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Quantum Szilard Engines and Breakdown of Adiabaticity

by Juan Felipe MÉNDEZ VALDERRAMA

Recent advances in experimental control over mesoscopic systems through optical
trapping techniques have led to a renewed theoretical interest in the study of ther-
modynamic properties at small scales (Takahiro Sagawa and Sano, 2010) (Martínez
et al., 2016). In this context, several works have stumbled upon seeming violations
of the minimal work principle that revealed an intricate relationship between ther-
modynamics and information processing (Parrondo, Horowitz, and Sagawa, 2015)
(Crooks, 1999). A recurrent model that displays these violations is the microcanon-
ical Szilard engine from which one can, in principle, extract work without the need
of a thermal reservoir (Parrondo, Horowitz, and Sagawa, 2015) (Jarzynski, 2013).
The present thesis reviews some of the latest theoretical efforts to understand these
systems and seeks to advance the discussion by studying quantum versions of the
microcanonical engines. We report that by operating these engines adiabatically,
work extraction is not feasible. However, by inducing diabatic transitions in the sys-
tem, it is possible to create superpositions with an average energy lower than that of
the initial state. Moreover, there is a range of operation times for which the system
can almost achieve maximal performance, i.e., a transition to the ground state.

Avances recientes en técnicas de atrapamiento óptico para el control experimen-
tal de sistemas mesoscópicos han llevado a un resurgimiento del interés teórico en el
estudio de propiedades termodinámicas a escalas pequeñas (Takahiro Sagawa and
Sano, 2010) (Martínez et al., 2016). En este contexto, varios trabajos han encontrado
violaciones aparentes al principio de mínimo trabajo que revelan una relación es-
trecha entre termodinámica y procesamiento de información (Parrondo, Horowitz,
and Sagawa, 2015) (Crooks, 1999). Un modelo recurrente que muestra estas viola-
ciones es el motor microcanónico de Szilard del se que puede, en principio, extraer
trabajo sin necesidad de un reservorio térmico (Parrondo, Horowitz, and Sagawa,
2015) (Jarzynski, 2013). En esta tésis se hace un recuento de los últimos avances
teóricos que pretenden entender estos sistemas y se busca avanzar la discusión es-
tudiando versiones cuánticas de los motores microcanónicos. Reportamos que al
operar estos motores de manera adiabática, la extracción de trabajo no es fesíble. Sin
embargo, al introducir transiciones diabáticas en el sistema, es posible crear super-
posiciones con una energía menor que la del estado inicial. Adicionalmente, hay
un rango de tiempos de operación para los cuales el sistema puede casi alcanzar un
rendimiento máximo, i.e., una transición al estado base.
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Chapter 1

Thermal equivalence of
information

Many profound observations about the emergence of macroscopic behavior from
microscopic features came with the advent of statistical mechanics in the late XIX
century (Gibbs, Bumstead, and Van Name, 1906). The probabilistic nature of this
physical theory led to considerable simplifications in our understanding of physics
at the macroscopic scales. Namely, the fact that macroscopic measurements do not
depend on the exact details of our underlying description. This conclusion follows
from the famous relation derived by Boltzmann:

S = kb log ΩE, (1.1)

where S is the entropy, kb is Boltzmann’s constant and ΩE is the total number of
microstates within a given energy shell.

The robustness of 1.1 comes from the fact that it connects the total number of
microstates consistent with a macrostate with the reduced set of state variables.
As such, no single microstate is relevant for calculations regarding thermodynamic
quantities in the thermodynamic limit. There is a unanimous consensus on the va-
lidity and profoundness of the statement in equation 1.1 within the framework of
equilibrium statistical mechanics. However, the definition of non-equilibrium en-
tropy remains elusive for small finite systems where local equilibrium cannot be
assumed (Allahverdyan and Nieuwenhuizen, 2007) (Georgy Lebon, 2007) (Van Den
Broeck, 2014) (Šilhavý, 1997). In this respect, the focus of many recent works has
been the determination of useful and meaningful thermodynamic quantities that
lead to an appropriate description of mesoscopic systems, especially ones that are
out of equilibrium (Campisi, 2008)(Crooks, 1999).

Maxwell first discussed the subtleties that arise in the discussion of thermody-
namic entropy with his famous Gedankenexperiment, the Maxwell demon. Later, Leo
Szilard developed the formalization of this experiment with the theoretical construct
that bears his name, the Szilard engine (Szilard, 1929). The objective of this thesis
will be to elucidate the discussion on the viability of such a construct in the quantum
case. As such, we will start in this first chapter with a review of the basics of Szi-
lard’s model for a Maxwell demon and its relationship to the different statements of
the second law. Starting from this point, we will slowly arrive at the latest develop-
ments in the field of fundamentals of statistical mechanics regarding the relationship
between information theory and thermodynamics.
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1.1 Maxwell’s Demons and the Szilard engine

For one to understand the Szilard engine, it is useful to introduce it as a counterpart
of the commonly referred Maxwell demon that appears as a violation of the Clau-
sius statement of the second law. As a reminder, the Clausius statement summarizes
one of our most robust intuitions about the behavior of heat conduction. Namely, it
states that heat cannot spontaneously flow from a thermal reservoir to another if the
temperature of the latter is higher than the former. As such, this law works as a re-
striction on the kinds of processes that can take place and are consistent with energy
conservation. Enter, the Maxwell demon; a being that, with complete knowledge of
the positions and momenta of the particles in a gas, can violate Clausius statement
of the second law. Obviating, for now, the memory requirements for such a task to
be accomplished, let us dive into the consequences of the existence of such a being.
As it is well known, a classical gas at equilibrium follows a Maxwell-Boltzmann dis-
tribution of velocities. Consequently, the demon can, in principle, operate a valve
that connects two thermal reservoirs at different temperatures with the following
procedure: Whenever a particle with a velocity that is above the average for the
low-temperature reservoir approaches the valve, open it to let it pass. By removing
consistently only the high energy particles in the low-temperature reservoir, heat is
effectively flowing towards the high-temperature reservoir, thus, violating the Clau-
sius statement.

FIGURE 1.1: Schematic of the cycle described in the main text, taken
from (Kim et al., 2011). (A) The measurement to determine the side of
the container in which the particle resides. (B) the barrier is inserted
in the middle of the container. (C) The pulley is attached to the bar-
rier depending on the side in which the particle was detected and a
thermal reservoir is coupled to the container, isothermal expansion is

responsible for the work performed on the attached weight.

On the other side, we recall that there is an alternative formulation of the sec-
ond law, Kelvin’s statement. In it, we confront the fact that: "It is impossible to de-
vise a cyclically operating device, the sole effect of which is to absorb energy in the
form of heat from a single thermal reservoir and to deliver an equivalent amount
of work."(Kramer, 2012). It is easy to show that both Kelvin and Clausius state-
ments are equivalent; but, similarly, this duality implies the existence of an anal-
ogous Maxwell demon that violates Kelvin’s statement. Consider a single-particle
gas confined in an isolated container, see Fig 1.1. A demon now measures the po-
sition of the particle and lifts a barrier in the middle of the container with a pulley
attached to it. We then connect this pulley to a weight positioned towards the side
of the container in which the particle resides. If we put the setting in contact with
a single thermal reservoir, the particle will isothermally expand and will move the
wall by elastic collisions. The result after one cycle will be that the weight rises and,
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in consequence, work can apparently be extracted from the system with the aid of a
single thermal reservoir. As commonly defined, we call Szilard engines systems that
perform cyclic processes in which a transformation from information to work takes
place.

To gain further insight into the nature of the process that we just described it
is useful to calculate the work extracted after one cycle of operation. First, call the
volume of the container V and the temperature of the reservoir T. As the internal
energy of the particle remains unchanged, the work can be derived from the first
law of thermodynamics:

dW = −dQ +��*
0

dU,

with work and heat being positive if they are entering the system. Moreover, if
we consider the expansion to be quasistatic, heat can be expressed in terms of the
entropy as dQ = TdS. Integrating both sides of this equation leads to the expression
for the work delivered to the surroundings of the engine: W = −T∆S. However, the
difference in entropy can be easily calculated by noting that after the expansion, we
doubled the system size, and due to the additivity of entropy, we find that:

W = −kbT ln 2. (1.2)

This simple yet intriguing result constitutes the basis of what is known as the ther-
mal equivalence of information. The reason for this is that the measurement of a sin-
gle bit of information, the side in which the particle resides, leads to an equivalent
amount of work extracted from the system. In fact, this is a feature of all Maxwell
demons; information turns into work in a seeming violation of the second law of
thermodynamics. It is nevertheless, evident that the existence of perpetual motion
machines of the second kind is a deal of pseudoscience, not physics. In consequence,
there is a need to incorporate information into the framework of statistical mechan-
ics to reconcile our description of thermodynamics with this apparent inconsistency
posed by Szilard engines. This task is especially relevant due to the recent experi-
mental realizations of Szilard-like engines both on Brownian particles (Liphardt et
al., 2002) (Takahiro Sagawa and Sano, 2010) (Parrondo, Horowitz, and Sagawa, 2015)
and single electron systems (Koski et al., 2014).

1.2 Exorcising Maxwell’s Demon

There has been an enormous amount of effort to settle the argument about the va-
lidity of the arguments presented in the last subsection (Landauer, 1961) (Feynman,
1964)(Gabor, 1961). The turmoil generated by the Szilard engine was resolved finally
by Bennett without invoking quantum effects (Bennett, 1973). In his solution, Ben-
nett argues that computational irreversibility implies thermodynamic irreversibility
through what is commonly known as the Landauer principle. Moreover, this irre-
versibility is an inescapable consequence of the type of cycle that the particle has to
undergo in the Szilard engine. In consequence, there is no inconsistency between
the implementation of the engine and the second law of thermodynamics. The rea-
son for this is that in finishing one cycle, there is a necessary increase in entropy
in whichever memory storage system used between the measurement and feedback
stages, thus maintaining the inequality

∆S ≥ 0.
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For a more precise explanation of why this must be the case, let’s resort to a sim-
ple model. First, it is helpful not to think of the devil as an entity but as a feed-
back mechanism that can be programmed. As such, we will determine the physical
bounds on the memory that stores the information about the position of the particle
as well as the minimal work performed by the measurement device. We hope that
by shedding light on the physical nature of the demon, we can remove the appar-
ent inconsistencies with the second law. By doing so, we also hope to gain insight
into the relationship between information and thermodynamics. Note that, for the
following discussion, all thermodynamic quantities will refer to either the memory
or the measurment device used to position the barrier in the Szilard cycle and not to
the particle used as a work substance in the engine

For this argument, we have to dive into the field of non-equilibrium stochastic
thermodynamics(Van Den Broeck, 2014); this is fundamental to understand the in-
herent irreversibilities in the operation of a Szilard engine. We will need to borrow
definitions along the way; however, mind that there is not a unique way to deter-
mine thermodynamic potentials out of equilibrium. And, even in cases where po-
tentials can be defined, they may not have essential properties, such as being state
variables. In this context, we take one possible definition for the non-equilibrium
free energy:

F := 〈H〉ρ − TS[ρ], (1.3)

here, the average is taken over all physical states weighted by the phase space prob-
ability density ρ(x, t), x denotes any physical state, S[ρ] := −kb ∑x ρ(x, t) ln ρ(x, t)
is defined as the entropy functional and H is the Hamiltonian of the system. For
brevity we will assume the time dependence of ρ in our notation. Note that this
definition reproduces the limiting case where the system is at equilibrium:

F = ∑
x

ρ(x)(H + Tkb ln ρ(x))

= ∑
x

ρ(x)
(
− 1

β
ln ρeq(x)− 1

β
ln Z +

1
β

ln ρ(x)
)

= − 1
β

ln Z +
1
β ∑

x
ρ(x) ln

ρ(x)
ρeq(x)

, (1.4)

where ρeq(x) = exp(−βH(x))/Z is the phase space equilibrium density in the canon-
ical ensemble, Z = ∑x exp(−βH(x)) is the partition function and β = 1/kbT is the
inverse temperature. Clearly, for ρ = ρeq we find that the second term in 1.4 vanishes
and, thus, we recover the equilibrium definition of the free energy

F =ρ→ρeq Feq = −
1
β

ln Z.

Remarkably, the second term in 1.4 is a quantity thoroughly studied in the frame-
work of information theory, the relative entropy D(p||q) = ∑x p(x) ln(p(x)/q(x)),
and it naturally appears in this formalism as excess free energy for non-equilibrium
states. In general, we can account for irreversibilities during the Szilard cycle with
the inclusion of the relative entropy in 1.4 for non-equilibrium states.

For the memory and measurement device, we will consider a Hamiltonian sys-
tems coupled to a single thermal reservoir. We will further restrict ourselves to
Hamiltonians that depend on time parametrically as H(x, λ(t)), with λ the set of
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tunable parameters. As such, we can state the first law of thermodynamics as fol-
lows:

∆〈U〉 =
∫

dt
d
dt
〈H〉ρ =

∫
dt ∑

x
ρ(x)

dH(x)
dλ

λ̇(t)︸ ︷︷ ︸
〈W〉

+
∫

dt ∑
x

dρ(x)
dt

H(x)︸ ︷︷ ︸
〈Q〉

(1.5)

Having this, we will estimate the energy cost of switching the state of a binary mem-
ory. We will soon explain why, for the Szilard cycle, memory switching is a necessary
stage between measurement and feedback, i.e., positioning the pulley appropriately.
For now, note that by introducing definition 1.3 in 1.5 we can re-express W in terms
of the non-equilibrium free energy:

∆〈U〉 = ∆F + T∆S = 〈W〉+ 〈Q〉 ⇒ 〈W〉 = ∆F + T∆S− 〈Q〉 (1.6)

Moreover, using the above definitions we can prove that the average work to change
the state of a system is bounded by the following inequality

〈W〉 − ∆F ≥ 0, (1.7)

This bound comes as a direct consequence of the second law formulated for non-
equilibrium systems (Parrondo, Horowitz, and Sagawa, 2015)(Esposito and Broeck,
2011). Bearing this in mind, we will be able to calculate the minimum work required
to operate the Szilard engine.

As a model for the binary memory that operates the engine, consider a system
whose phase space Γ has at least two distinct non-intersecting metastable regions
and a transient region that enables memory switching Γ = Γ0 ∪ Γ1︸ ︷︷ ︸

Metastable

∪ Γ2︸︷︷︸
Switching

. A

ubiquitous model for this situation is a bistable potential well, see Fig 1.2 (Landauer,
1961). At first, this model might seem more complicated than necessary but this
overall potential landscape is crucial for a working memory in any physical imple-
mentation, as we require robustness against perturbations while maintaining ver-
satility for switching. Now, for each of the regions, we can define a local partition
function and local free energy:

zm =
∫

Γm

e−βH(x)dx (1.8)

Fm = −kbT ln zm, m ∈ M = {0, 1, 2}. (1.9)

If we further impose that the particle can inhabit each of the regions with probability
pm, m ∈ M, then the local phase space density can be written as:

ρm(x) =
pm

zm
e−βH(x) ∀x ∈ Γm. (1.10)

In practice, the probability of the system to be in the transient region must be mini-
mal when the memory is not being switched. Notice that we can recover the global
equilibrium probability density if pm = peq

m = zm/Z. Furthermore, we can calcu-
late the free energy of the memory in a particular probability distribution PM =
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{p0, p1, p2}:

F [M] = ∑
x

ρ(x)(H + Tkb ln ρ(x))

= ∑
m

∫
Γm

ρm(x)(H + Tkb ln ρm(x))

= ∑
m

∫
Γm

ρm(x)(Tkb ln pm − Tkb ln zm)

= ∑
m

pmFm +
1
β ∑

m
pm ln pm

= 〈Fm〉PM −
1
β

H(PM), (1.11)

where the average is taken with respect to PM and H(PM) = −∑m pm ln pm is the
Shannon entropy of the ensemble defined byM and PM.

FIGURE 1.2: Schematic of the potential landscape for a binary mem-
ory as a function of the generalized coordinate q (Landauer, 1961).
Depending on the shaded region in which the memory state resides
there is a group of phase space trajectories to which we can associate
the position of the particle in the Szilard engine, either 1 or 0 (Left or
right), and a transition region for switching the state of the memory .

