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Introduction

In recent years, the language of (braided) fusion categories has proved to be a natural

language for the study of many interesting problems in physics and mathematics. To

give some examples, we could refer to the classification problems of Hopf algebras, knot

invariants, 3-manifolds invariants, or topological orders in physics.

By a fusion category, we mean a rigid monoidal category, C-linear, semisimple, with

finite-dimensional Hom-spaces, and a finite number of isomorphism classes of simple

objects that include the unit object. In case that the fusion category has a braiding,

that is a set of natural isomorphisms that allow us to flip the tensor product, the category

is called a braided fusion category.

Classifying fusion categories is a problem of great interest. In the particular case in which

the fusion category has a grading by a finite group, the concepts of module and bimodule

categories over a fusion category appear naturally. Here, the 2-groups of Brauer-Picard

and Picard are formally defined, and their role in the classification of extensions of fusion

categories is established.

On the other hand, modular fusion categories have associated invariants of knots and

closed oriented 3-manifolds, as Turaev explains in [Tur92]. A modular category means a

non-degenerate braided fusion category with a spherical structure. In this context, non-

degeneracy can be expressed in terms of the Muger center, the maximal subcategory

with trivial double braiding.

In terms of the Muger center, modular fusion categories and symmetric fusion categories

are on opposite sides. Modular categories are monoidal categories with trivial Muger

center while symmetric fusion categories are categories where Muger center is the biggest

possible, all the category itself.

In physics, topological excitations and non-abelian statistics of a 2+1D topological orders

are described by unitary braided fusion categories and their braiding properties. In the

particular case where the category is symmetric, it represents the excitations in boson

or fermion product state with symmetry. Moreover, a unitary braided fusion category

v



Chapter 2. Introduction vi

with Muger center E describes non-abelian statistics of bulk topological excitations in a

topological order with symmetry E .

Muger defines minimal modular extensions of a braided fusion category B in [M0̈0] as a

modular fusion categoryM with a copy of B, and a notion of minimality given in terms

of dimensions.

Given a braided fusion category, finding all its minimal modular extensions, if it has,

is a problem without an answer. If the category is symmetric, it is known that the

Drinfel center is one of such extensions. In the particular case in which the symmetric

fusion category is Tannakian, a complete solution is shown in [LKW16a], leaving the

super-Tannakian case as an open problem of great interest. For this reason, the purpose

of this work is to give a partial description of the minimal modular extensions of a

super-Tannakian fusion category.

Next, we list two of the principal reasons by which it is interesting to know the minimal

modular extensions for a braided fusion category B. The first one appears in [LKW16a]

where authors propose that minimal modular extensions classify 2+1D topological orders

with a particular type of symmetries. The second one is that finding minimal modular

extensions is equivalent to find graded extensions for a specific fusion category associated

with B, as we show in Theorem 4.3.4.

According to [LKW15], for a 2+1D topological order with symmetry E a modular

extension correspond to gauging all symmetry. In particular, the modular extensions of

E classify invertible topological orders with symmetry E .

The results presented in this work can be considered in three groups. In the first,

we develop a theory of equivariatization and de-equivariantization for the new concept

of fermionic action. In the second, we classify graded extensions of categories with a

distinguished object called fermion using a 2-subgroup of the Picard 2-group. Finally, we

classify minimal modular extensions of a super-Tannakian category in terms of group

homomorphisms and group cohomology. According to this, we organize this work as

follows.

In Chapter 1, we present the results and concepts necessary to understand the following

chapters. We start with the concept of a monoidal category, braided monoidal category,

duals, fusion categories, and actions of a finite group on a (braided) fusion category; it

is in this part where some of our main tools appear, the functors equivariantization and

de-equivariantization. Next, we present some results about a necessary and sufficient

condition for a group homomorphism lifts to a group action on a fusion category. Finally,

to define the Picard group, we briefly present the theory of bimodule categories over a

braided fusion category.
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In chapter 2, we introduce the definition of a fermionic action, and we develop some

results about equivariantization and de-equivariantization under this type of action.

Many of these results arise as analogous of the bosonic case. Some of the principal

results in this part are the following: Theorem 2.2.5 and Corollary 2.2.6 are fermionic

versions of Proposition 1.2.18. Moreover, Theorem 2.2.5 and Corollary 2.2.6 give an

equivalence between fermionic (spin-braided) fusion categories with a fermionic action

and fusion categories over a super-Tannakian category. On the other hand, Theorem

2.3.2 formalizes the concept of obstruction to a fermionic action and shows that the

set of liftings to fermionic actions is a torsor over a subgroup of a cohomology group.

Finally, some properties of fermionic actions on braided fusion categories of dimension

four are established in Proposition 2.5.2 and Theorem 2.5.3.

In Chapter 3, we study the concept of a braided crossed extension by a super-group.

Corollary 3.3.2 and Theorem 3.3.6 are the main results about extensions by super-groups,

they set up the basis for the classification of braided crossed extensions by a super-

group of spin-braided fusion categories, and they are fermionic versions of Theorem

3.1.4 and Theorem 3.1.7. Specifically, Corollary 3.3.2 tells us that equivariantization

defines an equivalence between “fermionic” braided crossed fusion categories and fusion

categories over a super-tannakian category, while Theorem 3.3.6 classifies braided

crossed extensions by a super-group of spin-braided fusion categories in terms of 2-

homomorphisms.

Finally, in Chapter 4, we characterize the minimal modular extensions of a super-

Tannakian fusion category in terms of braided crossed extensions by a super-group

of minimal modular extensions of SVec. Theorem 4.3.4 shows that finding minimal

modular extensions of a non-modularizable braided fusion category is equivalent to find

braided crossed extensions by a super-group. By Theorem 3.3.6, such extensions are in

bijection with 2-homomorphisms of a subgroup of the Picard group. If we apply this idea

to the case in which the category is super-Tannakian, Proposition 4.6.1 and Corollary

4.6.2 tell us that minimal modular extensions are in bijection with 2-homomorphisms

whose truncation to categorical group homomorphisms is a fermionic action. On the

other hand, these 2-homomorphisms can be described using group homomorphisms and

group cohomology, as Theorem 4.6.3 shows.

Chapter 2 and partially Chapter 4 are based on the paper [GVR17]. However, all results

in section 3.3 as well as Proposition 4.6.1, Corollary 4.6.2, Theorem 4.6.3, Corollary 4.6.5,

Theorem 4.6.6, and Proposition 4.6.9 were obtained after the publication of [GVR17].

It is expected to present the results mentioned in a subsequent document.





Chapter 1

Mathematical preliminaries

The goal of this chapter is to introduce the main ideas and concepts that we need in

order to understand the rest of this document. We try to organize all results concisely,

and we hope that the documentation is self-contained. Moreover, we have been trying

to present the complete bibliographical references for each topic, in such a way that the

curious reader has the opportunity to examine all the details that arouse their interest.

1.1 Monoidal categories

Most ideas in this document are based on the concept of a monoidal category, so

naturally, this first section corresponds to some of the related concepts.

As we move forward in this document, we will require for some additional conditions on

monoidal categories until we reach the point where we have all the necessary elements

to develop the results contained herein.

The following definition can be found in [EGNO15].

Definition 1.1.1. A monoidal category consists of data (C,⊗, a,1, l, r) where C is a

category, ⊗ : C × C → C is a bifunctor, a : (− ⊗ −) ⊗ − → − ⊗ (− ⊗ −) is a natural

isomorphism called the associativity constraint :

aX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z), X, Y, Z ∈ C,

1 is an object in C such that

lX : 1⊗X → X,

rX : X ⊗ 1→ X

1



2 1 Mathematical preliminaries

are natural isomorphisms called left and right unit constraints. This data satisfies

1. (The pentagon). The diagram

((W ⊗X)⊗ Y )⊗ Z
aW,X,Y ⊗idZ

tt

aW⊗X,Y,Z

**
(W ⊗ (X ⊗ Y ))⊗ Z

aW,X⊗Y ,Z

��

(W ⊗X)⊗ (Y ⊗ Z)

aW,X,Y⊗Z
��

W ⊗ ((X ⊗ Y )⊗ Z)
idW⊗aX,Y,Z

//W ⊗ (X ⊗ (Y ⊗ Z))

is commutative for all W,X, Y, Z in C.

2. (Triangle axiom). The diagram

(X ⊗ 1)⊗ Y
aX,1,Y //

rX⊗idY ''

X ⊗ (1⊗ Y )

idX⊗lYww
X ⊗ Y

is commutative for X,Y in C.

In most of cases in which it is not necessary to specify the isomorphism constraints, we

will denote the monoidal category (C,⊗, a,1, l, r) by C.

The opposite category of (C,⊗, a,1, l, r) is denoted by (Cop,⊗op, aop,1, l, r), and it

is defined as follows: As a category Cop = C with monoidal structure given by

X ⊗op Y := Y ⊗X, and aopX,Y,Z := a−1
Z,Y,X for X,Y, Z in C .

Definition 1.1.2. Let (C, a,1, l, r) and (C′, a′,1′, l′, r′) be monoidal categories. A

monoidal functor from C to C′ is a pair (F, F 1), where F : C → C′ is a functor, and

F 1
X,Y : F (X ⊗ Y )→ F (X)⊗′ F (Y )

is a natural isomorphism, such that F (1) is isomorphic to 1′, and the diagram

F ((X ⊗ Y )⊗ Z)
F (aX,Y,Z)

//

F 1
X⊗Y,Z

��

F (X ⊗ (Y ⊗ Z))

F 1
X,Y⊗Z
��

F (X ⊗ Y )⊗′ F (Z)

F 1
X,Y ⊗idF (Z)

��

F (X)⊗′ F (Y ⊗ Z)

idF (X)⊗′F 1
Y,Z

��
(F (X)⊗′ F (Y ))⊗′ F (Z)

a′
F (X),F (Y ),F (Z)

// F (X)⊗′ (F (Y )⊗′ F (Z))

2 1.1 Monoidal categories



1 Mathematical preliminaries 3

is commutative for all X,Y, Z in C.

An equivalence of monoidal categories is a monoidal functor (F, F 1) such that F is a

equivalence of categories.

A monoidal functor is a functor with an additional structure, so a functor between C
and C′ can have more than one monoidal structure.

Definition 1.1.3. Let (C,⊗, a,1, l, r) and (C′,⊗′, a′,1′, l′, r′) be monoidal categories,

and let (F, F 1) and (G,G1) be monoidal functors from C to C′. A natural transformation

of monoidal functors η : (F, F 1) → (G,G1) is a natural transformation F → G such

that η1 : 1→ 1′ is an isomorphism, and the diagram

F (X ⊗ Y )
F 1
X,Y //

ηX⊗Y
��

F (X)⊗′ F (Y )

ηX⊗ηY
��

G(X ⊗ Y )
G1
X,Y

// G(X)⊗′ G(Y )

is commutative for each X,Y ∈ C.

1.1.1 Braided monoidal categories

Later on, we will need a certain notion of commutativity in monoidal categories that

we will express using the concept of braiding. A monoidal category with this notion of

commutativity will be called a braided monoidal category.

Definition 1.1.4. Given a monoidal category B, a braiding on B is a natural

isomorphism

cX,Y : X ⊗ Y → Y ⊗X,

for X,Y ∈ B, satisfying the hexagon axioms, i.e., the diagrams

X ⊗ (Y ⊗ Z)
cX,Y⊗Z// (Y ⊗ Z)⊗X

aY,Z,X

((
(X ⊗ Y )⊗ Z

aX,Y,Z
66

cX,Y ⊗idZ ((

Y ⊗ (Z ⊗X)

(Y ⊗X)⊗ Z aY,X,Z
// Y ⊗ (X ⊗ Z)

idY ⊗cX,Z

66

1.1 Monoidal categories 3



4 1 Mathematical preliminaries

and

(X ⊗ Y )⊗ Z
cX⊗Y,Z// Z ⊗ (X ⊗ Y )

a−1
Z,X,Y

((
X ⊗ (Y ⊗ Z)

a−1
X,Y,Z

66

idX⊗cY,Z ((

(Z ⊗X)⊗ Y

X ⊗ (Z ⊗ Y )
a−1
X,Z,Y

// (X ⊗ Z)⊗ Y
cX,Z⊗idY

66

commute for all objects X,Y , and Z in B.

Definition 1.1.5. A braided monoidal category is a monoidal category B with a braiding

c.

The definition of braided category was given by Joyal and Street in [JS93].

Definition 1.1.6. Given a braided monoidal category B with braiding c, the reverse

braiding is defined by

crevX,Y := c−1
Y,X .

The category B with braiding crev will be called the reverse braided category and will

be denoted by Brev.

The following definition can be found in [Müg03]. If D is a full subcategory of B, the

centralizer of D with respect to B is defined as the full subcategory

CB(D) := {Y ∈ B : cY,X ◦ cX,Y = idX⊗Y for all X ∈ D}.

The Mueger center of B is the monoidal subcategory Z2(B) := CB(B), that is,

Z2(B) = {Y ∈ B : cY,X ◦ cX,Y = idX⊗Y , for all X ∈ B}.

Definition 1.1.7. A braided monoidal category B with braiding c is a symmetric

category if Z2(B) = B, i.e., cY,X = c−1
X,Y for each X,Y in B.

This definition is equivalent to say that B and Brev are the same braided category.

Some of the most important examples that we will use in this manuscript are the

following:

4 1.1 Monoidal categories



1 Mathematical preliminaries 5

Example 1.1.8. The category Vec of finite dimensional C-vector spaces is a monoidal

category. In this case, the tensor product ⊗ is given by the tensor product of vector

spaces, and the unit object is C as a vector space over itself. Moreover, Vec has a

braiding given by

c(x⊗ y) := y ⊗ x,

for x ∈ X and y ∈ Y .

Example 1.1.9. Given a finite group G, the category Rep(G) of finite dimensional

representations of G over C is a monoidal category. The tensor product ⊗ is given by

the tensor product of representations, and the unit object is the trivial representation

of G.

Given X and Y finite dimensional representations of G,

c(x⊗ y) := y ⊗ x,

for x ∈ X and y ∈ Y , defines a braiding for Rep(G).

The braided categories defined in Example 1.1.8 and Example 1.1.9 are symmetric

categories.

Example 1.1.10. Given a finite group G, the category VecG of finite dimensional G-

graded vector spaces is a monoidal category, i.e., finite dimensional vector spaces V with

a decomposition V =
⊕

g∈G Vg where Vg is a vector space for each g ∈ G. Morphisms in

VecG correspond to linear maps that preserve the grading. The tensor product is given

by

(V ⊗W )g :=
⊕
x,y∈G,
xy=g

Vx ⊗ Vy,

and the unit object 1 has a decomposition 1e = C and 1g = 0 for g 6= e.

There are pairwise non-isomorphic simple objects δg, g ∈ G, defined by (δg)g = C and

(δg)x = 0 for x 6= g. Moreover, δg ⊗ δh ∼= δgh for g, h ∈ G.

The associativity constraint and unit constraints are just the same as in Vec.

If A is a finite abelian group, the monoidal category VecA is a symmetric category where

transposition of factors defines the braiding.

Example 1.1.11. Consider a finite group G and ω ∈ Z3(G,C×) a 3-cocycle with

coefficients in C×, the group of units in the complex numbers. The category VecωG

coincides with VecG as category, the tensor product ⊗ is the tensor product of G-graded

1.1 Monoidal categories 5



6 1 Mathematical preliminaries

vectors spaces defined in Example 1.1.10, but the associativity constraint is given by

aδg ,δh,δk = ω(g, h, k)idδghk , and the unit constraints are given by lδg = ω(e, e, g)−1idδg

and rδg = ω(g, e, e)idδg .

Definition 1.1.12. Let A be a finite abelian group, an abelian 3-cocycle is pair (ω, c)

such that ω ∈ Z3(A,C×) and c : A×A→ C× satisfying the following equations:

c(g, hk)

c(g, h)c(g, k)
=
ω(g, h, k)ω(h, k, g)

ω(h, g, k)

c(gh, k)

c(g, k)c(h, k)
=

ω(g, k, h)

ω(g, h, k)ω(k, g, h)
,

for all g, h, k ∈ A. (1.1)

Following [EML53, EML54] we denote by Z3
ab(A,C×) the abelian group of all abelian

3-cocycles (ω, c).

Example 1.1.13. Given (ω, c) ∈ Z3
ab(A,C×), we define the braided monoidal category

Vec
(ω,c)
A as follows.

Vec
(ω,c)
A = VecωA as monoidal category.

The braiding of Vec
(ω,c)
A is defined by the map c, and it will be denoted by the same

letter.

c(δg, δh) = c(g, h)idδgh , for each g, h ∈ A.

The hexagon axioms are equivalent to (1.1).

An abelian 3-cocycle (ω, c) ∈ Z3
ab(A,C×) is called an abelian 3-coboundary if there is

α : A×2 → C×, such that

ω(g, h, k) =
α(g, h)α(gh, k)

α(g, hk)α(h, k)
,

c(g, h) =
α(g, h)

α(h, g)
,

for all g, h, k ∈ A.

