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The photonic systems that use quantum light as single and paired photons have proven

to be excellent tools for simulating and testing the predictions of quantum mechanics

as well as for developing practical applications. On the one hand, single photons have

been considered good candidates for qubits implementation because their state does

not degrade easily and can be sent to long distances. Besides, the correlations present

on paired photons constitute a powerful resource in quantum information. One of the

most common sources of paired photons is based on spontaneous parametric down

conversion (SPDC). This process takes place when a high-intensity laser pumps a non-

linear crystal to generate correlated pairs of photons, known as signal and idler, with

lower energies than the pump. The success of this kind of sources lies in their relia-

bility, ease of use and versatility for being applied in different fields such as quantum

optics, quantum information, and quantum computation. This versatility comes from

the correlations in the different degrees of freedom of the down-converted photons. For

example, the correlation in polarization, and more specifically entanglement has been

used in teleportation protocols, the spectral correlation has been applied in spectroscopy

and production of heralded single photons (HSP), and the spatial correlations have been

used in imaging and positioning protocols.

The key element of this thesis is to take advantage of the control of photon correlations

generated by SPDC for practical applications and fundamental physics. The initial part

of the work is devoted to study theoretically and experimentally such a control in the

spatial variables. Differently from previous studies, we consider a SPDC configuration

in which the transverse momentum state no longer represents a two-mode correlation

but acquires a multi-modal character that can be tuned using the pump beam waist [1–

3].

The practical applications are presented in the second and third part of this thesis. In

particular, in the second part, the capability of controlling the spatial correlation is used

to study, in a unique setup, their effect on the reconstruction of a ghost image. The theo-

retical model that was confirmed by experimental results showed that there are certain

configurations of the SPDC source in which the multi-mode nature of the correlation
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avoids the reconstruction of ghost images [4]. In the third part, the control of frequency

and spatial correlations of the photons is exploited to obtain a HSP with high spectral

purity and high heralding efficiency by using spatial and spectral filters. Besides, an

asymmetry is shown in the properties of the HSP source based on type-II SPDC when

choosing the signal or the idler as the heralding photon [5, 6].

Finally, concerning the fundamental physic, in the last part of the thesis, spatially un-

correlated photons are used in a weak measurement experiment of sequential local mea-

surements of non-commuting observables applied on a two-photon entangled state.

The results of this experiment show that the polarization equivalents to the Einstein-

Podolsky-Rosen predictions, about the simultaneous values of non-commuting observ-

ables, can indeed be verified experimentally in terms of weak values. This fact provides

new insights into the physical properties of the constituents of (entangled) physical sys-

tems, which only become evident upon post-selection [7].
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Chapter 1

Introduction

In general terms, a correlation is a mutual relationship between two or more parts of

a physical system or events that occur in its dynamics. To have two time correlated

events means that if one of them is happening at a particular time, the other is also

happening at the same time. Something that is interesting about correlations is that

the behavior of a system can seem quite simple when it is studied independently, but

it becomes complex when it is studied as part of a bigger system. The contrary also

occurs, if one tries to understand the behavior of an isolated system, this can be hard,

but the correlation with other systems can reveal what is affecting it. For these reasons,

we recognize that correlation has played an outstanding role in Physics [8], in fields

such information theory, many-body systems, statistical physic, and quantum physics,

for solving fundamental issues and developing practical applications.

In particular, quantum mechanics allows for classical and quantum correlations, for

instance, some quantum system has shown a kind of strong correlation, called entan-

glement, that motivated the discussions between Einstein and Bohr in the first years

of quantum mechanics. Measurements of such correlations between physical systems

at different locations, first performed in the 70’s, demonstrated that nature shows en-

tanglement, and thus, concepts such as non-locality and (no)realism were included as

features of nature [9–11].
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Apart from the fundamental implications, correlations are a toolbox for practical ap-

plications which take advantage of the continuous and discrete variables of a physical

system. For example, relationships like entanglement, which are kept regardless of the

distance between the subsystems, becomes suitable for remote applications. Thus, by

using the continuous variables of frequency and time, applications such as remote spec-

trometry and different protocols for clock synchronization have been developed [12–

14]. Other applications that involve spatial correlations have allowed reconstructing

quantum images, quantum interference, and quantum lithography [15]. On the other

hand, regarding discrete variables, entanglement in polarization has permitted the de-

velopment of teleportation protocols which are useful tools for quantum information

tasks [16–18].

The developments related to correlations have been achieved in different experimental

implementations such as cold atoms, ion traps, condensed matter and photonic systems

where the use of quantum light, like single and paired photons, have stood out for their

versatility to simulate and test the predictions of quantum mechanics. Single photons

are considered as flying qubits with high potential because they interact weakly and

their state is maintained for long distances. Thus, the correlations between two of those

qubits can be shared in remote locations [18, 19].

Since the 80’s the nonlinear optical process called spontaneous parametric down con-

version (SPDC) has provided a convenient source of correlated photon pairs. Due to the

intrinsic nature of the SPDC process, the generated photons are correlated in the tempo-

ral, spatial and polarization degrees of freedom. This feature gives to the SPDC source a

great versatility that makes it useful in experiments on different fields such as quantum

optics, quantum information, and quantum computation. Several studies had appeared

due to the role of these correlations in applications [20–27]. Motivated by this interest,

in this thesis, we report the experimental and theoretical control of the correlations of

photons generated in non-collinear type-II SPDC and its effects on fundamental physics

and practical applications such as ghost imaging and the generation of heralded single

photons. The type-II source presents certain characteristics like the walk-off angle and
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the difference in polarization of the generated photons that lead to different features in

the correlations, mainly the two-photon spatial state presents a multi-modal character

that has implications in specific applications.

Regarding the generation of heralded single photons (HSP) via SPDC, it is crucial to

break the correlation between the different degrees of freedom and between the two

photons from a pair [28, 29]. Because of this, the control of the correlations in the dif-

ferent variables has to be well understood. Such control can be done via filters or by

adjusting the geometry and parameters of the SPDC source. The control of the correla-

tions results in the possibility of tuning two quantities related to the quality of an HSP

source: the purity and the heralded efficiency. A section of this thesis is devoted to

describing theoretically how these two quantities are modified by changing the correla-

tions via filters and the pump beam waist. Interestingly, it was found that when using

type-II collinear SPDC it is different to announce with the extraordinary photon than

with the ordinary one [5].

After finding a theoretical model to describe the spatial correlations of type-II non-

collinear SPDC, its experimental validity is presented. Specifically, the measurements

of the transverse mode function show that the spatial state for non-collinear type-II

presents a richer structure in the sense of having correlations between the different com-

ponents of the transverse momentum vector of the photon in each mode, signal and

idler. This richer structure is a result of the transverse walk-off that affect the type-II

sources forcing the spatial correlation to be multi-modal. This behavior gets enhanced

for small sizes of the pump waist. In particular, the experimental transition from corre-

lated to anti-correlated momentum correlations is measured for photons created in the

directions parallel and perpendicular to the optical table. The transition from one kind

of correlation to the other is achieved by using the pump beam waist as a tuning param-

eter, and the quantification of the classical correlations is done employing the Pearson

parameter.

The experimental capability of controlling the spatial state, and the multi-mode spatial
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correlations of a type-II non-collinear source inspires us to study, in a unique setup, the

role of such correlations on the generation of ghost images. The theoretical model that

was confirmed by the experimental results showed that there are specific configurations

of the SPDC source in which a broad multi-mode correlation prevents the reconstruction

of ghost images.

Finally, concerning the fundamental point of view, the control of momentum correlation

in SPDC allows us to prepare spatially un-correlated photons that at the same time are

entangled in the polarization degree of freedom. With the help of this type of state a

pair of observers can infer polarization correlation properties by performing a readout

of the joint position distribution of the photon pairs. We performed such an scenario

and in this thesis we report the behavior of the weak values of an experiment where

sequential local measurements of non-commuting observables are applied to a two-

photon entangled state. The results of this experiment suggest that, in the sense of

weak values, it is possible to associate elements of reality to non-commuting observables

based on the point of view of the Einstein-Podolsky-Rosen paper from 1935 [30].

The ideas presented in this thesis are organized in six chapters. In Chapter 2 a detailed

description of the SPDC source and the two-photon state is presented. Particularly, the

relevant parameters that allow the control of the correlations are identified, including

the size of the waist of the pump beam on the generating crystal and the use of spatial

and spectral filters.

The Chapter 3 is devoted to discuss how to take advantage of the correlation in the

spatial-spectral variables to construct a heralded single-photon source with a high herald-

ing efficiency and high purity. In this chapter, a proposal for codifying two qubits in just

one photon and the use of a tomography procedure based on Mutually Unbiased Bases

to reconstruct the state is also presented.

In Chapter 4, the capability of tuning the momentum correlations in a type-II non-

collinear SPDC source is used to study, in a unique setup, the role of such correlations

on the generation of ghost images. The experimental results are presented, and the
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conditions to retrieve a ghost image are discussed.

In Chapter 5, the experiment on weak values with polarization entangled photons un-

correlated in space is reported, and a possible interpretation of the results is discussed.

Finally, the conclusions and perspectives for future work are shown in Chapter 6.





7

Chapter 2

Description of the photon source

and the control of its correlations

Spontaneous parametric down conversion (SPDC) is a widely-studied nonlinear pro-

cess [21, 24, 31–34]. This process takes place in a nonlinear birefringent crystal where

the pump and the down-converted field modes, historically called as signal and idler,

are coupled by the second order susceptibility tensor. Both the down-converted and the

pump photons must satisfy a set of phase-matching conditions related to the energy and

momentum conservation that occurs only for some combinations of the polarization.

Particularly, if the generated photons have the same polarization, the phase-matching is

named type I, whereas it is named as type II if the generated photons have orthogonal

polarization to each other. In the case of a negative uniaxial crystal such as BBO (β-

Barium Borate), the type-I SPDC process is described usually by e → oo, which means

that one photon of the pump beam with extraordinary polarization decays in two pho-

tons with ordinary polarization. Similarly, the type-II SPCD is represented by e→ oe or

e→ eo depending on whether the extraordinary photon is generated in the signal or the

idler mode. Likewise, the SPDC process can be set in three different geometries, namely

collinear, non-collinear and beam-like, that depends on whether or not the signal and

idler modes propagate with an angle respect to pump propagation direction.
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Thanks to the nature of the process, the SPDC photons show a high degree of correla-

tion between their different degrees of freedom (DOF), and thus, they have been used

to prepare entangled photon pairs. This chapter presents a theoretical and experimen-

tal study about the effects of birefringence, particularly the walk-off phenomenon, in

the spatial (and spectral) correlation of paired photons generated by type-II SPDC. For

instance, it will be shown that there are conditions where, due to birefringence, the pho-

ton pair can present spatial correlation or anticorrelation. These results complement the

already well-known techniques in which the pump spatial and spectral profile is used

to tune the spatial correlation of SPDC [26, 31].

2.1 Two-photon quantum state

In the interaction picture, the output quantum state of a spontaneous parametric down

conversion process is described by

|ψ〉 = exp
[

1
ih̄

∫ t

0
ĤI(t′)dt′

]
|0〉 , (2.1)

where ĤI(t′) is the interaction Hamiltonian of the pump laser with the nonlinear crystal,

and |0〉 is the initial state given by one photon in the pump mode and vacuum in the

rest of the modes. The integral is evaluated over an interaction period, which is the time

the pump pulse (or photon) takes to propagate inside the crystal, entering at time t′ = 0

and leaving it at t′ = t.

The number of single photon pairs produced by SPDC in a certain time is extremely

low compared to the number of pumping photons entering the crystal in the same time

interval. That means the interaction Hamiltonian can be treated as a small perturbation

to the system and the SPDC output state approximated, using first-order perturbation

theory [20], by

|ψ〉 ≈
[

1 +
1
ih̄

∫ t

0
ĤI(t′)dt′

]
|0〉 . (2.2)
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The interaction Hamiltonian is obtained integrating the second order term of the elec-

tromagnetic field energy density over the interaction volume V. For a quantized pump

field Êp(r, t) and second order polarization P̂(2)
p (r, t) of the crystal, this is

ĤI(t) =
1
3

∫
V

d3rP̂(2)
p (r, t)Êp(r, t). (2.3)

In general, the second order polarization of a nonlinear medium in response to an ex-

ternal electric field El(r, t) is

P(2)
l (r, t) = ε0 ∑

m,n
χ
(2)
lmnEm(r, t)En(r, t). (2.4)

where the subscripts l, m, n represent fields along any of the three Cartesian coordinate

directions. As a result, the general form of χ
(2)
lmn is a 3× 3× 3 tensor, but predetermined

polarization directions of the pump and the down-converted fields in a certain SPDC

process reduce this tensor to a single term that we call χ(2). The exact expression for

this term is unnecessary since it only appears as a constant affecting the conversion

efficiency. Thus, the second order polarization of the crystal is reduced to

P(2)
l (r, t) = ε0χ(2)Em(r, t)En(r, t). (2.5)

For an uniaxial nonlinear crystal, there is only one optical axis (OA) that represent a

single axis of rotational symmetry. When light of arbitrary polarization travel through

such a crystal, the polarization can be decomposed into two orthogonal components:

the extraordinary ray (e-ray) which is polarized in the plane defined by the OA and the

pump wavevector (the principal plane), and the ordinary ray (o-ray) which is polarized

perpendicular to this plane, as illustrated in Fig. 2.1. In addition, an negative uniaxial

crystal only produces down-converted photons if the pump beam is an extraordinary

ray. Thus, two types of SPDC are recognized, in type-I the down-converted photons

are both ordinary rays, whereas in type-II one photon of the pair, let us say arbitrarily

the signal, is an extraordinary ray and the other (the idler) is an ordinary ray. The

differences between these two kinds of rays arise from the birefringence property of
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the nonlinear crystal: while ordinary ray’s refractive index only depends on the field

wavelength, extraordinary ray’s index depends on both the wavelength and the angle

formed by its propagation direction and the OA. Such a birefringence effect will play a

central role in our results.

FIGURE 2.1: Schematic diagram of the incident wavevector (kε) and the
uniaxial nonlinear crystal with its optical axis (OA). The principal plane
is defined by wavevector of the incident light and the OA. Any light po-
larized in the plane perpendicular to kε can be decomposed into extraor-
dinary and ordinary rays with parallel and perpendicular polarizations
to the principal plane, respectively. Due to the birefringence, the nonlin-
ear crystal separates rays with different polarizations as a result of the

transverse walk-off.

In this work we will deal with type-II SPDC, so that the subscripts l, m and n in Eq.( 2.5)

are replaced by p, s, and i, indicating the polarization direction of the pump, signal and

idler fields, respectively,

P(2)
p (r, t) = ε0χ(2)Es(r, t)Ei(r, t). (2.6)

Inserting the last expression into Eq. (2.3) for the interaction Hamiltonian, we get

ĤI(t) =
ε0χ(2)

3

∫
V

d3rÊp(r, t)Ês(r, t)Êi(r, t). (2.7)

By decomposing each field into its positive and negative frequency components, we

obtain

ĤI(t) =
ε0χ(2)

3

∫
V

d3rÊ(+)
p (r, t)Ê(−)

s (r, t)Ê(−)
i (r, t) + H.c., (2.8)
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where the frequency components of the field operators are (see for example [35], Eqs.

(4.4.14), (4.4.15) and (4.5.6))

Ê(+)
ν (r, t) = i

VQ

(2π)3

∫
d3kν

(
h̄ων

2ε0VQ

)1/2

exp (ikν · r− iωνt) âν(kν), (2.9)

Ê(−)
ν (r, t) = Ê(+)†

ν (r, t) (2.10)

Here, ν = p, s, i, and VQ is the quantization volume. Recall that the field frequency

depends on the magnitude of the wavevector through the dispersion relation: ων =

ckν/nν, with c the speed of light in vacuum and nν the crystal refractive index.

The wavevector kν can be written as a transversal vector qν = (qx
ν, qy

ν) lying in the plane

perpendicular to the propagation direction (which we define as the z-direction), plus

a longitudinal vector kz
ν. In the same way, the position vector r is decomposed into a

transverse position vector ρ and a longitudinal position vector z. Thus, the positive

frequency component becomes

Ê(+)
ν (r, t) = i

∫
d2qν

∫
dων Aν(ων) exp [i(qν · ρ + kz

νz−ωνt)] âν(qν, ων), (2.11)

with the definition

Aν(ων) =
nνVQ

c(2π)3

(
h̄ων

2ε0VQ

)1/2

. (2.12)

In Eq. (2.11) we used the dispersion relation to change the integral over kν by an integral

over ων. As a consequence of SPDC process’ low efficiency, the pump has to be a strong

laser field with a power of several orders of magnitude larger than the generated fields.

Under this condition, we can introduce a semiclassical approximation in which the pump

field is treated as a classical field while the others remain quantized. Thus, the positive

frequency for the pump field is taken as

E(+)
p (r, t) = Ap

∫
d2qp

∫
dωpα(qp)β(ωp) exp

[
iqp · ρ + ikz

pz− iωpt
]

, (2.13)
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where Ap is the pump amplitude, and the terms α(qp), β(ωp) are the wavevector and

spectral amplitude distributions of the pump field, respectively.

Substituting the expressions for the pump, signal and idler fields into the interaction

Hamiltonian expression, we obtain

ĤI(t) = −
ε0χ(2)Ap

3

∫
V

d3r
∫

d2qp

∫
dωpα(qp)β(ωp) exp

[
iqp · ρ + ikz

pz− iωpt
]

×
∫

d2qs

∫
dωs As(ωs) exp [−iqs · ρ− iksz + iωst] â†

s (qs, ωs)

×
∫

d2qi

∫
dωi Ai(ωi) exp [−iqi · ρ− ikiz + iωit] â†

i (qi, ωi)

+ H.c. (2.14)

The solution for the integrals in the last equation allows us to describe the spectral [36]

and spatial properties, particularly, the rings generation [22, 25] of the SPDC photons,

both for the collinear and non-collinear cases. However, we are interested in developing

a description only for the photons in the intersections of the rings (or cones).

In what follows the description of the SPDC will be written for the non-collinear geom-

etry, with the collinear interaction as a particular case. When the signal (idler) photon is

created in the intersection of the rings its wavevector can be decomposed in a reference

frame that is rotated by an angle θ0
s (θ0

i ) with respect to the pump propagation as shown

in Fig. 2.2. Therefore, the wave and position vectors in these new reference frames can

be written as

kµ = qx
µx̂µ + qy

µŷµ + kz
µẑµ = qµ + kz

µẑµ, (2.15a)

rµ = xµx̂µ + yµŷµ + zµẑµ = ρµ + zµẑµ, (2.15b)

where x̂µ, ŷµ, and ẑµ are unitary vector along each path µ (µ = s, i).

Consequently, the interaction Hamiltonian is rewritten as

ĤI(t) = −
ε0χ(2)Ap

3

∫
V

d3r
∫

d2qp

∫
dωpα(qp)β(ωp) exp

[
iqp · ρp + ikz

pz− iωpt
]
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FIGURE 2.2: Pump and signal modes wavevectors with their correspond-
ing longitudinal and transverse decomposition.

×
∫

d2qs

∫
dωs As(ωs) exp [−iqs · ρs − ikz

szs + iωst] â†
s (qs, ωs)

×
∫

d2qi

∫
dωi Ai(ωi) exp [−iqi · ρi − ikz

i zi + iωit] â†
i (qi, ωi)

+ H.c. (2.16)

In addition, by applying a transformation rule for describing the position vector in the

reference frame of the pump beam1 we have

rµ = xx̂µ + (y cos θ0
µ + z sin θ0

µ)ŷµ + (−y sin θ0
µ + z cos θ0

µ)ẑµ. (2.17)

Now, rearranging the arguments in the exponential functions of the interaction Hamil-

tonian, we obtain the following for the transverse part

qp · ρ− qs · ρs − qi · ρi = (qx
p − qx

s − qx
i )x + (qy

p − qy
s cos θ0

s − qy
i cos θ0

i )y

+ (−qy
s sin θ0

s + qy
i sin θ0

i )z, (2.18)

1such a transformation rule is xµ

yµ

zµ

 =

1 0 0
0 cos θ0

µ sin θ0
µ

0 − sin θ0
µ cos θ0

µ

x
y
z
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and

kz
pz− kz

szs − kz
i zi = (kz

s sin θ0
s − kz

i sin θ0
i )y + (kz

p − kz
s cos θ0

s − kz
i cos θ0

i )z (2.19)

for the longitudinal part.

