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Chapter 1

Introduction

Quantum field theory (QFT) provides a theoretical approach to constructing quan-
tum models for fields or a many-body systems, that is, it applies to a system that
can be parameterized by an infinite number of dynamical degrees of freedom. For
this reason QFT is of great use in particle physics and condensed matter physics.
When considering interactions between particles the number of particles present
at a certain might not be constant, that is, the number of particles that go into
the system fluctuates and may differ from the number of outgoing particles. This
makes QFT a versatile tool when looking at these systems.

One of the most widely used approaches in particle physics is the applica-
tion of the standard model for elementary particles which describes all possible
interactions between these elementary particles. As we know there are 4 forces
in nature under which we can categorize all interactions between particles, the
electromagnetic force, weak force, strong force and gravity. The standard model
as such, is a relativistic quantum field theory and all interactions fall under a pertur-
bative quantum field theory where forces between particles are mediated by other
particles. Now, the standard model offered a way to predict interactions between
elementary particles, it was now required to find a way to endow these interac-
tions experimental verification. This was done by means of cross-sections. So now
it was necessary to calculate cross sections for all interactions that were possible
under the conservation laws and selection rules. However, at the beginning of the
formulation of QFT many calculations, like the perturbation of an electron in the

5



Chapter 1. Introduction 6

presence of an electromagnetic field, resulted in answers that allowed the appear-
ance of divergent quantities. These infinites were obtained under perturbation
theory and were a result of summing over all possible energy levels, which would
lead to a divergent result.

The solution to these problems was obtained thanks to the covariant formu-
lation of perturbation theory developed by Feynman, Schwinder, Tomonaga and
Dyson (among others). This led to the idea of renormalization. An essential part of
renormalization is based on the fact that the divergent quantities can be identified
as observable quantities (such as the charge or mass of an electron). As such, since
the 1950s there have been many renormalization techniques developed that have
been very successful, as far as comparing the theoretical result with the actual
result from experimentation. However, many of these renormalization methods
are, from a fundamental point of view, heuristic and difficultly justifiable in a
consistent physical-mathematical theory.

The motivation behind this study is to understand and manage the necessary
concepts in quantum field theory to be able to find expressions for scattering cross
sections, understand the appearance of divergences and apply the more traditional
methods of renormalization, such as dimensional regularization. Moreover, to
understand the basic concepts behind the work initiated by Stückelberg and his
collaborators and developed by Bogoliubov, Parasiuk, Hepp y Zimmerman in
the BHPZ theory, a more rigorous method of renormalization, by applying the
modified BHPZ method, developed by Falk, Häußling and Scheck [4]. This new
line of study, as well as its formulation done by Epstein and Glaser, permitted to
show that the inconsistencies (which can be associated to the divergent quantities)
can be resolved if we keep in mind, from a beginning, the distributive character of
a quantum field. This new line of study lead to important connections between
quantum field theory and Hopf algebras, non-commutative geometry, etc.

This project will proceed by first explaining the concepts and mathematical
tools necessary during the course of the calculations, this will be seen in chapters
two and three. In chapter four we will explain how to calculate scattering cross
sections and amplitudes in a φ4 theory showing examples and identifying diver-
gent quantities. Chapter five will explain regularization and renormalization with



Chapter 1. Introduction 7

the more traditional method of dimensional regularization. Finally in chapter six
we will apply the modified BHPZ method to compare results with the method
used in chapter five.



Chapter 2

Scattering Processes

The collision of a particle beam onto a target composed of other particles is a
very important phenomenon in physics, especially in high energy physics, in an
attempt to detect the composition of particles in the final state of the system after
the collision. The objective of these experiments is to understand and determine
the interactions that can occur between the colliding particles. In a collision be-
tween elementary particles there will, in general, be annihilation and creation of
particles, and thus the number of incoming particles may differ from the number
of outgoing particles . That is:

a1 + a2 → b1 + b2 + b3 + .... . (2.1)

So there are many possible reactions that can occur during the collision of
particles. The different possibilities are given by the corresponding selection rules
and conservation laws.

2.1 Scattering Cross Sections

To understand scattering processes we must define a scattering cross-section. This
will allow us to be able to relate experimental values to theoretical values. For this
we will consider the classical definition to later extend to a relativistic system.

Consider scattering process like the one described in figure 2.1. The incident
beam travels in the direction of the positive x axis and the potential is located
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Chapter 2. Scattering Processes 9

Figure 2.1: Classical scattering process.

around the origin of the coordinate system. The scattering cross section σ(θ, φ)
is the coefficient of proportionality between the incoming flux of particles, the
number of detected particles dn and the solid angle dΩ. Given by the equation:

dn = Fiσ(θ, φ)dΩ . (2.2)

This indicates that the scattering cross section can be seen as a surface, mea-
sured in units of barns (1barn = 10−24cm). By making simplifications of stationary
scattering states and asymptotic forms for these states, the scattering process can
be related to a probability fluid in steady flow, that is, we relate the incident current
density with the scattered current density. Finally obtaining the equation:

σ(θ, φ) = |M |2 = |〈i| f 〉|2 , (2.3)

where |i〉 and | f 〉 are the initial and final states respectively1.

2.2 Scattering Matrix

In order to motivate the definition of the scattering operator in QFT, let us first
consider the more familiar case of scattering of a quantum particle by an external
potential, as seen in figure 2.2.

We will suppose that this potential only affects the beam during an interval of

1Formal demonstration of this can be found in reference [3] and [6]
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Figure 2.2: Scattering of a quantum particle in initial state |i〉 to a final state | f 〉.

time. Thus we can express the Hamiltonian as H = H0 + V(t), where H0 = P2

2m is
the free particle Hamiltonian. Thus the scattering amplitude can be obtained by
calculating the quantity:

〈In|Out〉 . (2.4)

However, we can think of the incoming particle as a free particle, subject
only to the free particle Hamiltonian, far into the past, and the outgoing par-
ticle as a free particle far into the future. Thus defining the initial state |i〉 =

limt0→−∞ exp−iH0t0|in〉 and similarly a final state | f 〉 = limt→∞ exp−iH0t|out〉. How-
ever, to do this, the interaction due to the potential needs to be accounted for , so
we need to introduce an evolution operator for the period of time in which the
interaction is present, that is U(t, t0). Thus obtaining a new expression

〈In|Out〉 = lim
t→∞,t0→−∞

〈i|eiH0t0U(t, t0)e−iH0t
| f 〉 . (2.5)

With this we obtain the expression for the scattering operator or scattering
matrix,

S = lim
t→∞,t0→−∞

eiH0t0U(t, t0)e−iH0t , (2.6)

so the scattering amplitude can be obtain by calculating the quantity
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〈In|Out〉 = 〈i|S| f 〉 . (2.7)

Given particles in an initial state |i〉 and final state | f 〉.

Equation 2.6 shows that it will be useful to consider the interaction Picture. We
consider this in the next section.

2.3 Interaction Picture

Consider a Hamiltonian if the form:

H = H0 + HI , (2.8)

where H0 is the free Hamiltonian of the system and HI is the interaction Hamil-
tonian for the system. In most cases H0 can be diagonalized but a direct solution
to H cannot be found. So a very useful way to describe the dynamics of the system
is to transform the system to the interaction picture, as explained below.

In the Scrödinger picture, operators are time-independent while the quantum
states evolve in time as |φ〉S(t) = e−iĤt

|φ〉S(0) (the subscript S indicates that the state
is in the Scrödinger picture). However, in the Heisenberg picture the quantum
states are time-independent and the operators evolve with time. The two pictures
are related by a time-dependent operator eiHt. That is, |φ〉H(t) = eiHt

|φ〉S(t) = |φ〉S(0).
An operator O for the Heisenberg picture is given by

OH = eiHtOSe−iHt . (2.9)

In the interaction picture there is a similar relationship in which instead of
using the full Hamiltonian we only consider H0. That is, a state in the interaction
picture is written as

|φ〉I = eiH0t
|φ〉S . (2.10)

With this definition, one finds that in the interaction picture the time depen-



Chapter 2. Scattering Processes 12

dence is given by the interaction HI according to the equation

i
d
dt
|φ〉I(t) = H

′

I |φ〉I(t) , (2.11)

where H′

I is already in the Interaction picture and depends on time as H′

I =

eiH0tHIe−iH0t. So the evolution operator for the interaction picture will satisfy

|φ〉I(t) = UI(t, t0)|φ〉I(t0) (2.12)

and can thus be written as

UI(t, t0) = eiHtUS(t)e−iHt . (2.13)

In quantum field theory, the use of the interaction picture leads to a covariant
expression for the scattering operator which, in compact form looks as equation
2.14. This will be the starting point when we consider the Dyson series.

