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Motivation

When I decided that I will study physics, I imagined that one day I will found something
that intrigued me so much that it will change my life; when I took the first quantum
mechanics course, I knew that I had found it. Quantum mechanics has always been
a difficult theory to assimilate, because some of its implications are rude to our intu-
ition. The first of these implications that I was aware of, was the one that apparently
shows that quantum mechanics can’t be explain by a theory that contemplates both
reality and locality; since we adopted QM as the theory that best describes nature, it
also means that in the world that we live, together reality and locality cannot coex-
ist; the mathematic description that show this last result, is called Bell’s theorem -or
inequality-, and as Mermin says “is widely known not only among physicist, but also
to phylosophers, journalist, mystics, novelist and poets”[1].

On the last course that I took in the QM topic, called Quantum Optics, we study
this Bell’s development that I mentioned above; not only we studied it in the board,
but also demonstrated experimentally in the quantum optics laboratory. I wanted to
go further in this fascinating topic; so with this “go beyond Bell” idea in mind, I planed
along with my advisor this thesis in order to explore other possible strange implications
of QM and to study the viability of performing empirical implementations here in the
quantum optics laboratory of Universidad de los Andes.
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CHAPTER 1

Introduction

1.1 Overview

With the purpose of disappearing all the voices that claim the incompleteness of quan-
tum mechanics (QM) and expand it to new horizons, emerge the need of identifying
which kind of theory QM really is. With this aim in mind, three important concepts
arise that characterize the debate in this topic: contextuality, locality and reality. The
first one, has to do with the dependence of the observable values with our choice of
measurement; the second one refers to the possibility that an event that occurs in one
point in the universe is affected by another immediately, regardless of the distance be-
tween this two events; finally, the third one states that a specific characteristic of an
object must have a well-defined existence, independent of any measurement.

The unexpected origin of the QM principles, in the beginning of the twentieth
century, left among the most well-known physicists of the time the need to find a
coherent physical interpretation of this strange concept. This debate was led mainly by
Bohr and Einstein. The first one, in an attempt to explain physically what QM means,
argues that in the quantum world it is impossible to differentiate between the observer
and the observed, and that the description of nature is essentially probabilistic; this
explanation is commonly known as the Copenhagen Interpretation[2]. Einstein, against
Bohr’s interpretation, believed strongly in realism, in which the property of a particle
exists independently of any measurement. In 1935 together with two colleagues he
proposed what is now called the EPR paradox [3] that uses a source of entangled
particles to prove his point.

With the death of Einstein in 1955, the dispute got into an intermission. This pause
was broken by J. Bell in 1964 [4], with a remarkable achievement. In his paper On the
Einstein Podolsky Rosen Paradox, he pointed out an inequality that tested local realism
and put the Einstein-Bohr debate into a new arena, the laboratory. In 1972, J. Clauser
and S. Freedman using calcium atoms, experimentally violated Bell’s inequality for the
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first time [5]; many successive experiments using photons [6] have been accomplished,
proving violations of the inequality up to 30 standard deviations [7]. In 1988, Shih and
Alley violated for the first time Bell’s inequality with entangled photons produced via
Spontaneous parametric down convertion (SPDC), introducing a new way of testing
the inequality with light[8]. With the clarification of certain loopholes [7, 9, 10, 11], up
to now, all the tests seem to assure that QM can’t be explained with a local realistic
hidden-variable theory.

In the same spirit of Bell’s equation, many contemporary scientists are trying to
test other concepts of interest in the QM ground. In 2003, A. Leggett proposed an
inequality that tests the non-local realism [12]. This inequality was experimentally
violated in 2007 by Gröblacher et. al. [13] and Paterek et. al.[14], proving that QM
can’t be described by a non-local real hidden-variable theory.

In addition, S. Kochen and E. Specker created a theorem [15] that demonstrates the
contextual essence of QM; that is, with different measurements arrangements in the
laboratory, we can obtain different values of the observables that we are interested in
measuring, even if these observables commute. To make possible an experimental proof
of this theorem, it is necessary to use Bell-type inequalities, as it will be discussed later;
there have been several experimental demonstrations [16, 17, 18]; the results exhibited
that QM can’t be a non-contextual hidden-variable theory.