The spatial integral over the interaction volume can be replaced by a triple integral in

Cartesian coordinates. Since the transversal profile size of the pump beam fits entirely

within the input face of the crystal, the limits of the integrals in the x- and y- directions

can be taken to be infinity. For the z-direction, the integral must be evaluated from zero

to the length L of the crystal in the propagation direction,

∫
V

d3r exp
[
qp · ρ− qs · ρs − qi · ρi + kz

pz− kz
szs − kz

i zi

]
=

=
∫ ∞

−∞
dx exp[i(qx

p − ∆0)x]
∫ ∞

−∞
dy exp

[
i(qy

p − ∆1)y
] ∫ L

0
dz exp[i∆zz]

=2L δ(qx
p − ∆0)δ(q

y
p − ∆1) exp

(
i
∆kL

L

)
sinc

(
∆kL

L

)
(2.20)

where we have introduced the mismatches along each direction by

∆0 = qx
s + qx

i , (2.21a)

∆1 = qy
s cos θ0

s + qy
i cos θ0

i + kz
s sin θ0

s − kz
i sin θ0

i , (2.21b)

∆k = kz
p − kz

s cos θ0
s − kz

i cos θ0
i − qy

s sin θ0
s + qy

i sin θ0
i . (2.21c)

The SPDC two-photon state then reads

|ψ〉 = |0〉+ A0

∫
d2qpd2qsd2qi

∫
dωpdωsdωiα(qp)β(ωp)

× δ(qx
p − ∆0)δ(q

y
p − ∆1) exp

(
i
∆kL

L

)
sinc

(
∆kL

L

)
×
∫ t

0
dt′ exp

(
−i∆ωt′

)
|qs, ωs, qi, ωi〉 , (2.22)

with ∆ω = ωp−ωs−ωi. Moreover, we have assumed that functions Aν(ων) are slowly

varying functions of frequency and then can be taken outside the integral. All the slowly
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varying terms and constants were absorbed by A0.

The interaction between the pump beam and the crystal that results in a single pair of

down-converted photons occurs in a short-time interval (<fs) compared to t, the time

spent by a pump photon to propagate inside the crystal (∼ps), and hence the limits of

the time integral can be extended to infinity,

∫ +∞

−∞
dt′ exp

(
−i∆ωt′

)
= δ(∆ω). (2.23)

Hence, the output state reduces to

|ψ〉 = |0〉+ A0

∫
d2qsd2qi

∫
dωsdωiα(∆0, ∆1)β(ωs + ωi)

× exp
(

i∆kL
2

)
sinc

(
∆kL

2

)
|qs, ωs, qi, ωi〉 . (2.24)

The functions that depend on transversal wavevector and spectral variables can be gath-

ered into a single function Φeo(qs, ωs, qi, ωi) usually called mode function (MF), Bipho-

ton or joint amplitude. The subscript eo recalls that the photon in the signal path is

considered as an e-photon. However, the photons in such a path could be either o- or

e-photon, thus, the more general two-photon state is given by

|ψ〉 = |0〉+ ∑
σ 6=σ′

∫
d2qsd2qi

∫
dωsdωi Φσσ′(qs, ωs, qi, ωi) |qs, ωs, σ〉 |qi, ωi, σ′〉 , (2.25)

with

Φσσ′(qs, ωs, qi, ωi) = N α(∆0, ∆1)β(ωs + ωi)sinc
(

∆kL
2

)
exp

(
i∆kL

2

)
, (2.26)

and N is a normalization constant. The MF contains all the physical information about

spectral and spatial properties of down-converted photons. We will see in the next sec-

tions how we can engineer such properties, giving rise to different kinds of correlations

between the two photons of the pair in their frequency and momentum variables.
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Under the assumptions of quasi-monochromatic pump, signal and idler photons, and

paraxial approximation, the longitudinal components of the wave vectors in Eq. (2.21)

can be written through Taylor expansions for the o- and e-photons as [20]:

kz,o =
√

ko(ωo)− q2
o ≈ k0

o + NoΩo −
q2

o
2ko

, (2.27a)

kz,e =
√

ke(ωe, θe)− q2
e ≈ k0

e + NeΩe +
∂ke

∂~qe
·~qe −

q2
e

2ke
(2.27b)

where k0
o = ko(ω0

i ) and k0
e = ke(ω0

e , θe) are the magnitudes of the wavevectors evaluated

at the central frequency ω0
µ, No = ∂ko(ω0

o )
∂ω and Ne = ∂ke(ω0

e ,θe)
∂ω are the inverse group

velocities of the o- and e- photons, and Ωµ = ωµ − ω0
µ is the frequency detuning. It is

worth mentioning that θe is the angle between~ke and the optical axis. Additionally,

∂ke

∂~qe
= $ex̂ (2.28)

with ρe, shown in Fig. 2.1, being the walk-off angle given by $e = − 1
ne

∂ne
∂θ , where ne is the

effective refractive index for the extraordinary beam.

Without loss of generality, we have taken the photon in the signal mode as an e-photon

whereas the photon in the idler mode as an o-photon, hence, the mismatching terms in

Eq. (2.21b) and Eq. (2.21c) become

∆1 ≈ qy
s cos θ0

s + qy
i cos θ0

i − k0
s sin θ0

s + $sqx
s sin θ0

s + k0
i sin θ0

i , (2.29a)

∆k ≈ NpΩp − NsΩs cos θ0
s − NiΩi cos θ0

i + $pqx
p − $sqx

s cos θ0
s − qy

s sin θ0
s + qy

i sin θ0
i .

(2.29b)

We have considered that wavevectors of the pump, signal and idler match at zero order

in the Taylor expansion, namely k0
p − k0

s cos θ0
s − k0

i cos θ0
i = 0. In addition, we have ne-

glected the terms of quadratic order in the transverse momentum. Finally, by applying

the delta-functions in q and ω from equations (2.22) and (2.23), the k-mismatch reduces

to
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∆k ≈ Np(Ωs + Ωi)− NsΩs cos θ0
s − NiΩi cos θ0

i

+ $p(qsx + qix)− $sqsx cos θ0
s − qy

s sin θ0
s + qy

i sin θ0
i . (2.30)

2.1.1 Gaussian forms for the pump beam and filters

In this section we will provide explicit expressions for functions on the right side of

Eq. (2.26) to arrive to a more compact form of the MF. First of all, we will assume Gaus-

sian shaped transversal wavevector and spectral amplitude distributions for the pump

field,

α(∆0, ∆1) = Nα exp

[
−

w2
p

4
(
∆2

0 + ∆2
1
)]

, (2.31)

β(ωs + ωi) = Nβ exp

[
− (ωs + ωi − 2ω0)2

4σ2
p

]
, (2.32)

with wp and σp the pump beam waist and spectral bandwidth, respectively. Nα andNβ

are normalization constants. The frequencies for signal and idler fields are determined

by both a central frequency ω0 and a deviation Ωµ (µ = s, i) from this frequency: ωs =

ω0 + Ωs, ωi = ω0 + Ωi. In terms of Ωs and Ωi, the pump beam spectral distribution is

β(Ωs + Ωi) = Nβ exp

[
− (Ωs + Ωi)

2

4σ2
p

]
. (2.33)

In particular, for a high-quality cw-laser the spectral bandwidth tends to zero (σp → 0)

and the spectral distribution of the pump beam, Eq. (2.33), becomes a delta function

δ(Ωs + Ωi). This feature can be used to simplify the mismatching function in Eq. (2.30)

to finally write

∆k = −(Ns cos θ0
s − Ni cos θ0

i )Ω + $p(qsx + qix)

− $sqsx cos θ0
s − qy

s sin θ0
s + qy

i sin θ0
i . (2.34)
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This expression can be simplified even further for collinear SPDC. In this case, θ0
s =

θ0
i = 0 and the k-mismatch reduces to

∆k = −(Ns − Ni)Ω + $p(qsx + qix)− $sqsx. (2.35)

On the other hand, spectral and spatial filters are typically placed on each path of the

down-converted photons, and these filters have Gaussian form described by

fµ(ωµ) = Nµ exp

[
−
(ωµ −ω0)2

4σ2
µ

]
= Nµ exp

[
−

Ω2
µ

4σ2
µ

]
, (2.36a)

Cµ(qµ) =Mµ exp

[
−

w2
µ

4
q2

µ

]
. (2.36b)

where we are treating the filters as an amplitude distribution, which satisfies the condi-

tion
∫

dωµ| fµ(ωµ)|2 = 1, and similarly for Cµ(qµ). Therefore, we are able to put side by

side the filters and the mode function of Eq. (2.26) to obtain a new mode function which

describes the photon pair after the filtering process,

Φ̃eo(qs, Ωs, qi, Ωi) = fs(Ωs) fi(Ωi)Cs(qs)Ci(qi)Φ(qs, Ωs, qi, Ωi)

= N exp

[
−

w2
p

4
(
∆2

0 + ∆2
1
)
− γ

(
L∆k

2

)2

+
i∆kL

2

]

exp
[
− Ω2

s
4σ2

s
−

Ω2
i

4σ2
i
− w2

s
4

q2
s −

w2
i

4
q2

i

]
. (2.37)

To obtain the last expression, the cardinal sine function sinc(x) in Eq. (2.26) has been

approximated by the Gaussian exp (−γx2), where γ = 0.193 so that the two functions

to have the same full width at half maximum (FWHM). Furthermore, Φ̃oe(qs, Ωs, qi, Ωi),

which is the MF that describes the case where the o-photon is generated in the signal

mode, whilst the e-photon is produced in the idler mode, is obtained from (2.37) by

exchanging the labels s by i and the angles φs by −φi in equations (2.21a) to (2.21c).
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2.1.2 Spatial and spectral SPDC two-photon state

In general, the mode function in Eq. (2.26) cannot be separated into two subsystems de-

fined by neither {qs, qi} and {ωs, ωi}, nor by {qs, ωs} and {qi, ωi}, which means that

the two-photon system exhibit correlations between space and frequency and between

signal and idler modes [32]. Fig. 2.3 shows a pictorial representation of such correla-

tions. In this work, the correlation between space and frequency is controlled by means

of spatial and spectral filters placed in the signal and idler paths, as indicated in Fig.

2.3(a), while the degree of signal-idler correlation is mediated by the spatial and spec-

tral properties of the pump, as in Fig. 2.3(b).

Space Frequency

Co
rr

el
at

io
n 

m
ed

ia
te

d 
by

 �
lte

rs

Correlation mediated by the pump
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Idler
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FIGURE 2.3: Illustration of the correlations associated to the SPDC photon
pair generation. In (a), the two-photon system is viewed as composed by
the spatial and spectral variables of each photon. The correlation between
these two degrees of freedom is controlled by means of filters. In (b),
the two-photon system is considered as one given by the signal variables
and the other by the idler ones. The signal-idler correlation is controlled

through the pump properties.

A general idea about the spectral and spatial correlations of the SPDC photons and the

effect that filters have on them can be obtained by looking at the joint spectrum (or MF

intensity), |Φ̃eo(qs, qi, Ω)|2. Initially, let us take independently the spectral, |Φ̃eo(qs =

0, Ωs, qi = 0, Ωi)|2, and the spatial, |Φ̃eo(qs, Ωs = 0, qi, Ωi = 0)|2, joint-spectrum.

Fig. 2.4(a) and Fig. 2.5(a) depict the corresponding unfiltered biphoton (σs = σi → ∞

and ws = wi = 0, respectively) for collinear type-II SPDC, produced in a 1 mm BBO

pumped by a laser centered at 405 nm with σp = 1 nm and wp = 10 µm. The tilt with
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respect to the straight line at −45◦ in Fig. 2.4(a) and Fig. 2.5(a) is owing to the nature

of the type-II process. The tilt in the spectral domain is a consequence of the different

group velocities of photons in the signal and idler modes inside the nonlinear crystal. In

the spatial domain, the tilt is due to the walk-off angle which affects the signal photons

(e-photons) but it is absent for the idler ones.

FIGURE 2.4: Effect of filtering on the spectral joint-spectrum for collinear
type-II SPDC. (a) is the unfiltered spectral distribution, while in (b) both
arms are filtered using the same filter bandwidth. In (c) and (d) only one

of the photons is spectrally filtered.

The presence of the tilt in the spectral and spatial domains has consequences when

filtering the SPDC source. If the same kind of filter is placed in the signal and idler

paths, Fig. 2.4(b) for the spectral regime and Fig. 2.5(b) for the spatial domain, the joint-

spectrum loses the information of the tilt. However, when only one of the photons is

filtered, the areas of the joint spectrum and joint spatial functions are different, as can
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be seen comparing Fig. 2.4(c) with Fig. 2.4(d), and Fig. 2.5(c) with Fig. 2.5(d). This fact

reveals that, for a type-II SPDC source, placing a filter in the signal arm (e-photon) leads

to different results than a filter in the idler arm (o-photon).

FIGURE 2.5: Effect of filtering on the spatial joint-spectrum for collinear
type-II SPDC. In (a) spatial filters are not considered, while in (b) both
arms are filtered using the same collecting mode. In (c) and (d) only one

of the photons is spatially filtered.

2.2 Control of momentum correlation of a SPDC source

This section will be focused on describing in more detail how to control the momentum

correlation between SPDC photons. Instead of using the complete SPDC state given by

the biphoton in Eq. (2.37) with all its spatial and spectral dependencies, let us introduce
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the spatial state defined by

|ψ〉 = ∑
σ 6=σ′

∫
dqsdqi Φ̃σσ′(qs, qi) |qs, σ〉 |qi, σ′〉 , (2.38)

where σ and σ′ are denoting the polarization for the down-converted photons in the

signal or the idler modes with transverse momentum, qµ = (qx
µ, qy

µ), as before. The

function Φ̃σσ′(qs, qi) is the spatial MF that contains the information about correlations

between spatial variables and is given by

Φ̃σσ′(qs, qi) =
∫

dΩsdΩi fs(Ωs) fi(Ωi) Φσσ′(qs, Ωs, qi, Ωi). (2.39)

Now, let us define the MF intensity (MFI) that is related to the joint probability of de-

tecting pairs of photons with transverse momentum qs and qi at some position from

the SPDC source. The MFI can be calculated from the spatial MF, as Sσσ′(qs, qi) ≡

|Φ̃σσ′(qs; qi)|2 and its measurement is carried out at the Fourier Plane (FP) of the non-

linear crystal by using an experimental setup as the one displayed in Fig. 2.6. In such

a FP there is a correspondence between transverse momentum and transverse position

given by qµ = 2π
λµ0 f ρ̃µ, therefore the MFI can be written explicitly as

Sσσ′(ρ̃s, ρ̃i) =

∣∣∣∣Φ̃σσ′

(
2π

λs0 f
ρ̃s,

2π

λi0 f
ρ̃i

)∣∣∣∣2 , (2.40)

where λµ0 is the central wavelength of the down-converted photon in the µ-mode and

f is the focal length of the Fourier lens which is used to make the FP in the experimental

setup. By taking the perpendicular directions in the FP separately, we can study the

behavior of the MFI, Sρ
σσ′(q

ρ
s , qρ

i ), in each of the direction ρ = x, y.

As an example of a type-II SPDC source, let us consider a source of non-collinear pho-

tons, made of a 4-mm-BBO crystal which has been cut and tilted to produce photons

in the intersections with a half-open angle of 6◦ respect to the pump beam. The gen-

eration is expected to occur when the BBO crystal is pumped by a cw-laser, vertically

polarized (e-ray), with a central wavelength of 407 nm. For each mode, the photons
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FIGURE 2.6: Experimental setup. The diode laser has a central wave-
length of 407 nm and is spatially shaped as a Gaussian beam. M1 and
M2 are mirrors. L is a lens that fixes the desired waist on the 4-mm BBO
type-II crystal (NLC) to generate a pair of down-converted photons at a
half open angle of∼ 6◦. Each lens L1 and L2, configures a 2 f -system. The
detection system consists of a polarizer Pη , a 5 nm-bandwidth interfer-
ence filter (IF) centered at 814 nm, a pinhole (PH) and a multimode fiber

to take the photons to detectors, DA and DB.

pass through Fourier lenses with f = 200 mm and 5-nm-FWHM spectral filters. For

this source, particular cases of the theoretical MFIs are shown in Fig. 2.7, where the

left and right panels represent Sy
eo(q

y
s , qy

i ) and Sx
eo(qx

s , qx
i ), respectively for two differ-

ent pump’s waists, wp = 845 µm in the upper panels and wp = 31 µm in the lower

ones. Figures 2.7(a) and 2.7(b) show the expected behavior for a large waist, whose

MFIs present a high negative correlation in the transverse momentum variables and

Sy
eo(q

y
s , qy

i ) ≈ Sx
eo(qx

s , qx
i ), except for a tiny tilt to each other. On the contrary, for a narrow

waist, the MFI for each direction, x and y, are completely different, as we can observe in

Figures 2.7(c) and 2.7(d).

With aim of extending the study about the MF’s behavior for focused pump beams,

we compare the MFIs in the y-direction for the two possible options of the polariza-

tion detection, this is, Sy
eo(q

y
s ; qy

i ) and Sy
oe(q

y
s ; qy

i ) and the theoretical results are shown in
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FIGURE 2.7: Comparison of the theoretical MFI Sy
eo and Sx

eo for large and
narrow pump waists. Panels (a) and (b) are Sy

eo(ỹs, ỹi) and Sx
eo(x̃s, x̃i) for

wp = 845 µm, respectively, whilst panel (c) and (d) show Sy
eo(ỹs, ỹi) and

Sx
eo(x̃s, x̃i) for wp = 31 µm.

Figures 2.8(a) and 2.8(b), respectively. Likewise, the same comparison is done for the

x-direction in Fig. 2.9(a) and Fig. 2.9(b). From these figures, it is important to point out

three remarks: First, the momentum in the y-direction exhibits a positive correlation

whereas the momentum x-direction shows a negative one. This observation is inter-

esting since it tells us that just by performing a change in the scanning direction of the

Fourier plane, it is possible to observe a completely different kind of spatial correla-

tion. In other words, in a type-II SPDC process, both kind of momentum correlations,

positive and negative, are present depending on the observed direction of the far-field

plane. Second, the positive correlation showed in the y-direction may be surprising at

first sight, since one expects an anti-correlation for the transverse momentum of down-

converted photons; however, this is true only for values of the pump’s waist larger than
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certain critical value. This is similar to what was reported for the type-I case [23]. Third,

the spatial correlation in the y-direction seems to be a few sensitive to which polariza-

tion is detected in each mode. On the contrary, the spatial correlation in the x-direction

is highly affected by the detected polarization as the different orientations of Sx
eo(qx

s ; qx
i )

and Sx
oe(qx

s ; qx
i ) display.

FIGURE 2.8: Momentum correlation in the y-direction at the biphoton’s
Fourier plane. Panels (a) and (c) depict Sy

eo(q
y
s , qy

i ) from the theoretical
model and the experimental results, respectively. Panels (b) and (d) de-
pict Sy

oe(q
y
s , qy

i ) from the theoretical model and the experimental results,
respectively. All these behaviors for wy

p = 31 µm

To corroborate the previous theoretical results, the setup in Fig. 2.6 was implemented,

where a diode laser beam, centered at 406.8 nm and spatially shaped by a spatial filter,

is focused by a lens L into a 4-mm-length type-II BBO crystal. Each of the generated

down-converted photons passes through a 2 f -system ( f = 750 mm) in order to obtain

the momentum distribution of the photon pairs at the Fourier plane. The combined scan
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to measure momentum correlations is accomplished by two detection systems that con-

sist of polarizers, an interference filters, 2.0 mm-diameter pinholes, multimode fibers

and single photon counters (SPCM-AQRH-13), DA and DB, whose outputs were an-

alyzed by a FPGA card that counts singles and coincidences in a 9-ns window. The

detection systems were mounted on automated translation stages to scan the horizon-

tal and vertical directions of the BBO’s Fourier plane. In the experiment, we measure

Seo(qs, qi) by setting the polarizer PA to detect the e-photon in the detector DA and the

polarizer PB to detect the o-photon in the detector DB. Similarly, Soe(qs, qi) is measured

by setting the polarizers appropriately.

