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Abstract

Different models for the description of the alpha decay process have been de-

veloped over the years. The α-decay has been a very active field of research

since its discovery in the very beginning of the quantum era.

In this thesis, the α-decay process is investigated in different astrophysical en-

vironments where the extreme conditions present can not be reproduced on

Earth. To achieve this we study the effects of high temperatures (reached

in supernovae), super strong magnetic fields (found in neutron stars) or the

effects of nonlocality (due to the very nature of the quantum world) on the

α-decay half-lives.

The total potential between the α-particle and the daughter nucleus is found

using the well-known density-dependent double folding model. This is an es-

sential ingredient to evaluate the α-decay half-lives in our calculations.

The half-lives of radioactive nuclei, calculated taking into account different

external factors (temperature, magnetic field and nonlocalities) are compared

with the half-lives found in the absence of such factors.

It is mostly found that the α-decay half-lives get reduced when any of this fac-

tors is included. We point out the relevance of developing a model which takes

into account these effects since α-decay half-lives are an important ingredient

in the calculation of the abundance of heavy elements.
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Introduction

Many nuclei with finite lifetimes are produced by nuclear reactions or nuclear

decays. In fact, the number of stable nuclei is less than 300. We call them

stable if their lifetimes are equal to or longer than the age of the universe,

approximately 13.8 × 109 years, although it is observed that some particular

isotopes with very long lifetimes (of the order of 1017 years), like 180W , actually

can decay via α emission.

Alpha particles were identified as the least penetrating particles of the radia-

tion emitted by natural materials. In 1903, Rutherford measured their charge

to mass ratio by using an experiment in which α-particles were deflecting in

electric and magnetic fields. Rutherford’s results were only 25 % higher than

the present results, a remarkable result taking into account the difficulty of the

experiments and the technology of the epoch. Some years later, Rutherford

showed that the α-particles were in reality helium nuclei [1].

Many heavy nuclei can spontaneously emit α-particles, i.e., they decay through

α emission. Even though some nuclei can spontaneously decay by emitting

heavier clusters than α-particles, this phenomenon is very rare. It was under-

stood that there should be a special reason by which nuclei choose α emission

over other decay modes.

It is important to note that the attractive forces between nucleons are of short

range, the total binding energy in a cluster (nucleus) is roughly proportional

to its mass number A (the sum of the total number of protons Z and neutron

N). On the other hand, the repulsive electric force (the Coulomb interaction)

between protons in a nucleus is of infinite range and is approximately propor-
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tional to Z2 [2]. Nuclei which have more than 150 nucleons will in principle

become unstable with respect to α-decay. This kind of nuclei are so big that

the short-range strong nuclear forces which maintain them together can no

longer be able to counterbalance the electric repulsion of their protons. The

α-decay is a process which happens in heavy isotopes to increase their stability

by reducing their size.

To escape from a nucleus, a given particle must have kinetic energy. This

is translated in a positive release of energy. We call this energy Q-value of

the reaction and it will be explained with more detail in the next chapter.

In spontaneous decays some kinetic energy can appear due to a decrease in

mass. The α-particle is the only particle whose mass is smaller than that of

its constituents nucleons for such energy to be available. This is because an

α-particle is very stable and has a tightly bound structure. Though classically

not possible the α-decay can be considered to proceed through quantum tun-

neling. Indeed, the α-decay was the process for which Gamow proposed the

existence of one of the most interesting phenomenon in quantum mechanics,

namely, quantum tunneling.

When computing the energy released for several emitted particles (for exam-

ple, the energy of a neutron, a 1H, a 2H, a 3He and an α-particle) using the

α emitter 210Po, only the α-particle has a positive released energy. All other

cases require energy to decay (negative released energy). For some other par-

ticles heavier than an α-particle (like 8Be and 12C), positive released energies

are found, however, their decay constants (the probability of decaying) are,

in general, very small in comparison with that of α-decay and those decays

are normally not observed. This suggests that even if a nucleus is found to

be able to decay by α emission, this does not mean that the nucleus actually

decays by emitting an α-particle. Moreover, the α decay constant can not be

too small otherwise the emission of an α-particle would be extremely rare and

it may not be detected. Also, some other decay modes like β-decay, have much

higher decay constants and the isotope probability of decaying by α emission

would be overcome by that of the β-decay. This is why only about one-half of
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nuclei with A > 190 and many other with 150 < A < 190 decay by emitting

an α-particle although it is energetically possible to decay by this mode.

As can be seen, the α decay process is an interesting and, at the same time,

complicated process occurring in nature which has been studied a lot over the

years and still continues to be a very active field of research.

There is a particular interest in alpha decay in part due to the role played by

alpha emission in spectroscopy of unstable nuclei or in more complex processes

that take place in stars. In fact, this process is of great relevance for calcula-

tions related to nucleosynthesis, but, we can only obtain one number experi-

mentally (the half-life) and those measurements come only from laboratories.

Moreover, it is well-known that α-decay occurs where extreme conditions (such

as very high temperature or strong magnetic fields) are held. However, those

conditions can not be reproduced on Earth.

The main objective of this thesis is to study the α-decay process in several as-

trophysical environments taking into account the different factors that arise in

such environments. To accomplish that, we study the temperature effects

on the alpha decay half-lives, the effects of including a magnetic-modified

Coulomb potential in the total potential describing the decaying nucleus as

well as the effects of using a non-local alpha-nucleus potential in our calcula-

tions.

The thesis is divided into seven chapters:

� In the first chapter, we address the alpha decay formalism within the

framework of the JWKB approximation. We explain different approaches

developed by several authors over the years and find the decay width

which will be used to calculate the alpha decay half-lives.

� Chapter number two is focused in the form of the potential necessary for

our calculations. We explain in detail the double folding model and its

importance. We also introduce the proximity model and finally we ad-

dress nonlocality by using several approaches and how these approaches
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modify the nuclear strong potential.

� Since one of the goals of this thesis is to investigate the effects of tem-

perature in the alpha decay process, in chapter three we introduce the

concepts of ambient temperature and nuclear temperatures, which will

be needed in subsequent chapters.

� Chapter four is focused on the temperature-dependent alpha decay pro-

cess. By studying several models, we introduce temperature in the alpha-

daughter potential. We used various approaches such as a statistical

model, an approach in which the Q-values change due to high temper-

atures, a temperature-dependent density approach and a temperature-

modified Coulomb potential, to compare the alpha-decay half-lives for

several isotopes.

� In chapter five we present the results of our research and discuss them.

We used the tools developed in previous chapters and analyze our find-

ings.

� The effects of calculating the alpha decay half-lives when the parent

nucleus is in the presence of a very strong magnetic field are presented

in chapter number six.

� Finally, the conclusions of this research are presented in chapter number

seven.
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Chapter 1

Alpha decay formalism

Several theoretical and experimental studies have proved that the nucleons

which form nuclei are not uniformly distributed inside. In fact, these studies

show that the nucleons form “clusters” inside nuclei and how these clusters

participate in nuclear reactions. One of those clusters, formed by two protons

and two neutrons, is one of the most important due to its symmetry and its

binding energy: the Alpha particle (α-particle) [2]. Several unstable nuclei

emit alpha particles, and this process which was discovered at the very begin-

ning of the nuclear era is known as Alpha Decay (α decay).

The theory of alpha decay has been developed over several years and it has

been found that the calculations of half-lives are in good agreement with ex-

perimental data [3]. However, the theoretical values are very sensitive to the

chosen model. Since the only available observable (experimentally) is the half-

life, everything else must come from the theory itself, which makes calculations

more difficult.

In the beginning, it was characterized by an explanation of the process in terms

of quantum mechanical tunneling. In that moment, the emission of α-particles

suggested that the full pre-formed α-particles exist inside the parent nucleus

and that they are restrained by a potential barrier. This approach was de-

veloped independently by Gamow [4] and by Condon and Gurney [5] and, in

fact, the theory of alpha decay is considered one of the first confirmations of

quantum mechanics.
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The results given by the Gamow model could reproduce the half-lives in a

range of many orders of magnitude, for example, from 1.3× 10−5s for 52Te to

2× 1023s for 148Sm are fitted very well in this model.

Most of the isotopes of elements heavier than Pb and some neutron-deficient

isotopes lighter than Pb, decay by emission of an α-particle. The α-decay

process is the nuclear reaction

A
ZX →A−4

Z−2 Y + α (1.1)

where X and Y are known as the parent and daughter nuclei, respectively.

The α-particle is defined as α ≡4
2 He.

If we assume that the decaying nucleus X is at rest, then the initial energy of

the system is the rest energy of the parent nucleus, given by Ei = MXc
2. Since

the final state consists of the daughter nucleus and α-particle, in motion, in

order to conserve linear momentum, the final total energy Ef = MY c
2 +KY +

Mα +Kα. Therefore, by conservation of energy we have

MXc
2 = MY c

2 +KY +Mαc
2 +Kα (1.2)

where KY and Kα are the kinetic energies of the final fragments. Rearranging

the former expression we obtain

Q = (MX −MY −Mα)c2 = KY +Kα (1.3)

The quantity Q is the energy released in the decay and is known as the disin-

tegration energy or Q-value.

One of the most remarkable features of α-decay is the wide range of variation

in the half-lives t1/2 from one isotope to another, while Q-values vary only in a

single order of magnitude. It is evident that t1/2 must be very sensitive to the

Q-value. This sensitivity is the main reason for the development of distinct

alpha decay theories.
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1.1 Gamow’s theory

The simplest phenomenological model for alpha decay is the one-dimensional

one-body model by Gamow [4]. The great success of Gamow’s model was

the excellent explanation of the penetration of an alpha particle through a

Coulomb barrier. The shape of the total potential in the alpha decay problem

is shown in figure1.1.

Figure 1.1: A typical alpha-daugther total potential. r1, r2 and r3 are the classical
turning points for a given energy E = Q of the tunneling particle [8].

This Gamow’s model assumes a full pre-formed α-particle inside the nucleus.

By using Jeffreys-Wentzel-Kramers-Brillouin or JWKB approximation [6], the

α-decay width Γ is given by the product between the assault frequency ν with

the potential walls and the penetrability factor P :

Γ = νP = ν exp

[
−2

∫ r3

r2

κ(r)dr

]
(1.4)

where µ is the reduced mass of the α-daughter system, r2 and r3 are the

classical turning points of the barrier, and κ(r) is the wave number given by

κ(r) =

[
2µ

~2
(V (r)−Q)

]1/2
. (1.5)

The assault frequency ν is related with the inverse of the time required to
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traverse the distance back and forth between the turning points r1 and r2

ν =
v

2R0

(1.6)

where R0 is the nuclear radius and the velocity v can be expressed in terms of

the Q-value as v =
√

2Q/µ. In subsequent sections, we will see that ν can be

written as

ν =
~
2µ

[∫ r2

r1

dr

κ(r)

]−1
(1.7)

where the factor inside the square brackets arises from the normalization of

the bound state wave function between r1 to r2.

The total potential between the daughter and α-particle, within the JWKB

approximation, has the general form

V (r) = λVn(r) + Vc(r) +
~2(l + 1/2)2

µr2
(1.8)

where Vn(r) and Vc(r) are the nuclear and Coulomb interactions, respectively.

The constant λ is determined by imposing the a quantization condition. The

last term of the equation (1.8) is the Langer modified centrifugal term [9].

Since the JWKB framework is valid for one-dimensional problems, the ap-

proximation l(l + 1)→ (l + 1/2)2 is important to ensure the correct behavior

of the JWKB radial wave functions near the origin as well as the validity of the

connections formulas used in [10]. As mentioned earlier, another requirement

for the correct use of the JWKB approach is the Bohr-Sommerfeld condition,

which reads

∫ r2

r1

κ(r)dr = (n+ 1/2)π (1.9)

n = (G − l)/2 is the number of nodes of the quasibound wave function of

α-particle relative motion; r1, r2 and r3 which correspond to the solution of

the equation V (r) = Q, are the classical turning points. The value of G is a

parameter fitted to data which will be discussed in more detail later.
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The α-decay half-life t1/2 is related with the width by

t1/2 =
~ ln 2

Γ
(1.10)

In Gamow’s approach, the decaying parent nucleus was simply considered to

be a cluster of an α-particle and the daughter nucleus. Nowadays, a “pre-

formation” factor is included to take into account the probability that the

α-particle is pre-formed inside the parent nucleus; we will address this in the

following chapters. In spite of the pre-formed cluster concept, the Gamow’s

model reproduced the decay half-lives trend very well. This tendency is also

known as the Geiger-Nuttall law [7]. It states that there is a linear relation

between the logarithm of the α-decay half-lives and the reciprocal of the square

root of decay energies

log10 t1/2 = a
Z
√
µ

√
Q

+ bZ (1.11)

where a and b are constants, Z is the atomic number of the daughter nucleus

and µ is the reduced mass of the α-daughter system. The most striking feature

of the relation (1.11) is the degree of sensitivity it has : A change of a factor

of two in the Q-value give rise to a change of 20 orders of magnitude in the

half-life. Although the law works best for even-even nuclei with N ≥ 128,

it is still widely used to systematize the data of α-decay and to predict the

half-lives of unknown nuclei.

1.2 JWKB approaches

There are several models which use the JWKB approximation. This first

chapter explores the differences between improved formulas for tunneling at

the top and the bottom of the barrier as well as the two-potential approach and

the fission model. It will be shown that the decay width obtained by different

models converges to a simple formula when the JWKB approximation is used.
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1.2.1 Two-potential approach

The two-potential model by Gurvitz and Kalbermann [11] presents a simple

algebraic expression for the decay width and the energy shift of a metastable

state in a potential barrier of any shape (figure (1.2) a).

Figure 1.2: (a) Total potential V (r), (b) Potential U(r). (c) Potential W (r) and (d)
potential W̃(r) . r1, r2 and r3 are the classical turning points.[11]

The quasistationary state has an energy given by E < V (r) = V0, that of the

bound state generated by U(r) of figure 1.2 b . U(r) = V (r) for r ≤ R and

U(r) = V (r) = V0 for r > R, then the total potential V (r) is split in two parts

V (r) = U(r) +W (r) (1.12)

where W (r) = 0 for r ≤ R and W (r) = V (r) − V0 for r > R. All the consid-

erations are set for a two-potential formalism.

First, an unperturbed bound wave function Φ0(r) which is an eigenstate of the
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hamiltonian,

H0 =
~2

2µ
∇2 + U(r) (1.13)

is considered. W (r) is a perturbation. If W (r) is turned on at t = 0, Φ0(r) is

no longer an eigenstate of H = H0 + W (r). In this case, the wave function is

a expansion in terms of Φ0(r) and continuum wave functions Φk(r). The new

wave function is

Φ0(r, t) = b0(t)e
−iE0tΦ0(r) +

∫
d3k

(2π)3
bk(t)e

−iEktΦk(r) (1.14)

By introducing the last expression into the Schrödinger equation, one obtains

i
db0(t)

dt
= b0(t)〈Φ0|W |Φ0〉+

∫
d3k

(2π)3
bk(t)e

−it(E0−Ek)〈Φ0|W |Φk〉 (1.15)

i
dbk(t)

dt
= b0(t)e

−it(E0−Ek)〈Φ0|W |Φ0〉+

∫
d3k′

(2π)3
bk′(t)e

−it(Ek−Ek′ )〈Φk|W |Φk′〉

(1.16)

A problem related with equation (1.16) arises since W (r)→ −V0 when r →∞
(figure 1.2 c). Due to this, some singular pieces are generated in the matrix of

elements describing the continuum-to-continuum transition [11]. In order to

solve this, the authors introduce the potential W̃(r) = W (r)+V0 that vanishes

for r →∞, recovering the original potential V (r) (figure 1.2 d). We can now

make the substitution

〈Φk|W |Φk′〉 = 〈Φk|W̃ |Φk′〉 − (2π)3V0δ(k− k′) (1.17)

The decay width can be found using the Fermi Golden Rule

Γ = 2π

∫
|〈Φ0|W |Φk〉|2ρ(Ek)δ(E0 + V0 − Ek)dEk (1.18)

where ρ(Ek) is the density of final states and Ek = V0 + k2/2µ (V0 is the

value of the potential at the top of the barrier 1.2 a). Equation (1.18) can

be simplified for the two-potential problem (for more details see [11]). In this
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case the decay width is written as

Γ =
4α2

µk
|ψ0(r)χ(r)|2 (1.19)

where χ(r) and ψ0(r) are the outgoing wave function and the bound state wave

function, respectively. In the quasiclassical limit, the wave functions (χ(r) and

ψ0(r)) are given by

ψ0(r) =

√
N

2
√
α
Exp

[
−
∫ r

r2

κ(r)dr

]
(1.20)

χ(r) =

√
k

2
√
α
Exp

[
−
∫ r3

r

κ(r)dr

]
(1.21)

The value of κ(r) is given by equation (1.5), α = [2µ(V0−E0)]
1/2 and N is the

quasiclassical bound state normalization factor:

N

∫ r2

r1

1

κ(r)
cos2

(∫ r

r1

κ(r′)dr′ − π

4

)
dr = 1 (1.22)

The squared cosine term may be replace be 1/2 without loss of accuracy. Sub-

stituting equations (1.20) and (1.21) into equation (1.19), the authors obtain

ΓTPA =
N

4µ
Exp

[
−2

∫ r3

r2

κ(r)dr

]
(1.23)

We can see the the normalization factor can be related with the quasiclassical

assault frequency of motion as N = 4µν and then we obtain the Gamow

formula [equation (1.4)] for the decay width:

ΓTPA = ~ν(E)TPAExp
−2W =

~2

2µ

[∫ r2

r1

dr

κ(r)

]−1
Exp

[
−2

∫ r3

r2

κ(r)dr

]
(1.24)

where W =
∫ r3
r2
κ(r)dr. The equation (1.19) is a general results that can be

used for high-energy and low-energy states.
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1.2.2 JWKB width at the bottom of the barrier

Another model for metastable states in the JWKB framework was developed

by Shepard [12]. This is considered to be an improved JWKB approximation

for the decay width, based on two turning points connection formulas of any

metastable state in a one-dimensional potential [14]. The decay width can be

defined in several ways. Starting with the Schrödinger equation the continuity

equation for the probability current is

−2

~
Im[Eρ(x)] =

d

dx
j(x) (1.25)

where

ρ(x) = ψ∗(x)ψ(x) (1.26)

j(x) =
~

2mi

[
ψ∗(x)

dψ

dx
− ψ(x)

dψ∗

dx

]
(1.27)

By integrating equation (1.25) between x1 and x2 and taking into account

that −ImE = Γ(E)/2, we find

Γ(E) = ~[j(x2)− j(x1)]/

∫ x2

x1

ρ(x)dx (1.28)

The last equation is the exact expression for the decay width of any potential.