Having calculated the free energy associated with the state of a memory, we can
calculate the energy cost of switching its state. By switching, we refer to the manip-
ulation the system to change the set of probabilities PM to a new set of values P ′M.
The optimal way in which we can accomplish this is by performing a quasistatic
manipulation that saturates the inequality 1.7. With this consideration together with
the free energy of a memory state 1.11, we have all we need. The minimal work to
switch the state of a memory is thus:

〈Wmin〉 = 〈Fm〉P ′M − 〈Fm〉PM −
1
β

H(P ′M) +
1
β

H(PM), (1.12)

with PM = {p0, p1, p2} and P ′M = {p′0, p′1, p′2} the initial and final memory states.
We can simplify eq. 1.12 if we consider only symmetric memories, F1 = F2 = F3,
which we can accomplish by tunning the depth of the bistable well. As such, the
minimum work becomes:

〈Wmin〉 =
1
β
(H(PM)− H(P ′M)). (1.13)
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The specific memory switch that interests us is the restoring of a bit,

PM = {p0 = 1/2, p1 = 1/2, p2 = 0} ⇒ P ′M = {p′0 = 1, p′1 = 0, p′2 = 0}.

which has an energy cost of

Wres = 〈Wmin〉 =
1
β

(
1
2

ln 2 +
1
2

ln 2−����
�:0

H(P ′M)

)
= kbT ln 2 (1.14)

The precise meaning of this switch is that no matter the initial state of the bit, we set
it to 0. The energy cost that is associated to restoring a bit is commonly known as
Landauer’s principle.

Remarkably, however, the flipping transformation

PM = {p0 = 0, p1 = 1, p2 = 0} ⇒ P ′M = {p′0 = 1, p′1 = 0, p′2 = 0}.

can be performed without energetic cost within this framework. The reason for the
difference between both mappings is that the second corresponds to a reversible
transformation whereas the first does not. The irreversibility can be understood as
follows: before restoring, the bit can be found in either the 0 or 1 state with equal
probabilities but, regardless its initial state, it will always end up in the 0 state after-
ward. Our uncertainty about the initial configuration does not allow for a physical
process that can reliably set the system back to the exact initial state. To see why this
is the case, think of this problem by realizing that the initial state was a sample of
theM and PM ensemble so the density now is e−βH(x)/zm for the region m in which
the memory is found before the switch. After the switch, the state of the memory is
e−βH(x)/z0, but we never knew what m was in the first place, so we can not reliably
go back.

The critical insight comes from the fact that there is a necessary merging of the
control flow in the operation of the Szilard engine. By this, we mean that for a
given cycle, the demon needs to either store or restore the bit of information that
encodes the position of the particle. This choice is necessary so that the demon can
dispose of a storing bit in the present cycle to execute a routine that positions the
pulley. Storing the information in a new memory for each cycle clearly entails more
computational and energetic cost so that restoring seems like the optimal choice.
However, for this choice, there is an associated increase of entropy as a consequence
of the irreversible mapping done on the bit, as was previously discussed. Notice that
for the optimal choice, restoring the bit, the energy cost balances the energy gain in
a cycle of the engine, thus, no useful work can be extracted from this machine and
Kelvin’s statement of the second law holds when using a symmetric memory.

In practice, the implementation of a computer program that automatically per-
forms the process of measurement and feedback must couple the memory storage
with the outcome of the measurement. Moreover, it has been shown that the cost of
restoring a memory can be set to zero by using asymmetric memories (Sagawa and
Ueda, 2009). Clearly, the coupling between the demon and the container requires ad-
ditional energy input which can balance the extracted work. To quantify this energy
input, let’s consider the non-equilibrium free energy of the joint ensemble of the po-
sition of the particle in the container (Y = {L, R} , PY = {pL, pR}) and the memory
of the demon (M , PM). Before the measurement we assume independence, this
means that:

p(y, m) = py pm.
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and
H = HY + HM,

with, H, HY and HM being the total, particle and memory Hamiltonian respectively.
This means for the initial free energy that:

Finit = 〈H〉ρ − TS[ρ] (1.15)

= 〈HY 〉ρ + 〈HM〉ρ −
1
β

H(PY )−
1
β

H(PM) (1.16)

= FYinit +F
M
init (1.17)

After the measurement, the particle and memory systems become correlated

p(y, m) = py p(m|y)

and the marginal probability distribution for the memory changesPM ⇒ P ′M. Also,
we can not regard the ensembles as separate entities, we must now considerM×Y
as the sample space and PMY as the joint probability distribution. Furthermore,
we assume there is no interaction after the measurement. In consequence the free
energy of the joint system now becomes

Ffinal = 〈HY 〉ρ + 〈HM〉ρ −
1
β

H(PMY )

= 〈HY 〉ρ + 〈HM〉ρ −
1
β

H(PMY ) +
1
β

H(PY ) +
1
β

H(P ′M)

− 1
β

H(PY )−
1
β

H(P ′M)

= FYinitial +F
M
final +

1
β
I(Y ,M), (1.18)

where I(Y ,M) = H(PY ) + H(P ′M) − H(PMY ) is the mutual information of the
ensemble and quantifies correlations between the Y andM sub-ensembles. By com-
bining both results we can determine the free energy difference due to measurement

∆F = ∆FM +
1
β
I(Y ,M).

Note that ∆FM is the work that must be done to switch the state of the mem-
ory, which we already calculated for restoring and flipping. The complete cycle of
the Szilard engine entails restoring the state of the memory, performing the measure-
ment of the position of the particle and flipping the state of the memory for feedback
processing. The minimum work to operate the engine with feedback mechanism
coupled to a binary memory is given by

Wmeas + Wres =
1
β
I(Y ,M), (1.19)

with the right side being always positive as I ≥ 0.
We conclude that even in the best case scenario the cost of operating the engine

exceeds its energy gain. To arrive at this result we had to work within the framework
of non-equilibrium stochastic thermodynamics. Furthermore, we used simple mod-
els for memory storage and measurement that fulfilled the basic requirements for the
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operation of the Szilard engine. With this, we calculated the minimum work to op-
erate the engine and verified that it does not violate Kelvin’s statement of the second
law. We will continue by addressing this result for a more general class of systems
in which the equilibrium probability density is a monotone decreasing function of
the energy.

1.3 Minimal Work Principle

Unavoidable energy costs in the feedback mechanism of the Szilard engine have
two sources. First, we have the required free energy input from irreversible compu-
tations in memory and measurement. But we also are constrained by the inequality
in equation 1.7. If this bound on work was not imposed, we may still extract work
even with the additional costs of irreversible computation. This inequality is com-
monly known as the minimal work principle. In essence, this principle tells us that
when varying the speed of a given process done on an (initially) equilibrium system,
the work is minimal for the slowest realization of the process

W ≥ W̃ (1.20)

where W is the work done at a finite speed and W̃ is the work in the quasistatic limit.
Note that equation 1.20 holds for work extraction by shifting the sign of both W and
W̃ . Moreover, W̃ coincides with the difference in free energies in our previous dis-
cussion . Surprisingly, the minimal work principle does not constraint all systems.
We will prove this principle from a microscopic framework. By analyzing the ini-
tial hypotheses of the proof, we will arrive at a particular subclass of systems that
violate the inequality in equation 1.7. With this characterization, we will go back to
the Szilard engine and formulate two new cycles that can, apparently, extract work
without the need of a thermal reservoir in the first place.

There are several remarks to elucidate the meaning of the minimal work princi-
ple before we proceed. First, the meaning of slow realization of the process needs
clarification. In our context, this is just an operational definition that compares the
rate of the process with the relevant timescales for calculating the work input of the
system. For example, in quasistatic driving, the timescale that we compare to is the
time in which thermal fluctuations in the system occur. Second, for quantum sys-
tems we cannot expect that thermal equilibrium will be maintained throughout the
driving process, even if it is adiabatic. As such, it is possible that W̃ 6= ∆F. This fol-
lows from the fact that even if the initial state is in equilibrium with the initial Hamil-
tonian, after unitary evolution, the spectrum of the density matrix will be unaltered;
thus, it may not coincide with the spectrum of a density matrix in equilibrium with
the final Hamiltonian.

To develop a stronger intuition, we recall that for macroscopic systems as a cer-
tain process becomes slower and slower, the work extracted becomes time-independent.
Moreover, one expects that in macroscopic systems the limit in which work be-
comes time independent, the process becomes reversible. In consequence, the ex-
tracted work is maximal in absolute value, i.e negative and minimal. To confirm
this intuition holds in certain scenarios microscopically, we will prove the minimal
work principle from a small set of assumptions. Following previous works (Camp-
isi, 2008)(Allahverdyan and Nieuwenhuizen, 2005), we will start with the quantum
case. Developing a general understanding of this proof will help us further in the
classical setting, where volume entropy will play the role of energy in the quantum
mechanical derivation.
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First, consider a system interacting with a macroscopic source of work through a
time-dependent parameter in the system Hamiltonian H(t), λ(t). The macroscopic
source of work will drive the system through a trajectory in parameter space with
endpoints defined as H(ti) = Hi, H(t f ) = H f , λ(ti) = λi and λ(t f ) = λ f . We
will also restrict ourselves by considering only non-degenerate systems where the
energy spectrum is monotonely increasing

ε1(ti) ≤ ε2(ti) ≤ · · · ≤ εN(ti),

where the Hamiltonian could either be bounded or unbounded, i.e, N → ∞. Fur-
thermore, we will only discuss thermally isolated processes. As such, the evolution
of the system will be unitary:

ih̄
d
dt

ρ(t) = [H(t), ρ(t)], ρ(t) = U(t)ρ(ti)U†(t), (1.21)

where ρ(t) is the density matrix, and

U(t) =
←−
T exp

(
−i
h̄

∫ t

ti

H(s)ds
)

,

is the time-ordered unitary operator that induces time evolution. We quantify work
in this context with

W =
∫ t f

ti
dt tr[ρ(t)Ḣ(t)] (1.22)

Mind, however, that unitary evolution implies

∫ t f

ti
dt tr[ρ(t)Ḣ(t)] = tr[ρ(t)H(t)]

∣∣∣∣t f

ti
−
∫ t f

ti
dt tr[ρ̇(t)H(t)]

= tr[ρ(t)H(t)]
∣∣∣∣t f

ti
−
∫ t f

ti
dt tr[[H(t), ρ(t)]H(t)]

= tr[ρ f H f ]− tr[ρi Hi] = W, (1.23)

where partial integration together with equation 1.21 and the cyclic property of the
trace led to the final result in equation 1.23.

Additionally, so that we fulfill the assumption of initial equilibrium, the initial
state of the system is given by a Gibbsian density operator,

ρ(ti) = ∑
k

pk|k, t〉〈k, t| pk =
exp(−βεk(ti))

∑n exp(−βεn(ti))
, (1.24)

where |k, t〉 are the states that diagonalize the instantaneous hamiltonian

H(t) = ∑
k

εk(t)|k, t〉〈k, t|.

The initial state can be prepared by weakly coupling the work substance with a
thermal reservoir and then decoupling so that further driving is thermally isolated.
In general, the assumption that is fundamental for the proof is that the probabilities
are a decreasing function of energy

p1 ≥ p2 ≥ · · · ≥ pN . (1.25)



1.3. Minimal Work Principle 11

The proof of the minimal work principle will proceed by bounding the differ-
ence in work calculated for non-quasistatic and adiabatic processes respectively. In
general, we can do a decomposition of the action of the evolution operator along the
instantaneous eigenstates of the Hamiltonian

U(t)|k, ti〉 = ∑
k

ak,n(t) exp
(

iγn +
−i
h̄

∫ t

ti

dt′εn(t′)
)

,

with the coefficients ak,n(t) defined as

ak,n(t) = 〈n, t|U(t)|k, ti〉 exp
(
−iγn +

i
h̄

∫ t

ti

dt′εn(t′)
)

and γn being the geometrical phase. With this, we can calculate the traces in equation
1.23 to determine the work for both adiabatic and non- adiabatic processes:

W = ∑
k,n
|ak,n(t f )|2 pkεn(t f )−∑

k
pkεk(ti) (1.26)

and
W̃ = ∑

k,n
|ãk,n(t f )|2 pkεn(t f )−∑

k
pkεk(ti). (1.27)

Note also that from equation 1.3, the relations

∑
k
|ak,n(t f )|2 = 1 and ∑

n
|ãk,n(t f )|2 = 1 (1.28)

follow using the fact that each {|k, t〉}k∈{1,··· ,N} and {|n, ti〉}n∈{1,··· ,N} comprise com-
plete set of orthonormal vectors. Moreover, we can exploit the partial summation
formula

∑
n

xnyn = ∑
n≥m

xnym − ∑
n>m

xnym

=
N

∑
n=1

n

∑
m=1

xnym −
N−1

∑
n=1

n

∑
m=1

xn+1ym

= xN

N

∑
m=1

ym −
N−1

∑
n=1

(xn+1 − xn)
n

∑
m=1

ym (1.29)

to reexpress both equations 1.26 and 1.26, so that we get

W = εN(t f )−
N−1

∑
m=1

(εm+1(t f )− εm(t f ))
m

∑
n=1

N

∑
k=1
|ak,n(t f )|2 pk −∑

k
pkεk(ti)

and

W̃ = εN(t f )−
N−1

∑
m=1

(εm+1(t f )− εm(t f ))
m

∑
n=1

N

∑
k=1
|ãk,n(t f )|2 pk −∑

k
pkεk(ti)
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Which in turn, implies that the difference between both W and W̃ is given by

W − W̃ =
N−1

∑
m=1

(εm+1(t f )− εm(t f ))Θm, (1.30)

where we defined

Θm =
m

∑
n=1

N

∑
k=1
|ãk,n(t f )|2 pk −

m

∑
n=1

N

∑
k=1
|ak,n(t f )|2 pk. (1.31)

Now, we assume that there are no level-crossings at any stage of the driving process
so that the final energies fulfill

ε1(t f ) ≤ ε2(t f ) ≤ · · · ≤ εN(t f ). (1.32)

With this additional assumption, the adiabatic transition probabilities can be written
as ãk,n(t) = δk.n, with δk,n the Kronecker delta. Inserting the adiabatic transition am-
plitude, the normalization condition in equation 1.28 and the decreasing probabilites
assumption in equation 1.25 in the definition 1.31 we finally arrive at the following
bound

Θm =
N

∑
k=1

pk

(
1−

m

∑
n=1
|ak,n(t f )|2

)
−

m

∑
n=1

N

∑
k=m+1

pk|ak,n(t f )|2

≥ pm

N

∑
k=1

(
1−

m

∑
n=1
|ak,n(t f )|2

)
− pm

m

∑
n=1

N

∑
k=m+1

|ak,n(t f )|2

= pm

N

∑
k=1

(
1−

N

∑
n=1
|ak,n(t f )|2

)
= 0

With this bound, and noting that Θ is strictly positive, the minimal work principle
follows from equation 1.30. This is a consequence of the energy ordering in 1.32
together with the positivity of Θm. Specifically, the proof follows because the right-
hand side of 1.30 greater or equal to zero, thus, we conclude that W − W̃ ≥ 0.

Remarkably, the proof holds for N → ∞; this can be evidenced by performing a
formal manipulation of the partial summation formula. We also note that we did not
invoke the difference of free energies as a lower bound for the work. Importantly,
we stress that the initial state ρ(ti) must commute with the non-degenerate Hamil-
tonian so that the labels on the states in 1.24 make sense. Moreover, we emphasize
the importance of the no-crossing assumption so that we can regard the difference
of energies εm+1(t)− εm(t) in 1.30 as being positive throughout the evolution. We
also note the importance of the presumption of initial thermal equilibrium as this
immediately led us to the positivity of Θ through the property of probabilities being
a decreasing function of energy. Without these assumptions, we cannot guaran-
tee that the adiabatically extracted work bounds the work during the process. As
such we suppose that a feasible model for Maxwell demon would either violate the
assumption of absence of level crossings or the assumption of decreasing probabil-
ities. These violations would be intrinsically built into the feedback mechanism of
the engine. We will further discuss the consequences of this insight in following
subsections.