The experimental results of scanning both detector in the direction parallel to the op-

tical table (y-direction) are shown at the bottom panels in Fig. 2.8 by post-selecting

different polarizations on each detector. In particular, Fig. 2.8(c) shows Sy
eo(q

y
s , qy

i ) and

Fig. 2.8(d) shows Sy
oe(q

y
s , qy

i ). In both situations, the momentum correlation is in good

agreement with theory. On the other hand, the bottom panels of Fig. 2.9 display the

transverse momentum correlations when the detectors scan the Fourier plane in the

perpendicular direction to the optical table (x-direction) for different post-selected po-

larization. Fig. 2.9(c) depicts Sx
eo(qx

s , qx
i ), whereas Fig. 2.9(d) illustrates Sx

oe(qx
s , qx

i ). From

these graphs, it is clear that the vertical transverse correlation changes drastically with

respect to the horizontal transverse behavior: The orientation of the coincidence rate

shows a negative correlation, mainly due to the contribution of the walk-off angles, ρε,

only in the x-direction as can be seen by the term ρeqx
e sin φe in Eq. (2.21b) and the term

ρp∆0 − ρeqx
e cos φe in Eq. (2.21c). Besides, it is clear, how the polarizers play an impor-

tant role in the shape of the spatial distribution of the SPDC photons, as expected from

theory.
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FIGURE 2.9: Momentum correlations in the x-direction at the biphoton’s
Fourier plane. Panels (a) and (c) depict Sx

eo(qx
s , qx

i ) from the theoretical
model and the experimental results, respectively. Panels (b) and (d) de-
pict Sx

oe(qx
s , qx

i ) from the theoretical model and the experimental results,
respectively. All these behaviors for wx

p = 42 µm

2.2.1 Tunable momentum correlations

A more generic way to write Eq. (2.39) is to realize that it is a multivariate Gaussian

distribution. Therefore, it is possible to write this MFI like [37]

Sσσ′(qs, qi) = N exp [qᵀBq + qᵀv] , (2.41)

where N is a normalization constant such that
∫

d4q Seo(q) = 1, qᵀ is a 4-dimensional

row vector defined as qᵀ = (qx
s , qy

s , qx
i , qy

i ), with qᵀ denoting the transpose of q. B is a

4× 4 real-valued, symmetric, positive definite matrix and v is a 4-dimensional vector.

The components of B and v are functions that depend on all the relevant parameters of
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the SPDC process. Hence, the MFI in the $-direction (ρ = x, y) reduces to

Sρ
σσ′(q

ρ
s , qρ

i ) = Nρ exp
[
−1

2
(Qρ)ᵀ

(
Σ

ρ
σσ′
)−1 Qρ

]
, (2.42)

with (Qρ)ᵀ a two-dimensional row vector given by (qρ
s − qρ

s0, qρ
i − qρ

i0) and (qρ
s0, qρ

i0) de-

fined by v and denoting the central position of the distribution. The matrix
(
Σ

ρ
σσ′
)−1

is

a 2× 2 sub-matrix of B, whose inverse, Σ
ρ
σσ′ , satisfies all the characteristics to be consid-

ered a covariance matrix.

In order to describe the relevant information contained in MFI defined in Eq. (2.42) we

will use two parameters: the orientation of the MFI, α
ρ
σσ′ , given by the angle formed

by the major axis of the elliptical distribution with its horizontal axis; and the degree

of classical spatial correlation determined by the Pearson correlation coefficient [38–40],

here denoted by κ
ρ
σσ′ .

Naming as Cρ
mn the elements for the matrix (Σ

ρ
eo)
−1, and applying the properties of the

conic sections, mainly the ones related to the rotated ellipse, the respective MFI’s orien-

tation can be calculated by

tan α
ρ
eo =

Cρ
11 − Cρ

22

Cρ
12

+

√√√√1 +

(
Cρ

11 − Cρ
22

Cρ
12

)2

. (2.43)

Similarly, the other orientation angle α
ρ
oe, is obtained from Eq. (2.43) by exchanging

the indices m and n. This means that there is a dependency on the polarization of

each mode. In fact, this dependency can be quantified by tan α
ρ
eo − tan α

ρ
oe = 2(Cρ

11 −

Cρ
22)/Cρ

21.

On the other hand, the correlation coefficients become

κ
ρ
eo = κ

ρ
oe = κρ =

Cρ
12√

Cρ
11Cρ

22

. (2.44)

In particular, while the correlation coefficient κρ, is independent of the post-selection in

polarization, the orientation angle α
ρ
σσ′ depends on it; therefore, it is possible to have
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the same degree of correlation for two different distributions of the down-converted

photons. In other words, there is a spatial distinguishbility between SPDC photons as it

was remarked in the previous section and reported in Ref. [1].

The theoretical behavior for the degree of correlation and the MFI’s orientations as func-

tions of the pump’s waist is illustrated by solid lines in Fig. 2.10 and Fig. 2.11, respec-

tively. From these figures is clear how the degree of correlation in the variables of Sy
σσ′

can be modified by passing from perfect positive correlation to almost perfect negative

correlation. Meanwhile, the correlation exhibited by the momenta in Sx
σσ′ is always neg-

ative. In addition, note how the orientation of MFIs changes as a function of the pump’s

waist for each direction and post-selected polarization.
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FIGURE 2.10: Theoretical and experimental behavior of the degree of cor-
relation (DOC) given by the coefficient κρ for each direction ρ as a func-

tion of the pump waist. (a) κy and (b) κx.
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FIGURE 2.11: Theoretical and experimental MFI orientation for each scan
direction and post-selected polarization as a function of the pump waist.
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To corroborate such a control of the correlation in the same components of the momen-

tum vector, the experimental setup shown in Fig. 2.12 was implemented. This setup is

similar to the one illustrated in Fig. 2.6 with a difference in the collection system to en-

sure a higher scanning resolution. In this case, the “point-like” detector in each arm was

1

A
PD

CC

A
PD

FIGURE 2.12: Experimental setup for studying the control of the momen-
tum correlations between SPDC photons. Three main parts are recog-
nized. The waist’s pump preparation, the correlated light source to be

studied, and the detection system.

made up with a single mode fiber (SMF) and an 11-mm aspheric lens. Each detection

system was placed at a certain distance from the FP to define a collection mode of 100

µm, and were mounted on automatized translation stages that allow a full scan of the

FP. The light coupled in the SMFs was sent to single photon counters (SPCM-AQRH-13-

FC) and their outputs were analyzed by a FPGA card counting singles and coincidences

in a 9-ns-coincidence window.

The experimental results for the degree of correlation κρ can be seen as dots in Fig. 2.10,

and the orientation angles α
ρ
σσ′ are shown in Fig. 2.11, all of them in good agreement

with the theoretical predictions showed in solid lines. Thus, these behaviors illustrate

the fact that the pump’s waist can be used as a control parameter for the momentum

correlation in a SPDC source, and this is the main capability that will be exploited in the

next chapters.

The use of a BBO crystal as larger as 4 mm allows observing the negative to positive
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correlation transition in horizontal MFI at a pump waist value relatively easy to imple-

ment in the laboratory (≈ 60 µm). However, this merit also becomes a disadvantage for

applications such as the one explained in Chapter 4, since the greater the length of the

crystal, the greater the effects of transverse walk-off.

2.2.2 Full Characterization of the Transverse Momentum Correlation

Most of the experimental studies have been focused into describing the transverse mo-

mentum of SPDC sources by looking at the correlations in the same direction of the

transverse plane i.e., by measuring the correlations between the horizontal-horizontal

and vertical-vertical component of the transverse position, ρµ, and transverse momen-

tum, qµ, vectors. This is because, in the typical approach for describing the SPDC prop-

erties, with a large size of the pump beam or collinear geometry, the spatial structure

of the two-photon field at the crystal output plane is well approximated by a double-

Gaussian distribution for the biphoton amplitude [41–43]

Ψ(ρs, ρi) ≈ A exp
(
−|ρs + ρi|2

4σ2
+

)
exp

(
−|ρs − ρi|2

4σ2
−

)
, (2.45)

where, the parameters σ± are the widths in the variables ρ± = ρs ± ρi. In fact, the au-

thors in [34] took advantage of such a Gaussian distribution to calculate several statistics

measurement like the co-variance, Pearson coefficient, joint entropy, mutual informa-

tion among others to characterize the spatial correlation in terms of just the parameters

σ± for a collinear type-I source. However, in the non-collinear case the Eq. (2.45) loses

its validity because another phenomena like the Poynting vector walk-off, which af-

fects the pump photons in these kind of sources, begins to be important introducing for

instance an azimuthal distinguishability in the down-conversion ring as was reported

in [44].

On the other hand, if we consider the non-collinear type-II SPDC source, where the

walk-off affects both the pump photons and one of the down-converted photons, what
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will be expected for the resulting two-photon distribution is a more complex relation-

ship between the position or momentum variables than the one described by Eq. (2.45).

This means, in general terms, that the biphoton should not be factorizable in ρ± for posi-

tion variables or similarly in q± for the momentum variables and this can be anticipated

from the structure of the function in Eq. (2.41).

Differently from the description of the control introduced in the previous subsection

where the discussion was centered in the correlation between the same directions of the

momentum vector, in this part, a complete characterization, both theoretical and exper-

imental, for the momentum distribution of non-collinear type-II SPDC pairs, generated

in a thick crystal, is presented. This characterization is done by studying the correlation

in different combinations of the momentum variables directions for two different sizes

of the pump beam and two different polarization selections VH or HV of the photons

that reach the detection plane.

The coincidence rate, Sσσ′(ρ̃A, ρ̃B), that represents the momentum distributions of the

photons measured in the FP is given by the MFI in Eq. (2.40). In addition, it as was

mentioned that there is a variety of combinations of pairs of variables from the set

{ỹA, x̃A, ỹB, x̃B}whose correlations can be studied. In this part of the work we show the

behavior of the distributions of the pairs of variables (x̃A, x̃B), (x̃A, ỹB), (ỹA, x̃B), (ỹA, ỹB)

where the others have been regarded as zero, e.g., Sσσ′(x̃A, x̃B, 0, 0) ≡ Sσσ′(x̃A, x̃B). Such

behaviors were studied for two extreme cases of the pump’s size. The left columns

of figures 2.13 to 2.16 show the theoretical distributions, for a large pump’s waist of

wp = 845 µm and for a narrow one of wp = 35 µm.

To confirm the theoretical behaviors, measurement of the momentum distributions were

carried out in the experimental setup shown in Fig. 2.12. These measurements were

done in a range (−2, 2) mm for each axis with steps of 100 µm. In every step the number

of coincidences was registered during 10 s. The experimental results for the momentum

distributions Sσσ′(x̃A, x̃B), Sσσ′(x̃A, ỹB), Sσσ′(ỹA, x̃B), Sσσ′(ỹA, ỹB), with σσ′ = VH and
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σσ′ = HV 2, are shown in the right columns of figures 2.13 to 2.16. Particularly, fig-

ures 2.13 and 2.14 display the behaviors obtained for a 35-µm pump waist, and two dif-

ferent polarization selections VH and HV, respectively. In figures 2.15 and 2.16 is being

presented the experimental distributions for an elliptical pump waist with wx
p = 740

µm and wy
p = 950 µm. All the experimental results are in good agreement with the

expected behaviors in the left column of the same set of figures.

An interesting feature that deserves to be pointed out is related to the orientation of

the elliptical distributions of the photons generated in the type-II SPDC process. In this

process, the ellipses have other orientations, different from {0◦, 45◦, 90◦}, that depend

on the variables linked, the pump size and the polarization detected. In contrast with

was reported in [27] for type-I SPDC, where the elliptical distributions had orientations

either at 0◦ for (ys, xi), or 90◦ for (xs, yi), and 45◦ for (ys, yi) or (xs, xi), which means that

there is a correlation only between pairs of variables representing the same directions in

the detection plane.

TABLE 2.1: Experimental mutual information comparison

(ξ; ζ)
Narrow waist Large waist
IVH IHV IVH IHV

(x̃A; x̃B) 0.171 0.141 1.207 1.33
(x̃A; ỹB) 0.001 0.515 0.000 0.000
(ỹA; x̃B) 0.604 0.011 0.000 0.000
(ỹA; ỹB) 0.330 0.258 0.769 0.669

To quantify the degree of mutual dependency of a pair of random variables, we can

calculate its mutual information. Since, the behavior of the momentum distributions for

the different pairs of variables may be well described by a bivariate normal distribution

Sσσ′(ξA, ζB) ∝ exp
[
−1

2
(
aξ2

A − bξAζB + cζ2
B
)]

, (2.46)

2For this part of the discussion we have used the actual polarization directions vertical (V) and hor-
izontal (H) that was measured in the experimental setup, instead of extraordinary (e) and ordinary (o)
photons with respect to the BBO crystal. However, in all this thesis e-photon means vertically polarized
and o-photon means horizontally polarized.
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where a, b, and c are experimental parameters that can be retrieved by fitting the exper-

imental data to Eq. (2.46), the mutual information can be written as [45]

Iσσ′(ξ; ζ) = −1
2

log
(
1− r2) , (2.47)

with r = b/(2
√

ac) being the usual Pearson correlation coefficient.

Table 2.1 summarizes the experimental mutual information comparison for a narrow-

vs a large-waist pump. For a large-waist pump beam there is no dependency between

(x̃A; ỹB) or (ỹA; x̃B) which means that no information flows between variables of differ-

ent directions between the signal and idler modes. This contrasts with what happens

for small waists where statistical independence is determined, among other features, by

polarization. For instance, the variables x̃A and ỹB are independent when photons with

vertical polarization reach the detector A, but they are dependent when photons with

horizontal polarization reach the detector A.

In summary, it has been found that the transverse momentum distribution can be well

described by a Gaussian relationship between pairs of variables corresponding with the

components of the transverse momentum wave-vectors. Different from Eq. (2.45), if the

bi-variate Gaussian distribution includes the effect of the walk-off, such a distribution

represents an rotated elliptical shape. In addition, it has been show that, for a large-waist

pump beam, no information flows between variables of different directions between the

signal and idler modes, and therefore qs ≈ −qi, as it has been usually reported. This is

in contrast with what happens for small waists where statistical independence between

different component of the transverse wave-vector is determined by polarization.

As has been remarked, TMCs play a critical role in several applications. For these rea-

son, the understanding of these correlations in a source of photons based on SPDC will

help with its control and the potential enhancement of the performance of such appli-

cations.
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Theory Experiment

FIGURE 2.13: Plots in the left column show the theoretical SVH(ξA, ζB)
for wp = 35 µm. Plots in the right column are the corresponding experi-

mental results.
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Theory Experiment

FIGURE 2.14: Plots in the left column show the theoretical SHV(ξA, ζB)
for wp = 35 µm. Plots in the right column are the corresponding experi-

mental results for wx
p ≈ wy

p ≈ 35 µm.
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Theory Experiment

FIGURE 2.15: Plots in the left column show the theoretical SVH(ξA, ζB)
for wp = 845 µm. Plots in the right column are the corresponding exper-

imental results.
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Theory Experiment

FIGURE 2.16: Plots in the left column show the theoretical SHV(ξA, ζB)
for wp = 845 µm. Plots in the right column are the corresponding exper-

imental results.
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Chapter 3

Correlation control for pure and

efficiently generated heralded single

photons

In the previous chapter it was established that SPDC is a convenient source of paired

photons. Due to the intrinsic properties of the non-linear process that leads to pair gen-

eration, SPDC photons are correlated in space, frequency and other degrees of freedom.

Detailed studies of these correlations have been carried out to understand the SPDC

process itself [21, 22] and its potential quantum applications [12, 13]. For example, the

spatial and spectral correlations have been widely investigated due to the role of SPDC

on the generation of what is called a heralded single photon (HSP) [29]. In an HSP

source, the detection of one of the photons announces the presence of its partner, which

is then available to be used in different applications, like quantum information process-

ing with linear gates, or quantum communication [18, 46].

For most applications of a single photon source, it is desirable that all of the photons

generated be pure, indistinguishable and produced on-demand [29]. In order to get a

pure HSP based on SPDC, it is essential to remove the spatial and spectral correlations

within the photon pair. There are various approaches to remove the spectral correlations

by engineering the frequency joint-spectrum of the pairs [47], using achromatic phase
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matching [48, 49], or working with certain crystals at the appropriate wavelength [28].

On the other hand, regarding the engineering of spatial SPDC correlations, some studies

show how different pump spectral profiles result in different spatial correlations [23, 50].

Spatial and spectral filtering is the most common way to control and even suppress the

correlations of SPDC photons [32, 51]. Filters have the advantage of being relatively

simple to implement experimentally, but with the drawback of decreasing the number

of photons available. However, in recent years, intense sources of photon pairs have

appeared [52] opening the possibilities to control correlations employing filters.

This chapter shows an study about the role of the SPDC parameters and the filtering

process on the SPDC spatial and spectral correlations. From this study, it was found

that when using type-II SPDC to generate HSPs, the behavior of the source is different

when the heralding is made either with the e- or the o-photon. Besides, it was found

that filtered SPDC sources allow the production of HSPs with high heralding efficiency.

This differs from previous wisdom according to which the use of filters is detrimental

for the heralding efficiencies, at least when both SPDC photons were filtered [28].

3.1 Making a heralding single photon source and controlling

its properties

A typical experimental setup for generating HSPs via filtered type-II SPDC is illustrated

in Fig. 3.1. Since the photons produced in this kind of SPDC source are distinguishable

by their polarization, a polarizing beamsplitter (PBS) is used to separate them. Thus,

two possible sources of heralded photons are allowed. One of them, when the idler

photon (an o-photon) is the HSP, like in Fig. 3.1(a), and the other when the signal photon

(e-photon) is the HSP, like in Fig. 3.1(b).

All the characteristics of HSPs produced via SPDC are determined by the MF,

Φ̃eo(qs, Ωs, qi, Ωi), which was calculated in the previous chapter, see Eq. (2.37). In par-

ticular, two important features to be studied are the purity and the heralding efficiency
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FIGURE 3.1: Experimental setup for a HSP source using a type-II BBO
crystal in a collinear configuration. A dichroic mirror (DM) is used for
stoping the pump, and a polarizing beamsplitter (PBS) separates the
down-converted photons according to their polarizations. Spatial (SpaF)
and spectral (SpeF) filters are placed in the heralding- and heralded-
photon paths. In (a), the idler (o-photon) is the HSP, while in (b) the signal

(e-photon) is the HSP.

of the HSP. Regarding purity, we are interested in describing the spatial purity, Pqν , and

spectral purity, PΩν
, for each of the down-converted photons. These purities are cal-

culated from the signal-idler spatial density matrix, ρ̂q = trΩ(ρ̂), and the signal-idler

spectral density matrix, ρ̂Ω = trq(ρ̂), with ρ̂ = |ψ〉 〈ψ| being the density matrix associ-

ated with the SPDC two-photon state given by Eq. (2.24).

Explicitly, for the signal photon ρ̂qs = trqi(ρ̂q) and ρ̂Ωs = trΩi(ρ̂Ω), while for the idler

photon ρ̂qi = trqs(ρ̂q) and ρ̂Ωi = trΩs(ρ̂Ω). From these expressions, the spatial and

spectral purities of the HSP are given by

Pqµ = Tr(ρ̂2
qµ
), (3.1a)

PΩµ
= Tr(ρ̂2

Ωµ
), (3.1b)

respectively. Hence, the purities of each individual photon are determined by the prop-

erties of the SPDC and the filtering processes.

