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Abstract 

The time-ahead pricing of energy supply problem is one decision-making process within the management 

of the distribution electricity system. Specifically, this problem aims to determine how to price the energy 

for end consumers. We present a bilevel optimization strategy to solve the problem taking into account 

that given the price of energy at a period of time, the end customers have the capacity to change their 

energy consumption behavior. Additionally, we consider multiple consumption profiles to segment the 

customers adding flexibility in the model for the decision maker. Furthermore, we solve nonlinear 

optimization models embedded in the bilevel optimization approach through piecewise linearization. 

Finally, we test our solution strategy retrieving available historical data from public sources. 

Keywords: energy; bilevel; nonlinear; piecewise linearization. 

1. Introduction 

 The energy market is a complex environment concerning different areas, namely, the generation, 

transmission, distribution, and consumption of energy. The outputs of an area are the inputs of the next 

one; therefore, it is important to efficiently support the processes within them. In addition, the energy 

management becomes even more challenging due to the transition from limited and contaminant origins 

to sustainable and renewable sources for the energy generation affecting all the chain. As a result, new 

methods have to be continuously developed to hold the foundations of the energy market supporting key 
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processes like the pricing of energy, finding the optimal power flow, solving the unit commitment 

problem, among others. The evolution of these methods and tools guide the energy market towards a 

smart grid system, making it more competitive (6th AIMMS-MOPTA Optimization Modeling 

Competition, 2014). 

 Pricing problems address the way an authority generates price policies for its products to its 

customers. These problems are especially difficult to solve due to the complexity in modeling the 

behavior of the customers; yet, several approaches have been proposed to tackle them. For example 

Brotcorne, Cirinei, Marcotte, and Savard (2012) generate a Tabu Search algorithm for a pricing problem 

on a trasportation network that takes into account the customers’ behavior. Gallego and Van Ryzin (1997) 

solve the pricing problem for multiple products modeling its demands as a probability function of the 

vector of prices decided. They suggest two heuristics to solve the stochastic pricing problem defining an 

upper bound for the expected revenue based on the solution of the deterministic problem. However, 

modeling the reactions of the customers based on the pricing policies is naturally taken into account in the 

bilevel programming framework (Marcotte, Savard, & Schoeb, 2013).  

 Bilevel modeling has been widely used to solve pricing problems. Labbé, Marcotte, and Savard 

(1998) consider the ability of road users to change their routes decisions based on the toll prices set by an 

authority using a bilevel optimization model. Specifically, they consider an authority that sets the toll 

policy at levels sufficiently low to encourage the users taking the toll routes, rather than alternative routes; 

simultaneously generating high revenues. Also they aboard the theoretical point of view of the taxation 

model, and prove the NP-completeness of the toll setting problem on a multi-comodity network as a 

bilevel model. Another advantage of bilevel modeling is the flexibility to differentiate customers in the 

pricing problem. Côté, Marcotte, and Savard (2003) approach the pricing subproblem of the airline 

revenue management problem with a bilevel model, allowing them to take into account customer 

segmentation and behavior regarding fares. Marcotte, Savard, and Schoeb (2013) address a bilevel pricing 

model on a multi-comodity network segmenting the demand of users, into a finite number of groups 

sharing common evaluation of the attributes, via O-D pairs of users that travel through the network.  

 Bilevel optimization has also been used to solve a wide variety of energy-concerned problems 

including the energy pricing problem, letting researchers to take into account the end customers’ 

consumption behavior. For example, Zugno, Morales, Pinson, and Madsen (2013) tackle the electricity 

retailers’ participation in a demand response market from a game theory point of view, using a bilevel 
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optimization model; they consider stochastic variables concerning the weather and the energy spot price at 

the market. The lower-level of the model refers to the consumers, that support their energy consumption 

decisions on the heating dynamics of the buildings. Another example is given by Rider, López-Lezama, 

Contreras, and Padilha-Feltrin (2013) that succesfully solve the location and contracting pricing of energy 

in distribution systems, minimizing the payments made by the distributors, and maximizing the expected 

earnings for the electric generators. Hobbs and Nelson (1992) recognize the clients’ reactions to utility 

subsidies, investment conservation principles, and same prices with the competitors in a nonlinear bilevel 

model for analyzing the demand-side planning issues of the electric utility. The research is based on the 

foundations of economic models that generate the non-linearity of their models. Zhang, Zhang, Gao and 

Lu (2009) present a Particle Swarm Optimization algorithm based on a fuzzy bilevel model for the 

creation of electric market strategies on a daily basis (day-ahead electricity market strategies making), in 

which every generating factory chooses the bids to maximize its own benefit. A market operator solves 

the optimization problem based on the minimization of the electricity buying policies to determine the 

power flux and a marginal pricing of energy for every unit.  