B3
ab(A,C×) denotes the subgroup of Z3

ab(A,C×) of abelian 3-coboundaries. The quotient

group H3
ab(A,C×) := Z3

ab(A,C×)/B3
ab(A,C×) is called the third group of abelian

cohomology of A.

If (ω, c) ∈ Z3
ab(A,C×) the map

q : A→ C×, q(l) := c(l, l), l ∈ A,

6 1.1 Monoidal categories



1 Mathematical preliminaries 7

is a quadratic form on A; that is, q(l−1) = q(l) for all l ∈ A and the symmetric map

bq(k, l) := q(kl)q(k)−1q(l)−1, k, l ∈ A,

is a bicharacter.

The quadratic form q determines completely the abelian cohomology class of the pair

(w, c), see [EML54, Theorem 26.1] or [JS93].

For Vec
(ω,c)
A , it is possible to characterize its Muger center in terms of the bicharacter bq

defined by (ω, c).

Given that bq(g, h) = c(g, h)c(h, g), we have that Z2(Vec
(ω,c)
A ) is generated by simple

objects δg where g is in

Z2(A) := {g ∈ A : bq(g, h) = 1, for all h ∈ A}.

Since bq only depends on the abelian cohomology class of (ω, c), the same is true of

Z2(A).

Given the concept of a braided monoidal category, it is natural to consider the notion

of functors between braided monoidal categories and natural transformations between

braided monoidal functors.

Definition 1.1.14. Let B and B′ be two braided categories with braidings c and c′,

respectively. A monoidal functor (F, F 1) from B to B′ is called braided if the following

diagram is commutative

F (X ⊗ Y )
F (cX,Y )

//

F 1
X,Y

��

F (Y ⊗X)

F 1
Y,X

��
F (X)⊗ F (Y )

c′
F (X),F (Y )

// F (Y )⊗ F (X)

A braided equivalence is a braided monoidal functor that is an equivalence of categories.

A natural transformation between two braided functors is merely a natural

transformation between monoidal functors.

1.1.2 Rigid monoidal categories

We will recall the concept of dual object, which give us a notion of finiteness. For

example, in the category of all vector spaces, dualizable objects are just finite dimensional

1.1 Monoidal categories 7



8 1 Mathematical preliminaries

vector spaces. In the category of A-module, where A is a finite dimensional commutative

algebra, the dualizable objects are finitely generated projective modules (see [EGNO15,

exercise 9.10.3]).

Definition 1.1.15. Given an object X in a monoidal category C, a left dual of X is an

object X∗ as well as maps coevR : 1 −→ X ⊗X∗, evR : X∗ ⊗X −→ 1 satisfying

1. X
coevR⊗idX−−−−−−−→ X ⊗X∗ ⊗X idX⊗evR−−−−−−→ X is the identity morphism of X.

2. X∗
idX∗⊗coevR−−−−−−−−→ X∗ ⊗X ⊗X∗ evR⊗idX∗−−−−−−→ X∗ is the identity morphism of X∗.

The concept of right dual is defined similarly, see [EGNO15].

According to [EGNO15, Proposition 2.10.5], the left (right) dual object is unique up to

isomorphisms. Then we can refer to X∗ as the left (right) dual of X.

Definition 1.1.16. If X has left dual, X is called invertible if evX : X∗ ⊗X → 1 and

coevX : 1 → X ⊗ X∗ are isomorphisms. The set of isomorphism classes of invertible

objects in C will be denoted by Inv(C).

Proposition 2.11.3 in [EGNO15] proves that Inv(C) is a group for every monoidal

category C.

Definition 1.1.17. A monoidal category C is called rigid if every object of C has a left

and a right dual.

Example 1.1.18. The monoidal category Vec is rigid. The left and right duals of a

vector space X coincide and are equal to its dual vector space X∗.

Example 1.1.19. The category Rep(G) of finite dimensional representations of a group

G is rigid. Given X a finite dimensional representation of G, its left and right dual is the

dual space X∗ with G-action ρX∗(g) = (ρX(g)−1)∗. In this case, only one dimensional

representations are invertible objects.

Example 1.1.20. The category VecG is rigid. In fact, for every g ∈ G, (δg)
∗ = δg−1 .

All simple objects δg are invertible.

Example 1.1.21. For a group G and a 3-cocycle ω ∈ Z3(G,C×), the category VecωG is

rigid. For δg, g ∈ G, its dual is defined as in Example 1.1.20. It is possible to consider

the coevaluation morphisms of δg to be the identities, and the evaluation morphisms are

evδg := ω(g, g−1, g)id1.

8 1.1 Monoidal categories
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In a rigid monoidal category C, there exists a natural isomorphism from Hom(X,Y )

to Hom(Y ∗, X∗), for X, Y in C, having to every f ∈ Hom(X,Y ) an element f∗ ∈
Hom(Y ∗, X∗) called the left dual of f .

Uniqueness of dual objects and existence of dual morphisms allows us to define a

contravariant functor X → X∗. Moreover, given that X ⊗ Y has left dual Y ∗ ⊗X∗, we

can conclude that taking double duals is a monoidal functor from C to C, see [EGNO15,

Section 2.10] for more details.

Definition 1.1.22. A rigid monoidal category together with a monoidal natural

isomorphism

ϕ : Id −→ ∗∗

is called a pivotal category.

For a pivotal monoidal category C with monoidal isomorphism ϕ : Id → ∗∗, we can

define the right and left traces of an endomorphism f : X −→ X by

Trl(f) : 1
coevX∗−→ X∗ ⊗X∗∗

id⊗ϕ−1
X−→ X∗ ⊗XidX∗⊗f−→ X∗ ⊗X evX−→1

Trr(f) : 1
coevX−→X ⊗X∗f⊗idX∗−→ X ⊗X∗ϕX⊗idX∗−→ X∗∗ ⊗X∗evX∗−→1.

1.2 Fusion categories

Fusion categories can be considered as the categorization of semisimple finitely generated

algebras, and they are “simplest” types of monoidal categories. We will pay particular

attention to some results regarding its classification.

Definition 1.2.1. An abelian category C is semisimple if every object X decomposes

as a direct sum

X =
⊕
i

Xi (1.2)

where these X ′is are simple objects.

Definition 1.2.2. A fusion category over C is a monoidal category C such that

1. C is semisimple and C-linear.

2. C is rigid.

3. C has finitely many isomorphism classes of simple objects.

1.2 Fusion categories 9
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4. Hom spaces are finite-dimensional.

5. 1 is a simple object.

For a fusion category C, we denote by Irr(C) the set of isomorphism classes of simple

objects in C.

Example 1.2.3. The categories Vec, Rep(G), VecG, and VecωG are fusion categories.

Definition 1.2.4. A finite super-group is a pair (G̃, z) where G̃ is a finite group, and z

is a central element of order two.

Definition 1.2.5 (Super-tannakian categories). Given a super-group (G̃, z), an

irreducible representation of G̃ is called odd or with one degree if z acts as −id, and

even or with zero degree if z acts as the identity. If the degree of a simple object X is

denoted by |X| ∈ {0, 1}. The braiding c′ of two simple object X, Y is defined by

c′X,Y (x⊗ y); = (−1)|X||Y |y ⊗ x, for x ∈ X and y ∈ Y.

The category Rep(G̃) with the braiding c′ is called a super-Tannakian category, and it

will be denoted by Rep(G̃, z).

In contrast, the category Rep(G) of finite dimensional complex representation of a finite

group G, with standard braiding cX,Y (x ⊗ y) := y ⊗ x for x ∈ X and y ∈ Y is called a

Tannakian category.

In [Del02], Deligne establishes that every symmetric fusion category is braided equivalent

to Rep(G) or Rep(G̃, z) for a unique finite group G or super-group (G̃, z).

The super-Tannakian fusion category Rep(Z/2Z, 1) is called the category of super-vector

spaces and will be denoted by SVec.

Definition 1.2.6 ([ENO05]). A fusion category is called pointed if all its simple objects

are invertible.

Any pointed (braided) fusion category C is equivalent to VecωA (respectively, Vec
(ω,c)
A )

where A = Inv(C) and ω is a 3-cocycle defined by the associative contraint (respectively,

(ω, c) is an abelian 3-cocycle defined by the associativity constraint and the braiding),

see [ENO05] and [DGNO10].

Next, we define the concept of Frobenius-Perron dimension of a fusion category C. For

this we must first present the concept of Grothendieck ring of C.

10 1.2 Fusion categories
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The Grothendieck group K0(C) of C is the free abelian group generated by the

isomorphism clases Xi of simple objects of C. The tensor product on C induces a

multiplication on the Grothendieck group given by

XiXj :=
∑
Irr(C)

[Xk, Xi ⊗Xj ]Xk, for Xi, Xj ∈ Irr(C).

Here, the notation [Xk, X] meaning dim(Hom(Xk, X)), that is, the multiplicity of the

simple object Xk in X.

The group K0(C) with this product is called the Grothendieck ring of C, for more details

see [EGNO15].

We define the Frobenius-Perron dimension as follows:

For each object X in a fusion category C, we define the matrix MX whose entries

in position (i, j) is defined by [Xi, X ⊗ Xj ]. The largest non-negative real eigenvalue

of MX is FPdim(X). This map can be extended to a unique ring homomorphism

FPdim : K0(C) → R such that FPdim(X) > 0 for any X ∈ Irr(C), see [ENO05]. The

Frobenius-Perron dimension of a fusion category C is defined as

FPdim(C) =
∑

X∈Irr(C)

FPdim(X)2.

Example 1.2.7. In the category of Rep(G), the Frobenius-Perron dimension of a

representation X of G is just dim(X), the dimension of X as vector space.

FPdim(X) = 1 for each invertible object X of a fusion category C.

1.2.1 Spherical categories

In general, in a pivotal fusion category C, Trl and Trr are different, but in the case in

that Trl(f) = Trr(f) for every endomorphism in C, we say that the fusion category is

spherical.

In an spherical category, we denote by Tr the right and left traces.

Definition 1.2.8. A pre-modular fusion category B is an spherical braided fusion

category. The S-matrix of B is defined by

S := (sX,Y )X,Y ∈Irr(B), where sX,Y := Tr(cY,X ◦ cX,Y ). (1.3)

1.2 Fusion categories 11
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Definition 1.2.9 ([Tur92]). A modular category is a pre-modular category whose S-

matrix is invertible.

Proposition 1.2.10 ([Müg03, Corollary 2.16]). A pre-modular category B is modular

if and only if Z2(B) = Vec .

In general, a braided fusion category with Z2(B) = Vec is called non-degenerate fusion

category. Thus, a pre-modular category is modular if and only if it is non-degenerate.

Example 1.2.11. Consider the braided category Vec
(ω,c)
A with bilinear form associated

b. The S-matrix of Vec
(ω,c)
A is given by (b(x, y))x,y∈A. The category Vec

(ω,c)
A is modular

if and only if the quadratic form b is non-degenerate.

Given a fusion category C, we define the set K̂0(C) by

{f : K0(C)→ C× : f(XY ) = f(X)f(Y )}.

K̂0(C) is an abelian group isomorphic to the abelian group Aut⊗(IdC). In fact, if ψ is

a monoidal automorphism of IdC , then ψX⊗Y = ψX ⊗ ψY for each X,Y in C. Given

that for each simple object X, ψX = f(X)idX for some f(X) ∈ C×, then ψ define an

element f ∈ K̂0(C).

Proposition 1.2.12 ([GN08, section 6.1]). If B is braided fusion category there is a

canonical group homomorphism

Ξ : Inv(B)→ K̂0(B), Ξ(Xi)(Xj) = cXj ,Xi ◦ cXi,Xj . (1.4)

If B is non-degenerate, we have that Ξ is an isomorphism.

1.2.2 Drinfeld center of a fusion category

An important class of non-degenerate fusion categories can be constructed as the Drinfeld

center Z(C) of a fusion category (C, a,1). Most of the results below can be found in

[DGNO10, ENO05, Kas95, EGNO15].

The Drinfeld center of a monoidal category C is defined as follows:

Definition 1.2.13 (Drinfeld center). Objects of Z(C) are pairs (Z, σ−,Z), where Z ∈ C
and σ−,Z : −⊗Z → Z ⊗− is a natural isomorphism , called half-braiding, such that the

diagram

12 1.2 Fusion categories
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Z ⊗ (X ⊗ Y )
a−1
Z,X,Y // (Z ⊗X)⊗ Y

(X ⊗ Y )⊗ Z

σX⊗Y,Z

66

(X ⊗ Z)⊗ Y

σX,Z⊗idY

hh

X ⊗ (Y ⊗ Z)

a−1
X,Y,Z

hh

idX ⊗σY,Z

// X ⊗ (Z ⊗ Y )

a−1
X,Z,Y

66

commutes for all X,Y, Z in C.

A morphism in Z(C) from (Z, σ−,Z) to (Z ′, σ′−,Z′) is a morphism f ∈ HomC(Z,Z
′) such

that the diagram

X ⊗ Z
σX,Y //

idX⊗f
��

Z ⊗X

idX⊗X
��

X ⊗ Z ′
σ′
X,Z′

// Z ′ ⊗X

commutes for each X in C.

The Drinfeld center Z(C) is a monoidal category with tensor product given by

(Z, σ−,Z)⊗ (Z ′, σ′−,Z′) := (Z ⊗ Z ′, σ̃−,Z⊗Z′),

where (σ̃−,Z⊗Z′) is defined by the commutativity of the following diagram

X ⊗ (Z ⊗ Z ′)
a−1
X,Z,Z′ //

σ̃X,Z⊗Z′
��

(X ⊗ Z)⊗ Z ′
σX,Z⊗idZ′ // (Z ⊗X)⊗ Z ′]

Z,Z,Z′

��
(Z ⊗ Z ′)⊗X Z ⊗ (Z ′ ⊗X)

a−1
Z,Z′,Xoo Z ⊗ (X ⊗ Z ′)

idZ⊗σ′X,Z′oo

The unit object is (1, r−1l), where r and l are the unit constraints in C, and the

associativity constraint is given by a, the associativity constraint of C. Moreover, if

C is rigid then Z(C) is also rigid. In fact, if Z has dual Z∗ then (Z, σ−,Z) has dual

(Z∗, σ−,Z∗), where σX,Z∗ := (σ−1
∗X,Z)∗, see [EGNO15, Section 7.13].

There is a monoidal functor F : Z(C)→ C defined by (Z, σ−,Z)→ Z called the forgetful

functor.

The Drinfeld center is a braided category where the braided tensor structure is the

following:

1.2 Fusion categories 13
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c(Z,σ−,Z),(Z′,σ′−,Z′ )
:= σ′Z,Z′ .

By [EGNO15, Proposition 9.3.4], for any fusion category C we have

FPdim(Z(C)) = FPdim(C)2.

Moreover, the Drinfeld center of a spherical fusion category is a modular category, see

[BV13, Theorem 2.1].

1.2.3 Group actions on fusion categories

In this part, we will study the actions of a group on a (braided) fusion category. This

concept can be considered as the categorical version of a group action on an algebra.

Let C be a fusion category; we denote by Aut⊗(C) the monoidal category where objects

are tensor autoequivalences of C, arrows are monoidal natural isomorphisms, the tensor

product is the composition of functors, and unit object IdC . Similarly, we define the

monoidal category Autbr⊗ (B) of braided autoequivalences of a braided fusion category B.

An action of a finite group G on a fusion category C is a monoidal functor ∗ : G →
Aut⊗(C), where G denotes the discrete monoidal category with objects indexed by

elements of G and tensor product given by the multiplication of G.

Let G be a group acting on a fusion category C with action given by ∗ : G→ Aut⊗(C);
then, we have the following data:

• tensor functors g∗ : C → C, for each g ∈ G,

• natural tensor isomorphisms φ(g, h) : (gh)∗ → g∗ ◦ h∗, for all g, h ∈ G, and

• a monoidal natural isomorphism ν : e∗ → IdC ,

which satisfy the following conditions of coherence (see [Tam01, Section 2]):

For each f, g, h ∈ G and X ∈ C the diagrams

(fgh)∗X
φ(fg,h)X //

φ(f,gh)X
��

(fg)∗h∗X

φ(f,g)h∗X
��

f∗(gh)∗X
f∗(φ(g,h)X)

// f∗g∗h∗X

,

14 1.2 Fusion categories
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e∗X

ide∗X ""

φ(e,e)X // e∗e∗X

e∗(νX)zz
e∗X

,

e∗X

ide∗X ""

φ(e,e)X // e∗e∗X

νe∗Xzz
e∗X

are commutative.

An action of a finite group G on a braided fusion category B is defined similarly. In

this case the monoidal functor ∗ : G→ Autbr⊗ (B) is defined over Autbr⊗ (B) and the data

satisfy the same coherence conditions.

An action on a (braided) fusion category like the one described here is also called a

bosonic action.

Example 1.2.14 ([Tam01, Section 7]). Let G and A be finite groups. Given ω ∈
Z3(A,C×), an action of G on VecωA is determined by a homomorphism ∗ : G→ Aut(A)

and normalized maps

µ : G×A×A→ k×

γ : G×G×A→ k×

such that

ω(a, b, c)

ω(g∗(a), g∗(b), g∗(c))
=
µ(g; b, c)µ(g; a, bc)

µ(g; ab, c)µ(g; a, b)
,

µ(g;h∗(a), h∗(b))µ(h; a, b)

µ(gh; a, b)
=

γ(g, h; ab)

γ(g, h; a)γ(g, h; b)
,

γ(gh, k; a)γ(g, h; k∗(a)) = γ(h, k; a)γ(g, hk; a),

for all a, b, c ∈ A, and g, h, k ∈ G.

