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Chapter 1

Introduction

In data analysis we often deal with multivariate data samples that are assumed
to be independent identically distributed from a continuous probability distri-
bution on Rd. Knowledge of the probability density that originates the data
would be very useful for analysis and prediction purposes.

In the setting of classical statistics, the estimation of the probability density
function can be achieved simply by estimation of the (finite dimensional) pa-
rameters associated to a distribution family and plugging in the estimators into
the formula for the probability density. The validity of this procedure is limited
to the case of data for which a given parametric family of distributions has been
found that fits the data set reasonably well. Nowadays, with large and complex
data sets available for analysis, it is often the case that no classical distribution
model will fit the data satisfactorily.

In such a situation, one must resort to a non-parametric density estimation
procedure. Fortunately, the availability of fast and inexpensive computing ca-
pability has open the door to the use of non-parametric procedures, among
which kernel density estimation is one of the most effective, as we will see.

Another difficulty may arise if the distribution is for instance multi-modal. The
problem here is that there are no classical distributions which fit the multi-modal
feature. In this case, parametric procedures turn out to be useless. Hence,
non-parametric procedures should be implemented for the resolution of such
problems.

Historically, non-parametric procedures were avoided by statisticians since the
difficulty of the methods was high and the computational efficiency low. This
however has become less of a problem in the last decades. The fast growing
computer industry led to an era of very fast simulating machines. On the other
hand, beginning in the 1980’s, very important theoretical resulst have shed light
on the statistical performance of non-parametric density estimation methods.
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6 CHAPTER 1. INTRODUCTION

The purpose of this project is to understand a non-parametric method known
as the kernel estimate. Also, to observe some of it’s applications to discrim-
inant analysis in pattern recognition procedures. For this purpose, the most
known and most widely used non-parametric methods will be exposed. They
will be explained in terms of their computational efficiency and their analytical
features, including graphical visualization of the density estimations. After this,
the kernel method will be analysed in some depth, especially for the univariate
case, including some statistical indicators of the goodness of fit of the estima-
tion. Still, some results about the kernel method for multivariate data will be
explored but mainly focused on the difficulties that arise when the dimension
of the space increases. The theoretical explanations will be based on the mono-
graph “Density Estimation for Statistics and Data Analysis” written by B. W.
Silverman, although some other papers will be used.

After some of the theoretical aspects of the kernel methods have been exposed,
some of it’s applications in the area of discriminant analysis will be shown. This
will be mainly focused on Bayesian techniques in which the density of a data
sample is needed to analyse and classify data.



Chapter 2

Preliminaries

In this chapter a motivation for the use of non-parametric methods in density
estimation will be shown. Also, an overview of the most common non-parametric
methods will be made.

2.1 Motivation

As mentioned in the introduction, when knowing the distribution of a sample,
maximum likelihood methods for estimating parameters are the best in terms of
computational efficiency and convergence rates. For instance, if a sample has a
normal distribution N(µ, σ2), that is X1, X2, ..., Xn are random variables which
are independent and identically distributed N(µ, σ2), the density of the sample
can be estimated by

f̂(x) =
1

s
√

2π
e(

x−X̄
2s )

2

where X̄ = 1
n

∑n
i=1Xi and s = 1

n

∑n
i=1(Xi − X̄)2. This density function is a

quite accurate estimation and is computationally efficient. In this particular
case, other estimates for σ and µ could be taken (such as s∗ and X(n/2) re-
spectively). Anyway, in this case the problem of density estimation is narrowed
down to the estimation of the parameters using maximum likelihood approaches
in a way that results computationally inexpensive.

For instance consider a data sample of size 50 with distribution N(0, 1),
which was randomly generated by R. In this case, the sample mean and vari-
ance, previously described, are the parameters for the estimation. Thus, the
estimated density will be the density of N(X̄, s2). The graphical result is shown
in figure 2.1.

Now, a natural question arises. Why would a statistician necessarily know
the actual distribution of the sample? Why does every sample has to have a

7



8 CHAPTER 2. PRELIMINARIES

Figure 2.1: Parametric estimation of a sample X1, ..., X50 i.i.d N(0, 1) is in red.
The normal standard density is in black.

classical density function like a Normal, a Rayleigh or a Gamma? What if the
sample is multi-modal and non of the classical distributions fits this feature?
Hence, sometimes it is not even possible to assume anything about the density
of the sample. In this case, non-parametric methods can become of great help.
The following section deals with a brief presentation of some of the most widely
used non-parametric methods for density estimation. Only the univariate case
will be carried out since it is the easiest to visualize and understand, and also
because it is from where the generalized ideas for estimating densities come
from.

2.2 Existing examples of non-parametric meth-
ods

Non-parametric techniques are quite common in modern statistics. Since most
of these methods come from ideas in univariate samples, it is relevant to explore
some popular methods used to estimate densities in the univariate case.

2.2.1 Histograms

Histograms are common method for density estimation, but are more commonly
used in the presentation of data. This is due to its easy visualization in the
univariate case. This procedure is similar to a bar graph of the data and is
very useful to get a glimpse of how sample looks like. The formal definition of
a histogram needs the following concepts.

Definition 1. Let x0 be a fixed point in R and let h > 0. Then x0 is called
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origin, h is called the bin width. The histogram bins are the intervals [x0 +
mh, x0 +(m+1)h) for m ∈ Z. Then for a sample X1, X2, ..., Xn the histogram
density estimator is defined by:

f̂(x) =
1

nh
(# of Xi in the same bin as x).

Notice that the bin width controls how “bumpy” the histogram is. One could
also define a histogram by letting the width to vary and instead of dividing by
h, one could divide by the width of the bin containing the x. That will lead to
the following estimator:

f̂(x) =
1

n

(# of Xi in the same bin as x)

(width of bin containing x)
.

The choice of the origin and the binwidth is complicated in the sense that if the
h is big, little information can be read from the histogram since it is more likely
for the data to accumulate in bigger bins. On the other hand, if the h is small,
the variance of the estimation can increase significantly. Also, there is a size
of h for which the histogram has at most one Xi per bin, and in this point no
information about the density is obtained. This can be seen in figure 2.2 where
there are three histograms of a simulated sample of size 30 with distribution
gamma(2.5, 1.5). In figure 2.2 it is not clear that the histograms come from a
gamma distribution because the first one is to vague, the second one has a local
maximum at the fourth bin, and the third one gives no information since it has
more bins than there is data.

Histograms are good for data presentation, but specially in the univariate
case. In the bivariate case the bins are harder to compute and bigger samples
are needed. There is also the problem of deciding about the direction of the bins.
Another problem of histograms is that when the estimated density is needed for
further objectives other than to get an estimate, the smoothness or at least C(n)

condition for some n > 1 is a quite important feature which the histogram does
not provide. This is due to the fact that histograms are not even continuous.

2.2.2 Naive Estimator

If a random variable has a density function f , then

f(x) = lim
h→0

1

2h
P (x− h < X < x+ h).

This equation is the idea upon which the naive estimator is build. Now, for a
given h ∈ R, the P (x−h < X < x+h) can be estimated by the ratio of number
of elements in the sample X1, X2, ..., Xn over the total sample size falling in the
interval (x− h, x+ h). So we now have the following definition:

Definition 2. The naive estimator is

f̂(x) =
1

2hn
(# of X1, X2, ..., Xn falling in (x− h, x+ h)).
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(a) gamma(2.5,1.5) (b) 3 bins of equal width by the R
default histogram plot

(c) 10 bins of equal width by the
R default histogram plot

(d) 80 bins of equal width by the
R default histogram plot

Figure 2.2: Histograms of a simulated sample of size 30 with distribution
gamma(2.5, 1.5) compared with the graph of the gamma(2.5, 1.5) density

An example of naive estimation can be applied to the data of the height of
220 men in centimetres that can be observed in the first table of Appendix 3.
The result is shown in figure 2.3.

Evidently, the naive estimator is not continuous. This can clearly be ob-
served in figure 2.3. Hence, this estimate encounters the same problem as the
histogram, in terms of smoothness. It can also be noticed that there is a huge
resemblance between a histogram and the naive estimator.
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Figure 2.3: Naive estimation of the ”Height of 220 men (in cm)” using h = 0.25

2.2.3 Kernel Estimator

Notice that with the following weight function:

w(x) =

{
1
2 |x| < 1
0 otherwise

(2.1)

the naive estimator can be written as

f̂(x) =
1

n

n∑
i=1

1

h
w

(
x−Xi

h

)
.

With this idea in mind, it is natural to replace the weight function w with a
smooth function. The kernel method deals with the case of kernel functions
which are defined as follows:

Definition 3. A kernel function is a function K : R −→ R+ such that∫∞
−∞K(x)dx = 1.

So, as in the case of the naive estimator, the kernel estimator of a density
with a kernel function K is

f̂(x) =
1

n

n∑
i=1

1

h
K

(
x−Xi

h

)
.



12 CHAPTER 2. PRELIMINARIES

In this case the h is called the smoothing parameter. The idea behind this esti-
mator is to be able to get a smoother (and hopefully closer to the actual data
density) result than the one obtained with the naive estimator. For the naive
estimator, the weight function w is a kernel, but not a very smooth one. In
this case, all the continuity and analytical features of the kernel function are
inherited by the estimator. That is, depending on the kernel shape, the estimate
can be made of boxes (like with w) or smooth bumps (in the case the kernel
function is smooth). Hence, if the kernel function is a probability density like

the Gaussian (which is C∞) then f̂ is also C∞.

It is also of great importance that the estimate f̂(x) is itself a density func-
tion. This results from

∫ ∞
−∞

f̂(x)dx =

∫ ∞
−∞

1

n

n∑
i=1

1

h
K

(
x−Xi

h

)
dx

=
1

n

∫ ∞
−∞

n∑
i=1

K(t)dt

=
1

n

n∑
i=1

1

= 1

which means that f̂(x) integrates to unity. Also, since the kernel function K

is chosen to have a range R+, then the f̂(x) is positive defined as well, therefore
fulfilling the definition of a probability density function.

Similar to the naive estimator and the histograms, the smoothing parameter
h determines the width of the bumps. This implies that if the h >> 0 then the
bumps are very wide and not very tall and if h is very small then the bumps
tend to be thin, tall and steep. For example in the case of the Gaussian kernel,
if h→ 0 then the K → δ0 where δ0 is the Dirac delta function in 0.

The kernel method is widely used by statisticians and is perhaps the most
commonly used density estimation technique after the histogram. It is useful
in the sense that it can avoid the smoothness issues that the histogram and the
naive estimator presented. It is also useful when the distribution is known to
have long and heavy tails. In this context the smoothing parameter plays a big
role as will be shown in the next chapter.

2.2.4 Nearest neighbour estimator

For a sample X1, X2, ..., Xn, the nearest neighbour method attempts to control
the smoothness of the estimation in a region depending on the amount of data
from the sample that lies in that region. Basically, the less data there is in a
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(a) Estimation of the standard
normal density using simulated
data and the k-nearest method.
n = 500 k ≈ 22 ≈

√
n

(b) Estimation of the standard
normal density using simulated
data and the k-nearest method.
n = 500 k = 20

Figure 2.4: Estimations using the k-th nearest method on simulated data

certain region, the smoother the estimated density is in that region. This degree
of smoothness depends on a fixed k ∈ Z such that k << n (for practical uses
k ≈
√
n is usually a good choice for the k). Now, for x ∈ R define

d1(x) ≤ d2(x) ≤ ... ≤ dn(x)

the ordered distances between x and the data points, with the usual metric on
R.

Definition 4. With the objects defined above, the k-th nearest neighbour
estimate is defined by

f̂(x) =
k

2ndk(x)
.