However, to the best of our knowledge, a problem where the customers’ consumption behavior is 

taken into account as a nonlinear utility function, and where they are segmented to generate different 

energy price policies in a time-ahead period regarding different consumption profiles, has not been 

tackled in the research community until the 6
th

 AIMMS-MOPTA Optimization Modeling Competition 

organized by the MOPTA conference committee in 2014. 

 This work aims to expand the body of knowledge of the bilevel solution strategies for the pricing 

of energy for end consumers. In our work, we take into account the fact that consumers have the ability to 

change their energy consumption behavior based on the energy price at a given moment of time. 

Additionally, we introduce multiple consumption profiles within groups of customers that allow us to 

generate different energy price policies at a time period. Furthermore, we are capable to transform, and 

solve nonlinear models regarding the consumers’ decisions, proposing a flexible and adaptable bilevel 

solution strategy. Finally, we solve instances built from historical data. 

 The rest of the paper is organized as follows. Section 2 introduces the problem description of the 

Time-ahead pricing of energy supply problem. Section 3 presents our proposed solution strategy for the 

problem. Section 4 presents the computational experiments, as well as the results obtained. Finally, 

Section 5 concludes the paper and outlines future work. 
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2. Problem definition 

 Consider an energy distributor provides energy to a given populated location (e.g., city, county, 

state, country, etc.) with a certain number of clients. The distributor segments its customers in multiple 

classes. Typically, residential, commercial, and industrial consumers are differentiated, allowing the 

energy distributor to charge the energy at different price rates to end consumers in different customer 

classes. In addition, the consumers have different levels of consumption depending on the time period; for 

example, residential customers consume more energy at night than during the day. Therefore, the energy 

distributor has different energy rates for each customer class in different time periods. Furthermore, the 

consumption levels of consumers within different customer classes are not the same; industrial customers 

consume much more energy than residential customers. As a consequence, the energy distributor has 

different price policies for groups of customer classes; prices to the industrial group are typically lower 

than the prices to the residential-commercial group. Finally, the end consumers have the ability to change 

their consumption behavior based on the rates set by the energy distributor, affecting the way the 

distributor prices the energy to maximize its profits. 

 The time-ahead pricing of energy supply problem addresses the decisions concerning the energy 

distributor’s way to set the price of energy to the end consumers for the next day (i.e., 24 hour period). In 

this work we do not take into account the distributor’s acquisition of energy process. We only focus on 

the existing relationship between the distributor of energy and end consumers.  

 We use the model presented in the 6
th
 AIMMS-MOPTA Optimization Modeling Competition to 

set-up a basic problem statement. Let  mttT ,...,1  be the total time-ahead period for which the price 

rates are going to be set  00 t ;  NI ,...,1  be the set of customers, and 1I , 2I  be the subset of 

residential-commercial and industrial customers, respectively  IIII  21 , . Assume that the current 

constant price of energy at any time
ap  determines the energy consumption  a

i ptC ,  of customer i  at 

time t ; therefore     IiptCttW
m

j

a

jijji 












 



  ,,
1

1  denotes customer’s total consumption during the 

total time-ahead period at the current energy price for each customer class. Let   tptC ii ,  be the 

consumption of energy (e.g., kWhs) of customer Ii  at time Tt 0  when the energy price is  tpi . 
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Additionally, the trade-off between utility and total price of energy for consumer Ii  is denoted by i , 

and   
jiij tCU

 
is the utility obtained by the ith customer from consuming the energy  

ji tC .  