1.2 Thesis Structure

The motto of this thesis is to give a general idea of what kind of theory QM is; in
particular, considering the notions of locality, reality and contextuality; figure 1.1 show
a general outline of the project. It is important to stress that the main purpose of
this thesis will be to describe some of the experiments that have been done to demon-
strate local realism, non-local realism and contextuality and also study the viability of
performing an actual implementation of each one of them here in our university’s labo-
ratory, given that the most relevant experiments dealing with these topics were done in
the quantum optics realm, in particular using photons produced by SPDC; this type of
source is precisely the one used here in the quantum optics laboratory of Universidad
de los Andes.
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Figure 1.1: Diagram representing the general purpose of the thesis.
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CHAPTER 2

Local Realism

To assume local realism we have to consider two facts: first, that two distant objects
can’t interact instantaneously; they have to respect the distance that is between them;
and second, the existence of an object regardless of whether it is being observed. Both
are logical assumptions if we consider any situation in daily life, but when looking at
the quantum level there are problems that arise and lead us to conclude that one of the
two concepts, or even the two of them, do not apply. In this chapter, we are going to
consider the theoretical remarks and a specific experiment aiming to test local realism
at a quantum level; we also pretend to show an intuitive view of the problem.

2.1 Theoretical Remarks

To develop the consequent theory, we consider the following physical situation: A source
produces one pair of entangled particles; each one goes to a device that measures some
property of the particles; this property has the particular feature that it has only two
possible outcomes (±1 for convenience). Let us consider A as the result of the device
Â and B as the result of the device B̂.

We adopt the notion of reality by considering some variable that the entangled
particles share since they were expelled from the source, that could affect the results
that we obtain in the measurements; that is, the hidden variable λ; We adopt the
notion of locality by assuming that the results for each observable depend only on
the settings of the respective instrument and the hidden variable; that is A(Â, λ) and
B(B̂, λ). Finding that the result of a measurement in one instrument depends also
on the settings of the other instrument will necessarily imply the abandonment of the
notion of locality. To test this, we are interested in working with correlations that will
quantify the relation between the two distant measurements that are performed for
each pair of particles. Assuming a probability distribution of the hidden variables η(λ)
,the correlation E is defined by the mean value of the product AB:
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E(Â, B̂) =

∫
dλη(λ)A(Â, λ)B(B̂, λ). (2.1)

To account the possibility that each measurement device has its own hidden vari-
ables, we use a mean value of the results for each device instead of only one result. so
(2.1), turns into

E(Â, B̂) =

∫
dλη(λ)Ā(Â, λ)B̄(B̂, λ). (2.2)

We now find a simple inequality that holds for the mean values of the results; it is
clear that it will be valid even if we consider a non-ideal detector, that will eventually
fail for one pair of particles and doesn’t show any measurement(A = 0 or B = 0).

|Ā| ≤ 1, |B̄| ≤ 1. (2.3)

Taking into account alternative settings such as Â′ and B̂′ , and doing some simple
algebra, we have

E(Â, B̂)− E(Â, B̂′) =

∫
dλη(λ)[Ā(Â, λ)B̄(B̂, λ)− Ā(Â, λ)B̄(B̂′, λ)]

=

∫
dλη(λ)Ā(Â, λ)B̄(B̂, λ)[1± Ā(Â′, λ)B̄(B̂′, λ)]

−
∫
dλη(λ)Ā(Â, λ)B̄(B̂′, λ)[1± Ā(Â′, λ)B̄(B̂, λ)].

Now, using the information that is in (2.3), we can see that the last factor of each
integral is always positive; in addition, the maximum values that the product ĀB̄ can
achieve are ±1; these analysis leads us to the following inequality

|E(Â, B̂)− E(Â, B̂′)| ≤
∫
dλη(λ)[1± Ā(Â′, λ)B̄(B̂′, λ)] +

∫
dλη(λ)[1± Ā(Â′, λ)B̄(B̂, λ)];

using the definition expressed in (2.1) and developing the result, we have

|E(Â, B̂)− E(Â, B̂′)| ≤ 2± (E(Â′, B̂′) + E(Â′, B̂))

|E(Â, B̂)− E(Â, B̂′)| ∓ (E(Â′, B̂′) + E(Â′, B̂)) ≤ 2

|E(Â, B̂)− E(Â, B̂′)|+ |E(Â′, B̂′) + E(Â′, B̂)| ≤ 2,

the past inequality obviously includes the following term

|E(Â, B̂)− E(Â, B̂′) + E(Â′, B̂′) + E(Â′, B̂)| ≤ 2 (2.4)
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that turns out to be the CHSH inequality. Usually a function S is defined as

S(Â, Â′, B̂, B̂′) = E(Â, B̂)− E(Â, B̂′) + E(Â′, B̂′) + E(Â′, B̂). (2.5)

If we want to get the original Bell’s inequality, we use Â′ = B̂′ and E(B̂′, B̂′) = −1;
of course, using these assumptions we obtain

|E(Â, B̂)− E(Â, B̂′)| ≤ 1 + E(B̂′, B̂). (2.6)

That is the inequality proposed by J. Bell in the 1964 paper.