The action is defined as follows: for each g ∈ G, the associated monoidal functor g∗ is

given by g∗(δa) := δg∗(a), constraint ψ(g)a,b = µ(g; a, b)idδg∗(ab) and the tensor natural

isomorphism is

φ(g, h)δa = γ(g, h; a)idδ(gh)∗(a) ,

1.2 Fusion categories 15
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for each pair g, h ∈ G, a ∈ A.

Continuing with the notation of Example 1.2.14, we present a bosonic action of the

cyclic group of order 2 on Vec
(ω,c)
A , where A is an abelian group of order 4, and

(ω, c) ∈ Z3
ab(A,C×).

Given that Hn(G,C×) ∼= Hn(G,Q/Z), in the next example we consider the maps µ and

γ with coefficients in Q/Z.

Example 1.2.15. Let A be an abelian group of order 4, and let C2 = 〈u〉 be the cyclic

group of order 2 generated by u. Then

1. If A has a presentation given by A := {0, v, f, v+ f : 2f = 0, 2v = 0}, then C2 has

an action on Vec
(ω,c)
A defined by

u∗(f) = f, u∗(v) = v + f,

where the normalized maps µ and γ are defined by the tables:

µ(u;−,−) v f f + v

v 1/2 1/2 0

f 0 0 0

f + v 1/2 1/2 0

γ(u, u;−) v f f + v

1
4 0 1

4

(1.5)

2. If A has a presentation given by A = {0, v, f, v + f : 2f = 0, 2v = f}, then C2 has

an action on Vec
(ω,c)
A defined by

u∗(f) = f, u∗(v) = v + f,

where the normalized maps µ and γ are defined by the tables:

µ(u;−,−) v f f + v

v 0 1/2 0

f 0 0 0

f + v 0 1/2 0

γ(u, u;−) v f f + v

0 0 1
4

(1.6)

Non-degenerate braided pointed fusion categories were classified in [DGNO10, Appendix

A.3], in terms of the associated metric group. We will present abelian 3-cocycles

associated to the metric groups of Example 1.2.15. For this, we will identify the group

of all roots of unity in C with Q/Z. The description that we show below will be of great

importance in Chapter 4.

16 1.2 Fusion categories
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1. If A has a presentation given by A := {0, v, f, v+ f : 2f = 0, 2v = 0} and k ∈ Q/Z
such that 4k = 0.

We define (ωk, ck) ∈ Z3
ab(A,Q/Z) as follows:

If x = xvv + xff , y = yvv + yff , and z = zvv + zff then

ωk(x, y, z) =

0 if yv + zv < 2

2kxv if yv + zv ≥ 2,

ck(x, y) =
1

2
(xv + xf )yf + kxvyv

The case k = 0 corresponds to the Drinfeld center of VecZ/2Z also called the Toric

Code MTC. The case k = 1
2 corresponds to (D4, 1), also called three fermions

MTC. The case k = ±1
4 corresponds to two copies of Semion MTC.

2. If A has a presentation given by A := {0, v, f, v+f : 2f = 0, 2v = f} and k ∈ Q/Z
such that 4k = 1

2 .

We define (ωk, ck) ∈ Z3
ab(A,Q/Z) as follows:

If x = xvv, y = yvv, and z = zvv then

ωk(x, y, z) =

0 if yv + zv < 4

1
2 if yv + zv ≥ 4

,

ck(x, y) = kxvyv.

In all cases above, the quadratic form q : A→ Q/Z is given by

q(f) =
1

2
, q(v) = q(v + f) = k, q(0) = 0,

and the number k = q(v) ∈ { s8 : 0 ≤ s < 8} is a complete invariant. See [RSW09] for

more details about the classification of modular categories of dimension four.

1.2.3.1 Equivariantization.

Some of the tools that we will use most frequently throughout this document are the

mutually inverse processes of equivariantization and de-equivariantization. Below, we

1.2 Fusion categories 17
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present a description of these constructions, as well as the most relevant results in this

regard. Most of the results here presented appear in [DGNO10].

Given an action ∗ : G → Aut⊗(C) of a finite group G on a fusion category C with

monoidal structure given by ψ. The G-equivariantization of C is the fusion category

denoted by CG and defined as follows. An object in CG is a pair (V, τ), called G-object,

where V is an object of C and τ is a family of isomorphisms τg : g∗(V ) → V , g ∈ G,

such that

τgh = τgg∗(τh)φ(g, h),

for all g, h ∈ G. A G-equivariant morphism σ : (V, τ) → (W, τ ′) between G-equivariant

objects is a morphism σ : V →W in C such that τ ′g ◦ g∗(σ) = σ ◦ τg, for all g ∈ G. The

tensor product is defined by

(V, τ)⊗ (W, τ ′) := (V ⊗W, τ ′′),

where

τ ′′g = τg ⊗ τ ′gψ(g)−1
V,W ,

and the unit object is (1, id1). The Frobenius-Perron dimension of CG is |G|FPdim(C),
see [DGNO10, Proposition 4.26].

Theorem 1.2.16 ([ENO11a, Proposition 2.10]). Let D be a fusion category and let G

be a finite group. If there exists a braided tensor functor Rep(G)→ Z(D) such that its

composition with the forgetful functor is fully faithful, then there is a fusion category C
and an action of G on C such that D ∼= CG.

The importance of equivariantization is not just that it is a process through which

another fusion category can be built, but also, that this process, viewed as a functor,

defines a biequivalence between 2-categories as explained below.

1.2.3.2 De-equivariantization

In this part, we describe the opposite construction to equivariantization called de-

equivariantization.

Definition 1.2.17 ([DGNO10]). A central functor from a braided fusion category B to

a fusion category C is a braided functor B → Z(C).

If E is a symmetric fusion category, C is called a fusion category over E if it is endowed

with a braided inclusion E → Z(C) such that its composition with the forgetful fuctor is

18 1.2 Fusion categories
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an inclusion in C. If C is braided, C is a braided fusion category over E if it is endowed

with a braided inclusion E → Z2(C), see [DGNO10, ENO11a].

Let C be a fusion category and Rep(G) ⊂ Z(C) be a Tannakian subcategory which

embeds into C via the forgetful functor Z(C) → C. The algebra O(G) of functions

on G is a commutative algebra in Z(C). The category of left O(G)-modules in C is a

fusion category, called de-equivariantization of C by Rep(G), and is denoted by CG, see

[DGNO10] for more details. It follows from [DGNO10, Lemma 3.11] that

FPdim(CG) =
FPdim(C)
|G|

.

There is a canonical fully faithful monoidal functor

Rep(G) ∼= VecG → CG.

This functor canonically decomposes as Rep(G) → Z(CG) → CG. Thus CG is a fusion

category over Rep(G), see [DGNO10, Section 4.2.2].

Proposition 1.2.18 establishes the principal relation between equivariantization and de-

equivariantization, see [DGNO10, Theorem 4.18, Proposition 4.19, Proposition 4.22].

Proposition 1.2.18. Equivariantization defines an equivalence between the 2-category

of (braided) fusion categories with an action of G and the 2-category of fusion categories

over Rep(G). The de-equivariantization functor is inverse to the equivariantization

functor.

In short, equivariantization and de-equivariantization are mutually inverse functors.

1.3 Obstruction theory to bosonic actions

In this section, we will recall briefly the construction of the H3-obstruction associated

with a group homomorphism ρ : G → Aut⊗(C), where Aut⊗(C) denotes the group of

equivalence classes of tensor autoequivalences of C, for more details see [CGPW16].

Definition 1.3.1. Let ρ : G→ Aut⊗(C) be a group homomorphism, where C is a fusion

category and G is a finite group. A lifting of ρ is a monoidal functor ρ̃ : G → Aut⊗(C)
such that the isomorphism class of ρ̃(g) is ρ(g) for each g ∈ G.

If ρ : G → Aut⊗(C) is a group homomorphism, the finite group G acts on K̂0(C).
Let us fix a representative tensor autoequivalence Fg : C → C for each g ∈ G and

1.3 Obstruction theory to bosonic actions 19
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a tensor natural isomorphism θg,h : Fg ◦ Fh → Fgh for each pair g, h ∈ G. Define

O3(ρ)(g, h, l) ∈ K̂0(C) by the commutativity of the diagram

Fg ◦ Fh ◦ Fl

Fg(θh,l)

��

(θg,h)Fl // Fgh ◦ Fl
θgh,l
��

Fghl

O3(ρ)(g,h,l)

��
Fg ◦ Fhl

θg,hl // Fghl.

(1.7)

Proposition 1.3.2 ([Gal11, Theorem 5.5]). Let C be a fusion category and ρ : G →
Aut⊗(C) a group homomorphism. The map O3(ρ) : G×3 → K̂0(C) defined by the diagram

(1.7) is a 3-cocycle and its cohomology class depends on ρ. The map ρ lifts to an action

ρ̃ : G → Aut⊗(C) if and only if 0 = [O3(ρ)] ∈ H3
ρ (G, K̂0(C)). If [O3(ρ)] = 0 the set of

equivalence classes of liftings of ρ is a torsor over H2
ρ (G, K̂0(C)).

Proposition 1.3.2 says us that there exists an action of H2
ρ (G, K̂0(C)) on the liftings of

ρ; we denoted this action by .. Moreover, if ρ̃ is a lifting of ρ, any other lifting can be

obtained in the form µ . ρ̃ for µ ∈ H2
ρ (G, K̂0(C)).

1.4 The Picard Group

The Brauer-Picard group and the Picard group (in the case of a braided category)

are other important concepts that we will use throughout this work. We will pay

particular attention to the relation of these concepts with the classification of extensions

of categories.

1.4.1 Module categories over fusion categories

Ostrik introduced the concept of module category in [Ost03]. Next, we present some

basic aspects of this subject.

Let C be a fusion category, a left C-module category is a C-linear semisimple category

M with a exact C-linear bifunctor

C ×M→M, (X,M)→ X ∗M,
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a functorial isomorphism called the associativity constraint:

aX,Y,M : (X ⊗ Y ) ∗M → X ∗ (Y ∗M),

for each X,Y in C and M ∈ M, and an unit isomorphisms lM : 1 ∗M → M such that

the following diagrams

((X ⊗ Y )⊗ Z) ∗M
aX,Y,Z∗idM

tt

aX⊗Y,Z,M

**
(X ⊗ (Y ⊗ Z)) ∗M
ax,Y⊗Z,M

��

(X ⊗ Y ) ∗ (Z ∗M)

aX,Y,Z∗M
��

X ∗ ((Y ⊗ Z) ∗M)
idX∗aY,Z,M

// X ∗ (Y ∗ (Z ∗M)),

and

(X ⊗ 1) ∗M
aX,1,Y //

rX∗idM ''

X ∗ (1 ∗M)

idX∗lMww
X ∗M

are commutative.

A right C-module category is defined similarly.

Example 1.4.1. Any fusion category C has structure of module category over itself

where the bifunctor ∗ is given by the tensor product.

Example 1.4.2. Let F : C → Vec be an exact monoidal functor. F defines a module

structure of C over Vec as follows

X ∗ V := F (X)⊗ V,

for each X ∈ C and V ∈ Vec. The associativity is given by

(X ⊗ Y ) ∗ V = F (X ⊗ Y )⊗ V
F1
X,Y ⊗idV //

++

(F (X)⊗ F (Y ))⊗ V

aF (X),F (Y ),Vtt
F (X)⊗ (F (Y )⊗ V ) = X ∗ (Y ∗ V )

and the unit isomorphism 1 ∗ V → V is given by the unit structure of F .

Example 1.4.3. Any fusion category C is a left (right) Vec-module category where the

bifunctor ∗ is given by the inclusion functor Vec ∼= 〈1〉 → C.

1.4 The Picard Group 21



22 1 Mathematical preliminaries

Definition 1.4.4. LetM1 andM2 be two module categories over C. A module functor

from M1 to M2 is a functor

F :M1 →M2

and functorial isomorphisms

F 1
X,M : F (X ∗M)→ X ∗ F (M),

that satisfy the following condition: for each X ∈ C and M ∈M1, the diagrams

F ((X ⊗ Y ) ∗M)
F (aX,Y,M )

uu

F 1
X⊗Y,M

))
F (X ∗ (Y ∗M))

F 1
X,Y ∗M

��

(X ⊗ Y ) ∗ F (M)

aX,Y,F (M)

��
X ∗ F (Y ∗M)

idX∗F 1
Y,M

// X ∗ (Y ∗ F (M))

(1.8)

and

F (1 ∗M)
F (lM ) //

F 1
1,M &&

F (M)

1 ∗ F (M)

lF (M)

99
(1.9)

are commutative.

Two module categoriesM1 andM2 are equivalent if there exists a module functor from

M1 to M2 that is an equivalence of categories.

1.4.2 Tensor product of module categories

Let M be a right C-module category, and let N be a left C-module category. The

C-module tensor product of M and N is defined using a universal property.

Definition 1.4.5 ([ENO10]). Let F : M×N → K be an additive bifunctor in each

argument. We say that F is C-balanced if there is a familily of natural isomorphisms

bM,X,N : F (M ∗X,N)→ F (M,X ∗N) (1.10)

satisfying the commutative diagram
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F (M ∗ (X ⊗ Y ), N)
F (mM,X,Y )

//

bM,X⊗Y,N
��

F ((M ∗X) ∗ Y,N)

bM∗X,Y,N
��

F (M, (X ⊗ Y ) ∗N)

F (nX,Y,N ) **

F (M ∗X,Y ∗N)

bM,X,Y ∗Ntt
F (M,X ∗ (Y ∗N))

, (1.11)

for each M ∈M, N ∈ N , and X,Y in C.

Funbal,re(M×N ,K) denotes the category of C-balanced functors form M×N into K
right exact in each variable.

The C-module tensor product of M and N is an abelian category M �C N together

with a C-balanced bifunctor

BM,N :M×N →M�C N ;

which is right exact in each variable and for every abelian category K induces an

equivalence

Funbal,re(M×N ,K) ∼= Funre(M�C N ,K).

Definition 1.4.6. If C and C′ are fusion categories, then C � C′ := C �Vec C′ is called

the Deligne product of C and C′. In [EGNO15], it is shown that the Deligne product is

a fusion category.

Definition 1.4.7 ([ENO10]). LetM be a right C-module category, the opposite category

of M is denoted by Mop, and it is defined as the left C-module category with bifunctor

� given by

X �M := M ∗ (∗X),

for X in C and M in M.

In particular, it has been shown that M�C N ∼= FunC,re(Mop,N ), see [ENO10].

1.4.3 Bimodules categories over fusion categories

A category M is a (C-C′)-bimodule category if it has compatible left C-module and

right C′-module structures. Compatibility is given by a collection of isomorphisms

aX,M,Y : X ∗ (M ∗ Y )→ (X ∗M) ∗ Y , called middle associativity constraints, natural in

X ∈ C, Y ∈ C′, and M ∈M, such that the diagrams
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(X ⊗ Y ) ∗ (M ∗ Z)
aX⊗Y,M,Z

**
X ∗ (Y ∗ (M ∗ Z))

aX,Y,M∗Z
55

1∗aY,M,Z
��

((X ⊗ Y ) ∗M) ∗ Z

X ∗ ((Y ∗M) ∗ Z) aX,Y ∗M,Z
// (X ∗ (Y ∗M)) ∗ Z,

aX,Y,M∗1
OO

(X ∗M) ∗ (Z ⊗W )
aX∗M,Z,W

**
X ∗ (M ∗ (Z ⊗W ))

aX,M,Z⊗W
44

1∗aY,M,Z
��

((X ∗M) ∗ Z) ∗W

X ∗ ((M ∗ Z) ∗W ) aX,M∗Z,W
// (X ∗ (M ∗ Z)) ∗W

aX,M,Z∗1
OO

commute for each X,Y ∈ C, Z,W ∈ C′, and M ∈M.

An equivalent definition of a (C-C′)-bimodule category is the following: A (C-C′)-
bimodule category is a (C � C′op)-module category. Then, given two (C-C′)-bimodule

category categories M and N , a bimodule functor is a left functor over (C � C′op), see

[EGNO15].

Proposition 1.4.8. LetM be a (C-D)-bimodule category and let N be a (D-C′)-bimodule

category, then M�D N is a (C-C′)-bimodule category, see [ENO10, Remark 3.6].

Definition 1.4.9 ([ENO10]). A (C-C′)-bimodule category M is invertible if there exist

bimodule equivalences such that

Mop �CM ∼= C′, and

M�C′Mop ∼= C.

1.4.4 The Brauer-Picard Groupoid.

One of the most exciting results on the classification of extensions is presented in terms

of the Brauer-Picard group. Next, we present the concepts and results necessary in order

to understand the classification of extensions.

