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Abstract

The main goal of the work that we developed during the whole semester, and that
is registered in this document, was to understand in a deeper way the Hastings’
counterexample of the additivity conjecture of the Holevo capacity. We revise and
develop some of the most important technical, mathematical and conceptual aspects
that are used in the proof, and make a reproduction of the proof itself. We begin
the journey with information theory, classical and quantum. We then proceed to
explain the additivity conjecture of some quantum information quantities and their
equivalence. Then, we go through some mathematical techniques such as random
matrices theory. And then we make the reproduction of the proof.

While studying the proof we stumbled upon random matrices theory and got very
interested in it. Thats why we started working on a side-project that, we thought,
could help us get a better insight of the proof and random quantum channels. The aim
of this side-project was to get an analytical way to get the exact marginal eigenvalue
distribution of the difference of two random reduced density matrices ∆ = ρS1− ρS2.
We use two approaches to do this. The first approach used free probability theory
and helped us get the marginal eigenvalue distribution of ∆ when the dimensions of
the system and environment are large but their ratio c = dS

dB
remains constant. The

second approach was to use the convolution theorem and probability theory to get
the marginal eigenvalue distribution for “arbitrarily” chosen dS and dB.

Thesis Supervisor: Alonso Botero Mej́ıa, Ph.D.
Title: Associate Professor
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Chapter 1

Introduction

This work, in which I have been working for the past semester, is about one of the

main problems on quantum information theory, which is whether a quantity called

the Holevo capacity of a quantum channel is additive or not. This quantity was

thought to be additive, and one of the main reasons to think that is that in classical

information theory the channel capacity is an additive quantity. The solution to this

conjecture was given by Hastings in one of his most known papers [11]. There were

other quantities that were conjectured to be additive, like the quantum capacity the

private capacity, the entanglement of formation and the minimum output entropy, to

name some. Moreover, it was proved that the additivity conjecture of four of this

quantities, including the Holevo capacity, are equivalent. That is why the importance

of Hastings work is remarkable. Not only it was one of the oldest problems on quan-

tum information theory, but it was a counterexample to the equivalent additivity

conjectures.

Hastings proof is not simple, but it is certainly one from which one can learn

many useful mathematical techniques and get a better insight about the behavior

of quantum channels. There were many attempts to solve this problem but most of

the people that were trying to do it had the idea that the Holevo capacity should

be additive, Hastings himself had it. But lets first explain why the problem was so

difficult.

When Claude Shannon first developed the mathematical framework for informa-
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tion theory and information theory itself, in 1948 [25], he had to develop the concept

of an amount of information. The unit that he established was the bit. To understand

better what a bit means lets explain what having 1 bit of information is. Lets say

that there is an event that has two probable outcomes and one knows with absolute

certainty which of the outcomes happened, then one has 1 bit of information.

In classical information theory the capacity of a channel to transmit some amount

of information per use of the channel, with asymptotically large number of uses of

it, is defined as the channel capacity, and this quantity has some nice features. First

of all, the channel capacity of any two channels used in parallel is equal to the sum

of each of the channels’ capacities. Secondly, and as a consequence of the previous

property, the quantity is calculated just by assuming one use of the channel, and this

is because using the channel two times, no matter if the inputs are correlated or not,

does not improve the transmission rate.

In quantum information theory, at first glance, one could think that the same

would happen for the quantity that measures the amount of information that can

be sent through a channel. Either the quantity with asymptotic uses of it or the

one-use-of-the-channel quantity. But the first problem that one encounters is that

in the quantum case two kinds of information can be defined: classical information

and quantum information (quantum states or qubits). Therefore we can define two

capacities.

For communication through quantum channels the resource that is used is quan-

tum states, which, in order to get some kind of classical of information out of them,

have to be measured. This is one of the problems that the people working on the

subject had to face, but it was cleverly solved by the proof of the Holevo-Schumacher-

Westmoreland (HSW) theorem, which sets the so called Holevo capacity as an upper

bound for the amount of classical information that can be sent through a quantum

channel.

The next problem that keeps the theory off of its simplification is that we now

have a resource called entanglement, which is a correlation between the two parts

of a bipartite system (systems with two parts) like no other in the classical theory.

12



We knew that the classical correlations would not improve the capacity, but would

entanglement do?.

The answer is now known to be ‘yes’, not only for the Holevo capacity but also

for the private and quantum capacities; that are the quantities that quantify the

transmission rate at which a channel can be used to send classical information that

leaves no trace on the environment and quantum information respectively. This has a

lot of interesting consequences. For instance, the communication through a quantum

channel of any kind of information can be improved using entangled states as inputs.

Of course it also has its problems. For example, the calculations in order to get the

exact capacity of a channel will much more difficult.

This work takes us from classical to quantum information theory, then goes around

the techniques and results used by Hastings in the proof in order to understand it,

and the behavior of quantum channels, in a better way. We revisit and make some

comments on the equivalence of four different additivity conjectures of some relevant

quantities on information theory, which was proved by Shor [26]. We also explain

random matrix theory and how the eigenvalue probability distributions for random

density matrices are obtained.

Random matrices theory is very important for the proof, as the channels that are

used in it are defined randomly with the choosing of random unitary matrices. This

is what helps to set the bounds on the different quantities that are involved in the

demonstration that lead to the superadditivity proof.

At the end of the document we make a brief comment on some of the newer

proofs that have been made about the superadditivity of the Holevo capacity, some

generalizations and techniques used by others.

We also show some further work that we have been doing on the subject of random

density matrices; specifically on eigenvalue distributions. We worked on this most of

the semester because it could lead to a better understanding of the behavior of random

quantum channels and the quantities related to them. These results were also used

by José Mej́ıa in his undergraduate thesis [19].

13
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Chapter 2

Information theory

2.1 Classical theory

Classical information theory was developed by Claude Shannon from 1948 when he

published his well-known paper “A mathematical theory of communication” [25]. In

this paper he establishes all the protocols and the entire mathematical model that

describe classical communication.

Classically, a channel is modeled by a conditional probability distribution {p(yj|xi)}i,j
which determines the probability to obtain, given an input variable xi ∈ Ax, the vari-

able yj ∈ Ay at the output. Given only this characterization and the mathematical

model that Shannon developed, one can simulate real life situations where one wants

to make the transmission of information over noisy channels and with it, calculate

the rate at which this transmission could be done. The main quantity needed to

develop this field is the Shannon entropy [25], which, given an ensemble X = {pi, xi}i
of probabilities and elements of an alphabet Ax, is defined as H(X) = −

∑
i pi log(pi)

(logarithms are taken base two) and gives an average of the information content over

the values xi.

In order to define the quantity known as the channel capacity, we first define the

mutual information, I(X;Y ) = H(X) + H(Y ) − H(X, Y ), which gives, on average,

how much information is gained about xi when one gets yj in the output of the a
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channel. Now we can define the channel capacity as

C =
sup
{pi}iI(X;Y ), (2.1)

which is a maximization of the mutual information over the input probabilities {pi}i.

This quantity will give the maximal amount of information that can be transmitted

about the input values {xi}i, for one use of the channel. This formula is a regularized

quantity, meaning that its calculation considers asymptotically large number of uses

of the channel; even though it is calculated as a single-letter formula (formula for

only one use of the channel). This happens due to the fact that the quantity C is an

additive quantity even if the probability distributions of the inputs are correlated.

The additivity of C is an important result in the classic theory, which states that

for two channels with channel capacities C1 and C2, the capacity of the two channels

used in parallel, no matter if the inputs are correlated, is

C = C1 + C2.

This is a quantity that defines today’s communication protocols as it sets the

bound at which a channel can transmit information. Shannon’s theory is very strong

as, with its noisy channel theorem, he proofs that for asymptotically growing uses of

the channel, the maximum rate at which information can be transmitted through it

with vanishing error probability, is exactly C. Transmitting information with a rate a

little bit over this bound would mean high error probability, while transmitting with

a rate a little lower would mean almost zero error probability.

The development of this theory was a great success and its practical applications

cover a wide range of topics, from biology to mathematics. For instance, modern

computer science is based on it. The creation of networks and secure communication

protocols just like many other areas rely on information theory.

Given the importance that information theory has proven to have, it was the

logical step to formulate a theory that would use quantum systems and its properties

to transmit information. And that is what we explain in the next section.
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2.2 Quantum theory

What is explained in this section is a review of quantum information theory that is

mostly based on the book by Nielsen and Chuang [20].

When we go into the quantum world with information theory, we now face the

problem of how to use quantum systems in order to transmit information. The way to

model it, analogous to the classical theory, is by preparing certain fixed states {ρx}x,

that play the role of the input values {xi}i, and send them through a channel (which

we will define later) with probabilities {px}x. At the output of the channel we will

get the states {ρy}y and out of this states we should be able to get either quantum

or classical information.

We already explained what classical information is, but, what is quantum informa-

tion? Quantum information means simply quantum states and the unit in which this

information is measured is called qubits. A qubit is a state living on a two-dimensional

Hilbert space. Any state of any Hilbert state can be encoded using two-dimenisonal

quantum systems.

There are various ways to approach this problem, as one may want to send either

classical or quantum information. For the classical information approach there is

an additional step needed to get the information on the receptor’s side, which is

the measurement of the output state ρk. This Introduces the problem of inferring, by

measure, which state one got at the output. The measurement has to be done because

we want to obtain classical information, and the only way to do it is by measuring

the state ρk in order to try to distinguish which of the possible output states {ρy}y is

the output ρk. If we remain with the output state ρk we cannot distinguish which of

the output states we have. There is a big difference with the classical case here, as we

cannot distinguish with absolute certainty quantum states unless they are orthogonal.

In the classical case we always know for sure which result is gotten at the output. We

also find that, when sending classical information, there are two classifications that

are made, the private case, in which sending the information does not leave a trace on

the environment (private case), and the usual case, in which information may leave
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Figure 2-1: Quantum channel

a trace.

Similarly to the classical theory, in the quantum theory we define an entropy,

called the von Neumann entropy. This quantity is a measure of the uncertainty we

have of a state, when the system has a density matrix ρ, and it is defined as:

H(ρ) ≡ −Tr(ρ log ρ). (2.2)

From now on, H(·) will be the von Neumann entropy, which, taking {λi}i as the set

of eigenvalues of ρ, can be expressed as follows:

H(ρ) = −
∑
i

λi log λi. (2.3)

In this quantity, as for the Shannon entropy, we define 0 log 0 ≡ 0.

Given the very basics of quantum information we can now define quantum channels

and their capacities. Is of our special interest in this work to focus on the classical

capacity of a channel as it is the starting point of the problem that we want to study.

2.2.1 Quantum channels

We can think of a quantum channel as a black box we pass the state through, where

it interacts with the environment E in a certain way, and then we get the modified

state in the output B. As shown in figure 2-1.

To define a quantum channel, we would like to define how a quantum state evolves

in different situations like the effects of measurements on a quantum state or the effect

18



of interactions with the environment. The tool to describe this kind of evolution is

the quantum operation formalism. This formalism describes the stochastic evolution

of quantum systems and was first proposed and studied by George Sudarshan [6]. It

states that a density matrix ρ that describes a quantum system evolves stochastically

through the action of a linear, completely positive (CP) map from the set of density

matrices into itself. This kinds of maps preserve hermiticity (the property of being

hermitian), which means that when the CP map Φ is applied to a density matrix

ρ ∈ HA, then, Φ(ρ) ∈ HB is also a density matrix. This means that all the eigenvalues

of Φ(ρ) are non-negative and that Tr(Φ(ρ)) = 1.

When a quantum system ρ is isolated, its evolution is a unitary evolution, i.e.,

UρU †, where U is a unitary matrix. This is a CP map.

Given an input state ρ ∈ HA, dim(HA) = dA, a quantum channel E acting in

such a state is defined by a unitary evolution U which acts on the input state and an

ancilla state |φ〉 〈φ| ∈ HE′ , that plays the role of the environment, as follows:

U : HA ⊗HE′ → HB ⊗HE

E(ρ) = TrE(Uρ⊗ |φ〉 〈φ|U †). (2.4)

The partial trace over the environment is a CP map just like the unitary evolution.

This represents a stochastic evolution of the input state ρ because by the Stinespring

factorization theorem, the results of quantum operation formalism can be extended

to arbitrary separable Hilbert spaces.

Equation (2.4) can be equivalently written using an isometry V , which is a CP

map, as

V : HA → HB ⊗HE

E(ρ) = TrE(V ρV †) (2.5)

Where dim(HB) = dB and dim(HE) = dE.