2.2 Experiment

There are several ways to test Bell-type inequalities in the laboratory; we are going to
focus on the one that uses the polarization of a pair of entangled photons; in particular,
we are going to consider an actual implementation that was performed in the Quantum
Optics laboratory of University of the Andes as part of the Quantum Optics course
that offers the same University.

Now if we want to get the correlation E from an experimental set up, we do not have
to put it in terms of an integral but in terms of number of coincidences; we consider
N±± as the number of coincidences between the two detectors; the signs exhibit which
result show up in each one. Given that the correlation is in fact the mean value of the
product between the two results showed by the detectors, we calculate it by adding the
coincidences that correspond to the product AB = 1 (N++ , N−−), substracting the
coincidences that correspond to the product AB = −1 (N+− , N−+) and dividing it by
the number of total counts; that is:

E(Â, B̂) =
N++ +N−− −N+− −N−+
N++ +N−− +N+− +N−+

(2.7)

Using different settings in the laboratory (Â, Â′, B̂, B̂′), we can prove the violation
of the CHSH inequality.

Figure 2.1 show the actual set up that we used in the experiment. A pair of en-
tangled photons are produced via spontaneous parametric down conversion (SPDC)
and for each photon of the entangled pair, after going through a Half Wave Plate, we
measure its polarization using a polarizing Beam Splitter (PBS) and a detector. The
measurements were made by using a Field-programmable gate array (FPGA), that
measures the coincidences between detectors by using a logic ‘and’ between the pulses
that the detectors produce when a photon arrives; the coincidence window of the logic
gate is around 9ns; we count the coincidences that appear in a 1 s window. Using (2.7)
we find the correlations to violate the CHSH inequality.
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Figure 2.1: Setup for testing the Bell’s inequality (CHSH form) with photons created
via SPDC type II; we get different settings (Â, Â′, B̂, B̂′) by changing the angles ξi
of the Half Wave Plates (HWP); using a PBS and the detectors Di we measure the
coincidences to calculate E.

The values that we arrange in the half wave plates (ξi) correspond to half of the

value of the settings; taking into a count the settings Â = 0, Â′ =
π

4
, B̂ =

π

8
, B̂′ =

3π

8
,

that correspond to the HWP values of ξ1 =
{

0,
π

8

}
and ξ2 =

{
π

16
,
3π

16

}
, we have

S(0,
π

4
,
π

8
,
3π

8
) = E(0,

π

8
)− E(0,

3π

8
) + E(

π

4
,
π

8
) + E(

π

4
,
3π

8
)

= −2, 283± 0, 023
(2.8)

That clearly violates the CHSH form of Bell’s inequality. This violation could be
interpreted in only one way: both reality and locality cannot be true; there is a problem
with one of them or, -in the pessimistic view-, with the two.
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2.3 Intuitive view

Figure 2.2: Two observers detect the angular momenta of two particles, choosing arbi-
trary directions(α, β). The detections have only two possible outcomes, ±1

To show an intuitive view of the problem we are going to consider the following physical
situation [20]: two particles travel in opposite directions, each with an angular momen-
tum Ji that is in a random direction; the only restriction that we are going to impose
is that the angular momentum of one particle has to be the opposite of the other; that
is J1 = −J2. An observer that detects the first particle, measures: mα = sign(α · J1),
where α is a unit vector in an arbitrary direction that the observer chooses. Analo-
gously, a different observer with the arrival of particle 2, measures: mβ = sign(β · J2),
where β is also a unit vector in a random direction selected by the second observer. we
are interested in calculating the correlation between this 2 observations 〈mαmβ〉, using
classical and quantum probabilities; then, we are going to use this correlations to prove
Bell’s inequality.