 This model considers  tpi , a decision variable that represents the set price of energy (e.g., $/kWh) 

at time Tt 0  for customer Ii ; and  
ji tC , a decision variable that represents the consumption of 

energy (e.g., kWhs) by customer Ii  at time Tt 0  . Thus, the overall model for the distributor of 

energy problem is formulated as follows: 

        

   
       

   
 

     

   4.1, ,0

3;1,
11

2; ,

:)(

minarg,..,1:,

   

s.t.,

1                                                                                                  ,maximize  

21 21

1

1

1

1

1 1

1

,...,mjIitp

,...,m jtp
I

tp
I

Ii

WtCtt

tCUtptCtt

mjtptC

tptptCtt

ji

Ii

ji

Ii

ji

m

j

ijijj

m

j

jiijijijijj

jiji

N

i

m

j

jijiijj



























































 









 

 Objective function (1) maximizes the distributor’s profit. Constraints (2) guarantee that the 

consumption of a customer for a given price is defined by the one that minimizes the consumer cost of 

energy minus the utility derived from consuming energy, while maintaining its total consumption of 

energy below an upper bound related to the current consumption level at the constant energy price rate 

(defined by 
 ). Constraints (3) include equity principles amongst different types of consumers to the 

model; more specifically, the average rates faced by the subset of consumers 1I  are bounded by the 

average rates of the subset of consumers 2I  multiplied by a given proportion  . Finally, Constraints (4) 

denote the variables’ nature.  

 Notice that constraints (2) define the customers’ consumption by solving an optimization problem 

concerning the consumers’ behavior. Therefore, the model (1)-(4) has optimization problems in 

constraints (2); this feature makes it a bilevel optimization problem. These kind of problems were firstly 
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tackled by Bracken and McGill (1973), but received its categorization (i.e., Bilevel optimization 

problems) in the work done by Candler and Norton (1977).  

 The end consumers, in model (1)-(4), are clustered in customer classes (e.g., Residential 

customers, commercial customers, Industrial customers, etc.) to guarantee different price rates between 

different types of customers. However, we include an additional and realistic assumption based on the fact 

that customers within every class do not have the same consumption behavior. A consumption profile 

determines the deviation regarding to the consumption of the representative profile. Therefore, within 

every customer class we include one representative consumption profile, and multiple deviated 

consumption profiles. 

 In Section 3, we transform the model (1)-(4) and propose a bilevel solution strategy for the time-

ahead pricing of energy supply problem in which we include the differentiation of consumption profiles. 

3. Bilevel optimization strategy  

 A bilevel optimization model has an upper-level problem, associated to the leader, and a lower-

level problem, associated to the follower. The follower’s decisions are based on the ones taken by the 

leader. Both problems communicate iteratively, until a stopping criterion is met (Labbé & Violin, 2011) 

Hobbs et al. (1992) provide a reference guide on many bilevel programming attributes; some of these are 

the types of objective functions for the upper and lower-level problems, the amount of problems in each 

level, amongst others. Regarding the number of problems in each level, many variations have been 

proposed. Hobbs et al. (1992) and Zugno et al. (2013) work with multiple lower-level problems, one for 

each client or customer, and only one upper-level problem; on the other hand, Rider et al. (2013) propose 

a bilevel model with multiple upper-level problems (one for each electric generator), and only one lower-

level problem (for the distributor).  

In our case, the distributor sets the price of energy, and the consumers react to this price. Since we 

cluster the consumers in different consumption profiles within each customer class, we propose one 

Upper-level Problem (ULP) for the energy distributor (that sets the price of the energy for each customer 

class at each period of time), and one Lower-level Problem (LLP) for each consumption profile within 

each customer class (it decides the consumption of the customers belonging to a defined consumption 

profile based on the price of energy for the associated customer class). 
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 Since customers decide their consumption based on the energy price set by the distributor, the 

ULP must communicate with all the LLPs, handling them the set prices. Additionally, in every customer 

class, the customers in the deviated consumption profiles base their consumption on the behavior of the 

customers in the representative one. Therefore, in every customer class, the representative consumption 

profile’s LLP must communicate with the remaining consumption profiles’ LLPs, handling them the 

representative consumption. Figure 1 illustrates, in more detail, the proposed solution strategy. Arrows 

with the same pattern (i.e., solid, dashed, and dot-dashed) represent flow of information that occur at the 

same time. At every iteration, first flows the pertinent information through the solid arrow; then, through 

the dashed arrows; and finally, through the dot-dashed arrows. 