For a positive integer n, a monoidal categorical n-groupoid with invertible objects is

called a categorical n-group.
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Definition 1.4.10. For every fusion category C, the categorical 2-group BrPic(C) is

described as follows: The objects are invertible C-bimodule categories, 1-morphisms are

equivalences of bimodule categories, and 2-morphisms are isomorphisms of equivalences.

BrPic(C) can be truncated to a categorical group BrPic(C) if we forget the 2-morphisms

and consider 1-morphisms up to isomorphism. Similarly, BrPic(C) can be truncated to

the group BrPic(C) called the Brauer-Picard group of C.

Theorem 1.4.11 ([ENO10]). For every fusion category C, there is an equivalence of

categorical groups BrPic(C)→ Aut⊗(Z(C)).

Recall that for commutative algebras, any left (right) module has a bimodule structure.

Similarly, if B is a braided fusion category with braiding {cX,Y : X ⊗ Y → Y ⊗ X},
every left-module over B can be seen as a bimodule. The braiding defines the bimodule

structure in the following way:

Let M be a left module over B with associativity constraint given by aX,Y,M :

X ∗ (Y ∗M)→ (X ⊗Y ) ∗M . The right action of B is defined by M ∗X := X ∗M , with

right associativy constraint defined by the diagram

(M ∗X) ∗ Y
aM,X,Y //M ∗ (X ⊗ Y )

Y ∗ (X ∗M) aY,X,M
// (Y ⊗X) ∗M cY,X

// (X ⊗ Y ) ∗M

and the middle constraint defined by the diagram

X ∗ (M ∗ Y )
aX,M,Y // (X ∗M) ∗ Y

X ∗ (Y ∗M) aX,Y,M
// (X ⊗ Y ) ∗M cX,Y

// (Y ⊗X) ∗M
a−1
Y,X,M

// Y ∗ (X ∗M)

for each X,Y in B and M in M.

With the structure defined above, we can consider the 2-category of modules over B as

a 2-category embedded in the 2-category of bimodules over B. Then, in this context, we

can talk about invertible left modules over B.

Definition 1.4.12. For a braided fusion category B, the Picard 2-group is denoted

by Pic(B) and described as follows: Objects are invertible left B-modules, 1-morphisms
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are module equivalences, and 2-morphisms are isomorphisms between such equivalences.

Pic(B) can be truncated to a categorical group Pic(B) if we forget the 2-morphisms and

consider 1-morphisms up to isomorphism. Similarly, Pic(B) can be truncated to the

group Pic(B) called the Picard group of B.

Proposition 1.4.13 ([DGNO10, Section 2.10, Theorem 3.7]). Suppose that B is a

braided fusion category with braiding c. There are fully faithful braided functors given

by B → Z(B), X → (X, c−,X) and Brev → Z(B), X → (X, c−1
X,−). They define a braided

tensor functor

B � Brev → Z(B).

This functor is a braided equivalence when B is a non-degenerate braided fusion category.

If M is an invertible module category over B and B∗M = FunB(M,M), we obtain an

equivalence B � Brev ∼= Z(B∗M). The compositions

α+ : B = B � 1 ⊂ B � Brev ∼= Z(B∗M)→ B∗M, (1.12)

α− : B = 1� Brev ⊂ B � Brev ∼= Z(B∗M)→ B∗M, (1.13)

are called alpha-induction functors, see [Ost03, ENO10]. In particular, for every

invertible module M, the alpha-inductions are equivalences. Thus

α+ = α− ◦ θM,

where θM : B → B is a braided autoequivalence. For a more specific definition of the

alpha-induction functors, see [DN+13]. We will give a brief description.

For each M∈ Pic(B) the functors α± are defined as follows:

α±M : B → B∗M : X → X ⊗−;

The tensor structure for α±M is defined by:

α+
M(X)(Y ⊗M) = X ⊗ Y ⊗M

cx,y // Y ⊗X ⊗M = Y ⊗ α+
M(X)(M), (1.14)

α−M(X)(M ⊗ Y ) = X ⊗ Y ⊗M
c−1
y,x // Y ⊗X ⊗M = α−M(X)(M)⊗ Y, (1.15)

for each X,Y ∈ B and M ∈M.

Theorem 1.4.14. [ENO10, Theorem 5.2.] For a non-degenerate braided fusion category

B, the functor M→ θM is an equivalence between Pic(B) and Autbr⊗ (B).
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Theorem 1.4.14 allows us to identify the category of braided autoequivalences with the

Picard 1-group. This identification together with the obstruction theory for bosonic

actions gives us a tool to construct monoidal functors from G to Pic(B).

Our interest in monoidal functors G→ Pic(B) is partially motivated by Theorems 3.1.6

and 3.1.7, since we have a particular interest in liftings of these monoidal functors to

homomorphisms of 2-groups G→ Pic(B).
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Chapter 2

Fermionic actions

In this chapter, we will develop the concept of fermionic action. First, we will introduce

the concept of fermionic fusion category. Secondly, we will describe what we mean

by a fermionic action of a super-group on a fermionic fusion category, and give some

examples of this type of action. Then, we will study the theory of obstructions to a

fermionic action and its interpretation in terms of groups. Finally, in the last part of

this chapter, we will be particularly interested in characterizing some fermionic actions

on fusion categories with Frobenius-Perron dimension 4, we will refer to fusion categories

with Frobenius-Perron dimension four later as fusion categories of dimension four.

Fermionic fusion categories are categories with a distinguished object on which we will

base the fermionic action concept. We define the fermionic functor concept on fermionic

fusion categories. These concepts allow us to present the 2-category of fermionic

categories whose morphisms consist of fermionic functors. Moreover, we give some

examples to clarify the concepts of fermionic fusion categories and fermionic functors.

In section 2.2, we present the concept of fermionic action of a super-group over a

fermionic fusion category. Here, the principal results are Theorem 2.2.5 and Corollary

2.2.6 where we present the properties of the equivariantization and de-equivariantization

by a fermionic action.

The study of the obstruction to a fermionic action is addressed in Section 2.3. We

define the fermionic action in Definition 2.3.1 as a measuring of when we can obtain

a fermionic action. In Theorem 2.3.2, we show the main properties of this obstruction

and, in Corollary 2.3.3; we show a reinterpretation of the obstruction.

All results that we show in Section 2.4 are applied to determine when the obstruction to

a fermionic action vanishes. These results are given in terms of commutative diagrams

of groups. We use this group-theoretical interpretation of the obstruction to provide

29
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fermionic actions on pointed fusion categories of dimension four in the propositions

2.4.4, 2.4.5, and 2.4.6.

Finally, we study fermionic actions over spin-braided fusion categories of dimension four

in Section 2.5. For Ising categories, we show in Proposition 2.5.2 that only trivial super-

groups can act over Ising categories. On the other hand, in Theorem 2.5.3, we establish

the main properties that fermionic actions over pointed fusion categories with dimension

four must satisfy.

2.1 Fermionic fusion categories.

The concept of fermionic fusion category can be summarized as a fusion category with

a distinguished object that ensures that the category has a copy of SVec. The existence

of this embedding generates interesting properties on the equivariantization of certain

types of actions.

The definition that we present below is more general than the one presented in [BGH+17]

for the ribbon case.

Definition 2.1.1. Let C be a fusion category. An object (f, σ−,f ) ∈ Z(C) is called a

fermion if f ⊗ f ∼= 1 and σf,f = −idf⊗f .

(a) A fermionic fusion category is a fusion category with a fermion. A fermionic fusion

category C with fermion (f, σ−,f ) is denoted by the pair (C, (f, σ−,f )).

(b) A braided fusion category B with braiding c and a fermion of the form (f, c−,f )

is called a spin-braided fusion category. This spin-braided fusion category will be

denoted by (B, f), in this case, the half-braiding is determined in an obvious way

by c−,f .

Remark 2.1.2. If (f, σ−,f ) ∈ Z(C) is a fermion, the fusion subcategory generated by

(f, σ−,f ) in Z(C) is braided equivalent to SVec. In other words, a fermionic fusion

category (C, (f, σ−,f )) is just a fusion category over SVec in the sense of [DGNO10,

Definition 4.16].

Example 2.1.3 (Pointed categories of dimension four as spin-braided fusion categories).

Consider the braided pointed fusion categories Vec
(ωk,ck)
A presented in Example 1.2.15.

Following the notation of this example, and according to Definition 2.1.1, (f, c−,f ) is a

fermion in Vec
(ωk,ck)
A . Therefore, the pair (Vec

(ωk,ck)
A , f) is a pointed spin-braided fusion

category.
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Note that if (C, (f, σ−,f )) is a fermionic fusion category, then (Z(C), (f, σ−,f )) is a spin-

braided fusion category.

Example 2.1.4 (Fermionic pointed fusion categories). According to [BGH+17,

Proposition 2.2], there is a correspondence between fermions in VecωG and pairs (f, η)

such that

(a) η : G→ C×,

(b) f ∈ Z(G) of order two,

(c) η(x)η(y)
η(xy) = w(f,x,y)w(x,y,f)

w(x,f,y) for all x, y ∈ G,

(d) w(x,f,f)w(f,x,f)
w(x,f,f) η(x)2 = 1 for all x ∈ G,

(e) η(f) = −1.

Example 2.1.5 (Ising categories as spin-braided fusion categories). By an Ising fusion

category we mean a non-pointed fusion category of Frobenius-Perron dimension 4, see

[DGNO10, Appendix B].

Ising categories have 3 classes of simple objects 1, f, σ. The Ising fusion rules are

σ2 = 1 + f, f2 = 1, fσ = σf = σ.

The associativity constraints are given by the F -matrices

F σσσσ =
ε√
2

(
1 1

1 −1

)
, F σfσf = F fσfσ = −1,

where ε ∈ {1,−1}.

The Ising fusion categories admit several braided structures, and in all cases f is a

fermion. An Ising braided fusion category is always non-degenerate and Ipt = 〈f〉 ∼=
SVec. In [DGNO10, Appendix B], it was proven that there are 8 equivalence classes of

Ising braided fusion categories.

After the definition of fermionic fusion category, the next step is establishing the

properties that functors between these categories must fulfill.

Definition 2.1.6. Let (C, (f, σ−,f )) and (C′, (f ′, σ′−,f ′)) be fermionic fusion categories.

A tensor functor (F, τ) : C → C′ is called a fermionic functor if F (f) ∼= f ′ and the

diagram
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F (V ⊗ f)

τV,f

��

F (σV,f )
// F (f ⊗ V )

τf,V

��
F (V )⊗ F (f)

idF (V )⊗φ
��

F (f)⊗ F (V )

φ⊗idF (V )

��
F (V )⊗ f ′

σ′
F (V ),f ′

// f ′ ⊗ F (V )

(2.1)

commutes for each V ∈ C, where φ is an isomorphism between F (f) and f ′.

Remark 2.1.7. The commutativity of diagram (2.1) is independent of the choice of φ. In

fact, any other isomorphism φ′ between F (f) and f ′ has the form φ′ = kφ with k ∈ C×.

Note that being a fermionic tensor functor is a property, not extra structure.

Let (C, (f, σ−,f )) be a fermionic fusion category. We will denote by Aut⊗(C, f) the full

monoidal subcategory of Aut⊗(C) whose objects are fermionic tensor autoequivalences.

The group of isomorphism classes of autoequivalences in Aut⊗(C, f) is denoted by

Aut⊗(C, f).

Example 2.1.8. If (B, f) and (B′, f ′) are spin-braided fusion categories, and F : B → B′

is a braided functor such that F (f) ∼= f ′; then, F is a fermionic tensor functor. In fact,

by definition of a braided functor, F satisfies Diagram (2.1), see [ENO05, Definition

8.1.7.].

For spin-braided fusion categories, we will denote by Autbr⊗ (B, f) the full monoidal

subcategory of Autbr⊗ (B) whose objects are braided tensor autoequivalences described

in Example 2.1.8. The group of isomorphism classes of spin-braided autoequivalences in

Autbr⊗ (B, f) is denoted by Autbr⊗ (B, f).

Example 2.1.9 (Fermionic functors in the pointed case). Let (Vecω1
G1
, (f, η)) and

(Vecω2
G2
, (f ′, η′)) be fermionic pointed fusion categories (See Example 2.1.4). A fermionic

functor from (Vecω1
G1
, (f, η)) to (Vecω2

G2
, (f ′, η′)) is determined by the following data:

(a) A group homomorphism F : G1 → G2,

(b) A 2-cochain τ : G×2
1 → C× such that

ω1(g, h, l)τ(gh, l)τ(g, h) = τ(g, h, l)τ(h, l)ω2(F (g), F (h), F (l)),

for each g, h, l ∈ G1;

where the group homomorphism F additionally satisfies that F (f) = f ′ and

τ(f, g)

τ(g, f)
=
η′(F (g))

η(g)
,

32 2.1 Fermionic fusion categories.



2 Fermionic actions 33

for all g ∈ G1.

2.2 Fermionic actions on fermionic fusion categories

In this part, we develop the concept of fermionic action of a super-group on a fermionic

fusion category. In addition, we study some properties of this type of actions under the

processes of equivariantization and de-equivariantization. Finally, we will present some

examples of this type of action on fusion categories of dimension 4.

Recall that the theory of equivariantization and de-equivariantization was developed

to study the relation between categories with a bosonic action and categories on

a Tannakian category Rep(G). Similarly, we introduce the concept of fermionic

action in order to formulate similar results to the bosonic case, in this case relating

fusion categories with fermionic action and fusion categories on a super-Tannakian

category Rep(G̃, z). In other words, we establish a theory of equivariantization and

de-equivariantization for the super-Tannakian case.

Recall that a finite super-group is a pair (G̃, z), where G̃ is a finite group and z ∈ G̃ is

a central element of order two.

If (G̃, z) is a super-group, the exact sequence

1 −→ 〈z〉 −→ G̃ −→ G̃/〈z〉 −→ 1,

defines and is defined by a unique element α ∈ H2(G̃/〈z〉,Z/2Z). From now on we will

identify a super-group (G̃, z) with the associated pair (G,α) according to the convenience

of the case. Here G := G̃/〈z〉 and α ∈ H2(G,Z/2Z).

The following lemma is necessary to contextualize the definition of fermionic action.

Lemma 2.2.1. Let G be a finite group. There is a canonical correspondence between

equivalence classes of monoidal functors ρ̃ : G −→ Aut⊗(SVec) and elements of

H2(G,Z/2Z).

Proof. Every tensor autoequivalence of SVec is monoidally isomorphic to the identity

functor of SVec; then, the truncation of each monoidal autoequivalence ρ̃ is given by the

trivial group homomorphism ρ : G→ Aut⊗(SVec).

Since the liftings of ρ are in correspondence with elements of H2(G, ̂K0(SVec)), the

lemma follows from Proposition 1.3.2, using that ̂K0(SVec) ∼= Z/2Z. ♦X
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Definition 2.2.2. Let (C, (f, σ−,f )) be a fermionic fusion category and (G,α) a super-

group. A fermionic action of (G,α) on (C, (f, σ−,f )) is a monoidal functor

ρ̃ : G −→ Aut⊗(C, f),

such that the restriction functor ρ̃ : G −→ Aut⊗(〈f〉) has monoidal structure given by

α ∈ H2(G,Z/2Z), (see Lemma 2.2.1).

A fermionic action of a finite super-group (G,α) on a spin-braided fusion category (B, f)

is defined in a similar way. In this case the monoidal functor ρ̃ : G → Autbr⊗ (B, f) is

defined over Autbr⊗ (B, f) and the data satisfies the same condition.

The condition ρ̃(g) ∈ Aut⊗(C, f) in Definition 2.2.2 implies that ρ̃(g) restricted to 〈f〉 is

an autoequivalence of 〈f〉. If we identify 〈f〉 with SVec; we are saying that the restriction

of ρ̃(g) is an autoequivalence of SVec.

Example 2.2.3 (Fermionic actions on pointed fusion categories). Let (G,α) be a

finite super-group and (VecωA, (f, η)) a fermionic pointed fusion category. According

to Example 2.1.9 and Example 1.2.14 a fermionic action of (G,α) on (VecωA, (f, η)) is

determined by the following data:

• a group homomorphism ∗ : G→ Aut(A),

• normalized maps µ : G×A×A→ C×, γ : G×G×A→ C×,

such that

(a) (∗, µ, γ) satisfiy the conditions of Example 1.2.14,

(b) µ(g;f,a)
µ(g;a,f) = η(g∗(a))

η(a) for any g ∈ G and a ∈ A (Example 2.1.9), and

(c) the cochain γ̃ : G×G −→ K̂0(〈f〉) defined by

γ̃(g, h)(a) := γ(g, h; a) for g, h ∈ G and a ∈ 〈f〉

is equivalent to α in cohomology.

By definition of bosonic action γ(g, h,−) ∈ ̂K0(VecωA), so γ̃(g, h) defined above is

an element of K̂0(〈f〉).

Example 2.2.4. Consider the action of C2 = 〈u〉, the cyclic group of order 2 generated

by u, on the non-degenerate pointed fusion categories of dimension four given in Example

1.2.15. with fermion f .
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Following the notation of Example 1.2.15, the homomorphism ηk that corresponds to

fermion f is defined by

ηk(a) := ck(a, f) for each a ∈ A.