S = lim
t→∞,t0→−∞

eiH0tUS(t)e−iH0t = lim
t→∞,t0→−∞

UI(t, t0) = UI(∞,∞) (2.14)



Chapter 3

The Scalar Field

Consider the case of the real scalar field. This will be sufficient to identify scattering
processes, Feynman rules and the appearance of divergences.

3.1 Klein-Gordon Equation

The simplest relativistic invariant equation is given by the Klein-Gordon equation:(
� + m2

)
φ = 0 . (3.1)

As is well known, this equation is not completely similar to the Scrödinger
equation due to the fact that quantities such as the probability current and prob-
ability density can take on negative values, hence the quantities J , ρ lose their
interpretation as probability current and density. Moreover the Klein-Gordon
equation allows for negative energies given that the solution for energy is E =

±

(
m2c4 + p2c2

)1/2
. The Klein-Gordon equation cannot be, fully, interpreted as a

wave equation in the probabilistic sense of quantum mechanics. The Klein-Gordon
equation can also be obtained from the Lagrangian

L =
1
2

(∂µφ)(∂µφ) −
m2

2
φ2 . (3.2)

Or, equivalently, from:

13



Chapter 3. The Scalar Field 14

L =
1
2

[(∂0φ)2
− (~∇φ)2

−m2φ2] . (3.3)

This Lagrangian can be used to obtain the Klein-Gordon equation, using the
Euler-Lagrange equations. In addition, from the Lagrangian we can obtain, via
Noether’s theorem, expressions for the energy and momentum of the field.

3.2 Real Klein-Gordon Field

By means of the Lagrangian given in equation 3.2 the energy for a real Klein-
Gordon field2 will be given as:

H =

∫
[(∂0φ)2 + (~∇φ)2 + m2φ2]d3x . (3.4)

These energies can no longer take on negative values, they are always positive
definite. This fact was, historically, one of the key points that led to the under-
standing of (quantized) fields in terms of particles. The field φ(x) now becomes a
Hermitian operator that can be obtained through Fourier expansion, the general
form for the Scalar field φ(x) is:

φ(x) =

∫
d3k

(2π)3/22Ek
[a(k)e−ikx + a†(k)eikx]|k0=Ek . (3.5)

Or by defining fk(x) = 1
(2π)3/2 e−ikx this can be rewritten as:

φ(x) =

∫
d3k
Ek

[a(k) + fk(x)a†(k) f ∗k (x)]|k0=Ek , (3.6)

where the fk provide an orthonormal set, in the following sense:∫
f ∗k i
←→
∂0 fk′ (x) = δ3(~k − ~k′) . (3.7)

So by using this orthonormality relation, equation 3.5 can be inverted to obtain
expressions for a†(k) and a(k). The operators a†(k) and a(k) are the creation and
annihilation, respectively, operators for the field. The create or destroy a particle

2A more extensive explanation of the real Klein-Gordon field can be found in [7]
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with momentum k. These operators have the following commutation relations:

[a(k), a†(k
′

)] = 2Ekδ(k − k
′

) , (3.8)

[a(p), a(p
′

)] = 0 , (3.9)

[a†(k), a†(k
′

)] = 0 . (3.10)

Also, the operator for number of particles can be defined as:

a†(k)a(k) = N(k) , (3.11)

N(k)|n(k)〉 = n|n(k)〉 . (3.12)

To give a different perspective to the real Klein-Gordon field from equation 3.4

the transformations P(k) =
(

Ek
2

)1/2
[a(k) + a†(k)] and Q(k) = i

(2Ek)1/2 [a(k) − a†(k)]. can
be applied to obtain the following expression for the energy:

H =

∫
d3k

(
1
2

P2(k) +
E2

k

2
Q2(k)

)
. (3.13)

The energy of the Klein-Gordon field now take the form of an infinite sum of
harmonic oscillators each with a momentum k.

3.3 The Dyson Series

The Dyson series is a very important mathematical tool that allows us to obtain
a fully covariant, perturbative expansion of the scattering operator. We begin
by looking at a system with a Hamiltonian H = H0 + H′

I where H0 is the free
Hamiltonian and H′

I is the interaction Hamiltonian in the Schrödiger picture. As
we saw in the interaction picture we defined the interaction Hamiltonian as:

HI = eiHotH
′

Ie
−iH0t . (3.14)
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So to see the evolution of a quantum state we look at the evolution operator in
the interaction picture. That is

|ψ〉I(t) = U(t, t0)|ψ〉I(t0) , (3.15)

where U(t = t0) = 1. The evolution operator in the interaction picture must
satisfy the equation:

i
d
dt

ÛI(t, t0) = Ĥ′

I(t)ÛI(t, t0) . (3.16)

The formal solution to the equation above, obtained through iteration, is the
Dyson series ([5]).

ÛI(t, t0) = 1 +

∞∑
n=1

(−i)n
∫
...

∫
to<t1<...tn<t

dtn...dt1ĤI(tn)...ĤI(t1) . (3.17)

It is possible to see that there is an order in the Dyson series because of the
position of the operators, that is the operator to the right will act first followed by
the next one to the left, etc. This will allow the use of the time ordering operator
to simplify the expression above. Consider the 2 dimensional case by defining the
following:

T
(∫ t

t0

dt
′

HI(t
′

)
)2

≡ T
∫ t∫

t0

dt1dt2HI(t1)HI(t2) ≡
∫ t∫

t0

dt1dt2THI(t1)HI(t2)

=

"
t0<t1<t2<t

dt1dt2HI(t2)HI(t1) +

"
t0<t2<t1<t

dt1dt2HI(t1)HI(t2) .
(3.18)

However these two integrals at the end are equivalent because there exists a
symmetry t1 ↔ t2. So by evaluating both integrals the same result will be obtained.

"
t0<t2<t1<t

dt1dt2HI(t1)HI(t2) =
1
2

T
(∫ t

t0

dt
′

HI(t
′

)
)2

. (3.19)

So when the Dyson series is taken to higher orders where t0 < t1 < t2.... <
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tn < t there are n! possible simplexes, but by applying permutation symmetry all
integrals will be equal. So the integral term in the Dyson series can be written as:∫

...

∫
to<t1<...tn<t

dtn...dt1HI(tn)...HI(t1) =
1
n!

∫ t

...

∫
t0

dtn...dt1tHI(tn)...HI(t1)

=
1
n!

T
(∫ t

t0

dt
′

HI(t
′

)
)
.

(3.20)

And by substituting this into the Dyson series the following expression is
obtained:

ÛI(t, t0) = 1 +

∞∑
n=1

(−i)nT
(∫ t

t0

dt
′

ĤI(t′)
)n

= Texp
(
−i

∫ t

t0

ĤI(t′)
)
. (3.21)

This series will allow the interaction evolution operator to be placed in terms
of the interaction Hamiltonian. For all further calculations the subscript I will be
dropped to simplify notation, if a picture either than the interaction picture is used
it will be specified.

3.4 Wick’s Theorem

Wick’s theorem is also an important mathematical tool when dealing with linear
combinations and products of operators. It allows a series of operators to be placed
in a normal ordered linear combination. Operators are said to be in normal order
when all the annihilation operators are to the right and all creation operators to
the left, for example a†a†aa is in normal order but a†aaa† is not in normal order. The
way to normally order a combination of creation and annihilation operators is to
use the commutation relations for the operators. For example, the commutation
relations found in equations 3.8 to 3.10. Now a ”contraction” is an element of
the form 〈0|φiφ j|0〉 and refers to the value of the commutation relation that is
need to be employed, the importance here is that the two operators taking place
in the contraction will be canceled out from the normal ordering that remains.
The value for this contraction depends on the commutation relations previously
stated. For example: 〈0|aka†k′ |0〉 = δ(k − k′) (the factor 2Ek will not be taken into
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consideration) while 〈0|a†kak′ |0〉 = 0. This can be generalized to Wick’s theorem for
a linear combination of n operators of the form φi = αiai + βia†i , that is:

φ1φ2....φn =: φ1...φn : +
∑
i< j

〈0|φiφ j|0〉 : φ1... /φi... /φ j...φn :

+
∑

i< j,k<m

: 〈0|φkφm|0〉〈0|φiφ j|0〉 : φ1... /φi... /φ j... /φk... /φm...φn : +... .
(3.22)

We will prove this relation by induction. Consider the case where there are 2
operators of the form φi = αiai + βia†i so

φ1φ2 =: φ1φ2 : +〈0|φ1φ2|0〉 . (3.23)

Which follows from the commutation relations. So now suppose that there are
n-1 operators that can be written as:

φ1φ2....φn − 1 =: φ1...φn−1 : +
∑
i< j

〈0|φiφ j|0〉 : φ1... /φi... /φ j...φn − 1 :

+
∑

i< j,k<m

: 〈0|φkφm|0〉〈0|φiφ j|0〉 : φ1... /φi... /φ j... /φk... /φm...φn : +... .
(3.24)

So to complete the induction step multiply by φn.

