NC.

Moments of random variates will be written in terms of ϕ, its relation to cumulants is

given by the formula

ϕ(a1 · · · an) =
∑

π∈NC(n)

kπ(a1, . . . , an) (2.35)

where NC(n) stands for Non-Crossing partitions of n elements and k are the free cumu-

lants. In the case of one variable the notation is

mn =
∑

π∈NC(n)

kπ. (2.36)

Additional to this, it is useful to define some formal power series based on the moments

and the cumulants and recall the definition of the Cauchy transform for a probability

measure. The R transform is defined as the power series

Rµ(z) :=
∞∑
n=0

kn+1z
n (2.37)

and the Cauchy transform for a probability measure µ is

Gµ(z) =

∫
R

dµ(t)

z − t
. (2.38)

As in classical probability sometimes one is interested in the probability of the sum of

two random variables. The process in the classical case is to make a convolution of the

probability mesaures in the case the variables are independent. For the free probability

a similar operation called the free convolution is used in the same manner.

Definition 2.12. Let µ and ν be probability measures on R with compact support. Let

x and y be selfadjoint random variables in some C∗-probability space such that x has
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distribution µ, y has distribution ν and such that x and y are freely independent. Then

the distribution of the sum x + y is called the free convolution of µ and ν denoted by

µ� ν.

Our interest in the R transform is because it linearizes the free convolution in the sense

that

Rµ�ν(z) = Rµ(z) +Rν(z). (2.39)

To obtain the probability distribution of µ� ν some useful relations between the R and

the Cauchy transform can be used

Gµ

[
Rµ +

1

z

]
= z, (2.40)

and

Rµ(Gµ(z)) +
1

Gµ(z)
= z (2.41)

to finally obtain the density using the formula

µ(t) = − 1

π
lim
ε→0
=Gµ(t+ iε). (2.42)

Although many aspects of the theory of free probability are missing, we mention in this

work what we think is necessary for the reader to understand the procedure followed

in Chapter 4. For a detailed explanation and proofs of the theorems presented in this

section we encourage the reader to look up in the excelent book of Nica and Speichert

on this topic [32].



Chapter 3

Physical Background and Theory

Although in Chapter 1 a brief introduction to statistical physics was made, the purpose

of this chapter is to extend this topic and explain its fundamental features in the classical

and the quantum case to end with a discussion on the foundations of statistical physics

and its validity.

3.1 Statistical Physics revisited

In this section we introduce the basic concepts of statistical physics in a manner that

three different approaches are used. The different approaches are the classical, the

information theory approach and the typicality one. We begin with some definitions

and follow with the definition of the different statistical ensembles proposed by Gibbs

[34].

3.1.1 Microstates and Macrostates

Two important definitions in the framework of statistical physics are that of microstate

and macrostate. A microstate is a specific configuration of the system where all of its

components are in a particular state; in the case of quantum mechanics this would be

equivalent to specification of the quantum numbers for each component of the system.

On the other hand, a macrostate corresponds to the state described by macroscopic

variables such as total energy or volume. In quantum mechanics, this state could be a

pure or a mixed state.

23
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In order to describe a physical system using classical statistical mechanics one has to

account for the number of microstates. One of the most fundamental postulates in this

approach is that microstes are all a priori equiprobale, which in consequence implies

that the most probable macrostate will be the one that contains the highest number of

microstates compatible with the macroscopic restrictions. In Jaynes’ [5] approach this

principle will be replaced by that of maximizing the Shannon entropy given the restric-

tions. Depending on the macroscopic restrictions, it is easier to work in a given ensemble.

The best known ensembles in statistical physics are the microcanonical ensemble, the

canonical ensemble, and the grand canonical ensemble. Details on the microcanonical

and canonical ensembles are presented next.

3.1.2 Microcanonical Ensemble

To describe an isolated macroscopical system of particles it suffices to specify the total

energy (E), the volume (V ) and the number of particles (N). Since it is an isolated

system these macroscopic variables remain constant. The microcanonical ensemble is

the collection of systems in a certain microstate with given numbers of E, V and N . As

mentioned before, by the a priori principle the most probable macrostate will be the one

compatible with the restrictions and with the highest number of microstates associated

with it. This number of microstates will be denoted by Ω and will be a function of the

macroscopic variables:

Ω = Ω(E, V,N). (3.1)

The number of microstates for a composite system made of two isolated systems A and

B will be given by

Ω = ΩA(EA, VA, NA)ΩB(EB, VB, NB). (3.2)

The entropy of the system is given by the well known Boltzmann equation

S = kB ln Ω; (3.3)

so the entropy of the composite system with number of microstates given by (3.2) will

be the sum of the entropies

S = SA + SB. (3.4)

In the framework of quantum mechanics the microcanonical ensemble is described by a

highly mixed state. Consider a physical isolated system whose Hilbert space will be de-

noted by H and its Hamiltonian by H. The restriction will be given by some observable
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B which corresponds to a conserved quantity ([H,B] = 0), whose eigenvalues lie in some

interval I. Now consider the Hilbert subspace HR ⊆ H spanned by the eigenvectors of

B corresponding to the eigenvalues of B in I. Then the projector onto the subspace can

be written as

ΠR =
∑
|b〉∈HR

|b〉 〈b| , (3.5)

where |b〉 is an eigenvector of B. The state of the system will be then described by the

mixed state

ρmc =
1

dR

∑
|b〉∈HR

|b〉 〈b| = ΠR

dR
, (3.6)

where dR is the dimension of the subspace HR. This descriptions gives a priori equal

probability (1/dR) accordingly to the postulate of statistical mechanics. Following

Jaynes’ approach, since the system is isolated and no measurements are made, the re-

strictions will be the conservation of the observables such as energy, volume and number

of particles, which restrict the system to the Hilbert subspace HR. The density matrix

which maximizes the von Neumann entropy (see Appendix A.1)

S(ρ) = −Tr ρ log ρ, (3.7)

is the maximally mixed state presented in (3.6). The maximum value for the von Neu-

mann entropy is in consequence Smax = log dR.

Recently, several authors have proposed [16] to replace the postulate of a priori equal

probabilities by a more general principle of General Canonical Principle, based on con-

centration of measure for high dimensional systems. This will be explained further in

section 3.1.3. We see the special case that this concentration phenomenon applies to

the microcanonical ensemble regarding expectation values of observables. This result

consist on the concentration of general observables around the results obtained using

the microcanonical ensemble [37].

Theorem 3.1. Let HR ⊆ H be a subspace of dimension dR of the Hilbert space H of a

physical system and IR the projector onto HR. For every observable A with [A, IR] = 0

and a random state ψ ∈ HR

〈(Tr[Aψ]− 〈A〉mc)2〉ψ ≤
‖A‖2∞
dR + 1

(3.8)

where ‖ · ‖∞ is the operator norm

‖A‖∞ = max
ψ

Tr[Aψ] (3.9)
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and

〈A〉mc = Tr

[
A
IR
dR

]
. (3.10)

The proof of this theorem can be found in Appendix B.2. Indeed, using Levy’s lemma

it is possible to find an exponential bound for the distance between the predictions for

a random state and the microcanonical [38]. It reads (see proof in Appendix B.3)

Theorem 3.2. Let HR ⊆ H be a subspace of dimension dR of the Hilbert space H of a

physical system. Then for a random state |ψ〉 and ε > 0 it holds that

P (|Tr[A |ψ〉 〈ψ|]− 〈A〉mc| ≥ ε) ≤ 2 exp

[
− dRε

2

36π3‖A‖2∞

]
(3.11)

The proof of this theorem can be found in Appendix B.3. The theorem tell us that

when dR is sufficiently large in order for the exponential term in (3.11) is large for a

small ε then for almost all states (typical states) the expectation value will agree with

the microcanonical result. However this is not enough to justify the microcanonical

ensemble; higher moments and variances have to be considered too. The case of the

variance is considered by Gogolin in [38] showing an exponential bound as well. For

the canonical ensemble the main results were presented in section 1.2 where exponential

bounds on the probability were found regarding the distance between states.

3.1.3 Canonical Ensemble

The canonical ensemble is used when the system of interest is in contact with a heat bath

which is much larger. The composite system of the bath and the system of interest is an

isolated system [33]. As the microcanonical ensemble applies to the composite system

the probabilities are all equal for each microstate. From the quantum mechanical point

of view one has a Hilbert product space H = HS ⊗ HB, where S and B stands for

System and Bath respectively. Now consider that the dynamics of the total system are

given by a total Hamiltonian of the form H = HS +HB + λHSB, consisting of a system

Hamiltonian HS , a bath Hamiltonian HB and an interaction term HSB controlled by a

parameter λ. The paremeter λ is considered small in order for the total energy to be

the sum of the system and bath energies, as well as the eigenvectors of H to be close to

product states. After some calculations (see Appendix A.2) one arrives to the reduced

density matrix of the system of interes to be of the form

ρS ≈ ΩS =
1

Z

dS∑
i=1

e−βE
S
i
∣∣ESi 〉 〈ESi ∣∣ , (3.12)
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where ΩS is the canonical state, dS is the dimension of the Hilbert space of the sys-

tem HS , ESi are the energies of the system associated with the eigenvectors
∣∣ESi 〉 and

Z = Tr ΩS the partition function which ensures normalization. This distribution of the

eigenvalues corresponds to the Boltzmann distribution and can be obtained following the

procedure of maximizing the entropy subject to a fixed average energy on the system.

Details of the calculations performed by both methods can be found on Appendix A.1

and A.2. The Grand Canonical Ensemble follows naturally from the canonical ensemble

when the system and the bath can exchange particles such that the number of particles

of the composite system remains constant.

The ensembles just introduced constitute a succesful model in statistical physics in a

sense that the behavior of real physical systems is represented by such ensembles; mea-

surable quantities are in high correspondence to averages over the ensembles. However,

considering the result from typicallity of section 1.2 and the results presented above; the

fact that we arrived to the same expressions for the canonical ensemble from different

approaches prompts a question. Due to the combinatory nature of statistical physics,

which of the approaches corresponds to the right physical interpretation of entropy?.

This question will be discussed in later sections; but first, the postulates of statistical

physics in the classical approach and Jaynes’ information theory point of view will be

reviewed. To see the inception of the postulate of a priori equal probabilities, we begin

with the theory of Classical statistical mechanics.

3.2 Classical Statistical Mechanics

In the classical case, one might regard the system as a union of many subsystems and

the dynamics will be ruled by the positions and velocities of its components. In classical

statistical mechanics to specify a state of a composite system it is sufficient to specify

the generalized coordinates qi and generalized velocities q̇i for each of its components(i).

The dynamics will be given by the Hamilton’s Principle expressed by the variational

principle

δ

tf∫
ti

L(q, q̇, t)dt = 0, (3.13)

where the Lagrangian L is a function of the generalized coordinates and velocities and

sometimes time dependent for non- conservative systems,i.e. systems in which the total

energy is not conserved due to dissipative or external forces. From this principle for

conservative systems it follows the Lagrange equations ruling the evolution of the system,
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equivalently to Newton’s second law

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0, (3.14)

for i running from 1 to the number of degrees of freedom. This formulation can be

extended to the Hamiltonian form via a Legendre transform of the Lagrangian; in the

Hamiltonian formalism the generalized momenta pi are introduced such that

∂H

∂pi
= q̇i,

∂H

∂qi
= −∂L

∂qi
= −ṗi (3.15)

where the Hamiltonian H is defined by

H =
∑
i

piq̇i − L. (3.16)

The change of a quantity in time will ve given by the expression

dA

dt
=
∑
i

(
∂A

∂qi

∂H

∂pi
− ∂H

∂qi

∂A

∂pi

)
= {A,H}, (3.17)

where the last equality is known as the Poisson bracket. The terminology introduced by

far in this section are the principles of classical mechanics, accordingly to this principles

if the information(p , q and interactions) is known, the system follows a deterministic

evolution. In the case of a thermodynamic system where the number of degrees of

freedom is of the order of ∼ 1023 the computation of each pi and qi through equations

(3.15) is time consuming, therefore not practical. It is in this kind of situation, or the

lack of information about the system where statistical physics became helpful. This

lack of information conduce to the definition of the density of distribution on the phase

space. 1 If the distribution ρ is such that∫
ρ(q, p, t)

∏
i

piqi = 1, (3.18)

then the average of a quantity will be given by

Ā =

∫
A(p, q)ρ(q, p, t)

∏
i

piqi. (3.19)

The density of distribution of states must fulfill what is known as Liouville’s theorem

for the change in time of ρ. The theorem can be expressed in the form of an equality

dρ

dt
= {ρ,H}+

(
∂ρ

∂t

)
p,q

= 0. (3.20)

1Constructed from the configuration space which is the space spanned by the generalized coordinates
qi and momenta pi.
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A microstate can be specified by a point in the phase space in this treatment of classical

statistical physics. For a system to be in equilibrium its density of states ρ must be

independent of time. Additionally we consider that Liouville’s theorem is invariant

under canonical transformations,i.e., transforming from an initial set of positions and

momenta (q, p) to (q̃, p̃), where the new set of canonical coordinates satisfy the equations

of motion. In the light of these transformations, we can think of a density invariant

under such canonical transformations. One way to ensure this is to take the density as

a constant, as in Gibbs formulation the microcanonical ensemble will be described by a

density of states such that

ρmc = const ES ∈ [E,E + δE]

0 ES /∈ [E,E + δE].
(3.21)

where ES is the energy of the system and the interval ensures that ρ is defined in the

phase space regions such that their energy ES lies in the interval. This formulation by

Gibbs [34] also encompasses the canonical ensemble defined by the density of distribution

of states2

ρc =
e−βE

Z
. (3.22)

The distributions for the canonical and microcanonical ensemble are in statistical equi-

librium according to equation (3.20), for the microcanonical is an immediat consequence

and since in the canonical E is a constant of motion then it follows. This formalism can

be developed under the consideration of a fundamental postulate, this postulate is the

equal a priori probabilities which is discussed next.