To calculate the correlation 〈mαmβ〉 we are going to use the definition, that simply
states:

〈mαmβ〉 =
∑
mα,mβ

P (mα,mβ)mαmβ (2.9)

Where P (mα,mβ) is the probability of a specific event, dependent of mα and mβ.
To analyze the problem in a classic manner, we are going to consider a geometric
argument. Suppose that we have a unit sphere; α and β are equatorial cuts that we are
inducing in the sphere; this way, we are ending with 4 parts. Now, the measurement
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that the first observer gets is +1 if J1 points in a direction that is included in the upper
hemisphere, being α the direction of an equatorial plane that defines the measurement
setting; the result is going to be −1, if J1 now points in the lower hemisphere; using a
similar argument on the hemispheres that β generates and the direction of J2, we are
going to have in each of the 4 parts mαmβ = ±1.

Figure 2.3: A sphere being cut by two planes; each vector that the observers choose
-randomly- defines the plane’s direction.

Let θ be the angle between α and β. Since mαmβ has only 2 possible values, the
sum in (2.9) has only 2 terms; using the geometry representation, we can express this
probabilities in terms of the area in the unit sphere that they represent; that is, the
probability of getting mαmβ = +1 is equivalent to the area of the unit sphere that
correspond to the values of +1 and mαmβ = −1 correspond to the rest of the unit
sphere’s area. So, we can express

〈mαmβ〉C =
A(mαmβ=+1)(+1) + A(mαmβ=−1)(−1)

ASphere
=

4θr2 − 4(π − θ)r2

4πr2

= −1 +
2θ

π
(2.10)

To study the same physical situation, but in the quantum domain we have to do
several remarks. The two particles now carry spin (S1,S2), the quantum equivalent
for angular momentum; also, they now are represented by a state |ψ〉 that assures us
that the spins of the two particles will always be opposite; we can write this state as
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|ψ〉 =
1√
2

[| ↑, ↓〉 − | ↓, ↑〉]. (2.11)

The state |ψ〉 is called a singlet; ±1
2

are the unique possible values that the spin of
a particle could carry. Therefore, we can now write mα = 2α · S1 and mβ = 2β · S2,
given that α and β are unit vectors.

Born’s probabilistic interpretation of quantum mechanics teach us that the prob-
ability distribution P (mα,mβ) can be expressed as the modulus square of the wave
function ψ :

P (mα,mβ) = |ψ|2. (2.12)

Using Dirac’s notation we can write the above expression as follows:

P (mα,mβ) = |〈mα,mβ|ψ〉|2

= 〈ψ|mα,mβ〉〈mα,mβ|ψ〉.

Inserting this in (2.9), we have:

〈mαmβ〉Q =
∑
mα,mβ

〈ψ|mα,mβ〉〈mα,mβ|ψ〉mαmβ.

Notice that using the completeness relationship for |mα,mβ〉:

∑
mα,mβ

|mα,mβ〉〈mα,mβ| = 1,

We can state:
〈mαmβ〉Q = 〈ψ|ψ〉mαmβ

= 〈ψ|mαmβ|ψ〉.
(2.13)

Taking into account the definition of mα and mβ we write:

〈mαmβ〉Q = 〈ψ|2α · S1 2β · S2|ψ〉.

For the state that we are taking into a count, i.e., a singlet state:
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S2|ψ〉 = S2

(
1√
2

[| ↑, ↓〉 − | ↓, ↑〉]
)

=
1√
2

[S2| ↑, ↓〉 − S2| ↓, ↑〉]

=
1√
2

[−| ↑〉 − | ↓〉] = −S1|ψ〉.

(2.14)

We can now derive a expression for the correlation:

〈mαmβ〉Q = −〈ψ|2α · S1 2β · S1|ψ〉
= −(2α · S1)(2β · S1)

= −(α · σ)(β · σ)

= −α · β = − cos θ,

(2.15)

where σ are the Pauli matrices and θ is the angle between α and β. We get an
equation for the quantum correlation:

〈mαmβ〉Q = − cos θ (2.16)

Both eq. (2.10) and eq. (2.16) show us, for the same physical situation, the values
of the correlations between the measurements that two different observers perform on
two different particles that carry one particular physical property. Hereby, we can see
the strong difference between the quantum and classic correlations. Graphically is easy
to see that classic correlation function is linear and the quantum correlation function
is sinusoidal.
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Figure 2.4: Classic (red line) and quantum (blue dashed) correlations; note that quantum
correlation grows faster than the classic one; this behavior results in the violation of
Bell’s inequality when using the quantum approach.

The figure clearly shows that quantum correlations can achieve in certain regions
values that cannot be explained in a classical or intuitive way; this has strong implica-
tions when testing Bell’s inequality as it will be shown in the following lines.