φ1φ2....φn−1φn =

: φ1...φn − 1 : +
∑
i< j

〈0|φiφ j|0〉 : φ1... /φi... /φ j...φn−1 : +...

φn . (3.25)

Looking at the individual terms of the series will show the effect of including
φn in the normal ordering is created. Consider the first term with no contractions
: φ1...φn − 1 : φn. This can be easily solved because what what needs to be done is
to apply the relation in equation 3.8 so that new operator can be moved into the
normal ordering. This becomes:

: φ1...φn−1 : φn =: φ1...φn : +

n−1∑
i=1

〈0|φiφn|0〉 : φ1...φn−1 : . (3.26)
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So by including φn in the normal ordering an extra term of all possible first
order contractions of all operators in the original normal ordering withφn appears.
Now the second term would be

(∑
i< j〈0|φiφ j|0〉 : φ1... /φi... /φ j...φn−1 :

)
φn Here again

the commutation relations are applied for each term in the series, the terms differ
in the fact that there are different operators canceled out by the contraction but
this then becomes a sum over all possible contraction of the remaining operators
with φn.

∑
i< j

〈0|φiφ j|0〉 : φ1...φn−1 :

φn =

n−1∑
i< j

〈0|φiφ j|0〉 : φ1...φn :

+
∑

k

∑
i< j

〈0|φiφ j|0〉〈0|φkφn|0〉 : φ1...φn−1 : .
(3.27)

Generalizing, the effect of φn is to create 2 new terms, one that includes φn in
the normal order but is not contracted upon and another term that will increase
the order of contractions by 1 and will contract all possible remaining operators
with φn. The new sums in the two terms that have been considered above can be
summed together and re-written as:

n−1∑
i< j

〈0|φiφ j|0〉 : φ1...φn : +

n−1∑
i=1

〈0|φiφn|0〉 : φ1...φn−1 :

=
∑
i< j

〈0|φiφ j|0〉 : φ1...φn : .
(3.28)

Thus combining these two terms will obtain all possible first order contractions
that can result of normal ordering φ1...φn. Looking at the different terms in the
series we create 2 new terms, one, the original term with φn in normal ordering
with no contractions on φn and another, with all possible contractions over φn of
the remanding operators in the normal order increasing the order of contractions
by 1. When all terms have been expanded in such manner, they can be combined in
terms of equal number of contractions into all possible contractions of that order.
So Wick’s theorem is completed for φ1...φn.
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Wick’s theorem can be extended to the case when 2 or more linear combinations
of normally ordered operators are being multiplied. That is, a combination of
operators of the form φi = αiai + βia†i ψi = αiai + βia†i that are ordered as:

: φ1...φn :: ψ1...ψn . (3.29)

In this case, Wick’s theorem will only allow contractions with operators that are
not in the same group of normal operators. This is due to the fact that contractions
between operators that are already in normal order will always give a result of
zero, 〈0| : φiφ j : |0〉 = 〈0| : ψiψ j : |0〉 = 0. So Wick’s theorem will take on a form:

: φ1...φn :: ψ1...ψn :=: φ1...φnψ1...ψn :

+
∑
i< j

〈0|φiψ j|0〉 : φ1... /φi...φnψ1... /ψ j...ψn : +... . (3.30)

We can also apply Wick’s theorem when there is a time ordering operator
present ([6]). That is operators in the form T{φ1...φn}, these appear when taking
time ordering in the Dyson series. These combination of operators can be written
in the form:

T{φ1...φn} =: φ1...φn : +
∑
i< j

〈0|T{φiφ j}|0〉 : φ1... /φi... /φ j...φn :

+
∑

i< j,k<m

: 〈0|T{φkφm}|0〉〈0|T{φiφ j}|0〉 : φ1... /φi... /φ j... /φk... /φm...φn : +... .
(3.31)

The time ordering operator will now only affect that which is in the contraction
and no longer affect the normal ordering, because there is no need to time-order
normally ordered operators.



Chapter 4

Scattering Processes in a φ4 Theory

We will consider a φ4 interaction theory, where each vertex has 4 lines connected.
For this we will take the Hamiltonian density as

HI = −L = λ : φ4(x) , (4.1)

so that the interaction Hamiltonian will be written as the following integral
over all space,

HI(t) =

∫
d3HI = λ

∫
d3~x : φ4(x) : . (4.2)

With this we can proceed to describe scattering processes in φ4.

4.1 Feynman Rules in a φ4 Theory

The easiest way to calculate the amplitudes of scattering processes is to relate
each process with a Feynman diagram and in turn apply the Feynman rules to
each diagram obtaining the expression necessary to calculate the scattering cross-
section for a specific process. We begin by describing several scattering processes
in φ4 and calculating the scattering amplitude for each diagram so that we can
deduce the Feynman rules for φ4.

Consider a process where the initial state can be described as:|i〉 = |p1, p2〉 =

a†p1
a†p2
|0〉 and a final state that similarly is: | f 〉 = |q1, q2〉 = a†q1

a†q2
|0〉

21
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We need to calculate

M = 〈i|S| f 〉 . (4.3)

We begin by rewriting the scattering matrix as

S = U(∞,−∞) (4.4)

and expanding using the Dyson series

U(∞,−∞) = 1 − (−i)
∫

dt1HI(t1) −
1
2!

"
dt1dt2T(HI(t1)HI(t2)) + ... . (4.5)

By substituting the Interaction Hamiltonian stated in equation 4.2 we obtain:

U(∞,−∞) = 1−(−i)λ
∫

d3~xdt1 : φ4(x) : −
λ2

2!

"
d3~xd3~ydt1dt2T(: φ4(x) :: φ4(y) :)+....

(4.6)

Here we can simplify this expression by looking at a four-vector x as x = (t1, ~x)
and a four vector y as y = (t2, ~y). Thus the expression for the scattering amplitude
becomes

〈i|S| f 〉 = 〈i|1− (−i)λ
∫

d4x : φ4(x) : −
λ2

2!

"
d4xd4yT(: φ4(x) :: φ4(y) :)+ ...| f 〉 . (4.7)

However, we can simplify the notation as a series that expands the scattering
matrix as,

U(∞,−∞) = S(0) + S(1) + S(2) + ... . (4.8)

We can now look at each term, or order of scattering in the series individually,
to observe the different elements that emerge.
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Figure 4.1: Feynman diagram describing a non-interacting process

4.1.1 0th Order

This is the most trivial case due to the fact that S(0) = 1, so in fact there is no
scattering process occurring. This can be seen due to the fact that

〈i|S(0)
| f 〉 = 〈i| f 〉 = 〈0|ap1ap2a

†

q1
a†q2
|0〉 . (4.9)

And by applying Wick’s theorem to the creation and annihilation operators we
can see that the only factors that will be non zero are those with 2 contractions, all
other operators will be in normal order and ap|0〉 = 0. So we have 2 possible cases.

1. We use contraction of the form:

〈i|S(0)
| f 〉 = 〈0|ap1a

†

q1
|0〉〈0|ap2a

†

q2
|0〉〈0|0〉 , (4.10)

which indicates that p1 = q1 and p2 = q2 so the particles do not interact and
leave with the same momentum they came in with.

2. The other possible contractions are of the form

〈i|S(0)
| f 〉 = 〈0|ap1a

†

q2
|0〉〈0|ap2a

†

q1
|0〉〈0|0〉 , (4.11)

which indicates that p1 = q2 and p2 = q1 so the particles do not interact and
leave with the same momentum they came in with.

The possible Feynman diagram that describes this process is in figure 4.1.

4.1.2 1st Order

Consider the second term in the Dyson series. We are interested in calculating:
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〈i|S(1)
| f 〉 = 〈i| f 〉 = 〈0|ap1ap2(−i)λ

∫
d4x : φ4(x) : a†q1

a†q2
|0〉

= (−i)λ
∫

d4x : φ4(x)〈0|ap1ap2 : φ(x)φ(x)φ(x)φ(x)φ(x) : a†q1
a†q2
|0〉 .