The proof of the minimal work principle serves as a benchmark to proceed with
proving the increase of entropy in isolated classical systems. We start with similar
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assumptions on the probability of a particular microstate and the behavior of en-
closed phase space volume with time evolution. First, consider the initial state has a
probability distribution of having an energy between E and E + dE,

p0(E)Ω(E)dE,

where Ω(E) is the density of states. Similarly, the final state has a probability dis-
tribution p1(E)Ω(E)dE .Furthermore, we consider a similar situation to that in the
quantum case, there is a set of parameters, λ(t), that evolve from λ(ti) = λi to
λ(t f ) = λ f and connect the initial Hamiltonian, H0(q, p; λi), with the final Hamil-
tonian, H0(q, p; λ f ). We will prove the increase over time of the quantity known as
volume entropy, defined as,

S =
∫ ∞

0
dE p(E)Ω(E) ln Φ(E), (1.33)

where Φ(E) is the phase space volume enclosed by the hypersurface H(q, p) = E,
that is,

Φ(E) =
∫

H(q,p)≤E

dNqdNp
h3N . (1.34)

With the definitions below we calculate the difference in volume entropy as

S f − Si =
∫ ∞

0
dE p1(E)Ω1(E) ln Φ1(E)−

∫ ∞

0
dE p0(E)Ω0(E) ln Φ0(E), (1.35)

where the subscript r = 0, 1 refers to the initial and final states respectively. In
general, we can make the change of variables

Pr(Φr(E))dΦr = pr(E(Φr))
dΦr

dE
dE,

in which we identify the density of states, Ωr(E) = dΦr/dE, so that the final expres-
sion reads,

S f − Si =
∫ ∞

1
dΦ1P1(Φ1) ln Φ1 −

∫ ∞

1
dΦ0P0(Φ0) ln Φ0.

Changing variables again, we have a relation that quantifies the change in entropy
given by

S f − Si =
∫ ∞

1
dΦ(P1(Φ)− P0(Φ)) ln Φ. (1.36)

Note that ln Φ is a monotonically increasing function with respect to Φ and it is
strictly positive. The positivity of ln Φ comes from the fact that the minimum size
of a cell in phase space has a volume of h3N , so the integral in 1.34 is always greater
than one. A consequence of this is that the probability distribution Pr(Φ) is defined
only in the interval [1, ∞].

Similar to our previous treatment, we now perform a partial integration of equa-
tion 1.36,

S f −Si =

(
ln Φ

(∫ Φ

1
dΘP1(Θ)−

∫ Φ

1
dΘP0(Θ)

)) ∣∣∣∣∞
1
+
∫ ∞

1
dΦ

1
Φ

∫ Φ

1
dΘ(P0(Θ)− P1(Θ)).

Remarkably, the first term vanishes. In the lower limit, Φ → 1, the integral of the
difference in probabilities is equal to zero for both P1 and P2, and in the upper limit,
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Φ→ ∞, each of the probabilities integrates to one, and we get zero again. The result
of this is

S f − Si =
∫ ∞

1
dΦ

1
Φ

∫ Φ

1
dΘ(P0(Θ)− P1(Θ)). (1.37)

We note several striking similarities between this result and the result in equation
1.30. The 1

Φ term is analogous to the difference in energies in equation 1.30; it is
strictly positive. Moreover, the integral of the difference of probabilities plays a
similar role to that of Θm in equation 1.30. To prove the positivity of the entropy
difference, we just have to verify that

∫ Φ
1 dΘP0(Θ)− P1(Θ) ≥ 0. For this, consider

the map that ergodically evolves the probability distribution P0 :

P1(Φ) =
∫ ∞

1
A(Φ, Θ)P0(Θ)dΘ (1.38)

This kernel, A(Φ, Θ), is precisely the Green function associated with the time evolu-
tion of probabilities in Φ space. In the adiabatic limit, we naturally expect A(Φ, Θ) =
δ(Φ − Θ). For finite time evolution, however, the kernel, A(Φ, Θ), is the result of
evolving a Dirac delta function centered at Θ, A(Φ, Θ) = U (ti, t f )δ(Φ−Θ), which is
generally bell-shaped and evolves according to a Fokker-Planck equation (Jarzynski,
1992). Additionally, in Φ space, the kernel A represents a probability distribution;
as such, it has two fundamental properties, A(Φ, Θ) ≥ 0 and

∫ ∞
1 dΦA(Φ, Θ) = 1.

Furthermore, we can use Liouville’s theorem to prove that
∫ ∞

1 dΘA(Φ, Θ) = 1.As
a result of these properties, we have an exact analogy with the quantum minimal
work principle. Bounding the difference in probabilities we get,∫ Φ

1
dΘ(P0(Θ)− P1(Θ)) =

∫ Φ

1
dΘ
(

P0(Θ)−
∫ ∞

1
A(Θ, Θ′)P0(Θ′)dΘ′

)
=
∫ Φ

1
dΘ
(

P0(Θ)−
∫ Φ

1
A(Θ, Θ′)P0(Θ′)dΘ′

)
−
∫ ∞

Φ
A(Θ, Θ′)P0(Θ′)dΘ′.

By enforcing the assumption that p0 is a decreasing function of energy, P0 is neces-
sarily a decreasing function of Φ which implies:∫ Φ

1
dΘ(P0(Θ)− P1(Θ)) ≥ P0(Φ)

∫ Φ

1
dΘ
(

1−
∫ Φ

1
A(Θ, Θ′)dΘ′

)
− P0(Φ)

∫ ∞

Φ
A(Θ, Θ′)dΘ′

= P0(Φ)
∫ Φ

1
dΘ
(

1−
∫ ∞

1
A(Θ, Θ′)dΘ′

)
= 0.

With this, we have proven the entropy principle, ∆S ≥ 0 for certain probability dis-
tributions after thermally isolated evolution. The consequences of the proof are evi-
dent. Just as in the quantum case we can conceive scenarios in which a system has a
distribution that is not monotonically decreasing with energy, and thus ∆S might be
less than zero. Such systems have been thoroughly studied; they correspond to ones
that have been reported to present negative temperatures(Ramsey, 1956)(Purcell and
Pound, 1951). There is a clear interpretation of these seemingly unnatural changes
in entropy. For a distribution with inverted populations, the value of the volume
entropy is higher than for a homogeneous distribution. Moreover, as time evolves
the initial inverted distribution will tend to homogenize so that the net change in
entropy will be negative by adding energy to the system. This feature, however, is
not possible for a classical system as it requires an upper bound for the energy of
the system. For unbounded Hamiltonians, a non-decreasing function of energy is
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non-normalizable and thus, not even a probability distribution. As of now, nega-
tive temperatures are strictly quantum phenomena that have been realized in spin
systems.

For our discussion regarding Maxwell’s demons, there is a crucial observation to
be made. By microcanonicaly sampling the particle inside a Szilard engine,

p ∝ δ(H(p, x, λ)− E),

the conditions of the above derivation are not met. This fact led to several proposals
of schemes that seem to violate the minimal work principle in classical systems. By
understanding the functioning mechanisms of these proposals, we can further probe
the relationship between information theory and thermodynamics. In the following
section, we will revise several of these systems, analyze the energetics along their
time evolution, and some of the features that hinder their operation.

1.4 Microcanonical Szilard Engines

Surprisingly, the first system that presented a systematic reduction of its average en-
ergy was an ensemble of one-dimensional simple harmonic oscillators with a time-
dependent perturbation (Sato, 2002). This seemingly trivial system could lower its
energy if sampled microcanonicaly by choosing an appropriate set of perturbation
parameters. This behavior defies intuition; this is clear by noting that for all thermal
systems, such a procedure would necessarily increase the energy of the system from
equation 1.37.

The scheme is straightforward in this case. Consider a system that evolves ac-
cording to the Hamiltonian

H = H0(x, p) + εV(x, t),

with V(x, t) = α(t)B(x) , H0 = p2/2+ x2/2 and ε a small parameter compared to the
initial energy of the unperturbed system. Furthermore, suppose that α(0) = α(τ) =
0, and that B(x) is analytic so that the Taylor series B(x) = ∑∞

l=0 βlxl converges. Also,
the initial density distribution in phase space is considered to be microcanonical,

f (x, p, t) =
1

2π
δ(H0(x, p)− E0).

With these assumptions, the average change of energy in the system after the per-
turbation is applied is given by

∆E =
∫

dxdpH0( f (x, p, τ)− f (x, p, 0)).

By evolving the phase space density to second order in ε the shift in the energy of
the system is

∆E = ε2
∞

∑
n=0

n2cnSn,

where the coefficients are given by Sn =
(∫ τ

0 α(t) cos ntdt
)2

+
(∫ τ

0 α(t) sin ntdt
)2

and

cn = d
dE0

(
∑∞

l=1 βl(E0/2)l/2Ml
n+l

2

)2
, with Ml

n+l
2

the combinatorial factor for l+n
2 ∈ N

and zero otherwise (Sato, 2002). At this point, K. Sato made the critical observation
that for the particular case in which α(t) = sin(t) and B(x) = β1x + β2x2 + β3x3 ,
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FIGURE 1.3: Phase space distributions f (x, p, t) for both the initial
state t = 0 and the final density t = τ. Each of the plots in the panel
correspond to a phase space snapshot of the density after performing
the protocol detailed in the main text. The parameter ε = 0.01 was
used. Each of the curves corresponds to a collection of 1000 systems
that were evolved with a RK4 algorithm with a time difference of 10−3

between each step. The initial energy of the ensemble of oscillators
was E0 = 1

2 . The total runtime of the algorithm was 2π. We see that
the final densities f (x, p, τ) after the β3 ≥ 0 and β3 ≤ 0 perturbations
are related by a π-rotation; however, both types of driving have the

same final energy.

the shift is

∆E = ε2 π2

4

(
β2

1 + 6E0β1β3 +
24
7

E2
0β2

3

)
. (1.39)

Moreover, by choosing the coefficients so that β1 = −3E0β3 we have a consistent
decrease in the energy of the system given by

∆E = −ε2 9
8

π2E2
0β2

3. (1.40)

This decrease can be evidenced by looking at the evolution of the phase space den-
sity in Figure 1.3. We see the initially microcanonical distribution deform more as
we either increase or decrease the perturbation parameter β3. The induced deforma-
tion of the initial density is such that points inside the circle of radius E0 are close
enough to the origin to compensate for those outside, lowering the overall energy of
the ensemble.

From the above analysis, we also calculated the shift in energy for the system
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FIGURE 1.4: Energy shift after Sato’s procedure detailed in the main
text as a function of the perturbation parameter β3.Each dot corre-
sponds to a simulation performed on an ensemble of 1000 oscillators
in an initial state given by E0 = 1

2 . The runtime is again τ = 3π and
the time step is given by ∆t = 10−3. The solid red line is the theo-
retical prediction given by equation 1.40. Moreover, the inset shows
the discrepancy between both theory and simulation on a logarithmic
scale. Note that for β3 ∈ [−10, 10] the error is of less than one percent

the value of the energy shift.

by evolving a set of microcanonically sampled particles with a fourth order Runge-
Kutta step algorithm. Note that the energy of the ensemble is proportional to the
average distance to the origin of each point in the phase space density curve f (x, p, t)
at t = 0 and t = τ. The results of this calculation are displayed in Figure 1.4. We see
that for lower values of β3, the second-order approximation in epsilon is accurate;
however, for β3 >> 1, we start to observe positive deviations from the quadratic
prediction. This behavior is expected because H(x, p, τ) = H0 ≥ 0; as such, the
energy reduction due to the perturbation must saturate eventually. Nevertheless,
the second order approximation works for a remarkably broad range of values of β3.
The inset in Figure 1.4 shows the size of the relative error between our simulations
and the theoretical estimate. Notably, the relative error is less than one percent for
β3 ∈ [−10, 10].

This violation of the minimal work principle, although present in simple sys-
tems, is uncommon. Using simple arguments, one can show that, as the energy of
the system grows, the values of beta such that delta is negative become more scarce.
For the particular case of a cubic perturbation, equation 1.39, we note that the second
order correction vanishes for all values of β1 and β3 such that

β1 =
−9E0β3

2
and β1 =

−3E0β3

2
. (1.41)

Consequently, for
−9E0β3

2
≤ β1 ≤

−3E0β3

2
, (1.42)

the energy shift is negative. Moreover, we can choose β1 and β3 such that β2
1 + β2

3 ≤ 1
and any scale factors can be absorbed into ε. With this, we can calculate the ratio
of the volume in parameter space where the inequality 1.42 is satisfied to the total
volume. From a frequentist perspective, this ratio quantifies how often we would
perturb the system to a lower energy state if we randomly chose the parameters in
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1.39. Knowing that the space of possible parameters is a circle of radius one, we just
need to calculate the ratio, υ, between twice the angle spanned by 1.41 to 2π; this
yields

Υ =
1
π

(
arctan

9E0

2
− arctan

3E0

2

)
. By considering the limit in which E0 → ∞, we can expand Υ asymptotically with
arctan(x) ≈x→∞

π
2 −

1
x +O

( 1
x2

)
, so the ratio becomes

Υ =
4

9πE0
.

We see from this simple analysis that for macroscopic systems we expect that the
probability of a random perturbation lowering the energy of the system vanishes as
limE0→∞ Υ = 0.

As a last remark, note that the phase space density at the end of this process is
not microcanonical, as is clear from Figure 1.3. Thus, the final state of the system
cannot undergo a similar perturbation that further reduces its energy. As such, we
cannot iterate the above procedure, and we are limited to a single cycle of operation.

1.4.1 Box Engine

To allow for a cyclic violation of the minimal work principle, we resort to the scheme
proposed by Marathe and Parrondo, 2010. Here, we will describe a procedure remi-
niscent of the original Szilard engine, but that can operate with a single measurement
for an arbitrary number of cycles. Consider a classical particle of mass m inside a box
of size 2L, see Figure 1.5. The time-dependent potential that will reduce the energy
of the particle is given by

V(x, t) =

{
γt(`− |x|)/`

0
|x| < `

otherwhise.
(1.43)

This barrier raises during the time interval [0, VB/γ]. Suppose also that the initial
state of the system corresponds to a microcanonical density, that is, a distribution of
uniformly sampled positions inside the box with definite absolute value of momen-
tum. For clarity, consider a single realization of the ensemble, a particle starting at a
random position and definite energy E0 = p2

0/2m. For some values of p0, the trajec-
tory of the particle will get confined at either the left or the right side of the box by
the triangular barrier. Afterward; we expand the right side of the box to a final po-
sition of 2L + ` at a velocity α. With this, some of the trajectories of the particle with
higher p0 that were not initially trapped at either side of the box will get confined
to the right. The confinement occurs due to the reduction in momentum that results
from collisions with the moving wall (v → −v + 2α). For even higher values of p0,
even after the momentum reduction, trajectories will not get confined to either side
of the box. Furthermore, we can move the left wall of the box to ` at a velocity β.
For trajectories that were trapped to the left in the first stage of the cycle, this entails
an increase in momentum due to collisions with the wall (−v → v + 2β). However,
note that for trajectories that were confined at the right side of the box, the motion of
the left wall does not change their momentum and, at the end of this process, their
energy diminishes.

To analyze the process in Figure 1.5 quantitatively, consider the limit in which
α, β, γ → 0, that is, the process is quasistatic. In this regime, we can determine the
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FIGURE 1.5: Schematic of the cycle of operation for the microcanon-
ical Szilard engine described in the main text, taken from ??. The
initial state of the system is shown in a). In b) the triangular barrier
is raised to a maximum height VB slightly below the initial energy of
the particle at a speed γ. In c) the right wall is moved at a speed α to
its final position, Lp. Finally, the left wall moves to its final position `

at velocity β.

evolution of the energy of the system by tracking the behavior of the action,

φ(E(t)) =
∫

H(x,p;t)<E(t)
dxdp, (1.44)

throughout the cycle. We know that for adiabatic evolution, φ is an invariant, and its
continuity allows us to connect the energy at different stages of the cycle. However,
for sudden confinement or expansion of the trajectory of the particle, φ has discon-
tinuities. These abrupt changes underlie the functioning mechanism of this Szilard
engine. First, the action before the triangular barrier starts to raise is given by

φ0 = 4L
√

2mE0 (1.45)

Now, let us express the momentum of the particle as a function of position, from
equation 1.43 we have,

p(q) =

{ √
2mE− 2mV(`− |x|)/`√

2mE
|x| < `

otherwhise,
(1.46)

where V is the height of the barrier at any given stage of the process. To calculate
the action, we have to consider various cases simultaneously. For this, we will con-
veniently introduce the variables Ll and Lr that correspond to the distance from the
origin to the left or the right wall respectively. With this, we can integrate equation
1.46 for instances in which the particle is trapped at either side of the barrier, E < V;
this yields

φ(E) = 2
∫ z2

z1

√
2mE dx + 2

∫ z4

z3

√
2mE− 2mV(`− |x|)/` dx

=
√

2mE
(

2(Ll,r − `) +
4E`
3V

)
, (1.47)

where [z1, z2] = [−Ll ,−`] and [z3, z4] = [−`,−`+ E`
V ] for trajectories trapped to the
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left of the barrier and [z1, z2] = [`, Lr] and [z3, z4] = [`− E`
V , `] for trajectories trapped

to the right. Doing the same for cases in which E > V, we get

φ(E) = 2
∫ −`
−Ll

√
2mE dx + 2

∫ `

−`

√
2mE− 2mV(`− |x|)/` dx + 2

∫ Lr

`

√
2mE dx

=
√

2mE
(

2(Ll + Lr − 2`) +
8E`
3V

[1− (1−V/E)3/2]

)
. (1.48)

Notice how, in general, 1.47, 1.48 and 1.45 do not coincide. This discrepacy with
the usual adiabatic invariance of the action is due to segregation of the orbits, i.e.
the fact that the triangular barrier suddenly separates orbits in phase space. For an
arbitrary initial condition with energy E0, continuity of the action across a → b in
figure 1.5 implies that just before the trajectory becomes suddenly confined, equation
1.48 holds, and

√
2mE

(
4(L− `) +

8l
3

)
= 4L

√
2mE0, (1.49)

where we assumed E > V but in the limit where E ∼ V and Lr = Ll = L. When
the first stage of the cycle has finished, the largest initial energy E∗ that undergoes
sudden confinement at either the left or the right of the box is found by setting E =
VB in equation 1.49, which results in

E∗ =
(

1− `

3L

)2

VB. (1.50)

As such, any particle that starts with an energy lower than E∗ gets trapped either to
the right or the left of the triangular barrier after the first stage of the cycle. That is,
confinement occurs for trajectories whose initial energy fulfills

E0 <

(
1− `

3L

)2

VB.