For instance, we can use a double-hump potential like that in figure 1.3 to

derive Γ in the JWKB approximation

Assuming that we are far from the bottom, we can find the wave functions in

regions I, II and III using the standard single-turning-point connection formula

[13]

ψ(I) = 2A~κ(x)−1/2eW2 cos[u(a)− π/4] (1.29)

ψ(II) = A~κ(x)−1/2eν(b) = A~κ(x)−1/2eW2−ν(a) (1.30)

ψ(III) = A~κ(x)−1/2eiu(b)+iπ/4 (1.31)

where
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Figure 1.3: Double-hump potential in one dimension [12].

u(c) =
∫ c
x
κ(x′)dx′ (1.32)

ν(c) =
∫ c
x
|κ(x′)|dx′ (1.33)

W (a, b) = W =
∫ b
a
κ(x′)dx′ (1.34)

Moreover, if we assume a single bound state deep enough in the potential well,

then the tunneling probability is small and ρ(x) is negligible outside the well.

Equation (1.28) becomes

Γ = 2~j(x2)/

∫ a

a′
ρ(x)dx (1.35)

and

∫ a

a′
ρ(x)dx =

∫ a

a′
|ψ(I)|2)dx (1.36)

= 4|A|2e2W (1/2)

∫ a

a′
dx/~κ(x) (1.37)

= |A|2e2Wµ−1T (E) (1.38)
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where we have used equation (1.7) and T (E) = [ν(E)]−1 is given by

T =
2µ

~

[∫ r2

r1

dr

κ(r)

]
(1.39)

The probability current is now

j(III) =
~κ(x)

µ
|Aκ(x)−1/2|2 (1.40)

and hence, the decay width can be written as

Γ(E)DH = 2~ν(E)DHe
−2W (1.41)

where we recognize the factor exp[−2W ] as the tunneling probability. We can

see that equation (1.41) is similar to the equation (1.24) except for the fac-

tor 2 which comes due to the double-hump potential. In fact, if we replace

νdh = ν/2, equation (1.41) reduces exactly to equation (1.24).

The result obtained in equation (1.41) is valid when the potential does not

change rapidly and when the turning points are well separated. Both condi-

tions are not true for energies close to the top or the bottom of the barrier. To

derive improved JWKB formulas, a two-turning-point uniform approximation

(by Miller and Good[14]) is often used by solving the differential equation

d2φ(σ)

dσ2
+ (t± σ2)φ(σ) = 0 (1.42)

with appropriate choices of the parameter t. With the solutions of equation

(1.42), the wave functions used in the two-turning-point approximation are

ψ(x) =

[
dσ(x)

dx

]−1/2
φ(σ(x)) (1.43)

For the case of low-lying states in the potential well, the equation to solve

becomes

d2φ(σ)

dσ2
+ (t− σ2)φ(σ) = 0 (1.44)
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with the parameter t given such that

1

2
πt =

∫ a

a′
κ(x)dx = W =

∫ √t
−
√
t

(t− σ2)1/2dσ (1.45)

The solutions of equation (1.44) are the parabolic cylinder functions [15]

φ(σ) = D(t−1)/2(±
√

2σ) (1.46)

After some calculation (see [12]), the decay width for energies near the bottom

of the barrier is found to be

Γ(En)botDH = 2~ν(E)ln[1 + α−1e−2W ] ' α−1Γdh(En) (1.47)

where α−1 = (1/n!)(2π)1/n[(n + 1/2)/e]n+1/2. The values of α can be easily

evaluated for any n with α−1 → 1 for large n, recovering equation (1.41).

1.2.3 JWKB width at the top of the barrier

Near the top of the barrier the comparison equation to be solved is

d2φ(σ)

dσ2
+ (t+ σ2)φ(σ) = 0 (1.48)

With the parameter t chosen as

−1

2
πt =

∫ a

a′
κ(x)dx = W =

∫ √t
−
√
t

(t+ σ2)1/2dσ (1.49)

The independent solutions of equation (1.48) are the parabolic cylinder func-

tions of the form

φ(σ) = D(±it−1)/2(
√

2σe∓iπ/4) (1.50)

By following a similar procedure to find the decay width close to the bottom

of the barrier, the width for energy states near to the top of the barrier is

Γ(En)topDH = 2~
[
T (En)− 2~

(
dφ

dE

)
En

]−1
ln[1 + e−2W ] (1.51)

where En is the energy for a given number state n and T (En) is the period
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defined in equation (1.39). For the double-hump potential, the funcion φ(W )

can be written as

φ(W ) = argΓ

(
1

2
− iW/π

)
+
W

π

[
ln

(
W

π

)
− 1

]
(1.52)

The result of equation (1.51) is similar (except for a difference of sign in the

denominator) to that given in [16] at the top of the barrier

Γ(E)topfro = 2~
[
T (E)fro − 2~

(
dφfro
dE

)]−1
ln[(1 + e−2W )1/4 − (1 + e−2W )−1/4]

(1.53)

The function φfro(W ) is related to φ(W ) as φ(W ) = −2φfro(W ), the periods as

Tdh = 2Tfro and since the numerators of equations (1.51) and (1.53) for energies

close to the top of the barrier are almost equal, i.e, 2~ ln[(1 + e−2W )1/4 − (1 +

e−2W )−1/4] ' ~ ln[1 + e−2W ], the decay widths in both models agree except for

a sign in the numerator. It is important to note that there exists a choice for

the sign appearing in front of dφfro/dE and the the author in [16] chose the

negative sign in the denominator without any particular justification. If the

positive sign is chosen, equation (1.51) and (1.53) agree completely; moreover,

this would improve the JWKB width estimate to energies close to the top of

the barrier.

1.3 Asymmetric fission model

The similarity between fission and alpha decay was recognized in the early

stages of fission theory [17]. The authors in [18] used this similarity to describe

alpha decay as a very assymetric fission process. The method of calculating

α-decay half-lives based on the Super asymmetric fision model (SAFM) for

spherical and superheavy isotopes is presented in this section [18]. The decay

width of a metastable state in this approach is given by

ΓSAFM = νP =
Eν
π

(1 + e2K)−1 (1.54)

where, within the JWKB approximation, the action integral K in equation
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(1.54) is

K =

∫ r3

r2

κ′(r)dr =

∫ r3

r2

[
2µ

~2
(V (r)− (Q+ Eν)

]1/2
dr (1.55)

r2 and r3 are the second and third turning points, determined from the equa-

tion V (r2) = Q + Eν = V (r3) and, κ′(r) = ([2µ/~2[V (r)− (Q + Eν)])
1/2 . In

the last equation, Eν is the zero point vibrational energy Eν = ~ω/2 = hν/2

where ν stands for the assault frequency. The results of the calculations using

M3Y and DDM3Y models can be found in [20]. By replacing the expression

for the assault frequency (1.7), we can obtain a theoretical expression for Eν

[19]

Eν =
π~2

2µ

[∫ r2

r1

dr√
(2µ/~2)(V (r)− (Q+ Eν))

]−1
(1.56)

If the action integral K is large enough, we can make the approximation (1 +

e2K)−1 ' e−2K and hence, the decay width becomes

ΓSAFM =
~2

2µ

[∫ r2

r1

dr

κ′(r)

]−1
Exp

[
−2

∫ r3

r2

κ′(r)dr

]
(1.57)

We can compare the results given in every approach assuming energy states

away from the extremes of the barrier (taking into account large values of W

and negligible dφfro/dE). For all cases we find

ΓTPA = ΓDH = Γfro (1.58)

The decay width for SAFM agrees exactly in form with the above expression

except for the energy dependence in the κ′(r) factor.

Up to this point, we have discussed the semiclassical approaches generally

used to treat the tunneling problem within the Gamow’s theory but nothing

has been said about the form of the total potential V (r). In the next chapter,

the nature of the total potential is treated utilizing several models.
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Chapter 2

Potentials

In this chapter we present both phenomenological and mathematical descrip-

tions of some α-decay nucleus that have been widely used over the years. We

will pay special attention to the Double-Folding Model (DFM) for the po-

tentials in the framework of the Density-Dependent Cluster model (DDCM)

[21, 22, 23].

The motion of the α-cluster is denoted by the value of the global quantum

number G = 2n+L, where n is the number of nodes of the radial motion and

L is the angular momentum [24]. As in quantum mechanics, the motion of the

system is quantized. Although we can describe the motion in term of classical

mechanics theory, not all motions are allowed, only those which follow the next

quantization condition [25]:

∮
H(pi,qi)=E

pidqi = nh (2.1)

where n is a quantum number, pi are the momenta of the system and qi are

the corresponding conjugated coordinates. The closed integral is taken over

a one period of qi (as described by the hamiltonian H). This is precisely the

Bohr-Sommerfeld quantization condition mentioned in the first chapter (1.9).

This condition is used to describe the motion of the α-particle in a given po-

tential.

As mentioned earlier, in the cluster model using the JWKB approximation,
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the α-daughter potential is written as

V (r) = Vn(r) + Vc(r) +
~2(l + 1/2)2

µr2
(2.2)

where µ is the reduced mass of the α-daughter system, l is the angular momen-

tum of the α-particle and r is the separation between the center of mass of the

α-particle and the center of mass of the daughter core. The nuclear potential

Vn(r) can be expressed in various forms, square well [21], cosh-form [24] and

modified Woods-Saxon form [26]. For instance, the modified Woods-Saxon

potential of depth V0, diffuseness a and radius Rn is given by [27]

Vn(r) = −V0
(

β

1 + e(r−Rn)/a
+

1− β
[1 + e(r−Rn)/3a]3

)
(2.3)

The value of β is necessary to specify the geometry of the potential. In many

researches the Coulomb potential Vc(r) is taken to be that of an α-particle

interacting with a uniformly charged spherical core:

Vc(r) =
ZαZde

2

r
for (r ≥ Rn) (2.4)

=
ZαZde

2

2Rn

[
3−

(
r

Rn

)2
]

for (r ≤ Rn) (2.5)

where Zα and Zd are the charges of the α-particle and the daughter nucleus,

respectively. The last term of equation (2.2) is the Langer modified centrifugal

potential [9].

The values of the global quantum numbers are obtained from fits to the α-

nucleus scattering data and are typically chosen to be [28]

G = 22 for N > 126 (2.6)

G = 20 for 82 < N ≤ 126 (2.7)

G = 18 for N ≤ 82 (2.8)

In this thesis we will use a cluster model where the effective potential between

the α-cluster and the daughter nucleus is obtained from the double folding

integral of the renormalized M3Y potential with the density distribution of
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the α-particle and daughter nucleus (see section 2.1). In a similar way, we also

replace the the point-sphere Coulomb potential by the double-folded Coulomb

potential which is more realistic and consistent with the nuclear potential.

The existence of α-decay in heavy nuclei suggest a non-zero probability for

finding α-particles pre-formed in the nucleus. In order to estimate the pre-

formation probability of an α-cluster inside a nucleus, a new parameter called

“Preformation factor” Pa is included in the decay width, namely,

Γ = PaνP (2.9)

This factor, in principle, can be expressed as an overlap between the wave

functions of the parent nucleus and the decaying-state wave function describ-

ing the α-particle coupled to the residual daughter nucleus. However, such

a microscopic undertaking is still considered a difficult task and the general

way to determine Pa is simply as the ratio of the theoretical half-life over the

experimental half-life

Pa =
ttheo1/2

texp1/2

(2.10)

To calculate the decay width, we will use the semiclassical approximation given

by the two-potential approach (1.19), discussed in chapter 1,

Γ = Pa
~2

2µ

[∫ r2

r1

dr

κ(r)

]−1
Exp

[
−2

∫ r3

r2

κ(r)dr

]
(2.11)

2.1 Double-Folding model

The Double-Folding formalism was developed by Satchler and Love [22] to

calculate the real part of the optical potential for heavy-ion scattering using

a realistic nucleon-nucleon interaction based on a G-matrix constructed from

the Reid potential. The double-foldeding model expresses the potential in

terms of an effective nucleon-nucleon (NN) interaction between the nucleons

of the interacting nuclei integrated over both their densities [23]. The model

reproduces the experimental half-lives within a factor of 3 for many nuclei.
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The effective interaction, called the renormalized M3Y potential, was derived

by Bertsch et al [29], however, the parameterized form of the M3Y interaction

from Satchler and Love [22] is used to calculate α-decay half-lives in this thesis.

The double-folded real potential can be written as [22, 23]

Vn(r) = λ

∫
dr1

∫
dr2ρα(r1)ρd(r2)g(s = r + r2 − r1, E) (2.12)

where λ is a factor which is adjusted in order to satisfy the Bohr-Sommerlfeld

condition (Eq. (1.9)). ρα(r1) and ρd(r2) are the density distributions of the

α-particle and the daughter nucleus, respectively. |s| is the distance between

a nucleon in the alpha particle and a nucleon in the daughter core (see figure

2.1.

Figure 2.1: Coordinates used in the double-folding model [22].

The nucleon-nucleon interaction g(|s|, E) is given by

g(|s|, E) = 7999
e−4|s|

4|s|
− 2134

e−2.5|s|

2.5|s|
+ J00δ(s) (2.13)

where, J00 has been called the “knock-on exchange term”, this term was found

to be the most important contribution to the interaction potential and is re-

lated with the single-nucleon exchange (SNE). The energy independence of the

M3Y interaction is negligible for heavy ions [22].
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The SNE term that is that in which the two interacting nucleons are inter-

changed. This is necessary to guarantee the anti-symmetrization of identical

particles in the α-cluster and in the daughter nucleus. The expression for the

knock-on exchange term used for all calculations is [22, 23]

J00 = −276(1− 0.005Eα/Aα) (2.14)

This interaction has been widely successfully used to analyze heavy ion elastic

scattering. It is important to note that the nucleon-nucleon potential (2.13) is

density independent. The double folding potential can be further improvised

by taking into account the density dependence of the NN interaction g(|s|, E).

For example, in [30], the author obtained a density dependent NN interaction

given by

g̃(|s|, ρα, ρd, E) = Cg(|s|, E)(1− βρ2/3α )(1− βρ2/3d ) (2.15)

where the parameters C and β are energy independent. The analyzed data

for α-particle energies, ranging from 100 MeV to 172 MeV , found values of

C = 1.3 and β = 1.01fm2. For the case of super heavy nuclei the available

data is insufficient and the parameters values are C = 1 and β = 1.6fm2

[19]. Although the potential is improved with the density dependence of the

NN interaction, half-lives are not well reproduced as shown in [19]. Hence, we

use the density independent approach developed by Satchler and Love [22, 23].

The density distribution of the α-particle is a standard Gaussian form from

electron scattering [22, 23]

ρα(r1) = 0.4299exp(−0.7024r1) (2.16)

The density distribution of the daughter nucleus is a standard Fermi-form [31]

ρd(r2) =
ρ0

1 + exp
(
r2−c
a

) (2.17)

The constants c = 1.07A
1/3
d fm and a = 0.54fm [32]. The value of ρ0 is fixed

by normalizing the density distribution to the mass number of the daughter
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core (Ad).

Now denoting by ρcα(r1) and ρcd(r2) the charge densities of the α-particle and

the daughter nucleus, the double-folded Coulomb potential is

Vc(r) =

∫
dr1

∫
dr2ρ

c
α(r1)ρcd(r2)

e2

|s|
(2.18)

where the fundamental Coulomb interaction is vc(|s|) = e2/|s|. The six-

dimensional integrals of the potential can be evaluated by expressing the po-

tentials as an integral over the Fourier transform of the densities and the

interactions. If we denote the Fourier transform of a function f(r) by

f̃(k) =

∫
exp(ik · r)f(r)dr (2.19)

then the interaction potential in (2.13) becomes

g(|s|) =
1

(2π)3

∫
g̃(k) exp(−ik · s)dk (2.20)

therefore, the total nuclear potential (2.12) can be written as [22]

Vn(r) =
1

(2π)3

∫
g̃(k)ρ̃α(k)ρ̃d(−k) exp(−ik · r)dk (2.21)

The Fourier transform of the strong potential is then

Ṽn(k) =

∫
Vn(r) exp(ik · r)dr = g̃(k)ρ̃α(k)ρ̃d(−k) (2.22)

The Fourier transform of the densities can be written as

ρi(k) = 4π

∫ ∞
0

ρi(r) sin(kr)dr

k
(2.23)

where i = α, d. The plot of the mass densities for alpha and daughter nuclei

are shown in figure 2.2

The Fourier transform of the interactions can be calculated by using the inte-

gral

ṽj(k) = 4π

∫ ∞
0

vj(r) sin(kr)dr

k
(2.24)
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Figure 2.2: Daughter and alpha densities used in the Double-folded model.

where j = n, c (nuclear and Coulomb). The Fourier transform of the funda-

mental Coulomb interaction is expressed as

ṽc(k) =
4π~c ∗ e2

k2
(2.25)

whereas the Fourier transform of the nucleon-nucleon interaction is

g̃(k) = −274− 1716.26

1 + 0.16k2
+

25129.6

16 + k2
(2.26)

Finally the Fourier transform of the potentials is written as

Ṽj(r) =
1

2π2

∫
k sin(kr)ṽj(k)ρ̃α(k)ρ̃d(k)dk

r
(2.27)

where j = n, c (nuclear and Coulomb). The calculations of the potential can

not be done analytically. By using a mathematical program (as Mathematica)

the total potential (2.2) is displayed for the reaction 210Po →206 Pb + α in

figure 2.3

The nuclear and Coulomb potentials were obtained within the double-folding

framework by utilizing first principles related with the α-daughter interaction

[22]. By using a few set of parameter, the double-folding model has been

very successful in reproducing α-decay half lives over a wide range of nuclei

[19, 33, 34]. The model is also expected to predict the half-lives of unknown

nuclei by combining it with distinct nuclear models or experimental structure

models [35].
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Figure 2.3: Total potential for the decay 210Po→206 Pb+α. The red line represents
the Q-value, in this case Qv = 5.407MeV

2.2 Proximity potential

There exist several models to calculate the α-decay half-lives of a wide range of

heavy and superheavy nuclei. Some models offer different perspectives when

additional effects are taken into account, for instance, effects of high tem-

peratures. The temperature dependence of the alpha-daughter potential the

corresponding half-lives have been studied using distinct version of what is

know as Proximity potential [36, 37].

The proximity formalism is based on the intrinsic properties of the nuclei, such

as surface energy, thickness and geometry [38]. Since the proximity model can

be considered a geometrical model, it is not fully compatible with the Double-

folded formalism. The total Coulomb potential is usually taken to be that of

equations (2.4) and (2.5) where r is the distance between the cluster centers and

Rn is the touching radial separation between the α-particle and the daughter

core.