(4.12)

Now what we have is a group of 3 normally ordered operators. One group
made up of ap1ap2 , the other is the 4 fields and the last one is a†q1

a†q2
. So if we apply

Wick’s theorem to a group of normally ordered operators we know that we cannot
contract over the same group. Also we will not take into account contractions
of the form 〈0|apia

†

q j
|0〉 because these lead to particles that do not interact and we

are interested in the case in which we do have scattering. With this in mind the
only contractions that will be taken into account are contractions of the particles
with the field (a total of 4 contractions) which means that we have contracted each
creation and annihilation operator with a field. However, this leads to the same
possible Feynman diagram with a multiplicity of 4!. So the expression in 4.12 can
be written as

(−i)4!λ
∫

d4x〈0|ap1φ(x)|0〉〈0|ap2φ(x)|0〉〈0|φ(x)a†q1
|0〉〈0|φ(x)a†q2

|0〉〈0|0〉 . (4.13)

Recall that the scalar field φ(x) if given by

φ(x) =

∫
d3k

(2π)3/22Ek
[a(k)e−ikx + a†(k)eikx] , (4.14)

so what results from the contractions can be seen from looking at one of the
terms 〈0|ap1φ(x)|0〉. Thus, obtaining

〈0|ap1φ(x)|0〉 = 〈0|ap1

∫
d3k

(2π)3/22Ek
[a(k)e−ikx + a†(k)eikx]|0〉

=

∫
d3k

(2π)3/22Ek
〈0|ap1a

†(k)eikx
|0〉 =

∫
d3k

(2π)3/22Ek
eikx[2Ekδ(p1 − k)] =

∫
d3k

(2π)3/2 eikxδ(p1 − k) .

(4.15)
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The same result will be obtained by taking the annihilation operators but will
differ in taking the adjoint, or just a change in sign of the exponential terms.

〈0|φ(x)a†q1
|0〉 =

∫
d3k

(2π)3/2 e−ikxδ(q1 − k) . (4.16)

Then by replacing this result with all the possible contractions we arrive at:

(−i)4!λ
∫

d4x
∫

d3k1

(2π)3/2 eik!xδ(p1 − k1)
∫

d3k2

(2π)3/2 eik2xδ(p2 − k2)

×

∫
d3k3

(2π)3/2 e−ik3xδ(k3 − q1)
∫

d3k4

(2π)3/2 e−ik4xδ(k4 − q2) .

(4.17)

Here we can see the Feynman diagram that is created by this process, mainly
seen in figure 4.2. Also we can further the process to calculate the scattering
amplitude. By integrating over the momentum the equation that we had found
becomes

Figure 4.2: Feynman diagram describing a 1st order procces with 1 vertex.

(−i)4!λ
∫

d4x
ei(p1+p2−q1−q2)

((2π) 3
2 )4

, (4.18)

which by multiplying by (2π)4

(2π)4 can be integrated over x and written in terms
of a delta function (mainly the Fourier transform of the exponential). Then by
substituting λ =

g
4! we obtain
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〈i|S(1)
| f 〉 =

−ig

((2π) 3
2 )4

(2π)4δ(p1 + p2 − q1 − q2) . (4.19)

Obtaining the amplitude of the Feynman diagram:

M =
−ig

((2π) 3
2 )4

. (4.20)

From equation 4.19 we can see the Feynman rules for φ4.

1. An incoming or outgoing line gives a factor of 1

(2π)
3
2
.

2. A vertex contributes a factor of −ig.

3. Total momentum conservation given by (2π)4δ(pi − q f ).

4.1.3 2nd Order

For a second order calculation we now take S(2) = − 1
2!

!
dt1dt2T(HI(t1)HI(t2)) how-

ever this time there are two interaction Hamiltonians present in the term from the
Dyson series. As is written before this can be rewritten in as:

λ2

2!

"
d4xd4yT(: φ4(x) :: φ4(y) :) . (4.21)

So the expression to be worked with is

〈i|S(2)
| f 〉 = 〈0|ap1ap2

−λ2

2!

"
d4xd4yT(: φ(x)φ(x)φ(x)φ(x) :

: φ(y)φ(y)φ(y)φ(y) :)a†q1
a†q2
|0〉.

(4.22)

The possible contractions that can be obtained from the term (ap1ap2T(: φ(x)4 ::
φ(y)4 :)a†q1

a†q2
) will allow better understanding of which Feynman diagram emerges

by considering certain contractions. Unlike the non-interaction and the first or-
der case, in the second order expansion of the Dyson series, multiple Feynman
diagrams can be obtained.
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Consider the case in which we connect both incoming particles to the same
point x0, then both outgoing particles to a different point y0 and suppose x0 < y0.
Then we limit the possible contractions of the incoming particles which will be of
the form 〈0|apiφ(x)|0〉 and outgoing particles are limited to 〈0|φ(y)a†pi

|0〉. By using
these contractionse two contractions are left between the 4 fields that remain.
That is, two terms in the form: 〈0|T(φ(x)φ(y))|0〉, which are the propagators of
the system which will be calculated later on. So the Feynman diagram obtained
is seen in figure 4.3(a). This Feynman diagram has a multiplicity of 4 × 3 × 4!
that can be obtained from all the possible contractions that are limited to what is
mentioned above.

Figure 4.3: Feynman diagram describing a second order process with 2 vertices.

In the same manner we consider an incoming particle to the point x0 and the
other one to the point y0. The same for the outgoing particles, one outgoing from x0

and the other from y0. Now, we suppose that x0 = y0, we then obtain the Feynman
diagram in figure 4.3(b). Now suppose that x0 < y0 then we obtain the Feynman
diagram in figure 4.3(c). These diagrams also have a multiplicity of 4 × 3 × 4!.

However, in the case of a second order process a contraction of the form
〈0|apia

†

p j
|0〉 can be taken into consideration. If only one of these contractions is used,

then the remaining contractions are of the incoming particle with a field and an
outgoing particle with a field. 3 contractions of the form 〈0|T(φ(x)φ(y))|0〉 remain.
This means that a Feynman diagram like the one of figure 4.4(a) is obtained. This
Feynman diagram has a multiplicity of 4 × 2 × 4! and describes a process of auto-
energy. The last remaining possibility is to contract both incoming particles with
outgoing particles and have all 4 remaining contractions of only fields. This leads
to a vacuum energy diagram like the one described in figure 4.4(b). These vacuum
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diagrams have a multiplicity value of 2 × 4!.

Figure 4.4: Feynman diagram describing a second order process with 2 vertices.
Process (a) is a auto-energy diagram (or sunrise diagram) and process (b) is a
vacuum energy diagram.

Taking into account the different possible Feynman diagrams, only the scat-
tering amplitude for diagrams from figures 4.3(a) and 4.4(a) will be calculated
beginning with the diagram illustrated in figure 4.3(a). Using Wick’s theorem for
normally ordered operators in groups and with time-ordering then,

〈i|S(2)
| f 〉 = 〈0|ap1ap2

−λ2

2!

"
d4xd4yT(: φ(x)φ(x)φ(x)φ(x) :: φ(y)φ(y)φ(y)φ(y) :)a†q1

a†q2
|0〉

=

"
d4xd4y

λ2

2!
〈0|ap1φ(x)|0〉〈0|ap2φ(x)|0〉〈0|T(φ(x)φ(y))|0〉〈0|T(φ(x)φ(y))|0〉

×〈0|φ(y)a†q1
|0〉〈0|φ(y)a†q2

|0〉 .

(4.23)

By the use of equations 4.15 and 4.16 the contraction terms of the particles and
the fields can be replaced obtaining:

"
d4xd4y

−λ2

2!

∫
d3k1

(2π)3/2 eik1xδ(p1 − k1)
∫

d3k2

(2π)3/2 eik2xδ(p2 − k2)〈0|T(φ(x)φ(y))|0〉

〈0|T(φ(x)φ(y))|0〉
∫

d3k3

(2π)3/2 e−ik3 yδ(q1 − k3)
∫

d3k4

(2π)3/2 e−ik4 yδ(q2 − k4) .

(4.24)
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Now we need to calculate the value of the terms 〈0|T(φ(x)φ(y))|0〉. To do this
some mathematical tricks need to be used but the goal is to leave an expression
in momentum space so that it is easier to manage and relate with the terms in the
equation above.

〈0|T(φ(x)φ(y))|0〉 = 〈0|T(
∫

d3k
(2π)3/22Ek

[a(k)e−ikx + a†(k)eikx])∫
d3k

(2π)3/22Ek
[a(k)e−iky + a†(k)eiky]|0〉 .