Moreover, we note that when a particle is confined at this first stage, it suddenly is
not able to access half of the volume of the box, so we have

∆φseg = −2L
√

2mE0. (1.51)

Furthermore, when the second stage of the cycle ends, some trajectories with
energies above E∗ become confined to the right as they lose momentum through
collisions. The action of these trajectories before the second stage starts is given by
equation 1.45. Imposing continuity of the action before sudden confinement occurs
(E > VB but E ∼ VB) in equation 1.48, yields

√
2mVB

(
2(Lc + L− 2`) +

8`
3

)
= 4L

√
2mE0,

where Lr = Lc is the position of the right wall for which the orbit with energy E0 is
trapped. Knowing that at the end of the second stage Lc = 2L + `, the largest initial
energy, E∗∗ for which a trajectory undergoes sudden confinement is

E∗∗ =
(

3
2
+

`

6L

)2

VB. (1.52)
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Consequently, any particle with an initial energy in the range

E∗ < E0 < E∗∗ (1.53)

will be trapped to the right side of the triangular barrier as a result of the second
stage of the cycle. Moreover, we can also calculate the change in action due to con-
finement at this stage. By noting that when E < VB but E ∼ VB the left side of the
box is not accessible to the particle, and, using the equation 1.47 with Ll = L, the
shift becomes

∆φconf = −2L
√

2mVB

(
2L− 2`

3

)
. (1.54)

Finally, in the last stage of the cycle, when the left wall moves to the right. We can
proceed similarly as in the first two stages. In this case, there is a sudden expansion;
the right side becomes available. The change in action corresponds here to the value
of the added phase space volume to the interior of the orbit. The trajectory will have
a shift in φ that follows from equation 1.47 for the instance in which E < VB but
VB ∼ E and Lr = 2L + `, this yields

∆φexp = 4L
√

2mVB

(
L +

`

3

)
. (1.55)

With this, we get a complete picture of the process. Imposing continuity in the
final action, φ f = 4L

√
2mE f , and taking into account shifts due to sudden expansion

or confinement, φ f = φ0 + ∆φ, we get

E f =

(√
E0 +

∆φ

4L
√

2m

)2

(1.56)

Specifically, for initial conditions that fulfill 1.53, the change in energy is

E f =

(√
E0 −

√
VB

(
1
2
− `

6L

))2

.

For particles with initial conditions that satisfy E0 < E∗, we have two cases, either
∆φ = ∆φseg + ∆φexp ≥ 0 for when the particle is initially trapped at the left of the
box, or ∆φ = ∆φseg ≤ 0 for when the particle is initially trapped at the right. For the
latter case the change in energy is negative whereas for the former is positive; how-
ever, in repeated cycles both cases happen with equal probability and work cannot
be extracted consistently. Finally, for particles with E0 > E∗∗, there is no change
in energy for quasistatic realizations of this procedure. The resulting final energy
for each case is displayed as a function of the scaled initial energy in the left plot of
Figure 1.6.

We verified equation 1.56 by simulating the evolution of a similar system with
a Runge-Kutta algorithm. Instead of using an infinite barrier, we used a power-
law trap to simulate the walls of the box for numerical stability. Just as in reference
(Marathe and Parrondo, 2010), we calculated the final energy as a function of the
number of cycles, right plot of Figure 1.6. We observe asymptotic behavior in en-
ergy extraction that suggest one cannot extract energy beyond a certain number of
cycles. This behavior is attributed to the fact that the procedure is not able to per-
form optimally due to the finite computation time of the simulation. In physical
realizations we would expect a similar issue limiting the performance of such a cy-
cle. However, notice the remarkable feature that, even at with this limitation, the
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FIGURE 1.6: Energetics of the microcanonical Szilard engine. Left:
the scaled final energy of the system after one quasistatic cycle with
m = 1, L = 20, and ` = 1. The various cases that we considered for
the initial energy lead to qualitatively different behavior after the first
cycle. For E0 < E∗ there is an equal chance of ending with E f either
below or above E0; nevertheless, the energy of the system increases
on average. For E∗ < E0 < E∗∗, the final energy of the system is
always less than the E0 constituting a violation of the minimal work
principle. For E0 > E∗∗, the lack of orbit segregation together with the
fact that the cycle is carried out quasistatically entail E f = E0. Right:
Final energy as a function of cycle repetitions for different speeds α,
β, and γ. The evolution of trajectories was simulated with a Runge-
Kutta algorithm. The step size was h = 10−3 and the duration of
each stage of a single cycle was τ = 50, τ = 100, and τ = 500 for
the blue, cyan and black dotted lines respectively. The red line corre-
sponds to the theoretical value of E f after each iteration of the cycle.
We attribute deviations from this line to rounding errors. The limits

in energy extraction are set due to finite computation time.

energy of the system decreases exponentially for the first iterations of the process.
The algorithm modified the height of the barrier for each consecutive cycle ac-

cording to VB → V ′B = κVB, with κ =
(

1
2 +

`
6L

)2
. The choice of κ comes from

equations 1.56 and 1.53 for the case where VB = E0 in the first iteration of the cy-
cle. Notably, other than the measurement of E0, no successive measurements are
necessary because the final energy after one cycle determines the height of the po-
tential barrier for a subsequent iteration. In particular, this approach works because
by setting VB = E0 at the start of each cycle, condition 1.53 is always satisfied. The
orbits of the particle in phase space after each cycle are displayed in the left plot of
Figure 1.7. Notice that both the scale and location of the orbits change for successive
iterations of the process, but not their overall shape. This unchanging feature stands
in juxtaposition to the behavior of the orbits in Figure 1.3. We stress the fact that
the persistence of the microcanonical distribution after several realizations of the cy-
cle is what allows for consistent violations of the minimal work principle discussed
previously.

As a final remark, note that the mechanism that allowed the operation of this
engine is the interchange of regions in phase space, see right side of Figure 1.7. This
interchange is possible by the segregation of orbits that led to sudden changes in ac-
tion. Nevertheless, the volume in phase space is conserved by Liouville’s theorem as
would be expected. Remarkably, this general mechanism can be exploited in a wide
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FIGURE 1.7: Phase space description of the microcanonical Szilard
engine. Left: Phase portrait of the single-particle trajectories after re-
peated realizations of the microcanonical Szilard cycle. The orbits
scale and translate after each iteration; however, their overall shape
remains constant. Minor artifacts appear as the result of the barrier
rising during times where samples of the trajectory were taken. Also,
the slight curvature at the edges of the box is a consequence of the
fact that a power-law trap was used instead of an infinite box. Right:
Schematic of the evolution of the phase space regions delimited by
p = ±pb and p = ±3pb/2 (pb =

√
2mVB), taken from Marathe and

Parrondo, 2010. The result of applying the procedure in the main text
is the interchange of regions that are bounded by condition 1.53. This
interchange is the reason behind the reduction in energy for trajecto-

ries with certain initial conditions.

variety of scenarios and is more general than the particle in a box with a triangular
barrier. However, for multiparticle systems, the distribution of energies is such that
systematic extraction with a similar mechanism has not been possible due to erratic
changes after each successive iteration. For a deeper discussion on multiparticle sys-
tems refer back to Marathe and Parrondo, 2010. Note that in in the quantum case
this picture, even for the single-particle case, can be spoiled in several ways which
will be discussed in the following chapters.

1.4.2 Quartic Trap Engine

In this section, we further explore the idea that the interchange of phase space re-
gions enables energy extraction for microcanonical systems. For this, we follow the
work of Vaikuntanathan and Jarzynski, 2011. This time, interchange happens as a
consequence of modulating the depth of a double-well potential with a single parti-
cle trapped inside, and the result is again a seeming violation of the minimal work
principle. As with previous cases, the initial state is a microcanonical density in
phase space; however, this time the Hamiltonian has a non-linear term:

H(t) =
p2

2
+ x4 − λL(t)x2θ(−x)− λR(t)x2θ(x), (1.57)

with θ(x) the unit step function and λL,R(t) time-dependent parameters that deter-
mine the depth of each side of the double-well. A perpetual motion machine of the
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second kind could be constructed by following the dynamics of this Hamiltonian
and repeatedly applying a cooling protocol similar to that of the box engine. In this
case, work extraction is possible if the system is cooled in isolation after being equi-
librated with a thermal reservoir at temperature T. This process can be iterated by
thermalizing again and progressively removing energy from the reservoir. We note
that this machine suffers from a similar flaw as the original Szilard engine discussed
in section one. To operate this machine cyclically, we have to measure the energy of
the system at the start of each iteration. This measurement is necessary to prepare
the system in a microcanonical distribution. It is clear that such a device is consistent
with Kelvin’s statement of the second law by recalling the work cost of measurement
and erasure, see equation 1.12.

Nevertheless, cooling an isolated system is plausible by driving
−→
λ = (λL(t), λR(t))

along a specific path in parameter space. For simplicity, assume that lambda changes
at a constant rate, |d−→λ /dt| = Λ/4τ, where Λ relates to the maximum depth of the
wells along the whole protocol by Vmin = −Λ2/4, and τ is the duration of each of
the four stages of the protocol. We will be particularly interested in the adiabatic
limit,

|d−→λ /dt| =τ→∞ 0 (1.58)

At the start of this process,
−→
λ = (0, 0), and a single particle undergoes nonlinear

oscillations with constant energy E0. The cooling protocol depends on the initial
value of E0. First, the right side of the double-well is lowered as λL → Λ. The
location of the new minimum of the potential is xL =

√
Λ/2. We define E1 as the

maximum initial energy of a trajectory that is bounded at this stage of the process.
Afterward, the left side of the potential descends as λR → Λ. Now, the second local
minimum is xR = −

√
Λ/2. The potential landscape now has a local maximum at

x = 0 and two local minima at x = ±
√

Λ/2. We define E2 as the maximum initial
energy of a trajectory that is bounded to the left at the second stage of the process.
At the third stage of the protocol, the right side of the well rises as λL → 0. And
finally, the left side of the potential raises and we go back to the initial configuration
; however, if a trajectory was bounded to the left, it will end with less energy than E0.
Nonetheless, if a trajectory was bounded to the right, it will end with more energy
than E0. A schematic displaying the interchange of phase space regions is shown in
Figure 1.8. Here, we see that E1 and E2 must be tuned to match a Λ such that the
initial energy of the particle lies within the blue region.

To determine E1 and E2, we equate the phase space volume enclosed by the
trajectory of the particle at different stages of the process, see equation 1.44. The
adiabatic condition 1.58 justifies this approach by virtue of φ(E) being an adiabatic
invariant in this limit. First, if the particle starts with E0 = E1, then, the volume
enclosed by its trajectory is:

φI(E1) = 2
√

2
∫ 4√E1

− 4√E1

√
E1 − x4 dx

= 2
√

2E3/4
1

∫ 1

−1

√
1− y4 dy

=
8
√

2E3/4
1 K(−1)

3
, (1.59)
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FIGURE 1.8: Realization of the quartic microcanonical Szilard engine
for Λ = 5, E1 = 2.744 and E2 = 6.914; see eqs. 1.61 and 1.64. Taken
from Vaikuntanathan and Jarzynski, 2011. Each snapshot shows the
evolution of the phase space regions during the adiabatic protocol.
Sudden confinement happens for a set of trajectories along three to
five, and sudden expansion occurs for these same trajectories along
four to five. The behavior of the system in these stages explains the
sudden jumps in the action integral that leads to a net decrease of
energy. This decrease is evident by noticing how the blue and red

regions swap positions.

where in the last step we integrated by parts and expressed everything in terms
of

K(m) =
∫ 1

0

dy√
(1− y2)(1−my2)

,

the complete elliptic integral of the first kind. We also calculated p from equation
1.57 similar to the box engine. Note that the subscript I in φ refers to the region of
interest, I : {E < E1} ; I I : {E1 < E < E2} ; L : {E < 0, x < 0} ; R : {E < 0, x > 0}.
Moreover, as all bounded trajectories to the right have negative energies after the
first stage,

−→
λ = (0, Λ), their maximum is E = 0. As such, the phase-space volume

enclosed by the bounded trajectory with the highest energy is

φR(E = 0) = 2
√

2
∫ √Λ

0

√
Λx2 − x4dx

= 2
√

2Λ3/2
∫ 1

0
y
√

1− y2dy

=
2
√

2Λ3/2

3
. (1.60)

By equating φI(E1) and φR(E = 0), we obtain a relation between Λ and E1:

E1 =

(
1

4K(−1)

)4/3

Λ2. (1.61)

Furthermore, by repeating this calculation for the region I I at the start of the
cycle, the phase space volume is
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φI I(E2) = φI(E2)− φI(E1)

=
8
√

2(E3/4
2 − E3/4

1 )K(−1)
3

(1.62)

We can also calculate the volume enclosed by the trajectory with E = 0 bounded
to the left at the end of the second stage,

−→
λ = (Λ, Λ), which yields

φL(E = 0) = φR(E = 0)

=
2
√

2Λ3/2

3
. (1.63)

By replacing equation 1.61 into equation 1.62, we find a relation between E2 and Λ
if we impose φL(E = 0) = φI I(E2),

E2 =

(
1

2K(−1)

)4/3

Λ2. (1.64)

With definitions 1.61 and 1.64 we can delimit the regions of operation of the protocol,
blue and red in Figure 1.8, by specifying the depth Λ.

After the protocol ends, the regions in phase space swap their volumes such that
the action for the final energy E f is

φI(E f ) =


φI(E0) + φI I(E2)

φI(E0)− φI(E1)

φI(E0)

if E0 < E1

if E1 < E0 < E2

if E0 > E2.

(1.65)

Similar to the box engine, we see that phase-space volume changes due to sudden
confinement and expansion. This equation for the action, in turn, implies that energy
changes as

E f =


(

E3/4
0 + E3/4

1

)4/3(
E3/4

0 − E3/4
1

)4/3

E0

if E0 < E1

if E1 < E0 < E2

if E0 > E2,

(1.66)

where we used equation 1.59 together with the fact that φI(E1) = φL(E = 0) =
φR(E = 0) = φI I(E2) due to the symmetry of the potential. Hence, we see the
reduction in energy at the end of the process for trajectories with E1 < E0 < E2.
With this result and equations 1.61 and 1.64, we can always design the protocol
such that E1 < E0 < E2 by tuning the maximum depth of the double-well at the
start of the third stage, Λ. As such, we can always lower the energy of a particle
with any E0. Moreover, it is possible to tune Λ such that E1 is arbitrarily close from
below to E0; hence, improving the effective cooling. Note that for E1 to approach
E0, the prior measurement must be accurate enough to distinguish the size of the
regions delimited by E1 and E2. In the limit where the regions in phase space become
arbitrarily small, this initial measurement entails a high cost in information storage,
and an optimization procedure is necessary.