 

Figure 1: Complete bilevel solution strategy 

 The formulations of our ULP and LLPs, regarding the model (1)-(4), are discussed in sections 3.1 

and 3.2 respectively; the stopping criterion we defined is presented in section 3.3. 

3.1 Upper-level Problem 

 As stated before, the Upper-level decision maker (i.e., distributor of energy) determines the 

optimal price to be set to each customer class at each period of time. Let I  be the set of customer classes 

(e.g., residential, commercial, industrial, etc.); and let M  be the set of consumer profiles. Element 

Mmˆ  symbolizes the representative consumption profile for each class. Let T  be the set of time-ahead 

periods; and G  be the set of groups of customer classes, in this case,  2,1G . The elements 1 and 2 

reference the subsets 1I  and 2I  of the problem description in Section 2, respectively. Let n  be the total 

number of customers that the distributor of energy has to serve. Let i  be the percentage of consumers 

belonging to customer class i . Let im  be the percentage of consumers in customer class i  that belongs to 
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the consumer profile m . Let 
igf  be the weighted percentage of customer class i  within group g . Let   

be a proportion that defines the boundary of the average price between groups. Finally, let itmĉ  be the 

consumption of energy (kWh) of consumer profile m  within customer class i  at time t . It is important to 

highlight that this consumption of energy is obtained after solving the LLP for each customer class i  and 

consumer profile m . 

 The ULP considers itp , a decision variable that represents the price set to customer i  at time t ; 

and gty , a decision variable that denotes the average energy price of group g  at time t . Then, the ULP 

linear model is as follows: 
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 Objective function (5) maximizes the distributor’s net income. This expression multiplies the 

number of consumers within each profile per customer class (i.e.,   


Ii Mm imin  ) by the total 

consumption times the price set (i.e.,   


Tt ititm pĉ ). Constraints (6) establish the weighted average price 

per group at any time period. Constraints (7) assure that the average price faced by group one is bounded 

by the average price faced by group two, multiplied by a given proportion  . Finally, constraints (8)-(9) 

define the nature of the decision variables. 

 Consider an existing relationship between price and consumption, given by a linear expression 

defining the price of energy for a customer class i  at a given time period t  as a function of the 

consumption level of the customer class. Let it  and it  be the slope and intercept of the linear function 

defining the existing price-consumption relationship at time t  for one customer of class i . Let   be a 

plausible price deviation percentage from the one obtained with the assumed function. Therefore, the 

price at the ULP is related to the consumption by the next constraints:  
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 The ULP model is, therefore, the one defined by (5)-(9), and constraints (10)-(11). 

 

3.2 Lower-level Problems 

 As defined earlier, the Lower-level decision makers (i.e., customers) define their consumption of 

energy knowing the price assigned by the energy distributor at time t  (i.e., ULP decision variable itp ). 

This decision is made based on the utility obtained by a consumer from its consumption of a given 

amount of energy. We adopted the proposed utility function by the 6
th

 AIMMS-MOPTA Optimization 

Modeling Competition (2014); this is a Bernoulli-type expected utility function, formally developed by 

Von Neumann and Morgenstern (1944) (from the proposed model of expected utility by Daniel Bernoulli 

in the 18
th 

century), and explained in Gerber and Pafumi (1998)   xaexu 1 i.e., . 

