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Abstract

Lately, there has been an extensive state-of-the-art research in Machine Learning
methods, due to their important features such as universality in approximations
and dimensional reduction. In this way, the present work aims at exploiting these
properties of Machine Learning on physical many-body problems, in which a re-
stricted Boltzmann Machine (RBM) is trained with quantum Monte Carlo data to
best represent the ground state of an N spin system under the transverse field Ising
model Hamiltonian in one dimension. During the path coursed along the devel-
opment of this project, we first review classical well-implemented methods such as
the single-layer perceptron, multi-layer perceptron for the XOR problem with back-
propagation algorithm, discrete Hopfield network for pattern reconstruction, contin-
uous Hopfield network with Simulated Annealing for solving the traveling salesman
problem with 10 cities and the Boltzmann machine for feature extraction. Then, we
review a few aspects of what is called a Quantum Boltzmann Machine and the basics
of the transverse field Ising model. Finally, we train an RBM consisting of N visible
neurons, hidden density neurons α = M/N = 2 and 1-step contrastive divergence
(CD1), by minimizing the Kullbach-Liebler divergence of the RBM and the training
data set coming from the algorithmic variant of quantum Monte Carlo, known as
discrete Path-Integral Monte Carlo. For this last step, we use Trotter-Suzuki decom-
position with m Trotter slices and the Wolff’s cluster algorithm. After training the
RBM, we calculate magnetic observables based on the RBM’s wave-function such
as longitudinal and transverse magnetization, for different values of transverse field
and we do an estimation of the critical field Γc at which the transverse Ising model
system suffers a quantum phase transition from ferromagnet to paramagnet.

Key Words: Machine learning, quantum machine learning, restricted Boltzmann
machine, transverse field Ising model, quantum phase transition, path-integral Monte
Carlo, Wolff’s cluster algorithm, Kullbach-Liebler divergence.



Resumen

Últimamente, se ha realizado extensa investigación en el área de Machine Learning,
dadas sus caracteŕısticas importantes tales como universalidad en las aproximaciones
y reducción dimensional. En esta dirección, el presente trabajo de grado está en-
focado en aprovechar estas propiedades del Machine Learning en problemas f́ısicos
de muchos cuerpos, en donde una máquina de Boltzmann restringida (RBM) es
entrenada con datos producidos por quantum Monte Carlo, para obtener la mejor
representación del estado base de un sistema de N esṕınes bajo el Hamiltoniano
del modelo de Ising transversal en una dimensión. A lo largo del recorrido del
desarrollo de este proyecto, revisamos métodos clásicos ya conocidos tales como
el perceptrón de una capa, perceptrón multicapas para el problema XOR con el
algoritmo back-propagation, red discreta de Hopfield para reconstrucción de pa-
trones, red de Hopfield continua con Recocido Simulado para resolver el problema
del hombre de negocios viajero con 10 ciudades y finalmente, la máquina de Boltz-
mann para estudiar extracción de carácteres para problemas generativos. Luego,
revisamos algunos aspectos de lo que se llama máquina de Boltzmann cuántica y
conceptos básicos del modelo de Ising transversal en una dimensión. Finalmente,
entrenamos una RBM compuesta de N neuronas visibles, densidad de neuronas es-
condidas α = M/N = 2 y divergencia contrastiva de 1 paso (CD1), minimizando
la divergencia de Kullbach-Liebler de la distribución de RBM con respecto a la dis-
tribución de los datos de entrenamiento arrojados por la variante algoŕıtmica de
quantum Monte Carlo, conocida como Path-Integral Monte Carlo. Para este último
paso, usamos la descomposición de Trotter-Suzuki con m capas de Trotter junto
con el algoritmo de Wolff’s cluster. Luego de haber entrenado la RBM, calculamos
observables magnéticas basadas en la función de onda de la RBM, tales como mag-
netización longitudinal y transversal, para distintos valores de campo magnético
transversal Γ y hacemos un estimado del campo cŕıtico Γc, en el cual el sistema
sufre una transición de fase cuántica de ferromagneto a paramagneto.

Palabras Claves: Machine Learning, Machine Learning cuántico, máquina de
Boltzmann restringida, modelo de Ising transversal, transición de fase cuántica,
Monte Carlo con integral de caminos, algoritmo de Wolff’s cluster, divergencia de
Kullbach-Liebler.
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Introduction

The neural networks stablish the basic structure upon which the human’s
brain (the most powerful machine ever known) does the information process-
ing in order to carry out motor and cognitive functions. Inspired by the
ability and potential of the brain for information processing, a lot of scientific
research has been done to study its properties and functional basic mecha-
nism. Thereby, it has been either possible to understand complex biological
processes in human beings and revolutionize technology and the way in which
we interact with it, due to the implementation of these mechanisms in the
practical world. One of the most fruitful implementations corresponds to the
use of artificial neural networks, which are the basis of the Machine Learning’s
branch, for solving problems such as classification, optimization, reconstruc-
tion, analysis, automation, identification, sampling, data mining, among oth-
ers. On the other hand, in the last decades and from different perspectives,
it has been considered the possibility of joining the unique properties offered
by Quantum Mechanics with Machine Learning’s methods and computing,
in order to give rise to innovative information processing mechanisms that
would open a new and/or improved range of solutions for diverse areas of
application (economy, sociology, computer security, physics, chemistry, etc.).
Thus, this work pretends to contextualize in the field of Machine Learning,
passing through classical learning algorithms with simplest neural network
models until arriving to recurrent neural networks such as Hopfield’s network
and an extension from this one known as Boltzmann Machine. Following this
path, theoretical fundamentals on which the Boltzmann Machine is based will
be studied and some of its applications.

Given the mathematical bases whereby Machine Learning’s methods are

xii



substantiated, it has been possible to construct a parallel quantum model
known as Quantum Machine Learning, which would be able to solve prob-
lems that are untreatable classically such as big data analysis, multivari-
able dynamics and many-body problems, nanometric properties of materials,
chemical reactions and other physical micro phenomenon. These methods will
improve both precision and runtime. So as to that, diverse approaches have
been attempted for data quantization and the methods by which this quantum
data would be operated such as superposed quantum systems and quantum
gates that allow measurement. Within these methods, we find Quantum Sup-
port Vector Machine, Quantum Annealing, Quantum Principal Component
Analysis, Quantum Boltzmann Machine, among others.

In this Project, we will take a detailed look on the implementation of a
Boltzmann Machine and its quantum implementation through the Transverse
Ising Model, and how this allow us to get optimal solutions for physical prob-
lems that are non treatable classically. Furthermore, some examples of the
Quantum Boltzmann Machine will be overviewed such as the study of quan-
tum phase transitions in a small-numbered system of spins.

Special Note: All images, draws and graphs are taken/made by the
Author unless specified otherwise.

xiii



1. Objectives

1.1 General Objectives

� Analyze the development and implementation of Quantum Machine Learn-
ing, and Classic Machine Learning as its fundamental background.

1.2 Specific Objectives

� Review of learning classical models based on artificial neural networks,
such as McCulloch & Pitts Neuron Model, Single-layer and Multi-Layered
Perceptron and recurrent neural networks such as Hopfield’s and Boltz-
mann Machine.

� Review and comparison between classic methods of Machine Learning
such as Simulated Annealing and Boltzmann Machine with respect to
the Quantum Boltzmann Machine method.

� Review of the implementation of classical Ising Model and quantum Ising
Model 1D known as Transverse Field Ising Model, as methods for many-
body interaction problem.

� Implementation of the Ising Transverse Quantum Model for many-body
problem solving and the analysis of its quantum phase transition at T = 0
in a small-numbered system of spins, comprising the ordered ferromag-
netic and quantum paramagnetic phases.
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2. Methodology

Since the branch of QML extends over a lot of areas and methods of appli-
cation, this work is intended to review their formulations in a general way in
terms of causes of emergence, advantages and/or disadvantages over classic
models and implementation. In a detailed way, the method of QBM was cho-
sen as a study case for solving Physics’ problems, mainly those which concern
many-body interactions. Therefore, in order to get there, the work begins
with a chronological contextualization of CML’s models, listed as follows:

� McCulloch & Pitts Neuron Model.

� Single-layer Perceptron.

� Multi-Layer Perceptron.

� Recurrent Artificial Neural Networks: Hopfield’s Network.

and CML’s methods, such as:

� Simulated Annealing.

� Boltzmann Machine.

These models will be reviewed in terms of implementation, characteristics,
limitations and examples. Then, a review of quantum model QBM. Along
with the study of the QBM’s method, the Transverse Ising Model will be
reviewed, which is the pillars of the QBM’s formulation. To conclude, it is
intended to solve a many-body problems in Physics, in which we seek that the
QBM be able of predicting or identifying a quantum phase transition without
the prior knowledge of an order parameter.

2



3. Classical Machine Learning: Mod-
els

In this work, classic means those models and methods that are not quan-
tum, as nowadays there still emerging and being improved these models and
methods, in order to have a wider range of applications or improvement of
specific characteristics such as runtime, speed analysis, results accuracy and
precision, data size capacity, among others.

As it was mentioned in the Introduction, the ML is the branch that seeks
how to train a machine (or computer) in order to make it capable of make
predictions or generalizations from simple data. The general objective previ-
ously exposed, makes ML a great useful tool in plenty of applications and/or
fields such as Economy, in which big data analysis must be made to formulate
financial tendencies or Physics, in which an artificial neural network could be
trained for seeking artificial superconducting materials by setting specific pa-
rameters in the network according to chemical and physical properties of the
materials. In summary, the ML seeks to empower the functions of a machine
through the learning phenomenon as a projection of the cognitive function
present on human beings.

Why are these cognitive functions so important? In first place, because
they are the responsible for authenticity in living beings and in second place,
because they allow them –living beings- to develop, evolve and survive. Within
these cognitive functions, we find mainly learning, reasoning, language
and memory, and secondly remember, perceive, associate, identify, among
others. In machines, different programming languages have been established
and have conscious memory, which is to say actively store information and

3



by means of ML, it is sought to complete their functions in a way that they
could learn, make predictions and generalizations in an unsupervised manner
-by themselves-. In human beings, the cognitive functions are carried out in
the cerebral cortex, which corresponds to the outer membrane layer of the
brain. In this layer, there is located a structural network which synthetize
all information perceived by sensors (or detectors) and integrates it through
complex mechanisms, in order to perform a reaction or result that could be
either cognitive or motor, such as a thought or a movement, respectively. In
human beings, these networks comprise what is called the nervous system
and consist of millions of small basic information processing units, known as
neurons [1].

The Neuron

The neurons are the functional units of the nervous system. There are three
different types of neurons: afferent neurons, efferent neurons and interneu-
rons. The afferent neurons are responsible of carrying action potentials to
the nervous system, the efferent neurons are responsible of carrying action
potential to physiological and behavioral effectors, and the interneurons inte-
grate, store information and do the communication with the other neurons.
Even though neurons might vary in physiognomy and functions, they can be
generally depicted as follows:

Figure 3.1: Generalized diagram of a neuron. Taken from: Khan Academy “The synapse”, 2017

1 Dendrites : region of the neuron which is in charge of receiving informa-
tion from other neurons.
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2 Cell body : region in which is allocated all nucleus and organelles, and is
in charge of the neuron’s development.

3 Axon hillock : integrate information received by dendrites and initiates
the action potential.

4 Axon: region in which the action potential is send away from the cell
body.

5 Axon terminals : region in which the neuron connects to the membrane
of other neurons.

To summarize, the neurons are in charge of receiving information, integrat-
ing it and then send it as an action potential to other neurons. The process
in which two neurons communicate through a connection, is called synapse.
At the end, it is the synapse the responsible for all the execution commands
in the nervous system [2].

The synapse

The human’s nervous system consist of approximately 1011 neurons that per-
form nearly 103 synapses with approximately 104 neurons with which could
be connected. As any other cell, the neuron has a membrane potential in
which different ions such as potassium (K) and sodium (Na) can cross and
hence, change the potential at the membrane which is at a resting potential
of -70 mV. When a synapse occurs, a complex electrochemical reaction takes
place at the pre-synaptic neuron as the action potential arrives to the axon
terminals and releases neurotransmitters to the post-synaptic neuron. When
these neurotransmitters enter the dendrites of the post-synaptic neuron, they
will change its resting potential depending on the message which could be
inhibitory or excitatory; if the post-synaptic neuron’s membrane potential
increases then is excitatory and otherwise, inhibitory. The membrane main-
tains its potential by pumping out positive (Na+) ions [3].

One of the most interesting and important fact about synapses, is that
they exhibit plasticity: neurons can change, modify, strengthen or weaken
connections with other neurons. This means that a neural network is always

5



evolving by creating, annulling and modifying connections between neurons
and this is believed to be the basis of memory and learning. Thereby, an
extensive set of learning rules could be implemented inspired by this neural
behavior and are the base of ML [3].

3.1 Models

Based on the functional structure of the brain, and more specific, the nervous
system and neurons, diverse mathematical models have been proposed and
elaborated to artificially reproduce their functions. In this section some of
the models and learning methods will be exemplified.

3.1.1 McCulloch & Pitts Neuron

In the early forties, the neuroscientist Warren McCulloch and the logician
Walter Pitts, proposed the mathematical model of a single neuron in which
the latter is treated as a non-linear threshold device just as the membrane
potential mentioned in the previous section, which sends or not a signal de-
pending on the input signals. This artificial neuron computes the input signals
(or values) through a step or sigmoid function which gives an output between
the interval [0,1] or [-1,1] (usually, the interval [-1,1] is taken when inhibitory
signals are required and hence the -1):

Figure 3.2: MCPN’s possible functions

6



The step function is used for boolean operations and the sigmoid function
is used when continuous values are needed. In a MCPN (McCulloch & Pitts’
Neuron) built with a step function, the output is predominantly regulated
by the threshold value set on the neuron as it will be exemplified later. The
functions exhibited on figure 3.2, are:

Step Function: y =

{
1 if x ≥ 0

0 if x < 0
& Logistic Function: y =

1

1 + e−x

A mathematical MCPN model scheme is shown below:

Figure 3.3: MCPN scheme for 1 variable (left) and J variables (right)

The variables shown in figure 3.3 can be summarized as follows:

X : Input variable; output from other MCPNs or a discrete or continuous
value or a binary array.

w : Corresponds to the variable of weight between the input and the MCPN.
This variable measures the influence of a connection between MCPNs or
an input and a MCPN.