As we can see, in classical statistical physics the postulate for equal a prior probabil-

ities is justified in terms of invariance under canonical transformations. The postulate

tells us that each point in the phase space will have the same probability in order to

accomplish the canonical invariance and the Liouville’s condition for equilibrium. We

can also add, that the entropy in this case will be a function of the canonical variables

and therefore, a function of the state of the system.

3.3 Quantum Statistical Mechanics

With the development of quantum mechanics in the early decades of the 20th cen-

tury, this theory is introduced mostly into statistical mechanics with the first works of

Shrödinger [35] and von Neumann [36]. As quantum mechanics is a fundamental theory,

it is expected to give a natural and explanatory construction about theories such as

2Originally proposed as ρ = exp((ψ − E)/θ) but changed here to adjust to the notation.
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statistical physics or thermodynamics. To specify a state of a system in quantum me-

chanics it is necessary to indicate the probability amplitude derived from wave functions

ψ(q, t) or ψ̄(p, t); or in a compact notation introduced by Dirac |ψ(t)〉.

In the non-relativistic case the dynamics of the state will be ruled by the Schrödinger

equation

i~
d

dt
|ψ(t)〉 = H |ψ(t)〉 , (3.23)

where H is the Hamiltonian operator. Or in terms of the density matrix ρ(t)

dρ(t)

dt
=
i

~
[H, ρ] +

∂ρ

∂t
. (3.24)

As in classical mechanics the observer does not have full acces to the information about

the state of the system of interest; therefore, this lack of information leads to the meth-

ods used by statistical physics. In the case of quantum mechanics, besides this lack of

information which arise the probabilistic treatment, one has to take into account the

probabilistic nature of quantum mechanics.

In the light of this description, both classical and quantum statistical physics are suitable

for predictions based on average or expected quantities. It is convenient to work in the

framework of density matrices rather than of states in a Hilbert space to account for the

lack of information about the system’s state; in this case, it is said one is working with

a mixed state. The opposite case where only the uncertainty inherent in the quantum

theory is considered is called a pure state.

The interest in this work will be for the states in statistical equilibrium, so in anal-

ogy with statistical physics the elements of the matrix will be constant or depend on a

constant of the motion such as the energy. An analogy to Liouville’s theorem can be

seen in equation (3.24). The microcanonical ensemble was introduced in section 3.1.2,

therefore just the expression in terms of the density matrix will be given. The micro-

canonical ensemble is constructed to give uniform probability of finding members of the

ensemble in a certain state for a range of quantum numbers and zero probality for states

whose quantum numbers are not in the interval specified. The density matrix will be of

the form

ρmc =
IR
dR
, (3.25)

where IR is the projector into the Hilbert subspace HR corresponding to the subspace

spanned by the vectors whose eigenvalues belong to the interval defined in the construc-

tion; dR is the dimension of the subspace HR. Note that the state corresponding to the

microcanonical ensemble is unitarily invariant, just as in classical statistical physics the
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microcanonical ensemble corresponds to the density invariant under canonical transfor-

mations. For the canonical ensemble that was introduced in 3.1.3 the density matrix is

of the form

ρc =
e−βH

Tr(e−βH)
, (3.26)

as can be seen on appendix A.2. As in classical statistical physics, the postulate of

equal a priori probabilities is used as a fundamental hypothesis for the development and

justified only by the agreement in the predictions it enable us to make. In the next lines

a comment on the validity of both classical and quantum statistical mechanics will be

made.

The methods employed in statistical mechanics (classical and quantum) seek a valid

representation of the system one is interested in by considering ensembles with prop-

erties similar to it. With the ensemble, we are able to take averages and gain some

information about the system of interest. The selection of the ensembles is such that

the partial knowledge of the system is reflected and the premise made about the prob-

abilities of the states is justified by the agreement of the predictions it allows to made

and the invariance under transformations. However, this postulate has a consequence on

the physical interpretation of entropy as an instantaneous function of the microstates.

Following the historical conception of statistical physics in the late 50’s Jaynes proposed

a way to justify this postulate by meanings of maximizing the entropy as an alternative

approach to foundations of this area. Therefore, in the next section, Jaynes’ line of

thought and development will be explained further.

3.4 Jaynes’ information theory and statistical mechanics

In 1957 Jaynes published two papers concerning a new proposal on foundations of sta-

tistical mechanics. In his papers ([5], [6]), he propose to justify the a priori principle

using a more fundamental principle that he called statistical inference. This fundamental

principle consist on maximizing the information entropy either the classical(Shannon)

H[{pi}] = −
∑
i

pi log pi, (3.27)

in terms of the probabilities, or quantum(von Neumann)

S(ρ) = −Tr ρ log ρ, (3.28)

in terms of the density matrix, given the restrictions on the system of interest. In his

work, Jaynes exposes what he considers to be a valid argument for proceeding from the
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microscopic mechanics to the macroscopic phenomena should be: Free from mathemat-

ical objection, have no arbitrary assumptions and include the explanation for nonequi-

librium phenomena and irreversible processes. With this line of thought he considers

the equal a priori probabilities along with the ergodicity postulates as invalid arguments

in the foundations of statistical physics. For this reason, and a paper of Shannon on in-

formation theory [7], he manage to see the similarity between the quantity −
∑

i pi log pi

and the thermodynamic entropy of a certain system. This important quantity has the

next properties: Is positive, increases with increasing uncertainty and is additive for

independent sources of uncertainty.

According to Jaynes, by choosing the probabilities for the ensemble such that the entropy

is maximized, one ensures the most unbiased assignment. This probabilities assignment

take into account the partial knowledge the observer has about the system; this knowl-

edge, come in mostly as the average value of an observable such as energy or number

of particles. Based on this principle, Jaynes was able to derive the distribution for the

microcanonical, canonical ensemble and any ensemble in general where the restrictions

are given in termn of statistical averages. The explicit derivation is presented in the

Appendix A.1 for the quantum and classical cases. The results obtained are in perfect

agreement with the results derived using the postulates and therefore thermodynamics.

As a result, Jaynes concludes that the entropy is a fundamental quantity, even more fun-

damental than energy since its maximization gives the correct probabilistic treatment

for a physical system. However this new interpretation brings aditional issues to the

problem of foundations. In Jaynes’ point of view the entropy and the uncertainty are

synonyms; therefore, the less we know about the system our uncertainty will be higher,

and consequently, a higher value for the entropy will be found.

This interpretation of the entropy contrasts with Boltzmann’s. In Boltzmann point of

view, the entropy is a function of the number of microstates of the system Ω(E, V,N);

it is an instantaneous function of the state of the system. On the other hand we have

Jaynes’ interpretation; for Jaynes, the entropy represents the lack of knowledge (infor-

mation) about the system. As we can see, although the interpretations differ radically,

the results obtained from each approach are exactly the same. In the light of this, the

next question is formulated: Which of the understandings about the entropy, and there-

fore the foundations of statistical physics accounts for the right intepretation?.

Before we embark to discuss this question, we must remember that the typicality ap-

proach gives a new interpretation of the foundations of statistical mechanics as well.

Following from the quantum theory which claims to be a fundamental theory and argu-

ments derived from concentration of measure for high dimensions, no extra assumptions
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have to be made. Indeed, this approach gives results very close to the ones obtained

by the classical or the information theory approaches; with exponential bounds on the

discrepancies.

Now that we have started the discussion on the postulate of equal a priori probabili-

ties and the interpretation of entropy, we will explain shortly the postulate of ergodicity

to make a final, and complete discussion. In the next section we make a typicality

approach to the ergodic postulate; nevertheless we will give some insights on the classi-

caland information theory approaches.

3.5 Equilibration and ergodicity

Many theories about equilibration has been proposed along the development of statis-

tical physics. Hence the equilibration phenomenon will be aborded from a typicality

point of view. In the classical and quantum statistical mechanics introduced in previous

sections this theorem corresponds to the second law of thermodynamics which in the

classical case Boltzmann explained statistically with his H-theorem [2] He defined the

quantity H = − logG, where G is the number of states that correspond to the specified

condition of the gas in the classical case and in the quantum case G is the number

of quantum states taking into account the bosonic or fermionic nature of the particles

involved [4]. The H-theorem states that the ensemble averaged quantity H decreases

with time, which implies the system is heading towards statistical equilibrium, where H

takes its minimum value. It is important to recall that the system’s tendency towards

a preferred direction of evolution is a consequence of how the ensembles are initially set

up in a particular state which follow from the foundation postulates such as the equal a

priori probabilities one.

Jaynes also formulated a Subjective H-theorem [6]; the principal argument in this the-

orem is that entropy increases because of loss of information. Jaynes’ development in-

volves lack of information in the Hamiltonian of a system in the form of a perturbation

depending on certain parameters with a given probability distribution. The evolution

under such Hamiltonian inplies loss of information of the state reaching a point where

the uncertainty cannot go up any further,i.e. equilibrium. Despite Jaynes’ efforts to

give an explanation to equilibration, it is still made assumptions such as the probabilis-

tic perturbation; this point of view may lead to an unclear concept of the mechanism

for equilibration.

The results that will be presented on measure concentration, are derived mainly of the
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work developed by Linden et al [39] and Reimann [40]. The central result on the paper

of Linden is: “Every pure state of a large quantum system that is composed of a large

number of energy eigenstates and which evolves under any arbitrary Hamiltonian(with

non-degenerate energy gaps) is such that every small subsystem will equilibrate” [39].

This means that every small subsystem of the composed whole system will eventually

evolve to a particular state and remain in that state, or very close to it for almost all

times. Introducing some notation we have that |ψ(t)〉 is the global pure state of the

system in a certain time t, its density matrix will be ρ(t) = |ψ(t)〉 〈ψ(t)|, and as in

previous notation we consider the Hilbert space to be a product space H = HS ⊗HB.

The time averaged state of the system will be represented by ω and it is defined as

ω = 〈ρ(t)〉t = lim
τ→∞

1

τ

∫ τ

0
ρ(t)dt. (3.29)

It is convenient to introduce the effective dimension deff of a mixed state defined as

deff(ρ) =
1

Tr[ρ2]
, (3.30)

which gives information about how many pure states contribute appreciably with the

mixture [39]. To quantify the distance between two states we use the trace distance

defined as

D(ρ1, ρ2) =
1

2
‖ρ1 − ρ2‖1 =

1

2
Tr
√

(ρ1 − ρ2)2. (3.31)

This distance measure determines how difficult is to distinguish two states by making

a measurement. The main theorem in the paper by Linden [39] with the notation

introduced by far is

Theorem 3.3. Consider any state |ψ(t)〉 ∈ H evolving under a Hamiltonian with non-

degenerate energy gaps. Then the time averaged distance between ρS(t) = TrB ρ(t) and

its time average ωS = 〈ρS(t)〉t is bounded by

〈D(ρS(t), ωS)〉t ≤
1

2

√
dS

deff(ωB)
≤ 1

2

√
d2
S

deff(ω)
. (3.32)

For the proof, see AppendixB.4. Theorem 3.3 is a statement about the dynamics of the

system, it asserts that initial states out of equilibrium, i.e. far from ωS , will eventually

equilibrate when the effective dimension of the bath deff(ωB) is larger than the dimension

of the subsystem dS . However, it does not tell us much about equilibration times or the

mechanism that leads to equilibrium. A similar theorem for equilibration of expected

values is presented in the paper of Reimann [40]; with the notation for the previous

theorem
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Theorem 3.4. Let A be an observable and let ρ(t) evolve under a Hamiltonian with

non-degenerate energy gaps, then

〈(Tr[Aρ(t)]− Tr[Aω])2〉t ≤
‖A‖2∞
deff(ω)

. (3.33)

Theorem 3.4 implies that when the effective dimension deff(ω) is large the average value

of any observable will be close to its time averaged. This result sum up to the argument

about equilibration for states far from equilibrium. In recent papers from Brandão et

al, Masanes et al, and Vinayak and Žnidarič [41–43], the problem of equilibration time

has been of great interest and some important results have been obtained. The main

results of the paper by Brandão et al [41] are

Theorem 3.5. Consider a bipartite system H = HS ⊗ HB, of dimension d = dSdB,

evolving under a random Hamiltonian H. By random it is meant that the eigenbasis of

H is chosen randomly according to the Haar measure. The degeneracy of the random

Hamiltonian is denoted as g; the next equalities will be used in the next theorem as a

scale reference for not too big:

N∑
i=1

g2
i

d2
= O

(
1

d

)
, (3.34)

1

d4

∑
j>k

gjgkγjk = O

(
1

d

)
, (3.35)

with

γjk =
∑
r > s

(rs) 6= (jk)

Er − Es = Ej − Ek

grgs (3.36)

For an ensemble of random Hamiltonians with eigenbases distributed according to the

corresponding Haar measure and a not too big level degeneracy (see equation (3.34)) the

following holds

• For an additionally not too big energy gap degeneracy (see equation (3.35)), the

convergence to equilibrium happens at the time scale of the order of the weighted

average inverse energy gap |Ei − Ej |−1 and the weighted average inverse second

gap |Ei − Ej − Ek + El|−1

• For a simplified model with the energies distributed acording to independent Gaus-

sian measures with variance of the order of log d, where d is the total dimension

of the system and bath, the convergence to equilibrium happens at the time scale f

the order of 1/ log d.
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To see the proof of this theorem the reader is referred to [41]. Another result, obtained

in the paper by Masasnes et al [42], shows that the dynamics of the system including the

equilibration time depend on a function µ that depends exclusively on the espectrum.

The scale time can be estimated as the variance of such function. In [42] the calculation

of µ for two special cases is made resulting in equilibration times

teq ∼
1

Emax
(3.37)

for the spectrum of a random Hamiltonian and

teq ∼
1√
Emax

. (3.38)

for the spectrum of an integrable system3.

What these results tell us, is that the equilibration times will show a high dependence

in the spectrum of the system even if is the inverse of its maximum value or the energy

gaps. Yet these are the first approximations in equilibration times so further discussion

on the significance of the equilibration times and the energy dependence meaning is still

missing.