Calculating ηk(σ∗(−))
ηk(−) and µ(σ;f,−)

µ(σ;−,f) ; we obtain

v f f + v

ηk(σ∗(−))
ηk(−) 1/2 0 1/2
µ(σ;f,−)
µ(σ;−,f) 1/2 0 1/2

Finally, γ̃ corresponds to the trivial 2-cocycle, so we have fermionic action of the trivial

super-group (C2, α ≡ 0) on non-degenerate pointed spin-braided fusion categories of

dimension four.

We consider the 2-category of fermionic fusion categories with a fermionic action of

(G,α), whose 1-morphisms are fermionic functors that preserve the action, and 2-

morphisms are tensor isomorphism between fermionic functors.

Theorem 2.2.5. Let (G̃, z) be a finite super-group and G := G̃/〈z〉. Then the

equivariantization and de-equivariantization processes define a biequivalence of 2-

categories

{Fermionic fusion categories (C, (f, σ−,f )) with fermionic action of (G̃, z)}

G-de-equivariantization

		
{Fusion categories D over Rep(G̃, z)}.

G−equivariantization

II

Proof. Let (G̃, z) be a finite super-group and G := G̃/〈z〉. The proyection G̃ → G

defines an inclusion Rep(G) ⊂ Rep(G̃, z) of symmetric fusion categories.

By [DGNO10, Theorem 4.18, Proposition 4.19], equivariantization and de-equivarian-

tization are mutually inverse processes and define an equivalence of 2-categories

{Fusion categories C with an action of G}

de−equivariantization
		

{Fusion categories D over Rep(G)}.

equivariantization

II
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Using de-equivariantization with respect to G, we obtain that Rep(G̃, z)G is braided

equivalent to SVec, so SVecG is equivalent to Rep(G̃, z). Moreover, if (C, (f, σ−,f )) is a

fermionic fusion category then we have a central functor SVec → Z(C) that induces a

central functor SVecG ∼= Rep(G̃, z)→ Z(CG). Hence, G-equivariantization is a 2-functor

between the 2-category of fermionic fusion categories with a fermionic action of (G,α)

and the 2-category of fusion categories over Rep(G̃, z).

On the other hand, if D is a fusion category over Rep(G̃, z), we have that Rep(G) ⊂
Rep(G̃, z) ⊂ Z(D). It follows from [ENO11a, Proposition 2.10] that D is a G-

equivariantization of some fusion category DG and the G-de-equivariantization of

CZ(D)(Rep(G)) is braided equivalent to Z(DG). Taking G-de-equivariantization to the

sequence of inclusions Rep(G) ⊂ Rep(G̃, z) ⊂ CZ(D)(Rep(G)), we obtain Vec ⊂ SVec ∼=
Z(DG), see [ENO11a, Proposition 2.10]; hence, DG is a fermionic fusion category. This

proves that de-equivariantizacion is a functor between the 2-category of fusion categories

over Rep(G̃, z) and the 2-category of fermionic fusion categories with fermionic action

of (G̃, z).

Finally these functors are mutually inverse by [DGNO10, Theorem 4.18, Proposition

4.19]. ♦X

Corollary 2.2.6. Let (G̃, z) be a finite super-group and G := G̃/〈z〉. Then

equivariantization and de-equivariantization processes define a biequivalence of 2-

categories between spin-braided fusion categories with fermionic action of (G̃, z)

compatible with the braiding, and braided fusion categories D over Rep(G̃, z) such that

Rep(G) ⊆ Z2(D).

Proof. It follows from Theorem 2.2.5 and [DGNO10, Theorem 4.18, Proposition

4.19]. ♦X

2.3 Obstruction to fermionic actions

As in the bosonic case, we are interested in knowing when a group homomorphism

ρ : G→ Aut⊗(C, f) can lift to a fermionic action of a super-group (G,α) over a fermionic

fusion category (C, (f, σ−,f )). We will treat this problem in terms of a problem of group

cohomology. Just like it happened in the bosonic case, we introduce a certain obstruction

that is responsible for “measuring” when the group homomorphism ρ can be extended

to a fermionic action.

Let (C, (f, σ−,f )) be a fermionic fusion category and (G,α) be a super-group. Every

fermionic action of (G,α) on (C, (f, σ−,f )) defines a group homomorphism ρ : G →
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Aut⊗(C, f). In this section, we will describe necessary and sufficient cohomological

conditions to stablishing whether a group homomorphism ρ : G → Aut⊗(C, f) came

from a fermionic action.

The obstruction in a spin-braided fusion category works in a similar way; i.e., when the

homomorphism ρ takes values in Autbr⊗ (B, f) for a spin-braided fusion category (B, f).

Let ρ : G → Aut⊗(C, f) be a group homomorphism. If there exists a fermionic action

of (G,α) that realizes ρ, the same action can be considerated as a bosonic action

ρ̃ : G→ Aut⊗(C) that realizes ρ, forgetting the condidions on f . Hence, by Proposition

1.3.2, the obstruction [O3(ρ)] must vanish. Moreover, the bosonic action ρ̃ defines an

element θρ̃ ∈ H2(G,Z/2Z) that corresponds to the composition

G
ρ̃

zz $$
Aut⊗(C, f)

rest // Aut⊗(〈f〉)

, (2.2)

where rest denotes the functor that maps F ∈ Aut⊗(C, f) to the restriction of F to 〈f〉.

Moreover, we can consider the restriction map r : K̂0(C) → K̂0(〈f〉) ∼= Z/2Z that

is a homomorphism of G-modules with action induced by ρ̃. If we suppose that r is

non-trivial, the exact sequence

1 // Ker(r) �
� i // K̂0(C) r // // Z/2Z // 1

induces a long exact sequence

// H2(G,Ker(r))
i∗ // H2(G, K̂0(C)) r∗ // H2(G,Z/2Z)

d2 //

// H3(G,Ker(r))
i∗ // H3(G, K̂0(C)) r∗ // H3(G,Z/2Z)

d3 // . . .

(2.3)

This motivates the following definition.

Definition 2.3.1. Let ρ : G → Aut⊗(C, f) be a group homomorphism and ρ̃ : G −→
Aut⊗(C, f) a lifting of ρ. For each α ∈ H2(G,Z/2Z), we define
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O3(ρ̃, α) :=

θρ̃/α ∈ H2(G,Z/2Z) if r is trivial,

d2(θρ̃/α) ∈ H3(G,Ker(r)) if r is non-trivial,
(2.4)

where r : K̂0(C)→ K̂0(〈f〉) is the restriction map defined above.

If the group homomorphism ρ : G −→ Aut⊗(C, f) has a lifting to a fermionic action ρ̃

of (G,α), we call ρ̃ an α-lifting of ρ.

The next theorem is the version of Theorem 1.3.2 for fermionic actions. In Theorem

2.3.2, we establish the independence of the obstruction on the choice of the lifting ρ̃,

the existence of an α-lifting in terms of a cohomological value, and a correspondence of

liftings with a certain subgroup in H2(G, K̂0(C)).

Theorem 2.3.2. Let (G,α) be a finite super-group and ρ : G → Aut⊗(C, f) a group

homomorhism with ρ̃ : G→ Aut⊗(C, f) a lifting of ρ. Then

(a) the element O3(ρ̃, α) does not depend on the lifting.

(b) The homomorphism ρ has lifting to a fermionic action of (G,α) if and only if

O3(ρ̃, α) = 0.

(c) The set of equivalence classes of α-liftings of ρ is a torsor over

Ker
(
r∗ : H2(G, K̂0(C))→ H2(G,Z/2Z)

)
.

Proof. By Proposition 1.3.2 the set of equivalence classes of liftings of ρ is a torsor over

H2(G, K̂0(C)). Hence, any other lifting has the form β . ρ̃ for a fixed lifting ρ̃ and

θβ.ρ̃ = r∗(β)θρ̃; (2.5)

where r∗ : H2(G, K̂0(C)) −→ H2(G,Z/2Z) is the map induced by the homomorphism of

G-modules r : K̂0(B)→ K̂0(〈f〉) ∼= Z/2Z, and θρ̃ is defined in (2.2).

(a) If r : K̂0(C)→ K̂0(〈f〉) is trivial, it follows from (2.5) that θρ̃ only depends on ρ. If

r is non-trivial, we have that

O3(β . ρ̃, α) = d2(θβ.ρ̃/α)

= d2(r∗(β)θρ̃/α)

= (d2 ◦ r∗)(β)d2(θρ̃/α)

= d2(θρ̃/α)

= O3(ρ̃, α).
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Hence, the element O3(ρ̃, α) does not depend of the lifting. Henceforth, we will

denote O3(ρ̃, α) by just O3(ρ, α).

(b) By definition, ρ̃ defines a fermionic action of (G,α) on (C, (f, σ−,f )) if and only if

θρ̃ = α. If r is trivial, θρ̃ = α is equivalent to O3(ρ, α) = 0.

On the other hand, if r is non-trivial and ρ̃ is an α-lifting, then θρ̃ = α and

0 = d2(α/α) = O3(ρ, α).

Conversely, if O3(ρ, α) = 0, there exists β ∈ H2(G, K̂0(C)) such that r∗(β) = θρ̃/α

(the sequence (2.3) is exact). If we define ρ̃′ := β−1 . ρ̃, then

θ
ρ̃′

= r∗(β)−1θρ̃,

= (α/θρ̃)θρ̃

= α.

Thus ρ̃′ defines a fermionic action of (G,α) on (C, (f, σ−,f )).

(c) Finally, if ρ̃ and ρ̃′ are two α-liftings of ρ, we know that ρ̃′ = β . ρ̃ (for some

β ∈ H2(G, K̂0(B))), then α = θ
ρ̃′

= r∗(β)θρ̃ = r∗(β)α, that is, β ∈ Ker(r∗).

♦X

A super-group in the form G̃ = G × Z/2Z will be called a a trivial super-group.

Equivalently, the trivial super-group can be represented by a pair (G,α) with α = 0.

Corollary 2.3.3. Let (G,α), ρ, and ρ̃ be as in Theorem 2.3.2. ρ has an α-lifting if and

only if there is τ ∈ H2(G, K̂0(C)) such that r∗(τ) = θρ̃/α.

Corollary 2.3.4. Let (C, f) be a fermionic category and triv : G → Aut⊗(C, f) the

trivial group homomorphism.

(a) If r is trivial, only trivial super-groups act trivially on C.

(b) If r is non-trivial, triv has an α-lifting if and only if there is τ ∈ H2(G, K̂0(C))
such that r∗(τ) = α.

2.4 Group-theoretical interpretation of the obstruction

In this section we determine when the obstruction O3(ρ, α) = 0 in group theoretical

terms. We try to determine when does an α-lifting exist for a group homomorphism

ρ : G→ Aut⊗(C, f) using groups and diagrams between them.
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According to Theorem 2.3.2, ρ has an α-lifting if and only if there is a bosonic action

ρ̃ and τ ∈ H2
ρ (G, K̂0(C)) such that r∗(τ) = θρ̃/α in cohomology. In other words, given

the G-module epimorphism r : K̂0(C) → K̂0(〈f〉) we want to know when there is a

τ ∈ H2
ρ (G, K̂0(C)) with r∗(τ) = θρ̃/α. This problem can be answered more generally in

the context of group extensions as explained below.

Definition 2.4.1. Let C be a G-module with action defined by ρ : G → Aut(C) for a

finite group G. For ϕ ∈ Z2
ρ(G,C) we define the group Gϕ follows. As a set Gϕ := C×G

and the product is given by

(a, g)(b, h) := (a+ gb+ ϕ(g, h), gh),

where gb is the action of g on b defined by ρ.

We have the exact sequence of groups

0→ C
i→ Gϕ

πϕ→ G→ 0,

where i(c) = (c, 1) and πϕ(c, g) = g (see [Bro12] for more details about this construction).

In the case that C = Z/2Z, extensions of G by Z/2Z correspond to super-groups (G,α)

with α ∈ H2(G,Z/2Z).

Lemma 2.4.2. Let r : B → C an epimorphism of G-modules and α ∈ H2(G,C). Then,

there exists β ∈ H2(G,B) such that r∗(β) = α if and only if there exists a group Gβ and

a group epimorphism r̃ : Gβ → Gϕ such that the diagram

0 // B �
� iGβ //

r

��

Gβ
πβ // //

r̃
����

G // 0

0 // C �
� iGα // Gϕ

πϕ // // G // 0

(2.6)

commutes.

Proof. Let r : B → C be an epimorphism of G-modules, α ∈ H2(G,C), and

β ∈ H2(G,B) such that r∗(β) = α. We define Gβ as in Definition 2.4.1 and the

group homomorphism r̃ by r̃(a, g) := (r(a), g) for (a, g) ∈ Gβ. It is easy to show that

the diagram (2.6) is commutative, and the surjectivity of r̃ is a consequence of the five

lemma.

Consider r : B → C an epimorphism of G-modules, α ∈ H2(G,C), Gβ a finite group,

and r̃ a surjective group homomorphism such that the diagram (2.6) is commutative.

40 2.4 Group-theoretical interpretation of the obstruction



2 Fermionic actions 41

As the upper row is commutative we can identify Gβ with B×G and operation defined

by some β ∈ H2(G,B), using Definition 2.4.1.

Given that the diagram (2.6) is commutative, we have

r̃(b, 0) = (r(b), 0)

for each b ∈ B. Moreover, if we define t(g) := r̃(0, g); then,

r̃(b, g) := (r(b), t(g))

for each (b, g) in Gβ.

Using that r̃ is a group homomorphism, and r is a homomorphism of G-modules, we

conclude that

(r(a) +t(a) r(b) + α(t(g), t(h)), t(g)t(h)) = (r(a) +g r(b) + r(β(g, h)), t(gh)).

Thus, t(a)r(b) =g r(b) for each b ∈ B and g ∈ G; using the surjectivity of r we have

that t(g) = g. Finally, we conclude that α(g, h) = r(β(g, h)) for each g, h ∈ G and

r̃(a, g) := (r(a), g). ♦X

Suppose (G,α) is a super-group and ρ : G→ Aut⊗(C, f) is a group homomorphism with

r non-trivial. Then

0 // Ker(r)
i // K̂0(C) r // // Z/2Z // 0

is an exact sequence of G-modules, we want to find an extension of G by K̂0(C) such

that the diagram (2.7) commutes and the obstruction [O3(ρ)] = 0.

0 // K̂0(C) �
� //

r����

L // //

r̃
����

G // 0

0 // K̂0(〈f〉) �
� // Gϕ

πϕ // // G // 0,

(2.7)

where Gϕ is the super-group given by ϕ = θρ̃/α ∈ H2(G,Z/2Z).

Proposition 2.4.3. Consider r : B → C an epimorphism of G-modules, α ∈ H2(G,C),

a group Gβ and a group epimorphism r̃ : Gβ → Gϕ such that the diagram (2.6) is

commutative. If G acts trivially on A := Ker(r) ⊆ Z(B),

(a) A is a central subgroup of B and Gβ.
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(b) The following diagram is commutative

0

��

0

��
A

��

// A

��
B

iL //

r

��

Gβ

r̃
��

C

��

iGϕ // Gϕ

��
0 0

where every column is a central extension.

(c) If A correspond to δ ∈ H2(C,A) and B to ψ ∈ H2(Gϕ, A) then δ = i∗Gϕ(ψ).

Proof. According to the proof of Lemma 2.4.2, we identify Gβ with the group given in

Definition 2.4.1 and r̃(b, g) = (r(b), g). On the other hand, each subgroup A of B can

be identified with A× 0 in Gβ with inclusions defined in an obvios way.

(a) For a ∈ A, (a, 0), and (b, h) in Gβ; we have that (a, 0)(b, h) = (a + b, h) and

(b, h)(a, 0) = (b+h a, h). Given that the action of G on A is trivial and A ⊆ Z(B),

the second equation stablishes (b, h)(a, 0) = (a+ b, h), thus A ⊆ Z(Gβ).

(b) The commutativity of the upper square is taken from the fact that all morphisms are

inclusions. The commutativity of the lower square is taken from the commutativity

of Diagram 2.6. The commutativity of the first column is given by the definition of

A. Finally, given that A = Ker(r) and the commutativity of Diagram 2.6 we have

A = Ker(r̃).

(c) For a, b ∈ C, we have

(0, a)(0, b) = (δ(a, b), ab) ∈ B

and

(0, iGϕ(a))(0, iGϕ(b)) = (ψ(iGϕ(a), iGϕ(b)), i(ab)) ∈ Gβ.

♦X
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2.4.1 Applications

The following results are applications of the group-theoretical interpretation. In some

cases, these results can be checked by computing the group cohomology for the

obstructions.

Proposition 2.4.4. If B = Vec
(ωk,ck)
A is a pointed spin-braided category of Example

1.2.15 with fermion f defined in Example 2.1.3 , G̃ = (Z/2nZ, [n]) is a super-group,

and ρ : Z/nZ → Aut⊗(B, f) is a non-trivial homomorphism. Then ρ does not have an

α-lifting. In other words, the super-group (Z/2nZ, [n]) does not have a fermionic action

on (B, f) with associated non-trivial homomorphism.