Σ : Modulating function of the MCPN; depending on the problem in case,
this function could be a linear equation which separates between two
classes (0 and 1 for instance) or a sigmoid function which allows contin-
uous values within 0 and 1.

θ : Threshold value set for the MCPN. In order for a signal to be emitted
from the MCPN, the computed value of Xw must be greater or equal
the threshold value.

7



σ : Function specified for MCPN (figure 3.2).

Y : Output of the MCPN; this value could behave linear or non-linear with
the input value, depending on σ. The output value could be integer or
continuous or a class.

This model seeks to imitate the general function of an actual neuron, in
which a signal is received by dendrites, then it goes through the Axon Hilock
(figure 3.1) where information is integrated and an action potential is gener-
ated as an output to other neuron. The weight variable w is the analogous
to the synapse weight which is the connection strength between two neurons
and can be modified.

Classification

In many contexts, we are able to reduce a problem to a classification prob-
lem, in which the answer (either deterministic or probabilistic) can be some-
how clustered or grouped in classes. For instance, cognitive actions such as
decision-making or abstract reasoning can be generalized as association pro-
cesses.

Decision making : Suppose a human that wants to decide if to eat or not to
eat. According to this, lets suppose the human has 2 detectors represented by
2 inputs: X1 and X2, that simulate a red color and a round shape detector,
respectively. The human wants to eat red-colored and round-shaped objects.
Therefore,

X1 =

{
1 if object is red

0 otherwise
X2 =

{
1 if object is round

0 otherwise

The reason for representing the signals as numbers is to be able to construct
a linear equation that separate classes which represent specific decisions. Let
Y be the output signal which represents the chosen decision and thereby, can
be modeled by the following equation:

Y = X1 ⊕X2

The possible set of solution is:

Y := {2, 1, 0}

8



But as a simple decision making example, lets suppose that the answers maybe
or I don’t know are not allowed. For that reason we want only an output set
of the following kind:

Y := {1, 0}
Now, as a biological neuron has a membrane potential (at -70 mV) which
determines the minimum required voltage to be excited, then for the MCPN
is set a bias or threshold value θ. Therefore, for a specific signal output y
concerning the linear equation y = Σ(net) where net = x1 + x2, the value of
θ must be set such that y is the decision of eating a red rounded object:

y = Σ(net) =

{
1 if net ≥ 0

0 if net < 0
& net = x1 + x2 + θ

Hence, if the human wants to eat only red (x1 = 1) AND rounded (x2 = 1)
objects, the bias must be set on −2 and the following truth table can be
constructed:

[Input] [Integration] [Output]
Object X1 X2 net = x1 + x2 − 2 Σ(net) Y : eat or not eat?
Red Apple 1 1 0 1 Yes
Green Apple 0 1 -1 0 No
Strawberry 1 0 -1 0 No
Banana 0 0 -2 0 No

Table 3.1: Truth Table for a decision making example on a MCPN

If the threshold is changed, then there would be more acceptable answers
or any answer at all. For instance, if the human eats either red or rounded
objects (θ = −1).

In the previous example, it was assumed discrete values and weights equal
to 1 for both input variables w1 and w2. Nonetheless, if we set different weight
values, there will be non integer values of φ and decision criteria might change.
For instance, suppose that the red detector is stronger than the round detector
and thereby, there might be a chance that the human eats a red apple And a
strawberry. In that case, we set w1 = 1 and w2 = 0.5 and threshold of θ = −1.
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Now, as problems and cases grew harder and complex, more algorithms as
well as neurons must be included. The number of neurons and the type of
algorithm will vary depending on the case study and the learning method used
for solving. As a general aspect, there are three types of learning: supervised,
unsupervised and reinforcement.

Supervised Learning

This is a method in which there is a teacher who knows the expected answer
for a specific set of input parameters. Thereby, when a set of input variables
and a threshold is defined as follows:

X = {x1, x2, . . . , xn} & θ

The teacher know that the answer of this neuron must be the set Y = {y}.
The next step is to initialize the set of weights:

W = {w1, w2, ..., wn}

Then, we compute the experimental value of the output ŷ, as:

ŷ = wTx + θ (3.1)

Then, we would like to modify W until a convergence criteria is achieved, for
instance:

E = |ŷ − y|2 (3.2)

The set W is modified through the course of a restricted number of iterations
or epochs. Let T = {t1, t2, ..., tN} be a finite set of epochs, so:

wt+1
j = wt

j + γetjxj (3.3)

where γ is the learning rate and e is variable depending on the difference ŷ−y
and the jth input variable.

Unsupervised Learning

Here, there is no teacher so there is no feedback information such as e or
function to be minimized such as E. On the other hand, this method is
governed mainly by the Hebbian Rule [3]. This rule states that a connection
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(or weight) between two neurons is strengthened if they activate together
during the performance of training sets. Suppose we have a training set P ,
each with an input set Xj = {xj1, x

j
2, ..., x

j
n} where j ∈ P . Besides, suppose we

have four neurons N1, N2, N3 and N4, and a learning rate γ. Then, suppose
we are at the ith training set, in which neurons 1 and 4 activate together but
1 and 2, and 1 and 3 do not, so:

wi
14 = wi−1

14 + γ, wi
12 = wi−1

12 − γ & wi
13 = wi−1

13 − γ

As a result, when the neural network is completely trained, there will be re-
gions in which the outputs lay Y and those regions represent classes. There-
fore, when an unknown input set is entered, it is expected that the network
classifies it correctly without knowing the actual answer. This is a simple
algorithm of learning but at a later stage such as Hopfield’s Networks, more
complicated algorithms will be reviewed.

Reinforcement Learning

This later is the one on which artificial intelligence is based because it receives
information from the environment and learning is performed according to a
punish-or-reward criteria [3]. Suppose for instance, a neuron that is able to
heat up and/or a produce sound as it has a temperature and noise detec-
tors. Besides, the output signal passes through an environment device that is
capable of sending a signal back to the neuron and this environment device
sends a signal that says “its cold”. Therefore, when the cold signal is sent
back to the neuron, the weights of the temperature and noise detector will be
modified. If the last output was 1 for temperature and 0 for noise, the system
will be rewarded and left untouched, but in the opposite case, the system will
be punished and the weights changed until it receives the reward.

After reviewing the main learning mechanisms and the McCulloch & Pitts
neuron model, we move into more complex models such as Single-layer and
Multi-layer Perceptron’s and Hopfield’s.
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3.1.2 Single-layer Perceptron

McCulloch and Pitts gave the mathematical model of a neuron, which is
known as the MCPN and hypothetically works as an actual biological neuron.
Then, it appeared the perceptron model on early sixties by Frank Rosenblatt,
which brought the chance of classifying linearly separable variables as we saw
on the previous section. The single-layer perceptron consists of a layer of
neurons and inputs that not necessarily have to be the same in number. For
instance, suppose a J1 − J2 perceptron:

Figure 3.4: Single-layer Perceptron model with J1 inputs and J2 neurons

It is important to notice that there is a total of 2J2 possible classes with
which any J1-input can be associated.

Learning Algorithm

The Single-layer perceptron (SLP) works only for linearly separable problems,
which means that the input objects belonging to different classes can be sep-
arated by hyperplane. Through the following example, it is intended to show
how does the learning algorithm works for a SLP.

Example. Suppose the following training data set [3]:

X1 =

(
2
2

)
X2 =

(
−2
2

)
X3 =

(
1
−2

)
X4 =

(
−1
1

)
12



Lets assume that X1, X2 ∈ A and X3, X4 ∈ B, where A and B are the 0 and
1 classes, respectively. Thereby, we would like to construct a neural network
consisting of only one neuron which is able to classify correctly the input
vector from the training set and any other vector. Schematically, for the first
input vector, the neuron will look like this:

Figure 3.5: MCPN scheme for SLP example

where,

X1 = (x1
1, x

1
2) Σ = w1x

1
1 + w2x

1
2 − θ y1 =

{
1 if Σ > 0

0 otherwise

In order to simplify the algorithm, it is better if the threshold value is
included as a weight component of a connection with an input of invariant
value 1: θ = I0w0, where I0 = 1, such that

Σ = w0 + w1x
1
1 + w2x

1
2

First of all, we set initial values for W = [w0, w1, w2] and then we check if
the point X1 is correctly classified (class 0) or not (class 1). If it is correct,
let W be the same and continue to the next training pair. If it was wrong
classified, then the weight vector must be updated according to the error
difference between the desired output (Y ) and the actual output (y), and a
learning rate η, that states the magnitude of the change, which is set to 0.2.
For instance, suppose the initial weight vector W = [1.0, 0.0, 0.5]. Thereby,
if any of the ordered pair falls out of the class, then the weights in W must
be changed or updated according to equation 3.3. After 1 epoch (one pass
through the complete training set) the problem converges with the solution:

W = [0.4,−0.4,−0.7]

13



Below, the graph showing the ordered pairs of the training set and the line
given by the equation 1 +X1 ∗ 0 +X2 ∗ 0, 5 = 0 which is the line given by the
initial values, and the line that represents the solution which separates the
classes:

Figure 3.6: SLP Example. Blue line given by (a) the initial conditions of the problem W =
[1, 0, 0.5] and (b) the variables of solution of the problem W = [0.4,−0.4,−0.7].

Now, our SLP is ready to classify unknown data:

Figure 3.7: SLP Example with unknown data correctly classified.

The code with the learning algorithm for the first of the training data set
is shown in Annex 1.
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The previous example was done throughout the use of only one MCPN;
the single-layer perceptron consists on a layer of one or more MCPNs that
work in parallel. The advantage of having a layer instead of 1 MCPN is that
it allows to have more classes or a wider range of classification. For instance,
suppose a case of pattern recognition on images, in which each MCPN on a
layer is focused on a pixel of the image such that the whole set of layers is
able to read and classify the whole image.

On the other hand, on table 3.1 we can see that a one-neuron perceptron is
capable of reproducing some of the logic gates: AND, OR, NAND, NOR and
NOT. In that case, the example reproduced the AND logic gate in which the
answer is true if both entries (red-color detector and round-shape detector)
are true. In the state space, such as the one depicted on figure 3.6, of the
logic gates previously mentioned, the output values can be linearly separated
in the classes 0 and 1. But there is, for instance, one general logic gate that
can not be reproduced only by one-neuron perceptron, which is the XOR
(Exclusive OR) gate. This is due to this gate is nonlinearly separable because
the output is classified according to entangled input data. In the following
section we will treat this gate in more detail.

To summarize, a single layered perceptron is not capable to solve non-
linearly classifying problems. In other words, 1 MCPN or a layer of MCPNs
are able to learn and generate a line or hyperplane (depending on the di-
mension of input data) that separate the classes. Therefore, if there is data
that is not linearly separable as in the XOR (Exclusive Or) function, then
there is need of more layers of MCPNs in which the outputs of the neurons
of the first layers are the inputs of the neurons of the following layer. Hence,
the perceptron will be able to correctly classify mixed data [4]. When more
than one layer is included in the perceptron, the system is called Multilayer
Perceptron.
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3.1.3 Multi-Layer Perceptron

The MLP consists of one or more layers of MCPNs brought together in a
connectionist model. This model is based on the information processing and
integration throughout interconnected layers of units or MCPNs. The math-
ematical model is schemed below:

Figure 3.8: Multi-layer Perceptron model with an input layer of J1 inputs, M − 2 hidden layers of
m units and an output layer of J2 units

The interconnection between layers allows to solve non-linearly separable
problems. Furthermore, this model is usually solved throughout the Back-
propagation (BP) learning algorithm along with Gradient Descent Method
(GDM). The former exhibits an algorithm that propagates backwards in the
artificial neural network to adjust the weights in order to obtain the desired
output. Hence, this method is a type of supervised learning. The step-by-step
learning process for an all-interconnected feed-forward network (MLP with all
neurons interconnected) is as follows:

� The input data from the training set is passed through the neurons of the
first hidden layer, in which on each neuron the pondered sum is computed
as expressed in Eq. 3.1 and then, the net value of the sum is squashed
by an activation function (for example, the logistic function) and finally,
the outputs of the first hidden layer pass to the second hidden layer as
inputs. This process continues the same way until arriving to the output
layer which delivers the output value for the input pattern.
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� The output values y are compared to the target values ŷ for that spe-
cific input pattern and the error, called delta δ = ŷ − y, is propagated
backwards to the hidden layers according to the weight values of that
connection, so that the error of the m hidden layer is obtained by the
error of the m+ 1 layer:

δmi = wijδ
m+1
j (3.4)

� Finally, when error arrives to the first layer, the weights of the connec-
tions between input values and the first layer are updated according to
the GDM:

wt+1
ij = wt

ij + ηδ1
j

df 1
j (e)

de
xi (3.5)

where η is the learning rate and
df1
j (e)

de is the derivative of the activation
function of the j neuron of the first layer evaluated on the value of the
pondered sum of the inputs of that layer [[3] and [5]].

Below, there is an illustrative example of this learning method.

Example. The XOR problem. Many of the logic gates can be repre-
sented by a single-layer perceptron as most of them are linearly separable,
as for example the gates AND, OR, NOT AND and NOT OR. But there
are some of them such as XOR (exclusive OR), that are linearly inseparable
(figure 3.11 (a)). The points shown on the figure cited, correspond to:

X1 = [1.0, 1.0], X4 = [0.0, 0.0] → Class A

X2 = [1.0, 0.0], X3 = [0.0, 1.0] → Class B

Therefore, it easy to check that X1 and X4 can not be separated from X2

and X3 only by a single line (or hyperplane) and hence, there is need of more
hyperplanes or curved lines. This determines the impossibility of solving this
problem with SLP. The required number of neurons in order to solve this
problem is 3, as there is need of the 3 logic gates NOT AND, OR and AND.
These logic gates have the following outputs according to a binary input:
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Input Output
X1 X2 OR AND NOT AND XOR
1 1 1 1 0 0
1 0 1 0 1 1
0 1 1 0 1 1
0 0 0 0 1 0

Table 3.2: Truth Table for AND, OR, NOT AND and XOR logic gates. Adapted from [6].