To get used to the notation used by Hastings in the counterexample we will derive
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another way to describe a channel. Take a basis of vectors |k〉 for the space HE and

let 1A, 1B and 1E be the identity operators of HA, HB and HE respectively. Now

we write:

E(ρ) = TrE(V ρV †)

=

dE∑
k=1

(1B ⊗ 〈k|)V ρV †(1B ⊗ |k〉)

We can write the isometry V with the matrix elements notation, taking |b, k〉 =

|b〉 ⊗ |k〉 a basis for HB ⊗HE and |a〉 a basis for HA, as follows:

V =

dA,dB ,dE∑
a,b,k′=1

〈b, k′|V |a〉 |b, k′〉 〈a|

Now:

(1B ⊗ 〈k|)V =

dA,dB ,dE∑
a,b,k′=1

(1B ⊗ 〈k|) |b, k′〉 〈b, k′|V |a〉 〈a|

=

dA,dB∑
a,b=1

〈b, k|V |a〉 |b〉 〈a|

Take Fk ≡ (1B ⊗ 〈k|)V and notice that Fk : HA → HB. Now we write:

E(ρ) =

dE∑
k=1

FkρF
†
k (2.6)

The Fk operators are called Krauss operators and
∑

k F
†
kFk = 1E, this because V is

a CP map.

We may also define a channel that instead of taking the output to the space HB

takes it to the space HE. This channel will be called the conjugate channel and can

be written as follows:

EC(ρ) = TrB(V ρV †) (2.7)
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And developing this expression:

EC(ρ) = TrB(V ρV †)

=
∑
b

(〈b| ⊗ 1E)V ρV †(|b〉 ⊗ 1E)

=
∑
b,b′,b′′,
k,k′

(〈b| ⊗ 1E) |b′, k〉 〈b′, k|V ρV † |b′′, k′〉 〈b′′, k′| (|b〉 ⊗ 1E)

=
∑
b,k,k′

|k〉 〈b, k|V ρV † |b, k′〉 〈k′|

=
∑
b,k,k′

〈b| (1B ⊗ 〈k|)V ρV †(1B ⊗ |k′〉) |b〉 |k〉 〈k′|

=
∑
b,k,k′

〈b|FkρF †k′ |b〉 |k〉 〈k
′|

Which finally gives us:

EC(ρ) =
∑
k,k′

Tr(FkρF
†
k′) |k〉 〈k

′| . (2.8)

This channel can help us know how much information is lost in the environment when

a state passes through the channel. A really important expression when calculating

some of the channel capacities, which is the topic of the next section.

2.2.2 Quantum channels’ capacities

Like was said before, through a quantum channel one can send either quantum or

classical information, and for each type there are quantities that quantify the amount

of information that can be sent through the channel. But first have to define some

other important quantum information quantities.

When processing classical information with quantum channels, just like the mutual

information in the classical theory for ensembles X and Y , we would like to calculate a

quantity to know how much information can be obtained about which state, labeled by
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letters x in the alphabet AX , was prepared; knowing that the result of a generalized

measurement over the output states gives an ensemble of possible outcome states

labeled by the alphabet AY . One has to choose a set of generalized measures in

order to try to infer the input state ρx by the results of the measurement over ρy.

To find the amount of classical information that can be sent through a channel one

should maximize over all the possible sets of generalized measures. The main result

in this direction is the calculation of a quantity called the Holevo bound [13, 24] which

must not be taken by an analogous quantity for the mutual information in quantum

information. This bound states that for any possible measurement that one may do,

the classical mutual information of ensembles X and Y is:

I(X;Y ) ≤ H

(∑
x

pxρx

)
−
∑
x

pxH(ρx) = χ. (2.9)

The latter is used for the processing of classical information through quantum

channels, but if we want to process quantum information, the problem is different.

We now do not want to measure the output state, we just want to send with neglecting

error a given quantum state. It is believed, not yet proven, as mentioned in the Nielsen

and Chuang book, that the quantity that plays the role of the mutual information for

the quantum case is the coherent information. This quantity is defined as follows:

Ic (ρ, E) = H (E (ρ))−H
(
EC (ρ)

)
. (2.10)

The coherent information is a quantity that depends on the output state of a quantum

channel, and the state itself. Looking at the definition of the quantity, we can see that

it gives the information contents of the output state, minus the information contents

of the environment after the interaction.

Quantum capacity

Suppose one would like to send a quantum state to someone, the receiver does not

want to know which state it is, so he will not make any measurement to try to deter-
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mine the state. In this case, the purpose of the communication is to send quantum

information (quantum states).

The quantum capacity of a channel defines the size of the largest Hilbert space that

can be transmitted through the channel with vanishing error probability. If one takes

the logarithm to base 2, as we have done, one gets the number of two-dimensional

quantum sates, which are called qubits, that can be transmitted with vanishing error

in a single use of the channel, for the non-regularized quantity; where regularization

means to take the number of uses of the channel going to infinity and see how the

capacity for a single use behaves. We now define both, the non-regularized, Q(1), and

regularized, Q, capacities as:

Q(1) (E) = max
ρ Ic (ρ, E) = max

ρ

(
H (E (ρ))−H

(
EC (ρ)

))
, (2.11)

Q (E) = lim
n→∞

1

n
Q(1)

(
E⊗n

)
. (2.12)

Notice that Q(1) is a maximization over the input states ρ of the coherent infor-

mation which we already mentioned, is a quantity that is thought to be the quantum

analogous of the mutual information. Therefore, the aim here is to find the state ρ

that will give the most quantum information at te output.

For the regularized quantity, the purpose is to tell how much information can be

sent with unlimited uses of the channel.

Classical capacity

When sending classical information through a channel, as was said before, one has to

make a measurement on the output state to try to determine which of the states in the

ensemble {px, ρx} was sent, so in order to calculate a quantity that determines how

much classical information can be sent through a quantum channel, with vanishing

error probability, one must maximize over all possible measurements.

The classical capacity of a quantum channel is defined using the Holevo bound,

because, as was mentioned before, it gives a bound for the mutual information of the
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classical ensembles X and Y , as follows:

C (E) = lim
n→∞

1

n
χ
(
E⊗n

)
, (2.13)

χ (E) =
sup
{pi,ρi}H

(
E

(∑
i

piρi

))
−
∑
i

piH (E (ρi)) . (2.14)

Being C the regularized and χ the non-regularized quantity. The maximization

here is made over the states {ρx}x and the probabilities {px}x.

Private capacity

The private capacity of a channel is a capacity of a channel for sending classical

information. But not any kind of classical information, just information that does

not leave a trace of it on the environment. The processes in which one can send

classical information without leaving a trace give rise to a whole new area of research

and are very useful when developing secure communication protocols.

To calculate this quantity one will have to make use of the Holevo bound, as we are

sending classical information. But this time one has to take into account the amount

of information that the environment holds when using the channel χ{pi,ρi}
(
EC
)
. The

private capacity of a channel is then:

P (E) = lim
n→∞

1

n
P (1)

(
E⊗n

)
, (2.15)

P (1) (E) = max
{pi,ρi}

(
χ{pi,ρi} (E)− χ{pi,ρi}

(
EC
))
, (2.16)

where P (1) is the non-regularized and P is the regularized quantity. Notice that the

quantity that is being maximized is generally lower to the classical capacity because

we want to take into account just the cases when the environment holds no obtainable

classical information about the state sent. That is why one deducts the quantity

χ{pi,ρi}
(
EC
)
.

This is the conceptual background that is needed in order to understand the topic

of the work that we made and the classical channel capacity is specially of our concern
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as the Hastings proof relates to it directly. We then move on to the problem that the

proof solves and some of the main tools used in it.
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Chapter 3

Additivity problems on quantum

information theory

Now that we have reviewed the main concepts of quantum information theory, we

would like to go further with the topic that this project is concerned with. That is,

to make a study of the Hastings’ counterexample for the additivity conjecture of the

Holevo capacity.

Lets define a functional A acting over a channel E . The result of this functional

is a real number. We will say that the quantity A is additive if and only if, for two

channels E1 and E2,

A(E1 ⊗ E2) = A(E1) +A(E2) (3.1)

We will see that the additivity problem is not uncommon; in fact, it is recurrent

and was initially conjectured to be true for every quantity with the problem. Due

to the difficulty to calculate these quantities and the fact that, when using quantum

theory, one can use entangled inputs, the proofs of these conjectures were not evident

and took a while to be developed. It must be said that there are still some unresolved

problems and a lot of work to be done.

In classical information theory it is pretty easy to show that for any two channels

used in parallel with capacities C1 and C2 respectively, the capacity for sending infor-

mation when using both channels is C = C1+C2, no matter if the input ensembles are
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correlated or not. This property implies that for any channel the regularized capacity

is equal to the one-shot formula (for only one use of the channel). This is a very

nice property and it was thought that it should be the same for quantum information

theory. In fact, every step that was made to prove or disprove this, seemed to suggest

that the additivity conjectures were true.

For the one-shot formulae channel capacities, if the conjectures were true, it will

imply that the regularized capacities are equal to the one-shot ones. But besides the

channel capacities, there are some quantities that were conjectured to be additive.

Given quantum channels E , E1, E2 and a bipartite state ρ ∈ HA⊗HB, we now define

these quantities and their additivity problems:

• Minimum output entropy: This quantity gives the minimum entropy that

can be obtained from a state that goes through a quantum channel, where the

maximization is done over input states ρ. Taking into account the concavity of

the entropy function, one can notice that the minimization of the entropy can

be done over rank-one states (pure states) ρ = |φi〉 〈φi| only.

Hmin (E) = min
ρ H (E(ρ)) . (3.2)

The question here is, whether for the channels E1 and E2 in the following ex-

pression the equality held.

Hmin (E1 ⊗ E2)
?
= Hmin (E1) +Hmin (E2) (3.3)

• Entanglement of formation: This quantity was first studied in [2] by Ben-

net, DiVincenzo, Smolin and Wootters. Its main application, is to know how

many states ρ can be produced from a certain number of EPR pairs, that are

maximally entangled states of two qubits, assuming we can make local opera-

tions on the quantum system and there is classical communication possibility
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(LOCC operations).

EF (ρ) = min
{pi,|φi〉}

∑
i

piH (TrB |φi〉 〈φi|) (3.4)

Here, the maximization is over all ensembles {pi, |φi〉} such that ρ =
∑

i pi |φi〉 〈φi|.

It has been proven that one can produce n almost perfect pure states |φi〉 〈φi|,

by LOCC operations, with nEF (|φ〉 〈φ|)+o(n) EPR pairs. For the case of mixed

states, the problem was more complex and it was proved that the quantity that

determined the amount of EPR pairs needed to produce n almost perfect mixed

states σ was the regularized entanglement of formation.

lim
n→∞

1

n
EF (σ⊗n).

For the entanglement of formation there were two conjectures, that were later

proved to be equivalent. The first conjecture was its additivity which stated

that for any bipartite states ρ1, ρ2 ∈ HA ⊗HB, in the following expression the

equality held.

EF (ρ1 ⊗ ρ2)
?
= EF (ρ1) + EF (ρ2). (3.5)

If the additivity were true, the regularization for mixed states will not be needed.

The second conjecture was called the strong superadditivity of the entanglement

of formation. It sates that for all quadripartite states σ ∈ HA1⊗HA2⊗HB1⊗HB2

EF (σ) ≥ EF (Tr2σ) + EF (Tr1σ). (3.6)

If the strong superadditivity holds, it implies trivially the additivity of entan-

glement of formation.

• Rényi entropies: The Rényi entropies are a generalization of all the possible

quantities that quantify the amount of information, uncertainty or randomness

of a system. This quantity is defined by a parameter q that has to be positive.

For a quantum channel we can define the minimum output Rényi entropy as
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follows:

Hmin
q (E) = min

ρ

1

1− q
log (Tr (E(ρ)q)) (3.7)

As one may notice when the parameter q = 1 the entropy is not defined but

when taking the limit one gets the von Neumann entropy:

lim
q→1

Hq(ρ) = H(ρ). (3.8)

Then,

H1(ρ) ≡ H(ρ).

As one may expect, the conjecture of additivity of the minimum output Rényi

entropies is whether the equality holds in the following expression for every q.

Hmin
q (E1 ⊗ E2)

?
= Hmin

q (E1) +Hmin
q (E2) (3.9)

What is interesting here is that previous to the Hastings’ work, P. Hayden and

A. Winter had given counterexamples to this conjecture for any q > 1[32, 12].

If the conjecture had been proven false for q → 1 that would have meant that

the minimum output entropy conjecture was also false.

3.1 Channel capacities’ additivity

Now that we have given a preview of some of the quantities that were conjectured

to be additive, we can now state the conjectures for the most important quantities

in quantum information theory: the quantum channel’s capacities. This review is

mostly based on [27].