Proof. Consider B = Vec
(ωk,ck)
A a pointed spin-braided category of Example 2.1.3, the

super-group G̃ = (Z/2nZ, [n]) with non-trivial homomorphism ρ : Z/nZ→ Aut⊗(B, f),

and a lifting ρ̃ : Z/nZ → Aut⊗(B, f) (in this case always there exist a lifting by

Theorem 2.5.3). By Lemma 2.4.2 and Theorem 2.5.3, ρ has an α-lifting if there exists a

commutative diagram

0 // A �
� //

r
����

L // //

r̃
����

Z/nZ // 0

0 // Z/2Z �
� // Z/2nZ

πϕ // // Z/nZ // 0

. (2.8)

Note that Z/nZ acts trivially on 〈f〉 = Ker(r), so by Proposition 2.4.3 we have a

commutative diagram

〈f〉 //

��

〈f〉

��
0 // A �

� //

r
����

L // //

r̃
����

Z/nZ // 0

0 // Z/2Z �
� // Z/2nZ

πϕ // // Z/nZ // 0,

(2.9)

where L is a commutative group by the exactness of the second column. Since the action

of Z/nZ on A is non-trivial, L can not be commutative, which is a contradiction. Then

(Z/2nZ, [n]) does not have a fermionic action on Vec
(ωk,ck)
A . ♦X
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Proposition 2.4.5. Let B = Vec
(ωk,ck)
A be a pointed spin-braided category of Example

1.2.15, G̃ = (Z/2nZ, [n]) be a super-group , and ρ : Z/nZ → Autbr⊗ (B, f) be the trivial

homomorphism. Then ρ has an α-lifting.

Proof. Consider B = Vec
(ωk,ck)
A a pointed spin-braided category as in Example 1.2.15,

and G̃ = (Z/2nZ, [n]) with trivial homomorphism ρ : Z/nZ→ Autbr⊗ (B, f). In this case,

we obtain similar diagrams to (2.8) and (2.9), that we simplify in the following diagram.

〈f〉 //

��

〈f〉

��
0 // A �

� //

r
����

L // //

r̃
����

Z/nZ // 0

0 // Z/2Z �
� // Z/2nZ

πϕ // // Z/nZ // 0,

Since L is a central extension of Z/2nZ by Z/2Z, the group L corresponds to a 2-cocycle

ψ in H2(Z/2nZ,Z/2Z) ∼= Z/2Z, so ψ is trivial or non-trivial.

1. If ψ is trivial, L = Z/2Z×Z/2nZ. As the diagram (2.9) is commutative, A should

be isomorphic to Z/2Z× Z/2Z.

2. If ψ is non-trivial, L = Z/4nZ. Again, as the diagram (2.9) is commutative, A

should be isomorphic to Z/4Z.

In both cases, we obtain a commutative diagram similar to (2.7). ♦X

Proposition 2.4.6 (Fermionic action of (D8, r
2) on Vec

(ωk,ck)
Z/2Z×Z/2Z). If D8 := 〈a, b :

a4 = b2 = 1, ab = ba−1〉, the super-group (D8, a
2) has an fermionic action on the spin-

braided fusion category (Vec
(ωk,ck)
Z/2Z×Z/2Z, f) with trivial group homomorphism associated to

the action.

Proof. Consider the super-group (D8, a
2); it corresponds to the pair (Z/2Z × Z/2Z, α)

with α a non-trivial 2-cocycle in H2(Z/2Z×Z/2Z,Z/2Z) defined by the central sequence

0 // 〈r2〉 // D8
// Z/2Z× Z/2Z // 0 .

In this case, the restriction map r :
̂

K0(Vec
(ωk,ck)
Z/2Z×Z/2Z) → Z/2Z is a split group

homomorphism with right inverse j, i.e., rj = idZ/2Z.
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Suppose that ρ : Z/2Z×Z/2Z −→ Aut⊗(Vec
(ωk,ck)
Z/2Z×Z/2Z, f) is the trivial homomorphism.

If we take β = j∗(α) and L = Gβ, the following diagram is commutative

Z/2Z

��

Z/2Z //

��

1

��
Z/2Z× Z/2Z //

r

��

Gβ //

r̃
��

Z/2Z× Z/2Z

Z/2Z // D8
// Z/2Z× Z/2Z

.

Then, the super-group (Z/2Z×Z/2Z, α) has a trivial fermionic action on the spin-braided

fusion category (Vec
(ω,c)
Z/2Z×Z/2Z, f) by Proposition 2.4.2. ♦X

2.5 Fermionic actions on non-degenerate spin-braided

fusion categories of dimension four

The objective of this section is to establish some properties that the fermionic actions

on fermionic fusion categories with dimension 4 satify. The section is divided into two

parts. The first one will be devoted to studying the Ising case, while the second one is

dedicated to the pointed case.

2.5.1 Fermionic actions on Ising modular categories.

In this part, the main result obtained tells us that only trivial super-groups act in

a fermionic way on Ising fusion categories. This result has an important role in the

classification of minimal modular extensions of super-tannakian categories as will be

discussed later.

Lemma 2.5.1. Let (B, f) be a non-degenerate spin-braided category. Then the

restriction map r : K̂0(B) → Z/2Z is trivial if and only if Inv(B) = Inv(CB(f)), where

CB(f) is the set of objects X in B such that cf,X ◦ cX,f = idX⊗f .

Proof. If B is a non-degenerate braided fusion category, there is a canonical isomorphism

Ξ : Inv(B)→ K̂0(B) given by Ξ(Xi)(Xj) = cXj ,Xi ◦ cXi,Xj , see [GN08, section 6.1].

Hence, if (B, f) is a non-degenerate spin-braided category, the kernel of the map s,

defined by
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K̂0(B)
r // Z/2Z

Inv(B).

Ξ

OO

s

::

is Inv(CB(f)), that is, all isomorphism classes of invertible objects X such that

cX,f ◦ cf,X = idf⊗X . Then the restriction map r is trivial if and only if Inv(B) =

Inv(CB(f)). ♦X

Proposition 2.5.2. Only trivial super-groups act fermionically on a spin-braided Ising

category. The equivalence classes of fermionic actions are in bijective correspondence

with elements of H2(G,Z/2Z).

Proof. Since Ising categories are particular cases of Tambara-Yamagami categories,

it follows from [Tam00, Proposition 1] that every tensor autoequivalence of an Ising

category I is equivalent to the identity functor.

By Lemma 2.5.1 the homomorphism r : K̂0(I) −→ Z/2Z is trivial. Hence this result

follows from Corollary 2.3.4. ♦X

2.5.2 Fermionic actions on pointed spin-modular categories of

dimension four

In this part, we study fermionic actions on pointed non-degenerate spin-braided fusion

categories of dimension four, see Example 1.2.15. The notation we will use here has

been introduced in Examples 2.2.4, 2.4.1, and 2.4.5.

As we have said before, in this part we will concentrate on studying fermionic actions

on pointed spin-braided fusion categories of dimension 4. In the results shown here,

we establish that any homomorphism with values in Autbr⊗ (Vec
(ωk,ck)
A ) can always be

extended to a bosonic action and that the obstruction to a fermionic action only depends

on α and not on the monoidal structure of the lifting.

Theorem 2.5.3. Let (G,α) be a finite super-group and Vec
(ωk,ck)
A a pointed spin-modular

category of dimension four. Then

(a) Autbr⊗ (Vec
(ωk,ck)
A , f) ∼= Z/2Z.

(b) A group homomorphism G → Z/2Z ∼= Autbr⊗ (Vec
(ωk,ck)
A , f) is always realized by a

bosonic action.
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(c) A group homomorphism G→ Z/2Z ∼= Autbr⊗ (Vec
(ωk,ck)
A , f) is realized by a fermionic

action of a super-groups (G,α) associated to ρ if and only if d2(α) = 0.

(d) If d2(α) = 0 then the equivalence classes of fermionic actions of (G,α) associated

to ρ is a torsor over

Ker
(
r∗ : H2(G,A)→ H2(G,Z/2Z)

)
.

Here d2 : H2(G,Z/2Z) → H3(G,Z/2Z) is the connecting homomorphism associated to

the G-module exact sequence 0→ Z/2Z→ A
r→ Z/2Z→ 0.

Proof. Up to equivalence, Vec
(ωk,ck)
A only has one non-trivial braided autoequivalence

that fixes f , namely

σ∗(f) = f, σ∗(v) = v + f.

Then Autbr⊗ (Vec
(ωk,ck)
A , f) ∼= Z/2Z. Using the maps γ and µ defined in the equations

(1.5) and (1.6), we have a fermionic action of Z/2Z on Autbr⊗ (Vec
(ωk,ck)
A , f),

F : Z/2Z→ Autbr⊗ (Vec
(ωk,ck)
A , f).

Hence, for any group homomorphism ρ : G→ Autbr⊗ (Vec
(ωk,ck)
A , f), the pullback

G

π

}} $$
Z/2Z F // Autbr⊗ (C, f),

defines a lifting of ρ with θρ̃ trivial. Using Remark 2.3.1, we obtain that ρ is realized by

a fermionic action if and only if d2(α) = 0.

Finally, if d2(α) = 0, it follows from Theorem 2.3.2 that the equivalence classes of

fermionic actions of (G,α) associated to ρ is a torsor over Ker
(
r∗ : H2(G,A) →

H2(G,Z/2Z)
)

. ♦X
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Chapter 3

Braided (G̃, z)-crossed extensions

In this chapter, we finish establishing some properties of fermionic actions on

fermionic fusion categories that arise under the processes of equivariantization and de-

equivariantization. These properties refer exclusively to the classification of a particular

type of extensions of fermionic fusion categories, which we call braided (G̃, z)-crossed

extensions.

In Section 3.1, we set the theoretical basis necessary to show the properties that we

mention in the previous paragraph. We recall the concept of an extension and a braided

G-crossed extension of a (braided) fusion category. Also, we remember the classification

of extensions in cohomology terms and the classification of braided G-crossed extensions

in terms of 2-homomorphisms. All definitions and results in this section are well known

in the literature.

In Section 3.2, we recall the equation that defines the H4-obstruction. The H4-

obstruction tells us when a functor G→ Pic(B) lifts to a 2-homomorphism.

Finally, in Section 3.3, we begin by defining what we meant by an extension of a spin-

braided fusion category by a super-group. We classify these extensions analogously

to how it is done in Theorem 3.1.7, but for the fermionic case. For this, we develop

fermionic version of Theorem 3.1.4, Theorem 1.4.14, and Theorem 3.1.7 in Corollary

3.3.2, Theorem 3.3.5 , and Theorem 3.3.6 , respectively. Moreover, we consider a

particular subgroup of the Picard 2-group defined using the fermion of the category.

3.1 Braided G-crossed fusion categories

Before defining an extension of a spin-fusion category by a super-group, let us show

what is a braided crossed extension, and study some of its most important properties.
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50 3 Braided (G̃, z)-crossed extensions

Turaev introduces the concept of braided G-crossed fusion category in [Tur00]. This

concept is closely related to group actions, equivariantization, an de-equivariantization

as we will present next.

Definition 3.1.1. Let G be a finite group. A G-grading for a fusion category C is a

decomposition

C =
⊕
g∈G
Cg

into a direct sum of full abelian subcategories such that the tensor product defines a

functor from Cg × Ch into Ch for all g, h ∈ G. We assume that the grading is faithful,

i.e., Cg 6= 0 for all g ∈ G.

Definition 3.1.2. A G-extension of a fusion category D is a G-graded fusion category

C such that Ce is equivalent to D.

Definition 3.1.3 ([Tur00]). A fusion category C is called a braided G-crossed fusion

category if it is equipped with the following data:

1. a grading C =
⊕

g∈G Cg,

2. an action G→ Aut⊗(C) of G on C such that g∗(Ch) ⊂ Cghg−1 , and

3. a G-braiding, that is, natural isomorphisms

cX,Y : X ⊗ Y → g∗(Y )⊗X, X ∈ Cg, g ∈ G, and Y ∈ C.

If φg,h : (gh)∗ → g∗h∗ is the monoidal structure of the functor g → g∗, and µg is the

tensor structure of g∗, we need to hold the following compatibility conditions.

1. The diagram

g∗(X)⊗ g∗(Y )
cg∗(X),g∗(Y ) // (ghg−1)∗(g∗(Y ))⊗ g∗(X)

g∗(X ⊗ Y )

(µg)X,Y

OO

g∗(cX,Y )

��

(gh)∗(Y )⊗ g∗(X)

(φghg−1,g)Y ⊗idg∗(X)

OO

(φg,h)Y ⊗idg∗(X)

��
g∗(h∗(Y )⊗X)

(µg)h∗(Y ),X

// g∗(h∗(Y ))⊗ g∗(X)

commutes for each g, h ∈ G, X ∈ Ch, and Y ∈ C.

2. The diagram
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(X ⊗ Y )⊗ Z
idX⊗cY,Z

))

αX,Y,Z

uu
X ⊗ (Y ⊗ Z)

cX,Y⊗Z
��

(g∗(Y )⊗X)⊗ Z
αg∗(Y ),X,Z

��
g∗(Y ⊗ Z)⊗X

(µg)Y,Z⊗idX
��

g∗(Y )⊗ (X ⊗ Z)

idg∗(Y )⊗cX,Z
��

(g∗(Y )⊗ g∗(Z))⊗X αg∗(Y ),g∗(Z),X

// g∗(Y )⊗ (g∗(Z)⊗X)

commutes for each g ∈ G and X ∈ Cg, Y,Z ∈ C.

3. The diagram

X ⊗ (Y ⊗ Z)
idX⊗cY,Z

))
(X ⊗ Y )⊗ Z

αX,Y,Z
55

cX⊗Y,Z
��

X ⊗ (h∗(Z)⊗ Y )

(gh)∗(Z)⊗ (X ⊗ Y )

(φg,h)Z⊗idX⊗Y
��

(X ⊗ h∗(Z))⊗ Y

αX,h∗(Z),Y

OO

cx,h∗(Z)⊗idY
��

g∗(h∗(Z))⊗ (X ⊗ Y ) (g∗(h∗(Z))⊗X)⊗ Yαg∗(h∗)(Z),X,Y

oo

commutes for each g, h ∈ G and objects X ∈ Cg, Y ∈ Ch, and Z ∈ C.

Note that the trivial component Ce is itself a braided fusion category with an action of

G by braided autoequivalences of Ce.

Theorem 3.1.4 relates Proposition 1.2.18 and braided G-crossed fusion categories.

Theorem 3.1.4 ([DGNO10]). The equivariantization and de-equivariantization

constructions define a bijection betweeen equivalence classes of braided G-crossed fusion

categories and equivalence classes of braided fusion categories containing Rep(G) as a

symmetric fusion subcategory.

Theorem 3.1.4 tells us that the de-equivariantizacion by G of a braided fusion category

containing Rep(G) is a braided G-crossed fusion category. The following theorem shows

how we can find the trivial component of de-equivariantization and the commutativity

3.1 Braided G-crossed fusion categories 51



52 3 Braided (G̃, z)-crossed extensions

relation between taking centralizers and taking de-equivariantization. These results can

be found in [Tur10, Theorem 3.8] and [DGNO10, Proposition 4.30].

Proposition 3.1.5. Let B be a braided fusion category containing Rep(G) as a full

subcategory, and D be the de-equivariantization of B by G.

(a) The trivial component of the braided G-crossed fusion category D is CB(Rep(G))G.

In particular, if Z2(CB(Rep(G))) = Rep(G) the braided fusion category De is

modular.

(b) Equivariantization and de-equivariantization define an isomorphism between the

lattice of fusion subcategories of B containing Rep(G) and the lattice of G-stable

fusion subcategories of D, i.e., if D̃ is a G-stable subcategory of D then D̃G = B̃
contains Rep(G), and if B̃ is a subcategory of B containing Rep(G) then B̃G = D̃
is a G-stable subcategory of D.

(c) Suppose B is a braided fusion category over Rep(G). The isomorphism of (b)

commutes with taking centralizer, i.e., CB(D̃G) = (CD(D̃))G and CD(B̃G) =

(CB(B̃))G.

Theorem 3.1.6 ([ENO10, Theorem 1.3.]). Graded extensions of a fusion category C by

a finite group G are parametrized by triples (c,M, α), where c : G→ BrPic(C) is a group

homomorphism, M belongs to a certain torsor T 2
c over H2(G, Inv(Z(C))) (where G acts

on Inv(Z(C)) via c), and α belongs to a certain torsor T 3
c,M over H3(G,C×). Here the

data c, M must satisfy the conditions that certain obstruction O3(c) ∈ H3(G, Inv(Z(C)))
and O4(c,M) ∈ H4(G,C×) vanish.

Theorem 3.1.6 establishes the basis for the classification of all extensions of fusion

categories, but we are interested in the particular case of braided G-crossed extensions.

For those extensions Theorem 3.1.7 is more relevant.

Theorem 3.1.7 ([ENO10, Theorem 7.12]). Let B be a braided fusion category.

Equivalence classes of braided G-crossed extensions of B (with faithful G-grading) are in

bijection with morphisms of categorical 2-groups G→ Pic(B).