The nuclear potential is given by

Vn(r) = 4πγb

(
C1C2

C1 + C2

)
Φ(ξ) (2.28)
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This potential is related to the shape of the participant nuclei and the universal

functions Φ(ξ) given as in [37]

Φ(ξ) =

−
1
2
(ξ − 2.54)2 − 0.0852(ξ − 2.54)3, ξ ≤ 1.2511

−3.437 exp(−ξ/0.75), ξ > 1.2511
(2.29)

The nuclear surface tension coefficient is given as,

γ = γ0

[
1− ks

(
N − Z
A

)2
]

(2.30)

where A, Z, and N represent mass, proton and neutron numbers of the parent

nucleus, respectively. The values of the surface energy constant γ0 and the sur-

face asymmetry constant ks are different in different versions of the proximity

potential [39, 40]. The parameter ξ = s/b is the overlap distance in units of

b, where b is known as the width of the nuclear surface. It is approximately

equal to 1fm in almost every proximity model. The distance s = r−C1−C2

and C1, C2 are the Susmann central radii of the fragment defined as:

Ci = Ri −
(
b2

Ri

)
(2.31)

In general, the radii Ri (for the daughter and alpha nuclei) can be expressed

in terms of the mass numbers as in [41]

Ri = 1.28A
1/3
i − 0.76 + 0.8A

−1/3
i (2.32)

The proximity potentials are found to give a reasonable agreement with mea-

sured half-lives of nuclei decaying by α-decay as well cluster radioactivity.

However, an important drawback of this potential is that it does not have the

right behavior near the origin, as it can be seen in figure 2.4.

The behavior of the nuclear potential near the origin is indeed not crucial in

the calculations of the half-lives. However, if one is interested in studying

effects such as nonlocality (to be discussed later) of nuclear potentials, this

behavior becomes important.

30



Proximity potential

D-F potential

2 4 6 8 10 12
r (fm)

-300

-250

-200

-150

-100

-50

0

50

Vn(MeV )

Figure 2.4: Nuclear potential (V n) for the decay 210Po →206 Pb + α using the
proximity model and the double-folding model. As can be observed, the behavior
near the origin is very different for both models. No temperature effects are taken
into account.

2.2.1 Temperature-dependent proximity potential

As it was mentioned before in this section, the proximity potential can be used

to analyze thermal effects in α-decay. The temperature-modified parameters

γ(θ), b(θ) and R(θ) were derived in several papers [42, 43] and have been widely

used:

γ(θ) = γ(θ = 0)

[
1− θ − θB

θB

]3/2
(2.33)

b(T ) = b(θ = 0)[1 + 0.009θ2] (2.34)

Ri = Ri(θ = 0)[1 + 0.0005θ2] (2.35)

The temperature θ is known as nuclear temperature (given in MeV). In the next

chapter, we introduced the concept of ambient temperature T and explain in

detail its difference with respect to the nuclear temperature θ. In the proximity

formalism context, the nuclear temperature θ can be calculated by using the

expression,

E∗ = Ekin +Qin =
Apθ

2

9
− θ (2.36)
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where E∗ is the excitation energy of the parent nucleus with mass number

Ap. The number Ekin = (Ad/Ap)Q is the kinetic energy of the emitted cluster

and Qin denotes the entrance channel Q-value. θB represents the temperature

associated with the energies close to the Coulomb barrier,

EB =
Z1Z2e

2

R1 +R2

(2.37)

Here, Ri can be calculated using equation (2.32). The values of γ(θ = 0) and

Ri(θ = 0) are given by using equations (2.30) and (2.32), respectively.

In order to calculate the calculate the α-decay half-life, we can apply the JWKB

approximation to the total interaction potential. The penetration probability

is given by the expression

P = exp

[
−2

~

∫ Rout

Rin

√
2µ(V (r)−Q)

]
(2.38)

where Rin and Rout are the classical turning points of the barrier. They also

are determined by solving the equation V (r) = Q. A plot of the total potential

in the proximity model is displayed in figure 2.5; it can be noted that the depth

of the potential well is lesser in comparison with figure 2.3.
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Figure 2.5: Total potential for the decay 210Po →206 Pb + α using a proximity
potential for the nuclear part. The red line represents the Q-value, in this case
Qv = 5.407MeV . No temperature effects are taken into account.
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The half-life is calculated by [11]

t1/2 =
h ln 2

2EνP
(2.39)

where Eν is the zero point vibration energy define as [18]

Eν = Q

[
0.056 + 0.039 exp

(
4− Aα

2.5

)]
(2.40)

In some other works, a transfer matrix model is used instead of the traditional

JWKB approximation to calculate the penetration probability P (refer to [37]),

however, in all this research the half-lives are calculated utilizing the JKWB

approach.

2.3 Non-local effects on nuclear potentials

In a seminal paper on the nuclear many body problem [44], Bethe proposed

a single particle models of the nucleus in which a nucleus moves in a self-

consistent potential of the nucleus. The single particle wave equation describ-

ing the motion of the nucleons in nuclei, as derived from the nuclear many

body problem is of a non-local form in coordinate space. Frahn and Lemmer

[45] showed that in the effective mass approximation, this equation reduces to

a velocity dependent Schrödinger equation which contains a spatially variable

effective nucleon mass.

Several works followed over the years [46, 47]. In what follows, we shall discuss

some of the more recent works.

Non-local interactions are a quantum phenomenon. This phenomenon arises

because of the very nature of the nucleons [48]. When calculating the inter-

action potentials between nuclei, a non-locality effect appears. This kind of

non-locality has been discussed in the context of the nucleon-nucleus scatter-

ing [49]. To understand the meaning of non-locality, let us assume that the

effective, one-body interaction that determines the elastic scattering between
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two nuclei can be expressed as

V (r, r′) = Vbare(r, r
′) +

∑
i

Vi(r)G
(+)
i (r, r′;E)Vi(r

′). (2.41)

The sources of nonlocalities in literature are globally classified into two types:

the Feshbach and the Pauli nonlocality [50]. The first term of equation (2.41)

represents the ground state expectation value of the interaction operator. Here,

the nonlocality is due to the Pauli exclusion principle, and that is why this

kind of nonlocality is called Pauli non-locality. The second term contains the

contribution that comes from virtual transitions to intermediate states i. One

source of non-locality is the coupling of the elastic channel to other degrees of

freedom. The potential in the elastic channel is modified by the contribution

from excitation out of the elastic channel at a point r, propagation in an

intermediate state, and after that the de-excitation back to the elastic channel

at a point r′. This can be seen by the Green’s functions G
(+)
i (r, r′;E) which

contains an energy dependence. This kind of nonlocality is known as Feshbach

nonlocality [51]. Such a coupling gives rise to a coupled channels Schrödinger

equation which can in principle be quite difficult to handle. In order to improve

this, we have to find a local equivalent potential V (r, E) given by

∫
V (r, r′)Ψ(r′)dr′ = V (r, E)Ψ(r) (2.42)

where Ψ(r) is the wave function that describes the nucleus-nucleus system.

The general form of the Schrödinger equation in the presence of nonlocality

can be written as,

− ~2

2µ
∇2Ψ(r) + [VL(r)− E]Ψ(r) = −

∫
dr′ VNL(r, r′)Ψ(r′) , (2.43)

where VL can be some isolated local potential and VNL the nonlocal one.

The Pauli nonlocality is attributed to the exchange effects which require an-

tisymmetrization of the wave function between the projectile and the target.

This kind of nonlocality is usually described in literature [51, 52, 47] in terms
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of a factorized form of the potential,

VNL(r, r′) = UN

(
1

2
|r + r′|

) exp

[
−
(

r−r′
β

)2]
π3/2β3

, (2.44)

involving a nonlocality range parameter β, which, in the limit β → 0 brings

us back to the local potential.

In what follows, we shall consider three different approaches to construct the

effective potential (UL) in literature which are based on this kind of description

and eventually study the manifestation of the nonlocality in the alpha decay of

some heavy nuclei within these models. To achieve this point, we will use three

different approaches: The Perey and Buck formalism, the São Paulo potential

and the Mumbai approach.

2.3.1 Perey and Buck formalism

An energy independent nonlocal potential, UN , for the elastic scattering of

neutrons from nuclei was suggested in Ref. [47] in order to study how far the

energy dependence of the phenomenological local potentials which had been

used earlier could be accounted for by the nonlocality. The point of view taken

was that though part of the energy dependence of the potentials was intrinsic,

part of it came from nonlocality. To facilitate the numerical calculation (which

involved solving the wave equation in its integro-differential form to reproduce

the experimental data on neutron scattering up to 24 MeV), it was assumed

that VNL(r, r′) can be factorized as in Eq. (2.44). Apart from performing nu-

merical calculations and fitting parameters to scattering data which were very

well reproduced, the authors provided a method to evaluate the local equiva-

lent (L) potentials.

Let us review the method and the approximations used in order to later exam-

ine the differences in the effective potentials of Refs. [51], [52] and [47]. Using

the factorized form of Eq. (2.44) the nonlocal Schrödinger equation is given
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as, [
~2

2µ
∇2 + E

]
ΨN(r) (2.45)

=

∫
UN

(
1

2
|r + r′|

) exp

[
−
(

r−r′
β

)2]
π3/2β3

ΨN(r′) dr′ .

With a change of variables, r′ − r = βs, and using the operator form of the

Taylor expansion, the integral on the right hand side of Eq. (2.45) can be

written as,

I =

{∫
exp

[
βs ·

(
1

2
∇1 +∇2

)]
exp [−s2]
π3/2

ds

}
×UN(r) ΨN(r) , (2.46)

where ∇1 operates only on UN(r) and ∇2 on ΨN(r). Treating the expression

[(1/2) ∇1 + ∇2] as an algebraic quantity, the authors evaluated the integral

and further neglecting the effect of the operator ∇1 (i.e., assuming the poten-

tial UN(r) to be approximately constant), the authors obtained the following

equation:[
~2

2µ
∇2 + E

]
ΨN(r) = UN exp [(1/4)β2∇2]ΨN(r) (2.47)

= UN [ΨN(r) + (1/4)β2∇2ΨN(r) + · · · ] .

Considering now the local equation[
~2

2µ
∇2 + E

]
ΨL(r) = UPB

L ΨL(r) (2.48)

and further assuming, ΨN(r) ≈ ΨL(r), the authors obtained

∇2ΨN(r) = −2µ

~2
(E − UPB

L ) ΨN(r) (2.49)

which, when substituted in Eq. (2.47) (and truncating the series in Eq. (2.47)
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up to the second term), gives[
~2

2µ
∇2 + E

]
ΨN(r) = UNΨN(r)

[
1− 1

4
β22µ

~2
(E − UPB

L )

]
' UN exp

(
−µβ

2

2~2
(E − UPB

L )

)
ΨN(r) . (2.50)

Comparing the right hand sides of Eqs (2.48) and (2.50) (with the assumption

ΨN(r) ≈ ΨL(r)), the authors finally obtained

UPB
L (r) exp

[
µβ2

2~2
(E − UPB

L (r))

]
= UN(r) . (2.51)

The above equation was in principle derived with the assumption that the

potential inside the nucleus is constant and the r dependent form above was

justified a posteriori from the results obtained in the paper [47].

Perey and Buck [47] also used a similar formalism to get a non-local radial

wave equation. By expanding in partial waves both Ψ(r) and V (r, r′):

Ψ(r) =
∑ ul(r)

r
Y m
l (θ, φ) (2.52)

V (r, r′) =
∑ χ(r, r′)

rr′
Y m
l (θ, φ)(Y m

l (θ
′
, φ
′
))∗ (2.53)

and using the Schrödinger equation, we get:

~2

2µ

(
d2ul(r)

dr2
− l(l + 1)ul(r)

r2

)
+ (E − VC(r))ul(r) =

∫ ∞
0

χ(r, r′)ul(r
′)dr′

(2.54)

where :

χ(r, r′) = 2πrr′
∫ 1

−1
V (r, r′)Pl(cos θ)d cos θ (2.55)

where θ is the angle between r and r′. This integral can be solved by expanding

ul(r) and using the asymptotic expression for the spherical Bessel functions.

Finally, the transcendental equation (Eq. (2.51)) is solved to obtain UPB
L (r).

Taking initially the potentials UN and UPB
L to be constant in order to derive

the transcendental equation, UPB
L exp [µβ

2

2~2 (E − UPB
L )] = UN , and then intro-

ducing the r dependence to get (2.51) introduces an inconsistency at small r

which will be discussed in subsection 2.3.4.
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2.3.2 São Paulo potential

Similar to the treatment used in the Perey and Buck formalism

V (r, r′) = VNL

(
1

2
|r + r′|

)
1

π3/2b3
Exp(|r− r′|/2)2 (2.56)

where b is the range of nonlocality. This range of nonlocality can be found

through

b ≈ b0m0/µ (2.57)

deduced by Jackson and Johnson [55], where b0 is the nucleon-nucleus nonlocal-

ity parameter, m0 is the nucleon mass and µ is the mass of the nucleus-nucleus

system. Perey and Buck also found that the value of b0 is 0.85fm.

The relation between the nonlocal interaction and the double-folded nuclear

potential is given by

UN(r) = VF (r) (2.58)

where VF (r) is the double folding nuclear potential.

Using the equation (2.54), in this model the local-equivalent potential can be

written as in [54]:

USP
L (r, E) =

1

ul(r)

∫ ∞
0

Vl(r, r
′)ul(r

′)dr′ (2.59)

where Vl(r, r
′) is the partial wave expansion of the nonlocal potential.

The presence of the wave-function in the previous equation indicates that

the local-equivalent potential is l and energy dependent. Perey and Buck

obtained a relation for a the neutron-nucleus system given by equation (2.51).

A generalization of that relation for the nucleus-nucleus case is given by

USP
L (r, E) ≈ UN(r)exp

[
−µb

2

2~2
(E − VC(r)− USP

L (r, E))

]
(2.60)

The authors in [51, 54] cautioned that the local equivalent potential USP
L is

very well described by equation (2.60) except for small distances (i.e., r → 0).

The last equation can also be written in a different way using a classical point

of view. If K(r) is the kinetic energy and v is the local relative speed between
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the nuclei

v2 =
2

µ
K(r) =

2

µ
[E − VC(r)− USP

L (r, E)] (2.61)

Using now the relation (2.57), the equation (2.60) can be expressed as

USP
L (r, E) ≈ VF (r)exp[−m0b0v/(2~)]2 ≈ VF (r)exp(−4v2/c2) (2.62)

where c is the speed of light. As we can see, in this picture the effect of the

Pauli nonlocality is equal to a velocity-dependent nuclear interaction. Note

that the local equivalent São Paulo potential of Eq. (2.60) is in principle the

same as that proposed by Perey and Buck (in Eq. (2.51)) if we substitute UN

by the double folding potential VF (r) and neglect the Coulomb potential VC

in Eq. (2.60).

Both the local equivalent potentials, USP
L and UPB

L are energy dependent and

as will be seen later, approach a finite value as r → 0.

2.3.3 Mumbai approach

In this model, the authors [52] start using the same formalism as in the former

models. After expanding the nonlocal potential and the wave function in

partial waves, a new approach can be obtained. The Schrödinger equation for

the lth partial wave is [52]

(
d2

dr2
− l(l + 1)

r2
+

2µ

~2
[E − VC(r)]

)
ul(r) =

2µ

~2

∫ rm

0

gl(r, r
′)ul(r

′)dr′ (2.63)

The value of the upper limit rm in the integral is such that the contribution to

the integral beyond rm becomes negligible. The nonlocal kernel is written as

gl(r, r
′) =

(
2rr′√
πb3

)
exp

(
−r2 − r′2

b2

)
×
∫ 1

−1
UN

(
|r + r′|

2

)
exp

(
2rr′cosθ

b2

)
Pl(cosθ)d(cosθ)

(2.64)

where θ is the angle between the vectors r and r′.

To find gl(r, r
′) in equation (2.63) the authors used the Mean-Value Theorem

of calculus; if a funcion f(x) is integrable on the interval [a, b] and h(x) is
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continuous on [a, b], then exists a number c ∈ [a, b] such that

∫ b

a

f(x)h(x)dx = h(c)

∫ b

a

f(x)dx (2.65)

When this theorem is used in equation (2.63), it can be seen that∫ rm

0

gl(r, r
′)ul(r

′) = ul(c)

∫ rm

0

gl(r, r
′)dr′ (2.66)

where c ∈ [0, rm]. It can be shown that the function gl(r, r
′) is very symmetric

and peaked at r = r′, by using this fact, the wave function ul(c) can be

expanded about r = r′. The dominant term in the expansion is the first one,

so we obtain ul(c) = ul(r), and therefore(
d2

dr2
− l(l + 1)

r2
+

2µ

~2
[E − VC(r)]

)
ul(r) =

2µ

~2
ul(r)

∫ rm

0

gl(r, r
′)dr′ (2.67)

where

Ueff (l, r) =

∫ rm

0

gl(r, r
′)dr′ (2.68)

This potential contains the nonlocality effects. The potential is energy inde-

pendent but depends on the angular momentum l; however, for our calcula-

tions we have l = 0 since the decay which is going to be considered occurs with

net angular momentum zero. Moreover, the potential also displays a different

behavior at small distances with Ueff (r, l)→ 0 for r → 0.

2.3.4 Model dependence at small distances

With the aim of understanding the difference in the small r behaviour of the

effective potentials mentioned in the previous section, we shall now analyze

the nonlocal kernel using a simple rectangular well for the nuclear potential

and try to obtain analytical expressions.

Let us begin by considering the integral on the right hand side of Eq. (2.63),

namely,

∫ ∞
0

gl(r, r
′)ul(r, r

′) dr ′. Given the fact that gl(r, r
′) is peaked close to

r = r ′ (see for example Figure 5a in Ref. [52]), we perform a Taylor expansion
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of the wave function about r = r ′ and write the above integral as

u(r)

∫ ∞
0

gl(r, r
′)dr ′ +

∫ ∞
0

(r ′ − r)u ′(r) gl(r, r ′)dr ′ + · · · (2.69)

For the case of a rectangular well of depth -U0 and range R, i.e., for UN(r) =

−U0Θ(R− r) (where Θ is the Heaviside step function) and assuming l = 0 for

simplicity, we can evaluate the first integral in (2.69) analytically. Retaining

only the first term in the expansion (2.69) we can define,

Ueff (r) =

∫ ∞
0

gl(r, r
′)dr ′ (2.70)

with,

gl(r, r
′) =

2√
πβ

UN

[
1

2
(r + r′)

]
exp

[
−(r2 + r′ 2)

β2

]
sinh

2rr′

β2

= − 2√
πβ

U0 Θ

(
R− r + r′

2

)
exp

[
−(r2 + r′ 2)

β2

]
sinh

2rr′

β2
. (2.71)

One can see that Θ = 1 only for 2R − r − r′ > 0, i.e., 2R − r > r′ and the

upper limit of integration in (2.70) changes from ∞ to 2R− r. If r > 2R, r′ is

negative. Hence, to ensure that r ≤ 2R we write,

UL(r) =
−2U0√
πβ

Θ(2R− r)
∫ 2R−r

0

dr ′ exp

[
− (r2 + r ′ 2)

β2

]
sinh

2rr ′

β2
(2.72)

= −U0

2
Θ(2R− r)

[
erf

(
2(R− r)

β

)
+ 2erf

(
r

β

)
− erf

(
2R

β

)]
.

In the limit, r → 0 (for β > 0), since erf(0) = 0, the potential UL(r) vanishes.