Intuitively, the k-th nearest neighbour estimate is inversely proportional to
the size of a box needed to contain a given number of observations. This is
why in the density’s tail, the values of the dk(x) are much greater than in the
regions where most of the data is located. Figures 2.4 and 2.5 show estimations
using this method using simulated data with distribution N(0, 1). The sample
size is 500 and was randomly generated by R. using different values for k.
Figures 2.4 and 2.5 show that the choice of the parameter k is crucial since it
strongly affects the estimation. Even for slight changes, the graphs have huge
differences. This makes this estimator unreliable. This issue on the choice of k
is also clear when dealing with real data. Figures 2.6 and 2.7 show estimations
using the method on the data of the Old Faithfull geyser data with variations
on the parameter k. This data was taken from Silverman’s book, and can be
seen in the Appendix C. It is clear that the results are quite distinct and it is
even difficult to obtain a general idea about the density of the data.
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(a) Estimation of the standard
normal density using simulated
data and the k-nearest method.
n = 500 k = 24

(b) Estimation of the standard
normal density using simulated
data and the k-nearest method.
n = 500 k = 10

Figure 2.5: Estimations using the k-th nearest method on simulated data

(a) Estimation of the Old Faithful
geyser data k = 20

(b) Estimation of the Old Faithful
geyser data k = 10

Figure 2.6: Estimations using the k-th nearest method on real data
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(a) Estimation of the Old Faithful
geyser data k = 12

(b) Estimation of the Old Faithful
geyser data k = 14

Figure 2.7: Estimations using the k-th nearest method on real data

Now, when observing the continuity and smoothness features of this estima-
tor, it is clear that f̂(x) is continuous at every point different from X(k) (the
k-th order statistic of the sample). Since dk(x) is clearly continuous but has
discontinuous derivative at points of the form 1

2 (X(j) − X(j+k)). This implies

that f̂(x) has discontinuous derivative at these same points. Thus, f̂(x) is not
even C(1). Another problem that this method encounters is that the estimate
is not a density function since it does not integrate to unity. This follows since
dk(x) = X(k) − x if x < X(1) and dk(x) = x − X(n−k+1) if x > X(n), which
implies the following:

∫ ∞
−∞

f̂(x)dx =

∫ X(1)

−∞
f̂(x)dx+

∫ X(n)

X(1)

f̂(x)dx+

∫ ∞
X(n)

f̂(x)dx

=

∫ X(1)

−∞

k

2n(X(k) − x)
dx+

∫ X(n)

X(1)

f̂(x)dx

+

∫ ∞
X(n)

k

2n(x−X(n−k+1))
dx

=∞

The previous observation also shows that the tails of this estimation decrease
at a rate of 1

t (which is very slow).

With this in mind, it is possible to generalize this k-th nearest neighbour es-
timate and combine it with the kernel method ideas. This leads to the following
definition:

Definition 5. Let K be a kernel function as defined above. Then the gener-
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alized k-th nearest neighbour estimate is

f̂(x) =
1

ndk(x)

n∑
i=1

K

(
x−X(i)

dk(x)

)
.

Notice that this is the kernel estimate with smoothing parameter h = dk(x).
This estimation is a called a generalization of the k-th nearest estimate because
when the kernel in the equation is taken as the weight function w mentioned
above in 2.1, the f̂(x) becomes the k-th nearest estimate.

With the idea of the generalized k-th nearest neighbour estimate it is intuitive to
have the kernel estimator with a variable smoothing parameter. This idea can
be generalized to the next method.

2.2.5 Variable kernel method

Definition 6. Let K be a kernel function, k ∈ N, h > 0 and X1, X2, ..., Xn

be a data sample. Let dj,k be the distance from Xj to the k-th nearest point
in {X1, X2, ..., Xn}\{Xj}. The variable kernel estimate with smoothing pa-
rameter h is defined by

f̂(x) =
1

n

n∑
i=1

1

hdj,k
K

(
t−Xj

hdj,k

)
The ideas of this method is to make smoother bumps in the regions where

the data has less points. Hence, this will make the tails of the estimated density
decrease faster, eliminating the problems that the k-th nearest estimator had.
Also, since the kernel function K is a probability density function so is f̂(x).
This method is a theoretical improvement of the basic kernel method, but com-
putationally it is much more complicated.

Having these methods in mind as a general reference and as intuition builders,
the reader is now ready to go deeper in the understanding of the kernel method
for the univariate case. This is one of the main targets of this project and will
follow in the next chapter.



Chapter 3

The Kernel Method for
Univariate Data

As defined previously, the kernel estimator of a density f from a kernel K is

f̂(x) =
1

n

n∑
i=1

1

h
K

(
x−Xi

h

)
.

So, to choose the kernel in an appropriate way, it is desired that the approxi-
mation is as accurate as possible, but also as fast converging as it can be. On
the other hand, it is necessary that the approximation is locally and globally
accurate. For this task, it is useful to analyse some theoretical aspects of the
estimation. This can be done by examining measures that are widely accepted
by statisticians, known as measures of discrepancy.

3.1 Measures of discrepancy

Measures of discrepancy, are used to observe the degree of accuracy of f̂ as
an estimator of f . In this project, two of the most standard measures will be
used to measure such accuracy. These are the mean square error and the mean
integrated square error.

Definition 7. The mean square error of f̂ on f is defined by:

MSEx(f̂) := E((f̂(x)− f(x))2).

This measure is useful when considering the estimation accuracy upon a
single point. Notice that

17



18 CHAPTER 3. THE KERNEL METHOD FOR UNIVARIATE DATA

MSEx(f̂) = E((f̂(x)− f(x))2) (3.1)

= E((f̂(x)− E(f̂(x)) + E(f̂(x))− f(x))2) (3.2)

= E((f̂(x)− E(f̂(x)))2) + E((E(f̂(x))− f(x))2) (3.3)

+ 2E((f̂(x)− E(f̂(x)))(E(f̂(x)− f(x)))) (3.4)

= var(f̂(x)) + bias(f̂(x))2 (3.5)

This last result will be used in the remaining parts of this project. Now,
it will also be useful to have a discrepancy measure to evaluate the general
accuracy of the estimation.

Definition 8. The mean integrated square error of f̂ on f is

MISE(f̂) := E(

∫ ∞
−∞

(f̂(x)− f(x))2)dx.

Notice that

MISE(f̂) =

∫ ∞
−∞

MSEx(f̂)dx (3.6)

=

∫ ∞
−∞

(bias(f̂(x)))2dx+

∫ ∞
−∞

varf̂(x)dx (3.7)

Also, through some elementary calculations the following results can be ob-
tained.

Ef̂(x) =

∫ ∞
−∞

1

h
K

(
x− y
h

)
f(y)dy (3.8)

and

n(varf̂(x)) =

∫ ∞
−∞

1

h2
K2

(
x− y
h

)
f(y)dy −

[∫ ∞
−∞

1

h
K

(
x− y
h

)
f(y)dy

]2
.

(3.9)

It is clear from equations 3.8 and 3.9 that the bias does not depend on the
sample size, whereas the variance does. Also, the expected value and variance
of f̂(x), highly depend on the integrability features of the kernel function and

on features about the density f . Summarizing, the calculation of the MISE(f̂)

and the MSEx(f̂) is sometimes impossible, since information about the f is
limited, and the behaviour of the kernel function can be difficult to treat. Thus,
approximate results are of practical use in the qualitative observation of an
estimation method. This is specially useful when the exact calculation of a
certain values is hazardous and asymptotic results can be obtained. Having
this in mind and observing 3.1 and 3.6, it is intuitively useful to obtain some
approximate properties of the biasf̂(x) and var(f̂(x)) in order to get some
information about the choice of h.
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3.2 Approximate properties of bias and variance

In this section it will be assumed that the kernel function K will be symmetric
and will satisfy that∫ ∞

−∞
tK(t)dt = 0 and

∫ ∞
−∞

t2K(t)dt = k2 6= 0 (3.10)

and that f ∈ C∞. For example if K is the density of a N(0, σ2) distribution,
then K will satisfy 3.10 and k2 = σ2. So far, it is clear that densities of normal
distributions are suitable kernel functions.

By 3.8, it is clear that the bias does not depend on the sample size n, but
it does on h. Then we have the following results:

biash(f̂(x)) = Ef̂(x)− f(x) (3.11)

=

∫ ∞
−∞

1

h
K

(
x− y
h

)
f(y)dy − f(x) (3.12)

=

∫ ∞
−∞

K(t)f(x− ht)dt− f(x)(substituting y = x− ht) (3.13)

=

∫ ∞
−∞

K(t)(f(x− ht)− f(x))dt(sincef(x) = f(x)

∫ ∞
−∞

K(t)dt

(3.14)

=

∫ ∞
−∞

K(t)f(x)dt) (3.15)

(3.16)

Also, by Taylor’s theorem

f(x− ht) = f(x)− htf ′(x) +
1

2
h2t2f ′′(x) + ...

By 3.10 the following is obtained

biash(f̂(x)) = −hf ′(x)

∫ ∞
−∞

tK(t)dt+
1

2
h2t2f ′′(x)

∫ ∞
−∞

t2K(t)dt+ ... (3.17)

=
1

2
h2t2f ′′(x)k2 +O(h3) (3.18)

Then: ∫ ∞
−∞

biash(f̂(x)) dx ≈ 1

4
h4k22

∫ ∞
−∞

f ′′(x)2dx. (3.19)

Continuing, it is now necessary to obtain an asymptotic approximation of
the variance. By 3.9:
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varf̂(x) =
1

nh2

∫ ∞
−∞

K2

(
x− y
h

)
f(y)dy − 1

n
(f(x) + biash(x))2

=
1

nh

∫ ∞
−∞

f(x− ht)K2(t)dt− 1

n
(f(x) + biash(x))2(sub. y = x− ht)

≈ 1

nh

∫ ∞
−∞

f(x− ht)K2(t)dt
1

n
(f(x) +O(h2))2(by3.10)

Now, suppose that h is small and that n is large(this implies that O(h) ≈
O(n−1)). By Taylor’s theorem the following is obtained:

varf̂(x) =
1

nh

∫ ∞
−∞
{f(x)− htf ′(x+ ...}K2(t)dt+O(n−1) (3.20)

≈ 1

nh
f(x)

∫ ∞
−∞

K2(t)dt+O(n−1)(since h→ 0) (3.21)

≈ 1

nh
f(x)

∫ ∞
−∞

K2(t)dt (3.22)

Hence, the following approximation is obtained:∫ ∞
−∞

varf̂(x)dx ≈ 1

nh

∫ ∞
−∞

f(x)dx

∫ ∞
−∞

K2(t)dt (3.23)

=
1

nh

∫ ∞
−∞

K2(t)dt(since f is a density function) (3.24)

Now, if both equations 3.19 and 3.23 are observed, a fundamental problem is
seen. That is, if a very small bias is wanted, then a very small h will be needed.
If this done, the integrated variance will become very large. On the other hand,
choosing a large value for h will allow the integrated variance to decrease, but
will lead to a increase in the bias. So, it can be concluded that the choice of the
smoothing h will always imply a trade-off between the bias and the variance.
This known in simulation as the trade-off between random and systematic error.

3.3 Choice of the kernel function

So far, the only kernel functions that have been observed are the weight function
w and the Gaussian density. Although the Gaussian kernel is perhaps the most
widely used in practice due to it’s friendly properties, there are other kernel
functions that are noteworthy. With a coefficient given by:

C(K) = k
2
5
2

(∫ ∞
−∞

K2(x) dx

) 4
5

,

the choice of the kernel function can be based upon minimizing this value. This
reasoning will be explained later in greater depth. Continuing, the problem
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of minimizing C(K) has as solution the following kernel function known as
Epanechnikov kernel:

Definition 9. Ke(t) :=

{
3

4
√
5

(
1− t2

5

)
|x| <

√
5

0 otherwise

Notice that this kernel function is continuous, but it’s derivative is not con-
tinuous at ±

√
5. Also, this kernel is computationally easier than the Gaussian

kernel. There is as many kernels as there is probability densities, but for theo-
retical development, there is a main concern in the fact that the chosen kernel
is symmetric. This is feature clearly satisfied by Ke.

Knowing that Ke is the optimal kernel for the minimization of the MISE(f̂)
is a good reason for trying to establish a comparison ratio for comparing an
arbitrary kernel function K with Ke. This leads to the following definition.

Definition 10. Given a kernel function K, it’s efficiency is given by

eff(K) =

[
C(Ke)

C(K)

] 5
4

.

From this definition it is obvious that Ke has efficiency 1 and that for any
other kernel K the efficiency is less than 1. Just with the definition of efficiency
it is clear that:

eff(K) =
3

5
√

5
k

−1
2

2

(∫ ∞
−∞

K2(t) dt

)−1
(3.25)

Now, based on this criteria it is relevant to show some symmetric kernel together
with their efficiency.