We can write Bell’s inequality in terms of α’s and β’s as

|E(α,β)− E(α,β′) + E(α′,β′) + E(α′,β)| ≤ 2. (2.17)

Notice that E(α,β) = 〈mαmβ〉. Since the derivation of the inequality is not re-
stricted to a special kind of correlation, we can use the ones that we find to see what
happens. With the aim of presenting a clear difference between classic and quantum
cases, we are going to select a specific set of directions: Let’s define an angle φ between
α and β; the setting α′ will be equal to β and the angle between β and β′ will also
be φ, such that α · β = α′ · β′ = cosφ and α · β′ = cos 2φ. The quantum version of
(2.17) is:

| − cosφ+ cos 2φ− cosφ− cos 0| ≤ 2

| − 1− 2 cosφ+ cos 2φ| ≤ 2
(2.18)

This result is false for any φ < π
2
, implying the violation of the Bell inequality when

we calculate the correlation using quantum mechanics principles. On the other hand,
if we look at the classic correlation that we got in (2.10), (2.17) turns into
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| − 1 +
2θ

π
+ 1− 4θ

π
− 1 +

2θ

π
− 1| ≤ 2

| − 2| ≤ 2
(2.19)

That is the exact limit of Bell’s inequality.
A theory that explain this sort of behavior has to go beyond our standard way of

understanding things.



CHAPTER 3

Non-Local Realism

As the name implies, to test non-local realism we have to relax the notion of locality;
this means that in our theoretical and practical considerations we are never going to
assume that two distant objects can’t interact instantaneously; in fact, we allow for the
possibility that any kind of information can be transmitted from one place to another
without even taking into account Einstein’s velocity limit on space-time. With these
and the previous proof of local realism, reality takes the stage. In this chapter we are
going to consider the theoretical derivations and a specific experiment aiming to test
the non-local realism at a quantum level; we also pretend to show the viability of doing
this experiment here in the quantum optics laboratory (Q.O.L) of University of the
Andes.

3.1 Theoretical Remarks

In this section we are going to develop an inequality based in a nonlocal realist assump-
tion.

We assume the same physical situation presented in the previous chapter to demon-
strate Bell’s inequality. But this time, we consider the following equality, regarding
that the outcomes measurements have 2 possible values, that is A = ±1 and B = ±1:

− 1 + |A + B| = AB = 1− |A−B|. (3.1)

We take the average of the above expression using a probability distribution ρ de-
pendent on a hidden-variable λ; as presented on the development of Bell’s inequality,
this contains our reality assumption.

−1 +

∫
dλρ(λ)|A + B| =

∫
dλρ(λ)AB = 1−

∫
dλρ(λ)|A−B|,

−1 + |A + B| = AB = 1− |A−B|
(3.2)
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To simplify, we denote X as the mean value of X.
Using properties of mean values we obtain the following inequality:

−1 + |A + B| ≤ AB ≤ 1− |A−B|. (3.3)

Figure 3.1: A source produce a pair of entangled photons; each one directed to a mea-
surement device with a specific setting ~ak or ~bl; the photons travel with a polarization
Pi; where i=1 refers to the vector ~u and i = 2 to vector ~v.

Lets consider now A and B:

A = ~u · ~ak,
B = ~v · ~bl,

The right part of the inequality (3.3) becomes:

AB ≤ 1− |~u · ~ak − ~v · ~bl|. (3.4)

and clearly from figure 3.1 we see:

~u · ~ak = sin θu cos (φak − φu),
~v · ~bl = sin θv cos (φbl − φv).

(3.5)

Taking the average over arbitrary polarizations and defining Ekl as the average of
the mean value AB, we have:

Ekl ≤1−
∫ π

0

sin θudθu

∫ 2π

0

dφu

∫ π

0

sin θvdθv

∫ 2π

0

dφvF (θu, φu, θv, φv)

× | sin θu cos (φak − φu)− sin θv cos (φbl − φv)|.
(3.6)
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We are interested in putting the correlation Ekl in terms of variables that state the
relation between the settings of Alice and Bob; this is to look forward to an inequality
that includes the notion of non-locality. To this aim we use the following substitutions:

ξ =
φak + φbl

2
, ϕ = φak − φbl , (3.7)

also, we change the integration variables; φu, φv to ψ, χ as follows:

ψ =
φu + φv

2
, χ = φu − φv, (3.8)

putting all this into the inequality we get

Ekl(ξ, ϕ) ≤1− 2

∫ π

0

sin θudθu

∫ 2π

0

dψ

∫ π

0

sin θvdθv

∫ 2π

0

dχF (θu, θv, ψ, χ)

× |n2 cos
ϕ− χ

2
cos (ξ − ψ)− n1 sin

ϕ− χ
2

sin (ξ − ψ)|.
(3.9)

Where the sin θu was expressed as n1 +n2 and sin θv as n1−n2, with n1 and n2 real
numbers.