Figure 3.9: Scheme of the XOR logic gate.

Then, the structure of the MLP must be designed according to the order
in which the logic gates are set:

Therefore, it is needed a 2 − 2 − 1 multi-layered perceptron; the first “2”
is for the input layer which has two entrances corresponding to values X1

and X2, the second “2” is for 2 MCPNs working as NOT AND and OR logic
gates, respectively, and the last “1” corresponds to the output layer with 1
MCPN:

Figure 3.10: Schematic model of a MLP for the XOR problem.

where,

� X1 and X2 are the components of the input pattern.

18



� X0 is the bias for each layer. What is important of the bias θ, is the
value of its weight in each connection. For simplicity the bias is putted
as an input X0 which value is always 1.0 and a weight w0. Hence, X =
[X0, X1, X2, ...] and W = [w0, ...].

� W(1) corresponds to the weight vector of the connections between in-
puts and first-layer neurons (or MCPNs). Now, sometimes it is better
to construct a separate vector for each neuron: WΣ1

and WΣ2
, with

WΣ1
= [w01, w11, w21] and WΣ1

= [w02, w12, w22]. The notation wij indi-
cates the connection weight between the i-th neuron (or input) with the
j-th neuron. W(2) is the weight vector for the connections of the second
hidden layer.

� Σ1, Σ2 and Σ3 are MCPNs that will compute the pondered sum of the
inputs and beside, they will squash the sum according to the logic func-
tion:

Σ1(net1) = out1; net1 = w01X0+w11X1+w21X2 & out1 =
1

1 + e−net1

Σ2(net2) = out2; net2 = w02X0+w12X1+w22X2 & out2 =
1

1 + e−net2

Σ3(net3) = out3; net3 = w03X0+w13out1+w23out2 & out3 =
1

1 + e−net3

At this point, out3 corresponds to the actual output of the perceptron:
out3 = Y .

The weights are initialized randomly and depending on the output target,
the weights get updated backwards according to equation 3.5. The parameters
used for solving this problem were:

η = 0.2 epochs = 10000 ε = 0.001

After the 10000 epochs, the system converges and returns the following
classification for the data:

y1 = 0.03 ≈ 0 y2 = 0.97 ≈ 1 y3 = 0.97 ≈ 1 y4 = 0.03 ≈ 0
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Figure 3.11: Multi-layer Perceptron example. (a) Initial conditions of the problem and (b) Solu-
tion given the weights of the Neural Network adjusted

which are the target outputs within an error of 1 × 10−3. The graphical
solution is shown below:

Now, the MLP is ready to classify unknown data:

Figure 3.12: Multi-layer Perceptron classifying correctly unknown data

The code for the present example, is shown on Annex 2. Hence, we confirm
that the MLP is capable to solve nonlinearly separable problems. Thanks
to the nonlinearity of this model, applications such as patter recognition,
completion and identification are carried out with great accuracy.
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3.1.4 Artificial Recurrent Neural Network: Hopfield’s Network

Recurrent Neural Network (RNN)

A RNN is a net in which there is at least one feedback connection [3] and
hence, the information is processed recurrently by the same layer of neurons.
Some of the most dynamic and known models of a RNN are the Hopfield’s
Network and the Boltzmann Machine.

Hopfield’s Network

A Hopfield’s network was first appeared in decades of the nineties thanks to
the works developed by John Hopfield. This sort of network is mainly used
for associative memory and Combinatorial Optimization Problems (COPs).
The most relevant characteristics of a Hopfield’s network, are the following:

� It has the same number of inputs as neurons. For instance, suppose a
J − J network.

� It has only one layer of neurons (MLP has as many as needed).

� Each neuron’s output has one feedback signal that reenters in the layer
as many times as necessary.

� The feedback signal coming from one neuron, serves as an input signal
for the other neurons. This relevant fact implies that the output of the
i-th neuron at time t is not processed by the same neuron at time t+ 1
but by the rest of them.

� A final important characteristic is that the weight matrix W is symmet-
ric.

Here is an illustrative scheme of a J − J Hopfield’s Network:
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Figure 3.13: Scheme of Hopfield’s Network in which there are J inputs and J neurons.

As there is a feedback connection on the outputs of each neuron, another
useful way to rewrite the variables is, according to the t-th iteration step:

X1 = X1(t) & Y1 = X1(t+ 1)

Besides that, another fact to notice is that the weight-line connecting each
input with its respective neuron, for instance w11, is dashed, which means
that its value is zero: wii = 0 ∀i. Therefore, a Hopfield’s weight matrix will
be like this:

W =


0 w12 · · · w1J

w21 0 · · · w2J
...

... . . . ...
wJ1 wJ2 · · · 0

 & wij = wji ∀ i, j, i 6= j

Now, we will check how to construct the weight matrix W .

Hebbian Rule

The Hebbian Rule was proposed by D. O. Hebb on 1949 in his book The
Organization of Behavior [7], and there he proposed a strong-developed the-
ory about how the synaptic weights between two neurons get strengthened
as they fire together. In other words, if for a given pattern, say X =
{x1, x2, ..., xi, ..., xj, ..., xN}, the i-th and j-th neurons fire together (xi = 1
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and xj = 1), then the connection weight between these two neurons increases
by an amount proportional to wij+ = xixj and in case they fire together
but is an inhibitory signal, xi = −1 and xj = −1, their synaptic weight still
increases: wij+ = (−1)(−1) = 1. Therefore, the matrix equation for building
W is, according to a J Hopfield’s network and a set of S = {p1, p2, ..., pN}
patterns [3]:

W =
∑
p∈S

xpx
T
p −NIJ (3.6)

On the left-hand side of the equation 3.3, the term xpx
T
p corresponds to the

outer product of the input vector with its transposed (Hebbian Rule) and
these values are summed to gather a global ij-th interaction information for
the whole set of training patterns. Finally, the JxJ-identity matrix is sub-
tracted as in Hopfield’s network is required that wii = 0 ∀ i.

Discrete Hopfield’s Network (DHN)

This model consist of the application of a Hopfield’s network with discrete
input patterns and a non-continuous activation function (for example, a step
Heaviside function 3.2). This model is widely used in applications such as as-
sociative memory and COPs. In this subsection, we will develop an associative
memory example in which a Hopfield’s network is capable of identify and cor-
rect an Image submitted as an input pattern. This method is commonly used
for real-life tasks such as face recognition or pattern reconstruction. In the
former, one could train a network based on the principal characteristics of a
face (eyes, mouth, nose, color, size, position) through an intensity analyzer
software and then, a transduction process in which a pixel’s matrix is trans-
formed into a binary input. Finally, with this binary input it is possible to
construct the W matrix which stores the information of the face patterns in
its weights and after this step, the system is ready to recognize that particu-
lar face. In the latter, if the network is already trained and a faulty image is
inserted as input, the network will be capable of restoring the missing data
or correcting the erroneous data. Besides the weight matrix W, another im-
portant function is constructed energy cost function, E, in order to study the
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performance of the network [3]:

E = −1

2
xTWx (3.7)

This function is minimized as input patterns x get corrected. An example
will be worked out below for a better understanding of the previously exposed
information.

Example. We will develop a Hopfield’s network which is able of recogniz-
ing either a B or I letters (both capitals). For this, we will implement a
144-neuron layer to account for the 12 × 12 incoming data from a 12 × 12
pixel image:

Figure 3.14: Capital letters used for training the network

The next step is to transform this image as a binary matrix in order to be
able to read it. Thereby, a black pixel will be transformed to 1 and a white
(or empty) pixel will be transformed to 0, in our binary array, as depicted on
figure 3.15.

Now, we would like to read the input data as an array as depicted on
figure 3.13, we hence have to reduce the dimension of the binary matrix into
a 1-dimension array: MB → xB and MI → xI . In order to use the Hebbian
rule (eq. 3.3) for constructing W in this example, the vectors must be polars
and hence, all zero-valued entries must be updated to -1: xik = 0→ xi

′

k = −1
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Figure 3.15: Binary matrix transform of the pixel data of the Capital letters

with k ∈ B,C and the entries with value 1 remain untouched. Now, we are
able to compute the weight matrix:

W =
1

2

(
WB + WI

)
=

1

2

(
xBx

T
B + xIx

T
I − 2I144

)
There must be 144 neurons in order to read 144 pixels from a 12× 12 image.
With W, the energy of these patterns can be calculated (eq. 3.7):

EB = −1928 EI = −1660

These values are the minimums of our cost-energy function. Hence, an un-
known, incomplete or damaged pattern will be corrected until his energy
achieves one of these minimums.

Now, our network is ready to identify (or recover) a faulty (or incomplete)
I or B capital letter image, as it is shown on figure 3.16. The initial energy
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of the faulty I image, was EI0 = −828 and its value decreased until arriving
to EI = −1660. The order in which the pixels got corrected was selected
aleatory. The algorithm used for the previous example is explained below.

Figure 3.16: I faulty capital letter corrected through the Hopfield’s network implemented.

Algorithm DHN

1. Image converted into a binary matrix in which a painted pixel corre-
sponds to a 1 and an empty or white pixel corresponds to a 0.

2. The binary matrix is transformed into a 1D vector by a linear transfor-
mation and zeros from the new binary array are transformed into -1 in
order to get a polar vector:

MB =

[
1 0
0 1

]
→ xB = [1, 0, 0, 1]→ xBpolar = [1,−1,−1, 1]
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3. Construct the weight matrix W:

W = xTBpolarxBpolar − I4×4 =


0 −1 −1 1
−1 0 1 −1
−1 1 0 −1
1 −1 −1 0


4. The faulty pattern is inserted as an array with same dimension as training

patterns:
xf = [xf1, xf2, xf3, xf4]

5. Iterate randomly over the neurons: k ∈ random(neurons):

netk =
4∑
i=1

wkix
t
fi

xt+1
fk =

{
1 if net >= 0

0 otherwise

6. After having iterated over all neurons, a convergence test using the en-
ergy cost function is implemented: if |E(xf) − E(xB)| < ε then the
process is over and xf converged into xB. End of the process and the
network is ready to identify B letters. If there would had been more pat-
terns, then W would had stored their information according to equation
3.6 and the network would be ready to identify any of the patterns.

Now, in order to illustrate the functional form of the energy with respect to
an input value and how the input vectors get corrected through the network
on each step, a much more lower dimension example is implemented to check
the energy topology.

Example. Suppose two pattern vectors:

xA = (−1,−1) xB = (1, 1)

which have energies E1 and E2, respectively, then these correspond to global
minima on the cost-energy surface (figure 3.17). Now, lets take four different
random-valued vectors, between the interval (-1.0,1.0):

x1 = (−0.43,−0.02) x2 = (−0.82,−0.51) x3 = (0.11, 0.24) x4 = (0.69, 0.98)
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After some epochs of the process, the vectors converge into one of the training
patterns, which means that they fell into one of the global minima depending
on their initial position and shape of the surface. In this example the surface
correspond to a hyperbolic paraboloid (or saddle chair), which is symmetric
with respect to the origin:
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Figure 3.17: A surface representing the cost-energy function with values between -1.0 and 1.0.
The input vectors x1, x2, x3 and x4 got corrected on 8 steps, and their energy fell
into one of the two minimum wells.

Continuous Hopfield Network (CHN)

Within the most relevant implementations of a Hopfield network, one could
find the COPs which are more suitable for a Continuous Hopfield Network
(CHN, different from Discrete Hopfield Network, DHN). The COPs are any
problem that has a large set of discrete solutions and an energy cost function
that analyses the performance of each solution [3]. The CHN has a much
slower evolution than a DHN due to the application of infinitesimal changes
on the variables rather than a change given by a hard-limiter function such
as Heaviside’s. This model differs from its discrete formulation by only the
following formula [3]:

τ
du

dt
= −αu+ WTx+ θ (3.8)
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where τ is a diagonal matrix containing the characteristic time constant of
each neuron, u is the output of the neurons, α is a damping coefficient and θ
is the bias vector of the net. The most important fact of the CHN is that it
is more prone to converge into a global minimum when comparing to a DHN,
as its energy surface is smoother (due to a differentiable activation function).
Now, even though this model is more plausible of escaping local minimums,
it still could get trapped in a local minimum or a nonzero probability state
as there might be different states with almost same energy and the system
is not that sensitive to identify them. Therefore, there are methods that
help the system finding the ground state and hence, ensuring the convergence
into a global minimum. One of these methods, which will be studied on the
following subsection, is Simulated Annealing.

3.1.5 Simulated Annealing

Simulated Annealing (SA) is a heuristic technique which aims at finding global
minimums in COPs and reduce the computation time by giving a polynomial
upper bound. This method brings an efficient solution for the local minimum
problems that often raises in optimization problems and is based on unsu-
pervised learning. The term Simulated Annealing comes from the Materials
Science’s technique Annealing. This technique is implemented on materials,
mainly metals, in order to free them from energy residuals on the inside.
These residual energies caused by punctual, superficial and volumetric im-
perfections, prevent the material to be in its ground state. When metals
are formed, some regions cool at different temperature rates than others and
hence, at the boundaries between these regions there emerges a surface tension
which increases the material’s energy, or for instance, an impurity inside the
atomic structure which distorts the unitary cell and thereby producing an in-
ternal stress. Therefore, in order to alleviate these different-magnitude-order
stresses the temperature of the material is elevated until almost its respective
melting temperature and then, start cooling at an extremely and uniformly
cooling rate so the internal structure become able to reorganize and release
residual stresses [8].