3.2 H4-Obstruction

Recall that the O3-obstruction determines when a group homomorphism ρ : G →
Aut⊗(B) can be lifted to a bosonic action. Similarly, the type of obstruction that

we will study next, called H4-obstruction, measures when a bosonic action on a non-

degenerate fusion category ρ̃ : G→ Autbr⊗ (B) can be lifted to a 2-group homomorphism
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˜̃ρ : G → Pic(B). Of course, we are identifying Autbr⊗ (B) with Pic(B) so that the lifting

makes sense.

If we want to construct a 2-homomorphism from G to Pic(B) for a non-degenerate

braided fusion category, we can start from a group homomorphism G → Autbr⊗ (B),

calculate its O3-obstruction and verify that this obstruction is trivial, then calculate the

H4-obstruction for a lifting ρ̃ : G → Autbr⊗ (B), and verify that is trivial. Since these

2-homomorphisms classify braided G-crossed extensions of B, this process gives us an

algorithm to find these braided G-crossed extensions. That is one of our goals, specially

extensions with specific properties that we will discuss later.

Given a non-degenerate braided fusion category B, a bosonic action ρ̃ is determined by

data ρ̃ := (g∗, ψ
g, ϕg,h) : G → Autbr⊗ (B). The equivalence classes of bosonic actions

associated with a fix truncation ρ is a torsor over H2
ρ (G, Inv(B)). Suppose that ρ̃ admits

a lifiting ˜̃ρ, that is, a homomorphism of 2-groups ˜̃ρ : G→ Pic(B) whose truncation is ρ̃.

Given a 2-cocycle µ ∈ Z2
ρ(G, Inv(B)) the bosonic action associate is denoted by µ . ρ̃.

The H4-obstruction of the pair (ρ̃, µ) is defined as a 4-cocycle O4(ρ̃, µ) ∈ H4(G,C×)

described by the formula

O4(ρ̃, µ) = cµg1,g2 ,(g1g2)∗(µg3,g4 ) (3.1)

a(g1g2)∗(µg3,g4 ),µg1,g2 ,µg1g2,g3g4

a−1
(g1g2)∗(µg3,g4 ),(g1)∗(µg2,g3g4 ),µg1,g2g3g4

a(g1)∗(µg2,g3 ),(g1)∗(µg2g3,g4 ),µg1g2g3,g4

a−1
(g1)∗(µg2,g3 ),µg1,g2g3 ,µg1g2g3,g4

aµg1,g2 ,µg1g2,g3 ,µg1g2g3,g4

a−1
µg1,g2 ,(g1g2)∗(µg3,g4 ),µg1g2,g3g4

ϕg1,g2(µg3,g4)

(ψg1)−1((g2)∗(µg3,g4), µg2,g3g4)

ψg1(µg2,g3 , µg2g3,g4),

where a is the associative constraint of the category B.

Proposition 3.2.1 ([CGPW16, Proposition 9]). If B is a non-degenerate braided fusion

category, the homomorphism of categorical groups (µ . ρ̃) : G −→ Pic(B) can be lifted if

and only if O4(ρ̃, µ) defined by (3.1) is trivial.

More details about the H4-obstruction used in this paper can be consulted in [ENO10]

and [CGPW16].
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3.3 Braided (G̃, z)-crossed extensions

In this section, we present similar results to Theorem 3.1.4, Theorem 3.1.6, and Theorem

3.1.7 in case that the action is fermionic. For this purpose, we introduce the concept of

braided crossed extensions by a super-group, and we study their classification in terms

of homomorphisms of 2-groups.

Definition 3.3.1. A braided (G̃, z)-crossed fusion category (D, f) is a braided G-

crossed fusion category D where (De, f) is a spin-braided fusion category in the sense of

Definition 2.1.1, and the action that corresponds to the structure of braided G-crossed

category is a fermionic action of (G̃, z) on (De, f).

In this case, a functor between braided (G̃, z)-crossed fusion categories is a functor

between braided G-crossed fusion categories which is also a fermionic functor.

The next corollary is the fermionic version of Theorem 3.1.4. This one gives a bijection

between braided fusion categories over Rep(G̃, z) and braided (G̃, z)-crossed fusion

categories.

Corollary 3.3.2. Let (G̃, z) be a finite super-group with G = G̃/〈z〉. Equivariantization

and de-equivariantization define a bijection between braided (G̃, z)-crossed fusion

categories (D, f), up to equivalence, and braided fusion categories C over Rep(G̃, z),

up to equivalence.

Proof. We know that there is a bijection between braided G-crossed fusion categories D
and braided fusion categories over Rep(G) by Theorem 3.1.7.

If C is a braided fusion category over Rep(G̃, z), it is a braided fusion category over

Rep(G), so D := CG is a braided G-crossed fusion category, and D is a fermionic fusion

category by Theorem 2.2.5.

Finally, as Rep(G̃, z) ⊆ Z2(Rep(G)) then SVec ⊆ De, and the fermion in D belongs to

its trivial component.

Conversely, if (D, f) is a braided (G̃, z)-crossed fusion category, the equivariantization

C = DG is a braided fusion category such that Rep(G̃, z) = SVecG ⊆ C. ♦X

Definition 3.3.3. A braided (G̃, z)-crossed extension of a spin-braided fusion category

(B, f) is a braided (G̃, z)-crossed fusion category (D, f) whose trivial component (De, f)

is equivalent to (B, f).

Definition 3.3.4. If (B, f) is a spin-braided fusion category, we consider Pic(B, f) ⊆
Pic(B) as the full subcategory with objects M∈ Pic(B) such that θM(f) = f .
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The condition θM(f) = f for an invertible module categoryM is equivalent to say that

the module functors − ⊗ f and f ⊗ − are isomorphic autoequivalences of M. In fact,

this is a consequence of the definition of the functors α± in (1.14), (1.15) and θ. More

details can be found in [DN+13].

Proposition 3.3.5. Consider (B, f) a non-degenerate spin-braided fusion category.

There is an equivalence between Autbr⊗ (B, f) and Pic(B, f).

Proof. This proposition is a direct consequence of Definition 3.3.4. In fact, θ : Pic(B)→
Autbr⊗ (B) is an equivalence of categories. In particular, for each M∈ Pic(B, f) we have

θM(f) = f by definition, so θM ∈ Autbr⊗ (B, f). ♦X

Theorem 3.3.6 classifies braided (G̃, z)-crossed extensions of spin-braided fusion

categories in terms of homomorphisms of 2-groups from G to Pic(B, f). This theorem

is the key result that we use to find minimal modular extensions for super-tannakian

categories, as we will see later.

Theorem 3.3.6. Let (B, f) be a spin-braided fusion category. Equivalence classes of

braided (G̃, z)-crossed categories C having a faithful G-grading with trivial component B
are in bijection with homomorphism of categorical 2-groups ˜̃ρ : G→ Pic(B, f), such that

ρ̃ is a fermionic action of (G̃, z) on (B, f).

Proof. According to Theorem 3.1.7, a 2-group homomorphism ˜̃ρ : G → Pic(B, f)

corresponds to a braided G-crossed extension D of B. The action of G on De = B
is given by ρ̃, so D is a braided (G̃, z)-crossed extension of B.

Conversely, if D is a braided (G̃, z)-crossed extension of B, it corresponds to a 2-group

homomorphism ˜̃ρ : G → Pic(B), whose action induced is fermionic since the action on

B is fermionic too. Now, the G-action for g ∈ G on B is given by the equivalence of

FunB(Dg,Dg) with the left and right multiplication by elements of B, see [ENO10]. In

particular, if Dg ∈ Pic(B, f) then g∗ is a fermionic functor, i.e., g∗ ∈ Autbr⊗ (B, f). ♦X

Theorem 3.3.6 justifies why it is necessary to study the obstruction to a fermionic action

coming from a 2-homomorphism. In other words, given a spin-braided fusion category,

we are interested in fermionic actions ρ̃ : G −→ Autbr⊗ (B, f) that can be lifted to an

homomorphism of 2-groups ˜̃ρ : G→ Pic(B, f).

In Chapter 2 and 3 we have laid out the theoretical basis for “constructing” a braided

(G̃, z)-crossed extension of a non-degenerate spin-braided fusion category (B, f). The

principle used here is the same as the one explained at Section 3.2 for braided G-

crossed extensions. We start from a homomorphism of groups ρ : G→ Autbr⊗ (B, f) and
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and we lift it to a 2-homomorphism. Firstly, we find the liftings to fermionic actions

ρ̃ : G→ Autbr⊗ (B, f), and then we find the liftings of these to a 2-group homomorphism˜̃ρ : G → Pic(B, f), verifying that the respective obstructions vanishing. In the end, we

use Theorem 3.3.6, and we obtain a braided (G̃, z)-crossed extension.
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Chapter 4

Minimal modular extensions

In this chapter, we show some results about minimal modular extensions. In the first

part, we give necessary and sufficient conditions for a braided fusion category admits

minimal modular extensions. As a consequence, in the second part, we present some

examples of braided fusion categories without such extensions. Finally, we compute the

number of minimal modular extensions for a super-Tannakian category in terms of group

homomorphisms and group cohomology.

In section 4.1, we present background about minimal modular extensions. We remember

the definition of a minimal modular extension as well as the principal results shown in

[LKW16a]. Moreover, in Section 4.2, we relax the condition of being modular, and we

propose the concept of minimal non-degenerate extension.

In section 4.3, we show two of the most relevant results of this manuscript. The first one

is Theorem 4.3.4, where we establish necessary and sufficient conditions for the existence

of minimal modular extensions. The second one is Corollary 4.3.6, where we determine

when we can construct minimal modular extensions from Ising categories.

We use Theorem 4.3.4 for constructing braided fusion categories without minimal

modular extensions in Section 4.4. We develop these examples of braided fusion

categories in Corollary 4.4.1, Proposition 4.4.2, and Proposition 4.4.3.

The most significant result in Section 4.5 focuses on spin-braided fusion categories of

dimension four. In this result, we show that every group homomorphism with values in

fermionic autoequivalences always lifts to 2-homomorphisms of 2-groups.

Section 4.6 is the conclusion of this work. Here, we apply every result that we have

obtained for presenting a characterization of the minimal modular extensions for a super-

Tannakian category in term of group cohomology. First of all, we describe the minimal
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modular extensions as braided crossed extensions by a super-group in Proposition 4.6.3.

Then, Corollary 4.6.2 expresses the minimal modular extensions as 2-homomorphisms of

2-groups. Finally, we show Theorem 4.6.3 and Corollary 4.6.5, the central results about

minimal modular extensions for super-Tannakian categories.

Finally, as an application of Theorem 4.6.3 and Corollary 4.6.5, we compute the

order of the group of minimal modular extensions of Rep(Z/mZ × Z/2Z, (0, 1)), m

odd, in Theorem 4.6.6 and the order of the group of minimal modular extensions of

Rep(Z/4Z, [2]).

4.1 Minimal modular extensions

We present the concept of minimal modular extension. In particular, we examine the

abelian group structure of the set of minimal modular extensions of a symmetric fusion

category.

We will see that a complete description of the group of minimal modular extensions is

given for a Tannakian fusion category. Nevertheless, for the super-Tannakian case, such

description is yet an open problem. We give an approach to the solution.

Definition 4.1.1. Let B be a braided fusion category. A minimal modular extension

of B is a pair (M, i), where M is a modular fusion category such that i : B → M is a

braided full embedding and CM(Z2(B)) = B.

Two minimal modular extensions (M, i) and (M′, i′) are equivalent if there exists a

braided equivalence F :M−→M′ such that F ◦ i ∼= i′.

As a consequence of Definition 4.1.1, we have the following equality

FPdim(M) = FPdim(B) FPdim(Z2(B)).

In fact, according to [Müg03, Theorem 3.2], FPdim(Z2(B)) FPdim(CM(Z2(B))) =

FPdim(M).

Moreover, it is possible that a braided fusion category does not admit minimal modular

extensions. In section 4.4, we present some examples of this.

Example 4.1.2 (Modular extensions of SVec). For the symmetric super-Tannakian

category SVec, there are 16 modular extensions (up to equivalence). They can be

classified in two classes, the first one is given by 8 Ising braided modular categories

parametrized by ζ, such that ζ8 = −1. A brief description of them was given in Example
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2.1.5. The second one is given by 8 pointed modular categories Vec
(ωk,ck)
A where A is

an abelian group of order four, and (ωk, ck) is an abelian 3-cocycle. A description of

this type of categories was presented in Example 1.2.15. More information about this

example can be found in [Kit06, DGNO10].

In [LKW16a] the set of equivalence classes of minimal modular extensions of a unitary

braided fusion category B is denoted by Mext(B). In particular, if B is a symmetric

fusion category, Mext(B) is an abelian group with unit object Z(B).

Let E be a symmetric fusion category; the set of minimal modular extensions of E is

non-empty since Z(E) is always a minimal modular extension. In this case, any minimal

modular extension M of E can be thought as a module category over E with action

induced by tensor product of M. Then, the binary operation on Mext(E) is defined

using the tensor product of module categories over E . This operation is well defined

according to [LKW16a, Lemma 4.11]. Moreover, the associativity of this operation is

proved in [LKW16a, Proposition 4.12] in a more general case.

The existence of the neutral element was proved in [LKW16a, Lemma 4.18]. There is

shown that for any symmetric category E , the Drinfel center Z(E) is the neutral object

in Mext(E).

Finally, If M is a minimal modular extension of E , the inverse of M in Mext(E) is the

modular fusion category Mrev; where Mrev was presented in Definition 1.1.6.

Example 4.1.3 (Modular extensions of Tannakian fusion categories). For a symmetric

Tannakian category Rep(G), the group of modular extensions (up to equivalence) is

isomorphic to the abelian group H3(G,C×). For each ω ∈ H3(G,C×), Z(VecωG) is a

modular extension of Rep(G), see [LKW16a].

4.2 Non-degenerate extensions of braided fusion

categories

The definition of minimal modular extension of a braided fusion category was given by

Michael Muger in [Müg03]. The following definition is a natural generalization where

only the non-degeneracy condition plays a role.

Definition 4.2.1. Let B be a braided fusion category. A minimal non-degenerate

extension of B is a pair (M, i) where M is a non-degenerate braided fusion category

such that

FPdim(M) = FPdim(B) FPdim(Z2(B)),
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and i : B →M is a braided full embedding.

Two minimal non-degenerate extensions (M, i) and (M′, i′) are equivalent if there exists

a braided equivalence F :M−→M′ such that F ◦ i ∼= i′.

Every unitary braided fusion category admits a unique unitary ribbon structure [Gal14,

Theorem 3.5]. Hence, minimal non-degenerate unitary extensions of a unitary braided

fusion category are modular extensions in the sense of Definition 4.1.1.

Weakly-group theoretical fusion categories admit a unique unitary structure, [GHR13,

Theorem 5.20]. Hence for weakly-group theoretical braided fusion categories, every

minimal non-degenerate extension is equivalent to a unitary minimal modular extension.

4.3 Obstruction theory to existence of minimal modular

extensions

Following [M0̈0, Bru00], we say that a braided fusion category is modularizable if Z2(B)

is Tannakian. Note that if Rep(G) = Z2(B) then BG is a modular fusion category;

therefore, the term modularizable makes sense from this point of view.

Definition 4.3.1. Let B be a modularizable braided fusion category with Rep(G) =

Z2(B). The de-equivariantization BG has associated a monoidal functor

G
ρ̃ // Autbr⊗ (BG)

Φ // Pic(BG) ,

where ρ̃ is the canonical action of G on the modular fusion category BG. We define the

H4-anomaly of B as the H4-obstruction of ρ̃ in H4(G,C×).

Remark 4.3.2. By Proposition 1.2.18, the de-equivariantization of B by Rep(G) has a

well-defined action . That action is what we refer to in Definition 4.3.1.

Note that saying that the anomaly vanishes is equivalent to saying that BG has a G-

extension with induced action on it given by ρ̃. In fact, by Proposition 3.2.1, if the O4-

obstruction is trivial, there exists a lifing of ρ̃ to a 2-homomorphism ˜̃ρ : G → Pic(BG),

so according to Theorem 3.1.7, there exists a braided G-crossed extension of BG.

Definition 4.3.3 ([ENO11a]). A braided fusion category B is called slightly degenerate

if Z2(B) is braided equivalent to SVec.
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In Chapter 2, we mentioned some relations between slightly degenerate fusion categories

and Rep(G̃, z) under fermionic actions. Specifically, if the Muger center of B is a super-

Tannakian category Rep(G̃, z), the category BG is a slightly degenerate fusion category

where G = G̃/〈z〉; in particular, Rep(G̃, z)G ∼= SVec.

The concept of slightly degenerate fusion category is related with the existence of

minimal modular extensions for non-modularizable fusion categories. Theorem 4.3.4

tells us that the study of minimal modular extensions for a non-modularizable fusion

category can be reduced to the study of certain associate slightly degenerate fusion

category.

If B is non-modularizable, that is Z2(B) ∼= Rep(G̃, z), the maximal central tannakian

subcategory of B is braided equivalent to Rep(G) with G ∼= G̃/〈z〉.

Theorem 4.3.4. Let B be a braided fusion category with non-trivial maximal central

Tannakian subcategory Rep(G) ⊆ Z2(B).