On the other hand, the heralding efficiency is defined as the conditional probability of

detecting a single photon given the detection of its twin. For instance, taking the signal

photon as the heralding one, and assuming an ideal detection system, the maximum

heralding efficiency, ηs, when announcing with the signal, is defined as [53]
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ηs =
Pc

Ps
, (3.2)

where

Ps =
∫

d2qsd2qidΩsdΩi|Φeo(qs, Ωs, qi, Ωi) fs(Ωs)Cs(qs)|2 (3.3)

is the probability of detecting the heralding signal photon after a set of filters fs(Ωs)Cs(qs),

and

Pc =
∫

d2qsd2qidΩsdΩi|Φ̃eo(qs, Ωs, qi, Ωi)|2 (3.4)

is the joint probability of detecting the signal together with the corresponding heralded

idler photon, after passing a set of filters fs(Ωs)Cs(qs) and fi(ωi)Ci(qi), respectively.

Likewise, the idler maximum heralding efficiency is defined by ηi = Pc/Pi, with Pi the

probability of detecting the heralding idler photon after a set of filters fi(Ωi)Ci(qi).

An intuitive idea of the probabilities Ps, Pi, and Pc can be extracted from the areas

associated with the plots in Fig. 2.4 and Fig. 2.5. The areas of Fig. 2.4(b), Fig. 2.4(c) and

Fig. 2.4(d) correspond to Pc, Ps and Pi, respectively. Analogously, Fig. 2.5(b), 2.5(c) and

2.5(d) obey the same correspondence but in the spatial case.

3.1.1 Spatial properties of filtered HSP with and without spatial-spectral cor-

relation

With the theoretical model developed for the SPDC correlations and the definitions in-

troduced in the previous section, we can calculate the spatial purity and heralding effi-

ciency of a HSP produced by a filtered SPDC source. The effects of spectral filtering on

HSP sources for the case qs = qi = 0 have been previously considered [54–56]. Here,

we focus our attention on the role that spatial filters play in the HSP properties.

Let us study the spatial purity and heralding efficiency when the HSP is either the signal

or the idler photon, according to the setups of Fig. 3.1. When the signal is the heralded

photon, the quantities of interest are Pqs and ηi, whereas when the idler is the heralded

photon, one is interesting in Pqi and ηs.
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FIGURE 3.2: Schematic representation of the conditions considered to
study the spatial HSP properties. (a) Scheme indicating that spatial fil-
ters vary and the spectral filters are fixed. This is symbolized through
variable and fixed knobs. (b) Cartoon showing the different correlations
when the spatial-spectral correlation exists (upper part), and when such

correlation is completely broken (lower part.)

First, we set a value for the spectral-filter bandwidths, and vary equally the collecting

mode of the spatial filters, Fig. 3.2(a). Such a value is chosen to study two scenarios,

one where there is spatial-spectral correlation, namely σs = σi = 5.0 nm (upper part of

Fig. 3.2(b)), and the other where the spatial-spectral correlation is broken, i.e. σs = σi =

0.1 nm, (lower part of Fig. 3.2(b)).

For the case where there is spatial-spectral correlation, the spatial purities and heralding

efficiencies are shown in Fig. 3.3(a). Due to the spatial-spectral correlation, the spatial

subsystem is not pure and therefore we observe that Pqs is not equal to Pqi . Besides,

Pqs and Pqi tend to 1 as collected modes decrease, as expected from strong filtering

conditions. In the other case, in which the spatial-spectral correlation is broken, but the

signal-idler correlation exists, Fig. 3.3(b) shows how Pqs = Pqi .

In both panels of Fig. 3.3, the heralding efficiencies ηs and ηi are clearly different to each

other. For example, if we set 10 µm collecting modes in both paths, ηs = 0.55 whereas

ηi = 0.39, exhibiting a difference of 29% with respect to ηs.

One can explain the differences in the heralding efficiencies by comparing the areas in
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FIGURE 3.3: Spatial HSP properties when the collecting modes of both
photons, signal and idler, are equal and vary simultaneously. The pump
properties are σp = 1.0 nm and wp = 10 µm. In (a), we plot purities and
heralding efficiencies for the case in which the spatial-spectral correlation
is present (σs = σi = 5.0 nm.) In (b), HSP properties when the spatial-

spectral correlation is broken (σs = σi = 0.1 nm.)

Fig. 2.5(c) and Fig. 2.5(d), which go with Ps and Pi, respectively. From these figures, one

sees that Ps < Pi, indicating that a filter in the signal arm leads to a lower probability

of detecting its partner than a filter in the idler arm. By means of Eq. (3.2), one explains

why ηs > ηi in Fig. 3.3.

Figure 3.3 also shows a trade-off between spatial purities and heralding efficiencies

when varying the spatial filters. This is because, as the size of collecting mode increases,

less transverse modes are coupled into the fibers, producing more pure spatial states.

However, the probability of detecting the two photons from a pair reduces, resulting in

a low heralding efficiency.

Up to now, we have considered equal collecting modes for signal and idler. Another

scenario that may be implemented in the laboratory is when such collecting modes vary

independently. Fig. 3.4(a), Fig. 3.4(b) and Fig. 3.4(c) show contour plots for the spatial

HSP purity and heralding efficiencies ηs and ηi, respectively, for the case in which the

spatial-spectral correlation is broken. From Fig. 3.4(a), one observes that there is a set of

values for the signal and idler collecting modes which leads to an almost 100% purity.

However, from a certain value of ws (ws & 23 µm), the HSP purity is 100%, no matter

the collecting mode on the idler photon path. Something similar occurs for a certain
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value of wi (wi & 30 µm). This means that one can even avoid the use of filters in one of

the photon paths and still obtain a high purity. Nevertheless, these values of ws and wi

are different for the signal than for the idler, giving again a difference between placing

a filter on either path.

� �� �� ��
�

��

��

��

�� [μ�]

�
�
[μ
�
]

(�)�����

� �� �� ��
�

��

��

��

�� [μ�]

�
�
[μ
�
]

(�)η�

� �� �� ��
�

��

��

��

�� [μ�]

�
�
[μ
�
]

(�)η�

0.1

0.3

0.5

0.7

0.9

FIGURE 3.4: HSP properties as a function of the signal and idler collecting
modes when they vary independently. We show contour plots for the
spatial HSP purity (a) and heralding efficiencies, ηs and ηi, in (b) and (c),

respectively.

For the heralding efficiencies, by looking at Fig. 3.4(b) and Fig. 3.4(c), we observe that a

high heralding efficiency is obtained by fixing a small collecting mode for the heralded

photon and increasing the heralding one. The latter can be seen in Fig. 3.4(b), where

ηs approaches to 1 if one sets an idler (heralded photon) collecting mode less than 10

µm and increases the signal (heralding) collecting mode. A similar result is obtained for

ηi, Fig. 3.4(c), but fixing a small signal (heralded) collecting mode and varying the idler

(heralding) one. Moreover, ηs > ηi, in agreement with Fig. 3.3.

We conclude that there is an asymmetry between using the signal or the idler as HSP.

Since ηs > ηi, it is more convenient to use the ordinary polarized photon (idler pho-

ton in this work) as a HSP. However, it is important to point out that this asymmetry

disappears when the waist of the pump becomes wider. For the configuration we are

considering, this happens for a pump waist greater than 100 µm.
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3.1.2 Spectral properties of filtered HSP with and without spatial- spectral

correlation

In this section, we compare spatial and spectral purities, and also study the conditions

to obtain photons with both high purity and high heralding efficiency. We perform this

analysis of the HSP properties when the spatial filters are fixed and the spectral filters

are allowed to vary equally. The values of the spatial filters are chosen in such a way

that we are able to study the HSP properties in the presence and absence of the spatial-

spectral correlation, as in the previous section. These conditions are illustrate in Fig. 3.5.
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FIGURE 3.5: Schematic representation of the conditions considered to
study the spectral HSP properties. (a) Scheme indicating that spatial fil-
ters are fixed and the spectral filters vary. (b) Cartoon showing the differ-
ent correlations when the spatial-spectral correlation exists (upper part),

and when such correlation is completely broken (lower part.)

Figure 3.6 shows spectral purities for signal and idler, PΩs and PΩi , as well as heralding

efficiencies, ηs and ηi. The behavior of these HSP properties can be understood anal-

ogously to the spatial case, with the difference that a wider spectral-filter bandwidth

means not filtering, while in the spatial case a greater collecting mode implies a stronger

filter. Hence, contrary to Fig. 3.3, the spectral purities become smaller and the heralding

efficiencies increase as a function of σs and σi. Concerning the heralding efficiencies,

the asymmetry between announcing with the signal or idler is still present, but now



3.1. Making a heralding single photon source and controlling its properties 47

PΩs

PΩi

ηs

ηi

0 5 10
0

0.5

1

σs=σi [nm]

(a)

PΩs,i

ηs

ηi

0 5 10
0

0.5

1

σs=σi [nm]

(b)

FIGURE 3.6: Spectral HSP properties when the spectral-filter bandwidths
of both photons, signal and idler, are equal and vary simultaneously. The
pump properties are σp = 1.0 nm and wp = 10 µm. In (a), we plot pu-
rities and heralding efficiencies for the case in which the spatial-spectral
correlation is present (ws = wi = 50 µm.) In (b), HSP properties when

the spatial-spectral correlation is broken (ws = wi = 100 µm.)

ηi > ηs in contrast to the spatial case. Comparing Fig. 2.4(c) with Fig. 2.4(d), this fact

is explained if one realizes that, contrary to the spatial case, in the frequency domain

Ps > Pi, leading to ηs < ηi.

So far, we have seen what is the behavior of the spectral purity and heralding efficiency

separately. In what follows, we will concentrate on which conditions must be accom-

plished to get photons with both high spectral purity and high heralding efficiency. In

order to find these conditions, we define the spectral purity-efficiency factors (PEFs)

as PΩs ηi when the signal photon is the HSP and as PΩi ηs when the idler photon is the

heralded one. PEFs satisfy

0 ≤PΩs ηi ≤ 1, (3.5a)

0 ≤PΩi ηs ≤ 1, (3.5b)

displaying their maximum values when both the spectral purity and the corresponding

heralding efficiency reach independently their highest possible values.

We consider the behavior of PEFs for the filtering configuration illustrated in Fig. 3.7(a),
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FIGURE 3.7: Schematic representation of the conditions considered to
study the behavior of PEFs. (a) Scheme indicating that spatial filters are
fixed and only one of the spectral filters varies. (b) Cartoon showing two
different strengths for the spectral signal-idler correlation. The multiple
lines in the lower part indicates that the spectral correlation is stronger

than in the upper part.

in which the spatial filters are fixed and only one of the spectral filters varies. We con-

centrate in the case in which we have the spatial-spectral correlation together with the

spectral signal-idler correlation. This is schematically represented in the upper part of

Fig. 3.7(b).

In Fig. 3.8(a), we can see the idler’s PEF, i. e. when the idler is the HSP, for two values of

the idler’s spectral filter. For a weak filter in the idler’s path (σi = 10 nm), the maximum

PEF is obtained by making a strong filtering in the signal (heralding) photon (σs < 1

nm), while PEF is almost zero for strong filters in idler photon (σi = 0.1 nm), no matter

the filter in the signal arm. Fig. 3.8(b) shows PEF when the signal is the HSP. We compare

again two values of the spectral filter for the idler (heralding) photon. In both cases,

the signal’s PEF increases when the filter in the signal arm increases. In addition, the

maximum PEF is achieved when the filter of the heralding photon (the idler) becomes

narrow (σi = 0.1 nm).

The lower part of Fig. 3.7(b) illustrates another case where the spectral signal-idler cor-

relation is increased, this can be accomplish by, for example, decreasing the bandwidth

of the pump. In comparison with plots in Fig. 3.8, a similar behavior is observed when
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FIGURE 3.8: Spectral purity-efficiency factors (PEF) for a specific value of
the spectral correlation between signal and idler. The pump properties
are σp = 1.0 nm and wp = 10 µm, and the spatial-spectral correlation is
present because the waist of the photons’ spatial modes are ws = wi = 50
µm. The idler’s PEF, when this photon is the heralded single photon, is

plotted in (a), and the signal’s PEF is plotted in (b).

the HSP is the idler, Fig. 3.9(a), or the signal, Fig. 3.9(b). However, when the spectral

signal-idler correlation is stronger, the variations of the PEF are steeper, restricting the

implementation of the idler photon as HSP to the use of a very narrow filter in the signal

arm (σs � 1 nm and σi = 10 nm), as can be seen in Fig. 3.9(a). On the other hand, when

the signal is the HSP, a 100% PEF is obtained when the idler (heralding) filter is σi = 0.1

nm and the signal photon is almost unfiltered, according to Fig. 3.9(b). This result re-

veals that one can have a spectrally pure HSP source with a high heralding efficiency

through the use of filters.
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FIGURE 3.9: PEF when the spectral signal-idler spectral correlation is
stronger than in Fig. 3.8. The pump properties are σp = 0.1 nm and
wp = 10 µm, and the spatial-spectral correlation is present because the
waist of the photons’ spatial modes are ws = wi = 50 µm. The idler’s
PEF, when this photon is the heralded single photon, is plotted in (a), and

the signal’s PEF is plotted in (b).
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Chapter 4

Two-photon imaging with

multimode transverse momentum

correlations

In the mid-90s, Pittman et al. [15] proposed a novel imaging technique with an inter-

esting nature, that they called Ghost Imaging (GI). Essentially, GI allows obtaining an

image by harnessing the correlation between light beams in a different way than what

is done in a standard imaging process. Figure 4.1 schematizes the general idea behind

GI, where the light from the source is divided into two paths. In one path, the light

that passes through an optical system illuminates an object and is detected by a fixed

bucket detector, which collects the light but does not give any spatial information about

the object, avoiding the reconstruction of the image. In the other path, the light passes

by an optical system and then is registered by a point-like detector (or CCD camera in

more recent setups) that is placed on an equivalent imaging plane. This detector can

give spatial information related to the detected light, but it lacks information about the

object. The image is reconstructed by correlating the intensity measurements of both

detectors in different transverse positions.

Since its presentation, GI has attracted considerable attention due to its potential appli-

cations. Thus, a bunch of studies related to different features of the technique has been
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FIGURE 4.1: General scheme for implementing the GI technique. The
gµ(qµ, ρµ, zµ) functions represent the Green functions that propagate the
light in each mode µ from the output of the source light to the detectors

positions.

published. Such studies explore, for example, the necessity of quantum correlation over

classical [57, 58] and others, more technical, regarding the improvement in the signal-

to-noise ratio [59–61], the image contrast [62–64], limits in the resolution [65, 66] and

the acquisition time [67, 68]. Even more recent studies have used sources of correlation

different from light [69–71].

As mentioned, an image can be formed thanks to the correlation between the spatial

variables of light. Initially, GI was experimentally performed using light with negative

momentum correlation produced via SPDC [15]. Later on, theoretical and experimental

studies of GI using light with classical or quantum positive spatial correlation in setups

with and without an imaging lens were reported [57, 72–74], and more recent works

like [75–78] show the effect of changing the spatial correlation of light generated by

SPDC.

In this chapter, by applying the capability of controlling the correlation described previ-

ously, an expansion in the study of the role of the spatial correlation in the performance

of the GI is presented. Whit this end, here we discuss a theoretical and experimental

study about the effects on GI of changing the momentum correlations of light generated
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in a non-collinear type-II SPCD process like the one explained in Chapter 2.

4.1 Ghost imaging in the far-field zone: Theoretical framework

As we have mentioned, GI takes advantage of the correlation between light beams to

reconstruct an image. This is, the image is retrieved by measuring the spatial correlation

function of the intensities detected by a bucket detector DB when the position of a point-

like detector DA changes. Formally, the GI can be mathematically expresed as [58, 79]

GI(ρA) ∝
〈∫

dρB w(tA − tB)G(2)(ρA, tA; ρB, tB)

〉
(4.1)

with 〈. . .〉 denoting the time average related with the response time of the detectors, and

w(tA− tB) being the coincidence time window associated with the correlation measure-

ment. G(2)(ρA, tA; ρB, tB) is the second-order Glauber correlation function calculated at

the detectors position, namely

G(2)
σσ′(ρA, tA; ρB, tB) = 〈ψ| Ê(−)

s (ρA, tA)Ê(−)
i (ρB, tB)Ê(+)

s (ρA, tA)Ê(+)
i (ρB, tB) |ψ〉

= | 〈0| Ê(+)
s (ρA, tA)Ê(+)

i (ρB, tB) |ψ〉 |2

= |Ψσσ′(ρA, tA; ρB, tB)|2, (4.2)

where we have taken the state |ψ〉 like the SPCD state given by Eq. (2.25).

To evaluate the Glauber’s function, we will keep only the spatial variables since the

clicking time of the detectors is approximately the same, i.e. tA ≈ tB, once the detection

plane and the coincidence window have been set. Thus, once we know the MF in the

output plane of the crystal, Fresnel propagation theory can be used to analytically model

its propagation in any arbitrary GI setup. This propagation is done by determining the

Green’s function of the optical path that the photons will take. Denoting by gµ(qµ, ρj, zj)

the Green function associated with the photon propagation in the mode µ, from the

source to the detector j (j = A, B) located at a longitudinal distance zj and at a transverse
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position ρj, the propagated MF, Ψσσ′(ρA, ρB), can be written as [21]

Ψσσ′(ρA, ρB) =
∫

d2qs

∫
d2qi gs(qs, ρA, zA)gi(qi, ρB, zB) Φ̃σσ′(qs, qi). (4.3)

In this chapter we propose to study the effects of different momentum correlations on

GI. Hence, the object will be placed in the Fourier plane of the output face of the BBO

crystal by means of identical 2f systems in both optical paths. Thus, only one calculation

is required for a general Green function g(qµ, ρj, 2 f ) that propagates the SPDC photons

with a transverse momentum qµ from the source to a plane located at a distance 2 f .

Such a propagator can be defined by

g(qµ, ρj, 2 f ) =
∫

d2ρ`

∫
d2ρc h(ρj − ρ`, ω0

µ, f )L f (ρ`)h(ρ` − ρc, ω0
µ, f )eiqµ·ρc (4.4)

where ρc and ρ` are denoting the transverse position at the crystal and Fourier lens

planes, respectively, h(ρ1 − ρ0, ω, d) is the Fresnel propagator of a distance d between

two planes (0 and 1) with transverse position vectors ρ1 and ρ0, and L f (ρ`) is the trans-

fer function associated to a thin lens. After solving the integrals over ρc and ρ`, Eq. (4.4)

becomes

g(qµ, ρj, 2 f ) = Ce
iπ

λ0
µ f

ρ2
j e−

iλ0
µ f

4π q2
µ δ

(
qµ −

2π

λ0
µ f

ρj

)
, (4.5)

here C is a complex constant and λ0
µ is the central wavelength of light in the µ-mode.

Following Fig. (4.1), just before the bucket detector, DB, we place an object, which is

a transmission mask, whose transfer function will be denoted by T(ρ). Therefore, the

Green functions for the reference (signal) arm and object (idler) arm can be written as

gs(qs, ρA) = g(qs, ρA, 2 f ) (4.6a)

gi(qi, ρB) = g(qi, ρB, 2 f )× T(ρB). (4.6b)
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By replacing Eq. (4.6a) and Eq. (4.6b) into Eq. (4.3) and solving the integrals over qs and

qi, the biphoton at the detectors positions reduces to

Ψσσ′(ρA, ρB) = C2T(ρB)Φσσ′

(
2π

λ0
µ f

ρA,
2π

λ0
µ f

ρB

)
. (4.7)

This equation shows that the MF at the 2 f plane in terms of transverse positions for

the detectos has the same form as the MF at the output face of the crystal with the

relationship q = 2π
λ f ρ, but being modulated by the object’s transfer function. Therefore,

the GI is given analytically by

GIσσ′(ρ̃A) ∝
∫

d2ρ̃B |T(ρ̃B)|
2 Sσσ′

(
2π

λ0 f
ρ̃A,

2π

λ0 f
ρ̃B

)
, (4.8)

where the tilde in the transverse variables denotes the position at the FP and Sσσ′ is the

MFI introduced in Chapter 2. It is worth noting how Eq. (4.8) indicates that the type of

momentum correlation between SPDC photons will define the quality of the ghost im-

age obtained. This is because the MFI acts like a point-to-spread function that connects

the object with the image plane. Thanks to the capability of controlling correlations in

the MF, we can look at its effects on the resulting ghost image.