Another feature of statistical physics that can be treated in the context of typicality

is the ergodicity postulate. By definition, the ergodic hypothesis states that the time

averages can be exchanged by the ensemble averages. The support for this hypothesis

lays on the assumption that given s sufficient long time, the system will explore all the

possible states. In classical statistical physics this is a fundamental postulate and is un-

justified just as the postulate of equal a priori probabilities; however, using concentration

of measure techniques, it is possible to justify the hypothesis in terms of expectation

values of observables as is shown in the work of Gogolin [38]:

Theorem 3.6. Let HR ⊆ H be a subspace of dimension dR corresponding to a micro-

canonical constrain of the Hilbert space H of a physical system. Let H be the Hamilto-

nian of the system with eigenvectors |Ek〉. Then for an arbitrary observable A, a random

ρ(t) = |ψ(t)〉 〈ψ(t)| and ε > 0

P (|〈Tr[Aρ(t)]〉t − 〈A〉mc| ≥ ε) ≤ 2 exp

[
− dRε

2

36π3‖Ã‖2∞

]
, (3.39)

where

Ã =
∑
k

|Ek〉 〈Ek|A |Ek〉 〈Ek| . (3.40)

3The spectrum used was that of the Ising model in a transverse magnetic field
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The proof of the theorem can be found in Appendix B.5 and is again based on Levy’s

lemma. The probability for atypical states is again exponentially decreasing for a high

dimensional restriction space HR. This justifies statistically the postulate of ergodicity

in the sense of measurements, which enable us to exchange averages over time by en-

semble averages. However in this work we will not give a complete treatmen wheter this

implies ergodicity in its complete sense.

Now that a short description of statistical mechanics has been made, a discussion on the

foundations of statistical physics and its many interpretation will be presented next.

3.6 Discussion on foundations of statistical physics

Based on the results presented so far, a word on the implications and interpretations of

the foundation of statistical mechanics will be said.

As showed so far, three approaches to the foundations of statistical mechanics had been

considered. First, there is the classical statistical physics with the postulates of ergod-

icity and equal a priori probabilities for microstates. In this first approach the entropy

is a measure of the number of possible microstates or configurations a thermodynamic

system had for a certain value of the macroscopic variables. In this approach, the en-

tropy reflects our knowledge about the microstates for each configuration; therefore, is

regarded as an instantaneous function of the microstates. Second, there is the maximum

entropy principle in which Jaynes base all his formalism giving the exact same results

following from the first approach for the entropy, the ensembles and the state functions

for a physical system. The entropy in this case is considered as a lack of knowledge and

a synonym of uncertainty about the state of the system. Third, with a recent approach

based on concentration of measure we can find the same thermodynamic results . The

interesting feature of this approach, is that it makes no assumptions and only depends

on the Hilbert spaces’ dimensions of the subsystems and the restrictions given; with the

concentration of measure best observed for high dimensional spaces.

Since from this approaches one encounters the same results it can lead to the ques-

tion: Which interpretation of foundation of statistical physics is the right one?. Seen

the results as a combinatory phenomenon and as stated before, these three approaches

give the same results quantitatively, one can argue that there might be many other ways

to attain to thermodynamic results but only one physical interpretation is correct. We

are specially interested in the interpretation of the entropy; since we saw that from the

first and second approach the interpretation of entropy differs completely. We begin the
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discussion with some drawbacks on Jaynes’ theory.

From the point of view of Jaynes and the maximum entropy principle assigning proba-

bilities to states depends on our state of knowledge about the system but, if two persons

have different knowledges about the system they will asign different probabilities to the

microstates resulting in a different value of the entropy. In practice this does not oc-

cur since from measurements on the system one can determine its entropy contrasting

with Jaynes’ conception of entropy as a measure of how ignorant about the system the

observer is. This drawback with Jaynes’ interpretation was answered by Jaynes himself

in [44], saying that “The entropy of a thermodynamic system is a measure of the de-

gree of ignorance of a person whose sole knowledge about its microstate consists of the

values of the macroscopic quantities Xi which define its thermodynamic state. . . it is a

function only of the Xi and does not depend on anybody’s personality.” This rebuttal

from Jaynes, show us that what he considers the lack of knowledge about a system as

the partial knowledge of some observables which again brings the issue of two different

observers making different measurements on the system, and therefore, obtaining a dif-

ferent value for the entropy when it is not.

Now that we have brought the entropy to discussion, we will compare the different

approaches’ view about entropy. For the classical approach, the entropy measures the

state of the system, or at least the number of microscopical configurations compatible

with the actual state of the system. This vision of entropy as knowledge is contrated

with Jaynes’ view of uncertainty on the state. For Jaynes, the entropy is a quantity

that accounts for the lack of information about the system. So, once again, what is the

correct interpretation for the entropy?. We look the at this problem from the point of

view of the postulate of equal a priori probabilities, in the hope that a more clarifying

argument can be made.

The postulate ofequal a priori probabilities is also regarded differently in the classical

and in the information theory approaches. On one side, it emerges as a consequence of

the invariance under canonical/unitary transformations of the resulting ensemble for the

classical case; additionally the entropy for states with such properties is maximal. On

the information theory approach, the principle is the maximization of the information

entropy, which eventually will lead us to the microcanonical ensemble implying equal

probabilities for each state. This duality on the justification presents another issue to

the actual problem. In that case, we motivate the use the typicality approach.

The principal results from typicality are probabilistic ones and are based on quantum

mechanics and concentration of measure theorems for high dimensional vector spaces.
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One of the most appealing features of this approach, is that it does not make any postu-

lates and it requieres few assumptions which are easily complied. The main assumption

is basically that the dimensions of the systems involved in the calculations are high,

which is a common case in statistical physics. With the problems set by far, we see that

the typicality approach has a mathematically based justification. The problem of the

entropy and its maximization is answered by typicality by stating that for high dimen-

sional quantum system, the entropy will be most likely to be found near its maximum,

and the set of values which does not correspond to this case are exponentially decreasing

sized sets as it is shown in theorem 1.2. What this probabilistic approach tell us, is that

states with low entropy are possible, but are overwhelmed by the vast mayority of states

with high entropy; therefore, if we make a measurement of such system, we will be most

likely to found a nearly maximum entropy state.

However, with this approach, we are left with neither the knowledge nor the lack of

knowledge interpretation for the entropy. Nevertheless, we can say that the entropy in

this approach is the von Neumann entropy. This quantity accounts the departure of a

state from a pure state, i.e., is zero for a pure state and maximal for maximally mixed

states. With the interpretation of a mixed state as a representation of uncertainty about

the actual state of the system, we are inclined to think that the most compatible inter-

pretation is that of Jaynes.

Another issue that is unjustified and that can found its proof in terms of typicality

is that of ergodicity. The main purpose to introduce this postulate is to change time

averages for ensemble averages, taking into account that the system explores the whole

phase space given a sufficiently long time. As it can be seen in theorem 3.6, the justi-

fication is given in a probabilistic quantitative way and as it was expected the bounds

are exponentially decreasing with the dimensions of the Hilbert spaces corresponding

to a physical system. Theorem 3.6 tell us that when we perform a measurment is al-

most the same to perform the time average of the observable or to rather perform the

ensemble average. This lead us to think about the construction of ensembles, since

the predictions for observables, the entropy and even the states concentrate around a

typical/equillibrium valu;e what do we gain with the construction of ensembles?. The

truth is that ensembles make the calculations easier and we obtain results in high ac-

cordance with what is observed, but they are merely a tool for making calculations.

The mechanism that makes the system evolve towards equilibrium is still missing in the

typicality approach; for that reason, in the next lines we will explain Jaynes’ hypothesis

for equilibrium and then finish with some general remarks.

In [6] Jaynes describes that the irreversible processes occcur due to a perturbation on
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the Hamiltonian which is probabilistic in nature, i.e., we will have perturbation V1 with

probability p1 or perturbation V2 with probability p2 and so on. This uncertainty in

the perturbation, translates in an uncertainty on the time evolution of the system, mak-

ing evolution no longer unitary. The approach to equilibrium and therefore, maximum

entropy, is possible in this picture in the sense that each perturbation Vα generates an

evolution operator which acts on the state of the system at time t = 0; let us call the

state (S′). The action of the operator generates a final state which we will call Sα.

Maximum entropy is reached if all the subspaces generated by the states Sα are disjoint.

Once again this hypothesis for the approach to equilibrium is not based on a mathemat-

ical ground neither a fundamental theory so its validity can be highly questioned.

What we have seen by far is that the typicality approach is a promising fundamental way

to justify the foundations of statistical physics. It allow us to justtify the construction

of ensembles because the predicted results for observables and for the structure of states

will be in agreement to the observed data. Additionally, the postulates of equal a priori

probability and ergodicity are explained by concentration of measure means. Finally, we

can say that the maximization of the entropy is a concentration of measure phenomenon

as well as we saw in theorem 1.2; the entropy for a random pure state almost takes its

maximum value with the difference depending primary on the ratio of the dimensions

of the Hilbert spaces. In the light of the completeness of this approach in the sense that

explains the principal phenomena observed in statistical physics with the least number

of assumptions and postulates we consider this is a fundamental interpretation for foun-

dations of statistical physics. The interpretation for the entropy, analogous to Jaynes’,

representing our lack of knowledge about the real state of the system.

With this short analysis on the foundations of statistical physics, we can only assert

that the typicality approach constitutes a far reaching and explanatory theory. How-

ever, due to the fact that is a new approach, nowadays it is not widely accepted. Besides,

the interpreation of the foundations will depend radically on the interpretation of the

entropy, since a we have seen, is the fundamental quantity in statistical physics. Al-

though we present some arguments in favor of the typicality approach, the debate is still

present and probably some new ideas and approaches will come to a new understanding

of the nature of statistical physics.



Chapter 4

The Problem and Some Results

In this chapter the work done during the grade project is presented. The tools and

background introduced in Chapters 1,2 and 3 are implemented in the contex of the case

of study, which was presented at the end of chapter 1. A brief resume of the case of

study will be presented first and the objectives will be well defined.

4.1 Case of study and objectives

As we have mentioned in previous chapters the typicality phenomenon has been playing

a fundamental role in quantum statistical physics justifying the classical postulates and

obtaining some new results about the approach to equilibrium for some physical sys-

tems. In this work we will concern only about thermostatical problems where the known

ensembles can be used and the fluctuations of the system state with time are small.

The special case we are going to study is that of the canonical typicality; i.e., the con-

centration of reduced density matrices of a bipartite system around the canonical state

ΩS . Since it is a well known fact that this concentration actually occurs, as evidenced

in theorem 1.1, we are interested in the distribution of the states around the canonical.

A first attempt to quantify this distribution, is to take the difference of two of this

reduced density matrices and found its eigenvalue distribution. To add some aditional

randomness to the problem, we may choose a random basis for the total Hilbert space

H = HS ⊗HB. To generate a random basis, we will need a random perturbation on the

Hamiltonian coupling the subsystem (S) and the bath (B). Consequently, the Hilbert

space will be partitioned in a direct sum of orthogonal spaces H =
⊕

iHSi ⊗ HBi . A

41
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state in this Hilbert space can be written as

|ψ〉 =
∑
α

∑
iα,jα

ψ
(α)
iα,jα
|α; iα, jα〉 , (4.1)

where α denotes the orthogonal spaces and the roman indexes correspond to the basis

on each subspace. Equivalently, the density matrix of the total system will have a direct

sum structure, i.e.

ρ =
⊕
α

ρα. (4.2)

In the light of this case the objectives are mainly

• Verify that the random perturbation generates indeed a random basis over the

restricted subspace.

• Found the eigenvalue distribution of the difference of two random density matrices

• Consider the additional randomness brought by the perturbation to find the dis-

tribution of the difference of two random density matrices of the form (4.2)

• Comment about the behavior of the distributions and compare to numerical sim-

ulations.

4.2 Results and Calculations

Now that the objectives are set we begin by verifying that the random perturbation gen-

erates random eigenstates in the restrictedspace. Then, we follow with the distribution

of the difference of two random density matrices; we follow first a simple approach by

not taking the random perturbation effects yet. However, this first simplified approach

will help us to gain insight on how to develop the more complicated case.

The random generation of states by the perturbation is presented here in the form

of a theorem.

Theorem 4.1. Let HSB be a dSdB × dSdB Hermitian random matrix from a unitarily

invariant ensemble representing a perturbation on the Hamiltonian acting on a Hilbert

space HS⊗HB. Let ΠR be the projector onto the subspace HR ⊆ HS⊗HB of dimension

dR and HR = ΠRHSBΠR, the perturbation action on the subspace HR. Then it holds

that for any UR, a unitary dR × dR matrix

ρ̃(HR) = ρ̃(URHRU
†
R), (4.3)
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where ρ̃ denotes the probability distribution for HR. In other words, a submatrix of a

random matrix from a unitarily invariant ensemble also belongs to a unitarily invariant

ensemble.

Proof. First, we recall the fact that since HSB belongs to a unitarily invariant ensemble,

then:

dρ(HSB) = dρ(UHSBU
†), (4.4)

for any unitary matrix U acting on the whole Hilbert space HS ⊗HB. We use here the

short notation dρ(HSB) = ρ(HSB)dHSB. Now we can write ρ̃ in terms of ρ as

ρ̃(HR) =

∫
dρ(HSB)δ (HR −ΠRHSBΠR) . (4.5)

Now, the expression for ρ̃(URHRU
†
R) will be

ρ̃(URHRU
†
R) =

∫
dρ(HSB)δ

(
URHRU

†
R −ΠRHSBΠR

)
. (4.6)

We can manipulate this expression like

ρ̃(URHRU
†
R) =

∫
dρ(HSB)δ

(
UR(HR − U †RΠRHSBΠRUR)U †R

)
,

and using the invariance under rotations of the delta

ρ̃(URHRU
†
R) =

∫
dρ(HSB)δ

(
HR − U †RΠRHSBΠRUR

)
.