 The LLP for consumer profile m within customer class i  (i.e., imLLP ) considers T  as the set of 

time-ahead periods. Let itw  be the consumption of energy, in kilowatt hour (kWh), for a customer of 

profile m̂  within customer class i  at time t  given the current price 
ap . Let im  be the consumption 

proportion of profile m  regarding the representative consumption (i.e., consumption of m̂ ) of customer 

class i . It is important to note that 1ˆ mi . Let 

i  be the percentage defining the upper bound regarding 

the current consumption deviation for customer class i . Let i  be the trade-off between utility and total 

price of energy for a consumer in customer class i . Let itma  be a positive scalar that maximizes the utility 

obtained from the current consumption of energy (given the price 
ap ) of profile m  within customer class 

i  at time t  (i.e., Ttw imit    , ). Finally, let itp̂  be the price set in the ULP for customer class i  at time 

t . 
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 The imLLP  model designates itmc  as a decision variable that represents the consumption of energy 

of consumption profile m  within customer class i  at time t . Thus, the MmIiim   ,  ,LLP  model is as 

follows: 

   

   

 14. ,0

13,1
     

s.t.,

12          1ˆ  minimize     
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imimi
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 Objective function (12) minimizes the consumers energy cost (i.e.,  


Tt ititm pc ˆ ), minus the 

utility derived from consuming energy multiplied by the trade-off between utility and total price of energy 

   




Tt

ca itmitme1 i.e., . Constraint (13) assures that the consumption level does not exceed the upper 

bound defined by 

i  regarding the current consumption of profile m  (i.e.,  


Tt imim w ). Constraints 

(14) define the nature of the decision variables. 

 Notice that the decision variable itmc  is an exponent in the utility function in the expression (12); 

thus, imLLP  model (12)-(13) is nonlinear. We propose an approximation through segments, as the one 

presented in Gunnerud (2011) (i.e., piecewise linearization of a nonlinear objective function), to obtain a 

linear model; we based our approximation on the reference guide for piecewise linearization given in 

Bradley, Hax, and Magnati (1977). Doing algebraic operations, expression (12) can be rewritten as: 

 15          ˆ  minimize 







Tt

ca

i

Tt

ititmim
itmitmepcz   

 Behavior of expression (15), besides of decision variable itmc , depends on the value of itp̂ , i  and 

itma . Therefore, we have one nonlinear function for every consumer profile within each customer class at 

every time-ahead period (i.e., TIM  nonlinear functions). Figure 2 shows the value of imz  (for a 

specific consumer profile within a particular customer class) in a specific time period as a function of the 

consumption level, assuming 20.0ˆ itp , 000446.0itma , and 000,1i . We note that, for any positive 

values of consumption level, the objective function has an asymmetrical quadratic behavior. This 

behavior holds for any non-negative values of itp̂ , itma , and i . 
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Figure 2: LLP's objective function by consumption 

 

Figure 3: Piecewise linear approximation 

 

 For consumer profile m  within customer class i  at time t , our approximation involves the 

estimation of L  tangent lines. For every tangent line l , we compute the value of the objective function of 

a randomly generated consumption level (namely, itmlc' ); and then compute the value of its slope itmlq  

using expression (16). Finally, we calculate the value of its intercept itmlb . 

 16ˆ 'itmlitm ca

iitmititml eapq


   

 Figure 3 shows a possible outcome of our approximation for the function shown in Figure 2, 

setting 6L . For the piecewise linearization of the LLPs’ objective function, let L  be the set of segment 

lines used to approximate the objective function. Let itmlq  and itmlb  be the slope and the intercept of line 

Ll  with respect to the objective function of consumer profile m  within customer class i  at time t , 

respectively. Let itmz  be a decision variable that denotes, for consumer profile m  within customer class i  

at time t , the minimum value of expression (15). Then, the linearized imLLP  is as follows: 
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 Objective function (17) minimizes the value of itmz  for the time-ahead planning horizon. 

Constraint (18) assures that the consumption level does not exceed the upper bound defined by 

i  

regarding the current consumption. Constraints (19) guarantee that itmz  takes the minimum value bounded 

by the set of tangent lines. Finally, constraints (20)-(21) define the nature of the decision variables. 

 Model (17)-(21) is the LLP model for every representative consumption profile m̂  per customer 

class. For the remaining consumer profiles, additional constraints must be added in order to assure that the 

consumptions levels do not violate proportions im . Let itĉ  be the consumption level of representative 

consumption profile m̂  at time t  after solving the mi ˆLLP ; and   a plausible deviation percentage for the 

consumption of consumer profile Mm \ }ˆ{m  regarding proportion im . The constraints that must be 

added to the 
imLLP , Mm \ }ˆ{m  are as follows: 

   

   23; ,ˆ

22; ,ˆ

Ttcc

Ttcc

itimitm

itimitm








 

 Hence, the 
imLLP , Mm \ }ˆ{m  is defined by model (17)-(2) and expressions (22)-(23). 