When r is finite, we must consider two cases:

UL(r) = −U0

2

[
erf

(
2(R− r)

β

)
+ 2erf

(
r

β

)
− erf

(
2R

β

)]
∀ r < R

(2.73)

= −U0

2

[
−erf

(
2|R− r|

β

)
+ 2erf

(
r

β

)
− erf

(
2R

β

)]
∀ R < r < 2R .

(2.74)
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If β → 0 (i.e. in the absence of nonlocality), since erf(∞) = 1, UL(r) = −U0

for r < R and 0 for R < r < 2R, as expected.

The above derivation on the one hand justifies the behaviour of the Mumbai

potential at small r but on the other hand displays an inconsistency between

Eqs (2.72) and (2.51). UPB
L (r) in Eq. (2.51), approaches a finite value as

r → 0 (for finite β) as we already noticed in Fig. 1 with a more realistic form

of UN(r). However, UL(r), as derived above from the radial nonlocal equation

vanishes for r → 0.

Since the starting point for the derivation of the Mumbai potential is indeed

the nonlocal radial equation, it seems to be in agreement with the behaviour

of UL(r) as in Eq.(2.72) but not with that in Eq. (2.51). The inconsistency

between Eq. (2.51) and Eq. (2.72) probably arises due to the approximations

made in the derivation of Eq. (2.51).

42



Chapter 3

Nuclear and Ambient

Temperature

One of the aims of this research is to analyze the effects of high temperatures

on the α decay half-lives. It is well known that high temperatures modify

reaction rates in many stellar processes [57]. Elements heavier than Fe, such

as Au or U are not produced in ordinary stellar nucleosynthesis, i.e., fusion

reactions. They are produced by means of different processes ocurring inside

stars or during explosive events (supernova). The s-process, r-process and p-

process are the main ways by which heavy elements can be synthesized [58].

However, α-decay is also taking place: A heavy isotope can be created but it

is very likely that it decays as fast as it has been produced. Then, it is natural

to think that the α-decay process is modified by temperature too.

Before studying the effects of temperature on the α decay half-lives, it is im-

portant to define the concept of nuclear temperature and its relation with the

ambient temperature. In order to have a full understanding of these concepts,

we begin by discussing nuclear level densities.
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3.1 Nuclear Level Density and Nuclear Tem-

perature

As it was mentioned earlier, many reactions happening in the stars or in ex-

treme environments will be modified because of the high temperatures. Every

reaction has the trend to produce results which depend on the phase space

available for the reaction. In general, the way to quantify the phase space is

through an important nuclear statistical concept known as nuclear level den-

sity (NLD).

Nuclear level densities are of singular importance in nuclear physics. They

represent a very important component in statistical calculations of nuclear

reaction cross sections, which in turn, are essential in many applications in

astrophysics. The nuclear level density represents the basic statistical infor-

mation on nuclei both at low and high excitation energies [61]. However, the

experimental values for NLDs are limited; most of the existing data come from

measuring NLDs at an energy close to the neutron binding energy, by counting

the number of neutron resonances observed at low-energy neutron capture. In

contrast, theoretical advances have been significative in the last years by taking

into account nuclear effect such as shell phenomena, pairing correlations and

collective effects [62], but using them in practical applications is rather difficult.

In this work we will use some standard expression in literature for the nuclear

level densities to calculate the connection between the nuclear temperature

and the ambient temperatures.

The most remarkable experimental feature of nuclear level densities is their

rapid increase with the excitation energy. It will be shown that this feature

relates the density of states with excitation energy in an exponential way. In

order to find the NLD for a given system, we shall now describe the statistical

model method which is widely used in literature.

Let us consider a system whose Hamiltonian is H and with eigenvalues E1,
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E2... Ei. The partition funcion is defined as [63],

Z(β) =
∑
i

e−βEi = Tr e−βH (3.1)

where β is related with the inverse of the temperature of the system. The NLD

D(E) can be represented as a sum of Dirac delta functions for every nuclear

state,

D(E) =
∑
i

δ(E − Ei) = Tr δ(E −H) (3.2)

The partition function eq. (3.1) can be expressed in terms of the NLD as

Z(β) =

∫ ∞
0

D(E)e−βEdE (3.3)

By using a Laplace transform on the last equation, the nuclear level density is

given by,

D(E) =
1

2πi

∫ i∞

−i∞
Z(β)eβEdβ = Tr

1

2πi

∫ i∞

−i∞
eβ(E−H)dβ = Tr δ(E −H) (3.4)

Equation (3.4) implies that knowing the partition function of a system is equiv-

alent to know the nuclear level density of states. The equation (3.4) has been

evaluated by applying the method of steepest descent at its minimum value

β0:

D(E) =
exp(S)[

2π
(
d2 lnZ(β)

dβ2

)
β=β0

]1/2 (3.5)

where the quantity S is the entropy of the system expressed as [66],

S = KB(lnZ(β) + βE) (3.6)

The energy of the system is related with the partition function using the sta-

tistical mechanics tools as [66],

E = − d

dβ
lnZ(β) (3.7)
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At the same time the relation between the entropy S and the temperature of

the system θ is given by,

dS

dE
= KBβ =

1

θ
(3.8)

The equation (3.4) can be written in a general form as a function of the energy

E and the entropy S,

D(E) =
exp(S)(
−2π dE

dβ

)1/2 (3.9)

As in statistical mechanics it is preferable to consider the grand canonical

partition function instead of the canonical partition function (3.3). In this

case, all states of the system are characterized not only by this energy E but

also the number of neutrons N [63]. The nuclear states defined by N are then

Ei(N). The grand partition functions is

Z(β, α) =
∑
i,Ni

e(αNi−βEi(Ni)) (3.10)

where α is related with the chemical potential µ as α = βµ. The corresponding

level density to the grand partition function is

D(E,N) =
∑
i,Ni

δ(N −Ni)δ(E − Ei(Ni)) (3.11)

The level density is the Laplace transform of the grand partition function

D(E,N) =
1

(2πi)2

∫ i∞

−i∞

∫ i∞

−i∞
Z(β, α)eβE−αNdβdα (3.12)

By applying the method of steepest descent to the last integral, the nuclear

level density can be written as

D(E,N) =

[
elnZ(β,α)+βE−αN

2π(− detA)1/2

]
β=β0,α=α0

(3.13)
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The determinant A is given by,

detA =

∣∣∣∣∣∣∣
(
∂2 lnZ(β,α)

∂2β

)
β=β0,α=α0

(
∂2 lnZ(β,α)

∂β∂α

)
β=β0,α=α0(

∂2 lnZ(β,α)
∂α∂β

)
β=β0,α=α0

(
∂2 lnZ(β,α)

∂2α

)
β=β0,α=α0

∣∣∣∣∣∣∣ (3.14)

Since the integrand is required to be a minimum, there are two conditions that

must be fulfilled by the energy and number of neutrons :

E +

(
∂

∂β
lnZ(β, α)

)
β=β0,α=α0

= 0 (3.15)

N −
(
∂

∂α
lnZ(β, α)

)
β=β0,α=α0

= 0 (3.16)

To evaluate the nuclear level density of a system using equation (3.9) or (3.13)

is customary to ignore its denominator since the numerator variation is much

bigger than that of the denominator for a given energy (or number of particles).

This approximation is good enough as long as the excitation energy is much

bigger than the temperature [63]. However, the nuclear temperature θ (the

characteristic temperature of the nucleus associated with its energy) is not

negligible compared with the excitation energy at almost all levels. By using

the statistical mechanics once again, the nuclear temperature is given by

1

θ
=

d

dE
lnD(E) (3.17)

It is important to note that the nuclear temperature θ is always larger than

the environment temperature T , i.e., θ > T ; however, for light nuclei at low

excitation energies the difference is significant and some terms that usually are

negligible in the NLDs can not be ignored.

The concept of nuclear temperature was introduced independently in pioneer-

ing works by Bethe [64] and Weisskopf [65] almost 80 years ago. In that time,

the main objective was to describe the formation and the decay of a com-

pound nucleus where the projectiles were light isotopes, in general, neutrons.

In following works, the concept of nuclear temperature was used in reactions

involving heavy nuclei.
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All nuclear models which have been used to find the relation between E and

θ lead to a result given by [67]

E ∝ θδ (3.18)

Some exponents δ ranges from 2 for the Fermi model to 4 for the continuous

fluid model. From these results it is also confirmed that D(E) increases very

rapidly with E.

The most used formula of the nuclear level density was introduced by Bethe

[64] and is based on what is called “equidistant spacing model” of the nucleus.

The spacing of the states of the nucleus is assumed constant. To evaluate the

corresponding partition function, the spacing d is represented by the parameter

g(ε) = g0 = d−1, where ε represent the energy of a level for the nucleon. It

can be shown [63] using equation (3.13) that the density of states for a system

formed of neutron and protons with equidistant spacing levels is given by

D(E) = g0
61/4e2(

π
6
g0E)

1/2

12(g0E)5/4
(3.19)

The last expression can be written in a more usual way as,

D(E) =

√
π

12

e2(aE)1/2

a1/4E5/4
(3.20)

where a = π2

6
g0 is the well-known level density parameter. The evaluation

of the level density parameter is fundamental to completely determine the

nuclear level densities. Values of a are obtained experimentally from nuclear

resonances and from analysis of evaporation spectra [68], finding that the a is

related to the mass number A as,

a =
A

k
(3.21)

For heavy nuclei, for instance, a value of k = 9 is usually used. Now using

(3.17) and (3.20), we get

1

θ
=

4
√
aE − 5

4E
(3.22)
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It can be seen that for high energies we obtain the usual relation E = aθ2.

The formulas for level density are usually split in a part with the level den-

sity depending of the excitation energy E and a function f(J) for the spin

distribution [70]

D(E, J) = f(J)D′(E) (3.23)

where D
′
(E) is the observable nuclear level density [70]. There exists a depen-

dence of D(E, J) on the parity π, especially for low-energy excitation energies,

however, this dependence is often neglected.

Several calculations predict that this spin dependence can be described by [69]

f(J) = eJ
2/2σ2 − e−(J+1)2/2σ2 ≈ 2J + 1

2σ
e−(J+1/2)2/2σ2

(3.24)

where σ is the spin cut-off parameter which represents the width of the angular

momentum distribution of level density. In [62], it is found that σ is related

to the mass number A as,

σ2 = 0.0146A5/31 +
√

1 + 4a(E − E1)

2a
(3.25)

where E1 is a free parameter called energy backshift and it is determined from

a fit of data for every nucleus. Equation (3.25) works properly for high and

low energy regions.

For a given state J , the spin distribution is related with the total nuclear level

density of states D(E) as,

√
2πσ

(
D(E, J)

D(E)

)
= f(J) (3.26)

Finally, the density of states using the equidistant model is

D(E, J) =

√
π

12

e2(aE)1/2

a1/4E5/4

(2J + 1)

2
√

2πσ2
e−(J+

1
2
)2/2σ2

(3.27)

49



For most purposes, it is convenient to use the total nuclear density of states,

D(E) =
∑
J

(2J + 1)D(E, J) =

√
π

12

e2(aE)1/2

a1/4E5/4
(3.28)

As was expected, equations (3.20) and (3.28) are equal. If we use the value

a = A/9, a plot of the nuclear level density of states as a function of energy

using (3.28) is shown in figure 3.1
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1000
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107

D(Mev-1)

Figure 3.1: Nuclear level density of states using the equidistant model for 210Po.

It can be observed from figure 3.1 that the nuclear level density grows very

rapidly when the energy increases, as expected.

3.2 Excitation energy and relation between θ

and T

As it was mentioned earlier, the temperature of the nucleus θ is not equal to

the temperature of the surroundings T . In order to find a relation between

both of them it is necessary to calculate the average excitation energy ε of the

system (nucleus). The average excitation energy at a given temperature T for
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any nuclear level density of states can be expressed as [71] :

ε(J, T ) =

∫∞
0
ED(E, J) exp(−E/(kBT ))dE∫∞

0
D(E, J) exp(−E/(kBT ))dE

(3.29)

It is also possible to define the sum

ε̄(T ) =
∑
J

ε(J, T ) (3.30)

For most of our calculations J = 0, therefore ε(T ) = ε̄(J, T ).

The average excitation energy depends fully on the nuclear level density used.

If one uses a = A/9, the NLD defined by equation (3.4) becomes:

D(A,E) =

√
π

4
√

3A1/4E5/4
exp

(
2
√
AE

3

)
(3.31)

By using the last expression and the relation (3.17), it is found that the average

excitation energy is related with the nuclear temperature θ by,

1

θ
=

4
√
AE − 15

12E
(3.32)

If we now replace the excitation energy E by the average value at a given

temperature, ε(T ), then we can define and average nuclear temperature θ̃ in

terms of the ambient temperature T :

1

θ̃
=

4
√
Aε(T )− 15

12ε(T )
(3.33)

Equation (3.32) shows an important feature: a relation between the ambient

temperature T and the nuclear temperature θ. We will use this relation to cal-

culate the ambient temperature as a function of the mass number for several

temperature later.

It is important to note that calculating ε(J, T ), the equation 3.31 has a sin-

gularity at E → 0; to avoid this divergence in the nuclear level density, we

set the lower limit of integration in ε(J, T ) as the energy giving the minimum

value of D(A,E), in this case Emin = 225
16A

.
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The average excitation energies and nuclear temperatures for three isotopes are

displayed in table 3.1. The relation (3.32) is used as well as several ambient

temperatures.

T(GK) ε(Mev) θ̃(GK)

0.8 0.18 4.61

1.2 0.24 3.89

1.6 0.33 3.65

2.0 0.44 3.63

2.4 0.58 3.74

T(GK) ε(Mev) θ̃(GK)

0.8 0.17 3.49

1.2 0.24 3.06

1.6 0.34 3.00

2.0 0.48 3.10

2.4 0.66 3.30

T(GK) ε(Mev) θ̃(GK)

0.8 0.16 2.69

1.2 0.25 2.48

1.6 0.38 2.55

2.0 0.55 2.74

2.4 0.79 3.01

Table 3.1: Relation among surrounding temperature T , average excitation energy ε
and average nuclear temperature θ̃ using the Ericson NLD with different surround-
ings temperatures for 144Nd, 174Hf and 210Po

From table 3.1, one can see that the excitation energy is an increasing function

of the ambient temperature T . This can be confirmed by the plot 3.2

1 2 3 4 5
T (GK)

1

2

3

4

ϵ (Mev)

Figure 3.2: Excitation energy as a function of surrounding temperature for 210Po.
The gap close to zero is due to the minimum energy Emin taken in the integration.

However, the relation between T and θ̃ is not that evident, except for the fact

that the nuclear temperature is always bigger than the ambient temperature.

A plot of θ̃ as a function of T for several heavy nuclei is shown in figure 3.3.

For large temperatures (T > 8GK) the relation between θ̃ and T becomes

almost lineal for all isotopes and this relation is more marked the heavier the

nucleus is. The nuclear temperature presents a peak of the order of θ̃ ∼ 20GK

52



90Ge

106Te

120Ba

144Nd

150Sm

174Hf

190Pt

210Po

228Pu

1 2 3 4 5 6 7 8
0

5

10

15

20

25

30

T (GK)

θ˜ (G
K
)

Figure 3.3: Nuclear Temperature θ̃ as a function of ambient temperature T for
several heavy isotopes.

for small values of ambient temperatures (T ∼ 0.01GK); as the ambient tem-

peratures increases, the nuclear temperature decreases up to a minimum value

(which depends on the mass number A of every nucleus) and then becomes

an increasing function of the ambient temperature. This behavior can be ex-

plained using the laws of thermodynamics: for small values of the ambient

temperature (in comparison with the temperature of the nucleus), the nuclear

temperature is much bigger than the ambient temperature. The nucleus tries

to reach a thermal equilibrium with the environment as the ambient temper-

ature increases, hence, for a short range of ambient temperatures, the nuclear

temperatures decreases up to a minimum point. Since θ̃ > T , the equilibrium

is reached at temperatures of the order of T ∼ 4GK. From this point on, as

T increase θ̃ also increases.

It is important to point out that the expression (3.32) is valid for heavy nuclei.

In the case of light nuclei, Goodman and Need [72] bombarded beryllium with

nitrogen and found the nuclear level density could be represented by

D(E) = e2
√
a(E−b) (3.34)
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where a and b are parameters depending on the reaction and the isotopes

involved. The nuclear level density as a function of energy for 21Ne using eq.

(3.20) can be seen in figure 3.4
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Figure 3.4: Nuclear level density of states using the Nuclear level density 3.34 for
21Ne

It is observed that NLDs for heavy nuclei (figure 3.1) and NLDs for light nuclei

(figure 3.4) have different shapes, though the exponential increase is common

in both. The corresponding relation between nuclear temperature and average

excitation energy for NLD (3.34) is

ε(T ) = aθ̃2 + b (3.35)

A plot of the nuclear temperature θ̃ as a function of the ambient temperature

T for light nuclei is displayed in figure 3.5.

The nuclear level density is a relevant factor to calculate the average excitation

energy of a nucleus as well as some other important features. However, finding

a NLD expression for all nuclei is a hard task, especially due to its very own

nature: since the nucleus is a quantum fermionic system, many different effects

can appear during the experiments, for instance, secondary decays. Moreover,

the thermodynamical parameters such as pressure, volume or chemical poten-

tial are not under control. Direct access to the thermodynamical conditions is

not possible and one has to use different models to extract them. Besides all
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Figure 3.5: Nuclear Temperature θ̃ as a function of ambient temperature T for
several light isotopes.

this, some properties of the nucleus are different if a heavy nucleus is taken

instead of a light one. In order to illustrate this point, a plot of the nuclear

temperature as a function of ambient temperature for several (light and heavy)

nuclei is shown in figure 3.6:

The relation between θ̃ and T is always an increasing function for the case

of light nuclei. Since alpha decay occurs in heavy nuclei (with some notable

exceptions), we are going to focus our research in nuclei with A ≥ 106.

It is also possible to find a relation between the ambient temperature and the

mass number for a given nuclear temperature.

For heavy nuclei the ambient temperature T as a function of A becomes more

constant when the nuclear temperature increases. In the case of light isotopes,

the ambient temperature is always an increasing function of the mass number

for a given nuclear temperature (figure 3.7).
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Figure 3.6: Nuclear Temperature θ̃ as a function of ambient temperature T for
several light and heavy isotopes.
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Figure 3.7: Plots of T as function of A for light (left) and heavy (right) isotopes for
different nuclear temperatures θ̃.
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Chapter 4

Temperature Dependent Alpha

decay

The importance of an alpha decay theory resides in how well it can reproduce

and/or predict the alpha decay widths and hence, the half-lives with the least

number of parameters. Nowadays, most of the models require only the angu-

lar momentum quantum number l of the parent state and the Q-value of the

decay. However, external effects not always can be taken into account in an

alpha decay theory. Many approaches are interested in calculating the decay

rates where effects such as electron screening, strong magnetic fields, non lo-

cality or temperature are present.

The objective of the present chapter is to investigate the existing temperature-

dependent approaches, find out their limitations and eventually propose a

method for introducing temperature dependence in the alpha decay.