The eq. (3.9) could be mathematically simplified. Notice that the expression within
modulus is a trigonometric function, since is a combination of two trigonometric func-
tions of ξ − ψ; therefore, it can be expressed as:

|n2 cos
ϕ− χ

2
cos (ξ − ψ)− n1 sin

ϕ− χ
2

sin (ξ − ψ)| =√
n2
2 cos2 (

ϕ− χ
2

) + n2
1 sin2 (

ϕ− χ
2

)| cos (ξ − ψ + α)|.
(3.10)

We average the inequality over the measurement angle ξ; this implies an integration
over ξ ∈ [0, 2π) and multiplication by 1

2π
.

∫ 2π

0

dξ

2π
| cos (ξ − ψ + α)| = 2

π
(3.11)

We could also choose to average the inequality over ϕ instead of ξ; the election of
the average variable is arbitrary, but notice that the result expression is going to be
dependent on a variable that relates the setting on Alice and the one in Bob’s.

Inequality (3.9) can now be simplified to:

Ekl(ϕ) ≤1− 4

π

∫ π

0

sin θudθu

∫ π

0

sin θvdθv

∫ 2π

0

dχF (θu, θv, χ)

×
√
n2
2 cos2 (

ϕ− χ
2

) + n2
1 sin2 (

ϕ− χ
2

).

(3.12)
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Where:

F (θu, θv, χ) =

∫ 2π

0

dψF (θu, θv, ψ, χ),

Notice that in eq. (3.12) the correlation Ekl is dependent on the variable ϕ; this
means that the relation between Alice’s and Bob’s choices of measurements play a key
role in the inequality.

We now introduce another correlation function Ek′l′(ϕ
′), and sum it with Ekl(ϕ):

Ekl(ϕ) + Ek′l′(ϕ
′) ≤ 2− 4

π

∫ π

0

sin θudθu

∫ π

0

sin θvdθv

∫ 2π

0

dχF (θu, θv, χ)

×

(√
n2
2 cos2 (

ϕ− χ
2

) + n2
1 sin2 (

ϕ− χ
2

) +

√
n2
2 cos2 (

ϕ′ − χ
2

) + n2
1 sin2 (

ϕ′ − χ
2

)

)
.

Using the triangle inequality,

||~x+ ~y|| ≤ ||~x||+ ||~y||,
√

(x1 + y1)2 + (x2 + y2)2 ≤
√
x21 + x22 +

√
y21 + y22, (3.13)

and several trigonometric identities, we can again write the inequality as follows:

|Ekl(ϕ) + Ek′l′(ϕ
′)| ≤2− 4

π
| sin (

ϕ− ϕ′

2
)|
∫ π

0

sin θudθu

∫ π

0

sin θvdθv

×
∫ 2π

0

dχF (θu, θv, χ)
√
n2
2 + n2

1.

(3.14)

Since n1 and n2 depend only on θu and θv, we can do the integration over χ

F (θu, θv) =

∫ 2π

0

dχF (θu, θv, χ),

this leads us to write

|Ekl(ϕ) + Ek′l′(ϕ
′)| ≤2− 2

√
2

π
| sin (

ϕ− ϕ′

2
)|
∫ π

0

sin θudθu

∫ π

0

sin θvdθv

× F (θu, θv)
√

sin2 θu + sin2 θv.

(3.15)

Let us now consider a different choice of measurements that give us a different plane,
orthogonal to de initial one, let’s say, the xz plane; if we show an equivalent inequality,
it will take the same form
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|Emn(ϕy) + Em′n′(ϕ′y)| ≤2− 2
√

2

π
| sin (

ϕy − ϕ′y
2

)|
∫ π

0

sin θudθu

∫ π

0

sin θvdθv

× F (θu, θv)
√

sin2 θ′u + sin2 θ′v,

(3.16)

if we add (3.15) and (3.16), and choose ϕ′ = ϕ′y = 0 and ϕ = ϕy = ϕz, we obtain

|Ekl(ϕz) + Ek′k′(0)|+ |Emn(ϕy) + Em′m′(0)| ≤ 4− 2
√

2

π
| sin ϕ

2
|

×
∫ π

0

sin θudθu

∫ π

0

sin θvdθvF (θu, θv)

(√
sin2 θu + sin2 θv +

√
sin2 θ′u + sin2 θ′v

)
.