Now we insert an identity in the form of ISB = (UR ⊗ IR̄)(U †R ⊗ IR̄), where the identity

operator IR̄ acts on the complementary subspace of HR. For simplicity, let us call

ŨR = UR ⊗ IR̄. Then we obtain the expression

ρ̃(URHRU
†
R) =

∫
dρ(HSB)δ

(
HR − U †RΠRŨRŨ

†
RHSBŨRŨ

†
RΠRUR

)
. (4.7)

An important property of the projector operator is that is invariant under unitary con-

jugation, i.e., URΠRU
†
R = ΠR. Making use of this property the expression becomes

ρ̃(URHRU
†
R) =

∫
dρ(HSB)δ

(
HR −ΠRŨ

†
RHSBŨRΠR

)
, (4.8)

and changing the variable to H̃SB = Ũ †RHSBŨR,

ρ̃(URHRU
†
R) =

∫
dρ(ŨRH̃SBŨ

†
R)δ

(
HR −ΠRH̃SBΠR

)
, (4.9)
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but the measure dρ is invariant under unitary conjugation, so

ρ̃(URHRU
†
R) =

∫
dρ(H̃SB)δ

(
HR −ΠRH̃SBΠR

)
. (4.10)

Comparing with (4.5) we obtain the result we were expecting.

ρ̃(HR) = ρ̃(URHRU
†
R) (4.11)

The implications of this theorem are discussed next. First, we can argue that the uni-

tary invariance of an operator such as the Hamiltonian in the complete Hilbert space, is

transferred to an arbitrary subspace. This implies that if the perturbation is random,

the eigenvectors of the Hamiltonian will have random nature as well in every subspace.

In particular, we have taken the case where each eigenvector belongs to a product Hilbert

space HSi ⊗HBi . We choose this construction to simplify the calculations. As we take

the limit λ → 0, recalling that λ is the intensity of the perturbation we obtain vectors

of the form |ES〉 ⊗ |EB〉 whose energy is ES + EB according to the restriction R.

Now we focus our attention on the distribution of eigenvalues of the difference. As

we have mentioned, a simple approach is followed first and then, the main results of this

thesis are presented and discussed. As the eigenvalue density is known for the asymp-

totical case we will begin our work with the asymptotical distribution of the difference

using the concepts of Free probability introduced in 2.5

4.2.1 Asymptotic behavior of the difference of two random reduced

density matrices

As it was shown in Chapter 2, a random state can be though as a random matrix

belonging to a certain ensemble. In the case of a reduced density matrix, the ensemble

is the Wishart ensemble (WE) with a slight modification to include normalization as

can be seen in (2.25). To obtain the asymptotic limit the 2D Coulomb gas method is

implemented; we follow the derivation presented in the paper by Nadal [31]. To begin,

we recall the joint distribution of eigenvalues of (2.25)

P (λ1, . . . , λdS ) ∝
dS∏
i=1

λdB−dSi

∏
i<j

(λi − λj)2, (4.12)
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along with the restriction δ(
∑dS

i λi−1). This can be intrepreted as a Boltzmann weight

of the form

P (λ1, . . . , λdS ) ∝ exp{−βE[{λi}]}, (4.13)

where choosing β = 2 the energy is

E[{λi}] = −dB − dS
2

dS∑
i=1

λi −
∑
i<j

ln |λi − λj |. (4.14)

It is known that in 2D, the Coulomb potencial is logarithmic; thus the eigenvalues can

be seen as charges of a 2D Coulomb gas repelling each other due to the term ln |λi−λj |,
and subject to an external logarithmic potencial of amplitude (dB − dS)/2. Besides, the

charges are subject to the region 0 ≤ λi ≤ 1, and the constrain
∑dS

i=1 λi = 1 results in a

scaling for large N of the typical eigenvalues as λTyp ∼ 1/dS .

The density function for the eigenvalues can be written as

ρ(λ, dS) =
1

dS

dS∑
i=1

δ(λ− λi). (4.15)

For dS → ∞ the eigenvalues are expected to be very close to each other, especially to

the typical value 1/dS . For this reason, a rescaled variable is introduced x = λdS . The

density for x, analogue to that of λ is written as

ρ̃(x) =
1

dS

dS∑
i=1

δ(x− λidS). (4.16)

From (4.15) and (4.16) it can be easily checked that

ρ(λ, dS) = dS ρ̃(λdS) = dS ρ̃(x). (4.17)

As dS → ∞ (continuous limit), the energy becomes a functional of the density ρ̃. To

leading order in dS , the energy reads E[{λi}] = d2
SE[ρ̃] +O(dS), where

E[ρ̃] = −1− c
2c

∞∫
0

dxρ̃(x) lnx− 1

2

∞∫
0

∞∫
0

dxdx′ρ̃(x)ρ̃(x′) ln |x− x′|

+µ0

 ∞∫
0

dxρ̃(x)− 1

+ µ1

 ∞∫
0

dxρ̃(x)x− 1

 ,

(4.18)

where c = dS/dB. Because in further calculations the energy must be minimized, equa-

tion (4.18) includes the Lagrange multipliers µ0 and µ1 to assure normalization for ρ̃(x),
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and the
∑N

i=1 λi = 1 constrain respectively. Therefore, the joint distribution of eigen-

values P ({λi}) ∝ exp{−2d2
SE[ρ̃]} is highly peaked around its most probable value when

dS →∞; hence, we look for the density ρ̃∗ that minimizes the energy, i.e., δE
δρ̃ |ρ̃=ρ̃∗ = 0.

From (4.18), the saddle point equation is

∞∫
0

dx′ρ̃∗(x′) ln |x− x′| = µ0 + µ1x−
1− c

2c
lnx. (4.19)

Differentiating (4.19) with respect to x, the integral equation obtained is:

P
∞∫

0

dx′
ρ̃∗(x′)

x− x′
= µ1 −

1− c
2cx

, (4.20)

where the P stands for principal value. This type of equation must be solved using a

theorem due to Tricomi [45] that involves the inverse of the Hilbert transform defined

as F (x) = P
∫ L2

L1
dx′ ρ̃

∗(x′)
x−x′ . Assuming the support of ρ̃∗(x) lies in the interval [L1, L2],

the expression for ρ̃∗ is:

ρ̃∗(x) =
1

π
√
x− L1

√
L2 − x

C − P L2∫
L1

dx′

π

√
x′ − L1

√
L2 − x′

x− x′
F (x′)

 , (4.21)

where the constant C =
∫ L2

L1
dxρ̃∗(x). In this case, F (x) = µ1− 1−c

2cx . As Nadal argues in

her work [31], the density is expected to be smooth and thus it must vanish at L1 and L2.

These constrains fix the values of L1 and L2, while the other constrains mentioned before∫
ρ̃∗ = 1 and

∫
xρ̃∗ = 1, help us to find the values of C and the Lagrange multiplier µ1.

To find the Lagrange multiplier µ0, it sufices to put the expression obtained for ρ̃∗ in

(4.19). When all these constrains and variables are found after some algebra which we

shall not develop here; the expression for ρ̃∗ obtained by Nadal is

ρ̃∗(x) =
1

2πcx

√
x− L1

√
L2 − x, (4.22)

with L1,2 = c(1 ∓ c−1/2)2. Some graphics for different values of c are shown in Figure

4.1

Now that we have the asymptotic distribution, we would like to compute the distribution

of eigenvalues for the difference of two random matrices whose eigenvalue densities are of

the form (4.22). Using the concepts of free probability discussed in 2.5, we can argue that

(abusing of the notation) for ∆ = ρS1 − ρS2 , the ρS are asymptotically free. Therefore,

the distribution for ∆ will be ρ∆ = ρ̃S1 � σ̃S2 , where σ̃S2 is the distribution for −ρS2 . To
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Figure 4.1: Shape of the distribution for changing c: 0.1, 0.5, 0.75 and 0

proceed, we compare the expression in equation (4.22) with the free Poisson distribution

ρPoisson(t) =
1

2παt

√
4σα2 − (t− α(1 + σ))2, (4.23)

with support in the interval [α(1 −
√
σ)2, α(1 +

√
σ)2]. Then, by making σ = 1/c and

α = c we obtain the desired distribution ρ̃∗. The next step is to calculate theR transform

for the probability measure; this is a straightforward calculation since the free cumulants

for the free Poisson distribution are of the form kn = σαn = cn−1, hence

Rρ̃S1
(z) =

∞∑
n=0

kn+1z
n =

∞∑
n=0

cnzn =
1

1− cz
. (4.24)

The R transform for the distribution σ̃S2 will be of the form (a factor of (−1)n is added

to the cumulant)

R ˜σS2
(z) =

∞∑
n=0

k∗n+1z
n =

∞∑
n=0

(−1)n+1cnzn = − 1

1 + cz
. (4.25)

Subsequently, the R transform for ρ∆ will be the sum of (4.24) and (4.25),

Rρ∆ =
1

1− cz
+

(
− 1

1 + cz

)
=

2cz

1− c2z2
. (4.26)

Making use of relation (2.41), a cubic equation for Gρ∆ can be obtained

2cGρ∆(z)

1− c2Gρ∆(z)2
+

1

Gρ∆(z)
= z. (4.27)



Chapter 4. The Problem and Some Results 48

Now, this equation has three roots; therefore, an analysis has to be made to choose the

right one. The result must agree with the behavior for large z of a Cauchy transform,

i.e., for z → ∞ ⇒ G(z) ∼ 1/z. Futhermore we focus on the roots that could contain

ramification,e.g., a cubic root. After some time manipulating the expressions, we obtain

finally the distribution ρ∆ in terms of the next functions:

w(x, c) =

(√
(x2(x2 − α2)(β2 − x2)) +

√
3(c+ 1)

(
x2 +

(2− c)3

9(c+ 1)

)) 1
3

, (4.28)

with

α2 =
1

2

(
2c2 + 10c− (4c+ 1)

3
2 − 1

)
, (4.29)

β2 =
1

2

(
2c2 + 10c+ (4c+ 1)

3
2 − 1

)
, (4.30)

then

ρ̃∗(x, c) =
1

2πcAbs[x]

(
w[x, c]−

x2 + 1
3 (2− c)2

w[x, c]

)
. (4.31)

The distribution is supported in the invertal [−α, α]. This expression is to be compared

with the result of numerical simulations which we shall explain shortly.

The algorithm for numerical simulations is described next. First, two matrices ψ1 and

ψ2 of dimensions dS × dB are generated; each entry (real and imaginary part indepen-

dent ) will be sampled from a Gaussian distribution of parameters µ = 0 and σ = 1. To

obtain the reduced density matrices, the matrix multiplication is performed ρ1 = ψ1ψ
†
1

and ρ2 = ψ2ψ
†
2. Next, the normalizaztion is imposed dividing the reduced density ma-

trices by their traces: ρ′1 = ρ1/Tr ρ1 and the same for ρ′2. The eigenvalues of the matrix

∆ = ρ′1 − ρ′2 are computed and added to a list. This process is repeated (between 1000

and 10000 times) to have as many statistics as possible. The list of eigenvalues is plotted

in a normalized histogram that represents the probability density function.

The graphics shown in figure 4.2 shown the correspondence between the numerical sim-

ulations and the asymptotic distribution obtained. Remember that the function plotted

is ρ(λ, dS) = dS ρ̃
∗(λdS). Although a little deviation in the boundary of the function

is observed, the general behavior of the distribution is well described by our approx-

imation. In figure 4.3 the dimensions of the subsystem and the bath are lowered to

compare the behavior and decide whether is valid the approximation. In a first view,

we see that the mean behavior is well described; however, looking in the detail there are

some oscilations from the numerical simulation around the theoretical approximation.

The discrepance is higher conform we lower the dimension as can be seen in figure 4.4;

indeed, a pattern begin to appear: the number of peaks the numerical simulation throws

is exactly the dimension of the subsystem. This behavior is not unexpected, since as
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Figure 4.2: Theoretical prediction (red line) vs numerical simulation(blue bars) for
dS = 40, dB = 50(left) and dS = 40, dB = 80(right)
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Figure 4.3: Theoretical prediction (red line) vs numerical simulation(blue bars) for
dS = 20, dB = 100(left) and dS = 15, dB = 20(right)
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Figure 4.4: Theorical prediction (red line) vs numerical simulation(blue bars) for
dS = 10, d]B = 20(left) and dS = 4, dB = 15(right)

we saw in Chapter 2 the marginal distribution for an eigenvalue presents certain oscila-

tions; however, is remarkable that the number of oscilations’ maxima coincide with the

dimension of the subsystem.

Now that we know how to compute the density of eigenvalues for the difference of

two reduced density matrices, we are interested in the case the random perturbation is
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switched on. In that case, the distribution is expected to be asymmetric at least per

block as will be shown next. But first, to complete our description in the difference of

two random matrices and due to the discrepances for low dimensions; we derive an exact

procedure to calculate the eigenvalue distribution for arbitrary dimensions.

4.2.2 Exact distribution of the difference of two reduced density ma-

trices

As we have seen so far, the behavior for high dimensional spaces is well described.

However, the numerical simulations and the predicted theoretical approximation do not

coincide in the case of low dimension of the subsystem. For completeness we shall de-

velop here the exact distribution for arbitrary dimensions of the bath and the subsystem

and compute explicitly two cases: dS = 2 and dS = 3. We begin by considering the

probability density of a random matrix Z as the inverse Fourier transform of its char-

acteristic function Φ(K) =
〈
e−iT r[KZ]

〉
Z

, where the average is taken according to the

ensemble of random matrices corresponding to Z,

P (Z) =

∫
eiTr[KZ]

〈
e−iTr[KZ]

〉
Z
dK, (4.32)

where the integral is over the dS × dS matrix K, which can be decomposed as K =

UΛKU
† for U a unitary matrix and ΛK a diagonal matrix containing the eigenvalues

of K. Since we are interested in the eigenvalues joint distribution, the variables are

changed to µ and κ, the eigenvalues of Z and K respectively; therefore, the expression

obtained is:

P (~µ) ∝ ∆2 (~µ)

∫ ( dS∏
i=1

dκi

)
∆2 (~κ)

〈
eiT r[ΛKUZU

†]
〉
U

〈
e−iT r[ΛKZ]

〉
Z
, (4.33)

where the Vandermonde determinants ∆(~µ) and ∆(~κ) appears due to the change of

coordinates. The integration of the unitary U does not affect the characteristic function

since it is Haar invariant. The term that is integrated with respect to the unitary U , can

be computed using the Harish-Chandra-Itzyckson-Züber integral introduced in (2.7):

〈
eiT r[ΛKUZU

†]
〉
U

= i−dS(dS−1)/2

(
dS−1∏
i=1

i!