Firstly, we review a statistical model [59] in which the alpha decay rates are

enhanced when temperature is introduced. Apart from the temperature de-

pendent Maxwell-Boltzmann factor, the effect of temperature in the is in-

troduced by means of an effective Q-value which depends on the excitation

energy. Next, the electron screening is studied as an important part in stellar

nuclear reaction. A different approach is explained later where the tempera-

ture is introduced in the density of the daughter nucleus within the Density-

Dependent Cluster Model (DDCM) and finally we present a temperature-
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dependent Coulomb potential. By applying the double folding model, we find

the strong and Coulomb potentials and then the half-lives, which will be pre-

sented in a later chapter.

Before proceeding, we remind the reader of the difference between the nuclear

and ambient temperatures (θ and T , respectively) which should be kept in

mind while performing such calculations.

4.1 Statistical approach

At high stellar temperatures (T > 109K), Perrone and Clayton [59] proposed

that alpha decay could be strongly dependent on temperature. This depen-

dence would enhance the alpha decay process and hence, it would make the

decays faster. In their work, the authors assumed that the decays are the

result of thermally excited nuclear states. However, as we explain later, this

idea is not completely correct. Nuclei whose measured half-lives are billions

of years then may decay in days or less when the temperature is of the order

of 109K. Since the α decay rates are an important factor when abundances

are calculated, it is reasonable to expect a change in final abundances when α

decay half-lives decrease.

This led the authors to derive an expression for the temperature dependent α

decay half-life of nuclei with atomic number Z, mass number A and tempera-

ture T . The α decay half-life of an ensemble of nuclei is equal to the sum of

the decay rates from the populations in the different nuclear levels. This can

be written as

[t1/2(Z,A, T )]−1 =
∑
i

F (Ei, T )

t1/2(Z,A,Ei)
(4.1)

In order to characterize all possible states, one has to use the nuclear level

density function D(Z,A,E, J). The nuclear level density gives the density of

states as a function of the energy E above the ground state and spin J for a

given isotope (represented by A and Z). The temperature dependent half-life
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is then expressed as [59]

[t1/2(Z,A, T )]−1 =

∫ ∞
0

∑
J

F (Z,A,E, J, T )D(Z,A,E, J)dE

t1/2(Z,A,E, J)
(4.2)

The last equation expresses the total decay of a nucleus as an integral over all

energies above the ground state weighted by the nuclear level density and the

occupation probability, where t1/2(Z,A,E, J) is the temperature independent

half-life for the decay of the parent nucleus to the daughter particle ground

state. F (Z,A,E, J, T ) is the fraction of the ensemble populating a given state

i at a temperature T (which can also be seen as the occupation probability of

that state):

F (Ei, T ) =
e−Ei/KbT∑
i e
−Ei/KbT

(4.3)

However, if the summation is taken over the energy levels rather than the

states and due to the degeneracy of the angular momentum quantum number,

the fraction of the ensemble in energy level Ei is

F (E, J, T ) =
(2J + 1)e−E/KbT∑
i(2Ji + 1)e−Ei/KbT

≈ (2J + 1)e−E/KbT

2J0 + 1
. (4.4)

The denominator in the last expression is the partition function and J0 is the

angular momentum of the parent ground state. The approximation
∑

i(2Ji +

1)e−Ei/KbT = 2J0 + 1 is well justified since the ground state is by far the

most populated level. Moreover, for even-even nuclei J0 = 0 and the partition

function is equal to the unity.

The nuclear level density used is taken from [70]

D(Z,A,E, J) = D(E, J) =
1

4X2Y
exp

[
E − U
Y

− (J + 1/2)2

2X2

]
(4.5)

where X, U and Y are parameters that vary from nucleus to nucleus. A plot

of the Clayton nuclear level density used in the paper of Perrone and Clayton

[59] is displayed in figure 4.1

Although the nuclear levels are discrete, the half-life function, t1/2(Z,A, T ),

treats the nucleus as having a continuum of excited states given by theD(Z,A,E, J).
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Figure 4.1: Nuclear level density of states using equation (4.1) for 144Nd. An expo-
nential behavior can be seen

The temperature-independent half-life term in equation (4.2) is calculated us-

ing the Gamow α-decay theory [4]. In the present case, the parent nucleus is

assumed to have an energy Q + Ei, where Ei is the excitation energy due to

the temperature. The half-life is related with the decay rate Γ as

t1/2 =
~ ln 2

Γ
(4.6)

with Γ given by

Γ =
2~v
R
Pθ2L (4.7)

where v is the velocity of the α particle, R is the interaction radius between the

daughter nucleus and the alpha particle. The “reduced width” factor, θL, has

values between 0 and 1. For all calculations θL is taken to be 1. The penetra-

bility factor P is calculated within the standard semiclassical approximation

as

P ≈
(
Vc + VL − E

E

)1/2

exp

[
−2
√

2µ

~

∫ R0

R

(
VcR

r
+
VLR

2

r2
− E

)1/2

dr

]
(4.8)

where Vc is the Coulomb potential and VL is the centrifugal potential; µ is

the reduced mass of the α-daughter system, R0 is the radius at which the
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alpha particle energy Q + Ei is equal to the barrier energy Vc + VL. The

authors assumed the Vc > VL and by using the JWKB approximation , the

penetrability factor is then

P ≈
(
Vc
E

)1/2

exp

[
−2πZ1Z2e

2

~v
+ 4

(
Vc

~2/2µR2

)1/2

− 2(L+ 1/2)2
(
~/2µR2

Vc

)1/2
]
.

(4.9)

The velocity of the α-particle can be expressed in terms of the Q-value and

the energy of the state i as

v =

√
2(Q+ Ei)

µ
(4.10)

The radius R is the interaction radius given by

R = 1.4[(A− 4)1/3 + 41/3]fm (4.11)

In order to calculate the temperature-dependent half-lives, the authors only

took states with J = 0 which is true for even-even nuclei. In this case, the

angular momentum of the α-particle is equal to the total spin of the parent

state J . Since the penetration probability decreases with increasing angular

momentum L, only the states with L = 0, 2, 4, 6 are taking into account.

The centrifugal term in equation (4.9) can be summed separately, hence, the

equation (4.2) can be written as

[t1/2(Z,A, T )]−1 =
∑
L

RL(L)

∫ ∞
0

D(Z,A,E)e−E/KbT

t∗1/2(Z,A,E)
dE (4.12)

where we have,

RL(L) = (2L+ 1) exp

[
2(L+ 1/2)2

(
~/2µR2

Ec

)1/2
]

(4.13)

t∗1/2(Z,A,E) = ln(2)

[(
3v

R

)(
Ec
E

)1/2

exp

[
−2πZ1Z2e

2

~v
+ 4

(
2µR2Ec

~2

)1/2
]]−1

(4.14)
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As we will see later, the half-lives using equation (4.12) reduce many orders of

magnitude as the temperature increases.

4.2 Effective Q-values

In this section we dwell a little bit more in detail over the effective Q-values

mentioned in previous sections. As we pointed out earlier, the α-decay half-

lives are very sensitive to the Q-value of the decay. We have also seen that a

surrounding temperature can be translated into an average excitation energy

of a nucleus and this, in turn, can be seen as an average nuclear temperature.

The effective Q-value can be expressed as

Qeff = Q+ E∗ (4.15)

where E∗ is an excitation energy. In this case the wave number κ(r) is given

by

κ(r) =

[
2µ

~2
(V (r)−Qeff )

]1/2
=

[
2µ

~2
(V (r)− [Q+ E∗])

]1/2
(4.16)

In order to find the excitation energy E∗, several models which are related

with the nuclear level density can be used. If we assume that E∗ depends on

temperature, it is reasonable to use (3.29) to find Qeff . By using equation

(3.20) the excitation energy is given by equation (3.29) (which has to be eval-

uated numerically).

We also use the well-known Fermi gas model for N neutron and Z protons to

calculate the excitation energy as a function of nuclear temperature [67]:

E∗(θ) = aθ2 − θ (4.17)

where a = A/9. It will be seen that different nuclear level density expressions

lead to different nuclear temperature and hence, to different alpha-decay half

lives.

In order to get an insight into the effects of temperature on alpha decay half-

lives, here we present a simple calculation leading to an analytical expression
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of half-life dependent on temperature.

A very simple approximate expression for the alpha-decay width is derived in

many textbook, for example in [2].

Let us assume an incident particle with energy Q which strikes on a rectangular

potential barrier whose height V c(r)is greater than Q like in figure 4.2.

Figure 4.2: Alpha decay potential using the analytical derivation. The strong po-
tential is now a rectangular potential and the Coulomb potential is the one of two
point particles [2].

The penetration probability can be calculated as :

P = exp

[
−2

∫ R

R0

κb(r)dr

]
(4.18)

where R0 is the radius of the parent nucleus and R is the distance at which

Vc(r) = Q. The wave number

κb(r) =

[
2mα

~2
(V c(r)−Q)

]1/2
(4.19)

The first approximation in this derivation is replacing the reduced mass of the

alpha-daughter by only mα, the alpha-particle mass, which is acceptable since

md � mα and µ ≈ mα = 3727.3Mev/c2. As in every alpha decay model, once

the alpha particle has tunneled, i.e., when r > R, the alpha energy is bigger

than the barrier energy Vc(r) and hence the particle will have permanently
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escaped from the nucleus. The radius R0 and Vc(r) are given by

R0 = r0A
1/3 (4.20)

Vc(r) =
2Ze2

4πε0r
(4.21)

where r0 = 1.4fm and Z is the atomic number of the daughter nucleus. By

using equation (4.18), equation (4.19), the electrostatic interaction (4.21) and

after some simplifications one obtains :

P = exp(2.97Z1/2R
1/2
0 − 3.95ZQ−1/2) (4.22)

Now using (1.4) and the last expression, the decay width is

Γb = νP =
v

2R0

exp(2.97Z1/2R
1/2
0 − 3.95ZQ−1/2) (4.23)

The velocity of the alpha particle is v = (2Q/mα)1/2. If we make now Q →
Qeff , the decay width is expressed as

Γb =
1

2R0

√
2Qeff

mα

exp(2.97Z1/2R
1/2
0 − 3.95ZQ

−1/2
eff ) (4.24)

As we will show later, the alpha-decay half-lives calculated using equation

(4.24) differ from the values found using the statistical approach and double

folding model with effective Q-values. However, the predicted decrease in

half-lives is similar to that given by the double folding model. In this sense,

equation (4.24) obtained within the simple approach seems useful.

4.3 Electron Screening and Temperature

It is well known that an electronic environment modifies thermonuclear re-

action rates. In a first approximation cross sections and reaction rates for a

given process are calculated assuming that the Coulomb interaction with elec-

tron or with other particles is negligible. However, in the stellar plasma most

of the atoms are ionizez and the electrostatic energy of a bare nucleus induces

a symmetric polarization of the surrounding electrons. Those electrons feel

attraction to some nuclei while some others feel repulsion [58]. Due to this ad-
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ditional interaction with surrounding electrons, in a nuclear reaction the total

potential is changed. If only those electrons are taken into account then the

Coulomb barrier becomes smaller and hence, the tunneling probability (in the

case of α-decay) increases and the decay rate is enhanced.

The reaction in the stars can be pictures as follows. The stellar interior can

hold very high temperatures. Two bare nuclei collide with each other with an

average energy E coming from the thermal energy. As the particles approach

they experience a Coulomb repulsion that must be overcome in order to get

a nuclear transformation. However, the kinetic energy (due to the high tem-

perature) is small as compared as the Coulomb barrier. Therefore, a barrier

penetration factor becomes important to calculate the probability of a reaction

to happen. The reaction rate expression can be expressed as

R = χnanb

∫ ∞
0

S(E) exp

(
−2πη − E

kBT

)
dE (4.25)

where na, nb are the number density of the reactants, χ is a symmetry fac-

tor which take into account the type of nuclei participating in the reaction

(χ = 1/2 for identical particles χ = 1 otherwise), η = ZaZbe
2/(~v) is called

Sommerfeld parameter (related with the Coulomb barrier) and v =
√

2E/µ

is the collision velocity. S(E) is the astrophysical S factor [74] and the fac-

tor −E/kBT comes from the Maxwell-Boltzmann distribution over E (i.e., the

probability of the kinetic energy being E).

If we assume that the screening effect are present, the total interaction Coulomb

potential can be written as

V scr
c (r) =

ZaZbe
2

4πε0r
+ Us(r) (4.26)

where Uc(r) is the screened part of the potential. Let us consider a perfect gas

for which the Coulomb potential between two adjacent nuclei is much smaller

than their thermal energy. The screened Coulomb potential in this scenario is
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given by [73]

V scr
c (r) =

ZaZb
4πε0r

e−r/RD (4.27)

where RD is the Debye-Hückel radius

RD =

√
kBT

4πe2ρNAζ2
(4.28)

rho is the plasma density, NA is the Avogadro number and ζ is defined as

ζ =

√∑
i

(Z2
i + Ziθe)Xi

Ai
(4.29)

The sum is made over all types of positive ions present in the plasma. Here

θe is the electron degeneracy factor [58]. The Debye-Hückel radius is an esti-

mation of the size of the electronic cloud that surrounds the nucleus. That is

why sometimes is called screening length.

Within the barrier, where the tunneling path of the α-particle is much shorter

than the Debye radius, the screened potential can be approximate as

V scr
c (r) =

ZaZbe
2

4πε0r
− ZaZbe

2

4πε0RD

≈ Vc(r)− Us (4.30)

Hence, by exploring the last equation, we can see that such representation of

the screened potential is equivalent to replace the Q-value in the penetrability

factor (1.4) by Qv +Us. In principle, since the α-particle sees a smaller barrier

this would increase the α-decay probability.

It is important to note that equation (4.27) has been derived in the high

temperature or weak coupling approximation, when the ratio

Ze2/r

kBT
� 1 (4.31)

Temperature can also be included together with electron screening. The in-

teraction potential between two positives charges (Z1 and Z2) in an electronic
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environment can be expressed as

Vc(r) =
Z1Z2e

2

4πε0r
φ(s) (4.32)

where the function φ(s) is the solution of the temperature-modified Thomas-

Fermi equation [75]

d2φ(s)

ds2
=
φ(s)3/2

s1/2

(
1 +

γT 2s2

φ2(s)

)
(4.33)

where r = Cs. The parameters γ and C are defined as

C =
1

2

(
3

8(2π)5

)2/3

Z
−1/3
1 a0 (4.34)

γ =
π2

8

(
3

8(2π)5

)2/3

Z
−1/3
1

a0
e2

(4.35)

If we assume no temperature dependence, then the equation (4.33) is reduced

to the usual Thomas-Fermi equation

d2φ(s)

ds2
=
φ(s)3/2

s1/2
(4.36)

whose solutions are known and can be expanded linearly as φ(s) = 1 − dis.

The parameter di depends on the solution used. Some of them can be found

in [76, 77].

In [75], the authors use equation (4.36) and the JWKB approximation to find

the tunneling probability and, in turn, the alpha-decay half-lives for several

isotopes in an electronic medium. They find that half-lives decrease in all cases

due to the electron screening effects. However, the temperature has not been

taken into account to find half-lives.

4.4 Temperature-dependent densities

Up to this point, we have used the temperature dependence using a statistical

approach (Perrone and Clayton’s model) and the Q-effective approach. The

temperature dependence can also be introduced in the constituents themselves.
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The double-folded potentials are calculated using a six dimensional integral

over space between the basic interactions (Nuclear or Coulomb) and the densi-

ties of the α-particle and daughter nucleus. The temperature can be introduced

in the densities. In [78], the authors show that the density can be parametrized

as a function of nuclear temperature θ as

ρi(r, θ) = ρ0(θ)

[
1 + exp

(
r −R0(θ)

ai(θ)

)]
(4.37)

where the central density ρ0(θ)

ρ0(θ) =
3Ai

4πR3
0(θ)

[
1 +

π2a2i (θ)

R2
0(θ)

]−1
(4.38)

The temperature is introduced in R0(θ) and ai(θ) are [79]

R0(θ) = R0(θ = 0)[1 + 0.0005θ2] (4.39)

ai(θ) = ai(θ = 0)[1 + 0.01θ2] (4.40)

The temperature-independent parameters are obtained by fitting the experi-

mental data as polynomials in the number Ai in a wide range,

R0(θ = 0) = 0.90106 + 0.10957Ai − 0.0013A2
i (4.41)

+ 7.71458× 10−6A3
i − 1.62164× 10−8A4

i

ai(θ = 0) = 0.34175 + 0.011234Ai − 2.1864× 10−4A2
i (4.42)

+ 1.46388× 10−6A3
i − 3.24263× 10−9A4

i

A plot of the mass densities using equation (5.17) for several temperatures

is displayed in figure 4.3. We convert the nuclear temperature θ to ambient

temperature T using Ericson nuclear level density.

We note that for high excitation energies and hence, high nuclear temperatures,

the relation between ambient temperature and nuclear temperature is almost

lineal (see figure 3.6).

As can be seen, the effect is more important as the temperature is increased.

We can use equation (5.17) and the double folding formalism to find the
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Figure 4.3: Density as a function of temperature for 210Po using several tempera-
tures.
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Coulomb and Nuclear potentials dependent on temperature.

4.5 Temperature-dependent Coulomb poten-

tial

The description of systems of charged fermions is one of the most interesting

though difficult problems of modern physcics. In general, that description can

be achieved either from physical or chemical pointe of view. In the physi-

cal picture, the system is formed by electrons and nuclei which interact via

the Coulomb potential. We can use their statistics and the properties of the

Coulomb interaction to find the most suitable description of the system. On

the other hand, find the system description in the chemical picture is more

complicated. Here, the system is composed of free electron, free nuclei and

several other kinds of bound states (for example, ion or molecules). All these

states are characterized as chemical species which interact by means of effec-

tive potentials. This picture shows a good description of the system, however,

the calculations needed are way more complex.

Most of the matter in the universe, especially, the stars and giant planets are in
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the state of dense plasmas [80]. In general, the mean potential energy in these

plasmas is of the same order of magnitude as the kinetic energy. We refer to

them as nonideal plasmas or strongly coupled plasmas. In such environments,

the electron screening and quantum mechanical effects are important. The

physical properties of such plasmas are determined by the Coulomb interac-

tion. We could use a physical description of the system determined by the

Coulomb potential.