Table 3.1 shows that for quite diverse kernels as the ones shown, the effi-
ciency is pretty high (over 92%), so the choice of the kernel should not be based
on the efficiency considerations since they only give little information. In fact,
the kernel is not what is decisive in the estimation accuracy, but the smoothing
parameter. For instance, if using simulated data it can be seen how close the
estimates using different kernels and same smoothing parameter are. For exam-
ple, if the simulated data is a sample of size 100 distributed gamma(2.5, 1.5),
randomly generated by the R-statistics generator figure ?? is obtained.

Figures 3.1, 3.2 and 3.3 are an example of why the criteria about the choice
of the smoothing parameter should be introduced in greater depth, rather than
focusing on the kernel choice, since it shows that different kernel estimates give
functions that are too close to each other. Thus, the criteria of the kernel
choice should deal more with smoothness necessities and computational effi-
ciency rather than better estimation. This makes it intuitive to think that the
kernel choice is not the main difficulty when implementing the method.
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Table 3.1: List of Symmetric Kernels and their Efficiencies

Kernel Name Kernel definition Efficiency

Epanechnikov K(t) =

{
3

4
√
5

(
1− t2

5

)
|x| <

√
5

0 otherwise
1

Biweight K(t) =

{
15
16

(
1− t2

)2 |x| < 1
0 otherwise

(
3087
3125

) 1
2 ≈ 0.9939

Triangular K(t) =

{
1− |t| |x| < 1
0 otherwise

(
243
250

) 1
2 ≈ 0.9859

Gaussian 1√
2π
e−

t2

2

(
36π
125

) 1
2 ≈ 0.9512

Rectangular K(t) =

{
1
2 |x| < 1
0 otherwise

(
108
125

) 1
2 ≈ 0.9295

3.4 Choice of the smoothing parameter

3.4.1 Minimizing the MISE(f̂)

As mentioned before, the choice of the smoothing parameter is important in
the sense that it controls, in some degree, the smoothness of the estimation.
Now, it is desired to obtain a range for the smoothing parameter h in which the
MISE(f̂) is minimized. That is the purpose of the next theorem. From the
approximations of the integrated square bias and the integrated variance, that
following theorem should not be surprising at all.

Theorem 1. Let f ∈ C(2) (twice continuously differentiable) with
∫∞
−∞ ‖f

′′‖2dx <
∞. Furthermore, suppose that

∫∞
−∞ yK(y)dy = 0 and that both

∫∞
−∞ y2K(y)dy

and
∫∞
−∞K2(y)dy are finite. Then there exists a constant Cf such that for small

h > 0, MISE(f̂) =
∫∞
−∞E(f̂(x)− f(x))2dx ≤ Cf

(
1
nh + h4

)
. Consequently, for

hn = n−
1
5 , MISE(f̂) = O(n−

4
5 )

Proof. By 3.6 it is desired that the integrated variance (
∫∞
−∞ varf̂(x)dx) is

bounded by K1
1
nh where K1 is a positive constant and that the integrated

square bias (
∫∞
−∞ bias2hf̂(x)) is bounded by K2h

4 where K2 is another constant.
Then, choosing Cf = max{K1,K2} will prove the first claim of the theorem.
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(a) Estimation using the Gaussian kernel and
window width of≈ 0.42 of a simulated sample
of size 100 with distribution γ(2.5, 1.5)

(b) Estimation using the Epanechnikov ker-
nel and window width of ≈ 0.42 of a sim-
ulated sample of size 100 with distribution
γ(2.5, 1.5)

Figure 3.1:

Since X1, X2, ..., Xn are independent identically distributed by assumption, then

varf̂(x) =
1

n
var

1

h
K

(
x−X1

h

)
≤ 1

nh2
K2

(
x−X1

h

)
(by 3.23)

=
1

nh

∫ ∞
−∞

K2(y)f(x− hy)dy(substituting x = y − hy)

Notice that
∫∞
−∞ f(x − hy)dx = 1 since f is a probability density function.

This integral does not depend y. Hence by Fubini’s theorem

1

nh

∫ ∞
−∞

∫ ∞
−∞

K2(y)f(x− hy)dydx =
1

nh

∫ ∞
−∞

K2(y) dy

∫ ∞
−∞

f(x− hy)dx

(3.26)

=
1

nh

∫ ∞
−∞

K2(y)dy (3.27)

Which by hypothesis is finite. Hence the integrated variance is bounded by
K1

1
nh where K1 =

∫∞
−∞K2(y) dy.

Now for the integrated square bias, consider the formula obtained from the
Taylor expansion with the Laplacian representation remainder given by
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(a) Estimation using the Bi-weight kernel and
window width of≈ 0.42 of a simulated sample
of size 100 with distribution γ(2.5, 1.5)

(b) Estimation using the Triangular kernel
and window width of ≈ 0.42 of a simu-
lated sample of size 100 with distribution
γ(2.5, 1.5)

Figure 3.2:

f(x+ h)− f(x) = hf ′(x) + h2
∫ 1

0

f ′′(x− sh)(1− s) ds (3.28)

On the other hand, 3.8 implies that

biashf̂(x) =

∫ ∞
−∞

K(y)(f(x− hy)− f(x))dy.

So, inserting the preceding Taylor formula on the bias equality, the following is
obtained:

biash(f̂(x)) =

∫ ∞
−∞

∫ 1

0

K(y)
[
−hyf ′(x) + (hy)2f ′′(x− shy)(1− s)

]
ds dy

=

∫ ∞
−∞

∫ 1

0

K(y)
[
(hy)2f ′′(x− shy)(1− s)

]
ds dy

This last equality comes from the fact that
∫∞
−∞ yK(y) dy = 0. Now, using the

Cauchy-Schwarz inequality for expected valued, E(UV )2 ≤ E(U2)E(V 2), where
U = Y and V = Y f ′′(x− ShY )(1− S) for Y distributed by the density of the
kernel K and S ∼ unif [0, 1] independent of Y it is obtained that

bias2h(f̂(x)) ≤ h4
(∫ ∞
−∞

K(y)y2dy

)∫ ∞
−∞

∫ 1

0

K(y)y2f ′′(x− shy)2(1− s)2 ds dy.
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(a) Estimation using the Rectangular ker-
nel and window width of ≈ 0.42 of a sim-
ulated sample of size 100 with distribution
γ(2.5, 1.5)

(b) Graph that compares all estimations of a
simulated sample of size 100 with distribution
gamma(2.5, 1.5)

Figure 3.3:

Now, when integrating both sides with respect to x, and noticing that∫ ∞
−∞

f ′′(x− shy)2 dx =

∫ ∞
−∞

f ′′(x)2 dx

the following is obtained

∫ ∞
−∞

h4
(∫ ∞
−∞

K(y)y2 dy

)[∫ ∞
−∞

∫ 1

0

K(y)y2f ′′(x− shy)2(1− s)2 ds dy dx
]

= h4
(∫ ∞
−∞

K(y)y2 dy

)[∫ ∞
−∞

∫ ∞
−∞

∫ 1

0

K(y)y2f ′′(x− shy)2(1− s)2 dy ds dx
]

= h4
(∫ ∞
−∞

K(y)y2 dy

)[∫ ∞
−∞

∫ 1

0

∫ ∞
−∞

K(y)y2f ′′(x− shy)2(1− s)2 dx ds dy
]

= h4
(∫ ∞
−∞

K(y)y2 dy

)[∫ ∞
−∞

∫ 1

0

∫ ∞
−∞

K(y)y2f ′′(x)2(1− s)2 dx ds dy
]

Where the functions inside the triple integral are independent. Now, by
Fubini’s theorem the following is obtained

h4
(∫ ∞
−∞

K(y)y2dy

)[(∫ ∞
−∞

(f ′′(x)2 dx

)(∫ 1

0

(1− s)2 ds
)(∫ ∞

−∞
K(y)y2 dy

)]
= h4

(∫ ∞
−∞

K(y)y2dy

)2(∫ ∞
−∞

(f ′′(x)2 dx

)
1

3
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Hence the integrated square bias is bounded by K2h
4 where

K2 =

(∫ ∞
−∞

K(y)y2dy

)2(∫ ∞
−∞

(f ′′(x)2 dx

)
1

3
.

Hence the first claim is proved. Now for the second part, if hn ∼ n−
1
5 , then(

1

nh
+ h4

)
=

(
1

nn−
1
5

+ n−
4
5

)
= 2n−

4
5 .

Hence MISE(f̂) ≤ (2 max{K1,K2})n−
4
5 which is the precise definition of being

O(n−
4
5 )

With the previous theorem in mind, it is now intuitive to have h = O(n−
1
5 ).

According to Parzen, the optimal smoothing parameter which minimizes the
MISE(f̂) is given by:

hopt =

[∫ ∞
−∞

K(y)y2 dy

]− 2
5
[∫ ∞
−∞

f ′′(x)2 dx

]− 1
5
[∫ ∞
−∞

K2(y) dy

] 1
5

n−
1
5 (3.29)

This formula, as well as the theorem, are quite disappointing in the sense that
they depend on the unknown density itself. It is also important to stress that
this last expression is also computationally complicated. Nevertheless, this will
be useful when simulating data in order to verify theoretical assertions. Also,
notice that along with the theorem, this formula also yields that the optimal
smoothing parameter converges to 0 as the sample size grows to infinity, but it
does at a very slow rate.

Now, substituting 3.29 in the approximation

MISE(f̂) ≈ 1

4
h4k22

∫ ∞
−∞

f ′′(x)2 dx+
1

nh

∫ ∞
−∞

K2(x) dx

then the

MISE(f̂) ≈ 5

4
C(K)

(∫ ∞
−∞

f ′′(x)2
) 1

5

n
−4
5

where the constant C(K) is given by

C(K) = k
2
5
2

(∫ ∞
−∞

K2(x) dx

) 4
5

which only depends on the kernel. This train of thought leads to the idea of
choosing the kernel in a way that this constant C(K) is as small as possible.
The problem of minimizing C(K) reduces to minimizing

∫∞
−∞K2(x) dx to the

constraints that k2 = 1 and that K is a density function.

On the other hand, there is the smoothing parameter proposed by Bowman
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and Foster in the paper ”Adaptive Smoothing and Density-Based Tests of Mul-
tivariate Normality” which is asymptotically optimal and is generalized to any
dimension as will be shown in the next chapter. The smoothing parameter for
the univariate case is given by:

h =

(
4

3n

) 1
5

(3.30)

(a) Estimation using the Gaussian kernel
of a simulated sample of size 50 with dis-
tribution β(1.5, 2)

(b) Estimation using the Gaussian kernel
of a simulated sample of size 50 with dis-
tribution β(1.5, 2)

Figure 3.4:

(a) Estimation using the Gaussian kernel
of a simulated sample of size 5000 with
distribution β(1.5, 2)

(b) Estimation using the Gaussian kernel
of a simulated sample of size 50000 with
distribution β(1.5, 2)

Figure 3.5:

Where n is the sample size. What results interesting is that this choice of h
is consistent with the results in the previous theorem, it is also computationally
easy and does not depend on the kernel choice. In their paper, Bowman and
Foster say that this choice for the smoothing parameter has best results when
dealing with uni-modal densities. This can easily be seen when simulations
increasing the sample size for the estimate are performed. For instance, with
the smoothing parameter of Bowman and Foster to estimate a β(1.5, 2) density
the graphical results in figures 3.4, 3.5 and 3.6 are obtained.
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(a) Estimation using the Gaussian kernel
of a simulated sample of size 1000000 with
distribution β(1.5, 2)

Figure 3.6:

A Comparison Between Bowman and Foster and Parzen’s h

Since for the optimal smoothing parameter in 3.29 given by Parzen we need
to know the distribution from which the sample comes, it is mainly useful in
simulating. We now would be interested in observing how well does the Bowman
and Foster smoothing parameter behave in comparison with hopt. Hence, we
can consider simulated data that comes from a distribution γ(3, 2) and vary the
sample size, we are able to compare both smoothing parameters. For instance,
when using a Gaussian kernel the following is obtained:[∫ ∞

−∞
K(y)y2 dy

]− 2
5
[∫ ∞
−∞

f ′′(x)2 dx

]− 1
5
[∫ ∞
−∞

K2(y) dy

] 1
5

≈ 1−2

5
(0.2820948)

1
5 (

(
1

216

)− 1
5

≈ 2.274939.