Just like in classical information theory, the people working on the quantum the-

ory, were expecting that for the quantum channels, the additivity of the capacities

would hold, but it did not take long to see that their calculation was not easy. The

first question was whether the one-shot formulae (χ (E) , P (1) (E) , Q(1) (E)) were ad-

ditive; if that was the case, they would equal the regularized quantity. The next step
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was to question whether the regularized quantities were additive or not.

The difficulty to calculate the capacities is mostly due to the possibility to use

entangled states on the input. It was also proven that all of the previous quantities,

including the channels capacities, when using product states (non-entangled states)

on the input, are additive.

Currently, the quantum and private capacities have all been proven not to be

additive [4, 28, 16, 9], for the unregularized as well as the regularized formulae. i.e.,

P (1) (E1 ⊗ E2) ≥ P (1) (E1) + P (1) (E2) , (3.10)

P (E1 ⊗ E2) ≥ P (E1) + P (E2) , (3.11)

Q(1) (E1 ⊗ E2) ≥ Q(1) (E1) +Q(1) (E2) , (3.12)

Q (E1 ⊗ E2) ≥ Q (E1) +Q (E2) . (3.13)

In contrast, for the classical capacity, it has not been proven for the regularized

quantity, but a counterexample of the additivity was given for the Holevo capacity

(unregularized) by Hastings[11]. Therefore,

χ (E1 ⊗ E2) ≥ χ (E1) + χ (E2) , (3.14)

and the question that remains is whether

C (E1 ⊗ E2)
?
= C (E1) + C (E2) . (3.15)

There are some really interesting results that have been obtained when talking

about the channels’ capacities superadditivity. For example Smith and Yard proved

that there exist two channels with Q(E) = Q(E ′) = 0 which when used together give a

quantum capacity higher than zero Q(E⊗E ′) > 0 [28]. This phenomenon is now called

superactivation and is a really extravagant behavior because one would not imagine

that channels with zero capacity to send quantum information, could send some kind

of useful information when used together. What Smith and Yard analyze and the
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way the try to understand it is that, it may be that, both channels preserve some

kind of quantum information when used separately; but it is not useful information

on its own. But, when they are used together, the kind of information that they are

able to communicate compliments each other and gives a useful-kind of information.

Another surprising behavior that the use of entanglement can produce is that a

noisy quantum channel can be used as a perfectly noiseless channel with the used of

entangled inputs [15].

3.2 Equivalence of the additivity conjecture about

four quantities

This chapter is about one of the main result that leads to the counterexample given

by Hastings, which is the equivalence of some additivity conjectures developed by

Shor [26]. We will now state, just like it appears on the paper, the main theorem and

try to give a detailed explanation.

Theorem (Shor equivalence). The following are equivalent.

i. The additivity of the minimum entropy output of a quantum channel. Suppose we

have a two quantum channels (CPT maps) E1 (taking Cd1,inxd1,in to Cd1,outxd1,out)

and E2 (taking Cd2,inxd2,in to Cd2,outxd2,out). Then

min
|φ〉H ((E1 ⊗ E2) (|φ〉 〈φ|)) = min

|φ〉H (E1 (|φ〉 〈φ|)) + min
|φ〉H (E2 (|φ〉 〈φ|))

where H is the von Neumann entropy and the minimization is taken over all

vectors |φ〉 in the input space of the channels.

ii. The additivity of the Holevo capacity of a quantum channel. Assume we have two

quantum channels E1 and E2 as in (i). Then

χ (E1 ⊗ E2) = χ (E1) + χ (E2) .
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iii. Additivity of the entanglement of formation. Suppose we have two quantum states

σ1 ∈ HA1 ⊗HB1 and σ2 ∈ HA2 ⊗HB2. Then

EF (σ1 ⊗ σ2) = EF (σ1) + EF (σ2).

In particular, the entanglement of formation is calculated over the bipartite A−B

partition.

iv. The strong superadditivity of the entanglement of formation. Suppose we have a

density matrix σ over a quadripartite system HA1 ⊗HA2 ⊗HB1 ⊗HB2. Then

EF (σ) ≥ EF (Tr2σ) + EF (Tr1σ),

where the entanglement of formation is calculated over the bipartite A−B parti-

tion. Here, the operator Tr1 traces out the space HA1 ⊗HB1 and Tr2 traces out

the space HA2 ⊗HB2.

The importance of this theorem is that if one can prove that one of the four

additivity conjectures is false, then it implies that all the other conjectures are false

too. The same would happen if one of the conjectures is proven to be true, then it

would hold for all the others that the conjectures are true.

There are various key points in the proof of this theorem and, it has to be said,

some of its parts were already done before Shor’s publication, although for the com-

pleteness of the theorem, as he says, he redoes all the implications one by one. We

will now explain the proofs.

The first part of the proof is the correspondence of the additivity of (ii.) →

(iii.) which is, additivity of the Holevo capacity implies additivity of entanglement of

formation. This implication seems to be the most complicated and its starting point

is the Matsumoto-Shimono-Winter paper [17], which relates a constrained version of

the Holevo capacity with the entanglement of formation, i.e.,

χ (E) (ρ) = H (E (ρ))− EF (σ) . (3.16)
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In this equation, ρ ∈ Hin, Hin is the input space of the channel, and σ ∈ HA ⊗HB.

σ is defined as follows. Given a channel E(ρ) = TrBV ρV
†, σ = V ρV †. The definition

of the constrained Holevo capacity is:

χ (E) (ρ) = max
{pi,|φi〉}∑
i pi|φi〉〈φi|=ρ

H

(
E

(∑
i

pi |φi〉 〈φi|

))
−
∑
i

piH (E (|φi〉 〈φi|)) . (3.17)

The constraint, to make it clear, is the fact that the maximization is made over all

the decompositions of a given ρ, i.e. there could be another state ρ′ that maximizes

the (unconstrained) Holevo capacity.

As one may see, the Matsumoto-Shimono-Winter relation (3.16) implies that,

as the entropy function H(·) is always additive, the constrained Holevo capacity is

additive if and only if the entanglement of formation is additive. The only thing that

is missing to completely prove the implication is that we do not know if the state ρ

in the constrained Holevo capacity is the one that maximizes the function.

The way to solve the problem, was to construct a channel E ′ such that the desired ρ

maximizes the constrained capacity. The construction is not easy and is an asymptotic

sum of channels the one that gives the desired property.

The next proof (iii.) → (iv.), which is, additivity of EF implies strong superad-

ditivity of EF , was already done by Pomeransky [22], but Shor proves it differently.

This is another not so easy proof, and the main tool used is the linear programming

duality, which states that a maximization problem (primal problem), in matrix form:

• Maximize cTx subject to Ax ≤ b, x ≥ 0

has a corresponding symmetric dual problem:

• Minimize bTy subject to ATy ≥ c, y ≥ 0.

And the solution of the dual problem will give an upper bound to the solution of the

primal problem.

This linear programming formulation is important because they use it to transform

the Matsumoto-Shimono-Winter correspondence into a dual problem, where the dual

function of the constrained Holevo capacity is now the entanglement of formation.
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For the implication (i.)→ (iii.) they use the linear programming duality just like

in the latter implication. Of course the proofs are much more complicated than just

the linear programming duality.

The rest of the implications, (iv.) → (i.), (iv.) → (ii.), (iv.) → (iii.), (ii.) → (i.)

and (iii.)→ (i.) are shown with not much work. And, as Shor says, all the additivity

problems follow easily from the strong superadditivity of entanglement of formation

assumption, like the additivity of entanglement of formation, that, as we already

mentioned, follows trivially. To get to the additivity of output minimum entropy,

beginning with any of the additivity assumptions, additivity of the Holevo capacity,

additivity of entanglement of formation or strong superadditivity of entanglement of

formation, as Shor showed, does not take much work either.

One of the things that Shor concludes in this work is that it seems like the strongest

of the additivity conjectures is the strong superadditivity of entanglement of forma-

tion, as it is easy to get to any of the conclusions from its assumption. And the

weakest of the assumptions is the additivity of output minimum entropy as it takes

hard work to conclude any of the additivity statements assuming its additivity, but is

pretty easy to get to its conclusion, assuming the three other additivity statements.

This result is clearly important in quantum information theory as it meant that

if one of the additivity conjectures failed, then the others fail too. In fact, it is

an essential part of the Hastings proof, as the conjecture that he proves to be false

is the minimum output entropy additivity conjecture, which implies that the four

conjectures are false. Most importantly, the Holevo capacity is superadditive.

Now that we have one of the main conceptual tools for the proof, lets continue

with the mathematical techniques, which is the goal of the next chapter.
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Chapter 4

Technical aspects of the proof

We have exposed the result in which Hastings based his work in order to demonstrate

that the Holevo capacity is not additive in general. This means that the other three

conjectures that the Shor paper proves to be equivalent are not additive either. But

the Hastings counterexample needs other important mathematical techniques that

will be explained in this chapter.

4.1 The Haar measure

The Haar measure is the way to define a measure on locally compact topological

groups. What this does is to define an invariant volume for any subset of the group,

which leads to the possibility to define integrals of functions over the group.

For the purpose of this work, we will not need to go into the formalism of the

mathematical definitions, but we will state it anyway as it may be of the readers

interest.

Definition 1. A group is a set Γ together with an operation · : Γ× Γ→ Γ obeying

i. (αβ)γ = α(βγ) ∀α, β, γ ∈ Γ (Associativity)

ii. ∃e ∈ Γ such that γe = eγ = γ ∀γ ∈ Γ (Existence of the identity)

iii. ∀γ ∈ Γ ∃γ−1 ∈ Γ such that γγ−1 = γ−1γ = e (Existence of inverses)
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Definition 2. A topological group is a group together with a Hausdorff topology such

that the maps

Γ× Γ→ Γ (α, β)→ αβ

Γ→ Γ α→ α−1

are continuous. A compact group is a topological group that is a compact topological

space.

Definition 3. A Haar measure on Γ is a measure µ : Σ→ [0,∞) with Σ a σ-algebra

containing all Borel subsets of Γ such that

i. µ(Γ) = 1

ii. µ(γS) = µ(S) ∀γ ∈ Γ, ∀S ∈ Σ. Here γS = {γα|α ∈ S}

As we may notice, the Haar measure is an invariant measure over the action of an

element of the group, and what it does is that it defines a uniform distribution of the

elements of the group. This means that we can now choose randomly and uniformly

elements of the group.

Now, for the case that is of our interest, we would like to study how the Haar

measure is defined on a specific group, namely, the unitary group U(N). To get

a better insight lets consider the group U(1). Take an element U of the group.

This element is just a complex number of norm equal to 1, and this element can

always be expressed as U = eiφ, with 0 ≤ φ < 2π. In this case, the Haar measure

dµ(U) = 1
2π
dφ which, when integrated, measures the perimeter of the unit circle

(setting the perimeter to 1), i.e.,
∫
U
dµ(U) = 1

2π

∫ 2π

0
dφ = 1.

It is not difficult to get an intuition about the Haar measure on the group U(N).

Take an element of the group U , this element is an N × N matrix with complex

entries, therefore, each element of the group can be visualized as a point on R2N2
but

not any point due to the restriction that U †U = 1, this restriction leads to only N2

real parameters that are really free, therefore, any element of the group can be seen
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as a point on a subspace of dimension N2, this subspace is a unit (N2)-sphere (SN
2
).

Then, one can imagine the matrices U as points uniformly distributed in S(N2).

4.2 Random matrices and eigenvalue distributions

We already have a way to define a uniform distribution over the group of unitary

matrices, but how to sample such a matrix. It all depends on the ensemble that one

plans to use. As an example we talked in the previous section about the complete

unitary group, but one may think of different matrix ensembles; for example one

could take only the unitary matrices with real entries; this subgroup is the orthogonal

group and the ensemble, when sampling matrices with the Haar measure out of this

subgroup, is called COE (circular orthogonal ensemble). If one takes the complete

unitary group and sample matrices out of it with the Haar measure, this ensemble

is called CUE (circular unitary ensemble); if one now wants to sample Hermitian

matrices, which are of great interest in physics, the ensemble that is gotten is called

GUE (gaussian unitary ensemble); this ensemble is invariant under the action of the

unitary group. This section is mostly based on the book by Mehta [18].

What is important now, is to know how to sample such matrices and start to

develop the mathematical framework needed for the Hastings counterexample.