Now, how is this method implemented on computer science? The tem-
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perature T is taken as a computational temperature, which is large at the
beginning of the process and decreases at a delicate rate until reaching a
minimum temperature near 0. A suggested optimal cooling rate, is given by

T (t) =
To

ln(t+ 1)

which decreases logarithmically in time and it ensures the convergence into
global minimum with probability of one. Nonetheless, this method makes the
running extremely slow as its exponential. So a second good suggestion [3], is
T = α∗T (t − 1) with 0.9 ≤ α ≤ 0.9999. The temperature will be the crucial
parameter of the method, because the method is a Monte Carlo algorithm
that calculates the probability of a state r with energy Er at temperature T ,
according to the Boltzmann distribution:

Pr = e
− Er
kBT (3.9)

In this context, there is no need of the Boltzmann constant kB as the energy-
cost function could be dimensionless and the computational temperature has
no units or the units required to make E/T dimensionless. Secondly, we are
not interested in a specific energy Er but rather the difference between to
states r and s: Es−Er. Hence, in this method the probability is taken as [3]:

P = e−
∆E
T (3.10)

On equations 3.9 and 3.10, it is easy to check that at high temperature,
any state with any energy is equiprobable, but as temperature decreases and
reaches zero, only energies with minimum values will have probability differ-
ent from zero and when the temperature comes to zero, there will be only one
state with probability 1 corresponding to a global minimum. The statement
below will describe step-by-step how to implement the method on a COPs.

Suppose a COP that has a set of N solutions of which only one of them
is the optimal. Each solution will have a corresponding energy-cost value E
associated and hence, the energy of the optimal solution will be the minimum.
Let suppose that the system starts at the state yo with energy Eo, and after
evolving an initial program, one within the N solutions is obtained or ran-
domly selected, for instance, the state ys with energy Es. Then, the system is
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slightly perturbed ∆y, so as the new solution is yr with energy Er and hence,
∆E = Er−Es

Es
. The calculation of the probability comes as follows:

P =


1 if ∆E < 0→ yr is the new state

e−∆E/T if ∆E ≥ 0→

{
yr is the new state if P ≥ β

ys remains the state if P < β

(3.11)

where β is a random number in the open interval (0,1). At this point,
T starts high (at least, T > ∆E), so that all states have probability greater
than zero. Then, T starts to decrease and changing to a higher energy state
becomes more improbable but still accessible. This allows the system to climb
energy peaks that could be surrounding or hiding much lower energy states.
At the end, when T achieves a minimum value Tmin ∼ 0, the system must had
arrived to a global minimum we shall call Eopt that will be the corresponding
energy of the most optimal solution yopt.

Below is an example of applying the previous method in a worldwide known
COP problem, called Traveling Salesman Problem (TSP). This problem
is considered NP − hard as it is unsolvable polynomial in time. Nonetheless,
it has become NP − complete through methods such as SA, which has a
polynomial upper bound limit in time. The problem consists of a salesman
that has to visit n cities with the following conditions:

1. The salesman must not visit a city more than once.

2. All cities must be visited.

3. The tour must be done in n steps and the salesman must return or finish
his tour, in the city from which he departed. In other words, the tour
must be a closed loop.

For a symmetric TSP, the direction in which the tour is done is irrelevant
(clockwise or counterclockwise) because dij = dji, where dij is the distance
between the i-th and j-th cities. The goal of this problem is to find the
shortest tour regarding the restrictions mentioned above. Now, how is a
Hopfield network implemented to solve this COP? In the previous subsection,
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the Hopfield network worked as an associative memory algorithm in which
information of patterns was stored in the matrix W, given by the Hebbian
rule. In this case, the information is stored in the energy function rather
than a weight matrix and the weights are given by constant parameters that
helps to the convergence of the problems. These parameters representing the
weights play an important role as they will act as Lagrange Multipliers. The
restrictions mentioned above can be inserted in the equation of energy. In the
following notation, the subindex x or y represent cities and i or j represent
position in the tour. Thus, there is need of a n × n neural-network array in
which each row represents a city and each column represent a position:

Figure 3.18: Hopfield network representation for a TSP with 10 cities: A, B, C, D, E, F, G, H,
I, J

Restrictions:

E1 =
n∑
x=1

n∑
j=1

n∑
i=1,i6=j

vxivxj (3.12)

E2 =
n∑
i=1

n∑
x=1

n∑
y=1,y 6=x

vxivyj (3.13)

E3 =

( n∑
x=1

n∑
i=1

vxi − (n+ σ)

)2

(3.14)
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Objective:

E4 =
n∑
x=1

n∑
y=1,y 6=x

n∑
i=1

dxyvxi(vy,i+1 + vy,i−1) (3.15)

Equations 3.12 to 3.14 impose mathematically the conditions 1 to 3 mentioned
above. The conditions and the objective thus state that:

E1, E2, E3 = 0 & min(E4)

and hence, the total energy is constructed as:

E =
λ1

2
(E1 − 0) +

λ2

2
(E2 − 0) +

λ3

2
(E3 − 0) +

λ4

2
E4 (3.16)

Each Lagrange multiplier means how much does each term should affect the
total energy and the factor 1/2 is chosen for convenience as when calculating
derivatives they will disappear. This example will be worked out following
the procedure suggested by professor Jacek Mandziuk in his paper “Solving
the Traveling Salesman Problem with a Hopfield-type neural network”. This
procedure is based on the original Hopfield-Tank solution published on their
paper “Neural computation of decisions in optimization problems” in 1985
[10], for the TSP but with an adjustment in the calculation of inputs. In [10],
the i-th input evolve as:

dui
dt

= −∂E
∂vi

(3.17)

Now replacing equations 3.12 to 3.15 in equation 3.16, and then in 3.17:

duxi
dt

= −uxi
τ
− λ1

∂E1

∂vxi
− λ2

∂E2

∂vxi
− λ3

∂E3

∂vxi
− λ4

∂E4

∂vxi
(3.18)

duxi
dt

= −uxi
τ
− λ1

n∑
j=1,j 6=i

vxj − λ2

n∑
y=1,y 6=x

vyj − λ3

( n∑
x=1

n∑
i=1

vxi − (n+ σ)

)

− λ4

n∑
y=1,y 6=x

dxy(vy,i+1 + vy,i−1) (3.19)
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Now, by taking τ = 1 and calculating the limit of the derivative: duxi
dt = ∆uxi

∆t =
uxi(t+∆t)−uxi(t)

∆t , and taking ∆t = 1 [9],

uxi(t+ 1) = −λ1

n∑
j=1,j 6=i

vxj(t)−λ2

n∑
y=1,y 6=x

vyj(t)−λ3

( n∑
x=1

n∑
i=1

vxi(t)− (n+σ)

)

− λ4

n∑
y=1,y 6=x

dxy(vy,i+1(t) + vy,i−1(t)) (3.20)

Finally, each neuron will apply the activation function given by the sigmoid
function σ(x) = 1

2 [1 + tanh(γx)] to obtain its respective output between the
interval [0,1]. Hence, a state in the space of outputs will look like this:

U =


uA1 uA2 · · · uA10

uB1 uB2 · · · uB10
...

... . . . ...
uJ1 uJ2 · · · uJ10

 σ(U)−−→ V =


vA1 vA2 · · · vA10

vB1 vB2 · · · vB10
...

... . . . ...
vJ1 vJ2 · · · vJ10


which, according to the restrictions, there must be only one 1 on each row
and column and on the rest, 0. By having set the update of U as in equation
3.20 , we are imposing that there would be 4 weight matrices given by each
Lagrange multiplier, for i = 1, 2, 3, 4:

W(i) =


0 λi · · · λi λi
λi 0 · · · λi λi
...

... . . . ...
λi λi · · · 0 λi
λi λi · · · λi 0


The distance matrix should look like this, bearing in mind that dii = 0 and
dij = dji:

d =

dAA · · · dAJ
... . . . ...
dJA · · · dJJ

 =


0 dBA · · · dJA
dBA 0 · · · dJB

...
... . . . ...

dJA dJB · · · 0
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Finally, the Lagrange multipliers were adjusted manually until obtaining a
configuration that maximized the probability of having a solution to the prob-
lem, and this was:

λ1 = λ2 = 800 λ3 = 200 λ4 = 500

which meant that the conditions 1 and 2 needed to be the strongest.

Example (n = 10). Initialization of the problem by constructing V with
random values between 0 and 1 (the highest value in the i-th column corre-
sponded to the city in the i-th position of the tour):

Figure 3.19: Initial tour for the salesman. The salesman starts at the orange point and is clearly
visible that this random start violates the restrictions as not all the cities are being
visited and hence, a city is visited more than once.

Now, we run the program and hope to obtain a solution of the problem
(the program should run at least n2 times so as all cities and position are
analyzed). In this case, we choose 9n2 to reach an acceptable solution with
high probability. This means that the algorithm is of order O(9n2). The
solution given by the program (figure 3.20), might not be the optimal one
as the distance is not the strongest condition in equation 3.16 (λ4 is smaller
than λ1 or λ2). It is important to take into account that for n cities, ignoring

the direction of the tour, there is a total of (n−1)!
2 possible tours of which only

one is the optimal.
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Figure 3.20: A random solution. Clearly, it is not the optimal one as there are crossed lines.

At this stage, we apply SA in order to obtain the optimal solution. Thus,
we set α = 0.9998, To = 0.20 and Tmin = 0.01. It is important that To be
greater than the maximum energy difference on the system (equation 3.11),
so there is a chance for changing into a high-energy state. Here, we restrict
the energy-cost function only to the distance term (E4 in equation 3.16) as
the rest parameters will be the same but now we would like to shorten the
distance of the tour. The perturbation added to the system, correspond to
switching two positions in the tour on each iteration.

Figure 3.21: First perturbation to the solution obtained previously (iteration = 0 and T = To).
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Then, we do ∆E → ∆d = d(t)−d(t−1)
d(t−1) and use equation 3.11 to determine

whether if to keep the new switching (t) or keep the previous configuration
(t − 1). This process continues until arriving to Tmin, in which the chances
of jumping into a higher-distance configuration has an approximately zero
probability. When the system arrives Tmin, we get the optimum solution:

Figure 3.22: Optimum solution of the problem obtained through SA. There are no crossing lines
which ensures that is a good solution, then, through SA the minimum length config-
uration is achieved.

Due to the fact that it is probable of jumping into a higher-energy state
(equation 3.11), the system is able to jump barriers in order to achieve a
deeper minimum that could be hidden by that barrier. For instance, one can
check that approximately at iteration 8000 the system passed through a big
local maximum in order to achieve the lowest configuration. This is a clear
comparison with the greedy algorithm, in which only changes to lower-energy
levels are accepted [9].
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3.1.6 Boltzmann Machine

The Boltzmann Machine (BM) is a Bayesian network model which has the
same structure as a Hopfield network [3]:

� They both have binary neurons.

� They are recurrent neural networks.

� A Hopfield network has wii = 0 and a BM has in most of the cases
wii = 0.

� Both incorporate SA to improve the searching of global minimum.

On the other hand, they differ in the following aspects [11]:

� A Hopfield network has feedback connections within the visible units
whereas in a BM, besides having feedback connections, it has also undi-
rected connections between nodes of visible and hidden layers (figure
3.23).

� Due to the fact that BM constitutes a Bayesian network, it is no longer
deterministic as a Hopfield network is but probabilistic.

� In a Hopfield network, the information of the patterns or training data,
is stored in the weight matrix W whereas in a BM, there is no storage
of information but rather a feature extraction configured in the hidden
layer. When I say configured, I mean that information is not stored as a
whole pattern in a hidden unit or its respective weight but rather each
hidden unit represents a specific feature of the training data.

� As a BM is a probabilistic network, any faulty pattern will not converge
into a pattern stored in the network as in Hopfield but will be recon-
structed according to the probabilistic configuration of the network. In
this aspect, the objective of a BM is to reproduce the statistical distri-
bution of the training data in such a way that when no training data is
present, the network will try to reconstruct a pattern according to the
specific features stored in the weights of the hidden units .
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� Finally, a BM can be trained in a supervised (figure 3.23 (b)) as well as
unsupervised (figure 3.23 (a)) manner whereas a Hopfield just unsuper-
vised [3].

Figure 3.23: Structural scheme of a Boltzmann Machine. It is highly recurrent and in (a) it
consists only of visible and hidden layers whereas in (b) it consists of an input-output
and hidden layers.

Now, as the BM is a highly recurrent neural network (figure 3.23), the
learning algorithm for a BM is considered NP − hard as it grows exponen-
tially with the number of neurons (or units). Therefore, a heuristic method
that speed ups the algorithm consist of implementing a Restricted Boltzmann
Machine (RBM) in which there is no visible-visible and hidden-hidden con-
nections. Furthermore, an RBM consist of only one visible layer and one
hidden layer and hence, if more features are desired to be extracted, then
a series of RBMs could be connected in a way that the output of the first
hidden layer is the input training pattern of the second hidden layer [12].

Boltzmann Machine’s Learning Algorithm

The algorithm of the BM is adapted from [3] and [12]:

1. Weights are initialized randomly within the interval (−0.01, 0.01).
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2. Simulated Annealing parameters must be set, such as initial and final
temperature, and the decreasing step α.

3. At this moment, the training phase begins.

(a) Set T = Tinitial.

(b) In the training phase, the training data is clamped into the visible
layer (or input-output layer for supervised learning) and then, the
state of the i-th hidden unit must be calculated.

(c) Calculate the net with all the visible inputs and biases:

neti =
∑
j

vjwij − bj

(d) Then, calculate the probability of that state:

pi =
1

1 + e−neti/T

(e) Determine the state of the hidden unit:

hi =

{
1 if pi > random

0 else

(f) Repeat until T = Tmin.

(g) When Tmin is reached, the correlation between visible and hidden
units is calculated:

ρtraining = vihj

where ε is the learning rate.

4. Now the free running phase begins.

(a) Set T = Tinitial.

(b) In the free running phase, there is no data clamped into the visible
or output layer. Here we start with a set of values at the hidden
layer (obtained from the training phase) and start reconstructing
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the vector on the visible layer. At this stage, the visible layer can
adopt the values of the probabilities calculated:

neti =
∑
j

hjwij − aj

vi = pi =
1

1 + e−neti/T

(c) The states of the hidden units are recalculated the same way as in
the training phase.