)
det(exp[iκiµj ]1≤i,j≤dS )

∆(~κ)∆(~µ)
. (4.34)
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The determinant from (4.34) is proportional up to a symmmetrization to exp[i~κ · ~µ];

inserting this result in (4.33) we obtain

P (~µ) ∝ ∆ (~µ)

∫ ( dS∏
i=1

dκi

)
∆ (~κ) ei~κ·~µ

〈
e−iT r[ΛKZ]

〉
Z
. (4.35)

The Vandermonde of the κ can be expressed as a derivative with respect to µ; changing〈
e−iT r[KZ]

〉
Z

= ΦZ(~κ) we arrive to an important result

P (~µ) ∝ ∆ (~µ) ∆
(
∂~µ
) ∫ ( dS∏

i=1

dκi

)
ei~κ·~µΦ(~κ) = ∆ (~µ) ∆

(
∂~µ
)

Φ̃Z(~µ), (4.36)

where Φ̃Z(~µ) is the inverse Fourier transform of the characteristic function in terms of the

eigenvalues. This result is general for a random unitarily invariant matrix. Our objective

is to find the distribution for the eigenvalues of the matrix Z of the form Z = A + B,

where A = ρS1 and B = −ρS2 ; we follow the classical approach to find the distribution

of the sum of two independent random variables: multiply their characteristic functions

and found the inverse, or make the convolution product of the inverse Fourier transform

of the characteristic functions. Therefore, the distribution for Z will be according to

(4.36)

P (~µ) ∝ ∆ (~µ) ∆
(
∂~µ
)

Φ̃A(~µ) ∗ Φ̃B(~µ). (4.37)

The issue is now to calculate Φ̃A(~µ) and Φ̃B(~µ); however, as we know the distribution for

the eigenvalues of reduced density matrices (equation (2.25)), and we know that (4.36)

is valid for unitarily invariant matrices we compare both expressions

δ

(
dS∑
i

µi − 1

)
∆(~µ)2

dS∏
i=1

µdB−dSi Θ(µi)Θ(1− µi) ∝ ∆ (~µ) ∆
(
∂~µ
)

Φ̃A(~µ). (4.38)

Proposing an ansatz for Φ̃A(~µ) = δ
(∑dS

i µi − 1
)∏dS

i=1 µ
γ
i Θ(µi)Θ(1−µi) and simplifying

expression (4.38) we obtain

δ

(
dS∑
i

µi − 1

)
∆(~µ)

dS∏
i=1

µdB−dSi Θ(µi)Θ(1−µi) ∝ ∆
(
∂~µ
)
δ

(
dS∑
i

µi − 1

)
dS∏
i=1

µγi Θ(µi)Θ(1−µi);

(4.39)

after verifying that the δ and Θ commute with the differential operator ∆
(
∂~µ
)

we obtain

the simplified equation

∆(~µ)

dS∏
i=1

µdB−dSi ∝ ∆
(
∂~µ
) dS∏
i=1

µγi . (4.40)
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It is clear that the differential operator ∆
(
∂~µ
)

brings the term of the Vandermonde

determinant that appears on the left side of (4.40). Moreover, a dimensional analysis

allows us to obtain the value of γ. The number of terms in the Vandermonde determinant

is dS(dS − 1)/2; therefore,

dS(dS − 1)

2
+ dS(dB − dS) = −dS(dS − 1)

2
+ dSγ. (4.41)

Solving for γ we obtain γ = dB−1; subsequently, we can write the expression for Φ̃A(~µ):

Φ̃A(~µ) = cdS ,dBδ

(
dS∑
i

µi − 1

)
dS∏
i=1

µdB−1
i Θ(µi)Θ(1− µi), (4.42)

where we have introduced the constant cdS ,dB for normalization in the sense that

∫
RdS

(
dS∏
i=1

dµi

)
∆ (~µ) ∆

(
∂~µ
)

Φ̃A(~µ) = 1. (4.43)

Recalling that B = −ρS2 , the function Φ̃B(~µ) will be

Φ̃B(~µ) = Φ̃A(−~µ); (4.44)

as a result, the distribution of (4.37) will become

P (~µ) ∝ ∆(~µ)∆(∂~µ)

∫
RdS

(
dS∏
i=1

dλi

)
Φ̃A(~λ)Φ̃B(~µ− ~λ). (4.45)

The Heaviside functions implicit in each Φ̃ fix the integral limits; these restrictions define

a region in RdS which we shall call J . The integral over this region will go like

P (~µ) = KdS ,dB∆(~µ)∆(∂~µ)

∫
J

(
dS∏
i=1

dλi(λi)
dB−1(λi − µi)dB−1

)
δ

(
dS∑
i=1

λi − 1

)
δ

(
dS∑
i=1

λi − µi − 1

)
.

(4.46)

The constant of proportionality KdS ,dB must be found by normalization. Finally, to

obtain the marginal distribution for an eigenvalue µ the joint probability distribution

must be integrated over the other dS − 1 eigenvalues in the region G accordingly with

the relations between them,

P (µi) =

∫
G

∏
j 6=i

dµj

P (~µ). (4.47)

Due to the increasing complexity in the region of integration with higher dimensions,

we will show two special cases dS = 2 and dS = 3 for arbitrary dB.
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4.2.2.1 Case dS = 2

We beign with the expression for the joint probability of the eigenvalues

P (µ1, µ2) ∝ ∆(~µ)∆(∂~µ)

∫
J

dλ1dλ2((λ1−µ1)(λ2−µ2)λ1λ2)dB−1δ(λ1+λ2−1)δ(λ1+λ2−µ1−µ2−1),

(4.48)

where the region J is defined by the inequalities

J =


λ1 > 0; λ1 < 1

λ2 > 0; λ2 < 1

λ1 − µ1 > 0 λ1 − µ1 < 1

λ2 − µ2 > 0 λ2 − µ2 < 1


. (4.49)

Making the integral over λ2 with the help of the Dirac Delta, the expression in (4.48)

becomes

P (µ1, µ2) ∝ δ(µ1 +µ2)∆(~µ)∆(∂~µ)

∫
J ′

dλ1((λ1−µ1)(1−λ1−µ2)λ1(1−λ1))dB−1, (4.50)

where the new region of integration J ′ is

J ′ =


λ1 > 0; λ1 < 1

λ1 > µ1 λ1 < 1 + µ1

λ1 < 1− µ2 λ1 > −µ2

 . (4.51)

Depending on the sign of µ1 and µ2 the integral’s limits shall be chosen. We can make

the change of variables µ+ = (µ1 + µ2)/2 and µ− = (µ1 − µ2)/2, so the Vandermonde

determinants are equal to ∆(~µ) = 2µ− and ∆(∂~µ) = 2∂µ− . Without loss of generality

we choose µ− > 0 so the distribution is finally expressed as (since µ− is proportional to

both µ1 and µ2)

p(µ) ∝ µ∂µ

1∫
µ

dλ1((λ1 − µ)(1− λ1 + µ)λ1(1− λ1))dB−1. (4.52)

To compare with numerical results, some values for dB were chosen and after normal-

ization the graphs obtained are shown in Figure 4.5. As we can see, the theoretical

prediction represents very accurately the results from numerical simulations even for

the boundary conditions as was expected for the exact result.
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Figure 4.5: Theorical prediction (red line) vs numerical simulation(blue bars) for
dS = 2, dB = 3(left) and dS = 2, dB = 10(right)

4.2.2.2 Case dS = 3

For this case, we begin analogously to the case dS = 2 with the joint probability of the

eigenvalues

P (µ1, µ2, µ3) ∝ ∆(~µ)∆(∂~µ)

∫
J

(
3∏
i=1

dλi((λi − µi)λi)dB−1
)
δ

(
3∑
i=1

λi − 1

)
δ

(
3∑
i=1

(λi − µi)− 1

)
,

(4.53)

where the region J is

J =



λ1 > 0; λ1 < 1

λ2 > 0; λ2 < 1

λ3 > 0; λ3 < 1

λ1 − µ1 > 0 λ1 − µ1 < 1

λ2 − µ2 > 0 λ2 − µ2 < 1

λ3 − µ3 > 0 λ3 − µ3 < 1


. (4.54)

Making the integral for λ3 with the Dirac Delta we obtain

P (~µ) ∝ δ

(
3∑
i=1

µi

)
∆(~µ)∆(∂~µ)

∫
J ′

dλ1dλ2((λ1−µ1)(λ2−µ2)(1−λ1−λ2−µ3)λ1λ2(1−λ1−λ2))dB−1,

(4.55)

where the new region of integration on the plane λ1 × λ2 is

J ′ =



λ1 > 0; λ1 < 1

λ2 > 0; λ2 < 1

1− λ1 − λ2 > 0; λ1 + λ2 > 0

λ1 − µ1 > 0 λ1 − µ1 < 1

λ2 − µ2 > 0 λ2 − µ2 < 1

1− λ1 − λ2 − µ3 > 0 λ1 + λ2 + µ3 > 0


. (4.56)
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This region can be though as the intersection between the simplex defined by the ~λ,

and the simplex defined by ~λ− ~µ. As a consequence of the Dirac delta at the beginning

of expression (4.55), the eigenvalues of the difference matrix ∆ must sum up to zero;

hence, there are only 2 options (plus sign permutation) for this to happen: (1) Two of

the eigenvalues are positive and one of them is negative (3!/2! combinations) and (2) two

of the eigenvalues are negative and one of them is positive (3!/2! combinations). The

total of possible combinations is thence 3! = 6, this will be the number of subregions of

G, the region defined to obtain the marginal distribution.

The exact process to obtain the marginal distribution is described next. First, as we

know there are six subregions for differents sign combinations of the µ we define new

variables µ′3 = µ1 + µ2 + µ3; µ′2 = µ2 and µ′1 = µ1. With this change of variables,

the Vandermonde determinants of the derivatives and the variables become independent

of µ3, so the replacement of µ3 = −µ1 − µ2 can be made without problem. Then, all

the possible combinations of signs for the ~µ are taken so the region J ′ can be easily

obtained an the integral in (4.55) is performed. Plotting the function obtained in the

plane µ1 × µ2 the graph in figure 4.6 is obtained.

Figure 4.6: Joint density for 2 eigenvalues (left)

As we can see in figure 4.6, there are a total of six peaks with high probability; the

distribution is symmetric with respect to the line µ1 +µ2 = 0. The marginal distribution

can be easily obtained by integrating over the variable µ1 or µ2. The results obtained

for certain values of dB and the numerical results are shown in figure 4.7.

In the manner that we saw the correspondence in the case dS = 2, we see again that the

marginal distribution corresponds to a high degree of approximation to the numerical

simulations. We validate the results obtained for an arbitrary dS in the simplest cases

an give an idea of the algorithm that must be followed for higher dimensions. It can be

said about the marginal distributions in a general aspect that, with increasing dB and
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Figure 4.7: Marginal density compared to numerical simulation dS = 3, dB = 3(left)
and dS = 3, dB = 5(right)

constant dS the concentration around zero is higher; this was also observed in the case

of the asymptotic behavior for c→ 0.

4.2.3 Main results

Until now, we know that the perturbation on the Hamiltonian produces a random basis

in the restricted subspace and we also know how to find the distribution of eigenvalues

for the difference of two random matrices. Our objective is to join this two calculations

to obtain our main result. But first, we recall briefly the problem proposed at the begin-

ning of this section. Consider a Hilbert space H = HS⊗HB corresponding to a bipartite

system subject to a Hamiltonian of the form H = HS +HB +λHSB, where HSB couples

the subspaces HS and HB and its amplitude is modulated by λ. Consider a restriction

R in the total energy of the bipartite system ET such that E ≤ Et ≤ E + ∆E. Now, it

has been mentioned throughout this work that a concentration of measure phenomenon

will occur for the reduced state on the subsystem (S) around the maximally entangled

state: the canonical state ΩS . Our interest is to see de distribution of different reduced

density matrices around this state, we begin by taking the difference between two of this

matrices and quantify the eigenvalues distribution.

For simplicity, we consider the case that each random vector generated through the ran-

dom preturbation belongs to a certain product subspace HSi⊗HBi , where the subspaces

of the subsystem and bath are orthogonal to each other, i.e., HSi⊥HSj and HBi⊥HBj
for i 6= j. As a direct consequence, a vector on the restricted Hilbert space HR can

be written as in equation (4.1), which is equivalent to say that the density matrix is a

block diagonal matrix (see equation (4.2) ). A change of variable can be made to find

the distribution for each block of the density matrix. In the notation of equation (4.1),
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the change of variable will be: ψαiα,jα =
√
pαχ

α
iα,jα

with normalized χ in the sense that∑dα
iα,jα=1 |χαiα,jα |

2 = 1, where dα is the dimension of the Hilbert subspace corresponding

to the block α.

It is a fact that a state in a Hilbert space can be represented as a point in a hyper-

sphere; for the case of |ψ〉 ∈ H, the vector will be represented in S2d−1. With the

change of variable proposed the vector |ψ〉 will be divided in sectors, each with dimen-

sion dα such that
∑

α dα = d. Each sector will be composed by a subvector in S2dα−1

multiplied by
√
pα. Our interest now is to find the distribution for the pα.

We begin by calculating the Jacobian for the change of variables. First, we write the

vector |ψ〉 as

|ψ〉 =


√
p1 |χ1〉

...
√
pn |χn〉

 , (4.57)

with 〈χi|χj〉 = δi,j and n denoting the number of sectors of |ψ〉. Now the Jacobian will

have terms like

∂ |ψ〉
∂pα

=
1

2
√
pα



0
...

|χα〉
...

0


. (4.58)

If we parametrize the sub-vectors |χα〉 by the set of (dα−1) angles ~θα, the Jacobian will

also have terms
∂ |ψ〉
∂θαiα

(4.59)

where iα runs from 1 to (dα − 1). The Jacobian matrix will be in a general form

J =

(
∂ |ψ〉
∂p1

,
∂ |ψ〉
∂ ~θ1

, · · · , ∂ |ψ〉
∂pn

,
∂ |ψ〉
∂ ~θn

)
. (4.60)

For the form of |ψ〉 and its derivatives, the Jacobian will have a block diagonal form.