(4.25)

If no time-ordering operator were present in equation 4.25 then only 1 term
would survive, that which has a creation operator on the left and a annihilation
operator on the right, all other terms would be zero. However, the time-ordering
makes forces another possible term due to the fact that we can order the creation
and annihilation operators depending on two cases in which a point x0 < y0 or
y0 < x0. That means that the above equation can be written as:

〈0|T(φ(x)φ(y))|0〉 =

∫
d3k
2Ek

d3k
[
Θ(x0 − y0)

e−ik(x−y)

(2π)3 + Θ(y0 − x0)
e−ik(y−x)

(2π)3

]
. (4.26)

This result takes into account a delta function that turns up when evaluating
the two possible creation and annihilation operators for the field. Where Θ(x) is
the Heaviside step function. Now since k is a 4-vector it can be separated into its
time component and space component parts. k = (Ek,~k). Also since d3k is invariant
in the momentum space, the volume element will no change due to changes on k,
the second term in the integral can be transformed form k→ − k. Obtaining

∫
d3k

(2π)32Ek
e−i~k(~x−~y)

[
Θ(x0 − y0)e−iEk(x0−y0) + Θ(x0 − y0)e−iEk(y0−x0)

]
. (4.27)

Now the Heaviside step function can be written in integral form as

Θ(x) =
i

2π
lim
ε→0+

∫
∞

−∞

dτ
eixτ

τ + iε
. (4.28)
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Then by replacing the Heaviside step function for the equation in 4.28 the
expression in equation 4.27 becomes

i
(2π)42Ek

∫
d3ke−i~k(~x−~y)

[∫
∞

−∞

dk0
e−i(x0−y0)(Ek+k0)

k0 + iε
+

∫
∞

−∞

dk0
ei(x0−y0)(k0+Ek)

k0 + iε

]
. (4.29)

Now by changing the variables in the first integral by k′0 = Ek + k0 and in the
second integral by −k′0 = Ek + k0 then the expression can be simplified as

i
(2π)42Ek

∫
d3ke−i~k(~x−~y) lim

ε→0+

∫
∞

−∞

dk
′

0e−i(x0−y0)k
′

0

[
1

Ek − k′0 + iε
+

1
Ek + k′0 − iε

]
, (4.30)

where the variable k′ can now be written as k to simplify the notation, also with
this result we can merge both integrals and integrate over d4k. The result depends
on the terms that are in the fractions.

i
(2π)42Ek

∫
d4ke−i~k(~x−~y)e−i(x0−y0)k

′

0

[
2Ek

k2
0 − E2

k + 2iε + ε2

]
. (4.31)

However, since ε is very small and an abritray constant we can take ε2
→ 0

and rewrite 2iε → iε. Moreover, we can use the fact that k2
0 − E2

k = k2
− m2. Thus,

obtaining

〈0|T(φ(x)φ(y))|0〉 =
i

(2π)4

∫
d4k

e−ik(x−y)

k2 −m2 + iε
, (4.32)

which is the propagator (more specifically the Feynman propagator) term for
the Feynman diagrams in φ4. So, returning to the calculation of the scattering
amplitude the result for the propagator can be replaced in equation 4.24 yielding:

−λ2

2! [(2π)3/2]4

"
d4xd4yeip1xeip2xe−iq1 ye−iq2 y"

d4k1d4k2
i

(2π)4

i
(2π)4

e−ik1(x−y)

k2
1 −m2 + iε

e−ik2(x−y)

k2
2 −m2 + iε

,

(4.33)
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where the delta function that appears when calculating the propagator term
has been accounted for. Now by grouping up the exponential terms with x and
the terms with y the expression becomes

−λ2

2! [(2π)3/2]4

(i)2

[(2π)4]2

∫
d4xe−ix(k1+k2−p1−p2)

∫
d4ye−i(q1+q2−k1−k2)"

d4k1d4k2
1

k2
1 −m2 + iε

1
k2

2 −m2 + iε
.

(4.34)

Now with the factors of (2π)4 in the denominator we can integrate over x and
y to obtain delta functions, again this is the Fourier transform of the exponential
function.

λ2(i)2

2! [(2π)3/2]4

"
d4k1d4k2

δ(k1 + k2 − p1 − p2)
k2

1 −m2 + iε
δ(q1 + q2 − k1 − k2)

k2
2 −m2 + iε

. (4.35)

Now by integrating over k2 we get k2 = k1 − q1 − q2 and by replacing λ =
g
4! we

obtain:

−ig
4!
−ig
4!

1

2! [(2π)3/2]4

(2π)4δ(p1 + p2 − q1 − q2)

[(2π)4]2

∫
d4k1

i
k2

1 −m2 + iε
i

(k1 − q1 − q2)2 −m2 + iε
.

(4.36)

Finally multiplying by the multiplicity of the diagram, the scattering amplitude
obtained is

4(3)
4!2!

(−ig)2 1

[(2π)3/2]4

[
(2π)4

]2
δ(p1 + p2 − q1 − q2)

[(2π)4]2∫
d4k1

i
k2

1 −m2 + iε
i

(k1 − q1 − q2)2 −m2 + iε
.

(4.37)

So again, the Feynman rules for φ4 appear as above, for the internal lines
and the vertices. The new terms that appear are of the form i

(2π)4
1

k2−m2+iε which
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is the propagator term and the expression must be integrated over all internal
momentum k resulting in a term

∫
d4k. Simplifying the above,

g2

4 [(2π)3/2]4

∫
d4k1

1
k2

1 −m2 + iε
1

(q1 + q2 − k1)2 −m2 + iε
. (4.38)

Equation 4.38 then becomes the scattering amplitude for the diagram shown in
4.3(a), this result can be verified in reference [2]. However, this amplitude diverges
as it is in the form

∫
d4x 1

x2 , so the scattering amplitude cannot be calculated directly
as done for the first order case.

This same process can be repeated for calculating the scattering amplitude for
the Feynman Diagram in figure 4.4(a).

〈i|S(2)
| f 〉 = 〈0|ap1ap2

−λ2

2!

"
d4xd4yT(: φ(x)φ(x)φ(x)φ(x) :: φ(y)φ(y)φ(y)φ(y) :)a†q1

a†q2
|0〉

=

"
d4xd4y

λ2

2!
〈0|ap1a

†

q1
|0〉〈0|ap2φ(x)|0〉〈0|T(φ(x)φ(y))|0〉〈0|T(φ(x)φ(y))|0〉

×〈0|T(φ(x)φ(y))|0〉〈0|φ(y)a†q2
|0〉 ,

(4.39)

where the values of the contractions can already be replaced from equations
4.15, 4.16 and 4.32. Replacing obtains

−λ22Ep1δ(p1 − q1)
2!

∫
d3k

(2π)3/2 eikaxδ(p2 − ka)
i

(2π)4

∫
d4k1

e−ik1(x−y)

k2
1 −m2 + iε

i
(2π)4∫

d4k2
e−ik2(x−y)

k2
2 −m2 + iε

i
(2π)4

∫
d4k3

e−ik3(x−y)

k2
3 −m2 + iε

∫
d3kb

(2π)3/2 e−ikbxδ(q2 − kb) .
(4.40)

Now by integrating over the internal momenta and grouping up the exponen-
tial terms with the corresponding point the expression becomes:
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−λ22Ep1δ(p1 − q1)
2!

1

[(2π)3/2]2

i3
[
(2π)4

]2

[(2π)3]4

∫
d4x

e−ix(k1+k2+k3−p2)

(2π)4

∫
d4y

e−iy(q2−k1−k2−k3)

(2π)4

×

∫
d4k1

1
k2

1 −m2 + iε

∫
d4k2

1
k2

2 −m2 + iε

∫
d4k3

1
k2

3 −m2 + iε
.

(4.41)

Last by doing the Fourier transformation of the exponentials and multiplying
by a multiplicity of 4x2x4! and replacing λ =

g
4! , the scattering amplitude becomes:

16ig2Ep1δ(p1 − q1)
2!4!(2π)7

∫
d4k1

1
k2

1 −m2 + iε

∫
d4k2

1
k2

2 −m2 + iε

∫
d4k3

1
k2

3 −m2 + iε

×δ(k1 + k2 + k3 − p2)δ(q2 − k1 − k2 − k3) .

(4.42)

Both the scattering amplitudes for 4.3(a) and 4.4(b) result in divergent expres-
sions, equations 4.38 and 4.42. To solve this problem, regularization techniques
must be used to isolate the divergent quantities and regularization to solve for the
scattering amplitude.



Chapter 5

Regularization and Renormalization

As seen in chapter 4, the two expressions for the second order amplitudes found in
4.38 and 4.42 are both divergent quantities. However, using regularization meth-
ods and renormalization it is possible to isolate and eliminate these divergences.