(d) Repeat the previous steps until T = Tmin.

(e) When Tmin is reached, the correlation between visible and hidden
units is calculated:

ρfreeruning = vihj

5. Finally, after having both phases’ correlations, the weights are updated:

∆wij = ε(ρtraining − ρfreeruning)

where ε is the learning rate.

6. Repeat the previous process until a number of epochs is exceeded.

It is important to notice that in the BM learning algorithm, there are
two stages or phases. The first stage is known as the Hebbian stage [11],
as the system is learning according to the clamped data. The second stage
is known as the negative or unlearning phase, because the network is acting
stochastically but changing the states of the visible units according to the
most probable states of the hidden units. This procedure serves to reduce
local minimums in the network and hence, help the network to achieve a cor-
rect input representation.

In order to illustrate how does a BM perform, the same example used in
the Discrete Hopfield Network was used. Hence, the system was trained with
the B capital letter so it learned the specific features of that letter and then,
letters I and C were entered into the system, and this was the result:
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Figure 3.24: Reconstruction of capital letters C and I through a restricted Boltzmann Machine
trained with a letter B.

In figure 3.24, we notice that a C letter converged into a B letter rather
than the I letter and this is because the C letter has more B-features than
the I letter does. In this example, the BM will see everything as a B as it was
only trained with that letter. Besides, in order to have more feature accuracy,
more pixels and hence, more hidden units are needed (only 100 hidden units
used for a 12x12 pixel matrix). It is important to notice that the running
time grows exponentially with the number of neurons (visible and hidden).
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4. Quantum Machine Learning

In this chapter, a specific method of QML will be reviewed, studied, and
implemented, which corresponds to the Quantum Boltzmann Machine. The
purpose of studying this method is to understand it and become able to imple-
ment it in physics problems that are not treatable classically, such as quantum
many body interacting problems.

Quantum Machine Learning has been a prominent branch in computer sci-
ence as it is capable of bringing solutions to problems that might be NP-hard
(non-polynomial in time), quantum problems or problems requiring analysis
of big-data. Most of the mathematical tools used in Machine Learning are
based on linear algebra, such as calculating magnitudes and distances in the
data state-space, vector spaces and subspaces (Supported Vector Machines
and Cluster Methods); calculating eigenvalues, eigenvectors and matrix in-
version (Principal Component Analysis method) or solving linear and nonlin-
ear equations (perceptrons and many other models). On the other hand, the
mathematical basis of quantum mechanics is indeed linear algebra and hence,
the branch of quantum information is based on the properties of quantum me-
chanics for information processing. Therefore, QML seeks to take profit from
the quantum information theory in machine learning methods for improving
speed, range, accuracy and precision, compared to the classical methods at
problem solving or in data analysis. In the last few decades, there has been
exhaustive research on how to implement quantum mechanics in Machine
Learning, or more specific, in neural networks [[13], [14], [15] and [16]], and
so creating a Quantum Neural Network.

In [13], Robentrost et al., studied the different approaches of Quantum
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Computing to Neural Network, in which the most difficult task was to map
the nonlinearity dynamics of a classical neuron to the linear dynamics of a
quantum neuron or qubit. As we reviewed on the previous sections, a classical
neuron (or MCPN) works as a threshold device that is nonlinear:

σ(net) =

{
1 if net > 0

0 if net < 0
where net = xTWx

hence σ could be seen as a nonlinear operator. On the other hand, in quantum
mechanics, the linear equations are given by the Schrödinger equation:

Ĥ|ψ〉 = E|ψ〉 (4.1)

where |ψ〉 is the vector state of the system, E is the energy of that specific state
and Ĥ is the Hamiltonian which is the mathematical operator that describes
the dynamics of the system. Usually, Ĥ consist of unitary operators that can
be diagonalized and hence, equation 4.1 corresponds to an eigenvalue equation
such that |ψ〉 and E are eigenstates and eigenvalues of Ĥ, respectively. In
quantum information, |ψ〉 is the most important quantity as it carries all the
information of the system. A qubit is the quantum extension of a bit, which
can described by a state |q〉 as follows:

|q〉 = α|0〉+ β|1〉

where α and β are the complex amplitudes of each state on the basis {|0〉, |1〉}.
The qubit represents the superposition of the two possible states of a classical
bit (0 or 1). Therefore, an N -bit system can be completely described by a
quantum system as follows:

N − bit → |ψ〉 = |q1〉 ⊗ |q2〉 ⊗ · · · ⊗ |qN〉 = |q1q2 · · · qN〉
The most relevant fact is that the quantum system is at its 2N possible

state simultaneously whereas a classical bit system can only be in one of its
possible states at a time, say for instance:

d = (1110110101)

for an 10-bit system.
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Now, in quantum information the next obstacle is to construct a quantum
logic gate (a logic gate for quantum systems), represented by a Hamiltonian
Ĥ that allows the unitary evolution of the system. The complexity increases
even further as more quantum logic gates are brought together for measuring
an observable because the system might present decoherence along the pro-
cess as it is extremely sensitive by interactions with other systems. In other
words, it is difficult to maintain a pure or pure-mixed state without decoher-
ence phenomena along the measurements. Nonetheless, in the field of neural
networks, we would like to construct a quantum system that best represent
the input data and obtain a desirable output with probability one. On the
other hand, due to the fact that neurons lie in a 2-state space (activated or not
activated), which state is chosen according to a minimization of the energy-
cost function E (equation 3.7) that is analogue to an Ising based energy, a
physical system of neurons could be interpreted also as a spin system [[17],
[18] and [20]]. This aspect has a remarkable consequence as information now
can be stored in spin-like systems such as electrons or atoms and there would
be no need of mapping quantum information into classical systems. Nonethe-
less, the designing and construction of these quantum hardwares are not an
easy task because they require near-vacuum environments (low pressure and
extremely low temperature T → 0). Given the quantum representation of a
system, at this stage QML has two important features:

� Quantum implementation for speeding-up and improving classical meth-
ods.

� Quantum implementation for solving classically non-treatable problems.

In the former, it is required a quantum formulation or transformation of
the classical problem. In [15], Robentrost et al. do the transformation of a
classical Hopfield model into a quantum recurrent neural network in order to
study a genetic sequence recognizer for which they conclude that the quan-
tum version of the Hopfield model improves the classical one polynomially in
time. Now, recalling the Hopfield Network’s model seen in Section 3.1.4, the
transformations carried out by Robentrost et al., were:

1. Mapping the d-dimensional classical system into a 2d-dimensional quan-
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tum system (or d-bit):

x→ |x||x〉 where |x| =

√√√√ d∑
i=1

x2
i and |x〉 =

1

|x|

d∑
i=1

xi|i〉

then |x〉 is a particular quantum state of the input pattern x and |i〉
belongs to the basis of the pertaining Hilbert space. It is important to
notice that a quantum representation can bear all the information in
order to describe the system and this yields an exponential speed-up in
the analysis of data. There is need of N = log2 d qubits in order to
represent a d-dimensional bit system.

2. Then, the Hebbian rule is transformed into a quantum Hebbian rule, such
that the weight elements will become the entries of the density operator:

ρ =
1

M

M∑
m=1

|xm〉〈xm|

where M is the whole set of training patterns.

3. Finally, one could construct any operator depending on the target of
the problem. In that paper, the idea was to reconstruct corrupt genetic
sequences given by corrupt input data: xinc = (x1, x2, ..., xl, ..., xd) where
l < d is unknown data. Hence, in order to optimize the network and
find the desired data, a Lagrangian is constructed with the parameters
of interest:

L = −1

2
xTWx− λT (Px− xinc)

where P is a projector operator over the known variables.

Another example of speeding-up the convergence of a problem through
quantum implementation, is the work done by Kadowaki and Nishimori [18].
When we implemented the continuous Hopfield network with the Simulated
Annealing process in Section 3.1.5, we were able to obtain the optimal solution
of the traveling salesman problem. Recalling the algorithm for SA, we notice
that there is a crucial parameter known as the computational temperature,
that starts from a high value letting all states to be equiprobable, and then
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starts to decrease slowly until only the state with lowest energy is accessible.
In [18], they do not use the temperature as the tuning parameter but rather
the transverse field in the transverse field Ising model (TFIM). The TFIM
goes as follows:

H = −Γ
∑
i

σ̂xi − J
∑
〈ij〉

σ̂zi σ̂
z
j (4.2)

where 〈ij〉 represents nearest neighbors. With this method, it was assumed
that in the absence of transverse field Γ the spins would be rather aligned,
which means an ordered state. But as Γ is increased, some fluctuations
emerged resulting on the disordering of the system and the impossibility of
getting with absolute certainty a spin eigenvalue in the z direction. Therefore,
Kadowaki and Nishimori, initialized the system at a high value of Γ giving
rise to a complete random state, in which all states were equiprobable, and
started decreasing Γ, until arriving to a minimum-energy ordered state. At
the end, they concluded that the QA procedure converges more accurately
than the classical SA procedure for specific decreasing rates of Γ. Thus, the
transverse Ising model will be the study case in the next section.

4.0.1 Transverse Field Ising Model

Lets first recall the Hamiltonian for the TFIM as already written in the pre-
vious section (equation 4.2):

H = −Γ
∑
i

σ̂xi − J
∑
〈ij〉

σ̂zi σ̂
z
j = −

∑
i

σ̂xi − λ
∑
〈ij〉

σ̂zi σ̂
z
j

where J is the exchange interaction between neighbor spins, Γ is the transverse
field applied in the x direction, λ = J/Γ and the Hamiltonian is rescaled for
Γ = 1. The classical values of the i-th spin will be given by σi = ±1 and σ̂x,y,z

are the well-known Pauli matrices:

σ̂x =

(
0 1
1 0

)
, σ̂y =

(
0 −i
i 0

)
& σ̂z =

(
1 0
0 −1

)
(4.3)

Therefore, σx = ±1 and σz = ±1 are the eigenvalues of the eigenstates of σ̂x

and σ̂z, respectively. Now, as different direction spin operators do not com-
mute between themselves they can not be exactly measured simultaneously
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in a σ̂x or σ̂z basis. Prior to reviewing the exact diagonalization of the TFIM
Hamiltonian, we will give a brief perturbative analysis of the system and its
interesting quantum phase transition at T = 0 based on Ref.[25].

� Lets suppose for instance that Γ � J or equivalently, λ ∼ 0, then the
system is better described by the eigenstates of σ̂x and the ground state
is given by

|0〉 =
∏
i

| →〉i

where, depending on the eigenvalue of σ̂x, they could be either

| →〉i =
1√
2

(
| ↑〉i + | ↓〉i

)
| ←〉i =

1√
2

(
| ↑〉i − | ↓〉i

)
At this configuration it is expected that all spins are aligned in the x
direction and there is no correlation between spins at different sites in
the z direction:

〈0|σ̂zi σ̂zj |0〉 = δij

The state |0〉 represents an ordered state in the positive x direction given
by the Zeeman interaction between the spin magnetic moment and the
external transverse field.

� Now, lets suppose for instance that Γ � J or equivalently λ ∼ ∞. In
this case, the governing term is the interaction between spins and hence,
the ground state will be given by the eigenstates of σ̂z:

|0〉 =
∏
i

| ↑〉 or |0〉 =
∏
i

| ↓〉

The system at its ground state is clearly twofold degenerated and it
will choose any of those configurations as its ground state. Nonetheless,
perturbation theory for very small Γ will break the Z2 symmetry of the
system and one of the configurations will be preferred. This state is an
ordered ferromagnetic state in which there is a long range correlation
between spins at different sites:

〈0|σ̂zi σ̂zj |0〉 = m2
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where m2 > 0 and hence, 〈σ̂z〉 = m, where m 6= 0 can be seen as the
spontaneous magnetization of the system. When Γ starts to increase
from 0 to a critical value, say Γc, the system experiences fluctuations.

� We can see that when Γ pass from being lower than J to greater than
J , the system’s quantum state changes dramatically passing from an or-
dered ferromagnetic state in the z direction to a disordered paramagnetic
state in the z direction when Γ = Γc ∼ J (or λ = 1). Thus, there is a
quantum phase transition at Γc.

Now, lets review some experimental evidences of the TFIM quantum phase
transition through some examples:

LiHoF4 : [25] This compound corresponds to an insulator. At T = 0
it exhibits an ordered spin state within the ions of Ho, in which spins are
aligned in the direction of the crystalline axis. Then, by maintaining T = 0,
a field transverse to the mentioned axis is applied and some fluctuations of
the spin state start to occur. Specifically, the states of the spins start to flip
between the two possible states (parallel or antiparallel to the axis). Finally,
at a critical value of the transverse magnetic field, the magnetic moment van-
ishes and hence, gives rise to a disordered quantum paramagnetic phase.

KDP : [26] This is the abbreviation of the compound potassium dihydro-
gen phosphate (or KH2PO4). In this system, each proton of the hydrogen
bond can occupy any of the two wells given by the oxygen atoms. As there is
an interaction exchange between the protons, given by the dipolar interaction
between them, they are usually set in a specific configuration, i.e. choosing
one of the wells. If there is no dipolar interaction (J=0), then they could
be in a superposition of both wells which can be seen as a disordered state
having 〈σ̂zi 〉 = 0 where this means the average position of the i-th proton
between the two wells (seen as Ising states σzi = ±1). Now, as J > 0, the
protons will be located in a specific well giving 〈σ̂zi 〉 6= 0 and the system is
ordered (ferromagnetic). Then, when an external coupling is applied to the
system, it was found that there is a critical value of the external coupling
given by the height and width that separates both well potentials, and when
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that value is arrived, the system fluctuates between the two possible configu-
rations giving rise to the paramagnetic disordered state mentioned previously.

As a concluding remark, we see that the TFIM is of wide use in many
quantum physical problems. A brief review and analysis of the model is
developed below, based on the literature [26].