Hence we obtain that hopt ≈ 2.274939n−
1
5 and that the Bowman and Foster

smoothing parameter is h ≈ 1.059224n−
1
5 . For simulated samples of size 50,

500 and 5, 000 the results in figure 3.7 are obtained. This shows that in general
the Bowman and Foster smoothing parameter is very efficient, even more than
the one proposed by Parzen, plus it is computationally more efficient.

3.4.2 Least squares cross-validation

Given an estimator f̂(x) of a density function f(x), the integrated square error
yields∫ ∞
−∞

(f̂(x)− f(x))2 dx =

∫ ∞
−∞

f̂(x)2 dx− 2

∫ ∞
−∞

f̂(x)f(x) dx+

∫ ∞
−∞

f(x)2 dx.

Notice that the last term in this equation does not depend on f̂(x). So, if
there is interest in minimizing the integrated square error, it is only needed to
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(a) n = 50 (b) n = 500

(c) n = 5, 000

Figure 3.7: Comparisons between the smoothing parameters proposed by Bow-
man and Foster and by Parzen.

minimize the first two terms of the equation. This is minimizing

Rh(f̂(x)) :=

∫ ∞
−∞

f̂(x)2 dx− 2

∫ ∞
−∞

f̂(x)f(x) dx

Now, the idea of the least-squares cross validation is to build an estimate of
R(f̂(x)) from some data that is given to the statistician. Then, with this esti-
mate it is desired to minimize over the smoothing parameter in order to choose
it in an optimal way. The following estimates are going to be obtained from
just the sample X1, X2, ..., Xn in a ”bootstrap-like” procedure.

First of all, notice that the term
∫∞
−∞ f̂(x)2 dx can be found directly from the

estimate f̂(x) using either analytical or numerical procedures. So, it is only left

to estimate
∫∞
−∞ f̂(x)f(x) dx. For this purpose define f̂−i(x) to be the kernel

density estimator constructed from al the points X1, X2, ..., Xn except Xi, that
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is

f̂−i(x) =
1

(n− 1)h

∑
j 6=i

K

(
x−Xj

h

)
.

Now define the estimate

M0(h) =

∫ ∞
−∞

f̂(x)2 dx− 2

n

n∑
i=1

ˆf−i(Xi).

This score depends only on the data (”bootstrap-like”), but it is not computa-

tionally very efficient. Now, it will be shown that M0(h) +
∫∞
−∞ f̂(x)2 dx is an

unbiased of the MISE(f̂), which then implies that minimizing M0(h) is equiv-

alent to minimizing the MISE(f̂). First, it will be proved that E(M0(h)) =

E(Rh(f̂(x))).

E(M0(h)) = E(

∫ ∞
−∞

f̂(x)2 dx− 2

n

n∑
i=1

f̂−i(Xi))

= E(

∫ ∞
−∞

f̂(x)2 dx)− E(
2

n

n∑
i=1

f̂−i(Xi))

= E(

∫ ∞
−∞

f̂(x)2 dx)− 2E(f̂−i(Xi))

= E(

∫ ∞
−∞

f̂(x)2 dx− 2

∫ ∞
−∞

f̂−i(x)f(x) dx) = E(Rh(f̂(x)))

Since E(f̂(x)) does not depend on the sample size, but only on the kernel and
the smoothing parameter.

Now, if assumed that the value of h that minimizes E(M0(h)) is very close
to the value that minimizes M0(h), it is intuitive that the previous idea of min-
imizing M0(h) over h will give a good choice for the h.

Now, from the point of view of computational efficiency, there are some cal-
culations that lead to a representation of R(f̂(x)) which is easier to handle.
These are going to be mentioned for the sake of their original purpose, since
they were developed more than a decade ago, in a moment where the speed of
computers was not good enough to simply compute this estimates in the way
they were just presented. In practice, due to the speed of current processors, a
good vectorization will be efficient enough for the calculation of the estimates.

Hence, for a symmetric kernel K and using the substitution u = x
h the fol-

lowing is obtained∫ ∞
−∞

f̂(x)2 dx =
1

n2h

∑
i

∑
j

K(2)

(
Xi −Xj

h

)
(3.31)



3.4. CHOICE OF THE SMOOTHING PARAMETER 31

and

1

n

n∑
i=1

f̂−i(Xi)

=
1

n(n− 1)

∑
i

∑
j

1

h
K

(
Xi −Xj

h

)
− K(0)

h(n− 1)

where K(2) denotes the convolution of the kernel function with itself. The pur-
pose of this representations in terms of a convolution is to use discrete fast
Fourier transform, which transforms a convolution of functions to a multiplica-
tion of function. This is done in order to obtain an estimate which is way easier
to compute. After computing it, inverse Fourier transform is used to obtain the
desired result. This idea is shown because of it’s importance to the practical
development of the method of least-squares cross validation in the past decades.
Nevertheless, it is important to say that in the present this procedure is no
longer necessary.

From M0(h), a very close score function can be obtained by replacing the

(n − 1)−1 factor in the equality for 1
n

∑n
i=1 f̂−i(Xi) of equation 3.31 by n−1,

and then substituting this into M0(h). This gives

M1(h) :=
1

hn2

∑
i

∑
j

K∗
(
Xi −Xj

h

)
+

2

nh
K(0) (3.32)

where K∗ = K(2) − 2K. This score function M1(h) can be used for the same
purpose that the M0(h) in the method, getting close enough results but being
computationally more efficient.

Concomitantly, it is now important to give a strong theoretical justification
to the method of least-squares cross validation for the choice of the smooth-
ing parameter h. That is the purpose of the next theorem which will only be
enunciated due to the technical complexity and extension of it’s proof.

Theorem 2. Let X1, X2, ..., Xn be a sample from a density f and let

Ilsxv(X1, X2, ..., Xn)

be the integrated square error of the density estimate constructed using the
smoothing parameter h that minimizes M1(h). Let

Iopt(X1, X2, ..., Xn)

be the integrated square error if the smoothing parameter is chosen optimally
from the sample. Now, suppose that f is bounded and C(4) and that the kernel
function K is symmetric, continuous, with K ′ Hlder continuous, K ′′ absolutely
continuous and K ′′′ bounded, then(

Ilsxv(X1, X2, ..., Xn)

Iopt(X1, X2, ..., Xn)

)
→ 1 as n→∞ in probability.
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This means that, asymptotically, the least-squares cross validation method
achieves the best possible result for the choice of the smoothing parameter h.
In other words, when minimizing M0(h), we are asymptotically getting close to

the optimal value of h in terms of the MISE(f̂).

There should be some caution because when dealing with real data, this is
always discrete. Therefore, the method of least-squares cross validation needs
some modifications in order to fit this feature. For this purpose, it is important
to notice that the behaviour of M1(h) for a very small h is very sensitive very
small-scale effect in the data. It can be shown that if

K(2)(0)

2(2K(0)−K(2))(0)
≤ 0

then M1(h) → ∞ as h → 0 , so the method will lead to the degenerate result
that h = 0. The previous condition is forbidden by the hypothesis of theorem 2
after straightforward calculations. In this sense, it is recommended that when
using the method to optimize the value for an h, it is done in a range where it
will not converge to zero.

Now, we are interested in using least-squares cross-validation to validate our
prior theoretical choices for h. Specially the Bowman and Foster h, since it
has shown, so far, to be very good and efficient at estimating densities. We
will proceed by using an R simulated sample, and then proceed by creating a
vector h of different values of h such that the Bowman and Foster smoothing
parameter is in the interval [min(h), max(h)]. Then we would see how close
is the Bowman and Foster smoothing parameter to the actual value of h that
minimizes M0(h) in the interval [min(h), max(h)]. The results obtained by
implementing this procedure are satisfactory even for small samples. In fact,
for samples of a considerable size (300 or more) the results are stunning. Figure
3.8 shows results for simulated N(0, 1) samples of sizes 50 and 500.

(a) n = 50 (b) n = 500

Figure 3.8: Least-squares Cross-validation of the smoothing parameter proposed
by Bowman and Foster.
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3.4.3 Likelihood cross-validation

The method of likelihood cross-validation is a development directed by the idea
of the kindness of fit of a statistical model. Suppose that in addition to the
sample X1, X2, ..., Xn , there was an independent datum Y from the density
f . Then the log likelihood of f as the density underlying the observation Y
would be log f(Y ), when considering f̂(x)h as a parametric family of densities
depending on the smoothing parameter h, with X1, X2, ..., Xn fixed, would give
log f̂(Y ), as a unction of h. In this sense, log f̂(Y ) will be the log likelihood
of h. So, if the independent observation Y is not available but the sample
X1, X2, ..., Xn is big enough, one of these observations could be omitted and
taken as the Y . Since it is arbitrary, for i ∈ {1, 2, ..., n} choose Y = Xi. This

would give log likelihood f̂−i(Xi). Again, since the choice of the i is arbitrary,
the log likelihood is averaged over all the possible values of i. This yield the
following score function

CV (h) =
1

n

n∑
i=1

logf̂−i(Xi) (3.33)

The desired h will then be the value that maximizes CV (h) in equation 3.33.
It is important to make a remark about this score function, by noting that it is
very intuitive and is computationally simple.

Now, it will be shown that under a certain heuristic approach, the maximiza-
tion of the score function CV (h) is very close to the true density in terms of the
following information distance

I(f, f̂) =

∫ ∞
−∞

f(x) log

[
f(x)

f̂(x)

]
dx (3.34)

This information is known as the Kullback-Leiber information distance.

Now, let f̂n−1 be the estimate of f over the sample {X1, X2, ..., Xn} \ {Xi},
that is on (n− 1) observations. Then

E(CV (h)) = E log f̂n−1(Xn)

= E

(∫ ∞
−∞

f(x) log f̂n−1(x) dx

)
≈ E

(∫ ∞
−∞

f(x) log f̂(x) dx

)
= −E(I(f, f̂)) +

∫ ∞
−∞

f(x) log f(x) dx

In the last equality was used the properties of the logarithm in which

f log f̂ = f log
f̂f

f
= −f log

f

f̂
+ f log f.
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Hence, −CV (h) is an estimation of the Kullback-Leiber error expected value
with a constant bias, when using the same window width and a sample of size
(n − 1). It is important to point out that the Kullback-Leiber information
will behave well only under some strong conditions on f . For instance, if f
has an unbounded support and the kernel function has bounded support, then
I(f, f̂) =∞ for all values of h.

For example if the kernel function K has it’s support restricted to (−1, 1) (like
the bi-weight or triangular kernel on table 3.1 ) and one of the observations, Xi,
is at a distance R away from all the others. then if h is chosen such that h < R,
then f̂−i(Xi) = 0 and so, the score function CV (h) will be −∞ for all h < R,
no matter how the other observations in the sample behave. So the smoothing
parameter h for which the score function CV (h) is maximized will then have to
be bigger than R. If R is not very small, the estimation will be too smooth and
will not be sensitive enough. It is intuitive then to use a kernel function that
has long tails (like the Gaussian). Still, this is risky, since log f may diverge
when evaluated on values of x where ‖x‖ >> 0.

In this train of thought, it is important to close up on theoretical considera-
tions by saying that if one of the tails of a density f is eventually monotonic
and dies off at a rate that is exponential or slower (for instance polynomial),
the use of likelihood cross-validation gives bad results. This is shown by Schus-
ter and Gregory, and it’s importance lies in the fact that this case is far from
pathological. In fact, it is the case of most of the classical continuous densities
in probability.

Now, it is natural, like in the case of LSXV, to validate the Bowman and Foster
smoothing parameter using the LXV method. We can proceed in an analogue
way as in the LSXV. In this case the results are quite satisfactory as well for
the Bowman and Foster smoothing parameter. The graphical results are shown
in figure 3.9.

(a) n = 50 (b) n = 500

Figure 3.9: Likelihood Cross-validation of the smoothing parameter proposed
by Bowman and Foster.
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3.5 Conclusions on the choice of the smoothing
parameter and kernel function

As seen throughout this chapter, the kernel method for univariate data has two
main aspects that should be taken into account when implementing it for density
estimation. The first one is the kernel choice, which is mainly concerned with
the desired properties, mainly analytical, that the statistician wishes to obtain
from the estimation. The second one is the choice of the smoothing parameter.