To verify these results, we simulated the evolution of an ensemble of 500 particles
with a RK4 algorithm. For each particle, we sampled an initial condition randomly
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FIGURE 1.9: Evolution of a single point according to the protocol de-
scribed in the main text. Scatter shows the trajectory in phase space
with time displayed as color. The trajectory was calculated for Λ = 1,
E1 = 0.1098, E2 = 0.2766, τ = 100, dt = 0.01, and E0 = 1.0001× E1.
As the right lobe of the potential descends, the amplitude of the tra-
jectory increases; however, as the left lobe starts its descent, the par-
ticle is trapped to the left of the double-well. When the initial con-
dition is reached again, the amplitude of the motion in phase space
decreases significantly. Note the use of adimensional axes. Roughly,
purple/blue corresponds to the first stage of the protocol, cyan to the

second, green the third and orange/red the last.

with energy E0. The subsequent evolution consisted of the four previously discussed
stages of the protocol. For all simulations we chose Λ = 1 . Figure 1.9 shows the
trajectory of a single point in phase space. We see how the orbits end with lower am-
plitude and energy for this point. Nevertheless, we also observe how the energy of
the particle increases in intermediate steps of the cycle. In this case, E0 was approxi-
mately equal to E1, and thus, the reduction in energy is significant. For the collection
of 500 initial conditions, see Figure 1.10. In this case, we used a larger step size for
the RK4 algorithm for computational efficiency. This step size, in turn, increases the
error in the calculation. We considered two cases; first Eα

0 = E1 + (E1 + E2)/2, and
Eβ

0 = E1− (E1 +E2)/2. In both cases, the change in energy coincides with the predic-
tion in equation 1.66. In the first case, Eα,RK4

f = 0.166± 0.009, which matches within

the error the theoretical value Eα,Teo
f = ((3E1/2 + E2/2)3/4 + E3/4

1 )4/3 = 0.163. In

the second case, we have a similar situation with Eβ,RK4
f = 0.047 ± 0.009 and the

theoretical value Eβ,Teo
f = ((E1/2 + E2/2)3/4 − E3/4

1 )4/3 = 0.047.
We can generalize this protocol by introducing asymmetry in the depth between

both sides of the double-well. The generalization is straightforward and just requires
a new definition of the maximum depth Λ. For the right side the maximum depth
will be related to ΛR, and for the left side to ΛL.By equating the volumes in phase
space as before, we get new definitions for the boundaries

E1 =

(
Λ3/2

R
4K(−1)

)4/3

,
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FIGURE 1.10: Evolution of the initial microcanonical distribution in
phase space after a cycle of the quartic trap protocol. Left: Ensemble
of 500 phase points. Trajectories calculated for Λ = 1, E1 = 0.1098,
E2 = 0.2766, τ = 50, dt = 0.01, and E0 = E1 + (E1 + E2)/2. We
see an overall increase in the average energy of the ensemble. What
the scatter in the final distribution is attributed to the use of a smaller
τ. This choice is justified to increase the speed of the RK4 computa-
tion time. Right: all parameters but E0 are equal to the ones used to
calculate the evolution of the ensemble in the Left plot. In this case,
E0 = E1 + (E1 + E2)/2. With this initial value, the final distribution

shows an overall decrease in average energy.

and

E2 =

(
Λ3/2

R + Λ3/2
L

4K(−1)

)4/3

.

Moreover, by repeating the previous analysis one can easily show that the change of
energy after the realization of the asymmetric protocol is

E f =


E3/4

0 + E3/4
2 − E3/4

1

E3/4
0 − E3/4

1

E0

0 < E0 < E1

E1 < E0 < E2

E2 < E0

(1.67)

Notice, however, that if we were to extend this line of reasoning to the quantum case,
tunneling through the barrier could hinder the realization of this protocol. Moreover,
instead of regions in phase space, we would consider discrete energy levels. A more
in-depth discussion will be the aim of the following chapters.

To conclude this section, we make a brief recount of our developments so far.
First, we revised the original Szilard engine. Having stated the problem of informa-
tion to work conversion, we reviewed what is commonly known as Landauer’s prin-
ciple, the inherent cost of information processing. This analysis was easy thanks to
the use of modern formulations of stochastic thermodynamics, which also allowed
to estimate the minimal cost of measurement in this setting. Furthermore, we gen-
eralized this result to Hamiltonian systems by proving the minimal work principle
both in quantum and classical settings. We then exploited the fact that microcanon-
ical systems do not follow the minimal work principle in a strict sense. And finally,
we reviewed three famous examples of violations of the minimal work principle
which rely on the use of microcanonical phase space densities and phase volume in-
terchange. In the following chapter, we will briefly look at this problem taking into
account quantum effects.
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Chapter 2

Quantum Engines

Although we have given a consistent treatment of Szilard’s problem, we can extend
the analysis to even smaller scales by considering the quantum nature of the work-
ing substance. In contrast to the previous chapter, we will focus on how the physics
of the Szilard engine changes with the introduction of quantum features. This ex-
tension is not trivial, especially in many-particle systems where the statistics of the
particles introduce interesting consequences for the extracted work. Nevertheless,
even for single particle systems, we will see how many of the results for microcanon-
ical systems do not carry on to their quantum counterparts.

This chapter will have a similar structure to the previous one. First, we will re-
vise the original Szilard engine in the context of quantum mechanics. After that,
we will briefly discuss Landauer’s principle for quantum measurements. Here, we
will find remarkable similarities between the bounds on work of classical and quan-
tum feedback mechanisms. Finally, we will re-examine the physics of the quantum
microcanonical engines. Despite the apparent resemblances, we will find several
problems with naive applications of microcanonical protocols.

2.1 Quantum Szilard Engine

Several works have attempted a thorough description of the physical nature of a
Maxwell demon in a quantum setting (Quan et al., 2007), (Sagawa and Ueda, 2009),
(Kieu, 2004), (Bender, Brody, and Meister, 2005). Nevertheless, a detailed analysis
of the quantum Szilard engine that takes into account particle statistics was real-
ized only until recent years by S. W. Kim, et.al. This section will be devoted to a
brief review of the main results presented in Kim et al., 2011. Just as in the previous
chapter, the original Szilard engine will serve as a benchmark for further develop-
ments. From this starting point, we will have a rough understanding of the main
problems that arise when quantum effects become important in the dynamics of the
engine. For consistency with our previous definitions, the sign convention for work
is reversed here as compared to the original paper.

In the quantum case, the setting is broadly the same as before; however, much
can be learned by generalizing to a many-body system. More specifically, consider a
gas of N particles trapped in an infinite potential well of size L (This assumption is
not necessary). For simplicity, they are restricted to move in one spatial dimension.
The stages of the cycle remain:

• Insert a barrier at a distance l to the left wall.

• Measure m, the number of particles at the right.

• Connect the system to a thermal reservoir until it expands to the equilibrium
position lm

eq with m particles to the right and N −m to the left.
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• Remove the barrier and start the process again.

For graphic representation, we refer back to Figure 1.1. Note that steps such
as the insertion and removal of the wall require a more rigorous definition in this
setting as compared to the classical case. We will precise the meaning of each stage
as we calculate their energy cost. For these calculations, we will adopt the definition
of quantum-mechanical work given in the previous chapter, equation 1.22.

The first feature that separates the quantum engine from its classical counterpart
is the insertion of the wall. Originally, this process could be performed adiabatically;
however, for the quantum setting, this is no longer the case. To see why this is true,
consider the scenario where the barrier raises adiabatically. Classically, the inser-
tion of the wall did not entail a work cost; on the contrary, it shifts the energy levels
of a quantum mechanical system upon insertion. This shift in the energy spectrum
requires work input which, in turn, implies a change in temperature. This tempera-
ture change does not occur in the classical case for adiabatic insertion because there
is no work cost associated with raising the barrier. Moreover, in the quantum set-
ting, the populations of each state may be unchanged after dividing the system by
adiabatically raising a barrier. This scenario conducts to an inconsistent definition of
temperature during the process. This inconsistency is a consequence of an inhomo-
geneous shift between the different energy levels. Recall that in these systems, the
temperature is defined by the ratio

Pm

Pn
= e−(Em−En)/kBT. (2.1)

As such, if the changes in energy do not scale equally for all the different levels,
Em − En = ξ(E′m − E′n), we cannot have a single value of T, (Quan et al., 2007). As
an example, suppose that the insertion happens at a node of the wave function of
a particular state. When the wall rises, this state is unaltered, but this need not be
the case for states without nodes at that precise location; thus, the scaling of Em − En
changes for different states, and T is ill-defined.

As a result of the previous discussion, we discard adiabatic operations in the
quantum Szilard protocol. An appropriate alternative is to execute each step isother-
mally. With this, not only the expansion of the gas but also the insertion and re-
moval of the barrier are considered to be isothermal. If we further implement the
Szilard protocol quasi-statically, we are sure that the state will remain thermal, ρ =
e−βH/tr(e−βH), at each stage of the cycle. As before, we will model the Szilard proto-
col with parametric changes in the system Hamiltonian, H = H(λ(t)). Furthermore,
this implies that we can easily calculate the work from equation 1.22, and the result
is

W =
∫ t f

ti

dt tr[Ḣρ]

= ∑
n

∫ t f

ti

dt
Ėne−βEn

tr(e−βH)

= −kBT ∑
n

∫ λ f

λi

dλ
∂ ln Z(λ)

∂En

∂En(λ)

∂λ

= kBT(ln Z(λi)− ln Z(λ f )), (2.2)

where Z(λi) = tr(e−βH(λi)) and Z(λ f ) = tr(e−βH(λ f )) are the partition functions
of the system when the Hamiltonian parameter attains a value of λi = λ(ti) and
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λ f = λ(t f ) respectively. As every step of the process is isothermal we are only
concerned with the diagonal elements of the density matrix; thermalization swiftly
eliminates the coherences.

At the end of the first step, wall insertion, the partition function of the system is
just the sum,

Z(l) =
N

∑
m=0

Zm(l), (2.3)

where Zm(l) is the partition function of the system with m particles to the left of
the wall which is centered at position l. The sum 2.3 is justified by the fact that at
this stage we have not measured the number of particles at each side of the system.
Also, the barrier is tall enough so that tunneling is negligible. Consequently, from
equation 2.2, the work at this stage is given by

Wins = kBT(ln Z(L)− ln Z(l)). (2.4)

Then, we measure the number of particles at each side of the barrier. For now, sup-
pose that this measurement entails no further work cost. We will remove this as-
sumption when we deal with a general model for the feedback mechanism of the
engine.

After the measurement, we position the pulley as depicted in Figure 1.1. We
clarify that ’pulley’ refers to any mechanism that can extract work in the quantum-
mechanical sense by taking advantage of the expansion of the potential well. Then,
we let the system expand until the wall reaches the equilibrium position at lm

eq. The
equilibration of the wall is different in this case as compared to the classical set-
ting. Instead of simply attaining a value of mL/N, lm

eq must be understood regarding
equation

Fleft + Fright = 0, (2.5)

where F’s are generalized forces defined as F = ∑n Pn
∂En
∂λ . Moreover, for multi-

particle systems, it is not always the case that we can extract work by letting the
system expand. For example, when N = 2, after inserting the barrier, we can have a
final configuration with both particles at opposite sides of the wall. In this situation,
work extraction may be impossible depending on the occupation probabilities for
states on both sides of the well. As such, we must consider the average work after
many iterations of the cycle; Hence, it is clear that the average extracted work is

Wexp = kBT
N

∑
m=0

fm(ln Zm(l)− ln Zm(lm
eq)), (2.6)

where fm = Zm(l)/Z(l) is the probability of measuring m particles at the left of the
well.

Finally, the barrier descends isothermally in the last stage of the protocol. Again,
there is a subtlety involved in this stage of the quantum cycle. In the previous step,
we could ignore tunneling effects through the wall. This assumption was reasonable
due to the large value of the potential at the wall which implied large tunneling
times. However, as the barrier descends, the wave functions become delocalized,
and the particles are able to tunnel through. Consequently, the partition function
of the system is given by Z(lm

eq) = ∑N
r=0 Zr(lm

eq) instead of just Zm(lm
eq). Lastly, the

partition function when the protocol culminates is just Z(L), i.e, the system ends
in the starting configuration. Recalling that the outcome of the measurement at the
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second stage had a probability fm, the average work cost of lowering the potential is

Wrem = kBT
N

∑
m=0

fm(ln Z(lm
eq)− ln Z(L)). (2.7)

With this analysis, we have characterized the dynamic landscape of the quantum
Szilard engine. Note that in comparison to the original version, both the insertion
and removal of the barrier introduce additional terms that can potentially hinder or
enhance the overall performance of the engine. By summing the results so far, we
get a final expression for the total work given by

Wtot = Wins + Wexp + Wrem = kBT
N

∑
m=0

fm ln
(

fm

f ∗m

)
, (2.8)

with f ∗m = Zm(lm
eq)/Z(lm

eq). Here, we see the appearance of the relative entropy again,
in this case, between fm and f ∗m. Notice, however, that f ∗m is an unnormalized distri-
bution and thus, the quantity in 2.8 is not a Kullback-Liebler divergence in a strict
sense. Nevertheless, it is remarkable that even with the many complications of this
system, the equation for the work reduces to such a simple analytic formula. Mind
that because ∑m f ∗m 6= 1 we cannot guarantee that Wtot ≥ 0.

As a first demonstration of the scope of equation 2.8, we can analyze the quantum
setting with a single particle. Consider a single molecule of mass M trapped inside
the infinite square well of size L. Moreover, take l = L/2 at the center of the well at
the second stage of the protocol. With these considerations, the equilibrium length
is either l0

eq = 0 or l1
eq = L; however, in both cases, we have f ∗0 = f ∗1 = 1 because

Z1(L) = Z(L) and Z0(0) = Z(0). Additionally, as there is just one particle in the
well, the partition functions fulfill Z1(L) = Z(0). With this, the probabilities become
f0 = f1 = 1/2. Consequently, the work at each stage is

Wins = kBT ln
(

ζ(L, β)

ζ(L/2, β)

)
− kBT ln 2 (2.9)

Wexp = kBT ln
(

ζ(L/2, β)

ζ(L, β)

)
(2.10)

Wrem = 0 (2.11)

with ζ(L, β) = ∑n e−βEn(L), and En(L) = h̄2π2n2/2ML2. Remarkably, by sum-
ming each contribution, the total work reduces exactly to the classical result W =
−kBT ln 2. Furthermore, we emphasize the importance of regarding both insertion
and removal of the barrier as thermodynamic processes. Without these considera-
tions, the second law would be violated. To see why this is true, consider the low
temperature limit. Here, kBT ln (ζ(L, β)/ζ(L/2, β))) →β→∞ E1(L/2) − E1(L) ≥ 0.
So that if we ignored the presence of Wins we could make Wexp → −∞ by tuning L.

More interesting behaviors occur as N increases. To observe the effects of particle
statistics consider the case where N = 2. If the position of the wall is again l = L/2,
then, for the cases where there both particles sit on the same side, the equilibrium
position of the wall is either l0

eq = 0 or l2
eq = L. Because of this, we can conclude

that f ∗0 = f ∗2 = 1 because Z2(L) = Z(L) and Z0(0) = Z(0). Moreover, in the case
where we measure a particle at each side of the wall, by equation 2.5 we see that
the equilibrium position after the expansion is l1

eq = L/2. Accordingly, we see that
f ∗1 = Z1(L/2)/Z(L/2) = f1. Introducing these results into equation 2.8, we have a
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final expression for the average extracted work by the two-particle Szilard engine:

Wtot = 2kBT f0 ln f0 (2.12)

However, the crucial difference in this engine is the effect of particle statistics.
This feature is explicit in the calculation of the occupation probability

f0 =
Z0(L/2)

Z0(L/2) + Z1(L/2) + Z2(L/2)
=

Z0(L/2)
2Z0(L/2) + Z1(L/2)

.

To quantify this probability let’s calculate the partition functions for both bosons and
fermions. In both cases, the partition function is given by

Zbos,fer
0 (L/2) = ∑

n,m
gbos,fer

n,m e−β(En(L/2)+Em(L/2));

nevertheless, the difference is in the degeneracy factor which has a value of gbos
n,m =

1 + δn,m for bosons and gfer
n,m = 1− δn,m for fermions, with δn,m being the Kronecker

delta. In the case of fermions, the value of gfer
n,m is justified by Pauli’s exclusion prin-

ciple. For bosons, gbos
n,m comes from intrinsic degeneracy due to particle exchange.