From here, we adopt a numerical approach for retrieving the GI according to Eq. (4.8) for

a given object, T(ρ) and a MF function, Φσσ′ (qs, qi). In particular, the object is modeled

by an 80× 80 pixels2 binary matrix with an L-shape, as the one shown in Fig. 4.2 whose

real size, 800 × 600 µm2, was chosen to fit within the intersection zone of the SPDC

cones. In this way, we ensure that the full object has always been illuminated. Besides,

to model the biphoton numerically, we take advantage of the representation of the MFI

given in Eq. (2.42).

Examples of numerical simulations of different ghost images are presented in Fig. 4.3.

The panels (a) and (b) are the theoretical GI eo and GIoe for a large waist wp = 845 µm,

whereas the panels (c) and (d) correspond to GI eo and GIoe for a narrow waist wp =

35 µm.
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FIGURE 4.2: A transmission mask with an L shape that represents the
object we want to reconstruct using the GI technique.

As illustrated in Fig. 4.3(a) and Fig. 4.3(b), when a large waist is taken, a reconstruction

of the L-shape in GI is achieved, since a large waist produces a high (negative) corre-

lation between momentum variables. Two additional features deserve to be pointing

out from the figures, first due to the negative correlation in both directions x and y the

final GI shows two flips respect to the actual orientation of the object, and second, the

ghost images GI eo and GIoe, turn out to be different. This difference can be explained

as a result of the distinguishability in the distribution of the down-converted photons,

which is introduced by the transverse walk-off effect present in the SPDC type-II source

that we are using, as explained in the Chapter 2.

On the other hand, when a narrow focus is set over the crystal, the object is not recon-

structed at all, as can be seen in Fig. 4.3(c) and Fig. 4.3(d). To understand what it is

happening, let us introduce the following MFIs

|Φ̃σσ′(ỹA, x̃A)|2 = |Φ̃σσ′(ỹA, x̃A, ỹB = 0, x̃B = 0)|2, (4.9a)

|Φ̃σσ′(ỹB, x̃B)|2 = |Φ̃σσ′(ỹA = 0, x̃A = 0, ỹB, x̃B)|2 (4.9b)

as functions to describe how the information in the x̃ variable migrates to the ỹ variable

for each mode, thus these functions can be understood as auto-correlation functions,

which in this case are conditioned upon the position (0, 0) in the other mode. In a
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FIGURE 4.3: Numerical simulations for GIs with different momentum
correlations. Panels (a) and (b) show GI eo and (d) GIoe when the pump’s
waist is wp = 845 µm, whilst (c) and (d) illustrate GI eo and GIoe for a

pump’s waist with wp = 35 µm.

similar way, we can consider the MFIs

|Φ̃σσ′(ỹA, x̃B)|2 = |Φ̃σσ′(ỹA, x̃A = 0, ỹB = 0, x̃B)|2, (4.10a)

|Φ̃σσ′(ỹB, x̃A)|2 = |Φ̃σσ′(ỹA = 0, x̃A, ỹB, x̃B = 0)|2 (4.10b)

like conditioned cross-correlation functions that describe how the information in the x̃

variable migrates to the ỹ variable from one mode to the other.

In the case of large waists the latter functions are well approximated by delta functions,

namely |Φ̃σσ′(ỹA, x̃A)|2 ∝ δ(ỹA)δ(x̃A), |Φ̃σσ′(ỹA, x̃B)|2 ∝ δ(ỹA)δ(x̃B), |Φ̃σσ′(ỹB, x̃A)|2 ∝
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FIGURE 4.4: Simulated conditioned auto-correlation and cross-
correlation functions between signal and idler modes for wp = 35 µm. (a)
|Φ̃eo(ỹA, x̃A)|2, (b) |Φ̃eo(ỹA, x̃B)|2, (c) |Φ̃eo(ỹB, x̃A)|2 and (d) |Φ̃eo(ỹB, x̃B)|2.

δ(ỹB)δ(x̃A) and |Φ̃σσ′(ỹB, x̃B)|2 ∝ δ(ỹB)δ(x̃B). However, for small waists these functions

represent broad distributions as depicted in Fig. 4.4. The auto-correlation functions in

Eq. (4.9a) and Eq. (4.9b) are presented in Fig. 4.4(a) and Fig. 4.4(b), respectively. Like-

wise, the cross-correlation functions in Eq. (4.10a) and Eq. (4.10b) are presented in the

panels (c) and (d) of Fig. 4.4. Thus, information does not pass only from one variable

in one mode to the same variable in the other mode, and therefore the MF no longer

represents a two-mode correlated state but a multimode correlated state. As a conse-

quence, the relationships given by the MFI in Eq (2.42) are not enough to claim when

the GI will reconstruct the object. The transverse walk-off effect is the main responsible

for obtaining such a correlated state.
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4.2 Obtaining ghost images with tunable momentum correla-

tions

The setup used for studying GI with different correlations was a variation of the initial

setup shown in Fig. 2.12. Now, a fixed third detector without spatial resolution (a bucket

detector) was introduced just behind the object we want to image, as it is depicted in

Fig. 4.5. The object to be reconstructed was placed in the FP of the idler path. The

detection system in the signal arm was maintained without any variation compared

with the setup in Fig. 2.12.

FIGURE 4.5: Experimental setup for GI with a type-II SPDC source. The
object was a mask of 800× 600 µm2 with an L-shape placed in the FP of

the idler arm.

The reconstructed GIs are shown in Fig. 4.6, the upper panels are the GI obtained for

an elliptical pump with wx
p = 740 µm and wy

p = 950 µm, whereas the lower panels are

for wx
p ≈ wy

p = 35 µm. As one can see in panels (a) and (b), the images GI eo and GIoe

are in agreement with the simulations shown in the panels (a) and (b) of Fig. 4.3 that

were done for a waist of wp = 845 µm, which is an average of the waists in the x and y

directions of the actual pump beam. As expected, the GI showed a dependency of the

polarization; thus we find that the type-II SPDC process leads to a remarkable difference

on which photon is used in the object or reference arms. For GI purposes we obtain that
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the extraordinary photon provides a more faithful reproduction of the object when it

is used in the reference arm (and, in consequence, the ordinary photon in the object

arm). A similar asymmetry between ordinary and extraordinary photons was observed

in Chapter 3 regarding the production of heralded single photons used in the source

of correlated photons. In addition, the retrieved images do not have any magnification

since the bucket detector measures the photons whose spatial distribution is defined by

the object.

FIGURE 4.6: Experimental GIs (a) GI eo, and (b) GIoe for wy
p = 950 µm

and wx
p = 740 µm. Experimental GIs (c) GI eo, (d) GIoe for wy

p ≈ wx
p ≈ 35

µm .

In contrast, an object cannot be (ghost) imaged with a narrow beam waist (≈ 35 µm) as

indicated by the experimental results in Fig. 4.6(c) and Fig. 4.6(d), which are in agree-

ment with the numerical calculations in Fig. 4.3. In this case, the MFI acts more like

a “point-to-spread” rather than a “point-to-point” correspondence, which prevents the

reconstruction of an image. To reinforce the idea of the “point-to-spread” function, we

have measured the conditioned auto- and cross-correlation functions defined in Eq. (4.9)

and Eq. (4.10) for a narrow (≈ 35 µm) waist of the pump beam and the experimental
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FIGURE 4.7: Experimental auto-correlation and cross-correlation func-
tions between signal and idler modes for wy

p = 950 µm. (a)
|Φ̃eo(ỹA, x̃A)|2, (b) |Φ̃eo(ỹA, x̃B)|2, (c) |Φ̃eo(ỹB, x̃A)|2 and (d) |Φ̃eo(ỹB, x̃B)|2.

results are depicted in Fig. 4.8. These experimental results are in accordance with the

theoretical shown in Fig. 4.4. For completeness, the experimental results for the condi-

tioned auto- and cross-correlation functions with a large waist are shown in Fig. 4.7. As

was mentioned before, these functions behave like delta functions convolved with the

size of the detection modes, and they ensure that all the information of one variable in

one mode is linked only with the same variable in the other mode, and thus the MFI

establishes a “point-to-point” correspondence that guarantee the reconstruction of an

image.

All these experimental results support that a more complete mathematical description

of the MFs and GI has to include the transverse walk-off effect, as the one considered in

this thesis. Such a walk-off effect has a particular incidence for narrow focused pump

beams and long crystals when non-collinear type-II SPDC is used as the correlated light

source.
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FIGURE 4.8: Experimental auto-correlation and cross-correlation func-
tions between signal and idler modes for wp = 35 µm. (a) Seo(ỹA, x̃A), (b)

Seo(ỹA, x̃B), (c) Seo(ỹB, x̃A) and (d) Seo(ỹB, x̃B).
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Chapter 5

Spatial correlations and

measurement theory: Using weak

measurements for testing the

simultaneous existence of EPR

elements of reality

For this chapter, the possibility of obtaining spatially un-correlated photons discussed

in the previous sections will be combined with a new perspective of the measurement

process called weak measurements that was proposed by Aharonov et al. [80] 30 years ago.

This approach to the measurement process has gained wide attention, and a large vari-

ety of applications have been developed, ranging from fundamental issues to practical

purposes. The aim of combining spatially un-correlated photons with weak measure-

ment relies upon the development of an experiment of sequential local measurements

of non-commuting observables applied on a two-photon entangled state to learn about

the reality of quantum observables before been measured.

In 1935, in the seminal paper by Einstein, Podolsky and Rosen (EPR) [30], the authors

introduced a reasonable criterion of reality. This criterion together with what is now
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for testing the simultaneous existence of EPR elements of reality

called an EPR state was used in the mentioned paper to question the completeness of the

quantum theory. The EPR argument claims the existence of element of reality associated

to a certain physical quantity when one is able of doing predictions with certainty about

the value of such a physical quantity without disturbing the system.

To see how this works, consider the predictions made by two space-like separate ob-

servers, Alice and Bob, about the outcomes of measurements done on the bipartite EPR-

singlet state 1. When Alice measures the Pauli operator σ̂z on particle one with result

s(1)z = ±1 and Bob measures σ̂z on particle two with result s(2)z = ±1, Alice and Bob

can predict with certainty that s(2)z = −s(1)z . Similarly, since the singlet state has the

same correlations in any measurement basis, if the Pauli operator σ̂x is measured by

both observers, with results s(1)x and s(2)x , Alice and Bob can predict with certainty that

s(1)x = −s(2)x .

Given previous facts, the claim in the EPR paper is that if Alice measures σ̂x on parti-

cle one, and Bob measures σ̂z on particle two, in a space-like position from Alice, the

predictions

s(2)z = −s(1)z , (5.1a)

s(1)x = −s(2)x (5.1b)

should be valid simultaneously or at least nothing should prevent it. However, as the

authors state, the verification of these predictions are beyond the “experimental” ca-

pabilities. Indeed, to test the simultaneous validity of equations (5.1a) and (5.1b), the

observers would need to perform simultaneous or sequential measurements of non-

commuting observables using, for example, a scheme like the one shown in Fig. 5.1(a).

However, this scheme is forbidden in the standard approach to Quantum Mechanics

(QM), in which the measurements are understood as projective measurements, which

involve a strong coupling between system and measurement device that perturb the

1|EPR〉 = 1√
2
(|↑1, ↓2〉 − |↓1, ↑2〉) for 1/2-spin particles for instance.
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FIGURE 5.1: (a) Schematic representation of a scenario to test the simul-
taneous validity of Eq. (5.1a) and Eq. (5.1b). (b) Realistic scenario to per-
form successive measurements that opens the possibility of testing the
simultaneous validity of Eq. (5.1a) and Eq. (5.1b). (c) Scenario to calculate

the weak value of σ̂z. (d) Scenario to calculate the weak value of σ̂x.

state. These objections nevertheless can be overcome if the measurements are under-

stood as weak measurements, which minimally disturb the system and consequently

allow to perform sequential and simultaneous measurements [81, 82]. It is therefore

interesting to explore whether the EPR predictions can be verified in the weak measure-

ments scenario.

This part of the thesis uses the framework of weak measurements to experimentally im-

plement the physical situation depicted in Fig. 5.1(b). Based on this scheme, we propose

and experimentally prove the simultaneous validity of a pair of equations that can be

interpreted as the predictions in Eq. (5.1a) and Eq. (5.1b) in terms of weak values. The

confirmation that the proposed predictions are valid simultaneously allows us to asso-

ciate, simultaneously, elements of reality, in the spirit of the EPR argument, to two weakly

measured non-commuting observables. The topic of elements of reality has been the

subject of intensive discussions for its role on our understanding of Nature [83–85].
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for testing the simultaneous existence of EPR elements of reality

5.1 Quantum Measurements

To begin, let us discuss the measurement process in QM. In his discussions about the

consistency of this theory, Bohr treated measurements being part of a world with a con-

venient division into quantum and classical parts, where the measuring devices belong

to the classical part. However, this division is not well defined, and it is not a con-

sideration directly provided by the QM, it is not more than a convenient prescription.

Therefore, it is perfectly valid to treat the measuring device as a quantum system, of

course, once we allow the measurement device to behave like a quantum system, we

must be willing to accept that such a device could behave in very different ways from

the standard (classical) measurement device. A model in which the measurement is

a quantum process was initially proposed by von Neumann [86]. According to this

model, the criteria that should be satisfied for an interaction to be considered as a quan-

tum measurement are the following:

(i.) The interaction time between the system and measurement apparatus is limited

and can be very small, in principle. For all times previous to the interaction, both

systems are independent.

(ii.) The interaction produces a change (or deviation) on the apparatus that corre-

sponds to the value of the measured observable.

(iii.) The measured observable does not change during the interaction.

(iv.) Both the central system and the measurement apparatus are considered as quan-

tum systems. It is possible to write down an interaction Hamiltonian, Ĥint that

describe the quantum process.

In order to satisfy all these criteria, one is able to define the interaction Hamiltonian as

Ĥint = g(t)Âs ⊗ P̂d, (5.2)

where g(t) is a coupling impulse function satisfying g(t) ∼ g0δ(t), Âs is the observable

that we are interested in measuring and P̂d is the conjugate operator to X̂d which is
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associated with the position state of the measuring device, such that [X̂d, P̂d] = ih̄.

If we call |Ψini〉 = |ψsys〉 ⊗ |φdev〉 and |Ψfin〉 the states of the system and the measur-

ing device before and after measurement, respectively, the connection between them is

given by |Ψfin〉 = Û |Ψini〉, with

Û = exp
[
− i

h̄

∫ τ

0
g(t)Âs ⊗ P̂d

]
= exp

[
− i

h̄
g0Âs ⊗ P̂d

]
(5.3)

being the evolution operator.

Here, we can consider two cases:

Case I. |ψsys〉 = |ak〉, it means that the initial system state is taken as an eigenstate of the

observable Âs, such that Âs |ψsys〉 = ak |ak〉. Hence, the final total state becomes

|Ψfin〉 = |ak〉 ⊗ |φdev(g0ak)〉 , (5.4)

where |φdev(g0ak)〉 = e−ig0ak P̂d/h̄ |φdev〉 is the state |φdev〉 displaced by an amount

g0ak in position. In other words, at the end of the measurement we will find the

state of the measuring device displaced by an amount that shows the measure-

ment result.

Case II. The initial system state is a superposition of eigenstates of the observable Âs,

i.e. |ψsys〉 = ∑k ck |ak〉. Under this condition, the state after the interaction is

|Ψfin〉 = ∑
k

ck |ak〉 ⊗ |φd(g0ak)〉 . (5.5)

This state reveals that the whole system (central system and measuring apparatus)

ends in a superposition of different product states associated to different eigen-

values of Âs, but we were expecting the state of the measuring device to be in a

definite position.

The unitary evolution (by itself) does not offer a way to reduce the superposition of the

pointer positions to a unique result. von Neumann was aware of this treatment of the
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measurements was incomplete, and for this reason, he introduced the collapse postulate

which establishes that [87],

If in a measurement process the pointer variable evolves to a superposition

of product states, the superposition immediately collapses to one of such

states with a probability equal to |ck|2, the square of the norm of its coefficient

in the superposition.

So, the result of the quantum measurement coincides with the prediction of the standard

quantum mechanics.

However, the question about the boundary between the unitary evolution (given by the

Schrödinger equation) and the collapse of the state remains, in the same way that in

the Borh’s approach where the division is between the quantum and classical world.

These questions are related to the so-called measurement problem, one of the most sig-

nificant problems in the foundations of QM. Many attempts to solve this problem have

led to a different interpretation for quantum theory. Such attempts belong to different

classes, like: QM is incomplete and there is collapse (as the von Newman’s model); QM

is incomplete and there is no collapse (as the de Broglie-Bohm theory or pilot-wave the-

ory [88, 89]); and QM is complete (as Everett–Wheeler Many-world interpretation of

QM).

5.1.1 Weak measurements

In the previous section it was explained that the interaction Hamiltonian of Eq. (5.2)

plays a central role in the standard implementation of a quantum measurement. This

Hamiltonian involves the operator P̂ which is the momentum conjugate to the pointer

position X̂, and the interaction is mediated by the coupling function g(t) which spec-

ifies the interaction time. The outcome of the measurement, called the readout of the

meter, is the shift of the pointer variable after interaction. An “ideal” (sharp or strong)

measurement corresponds to a quantum measurement where the coupling function is
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nonzero only during a short time, and it induces a significant change in the pointer

variable with little uncertainty.

Now, if we adjust the coupling between the system and the measuring device doing it

sufficiently weak in such a way that the change in the quantum state of the system of

interest can be neglected, we call this quantum process a weak measurement (WM). Thus,

a WM should be considered as a generalization of a quantum measurement, where both

the system of interest and the measurement device (the meter) are being treated as quan-

tum systems that weakly interact to each other.

Typically, a WM consists of two stages: In the first step, the system is weakly coupled to

the meter, and they are allowed to evolve. In the second step, a strong (projective) mea-

surement on the meter’s state is performed. The final state of the meter is the outcome

of the WM. It is worth mentioning that the distribution associated with the outcome

of such a measurement process must have a dispersion larger than the difference be-

tween the eigenvalues of the system to consider it as a WM. The sufficient condition is

to consider an interaction in which the Hamiltonian of Eq. (5.2) is small.

Now, let us consider the WM process in more detail. The first thing we have to define

is the state of the measurement device, |φdev〉, that can be written in the position basis

as |φdev〉 =
∫

dx φd(x) |x〉, where x is the position of the measuring needle or pointer.

In particular, such a initial state of the pointer variable can be considered as a Gaussian

distribution

φd(x) = (2π∆2
x)
−1/4 exp[−x2/4∆2

x] (5.6)

centered at zero for the most of the cases, with ∆x being the width of the distribution at

1/e2.

If the initial state of the system to be measured is a superposition |ψini〉 = ∑k ck |ak〉, the

equations (5.5) and (5.6) tell us that the final total state can be written as

|Ψfin〉 =
∫

dx ∑
k

ckφd(x− g0ak) |ak〉 ⊗ |x〉 =
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(2π∆2
x)
−1/4

∫
dx ∑

k
cke−(x−g0ak)

2/4∆2
x |ak〉 ⊗ |x〉 . (5.7)

Therefore, the probability distribution of the pointer variable is

p(x|ψini) = (2π∆2
x)
−1/2

∣∣∣∣∣∑k
|ck|2e−(x−g0ak)

2/4∆2
x

∣∣∣∣∣
2

. (5.8)

The latter distribution is showing a weighted sum of the initial probability distribution

localized at every eigenvalue. However, in contrast to Eq. (5.5), here we can take ad-

vantage of the WM regime, characterized by the fact that the functions in Eq. (5.8) have

a large dispersion leading to an overlap between every eigenvalue; i.e. ∆x � g0a. Thus,

the higher dispersion the weaker the measurement process, as long as the conjugate

variable to the pointer has a small initial uncertainty.