3.3 Stopping criterion 

 We propose the definition in the ULP of an upper bound for the net cost incurred by consumer 

profile m  within customer class i  using the objective function of the MmIiim   , ,LLP . Assuming 

that the distributor of energy is unwilling to set a price that deviates the net cost of end consumers in a   

percentage, we iteratively generate constraints on the UPL guaranteeing that the prices set at an 

intermediate iteration do not exceed the net cost decided by customer class i . 

 Let 

imz  be the minimum cost that consumer profile m  of customer class i  is willing to pay for 

energy consumption during the time horizon (i.e., solution of imLLP  at a given iteration). Let itmĉ  be the 

consumption level of profile m  within customer class i  at time t  that produces cost 

imz . The cut that 

must be added iteratively in the ULP model is the following: 
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 Thus, the ULP model is defined by (5)-(9), constraints (10)-(11), and we iteratively generate 

constraints (24). 

 Finally, depending on the value of  , expression (24) reduce the feasible area of the ULP to the 

point that, at some intermediate iteration, the model could be infeasible. It means that the distributor of 

energy is not able to satisfy the consumers’ conditions. At this point, the stopping criterion is met, the 

bilevel algorithm stops, and the previous solution is retrieved. If the value of   is not properly chosen, 

the algorithm could not stop in a rational computational time; if this is the case, we propose a second 

stopping criterion taking into account the information in previous iterations. To be more specific, at a 

given iteration t , the ULP’s objective function (i.e., expression (5)) is compared with the value of the 

objective function of the previous iteration. If the absolute difference between these two values is less or 

equal than the current value deviated in an   percentage, then the bilevel algorithm stops, and the 

previous solution is retrieved. 

 To summarize, we propose an ULP to set the price to end consumers at any time period. This 

model is defined by (5)-(9), and constraints (10)-(11). Additionally, we iteratively generate and add 

constraints (24). Once the price has been set, each consumer profile decides its consumption level. To do 

so, we propose IM   LLP models. The LLP for the representative consumer profile is defined by 

expressions (17)-(21), and the LLP for the remaining consumers is defined adding expressions (22)-(23). 

4. Computational experiments 

 To test our solution strategy, we created a dataset with 000,16n customers that the distributor of 

energy must serve in a time-ahead period of 24 hours; namely,  24,,1T . We clustered those 16,000 

customers into five major customer classes (i.e., I ): Small residential, Large residential, Office buildings 

& commercial, Shift industrial, and No-shift industrial. Table 1 shows the energy consumption of a 

representative customer of each class at any time-ahead period (i.e., itw ), as well as the percentage of 

customers in each class (i.e., i ). We assumed constant price 1.0ap ($/kWh). 
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Table 1
1
: Energy consumption (kWh) of a representative customer & percentage of customers (      ) 

Hour 
Small 

residential 

Large 

residential 

Office 

buildings & 

commercial 

Shift 

industrial 

No-shift 

industrial 

1 0.018 0.800 150.000 180.000 102.625 

2 0.027 0.825 150.000 182.000 102.625 

3 0.028 0.750 150.000 181.000 103.625 

4 0.028 0.725 150.000 180.000 104.625 

5 0.045 0.700 200.000 190.000 208.250 

6 0.090 1.250 900.000 200.000 1543.375 

7 0.180 1.275 1100.000 210.000 2057.500 

8 0.450 1.225 1150.000 222.000 3803.125 

9 0.360 0.875 1160.000 230.000 3598.875 

10 0.315 0.875 1155.000 240.000 3702.500 

11 0.270 0.850 1160.000 245.000 4114.000 

12 0.288 0.838 1165.000 270.000 1549.375 

13 0.342 0.850 1170.000 250.000 2268.750 

14 0.288 0.875 1180.000 252.000 3501.250 

15 0.360 0.900 1190.000 248.000 3604.875 

16 0.450 0.925 1195.000 246.000 2579.625 

17 0.558 1.025 1180.000 240.000 1554.375 

18 0.630 1.075 1000.000 242.000 1042.250 

19 0.630 1.175 820.000 260.000 324.875 

20 0.648 1.300 200.000 230.000 223.250 

21 0.657 1.500 190.000 220.000 121.625 

22 0.612 1.475 180.000 210.000 122.625 

23 0.288 1.025 170.000 200.000 123.625 

24 0.135 0.950 160.000 180.000 124.625 

% of 

customers 
45.190% 54.540% 0.040% 0.200% 0.003% 

 