Remember, we are using the canonical ensemble without an explicit reference to the
occupation number formalism. With this, the partition function for bosons is

Zbos
0 (L/2) = ζ(L/2, β)2 + ζ(L/2, 2β),

and for fermions is

Zfer
0 (L/2) = ζ(L/2, β)2 − ζ(L/2, 2β),

where ζ has the same definition as for the single-particle scenario. For the case with
a single particle at each side of the barrier we have

Zbos
1 (L/2) = Zfer

1 (L/2) = ζ(L/2, β)2.

For an infinite well potential, we can calculate each of these expressions analytically
by noticing that

ζ(`, α) =
1
2

ϑ3

(
0, exp

(
−αh̄2π2

2M`2

))
− 1

2
(2.13)

where ϑ3(z, q) is the Jacobi theta function defined as ϑ3(z, q) = 1+ 2 ∑∞
n=1 qn2

cos(2nz).
Then, the occupation probabilities for bosons and fermions are given by

f bos
0 =

1
4

1 +
ϑ3

(
0, e−2βE1(L/2)

)
− 1

ϑ3
(
0, e−2βE1(L/2)

)
+
(
ϑ3
(
0, e−βE1(L/2)

)
− 2
)

ϑ3
(
0, e−βE1(L/2)

)


f fer
0 =

1
4

1 +
ϑ3

(
0, e−2βE1(L/2)

)
− 1

ϑ3
(
0, e−2βE1(L/2)

)
−
(
ϑ3
(
0, e−βE1(L/2)

)
− 2
)

ϑ3
(
0, e−βE1(L/2)

)
− 2

 .

The behavior of these probabilities as a function of temperature is shown to the left
of Figure 2.1. The fact that these probabilities have such different trends is what
fundamentally leads to novel effects in this system. Finally, introducing these results
into equation 2.12, we get an expression for the average work after one cycle for
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bosons and fermions.The right side of Figure 2.1 shows the behavior of the ratio
between the extracted work in the quantum and classical settings as a function of
temperature, Wtot/ − 2kBT ln 2. We see that at high temperatures we recover the
value for classical work; nevertheless, for low temperatures, the extraction of work
is enhanced by the presence of boson statistics, whereas fermion statistics eliminate
any energy output from the engine at these same temperatures.

FIGURE 2.1: Probability distributions and energetics of the quantum
Szilard engine. Figure reproduced from the work by three. Left:
the probability of two particles occupying the left side of the en-
gine after wall insertion as a function of temperature for bosons and
fermions. We observe that for fermions this probability vanishes in
the low-temperature limit as a consequence of the Pauli exclusion
principle. For bosons, the tendency to agglomerate due to particle
statistics makes it more likely to find both particles at one side of the
engine in the low-temperature limit. Both distributions tend to the
classical limit of 1/4 in the high-temperature threshold, correspond-
ing to the probability of any given configuration of four distinguish-
able particles in two boxes. Right: Ratio between the extracted work
by the quantum Szilard engine and the classical work−2kBT log 2 for
bosons and fermions. The behavior of the probability distributions re-
flects in the energetics of the engine. For fermions, the Pauli exclusion
principle forces the particles to occupy the configuration for which no
work can be extracted. Moreover, bosons present and enhanced effi-
ciency due to the higher likelihood of both particles residing on the
same side of the engine. In the high-temperature limit, we recover the

classical result.

By analyzing the limiting cases of f bos
0 and f fer

0 , we can gain further insight into
the quantum nature of the engine. For bosons, we see that the probability f bos

0 ap-
proaches 1/3 as the temperature goes to zero. This limit is reasonable because there
are three ways in which one can arrange two identical bosons in three states, and,
in the limit T → 0, the occupation probability of each side of the well tends to be
uniform. For fermions, in the limit where T → 0 the Pauli exclusion principle dis-
cards the possibility of identical fermions occupying the same state. As such, the
probability of finding both fermions at one side of the chamber, or equivalently of
measuring no particles at one side, tends to zero. In the high-temperature limit, we
expect quantum effects to vanish. This intuition is in agreement with the results of
both the extracted work and the occupation probability. As it can be seen in Figure
2.1, in the limit where T → ∞, the system approaches the classical value of extracted
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work. Moreover, the occupation probability tends to 1/4, which agrees with the
uniform distribution of ways in which one can arrange two distinguishable particles
in two states. This limit is also explicit in the formulas for f bos

0 and f fer
0 , where the

temperature-dependent terms vanish because limβ→0 ϑ3

(
0, e−2βE1(L/2)

)
= 1, which

is clear from the definition of the Jacobi theta function.
For the exorcism of this Maxwell demon, we refer to the work by Sagawa and

Ueda, 2009. Here, a full quantum mechanical treatment of the feedback device that
operates the engine leads to a similar result to the one discussed in the previous
chapter. Within this framework, the system starts in a state ρS

init before the mea-
surement. Then, the system interacts with a memory, M from t = 0 to t = τ.
Moreover, a model for a memory device uses separate regions in Hilbert space,
HM =

⊕K
k=1HMk , to encode measurement outcomes. Each of these regions has a

Hamiltonian that determines the dynamics, HMk = ∑i εki|εki〉〈εki|, with {|εki〉}i be-
ing an orthonormal basis for the kth subspace of the complete Hilbert space H. The
memory starts in a thermal state within a reference subspace before the measure-
ment,

ρM0,init = exp(−βHM0 )/tr(exp(−βHM0 )).

Note the similarity to the approach presented in the first chapter, where we divided
the phase space into different regions that encoded the measurement outcome. The
bath-memory Hamiltonian is given by

HBM = HM(t) + HB + Hint(t),

with HM(t) =
⊕K

k=1 HMk (t), and Hint(t) the interaction Hamiltonian between the
bath and the memory device. Initially, the state of the system-memory-bath is given
by

ρSBM
init = ρM0,init ⊗ ρS

init ⊗
exp(−βHB)

tr(exp(−βHB)
.

The measurement takes place by evolving both the system and memory together
with the unitary operator USM(0; τ) and then performing a projective measurement
on the memory device. The projective measurement, PMk = ∑i |εki〉〈εki|, determines
the subspace in which the memory encoded the state of the system. After τ, en-
tanglement between the measuring device, the bath and the central system plays an
important role which was absent in the classical feedback mechanisms. Immediately
after the measurement, the state of the system is

ρSBM
meas = ∑

k
PMk USMρSBM

init

(
USM

)†
PMk .

Nevertheless, we work under the assumption that the state after the measurement
can be expressed as

ρSBM
meas = ∑

k
M̂†

k ρS
initM̂k ⊗ ρBM

k , (2.14)

with M̂k the measurement operators, Ek = M̂†
k M̂k the positive-operator valued mea-

sure, and ρBM
k the mutually orthogonal states of the memory-bath subsystem with

support on the kth subspace of HM. With this, the probability of the memory occu-
pying HMk after the measurement takes place is pk = tr(EkρS

init). Subsequently, the
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memory-bath subsystem evolves unitarily such that

ρSBM
meas = ∑

k
M̂†

k ρS
initM̂k ⊗UBMρBM

k

(
UBM

)†
.

Furthermore, we can define both the work related to memory restoration, Wres =
tr((HM0 + HB)ρBM)− ∑k pk[tr(HMk ρMk,can)) + tr(HBρB

can))], and the work associated
with the measurement procedure, Wmeas = ∑k pk[tr((HMk + HB)ρBM

k )]− tr(HM0 ρMk,can)−
tr(HBρB

can), where the subscript ’can’ indicates that the density matrix follows a
canonical distribution. The absence of the interaction Hamiltonian is reasonable be-
cause it vanishes at the end points of the measurement, which is unitary. At this
point, Sagawa and Ueda prove rigorously the existence and value of a bound to
the sum of the two quantities that were just defined. As such, the bound for work
extraction is given by

Wmeas + Wres ≥
1
β
I (2.15)

with I being the mutual information. Notice how we can recover the same result
that was found in the classical case by comparing to equation 1.19. Nonetheless, the
definition of the mutual information changes in this setting, and is given by

I = S(ρS
init) + H(pk)−∑

k
tr[
√

EkρS
init

√
Ek ln

√
EkρS

init

√
Ek]

, with S(ρS
init) = −tr[ρS

init ln ρS
init] being the von Neumann entropy for the initial state

and H = −∑ pk ln pk the Shannon entropy for the ensemble of probabilites of find-
ing the memory in a certain subspace of HM after the measurement. The fact that
this bound exists is the expression of Landauer’s principle in quantum feedback
mechanisms, that is, the inherent cost of measurement and erasure.

With this analysis, we conclude that, even with the novel features that are present
in the quantum Szilard engine, the minimal work principle holds. We expected this
result from the proof in the last chapter. Nevertheless, the energetic cost of each
stage of the quantum engine differs significantly from the classical counterpart. In
particular, the effect of isothermal insertion and removal adds complexity to the
energy balance of the engine. The need to consider isothermal manipulations comes
from the problems that arise in quantum systems when one defines thermodynamic
processes at this scale, (Quan et al., 2007). Moreover, the effect of particle statistics
proved to have interesting consequences for the extractable work of the engine. This
purely quantum feature led to either enhanced or diminished performance that arose
from the number of possible configurations for both bosons and fermions.

In the following sections, we will tackle the problem of microcanonical Szilard
engines. Specifically, we will test for seeming violations of the minimal work princi-
ple given by breaking the assumptions of the proof in the last chapter. For this, we
will ignore thermal coupling to a reservoir in the same spirit as in the original mi-
crocanonical Szilard engines. Indeed, thermal coupling appeared in those scenarios,
but it did so not as the primary cooling mechanism but as a step for state preparation
before microcanonical sampling. As such, we will seek novel quantum behavior in
the quantum analog of systems.
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2.2 Microcanonical Quantum Szilard Engines

We will present our work in a similar structure as the last section of the first chapter.
First, we will briefly revisit the classical engines and how the transition to a quan-
tum setting complicates the analysis of these systems. Specifically, we will discuss
how an adiabatic implementation fails to lower the energy of the system. For clar-
ity, we use simplified models to study the evolution of an initial state under a given
protocol. With these models, we will find that tunneling spoils the phase-space seg-
regation picture of classical systems. Nevertheless, for quick operations, we can still
lower the average energy of the final state.

In general, the transition from a classical microcanonical ensemble to its quantum
counterpart is not trivial. In this formalism, the state is represented by the density
matrix,

ρ̂ =
1
Ω ∑

i
f
(

Ei − E
σ

)
|ψi〉〈ψi|,

where Ω = ∑i f
(

Ei−E
σ

)
such that the density matrix is adequately normalized, σ is

the width of f ,and Ei is defined by H|ψi〉 = Ei|ψi〉. This definition leads to many
problems in the limit σ → 0, as no states will fall in the range weighted by f for
most values of E. Moreover, the density of states only has discrete increments, and
its derivative is either zero or infinity. In this work, we will ignore the specifics
of this issues by merely focusing on pure state vectors instead of using the density
matrix formalism. By analyzing the dynamics of these pure states when subject
to the microcanonical protocols, we will gain insight into the mechanisms through
which the minimal work principle is violated in this systems.

To our best knowledge, K. Sato was the first to start the study of microcanonical
quantum Szilard engines (Sato, 2002). By applying a time-dependent perturbation
scheme to a harmonic oscillator, he showed that ∆E < 0 for almost all initial eigen-
states of the Hamiltonian H0 = p2/2+ x2/2. Similar to the protocol discussed in the
first chapter, the perturbation potential is

V(x, t) = εα(t)B(x),

with α(t) = sin(t) and B(x) = β1x + β2x2 + β3x3, which leads to

∆E = −ε2 9
8

π2

(
E2

n −
h̄2

4

)
β2

3.

By recalling that the energy levels of H0 are En = h̄(n + 1/2), (n ≥ 0 and ω =
1), we immediately confirm that this process indeed lowers the overall energy of
the system. Remarkably, the only eigenstate that does not reduce its energy is the
ground state, for which there is no shift to second order.

Initially, the motivation to study microcanonical Szilard cycles was to under-
stand how systematic violations of the minimal work principle occur. These cycles
even had the potential to lower the energy of a particle so that it is effectively cooled.
In comparison to the perturbation scheme by K. Sato, the final state after the real-
ization of a given protocol would be microcanonically distributed. With this, we
were able to apply repeatedly the same protocol to reduce the energy of the system
without the need for a thermal reservoir. To optimize this procedure, we had to im-
pose the adiabatic condition to the time-evolution of the Hamiltonian parameters.
In a quantum setting, this no longer holds. To see the reason for this, we start by
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examining the box engine.

2.2.1 Box Engine

The lack of a thermal reservoir makes quantization a straightforward procedure
for microcanonical engines. In general, we start with a Hamiltonian H0 and pre-
pare the system in one of its energy eigenstates H0|En〉 = En|εn〉. We explicitly
assume the initial Hamiltonian is non-degenerate. Afterwards, the Hamiltonian
changes parametrically from t = 0 to t = τ such that H(t) = H(λ(t)), and H0 =
H(λ(0)) = H(λ(τ)). In this case,the underlying mechanism of the engines, inter-
change of phase-space regions, translates to level-crossing in quantum mechanical
systems. Consequently, the problem of finding a microcanonical Szilard engine re-
duces to that of finding a time-evolution unitary operation that connects two differ-
ent eigenstates of the initial Hamiltonian H0. That is, we want U(t)|En〉 = |Em〉, with
U(t) =

←−
T exp

(
−i
h̄

∫ t
ti

H(s)ds
)

and Em < En. Generally, we would tailor a operator
U(t) such that the transition amplitude fulfills 〈Em|U(t)|En〉 = 1. But here, we will
use H(t) directly quantized from 1.43 to gain insight into the problem.

The protocol is exactly the same as before. First, a single particle of mass M is
bounded within an infinite potential well of size 2L, fig. 2.2.a. Then, a triangular
barrier raises in the middle of the well following

V(x, t) =

{
γt(`− |x|)/`

0
|x| < `

otherwhise,

where the width of the barrier is 2` and γ is the rate at which the potential raises ,
see fig. 2.2.b. This insertion shifts the energy levels of the Hamiltonian. A similar sit-
uation occurred in the classical system, in which the energy of the particle increased
slightly. Afterward, the well undergoes expansion due to the movement of the right
wall which moves from L to L + `, 2.2.c → 2.2.d. And finally, the left wall moves
from −L to `, 2.2.d → 2.2.f. Previously, maximization of the extracted work was
achieved by driving the system quasi-statically; however, quantum mechanically,
this type of operation poses serious problems. In particular, the adiabatic theorem
in quantum mechanics states that given a sufficiently slow variation of the Hamilto-
nian, an eigenstate of H0 will remain an eigenstate of H(t) throughout the driving
process (Born and Fock, 1928). However, the term sufficiently slow is defined by the
time-scale

τ ≈ 〈ψm| ˙H(t)|ψn〉
En(t)− Em(t)

.

As such, there is a caveat to this theorem, if two energy-levels become degenerate
at some point of the driving process, then τ → ∞, and mixing is possible within
the degenerate subspace (Wilczek and Zee, 1984). If this happens to be the case for
the microcanonical protocol, we can hope to extract work from this system. This
condition is similar to the one in classical microcanonical engines, where energy
extraction is only possible due to sudden segregation of orbits.

The box engine has the advantage of being exactly solvable by connecting the
four different regions inside the well. This task is possible by realizing that the solu-
tions in the linear sectors are given by Airy functions Valle and Soares, 2004. Never-
theless, to avoid cumbersome calculations we resorted to numerical diagonalization
as a first approach to the problem. The results are displayed also in figure 2.2. Each
plot corresponds to a snapshot of the instantaneous spectrum of the Hamiltonian.