In the WM regime it would be allowed to expand the probability in Eq. (5.8) using the

Taylor expansion. Usig such expansion, the fact that ∑k |ck|2 = 1, and regrouping terms

one obtains

p(x|ψini) '
(
2π∆2

x
)−1/2

∣∣∣∣∣1−∑
k
|ck|2 (x− g0ak)

2 /4∆2
x

∣∣∣∣∣
2

'
(
2π∆2

x
)−1/2

e−(x−∑k |ck |2g0ak)
2
/2∆2

x . (5.9)

Thus, the probability p(x|ψini) will have the original Gaussian distribution but shifted

by an amount Aw which is proportional to the expectation value of the observable so

that

Aw = g0 ∑
k
|ck|2ak ∝ 〈ψ|As|ψ〉 . (5.10)

5.1.2 Pre- and post-selected systems

In the derivation of the probability distribution for the pointer variable in Eq. (5.9) all

the information was contained in the initial state, |ψini〉, of the system. However, a time-

symmetric formulation of QM proposed by Aharonov, Bergmann, and Lebowitz [90]

establishes that the final state |ψfin〉 also gives additional information useful to complete
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the description of the system at a certain time. They introduce what is called the Two-

state Vector Formalism (TSVF) where the system is pre-selected in the state |ψini〉 and

post-selected in the state |ψfin〉, and one makes questions about the state of the system in

an intermediate time. It means that the results of a measurement are only completely

meaningful when we know the initial and final state of the system 2. In this framework,

if we apply a weak measurement to the observable Âs, the final total state (for the system

and meter) can be written as

〈ψfin|e−(i/h̄)g0 Âs⊗P̂|ψini〉 φd(x) ≈ 〈ψfin|ψini〉 e−(i/h̄)g0〈As〉w P̂φd(x)

= 〈ψfin|ψini〉 φd (x− g0 〈As〉w) . (5.11)

Hence, the probability distribution for the readout of the meter is

P(x|ψini, ψfin) = | 〈ψfin|ψini〉 |2 |φd(x− g0 〈As〉w) |2, (5.12)

that is centered at the weak value of Âs in a pre- and post-selected system (PPS) defined

as

〈Âs〉w =
〈ψfin|Âs|ψini〉
〈ψfin|ψini〉

. (5.13)

To elucidate the physics behind Eq. (5.13) many experiments have been performed ver-

ifying the theoretical predictions related with the weak value. For instance, the weak

values have been applied in the development of practical application such as the ampli-

fication of a weak detector signal [91], the direct measurement of quantum states [92],

and the test of the violation of Bell’s inequalities in time [93], among others [94–96].

See [97] for an illustrative review.

An interesting application of a PPS is precisely the scenario proposed in the Fig. 5.1(b),

where the singlet state |ψini〉 = |ψ−〉 = (|↑z〉1 |↓z〉2 − |↓z〉1 |↑z〉2) /
√

2 is chosen as the

pre-selection, and |ψfin〉 = |s
(1)
x , s(2)z 〉 is the post-selection. The former state is an eigen-

state of the Pauli operators, σ̂
(1)
x and σ̂

(2)
z , acting on each particle here denoted by the

2In the TSVF the maximal description of a quantum system at a time t is a two-state vector.
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superscripts (1) and (2), respectively.

If we performed WMs of the operator σ̂
(2)
x and σ̂

(1)
z at an intermediate time, we will

obtain the weak values:

〈σ̂(2)
x 〉w =

〈ψfin|σ̂
(2)
x |ψfin〉

〈ψfin|ψfin〉

=
〈s(1)x s(2)z |σ̂(2)

x |ψ−〉
〈s(1)x s(2)z |ψ−〉

= −〈s
(1)
x s(2)z |σ̂(1)

x |ψ−〉
〈s(1)x s(2)z |ψ−〉

= −s(1)x , (5.14)

and similarly,

〈σ̂(1)
z 〉w =

〈ψfin|σ̂
(1)
z |ψfin〉

〈ψfin|ψfin〉

=
〈s(1)x s(2)z |σ̂(1)

z |ψ−〉
〈s(1)x s(2)z |ψ−〉

= −〈s
(1)
x s(2)z |σ̂(2)

z |ψ−〉
〈s(1)x s(2)z |ψ−〉

= −s(2)z . (5.15)

In these calculations we have taken advantage of the fact that |ψ−〉 satisfies:

(σ̂
(1)
z + σ̂

(2)
z ) |ψ−〉 = 0, (5.16a)

(σ̂
(1)
x + σ̂

(2)
x ) |ψ−〉 = 0. (5.16b)

These equation ensure that a pair of observers who apply local measurements of the

same observable can predict with certainty their partner’s measurement result based on

their measurement result.

In addition, it is possible to calculate the weak values for the observables σ̂
(1)
x and σ̂

(2)
z ,

obtaining:

〈σ̂(1)
x 〉w =

〈s(1)x s(2)z |σ̂(1)
x |ψ−〉

〈s(1)x s(2)z |ψ−〉
= s(1)x , (5.17)
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〈σ̂(2)
z 〉w =

〈s(1)x s(2)z |σ̂(2)
z |ψ−〉

〈s(1)x s(2)z |ψ−〉
= s(2)z . (5.18)

According to the EPR argument [30], since the measurements applied by one of the

observers cannot, in principle, influence the measurements on the other observer, there

should exist elements of reality associated with the predictions given by equations (5.1a)

and (5.1b) even if they cannot be verified experimentally. This claim was sharply criti-

cized by Bohr [98], who instead argued that since the elements of reality pertain to the

whole experimental context by which the values of quantum observables are assigned,

it is only meaningful to assign elements of reality to the subset of observables that can

be measured simultaneously.

However, in light of the weak values given by equations (5.14), and (5.15) as the out-

comes of WMs, which weakly disturb the measured system, we can verify the simulta-

neous validity of equations (5.1a) and (5.1b) not in the usual “strong” sense, but in a WM

scenario. Therefore, we are claiming that the EPR-elements of reality can be revealed by

the weak values obtained from weak measurements before the post-selection.

5.1.3 Using pairs of photons to evidence ERP elements of reality

With the aim of compiling evidence about the EPR-elements of reality, we performed an

experiment where a set of successive measurements of the polarization was applied on

pairs of photons prepared in the maximum entangled state

|ψ−〉 = 1√
2
(|H1, V2〉 − |V1, H2〉) ,

known as EPR-polarization state, and produced via SPCD. The first set of measurements

is tuned to be a weak or strong quantum measurement, whilst the second one is a set of

projective measurements.

For the first stage of quantum measurements, the transverse positions of the photons,

i.e. |φdev〉 =
∫

dρ1dρ2Φ(ρ1, ρ2) |ρ1, ρ2〉, is chosen as the meter (or measurement device).

This measurement device is coupled with the EPR-state by using birefringent crystals
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and wave plates as it is explained in the appendix A. In the second stage, the projective

measurements were performed by polarizers.

Using the techniques discussed in Chapter 2, that is, either modifying the waist of the

pump beam or applying spatial filters, it is possible to prepare a separable distribution

for the meter such that |φdev〉 = |φ1〉1 ⊗ |φ2〉2. Hence, the initial total state before the

first stage can be written as

|Ψ〉 = 1√
2
(|H〉1 |V〉2 − |V〉1 |H〉2)⊗

∫
dρ1dρ2Φ(ρ1)Φ(ρ2) |ρ1, ρ2〉

= |ψ−〉 ⊗ (|φ1〉1 ⊗ |φ2〉2).
(5.19)

The effects of each birefringent crystal are quantified via two evolution operators, one

for each arm; Û1 = exp
[
−id1Π̂H ⊗ P̂1

]
to measure the operator Π̂H = |H〉 〈H| by means

of the displacement d1 on the photons with horizontal polarization in the arm 1 and

Û2 = exp
[
−id2Π̂D ⊗ P̂2

]
to measure the Π̂D = |D〉 〈D| operator in the arm 2. P̂µ (µ =

1, 2) is the momentum operator for the photon in the arm µ. Thus, the total state of the

system after the first stage is

|Ψ〉 Û−→ |Ψ′〉 = Û1Û2 |Ψ〉

=
1
2
|H〉1 |D〉2 ⊗ |φ1(d1)〉1 |φ2(d2)〉2 −

1
2
|H〉1 |A〉2 ⊗ |φ1(d1)〉1 |φ2〉2

− 1
2
|V〉1 |D〉2 ⊗ |φ1〉1 |φ2(d2)〉2 −

1
2
|V〉1 |A〉2 ⊗ |φ1〉1 |φ2〉2 .

(5.20)

Here, we are using the representation |D〉 = (|H〉+ |V〉) /
√

2 and |A〉 = (|H〉 − |V〉) /
√

2

for the polarization states and |φµ(dµ)〉µ =
∫

dxµφµ(xµ− dµ) |xµ〉 for the state of the me-

ter associated to each photon.

Now, If we apply the post-selection states |ψI〉 = |D1, H2〉, |ψI I〉 = |A1, H2〉, |ψI I I〉 =

|D1, V2〉 and |ψIV〉 = |A1, V2〉, and finally we read the meter, the probability distribution

for finding the pointer in the position (x1, x2) given the pre- and post-selection can be

defined by

P(x1, x2|ψm, ψini) ∝ | 〈x1, x2| 〈ψm|Ψ′〉 |2
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whose expression for each post-selection state m = {I, I I, I I I, IV}, becomes

P(x1, x2|ψI , ψini) =
1
16
|φ1(x1 − d1)φ2(x2 − d2)− φ1(x1 − d1)φ2(x2)

−φ1(x1)φ2(x2 − d2)− φ1(x1)φ2(x2)|2 (5.21a)

P(x1, x2|ψI I , ψini) =
1
16
|φ1(x1 − d1)φ2(x2 − d2)− φ1(x1 − d1)φ2(x2)

+φ1(x1)φ2(x2 − d2) + φ1(x1)φ2(x2)|2 (5.21b)

P(x1, x2|ψI I I , ψini) =
1
16
|φ1(x1 − d1)φ2(x2 − d2) + φ1(x1 − d1)φ2(x2)

−φ1(x1)φ2(x2 − d2) + φ1(x1)φ2(x2)|2 (5.21c)

P(x1, x2|ψIV , ψini) =
1
16
|φ1(x1 − d1)φ2(x2 − d2) + φ1(x1 − d1)φ2(x2)

+φ1(x1)φ2(x2 − d2)− φ1(x1)φ2(x2)|2 . (5.21d)

To observe the meaning of these distributions, let us take these pointer functions in x

as Gaussian functions, i.e. φµ(xµ − dµ) ∝ exp[−(xµ − dµ)2/(2∆xµ)2], where ∆xµ is the

distribution width at 1/e2 of its maximum. This is an appropriate consideration given

the biphoton behavior discussed in previous sections.

By tuning the ratio dµ/∆xµ, one can control the degree of weakness of the quantum

measurements performed in the first set of measurements. Figure 5.2 illustrates, for in-

stance, the effects on the pointer distribution, P(x1, x2|ψI I , ψini), for different values of

d/∆x (d1 = d2 = 1 and ∆x1 = ∆x2), while the measurement process goes from the

strong to the weak regime. In particular, figure 5.2(a) with ∆x = 0.1d represents the

behavior in the strong regime. In this case, four peaks are obtained, each of them associ-

ated with a specific polarization state contribution that can be deduced from Eq. (5.20).

For example, the peak centered at (−1,−1) is related with the state |H〉1 |D〉2 accord-

ing to the first term in that equation. The other cases are summarized in Table 5.1. It

is worth mentioning that any of the probabilities in the equations (5.21) give the same

behavior like the one shown in 5.2(a) for the strong regime.
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FIGURE 5.2: Strong to weak measurement transition for the final
pointer’s distribution. Each panel represents the joint-probability of de-
tecting the pair in the position (x1, x2) when the post-selection state |ψI I〉
is applied. (a) ∆x = 0.1d for the strong regime; (b) ∆x = 0.25d and (c)
∆x = 0.5d for an intermediate regime and (d) ∆x = 5d for the weak

regime.

The cases depicted in figures 5.2(b) with ∆x = 0.25d and 5.2(c) where ∆x = 0.5d, il-

lustrate an intermediate regime for the measurement process where the peaks are not

perfectly differentiated, and the probability distribution has a complicated structure.

However, an interesting result is shown in Fig. 5.2(d) where ∆x = 5d. In this situation

the whole distribution P(x1, x2|ψI I , ψini) becomes, again, a Gaussian function, but dis-

placed. Since the dispersion of the distribution is larger than the displacement produced

by the BC, and thus larger than the eigenvalues associated with the operators represent-

ing the BCs, we can consider that the weak measurement regime has been reached. The

final pointer distributions in the weak regime, for all the post-selections considered, are

shown in Fig. 5.3, and the centroids for each case are summarized in Table 5.2.
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FIGURE 5.3: Final pointer’s distributions after applying the set of local
weak measurements followed by local strong measurements.

In fact, once we know the joint-probability of finding a pair of photons in (x1, x2) with

polarization |ψm〉 we can calculate the position of the centroid of the distribution as

〈xµ〉m =

∫
xµP(x1, x2|ψm, ψini)dx1dx2∫
P(x1, x2|ψm, ψini)dx1dx2

. (5.22)

For instance, the centroid for P(x1, x2|ψIV , ψini) is

(〈x1〉IV , 〈x2〉IV) =

(
−d

2
e−

d2

8∆x2

[
1 + e−

d2

8∆x2

]
,−d

2
e−

d2

8∆x2

[
1 + e−

d2

8∆x2

])
(5.23)

which in the weak measurement limit, ∆x � d, reduces to

(〈x1〉IV , 〈x2〉IV) =

(
−d
(

1− d2

16∆x2

)
,−d

(
1− d2

16∆x2

))
, (5.24)
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Peak position Polarization contribution

(−1,−1) |H1, D2〉
(−1, 0) |H1, A2〉
(0,−1) |V1, D2〉
(0, 0) |V1, A2〉

TABLE 5.1: Polarization interpretation for the peak positions in the meter
distribution for the strong regime. Each position is associated with the
contribution that each polarization gives to the final pointer’s distribu-

tion.

where we have kept the expansion in d/∆x up to second order. The centroid up to first

order for all the post-selections appear in the second column of Table 5.2.

Projection state Centroid Centroid respect to CM Weak values

|ψI〉 = |D1, H2〉 (0, 0) (−d/2,−d/2) (−1,−1)

|ψI I〉 = |A1, H2〉 (0,−d) (−d/2, d/2) (−1, 1)

|ψI I I〉 = |D1, V2〉 (−d, 0) (d/2,−d/2) (1,−1)

|ψIV〉 = |A1, V2〉 (−d,−d) (d/2, d/2) (1, 1)

TABLE 5.2: Centroids in the weak regime and their corresponding weak
value.

The use of birefringent crystals does not allow obtaining directly the weak values related

with the equations (5.14) and (5.15) as expected from Eq. (5.12) where the shifting in

the probability distribution of the meters readout should give us the respective weak

value [97]. This technical issue occurs because the BC produces only a displacement

upon the extraordinary component of a beam that passes through it and the ordinary

one remains without shift as explained in the appendix B. To circumvent this issue we

will describe the centroid positions with respect to their center of mass (CM). Thus,

given the set of centroids in the second column of of Table 5.2 we calculate the center

of mass (CM), xCM, that yields (−d/2,−d/2). As a consequence, the centroid positions

can be defined respect to this CM like

〈xµ〉CM
m = xCM − 〈xµ〉m . (5.25)
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Interestingly, this definition allows us to link each 〈xµ〉CM
m , which is an experimental

result, with a weak value, by means of

〈σ̂(1)
z 〉w,m =

2
d
〈x1〉CM

m , (5.26a)

〈σ̂(2)
x 〉w,m =

2
d
〈x2〉CM

m . (5.26b)

Where 〈Ô〉w,m represents the weak value associated with the operator Ô when the state

|ψm〉 is post-selected. In other words, the centroid position of the joint distribution with

respect to the CM is revealing the outcome of a set of WMs. The last column in the

table 5.2 shows the weak values for each post-selection that were calculated by using

equations 5.26(a) and 5.26(b) and centroids positions in the second column in table 5.2.

Interestingly, according to Table 5.2, if we apply certain post-selection, the results will

be consistent with the predictions given by Equations 5.14 and 5.15. For instance, if we

post-select |ψIV〉, which means |s(1)x = −1, s(2)z = −1〉, the measured weak values will be

〈σ(1)
z 〉w,IV = +1 = −s(2)z and 〈σ(2)

x 〉w,IV = +1 = −s(1)x . In this way, we have developed

an experimental approach to verify the validity of Equations 5.14 and 5.15 as it will be

explained in more detail in the next sections.

5.2 Experimental implementation

The actual experimental setup for the scheme in Fig. 5.1(b) is shown in Fig. 5.4, where a

set of local quantum measurements is followed by local strong (projective) measure-

ments on the polarization of entangled photon pairs in the EPR-state produced by

SPDC. This setup consists of four stages. In the first one, the polarization state |ψini〉

and the initial state for the measurement device |φdev〉 are set up. For |ψini〉, we pre-

pared a polarization entangled two photon state, by using a PPKTP (periodically polled

KTP) crystal inside a Sagnac interferometer 3 applying the techniques explained in [99,

3Thanks to the control on the spatial correlations developed in the previous chapters, we had planed
to use as a source of polarization entangled photons with pairs generated by a BBO crystal in free space.
However, the use of a pump waist of 60 µm, which is the pump size needed to produce a separable spatial
distribution, introduced a large asymmetry in the spatial distribution of the down-converted photons,
which prevented getting a good pure entangled polarization state. Likewise, despite of using a high power
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100]. For the pointer’s distributions, we used the spatial distribution of the SPDC pho-

tons, i.e., the spatial biphoton, Φ(ρ1, ρ2), in the transverse spatial variables, {ρ1, ρ2}.

Specifically, we considered the case in which the spatial correlation between the SPDC

photons is broken and Φ(ρ1, ρ2) is separable, i.e. Φ(ρ1, ρ2) = Φ(ρ1)Φ(ρ2). This situ-

ation corresponds to one in which a separate quantum measurement is performed on

each of the particles, using independent measurement devices. Operationally, this in-

dependence in the meters is achieved by coupling the photons into single mode fibers

(SMF).

FIGURE 5.4: Experimental setup. To measure the σ̂z operator, the HWPs
in QM-Set1 were set at 0◦, whilst for measuring σ̂x in QM-Set2 the first

HWP was set at 22.5◦ and the second at 22.5◦.

In the second stage, two sets of optical elements, QM-Set1 and QM-Set2, were used to

perform quantum measurements of the operators σ̂z on particle one and σ̂x on particle

to pump the crystal, the flux of photon pairs was too low for a good reconstruction of the joint-probabilites.
For these reasons we decided to change and use a source of SPDC pairs based on a PPKTP crystal with
generated light coupled into single mode fibers, since sources using periodically-poled crystals such as
PPKTP are much brighter than those using bulk crystals.
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two. Each set consisted of a calcite crystal with certain length L and two half waveplates

(HWP). The birefringence in the calcite mediates the coupling between the transverse

momentum distribution of the photon and its polarization, performing the measure-

ment process, as is described in detail in Appendix A. The spatial separation d, between

orthogonal polarized photons, that is produced by each Calcite determines the strength

of the coupling in the measurement process, and such strength can be modified with the

length of the calcite crystals.