Although the efficiency may help choose the kernel, it may also sacrifice some
analytical properties of the estimation. Also, the sample size has some impor-
tance, since the bigger the sample, the less important the kernel choice becomes,
specially in terms of graphical visualization. Nevertheless, it is always impor-
tant to take an heuristic glimpse to the sample before rushing, since the kernel
method is not an automatized procedure. This should be done in order to ob-
tain an idea of the tail weights of the density f , and to choose a kernel that has
the appropriate shape.

On the other hand, the choice of the smoothing parameter is way more com-
plicated than the kernel choice. This parameter, when chosen wrongly can lead
to, either, over-smoothing or under-smoothing. This can be observed in fig-

Figure 3.10: Kernel estimation of a sampleX1, ..., X1800 i.i.d β(2, 2). A Gaussian
kernel was used for the estimation.

ure 3.10 where there is an estimation of a simulated sample of size 1800 with
distribution β(2, 2) generated at random by R. The contrast between over and
under-smoothing is quite obvious. In this particular case neither of the estima-
tions accurately models the real density. It is up to the statistician to choose
from the different methods to obtain the smoothing parameter. Either, there
is the one shown in theorem 1, or the Bowman and Foster which agrees with
theorem 1. Also, cross-validation techniques can be implemented to validate a
proper choice. We strongly recommend the Bowman and Foster parameter and
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the Gaussian kernel since the LSXV validation showed it was well behaved and
it is a computational ”piece of cake”.

3.6 Computational aspects

After the development of some of the theoretical aspects of the kernel method
for univariate density estimation, it is now important to discuss about the com-
putational aspects of the method appliance. It is important to stress about the
dependence the method has on the development of computers. In fact, without
the development of computers the calculation and plotting of kernel estimates
would have represented a quite difficult task. This goes even back to the end
of the 90’s, when the methods of cross-validation were still to expensive to exe-
cute. This goes so far as to the implementation of rough theoretical techniques,
like the discrete fast Fourier transform mentioned in previous sections, which
helped treat the computation of the cross-validation procedure. Nevertheless,
with current development of processors and the great implementation of vector-
ization friendly platforms like R, it is now only necessary to pay close attention
to the encoding in order to make efficient algorithms which involve the least
possible loops or cycles as it can. Some vectorized algorithms was used in the
programming of this project and can be seen in the appendix for reference as
to how vectorization is implemented. Therefore, it can be said that the kernel
method implementation is computationally acceptable in present time.



Chapter 4

The Kernel Method for
Multivariate Data

4.1 The Kernel method in several dimensions

So far, this project has only deal with the estimation of densities in the single
variable case. Some methods were overlooked in the first chapter, and in the
previous chapter the kernel method for the univariate case was explored in some
depth. Now, since some of the most important applications of density estimation
require the treatment of multivariate data, it is relevant to discuss the estimation
of multivariate densities. That is the goal of this chapter. This will deal with
the difficulty of presenting data (which is only possible in the univariate and
bivariate cases) and the problems that may arise when dimension increases.

4.1.1 Definition of the multivariate kernel density estima-
tor

Throughout this chapter, boldface will be used to indicate that points are d-
dimensional.

Definition 11. A multivariate kernel is a function K : Rd → R+ such that∫
Rd

K(x) dx = 1.

Usually the kernel functions are radially symmetric unimodal probability
densities. , like the standard multivariate normal density function

K(x) =
1

(2π)
d
2

exp

(
−xtx

2

)

37
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Definition 12. Let X1,X2, ...,Xn be a sample in Rd, then the multivariate
kernel density estimator is defined by

f̂(x) =
1

nhd

n∑
i=1

K

(
(x−Xi)

h

)
.

In the last definition h is still the window width or smoothing parameter just
as in the univariate case. Under some circumstances it may appear appropriate
to use a vector of smoothing parameters or even a retraction matrix (which
shrinks vectors). A circumstance like this one will appear when the data points
are way more spread in a certain coordinate direction. This will intuitively sug-
gest that pre-scaling is desirable before attempting to estimate a density.

Fukunaga suggested an interesting approach. He suggested to linearly trans-
form the data to have unit covariance matrix. Then smooth the transformed
data using a radially symmetric kernel and then transform back by using the
inverse. This is equivalent to using an estimate like the following

f̂(x) =
(detS)−

1
2

nhd

n∑
i=1

k

(
(x−Xi)S

−1(x−Xi)

h2

)
where the function k is given by

k(xtx) = K(x)

and S is the sample covariance matrix of the data. For instance, if K is the
normal kernel , then k(u) = (2π)−

d
2 exp−u2 .

4.1.2 Multivariate histograms and Scatter plots

In previous chapters there were several arguments of why histograms were not
the most suitable way of estimating a density in the univariate case. It was said
that this mainly a way of presenting the data and that the analytical conditions
that a histogram satisfies are minimum. This same difficulties arise when going
up in dimension, plus the difficulty of the orientation of the bins. Also, in a
higher dimension the visualization of discontinuous plots is quite difficult. But
still, the main problem is the excessive amount of bins that are needed.

On the other hand, scatter plots are a good step when examining the data.
Still, there is a lot of information that is hard to obtain from scatter plots.
Specially when dealing with multi-modal distributions. Also, scatter plots are
difficult to read when the sample is big. So, although scatter plots are a good
device for presenting data, they leave out important information about the data.
This information features are the ones the density estimates try to achieve.

The previous short explanation about the disadvantages of histograms and
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scatter plots can be used as an intuitive justification for the implementation
of density estimation procedures. In particular, the kernel method for multi-
variate data, which is similar to the one in the univariate case, but with some
theoretical distinctions that need some attention.

4.2 Choice of the kernel and the smoothing pa-
rameter

As in the univariate case, there is a diversity of kernels that satisfy different
conditions according to the statistician needs. The next is a list of some of the
most frequently used kernels in the multivariate case.

Ke(x) =

{
1

2cd
(d+ 2)(1− xtx) if xtx < 1

0 otherwise
(4.1)

Where d is the dimension and cd is the volume of the d-dimensional sphere.
This kernel is known as the Epanechnikov kernel.

K(x) =
1

(2π)
d
2

exp

(
−xtx

2

)
(4.2)

This kernel, as mentioned before, is known as the Gaussian kernel.

K2(x) =

{
3
π (1− xtx)2 if xtx < 1
0 otherwise

(4.3)

K3(x) =

{
4
π (1− xtx)3 if xtx < 1
0 otherwise

(4.4)

The kernels in table 4.1 are graphed for the bivariate case in Appendix B.
As in the previous chapter, approximate expressions for the bias and variance of
the density estimator can be obtained. For, this it is convenient to suppose that
the kernel function K is a radially symmetric probability density function and
that the estimated density f is at least C2 with bounded derivatives. Define
constants α and β by

α =

∫
Rd

t1K(t) dt

and

β =

∫
Rd

K2(t) dt.

Now, under similar manipulations as for the univariate case, and using Taylor’s
theorem in the multivariate case, the following approximations are obtained

biash(f̂(x)) ≈ 1

2
h2α∇2f(x) (4.5)
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and

varf̂(x) ≈ β

nhd
f(x) (4.6)

Hence, an approximation for the mean integrated square error can be given as

MISE(f̂(x)) ≈ 1

4
h4α2

∫
Rd

{∇2f(x)}2 dx +
β

nhd
. (4.7)

Hence the approximately optimal window width that minimizes the mean squared
integrated error is given by

hd+4
opt =

dβ

α2n

{∫
Rd

(∇2f(x))2 dx

}−1
(4.8)

This is just a generalization of the results for the univariate case. From this, it
can be concluded that the optimal window width converges to 0 as n→∞ but

it does at a very slow rate of n−
1

d+4 . Also, it is noteworthy that this order of
convergence goes slower as the dimension increases.

Concomitantly, the same problems as in the previous chapter are encountered
when choosing the kernel function. The Epanechnikov kernel is the optimal
among radially symmetric kernels in terms of minimizing the MISE, but still,
other kernels are good enough and may have stronger analytical properties.
Also, computational properties of the kernel function are an important aspect
of the choice. For instance the kernels K2 and K3 in 4.3 and 4.4 have higher
differentiability properties than the Epanechnikov kernel. Also, they are way
easier to compute than the Gaussian kernel in 4.2 which is C∞ and probably has
the best differentiability features available. Still, the Gaussian kernel is compu-
tationally expensive since it involves the exponential function for every iteration.

On the other hand, in ”Adaptive Smoothing and Density-Based Tests of Mul-
tivariate Normality”, Bowman and Foster suggest that an asymptotic optimal
value for the smoothing parameter h in Rd is given by:

h =

{
4

(d+ 2)n

} 1
(d+4)

(4.9)

This choice for the smoothing parameter coincides with the order of convergence
of the optimal h suggested by Silverman in definition 4.8.

It is now a good time to see some graphical results of the kernel method
in bivariate estimations. First, consider the bivariate standard normal density
which can be seen on figure 4.1. With simulated data samples of different sizes
one can obtain the graphical results of figures 4.2, 4.3, 4.4 and 4.5. It is clear
that the biggest issue with the estimates is that the amount of data needed to
get very accurate estimations is way bigger than in the univariate case. This
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Figure 4.1: Standard normal bivariate density

problem grows with dimension. Now, since the previous estimations were on
simulated data, it is now wise to look at an estimation of a bivariate set of data.
The data can be observed in the appendix

Continuing, it is relevant to point out that least-squares cross-validation and
likelihood cross-validation carry over to the multivariate case with the imple-
mentation of the same basic ideas. The least-squares score M1(h) of the previous
chapter becomes

M1(h) =
1

n2hd

∑
i

∑
j

K∗
(

(Xi −Xj)

h

)
+

2

nhd
K(0). (4.10)

Notice that the dimension d only affects the computation of M1(h) in 4.10 when
calculating the squared distances 〈Xi −Xj,Xi −Xj〉. Generally, what was said
for the method of least-squares cross-validation in the previous chapter for the
univariate case applies for the multivariate case. So, theorem 2 is also valid for
this case in with very little modifications in it’s hypothesis. On the other hand,
the method of likelihood cross-validation for the multivariate case becomes more
difficult to implement as the dimension grows. This is based on the fact that
it becomes harder to detect outliers. Nevertheless, some statisticians that have
used this method affirm that this method throws good results when using kernel
functions that have an unbounded support (for instance the Gaussian kernel in
4.2). Still, this type of kernel functions have usually a higher computational
difficulty. So, for the multivariate case, and specially when dealing with data sets
in high dimensions (4 or higher), the least-squares cross-validation is preferred
over the likelihood cross-validation.
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4.3 Computational considerations

Even when using a fast processing computer, when estimating a density from a
large sample, the use of inefficient algorithms can lead to excessive calculation
times. The most important things to take into consideration are

• Kernel computation: It is wise to pick a kernel that is easily calculated,
because the kernel will be calculated at least the same amount of times as
the size of the sample, and up to n2 if using for instance least-squares cross-
validation. Hence using a Gaussian kernel for a sample of size 1000 with
the least-squares cross-validation will lead to the call of the exp function
of the program up to a 1, 000, 000 times, which is pretty inefficient.

• Inner factors: It is shorter to factor out a common term inside all terms
and do the calculations without the factor, at the end the proper rescaling
should be done. This is way more efficient than performing the same
multiplication over and over again.

• Vectorization: As mentioned before, vectorization is key in order to avoid
inefficient algorithms. Cycles take vast amounts of times, and can, some-
times, be avoid by simple vectorization implementations. During the
realization of this project, some bi-variate simulations were performed.
Originally with algorithms that involved up to four cycles to perform the
estimation. The simulation took up to a couple of hours using the Gaus-
sian Kernel with a random simulated sample of size 1, 000. Then some
vectorization was implemented and reduced the algorithm to two loops.
In this case, the same estimation was performed in a couple of minutes.
After that, one more vectorization was implemented and only one cycle
was left. This made the estimation to be possible instantly, to the point
that estimating using a sample of size 50, 000 took only a couple of min-
utes. For insight in what vectorization means one can see some of the
algorithms used which appear in Appendix C.