5.1 Appearance of Divergences

In chapter 4, an algebraic method of finding the Feynman propagator was used,
the result in equation 4.32. However, there is another method to arrive at the same
propagator. Consider the Klein-Gordon equation.

(
� + m2

)
φ = 0 . (5.1)

Now consider the Green function ∆ f (x − y) to solve the differential equation:

(
� + m2

)
∆ f (x − y) = −iδ(x − y) . (5.2)

Taking the Fourier transformation4 we obtain:

̂∆ f (x − y) =
i

k2 −m2 , (5.3)

which is the same terms that appear inside the integrals of 4.38 and 4.42. Finally,

4Notation: Â is the Fourier transform of A and Ă is the inverse Fourier transformation.

34
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by taking the inverse Fourier transformation

∆ f (x − y) =
i

(2π)4

∫
e−k(x − y)

k2 −m2 + iε
, (5.4)

obtaining the same expression found for the propagator in equation 4.32. Now
consider the second order expansion of the Dyson series:

(−i)2λ2

2!

"
d4xd4yT(: φ4(x) :: φ4(y) :) . (5.5)

For processes of two incoming particles and two outgoing particles, as those
worked on in chapter 4, while considering a φ4 theory it is necessary to have at
least two fields coupled with each other. In the first place, to obtain the expression
4.38 the term in the Dyson series that will give is the proper amplitude has to take
on the form

(−i)2λ2

2!

"
d4xd4y(∆F(x − y))2T(: φ2(x) :: φ2(y) :) . (5.6)

In the second place, to obtain the sunrise diagram, the Dyson series has to take
on the form

(−i)2λ2

2!

"
d4xd4y(∆F(x − y))3(: φ(x)φ(y) :) . (5.7)

Since the propagator term ∆F(x− y) is a Green function it cannot be considered
as a proper function because it is a distribution. Thus the terms that appear in
the above terms of the Dyson series, expressions 5.6 and 5.7, as (∆F(x − y))2 and
(∆F(x − y))3 are not properly defined because the multiplication of distributions is
not defined. Hence it is in these propagator terms where the divergences can be
found. We wish to define the product of distributions and there are two ways of
accomplishing this:

1. Regularize the distribution until it is a function.

2. Regularize the product of distributions until it is defined.

The first method is the method of Pauli-Villards and requires the addition of a
regularization term in the form of a mass M. That is:
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1
k2 −m2 + iε

→

[ 1
k2 −m2 + iε

−
1

k2 −M2 + iε

]
. (5.8)

After we define a proper expression for ∆F(x) we can then take M → ∞ to
recover the original expression.

The second option will lead to the method of dimensional regularization which
is an attempt to regularize the product of two distributions. In the following
section, this method will be used to regularize the expressions obtained in 4.38
and 4.42.

5.2 Dimensional Regularization for a φ4 theory

In the expression 4.38 the divergence is in the form
∫

d4k
k4 which clearly is a diver-

gent integral. However, a similar integral but of lower dimension, mainly
∫

d3k
k4 ,

will converge. This is the main idea behind the method of dimensional regu-
larization, modify the dimension so that the divergence can be isolated with a
regularization parameter that depends on the dimension. To better illustrate this
method, consider the expression obtained for the amplitude of diagram 4.3(a):

g2

4 [(2π)3/2]4

∫
d4k1

1
k2

1 −m2 + iε
1

(k1 − q1 − q2)2 −m2 + iε
. (5.9)

Since the divergence is located in the integral part, we only consider the inte-
grand term. Taking q1 + q2 = p as the incoming momentum, the integral term is
then: ∫

d4k
1

k2 −m2

1
(k − p)2 −m2 . (5.10)

Now to begin applying the dimensional regularization we consider the integral
in dimension d, so that it becomes∫

ddk
1

k2 −m2

1
(k − p)2 −m2 . (5.11)

To isolate the divergence using an algebraic method the expressions in the form
1/x can be transformed to the following 1/x =

∫
∞

0
e−sxds obtaining:
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1
k2 −m2

1
(k − p)2 −m2 =

∫
∞

0
e−s(k2

−m2)e−t[(k−p)2
−m2]dsdt . (5.12)

Now simplifying the expressions in the exponentials obtains

s(k2
−m2) + t

[
(k − p)2

−m2] = (s + t)k2
− (s + t)m2 + tp2

− 2kpt

=
(√

s + tk − tp
√

s+t

)2
− (s + t)m2 + tp2

−
tp

s+t .

To properly isolate the divergence the use of Feynman parameters λ = s + t
and x = t

s+t allow the expression to be simplified into:

λ
[
(k − xp)2

−m2 + (x + x2)p2
]
. (5.13)

However, to replace this term into the integrand the integration parameters
must be changed by the Jacobian, ds ∧ dt = λdλ ∧ dx. Thus the integral in 5.11
becomes ∫ ∫

∞

0

∫ 1

0
λe−λ[(k−xp)2

−m2+(x+x2)p2]dxdλddk . (5.14)

Now with a shift in the momentum of k− xp = q, the above can be rewritten as:∫
∞

0

∫ 1

0
λe−λ[−m2+(x+x2)p2]dxdλ

∫
e−λq2

ddq . (5.15)

where
∫

e−λq2ddq is D times the Gaussian integral. This integral can be calculated
as ∫

e−λq2
ddq = πd/2λ−d/2 (5.16)

and by replacing this in the above we obtain

πd/2
∫
∞

0

∫ 1

0
e−λ[−m2+(x+x2)p2]λ−d/2+1dxdλ . (5.17)

Now by defining ξ = λ
[
−m2 + (x + x2)p2] = λA where A =

[
−m2 + (x + x2)p2]

and replacing ξ and A in the integrand yields
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πd/2
∫
∞

0

∫ 1

0
ξ−d/2+1e−ξAd/2−2dxdξ . (5.18)

Integration over ξ will yield the Gamma function (Γ(2 − d/2) =
∫

e−ξξ−d/2+1)
obtaining

πd/2Γ(2 − d/2)
∫ 1

0
Ad/2−2dx . (5.19)

Now by taking ε as the dimensional regularization parameter and defining it
as ε = limd→4(2− d/2), which will allow us to return to the case in which d = 4, the
two terms with ε can be expanded upon as:

Γ(ε) ≈
1
ε
− γ + O(ε2) . (5.20)

In the above, γ is the Euler gamma constant which can be expanded as

Exp(ln A−ε) = 1 − ε ln (−A) + O(ε2) . (5.21)

Replacing these expansions we obtain:

πd/2

[
1
ε
− γ −

∫ 1

0
ln (−A)dx

]
. (5.22)

Then substituting A gives:

πd/2

[
1
ε
− γ −

∫ 1

0
ln

(
m2
− x(1 − x)k2

µ2

)
dx

]
, (5.23)

where the constant µ is a mass term added so that the units of the system add
up during the modification of the dimension. In the expression 5.23 if d → 4
then ε → 0 and the divergence appears in the term 1

ε . The full expression for the
regularization of this amplitude becomes:

g2

4 [(2π)3/2]4π
d/2

[
1
ε
− γ −

∫ 1

0
ln

(
m2
− x(1 − x)k2

µ2

)
dx

]
. (5.24)

Then the divergence has been successfully isolated in the 1
ε . To eliminate this
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term it is necessary to add counter-terms in the Lagrangian.

5.3 Renormalization

As seen in the above section, the propagators can be regularized to isolate the
divergence in the second order Feynman diagrams for φ4. However, the regular-
ization above was only for the case of the Feynman diagram illustrated in 4.3(a),
this result does not include most of the second order diagrams that can be found in
the Dyson series, a more general expression for second order expansion is neces-
sary which will also include the sunrise diagram 4.4(a). To do this we return to the
notation used at the beginning of this chapter. We start by defining the function
I(k) as,

I(k) =
i
π2

∫
d4k

(k2 −m2)
([

p − k
]2
−m2

) . (5.25)

By dividing by π2 the term is canceled out in the regularization obtained in
5.23. The regularized form of I(k) is noted as RegεI(k) and is given by:

RegεI(k) =
−1
ε

+

∫ 1

0
ln

[
m2
− x(1 − x)k2

µ2

]
dx + lnπ + γ + O(ε) . (5.26)

From the expression above we can see that RegεI(k) is composed out of two
parts, one which includes the singularity ,I(k)(ε)

singularity = −1
ε , and another finite part,

I(k)(ε)
f inite =

∫ 1

0
ln

[
m2
−x(1−x)k2

µ2 dx
]

+ lnπ + γ + O(ε). Such that the regularization of I(k)

can be expressed as RegεI(k) = I(k)(ε)
singularity + I(k)(ε)

f inite. The regularized propagator
term is then:

Regε [∆F(x)]2 = ˇRegεI(k) = I(k)(ε)
singularityδ(x) + ˇI(k)

(ε)
f inite , (5.27)

where the term ˇI(k)
(ε)
f inite is a finite propagator term that will be denoted as ∆̃F

2
(x)

(not to be confused with its Fourier transform). Returning this result to the term
of the Dyson series show in 5.6 we obtain:
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(−i)2(4!g2)
2

I(k)(ε)
sing.