Consequently, the determinant will be the product of the determinants of each block

det J =
∏
α

det Jα (4.61)

where the matrix Jα is defined as

Jα =

(
∂ |ψ〉
∂pα

,
∂ |ψ〉
∂ ~θα

)
. (4.62)
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We focus our attention to the Jacobian Jα; it resembles the transformation from cartesian

coordinates to spherical coordinates. In this case we have that the radius will be
√
pα,

and the angular measure will be equivalent to the measure for the χα with the constrain

for the radius. We can then write the measure as

dµα = (
√
pα)2dα−1d

√
pαdΩχα , (4.63)

which is simplified to

dµα =
pdα−1
α

2
dpαdΩχα . (4.64)

The total measure will be then the multiplication over the blocks. After normalization,

the distribution for the pα is a Dirichlet distribution and for the vectors |χα〉 is the usual

measure on the Hilbert space HSα ⊗HBα . The Dirichlet distribution is

D(p1, . . . , pn; d1, . . . , dn) =

Γ

(
n∑
i=1

di

)
n∏
i=1

Γ(di)

n∏
α=1

pdα−1
α . (4.65)

Since we have the usual measure in the product Hilbert space, when we trace out the

bath we obtain the induced measure on the eigenvalues for each block with the restriction

that the sum of the eigenvalues on each block must be pα instead of 1. The restriction for

normalization of ψ transforms to the constrain over the pα:
∑

α pα = 1. Consequently,

we can though of the pα as the probability for each block to contribute to the total

density matrix. To found the eigenvalue distribution for a block diagonal matrix where

pα represents the probability for each block, one has the distribution

P (~Λ) =

∫ ( n∏
α=1

dpα

dα∏
iα=1

dλαiα

)
D(p1, . . . , pn; d1, . . . , dn)

(
n∏

α=1

P ( ~λα)

)
δ(~Λ− p~λ) (4.66)

where the δ(~Λ−p~λ) is to be understand as a delta multiplication such that Λαiα = pαλ
α
iα

.

The distribution P ( ~λα) is the distribution of eigenvalues for each block, in this case

the distribution corresponds to that of equation (2.25). We will present the expressions

obtained for the case where equation (2.25) is taken in its exact form and later the

asymptotic behavior will be considered.
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4.2.3.1 Exact distribution

For the exact distribution we consider first the distribution from (4.66), then we obtain

making the integral over the λαiα

P (~Λ) =

∫ ( n∏
α=1

dpα

)
D(p1, . . . , pn; d1, . . . , dn)

(
n∏

α=1

P

(
~Λα
pα

)
1

pdαα

)
, (4.67)

and replacing the expression for P we get

P (~Λ) =

∫
D(p1, . . . , pn; d1, . . . , dn)

(
n∏
α=1

dpα

pdαα
Cdα,dBα δ

(
dα∑
iα

Λαiα
pα
− 1

)
∆

(
Λα

pα

)2 dα∏
iα=1

(
Λαiα
pα

)dBα−dα)
.

(4.68)

Now the integral for the pα can be done with the help of the Dirac delta δ; after

simplification, we obtain

P (~Λ) =

Γ

(
n∑
i=1

di

)
n∏
i=1

Γ(di)
δ

(
n∑
α=1

dα∑
iα=1

Λαiα − 1

)
n∏
α=1

Cdα,dBα

(
n∑
iα

Λαiα

)−(d2α+dBα )

∆(Λα)2
dα∏
iα=1

(Λαiα)dBα−dα

(4.69)

which one of the main results of this section. Note that part of the distribution is

factorized as the product of the distribution per block with the correlation given only by

the δ that ensures normalization. However, inside each block the eigenvalues are highly

correlated and their correlation is different from the case of equation (2.25) due to the

sum of eigenvalues per block term.

The next step is to consider the difference of two of this matrices. Since we have

seen that the distribution can be factorized by blocks, we consider for simplicity a spe-

cific block α and reproduce the calculation made on 4.2.2 with the probabilistic factor

introduced by the pα. Then we have the block of the difference matrix ∆ written as

∆α = pαρ
α
1 − qαρα2 , (4.70)

where the factors pα and qα are distributed according with the Dirichlet distribution, but

we consider them here as numerical factors that shall be carried along the calculation.

We recall equation (4.36) only this time Z = Ã+ B̃ with Ã = pαρ
α
1 and B̃ = −qαρα2

P (~µα) ∝ ∆ (~µα) ∆
(
∂~µα
)

Φ̃Ã(~µα) ∗ Φ̃B̃(~µα). (4.71)
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As we know, the eigenvalues of a pαρ
α
1 will be the same eigenvalues we had for ρ1 only

scaled by a factor of pα. Therefore, we had for ~µ′α = pα~µα

Φ̃A(~µα)d ~µα = Φ̃Ã(~µ′α)d~µ′α. (4.72)

We obtain the relation

Φ̃Ã(~µ′α) =
1

pdαα
Φ̃A

(
~µα
pα

)
, (4.73)

and analogous for B̃

Φ̃B̃(~µ′α) =
1

qdαα
Φ̃A

(
−~µα
qα

)
. (4.74)

Now we follow the procedure for the convolution (we have dropped the subscript α in

the µ to simplify the notation; however, it will become important for later calculations)

P (~µ) ∝ ∆(~µ)∆(∂~µ)

∫
Rdα

(
dα∏
iα=1

dλiα

)
Φ̃Ã(~λ)Φ̃B̃(~µ− ~λ), (4.75)

which applying relations (4.73) and (4.74) can be expressed as

P (~µ) ∝ 1

(pαqα)dα
∆(~µ)∆(∂~µ)

∫
Rdα

(
dα∏
iα=1

dλiα

)
Φ̃A

(
~λ

pα

)
Φ̃A

(
~λ− ~µ
qα

)
. (4.76)

Now we examine the structure of Φ̃A

(
~λ
pα

)
in detail in an attempt to simplify the ex-

pression above. The expression of Φ̃ is that of (4.42), then

Φ̃A

(
~λ

pα

)
= cdS ,dBδ

(
dα∑
iα=1

λiα
pα
− 1

)
dα∏
iα=1

(
λiα
pα

)dBα−1

Θ

(
λiα
pα

)
Θ

(
1− λiα

pα

)
, (4.77)

which can be simplified to give

Φ̃A

(
~λ

pα

)
=

cdS ,dB

p
dα(dBα−1)−1
α

δ

(
dα∑
iα=1

λiα − pα

)
dα∏
iα=1

(λiα)dBα−1 Θ (λiα) Θ (pα − λiα) ,

(4.78)

and in the same way for Φ̃B̃ = Φ̃A

(
~λ−~µ
qα

)
:

Φ̃B̃ =
cdS ,dB

q
dα(dBα−1)−1
α

δ

(
dα∑
iα=1

(λiα − µiα)− qα

)
dα∏
iα=1

(λiα − µiα)
dBα−1 Θ (λiα − µiα) Θ (qα − λiα + µiα) .

(4.79)

Now that we have the functions for the convolution, the probability for the ∆ block

given the pα and qα, i.e. P (~µ|pα, qα) is equal to

KdS ,dB∆(~µ)∆(∂~µ)

(pαqα)dαdBα−1

∫
J

(
dα∏
iα=1

dλiα(λiα(λiα − µiα))dBα−1

)
δ

(
−

dα∑
iα=1

µiα + pα − qα

)
, (4.80)
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where the region J is determined by the Heaviside functions Θ taking into account the

sign combiantions of the µ. In essence, the distribution is very similar to that obtained

in (4.46) with the change in a multiplicative factor of powers of pα and qα and the most

important change reflected in the two Dirac delta function which will be relveant later.

To find the total distribution of eigenvalues we must integrate the probability per region

over the distribution of the pα and qα, so we have

P (~µ) =

∫ ( n∏
α=1

dpαdqαP (~µα|pα, qα)

)
D({pα}, {dα})D({qα}, {dα}) (4.81)

We can find an explicit expression for equation (4.81) making the integral over the pα

and qα with the help of the Dirac deltas on equation (4.80), it reads

P (~µ) = Γ

(
n∑
i=1

di

)2 n∏
α=1

Kdα,dBα
∆(~µα)∆(∂~µα)

Γ(dα)2

∫
Jα

(
dα∏
iα=1

dλαiα

(
λαiα(λαiα − µ

α
iα

)

p∗αq
∗
α

)dBα−1
)
,

(4.82)

where p∗α and q∗α are to be replaced by

p∗α =

dα∑
iα=1

λαiα (4.83)

q∗α =

dα∑
iα=1

(λαiα − µ
α
iα). (4.84)

It is easy to verify that equation (4.82) corresponds to a generalization of equation (4.46)

where the special case of n = 1 corresponds to the treatment made in section 4.2.2. We

can see from the form of equation (4.82) that the correlations between each block are

now higher due to the terms (4.83) and (4.84). The regions Jα are determined by the

Heaviside functions and explicitly

Jα ≡
dα∏
iα=1

Θ (λiα − µiα) Θ (q∗α − λiα + µiα) Θ (λiα) Θ (p∗α − λiα) . (4.85)

The results above show the main result of this section, however we will not compare to

numerical simulations in the low dimensional case since we are more interested in the

asymptotical case where the concentration of measure phenomenon emerges.

4.2.3.2 Asymptotic distribution

Similar to the procedure developed in the exact case section, first we will consider the

distribution for one block and then take the integral over the blocks distribution to
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obtain the total distribution of eigenvalues. We want to obtain the distribution for the

sector α

∆α = pαρ
α
1 − qαρα2 . (4.86)

We can define a normalized submatrix ∆̃α = ∆α/pα and if η := qα/pα, we can find the

distribution for

∆̃α = ρα1 − ηρα2 , (4.87)

and then go back to the original variables. We begin by obtaining the R transform for

ρα1 which was already computed and that of −ηρα2 . We know that nth cumulant is a

homogeneous function of degree n, i.e., kn[−ηρα2 ] = (−η)nkn[ρα2 ]. With this in mind the

respective R transforms are:

Rρα1 (z) =
1

1− cαz
(4.88)

R−ηρα2 (z) = − η

1 + cαηz
, (4.89)

where cα = dα/dBα in the notation of section 4.2.3.1. The R transform for ∆̃α will be

the sum of the R transforms, explicitly

R∆̃α
(z) =

1

1− cαz
+

(
− η

1 + cαηz

)
=

(1− η) + η(2cz)

(1− cz)(1 + ηcz)
. (4.90)

The equation for the Cauchy transform G(z) will be then

(1− η) + η(2cG(z))

(1− cG(z))(1 + ηcG(z))
+

1

G(z)
= z. (4.91)

This equation is cubic on G(z); analizing the possible roots, we find the distribution

via the relation presented in equation (2.42). The distribution obtained in terms of

functions f and w is:

ρ(x, c, η) =
1

2π|x|cη

(
w(x, c, η)−

(
1 + η + η2

)
x2 − (1 + c)(η − 1)ηx+ (c− 2)2η2

3w(x, c, η)

)
, (4.92)

with

w(x, c, η) =


√√√√x2η2

4

((
x− (1 + c)(1− η)

2

)2

− α2

)((
x− (1 + c)(1− η)

2

)2

− β2

)
− f(x, c, η)

6
√

3


1
3

,

(4.93)

and

f(x, c, η) = ((x− a)− γ)((x− a)− γ̄)((x− a)− ε), (4.94)

where

a =
(1 + c)η(1 + η(4 + η))

(η − 1)(2 + η)(1 + 2η)
. (4.95)
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Figure 4.8: Eigenvalue distribution: Theoretical results (red line) vs numerical re-
sults(blue bars) for the aymptotic case. (Left: c = 1, η = 0.2)(Right: c = 0.5, η = 2)
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Figure 4.9: Eigenvalue distribution: Theoretical results (red line) vs numerical re-
sults(blue bars) for the aymptotic case. (Left: c = 2/3, η = 4)(Right: c = 2/5, η = 0.4)

The constants α, β, γ and ε depend strongly on c and η and are cumbersome expressions

which we will not write here.

The structure is very similar to the result obtained in (4.31) with the difference that

the limits are changed with η. Although is a complicated expression for ρ the absolute

maximum limit can be found in the case η > 1. This limit is equal to (1+c)(1−η)
2 − β ,

the absolute minimum limit for the support is still missing. However, to validate this

theoretical result we can compare it to numerical simulations as it is shown in figures

4.8 and 4.9

To complete our analisys, we give an expression for the total density since we have

considered so far a normalized density for one block. First we found that the density in

terms of pα and qα goes like

ρ̃

(
x, c,

pα
qα

)
=

1

pα
ρ

(
x

pα
, c,

pα
qα

)
(4.96)

where ρ is that of equation (4.92). This may seem at fisrt asymmetric with the exchange

of pα and qα but it is not. The next step is to integrate over the different sectors α



Chapter 4. The Problem and Some Results 64

with the corresponding distribution. Thus, we have a final expression for the marginal

density of one eigenvalue for the whole matrix

ρ(λ, c) =

∫ ( n∏
α=1

dpαdqα

)
D({pα}; {dα})D({qα}; {dα})

1

pα
ρ

(
λ

pα
, c,

pα
qα

)
. (4.97)

We will not calculate explicitly this expression here due to the cumbersome expression

for ρ in terms of the pα and qα. In the next section we analyze the results obtained so

far and mention some applications and further directions that can be followed from this

results.

4.3 Analysis and Conclusions

We begin this analysis of the results obtained in the previous section by giving a phys-

ical interpretation of the results. First, what we have obtained here, is the statistical

distribution for the difference of two random reduced matrices. As we have mentioned

in the beginning of this chapter, for large dimensions of the Hilbert spaces from the

system and bath, a concentration phenomenon will emerge. This concentration due to

the measure, makes the reduced states to be almost indistinguishable from the canonical

state ΩS . The difference of the matrices is therefore taken as an estimate of the distance

between states; the eigenvalue distribution allows us to make assertions about how far

the states are.