We will consider a system formed by an α particle and a daughter nucleus

subject to high temperatures. We define the coupling parameter Γ as the ratio

between the Coulomb interaction and the thermal energy,

Γ =
(Ze)2

akBT
(4.43)

where T is the plasma temperature, kB is the Boltzmann constant. For strongly

coupled plasma Γ > 1. In the case of alpha decay, the Coulomb barrier is of the

order of 25 MeV meanwhile the thermal energy is roughly 0.3 MeV; the system

is strongly coupled. The value of a (the average distance between particle) is

given by

a =

(
3

4πn

)1/3

(4.44)

where n is the number density. The Coulomb potential is modified by tem-

perature in the strong coupled regime. One way to represent this modified

electrical interaction is by means of an effective potential [81, 82]. All quan-

tum effects are included into an effective pair potential by modification of the

original Coulomb interaction:

Vc,eff (r, µ, T ) =
ZαZde

2

4πε0r
F (r, µ, T ) (4.45)

As can be seen, the effective potential (5.21) depends on distance, reduced

mass µ and temperature T . At high temperatures, perturbation theory yields

to [82]

F (r, µ, T ) = 1− exp

(
− r

2

λ2

)
+
√
π
( r
λ

) [
1− erf

( r
λ

)]
(4.46)
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where erf(z) is the error function and λ is the thermal de Broglie wavelength

given by

λ =
~√

2πµkBT
(4.47)

We can also use the double folding formalism and equation (5.21) to find a

double-folded effective coulomb potential:

Vc,eff (r, µ, T ) =

∫
dr1

∫
dr2ρ

c
α(r1)ρcd(r2)

e2F (r, µ, T )

4πε0r
(4.48)

A plot of the double-folded effective Coulomb interaction and the usual double-

folded Coulomb potential is shown in figure 4.4. We note that the both

Coulomb interactions coincide for big r, however, there is a difference as r → 0.

D-Folding Effective Coulomb potential

D-Folding Coulomb potential
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Figure 4.4: Alpha-daughter Coulomb potential for the decay 210Po →206 Pb + α.
Red line represents the usual double-folded Coulomb potential explained in chapter
2. Dashed black line denotes the double-folded effective Coulomb interaction for a
plasma temperature of 1 GK.
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Chapter 5

Results: Temperature and

nonlocality

In this chapter we show the results found in this thesis. The double folding

formalism is used in many of our calculation. Firstly, we calculate the α-decay

half-lives for several isotopes which will be used in our investigation. The

results are shown in table 5.1.

Isotope Q-Value τ exp1/2 τ theory1/2 Pα

[MeV] [s] [s]
254Fm 7.307 1.2 × 104 0.9 × 104 0.75
210Po 5.407 1.2 × 107 4.2 × 105 0.035a

180W 2.515 5.7 × 1025 1.2 × 1025 0.21
168Pt 6.989 2 × 10−3 0.68 × 10−3 0.34
144Nd 1.903 7.1 × 1022 5.1 × 1022 0.72
106Te 4.290 7 × 10−5 2.4 × 10−5 0.34

Table 5.1: Comparison of the alpha decay half-lives evaluated using the double
folding model with experiment [90]. The last column lists the cluster preformation
probability, Pα, given by Eq.(2.10. a The small value of Pα can be attributed to
the magic number of neutrons, N = 126, in 210Po (see Fig. 2(c) in [34] and the
corresponding text for a detailed discussion).

The theoretical values obtained are close to some others found in the literature

[89]. One of the main objectives of this research is to study how different

external effects can modify the alpha-decay process. We start presenting the

results of using a nonlocal potential in the alpha-decay half-lives.
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5.1 Non-local effects in Alpha Decay Half-lives

As we pointed out in chapter 2, different models for the nonlocal description

of the nuclear interaction have been developed over the years. We use three

different approaches to study the effects of nonlocality in α-decay half-lives

and compare the results. An effective nuclear potential is obtained using the

double folding formalism (discussed in chapter 2) between the α-particle and

the daughter nucleus. In order to achieve this, we evaluate the half-lives of

several spherical nuclei (with spin-parity JP = 0+), decaying in the s-wave.

First, we find the appropriate value of range of nonlocality given by equation

(2.57). For the systems considered, we have

b = m0b0/µ = 0.22fm. (5.1)

where µ ≈ mα, the nucleon mass, m0, is the mass of the neutron and b0 =

0.85fm.

Using this value for b, we compare the nonlocal nuclear potentials (Perey-

Buck, São Paulo and Mumbai) calculated within the density-dependent double

folding model in figure 5.1. We use the interaction between α and 206Pb nuclei

which form the cluster in 210Po.
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Figure 5.1: Nuclear potential using different model of nonlocality for the decay
210Po→206 Pb+ α.

To evaluate the energy-dependent Perey-Buck and São Paulo potentials, we

assume the energy to be the Q-value of the reaction (which is approximately
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equal to the kinetic energy of the alpha in the final state) in the decay of 210Po.

As can be seen in figure 5.1, the effects of nonlocality are more marked in the

Perey-Buck and São Paulo models than those the in Mumbai approach, how-

ever, it is important to note that the main feature of the Mumbai approach is

its convergence to 0 when r → 0; this will change drastically the half-lives in

this model compared with those obtained in the other two.

In order to calculate the half-lives, we also use the density-dependent double

folding model to calculate the Coulomb potential. We emphasize that the

nonlocality appears only in the strong part of the total potential because the

Coulomb and centrifugal potentials are always local. Since the half-lives are

evaluated within the semiclassical JWKB approximation, the total potentials

are required to satisfy the Bohr-Sommerfeld condition equation (1.9) which

then fixes the constant λ in equation (1.8).

In figure 5.2 , we display the total potentials for the decay 210Po→206 Pb+ α

using three different models of nonlocality as well as the usual double-folded

total potential.
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Figure 5.2: Full potentials given by equation (1.8) using the double folding model
and three different nonlocality models for the 210Po→206 Pb+ α

Figure 5.2 shows that the total potential using the Mumbai approach is similar

to the double-folded total potential whereas the Perey-Buck and São Paulo

74



formalisms seem to be more alike. We can confirm this by observing more

closely the Coulomb barriers and potential well for every potential (figure 5.3).
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Figure 5.3: Comparison of the local equivalent potentials for the interaction between
α and 206Pb. The potential wells are displayed in the left panel. The right panel
shows the Coulomb barrier on a different scale.

As in figure 5.2, it can be observed in figure 5.3 that the Perey-Buck and São

Paulo Coulomb barriers almost overlap as the Mumbai and Double folding do.

One way to compare how much half-lives are changed when nonlocal effects

are taken into account is to calculate the Percentage Decrease, (PD), between

the double folding half-lives and the nonlocal half-lives:

PD =
tDF1/2 − tNL1/2

tDF1/2

× 100 (5.2)

where tDF1/2 is the half-life evaluated in the double folding model without the

inclusion of nonlocalities and tNL1/2 is the one evaluated using different nonlocal

framework.

For the case of the 210Po decay, the calculated alpha-decay half-lives are listed

in table 5.2.

The half-lives evaluated with the nonlocality included are found to decrease

as compared to those evaluated using the double folding model without non-

locality.

In order to confirm this statement, we calculate the percentage decrease using
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Model Half-life [s] Preformation
factor

Percentage
value [%]

Double-folding 4.19× 105 0.035 0
Mumbai 4.11× 105 0.035 1.8
Perey-Buck 1.35× 105 0.011 67.9
São-Paulo 1.42× 105 0.012 66.2

Table 5.2: Half-lives, preformation factors and percentage decrease for 210Po →206

Pb + α using different models for nonlocality. The experimental half-life used is
1.18× 107 s.

all three model for several isotopes. The results are shown in table 5.3.

b=0.22fm

Nucleus Q-value tExp1/2 Mumbai São Paulo Perey-Buck

[MeV] [s] [%] [%] [%]
254Fm 7.307 1.22× 104 3.85 69.8 71.5
212Po 8.954 2.99× 10−7 3.28 62.1 63.8
210Po 5.407 1.175× 107 2.38 66.2 67.9
180W 2.515 2.081×1025 3.99 66.1 67.7
168Pt 6.989 2.02× 10−3 4.14 62.7 64.9
144Nd 1.903 7.22× 1022 3.77 60.3 61.9
106Te 4.290 70× 10−5 4.12 51.9 53.6
8Be 0.091 6.7× 10−17 0.72 1.64 1.78

Table 5.3: Percentage decrease for 8 different isotopes using Perey-Buck, São Paulo
and Mumbai potentials. The exchange term and the Bohr-Sommerfeld condition are
used when half-lives are calculated. tExp1/2 is referring to the experimental half-life.

The percentage decrease is important in the Perey-Buck and São models. The

effect of nonlocality is, in general, small within the Mumbai approach. Apart

from this, we note that the effect of nonlocality is smaller in the decay 212Po

(Q = 8.954 MeV) as compared to 210Po (Q = 5.407 MeV) even though the

general tendency is opposite (The nonlocality effect is higher the heavier the

isotope is in the Perey-Buck and São Paulo models). Though the difference is

not large, it hints towards a decrease in the effect of nonlocality with increasing

energy in the two isotopes.

To understand the results of table 5.3, we can observed the expression for the
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decay width (2.11) written in a concise form

Γ =
h2

2µ
NP (5.3)

where N is the normalization factor given by N = [
∫ r2
r1
dr/κ(r)]−1 and the

penetration probability is P = e
−2
∫ r3
r2

κ(r)dr
. In table 5.4, we show the values

of the normalization factor and penetration probabilities for all cases.

b=0.22fm

Isotope D-folding Mumbai São Paulo Perey-buck
254Fm 2.4× 10−26 8.2× 10−26 8.7× 10−26 3.0× 10−25

(0.40) (0.40) (0.38) (0.38)
212Po 3.3× 10−15 3.4× 10−15 9.2× 10−15 9.7× 10−15

(0.39) (0.39) (0.37) (0.37)
210Po 4.8× 10−28 5.0× 10−28 1.5× 10−27 1.6× 10−27

(0.42) (0.41) (0.40) (0.40)
180W 1.7× 10−47 1.8× 10−47 5.3× 10−47 5.6× 10−47

(0.42) (0.42) (0.40) (0.40)
168Pt 2.9× 10−19 3.1× 10−19 8.4× 10−19 9.0× 10−19

(0.41) (0.41) (0.39) (0.39)
144Nd 3.8× 10−45 4.0× 10−45 1.0× 10−44 1.1× 10−44

(0.43) (0.43) (0.41) (0.41)
106Te 8.2× 10−18 8.6× 10−18 1.8× 10−17 1.9× 10−17

(0.41) (0.41) (0.39) (0.39)

Table 5.4: Penetrability factor and normalization factor (in parenthesis) for diferent
isotopes using diferent models of nonlocality. The exchange term and the Bohr-
Sommerfeld condition are used. Note the the normalization factor has unit [fm−2]

In table 5.4 that is indeed the difference in the penetration probabilities which

leads to the differences in the percentage decrease in the half-lives in table 5.3.

This fact is also reflected in the total potential in figure 5.2 . In the left panel

we notice that the Coulomb barrier in the Perey-Buck and São Paulo modelsis

shifted to the right as compared to the Double-folding and Mumbai potentials.

This shift leads to a shift of the second turning point r2, to bigger values and

hence smaller half-lives (due to the bigger exponential factor as can be seen in

table 5.4). The half-lives are very sensitive to the penetrability factor: a small

change in the wave number κ(r) can lead to changes in half-lives of many order

of magnitude. The normalization factor is almost constant in all models.
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5.1.1 Calculations without knock-on exchange term

Since the M3Y nucleon-nucleon interaction potential contains an exchange

term, nonlocal effects have already been taking into account in the calculation

of the nuclear potential, at least in some way: The Pauli nonolocality [52].

The Pauli nonlocality is attributed to the exchange effects that require anti-

symmetrization of the wave function between the projectile and the target.

If the knock-on exchange term is ignored, the nucleon-nucleon interaction is

given by

g(|s|, E) = 7999
e−4|s|

4|s|
− 2134

e−2.5|s|

2.5|s|
(5.4)

A plot of the strong nuclear potentials with and without knock-on exchange

term is displayed in figure 5.4
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Figure 5.4: Comparison of the local equivalent potentials for the interaction between
α and 206Pb. The left panel shows a comparison of the nuclear potentials using
Perey-buck, São Paulo, Mumbai and Double folding models with knock-on exchange
term included. The right panel shows the same potentials without the exchange
term.

In figure 5.4, we compare the effective potentials to the double-folding nuclear

potential Vn(r). By replacing UN(r)R with Vn(r), the Perey-Buck local equiv-

alent potential UPB
L (r) is evaluated using equation (2.51), the São Paulo local

equivalent potential USP
L using equation (2.60) and the local effective Mumbai

potential Ueff . Since the exchange term is often not included in the calculation

of local equivalent potential (to avoid double counting of the Pauli nonlocal-

ity), we show the potentials with (left panel) as well as without (right panel)

this term included. The three potentials UPB
L (r), USP

L (r) and the Ueff (r) are

evaluated for a double-folding potential between an α and 206Pb nucleus, which
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are the decay products (and hence originally the cluster nuclei) of the α-decay

of 210Po. As we can seen, the form and strength of the nuclear potentials in

both graphs in plot 5.4 are different. The Perey-Buck and São Paulo potentials

are quite similar, as expected, due to the form of the potential itself, while the

effective Mumbai potential (as mentioned earlier) behaves differently at small

r. The discrepancy between all three potentials probably arises due to the

assumptions in the derivation of equation (2.51).

To compare the effect of including or not the knock-on exchange term, we

calculate the half-lives and percentage decrease for different isotopes without

the exchange term in the nucleon-nucleon interaction. For the calculations, we

also used the b = 0.22fm as the nonlocality range.

In table 5.5 we list the percentage decrease in half-lives for the nuclei stud-

ied. The numbers outside parenthesis correspond to the calculations with

the knock-on exchange term excluded to avoid double counting of the Pauli

nonolocality. Inclusion of this term (number in parenthesis) causes a larger

percentage decrease of half-lives due to the nonlocality within the Perey-buck

and são Paulo models. As before, the effect of nonlocality in the Mumbai

approach is small compared with the other two.

Isotope Mumbai São Paulo Perey-Buck

254Fm 2.49 (3.85) 31.7 (69.8) 40.3 (71.5)

212Po 3.26 (3.28) 26.7 (62.0) 33.1(63.8)

210Po 3.4 (2.4) 29.9 (66.2) 37.3 (67.9)

180W 3.8 (4.0) 30.1 (66.1) 37.6 (67.7)

168Pt 4.9 (4.1) 27.5 (62.7) 34.9 (64.9)

144Nd 3.9 (3.8) 25.9 (60.3) 31.2 (61.9)

106Te 3.2 (4.1) 19.4 (51.9) 24.1 (53.6)

Table 5.5: Percentage decrease in alpha decay half-lives of several nuclei using three
different models of nonlocality. Numbers within parentheses include the effect of
the so called knock-on exchange term and those outside ignore this term. The
nonlocality parameter b = 0.22 fm.

We also calculate the normalization factor and penetrability factor in the case

knock-on exchange is neglected. The results are shown in table 5.6. As in
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the case in which the exchange term is included, the reduction of half-lives

is caused by an increase in the penetration probabilities (see table5.3). The

normalization factor is almost constant in all models too.

b=0.22fm

Isotope D-folding Mumbai São Paulo Perey

254Fm 3.0× 10−25 3.1× 10−25 4.5× 10−25 5.2× 10−25

(0.34) (0.34) (0.34) (0.34)

212Po 3.0× 10−14 3.2× 10−14 4.2× 10−14 4.6× 10−14

(0.34) (0.34) (0.33) (0.33)

210Po 5.4× 10−27 5.6× 10−27 7.8× 10−27 8.6× 10−27

(0.36) (0.35) (0.35) (0.36)

180W 2.0× 10−46 2.1× 10−46 2.8× 10−46 3.1× 10−46

(0.36) (0.36) (0.36) (0.35)

168Pt 3.0× 10−18 3.2× 10−18 4.2× 10−18 4.6× 10−18

(0.35) (0.35) (0.35) (0.35)

144Nd 3.6× 10−44 3.8× 10−44 4.9× 10−44 5.3× 10−44

(0.37) (0.37) (0.36) (0.36)

106Te 6.2× 10−17 6.5× 10−17 7.9× 10−17 8.4× 10−17

(0.35) (0.35) (0.35) (0.35)

Table 5.6: Penetrability factor and normalization factor (in parenthesis) for diferent
isotopes using diferent models of nonlocality. The exchange term is negleted but
the Bohr-Sommerfeld condition is used. Note the the normalization factor has unit
[fm−2]

We can compare now the total potential when the exchange term is included

and when it is not. A plot of the total potential with and without exchange

term is shown in figure 5.5. The Coulomb barrier is also displayed in both

cases.

The form of the total potential (with and without knock-on exchange term) is

the same, as expected. We also note that the magnitude of the potential well

is similar in both cases, even when the strength of the nuclear potential is very

different (figure 5.4). This is attributed to the constant λ (the strength of the

nuclear interaction) due to the Bohr-Sommerfeld quantization condition. It is

clear that the second turning point is shifted to the right when the exchange
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Figure 5.5: Comparison between the total potential for the interaction between α
and 206Pb using Perey-buck, São Paulo, Mumbai and Double folding models. The
left upper panel shows the total potential with the knock-on exchange term included.
The right upper panel shows the total potential with no exchange term. The left
lower panel shows the Coulomb barrier with the knock-on exchange term included.
The right lower panel shows the Coulomb barrier with no exchange term with knock-
on exchange term included.

term is ignored. The top of the barrier gets reduced when this term is ignored

too. The net effect is a bigger reduction in half-lives when the knock-on ex-

change term is included compared to those calculated with no exchange term.

The table 5.7 shows the λ constants in all cases with and without knock-on

exchange term.
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b=0.22fm

Isotope Q-Value D-folding Mumbai São Paulo Perey-Buck

[MeV]

254Fm 7.307 1.951 (0.663) 1.961 (0.668) 2.076 (0.890) 2.295 (0.967)

212Po 8.954 2.016 (0.689) 2.032 (0.695) 2.170 (0.925) 2.364 (0.995)

210Po 5.407 2.105 (0.716) 2.121 (0.722) 2.248 (0.958) 2.450 (1.031)

180W 2.515 2.035 (0.687) 2.052 (0.693) 2.168 (0.913) 2.346 (0.976)

168Pt 6.989 2.079 (0.703) 2.098 (0.709) 2.216 (0.932) 2.412 (0.990)

144Nd 1.903 2.234 (0.753) 2.257 (0.760) 2.387 (0.994) 2.552 (1.053)

106Te 4.290 2.276 (0.756) 2.297 (0.766) 2.425 (0.987) 2.575 (1.042)

Table 5.7: The constant λ for diferent isotopes using diferent models of nonlocality.
Numbers within parenthesis include the effect of the so-called knock-on exchange
term and those outside ignore this term. The nonlocality range used is b = 0.22 fm.

We can observe that the λ number increases drastically if the knock-on ex-

change term is dropped. However, this increase causes the strong interaction

to be similar in both treatments (with and without exchange term).

5.2 Single Folding model

In this section we use another interaction potential to calculate the α-decay

half-lives: an alpha-nucleon potential. Many models use α-nucleon interaction

to find an α-nucleon potential using the folding formalism. However, in many

cases, the interaction potential neglects the antisymmetrization effects due to

the Pauli principle (see chapter 2), which we have seen are important, and

leads to a nucleon-nucleon potential which is independent of energy [22].

In [56], the authors derive a nucleon-alpha potential which also includes the ef-

fects of an exchange term, i.e., an energy dependent local equivalent potential.