Basics of the TFIM

In a mean field approach, the Hamiltonian can be written as

H = −
∑
i

hi · Si

where hi = Γx̂+
∑

j Jij〈Szj 〉ẑ is known as the molecular effective field and the
spin vector Si = Szi ẑ + Sxi x̂. This approximation gives rise to the following
quantities:

〈S〉 = tanh(β|h|) h

|h|
where |h| =

√
Γ2 + (J0〈Sz〉)2

where J0 =
∑
〈ij〉 and β = 1/kBT . The result for the expected value of spin

components is:

〈Sz〉 = tanh(β|h|)J0〈Sz〉
|h|

& 〈Sx〉 = tanh(β|h|) Γ

|h|

With these, the following mean phase diagram was constructed:

Figure 4.1: Mean field phase diagram for 〈Sz〉 and 〈Sx〉 with respect to Γ and T . Adapted from
[18].
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On figure 4.1, the values of 〈Sz〉 and 〈Sx〉 are not explicitly shown but
rather where there would be magnetization according to the values of Γ/J(0)
and T/Tc. For instance, for values of Γ/J(0), T/Tc > 1 there will be no mag-
netization in the z direction. On the other hand, for a critical value of Γ/J(0)
there will be magnetization in the x direction but will be vanishing as long as
T � Tc. It is important to notice that the explicit values of magnetization are
not shown in that figure, just a parameter space separation for the different
phases.

An exact solution of the model (eigenvalue spectrum and eigenstates) is
obtained through exact diagonalization of the Hamiltonian (eq. 4.2). This
is achieved through the Jordan-Wigner transformation in which spins are
transformed into spinless fermions. A brief review of the main steps is shown
below, according to [26], describing qualitatively the steps done and showing
some results:

1. Using the Hamiltonian written as in eq. 4.2 and writing σ̂j as Sj (j =
{x, y, z}), a canonical transformation (90o rotation in the spin state) is
done

Sx → Sz Sz → −Sx

so the Hamiltonian becomes

H = −
∑
i

Szi − λ
∑
i

Sxi S
x
i+1 (4.4)

using boundary conditions in which for an N -spin system, SzN+1 = Sz1
(same for x direction).

2. The Pauli matrices are expressed in terms of the raising and lowering
operators:

S+
i =

1

2

(
Sxi + iSyi

)
& S+

i =
1

2

(
Sxi − iS

y
i

)
(4.5)

3. And now, apply the Jordan-Wigner transformation:

c†i = S+
i

i−1∏
j=1

e−iπS
+
j S
−
j & ci =

i−1∏
j=1

eiπS
+
j S
−
j S−i (4.6)

52



Unlike spin operators, these operators anti-commute, even at different
sites.

4. The new Hamiltonian, with the JW transformation is

H = N − 2
∑
i

c†ici − λ
∑
i

[
c†i − ci

][
c†i+1 + ci+1

]
(4.7)

which is now diagonalizable.

5. Rewrite the operators ci and c†i in momentum space

cq =
1√
N

N∑
j=1

cje
iqRj & c†q =

1√
N

N∑
j=1

c†je
−iqRj (4.8)

6. The Hamiltonian can be now diagonalized as

H = −2
(
c†q c−q

) [1 + λ cos q −iλ sin q
iλ sin q −1− λ cos q

] [
cq
c†−q

]
(4.9)

7. A final transformation is done in order to obtain identifiable excited
states of particles above vacuum state. This transformation is known as
Bogoliubov transformation:(

ηq
η†−q

)
=

(
uq ivq
ivq uq

)(
cq
c†−q

)
(4.10)

In order to write the Hamiltonian as

H =
∑
q

ωqη
†
qηq + cte. (4.11)

with solution as given by

ωq =
√

1 + 2λ cos q + λ2 (4.12)

uq =
λ sin q√

2ωq(ωq + 1 + λ cos q)
(4.13)

vq =
ωq + 1 + λ cos q√

2ωq(ωq + 1 + λ cos q)
(4.14)
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The magnetization in the transverse direction is given by

mz = G0 = 〈ψ0|Szi |ψ0〉 =
1

π

∫ π

0

dqω−1
q +

1

π

∫ π

0

dqω−1
q cos q (4.15)

and its behavior can be checked on figure 4.2, in which the magnetization in
the transverse direction grows according to 4.15, which depends strictly on Γ
until arriving to a maximum value (0.5), at Γ ≈ 2J in which the system is
completely magnetized in the transverse direction.

Figure 4.2: Magnetization in the transverse direction as a function of Γ/2J . Adapted from [26]
figure 2.3.

In the next section, we will study the implementation of Boltzmann ma-
chines for representing systems based on the transverse field Ising model.

4.1 Quantum Boltzmann Machine

Firstly, lets recall some of the specific features of a Boltzmann Machine, as in
figure 3.23:

� It is a Bayesian model in which the neurons are updated form state α to
state γ stochastically according to the Boltzmann distribution:

Pα→γ = e−β∆Eα→γ

� It consists of a visible and a hidden layer of neurons, in which they are
fully connected and their connections are weighted according to W.
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Figure 4.3: Structural scheme of a Boltzmann Machine. It is highly recurrent and in (a) it consists
only of visible and hidden layers whereas in (b) it consists of an input-output and
hidden layers.

� The Boltzmann machine is represented by a joint probability of the vis-
ible and hidden variables:

p(v,h) =
1

Z
e
∑
i aivi+

∑
i bihi+

∑
ijWijvihj (4.16)

where Z =
∑

v,h e
∑
i aivi+

∑
i bihi+

∑
ijWijvihj is the partition function.

� The BM seeks to reproduce statistically the probability distribution of
the input or training data by updating its parameters. Let us call the
space parameter as W = {a,b,W} and suppose for instance the proba-
bility distribution of a training set as q(λ), in which λ defines the specific
state of the input data. Thus, we want

pW(v,h) ' q(λ) (4.17)

and hence, the information will be stored in the set of parameters W
and the correlations between visible and hidden units.

� The optimization of the BM network is carried out in many specific ways
(variational, sampling, Kullback-Liebler divergence, among others) but
the main goal is to obtain a set W∗ that satisfies equation 4.17.
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� Once trained, the network is capable of doing discriminative or generative
tasks depending on the specific case of use.

� Within the main properties of a BM, we find that is a powerful feature
extraction method and in many problems helps to reduce dimensionality.

For the sake of concreteness, the sort of Boltzmann machines that will be
studied and implemented correspond to its restricted class (RBM), in which
there is no intralayer connections. Now, we turn into its quantum version.

There has been many approaches in order to build a Quantum Boltzmann
Machine (QBM) [[17], [18], [19], [20], [22], [23] and [27]], and as we see it, it
has two main meanings:

1. QBM for quantum-hardware implementation [[17], [19] and [20]].

2. QBM for quantum system representations [[22] and [27]].

The former studies the way of constructing an actual quantum network
for information processing in which the energy of the network is based on a
quantum Hamiltonian and the neurons are now the quantum Pauli matrices
rather than classical spin variables. In the latter, which is the one we will
focus on, it uses a Boltzmann Machine based network to reproduce ground
state and dynamics of quantum systems.

In [21], Melko and Carrasquilla used a feed forward network to determine
the thermal phase transition in a 2D Ising lattice system of N = L × L
spins. They used Monte Carlo simulations to obtain raw data of spin con-
figurations at high and low temperature. Then, they fed the network with
that MC data in the visible layer, which represented classical spins σz = ±1
and used a hidden layer with sigmoid activation functions to extract features
from the different spin configurations. At the end, an output layer of two
step-Heaviside neurons, discriminated the spin configurations between the
ferromagnetic and paramagnetic phases. They trained the network with raw
data from Monte Carlo simulations and did supervised learning thanks to the
fact that the critical temperature is analytically and numerically known for
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the 2D square lattice system (Onsager’s solution) and hence, it was possi-
ble to discriminate between low and high temperature states. Without any
knowledge of any order parameter, after the network was trained, it was able
to reproduce Onsager’s critical temperature with almost 100 % of accuracy,
by studying the intersection of the outputs between the high and low temper-
ature states. One of the most surprising and interesting facts, was that after
training the network with a square lattice, the network was able to predict
with great accuracy the critical temperature of the classical Ising triangular
lattice. As a concluding remark, the trained network was able to learn from a
specific configuration of spins and then predicted the behavior of a different
configuration despite of the microscopic changes in the Hamiltonian. With
these results, the network is demonstrated to be an universal approximator
for a specific universality class.

In order to get deeper into this concept of universality, Carleo and Troyer
[22], used the power of representability theorems in which a Boltzmann Ma-
chine turns a network into an approximator of high-dimensional system, given
regularity and smoothness in the function to be approximated. As it was
stated before, the joint probability function that describes a Boltzmann ma-
chine, is given by equation 4.16. Carleo and Troyer, defined a neural quantum
state (NQS), which wave-function is defined as

ΨW(S) =
∑
{hi}

e
∑
j ajσ

z
j+
∑
i bihi+

∑
ijWijhiσ

z
j (4.18)

where W = {a, b,W} are the set of variational parameters to be adjusted,
S = (σz1, ..., σ

z
N) is a physical configuration of the system of N spins and

hi = ±1 are the hidden auxiliary units of the network which are free to run
during training and execution of network. They traced out over the hidden
variables, which yields the wave-function:

ΨW(S) = e
∑
j ajσ

z
j ×

M∏
i=1

2 cosh

(
bi +

∑
j

Wijσ
z
j

)
(4.19)

Now, with the Hamiltonian defined as in eq. 4.2, a stochastic average of the
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energy is sampled,

E(W) =
〈Ψ(W)|H|Ψ(W)〉
〈Ψ(W)|Ψ(W)〉

(4.20)

and then, according to variational principles, the gradient of the energy with
respect to the parameters is calculated in order to determine the setW∗, such
that

∆WE(W∗) ≈ 0 (4.21)

through a stochastic reconfiguration procedure. After having found these
optimal parameters, they were able to calculate ground state and unitary
evolution of a transverse field Ising system with greater accuracy than other
Monte Carlo simulation techniques and also for the XXZ Heisenberg model.

As a final example and the one most relevant for the purpose of this work,
Torlai et al. [27], used an RBM to do quantum state tomography. In their
paper, they constructed a neural-network based on a restricted Boltzmann
machine, which wave-function is given by

ψλ,µ(S) =

√
pλ(S)

Zλ
eiφµ(S)/2 (4.22)

where S is a specific spin configuration in the chosen basis (e.g. σz), λ and µ
are network parameters representing amplitude and phase, respectively and
Zλ is the partition function for the amplitude distribution. This wave-function
gives the probability distribution as

|ψλ(S)|2 = pλ(S) (4.23)

where ψλ(S) is as defined in equation 4.18. We will only focus on the proce-
dure of obtaining optimal parameters λ as in the next section we will inves-
tigate ground-state behavior of an N -spin system, which is real and positive
(no need of phase). In their paper, they assumed to have a training data
set D = {σ(1), ..., σ|D|}, obtained from MC sampling. Based on those sets, a
probability density could be measured |Ψ(σ(i))|2 and the RBM was trained
and optimized in order to minimize the negative log-likelihood, such that
|Ψλ(σ

(i))|2 ' |Ψ(σ(i))|2. This minimization comes from the Kullbach-Liebler
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(KL) divergence:

KL(λ) =
∑

{σ(i)∈D}

pi log

[
pi(σ

(i))

pλ(σ(i))

]
≥ 0 (4.24)

which is equal to zero only when pi(σ
(b)) = pλ(σ

(b)) or equivalently |Ψλ(σ
(b))|2 '

|Ψ(σ(b))|2. From the previous expression, one can derive the negative log-
likelihood

KL(λ) = − 1

|D|
∑
σ(i)∈D

log
[
pλ(σ

(i))
]

+ C (4.25)

where C is constant regarding the cross-entropy term of the data distribution.
Finally, the network parameters are optimized according to gradient descent
and by taking an average over the training sets:

λ(t+ 1) = λ(t)− η

|D|
∑
σ(i)∈D

∇λKL(λ) (4.26)

After having trained the RBM, they were able to calculate observables O,
according to

〈O〉 =
∑
σ.σ′

ψλ(σ)ψλ(σ
′)Oσ.σ′ (4.27)

such as, magnetization and correlations, and other quantities such as overlap,
phases, quenching, density functions. Their procedure had great accuracy
when calculating these values for quantum Ising 1D, quantum ferromagnetic
Ising 2D and Heisenberg 2D XXZ, when comparing to Monte Carlo standard
simulations and exact values when possible.

Now we turn into the final section of this work which aims at the studying
the quantum phase transition of a 1D Ising chain in the presence of a trans-
verse magnetic field at zero temperature with the aid of an RBM, by taking
profit of the Machine Learning and Quantum Mechanics tools reviewed on
the previous chapters and sections.

4.1.1 Quantum Phase Transition Estimation

In this final section, we will work out an exercise in which an RBM is designed
and trained in order to best represent a physical system of N spins under a
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transverse field Ising Hamiltonian:

H = −J
N∑
i=1

σ̂zi ˆσi+1 − Γ
N∑
i=1

σ̂xi (4.28)

with boundary condition σ̂zN+1 = σ̂z1 and σ̂α are the Pauli matrices as defined
in equation 4.3. Then, after having the network trained, we will calculate
magnetic observables such as the longitudinal and transverse magnetizations:
〈σ̂zi 〉 and 〈σ̂xi 〉. Furthermore, due to the fact that the quantum phase transition
is well studied for the TFIM 1D chain [[25] and [26]], the network will be
able to predict the ferromagnetic-to-paramagnetic quantum phase transition
(T ≈ 0) at Γ = Γc. The general procedure is as follows:

1. A training data set D = {σ(1), ..., σ(|D|)} is build upon spin configurations
for different values of Γ, through a quantum Monte Carlo algorithm
known as Path-Integral Monte Carlo (PIMC).

2. After obtaining the training data set, we construct and initialize the
RBM with N visible nodes or neurons, corresponding to the physical
spins, and M hidden neurons.

3. Then, the network is optimized according to the KL divergence (equation
4.24 and 4.25) in which the parameters are updated according to equation
4.26.