We begin with the results obtained for the asymptotical case. As it was mentioned

in the respective section, the theoretical prediction describes in a very accurate way for

high dimensions the marginal density. However, for decreasing dimensions, the theo-

retical approximation describes mostly the average function. For low dimensions, the

oscilations start to be of greater amplitude. The limits of the distribution don’t have

a smooth transition in their derivative so the numerical results extend of the support

of the theoretical asymptotic function a little portion with very low density. However,

the support limits of the theoretical prediction consist of a good approximations in the

high dimensional case for the limits of the observed distribution. The limits depend

mainly on the ratio of the dimensions of the Hilbert spaces of the subsystem and bath.

In figure 4.10 we made a plot of how the limit of the support changes with c, the support

is escalated with the dimension of the Hilbert space of the subsystem dS . As figure 4.10

show us, for c → 0 the distribution becomes a highly peaked distribution with support

only at cero. This means that when the dimension of the bath compared to that of the

subsystem is very high, two random matrices generated in that ensemble will be prac-

tically the same. This is a direct consequence of theorem 1.1 and the condition for deff
B
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Figure 4.10: Support of ρ̃ for the asymptotical case with changing c

to be higher than dS . The concentration is so strong that distinguish matrices from the

canonical or even among themselves is nearly impossible. A more interesting analysis

can be made on the upper limit of the boundary which reaches its maximum for c = 1,

the value it reaches is nearly 3.33 which means that the maximum eigenvalue for the

difference of the two matrices will be around λmax ∼ 3.33/dS .

Now, from the form of the distribution of ρ̃ for the asymptotic case we can see that

the most probable value and the mean of the distribution are zero. This fact, proba-

bilistically gives us the intuiton that the majority of the states are very close and that

the dimensions of the systems determine wheter the proximity increases or decreases.

Following with the analysis, we continue with the low dimensional case which we look

forward for completeness of the results since we saw that for low dimensions the theo-

retical approximation differs radically from the numerical simulations.

An interesting result from the numerical simulation in the low dimension limit were

the oscilations, i.e., the isolated peaks in the probability distribution and that the num-

ber of peaks coincide exactly with the dimension of the subsystem. In the case of dS = 2

the peaks were identical, and as in the previous analysis, the distribution was symmet-

ric. However, when we look for the case of d ≥ 3 we see that the peaks do not have

the same amplitude; indeed, the nearest they are to the zero the higher the amplitude

they present. When we take higher dimensions the peaks can be rarely distinguished

to eventually disappear, leaving a continuous distribution where each point corresponds

to a peak’s maximum. Additionally, it is interesting to note that the only case where

the eigenvalue zero has zero probability is d = 2, as we see in figure 4.5. However,

for the symmetry we see that the average value is zero. Nevertheless, this is the only

possible state where the distance between the two matrices cannot be zero in terms of

their eigenvalues.
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In the cases where we include the random perturbation we obtain an interesting re-

sult, the unitarily invariant perturbation on the Hamiltonian acting on the total Hilbert

space induces a random generation for the eigenvectors in the degenerate subspace HR.

With this in mind, we propose an escenario where the randomly generated vectors be-

long to orthogonal product subspaces, which in consequence enables us to write the

reduced density matrix for the subsyetem as a direct sum, i.e. a block diagonal matrix.

With the block diagonal structure, we made a change of variable to account for the

probability and correlations among the different blocks on the matrix. We found that

the correlations between each block increase in the sense that the distribution in each

block can be no longer factorized (see equation (4.82)). However, the distribution for

the total matrix is factorized by blocks with the restriction of normalization being the

only correlation between blocks.

Regarding the asymptotic behavior for the difference, where the probability per block

is introduced, we saw that the structure of the final function is similar to the results

obtained in section 4.2.1 but more complicated due to the assymetry. However, we were

able to find the limit for the support where the absolute maximum eigenvalue lay. It

is curious that the most probable value is still zero but the mean is displaced because

of the assymetry. Depending on the ratio of pα and qα the average value will be either

possitive or negative. According with the nature of the probability distributions for each

block there will be blocks where the ratio η will be higher than one and less than one

for other blocks. The product distribution will ensure that the total trace of the matrix

is zero; additionally, we see that the total distribution is block-factorizable. However,

since we are working with the marginal distribution for each block we are unable to see

the correlations between the eigenvalues between each block.

4.3.1 Conclusions

From the discussion on chapter 3, and the analysis of the results of chapter 4, we can

conclude that the typicality approach constitutes a fundamental approximation for sta-

tistical physics. We based this assertion on the fact that the methods of the approach

allow to explain the principal features and dynamics of statistical physics in a quantum

level without making postulates and with a limited but reasonable assumption on the

dimensions of the Hilbert spaces. The results obtained in this chapter, are of great in-

terest since now that we are taking the typicality approach as a fundamental one, we are

interested in how this concentration of measure occurs around the equilibrium states,

specially the canonical state.
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A first approximation to quantify the distribution of states around the canonical is

proposed by takin the difference of two of this states and analyzing the eigenvalue dis-

tribution, where the quantum information is storaged. The asymptotic and the exact

distribution were found along with their respective distributions per blocks. The analy-

sis per blocks was made taking a random Hamiltonian so a random base and, therefore,

a random state could be chosen instead of two arbitrary states as was proposed at first.

We are mainly interested in the asymptotic case considering statistical physics problems

involves high dimensional physical systems. The behavior of the distribution of eigenval-

ues presents two principal features: First, it is concentrated symmetrically around zero

(assymetrically per block), and second, the support becomes narrower with decreasing

values of c = dS/dB. From this facts, we can conclude that the important relation is

the ratio of the dimensions of the system and the bath and that both values are large

enough so the concentration of measure can occur. We can also add that when the bath

is considerably larger than the system, the concentration around zero is more noticeable;

this lead us to conclude that for this case, the matrices are essentially the same since all

their eigenvalues are almost equal to the typical λTyp ∼ 1/dS . Taking the case where

the dimensions are of the same order of magnitude we can observe that eigenvalue of

the difference between two of matrices is at most 3.33/dS but since we have considered

dS � 1 this value is extremely low.

As future work, we can propose to quantify the distribution of states around the canon-

ical by other means rather then the difference of two density matrices. We can argue

that obtaining the information of the distribution, we will gain some physical intuition

about the concentration of measure phenomenon. The results obtained throughout this

work can also be applied to some information theory problems as is the case of quantum

channels.

In account on the discussion on the foundations of statistical physics; we can say that

although the typicality approach is well suited to explain the theory, there are still miss-

ing physical interpretation of what information does entropy gives us about the state

of the system and what are the mechanism to equilibration. Still today, this is fiercely

debatible, and is what makes the topic so interesting.



Appendix A

Detailed Calculations

A.1 Jaynes’ Maximum Entropy Principle

In this section, the approach proposed by Jaynes will be followed in order to calculate

the probability/density matrix in the microcanonical and the canonical ensembles. Let’s

start with the classical case, for the microcanonical ensemble there are no restrictions

based on averaged measured quantities therefore one has to maximize the Shannon’s

entropy

dH({pi})
dpi

= 0

d

dpi

(
−

d∑
i=1

pi log pi

)
= 0

(log pi + 1) = 0

⇒ pi = e−1

Normalizing

(
d∑
i=1

pi = 1

)
⇒ pi =

1

d
.

Here d is the number of posible microstates, in the notation followed in the document

d = Ω. For the canonical ensemble the average energy of the subsystem is known so the

function to be maximized is

H({pi})− βĒ = H({pi})− β
∑
i

Eipi (A.1)

68
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where β is a Lagrange multiplier. Explicitly

d

dpi
H({pi})− β

∑
i

Eipi = 0

−(log pi + 1)− βEi = 0

⇒ pi = e−βEi−1

Normalizing ⇒ pi =
e−βEi∑
i e
−βEi

where it can be identified the partition function Z =
∑

i e
−βEi and the Lagrange multi-

plier can be associated with β = 1/kBT and it is determined by the equation.

Ē =
1

Z

∑
i

Eie
−βEi (A.2)

The procedure for the quantum case is very similar, for the microcanonical ensemble the

function to be maximized is the von Neumann entropy with the only restriction given

by normalization

S(ρ) = −Tr ρ log ρ = H({λi}) (A.3)

where in the last equality appears the Shannon’s entropy of the eigenvalues of ρ. As we

found before, the distribution maximizing Shannon’s entropy with no aditional restric-

tions rather than normalization is λi = 1/d, the only difference is that in this case d is

the dimension of the Hilbert space that is compatible with the macroscopical variables.

Thus the density matrix will be of the form

ρmc =
I
d
. (A.4)

For the canonical ensemble the average energy 〈H〉 = Tr ρH is known and can be

expressed as a restriction to maximize the von Neumann entropy, therefore the function

is

S(ρ) = −Tr ρ log ρ− β Tr ρH, (A.5)

in analogy to the classical case the entropy is maximized by the density matrix

ρ =
e−βH

Z
(A.6)

where

Z = Tr e−βH (A.7)
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and the Lagrange multiplier is determined by the equation

〈H〉 = − ∂

∂β
lnZ. (A.8)

In general if we are given the expected value of the operators F1 . . . Fm then the density

matrix maximizing the von Neumann entropy, i.e. the most unbiased picture of the

system [6] is

ρ = exp[−β1F1 − . . .− βmFm]/Z (A.9)

with the βi determined by

〈Fi〉 = − ∂

∂βi
lnZ. (A.10)

A.2 Standard derivation of the canonical ensemble

In statistical physics there is a standard way to derive the canonical ensemble from the

microcanonical, the quantum case will be presented, the classical derivation follows the

same principles. Supose we have a product Hilbert space consisiting of a subsystem

and a bath H = HS ⊗HB, we restric the system to be in the subspace with an energy

restriction E < ET < E+∆E where ET is the total energy wich in this case we consider

it to be ET = ES + EB due to the weak interaction between bath and subsystem.

Considering the whole system is an isolated system therefore it is allowed to use the

microcanonical ensemble, the total density matrix in the energy basis is expressed as

ρ = (dim H[E,E+∆E])
−1

∑
(i,j)∈I

∣∣∣E(S)
i

〉 ∣∣∣E(B)
j

〉〈
E

(S)
i

∣∣∣ 〈E(B)
j

∣∣∣ (A.11)

where the set I is such that if (i, j) ∈ I then E
(S)
i + E

(B)
j ∈ [E,E + ∆E]. Tracing out

the bath one obtains

ρS = TrB ρ

ρS = (dim H[E,E+∆E])
−1

∑
(i,j)∈I;k

I⊗
〈
E

(B)
k

∣∣∣ ∣∣∣E(S)
i

〉 ∣∣∣E(B)
j

〉〈
E

(S)
i

∣∣∣ 〈E(B)
j

∣∣∣ I⊗ ∣∣∣E(B)
k

〉

ρS = (dim H[E,E+∆E])
−1

∑
(i,j)∈I;k

∣∣∣E(S)
i

〉〈
E

(S)
i

∣∣∣ δjk
ρS = (dim H[E,E+∆E])

−1
∑
i

(
dimH(B)

i

) ∣∣∣E(S)
i

〉〈
E

(S)
i

∣∣∣ (A.12)

where H(B)
i = H(B)

[E−E(S)
i ,E−E(S)

i +∆E]
the Hilbert subspace in the bath restricted to the

energy interval depending on E
(S)
i . It is a known fact that when the dimension of the
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bath is sufficiently large its entropy will be

SB(E(B)) ≈ kB ln dim
(
H(B)

[E(B),E(B)+∆E

)
, (A.13)

manipulating this expression it can be seen that

dim

(
H(B)

[E−E(S)
i ,E−E(S)

i +∆E

)
∼ e

SB(E−E(S)
i

)

kB ≈ e
S(E)
kB
−βE(S)

i ∼ e−βE
(S)
i (A.14)

where kBβ = dSB(E)/dE, it is straightforward to obtain ρS because it has to be

normalized(Tr ρS = 1)

ρS =

∑
i e
−βE(S)

i

∣∣∣E(S)
i

〉〈
E

(S)
i

∣∣∣
Z

(A.15)

which is equivalent to (A.6)
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Proofs for the theorems

B.1 Proof of theorem 1.1

Proof. We begin the proof by applying Levy’s lemma to the function ‖ρS −ΩS‖1 which

is the trace distance between ρS = TrB(〈ψ| |ψ〉) for a random |ψ〉 and ΩS the canonical

state. The lemma then tell us that

P (|‖ρS − ΩS‖1 − 〈‖ρS − ΩS‖1〉| ≥ ε) ≤ 2 exp

[
− dε2

9π3η2

]
. (B.1)

First we calculate an upper bound for the Lipschitz constant for ‖ρS−ΩS‖1. Consider

the reduced states ρ1 = TrB(|ψ1〉 〈ψ1|) and ρ2 = TrB(|ψ2〉 〈ψ2|), now we have that

|‖ρ1 − Ω‖1 − ‖ρ2 − Ω‖1|2 ≤ ‖ρ1 − ρ2‖21,

and since parcial tracing cannot increase the trace norm ‖ · ‖1

|‖ρ1 − Ω‖1 − ‖ρ2 − Ω‖1|2 ≤ ‖ |ψ1〉 〈ψ1| − |ψ2〉 〈ψ2| ‖21
= 4(1− | 〈ψ1|ψ2〉 |2)

≤ 4| |ψ1〉 − |ψ2〉 |2.