In the third stage of the experimental setup, the projection of the four possible post-

selected states, |ψfin〉 = |ψm〉, was done by using a combination of a polarizer and a mo-

torized HWP on each particle. Finally, in the fourth stage, for each of these post-selection

states, we reconstructed the experimental distribution for the pointers Pm(x1, x2) and

retrieved the experimental values for the centroids. The joint distribution of pointers

were obtained from the coincidence counts of a combined rasterization of the near-field

planes of each of the photons in the direction parallel to the optical table. This rasteriza-

tion was done by scanning the tips of a pair of multimode fibers, with a core-diameter

of 200 µm. The outputs of the multimode fibers were connected to single photon coun-

ters, APD (SPCM-14), whose signals were analyzed by an electronic suite of devices

such counters, discriminator, AND gate and delays (Phillips Scientific and Stanford Re-

search) that allowed to record, for each position of the fiber tips, the singles counts and

the coincidences in a 7-ns window.

5.2.1 Characterizing the EPR-state, the state of the meter and the measure-

ment regime

In the photon pair source, a 10-mm-long PPKTP crystal (Raycol) was pumped by a 405

nm cw-laser 4 beam. The non-critical phase matching was achieved at a temperature

of 32◦C 5. Under these conditions the crystal produces colinear type-II SPDC pairs that

were coupled into SMF at the outputs of a Sagnac interferometric configuration in order

4In practice, we use two different lasers. One of them was a multi-mode laser centered at 407 nm
(Crysta-Laser) and the other a single-mode narrow-bandwidth laser centered at 405 nm (MogLabs).

5When the laser centered at 407 nm was used, the critical temperature was 128◦C.
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to project the spatial mode in a separable-Gaussian distribution. Then, the photons

produced by the source were launched into free space.

Before installing the sets for doing the quantum and projective measurements, polariza-

tion analyzers were placed on each arm with the aim of characterizing the polarization

state generated. This characterization was carried out in two parts: first a figure of merit

(FOM) that indicates the kind of polarization correlations in the state was run after every

little adjustment that was made to the source. Once the FOM showed the expected be-

havior for the EPR-singlet state, |ψ−〉 = (|H1, V2〉 − |V1, H2〉) /
√

2, a complete quantum

state tomography 6 was accomplished to characterize the whole state. Such a charac-

terization appears in the Figures 5.5 and 5.6 for the best-obtained polarization state. A

detailed explanation of the figure of merit (FOM) can be found in the appendix C.
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FIGURE 5.5: Figure of merit for determining the kind of polarization state
from the polarization correlations. θA (θB) accounts for the direction of

the polarizer in front of the detector A (B).

The visibility for the interference pattern that shows the correlation in polarization

Diagonal/Anti-diagonal, θA(D), is 0.951± 0.001 which is calculated by fitting the re-

spective set of data to Eq. (C.4). On the other hand, the fidelity of the reconstructed

state compared with the |ψ−〉 state is 0.883± 0.007. The uncertainty in the fidelity was

calculated by applying the Monte-Carlo technique described in Ref. [102].

6By following the recipe given in [101]. See http://research.physics.illinois.edu/QI/Photonics/
Tomography/ for more details.

http://research.physics.illinois.edu/QI/Photonics/Tomography/
http://research.physics.illinois.edu/QI/Photonics/Tomography/
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FIGURE 5.6: Real and imaginary parts of the experimental density matrix.

In addition to the characterization of the polarization, a spatial study was carried out to

identify the type of distribution and measure its size. Fig. 5.7 shows the spatial distribu-

tions of the pointers in single counts for meter 1 in panel (a), meter 2 in panel (b), and the

joint distribution associated with the readout of the two meters P0(x1, x2) in panel (c),

when neither quantum measurement nor post-selection is applied. The circular shape

confirms the absence of spatial correlation between the paired photons after the SMF,

which for the case of a transform-limited biphoton, translates in the lack of momentum

correlation, i.e., we can claim that Φ(qx
1 , qx

2) is separable, warrantying an independent

measurement device for each quantum measurement. By fitting the data for Fig. 5.7(c)

to a Gaussian function with variables x1 and x2, the widths of the distribution were

found to be ∆x1 ≈ ∆x2 = ∆x = 214± 16 µm.

As mentioned, both the value of the width of the pointer distribution, ∆x, and the dis-

placements produced by the calcites, d, define the quantum measurement regime. The

Fig. 5.8 shows the experimental transition from the strong to the weak measurement for

each of the post-selections applied. These results are arranged by rows in the same or-

der as in Table 5.2. The transition was achieved by using different lengths of the calcite

crystal in the QM-Sets, namely 10 mm, 5 mm and 2 mm, each of these corresponding to

a column from left to right in Fig. 5.8. The nominal displacements 7 expected for each

length of calcite are showed in Table 5.3, where, in addition, it is shown the ratio d/∆x.

7For nominal displacement we mean the theoretical shift calculated as it is explained in the appendix A.
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FIGURE 5.7: Experimental distributions of the read-out of the meters. (a)
spatial distribution (x1,y1) of the meter 1, (b) spatial distribution (x2,y2)
of the meter 2, and (c) spatial joint distribution (x1,x2) of the meters 1 and

2. ’No Pol’ means that no polarization measurement was applied.

Although a ratio of d/∆x = 1 does not strictly represent the weak limit (d/∆x � 1),

visually the joint distribution (third column in Fig. 5.8) looks like a Gaussian function,

and thus it could be considered as a good starting point. In this case, the correction

in the centroid’s position is about 6%, which is an acceptable value. However, in the

final measurement of the weak values, the width of the distribution was increased to

∆x = 340 µm, where the correction is expected to be around 2%.

5.2.2 Results and discussions

Once we have defined the weak measurement regime, which in this case corresponds

to d/∆x ≈ 0.7, we measured the experimental distribution Pm(x1, x2) for each post-

selected states by scanning the position of the fiber tips and registering coincident counts.
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FIGURE 5.8: Experimental transition from the strong to the weak mea-
surement regime. The rows (top to bottom) show the results for each
polarization post-selection in the same order as Table 5.2. The columns
(left to right) are the results for using the lengths 10 mm, 5 mm and 2 mm

of the calcite crystal in the QM-Sets.
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L [mm] d [µm] d/∆x

2.0 212.0 1.0

5.0 530.0 2.5

10.0 1060.2 4.9

TABLE 5.3: The nominal displacement d produced by different calcite
crystal with lengths L. A width of ∆x = 214 µm is used to calculate the

ratio d/∆x in the last column.

Then, from each Pm(x1, x2) the experimental values for the centroids, 〈xµ〉exp
m , were ob-

tained by fitting the data to the function

Pm(x1, x2) = A exp

[
−
(
x1 − 〈x1〉exp

m
)2

2∆x2
1

−
(
x2 − 〈x2〉exp

m
)2

2∆x2
2

]
.

All these experimental centroids are presented in the same reference frame defined by

the position of the fiber tips, which were used to read out the meters, as shown in the left

panel of Fig. 5.9. This can be done because the scanning regions for each post-selection

were the same.
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FIGURE 5.9: Experimental results for the centroids and weak values. The
left panel are the centroids, in the reference frame of the position of the
fiber tips, the error bars of these positions are determined by the size of
the points. The right panel shows the associated weak values calculated

from the centroids with the Equations (5.25) and (5.26).

Finally, the weak values were calculated by applying the equations (5.25) and (5.26) to

the experimental centroids, and the results are depicted in the right panel of Fig. 5.9. In

this graph, four quadrants, I, II, III and IV can be recognized and the weak value for
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each post-selected state appears on each one of them. In particular, the quadrant III has

two points because the measurement of the post-selection |D1, H2〉 was done twice to

confirm that the weak measurements were producing indeed a systematic effect.

Comparing the weak values in Fig. 5.9 with the fourth column in Table 5.2, one sees that

there is an agreement between the quadrant in which the experimental weak values are

located and the values expected for the post selections. Hence, we can infer that the

experimental weak values follow the behavior predicted by Equations (5.14) and (5.15),

and that despite not getting the correct amount for the experimental weak value, we

can still affirm that this experiment correspond to a demonstration of the simultaneous

validity of equations (5.14) and (5.18).

The discrepancy between the theoretical and experimental weak values has at least three

sources of error. First, the fidelity of the initial state was less than 0.9, which means that

the actual state had uncompensated phases that could affect its behavior in relation to

the ideal initial state |ψ−〉, in fact the experimental state in Fig. 5.6 is more similar to a

Werner-like state of the form

ρ̂ = p |ψ〉 〈ψ|+
(

1− p
4

)
1 (5.27)

where |ψ〉 = a |H1, V2〉+ beiϕ |V1, H2〉, and p is a parameter that characterizes the degree

of mixture between the pure state |ψ〉 and the maximum mixed state 1/4 of dimension

four 8. The second source of error is related to the time delay that introduces the birefrin-

gence of the calcite crystals in each QM-Set due to the difference in the group velocities

that affects each polarization. This delay can be considered as a relative phase eiγ, with

γ = 2π∆nL/λ, between the o-photon and e-photon. For calcite crystals the birefrin-

gence is calculated as |∆n| = 0.166 for λ = 810 µm, then γ = 5.525, when L = 2.0 mm.

Fig. B.4 shows the effects of the relative phase on the position of the centroids, this effect

can be ‘positive’ when the introduced shifting increases or ‘negative’ when this shifting

decreases. In our case, it corresponds to a negative effect where the shifting is lower

8In particular, for |ψ〉 = |ψ−〉, so that a = b = 1/
√

2 and ϕ = π, p is given by the visibility of the
interference pattern that shows the correlation in polarization Diagonal/Anti-diagonal θA(D) in Fig. 5.5.
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that the expected value dµ. A third source of error comes from the misalignment in the

HWPs of the QM-Sets.

Another way to visualize the experimental results is by looking at the difference be-

tween Pm(x1, x2) and the product of the marginal distributions Pm(x1)Pm(x2). These

differences are shown in Fig. 5.10 for the four different post-selection states applied.

The panels correspond, clockwise from the top left, to the post-selection states |A1, H2〉,

|D1, H2〉, |D1, V2〉, and |A1, V2〉. By looking at the different panels, it is possible to recog-

nize bright and dark zones. The center of the bright zone could be defined by the shift

of the centroid of Pm(x1, x2) with respect to the centroid of Pm(x1)Pm(x2), and therefore,

it could be associate with the weak value. By setting a Cartesian coordinate system

in the center of each of the panels, one observes that the center of the bright zone is

placed in a specific quadrant. This quadrant is in agreement with the quadrant in which

the weak value obtained for each Pm(x1, x2) should appear according to Table 5.2. The

Fig. 5.10 is a clear visualization for the relation between weak values and the outcome

of the post-selections in agreement, at least in the sign, with the theoretical predictions

in equations (5.14) and (5.15).

In this chapter we start with a pair of photons entangled (correlated) in polarization, but

completely uncorrelated in their transverse positions. The framework of the weak val-

ues allowed us to extract, from tiny shifts of the spatial distributions, information about

the correlation in polarization that in other way would be impossible. The experimental

results show that the polarization equivalents to the EPR predictions, about the simulta-

neous values (elements of reality) of non-commuting observables, such as σ̂x and σ̂z, can

indeed be verified experimentally in terms of weak values. Thus, we have shown that in

light of an experiment based on weak values, it was possible to verify (from the consis-

tency in the behavior), experimentally, the validity of certain EPR-type assertions about

the simultaneous values of non-commuting observables, and consequently, to identify

a very definite sense in which the EPR predictions can be verified within quantum me-

chanics, in contrast to what the EPR authors originally believed. These facts provides

new insights about the physical properties of the constituents of (entangled) physical
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FIGURE 5.10: Visualization of the experimental data to illustrate the re-
lation between weak values and the outcome of the post-selections. The
quadrant in which the center of the bright spot is located is in agreement

with equations (5.14) and (5.15).

systems that only become evident upon post-selection.





91

Chapter 6

Conclusions

All the results presented in this thesis have a common denominator, the control of the

correlation of pairs of photons that are generated by SPDC. One of these results was

related to the control of the spatial-spectral variables to promote the construction of a

heralded single-photon source; other was about the control of the momentum variables

to produce ghost images, and the other presented a way to connect high polarization

correlations with uncorrelated positions of the photons to apply locally sequential mea-

surement of incompatible observables. In what follows the main results will be item-

ized:

• In the first part of the work a model for describing the state of photons the pairs

in the intersection of the cones generated in a type-II non-collinear SPDC process

was presented, such a model included the longitudinal and transverse walk-off

effect that undergo the e-photons.

• It was experimentally demonstrated that for a fixed value of the pump waist, it

is possible to achieve a different kind of transverse correlations between type-II

SPDC photons by changing the direction in which the Fourier Plane is scanned.

Additionally, the correlation in the vertical direction is affected by the chosen

post-selection polarization scheme. These behaviors occur because of the crys-

tal’s birefringence that results in a walk-off angle that affects the e- and o- photons
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differently and introduces a distinguishability between different directions of the

transverse correlations. These results are based on reference [1].

• It was shown that the pump waist is a suitable parameter for controlling the mo-

mentum correlation and the shape of the spatial distribution of photons produced

by type-II SPDC in a non-collinear geometry.

• An experiment to completely characterize the transverse momentum correlations

of a non-collinear type-II SPDC source was presented. To that is presented a the-

oretical model which describes the momenta as having a Gaussian distribution

in pairs of variables that correspond with the components of the transverse mo-

mentum wave-vector. This bi-variate Gaussian distribution includes the effects of

the walk-off and it is supported experimentally. From the experimental data the

mutual information was calculate to measure the degree of dependency of pairs

of variables and identify how the information is shared between the modes signal

and idler when the non-linear crystal is pumped with a highly focused in contrast

to a large pump size. Results based on reference [3].

• The spatial and spectral purities as well as heralding efficiencies of heralded single-

photon produced via collinear type-II SPDC were described by considering the

effects of spatial and spectral filters. It was found that the heralding efficiency de-

pends on the photon that is used to announce. In particular, when dealing with

the spatial properties of the single photon, the highest heralding efficiency was

obtained when the ordinary-polarized (H) photon was used as the HSP. On the

other hand, when one is dealing with the spectral properties of the single photon,

it is more convenient to implement the extraordinary-polarized (V) photon as the

HSP. These results are based on reference [5].

• To figure out which conditions must be satisfied in order to build a suitable HSP

source based on SPDC it was introduced the purity-efficiency factor (PEF). It was

found that in the spectral case, it is possible to have high purity and high heralding

efficiency simultaneously, and this is relevant beacuse new sources that produce



Chapter 6. Conclusions 93

a high number of photon pairs have been developed in recent years, and the use

of filters in an experimental setup is more convenient than other approaches to

control correlations. These results are based on reference [5].

• The reconstruction of ghost images remarkably depends on the shape of the mo-

mentum correlation. For a large waist in a source of correlated light based on type-

II SPDC, the ghost image of an object placed in the Fourier plane of the source is

flipped verically and horizontally according to the sign of the momentum corre-

lations. Also, the retrieved image depends on the polarization selected before the

detectors, and this is due to the inherent spatial distinguishability that introduces

the walk-off effect. On the other hand, for a small waist —tens of microns— the

image is non retrieved because of the correlation between the horizontal and ver-

tical directions of the transverse momentum vector. These results are based on

reference [4].

• Finally, on the light of an experiment based on weak values, with polarization

entangled photons and uncorrelated in momentum distribution, it was possible to

verify, experimentally, the validity of the EPR assertions about the simultaneous

values of non-commuting observables. The results of the experiment suggest that

it could be possible to associate elements of reality to complementary observables

such as σ̂x and σ̂z which are revealed by the weak values. We believe that this is

a significant result as it shows that there is a very definite sense in which the EPR

predictions can be verified within quantum mechanics. These results are based on

reference [7].
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Appendix A

Single-photon two-qubit arbitrary

states: An experimental proposal

In this appendix, we are going to discuss an experimental proposal that involves the use

of two qubits encoded in a single photon. For this application, we introduce a method

to prepare and measure four-dimensional quantum arbitrary states, or Ququarts, by us-

ing two different variables of the same single photon, namely, its path and polarization

degrees of freedom. In particular, the path corresponds to the two options that the pho-

ton has when traveling through an interferometer. Previously, it has been shown that

it is possible to prepare and reconstruct such states using a Mach-Zehnder [103] or a

Michelson interferomenter [104].

The use of path-polarization (path/pol) states was reported in Ref. [105] where the au-

thors prepared and measured entangled states of such variables. In the present work,

we are interested in a generalization of the method for preparing arbitrary path/pol

states and in the development of a reconstruction scheme different from the standard

quantum state tomography (QSST) protocol [101]. The intended tomography scheme

is based on Mutual Unbiased Bases (MUB) [106, 107] and is called MUB tomography [108,

109].
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A.1 Codifying two-qubits in a HSP: Ququart State Preparation

An arbitrary path/pol state is defined by

|ψ(θ, θa, θb, γ)〉 = cos θ |a, P(θa)〉+ sin θeiγ |b, P(θb)〉 , (A.1)

where |P(θµ)〉 = cos θµ |H〉+ sin θµ |V〉, (µ = {a, b}) is a polarization state and {|a〉 , |b〉}

are the alternative modes or paths that a photon has after a beam splitter. This path/pol

state can be prepared in an optical setup as the one shown in Figure A.1 in which a

HSP is sent to a variable beam splitter composed by a half wave plate (HWP) and a

polarizing beam splitter (PBS). A movable mirror (M) controls the relative phase be-

tween both paths and two additional HWPs change the polarization of each mode. For

example, if the HWPs are set to be θ = π/8, θa = 0, θb = π and the mirror intro-

duces a relative phase of γ = 0 or π, the Quaquart states obtained correspond to the

Bell-like states |ψ±〉 = (|a, H〉 ± |b, V〉) /
√

2 [105, 110] that have motivated interesting

discussions about the meaning of the Bell-inequality violation using as qubits different

degrees of freedom of the same photon [111].

FIGURE A.1: Proposed setup for preparing path-polarization (path/pol)
Ququart states. The probability that the photon takes the path |a〉 o |b〉
is controlled by the variable PBS (HWP+PBS). The mirror introduces a
controllable relative phase between the paths, and HWPs in each arm

modify the polarization state.
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A.2 State retrieval via Mutually Unbiased Bases

The main objective is to propose a tomographic scheme to retrieve a path/pol state by

using a different approach from QSST protocol, where the unknown state is projected in

16 separable bases constructed as the product of the accessible states of each qubit [101].

This procedure has shown to be successful but not by itself, since due to its nature and

the presence of experimental errors, the protocol has had to be complemented with a

statistical treatment of Maximum Likelihood to recover the physical state more compat-

ible with the data collected. Another issue of the QSST protocol is related to negative

effects over the fidelity of the retrieved states when they are maximally entangled states

as was reported in [108]. To avoid these two issues, we want to consider a tomographic

reconstruction based on the concept of MUB.

In general terms, a pair of orthonormal bases B1 = {|ϕ1〉 , . . . , |ϕd〉} and

B2 = {|φ1〉 , . . . , |φd〉} in a d-dimensional space are said to be mutually unbiased if and

only if

| 〈ϕi|φj〉 | =
1√
d

, for all 1 < i, j < d. (A.2)

The MUB are somehow as far as possible from one other so that the projective measure-

ment associated with them are “as uncorrelated as possible,” and thus, the measurement

of one basis has no influence in the results of the other bases.

When the dimension d of the space is a prime number or a power of a prime number

it is possible to construct d + 1 of such MUB [112]. For instance, where we are dealing

with 2-qubit states, d = 22, and there is a partition of the Hilbert space to which those
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states belong, thus it is possible to construct the following set of 22 + 1 MUB [107]

B0 = {|a, H〉 , |a, V〉 , |b, H〉 , |b, V〉} ,

B1 = {|+, D〉 , |+, A〉 , |−, D〉 , |−, A〉} ,

B2 = {|+i, R〉 , |+i, L〉 , |−i, R〉 , |−i, L〉} ,

B3 =

{
1√
2
[|a, D〉 ± i |b, A〉] ,

1√
2
[|a, A〉 ± i |b, D〉]

}
,

B4 =

{
1√
2
[|a, L〉 ± i |b, R〉] ,

1√
2
[|a, R〉 ± i |b, R〉]

}
,

(A.3)

where we have labeled as
{
|a〉 , |b〉 , |±〉 = (|a〉 ± |b〉) /

√
2, |±i〉 = (|a〉 ± i |b〉) /

√
2
}

the

states accessible to the first qubit, and { |H〉 , |V〉 , |D/A〉 = (|H〉 ± |V〉) /
√

2, |R/L〉 =

(|H〉 ± i |V〉) /
√

2 } the states for the second qubit.