• COE: To sample a matrix from the COE ensemble, one has to take N2 real

variables xi,j from a normal distribution, i.e., p(x) = 1√
2π
e−

x2

2 . After having

all the xi,j, they are arranged in the matrix, this is not our COE matrix yet,

as the columns of the matrix have to be orthonormal. We now take the first

column and normalize it so it has norm equal to 1. The final step is to make

the Gram-Schmidt orthonormalization process to the rest of the columns, to

the k-th column, ~ck , one applies ~c⊥k =
~ck−

∑k−1
l=1 (~ck·~c⊥l )~c⊥l
norm.

. Having done this, one

obtains a random COE matrix.

• CUE: To sample a matrix from the CUE ensemble is not so different from

the COE ensemble; the only difference is that now there have to chosen 2N2
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variables from a normal distribution and arrange them as the real and complex

parts of each of the entries of the matrix. After doing this, the process is exactly

the same, one uses the Gram-Schmidt orthonormalization process.

• GUE: The GUE ensemble is composed of Hermitian matrices. In order to

sample one randomly, what one has to do is to take the diagonal elements, which

must be real, from a normal distribution. Then one chooses the imaginary and

real parts of all the elements above the diagonal from a normal distribution.

And to set the elements below the diagonal, one complex conjugates the upper

diagonal elements, for it to be hermitian. The amount of real numbers that will

have to be sampled, in this case, to fill the matrix is N2; if the matrix is N×N .

There are various mathematical techniques that have been developed for matrix

calculus. For example, suppose one wants to calculate an integral over matrices of

the unitary group, the target function is a polynomial of the matrix elements

∫
U

Ui1,j1 . . . Uiq,jqU
∗
i′1,j
′
1
. . . U∗i′q ,j′qdU. (4.1)

This kind of integrals were first studied by Weingarten, who found the asymptotic

behavior [31], and then studied specifically for the unitary group by Collins [3], who

developed the formula to calculate them

∑
σ,τ∈Sq

δi1i′σ1
· · · δiqi′σqδj1j′τ1

· · · δjqj′τqWg(d, στ−1), (4.2)

where Wg is the so-called Weingarten function

Wg(d, σ) =
1

q!2

∑
λ

χλ(1)2χλ(σ)

sλ,d(1)
. (4.3)

Here, the sum is over the partitions λ of q, d × d is the size of the matrices U ,χλ

is the character, and sλ,d(1) is the dimension of the representation of the group U

corresponding to λ.

The kind of matrices that we are interested in is, of course density matrices, as
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this is what we put in the input of a channel and what we get on the output. This

ensemble, its measure, its statistical properties, and finally its eigenvalue distribution

were studied by Sommers and Życzkowski [33, 29].

First one should know how to sample random density matrices. The way to do

it is to first take a vector |Ψ〉 ∈ H(1)
N ⊗H

(2)
N , of length N2, choosing all of its entries

from a normal distribution and normalizing it. Now, by making |Ψ〉 〈Ψ| one gets the

density matrix of a pure state on H(1)
N ⊗ H

(2)
N . Next, take the partial trace over the

space H(2)
N to get a random mixed density matrix ρ ∈ H(1)

N , which is what we want.

ρ = Tr2 |Ψ〉 〈Ψ| (4.4)

Suppose now that one is generating a random density matrix ρ ∈ H1 by the

previous method. If one takes the basis {|i〉}i to be the basis of the space H1 and the

basis {|j〉}j to be the basis of the space H2, one can write the state |φ〉 〈φ| = ρ1,2 ∈

H1 ⊗H2 as

|φ〉 =
∑
i,j

ψi,j |i〉 ⊗ |j〉 , (4.5)

ρ1,2 =
∑
i,i′,j,j′

ψi,jψ
∗
i′,j′ |i〉 ⊗ |j〉 〈i′| ⊗ 〈j′| , (4.6)

where the elements ψi,j can be put into a rectangular matrix ψ of size dim(H1) ×

dim(H2) and it can be easily shown that one can write the reduced matrix ρ as

ρ = ψψ†. (4.7)

Therefore, we can calculate the probability distribution of the matrices ρ as

P (ρ) ∝
∫
ψ

dψδ
(
ρ− ψψ†

)
δ
(
Trψψ† − 1

)
. (4.8)

Here, the two delta functions define the restrictions of the density matrices and the

differential dψ is the measure on the matrices ψ that are rectangular.
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Now take dim(H1) = K and dim(H2) = N and make the substitution

ψ =
√
ρψ̃, dψ = detρKdψ̃,

without loss of generality one can take K ≥ N . Then

δ
(
ρ− ψψ†

)
= δ

(√
ρ
√
ρ−√ρψ̃ψ̃†√ρ

)
= δ

(√
ρ
(

1− ψ̃ψ̃†
)√

ρ
)

= δ
(
ρ
(

1− ψ̃ψ̃†
))

= detρ−Nδ
(

1− ψ̃ψ̃†
)
,

where, we have used the cyclicity of the trace and other properties.

We can now replace everything in the integral and we get

P (ρ) ∝
∫
ψ̃

detρK−Nδ (Trρ− 1) δ
(

1− ψ̃ψ̃†
)
dψ̃

∝ detρK−Nδ (Trρ− 1) Θ (ρ) , (4.9)

the theta function assures that the matrix ρ is positive definite.

This is the probability distribution over the density matrices, but we are more

interested on the distribution of the eigenvalues. This distribution was calculated by

Hall [10].

Since P (ρ) is a probability density, the probability to find a given matrix ρ in a

differential “volume” dρ is P (ρ)dρ. A density matrix can be written as ρ = UΛU †,

where, in this notation, the matrix U is a unitary matrix and Λ is a diagonal matrix

with its elements being the eigenvalues of ρ {λi}i. Therefore, the differential can be

written as

dρ = dνx(λ1, ...)dU, (4.10)

where νx is the measure on the eigenvalues and dU is the Haar measure.

To get the eigenvalue distribution, what one should do, is to integrate over all

the unitaries. When the jacobian of the change of variables is calculated, one gets a
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factor that is called the Vandermonde determinant squared, i.e.,

∆2(λ1, . . . , λn) =
∏

1≤i<j≤n

(λj − λi)2. (4.11)

Notices that in P (ρ), the terms which involve detρ, Trρ or Θ(ρ) do not depend

on the unitaries U . They only depend on the eigenvalues, i.e.,

detρK−N =
∏
i

λK−Ni ,

δ (Trρ− 1) = δ

(∑
i

λi − 1

)
,

Θ(ρ) =
∏
i

Θ(λi).

Then, the integration over the unitaries gives a constant and we can write the eigen-

value distribution of a reduced density matrix ρ as

PK,N(λi, . . . , λN) = PK,N(~λ) ∝ δ

(∑
i

λi − 1

)∏
i

λK−Ni Θ(λi)
∏

1≤i<j≤n

(λj − λi)2.

(4.12)

The theta function (Heaviside function) ensures that the eigenvalues are positive.

Although we have not said it, this distribution is the same for the two possible reduced

density matrices, ρ = Tr2ρ1,2 and σ = Tr1ρ1, 2, because, these two matrices should

have the same non-zero eigenvalues.

4.3 Random quantum channels

There are various ways that one may think in order to create a random quantum

channel, and all of these ways naturally involve random matrices as quantum channels

are defined by matrices. We will now expose two ways in which one could define such

channels.

The first and most important way to define a random channel for this work is

the one used by Hastings. Recall the definition of a quantum channel in the Krauss
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operator form (2.6). In this definition, the restriction over the operators is
∑

k F
†
kFk =

1. Now, we can define the Krauss operators as Fk =
√
PkUk, where each of the Uk are

unitary matrices sampled with the Haar measure and the Pk are probabilities such

that
∑

k Pk = 1. Then, as

d∑
k=1

F †kFk =
d∑

k=1

PkU
†U

=
d∑

k=1

Pk1

= 1

d∑
k=1

Pk

= 1,

the channel is well defined.

We will later see that the statistical properties of this kind of channel is the key

point to set the bounds on the output entropy of a channel which finally yields the

Hastings proof.

The other way to define a random quantum channel is to use the first definition

(2.4). In this case one has to choose a random unitary matrix from the Haar measure,

UHaar ,and use it as the matrix that defines the channel.

E(ρ) = TrE(UHaarρ⊗ |φ〉 〈φ|U †Haar). (4.13)

This is not equivalent to the previous definition of quantum random channels but

there are newer works that proof that for a channel defined as in equation (4.13) and

its complex conjugate channel Ẽ = TrE(UHaarρ ⊗ |φ〉 〈φ|U
†
Haar) the superadditivity

of the Holevo capacity holds. In the sixth chapter of this work we will show some of

the work that we have been doing concerning this quantum channels.

Now we have the mathematical tools to confront the Hastings proof. This is the

aim of the next chapter where one will see that random matrices and random channels

play a crucial role in the whole process.
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Chapter 5

Proof of the Hastings theorem

This is the main chapter of this work, and its purpose is to explain step by step

the Hastings counterexample of the additivity conjecture for the Holevo capacity

[11]. We have already developed the mathematical framework, and will, during the

development of the proof explain the nature of the procedures and where the proof

is intending to go.

First of all we will begin giving some definitions, introducing the notation that

we will be using and stating the main theorem and all the lemmas. Then, in the

respective section go over the proof.

5.1 Preliminaries

We begin by defining the channels used. Let ρ be the input state living on a Hilbert

space HA, {Ui}i=1...D unitary matrices chosen at random from the Haar measure and{
U i

}
i=1...D

the complex conjugate matrices of the set {Ui}i=1...D. Take also some

probabilities Pi defined as follows

Pi =
l2i
L2
, (5.1)

where

L =

√∑
i

l2i (5.2)
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and the li are chosen from the normalized distribution

P (li) ∝ l2N−1
i e−NDl

2
i (5.3)

Then, the three channels that the proof uses, that are constructed randomly like was

explained in the previous chapter, are defined as:

E(ρ) =
D∑
i=1

PiU
†
i ρUi (5.4)

E(ρ) =
D∑
i=1

PiU
†
iρU i (5.5)

EC(ρ) =

D,D∑
i,j=1

Tr(U †i ρUj) |i〉 〈j| (5.6)

As we can easily notice, the dimension of the input and output spaces will be

dim(HA) = dim(HB) = N , the dimension of the environment dim(HE) = dim(HE′) =

D. For the proof it will be important to take 1 << D << N .

Lets define now a maximally entangled state

|ΨME〉 =
1√
N

N∑
α=1

|α〉 〈α| . (5.7)

This state will be a key ingredient on the proof, because, as it was already said, the

only resource that one has on quantum information theory, that one does not have

on classical information theory is the entanglement. And the probabilistic nature of

the channels will yield to a probabilistic proof.

As we will shortly see, in the main theorem (Theorem 1) the two channels that

will be used to proof the subadditivity of the minimum output entropy are E and E ,

but we defined the channel EC because some of the proofs are easier to develop with

46



it. Since

E(ρ) = TrE(V ρV †),

EC(ρ) = TrB(V ρV †),

and all the non-zero eigenvalues of both density matrices E(ρ) and EC(ρ) are the same

as it always happens when one does the partial traces of complementary subspaces,

one can see that the output entropy is minimized for the same state ρ, and therefore

Hmin (E) = Hmin
(
EC
)

(5.8)

We will use poly(x) to represent a polynomial of x. And finally, we will use the

“computer science” big-O notation, as Hastings calls it. That is, when a quantity is

O(N) it means that it is asymptotically bounded by a constant times N . For example

the function
√
N is O(N).

The reason why the channels E and Ẽ are used in the proof is because they preserve

very well maximally entangled states like |ΨME〉. This effect is the consequence of

the property that (
U † ⊗ U †

)
|ΨME〉 = |ΨME〉 .

But this will be better explained later when we write explicitly the action of the

channels used together over the state |ΨME〉 in equation (5.10).

Now we are gonna state the five lemmas and finally the theorem. Notice that in

lemma 1 Hastings sets an upper bound to the minimum output entropy of the two

channels used together. From lemma 2 to lemma 5 the goal is to set a lower bound

to the minimum output entropy of the use of only one channel. This goal is reached

with a probabilistic construction of the arguments; different from what is done in

lemma 1. Finally, with the proof of these bounds one gets to the result of theorem 1

automatically, i.e., Hmin(E ⊗ Ē) < Hmin(E) +Hmin(Ē).
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Lemma 1. For any D and N, we have

Hmin
(
E ⊗ Ē

)
≤ 1

D
log (D)− D − 1

D
log
(
D2
)

= 2 log (D)− 1

D
log (D)

Lemma 2. Consider a random bipartite pure state |ψ〉 〈ψ| on a bipartite system

with subsystems B and E with dimensions N and D respectively. Let ρE be the

reduced density matrix on E. Then, the probability density that ρE has a given set of

eigenvalues, p1, ..., pD, is bounded by

P̃ (p1, ..., pD)
∏
i

dpi

=O (N)O(D2)D(N−D)Dδ

(
1−

D∑
i=1

pi

)
D∏
i=1

pN−Di dpi

=O (N)O(D2) δ

(
1−

D∑
i=1

pi

)
D∏
i=1

F (pi)dpi

where we define

F (p) = D(N−D)pN−Dexp

[
−(N −D)D(p− 1

D
)

]

Note that F (p) ≤ 1 for all 0 ≤ p ≤ 1. Similarly, consider a random pure state

ρ = |χ〉 〈χ| on an N dimensional space, and a channel EC(·), with unitaries Ui chosen

randomly from the Haar measure and the numbers li chosen as described and with

N ≥ D. Then, the probability density that the eigenvalues of EC(ρ) assume given

values p1, . . . , pD is bounded by the same function P̃ (p1, ..., pD)
∏

i dpi as above.