∫
d4x

∫
d4y : φ(x)φ(x)δ(x − y)φ(y)φ(y) :

+
(−i)2(4!g2)

2

∫
d4x

∫
d4y∆̃F

2
(x − y) : φ(x)φ(x) : .

(5.28)

The term that includes the singularity is similar to a mass term in the La-
grangian, it is a local operator that can be interpreted as a counter term for the
Lagrangian, integrating this term over y will allow the appearance of : φ4(x) :. So
returning to the Dyson series, U(∞,−∞) = S(0) + S(1) + S(2) + ... these new terms can
be replaced,

S = 1 + S(1) +
(−i)2(4!g2)

2
I(k)(ε)

sing.

∫
d4x : φ(x)4 :

+
(−i)2(4!g2)

2

∫
d4x

∫
d4y∆̃F

2
(x − y) : φ(x)φ(x)φ(y)φ(y) : .

(5.29)

In the expression above, the term which includes ∆̃F
2
(x) acts as a modified

version of S(2). This new term is finite, such that:

(−i)2(4!g2)
2

∫
d4x

∫
d4y∆̃F

2
(x − y) : φ(x)φ(x)φ(y)φ(y) :→ S̃(2) . (5.30)

The remaining term has a factor of : φ(x)4 : so it can be included as a term in
S(1) which also has terms of : φ(x)4 :. Thus it is rearranged into:

S = 1 + (i)
∫

d4 [L + ∆L ] + S̃(2) , (5.31)

where we define ∆L = λ2

2
1
ε : φ(x)4 := Cλ2 : φ(x)4 :, which is one of the counter

terms required to modify the Lagrangian (in the term C we include the singularity).
This term in a generalization that can be used for the Feynman diagrams found in
figure 4.3 However, as previously mentioned, there are more Feynman diagrams
that can be found in the second order expansion.To arrive at a more general
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solution we include the regularization for the sunrise diagram, figure 4.4(a). The
sunrise diagram requires the term in the Dyson series to take on the form shown
in equation 5.7. Here there is the term ∆F(x − y)3 which must be regularized. The
result5 of the regularization is:

Regε
[
∆F(x − y)

]3
=
−A2

48
δ(x − y) −

A0

48
�xδ(x − y) + ∆̃F(x − y)3 . (5.32)

where the terms A2 and A0 are the singularities which appear when ε→ 0. By
replacing the above result into the second order Dyson series and focusing on the
fields we obtain a term,

∆F(x−y)3 : φ(x)φ(y) :=
A2

48
: φ(x)2 : −

A0

48
(: ∂µφ∂µφ :)+∆̃F(x−y)3 : φ(x)φ(y) : . (5.33)

Each of these terms has a different effect on the field and each will yield a
different local operator that can be seen as a counter-term in the Lagrangian as.
The tree counter-terms obtained are:

a0

2
∂µφ(x)∂µφ(x) , (5.34)

−
a2

2
φ(x)2 , (5.35)

Cλ2φ(x)4 . (5.36)

These counter terms each affect a specific term in the full Lagrangian of the sys-
tem, composed of the Klein-Gordon Lagrangian and the interaction Lagrangian.
Addition of these counter terms as a new modified Lagrangian will allow the
divergences to cancel out. The result obtained previously in 5.23 will then become
finite as the divergence 1/ε will be countered leaving a new finite expression for
the propagator,

− πd/2

[
γ +

∫ 1

0
ln

(
m2
− x(1 − x)k2

µ2

)
dx

]
. (5.37)

5This result can be found in reference [1] and [8]
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To interpret the effect of the counter-terms on the Lagrangian we consider the
full Lagrangian of the system given by:

L =
1
2

(∂µφ)(∂µφ) −
m2

2
φ2 + λφ(x)4 . (5.38)

To add in the counter terms they need to be in a similar expression,

∆L =
a0

2
∂µφ(x)∂µφ(x) −

a2

2
φ(x)2 + Cλφ(x)4 . (5.39)

Such that we obtain a modified Lagrangian of the form:

L + ∆L =
1 + a0

2
∂µφ(x)∂µφ(x) −

m2 + a2

2
φ(x)2 + (c + λ)φ(x)4 . (5.40)

Now to organize the terms in a more familiar form the field has to be modified
using φ →

√
zφ = φ

′ . This modification leads to the new variables z = 1 + a0,
(m′)2 = m2+a2

1+a0
and λ

′

= λ+c
(1+a0)2 . By replacing these new variables the modified

Lagrangian becomes:

L + ∆L =
1
2

(∂µφ
′

(x)∂µφ
′

(x)) −
(m′)2

2
φ
′

(x)2 + λ
′

φ
′

(x)4 . (5.41)

This modified Lagrangian is considered to be free of divergences as the inter-
pretation of the new variables m′ and λ

′ allow us to place the infinities in them
due to the unknown nature of the variables m and λ. These ”old” variables are
namely the naked parameters that appear during the interaction, in other words,
the mass m is a mass that is attributed to the interaction itself and not the physical
mass of the particle, the same can be said for the interaction constant λ. The value
of these naked parameters is never known and as such ”house” the divergences
of the system, the values of m′ and λ′ are given threw experimentation.



Chapter 6

Modified BHPZ method

In their paper Falk, Häußling and Scheck [4] mention how the BPHZ (named after
Bogoliubov, Parasiuk, Hepp and Zimmermann) is closely related to the Epstein
and Glasser approach to formulate a divergence free S-matrix. The BPHZ method
of regularization is the most rigorous method of regularization but leads to com-
plicated integrals which makes it, compared to more empirical methods such as
dimensional regularization, more tedious to apply in calculating amplitudes for
Feynman diagrams. Falk et.al. propose a modified BPHZ method for regular-
ization that has similarities to that of dimensional regularization. The modified
BPHZ process requires the introduction of Feynman parameters to the integrand
(as the ones used in the previous chapter), subsequently the integrations over the
internal momentum need to be decoupled. However, the most important aspect is
the use of a Taylor subtraction in the integral that comes from the formality used in
BPHZ. This Taylor subtraction is obtained from expanding the original divergent
integral in it’s Taylor series, around the incoming momentum, and identifying the
divergent term. This term is later subtracted from the integrand in order to make
the expression finite. Calculation with multiple divergent terms require more
than one Taylor subtraction, we will see an example of this when dealing with the
sunrise diagram. The use of Feynman parameters differs from the classical BPHZ
approach that only uses a Taylor subtraction.

43
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6.1 Regularization for φ4

Consider now the examples in φ4 theory. Starting by the expression for the
scattering amplitude of diagram 4.3(a) given by6:

g2

4 [(2π)3/2]4

∫
d4k

1
k2 −m2 + iε

1
(p − k)2 −m2 + iε

. (6.1)

Here the term that is of importance is the integration over the internal momen-
tum. The term inside the integrand can be expressed as:

1
a

1
b

=

∫ 1

0

dx
[ax + (1 − x)b]2 , (6.2)

where x plays the role of the Feynman parameter. Now, introducing the Taylor
subtraction, the integrand becomes:∫

d4k(1 − t0
p)

∫ 1

0
dx

1[
x(k2 −m2) + (1 − x)(

{
p − k

}2
−m2)

]2 . (6.3)

Re-arrangement of the expression in the denominator yields∫
d4k(1 − t0

p)
∫ 1

0
dx

1[
p2(1 − x) + k2 − 2pk(1 − x) −m2

]2 . (6.4)

Now by a translation of the momentum k by k→ k + (x−1)p = q the expression
becomes ∫

d4k(1 − t0
p)

∫ 1

0
dx

1[
q2 + x(1 + x)p2 −m2

]2 . (6.5)

Taking the coefficients of the Taylor expansion of degree higher than the degree
of divergence will lead to convergent integrals, thus the divergence is canceled
out in the integrand. Making use of a Wick rotation, that is, the time coordinate
takes on imaginary values and integrating over momentum yields:

6This will differ from reference [4] because of a small different definition in constants for the
field φ(x)
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i
∫ 1

0
dx ln

(
m2

m2 − x(1 − x)p2

)
. (6.6)

Finally taking m → µ as an arbitrary mass, the result above can be related
with the dimensional regularization result. Since µ is arbitrary we choose it to be
µ2 = µ2

dime−γ where γ is Euler’s constant. The amplitude for the Feynman diagram
takes on the form:

ig2

4 [(2π)3/2]4

[
−γ +

∫ 1

0
dx ln

(
µ2

dim

m2 − x(1 − x)p2

)]
. (6.7)

Obtaining the same result as in the dimensional regularization case:

ig2

4 [(2π)3/2]4

[
1
ε
− γ −

∫ 1

0
dx ln

(
m2
− x(1 − x)k2

µ2

)]
. (6.8)

However, the divergence has already been eliminated from the integrand and
the term 1

ε does not appear with the modified BHPZ regularization method. The
method provides a clear way of regularizing the propagator, this can also be
applied to the case of the sunrise diagram amplitude that by the classical method
of dimensional regularization proves to be difficult to regularize. The Amplitude
in this case is given as:

16ig2Ep1δ(p1 − q1)
2!4!(2π)7

∫
d4k1

1
k2

1 −m2 + iε

∫
d4k2

1
k2

2 −m2 + iε

∫
d4k3

1
k2

3 −m2 + iε

×δ(k1 + k2 + k3 − p2)δ(q2 − k1 − k2 − k3) .