So, if these tips are considered and implemented, the time of the computations
should be reasonably long and efficient.
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(a) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 500 and was
simulated by R

(b) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 2, 500 and
was simulated by R

(c) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 50, 000 and
was simulated by R

Figure 4.2: Estimations using Epanechnikov kernel
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(a) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 500 and was
simulated by R

(b) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 2, 500 and
was simulated by R

(c) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 50, 000 and
was simulated by R

Figure 4.3: Estimations using Gaussian kernel
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(a) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 500 and was
simulated by R

(b) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 2, 500 and
was simulated by R

(c) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 50, 000 and
was simulated by R

Figure 4.4: Estimations using K2 kernel



46 CHAPTER 4. THE KERNEL METHOD FOR MULTIVARIATE DATA

(a) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 500 and was
simulated by R

(b) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 2, 500 and
was simulated by R

(c) Estimation of standard normal bivariate using using Bowman
and Foster smoothing parameter. The data had size 50, 000 and
was simulated by R

Figure 4.5: Estimations using K3 kernel



Chapter 5

Applications to
Discriminant Analysis

So far, the kernel method has been explored in some depth, paying special at-
tention to some methods that are targeted towards the choice of the optimal
smoothing parameter h. Now, it is time put this knowledge into practice and
see an application of this technique in an area that is key in pattern recogni-
tion and is known as discriminant analysis. For this purpose, some theoretical
background should be first encountered.

5.1 Bayesian decision theory

Bayesian decision theory is a key approach to the pattern recognition problem.
For using this theory in a specific problem, it is assumed that the decision
problem is posed in probabilistic terms, and that the relevant probability values
for the problem are known. Although this is not usually the case in real life
pattern classification, the kernel method can be used to determine some of these
probability values, therefore letting the statistician come very close to these
probability values. With this in mind it is now time to develop the theoretical
concepts for the theory.

Definition 13. The state of nature is a probabilistic variable ω that has the
values of the objects that are being classified.

For simplicity in calculation and explanation of the theory, it will be assumed
that the state of nature ω will only have two values, that is the problem is
reduced to the a dichotomous classification. That is, the variable ω can only
take values ω1 and ω2. The results obtained can easily be generalized to any
discrete classification problem. Hence it can be assumed that there is a certain
probability that the next event in the process will be ω1 or that it will be ω2.

Definition 14. The probability of the next event is called the prior proba-
bility and is denoted by P (ωi) corresponding to the state of nature ωi.

47
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Since it was assumed that there are only two states of nature, it is clear that
P (ω1) + P (ω2) = 1. So, if the statistician if forced to predict the next state
of nature without even seeing any of the features, then it will be wise to pick
the one with the biggest prior probability. Now, it may seem natural to get
the probability of getting a certain characteristic feature from a state o nature
by knowing the state of nature. For instance, if the classification consists of
classifying people by gender (ω1 =”male” and ω2 =”female”), a characteristic
feature could be for instance weight and will be denoted x and will be treated
as a random variable. That means, there is interest in knowing the probability
density function for x given a state of nature ω. This is denoted by p(x | ω).

On the same idea path, it will also seem intuitive to consider the case where
decision about the next state of nature is done when being able to observe a
certain feature about the state of nature. For example if, again, the classifica-
tion consists of classifying people by gender (ω1 =”male” and ω2 =”female”),
then a certain feature could be height. That is, by only knowing the height of
the person, the classifier needs to decide whether the gender of the next person
is male or female. Now, suppose that both prior probabilities P (ωi) are known
as well as the conditional densities p(x | ωi). Then the problem can be solved
by using Bayes formula

P (ωi | x) =
p(x | ωi)P (ωi)

p(x)

where

p(x) =

2∑
i=1

p(x | ωi)P (ωi).

This leads to the decision rule for the state of nature that, having an ob-
servation x, picks ω1 if P (ω1 | x) > P (ω2 | x) and conversely picks ω2 if
P (ω2 | x) > P (ω1 | x). This decision rule is known as Bayes decision rule
and is justified in the fact that it minimizes the probability of error, making it
the best expected choice. Now, lets look at the justification of the rule. Notice
that if a particular feature x is observed, the probability of error is

P (error | x) =

{
P (ω1 | x) if the decision is ω2

P (ω2 | x) if the decision is ω1

It is evident that for this given x, the probability error can be minimized by
deciding ω1 if P (ω1 | x) > P (ω2 | x) and ω2 otherwise. Thus, this decision rule
will minimize the average probability of error since

P (error) =

∫ ∞
−∞

P (error, x) dx

=

∫ ∞
−∞

P (error | x)p(x) dx (by total probability formula)



5.1. BAYESIAN DECISION THEORY 49

which is as small as possible since for every x, P (error | x) is as small as
possible. Hence

P (error | x) = min [P (ω1 | x), P (ω2 | x)] .

It is now reasonable to think that the previous decision rule can be generalized
in three ways. First, by letting the feature x be a vector of features. Secondly,
by letting there be more than a dichotomous state of nature. Finally, by as-
signing loss values to certain decisions, in order to obtain a loss function rather
than a probability of error. Hence the following definition is necessary.

Definition 15. Let x ∈ Rd. Then x is called a feature vector if it has feature
values of the state of nature in its entries. In that case Rd is called the feature
space.

Let {ω1, ..., ωc} be a finite set consisting of c states of nature and let {α1, ..., αa}
be a finite set of a possible actions. The loss function λ(αi | ωj) describes the
loss incurred for taking action αi when the true state of nature is ωj . As before,
the Bayes formula can be generalized by

P (ωj | x) =
p(x | ωj)P (ωj)

p(x)

where

p(x) =

c∑
j=1

p(x | ωj)P (ωj).

Now if a particular x is observed then the expected loss if taking action αi is
given by

R(αi | x) =

c∑
j=1

λ(αi | ωj)P (ωj | x) (5.1)

An this is function is called a conditional risk. So, there is now interest in
minimizing the conditional risk in 5.1 upon P (ωj). That is, to find a function
α(x) that gives an actions based on the observed feature x. This is hoped to be
done in such a way that the overall risk which is given by

R =

∫
Rd

R(α(x) | x)p(x) dx.

Clearly, if α(x) is chosen in a way that R(αi | x) is minimized, then R is also
minimized. This discussion leads to the following rule known as the Bayes
decision rule. To minimize the overall risk, compute the conditional risk in 5.1
for i = 1, ..., a and then select the action αi for which R(αi | x) is minimum.
The resulting overall minimum risk is denoted by R∗ and is commonly known
as the Bayes risk. The importance of this decision rule lies in the fact that it is
the best performance choice.
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5.1.1 MER classification

It is natural to seek for decision rules that minimize the probability of error,
also called error rate. Usually, an action αi is used to denote the decision when
then the true state of nature is ωi. Thus, it makes sense to define the following
function

Definition 16. The zero-one loss function is defined by

λ(αi | ωj) =

{
0 i = j
1 i 6= j

i, j = 1, ..., c

This function assigns no loss to a correct decision and a unit of loss to a
wrong decision. That means all errors cost exactly the same. This can be
modified depending on the problem’s restrictions. Note that

R(αi | x) =

c∑
j=1

λ(αi | ωi)P (ωj | x)

=
∑
i 6=j

P (ωj | x)

= 1− P (ωi | x)

This means that the risk corresponding to the zero-one loss function is the
average probability error. Now, to minimize the risk using the Bayes criterion
it is needed to maximize the posterior probability P (ωi | x). So, to obtain the
minimum error rate the decision rule is: decide ωi if P (ωi | x) > P (ωj | x) for
all j 6= i.

5.2 Non-parametric discriminant analysis

The basic problem of discrimination is easily stated. As before, a sample
X1,X2, ...,Xn and a sample Y1,Y2, ...,Yn from a groups A and B respec-
tively are given. Now, given a new observation Z the statistician should be able
to decide whether the observation came from group A or from group B.

Definition 17. The two samples in the previous context are called the training
set.

The data in the training set is usually multivariate and high-dimensional.
For example, in automatic medical diagnosis for high tension and cardiovascular
risk, the training sample may be vectors whose components can be numbers that
indicate features such as sugar level, age, lipid levels, weight, etc.

5.2.1 Classical approaches

From now on, the observations X1,X2, ...,Xn, Y1,Y2, ...,Yn and Z will be
assumed to be continuous multivariate observations. Now, suppose that obser-
vations from group A and B have known probability density functions fA and
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fB respectively. Then based on maximum likelihood the decision rule will be:
allocate Z in group A if

fA(Z) ≥ fB(Z).

Notice that this is closely related to the Bayesian decision discussed in the pre-
vious sections of this chapter.

Another approach can be Bayesian. In which the decision rule is the follow-
ing: allocate Z in group A if

fA(Z) ≥ cfB(Z).

Where c is a constant chosen based upon prior probabilities. If prior odds that
Z comes from group A can be calculated, then by Bayesian calculation, one
obtains that

posterior odds(Z is from A) =
fA(Z)

fB(Z)
(prior odds(Z is from A)).

5.2.2 The non-parametric approach

Having in mind the classical approaches mentioned in the previous section, it
is now easy to think about the parametric approach. In most real life cases
the probability densities are not at hand, not even the type of distribution,
and the only available information that the statistician has is X1,X2, ...,Xn,
Y1,Y2, ...,Yn and Z. Then the statistician needs to estimate the densities from
the training set. Hence, the kernel method is one of the possible methods that
fit the problem necessities. From this standing point, we are now ready to jump
to some real life applications in discriminant analysis. That is the aim of the
next chapter.
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Chapter 6

Two real life applications

In this chapter we will deal with two real life applications of the kernel method.
First, we want to perform a test of normality for the variable X = (X1, X2)
that describes weight and height. Secondly, we want to perform discriminant
analysis to some data in order to do some classification. These two procedures
will be done upon some real medical data taken from a cholesterol data set from
a hospital in Ecuador.

6.1 Test for normality in weight and height

In their paper, Bowman and Foster give an statistic for testing multivariate
normality based on kernels. The statistic for the univariate case is given by∫ ∞

−∞

{
N(x, 1 + h2)− f̂(x)

}2

dx

where N(x, 1 + h2) is the normal density evaluated in x, with mean 0 and
variance 1 + h2, where h is the kernel window width. Then, the statistic is
easily extended to the multivariate case to obtain:∫

Rd

{
Nd(x, (1 + h2)I)− f̂(x)

}2

dx (6.1)

where Nd(x, (1 + h2)I) is the multivariate normal density at x with mean 0
and covariance matrix (1 + h2)I (I is the d-dimensional identity matrix). So,

if the kernel used for f̂(x) is the Gaussian kernel, then the integral can be
analytically solved to obtain

Nd(0, 2(1 + h2)I)− 2

n

∑
i

Nd(xi, (1 + 2h2)I)

+
1

n
Nd(0, 2h

2I) +
2

n2

∑
i<j

Nd(xi − xj , 2h
2I)
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where n is the sample size.

Using this statistic we can do some simulations to obtain the quantiles and
perform a hypothesis test. With a sample X1,X2, ...,Xn that describes the
weight and height of a male population we can proceed by using the statistic
given by Bowman and Foster in their paper. Hence, we obtain the following
quantile table:

Table 6.1: Quantiles

0.90 0.925 0.95 0.975
0.0007111966 0.0007278920 0.0007617386 0.0008114545

The quantiles were calculated by simulation with the statistic. That means
they are empirical quantiles, which was also a performed procedure by Bowman
and Foster. Now, when we calculate the statistic for the sample of size 187 (after
being standardized), we obtain a value of 0.003183856 which is way bigger than
any of the values in table 6.1. Hence, there is no normality for the bivariate
variable that describes weight and height.

6.2 Discriminant analysis for triglyceride diag-
nosis

We have at hand, information about cholesterol in patients in a hospital in
Ecuador. This data also includes information about arterial tension, choles-
terol, weight, glucose among other variables. It is interesting to observe if a
patient’s status can be predicted just from observing some of the other features
in a patient. This can be useful if for instance if running a certain test is expen-
sive a the rate of inference of the status from the other results is fairly reliable.
In this particular data set, we could be interested in deciding whether or not
a patience has problems with triglyceride, based upon results, for instance, of
cholesterol, glucose, weight and gender.