Lets define a close-to-maximally-mixed matrix, as a matrix whose eigenvalues, all,

obey

|pi − 1/D| ≤ cMM

√
log(N)/(N −D)

and define Q as the probability that random unitaries Ui and numbers li produce a

channel EC such that for a random state |ψ〉 〈ψ|, the probability (PEC ) of EC (|ψ〉 〈ψ|)

48



being maximally mixed is less than 1/2.

Lemma 3. For an appropriate choice of cMM , the probability Q can be made arbi-

trarily close to zero for all sufficiently large D and N
D

.

Lemma 4. Consider a given choice of Ui and li which give a EC such that PEC ≥

1/2. Suppose there exists a state |ψ0〉, such that EC(|ψ0〉 〈ψ0|) has given eigenvalues

p1, . . . , pD. Let Pnear denote the probability that, for a randomly chosen state |χ〉, the

density matrix EC(|χ〉 〈χ|) has eigenvalues q1, . . . , qD which obey

|qi − (ypi + (1− y)(1/D))| ≤ poly(D)O
(√

log(N)/(N −D)
)

for some y ≥ 1/2. Then,

Pnear ≥ exp (−O(N)) (1/2− 1/ (poly(D))) ,

where the power of D in the polynomial on the first expression can be made arbitrarily

large by an appropriate choice of the polynomial on the second expression.

Lemma 5. If the unitary matrices Ui are chosen at random from the Haar measure,

and the li are chosen randomly as described above, then the probability that Hmin(EC)

is less than log(D)− δSmax is less than one for sufficiently large N . The N required

depends on D.

Theorem 1 (Hastings counterexample). For sufficiently large D, for sufficiently large

N , there is a non-zero probability that a random choice of Ui from the Haar measure

and of Pi will give a channel E such that

Hmin(E ⊗ Ē) < Hmin(E) +Hmin(Ē)

= 2Hmin(E).

The size of N depends on D.
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5.2 Lemma 1

This lemma sets an upper bound to the minimum output entropy of the two channels

E and E used together.

Proof. Take the state |ΨME〉. The action of the channel E ⊗ E on |ΨME〉 is then,

E ⊗ E (|ΨME〉 〈ΨME|) =

D,D∑
i,j=1

PiPj

(
U †i ⊗ U

†
j

)
|ΨME〉 〈ΨME|

(
Ui ⊗ U j

)
. (5.9)

Now we use a property that will also play an important role in the proof,

(
U † ⊗ U †

)
|ΨME〉 = |ΨME〉 , (5.10)

for any unitary U . Using this we now get

E ⊗ E (|ΨME〉 〈ΨME|) =

(∑
i

l4i
L4

)
|ΨME〉 〈ΨME| (5.11)

+
∑
i 6=j

(
l2i l

2
j

) (
U †i ⊗ U

†
j

)
|ΨME〉 〈ΨME|

(
Ui ⊗ U j

)

Now lets name ρij =
(
U †i ⊗ U

†
j

)
|ΨME〉 〈ΨME|

(
Ui ⊗ U j

)
we can see these are pure

states. Then the entropy output will be

H
(
E ⊗ E (|ΨME〉 〈ΨME |)

)
= −Tr

[(∑
i

l4i
L4

)
|ΨME〉 〈ΨME | ln

(
E ⊗ E (|ΨME〉 〈ΨME |)

)]
(5.12)

−
∑
i 6=j

Tr

[
l2i l

2
j

L4
ρij ln

(
E ⊗ E (|ΨME〉 〈ΨME |)

)]
.

Using the property that the logarithm is a monotone function we can bound the

following

ln
(
E ⊗ E (|ΨME〉 〈ΨME|)

)
≥ ln

((∑
i

l4i
L4

)
|ΨME〉 〈ΨME|

)

and also

ln
(
E ⊗ E (|ΨME〉 〈ΨME|)

)
≥ ln

(
l2i l

2
j

L4
ρij

)
.

50



Then,

H
(
E ⊗ E (|ΨME〉 〈ΨME |)

)
≤ −

(∑
i

l4i
L4

)
ln

(∑
i

l4i
L4

)
−
∑
i 6=j

(
l2i l

2
j

L4

)
ln

(
l2i l

2
j

L4

)
. (5.13)

Lets define Ps =
∑

i
l4i
L4 , this number represents the probability that after the state

|ΨME〉 〈ΨME| goes through the channel, it remains the same. We now derive a re-

striction on this quantity. Name ~l = (l21/L
2, . . . , l2D/L

2) and ~1 = (1, . . . , 1). Notice

that ~l · ~1 =
∑

i
l2i
L2 = 1, |~l| =

√∑
i
l4i
L4 =

√
Ps and |~1| =

√
D, then, we apply the

Cauchy-Schwartz inequality to show,

~l ·~1 ≤ |~l||~1|

1 ≤
√
Ps
√
D

Ps ≥
1

D
. (5.14)

We now take the bound we previously found for the entropy and work our way to

the desired expression. But first lets look at what 1− Ps is.

1 =
∑
i

l2i
L2

=

(∑
i

l2i
L2

)2

=
∑
i,j

l2i l
2
j

L4

=
∑
i

l4i
L4

+
∑
i 6=j

l2i l
2
j

L4

= Ps +
∑
i 6=j

l2i l
2
j

L4
,

So,

(1− Ps) =
∑
i 6=j

l2i l
2
j

L4
. (5.15)
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Then, one can find the bound:

−

(∑
i

l4i
L4

)
ln

(∑
i

l4i
L4

)
−
∑
i 6=j

(
l2i l

2
j

L4

)
ln

(
l2i l

2
j

L4

)

= −Ps lnPs −
∑
i 6=j

l2i l
2
j

L4
ln

(
l2i l

2
j

L4

)
+
∑
i 6=j

l2i l
2
j

L4
ln (1− Ps)−

∑
i 6=j

l2i l
2
j

L4
ln (1− Ps)

= −Ps lnPs −
∑
i 6=j

l2i l
2
j

L4
ln

(
l2i l

2
j

(1− Ps)L4

)
−
∑
i 6=j

l2i l
2
j

L4
ln (1− Ps)

= −Ps lnPs − (1− Ps)
∑
i 6=j

l2i l
2
j

(1− Ps)L4
ln

(
l2i l

2
j

(1− Ps)L4

)
− ln (1− Ps)

∑
i 6=j

l2i l
2
j

L4

= −Ps lnPs − (1− Ps) ln(1− Ps)

−(1− Ps)
∑
i 6=j

l2i l
2
j

(1− Ps)L4
ln

(
l2i l

2
j

(1− Ps)L4

)
(5.16)

The last term in (5.16) is a Shannon entropy multiplied by (1 − Ps). Notice that

the probabilities in there are well renormalized, i.e.
∑

i 6=j
l2i l

2
j

(1−Ps)L4 = 1 and the sum-

matory has D2 −D terms. Recall that the Shannon entropy is maximized when all
probabilities are equal, in this case 1

D2−D . Then, for the bound we get

−
(∑

i

l4i
L4

)
ln

(∑
i

l4i
L4

)
−
∑
i 6=j

(
l2i l

2
j

L4

)
ln

(
l2i l

2
j

L4

)
≤ −Ps lnPs

−(1− Ps) ln(1− Ps) + (1− Ps) ln
(
D2 −D

)
(5.17)

We now make the maximization over Ps of the right hand side of equation (5.17).

This maximization is easily done and it gives Ps = 1
D2−D+1

, but as we know, Ps ≥ 1
D

and 1
D2−D+1

< 1
D

, so the maximum value that the right hand side of equation (5.17)

can take is with Ps = 1
D

. Therefore

Hmin
(
E ⊗ E

)
≤ 2 ln(D)− 1

D
ln(D) (5.18)

The upper bound of this lemma is true for every pair of channels E and Ẽ . Notice
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that the bound was found with the use of the maximally entangled state |ΨME〉,

which makes sense because, as it was said, for product states, the additivity holds.

Now, one wants to proof that for the channels used separately (with product

states), there are pairs of channels E and Ẽ that give a higher output entropy than

the bound found in this lemma. This proof is made from lemmas 2 to 5.

5.3 Lemma 2

The aim of this lemma is to bound the probability distribution of the eigenvalues of

an output state of the channel EC . It has two main parts, in the first one Hastings

proves that the eigenvalue distribution is bounded by a function P̃ (p1, . . . , pD), and

in the second part he proves that the probability distribution of the eigenvalues of

the output state of EC(ρ) is bounded by the same function.

From now on the proof will treat the channels used one by one in order to complete

the proof.

Proof. Like we mentioned before on the technical aspects chapter, the probability

distribution for the eigenvalues of a random density matrix, generated by the partial

tracing of a pure bipartite state |ψ〉 ∈ HB ⊗HE, is

PN,D(~λ) = CD,Nδ

(∑
i

λi − 1

)∏
i

λN−Di Θ(λi)
∏

1≤i<j≤n

(λj − λi)2.

In the paper by Sommers and Życzkowski [33] they even get the proportionality

constant, which is

CD,N =
Γ(ND)∏D−1

j=1 Γ(N − j)Γ(D − j + 1)
. (5.19)

This constant of proportionality will be O(N)O(D2)D(N−D)D. Also, as for all the pi,

0 ≤ pi ≤ 1 then ∏
1≤j<k≤D

(pj − pk)2

D∏
i=1

pN−Di ≤
D∏
i=1

pN−Di (5.20)
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Therefore, the function P̃ that bounds the probability distribution is

P̃ (p1, . . . , pD)
∏
i

dpi = O(N)O(D2)D(N−D)Dδ(1−
D∑
i=1

pi)
D∏
i=1

pN−Di dpi (5.21)

Lets now take the definition of F (p)

F (p) = DN−DpN−De−(N−D)D(p− 1
D

),

and introduce it in the product that appears in the lemma

D∏
i=1

F (pi) =
D∏
i=1

DN−DpN−Di e−(N−D)D(pi− 1
D

)

= D(N−D)De−(N−D)D
∑D
i=1(pi− 1

D
)

D∏
i=1

pN−Di .

Then,
D∏
i=1

F (pi) = D(N−D)D

D∏
i=1

pN−Di . (5.22)

We have then the first part of the lemma. The function that bounds the probability

of the eigenvalue distribution of a reduced random density matrix is

P̃ (p1, . . . , pD)
∏
i

dpi = O(N)O(D2)δ(1−
D∑
i=1

pi)
D∏
i=1

F (pi)dpi (5.23)

Take χ a pure bipartite state. In order to prove that the output state Ec(|χ〉 〈χ|)

has the same eigenvalue distribution as the previously mentioned, what Hastings

does in the paper is that he compares the statistical properties of the output state

E(|χ〉 〈χ|) with the statistical properties of a randomly generated reduced density

matrix. If the statistical properties are the same, then the eigenvalue distribution of

EC(|χ〉 〈χ|) are the same, and both bounded by P̃ .

First, they generate the random reduced density matrix, as we know that D < N

then the matrix, up to normalization, will be
∑D

i=1 |vi〉 〈vi|, where the |vi〉 are taken

from a gaussian distribution, as this distribution is the one that randomly distributes
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the vector in direction. It is an easy calculation to do, that the norm of a gaussian

vector hast the same probability distribution as the li. Therefore, as the output

state is E(|χ〉 〈χ|) =
∑D

i=1
l2i
L2U

†
i |χ〉 〈χ|Ui and the Ui unitaries are taken from the

Haar measure, then the directions of the vectors U †i |χ〉 are uniformly distributed,

just as the |vi〉. The term L2 on the output takes into account the normalization.

Therefore the output state E(|χ〉 〈χ|) just as EC(|χ〉 〈χ|) have the same eigenvalue

distribution.

Now that we have a bound on the eigenvalue distribution we can go deeper under-

standing how this channels work, and how the output states distribute. For instance,

the bounds that are being set, tell us about the concentration of the output states.