(3.17)
Considering again (3.13) and that 0 ≤ θi ≤ π, we can conclude√

sin2 θu + sin2 θv +
√

sin2 θ′u + sin2 θ′v ≥
√

2,

Since the function F (θu, θv) is normalized, one can finally states the following in-
equality

|Ekl(ϕ) + Ek′k′(0)|+ |Emn(ϕ) + Em′m′(0)| ≤ 4− 4

π
| sin ϕ

2
|. (3.18)

This is Leggett’s inequality. We can clearly see that the fundamental difference
between this inequality and the Bell-type inequality presented in (2.4) lies in the ϕ
variable; if we recall its definition in (3.7), it is clear that ϕ states the relationship
between the setting in Alice location and the one in Bob’s. This means that the limit
imposed by a non-local realistic assumption is dependent on the relationship between
the two observers.

We can interpret this last result as the possibility that correlations can be explained
by a non-classical communication channel between the two observers; it gives us more
range to take into account the higher correlations that the QM results exhibit; but
even with this extension of the limit, we will see that nature’s results still cannot be
explained by a realistic theory.

3.2 Experiment

As in the experiment for testing local realism, here we also measure the polarization
of a pair of entangled photons to test Leggett’s inequality. To study the viability to
perform this kind of experiments in the quantum optics laboratory of our university,
we select the outstanding experiment presented by Gröblacher et. al. [13]. A BBO
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type II non-linear crystal of 2 mm thick is pumped by a pulsed laser of 395 nm and
150 mW to produce a pair of entangled photons via SPDC; Then spatial and temporal
distinguishability are compensated by 2 BBO type II non-linear crystals of 1 mm thick
and 2 Half Wave Plates; finally, the measurements are made by putting a quarter wave
plate in one path, and a polarizer and a detector in each path; before the detectors they
place a 1nm bandwidth filter to assure that the detector measurement is the one that
we are interested in. To obtain the results, we can use a FPGA as the one used in the
Bell experiment.

Figure 3.2: Setup for testing the Leggett’s inequality with photons created via SPDC
type II

With these arrangements they are able to violate Leggett’s inequality by 3.2 stan-
dard deviations concluding that a non-local realistic theory can never describe nature.
Given the instruments used in this experiment, it is possible to conclude that there is
a high viability of doing it here in the Q.O.L; it is noteworthy that although they used
a pulsed laser, it can be done also with a continuous wave (c.w.) laser, that in fact is
the one that we actually have in the laboratory.

At this point, the careful reader will be surely shocked; we have shown the Bell
and Leggett’s inequalities, and two experiments that violate them; this means, that
quantum mechanics cannot be explained either by a local realistic theory or by a non-
local realistic one; the obvious question arises: “is there a problem with reality?”;
although philosophers will laugh of excitement, probably the answer is far from these
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philosophical discussions; we also have to consider the definition of reality that we are
given in this considerations; this apparent paradox will be discussed further.
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CHAPTER 4

Contextuality

We begin this chapter by stating that the contextual essence of quantum mechanics was
demonstrated mathematically by S. Kochen and E. Specker in 1967. Unlike Bell and
Leggett inequalities, this mathematical result does not look for an experimental imple-
mentation; it simply states with questionless demonstrations that quantum mechanics
cannot be explained by a theory that does not consider the context as a fundamental
variable in the results that the measurement devices present. However, it is possible to
do an experimental setup aiming to prove this characteristic, using bell-type inequali-
ties to do so; The reason for using this kind of inequalities will be discussed lately. In
this chapter we are going to show an specific experiment aiming to demonstrate the
contextual essence of quantum mechanics and look for the viability of performing it
here in the Q.O.L of University of the Andes.

4.1 Experiment

For doing experiments to demonstrate the presence of the contextual property in quan-
tum mechanics, we use a set-up with only one photon; we are interested in measuring
the correlation that exists between two properties inherent to the photon; these cor-
relations have to respect Bell-type inequalities, since they are not restricted for any
physical situation; a violation of them, implies that correlations between two observ-
ables that commute are incongruent with the fact that, given that they commute, it
does not have to affect one property of the photon if I change the measurement settings
of the other property. We can conclude that, to violate Bell-type inequalities using
correlations between two different -commuting- properties of a single particle, means to
have to consider the contextual essence of quantum mechanics.