4. At this stage, we hope to have found the best representation of the
sample’s distributions:

|ΨW(σ)|2 ' |Ψ(σ)|2

5. Finally, we measure the magnetic observables according to equation 4.27
and use the labeled data from the PIMC step to predict the phase tran-
sition.

Now we will develop the previous steps in a more detailed manner.
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Generating the Training Data Set through PIMC

This method is one of the variants of the QMC algorithms, in which the
Hamiltonian of the system is extended in the imaginary time direction through
Mτ steps, according to the formalism of the Trotter-Suzuki decomposition
[26]. It states that the ground state of a d-dimensional quantum system is
equivalent to a certain (d+ 1)-dimensional classical Ising system with many-
body interactions. Thus here, we will see how the 1D TFIM is mapped to a
classical 2D Ising model with anisotropic interaction. This method has been
widely implemented to solve numerically the 1D TFIM [[26], [28], [29], [30],
[31] and [32]]. The notation used and the procedure followed here will be
based mainly on the work done by Hatano and Suzuki [32]. First, we recall
the generalized Trotter formula:

eÂ+B̂ = lim
m→∞

[
eÂ/meB̂/m

]m
(4.29)

where Â and B̂ are operators that do not commute. Hence, we define

Â = −J
N∑
i=1

σ̂zi σ̂
z
i+1 & B̂ = −Γ

N∑
i=1

σ̂xi (4.30)

Now, given the Hamiltonian, we can write the partition function of that
system, assuming it is in contact with a heat reservoir at temperature T ,
such that the inverse temperature is defined as usually β = 1/kbT :

Z = Tr
[
e−βH

]
(4.31)

which for an eigenstate chosen as a basis, it becomes

Z =
∑
{σ}

〈σ|e−βH|σ〉 (4.32)

where σ = (σ1, ..., σN) is an N spin configuration. Here, we choose the eigen-
states of σ̂z as the basis, such that

σ̂zi |σ〉 = λi|σ〉 & λi = ±1 (4.33)
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Having the basis defined, we can apply the Trotter-Suzuki generalized formula
(equation 4.29) in equation 4.32:

Z = lim
m→∞

Zm = lim
m→∞

∑
{σ}

〈σ|
[
e−βÂ/me−βB̂/m

]m|σ〉 (4.34)

= lim
m→∞

∑
{σ}

〈σ|e−βÂ/me−βB̂/m · · · e−βÂ/me−βB̂/m|σ〉 (4.35)

We can construct m identity operators that act between the exponential op-
erators:

Î =
∑
{σ(k)}

|σ(k)〉〈σ(k)|; k = 1, ...,m (4.36)

hence,

Z = lim
m→∞

∑
{σ(1)}

· · ·
∑
{σ(m)}

〈σ(1)|e−βÂ/m|σ(1)〉〈σ(1)|e−βB̂/m|σ(2)〉 · · ·

· · · 〈σ(m)|e−βÂ/m|σ(m)〉〈σ(m)|e−βB̂/m|σ(1)〉 (4.37)

Now we calculate the matrix elements of equation 4.37. The operator e−βÂ/m

is diagonal on the basis |σ(k)〉 whereas e−βÂ/m is not.

〈σ(k)|e−βÂ/m|σ(k)〉 = 〈σ(k)|e−βJ/m
∑N
i=1 σ̂

z
i σ̂

z
i+1|σ(k)〉

σ̂zi σ̂
z
i+1|σ(k)〉 = σ

(k)
i σ

(k)
i+1|σ

(k)〉 (4.38)

Therefore,

〈σ(k)|e−βÂ/m|σ(k)〉 = eβJ/m
∑N
i=1 σ

(k)
i σ

(k)
i+1 (4.39)

where σ
(k)
i = λ

(k)
i as stated in equation 4.33. Now we proceed to calculate the

off-diagonal elements 〈σ(k)|e−βB̂/m|σ(k+1)〉. In order to maintain the structure
of the trace, the boundary condition must be also met in Trotter index m,
such that |σ(m+1)〉 = |σ(1)〉. Besides, we recall that the operator σ̂x acts as a
spin-flipper:

σ̂xi | ↑i〉 = | ↓i〉 & σ̂xi
(
σ̂xi | ↑i〉

)
= | ↑i〉 (4.40)

Using the series expansion of the exponential

e−βB̂/m = eβΓ/m
∑N
i=1 σ̂

x
i = I+

βΓ

m

N∑
i=1

σ̂xi +
1

2

(
βΓ

m

N∑
i=1

σ̂xi

)2

+
1

6

(
βΓ

m

N∑
i=1

σ̂xi

)3

+· · ·

(4.41)
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From equation 4.41, we can separate even from odd exponents, as (σ̂xi )s| ↑i
〉 = | ↑i〉 if s is even or | ↓i〉 if s is odd. Furthermore, we can group the even
terms to obtain the cosh(x) function and the odd terms to obtain the sinh(x)
function:

eβΓ/m
∑N
i=1 σ̂

x
i =

N∏
i=1

e(βΓ/m)σ̂xi

e(βΓ/m)σ̂xi =

(
I +

1

2

(
βΓ

m
σ̂xi

)2

+ · · ·
)

+

(
βΓ

m
σ̂xi +

1

6

(
βΓ

m
σ̂xi

)3

+ · · ·
)

= cosh

(
βΓ

m

)
+ σ̂xi sinh

(
βΓ

m

)
(4.42)

e−βB̂/m =
N∏
i=1

[
cosh

(
βΓ

m

)
+ σ̂xi sinh

(
βΓ

m

)]
(4.43)

Now, for a specific spin in the k-th configuration, we have

〈σ(k)
i | cosh

(
βΓ

m

)
+ σ̂xi sinh

(
βΓ

m

)
|σ(k+1)
i 〉 (4.44)

knowing that |σ(k)
i 〉 is either +1 which means spin up | ↑(k)

i 〉 or −1 which

means spin down | ↓(k)
i 〉, we can build the following transfer matrix:

T =

(
〈↑(k)
i | ↑

(k+1)
i 〉 〈↑(k)

i | ↓
(k+1)
i 〉

〈↓(k)
i | ↑

(k+1)
i 〉 〈↓(k)

i | ↓
(k+1)
i 〉

)
=

(
cosh(a) sinh(a)
sinh(a) cosh(a)

)
(4.45)

where a = βΓ
m . Any element in the transfer matrix T can be directly described

by the following equation:

〈σ(k)
i | cosh(a) + σ̂xi sinh(a)|σ(k+1)

i 〉 = eγσ
(k)
i σ

(k+1)
i +δ (4.46)

such that, if spins |σ(k)
i 〉 and |σ(k+1)

i 〉 are aligned, we get

eγ+δ = cosh(a) (4.47)

and if they are anti-aligned, we get

e−γ+δ = sinh(a) (4.48)
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Thus, solving for γ and δ:

γ =
1

2
ln coth(a) & δ =

1

2
ln cosh(a) sinh(a) =

1

2
ln

(
1

2
sinh(2a)

)
(4.49)

We have obtained all matrix elements in 4.37 and therefore, we can construct
the partition function of the system.

Zm =
∑
{σ(1)}

· · ·
∑
{σ(m)}

exp

{
βJ

m

N∑
i=1

σ
(1)
i σ

(1)
i+1

}
exp

{
γ

N∑
i=1

σ
(1)
i σ

(2)
i +Nδ

}
· · ·

· · · exp

{
βJ

m

N∑
i=1

σ
(m)
i σ

(m)
i+1

}
exp

{
γ

N∑
i=1

σ
(m)
i σ

(1)
i +Nδ

}
(4.50)

=
∑
{σ(j)

i }

exp

{ m∑
j=1

N∑
i=1

(
βJ

m
σ

(j)
i σ

(j)
i+1 + γσ

(j)
i σ

(j+1)
i

)
+Nmδ

}
(4.51)

The energy of the system is then taken as

Hτ = −1

β

[ m∑
j=1

N∑
i=1

(
βJ

m
σ

(j)
i σ

(j)
i+1 + γσ

(j)
i σ

(j+1)
i

)
+Nmδ

]
(4.52)

If we take j as iteration in the x direction, i in the z direction, βJ
m = Jz

and γ = Jx, we obtain the Hamiltonian of the classical 2D Ising model with
anisotropic couplings (Jz 6= Jx) and therefore, the mapping is complete. Now
we are able to use classical Monte Carlo algorithm to obtain sample configura-
tions for different values of γ. Actually, the direction in which the super-index
j acts is called the “Trotter direction” or “imaginary time direction” and the
system becomes a lattice of N × m sites in which each m corresponds to a
replica of the original N spin system [26].

For a sufficiently large value of m, in which the approximation becomes
exact, a low temperature T and transverse field constant γ, one can generate
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the probability distribution for different spin configurations:

Pγ,T,m(σ) =

exp

{∑m
j=1

∑N
i=1

(
βJ
m σ

(j)
i σ

(j)
i+1 + γσ

(j)
i σ

(j+1)
i

)
+Nmδ

}
∑
{σ(j)

i }
exp

{∑m
j=1

∑N
i=1

(
βJ
m σ

(j)
i σ

(j)
i+1 + γσ

(j)
i σ

(j+1)
i

)
+Nmδ

}
(4.53)

and the objective of the network becomes to optimize the set of parameters
W , such that

|ΨW(σ)|2 ' Pγ,T,m(σ) (4.54)

Now, in order to collect the training data, the Monte Carlo algorithm proceeds
as follows [31]:

� Establish the size and parameters of the system:

N, m, β, J & Γ

� Initialize a random configuration of the system. For instance, all polar-
ized:

S =


↑ ↑ · · · ↑
↑ ↑ · · · ↑
...

... . . . ...
↑ ↑ · · · ↑


M×N

� Calculate the energy of the system for the actual configuration S, ac-
cording to equation 4.52:

E(S) = −1

β

[ m∑
j=1

N∑
i=1

(
βJ

m
Sj,iSj,i+1 + γSj,iSj+1,i

)
+Nmδ

]
(4.55)

� Metropolis. Flip a random spin and calculate the new energy:

S ′ = Tr,k(S) ⇒ E ′ = E(S ′)

where the transformation Tr,k inverts the spin at random site r, k.

� If E > E ′, then accept the new configuration S = S ′.
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� If E < E ′, then accept the new configuration with probability

P (S ′) = exp{−β∆E} (4.56)

If P (S ′) > n where n is a random number between 0 and 1, then the
new configuration is accepted S = S ′, otherwise it keeps the previous
configuration.

� Do the previous processes until reaching a Monte Carlos number of steps,
in which it is expected that macroscopic observables are equilibrated.

In the reviewed literature [[26], [27] and [33]], an optimal relation between
the inverse temperature and the Trotter dimension for TFIM in 1D has been
found, which is:

β

m
∼ O

(
1

100

)
Therefore, for the PIMC simulations we use the parameters

T = 0.1 m = 1024 ⇒ β

m
≈ 0.0098

Using the PIMC algorithm for a one-dimensional chain of N = 10 spins with
the above set of parameters, we were able to calculate the critical external
field Γc at which the quantum phase transition should occur. What we are
doing with PIMC, is building m replicas of the original N spin system:

Figure 4.4: Scheme of mapped quantum 1D chain system into the classical N×m 2D Ising system.
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In the Trotter and real-space directions, the interactions are given, respec-
tively, by

Jτ =
T

2
ln coth

(
Γ

mT

)
& JRS =

J

m

The ordered phase (Γ < Γc), is seen as a strong interaction between Trotter
layers, in which each layer tends to be a replica of the previous one. On
the other hand, the disordered phase (Γ > Γc), is seen as a system which
layers are independent between them. In the limit case, when m → ∞, the
Trotter medium becomes a continuum and so, each real space spin is seen
as a domain in the Trotter direction. Nonetheless, when using Metropolis
algorithm it might become very inefficient mainly near the critical point. To
overcome this problem and implement larger values of m, we use the Wolff
cluster algorithm [[26], [27], [34], [35] and [36]]. Regarding ergodicity and
detailed balance, the algorithm consists of multiple spin flips in the system’s
volume in one step and this is achieved by clustering spins according to a
probability p:

pij =

{
1− e−2βJij if sgn(σi) = sgn(σj)

0
(4.57)

where Jij varies depending on the interaction direction. The probability pij
is weighting if the bond between the spin i and spin j should be included in
the cluster. Thus, the algorithm proceeds as follows:

� Choose a random spin in the N ×m 2D spin system.

� Check for nearest neighbors parallel spins in both Trotter and real-space
direction σ〈ij〉 regarding boundary conditions.

� Calculate the probability of accepting the bond: pij. If spins are antipar-
allel, p = 0.

� Then, spins inside the cluster are checked with respect to its neighbors
with the same procedure until there are no more spins added to the
cluster.

� Finally, the spins inside the cluster are simultaneously flipped with prob-
ability one.
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Here, the training data set is built upon each configuration of the N spin
system, in which the probability distribution of the ground state is accessible
for different values of Γ, covering the critical part. The code for obtaining the
training data set can be found in Annex 3.

Training the Network

Here we define RBM neural-network with N visible nodes and α = 2 (α =
M/N with M the number of hidden units). The joint probability of the RBM
is defined as [[22] and [27]]

PW(σ, h) =
1

ZW

∑
hj

e
∑N
i=1 aiσi+

∑M
j=1 bjhj+

∑
ijWijσihj (4.58)

where W = {a,b,W} and ZW is the partition function of the system. We
can sum over hidden variables as they are free to run in the network hj = ±1:

+1∑
hj=−1

ebjhj+
∑N
i=1Wijσihj = ebj+

∑N
i=1Wijσi+e−

(
bj+

∑N
i=1Wijσi

)
= 2 cosh

(
bj+

N∑
i=1

Wijσi

)
(4.59)

PW(σ) =
1

ZW
e
∑N
i=1 aiσi

M∏
j=1

2 cosh

(
bj +

∑
ij

Wijσi

)
(4.60)

Thus, we define the RBM wave-function as

ΨW(σ) =
√
PW(σ) (4.61)

After having defined the system’s probability distribution (equation 4.60) and
the training data set, we proceed to the optimization of parameters them-
selves.