 We calculated parameter igf  as a function of i , shown above. More specifically, this parameter 

determines the proportion that each customer class has, regarding the percentage of population that each 

group represents.  

                                                
1 Obtained from the Problem Data presented in the 6th AIMMS-MOPTA Optimization Modeling Competition (2014) 
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 We calculated the values of parameters   and 

i  retrieving historical data from the U.S. Energy 

Information Administration (EIA) official webpage
2
. To calculate   value, we retrieved historical data of 

the average retail price to end consumers, and adapted it (using weighted percentage 
igf ) to match our 

existing customer classes. Finally, we computed the maximum historical proportion found for the energy 

price between the groups of customers. To calculate 

i  values, we retrieved historical data of the average 

retail sales (in millions of kWh) and computed the deviation in the consumption for every customer, using 

the moving averages technique. Thus, we were able to calculate the maximum boundary percentage in the 

consumption for every customer class. After the manipulation of the available historical data, we set 

7.1 , and Iii      ,27.0 . 

 Regarding the price-consumption relationship defined in the ULP, we computed the values of it , 

and it  adapting the information available in the U.S. Energy Information Administration about the 

average retail price, and the average retail sales to match the units of the known consumptions hourly (i.e., 

itw ). Thus, we calculated the linear regression for each customer class at every time period to match the 

intercept and slope required. 

 Concerning parameter im  we generated random values for every consumer Mm \ }ˆ{m . To 

evaluate the robustness of our solution strategy we generated two scenarios. The first scenario considers a 

naïve situation where there are no clients in any consumer profile but in the representative one (i.e., m̂ ). 

In the second scenario we randomly generated values of parameter im  guaranteeing that 

MmIiimmi   ,  ,ˆ  \ }ˆ{m , and Ii
Mm im  

    ,1 . 

 Finally, we calculated the values for i  retrieving information of the U.S. Gross Domestic Product 

(GDP) from the World Bank indicators webpage
3
, and the population of the U.S. from the United States 

Census Bureau webpage
4
. Then we computed an approximate GDP per hour of a representative consumer 

of every customer class, using the percentage i  and the number of customers n . Table 2 shows the 

                                                
2 Official webpage: http://www.eia.gov 
3 Official webpage: http://www.databank.worldbank.org/data/views/reports/tableview.aspx?isshared=true 
4 Official webpage: http://www.census.gov/ 

http://www.eia.gov/
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values obtained with our approximation. Finally, after fine tuning of the remaining parameters, we set 

3.0 , 01.0 , 05.0 , 01.0 , and 25L . 

Table 2: Values of λ for each customer class 

  
 Small 

residential  

 Large 

residential  

 Office 

buildings & 

commercial  

 Shift 

industrial  

 No-shift 

industrial  

 λi ($)               1.27                3.98         2,851.58            878.73         6,056.15  

  

 Due to the randomness involved in the piecewise linearization proposed in the LLP, the algorithm 

solution could not always be the same. Table 3 shows the results for different runs of the algorithm for 

both proposed test scenarios. Column 1 shows the number of the run; columns 2 and 3 present the 

distributor of energy’s profit in each scenario; columns 4 and 5 report the number of iterations until a 

stopping criterion is met; and columns 6 and 7 shows the computational time in seconds. It is important to 

note that for all the 10 runs, the distributor of energy’s profit with a constant price policy was the same for 

each scenario: for scenario 1, it is 71,384.81; for scenario 2, it is 70,198.63. 