5.4 Lemma 3

This lemma is not easy to analyze due to all the definitions that it introduces, but

the main idea is to define what a state close to a maximally mixed state means. Its

goal is to set probabilities for the randomly chosen channels to give at the output,

with high probability, states that are close to maximally mixed.

This lemma puts an upper bound on the probability Q that the probability of the

output state of the channel EC(|χ〉 〈χ|) being maximally mixed is PEC ≤ 1/2 is close

to maximally mixed for a randomly chosen |χ〉. This lemma also tells us that the

upper bound on this probability Q can be arbitrarily close to zero depending on the

choice of cMM , D and N .

This is an important result, as it tells us that we will, for large enough dimensions,

have a concentration of the output states around the maximally mixed state, which

is also a maximally entangled state.

Proof. Notice that Q is a probability of a probability. This probability is

Q ≤ 2(1− PEC )
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and the aim of this lemma is to proof that it is bounded by the quantity

O(N2)O(D2)F (p), (5.24)

evaluated in p such that it maximizes the previous quantity but with the following

restriction.

|p− 1

D
| > cMM

√
ln(N)/(N −D); (5.25)

that is, the probability is bounded by the function (5.24) evaluated in a p that can be

made arbitrarily small for the correct choice of cMM and large enough D and N/D.

We will now show two plots of the function F (p).

(a) D = 18 and N = 100 (b) D = 30 and N = 100

Figure 5-1: Plot of F (p) with different values of D and N

Notice that the maximum of the function F (p) moves to zero as D grows. There-

fore, if the bound is proven to be true, the probability Q can be made arbitrarily

small.

Now, using the fact that F (p) ≤ 1 for all 0 ≤ p ≤ 1 we now compute a bound

for the probability density of the eigenvalues for a set of eigenvalues in which there

exists a pj such that |p− 1
D
| > cMM

√
ln(N)/(N −D),

O(N2)O(D2)

D∏
i=1

F (pi)dpi ≤ O(N2)O(D2)F (pj)
D∏
i=1

dpi. (5.26)

Then, under the assumption that there exists a pj such that |pj− 1
D
| > cMM

√
ln(N)/(N −D),

which means that the output state is not maximally mixed, there is a bound for the

probability Q that can be made arbitrarily small.
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This is a bound over the probability density, but, if we want to make a bound

on the probability, we have to integrate the probabilities, but only on the sub-

set of admissible {pi}i in which for some j, we fulfill the condition |pj − 1
D
| >

cMM

√
ln(N)/(N −D).

We now know that the probability to choose a channel that gives a maximally

mixed state can be arbitrarily high. And the next step is to see, how different the

output states are.

5.5 Lemma 4

We can now see where the proof is intending to go. One is trying to analyze the

concentration of the output states around the maximally mixed state in order to and

the probabilities to get channels with such concentration in order to set the lower

bound. The proof intends to, probabilistically, show that there will be some channels

E and E that with the unitaries chosen randomly will give a minimum output entropy

that is less when using both channels with entangled inputs than when using each of

them separately.

In this lemma Hastings shows that for some choice of the unitaries and the li which

gives a channel EC such that PEC ≥ 1
2
, there exists a low-bounded probability that for

a given state |ψ0〉, that gives an output state EC(|ψ0〉 〈ψ0|) with eigenvalues p1, . . . , pD

the random state |χ〉, with output state EC(|χ〉 〈χ|) has eigenvalues q1, . . . , qD which

all obey

|(qi −
1

D
)− y(pi −

1

D
)| ≤ poly(D)O(

√
ln(N)/(N −D)) (5.27)

For, y ≥ 1
2
. This means that the output states of a channel like the ones we are using,

for properly chosen dimensions, will be all almost close to each other. We call the

probability Pnear.

Proof. Lets choose the random states |χ〉 as a combination of the states |ψ0〉 and an

orthogonal state |φ〉,

|χ〉 = z
√

1− x2 |ψ0〉+ x |φ〉 , (5.28)
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where, z is just a phase.

Now, as the state |χ〉 is random, we can find the probability that x2 ≤ 1
2
. This

calculation can be done. Just think of the vector as one chosen out of the surface of a

unit sphere of 2N real dimensions. Lets call Sn the surface area of an n dimensional

unit sphere, therefore:

P (x2 ≤ 1/2) = S−1
2N

∫ π/4

0

2π cos(θ) sin(θ)2N−3S2N−2

= (
1√
2

)2N−2

= e− ln(2)(N−1)

= e−O(N ) (5.29)

Notice that the state |φ〉 is a random state restricted to 〈ψ0|φ〉 = 0 and one way

to produce it is by Gram-Schmidt orthonormalization process, i.e.,

|φ〉 =
1√

1− | 〈ψ0|φ〉 |2
(
1− |ψ0〉 〈ψ0|

)
|θ〉 , (5.30)

where |θ〉 is a random state without restrictions. Then, the probability that the state

EC(|θ〉 〈θ|) is maximally mixed is at least 1/2.

Then, the state |χ〉 is

|χ〉 = z
√

1− x2 |ψ0〉+ x

(
1√

1− | 〈ψ0|φ〉 |2
(
1− |ψ0〉 〈ψ0|

)
|θ〉

)

=

(
z
√

1− x2 − 〈ψ0|θ〉√
1− | 〈ψ0|φ〉 |2

)
|ψ0〉+

x√
1− | 〈ψ0|φ〉

|θ〉 (5.31)

If one takes two completely random vectors, just like U †i |ψ0〉 and U †j 〈θ| are, then,

the probability that it inner product | 〈ψ0|UiU †j |θ〉 | ≥ O(
√

ln(D)/N) is

P
(
| 〈ψ0|UiU †j |θ〉 | ≥ O(

√
ln(D)/N)

)
=

1

poly(D)
(5.32)

where depending on th constant on O(
√

ln(D)/N) one can choose the degree of the
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polynomial of D. Then, using the notation of the trace norm as Tr(|ρ|) = Tr
√
ρρ†,

P
[
Tr
(
|EC(|θ〉 〈ψ0|)|

)
≥ poly(D)

√
ln(D)/N

]
. (5.33)

As

P
[
| |φ〉 〈θ| | ≥ O

(√
ln(D)/N

)]
≤ 1

poly(D)
(5.34)

we can conclude that

P
[
Tr
(
|EC(|φ〉 〈ψ0|)|

)]
≤ 1

poly(D)
. (5.35)

It was already said that the probability of EC(|θ〉 〈θ|) being close to maximally

mixed according to the Hastings’ definition is at least 1/2. Then, looking at the

action of the channel EC over |φ〉 〈φ| whose output state has eigenvalues r1, . . . , rD,

the probability that these eigenvalues obey

|ri −
1

D
| ≤ cMM

√
ln(N)/(N −D) + poly(D)(ln(D)/N)

≤ poly(D)O(
√

ln(N)/N) (5.36)

is at least 1
2
− 1

poly(D)
.

Let us call y = 1− x2, then, lets write the action of

EC(|χ〉 〈χ|) = yEC(|ψ0〉 〈ψ0|) + (1− y)|φ〉 〈φ|

+zy(1− y)EC(|φ〉 〈ψ0|) + zy(1− y)EC(|ψ0〉 〈φ|). (5.37)

Then, we conclude that for a choice of y ≥ 1/2, when choosing |φ〉 randomly with the

orthogonality restriction, it will give a |χ〉 with output state EC(|χ〉 χ̄) with eigenval-

ues q1, . . . , qD, the probability that these eigenvalues obey

|(qi −
1

D
)− y(pi −

1

D
)| ≤ poly(D)O(

√
ln(N)/(N −D)) (5.38)

is 1/2 − 1/poly(D). And using the result on equation (5.29) for the probability of
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x2 ≥ 1/2 we get that the probability

Pnear ≥ e−O(N )

(
1

2
− 1

poly(D)

)
(5.39)

This result means that we have a lower bounded probability that the output states

of the random channels that we are using will give states that are close to each other.

The problem right now is how to define the right N and D. And how to set the

bound on the output entropy.

5.6 Lemma 5

In this lemma, what is proven is that for the channels that were defined, the proba-

bility that Hmin(E) < ln(D)− δSmax is less than 1, which means that the probability

of Hmin(E) ≥ ln(D)− δSmax is greater than zero. Here,

δSmax =
c1

D
+ poly(D)O(

√
ln(N)/N). (5.40)

Proof. Lets call Pbad be the probability that Hmin(EC) < ln(D) − δSmax. Then the

probability that for random unitaries and li, the channel EC has PEC ≥ 1/2 and has

Hmin(EC) < ln(D)− δSmax is at least (Pbad −Q).

If we take the state |ψ0〉 as the state that minimizes the output entropy of EC ,

then, for this channel, using the result of lemma 4, for a random state |χ〉 the output

state EC(|χ〉 〈χ|) has eigenvalues q1, . . . , qD that are close to the p1, . . . , pD, i.e.,

|qi − (ypi + (1− y)(1/D))| ≤ poly(D)O(
√

ln(N/N)), (5.41)

taking a y ≥ 1/2, with probability of at least

e−O(N )(1/2− 1/poly(D)). (5.42)
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Now, if we choose also the unitaries and li of the channel randomly, then the

probability that the eigenvalues of EC(|χ〉 〈χ|) obey (5.41) is at least

(Pbad −Q)e−O(N)(1/2− 1/poly(D)). (5.43)

Now lets back up and look at the entire picture of the proof. We know that the

probability of EC having eigenvalues {qi}i is bounded by the maximum over the eigen-

values such that they obey equation (5.41) of the probability density P̃ (q1, . . . , qD).

Now assume that −
∑

i pi ln pi ≤ ln(D)−δSmax, y ≥ 1/2 and of course the restriction

that
∑

i pi = 1 with this assumptions, and by making a simple Taylor expansion

of the function pN−DF (p) using the fact that pN−D = exp [(N −D) ln p] and that

p = 1/D + δp, we get that the following yields

P̃ (q1, . . . , qD) ≤ O(N)O
(D2)e−c2(N−D), (5.44)

in this bound, the constant c2 can be made arbitrarily large by choosing large c1.

We also know that by choosing the correct dimensions and cMM we can make the

probability Q < 1, then, assume that Pbad = 1. We can pick the right c1 and p1 and

N , which fixes D, such that P̃ (q1, . . . , qD) is less than that on the right hand side of

equation (5.44) which is a contradiction, so Pbad 6= 1, and like Pbad can not be greater

than 1, then Pbad < 1.

5.7 Theorem 1

This theorem, which proofs the subadditivity of the minimum output entropy of a

channel and moreover, the superadditivity of the Holevo capacity, follows directly

from the proof of the lemmas 1-5. Lemma 1 sets a bound on the minimum output

entropy of the two channels

Hmin(E ⊗ Ẽ) ≤ 2 ln(D)− 1

D
ln(D) (5.45)
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and from lemma 2 through lemma 5 Hastings proofs that there is a probability higher

than zero that the randomly chosen channels E and Ẽ have a minimum output entropy

that is low-bounded by

Hmin(E) ≥ ln(D)− δSmax (5.46)

We already defined what δSmax is, but it is not clear that the bound is enough, but

for large enough N and D, we know that

δSmax <
ln(D)

2D
. (5.47)

This, evidently yields to the conclusion that for some quantum channels chosen as

Hastings does,

Hmin(E ⊗ Ẽ) < Hmin(E) +Hmin(Ẽ). (5.48)

The nature of this is evidently probabilistic and uses the fact that for high di-

mensions, when a state goes through a random channel like the defined, the output

states concentrate around the maximally mixed state and this concentration is re-

ally strong. Also, the input state, which is a maximally entangled state, when going

through the channels E and EC used together, we obtain, with high probability, the

same maximally entangled state on the output.

Then, due to the Shor equivalence, not only the minimum output entropy and

Holevo capacity additivity conjectures are false, but the entanglement of formation

additivity and the strong superadditivity of entanglement of formation conjectures

are too.
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Chapter 6

Further work and newer proofs

In this chapter, we intend to provide a bird’s-eye view of some of the work that has

been done after the Hastings proof came out. For instance, in the Hastings paper

he conjectures, but does not prove, that every pair of channels E and Ẽ have the

probability that their minimum output entropy when used together is lower than

when each channel is used by its own, which is proved later.

This chapter is one we put a lot of work on because, when starting to review the

Hastings proof and the topic that a partner was working on, which has to do with

the fundamentals of statistical physics and concentration of measure, we got very

interested on the subject of random matrices and the behavior of its eigenvalues. We

wanted to study the way this eigenvalues concentrate for the high dimensions limit

and low dimensions. Some of the work we did has pretty interesting results, and will

be shown on the further work section 6.2.