Thus, what we will do is estimate p(x | ωi), P (ωi) and p(x) where ω1 means
that the patient is inside standard triglyceride range and ω2 that the patient is
outside the standard triglyceride range. and x is the feature vector that includes
various variables. For p(x | ωi) and p(x) we will use kernel density estimation,
whereas for P (ωi) we will simply estimate it as an empiric rate. This estimation
will asymptotically approximate the Bayes classifier, which as was said in the
previous chapter, is the best in terms of expected value. Since the sample had
size 2677, we chose our training data to be of size ≈ 60% of the total points.
This reduced sample was randomly obtained without replacement from the total
data set. The remaining ≈ 40% was used to check the accuracy of the proce-
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dure. The kernel used was the Gaussian.

Initially, the experiment was done using several variables. The results were
a disaster, since the little amount of data and the high dimensionality (more
than 4), led to the misclassification of in more than 50% of the cases. This is
known in literature as the ”curse of dimensionality”. The general idea behind
this issue is that in higher dimension the points are much more disperse, hence a
lot of points are needed. Another problem was that some of the variables taken
in consideration were not related in a significant way. After some analysing
the data in some deeper sense (using correlation coefficients and observing some
correlation plots), the variables that were chosen for the classifier were C.H. and
LDL, two variables to be related to the triglyceride. These had an interesting
correlation plot, which can be seen in figure 6.1. Now, when the discriminant

Figure 6.1: Correlation between HDL and CH, for high and low triglyceride
data

analysis was performed several times (with different random sub-samples), the
results in table 6.2 were obtained. The results in the table account for the
proportion of the two types of error the classifier can have and the total error
proportion. That is, Type 1 Error is the error that occurs when the classi-
fier says that the patient has low triglyceride results when he actually has high
triglyceride results. Likewise, Type 2 Error occurs when the classifier says
that the patient has high triglyceride results when he actually has low triglyc-
eride results. The Total Error is just the addition of the two previous errors.
Notice that the accomplished results are good since in none of the trials the
total error goes higher than 30%, which means that the classifier is over 70%
accurate, a quite satisfactory result.
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This little experiment was just a verification on the discriminant analysis

Table 6.2: Classification Errors

Trial Type 1 Error Type 2 Error Total Error

1 0.06603774 0.13207547 0.19811321
2 0.1226415 0.1415094 0.2641509
3 0.21698113 0.05660377 0.27358491
4 0.19811321 0.04716981 0.24528302
5 0.1132075 0.1415094 0.2547170
6 0.1698113 0.1226415 0.2924528
7 0.1415094 0.0754717 0.2169811
8 0.16037736 0.09433962 0.25471698
9 0.1132075 0.1415094 0.2547170
10 0.1037736 0.1037736 0.2075472

procedures described in the previous chapter. The results were as expected, an
reveal the utility of the kernel estimation method for the area of discriminant
analysis. The experiment was important since it showed that high dimensional-
ity is a determining factor when estimating densities. Also, it enlightens about
the difficulty of some problems, since the correlation between features is a de-
termining aspect towards classification. Thus, the applicability of the density
estimation techniques shown in this work is settled, the discriminant analysis
demands some further knowledge about what is being classified, in order to
obtain an efficient and accurate discrimination.



Chapter 7

Appendix A

7.1 Univariate Kernel Graphs

The following are the graphs of some univariate kernels.

(a) Gaussian Kernel (b) Epanechnikov Kernel

57



58 CHAPTER 7. APPENDIX A

(c) Bi-weight Kernel (d) Triangular Kernel

(e) Rectangular Kernel



Chapter 8

Appendix B

8.1 Bivariate Kernel Graphs

The following are the graphs of some bivariate kernels.

(f) Gaussian Kernel
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(g) Epanechnikov Kernel

(h) K2 Kernel

(i) K3 Kernel



Chapter 9

Appendix C

Table 9.1: Heights of 220 men (in cm)

161 159 169 171 159 165 158 162 160 167
161 170 167 171 165 162 170 159 167 151
170 168 161 155 170 168 155 169 161 157
165 161 156 171 163 166 157 168 166 163
172 170 163 163 171 161 163 165 160 166
163 170 159 166 171 168 166 170 167 172
176 163 158 163 161 170 175 171 174 169
167 172 166 174 169 171 173 165 167 158
167 162 155 154 172 160 152 162 165 152
165 169 171 166 162 169 178 163 154 178
163 158 165 168 173 165 171 164 163 175
170 168 165 171 164 162 174 163 163 156
169 162 171 170 167 161 170 166 165 164
159 165 180 159 171 166 178 162 161 166
171 158 159 156 165 171 164 168 164 161
166 168 156 164 167 162 169 168 163 159
165 164 156 175 162 162 169 166 167 179
159 174 171 177 164 168 164 161 173 154
159 163 177 170 174 156 167 148 180 175
167 160 172 160 159 155 154 165 180 164
171 161 168 154 177 162 167 177 174 158
168 165 164 168 157 167 157 166 161 165
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Table 9.2: Height and Weight of 220 men (in meters and kilograms respectively)

1.61 72.2 1.59 69.7 1.59 69.1 1.65 72.0 1.60 67.9 1.67 78.7
1.61 65.7 1.70 73.4 1.65 69.0 1.62 74.9 1.67 75.7 1.51 61.9
1.70 75.1 1.68 72.9 1.70 71.3 1.68 77.6 1.61 64.2 1.57 59.6
1.65 68.6 1.61 67.2 1.63 73.0 1.66 69.8 1.66 71.1 1.63 71.2
1.72 70.8 1.70 74.8 1.71 77.4 1.61 67.8 1.60 68.1 1.66 72.8
1.63 77.2 1.70 79.2 1.71 73.2 1.68 71.0 1.67 75.6 1.72 74.1
1.76 81.2 1.63 69.4 1.61 70.2 1.70 77.5 1.74 80.7 1.69 74.4
1.67 75.7 1.72 83.3 1.69 80.3 1.71 84.5 1.67 69.6 1.58 61.8
1.67 76.6 1.62 71.2 1.72 75.9 1.60 63.9 1.65 79.2 1.52 61.4
1.65 68.8 1.69 75.6 1.62 67.4 1.69 73.8 1.54 58.4 1.78 87.6
1.63 65.1 1.58 67.0 1.73 81.9 1.65 70.2 1.63 73.3 1.75 87.7
1.70 77.5 1.68 77.2 1.64 72.8 1.62 76.2 1.63 79.9 1.56 66.3
1.69 70.9 1.62 70.3 1.67 77.1 1.61 70.0 1.65 67.8 1.64 72.5
1.59 71.8 1.65 79.1 1.71 78.5 1.66 72.3 1.61 71.8 1.66 70.6
1.71 81.0 1.58 65.6 1.65 69.9 1.71 74.5 1.64 76.4 1.61 66.9
1.66 74.1 1.68 78.3 1.67 73.9 1.62 71.1 1.63 70.4 1.59 66.1
1.65 72.4 1.64 74.0 1.62 65.2 1.62 77.4 1.67 73.5 1.79 90.0
1.59 64.6 1.74 79.8 1.64 75.2 1.68 77.4 1.73 78.3 1.54 59.1
1.59 62.1 1.63 81.8 1.74 84.0 1.56 65.6 1.80 83.6 1.75 82.1
1.67 66.0 1.60 65.6 1.59 62.4 1.55 65.8 1.80 90.5 1.64 73.8
1.71 83.7 1.61 73.0 1.77 82.1 1.62 65.7 1.74 81.1 1.58 64.7
1.68 76.2 1.65 72.5 1.57 64.2 1.67 78.7 1.61 67.6 1.65 70.5
1.69 79.6 1.71 77.2 1.58 65.6 1.62 63.6
1.67 73.4 1.71 84.7 1.70 75.5 1.59 62.2
1.61 65.1 1.55 57.5 1.55 66.3 1.69 74.5
1.56 61.9 1.71 82.1 1.57 56.7 1.68 78.5
1.63 73.4 1.63 65.9 1.63 69.5 1.65 74.3
1.59 68.3 1.66 71.2 1.66 73.2 1.70 78.3
1.58 73.2 1.63 68.2 1.75 79.1 1.71 79.2
1.66 70.1 1.74 75.7 1.73 81.1 1.65 71.2
1.55 56.4 1.54 67.6 1.52 59.1 1.62 70.2
1.71 72.5 1.66 74.1 1.78 82.7 1.63 72.0
1.65 69.5 1.68 72.7 1.71 77.8 1.64 74.4
1.65 68.0 1.71 79.6 1.74 80.5 1.63 73.1
1.71 73.4 1.70 73.1 1.70 84.2 1.66 67.0
1.80 90.0 1.59 70.5 1.78 86.7 1.62 70.4
1.59 73.8 1.56 61.2 1.64 72.8 1.68 79.3
1.56 60.7 1.64 71.9 1.69 73.5 1.68 72.0
1.56 64.7 1.75 81.3 1.69 70.0 1.66 77.6
1.71 86.4 1.77 82.2 1.64 63.8 1.61 70.4
1.77 84.9 1.70 76.3 1.67 74.3 1.48 60.3
1.72 81.6 1.60 74.1 1.54 60.9 1.65 73.0
1.68 77.4 1.54 57.4 1.67 82.1 1.77 81.7
1.64 78.5 1.68 75.3 1.57 69.7 1.66 70.1
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Table 9.3: Eruption Lenght of Old Faithful Geyser(min)

4.37 2.33 3.33 4.18 4.50 4.58
4.70 4.57 3.73 4.58 1.80 3.50
1.68 3.58 1.67 3.50 3.70 1.80
1.75 3.70 4.63 4.62 2.50 4.28
4.35 4.25 1.83 4.03 2.27 4.33
1.77 3.58 2.03 1.97 2.93 4.13
4.25 3.67 2.72 4.60 4.63 1.95
4.10 1.90 4.03 4.00 4.00
4.05 4.13 1.73 3.75 1.97
1.90 4.53 3.10 4.00 3.93
4.00 4.10 4.62 4.33 4.07
4.42 4.12 1.88 1.82 4.50
1.83 4.00 3.52 1.67 2.25
1.83 4.93 3.77 3.50 4.25
3.95 3.68 3.43 4.20 4.08
4.83 1.85 2.00 4.43 3.92
3.87 3.83 3.73 1.90 4.73
1.73 1.85 4.60 4.08 3.72
3.92 3.80 2.93 3.43 4.50
3.20 3.80 4.65 1.77 4.40
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Chapter 10

Appendix D

The following are the main algorithms used in this project (they are encoded
for R statistical software):

10.1 Univariate Kernel Estimators

The following are the kernel estimating functions in R for the Gaussian, trian-
gular, Epanechnikov, bi-weight and rectangular kernels.

#method that calculates the Bowman and Foster h given

#the sample size n and the dimension d

calh=

function (n,d)

{

ba = 4/((d+2) * n)

return(ba^(1/(d+4)))

}

Gaussian Kernel

#method for the kernel estimator using standard

#normal density as kernel function

#The parameters are: x= points where the density

#is being estimated, datos= the points upon which the

#estimator is build and h=smoothing parameter or

#window width.

calftil=

function (x, datos, h = calh(length(datos),1))

{

m = length(x)
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sal = rep(0, m)

#for each entry in the vector x a vector is created.

#This new vector is the kernel evaluation in the

#points of the entry minus the data over the h.

for (j in 1:m) {

vector = dnorm(x[j], mean = datos, sd = h)

#mean of the vector is obtained and stored as

#the estimation at the

#point of the entry

sal[j] = mean(vector)

}

#the estimations for each entry is returned in a vector.

return(sal)

}

Epanechnikov Kernel

#method to calculate the univariate epanechnikov kernel

#function.

epaker=

function (x)

{

m=length(x)

r=rep(0,m)

for(i in 1:m){

if((abs(x[i]))< (sqrt(5))){

r[i]=((3/(4*sqrt(5)))*(1-((x[i]^2)/5)))

}

}

return(r)

}

#method for the kernel estimator using epanechnikov kernel

#The parameters are: x= points where the density is being

#estimated, datos= the points upon which the estimator is

#build and h=smoothing parameter or window width.

calftilepa=

function (x, datos, h = calh(length(datos)))

{

m = length(x)

sal = rep(0, m)

#for each entry in the vector x a vector is created.
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#This new vector is the kernel evaluation in the

#points of the entry minus the data over the h.

for (j in 1:m) {

#mean of the vector is obtained and stored as the

#estimation at the point of the entry.

vector = epaker((x[j]-datos)/h)

sal[j] = (mean(vector))/h

}

#the estimations for each entry is returned in a vector.

return(sal)

}

Bi-weight Kernel

#method to calculate the univariate biweight kernel function.

bipe=

function (x)

{

m=length(x)

r=rep(0,m)

for(i in 1:m){

if((abs(x[i]))< 1){

r[i]=((15/16)*(1-(x[i]^2))^2)

}

}

return(r)

}

#method for the kernel estimator using biweight kernel.