Therefore we obtain the upper bound for the Lipschitz constant

η2 =
|‖ρ1 − Ω‖1 − ‖ρ2 − Ω‖1|2

| |ψ1〉 − |ψ2〉 |2
≤ 4, (B.2)

then η ≤ 2. Now we proceed to calculate an upper bound for the average 〈‖ρS−ΩS‖1〉, to

that end we will work with the Hilbert-Schmidt‖A‖2 =
√

Tr(AA†) norm rather then the

72
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trace norm for simplicity in the calculations, the two norms are related by the relation

‖ρS − ΩS‖1 ≤
√
dS‖ρS − ΩS‖2, (B.3)

then an upper bound for 〈‖ρS − ΩS‖2〉 will be

〈‖ρS − ΩS‖2〉 ≤
√
〈‖ρS − ΩS‖22〉

=
√
〈Tr(ρS − ΩS)2〉

=
√
〈Tr ρ2

S〉 − 2 Tr(〈ρS〉ΩS) + Tr Ω2
S

=
√
〈Tr ρ2

S〉 − Tr Ω2
S

then we have that

〈‖ρS − ΩS‖1〉 ≤
√
dS(〈Tr ρ2

S〉 − Tr Ω2
S). (B.4)

Now to complete the proof we have to find a bound on 〈Tr ρ2
S〉, it is helpful then to

introduce a copy of the restriction Hilbert space HR′ ⊆ HS′ ⊗ HB′ and extend the

problem from HR to HR ⊗HR′ and then trace out the auxiliary system. We can then

write the expression

Tr ρ2
S =

∑
k

ρ2
kk

=
∑

k,k′,l,l′

ρklρk′l′
〈
kk′|ll′

〉 〈
ll′|kk′

〉
= Tr((ρS ⊗ ρS′)FSS′),

where FSS′ is the swap operator between S and S′ defined as

FSS′ =
∑
S,S′

∣∣s′〉 〈s|S ⊗ |s〉 〈s′∣∣S′ . (B.5)

Then we can write an expression in terms of the trace of the restriction Hilbert space

and its copy

Tr ρ2
S = TrRR′((|ψ〉 〈ψ| ⊗ |ψ〉 〈ψ|)RR′(FSS′ ⊗ IBB′)), (B.6)

taking the average with respect to random |ψ〉 with the unitarily invariant Haar measure

on RR′ we can only concern about the average of the expression (|ψ〉 〈ψ| ⊗ |ψ〉 〈ψ|)RR′
since the other operators remain invariant. To compute this average we know that the

fact that it is unitarily invariant implies that it can be written as linear combination of

symmetric and antisymmetric projectors onto the corresponding subspaces of HR⊗HR′ ,
i.e.

〈(|ψ〉 〈ψ| ⊗ |ψ〉 〈ψ|)RR′〉 = αΠSym
RR′ + βΠantisym

RR′ . (B.7)
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Now we note that

(|ψ〉 〈ψ| ⊗ |ψ〉 〈ψ|)RR′(|ab〉 − |ba〉) = 0 ∀a, b, ψ, (B.8)

in consequence we have β = 0 and as 〈(|ψ〉 〈ψ| ⊗ |ψ〉 〈ψ|)RR′〉 is normalized we obtain

α = dim(RR′sym)−1 = 2
dR(dR+1) . Taking this into account for the computation of 〈Tr ρ2

S〉
we have

〈Tr ρ2
S〉 = TrRR′

((
2Πsym

RR′

dR(dR + 1)

)
(FSS′ ⊗ IBB′)

)
, (B.9)

now we can make the decomposition of the symmetric projector as

Πsym
RR′ =

1

2
(IRR′ + FRR′) (B.10)

for FRR′ the swap operator defined as in (B.5) but this time for the spaces R and R′.

Indeed, we can write the swap operator in a more intuitive manner FRR′ = IRR′(FSS′ ⊗
FBB′). Inserting this results in (B.9) we get

〈Tr ρ2
S〉 = TrRR′

((
IRR′

dR(dR + 1)

)
(FSS′ ⊗ IBB′)

)
+ TrRR′

((
IRR′

dR(dR + 1)

)
(ISS′ ⊗ FBB′)

)
≤ TrRR′

((
IRR′
dR
⊗ IRR

′

dR

)
(FSS′ ⊗ IBB′)

)
+ TrRR′

((
IRR′
dR
⊗ IRR

′

dR

)
(ISS′ ⊗ FBB′)

)
= TrSS′((ΩS ⊗ ΩS)FSS′) + TrBB′((ΩB ⊗ ΩB)FBB′)

= TrS Ω2
S + TrB Ω2

B

where we have used the notation ΩS = TrB IR/dR and ΩB = TrS(IR/dR). Finally we

arrive to the bound

〈Tr ρ2
S〉 ≤ TrS Ω2

S + TrB Ω2
B (B.11)

wich we can insert in (B.4) to obtain the desired bound

〈‖ρS − ΩS‖1〉 ≤

√
dS

deff
B

(B.12)

where we define the effective dimension as deff
B = (Tr Ω2

B)−1. With all the expression for

the bounds put together in (B.1) we arrive to theorem 1.1.

B.2 Proof of theorem 3.1

The proof of this theorem as found in [37] is
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Proof. The proof can be easily done expressing the operator A in its diagonal form

picking an adequate orthonormal basis for the Hilbert space HR, let us call it |ei〉.

Then A =
dR∑
i=1

Ai |ei〉 〈ei|, ΠR/dR = 1
dR

dR∑
i=1
|ei〉 〈ei| and |ψ〉 =

dR∑
i=1

ψi |ei〉 ∈ HR. Then the

expression we are interest in becomes

(Tr[Aψ]− 〈A〉mc)2 =

 dR∑
i,j,k=1

ψ∗iAjψk 〈ei|ej〉 〈ej |ek〉 −
Ak
dR
〈ei|ej〉 〈ej |ek〉 〈ek|ei〉

2

=

(
dR∑
i=1

Ai

(
|ψi|2 −

1

dR

))2

. (B.13)

The average over ψ can be seen as the average over the (ψ1, . . . , ψdR) ∈ the unit sphere

of CdR . Now we expand the expression obtained in (B.13) as

(
dR∑
i=1

Ai

(
|ψi|2 −

1

dR

))2

=

dR∑
i,j=1

AiAj

(
|ψi|2|ψj |2 −

1

dR
(|ψi|2 + |ψj |2) +

1

d2
R

)
. (B.14)

Now we have to take the average over the unit sphere, but this is analogous to the

calculation with the Weingarten function taking the averge over the unitaries, i.e we ca

think of the vector (ψ1, . . . , ψdR) as a unitary matrix with 1 column. Then we can use

the integrals introduced in section 2.2

〈|ψi|2〉Sphere =

∫
dUUi,1U

∗
i,1 =

δi,i
dR

=
1

dR
, (B.15)

and

〈|ψi|2|ψj |2〉Sphere =

∫
dUUi,1U

∗
i,1Uj,1U

∗
j,1

=
1

dR(dR + 1)
(1 + δi,j) .

Inserting this expressions in B.14 we obtain

(
dR∑
i=1

Ai

(
|ψi|2 −

1

dR

))2

=

dR∑
i,j=1

AiAj

(
1

dR(dR + 1)
(1 + δi,j)−

1

dR

(
2

dR

)
+

1

d2
R

)

=
1

dR + 1

dR∑
i,j=1

AiAj

(
δi,j
dR
− 1

d2
R

)

=
1

dR + 1

(
TrA2

dR
− (TrA)2

d2
R

)
, (B.16)

and now since (
TrA2

dR
− (TrA)2

d2
R

)
≤ max |Ai|2 ≤ ‖A‖2∞ (B.17)
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where max |Ai| is the spectral radius of A, the second inequality follows from the fact

that the operator norm is always an upper bound for the spectral radius, then we arrive

to the desired inequality

(Tr[Aψ]− 〈A〉mc)2 ≤ ‖A‖
2
∞

dR + 1
(B.18)

B.3 Proof of theorem 3.2

Proof. The proof is very similar to that of theorem 1.1, this time the function f in Levy’s

lemma will be Tr[A |ψ〉 〈ψ|]. First we fin the mean value with respect to |ψ〉 wich is

〈Tr[A |ψ〉 〈ψ|]〉ψ = Tr [A〈|ψ〉 〈ψ|〉ψ] = Tr

[
A

ΠR

dR

]
= 〈A〉mc. (B.19)

Now we have to find the Lipschitz constant for the function f(ψ) = Tr[A |ψ〉 〈ψ|], the

only assumption we made is that A is an operator on HR with a finite operator norm

‖A‖∞ <∞. Then we have

|f(ψ1)− f(ψ2)| = |Tr[A |ψ1〉 〈ψ1|]− Tr[A |ψ2〉 〈ψ2|]|

= | 〈ψ1|A |ψ1〉 − 〈ψ2|A |ψ2〉 |

=
1

2
|(〈ψ1|+ 〈ψ2|)A(|ψ1〉 − |ψ2〉) + (〈ψ1| − 〈ψ2|)A(|ψ1〉+ |ψ2〉)|

≤ ‖A‖∞| |ψ1〉 − |ψ2〉 || |ψ1〉+ |ψ2〉 |

≤ 2 ‖A‖∞| |ψ1〉 − |ψ2〉 |, (B.20)

then the Lipschitz constant η is bounded by

η ≤ 2‖A‖∞. (B.21)

Putting these results together with equation (2.10) the theorem is complete.

B.4 Proof of theorem 3.3

Proof. Consider a state |ψ(t)〉 in a product Hilbert space H = HS ⊗HB. The evolution

is given by a Hamiltonian with non-degenerate energy gaps. Then we can express |ψ(t)〉
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in terms of the eigenvector of the Hamiltonian |Ei〉 as (~ = 1)

|ψ(t)〉 =
∑
k

cie
−iEkt |Ek〉 , (B.22)

with the condition
∑

k |ck|2 = 1. The density matrix associated with this state will be

ρ(t) = |ψ(t)〉 〈ψ(t)| =
∑
j,k

ckc
∗
je
−i(Ek−El)t |Ek〉 〈Ek| . (B.23)

From the non-degeneracy of the energy levels and using equation 3.29 we get

ω = 〈ρ(t)〉t =
∑
k

|ck|2 |Ek〉 〈Ek| . (B.24)

Now we start relating the distance defined in equation (3.31) and using inequality of

(B.3) to get

D(ρS(t), ωs) ≤
√
dS TrS(ρS(t)− ωS)2. (B.25)

The expression ρS(t) − ωS can be expressed using the definitions in (B.23) and (B.24)

as

ρS(t)− ωS =
∑
j 6=k

ckc
∗
je
−i(Ek−Ej) TrB |Ek〉 〈Ek| , (B.26)

as we want the average over time and due to the concavity of the square root on (B.25)

we have

〈D(ρS(t), ωs)〉t ≤
√
dS〈TrS(ρS(t)− ωS)2〉t. (B.27)

Now let us calculate explicitly 〈TrS(ρS(t)− ωS)2〉t

〈TrS(ρS(t)− ωS)2〉t =
∑
j 6=k

∑
m 6=n

κkjmn TrS(TrB |Ek〉 〈Ek|TrB |Em〉 〈Em|), (B.28)

where

κkjmn = ckc
∗
jcmc

∗
n〈e−i(Ek−Ej+Em−En)t〉. (B.29)

To evaluate this time average we use the fact that the Hamiltonian has non-degenerate

energy gaps and that the sum includes only terms k 6= j and m 6= n, therefore the only
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nonzero terms are those where k = n and m = j, as a consequence we obtain

〈TrS(ρS(t)− ωS)2〉t =
∑
k 6=j
|ck|2|cj |2 TrS [TrB |Ek〉 〈Ek|TrB |Ej〉 〈Ej |]

=
∑
k 6=j
|ck|2|cj |2

∑
ss′bb′

〈sb|Ek〉
〈
Ej |s′b

〉 〈
s′b′|Ej

〉 〈
Ek|sb′

〉
=

∑
k 6=j
|ck|2|cj |2

∑
ss′bb′

〈sb|Ek〉
〈
Ek|sb′

〉 〈
s′b′|Ej

〉 〈
Ej |s′b

〉
=

∑
k 6=j
|ck|2|cj |2 TrB [TrS |Ek〉 〈Ek|TrS |Ej〉 〈Ej |]

=
∑
k 6=j

TrB
[
TrS |ck|2 |Ek〉 〈Ek|TrS |cj |2 |Ej〉 〈Ej |

]
= TrB ω

2
B −

∑
k

|ck|4 TrS
[
(TrB |Ek〉 〈Ek|)2

]
〈TrS(ρS(t)− ωS)2〉t ≤ TrB ω

2
B, (B.30)

with ωB = TrS ω. Inserting this result in (B.27) we obtain the first equality in theo-

rem 3.3 if we define the effective dimension as (deff(ωB))−1 = TrB ω
2
B. For the second

inequality we use the weak subadditivity of the Rényi entropy

Tr[ω2] ≥
TrB ω

2
B

RankρS
≥

TrB ω
2
B

dS
. (B.31)

Finally we arrive to the results presented in the theorem

〈D(ρS(t), ωs)〉t ≤
1

2

√
dS TrB ω2

B

≤ 1

2

√
d2
S Trω (B.32)

B.5 Proof of theorem 3.6

Proof. The proof is based on Levy’s lemma, we take the function f to be the average

〈Tr[Aρ(t)]〉t = Tr[A〈ρ(t)〉t]. As the restriction subspace HR corresponds to a micro-

canonical constrain the projector ΠR commutes with the Hamiltonian [ΠR, H] = 0.

Therefore the expression for 〈f〉ψ becomes

〈Tr[A〈ρ(t)〉t]〉ψ = Tr[A〈〈ρ(t)〉ψ〉t] = Tr

[
A

ΠR

dR

]
= 〈A〉mc. (B.33)
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Now we have to bound the Lipschitz constant, the calculation is very similar to that in

(B.20),

|f(ψ1)− f(ψ2)| = |Tr[A〈|ψ1〉 〈ψ1|〉t]− Tr[A〈|ψ2〉 〈ψ2|〉t]|

= |Tr[〈A〉t(|ψ1〉 〈ψ1| − |ψ2〉 〈ψ2|)]| (B.34)

= | 〈ψ1| 〈A〉t |ψ1〉 − 〈ψ2| 〈A〉t |ψ2〉 |

=
1

2
|(〈ψ1|+ 〈ψ2|)〈A〉t(|ψ1〉 − |ψ2〉) + (〈ψ1| − 〈ψ2|)〈A〉t(|ψ1〉+ |ψ2〉)|

≤ ‖〈A〉t‖∞| |ψ1〉 − |ψ2〉 || |ψ1〉+ |ψ2〉 |

≤ 2 ‖〈A〉t‖∞| |ψ1〉 − |ψ2〉 |, (B.35)

then we have η ≤ 2‖〈A〉t‖∞. Inserting this results in Levy’s lemma we obtain the desired

result.
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