Now, we have the parameters to optimize: a, b and W. Then, according
to equation 4.25, we want to minimize the negative log-likelihood with respect
to the parameters of the network, as is stated in 4.26. In order to do that, we
expand the negative log-likelihood and then take the gradient with respect to
each of these parameters.

KL(W) = − 1

|D|
∑
σ(i)∈D

logPW(σ(i)) (4.62)
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We can rewrite PW(σ) as

PW(σ) =
1

ZW
eEW(σ) (4.63)

EW(σ) =
∑
i

aiσi +
∑
j

log
(
1 + ebj+

∑
iWijσi

)
(4.64)

Then,
logPW(σ) = EW(σ)− logZW (4.65)

Replacing in equation 4.62,

KL(W) = − 1

|D|
∑
σ(i)∈D

(
EW(σ(i))− logZW

)
(4.66)

Now, we calculate the gradient of the negative log-likelihood

∇WKLW = − 1

|D|
∑
σ(i)∈D

(
∇WEW(σ(i))−∇W logZW

)
(4.67)

we can rearrange the last term of the previous equation

∇W logZW =
1

ZW
∇WZW

=
1

ZW
∇W

∑
σ

eEW(σ)

=
∑
σ

1

ZW
eEW(σ)∇WEW(σ)

∇W logZW =
∑
σ

PW(σ)∇WEW(σ) (4.68)

Inserting equation 4.68 into 4.67,

∇WKLW = − 1

|D|
∑
σ(i)∈D

(
∇WEW(σ(i))−

∑
σ

PW(σ)∇WEW(σ)

)
(4.69)

In the last term, it is necessary to have knowledge of the partition function of
the system. In order to avoid this problem, we use the method of contrastive
divergence (CD) [12], in which we sample hidden units from visible units and
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then visible units from the hidden units until a number of k steps (CDk) is
achieved, hence sampling from the RBM’s distribution. Besides, in order to
avoid large number of k steps we take the initial configuration σ1 as the actual
training configuration. Thus, the last term would look like this,∑

σ

PW(σ)∇WEW(σ) ≈ 1

n

n∑
k=1

∇WEW(σk) where σ1 = σ(i) (4.70)

hence,

∇WKLW ≈ −
1

|D|
∑
σ(i)∈D

(
∇WEW(σ(i))− 1

n

n∑
k=1

∇WEW(σk)

)
(4.71)

The optimal value of n must be selected experimentally. Finally, the param-
eters are updated as follows

W(t+ 1) =W(t)− η∇WKLW (4.72)

=W(t)− η

|D|
∑
σ(i)∈D

(
−∇WEW(σ(i)) +

1

n

n∑
k=1

∇WEW(σk)

)
(4.73)

the gradient of the energy is obtained by taking the derivative of the energy
function (equation 4.64) with respect to each of the parameters:

∇Wij
EW(σ) =

σi

1 + e−bj−
∑
iWijσi

(4.74)

∇aiEW(σ) = σi (4.75)

∇bjEW(σ) =
1

1 + e−bj−
∑
iWijσi

(4.76)
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hence,

Wij(t+ 1) = Wij(t)−
η

|D|
∑
σ(s)∈D

(
− σ

(s)
i

1 + e−bj−
∑
iWijσ

(s)
i

+
1

n

n∑
k=1

σki
1 + e−bj−

∑
iWijσki

)
(4.77)

ai(t+ 1) = ai(t)−
η

|D|
∑
σ(s)∈D

(
− σ(s)

i +
1

n

n∑
k=1

σki

)
(4.78)

bj(t+ 1) = bj(t)−
η

|D|
∑
σ(s)∈D

(
− 1

1 + e−bj−
∑
iWijσ

(s)
i

+
1

n

n∑
k=1

1

1 + e−bj−
∑
iWijσki

)
(4.79)

After having optimized the parameters, the network has become an approxi-
mator of the configurations inserted as training samples. Thus, we are able to
calculate magnetic observables and from them, infer the quantum phase tran-
sition. The code for the optimization of parameters can be found in Annex
4.

Magnetic Observables

In this final subsection, we intend to reconstruct the behavior of the longi-
tudinal and transversal magnetizations of the 1D quantum Ising system (or
2D anisotropic classic system with the Trotter-Suzuki decomposition), with
respect to different values of the transverse field. In order to observe this be-
havior, we train q RBMs for q values of transverse field, due to the fact that
each RBM is trained with configurations coming from a single value of trans-
verse field. In this case, we train a restricted Boltzmann machine for each
value of the transverse field between Γ = 0.01 and Γ = 2.0, thus covering the
critical part Γ = Γc.

1. Longitudinal magnetization: this corresponds to the magnetization in
the z direction of the spin system. Nonetheless, as the nodes in the
RBM are defined in the z basis, the magnetization is calculated directly
over the visible states of the network by taking the average over different
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samples from the RBM:

〈σ̂z〉 ≈ 1

nN

n∑
k=1

σz(σk) (4.80)

where the samples σk are generated by a function I called dreaming (see
Annex 5), in which the RBM samples data from the visible and hidden
layers, from a random initialization according to CD.

2. Transverse magnetization: in this case, the operator σ̂x is not diagonal in
the z basis, so we calculate this magnetization through a local estimator
and using the same CD method [27]:

〈σ̂x〉 ≈ 1

n

n∑
k=1

σ̂xL(σk) (4.81)

σ̂xL(σk) =
∑
σ′

√
PW(σ′)

PW(σk)
σ̂xσkσ′ (4.82)

where
σ̂xσkσ′ = 〈σk|σ̂xi |σ′〉 = δik,−i′ (4.83)

where ik is the spin in the i-th position of the k configuration and −i′
means the inverse spin if i at the same i-th position but the primed
configuration.

Results

1. Generating the training data set. For each transverse field, a complete
training data set was taken and for each data we took the first row of the
spin system (N spins of the first Trotter layer m = 0) which corresponds
to an accessible experimental measurement. This means that it could
had been any of the m’s Trotter layers. A result of the magnetization of
the real-space row is shown below.

We can see that, in average, there is a magnetization per spin approx-
imately zero near Γ ≈ 1.5J , where J is the interaction coupling factor
(the x axis interaction strength is normalized over J). With this data
we are going to train the network.
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Figure 4.5: Magnetization per spin of the first row in the Trotter direction. (left) 10 values of
transverse field and (right) 100 values of transverse field.

2. Training the network. During the process of minimizing the parameters
W , we plotted the behavior of the KL divergence with respect to the
number of steps, which is shown in figure 4.6.

Figure 4.6: Gradient of the process negative log-likelihood as a function of the number of steps for
each parameter.

At the end, the fact that ∇WKLW ≈ 0 ensures that the RBM’s wave-
function represents the original spin system’s probability distribution.
Thus, at this stage the RBM is capable of reproducing the behavior of

73



the spin system’s wave-function and allow us to calculate observables.

3. Magnetic observables. After having trained all the restricted Boltzmann
machines for each value of transverse field, we build the following figures
in which the behavior of the longitudinal and transverse magnetization
are depicted against the transverse field.

Figure 4.7: Longitudinal (green) and transverse (red) magnetizations vs. transverse field.

The parameters used for figure 4.7, are:

� Temperature = 0.1, Trotter slices = 1024, N = 10, training data set
size = 10.

In figure 4.8, we can contrast with the magnetizations given by Krzakala
et al. [38], who used the quantum cavity method to solve the TFIM 1D.
In the figure, the solid line represents the theoretical solution given by
Krzakala et al. with the Curie-Weiss method.

The most critical aspects when training the network is the size of the
data set. If it is too small, the network will not be able to learn high-
level features from the data and thus, when it generates data it might not
be very accurate. On the other hand, if the size is too big, the network
will get overfited. In order to test the network with a training data set
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Figure 4.8: Longitudinal and transverse magnetizations vs. transverse field at T = 0.7. Adopted
from [38].

much bigger, we allowed ourselves to do shortcut for the data extraction:
for each configuration given by PIMC, we randomly permuted over nth
possible configurations in order to get n-sized training data set for each
transverse field. For n = 40, the result was as follows:

Figure 4.9: Longitudinal and transverse magnetizations vs. transverse field with an RBM trained
with 40 training data set.
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This results improve the results showed previously in 4.7.

It is thus expected that for larger systems and larger training data sets,
the figure will converge to Krzakala results. Nonetheless, we could repro-
duce the behavior of the longitudinal and transverse magnetizations with
the aid of a neural network. The RBM’s wave-function consists of nearly
N 2 parameters whilst an actual spin system wave-function consists of 2N

terms. Therefore, the neural network represents a great advantage as it
can reproduce the behavior of the actual physical system but with a num-
ber of parameters that increases polynomially, rather than exponentially,
with the number of spins.
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5. Conclusions

� The classical methods of ML where studied and correctly implemented:

– In the case of the single layer perceptron, it was capable to simulate
human being’s basic decisions through a binary threshold device (the
McCulloch & Pitts neuron).

– In the case of the multilayer perceptron, it was capable to solve a
non-linearly separable problem such as the XOR through the Back-
propagation algorithm. The SLP works for linearly separable prob-
lems whilst the MLP works for non-linearly separable problems.

– In the case of recurrent neural networks and energy based models, we
were able to implement a Hopfield network through Hebbian learn-
ing and Ising based energy cost function. We could implement the
Hopfield to reconstruct damaged images by associating its energy to
the nearest minimum using gradient descent. Hence, we were able
to identify a Hopfield’s network as prototype of associative memory.

– In the case of combinatorial optimization problems, we could imple-
ment a continuous Hopfield network in which no energy minimums
are known. In this method, the energy is constructed upon Lagrange
multipliers according to certain restrictions and the network inputs
are optimized to decrease the energy. With this method we solved
successfully the traveling salesman problem (TSP) for 10 cities, with
the aid of simulated annealing.

– Simulated annealing allowed us to seek global minimum when the
network is not capable or could get trapped in a local minimum. It
worked perfectly for a linearly decreasing temperature rate.

– Finally, we implemented a Boltzmann machine to generate-and-reconstruct
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images from a training data set. The most important advantage of
a Boltzmann machine is that is stochastic and probabilistic, which
enable it to generate or discriminate unknown data. Furthermore,
in the connections between hidden and visible units, the BM is able
to extract high-level features from data which enables the machine
to dream based on characteristics of the training data.

� Quantum machine learning is an excellent choice when the problem of
size or dimension (what is called curse of dimensionality) arises, as it
is able to represent the actual physical system with parameters that are
polynomial in the number of spins rather than exponential.

� We were able to implement PIMC successfully with Trotter relation near
O(β/m) ≈ 1

100 and with aid of the Wolff’s cluster algorithm. Here it
is important to calculate the autocorrelation time within data as the
neural network is very sensitive to the training data. Thus, if the data
is too autocorrelated, the RBM will not be able to generate accurate
configurations. In this case, we used ∼ 1 step of Monte Carlo for each
transverse field and it is expected that a good number of MC steps be
of the size of the system. Furthermore, the training data set should also
be of the size of the system, thus letting the RBM to learn from a good
number of configurations pertaining to a particular set of parameters in
the state-space diagram. If the training data set is too small, the RBM
will not learn accurate configurations and on the other hand, if it is too
large, the RBM will become overfited.

� When training the network, using α = 2 was an optimal choice rather
than α = 4, as the latter increased the algorithm polynomially in time
whereas the outcomes were almost the same as those of the α = 2 con-
figuration.

� The designed RBM was able to closely represent the ground-state of an
N spin system under TFIM Hamiltonian in 1D. Our way of proving the
previous statement was by calculating the magnetic observables (longitu-
dinal and transverse magnetizations) directly by sampling from the RBM
distribution (or RBM’s wave-function). The critical transverse field was
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estimated at Γc ≈ 0.5J , where J is the exchange interaction constant, for
a system of 10 spins at T = 0.1 and Trotter number 1024. Theoretically,
the critical value is approximately at Γc = 1.0. Hence, giving an error of
50%. The behavior of the magnetization was as stated theoretically but
the precision was not as good as expected and it was due to two main
factors: the number of training data sets and the autocorrelated PIMC
training data. The 40-sized training data set improved the results of the
10-sized training data set.

� Finally, regarding the last remark, the RBM’s wave-function consisting
of N 2 parameters was able to represent the physical N spin system whose
theoretical wave-function consists of 2N parameters. Therefore, an RBM
can numerically solve a many-body interaction problem with parameters
that increase polynomially with the number of spins, hence transforming
an NP-hard problem into an NP-complete problem.
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6. Future Work...

This section is devoted to suggestions of possible ways of improving the quan-
tum phase transition estimation developed in section 4.1.1.

Training data set.

� Firstly, it is important to study systems as big as possible because the
actual phase transition is an evident property in the thermodynamic
limit N → ∞. In this work, we used N = 10 spins, thus N = 1000 will
clearly improve the results.

� Secondly, the training data set must be sufficiently large so the RBM
can best represent the input data but not so large as it could overfit the
parameters. A set-size of the size of the system is recommended.

� Thirdly, the autocorrelation time is a quantity worth calculating, as the
number of Monte Carlo steps of the Wolff’s cluster algorithm is a critical
number when knowing when to collect data. If data is too autocorrelated,
then the RBM will be badly, or in some cases, poorly trained.

� Fourthly, the Trotter number should extend to infinite and the Wolff’s
cluster algorithm should be restricted over the Trotter direction and use
domain walls creation algorithm to improve the method.

RBM for generative tasks.

� Once the RBM is trained to best represent a physical spin-system con-
figuration, the network is ready to calculate observables and other quan-
tities such as wave-function, unitary evolution, phases, quenching, etc.
Furthermore, if the network is trained over a specific set of parameters in
the state-space diagram, the network would be able to generate states for
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different space-state points or even for different topologies that remain
on the same universality class, for instance, predict behavior or proper-
ties of different 2D topologies of a system under the TFIM with an RBM
that has been well-trained with one specific topology in that class.
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Annex 1: SLP code
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Annex 2: MLP code

87



Annex 3: PIMC + Wolff code
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Annex 4: RBM optimization code
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Annex 5: Magnetic observables code
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