#The parameters are: x= points where the density is

#being estimated, datos= the points upon which the

#estimator is build and h=smoothing parameter or

#window width.

calftilbipe=

function (x, datos, h = calh(length(datos)))

{

m = length(x)

sal = rep(0, m)

#for each entry in the vector x a vector is created.

#This new vector is the kernel evaluation in the points

#of the entry minus the data over the h.

for (j in 1:m) {

#mean of the vector is obtained and stored as the

#estimation at the point of the entry
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vector = bipe((x[j]-datos)/h)

sal[j] = (mean(vector))/h

}

#the estimations for each entry is returned in a vector.

return(sal)

}

Triangular Kernel

#method to calculate the univariate triangular kernel

#function.

triangu=

function (x)

{

m=length(x)

r=rep(0,m)

for(i in 1:m){

if((abs(x[i]))< 1)

{

r[i]=(1-abs(x[i]))

}

}

return(r)

}

#method for the kernel estimator using triangular kernel

#The parameters are: x= points where the density is

#being estimated, datos= the points upon which the

#estimator is build and h=smoothing parameter or

#window width.

calftiltri=

function (x, datos, h = calh(length(datos)))

{

m = length(x)

sal = rep(0, m)

#for each entry in the vector x a vector is created.

#This new vector is the kernel evaluation in the

#points of the entry minus the data over the h.

for (j in 1:m) {

#mean of the vector is obtained and stored as

#the estimation at the point of the entry.

vector = triangu((x[j]-datos)/h)

sal[j] = (mean(vector))/h

}



10.1. UNIVARIATE KERNEL ESTIMATORS 69

#the estimations for each entry is returned in a vector.

return(sal)

}

Rectangular Kernel

#method to calculate the rectangular kernel function.

rectangular=

function (x)

{

m=length(x)

r=rep(0,m)

for(i in 1:m){

if((abs(x[i]))< 1){

r[i]=1/2

}

}

return(r)

}

#method for the kernel estimator using rectangular kernel

#The parameters are: x= points where the density is being

#estimated, datos= the points upon which the estimator is

#build and h=smoothing parameter or window width.

calftilrect=

function (x, datos, h = calh(length(datos)))

{

m = length(x)

sal = rep(0, m)

#for each entry in the vector x a vector is created.

#This new vector is the kernel evaluation in the points

#of the entry minus the data over the h.

for (j in 1:m) {

#mean of the vector is obtained and stored as the

#estimation at the point of the entry.

vector = rectangular((x[j]-datos)/h)

sal[j] = (mean(vector))/h

}

#the estimations for each entry is returned in a vector.

return(sal)

}
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10.2 Univariate K-th nearest Estimator

The following is the k-th nearest estimator function:

#method that calculates the k-th nearest estimator.

#The parameters are x, a vector which gives the points

#where the estimation is wanted, datos, a vector

#that gives the sample points for the estimation and k,

#a numeric parameter.

nearestk=function(x,datos,k=sqrt(length(datos)))

{

m=length(x)

n=length(datos)

sal=rep(0,m)

#for each entry of the vector x

for (j in 1:m)

{

#the k-th distances from the entry of x to each of

#the values in datos is obtained and a vector of

#this distances in order is obtained.

vector=abs(x[j]-datos)

vord=order(vector)

ord=vector[vord]

sal[j]=ord[k]

}

#the estimator is computed in a vectorized manner.

resp=(k/(2*n*(sal)))

#the estimations are returned in a vector.

return(resp)

}

10.3 Kernel Estimators

The following are the kernel estimating functions for the Gaussian, Epanech-
nikov K2 and K3 multivariate kernels

Multivariate Gaussian Kernel

#method to calculate the gaussian kernel. The parameter

# x is a matrix whose columns are points in a finite

#dimensional space.

gaussKer=function(x){

# calculates the gaussian kernel in the columns of the

# matrix x
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para=dim(x)

m=para[2]

d=para[1]

consta=1/((2*pi)^(d/2))

unos=rep(1,d)

norma2=t(x^2)%*%unos

salida=consta*exp(-norma2/2)

return(salida)

}

#method for the kernel estimator using multivariate

#gaussian kernel. The parameters are: x=matrix of

#points where the density is being estimated, datos=

#the matrix of points upon which the estimator is

#build and h=smoothing parameter or window width.

#The columns of the matrix represent the points

calftilgauss=

function(x,datos,h=calh(length(datos[1,]),length(x[,1])))

{

m = length(x[1,])

d=length(x[,1])

sal = rep(0, m)

for (j in 1:m) {

#for each column in the matrix x a vector is

#created. This vector is the kernel evaluation

#in the columns of the matrix minus the matrix of data

#over the h. This is a highly vectorized procedure.

vector = gaussKer((x[,j]-datos)/h)

#the mean of the vector is calculated and

#division by h^d is done.

sal[j] = (mean(vector))/(h^d)

}

#a vector with the estimation in the columns of x

#is returned.

return(sal)

}

Function that calculates the volume of unitary d-dimensional
Sphere

This function is used for the Epanechnikov Kernel estimation.
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#Methods that calculate the volume of the d-dimensional

#unitary sphere

esfvol= function(d)

{

r=(pi^(d/2))/gamma((d/2)+1)

return(r)

}

Epanechnikov Kernel

#method to calculate the epanechnikov kernel. The

#parameter x is a matrix whose columns are points in a

# finite dimensional space.

epaKer=function(x){

#calculates the multivariate epanechnikov kernel in the

# columns of the matrix x

para=dim(x)

m=para[2]

d=para[1]

consta=(.5/esfvol(d))*(d+2)

unos=rep(1,d)

norma2=t(x^2)%*%unos

salida=consta*(1-norma2)

salida[norma2>1]=0

return(salida)

}

#method for the kernel estimator using multivariate

#epanechnikov kernel The parameters are: x=matrix of

#points where the density is being estimated, datos=

#the matrix of points upon which the estimator is build

# and h=smoothing parameter or window width. The columns

#of the matrix represent the points.

calftilepamult=

function(x,datos,h=calh(length(datos[1,]),length(x[,1])))

{

m = length(x[1,])

d=length(x[,1])

sal = rep(0, m)

for (j in 1:m) {

#for each column in the matrix x a vector is created.

#This vector is the kernel evaluation in the columns

#of the matrix minus the matrix of data over the h.

#This is a highly vectorized procedure.

vector = epaKer((x[,j]-datos)/h)
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#the mean of the vector is calculated and division

#by h^d is done.

sal[j] = (mean(vector))/(h^d)

}

#a vector with the estimation in the columns of x is

#returned.

return(sal)

}

K2 Kernel

#method to calculate the k2 kernel. The parameter x is

# a matrix whose columns are points in a finite

#dimensional space.

k2=function(x){

# calculates the multivariate k2 kernel in the columns

#of the matrix x

para=dim(x)

m=para[2]

d=para[1]

consta=3/pi

unos=rep(1,d)

norma2=t(x^2)%*%unos

salida=consta*(1-norma2)^2

salida[norma2>1]=0

return(salida)

}

#method for the kernel estimator using multivariate k2 kernel

#The parameters are: x=matrix of points where the density

#is being estimated, datos=the matrix of points upon which

#the estimator is build and h=smoothing

#parameter or window width. The columns of the matrix represent

#the points

calftilk2=

function(x,datos,h=calh(length(datos[1,]),length(x[,1])))

{

m = length(x[1,])

d=length(x[,1])

sal = rep(0, m)

for (j in 1:m) {

#for each column in the matrix x a vector is created.

#This vector is the kernel evaluation in the columns

#of the matrix minus the matrix of data over the h.
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#This is a highly vectorized procedure.

vector = k2((x[,j]-datos)/h)

#the mean of the vector is calculated and division by

#h^d is done.

sal[j] = (mean(vector))/(h^d)

}

#a vector with the estimation in the columns of x is returned.

return(sal)

}

K3 Kernel

#method to calculate the k3 kernel. The

#parameter x is a matrix whose columns are points in a

#finite dimensional space.

k3=function(x){

#calculates the k3 multivariate kernel in the columns

#of the matrix x

para=dim(x)

m=para[2]

d=para[1]

consta=4/pi

unos=rep(1,d)

norma2=t(x^2)%*%unos

salida=consta*(1-norma2)^3

salida[norma2>1]=0

return(salida)

}

#method for the kernel estimator using multivariate k3 kernel

#The parameters are: x=matrix of points where the density

#is being estimated, datos=the matrix of points upon which

#the estimator is build and h=smoothing parameter or window

#width. The columns of the matrix represent the points

calftilk3=

function(x,datos,h=calh(length(datos[1,]),length(x[,1])))

{

m = length(x[1,])

d=length(x[,1])

sal = rep(0, m)

for (j in 1:m) {

#for each column in the matrix x a vector is created.

#This vector is the kernel evaluation in the columns

#of the matrix minus the matrix of data over the h.
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#This is a highly vectorized procedure.

vector = k3((x[,j]-datos)/h)

#the mean of the vector is calculated and division

#by h^d is done.

sal[j] = (mean(vector))/(h^d)

}

#a vector with the estimation in the columns of x

#is returned.

return(sal)

}

10.4 Cross-Validation Algorithms

The following are the Cross-Validation implementations for the univariate case.

Integration Function

# method that calculates the integrals by trapezoids.

#The parameters x and y are vectors. x is the domain

#of the function and y is the evaluation of the

#function at the points x. The length of both vectors

#must be the same. x is a equally spaced partition of

#an interval.

integ=function(x,y){

k=length(x)

#equally spaced partition of the interval case is assumed.

delta=x[2]-x[1]

#the trapezoid approximation is done in each step of

#the partition.

salida=(y[1]+2*sum(y[2:(k-1)])+y[k])*delta/2

#the estimated integral is returned.

return(salida)

}

Least-squares Cross-validation

#Least squares cross validation method using Gaussian kernel.

#The parameter h is a vector that indicates the poinsts

#where the function M_0(h) is to be evaluated.

lsxvnormal= function (h)

{

n=length(h)
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M=rep(0,n)

m = length(puntos)

#vector where the integrals of the squared estimator

#at a given h will be stored is initilized in 0’s.

integrales=rep(0,n)

x=seq(min(puntos)-5,max(puntos)+5, by=0.001)

#for each entry of h the calculation of the M_0

#function is done.

for(i in 1:n)

{

sal = rep(0, m)

y=(calftil(x,puntos,h[i]))^2

#the integral of the squared estimator for the given

#entry of h is stored in the vector of integrals.

integrales[i]=integ(x,y)

for (j in 1:m)

{

datosact=puntos[-j]

xact=puntos[j]

#a vector with entries f_-j tilde is created.

vector = dnorm(xact, mean = datosact, sd = h[i])

#in the j-th entry the mean of the vector is stored.

sal[j] = mean(vector)

}

#in the i-th entry, the 2 times the mean of the

#f_-j is stored.

M[i]=2*mean(sal)

}

M=integrales-M

return(M)

}

Likelihood Cross-validation

#Method that evaluates the CV function of Likelihood

#Cross Validation. The parameter h is a vector that

#constains the values of different hs that are to

#be evaluated in CV.

lxvnormal= function (h)

{

n=length(h)

M=rep(0,n)
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m = length(puntos)

for(i in 1:n)

{

sal = rep(0, m)

for (j in 1:m)

{

datosact=puntos[-j]

xact=puntos[j]

#a vector with entries f_-j tilde is created.

vector = dnorm(xact, mean = datosact, sd = h[i])

#the mean of the f_-j is stored

sal[j] = mean(vector)

}

#the CV of the i-th entry of h is stored.

M[i]=mean(log(sal))

}

#the evaluation of the CV in all values in h is returned

return(M)

}
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