6.1 Newer proofs

Shortly, after the Hastings proof, there were some works that intended to extent

and make clearer his proof. As this is considered the oldest problem in quantum

information theory, it was a pretty important result, and there were a lot of people

interested on understanding it and try to generalize it. One of the works published

shortly after Hastings proof is one of Brandaõ and Horodecki [21] where they proved
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that for any random channels defined as follows

E(ρ) = TrE
(
U(ρ⊗ |φ〉 〈φ|)U †

)
, (6.1)

Ẽ(ρ) = TrE
(
U∗(ρ⊗ |φ〉 〈φ|)UT

)
, (6.2)

where the unitary U is chosen from the Haar measure, the superadditivity of the

Holevo capacity holds when the dimension of the environment is much larger than

the dimension of the system. This is a great result, as it approaches to a generalization

of the channels that have superadditive Holevo capacity because the definition of the

channels they use is much more general.

The main argument on the Brandaõ and Horodecki proof is not derived from the

eigenvalue distribution of the output states, but they instead use an argument from

concentration of measure.

Another proof published shortly after the Hastings one by Auburn, Szarek [8] and

Werner uses the Dvoretzkys theorem which is a geometric theorem, which states that

Theorem (Dvoretzkys theorem). For every natural number k ∈ N and every ε >

0 there exists N(k, ε) ∈ N such that if (X, ‖.‖) is a Banach space of dimension

N(k, ε),there exist a subspace E ⊂ X of dimension k and a positive quadratic form

Q on E such that the corresponding Euclidean norm

| · | =
√
Q(·) (6.3)

on E satisfies:

|x| ≤ ‖x‖ ≤ (1 + ε)|x| for every x ∈ E. (6.4)

This theorem has been well studied and what it does is that it sets bounds on the

norm of subspaces of a bigger space. This proof does not use this theorem exactly,

but some improvement of it found in [5].

A much more recent proof by Fukuda [7] generalizes the asymptotic limit when

the ratio of the dimensions of the environment and the output grow to infinity. In

this proof, Fukuda uses an argument on ε-nets which is a technique used in order
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to approximate some probability distributions to other probability distributions. Ini-

tially, in the Hastings proof he says that many attempts to prove the superadditivity

of Holevo capacity have been made using ε-nets arguments but the bounds were not

tight enough. In this paper, Fukuda, mentions that it was proven by Belinschi, Collins

and Nechita that the lowest output space dimension, when the input and environment

dimensions tend to infinity, is 183 for the subadditvity to hold [23].

6.2 Further work on random density matrices

In this section we will show, at the most, the results obtained from a project we are

currently working on with my thesis supervisor and José Mej́ıa; and as I mentioned

before has to do with random density matrices.

Take two random reduced density matrices generated as it was already mentioned

on section 4.2 ρS1 ∈ HS and ρS2 ∈ HS, this states were traced out form a Hilbert

space HS ⊗HB with dim (HS ⊗HB) = dS × dB. For each of this states ρS1 and ρS2

its eigenvalue distribution is the same as equation (4.12), i.e.,

PdB ,dS(~λ) ∝ δ

(∑
i

λi − 1

)
∆(~λ)

∏
i

λdB−dSi . (6.5)

The problem we are trying to study is then, how will the eigenvalue distribution

of the difference of the two states ∆ = ρS1 − ρS2 behave for the asymptotic growth

of dB
dS

and for low dimensions dB and dS. We believe that this can help us study the

concentration of measure phenomenon and also see how the output states of certain

channels concentrate around maximally mixed states. For instance, take one of the

channels as defined by Brandaõ E = TrE(U(ρ⊗|φ〉 〈φ|)U †) with U a unitary sampled

from the Haar measure, and create two of such channels

E1 = TrE(U(ρ⊗ |φ〉 〈φ|)U †),

E2 = TrE(V (ρ⊗ |φ〉 〈φ|)V †).
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U and V are unitaries sampled from the Haar measure. Take two copies of an input

state |ψ〉, then the output states when the states go through the channels are

E1 = TrE(U(|ψ〉 〈ψ| ⊗ |φ〉 〈φ|)U †), (6.6)

E2 = TrE(V (|ψ〉 〈ψ| ⊗ |φ〉 〈φ|)V †). (6.7)

It is evident, that the state |ν〉 = U |ψ〉 ⊗ |φ〉 is a randomly chosen state from a

gaussian ensemble. Therefore the output state of the channel is the partial tracing of

a random pure state, which is equivalent to the previously defined ρS1 and ρS2. Also,

like from the concavity property of the von Neumann entropy, its minimum can always

be achieved with pure input states, then, to study the concentration of such output

states can help understand on a better way the behavior of the minimum output

entropy of a channel. We can also see that it is an important part of the Hastings

proof to define what a maximally mixed state is and the probability bounds are based

on the fact that, with high dimensions, almost every output state is maximally mixed.

We will now show the results of the work we have been doing beginning with the

asymptotic case.

6.2.1 Eigenvalue probability distribution of ∆ with asymp-

totic growth of the ratio of the dimensions

In this part, we use the results obtained by C. Nadal, S. N. Majumdar and M.

Vergassola for the probability density of one eigenvalue of reduced density matrices

[1], which is the case that we are dealing with. They find that the probability density

p(λ) scales as

pdS(λ) ≈ dSp
∗ (dSλ) . (6.8)

Then, if we call x = dSλ, up to the scaling, the one-eigenvalue probability density for

ρS1 and ρS2 is:

p(x) ∝ 1

2πcx

√
x− L1

√
L2 − x, (6.9)
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where c = dS
dB

is a constant, 0 ≤ c ≤ 1, and

L1 = c

(√
1

c
− 1

)2

, (6.10)

L2 = c

(√
1

c
+ 1

)2

. (6.11)

We now show some plots of this probability density varying the constant c.
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Figure 6-1: Plots of the probability density function p(x) of the eigenvalues of a
reduced density matrix for big dimensions dS and dB for different values of c = dS

dB

Now, our question was how to work with this result in order to obtain the one-

eigenvalue probability density for ∆, and the solution was to use free probability theory

[30]. In this theory, what is studied is the probability spaces of von Neumann algebras,

which is a *-algebra of bounded operators on a Hilbert space that is closed in the

weak operator topology and contains the identity operator. To make it simpler we

can define a probability, in this case, on non-commutative variables such as random

density matrices.

There is a free probability theorem, which states that:

Theorem. Let, for each N ∈ N, U
(1)
N , . . . , U

(p)
N be p independent Haar unitary ran-

dom matrices and let D
(1)
N , . . . , D

(q)
N be q constant matrices which converge in *-

distribution(with respect to tr) for N →∞. Then

U
(1)
N , . . . , U

(p)
N , D

(1)
N , . . . , D

(q)
N

*-distr−−−→ u1, . . . , up, d1, . . . , dq,

where u1, . . . , up, d1, . . . , dq are *-free independent. In particular, the Haar unitary

random matrices are asymptotically *-free from the constant matrices.
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Then, as one can write ρS1 = UΛ1U
† and ρS2 = V Λ2V

†, ρS1 and ρS2 are asymp-

totically free independent.

The important tool that we used here is something similar to the convolution of

probability functions in classical probability theory in order to calculate the proba-

bility density of a variable that is the sum of two random variables. Lets define the

following:

Rµ(z) :=
∞∑
n=0

kn+1z
n, (6.12)

Gµ(z) =

∫
R

dµ(t)

z − t
. (6.13)

The function Rµ(z) is called the R-transform, where the kn are the cumulants of the

probability function. The function Gµ(z) is the Cauchy transform of theR-transform.

Now, let µ and ν be probability measures on R with compact support. Let x

and y be selfadjoint random variables in some C∗-probability space. Let x have a

distribution µ and y have a distribution ν. Let x and y be freely independent. Then

the distribution of the sum x+ y is called the free convolution of µ and ν denoted by

µ� ν.

Now, we will see the importance of the previously definedR-transform and Cauchy

transform. The relation of the Cauchy transform and the R-transform is:

Gµ

[
Rµ +

1

z

]
= z. (6.14)

Now the importance of the R-transform is that this transform applied to the proba-

bility measure of s = x+ y which we already said is µ� ν is

Rµ�ν(z) = Rµ(z) +Rν(z). (6.15)

And finally, to recover the measure η = µ� ν we make:

η(t) = − 1

π
lim
ε→0

ImGη(t+ iε). (6.16)
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The process we just explained is then the canonical process to know the probability

distribution of a variable that is the sum two free independent variables. Then, we

can apply it to the case that we are interested in.

Notice that the free Poisson probability distribution is the same as the probability

of one eigenvalue (6.8). The free Poisson distribution is:

ρPoisson(t) =
1

2παt

√
4σα2 − (t− α(1 + σ))2 (6.17)

with support in the interval[α(1−
√
σ)2, α(1+

√
σ)2]. To make this probability exactly

the same as the one on equation(6.8) we make σ = 1/c and α = c.

The free cumulants of the free Poisson distribution are all equal to kn = σαn then,

its R-transform is:

RPoisson(z) =
∞∑
n=0

kn+1z
n =

∞∑
n=0

σαn+1zn =
σα

1− αz
. (6.18)

We know that the free variable for which we want to compute its probability

density is ∆ = ρS1−ρS2 = ρS1+(−ρS2) then, the probability density of one eigenvalue

of ρS1 is proportional to p(x) and the probability density of one eigenvalue of ρS2

is proportional to p− = p(−x) and their R-transforms relate in the following way

Ep−(z) = −Rp(−z). Then, we compute

RpdS�p
−
dS

(z) =
1

1− cz
− 1

1 + cz
=

2cz

1− c2z2
. (6.19)

By the Cauchy relation with R-transform we get

2cG(z)

1− c2G(z)2
+

1

G(z)
= z. (6.20)

We finally solve (6.16) and get a pretty complicated expression

v[x, c] =

√
x2

(
x2 −

1

2

(
2c2 + 10c− (4c+ 1)

3
2 − 1

))(1

2

(
2c2 + 10c+ (4c+ 1)

3
2 − 1

)
− x2

)
, (6.21)
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where

w[x, c] =

(
v[x, c] +

√
3(c+ 1)

(
x2 +

(2− c)3

9(c+ 1)

)) 1
3

, (6.22)

and

η[x, c] =
1

2πcAbs[x]

(
w[x, c]−

x2 + 1
3
(2− c)2

w[x, c]

)
. (6.23)

Making some sampling with Mathematica we can compare our theoretical result

to the numerical sampling. We see that the prediction fits really well with the nu-
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Figure 6-2: Plots of the asymptotic probability density function of one eigenvalue of
∆ (red line) and the numerical sampling for different values of dS and dB.

merical sampling, but, furthermore we see that the concentration of one eigenvalue is

concentrated around zero is strong. The sampling of the eigenvalue never goes above

0.1 for these cases.

As we lower the dimensions,the free independence of the density matrices is no

longer true as it is an asymptotic property of the unitaries. Also, as this calculation

is made based on the result for asymptotically high dimensions with c constant, the

prediction does not fit the numerical prediction anymore, like we see in the following

plots. One can see that in this case, the eigenvalues are not as strongly concentrated
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Figure 6-3: Plots of the asymptotic probability density function of one eigenvalue of
∆ (red line) and the numerical sampling for dS and dB small.
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around 0 as they were before.

Our interest is now to study the marginal eigenvalue probability distribution for

low dimensions. Which is the topic on the next section.

6.2.2 Eigenvalue probability distribution of ∆ for low dimen-

sions

For low dimensions dS and dB we can no longer use the free probability approach and

we had to develop a new way to do it.

Lets now consider a matrix K, which can be written as K = U †ΛkU , and a

matrix Z that belongs to certain ensemble, then the probability distribution of Z can

be expressed as

P (Z) =

∫
eiT r[KZ]

〈
e−iT r[KZ]

〉
Z
dK, (6.24)

which is the equivalent of a Fourier transform and an inverse Fourier transform for

matrices taking the internal product of two matrices as Tr(KZ).