(6.9)

Considering only the integration, there is an incoming momentum p = q1 + q2

and integrating over k3 yields:∫
d4k1

1
k2

1 −m2

∫
d4k2

1
k2

2 −m2

∫
d4k3

1
(p − k1 − k2)2 −m2 . (6.10)

Now to simplify the notation we replace the internal momentums as k2 = q
and k1 = k. Following the process in [4] as a guide line we introduce a Feynman
parameter to obtain:
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∫
d4q

∫
d4k

∫ 1

0
dx

1[
(1 − x)(

{
p − k − q

}2
−m2) + x(k2 −m2)

]2 (
q2 −m2

) . (6.11)

However, both the integrals are coupled together so consider the transforma-
tion k→ k̃ = k− (1− x)(p− q) that will allow the integration to be decoupled. Also
we add in the Taylor subtraction giving as a result:

∫
d4q

∫
d4k̃

∫ 1

0
dx(1 − t0

p)(1 − t2
p)

1[
k̃2 + x(1 − x)(p − q)2 −m2

]2 (
q2 −m2

) . (6.12)

Integration over k̃, taking into account the same conditions on the Taylor ex-
pansion as before, will yield:

iπ2
∫

d4q
∫ 1

0
dx(1 − t2

p) ln
(

m2
− x(1 − x)q2

m2 − x(1 − x)(p − q)2

)
1

p2 −m2 . (6.13)

Now integration by parts over x will yield:

−iπ2
∫

d4q
∫ 1

0
dx(1 − t2

p)
2(1 − 2x)m2(p2

− 2pq)[
m2 − x(1 − x)q2

] [
m2 − x(1 − x)(p − q)2

] 1
p2 −m2

+iπ2
∫

d4q ln
(

m2
− x(1 − x)q2

m2 − x(1 − x)(p − q)2

)
x

p2 −m2 2|x=1
x=0 .

(6.14)

The last term cancels out because the (1 − x) term inside the logarithm makes
the function zero as x = 1 and at x = 0 the function is clearly zero. The remaining
term can be simplified using m̃2 = m2

x(1−x) to obtain:

− iπ2
∫

d4q
∫ 1

0
dx(1 − t2

p)
m2

x(1 − x)2

(1 − 2x)(p2
− 2pq)[

(p − q)2 − m̃2
] [

q2 − m̃2
] 1

p2 −m2 . (6.15)

Now to be able to continue we need to decouple the internal momentum q
from the external momentum p, to do so two more Feynman propagators need to
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be added z and y.

−2iπ2
∫ 1

0
dx

∫ 1

0
dz

∫ 1−z

0
dy

∫
d4q(1 − t2

p)
m2

x(1 − x)2

(1 − 2x)(p2
− 2pq)[

(1 − z − y)(q2 − m̃2) + z(
{
p − q

}2
− m̃2) + y(q2 −m2)

] . (6.16)

Now to finish decoupling the internal momentum from the external momen-
tum the transformation q→ q = xp is used, yielding:

−2iπ2
∫ 1

0
dx

∫ 1

0
dz

∫ 1−z

0
dy

∫
d4q(1−t2

p)
m2

x(1 − x)2

(1 − 2x)(p2
− 2pq − 2zp2)[

q2 − z2p2 − (1 − y)m̃2 − ym2 + zp2
]3 .

(6.17)

Integration over q and replacing m̃ for its original value gives:

π4
∫ 1

0
dx

∫ 1

0
dz

∫ 1−z

0
dy

1
(1 − y)m2 + x(1 − x)ym2

×
x(1 − 2x)(1 − 2z)z(z − 1)m2p4

z(z − 1)x(x − 1)p2 + (1 − y)m2 + x(1 − x)ym2 .

(6.18)

Integration over the parameter y obtains the expression:

π4
∫ 1

0
dx

∫ 1

0
dz

(1 − 2x)(1 − 2z)p2

(x − 1)(1 − x + x2)
ln

(
[z + (1 − z)x(1 − x)] m2

−x(1 − x)z(1 − z)p2 + x(1 − x)(1 − z)m2 + zm2

)
+π4

∫ 1

0
dx

∫ 1

0
dz

(1 − 2x)(1 − 2z)p2

(x − 1)(1 − x + x2)
ln

(
z(1 − z)x(1 − x)p2

−m2

−m2

)
.

(6.19)

The second part of the expression cancels out because of antisymmetry under
the transformation z→ (1−z). Then all that remains is the regularized propagator
for the sunrise diagram. The full amplitude may now be written as:
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16ig2Ep1

2!4!(2π)7π
4
∫ 1

0
dx

∫ 1

0
dz

(1 − 2x)(1 − 2z)p2

(x − 1)(1 − x + x2)

× ln
(

[z + (1 − z)x(1 − x)] m2

−x(1 − x)z(1 − z)p2 + x(1 − x)(1 − z)m2 + zm2

)
.

(6.20)

This result is, again, in a form that is already finite. Unlike the dimensional
regularization process the modified BHPZ allowed to get to the regularized prop-
agator without having to do the extensive Lagrangian modifications as was done
in chapter 4. In the modified BHPZ method the regularization results have al-
ready eliminated the divergent quantities in the integrand by taking the Taylor
subtraction into account. The end result is a finite expression for the regularized
propagators that are based on the BHPZ formalism.



Chapter 7

Conclusions

During the course of this project it was seen how applying principles of QFT
to a scattering process allows the deduction of the Feynman rules, specifically
it was shown for a φ4 theory, and scattering amplitudes for specific processes.
Furthermore, it was show how some of the scattering amplitudes obtained threw
this method give divergent quantities.

These divergences are caused by the distributive nature of the Feynman prop-
agator. This propagator appears in the calculation of scattering amplitudes as the
contraction of two fields. When two or more of these filed contractions take place
then there is a multiplication of two propagator terms, which is a multiplication of
distributions where the process of multiplying distributions is not mathematically
defined. Regularization methods are an attempt to define the multiplication of
propagators. Both the dimensional regularization method and the modified BHPZ
method were show to give same results for the regularization of products of prop-
agators, threw the calculation of the 1 loop diagram. However, both methods
differ in how to obtain this result.

In dimensional regularization the regularized result depends on a dimensional
parameter that isolates the divergence into specific terms, that when taken to the
original dimensions of the problem, will diverge. The method to obtain this result
is quite straight forward, basted on including Feynman parameters. However, the
regularized result is not finite. In order for the result to become finite one must
add counter terms into the Lagrangian as to cancel out the divergent terms in the

49
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propagator. These counter terms in the Lagrangian lead to new understanding of
the systems mass and coupling constant as well as the field it self.

On the other hand, the modified BPHZ method relies on a more rigorous pro-
cess that is based on the classical BPHZ method. To obtained a regularized product
of propagators the modified method uses the formality of the Taylor subtraction,
used in the original BPHZ method, and it also utilizes Feynman parameters to
simplify the remaining integrals. Overall the modified BPHZ method provides a
simpler calculation of regularized propagators, as can be seen in the case of the
sunrise diagram, and has advantages over dimensional regularization. One of
these advantages is, in the BPHZ formality the divergent terms in the propagator
are canceled in the integrand by the Taylor subtraction, this itself has more math-
ematical support than the more traditional and empirical methods. Furthermore,
the result for the modified BPHZ method is finite and does not require counter-
terms in the Lagrangian to cancel out the divergences. This is an improvement
from the more heuristic classical methods that do not have much mathematical
support.
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