We consider to our matter, the experiment performed by B.R. Gadway [16] where
they use an arrangement that involves instruments that change the way of measuring the
momentum and the polarization, two commuting properties of the photon; they change
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the settings of the momentum by changing the length of the paths that the photon
chooses; for this matter they use optical blanks and mirrors mounted on piezo-driven
stages; regarding the polarization, they change the angles in the HWP (like Bell and
Leggett’s experiments). Summarizing, in Bell and Leggett’s experiment we calculate
the correlations based on settings that we change in the laboratory by changing the
angles on the HWP and QWP; now, to test contextuality we change two settings; first,
the angles on the HWP and second the length of the paths in a MZI using different
voltages on a piezo mounted in a mirror or using optical blanks of 5mm.

Figure 4.1: Setup for testing the contextual essence of quantum mechanics with a photon
created via SPDC type I. P are the Glan-Thompson polarizers, B are the optical blanks
and Mp are the mirrors mounted on piezo-driven stages.

Specifically, a BBO type I non-linear crystal of 7 mm thick is pumped by a c.w.
Argon laser at 457.9 nm and 200 mW to produce pairs of entangled photons via SPDC;
one photon of the pair is used to announce the other, that with the help of Glan-
Thompson polarizers, they manage to set in a state that is in X(spatial) and vertical
(polarization) inputs; then, the photon travel through a state preparation arrangement
that prepares a state in which is impossible to determine in which polarization or spatial
state it is, without measuring it; that is an entangled state:
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|ψ〉 =
1√
2

(|XH〉+ |Y V 〉) (4.1)

Then, the light is taken to a Mach-Zehnder interferometer (MZI) that act as a
modifier to the path settings; this means, that at the end, the light is in a state that
allows the observer to measure correlation between spatial and polarization degrees
of freedom; finally, the measurement is made by putting a HWP, a polarizer and a
detector; before the detector they place an iris, a lens and a 10nm bandwidth filter to
assure that the detector measurement is the one that we are interested in.

They manage to violate the CHSH inequality by approximately 12 standards de-
viations. As it was explained earlier, this means that quantum mechanics has to be
explained by a theory in which the result of a measurement contemplates the relation-
ship between observables even if they commute; that is, a theory essentially dependent
on the context of the measurement, contextual. We want to remark, that given the
optical elements used in the experiment, it is also possible to develop this arrangement
and its implications here in the Q.O.L of University of the Andes, hereby, there is a
high viability of perform it.
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CHAPTER 5

Final Comments and Conclusions

• Quantum optics is an outstanding field of science given that it provides us with
tools to study the Quantum Mechanics foundations; experiments with photons
will give us the elements that we need to explore the interesting features that
are in the Quantum Mechanics realm; reality, locality and contextuality, three
important concepts in the development of modern quantum theory that can be
tested using properties of light.

• The experiment that we studied to test the Leggett’s inequality could be per-
formed using the elements that we have to our disposal in the Q.O.L of University
of the Andes. Leggett’s inequality appear only 10 years ago, and 4 years later
it was tested experimentally; if we manage to violate this inequality, it will be
something to look up for the younger generations of Colombian physicists; modern
science could be done in our laboratories.

• The studied experiment aiming to prove the contextual essence of quantum me-
chanics could be performed in the quantum optics laboratory of our university.
All the optics implements necessary to succeed it are there; like Leggett’s setup,
it is important to remark that this will bring the University at the forefront of
experimental quantum optics.

• We have shown that Bell and Leggett’s inequalities have been shown to be vio-
lated. This means that Quantum Mechanics cannot be explained by a local realist
theory and neither by a non-local realistic one. I’ll try not to fall in subjective
discussions, but a clear implication of these inequality violations is to think twice
when we are trying to hold tight on the reality concept; it is clear that we have
to give up at least to some concepts that define reality as we know it; I want
to clarify at this point that this does not imply to regard as true sensationalist
propositions like “reality doesn’t exist” or “everything isn’t real”; the true mean-
ing of this apparently confounding results is that we have to renew our reality
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concept; a concept that seemingly it is obvious because until now was never been
in doubt; it is counterintuitive to say that some contents of the idea of reality does
not work any more; but quantum mechanics keeps teaching us the importance of
not holding fast to the obvious. I think that looking at this implications will give
us the purpose of creating new experiments that will help us identify what are
the concepts of reality that are not compatible with nature’s behavior.
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