2.2. Microcanonical Quantum Szilard Engines 39

FIGURE 2.2: Snapshots of the adiabatic evolution of the quantum mi-
crocanonical box engine. Together with the changes in the potential,
we see how the eigenstates and eigenenergies of the system change
in time. We used a LAPAK scheme to diagonalize the finite difference
representation of the Hamiltonian on a grid of 2000 points. Atomic
units where used for numerical stability. As such, all positions are
given in units of the Bohr radius a0 and energies are calculated in
Hartree. The size of the box is L = a0 and the maximum height of
the potential is VB = 600 Hartree in this calculation. Probability dis-
tributions in the position representation are plotted on top of their
corresponding energy levels. For clarity, we scaled the probability
distributions by a factor of 100. a) The initial state of the system. b)
The system after the first stage ends. Notice the seeming degeneracy
of energy levels below the barrier. c) Middle of the expansion stage of
the protocol. Some states are more localized at one side of the barrier
than others, i.e., n = 3, n = 6, and n = 8 seem to be mostly confined
to the left of the triangular barrier. d) End of the expansion stage of
the process. We observe that the colors of the localized states at the
left have changed. A first hypothesis would be to regard this as a
level crossing, i.e., the same wave function now occupies a different
energy level. Nevertheless, what happens is that with a small change
of the parameters of the system the states tunnel to opposite sides of

the barrier. e) and f) are the compression stages of the cycle.

Distinct energy levels are plotted with different colors according to the legend in fig
2.2.d. This procedure shows how each eigenstate |ψm〉, would evolve adiabatically.
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We notice a seeming crossing when analyzing these numerical results. By compar-
ing figures 2.2.c and 2.2.d, we observe that, with a very small variation in the length
of the well, the states n = 3 and n = 4 seem to have interchanged. Whereas in figure
2.2.c the n = 3 state is mostly localized to the right of the barrier and n = 4 to the left,
the opposite is true in 2.2.d. This is just one example of this phenomenon. In fact,
we observe many of these abrupt changes during the last two stages of the cycle.
Remarkably, these changes occur in the energy range in which the classical engine is
able to extract work, i.e.(

1− `

3L

)2

VB < E <

(
3
2
+

`

6L

)2

VB,

where VB = γτ/`, just as in the classical case. Moreover, the energy differences
at these seeming crossings are of the order 10−5 Hartree, which is well beyond the
accuracy of the LAPACK routine used for numerical diagonalization.

To better understand these apparent crossings we resorted to a simplified model.
Instead of considering a triangular barrier, we repeated this analysis with a square
barrier. In this case, the analytic expressions are more traceable. Qualitatively, we
observe the same behavior by diagonalizing the finite difference representation of
H(t), see figure 2.3. However, the apparent crossings are sharper in this model,
having energy differences on the order of 10−6 Hartree. Despite minor differences,
this simplified model captures the key features of the triangular barrier. Classically,
this is false due to the absence instant confinement when E = V to either side of
the square barrier for certain positions. But quantum-mechanically, we are just de-
creasing the transition amplitude for some states. This increment does not affect
greatly the dynamics of the system because we are assuming adiabatic driving on
time scales larger than typical tunneling times.

FIGURE 2.3: A simplified model for the box engine. Again, the sys-
tem undergoes the cycle described in the main text. The snapshot
corresponds to the second stage of the protocol. Still, we observe the
key features of the box engine with a triangular barrier such as local-

ization of certain states to the left of the potential.

By changing from a triangular to a square barrier we reduced the number of
regions within the infinite well from three to two. We proceed by assuming plane-
wave solutions of the form, ψR(x) = AReikRx + BRe−ikRx, with the R subscript corre-
sponding to one of the regions inside the well, I, II or III (see figure 2.3) . Moreover,
we impose the appropriate boundary conditions at the left and right walls, x = Ll
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and x = Lr, respectively. With this, we demand the energy to be the same for all
three regions (see figure 2.3), such that the wave vectors for each region (k I , k I I , k I I I)
are related by

kII = kI

√
1− 2MV(t)

h̄2k2
I

(2.16)

kIII = kI. (2.17)

Furthermore, we have to enforce continuity in both the wave function and its deriva-
tive at the boundaries of each consecutive region. With this, we have a system of six
equations that can be represented in matrix form. This matrix,M, is a function of k I ,
`, Ll , Lr, and V. To find the non-trivial solutions to this problem, we have to equate
the determinant of M to zero. Then, the values of k I for which Det[M] = 0 give
the allowed wave vectors of the system. In particular, if Det[M](k I , `, Ll , Lr, V) has a
tangent intersection with the k I-axis by varying any of the parameters of the system,
a degeneracy would be inevitable when driving the system adiabatically. If, on the
other hand, no such tangent intersection occurs, then the seeming crossings that we
observe never actually touch. As a consequence, we would not be able to extract any
work by performing the adiabatic protocol.

To make this calculation simpler, we changed variables such that Lr = `+ LI I I ,
and Ll = −`− LI). With this, in the second stage LI I I varies in the range [L− `, 2L],
and in the third stage LI varies in the range [L− `, 0]. The simplification comes in
that everything is now expressed in terms of the sizes of each region. Note that we
neglect the last part of the final stage where the left wall moves through the barrier.
This is justified because otherwise, the definition of the problem changes, we would
have two instead of three regions inside the well. Moreover, sudden expansion stops
when the left wall reaches the edge of the square barrier. Additionally, we do not
observe seeming crossings in our diagonalization scheme after the wall reaches the
edge.

With these considerations in mind, we calculated the determinant of M. Note
that we can regard two separate cases, whether the particle has an energy lower or
higher than V. For the first case, the determinant will be a real number, which gives

Det k2
I<V∗ [M] = −4 sinh

(
2`k I

√
V∗

k2
I
− 1

)
×

{
(
2k2

I −V∗
)

cos(k I(LI + LI I I)) + V∗ cos(k I(LI I I − LI))}

− 8k2
I

√
V∗

k2
I
− 1 cosh

(
2`k I

√
V∗

k2
I
− 1

)
sin(k I(LI + LI I I)) (2.18)

where we defined V∗ = 2MV/h̄2. Here, notice the presence of a non-physical zero
of the determinant at k I = 0. This is a straightforward limit, the first term is pro-
portional to k2

I sinh(2`
√

V
∗
) and the second is proportional to k I

√
V
∗

cosh(2`
√

V
∗
).

We ignore this zero for the subsequent analysis. For the second case, k2
I > V∗ the
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determinant will be an imaginary number,

Det k2
I>V∗ [M] = −2i

(
V∗ − 2k2

I

(√
1− V∗

k2
I
+ 1

))
sin

(
k I

(
2`

√
1− V∗

k2
I
+ LI + LI I I

))

+ 2i

(
V∗ − 2k2

I

(
1−

√
1− V∗

k2
I

))
sin

(
k I

(
−2`

√
1− V∗

k2
I
+ LI + LI I I

))

+ 4iV∗ sin

(
2`k I

√
1− V∗

k2
I

)
cos(k I(LI − LI I I)) (2.19)

To check for consistency we can take the limit in which V∗ → 0. Clearly, the last
two terms vanish in 2.19. Moreover, the first term reduces to −2ik2

I sin(k I(2`+ LI +
LI I I)). Because the only zero of k2

I is the non-physical zero at the origin, the zeros of
2.19 coincide with the expected result for a particle in a box.

FIGURE 2.4: Representative Behaviors of Det[M]. By constructing a
piecewise function with Re[Det k2

I<V∗ [M]] and Im[Det k2
I>V∗ [M]], we

plot changes with the height and the width of the barrier. For these
analyses, we considered the symmetric case LI I I = LI = L− ` = a0.
Right: Constant V∗ = 100/a2

0 and variable `. By narrowing the po-
tential, the zeros of the determinant spread, suggesting more overlap
between the wave function at different locations of the infinite-well
for each energy level. In contrast, a wider barrier localizes the states
to either side narrowing the intersections of the determinant with the
kI-axis. Left: constant ` = 0.5a0 and varying V∗. Again, we observe
seemingly tangent intersections with the kI-axis. This behavior is con-
sistent with the apparent pairwise degeneracy in the numerical study

of the system.

Due to the complicated nature of equations 2.18 and 2.19 we examine some char-
acteristic behaviors of these functions by plotting Det[M] vs, k I , figure 2.4. Here,
we rotated 2.19 by π/2 on the complex plane, and concatenated 2.18 such that the
resulting piecewise function takes values in the real axis. This is justified because the
values of k I for which 2.19 vanish are equal to the zeros of the rotated function. Both
plots in figure 2.4 where calculated in the symmetric case where LI I I = LI = L− `. In
particular, we observe that by broadening the barrier, i.e, by increasing `, the states
tend to cluster by pairs. This trend is consistent with the results in figures 2.2.b and
2.3. The reason for this behavior belies in the presence of inversion symmetry in the
potential for the regime under consideration. This effect is accentuated more when
the barrier is wider. We also analyzed what happened when the barrier was rais-
ing, i.e, when we increased V∗. As expected, the higher the barrier the more narrow
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the crossings of Det[M], leading once again to closely spaced energy levels. Nev-
ertheless it is not completely clear from these plots whether some of these pairs can
degenerate for some values of the parameters. That is, we are not able to determine
whether or not some of the intersections of Det[M] are tangent.

With the results in equations 2.18 and 2.19 we can analyze the apparent crossings
with more detail. We notice that every seeming crossing occurs for states with an
energy below the height of the barrier at any given instant. Thus, we focus only
on the behavior of the zeros of equation 2.18. For clarity, we work in the regime
where V∗ >> k2

I . Consequently, we can take the limit k2
I /V∗ → 0. First, we can

approximate every square-root term in 2.18 such that

k I

√
V∗

k2
I
− 1 ≈

√
V∗.

Consequently, the hyperbolic functions can be well approximated to first order by

sinh

(
2`k I

√
V∗

k2
I
− 1

)
≈ cosh

(
2`k I

√
V∗

k2
I
− 1

)
≈ 1

2
exp

(
2`
√

V∗
)

.

Moreover, we can simplify the first term in 2.18 by factoring V∗ and neglecting terms
of order ε = k2

I /V∗. With these considerations we arrive at a simplified expression
for the determinant,

Det k2
I<V∗ [M] ≈ −4 exp

(
2`
√

V∗
)

V∗×(
sin(k I LI) sin(k I LI I I) +

k I√
V∗

sin(k I(LI I I + LI))

)
. (2.20)

To check for degeneracy points in the spectrum of the Hamiltonian we stated that a
tangent intersection of Det k2

I<V∗ [M] was necessary. This type of intersection is the
only mechanism through which two states could be interchanged in one-dimensional
systems. Nevertheless, with our considerations, it is clear that no such intersection
can occur. To see why this is true, deem each term in 2.20 separately. The dominant
term is the product of two sine functions,

sin(k I LI) sin(k I LI I I), (2.21)

which can intersect the k I-axis tangentially as long as LI and LI I I are commensurable.
Particularly, note that this product of sines always vanishes for k I = nπ/LI and
k I = n′π/LI I I with n, n′ ∈ N+. Furthermore, if LI I I/q = LI/p with q, p ∈ N+, then
both sines vanish at the same time whenever n′ = rq and n = rp for all r ∈N+. That
is, we have a tangent intersection for the first term at

k I =
rqπ

LI I I
=

rpπ

LI
, r ∈N+. (2.22)

It is precisely for states with k I that fulfill 2.22 that we observe seeming crossings in
the the finite-difference diagonalization analysis. Nevertheless, the presence of the
second term in equation 2.20,

k I√
V∗

sin(k I(LI I I + LI)), (2.23)
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FIGURE 2.5: Trajectories of the energy levels for both box engines.
By diagonalizing the finite-difference Hamiltonian in the same grid
as in figure 2.2, we calculated the time evolution of the instantaneous
spectrum of the Hamiltonian for both the triangular and the square
engine. Here, every time a seeming crossing occurs in which the un-
certainty of the LAPACK algorithm is less than the value of the split-
ting, we highlight the event with a red circle. If there is one of these
events in the box engine with a square barrier occurs but we do not
observe the same for the triangular barrier, we highlight the event
with an orange circle and label it as a "close approach.". Left: Evo-
lution of the energy spectrum by applying the box engine protocol
with a triangular barrier. The dotted lines correspond to energy lev-
els within the region that is interchanged and whose energy increases
in the classical protocol. The solid lines are energy levels for which
the opposite happens. By following every seeming crossing while
avoiding sudden changes, it seems that some dotted lines are inter-
changed with solid lines. Right: the same scheme but for the square
barrier. Now, there are nine apparent crossings. Each line in the solid

region seemingly crosses with each line in the dotted region.

changes this landscape drastically. First, note that 2.23 is small as compared to 2.21
within our approximation. Albeit small, this term must be kept to this order of
approximation because it is proportional to ε1/2. Additionally, wherever there is a
tangent intersection for 2.21, there is a zero of 2.23. This statement is easy to verify
by noting that the zeros of 2.23 are given by k I = n′′π/(LI + LI I I) and choosing
n′′ = r(q + p), where q and p are the coefficients that appeared in the commensu-
rable ratio between LI and LI I I . The fact of that the zeros of 2.23 coincide with the
tangent intersection of 2.21 is at the core of the mechanism that prevents any de-
generacy in this system. This is because no matter how large is V∗, how wide is
` or how we modulate LI and LI I I , the tangent intersection of 2.21 cannot persist
in the presence of 2.23. Specifically, when we add both terms, the fact they share
common zeros is not altered; however, similar to the addition of a linear term to a
parabola centered at the origin, the change in sign of 2.23 adds to 2.21 at one side of
the tangent intersection and subtracts at the other. Thus, forcing Det[M] to have a
double intersection of the k I-axis. This is a robust feature that ceases to exist only in
the limit V∗ → ∞. But for all finite V∗, and all values of the other parameters, the
splitting between energy levels remains. As such, adiabatic driving will not achieve
level crossing, and work extraction is not possible in this limit.

In the light of these results we can describe accurately the behavior that was
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observed with numerical diagonalization. Instead of presenting level crossings, the
energy eigenstates suddenly tunneled from one side of the potential barrier to the
other. This effect happened on scales far lower than those of the sampling times in
the algorithm. In fact, it is this tunneling effect of the wave function that hinders
the adiabatic operation of the engine. By computing the instantaneous spectrum
of the Hamiltonian for a cycle of operation, we get figure 2.5. Here, we highlight
every apparent crossing and close approach between energy levels throughout the
adiabatic protocol. To the left, we observe the evolution of energy levels calculated
for the triangular barrier. To the right, we have the same calculation for a square
barrier. In both cases, we observe qualitatively similar behavior. The main difference
being the presence of narrower splittings for high-energy states in the square barrier.
It is worth noting that even if adiabatic extraction is not possible, we may still be able
to extract energy for this type of process. Specifically, because the diabatic transition
probabilities increase with narrower splittings (Zener, 1932). We will come back
to the dynamics of finite time operation. But, for now, we digress to the quantum
analog of the double-well protocol for microcanonical Szilard engines.

2.2.2 Quartic Trap Engine

We already determined the fact that the box engine cannot operate adiabatically. As
such, we should expect the same for a quartic trap. This is because the underlying
effect that hindered the adiabatic protocol is also present in this case. Nevertheless,
we review the double both for completeness, and because it will be helpful when
calculating the finite-time evolution of the microcanonical Szilard engine.

Similar to the box engine, we consider the directly quantized model without cou-
pling to a thermal reservoir. Again, there are four stages to this protocol. Likewise,
a particle of mass M follows the Hamiltonian

H(t) =
p2

2M
+ x4 − λL(t)x2θ(−x)− λR(t)x2θ(x), (2.24)

where λL,(R) determines the depth of the left (right) side of the potential and θ is the
unit-step function. The complete cycle is depicted in figure 2.6. In the first stage, the
right side of the double-well descends as λR → Λ, 2.6.a→ 2.6.b . Then, the left side
of the well moves down as λL → Λ, 2.6.b→ 2.6.d. Here, a classical particle will be
bounded at either side of the double well. Furthermore, depending on which side
the particle is in at this stage, we would be able to extract energy form the system.
At the third stage, the right side of the wall ascends with λL → 0, 2.6.d→ 2.6.e. And
finally, we go back to the initial state by moving the left side of the well to its original
position with λL = 0. For a deeper description of this process we refer to the final
section of first chapter.