The nonlocal nucleon-alpha potential is written as:

Vnα =
∑
α

∫
ψ∗α(i)ψα(i)Vnn(l, i)dri −

∑
α

ψ∗α(l)Vnn(l, l′)ψα(l′) + δVnα (5.5)

here ψα(i) are the wave functions, Vnn(l) is the nucleon-nucleon interaction, l

denotes the space, spin and isospin coordinates and δVnα are the higher order

terms. In general, the last term is negligible. The first term in equation (5.5)
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is the usual folding potential, local and energy independent. The second term

is the exchange contribution due to the antisimetrization between the incident

nucleon and the nucleons in the α cluster and is non local. The effective

interaction (5.5) is

Vnα(r, r
′
) = UD(r)δ(r− r

′
) + UNL(r, r

′
) (5.6)

UNL(r, r
′
) = 1

π3/2

[∑
UNL,i(0) exp

(
r−r′

b

)2]
exp

(
r+r

′

2b0

)2
(5.7)

where UNL,i(0) and b0 are calculated for different nucleon-nucleon interactions.

The parameter b is the nonlocality range. By using a similar procedure to

calculate the Perey-Buck local equivalent potential (refer to chapter 2), the

single-folded potential is given by

Unα(r) = UD(r) + ELE(r) (5.8)

ULE(r) = UNL(r) exp
[
−µnαb2

2~2 (ECM − UD(r)− ULE(r))
]

(5.9)

where µn,α is the reduced mass of the n− α system and ECM is the center of

mass energy. If a scattering of an alpha particel of energy Eα on a nucleon at

rest is considered, then ECM = Eα/5. After some considerations given in [56],

an energy dependent local equivalent nucleon-alpha potential can be expressed

as

Unα(Eα, r) = −U0(1− αEα)e−(r/a)
2

(5.10)

The parameters U0, α and a depend on the model and can be found in [56].

The interaction is dependent of the α energy (Eα) and hence, of the decay

considered. For all five different cases given in [56] and the reaction decay

210Po→206 Pb+ α, the nucleon-alpha interaction is shown in graph 5.6.

The strength in all five parametrizations is different, which eventually will lead

to different strengths in the strong nuclear potential.

The single model for alpha decay consists in folding the nucleon-alpha potential

only with the daughter nucleus density. Following a similar procedure for the

double-folding model, the single folding nuclear potential can be written as

Vn(r) = λsf

∫
drρd(r)Unα(r1). (5.11)
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Figure 5.6: Nucleon-alpha interaction between an α particle and the 206Pb. Five
different parametrizations are used.

The λsf factor arises from the the Bohr-Sommerfeld quantization condition

(similar to the Double-Folding model) and ρd(r) is the daughter density dis-

tribution. A plot of the single folding nuclear potential for five different values

of the parameters U0, α and a is displayed in figure 5.7 . The decay taken is

210Po→206 Pb+ α.
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Figure 5.7: Single folding nuclear potentials between an α particle and the 206Pb.
Five different parametrizations are used.

The election of a set of parameters can change the total potential. For all five

parametrizations considered, the plot of the single-folding total potential and
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the double-folding total potential is
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Figure 5.8: Comparison bewtween the total potential for the interaction between
α and 206Pb using a single folding approach for five different parametrizations and
Double folding models.

The percentage decrease for the 210Po →206 Pb + α shows a shift in the half-

lives similar to those obtained using a double-folded nonlocal approach.

Nonlocality
model

Half-life [s] Percentage
decrease [%]

Double-Folding 4.19× 105 0.035
SF(B1) 2.28× 105 45.81
SF(C1) 4.88× 105 -15.68
SF (Serber) 2.89× 105 31.29
SF (bo=1.32 fm) 2.81× 105 33.25
SF (bo=1.58 fm) 1.84× 105 56.16

Table 5.8: Half-lives and percentages decreases for 210Po→206 Pb+α in the double-
folding and single folding models.

The negative percentage decrease in table 5.8 for the C1 forces indicates and

increase in the half-life. Moreover, this can be seen in the figure 5.8, the

Coulomb barrier for the C1 force is shifted to the left, making the barrier

bigger, the penetrability factor lower and the increasing the half-life in this

approach.
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5.3 Temperature-dependent Half-lives

In this section, we use the different approaches developed in chapter four to

calculate the effects of temperature in alpha decay half-lives.

5.3.1 Simple analytical formula

We use equation (4.24) to calculate the temperature-dependent half-lives for

several ambient temperatures. We utilize a effective Q-value given by :

Qeff = Qv + ε(T ) (5.12)

where ε(T ) is calculated using equation (3.29). The half-lives for several nuclear

temperatures and distinct isotopes are shown in table 5.9.

t1/2(T )[s]

Isotope Qvalue 0GK 0.8GK 1.2GK 1.6GK 2GK 2.4GK

254Fm 7.303 9.91 4.18 1.67 4.3×10−1 6.7×10−2 6.5×10−3

212Po 8.954 1.7×10−5 1.0×10−6 6.1×10−7 2.9×10−7 1.0×10−7 2.8×10−8

210Po 5.407 4.7× 107 1.5× 107 5.1× 106 1.1× 106 1.4× 105 1.1× 104

180W 2.515 1.0×1027 6.5×1025 5.8×1024 2.3×1023 3.7×1021 2.5×1019

176Hf 2.254 6.4×1024 4.7×1023 4.9×1022 2.4×1021 5.4×1019 5.2×1017

148Sm 1.986 9.6×1024 4.9×1023 4.6×1022 2.3×1021 5.6×1019 6.9×1017

144Nd 1.903 2.3×1024 1.6×1023 1.5×1022 7.4×1020 1.9×1019 2.5×1017

Table 5.9: Calculated alpha-decay half-lives for several temperatures using equation
4.24 and equation 5.12 for Qeff . The excitation energy is given by equation (3.29)
with Nuclear level density given by (3.31). Half-lives are given in seconds.

We can see that as the temperature increases, the half-lives decrease in all

cases.

We use equation (3.29) and Ericson formula (3.31) to calculate the average

excitation energy ε(T ). In this case, we take several surrounding temperatures

T . Table 5.9 are calculated using the Ericson nuclear level density. The nuclear

level density choice (hence, the excitation energy result) can alter the way the

half-lives change. We can also see this in the form of the effective Q-values.

Figure 5.9 indicates that both effective Q-value converge as the temperature

increases. However, for the range of temperatures used, the effective Q-values
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Figure 5.9: Effective Q-values as a functions of temperature for two different ap-
proaches. Qeff,1 is defined in equation (5.12) and Qeff,2 uses equation (4.15) and
equation(3.31) to find the average excitation enery. The right panel shows the same
effective Q-values but in a small region.

differ (right panel figure 5.9 ). It is important to note that even a small change

in the Q-value will change the final half-life, sometimes, by several order of

magnitude.

5.3.2 Double folding model and effective Q-values

We also use the double-folding model and Qv → Qeff to calculate the alpha

decay half-lives. First we use equation (5.12). The results are shown in table

5.10

t1/2(T )[s]

Isotope Qvalue 0 0.8GK 1.2GK 1.6GK 2GK 2.4GK

254Fm 7.303 8830.1 4730.4 1.4× 103 2.5× 102 2.6× 101 1.82

210Po 5.407 4.1× 105 2.5× 105 7.2× 104 1.1× 104 1.0× 103 6.0× 101

180W 2.515 1.2×1025 4.4×1024 2.7×1023 3.8×1021 2.4×1019 6.0×1016

176Hf 2.254 3.8×1027 1.4×1027 6.0×1025 6.0×1023 1.9×1021 3.0×1018

148Sm 1.986 1.3×1023 9.1×1022 7.3×1021 1.5×1020 1.1×1018 3.8×1015

144Nd 1.903 5.0×1022 3.8×1022 3.0×1021 6.5×1019 4.8×1017 1.7×1015

Table 5.10: Calculated alpha-decay half-lives for several temperatures using the
double-folding formalism and equation (5.12). Half-lives are given in seconds.

The half-lives are reduced as the temperature increases in all isotopes. This
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can be observed in plot 5.10
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Figure 5.10: Total potential between the nucleus 206Pb and an α-particle. The
left panel shows the total potential and diferrent effective Q-values calculated using
equation (5.12). The right panel shows a closer view of the same. Effective Q-values
are given in MeV and the temperature is given in GK

The total potential and hence, the Coulomb barrier, are the same for every

case. The temperature dependence is only introduced in the Q-values. How-

ever, since the effective Q-values increase with temperature, such increment

shifts the third turning point to the left and also reduces the wave number

κ(r) appearing in the penetrability factor P ,

P = exp

[
−2

∫ r3

r2

κ(r)dr

]
= exp

[
−2

∫ r3

r2

2µ

~2
[V (r)−Qeff ] dr

]
, (5.13)

this in turn will increase the penetrability factor and then will lower the half-

lives. We emphasize that the half-lives are strongly dependent of the second

and third turning points as well as the wave number.

5.3.3 Thermally enhanced half-lives: Statistical approach

We use the statistical approach to calculate the temperature-dependent half-

lives for several isotopes.
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t1/2(T )[s]

Q-v 0 0.8GK 1.2GK 1.6GK 2GK 2.4GK

212Po 8.954 1.3×10−13 3.8×10−11 1.2×10−11 1.9×10−12 8.2×10−14 1.0×10−15

174Hf 2.494 1.0× 1020 5.8× 1012 9.5× 105 2.5× 10−1 3.6× 10−6 2.0×10−10

176Hf 2.254 8.2× 1023 2.7× 1013 4× 105 5.1× 10−1 5.8× 10−6 2.9×10−10

148Sm 1.986 1.6× 1020 3.5× 1011 1.3× 104 7.1× 10−2 3.5× 10−6 7.3×10−10

144Nd 1.903 8.4× 1019 1.6× 1011 6.6× 103 4.7× 10−2 3.1× 10−6 8.3×10−10

150Sm 1.449 4.5× 1032 1.1× 1013 1.6× 105 3.2× 10−1 8× 10−6 1.0× 10−9

158Dy 0.873 3.1× 1063 4.9× 1017 7.1× 109 8.6× 105 2.3× 10−4 7.7× 10−9

152Sm 0.220 7× 10166 4.8× 1019 6.9× 1011 8.4× 107 3.7× 105 3.6× 10−8

Table 5.11: Half-life as a function of temperature for several isotopes using equation
(4.12). The half-lives are given in seconds.

As can be observed in table 5.11, as the temperature is increased, using the

statistical model shows a faster reduction in the half-lives in comparison with

the reduction obtained within the other approaches (analytical formula and

Double folding model with effective Q-values). It can be noted that the reduc-

tion is more drastic as the isotope is more long-lived. In the case of 174Hf , the

half-life is reduced 30 orders of magnitude of the temperature is increased up

to 2.4 GK, whereas for 212Po the half-life is decreased only 6 orders of magni-

tude.

In order to compare the three models (analytical formula, Double folding model

and the statistical approach), we define the ratio:

R(T ) =
t1/2(T )

t1/2(T = 0)
(5.14)

where t1/2(T ) is the half-life as function of temperature and t1/2(T = 0) refers

to the calculated half-life with no temperature dependence. By using two

different temperatures and the three models, we obtain:
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Nucleus T=1.2GK T=2GK

Isotope QValue Clayton Dfold A.formula Clayton Dfold A.formula

174Hf 2.494 1.3× 10−14 0.031 0.028 4.8× 10−30 1.5× 10−8 8.7× 10−9

176Hf 2.254 9.8× 10−16 0.017 0.014 1.8× 10−31 1.0× 10−9 4.5× 10−10

148Sm 1.986 4.16× 10−8 0.06 0.04 2.3× 10−21 2.9× 10−8 1.6× 10−8

144Nd 1.911 6.37× 10−7 0.051 0.055 8.3× 10−20 2.6× 10−8 2.16× 10−8

150Sm 1.449 2.4× 10−27 0.008 0.007 1.7× 10−41 1.9× 10−12 1× 10−12

158Dy 0.873 2× 10−54 6× 10−6 4.7× 10−6 2.4× 10−72 1.2× 10−25 3.5× 10−26

152Sm 0.220 9× 10−156 3×10−28 1.7×10−31 4.5×10−175 4× 10−96 1.2×10−100

Table 5.12: Ratio between temperature-dependent half-lives and temperature-
independent half-lives for several isotopes using three different approaches.

The table 5.12 shows that half-life ratio in the double-folding and analytical

formula is similar (the order of magnitud by which the half-life changes), how-

ever, the statistical approach shows a much bigger decrease. This could be

because of the foundations of statistical model: in Perrone and Clayton’s sta-

tistical approach assumes a nucleus can decay via alpha-decay regardless of its

energy, i.e, even if the nuclei is in an excited state. This can be seen in equa-

tion (4.12) which sums over all energies to calculate the temperature-dependent

half-lives. Due to the Maxwell-Boltzmann factor appearing in equation (4.12)

[exp(−E/kBT )], the probability for an isotope to decay decreases as the en-

ergy increases. Although the contribution of the integral to the final half-life

becomes smaller for high energies, the model assumes those energies are a con-

tinuum and would lead to an alpha decay. However, the energy levels of a

nuclei are discreet. Moreover, it is found experimentally that the alpha decay

process is very rare in isotopes which are in an excited level.

There is another important factor which helps to understand why many iso-

topes do not decay by α process in an excited level: the gamma decay.

5.3.4 Alpha decay vs. Gamma decay

In the statistical model a single surrounding temperature could give place to

several excitation energies depending on the Maxwell-Boltzmann factor and

the nuclear level density. Every accessible energy would produce a α-particle

(alpha decay). However, experimental results show that this is, in general, not

true; most of the times, an excited parent nucleus will first decay by releasing
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a photon (Gamma decay), in fact, the excited nucleus will undergo several

successive gamma decays before reaching its ground state. Alpha decay will

occur in heavy nuclei in the ground state in most of the cases.

In order to analyze which type of decay is dominant (alpha or gamma decay),

we define the ratio, Rλ between the decay constant for alpha decay and the

gamma decay. We can use the equation

λα =
Γ

~
(5.15)

for the alpha decay. The decay width is taken from equation (4.24). We use

the Weisskopf Estimates to calculate the decay constant for the gamma decay.

The emitted electromagnetic radiation can be classified according to the an-

gular momentum L~ carried by each photon. The radiation for a given value

of L can be either electric or magnetic; for example, E2 corresponds to elec-

tric quadrupole radiation and M1 corresponde to magnetic dipole radiation.

Gamma decay constants can be written as [58]

λEL = CELA
2L/3E2L+1

γ , λML = CMLA
(2L−2)/3E2L+1

γ (5.16)

Here, A is the mass number of the decaying nucleus, Eγ is the energy of the

emitted photon and the constants CEL,ML are given by

L: 1 2 3 4 5

CEL 1× 1014 7.3× 107 34 1.1× 10−5 2.4×10−12

CML 3.1×1013 2.2× 107 10 3.3× 10−6 7.4×10−13

Table 5.13: Weisskopf estimates coefficients for different multipolarity L

It is important to note that, due to the selection rules, electric and magnetic

radiations of the same multipolarity cannot be emitted together in a transition

between two nuclear levels. In general, the lowest multipole permitted by the

selection rules usually dominates. Using equations 5.16, we define

Rλ =
λα

λEL,ML

=
10

[
log
(
v(T )
2R0

)
+1.29Z1/2R

1/2
0 −1.72ZQ−1/2

eff

]
∑

LCELA
2L/3E2L+1

γ +
∑

LCMLA(2L−2)/3E2L+1
γ

(5.17)
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Here Qeff = Qv+E∗. The excitation energy is temperature-dependent. With-

out lost of generality, we calculate the ratio using the electric quadrupole ra-

diation only so the ratio is now

Rλ =
λα

λEL,ML

=

1
2R0

√
2(Qv+E∗)

mα
exp

[
2.97Z1/2R

1/2
0 − 3.95Z

(Qv+E∗)1/2

]
7.3× 107A4/3E5

γ

(5.18)

A plot of this ratio as a function of the photon energy (Eγ) for the nucleus 210Po

and two nuclear level densities is given in figure 5.11. An ambient temperature

of T = 0.8GK is used.
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Figure 5.11: Ratio between decay probabilities as a function of Eγ for 212Po using
a surrounding temperature of 0.8GK

When the ratio is bigger than 1 alpha decay is favored over gamma decay

taking a surrounding temperature of 0.8GK ; this occurs when the energy of

the photon is less than 0.06 MeV. However, gamma rays have energies typically

in the range of 0.1 and 10 MeV. For this ambient temperature (T = 0.8GK),

gamma decay will occur before alpha decay. If the temperature is increased

enough so the isotope reaches the fifth excited state (E∗ = 1.355 MeV) then

the behavior of R as a function of the photon energy changes 5.12.

In this excited state, the photon emitted would have an energy of 0.223 MeV.

We can observed from figure 5.12 that Alpha decay would be favored if the

photon energy is less than 0.24 MeV. Experimentally it is found that the alpha

decay probability for this state is approximately 73%.
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Figure 5.12: Ratio between decay probabilities as a function of Eγ for 212Po using
a surrounding temperature of approximately 3GK

This behavior is different for long-lived and short-lived isotope. We can now

calculate the ratio using the Ericson NLD. The plots are shown in figures 5.13

and 5.14
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Figure 5.13: Ratio between decay probabilities as a function of Eγ for 212Po and
168Pt using a surrounding temperature of 1.2GK

We can observe that the alpha decay probability for those isotopes with small

half-lives could, in principle, overcome the gamma probability for a specific

range of energy, meanwhile those with long half-lives will be favored by gamma

decay. This is also very dependent of the excitation energy of the excited state

(i.e, the surrounding temperature). The results are displayed in plot 5.15 for
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Figure 5.14: Ratio between decay probabilities as a function of Eγ for 210Po and
144Nd using a surrounding temperature of 1.2GK

three ambient temperatures.
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Figure 5.15: Ratio between decay probabilities as a function of Eγ for 212Po using
three surrounding temperatures.

From figure 5.15 it can be inferred that a higher excitation energy will favored

alpha decay for bigger gamma energies. This is true even with long-lived

isotopes. If we assume different excitation energies for the 144Nd, we note that

the ratio Rλ increases several orders of magnitude for the same range of photon

energies (figure 5.16).

However, to obtain an excitation of 3MeV the surrounding temperature should

be at least 5.4 GK. Although such high temperatures can be found in extreme

environments (the initial burst of a supernova, for example), the alpha decay
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Figure 5.16: Ratio between decay probabilities as a function of Eγ for 144Nd using
three excitation energies.

process would begin when the temperature is lower.

5.4 Temperature-dependent densities: α-decay

half-lives

As we mentioned in chapter 4, the temperature can also be addressed in the

density of the daughter nucleus. We use the equation (5.17) and the dou-

ble folding model to calculate the Coulomb and strong potentials for several

temperatures.
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Figure 5.17: Temperature-dependent Coulomb potential as a function of distance.
The temperature dependence is achieved in the daughter distribution density. Left
panel shows the Coulomb potential for several temperatures. The right panel shows
the same in a zoomed regions near the origin. The decay reaction is 210Po →206

Pb+ α.