Then, we make the integration over the unitaries to get the probability density

over the eigenvalues {µi}i, replace K = U †ΛkU , name the eigenvalues of K as {kj}j
and we get

p (~µ) ∝ ∆2 (~µ)

∫
∆2
(
~k
)〈

eiT r[ΛKUZU
†]
〉
U

〈
e−iT r[KZ]

〉
Z

d∏
i=1

dki. (6.25)

Now we have an integration over the unitaries U that has to be made with the

Haar measure, which is
〈
eiT r[ΛKUZU

†]
〉
U

. This is made using a result called the

Harish-Chandra-Itzykson-Zuber integral [14] that states:

Theorem. Harish-Chandra-Itzykson-Zuber integral Let A,B be n× n Hermitian ma-

trices, with eigenvalues λ1(A) ≤ . . . ≤ λn(A) and λ1(B) ≤ . . . ≤ λn(B). Then, the

integral ∫
U(n)

e(tTr(AUBU∗)) dU, (6.26)

where U is integrated over the Haar probability measure of the unitary group U(n)
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and t is a non-zero complex parameter, is exactly:

cn
det(e(tλi(A)λj(B)))1≤i,j≤d

t(n2−n)/2∆(λ(A))∆(λ(B))
. (6.27)

Lets call
〈
e−iT r[KZ]

〉
Z

= ΦZ(~k) Applying this result to what we are trying to

calculate, we get the following expression for p (~µ)

p (~µ) ∝ ∆2 (~µ)

∫
∆2
(
~k
)〈

eiT r[ΛKUZU
†]
〉
U

〈
e−iT r[KZ]

〉
Z

d∏
i=1

dki

∝ ∆ (~µ)

∫
∆
(
~k
)

det(e(ikiµj))ΦZ

(
~k
) d∏
i=1

dki, (6.28)

where

det(e(ikiµj)) =


eik1µ1 . . . eik1µn

...
...

eiknµ1 . . . eiknµn

 . (6.29)

We can easily see that, up to a symmetrization over the {µi}i, equation (6.28)

now becomes

p (~µ) ∝ ∆ (~µ)

∫
∆
(
~k
)
ei
~k·~µΦZ

(
~k
) d∏
i=1

dki. (6.30)

The latter expression, as one may see, is almost an inverse traditional Fourier

transform of the function ΦZ(~k); the only thing that is on the way is the Vandermonde

determinant ∆(~k). The way to get rid of this term is to observe that

∂

∂µi
ei
~k·~µ ∝ kie

i~k·~µ,

then we get

p (~µ) ∝ ∆ (~µ) ∆
(
~∂µ

)∫
e(i~k·~µ)ΦZ

(
~k
) d∏
i=1

dki. (6.31)

Now, if we call

Φ̃Z(~µ) =

∫
e(i~k·~µ)ΦZ

(
~k
) d∏
i=1

dki,
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we get an expression for the probability distribution of the eigenvalues of Z:

p (~µ) ∝ ∆ (~µ) ∆
(
~∂µ

)
Φ̃Z(~µ). (6.32)

The problem is to calculate the probability density of an eigenvalue of ∆ = ρS1 +

(−ρS2). Just like in classical probability, if we have the characteristic function of two

variables ΦA(~k) =
〈
e−iT r[KA]

〉
A

and ΦB(~k) =
〈
e−iT r[KB]

〉
B

, then the characteristic

function of a variable Z = A+B is

ΦZ(~k) = ΦA(~k)ΦB(~k).

Lets state the convolution theorem.

Theorem. Convolution theorem Let f and g be two functions with convolution

f ∗ g. Let F denote the Fourier transform operator, so F{f} and F{g} are the

Fourier transforms of f and g, respectively. Then,

f ∗ g = F−1
{
F{f} · F{g}

}
.

Therefore, if we apply it to our problem, we get that

p∆(~µ) ∝ ∆ (~µ) ∆
(
~∂µ

)∫
e(i~k·~µ)ΦρS1

(
~k
)

Φ−ρS2

(
~k
) d∏
i=1

dki

∝ ∆ (~µ) ∆
(
~∂µ

)
F−1

{
ΦρS1

(
~k
)

Φ−ρS2

(
~k
)}

Then,

p∆(~µ) ∝ ∆ (~µ) ∆
(
~∂µ

)
Φ̃ρS1

(~µ) ∗ Φ̃−ρS2
(~µ), (6.33)

where the notation ∗ means convolution.

Now, the question is how to calculate the functions Φ̃ρS1
(~µ) and Φ̃−ρS2

(~µ). To

do this, we use the result on equation (6.32) and the probability of reduced density
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matrices on equation (4.12), and we get

∆2(~µ)δ

(
−1 +

d∑
i=1

µi

)
d∏
i=1

µn−di = ∆ (~µ) ∆
(
~∂µ

)
Φ̃ρS1

(~µ). (6.34)

One can show that the operator ∆
(
~∂µ

)
commutes with the operator δ

(∑d
i=1µi − 1

)
,

and by making an educated guess and using dimensional analysis we got the result

for Φ̃ρS1
(~µ).

Φ̃ρS1
(~µ) = δ

(
−1 +

d∑
i=1

µi

)
d∏
i=1

µn−1
i Θ(µi). (6.35)

One can verify that

Φ̃−ρS2
(~µ) = Φ̃ρS1

(−~µ)

The next step is to find the convolution of the two functions, that will be:

Φ̃ρS1(~µ) ∗ Φ̃ρS2(~µ) =

∫ ∞
0

Φ̃ρS2(~µ− ~λ) ∗ Φ̃ρS1(~λ)dλ

=

∫ ∞
0

δ

(
−1 +

dS∑
i=1

µi −
dS∑
i=1

λi

)
δ

(
−1 +

dS∑
i=1

λi

)
dS∏
i=1

(µi − λi)dB−1λdB−1
i Θ(µi)Θ(µi − λi)dλi

=

∫ ∞
0

δ

(
dS∑
i=1

µi

)
dS∏
i=1

(µi − λi)dB−1λdB−1
i Θ(µi)Θ(µi − λi)dλi

Then we get our main result:

p∆(−→µ ) ∝ ∆ (−→µ ) ∆
(−→
∂µ

)∫ ∞
0

δ

(
dS∑
i=1

µi

)
δ

(
dS∑
i=1

λi − 1

)
×

dS∏
i=1

(µi − λi)dB−1λdB−1
i Θ(µi)Θ(µi − λi)dλi. (6.36)

The integral on the convolution has to be calculated from 0 to∞ but as there are

some Heaviside functions, that ensure that the λi are all in the interval 0 ≤ λi ≤ 1

and 0 ≤ µi + λi ≤ 1, that we left behind from the beginning, we leave the integral

limits empty and then arrange them with the restrictions, also, the delta operator that

ensures that
∑

i λi = 1. This expression is not easily calculated for all dimensions.
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Work, dedication and time are needed. We have done the calculations for dS = 2 and

dS = 3. We are currently working on the case dS = 4.

Case dS = 2

p∆(−→µ ) ∝ δ

(
2∑
i=1

µi

)
∆ (−→µ ) ∆

(−→
∂µ

)∫ 2∏
i=1

(µi − λi)dB−1λdB−1
i dλi

Making a variable change, µ+ = µ1+µ2

2
and µ− = µ1−µ2

2
, we get:

∂µ2 − ∂µ1 ∝ ∂µ−

∆(−→µ ) ∝ µ−

δ

(
2∑
i=1

µi

)
µ−∂µ−

∫ 1

µ−

(λ1 − µ−)dB−1(1− λ1 + µ−)dB−1λdB−1
1 (1− λ1)dB−1 dλ1

Note that since µ1 + µ2 = 0 then µ− = µ1. And with this expression we now use

Mathematica and get the result of the integral for a chosen dB. Notice also, that since

the function must be symmetric, the integral will be the same for µ1 < 0, µ2 > 0 and

for µ2 < 0, µ1 > 0. Then we get that the probability density of one eigenvalue of ∆

for different dB.

For dS = 2 and dB = 3 we get:

p∆(µ) =
30

7
(|µ| − 1)4|µ|2

(
3|µ|3 + 16|µ|+ 12µ2 + 4

)
. (6.37)

Now we show some plots of the prediction and the sampling made in Mathematica.

The prediction works really well and we can also see that the distribution of the

eigenvalues is no longer close to 0, but it gets close as we make the dimension of the

environment large just like one would expect.

Case dS = 3

For this case, the calculations are much more complicated, as it is not so simple to
take into account the restrictions and define the integration areas. We made a variable
change in order in order to reduce the number of integrals that we had to make. This
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(b) dS = 2 and dB = 10.

Figure 6-4: Plots of the probability density function of one eigenvalue of ∆ for low
dimensions (red line) and the numerical sampling for dS = 2

change of variable was λ′i = λi + µi for all the λk such that µk > 0. So we get the
expression

p∆(−→µ ) ∝ δ
(

d∑
i=1

µi

)
∆
(−→µ )∆

(−→
∂µ
) d∏
i=1

1−|µi|∫
0

(λi − |µi|)n−1λn−1
i δ

 d∑
k=1

λk −
∑
µ>0

µk − 1

 dλi. (6.38)

In this case one has to make the different integrals because there are six cases

µ1 < 0, µ2 < 0, µ3 > 0,

µ1 < 0, µ2 > 0, µ3 < 0,

µ1 > 0, µ2 < 0, µ3 < 0,

µ1 > 0, µ2 > 0, µ3 < 0,

µ1 > 0, µ2 < 0, µ3 > 0,

µ1 < 0, µ2 > 0, µ3 > 0.

For each of this cases we compute an integral using again, computational software

and we will show a plot for the joint probability distribution of two eigenvalues and

the marginal for one eigenvalue. Now we show some plots of the results that we got.

Just like was said before, we are right now working on the case dS = 4. And the

aim is to generalize the calculation algorithm for arbitrary dS, by finding symmetries
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Figure 6-5: Plot of the joint probability density function of two eigenvalues of ∆ for
low dimensions for dS = 3 and dB = 3.
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(a) dS = 3 and dB = 3.
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Figure 6-6: Plots of the marginal probability density function of one eigenvalue of ∆
for low dimensions (red line) and the numerical sampling for dS = 3 and different dB

or by other means.
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Chapter 7

Conclusions

Like we see in the Hastings proof and we have been mentioning, apart from the chan-

nels that he defines, the use of entangled states is the key element in order to obtain a

low enough entropy bound. It is a resource that is not present in classical information

theory and a very powerful resource given the results that have been made like the

one of Smith and Yard [28] which is called superactivation where two channels of zero

quantum capacity, when used together, acquire the capacity to transmit quantum

information.

The importance of the definition of the channel could not be greater. Recall that

for the maximally entangled state |ΨMM〉 when we apply two unitaries of the form

U ⊗ U we get

(U ⊗ U) |ΨMM〉 = |ΨMM〉 .

This effect is clearly helpful in the proof, as it is evident that almost every time,

depending on how the li are chosen, the state that we get on the output is again the

maximally entangled state |ΨMM〉 which means, that in certain way the information

is being well preserved.

The fact that both channels are defined by matrices Ui and U i is also very im-

portant as there is no qualitative difference between a matrix U and a matrix U if

the matrix is chosen randomly from the Haar measure. This way, whatever property,

derived from the probabilistic nature of the channel, that holds for the channel E will
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also hold for the channel E . Thus the proof will not be as difficult as it would be if

the two channels had different properties.

Recall that in the paper by Brandaõ and Horodecki, they proved that for two

channels E and E defined just by one randomly chosen unitary U the superadditivity

of the Holevo capacity holds. Then, it could happen that when the unitary is sampled

it only has real entries and therefore U∗ = U and U † = UT , and therefore E = E and

so, it would be proven that the one-shot formula for the classical capacity (Holevo

capacity) is not equal to the regularized capacity.

The progress that has been made in this topic is amazing and it for sure will keep

going, but as Fukuda mentions in his paper [7], it is a little bit strange that there is

still no concrete example of two channels that violate the additivity conjecture, there

are only proofs with probabilistic nature and not concrete constructions.

It was mentioned in section 3.1, that it is already proven that, neither the regular-

ized nor the one-shot formula for the private capacity of a channel are additive, while

we know that the classical regularized capacity is not proven yet to be additive nor

superadditive. It is a question that I will leave to the reader, and that has been wan-

dering around mi mind: why was it easier to prove the superadditivity of the private

capacity than it is to prove or disprove the additivity of the classical capacity?

For the work that we developed and whose results are in section 6.2 we see that,

even though the channels we define as a motivation to do the work are not the same

as the ones defined by Brandaõ and Horodecki, as in their proof both are generated

by only one randomly chosen unitary, and the ones we defined are each one defined

by a random unitary, we can think that the study of two totally random channels

could yield to more generalizations about superadditivity.

We can also see in the further work that for high dimensions of the environment

and of the input states the eigenvalues of the difference of two density matrix is really

small, which means that the states are very similar.

Even though Hasitngs proved that the additivity of the Holevo capacity is not

true for some channels, there is still a lot of work to do in this field. It is still not

known, apart from the ones constructed in the various proofs, which are always of the

80



form E and Ẽ , for which channels the superadditivity holds. The other open question

is whether or not the regularized classical capacity of a quantum channel is additive

or not.
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