For calculating the energies and wave functions of this system we resorted to
numerical diagonalization, again, using a LAPACK routine. In this case, special care
was needed in the discretization of the domain. Because of finite size effects, we
had to use grid that is almost two orders of magnitude larger than the one used in
previous calculations. Remarkably, we see that the energies for which the classical
engine presents phase volume interchange correspond to the seeming degeneracies
in the quantum version of the system. In the same spirit as before, if this engine
had the capacity to adiabatically extract work, we would expect level crossings. In
particular, when both sides of the well reach their maximum depth, the ground state
should be degenerate. The reason for this is that the first excited state just before λL
reaches Λ has to switch places with the ground state just after we start lifting λR.
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FIGURE 2.6: Snapshots of the adiabatic evolution of the quantum
double-well engine. Together with the changes in the potential, we
see how the eigenstates and eigenenergies of the system change in
time. We used the same scheme as in figure 2.2 to calculate the instan-
taneous eigenstates and eigenenergies. We used atomic units in our
calculations again. The maximum depth of the potential was Λ = 10
Hartree/a2

0. The probability distributions in the position represen-
tation are plotted on top of their corresponding energy levels. For
clarity, we scaled the probability distributions by a factor of 100. a)
The initial state of the system. b) The system after the first stage of
the cycle ends. The energy levels up to n=5 are trapped to the right
of the well. c) Middle of the second stage of the protocol. Some states
are more localized at one side of the barrier than others. Specifically,
n=4 seems to have lost three of its nodes. However, these are con-
fined at the right side of the double-well with negligible amplitude
d) End of the expansion stage of the process. There seems to be pair-
wise degeneracy in the system. However, there is an exponentially
small splitting that increases the energy of the antisymmetric states.
e) and f) are the compression stages of the cycle. The ground state has

tunneled to the left side of the well.

The only way this can happen is if we have degeneracies in the setting depicted in
figure 2.6.d . However, every contiguous pair of states in the symmetric configura-
tion has an exponentially small splitting. It has long been known that this system
does not present any degeneracies. A particularly interesting derivation of this ef-
fect is found in the canonical lectures by Coleman, 1985. Here, the splitting can be
calculated by considering the euclidean path integral that represents the probability
amplitude of going from one side of the well to the other. Along the way, instaton
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and anti-instanton solutions appear by minimizing the euclidean action. And, when
summing all contributions with an odd number of instantons, we obtain an expres-
sion for the energy splitting between the ground state and the first excited state. A
more usual approach is to consider linear combinations of localized states. By diag-
onalizing the Hamiltonian in the initially degenerate subspace, we can then see the
appearance an exponentially small difference between the two lowest energy states,
(Sakurai, 1994). As such, we know that an adiabatic operation cannot produce a
change in the energy of the system.

FIGURE 2.7: A simplified model for the double-well engine. Again,
the system undergoes the cycle described in the main text. The snap-
shot corresponds to the second stage of the protocol when the left side
of the well descends. When the second stage ends, we have an anal-
ogous situation to that of the first stage of the box engine. In this case
VB = 20 Hartree, the size of the well is L = 10a0 and the width of the

barrier is 2` = 5.

For this type of engine we will also consider a simplified model, see figure 2.7.
We start again with a particle in a box of size L. The four stages are completely
analogous to the ones considered by Jarzynski, 2013. However, the Hamiltonian is
now given by

H(t) =
p2

2M
− λL(t)(θ(`− x))− λR(t)θ(x + `), (2.25)

where 2` is the separation between both square wells. It is worth noting that when
both wells attain their maximum depth, VB, the situation corresponds exactly to the
first step of the simplified box engine. Consequently, our previous arguments are
applicable. As such, we know that the double-square well, will not present degen-
eracies. However, by switching to this Hamiltonian we achieve narrower crossings
when performing the adiabatic operation. As before, we calculated the energy spec-
trum of both quartic trap and the double square well as a function of time. The
results of this calculation are displayed in figure 2.8. Again, we highlight every
point where two consecutive energy levels merge to numerical precision. Notice
how, in this case, there are more than twice apparent crossings as compared to the
box engine in figure 2.5. This increased number of crossings is a consequence of how
we prepared VB in the first place. In reality, both engines have the same number of
apparent crossings when put under the same conditions. In analogy to the classical
case, we define two different regions of the spectrum of H0, R1 and R2. Each of these
regions encompasses a given number of energy levels, NR1 and NR2 , which can be
tunned by varying VB and `. Similar to the classical situation, these regions would be
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interchanged after an adiabatic cycle were it not for the effect of tunneling. Never-
theless we can count the number of close approaches between levels in these regions
as if they crossed each other. As such, the total number of apparent crossings after
an adiabatic cycle is NR1 × NR2 . This is a straightforward result considering that, if
the levels could cross each other, each level in the R1 region would intersect a level
in the R2 at some point in the cycle. This counting mechanism is valid for both the
box engine and the double-well.

FIGURE 2.8: Trajectories of the energy levels for both double-well en-
gines. By diagonalizing the finite-difference Hamiltonian in the same
grid as in figure 2.6, we calculated the time evolution of the instan-
taneous spectrum of the Hamiltonian for both the quartic and the
square wells. Here, we use the same conventions as in figure 2.5.
Left: Evolution of the energy spectrum by applying the double well
protocol with a quartic potential. The dotted lines correspond to en-
ergy levels within the region that is interchanged and whose energy
increases in the classical protocol. The solid lines are energy levels
for which the opposite happens. By following every seeming cross-
ing while avoiding sudden changes, it seems that all the dotted lines
change place with the solid lines. Right: the same scheme but for the
square barrier. Notice the difference in the dynamic range of the y-
axis. Although the ground states of both engines descend to similar
values of energy, the dependence on 1/L2 of the initial spectrum of
the infinite-well Hamiltonian suppresses energy values for this pro-

tocol significantly.

Previously, we hypothesized that with a finite-time operation of the engine we
may still be able to extract energy. Now, we will pursue this direction. Taking advan-
tage of the seeming degeneracies, we will induce diabatic transitions that lower the
average energy of the system. Since computing the transition probability for every
one of the apparent crossing quickly becomes untraceable as the number of levels
in regions R1 and R2 increase, we take a different approach. To demonstrate that
these diabatic transitions indeed lower the average energy of the system, we simu-
lated the evolution of a wave packet that undergoes a cycle of the double-well en-
gine. For this, we used the Crank-Nicholson algorithm to solve the time-dependent
Schrödinger equation. This algorithm has the advantage of preserving the normal-
ization of the wave function; however, by virtue of being an implicit Euler method,
it deviates slightly from the exact answer. We estimated the error on the average
energy to be ±0.1 Hartree.
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FIGURE 2.9: Time evolution of the n = 7 state of the double-square
well calculated with the Crank-Nicholson algorithm. Each of the
stages of the cycle had a duration of τ = 800 in units of h̄/Hartree,
the maximum depth of the well was VB = 20 Hartree, the size of the
well was L = 10a0, and the width of the barrier was 2` = 5a0. Left:
Density plot of the absolute value of the wave function, |ψ(x, t)|2,
throughout the driving period. Here, the absolute value of the wave
function at location x and time t is encoded by the color scheme of the
sidebar. We see how in the second stage, the wavefunction becomes
localized to the left well. After the protocol ends, the state is a su-
perposition of low energy eigenstates. Right: transition probabilities
to each eigenstate of the final Hamiltonian after the driving period.
We observe how the probability mass is concentrated in low energy
states, mostly on the ground state. Inset: the absolute value of the

wave functions at the start and the end of the driving protocol.

Again, each of the stages of duration τ was carried out with uniform speed. The
resulting evolution for the n = 7 state is displayed in left plot of figure 2.9. We
see that by forcing the evolution to occur at a finite time, this eigenstate no longer
preserves all of its nodes. Consequently, we conclude that the final state, ψ(x, 4τ),
corresponds to a superposition of lower energy states of the infinite well. In this
setting R1 = R2 = 6. As such, the n = 7 state would be delivered to the n = 1
state by following the apparent crossings in figure 2.8. To verify whether the final
superposition follows this expected trend, we computed the transition amplitude to
each of the eigenstates of the final Hamiltonian

Pn←r

∫
dxψ∗n(x, 0)ψ(x, 4τ),

where the subscripts n and r denote the nth and rth eigenstates of H0, and r = 7 for
the present case. The results are diplayed to the right of figure 2.9. As expected, we
see that the transition probability is concentrated in the n = 1 state. However, it is
surprising that the final state is more likely be found with an energy E3 than with an
energy E2. We suspect that this feature is related to the parity in the number of nodes
of the wave function. We also note that there is a finite probability of ending with a
higher energy. This effect is noticeable in the histogram in figure 2.9. Nevertheless,
for our calculation, approximately 99.9% of the probability mass is concentrated in
the first seven states for the process that was simulated.

Finally, we repeated this same process for different simulation run-times, 4τ, to
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FIGURE 2.10: Relative change in energy as a function of the driving
time τ for the double-well. Other than the driving time, every param-
eter of the simulations is equal to those used in figure 2.9. The driving
time was varied across seven orders of magnitude. Then, the average
energy was computed for the final state by taking the matrix element
with the finite-difference Hamiltonian and multiplying by an appro-
priate measure that takes into account the size of the grid. For this
average energy, we computed the relative change of the initial energy
of the n = 7 state. We observe a non-monotonous behavior in the
energy difference. In our simulations, we find that for extremely fast
driving, the system is not able to adapt and the change in energy van-
ishes. Furthermore, for slow driving, the system can tunnel through
the barrier and the final state is still a superposition of states but with

weights cenetered around the initial state.

characterize the change in average energy as a function of the duration of the pro-
tocol. We solved the time-dependent Schrödinger equation in a grid of 103 spatial
points uniformly distributed in the range of −5a0 to 5a0 and a grid of 2× 106 tem-
poral points between 0 and 4τ in units of h̄/Hartree. For these simulations we used
atomic units to minimize numerical errors. As such a0 is the Bohr radius. The width
of the barrier for these simulations was of ` = 2.5a0 and the maximum depth of the
well was of −20 Hartree. With this, we varied τ across seven orders of magnitude.
The results are depicted in figure 2.10. Notice that if the realization of the proto-
col is either too fast or too slow, the extracted work diminishes. Nevertheless, for a
range of more than five orders of magnitude, our simulation predicts a saturation
in the change of average energy after one cycle. Remarkably, the average energy of
ψ(x, 4τ) when the simulation saturates is consistent with the value of the ground
state energy within the error, 0.2± 0.1 Hartree.

We conclude that even in the absence of level-crossings in the adiabatic regime,
it is possible to operate the quantum microcanonical engines by driving the system
at a finite speed. However, there are some caveats to this result. First, notice how
we could lower the energy of the particle in the double-well by almost an order
of magnitude. Nevertheless, the cost of operation of the engine is significant, spe-
cially when considering the enormous value needed for the energy of the barrier
(20Hartree). Second, the cost of measurement and feedback is still present in this
system. By recalling the result by Sagawa and Ueda, 2009, we would not expect that
the second law of thermodynamics can be violated in any way by this cycle. And
last, note that even in the optimal region of operation, the state is still a superpo-
sition of low energy eigenstates. Nonetheless, it would be desirable to generate a
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protocol that exactly drives the system to the ground state.

2.3 Non-degeneracy Theorem

We end our discussion with some general remarks about microcanonical Szilard en-
gines. In particular, we note that one-dimensional realizations of these systems will
never present degeneracies. As such, finite time operation is always needed for these
systems. In fact, L. Landau, gave a general proof of the impossibility of level cross-
ings in bounded one-dimensional single-particle spinless systems (L. D. Landau,
1981). He proceeds to prove this statement by contradiction. First, suppose there are
two degenerate eigenstates of a spinless one dimensional Hamiltonian, H,

Eψ1 =
−h̄2

2M
d2ψ1

dx2 + V(x)ψ1

and

Eψ2 =
−h̄2

2M
d2ψ2

dx2 + V(x)ψ2.

Therefore, we can multiply each of these equations by the wave function of the other,
and subtract them both. The resulting equation is simply

0 = ψ1
h̄2

2M
d2ψ2

dx2 − ψ2
h̄2

2M
d2ψ1

dx2 =
h̄2

2M
d

dx

(
ψ1

dψ2

dx
− ψ2

dψ1

dx

)
.

From this, we conclude that

ψ1
dψ2

dx
− ψ2

dψ1

dx
= c,

where c is a constant. Note that this equation is valid for all x. Nevertheless, because
both states are bounded and are normalizable, they must vanish at infinity. Thus,
we conclude that c = 0. Then, the expression simplifies such that

d ln ψ1

dx
=

d ln ψ2

dx
.

By integrating this last equation, we find that ψ1 = Aψ2, with A an arbitrary con-
stant. Because of the normalization constraint, both states must be equal. Therefore,
degeneracy cannot occur.

This theorem is very useful as guidance, but it does not reveal the inner struc-
ture of apparent crossings that arise in one-dimensional systems. In our work we
could characterize the apparent crossings in the box engine more carefully and ex-
ploit them to lower the average energy of a quantum particle. The question persists
of whether one can consistently lower the energy of a multi-dimensional or multi-
particle system by quasi-statically operating a microcanonical Szilard engine. Clas-
sically, this is still an open problem (Marathe and Parrondo, 2010). As a final remark,
we note that in the quantum case, the minimal work principle holds regardless of
the assumption of decreasing probabilities 1.25 for microcanonically sampled one-
dimensional systems evolving adiabatically. However, in this chapter, we found
evidence that by breaking the adiabatic condition we can achieve higher average
efficiencies. Furthermore, the precise role of tunneling in the quantum mechanical
version of the minimal work principle, 1.20, remains to be clarified as this seems to
be the driving mechanism behind our findings.
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Conclusions

In the present work, we reviewed many aspects of the literature on the thermody-
namics of information. Starting from the most basic notions of thermodynamics,
we stated the problem entailed by Szilard’s thought experiment, specifically, the
seeming violation of Kelvin’s statement of the second law (Szilard, 1929). Then,
by reviewing one of the simplest models of a binary memory, we observed a first ap-
pearance of the Landauer principle (Bennett, 1973). Moreover, the minimum cost of
operating a classical feedback process was derived following (Parrondo, Horowitz,
and Sagawa, 2015).

Afterward, we went through the steps of the mechanical proof by Campisi, 2008
of the minimal work principle. Both in the quantum and classical setting, we saw
the impossibility of violating Kelvin’s statement with states whose probability dis-
tribution was a decreasing function of the energy. This proof, however, opened the
path for possible violations of the minimal work principle through the use of micro-
canonically sampled states. With this, we reviewed the proposals for microcanonical
Szilard engines by Sato, 2002, Marathe and Parrondo, 2010, and Jarzynski, 2013. For
each one of this, we reproduced their theoretical findings using simulations and ver-
ifying the behavior that was previously reported. Remarkably, with a simple RK4
algorithm we could observe all the rich phenomenology described in these works.

Furthermore, we ventured into the quantum realm. We intended to understand
how the works by Marathe and Parrondo, 2010, and Jarzynski, 2013 would be trans-
lated to this setting. For this, we started from the basics by studying the quantized
version of the original Szilard engine, (Kim et al., 2011). Here, we stumbled upon
several new behaviors. First, the effect of particle statistics led to a suppression of
the extracted work with a fermionic working substance. The enhanced performance
of bosonic engines accompanied this effect. Nevertheless, significant assumptions
were introduced in the treatment of the problem. Precisely, the fact that particles
were not able to tunnel through the diaphragm of the Szilard engine. From this, we
followed a similar structure to the first paragraph by describing the cost of operating
quantum feedback mechanisms briefly, (Sagawa and Ueda, 2009).

With these preliminaries on quantum engines, together with the tools devel-
oped in the first chapter, we tackled the problem of quantum microcanonical Szi-
lard engines. We performed several numerical calculations to find the instantaneous
spectrum of the Hamiltonian. However, these results were inconclusive due to the
lack of precision in the diagonalization schemes. Nevertheless, by studying a set
of simpler models, we could derive theoretical bounds that inhibit the existence of
degeneracies in these systems. As such, The adiabatic operation of the quantum
microcanonical engines does not have any work output. Furthermore, we hypothe-
sized that by driving the system at a finite rate, we would induce transitions among
the apparent crossings in the instantaneous Hamiltonians. These diabatic transi-
tions where verified using a Crank-Nicholson scheme to solve the time-dependent
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Schrodinger equation. With this, we could characterize the range of operation of
these engines. Moreover, due to the impossibility of level crossings in the spectrum
of one-dimensional spinless Hamiltonians, we claim that the presented mechanism
is the primary way in which a one-dimensional engine can be operated. Never-
theless, as future work, we intend to improve on these results by implementing
quantum control procedures that achieve precise transitions to lower energy states
Martínez-Garaot et al., 2016. This approach is necessary if we want to eliminate
spurious oscillations in the time evolution of the final state after a single cycle of
operation. The elimination of these unwanted modes is required if we want to make
consecutive operations of these engines.
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