95



In figure (5.17) the effect of temperature is only important as r → 0. All curves

converges to the same line as r increases. We note that the incorporation of a

temperature-dependent density reduce the Coulomb potential. Moreover, the

effect is relevant only for very high temperatures.

The strong nuclear potential is also calculated for the same temperatures.
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Figure 5.18: Temperature-dependent strong potential as a function of distance. The
temperature dependence is achieved in the daughter distribution density. The decay
reaction used 210Po→206 Pb+ α.

The strong potential increases in magnitude as the temperature increases but

also tends to a convergent value as the distance increases. The deepest poten-

tial is found to be the usual double-folded strong interaction with no temper-

ature dependence.

The total potential for all cases is displayed in figure 5.19.

We note that the temperature actually modifies the total potential. The

Coulomb barrier is shifted to the left. This would reduce the α-decay half-

lives. In order to analyze the effect of a temperature-dependent density ap-

proach, the Bohr-Sommerfeld conditions has not been initially applied to total

potential.
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Figure 5.19: Temperature-dependent Total potential for the decay reaction
210Po →206 Pb + α. The temperature dependence is achieved in the daughter dis-
tribution density. The left panel shows the total potential for several temperatures.
The right panel shows the Coulomb barriers. In these plots, we have set λ = 1 (No
Borh-Sommerfeld condition).

t1/2(T )[s]

Isotope Qvalue D-F 0GK 10GK 20GK 30GK 40GK

212Po 8.954 6.5×10−8 3.3×10−8 3.2×10−8 2.9×10−8 2.4×10−8 1.8×10−8

(48.8) 3.61 13.7 28.4 45.3

210Po 5.407 4.2× 105 1.6× 105 1.5× 105 1.4× 105 1.1× 105 8.6× 104

(60.9) 3.78 14.4 29.9 47.3

144Nd 1.903 5.1×1022 2.9×1022 2.8×1022 2.4×1022 2.1×1022 1.6×1022

(42.6) 3.10 14.4 27.6 44.3

Table 5.14: Calculated alpha-decay half-lives for several nuclear temperatures us-
ing a temperature-dependent daughter distribution density and the double folding
formalism for three nuclei. The third column shows the alpha-decay half-life using
only double-folding formalims. The first row shows the half-life for each temperature
whereas the second one displays the percentage decrease with respect to the value
at T = 0G. The value in parenthesis, given in the second row, shows the percentage
decrease between the value found for the Double folding model (third column) and
the value at T = 0 K (fourth column).

The half-lives are reduced (with respect to the experimental value) in all cases

due to temperature-dependent daughter distribution density. They also de-

crease with the respect to the value calculated using the usual double folding

formalism (with no temperature dependence).

It is important to note that this approach (temperature-dependent densi-

ties) only shows relevant differences in half-lives for very high temperatures
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(T > 10GK). Although there is an effect for temperatures less than 10 GK,

this effect is very small, for instance, the percentage decrease is only 0.06%

when the temperature used 2 GK.
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Figure 5.20: Temperature-dependent Total potential for the decay reaction
210Po →206 Pb + α. The temperature dependence is achieved in the daughter
distribution density. The left panel shows the total potential for several tempera-
tures. The right panel shows the Coulomb barriers. In these plots, we have used
the Borh-Sommerfeld quantization condition.

By examining plots 5.19 and 5.22, we conclude that the Bohr-Sommerfeld

quantization condition set the strength of the strong potential, modify the

height of the Coulomb potential and change the half-lives.

5.5 Temperature-dependent Coulomb poten-

tial

We apply equation (4.48) to calculate the temperature-dependent double-

folded Coulomb potential.

As the temperature increases, the temperature-dependent double folding Coulomb

potential approaches to the usual double folding Coulomb potential (figure

5.21), contrary to what happens in the temperature-dependent density ap-

proach (see figure 5.17). Due to this behavior, the percentage decrease in

half-lives decreases as the temperature, opposite to the trend in every other

temperature-dependent model. However, in both models, the Coulomb po-
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Figure 5.21: Temperature-dependent Coulomb potential as a function of distance
for several temperatures. The temperature dependence is addressed in the potential
itself. The decay reaction used 210Po→206 Pb+ α.

tentials tend towards the same value (at any temperature) as the distance

increases.

The half-lives and percentage decrease for three isotopes are shown in table

5.15.

t1/2(T )[s]

Isotope D-F 0.2GK 0.5GK 1GK 2GK 3GK 4GK

212Po 6.5× 10−8 8.5×10−9 3.9×10−8 5.6×10−8 6.3×10−8 6.4× 10−8 6.48×10−8

(86.8) 38.9 12.9 2.86 1 0.14

210Po 4.19× 105 6.7× 104 2.6× 105 3.7× 105 4.10×105 4.18× 104 4.21× 105

(83.9) 36.8 11.9 2.25 0.2 -0.4

144Nd 5.05×1022 9.6×1021 3.3×1022 4.5×1022 4.9×1022 4.91×1022 5.06×1022

(80.8) 35.5 11.8 2.76 2.77 -0.001

Table 5.15: Calculated alpha-decay half-lives for several temperatures using a
temperature-dependent Coulomb potential and the double folding formalism for
three nuclei. The second column shows the alpha-decay half-life using only double-
folding formalism. The first row shows the half-life for each temperature whereas
the second one displays the percentage decrease with respect to the usual double
folding model.

It can be observed that alpha-decay half-lives increases as the temperature
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increases, and in the case of 210Po and 144Nd the half-life at 4GK is even

bigger than that calculated in the double folding formalism.
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Figure 5.22: Temperature-dependent Total potential for the decay reaction
210Po →206 Pb + α. The temperature dependence is achieved in the daughter
distribution density. The left panel shows the total potential for several tempera-
tures. The right panel shows the Coulomb barriers. In these plots, we have used
the Borh-Sommerfeld quantization condition.
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Chapter 6

Effects of strong magnetic fields

Strong magnetic fields exist on the surfaces of neutron stars, in general, B �
B0, where the parameter B0 is defined as [83]

B0 =
m2
ee

3c

~3
= 2.3505× 109G (6.1)

where (1 Gauss = 10−4 Tesla). The properties of matter are modified by these

strong magnetic fields. In these conditions (B � B0), the Coulomb force on

an electron is taken as a perturbation compared to the magnetic force [83].

When analyzing matter in magnetic environments, the natural unit for the

magnetic field strength is B0, hence, it is appropriate to define a dimensionless

magnetic field strength b as

b ≡ B

B0

. (6.2)

For b� 1, the electron cyclotron energy ~ω = ~eB/(mec) is much larger than

the typical Coulomb energy, and the properties of atoms and molecules are

changed by the magnetic fields [83]. As mentioned before, strong magnetic

field with b � 1 can be found in neutron stars and also in radio pulsars and

accreting neutron stars (1012G < B < 1013G). Some authors have suggested

that magnetic fields of the order 1016G can be created by dynamo processes in

proto-neutron stars [84]. Another scenario in which strong magnetic fields can

be found is the kilonovae process [85]: approximately isotropic radioactively-

powered transients that peak days to weeks after compact object mergers.

Alpha decay is one of the radioactive processes which can significantly alter
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the kilonovae light curves and then the abundances of the ejecta.

In order to study the effects of high magnetic fields in the alpha decay process,

we will analyze the kilonovae magnetic fields and the magnetic fields of neutron

stars. In the latter case, the effect of electron screening can also be taken into

account [86]. The screened Coulomb potential with the effects of magnetic

field is written as

Vc,m(r) =
ZαZde

2

r
φ(x) (6.3)

where the function φ(x) was analytically derived in [83, 87]. The function φ(x)

fulfills the equation

d2φ(x)

dx2
= [xφ(x)]1/2 (6.4)

with boundary conditions given by φ(0) = 1 and φ
′
(0) = −0.938966. The pa-

rameter x is equal to r/rs, where the screening radius depends on the magnetic

field strength as

rs =
1.041863Z1/5a0

b2/5
(6.5)

where a0 is the Bohr radius. In [88], the function φ(x) can be expanded as

φ(x) = 1 + Sx+
4

15
x5/2 +

2

35
Sx7/2 − 1

126
S2x9/2 (6.6)

where S = φ
′
(0). Not every term in equation (6.6) will be important when

the Coulomb potential is calculated. For the case 210Po →206 Pb + α, a plot

of the equation (6.3) taking into account each term of equation (6.6) is shown

in figure 6.1.

It can be observed that only the first two terms of expansion (6.6) (the non-

modified term and the second one) are important. The remaining terms do

not contribute to the modified Coulomb potential.

By using the double folding formalism, the screened Coulomb potential with
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Vc(r)=
Zα Zd e

2

r

V1 c(r)=Vc(r)(1+Sx)

V2 c(r)=Vc(r)[1+Sx+(
4

15
)x2.5]

V3 c(r)=Vc(r)[1+Sx+(
4

15
)x2.5+(

2

35
)Sx3.5]

V4 c(r)=Vc(r)[1+Sx+(
4

15
)x2.5+(

2

35
)Sx3.5-(

1

126
)S2x4.5]
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Figure 6.1: Magnetic-modified Coulomb potential. Left panel shows the usual non-
modified Coulomb potential (red line) defined by expression Vc(r) and the magnetic-
modified Coulomb potentials as defined by equation (6.3); several expression are
plotted taking into account each term in the expansion (6.6). Right panel displays a
zoomed area of the same potentials. The strength of the magnetic field is B = 1014

G.

magnetic effects can be calculated as

Vc,m(r, b) =

∫
dr1

∫
dr2ρ

c
α(r1)ρcd(r2)

e2

4πε0|s|
φ

(
|s|
rs

)
(6.7)

where s = r + r1 + r2 (see chapter 2). Since only the first two terms of equa-

tion (6.6) are important, the double-folded Coulomb potential is now

Vc,m(r, b) =

∫
dr1

∫
dr2ρ

c
α(r1)ρcd(r2)

e2

4πε0|s|

(
1 + S

|s|
rs

)
(6.8)

which in turn can be written as

Vc,m(r, b) =

∫
dr1

∫
dr2ρ

c
α(r1)ρcd(r2)

e2

4πε0|s|
+ (6.9)∫

dr1

∫
dr2ρ

c
α(r1)ρcd(r2)

e2

4πε0

(
S

rs

)
(6.10)

The first term is the usual non-modified Coulomb potential. We use the double

folding formalism (as in chapter 2) to calculate the first term in equation

(6.10); the second term is a term which does not depend on the distance
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and then is easily evaluated taking into account that
∫
dr1ρ

c
α(r1) = Zα and∫

dr2ρ
c
d(r2) = Zd. The magnetic-modified Coulomb potential is expressed now

as

Vc,m(r, b) =

∫
dr1

∫
dr2ρ

c
α(r1)ρcd(r2)

e2

4πε0|s|
+
ZαZde

2S

4πε0rs
(6.11)

Since S = φ
′
(0) is negative, the magnetic-modified double-folded Coulomb

potential is always less in magnitude as compare to the usual double-folded

Coulomb potential.
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Figure 6.2: Magnetic-modified double-folded Coulomb potential as a function of
distance for several magnetic field values. The left panel the usual double-folded
Coulomb potential (black line) defined by expression and the magnetic-modified
Coulomb potentials calculated using equation (6.11). Right panel displays a zoomed
area of the same potentials. The decay reaction used 210Po→206 Pb+ α

As the magnetic field strength increases, the Coulomb potential decreases in

all cases. We note that this effect is more relevant as the distance increases.

This will eventually shift the third turning point to the left, reducing half-lives.

The total potential taking into account magnetic effects is shown in figure 6.3

The Coulomb barrier and the third turning point are displayed in plot 6.4

It is interesting to note that the second turning point is almost the same in

all cases regardless the magnetic field strength, however, the height of the

Coulomb barrier decreases as the magnetic field increases (see figure 6.4). The

penetration probability is very sensitive to three factors: the Q-values, the sec-

ond and third turning points and the height of the barrier. Since the barrier

is smaller as the magnetic field increases, the half-lives will be reduced.
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Figure 6.3: Magnetic-modified total potential as a function of distance for several
magnetic field values. The decay reaction used 210Po→206 Pb+ α.

As expected, the third turning point is shifted to the left as the magnetic field

increases (see right panel of figure 6.4).

We now define the reduction factor, f , as the ratio between the magnetic-

modified half-life and the double folding half-life (without magnetic effect) as

f =
tM1/2
tDF1/2

(6.12)

where tM1/2 is the half-life calculated using the Coulomb equation defined in

equation (6.11) and tDF1/2 is the half-life evaluated using the usual Coulomb

potential with no additional effects. The reduction factor indicates the change

in the half-life value as the magnetic field increases.
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Figure 6.4: Magnetic-modified Coulomb potential as function of distance for several
magnetic field values. The left panel the usual double-folded Coulomb potential
(black line) defined by expression and the magnetic-modified Coulomb potentials
calculated using equation (6.11). Right panel displays a zoomed area of the same
potentials.

t1/2(B)[s]

Isotope D-F 1012G 1013G 1014G 1015G 1016G

212Po 6.5× 10−8 5.8× 10−8 4.9× 10−8 3.3× 10−8 1.3× 10−8 1.3× 10−9

(10.3) (23.3) (48.3) (80.3) (98)

0.89 0.76 0.51 0.19 0.019

210Po 4.19× 105 3.3× 105 2.3× 105 9.9× 104 1.2× 104 9.6× 101

(20.7) (43.8) (76.8) (97) (99.9)

0.79 0.56 0.008 0.001 0.0002

144Nd 5.05×1022 2.8× 1022 1.1× 1022 1.2× 1021 7.3× 1018 1.2× 1014

(45.3) (77.8) (97.5) (99.9) (100)

0.54 0.22 0.025 0.0001 2.5× 10−9

Table 6.1: Calculated alpha-decay half-lives for several magnetic fields values using
a magnetic-modified Coulomb potential and the double folding formalism for three
nuclei. The second column shows the alpha-decay half-life using only double-folding
formalims. The First row shows the half-life for each magnetic field strength whereas
the second one displays the percentage decrease with respect to the usual double
folding model and the third row shows the reduction factor.

The half-lives are reduced in all cases when the effect of the presence of a

strong magnetic field is taken into account. As expected, this is mainly due

to the reduction of the Coulomb barrier height and the shift to the left of the
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third turning point. We note that this effect is more relevant when the isotope

is very long-lived, even though the reduction is evident in all isotopes.

In the case of the kilonovae, the ejecta also possesses a magnetic field, which is

inherited from the parent neutron star or produced by residual magnetic fields,

turbulence due to the merger itself or in the resultant accretion disk [85].

Regardless of its origin, the magnetic field influences the motion of charged

particles though it weakens by the expansion. The magnitude of the magnetic

field can be expressed as function of ejecta radius, Rej = vejt, as

B(t) =
BiR

2
i

R2
ej

= 3.7× 10−6
BiR

2
i

(vt)2
(6.13)

where Bi and Ri are the magnetic field and radius of the neutron star at the

time of mass ejection. The velocity of the ejecta is a fraction of the speed of

light and t is the time elapsed in days.
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Chapter 7

Summary and Future Outlook

In this thesis, we use the most successful and standardly used density de-

pendent double folding model to calculate the decay width and, in turn, the

half-lives of several isotopes which may decay in astrophysical environments.

Our main goal is to compare the results obtained when different external fac-

tors (such as temperature, magnetic field and nonlocality) are introduced with

those without them.

Alpha decay half-lives change when we take into account the conditions of the

environment in which the decays are happening compared to those in which

those conditions are ignored. However, that change strongly depends on the

external factor and the approach chosen to study its effects. According to this

we conclude that:

� An effective potential obtained from a double folding strong potential

between the α-particle and the daughter nucleus within the nonlocal

framework is found to decrease the half-lives as compared to those in the

absence of nonlocalities. Whereas the percentage decrease in half-lives

within the older Perey-Buck and São Paulo models range between 20 to

40% , a recently proposed effective potential (Mumbai model) leads to a

decrease of only 2 to 4% when the knock-on exchange term is not included

in the calculations. This decrease is even bigger when the exchange term

is taken into account in the nuclear interaction potential (up to 70% in

Perey-Buck and São Paulo approaches). However, even if the knock-on

exchange term is included, the Mumbai approach shows a decrease of the
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same magnitude (2 to 4% ).

� By utilizing a nonlocal α-nucleon interaction, the α-daughter total po-

tential is calculated via a single folding approach. The half-lives calcu-

lated using this potential change (increase or decrease) depending on the

parameters used. For most cases, the nonlocal interaction reduces the

half-lives.

� It is found that the nuclear temperature θ is always bigger than a corre-

sponding ambient temperature T . We realize that the calculated nuclear

temperature depends on the isotope taken and nuclear level density used

showing some differences especially in the low excitation energy regime.

� When temperature is introduced in the Q-values (effective Q-values) al-

pha decay half-lives decrease. In the statistical model (Perrone and Clay-

ton’s model) including effective Q-values, half-lives can change up to 30

orders of magnitude when the ambient temperature is 2.4 GK. When

using effective Q-values without including an integral over the entire

continuum of energies as in the statistical model, the half-lives decrease

9 orders of magnitude at most. Since the Q-values increase, the turning

points are shifted and the penetrability factor increases, ultimately re-

ducing the half-lives in all cases.

The important point to notice here is that not all excited states of the

parent nucleus may decay by α-decay. There is a competition between

α and gamma decay which we investigated within a simple model to

show that the statistical model which involves an integral over the entire

continuum of energies is not justified.

� The temperature can also be introduced in the DDCM model via the

daughter distribution density. Since both the Coulomb and nuclear

strong potentials are density-dependent, we assume temperature depen-

dent densities affect both potentials. The effects of using such approach

are only important when the ambient temperature is very high (T > 10

GK). In all cases, this approach reduces half-life showing a bigger effect

as the temperature increases.
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� A temperature-dependent Coulomb potential is evaluated in the strong

coupled regime. in contrast to the other temperature dependent model,

the half-lives increase as the temperature increases. In some cases, the

half-lives become bigger than that calculated with no temperature de-

pendence. This increase is however extremely small.

� We use a model in which the Coulomb potential gets modified in the

presence of strong magnetic fields (B � 109 Gauss) found in pulsars

or magnetars. The α-decay half-lives calculated within this model can

be reduced by several orders of magnitude. We note that this effect is

strongly dependent on the nucleus being studied and is more important

if the nucleus is long-lived.

We point out that α-decay half lives change in all investigated scenarios. This

change depends on the model and external factor analyzed (temperature, non-

locality or magnetic field). The entire effect of the approaches studied here

may have important implications on heavy elements abundances during the s

or r process.

It is important to develop a model which takes into account temperature, mag-

netic field and/or nonlocality since they change the alpha decay half-lives.

We hope to use our findings in a nucleosynthesis network to analyze how the

abundance of elements changes.
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