Table 3: Best solution found with different runs of the solution strategy proposed 

  Best solution Iterations CPU time (s) 

Run 
Scenario 

1 

Scenario 

2 

Scenario 

1 

Scenario 

2 

Scenario 

1 

Scenario 

2 

1 72,756.76 81,290.99 6 5 0.53 0.53 

2 76,209.67 81,278.31 5 5 0.53 0.53 

3 74,757.28 71,611.32 6 10 0.55 1.33 

4 75,870.28 69,558.49 5 10 0.53 1.33 

5 73,965.45 71,730.59 6 9 0.53 1.06 

6 73,615.73 71,393.97 6 9 0.53 1.06 

7 71,886.07 82,908.94 7 4 0.8 0.26 

8 74,254.07 72,595.07 6 9 0.53 1.06 

9 66,732.46 81,897.14 7 5 0.79 0.53 
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10 76,012.90 71,873.33 6 8 0.53 0.80 

Average 73,606.07 75,613.82 6.00 7.40 0.59 0.85 

 

 Table 3 illustrates that our solution strategy always outperforms the constant price strategy (for 

both scenarios). Nevertheless, the consideration of different consumer profiles taken in scenario 2 

outperforms the naïve scenario 1, showing robustness to our proposed solution strategy. 

 Figure 4 summarizes the prices set for every customer class at every time period in Scenario 2. We 

note that the price range is 0.05 $/kWh – 0.25 $/kWh, approximately. Analyzing these results, we observe 

that for the No-shift industrial class, the price policy takes into account the hours in which the other 

classes do not consume much energy (i.e., late night, and early morning), and sets higher prices to this 

customer class. Another fact is that the price policy for every customer class oscillates around the current 

price (i.e., 0.1 $/kWh). 

 

Figure 4: Price policy Scenario 2 

 Since both scenarios’ proposed policy outperform their corresponding constant price policy, 

Figure 5 summarizes, for a specific run, the distributor earnings by each time period obtained in both 

scenarios. We note that in most of the time periods, the earnings obtained by the policy that takes into 

account the consumer profiles (i.e., Scenario 2) are much higher that the naïve scenario; more specifically 

in the afternoon time periods, where all customer classes are active consumers. 
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Figure 5: Earnings ($) by time period 

 Finally, the earnings shown in Figure 5 can be related with the consumptions shown in Figure 6. 

We note that the consumptions of the customer classes for both scenarios are the same except for the 

Small residential and the No-shift industrial classes, that present a slightly higher consumption in 

Scenario 1. Therefore, we associate these consumption variations of Figure 6 with the total earnings 

shown in Table 3 and conclude that the price rates of the Scenario 2 should be higher than the price rates 

set in Scenario 1, due to the consideration of the different consumption profiles we propose. 

 

Figure 6: a) Consumption (kWh) by residential customer classes. b)  Consumption (kWh) by commercial and industrial customer 

classes 

5. Concluding remarks 

 We developed a bilevel solution strategy for the Time-ahead pricing of energy supply problem that 

allowed a distributor of energy to respond to the autonomous decisions of the customers. The solution 
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strategy proposed is adaptable to any historical data available; we tested our solution strategy retrieving 

data from information available in U.S. public sources, proving our strategy’s adaptability.  

We introduced the differentiation between consumption profiles within every customer class and 

test it against a naïve scenario where such differentiation do not exist; we achieved better solutions for the 

energy distributor (i.e., better profits) taking into account the proposed consumption profiles, showing the 

robustness of our approach. Thus, we solved multiple nonlinear problems linearizing the LLP’s objective 

functions through a piecewise linearization, reaching near-optimal solutions in a reasonable CPU time.  

Our approach involved the addition of a diverse set of parameters (e.g.,  ,   , etc.) that 

incorporates flexibility to the problem and, consequently, made it more realistic. We compared the 

solutions obtained in the two proposed scenarios, against a constant price policy, and we note that our 

solution strategy achieved better solutions for the distributor of energy (i.e., higher earnings). Finally, we 

generated a bilevel solution strategy for the problem that could be implemented in the context of different 

locations (e.g., different country) due to its adaptability, and flexibility. 

 With the intuition behind our bilevel solution strategy, we made several assumptions regarding the 

price-consumption relationship in the ULP. Future work includes studying price-consumption 

relationships different from the proposed linear relationship and incorporate them into the solution 

strategy presented. 
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