Once the bases have been identified, the MUB Tomography consists on projecting the

unknown state upon each of the d + 1 MUB, Bj = {|k〉j} (j = 0, . . . , d and k = 0, . . . , d−

1), and obtain the respective probabilities

pjk = j〈k|ρ̂ |k〉j = tr
[
ρ̂ Π̂jk

]
, Π̂jk = |k〉j j〈k| (A.4)

from which the density state operator can be expressed as [109]

ρ̂ =
d

∑
j=0

d−1

∑
k=0

pjk

(
Π̂jk −

1
d + 1

1

)
. (A.5)

A.3 An experimental proposal

Figure A.2 shows the experimental setup that we are proposing to prepare and recon-

struct an arbitrary path/pol ququart using the MUB-tomography scheme. In particular,

the path/pol tomography stage can be done by mean of a Mach-Zehnder (MZ) interfer-

ometer, a set of wave plates and phase shifters. Essentially, this optical device configures

a universal two-qubit gate for applying transformations in the path and polarization DOF

of the same photon [113].
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FIGURE A.2: Full experimental setup to prepare and reconstruct
path/pol ququarts. The MUB tomography for the path/pol state is car-
ried out with a two-qubit gate which can be done by a MZ interferometer

and several wave plates and phase shifters.

Since we are interested in projecting the unknown path/pol state on each of the MUB,

{Bj}, in Eq. (A.3), a transformation, Sj, that maps one element of the basis Bj onto

one element of the basis B0 is needed. Following the ideas presented in [113], with the

notation of the operators that acts independently on the path and polarization variables,

which are summarized in Table A.1, the universal path/pol gate that produce such a

transformation can be represented by an unitary operator whose matrix form in the

Path operators Polarization operators

τ̂ = |u〉 〈d| , τ̂† = |d〉 〈u| σ̂ = |H〉 〈V| , σ̂† = |V〉 〈H|
τ̂1 = τ̂ + τ̂†, τ̂2 = i

(
τ̂ − τ̂†) σ̂1 = σ̂ + σ̂†, σ̂2 = i

(
σ̂− σ̂†)

τ̂3 = i
(
τ̂†τ̂ − τ̂τ̂†) , 1τ = i

(
τ̂†τ̂ + τ̂τ̂†) σ̂3 = i

(
σ̂†σ̂− σ̂σ̂†) , 1σ = i

(
σ̂†σ̂ + σ̂σ̂†)

TABLE A.1: Representation of the path and polarization operators. |u〉
and |d〉 denote the alternative paths for the path-qubit gate. |H〉 and |V〉

are the polarization alternatives.
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basis of the path variables is

Sj =

Σuu Σud

Σdu Σdd


path

(A.6)

where each entry in the matrix is given by

Σuu =
1
2

V1(Vu + Vd)V2, (A.7a)

Σud = − i
2

V2(Vu −Vd), (A.7b)

Σdu =
i
2
(Vu −Vd)V1, (A.7c)

Σdd =
1
2
(Vu + Vd), (A.7d)

and each Vi (i = {1, 2, u, d}) is an operator that results of the combination between

phase shifters and wave plates1. In practice, these operators have to be placed in the

second MZ inteferometer as shown in Fig. A.2. The third column in Table A.2 shows

the theoretical transformation Sj that maps every basis Bj into B0. Likewise, columns

fourth to the seventh show the particular operators Vi which compose Sj. Each of these

columns also show the actual configuration as a combination between phase shifts and

polarization rotations needed to perform the transformation Sj of every basis.

Each setting in Table A.2 allows obtaining the probabilities pjk of Eq. (A.4) from the

counts registered by detectors D1 to D4 in the experimental setup. Putting these exper-

imental probabilities in Eq. (A.5) we can reconstruct the unknown state, by applying 5

settings in contrast with the standard procedure in which 16 settings are needed.

1For the calculations presented in this section, the transformation associated with the HWP is given by

UHWP(θ) = −i [σ̂1 sin(2θ) + σ̂3 cos(2θ)] ,

and for the QWP is given by

UQWP(θ) =
1√
2
[1σ − iσ̂1 sin(2θ)− iσ̂3 cos(2θ)] .
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We hope that with the improvement in the stability of the interferometers and its minia-

turization on chips, the proposal presented in this section can be implemented in the

mid term.
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Appendix B

Coupling the polarization with the

transverse variables

B.1 Birefringent Beam displacer

The Sellmeier equations, namely the refractive indexes that undergo the ordinary (o)

and extraordinary (e) beams when travelling through a birefringent crystal such as Cal-

cite, are given by

no(λ) =

√
2.69705 +

0.0192064
λ2 − 0.01820

− 0.0151624λ2 (B.1a)

ne(λ) =

√
2.18438 +

0.0087309
λ2 − 0.01018

− 0.0024411λ2 (B.1b)

where λ is the wavelength in µm and the coefficients were obtained from (). For a

uniaxial crystal the effective refractive index is defined as

neff(λ, θ) =

(
cos2 θ

n2
o(λ)

+
sin2 θ

n2
e (λ)

)−1/2

(B.2)

with θ being the angle between the k-vector of the incident beam and the crystal optical

axis. In this type of crystals occurs the effect of Poynting vector walk-off. In which the

Poynting vector associated with an extraordinary beam is separated from its k-vector by
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an angle ρ called the walk-off angle and which is calculated by means of

tan ρ(λ, θ) = − 1
neff(λ, θ)

∂neff(λ, θ)

∂θ
. (B.3)

The maximum walk-off angle for the wavelength of the SPDC photons used in this

thesis, λs = λi = 810 nm, when Calcite is used, is ρmax = 3.24◦ for the optical angle

θ∗OA = 46.62◦.

FIGURE B.1: Lateral displacement between ordinary and extraordinary
rays that pass thought a birefringent crystal.

The displacement between the ordinary and extraordinary rays that pass through the

crystal as shown in Figure B.1 depends on both the walk-off angle and the crystal length

and is defined by:

d(λ, θ, L) = L tan ρ(λ, θ), (B.4)

by taking θOA = 45◦ (the common cutting angle the providers handle in their stock)

and the SPDC photon wavelength, the expected displacement for unit of length crystal

is ∂d/∂L = 106.07 µm/mm. Table B.1 is showing the displacement for four different

lengths.

L [mm] d [µm]

0.5 53.0

2.0 212.0

5.0 530.0

10.0 1060.2

TABLE B.1: Displacement d produced by different Calcite crystal lengths
L.
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B.2 Polarization coupled with the transverse momentum vari-

able

For a photon with polarization state |ν〉, (ν = {H, V}) and transverse state |φ〉 =∫
dρφ(ρ) |ρ〉, the effect of a birefringent crystal can be described by an evolution oper-

ator like Ûν = exp
[
−idΠ̂ν ⊗ P̂x

]
that couples the transverse momentum operator P̂x in

the x-direction with the polarization operator Π̂ν = |ν〉 〈ν| in such a way a displacement

different from zero is produced when the photon has an extraordinary polarization. Us-

ing the reference frame in figure B.1 where the vertical polarization is the e-polarization,

if we consider a photon in the state |D〉 = 1√
2
(|H〉+ |V〉) ⊗ |φ〉, i.e. with a diagonal

polarization and transverse distribution 〈ρ|φ〉 = φ(ρ) = φx(x)φy(y), the state after

passing the birefringent crystal will become

|D〉 ÛV−→ |ζ ′〉 = 1√
2
(|H〉 ⊗ |φx〉+ |V〉 ⊗ |φx−d〉) , (B.5)

where |φx−d〉 = e−idP̂x |φx〉 is the displaced position state. We have avoided to write the

|φy〉 component, since it does not have any change. Hence, the probability of finding

the photon at certain transverse position after been post-selected by a polarizer in the

state |θ〉 = cos θ |H〉+ sin θ |V〉 is

P(x|θ) = | 〈x| 〈θ|ζ ′〉 |2 =
1
2
|(cos θ)φx(x) + (sin θ)φx(x− d)|2 (B.6)

Now, by considering a Gaussian transversal profile for the distribution, i.e

φx(x) =
(

1
2πσ2

)1/4

exp
(
− x2

4σ2

)
, (B.7)

the position for the centroid of the final distribution can be calculated as

〈x〉 =
∫

xP(x|θ)dx

=
1
2

e−d2/8σ2
sin θ

(
cos θ + ed2/8σ2

sin θ
)

d (B.8)
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that reduces to

〈x〉 = d
2

sin θ(sin θ + cos θ) (B.9)

in the weak measurement regime, this means when d� σ.

If the polarizer is not used, the probability of finding the photon in the position x, (x̂ =

|x〉 〈x|) is determined by

P(x) = tr
(
ρ̂φ |x〉 〈x|

)
=

1
2
|φ(x)|2 + 1

2
|φ(x− d)|2, (B.10)

where ρ̂φ = trpol (|ζ ′〉 〈ζ ′|) is the reduced transverse momentum state.

FIGURE B.2: Displacement 10 mm. (a) Image captured by a CCD camera
(b) The left peak is the vertical polarization component

In order to probe the behavior predicted by Eq. (B.10), a 780nm-wavelength laser diode

with a Gaussian transverse profile, which beam is centered at zero before any interaction

with the birefringent crystal, prepared in the diagonal polarization and passed through

BC’s with different lengths. The resulting beams were captured by a CCD camera with

a 4.65-µm pixel size. Figure B.2 shows the 2D (a) and 1D (b) profiles for a 10mm-length

BC of Calcite. Analyzing these kinds of plots one can recover the effective displacement

for each crystal length. The left spot is the vertical polarization component which re-

mains “centered" at zero, whereas the right spot is the horizontal component displaced

a distance of 1.074 mm respecting the vertical component. In table B.2 is summarized
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the experimental displacements dexp produced by the Calcite crystal used in the exper-

imental setup for studying the transition from strong to weak measurements regimes.

With the size of the CCD pixel being the uncertainty in these values.

L [mm] dexp [µm]

2.0 227.85

5.0 683.55

10.0 1074.15

TABLE B.2: Experimental displacement dexp produced by different Cal-
cite crystals with nominal lengths L when a 780-nm-laser diagonally po-

larized was used as source of photons.

B.3 Operational implementation of the observables

In the Figure B.3 is shown a schematic representation for the sets that perform the quan-

tum measurements. They are made up of two HWPs which are separated for a calcite

crystal of length L. This birefringent crystal produces a displacement d between the e-

and o- rays and this shift depends on the calcite’s length, Another effect that deserves

to be pointed out is related with the time delay that introduces the birefringence due

to the difference in the group velocities for each polarization, to account this delay a

relative phase eiγ will be included in the propagation of the o-ray, with γ = 2π∆nL/λ.

The birefringence for the calcite is calculated as |∆n| = 0.167 for λ = 0.785 µm, then

γ = 3.0015. In particular, the weak regime is achieved for L = 2.0 mm whose respective

shift is d = 0.212 mm, and ∆x = 0.340 mm as explained in Chapter 5.

To calculate the effects of each set upon the initial entangled polarization state, we define

the matrix representation for the HWP and the BC as

UHWP(θ) =

cos(2θ) sin(2θ)

sin(2θ) − cos(2θ),

 (B.11)

UBCµ
(γµ, dµ, ∆xµ) =

φµ(xµ; dµ, ∆xµ) 0

0 eiγµ φµ(xµ; 0, ∆xµ)

 (B.12)
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FIGURE B.3: Schematic representations of the operators for measuring
Π̂H and Π̂D. Although Π̂H does not need strictly the HWP’s before and
after the BC, these waves-plates are introduced to maintain the same op-

tical path as compared with the Π̂D operator.

where φµ(xµ; dµ, ∆xµ) =
(

2π∆x2
µ

)−1/4
exp

(
− (xµ−dµ)

2

4∆x2
µ

)
is the pointer’s distribution for

the mode µ (µ = 1, 2). Therefore, the action of each set can be described by

U1 = UHWP(ε1)UBC1(γ1, d1, ∆x1)UHWP(0), (B.13)

U2 = UHWP(π/8 + ε2)UBC2(γ2, d2, ∆x2)UHWP(π/8). (B.14)

In the latter expressions, we have included the angles εµ to address possible errors in

the calibration of the QM-sets. Finally, the evolution of an initial state is given by the

operator U = U1 ⊗U2.

Given the initial state ρ̂ini = |ψ−〉 〈ψ−|, which will be projected in the state ρ̂fin =

|θ1, θ2〉 〈θ1, θ2|, with |θµ〉 = cos θµ |Hµ〉+ sin θµ |Vµ〉. The probability of finding the point-

ers at positions x1 and x2 after each post-selection is

P(x1, x2|θ1, θ2, ψ−) = tr
(
|θ1, θ2〉 〈θ1, θ2| U |ψ−〉 〈ψ−| U †

)
. (B.15)

Thus, the centroids of such distributions for each post-selection |ψm〉 are shown in Ta-

ble B.3, by taking d1 = d2 = d and ∆x1 = ∆x2 = ∆x in the weak limit d � ∆x, and

for the ideal case where ε1 = ε2 = 0. As an important observation, let us notice that

even when the angles in the HWPs are the right, the centroids depend on the relative

phase γ. This behavior is illustrated in Fig. B.4 where is evident the reduction in the
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displacement of the centroid position for values of γ close to π/2. Consequently, it is

important to characterize completely the relative phase or identify a way to compensate

it.

|ψm〉 〈x1〉m 〈x2〉m
|D1, H2〉 d

2

(
1 + 2 cos γ

cos(2γ)−3

)
d
2

(
1 + 2 cos γ

cos(2γ)−3

)
|A1, H2〉 d(1− sec γ)/2 d(1 + sec γ)/2
|D1, V2〉 d(1 + sec γ)/2 d(1− sec γ)/2
|A1, V2〉 d

2

(
1 + cos γ

1+sin2 γ

)
d
2

(
1 + cos γ

1+sin2 γ

)
TABLE B.3: Centroids for ε1 = ε2 = 0
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FIGURE B.4: Centroid positions of the pointer’s distributions as functions
of the relative phase γ.
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Appendix C

Figure of Merit for an EPR

polarization state

Since the preparation of the EPR-state requires much work to compensate for unwanted

phases, every small change in the interferometer counts. Thus, the implementation of a

full state tomography for each of these changes makes no sense. As a solution, we used

a Figure of Merit (FOM) that gave us information about the possible state we had after

each adjustment with the least number of measurements.

Essentially, this FOM consists in measuring the correlation in polarization employing

the joint probability of obtaining a pair of photons with polarization angles θ1 and θ2,

given an unknown initial state of the form

|ψ〉 = a |H1, V2〉+ beiϕ |V1, H2〉 (C.1)

that passes through a HWP placed on each mode, and then is projected in the state

|H1, H2〉 by using polarizers in front of each detector.

Modeling the HWP as

UHWP(θ) =

cos(2θ) sin(2θ)

sin(2θ) − cos(2θ)

 , (C.2)
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FIGURE C.1: FOM for the states (a) |ψ+〉, and (b) |ψ−〉

the operator that represents the actions of both HWPs becomes U (θ1, θ2) = UHWP(θ1)⊗

UHWP(θ2). Therefore, the joint probability is given by

P(θ1, θ2|ψ) = tr
(
|H1, H2〉 〈H1, H2| U (θ1, θ2) |ψ〉 〈ψ| U †(θ1, θ2)

)
=

1
4
[
1 +

(
a2 − b2) (cos(4θ1)− cos(4θ2))+

+2ab sin(4θ1) sin(4θ2) cos(ϕ)− cos(4θ1) cos(4θ2)] . (C.3)

The behavior of such a probability is displayed in Fig. C.1 where two cases are illus-

trated with a = b = 1/
√

2. Figure C.1(a) shows P(θ1, θ2) for |ψ〉 = |ψ+〉, i.e. with ϕ = 0

and Figure C.1(b) for |ψ〉 = |ψ−〉, i.e. with ϕ = π. As can be noticed, those graphs

differ in the pattern for θB = 22.5◦, thus, they can be used to discriminate which state is

produced by the source.

On the other hand, any alteration in the phase eiϕ is also detectable, because the visibility

of the pattern θB = 22.5◦ is affected as shown in Fig. C.2, where each panel corresponds

to different values of ϕ, namely ϕ = π/3 in Fig. C.2(a), and ϕ = 13π/9 in Fig. C.2(b).

Therefore, only by focusing on the visibility of this pattern is it possible to improve the

produced state. In any case the FOM can be described by the expression

FOM(θ1) =
N
2
(1 + v cos(4θ1 + θ0)) , (C.4)



Appendix C. Figure of Merit for an EPR polarization state 113

θ2=0° θ2=22.5° θ2=45°

0 45 ° 90 ° 135 ° 180 °

0

0.25

0.5

θ1

P
ro
ba
bi
lit
y

(a)

θ2=0° θ2=22.5° θ2=45°

0 45 ° 90 ° 135 ° 180 °

0

0.25

0.5

θ1

P
ro
ba
bi
lit
y

(b)

FIGURE C.2: FoM for a = b = 1/
√

2 with (a) ϕ = π/3 (b) ϕ = 13π/9.

where N is the number of coincidences detected in the experiment, v is the visibility of

the interference pattern and θ0 is a fitting parameter related to the value of θ2, ϕ and the

potential misalignment in the experimental setup to prepare and measure the desired

state.

Once the polarization correlation shows a behavior close to that of Fig C.1(b) with the

maximum visibility possible, we can proceed with a full QST [101, 102] to verify whether

the total state is close to |ψ−〉 and determine the degree of fidelity between the experi-

mental and the theoretical state.

However, the state in Eq. (C.1) is just an idealization of the state produced by the source,

a more realistic one can be written as

ρ̂ = p |ψ〉 〈ψ|+
(

1− p
4

)
1 (C.5)

which is a kind of Werner state, where p is a parameter that controls the degree of

mixture between the pure state |ψ〉 and the maximum mixed state 1/4. In this case the

join probability in Eq. (C.3) is updated in such a way it produces the new FOM function

given by

FOMρ(θ1) =
N
4

[
1 + p(1− 2a2) cos(4θ1 + θ0) + 2a

√
1− a2 p cos(ϕ) sin(4θ1 + θ0)

]
.

(C.6)
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This equation reduces to Eq. (C.4) when a = 1/
√

2 and ϕ = π. Thus, the visibility v is a

measurement of p.

It is important to remark that in a more realistic scenario the pointers probability distri-

bution is given by the expression

P(x1, x2|θ1, θ2, ρ̂) =
1
32

[
−4φ2

1(x1 − d1) cos2 θ1

(
4a2 pφ2(x2)φ2(x2 − d2) cos γ cos 2θ2

+ (p(a2 − b2) + 1)
(
φ2

2(x2)(sin 2θ2 − 1)− φ2
2(x2 − d2)(sin 2θ2 + 1)

))
+ 4φ2

1(x1) sin2 θ1

(
(p(a2 − b2)− 1)(φ2

2(x2)(sin 2θ2 − 1)− φ2
2(x2 − d2)(sin 2θ2 + 1))

− 4(a2 − 1)pφ2(x2)φ2(x2 − d2) cos γ cos 2θ2

)
+ 4abpφ1(x1)φ1(x1 − d1) sin 2θ1

(
−4φ2(x2)φ2(x2 − d2) sin γ cos 2θ2 sin(γ− φ)

+ 2φ2
2(x2)(sin 2θ2 − 1) cos(γ− φ) + 2φ2

2(x2 − d2)(sin 2θ2 + 1) cos(γ− φ)

)]
, (C.7)

which includes the effects of having an initial state like that in Eq. (C.5), and the phase

differences that are introduced by the birefringent crystals in the QM-sets. This expres-

sion is a generalization of the behavior given in the equations (5.21a) to (5.21d).
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