1. If B is modularizable, B admits a minimal modular extension if and only if the

H4-anomaly of B vanishes.

2. If B is non-modularizable with Rep(G̃, z) = Z2(B), B admits a minimal modular

extension if and only if the following conditions hold:

(a) the slightly degenerate braided fusion category BG has a minimal modular

extension S,

(b) there exists a fermionic action of (G̃, z) on S such that BG is G-stable, and

the restriction to BG coincides with the canonical action of G on BG,

(c) the anomaly of SG vanishes.

Proof. (1) Let Z2(B) = Rep(G) and B ⊂ M be a minimal non-degenerate extension of

B. de-equivariantizing, we obtain that BG ⊆ (CM(Rep(G)))G = (MG)e. Moreover,

FPdim((MG)e) =
FPdim(M)

|G|2
=

FPdim(B)

|G|
= FPdim(BG).

Hence, BG = (MG)e. Therefore, MG is a braided G-crossed extension of BG such that

B = (BG)G ⊂M. It follows from Theorem 3.1.7 that the H4-anomaly is trivial.

Conversely, if the anomaly of B vanishes, the non-degenerate braided fusion category

BG has a braided G-crossed extension L. Taking equivariantization we obtain

B = (BG)G ⊂ LG.
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Since LG is a non-degenerate braided fusion category and

FPdim(LG) = |G|FPdim(L) = |G|FPdim(B),

LG is a minimal modular extension of B.

(2) Let B be a braided fusion category with Rep(G̃, z) = Z2(B) and G = G̃/〈z〉. Suppose

that B admits a minimal non-degenerate extensionM. By [DGNO10, Proposition 4.30,

part (iii)], the de-quivariantization BG is slightly degenerate, BG ⊆ (MG)e and (MG)e

is non-degenerate. On the other hand,

FPdim((MG)e) =
FPdim(M)

|G|2

=
2 FPdim(B)

|G|
= FPdim(Z2(BG)) FPdim(BG).

Then S := (MG)e is a minimal modular extension of BG. Since BG is a slightly

degenerate braided fusion category, S has a canonical spin-braided structure. We have

that

Rep(G̃, z) ⊂ B ⊂ SG,

then it follows from Corollary 2.2.6 that (G̃, z) acts by braided autoequivalence on S, BG
is G-stable and the restriction coincides with the canonical action of G on BG. Finally,

the vanishing of the anomaly of SG follows from the fact thatMG is a braided G-crossed

extension of S = (SG)G.

Conversely, assume that conditions (2a), (2b) and (2c) hold. By condition (2a), B ⊂ SG

as braided fusion categories. By part (2c), S has a braided G-crossed extension M. By

condition (2b),

FPdim(MG) = |G|2 FPdim(S)

= 2|G|2 FPdim(BG)

= 2|G|FPdim(B)

= FPdim(Z2(B)) FPdim(B).

Then MG is a minimal modular extension of B. Observe that MG is modular since S
is modular. ♦X

Remark 4.3.5. Another way of expressing part (2) of Theorem 4.3.4 is the following: a

non-modularizable braided fusion category B has a minimal modular extension if and
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only if the slightly degenerate fusion category BG has a minimal modular extension S
which in turn has a braided (G̃, z)-crossed extension.

We consider a more general case, if Rep(G) is a central Tannakian subcategory of a

braided fusion category B (not necessarily maximal), the de-equivariantization defines a

map

D : Mext(B) →Mext(BG) (4.1)

M → (MG)e,

i.e., for any minimal modular category M of B the map D sends M to the trivial

component of the de-equivariantization MG. Below, we prove that this assignment is

well-defined, i.e., MG is a minimal modular extension of BG.

Given that B = CB(Rep(G)) ⊆ CM(Rep(G)), we obtain BG ⊆ (MG)e by part (a) in

Proposition 3.1.5. On the other hand, B is a braided fusion category over Rep(G), so

Z2(BG) = CBG(BG)

= (CB(B))G

= (Z2(B))G;

therefore, FPdim(Z2(BG)) = FPdim(Z2(B))
|G| . This last part is a consequence of part (c) in

Proposition 3.1.5.

Finally,

FPdim((MG)e) =
FPdim(M)

|G|2

=
FPdim(Z2(B)) FPdim(B)

|G|2
= FPdim(Z2(BG)) FPdim(BG).

As a consequence of the above, we can conclude that (MG)e is a minimal modular

extension of BG, so the map D is well defined.

The map D in (4.1) was defined in [LKW16a, Section 5.2] from the point of view of

local modules. Our description is essentially the same but from the point in view of

de-equivariantization theory.

In particular, when B = Rep(G̃, z) is a super-Tannakian fusion category, and Rep(G)

is the maximal central Tannakian subcategory of Rep(G̃, z), we obtain a group
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homomorphism

D :Mext(Rep(G̃, z))→Mext(SVec). (4.2)

Corollary 4.3.6. Let Rep(G̃, z) be a finite super-group. The map

D :Mext(Rep(G̃, z))→Mext(SVec)

is surjective if and only if (G̃, z) is a trivial super-group.

Proof. If D is surjective, it follows from Theorem 4.3.4 that there exists M ∈
Mext(Rep(G̃, z)) such that (MG)e is a spin-braided Ising category and (G̃, z) acts

fermionically on (MG)e. Then, by Proposition 2.5.2 we conclude that (G̃, z) is a trivial

super-group, since only trivial super-groups act on Ising categories.

If G̃ = G × Z/2Z with central element z = (e, 0), then Rep(G̃, z) = Rep(G) � SVec

as braided fusion categories. Thus, for M ∈ Mext(SVec), the modular category

Z(Rep(G))�M⊃ Rep(G)� SVec is a modular extension with D(Z(Rep(G))�M) =

((Z(Rep(G))�M)G)e =M. ♦X

4.4 Examples of modularizable braided fusion categories

without minimal modular extensions

Let G be a finite group and B a braided fusion category. Given µ ∈ Z2(G, Inv(B)), we

consider a G-action µ̃ : G→ Autbr⊗ (B) given by

µ̃(g) = IdB, (4.3)

and tensor structure

φ(g, h) = Ξ(µ(g, h))

for all g, h,∈ G. See (1.4) for the definition of Ξ.

Corollary 4.4.1. Let G be a finite group and (B,⊗,1, a, c) be a non-degenerate braided

fusion category. The equivariantization BG associated to µ ∈ H2(G, Inv(B)) has a

minimal modular extension if and only if the cohomology class of the 4-cocycle

64 4.4 Examples of modularizable braided fusion categories without minimal modular
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O4(g1, g2, g3, g4) =c(µg1,g2 , µg3,g4) (4.4)

aµg3,g4 ,µg1,g2 ,µg1g2,g3g4

a−1
µg3,g4 ,µg2,g3g4 ,µg1,g2g3g4

aµg2,g3 ,µg2g3,g4 ,µg1,g2g3g4

a−1
µg2,g3 ,µg1,g2g3 ,µg1g2g3,g4

aµg1,g2 ,µg1g2,g3 ,µg1g2g3,g4

a−1
µg1,g2 ,µg3,g4 ,µg1g2,g3g4

,

vanishes.

Proof. Consider D := BG, D is modularizable since B is non-degenerate, so by Theorem

4.3.4 the proposition is true. ♦X

As an application of Corollary 4.4.1, in the following two propositions, we will

present some examples of modularizable braided fusion categories without minimal non-

degenerate extensions.

For a direct product of groups G = A × B, there is a canonical filtration in group

cohomology

Hn = F0(Hn) ⊃ F1(Hn) ⊃ · · · ⊂ Fn−1(Hn) ⊃ Fn(Hn) ⊃ 0,

where Hn = Hn(A×B,M). Moreover, we have group homomorphisms

Pk : grk(H
n(A×B,M))→ Hk(A,Hn−k(B,M)),

see Appendix A for details.

The following example of a pre-modular category without minimal modular extensions

was first found by Drinfeld in his unpublished notes.

Proposition 4.4.2. Let (ω, c) ∈ Z3
ab(Z/2Z,Q/Z) be an abelian 3-cocycle given by

c(x, y) =
xy

4
, ω(x, y, z) =

xyz

2
,

and µ ∈ Z2(Z/2Z× Z/2Z,Z/2Z) given by

µ((a1, b1), (a2, b2)) = a1b2.

4.4 Examples of modularizable braided fusion categories without minimal modular
extensions
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Then the braided fusion category (Vec
(ω,c)
Z/2Z)Z/2Z×Z/2Z does not admit a minimal non-

degenerate extension, where the action of Z/2Z⊕ Z/2Z is defined using (4.3).

Proof. We will use the notation and results of Appendix A. Let G = Z/2Z×Z/2Z. We

adopt the convention that every element gi ∈ G will be written as gi = (ai, bi).

After simplification, the 4-cocycle O4 defined by the equation (4.4) is given by

O4(g1, g2, g3, g4) =
a1b2a3b4

4
+

a1a2a3b2b4 + a1a2a3b4 + a1b2b3b4 + a1a3b2b3b4
2

.

It follows from Corollary 4.4.1 that if the cohomology class of O4 is non-zero, the braided

fusion category (Vec
(ω,c)
Z/2Z)Z/2Z×Z/2Z does not admit a minimal non-degenerate braided

extension.

Using Lyndon’s algorithm (see Appendix A), we define the 3-cochain

p(g1, g2, g3) =
a1a2b3

8
− a1b2a2b3

4
,

and

(∂(p)−O4)(g1, g2, g3, g4) =
a1a2a3b4 + a1b2b3b4

2
.

Then, O4 is cohomologous to

Õ4(g1, g2, g3, g4) =
a1a2a3b4 + a1b2b3b4

2
.

Thus [Õ4] ∈ F1(H4(A×B,Q/Z)) and

P1([Õ4]) ∈ Hom(Z/2Z, H3(Z/2Z,Q/Z)) ∼= Z/2Z,

is induced by the map

Z/2Z→ Z3(Z,Q/Z), a1 7→ [(b2, b3, b4) 7→ a1b2b3b4
2

].

Since the cohomology of the 3-cocycle α(b2, b3, b4) = b2b3b4
2 , is non-trivial (see (A.1)), we

have P1([Õ4]) 6= 0. Hence 0 6= [O4] ∈ H4(G,Q/Z). ♦X
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Proposition 4.4.3. Let m be an odd integer, (0, c) ∈ Z3
ab(Z/mZ,Q/Z) be the non-

degenerate abelian 3-cocycle given by

c(x, y) =
xy

m
,

and µ ∈ Z2((Z/mZ)⊕n × (Z/mZ)⊕n,Z/mZ) given by

µ((~a1,~b1), (~a2,~b2)) =

n∑
i=1

ai1b
i
2,

with n ≥ 2. Then the braided fusion category (Vec
(0,c)
Z/mZ)(Z/mZ)⊕n×(Z/mZ)⊕n does not

admit a minimal non-degenerate extension, where the action of (Z/mZ)⊕n× (Z/mZ)⊕n

is defined using (4.3).

Proof. We will use the notation and results of Appendix A.

Let A = B = (Z/mZ)⊕n and G = A×B. We adopt the convention that every element

~gi ∈ G will be written as ~gi = (~ai,~bi), where ~ai ∈ A and ~bi ∈ B.

Given ~a ∈ A and ~b ∈ B, we define

~a~b =

n∑
i=1

aibi ∈ Z/mZ.

Then ω ∈ Z2(G,Z/mZ) is defined by

ω(~g1, ~g2) = ~a1
~b2.

The 4-cocycle O4 defined by the equation (4.4) is given by

O4(~g1, ~g2, ~g3, ~g4) = (~a1
~b2)(~a3

~b4).

It follows from Corollary 4.4.1 that if the cohomology class of O4 is non-zero, the braided

fusion category (Vec
(0,c)
Z/mZ)(Z/mZ)⊕n×(Z/mZ)⊕n does not admit a minimal non-degenerate

braided extension.

Using Lyndon’s algorithm (see Appendix A), we define the 3-cochain

p(~g1, ~g2, ~g3) =
(~a1
~b2)(~a2

~b3)

m

4.4 Examples of modularizable braided fusion categories without minimal modular
extensions
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such that

∂(p)(~g1, ~g2, ~g3, ~g4) =
(~a1
~b2)(~a3

~b4)

m
+

(~a1
~b3)(~a2

~b4)

m
.

Then, O4 is cohomologous to

Õ4(~g1, ~g2, ~g3, ~g4) = −(~a1
~b3)(~a2

~b4)

m
.

Hence [Õ4] ∈ F2(H4(G,Q/Z)), and

P2([Õ4]) ∈ H2(A,H2(B,Q/Z))

is induced by the 2-cocycle ψ ∈ Z2(A,Z2(B,Z/nZ)), where

ψ(~a1,~a2)(~b1,~b2) = Õ4(~a1,~a2,~b1,~b2) = −(~a1
~b1)(~a2

~b2)

m
.

For any abelian group A and trivial A-module M the map

Z2(A,M)→ Hom(∧2A,M)

α 7→ [a1 ∧ a2 7→ α(a1, a2)− α(a2, a1)],

induces a group homomorphism

AltA : H2(A,M)→ Hom(∧2A,M).

Then the map

ψ̂ := AltA(AltB(ψ)) ∈ Hom(∧2A,Hom(∧2B,Q/Z))

given by

ψ̂(~a1,~a2)(~b1,~b2) = 2
(~a1
~b1)(~a2

~b2)− (~a1
~b2)(~a2

~b1)

m

only depends on the cohomology class of O4.

Since ψ̂(~e1, ~e2)(~e1, ~e2) = 2/m 6= 0, the cohomology class of O4 is non-trivial. ♦X
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4.5 H4-obstruction for fermionic pointed categories of

dimension four

We have studied fermionic actions of a super-group (G,α) and α-liftings of ρ : G −→
Autbr⊗ (B, f) in terms of cohomology. In this section, we will present concrete formulas

for the fourth obstruction to the existence of a 2-homomorphism

˜̃ρ : G −→ Pic(B)

when B is a non-degenerate spin-braided fusion category of Frobenius-Perron dimension

four, see Examples 1.2.15 and 2.1.5.

Given a finite super-group (G̃, z) where G = G̃/〈z〉, liftings of group homomorphisms

ρ : G → Autbr⊗ (B, f) become important for minimal modular extensions by Theorem

3.3.6 and Theorem 4.3.4. In fact, by Theorem 4.3.4, finding a minimal modular extension

is equivalent to find a braided (G̃, z)-crossed extension, but this type of extension is

parametrized by 2-homomorphism of ˜̃ρ : G→ Pic(B, f) according to Theorem 3.3.6.

First of all, observe that every homomorphism ρ : Z/2Z → Autbr⊗ (B, f) can be lifted to

a 2-homomorphism ˜̃ρ : Z/2Z → Pic(B, f). The existence of a lifting to bosonic action

ρ̃ : Z/2Z→ Autbr⊗ (B, f) is a consequence of Theorem 2.5.3, and existence of a lifting for

ρ̃ follows from Proposition 3.2.1 given that H4(Z/2Z,C×) = 0.

On the other hand, any group homomorphism ξ : G −→ Autbr⊗ (B, f) can be factored

through some group homomorphism ρ : Z/2Z → Autbr⊗ (B, f). Then ξ always has a

lifting ξ̃ : G −→ Autbr⊗ (B, f) and a 2-homomorphism
˜̃
ξ : G −→ Pic(B, f) that can be

factorized through ρ̃ and ˜̃ρ, respectively.

We describe in a cohomologycal way the 2-homomorphisms
˜̃
ξ such that the truncation

ξ̃ : G −→ Autbr⊗ (B, f) describes a fermionic action of the super-group (G,α).

Theorem 4.5.1. Let (B, f) be a spin-braided fusion category of dimension four, and

G be a finite group with a group homomorphism ξ : G −→ Autbr⊗ (B, f). Then ξ can be

extended to a bosonic action and to a 2-homomorphism
˜̃
ξ : G −→ Pic(B).

Proof. We consider the following two cases: ξ is a non-trivial homomorphism , and ξ is

the trivial homomorphism. In the first one, it is only necessary to consider B as a pointed

braided fusion category since in the Ising case the unique possible homomorphism is the

trivial homomorphism.

If ξ is a non-trivial homomorphism, then it is surjective and can be factored a non-trivial

homomorphism ρ : Z/2Z→ Autbr⊗ (B, f).
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G
ξ //

��

Autbr⊗ (B, f)

Z/2Z
ρ

99

We obtain a lifting of ξ defining a bosonic action by ξ̃ = ρ̃◦π. Similarly, taking
˜̃
ξ = ˜̃ρ◦π,

we obtain a 2-homomorphism lifted to ξ. Here ρ̃ and ˜̃ρ are a bosonic action and a 2-

homomorphism associated to ρ, respectively.

The other case is trivial since the trivial homomorphism can always be lifted to the

trivial bosonic action and the trivial 2-homomorphism. ♦X

By Theorem 4.5.1 a group homomorphism ξ : G → Autbr⊗ (B, f) has a lifting to a 2-

homomorphism whose truncation is a fermionic action of the trivial super-group. We

want to know which are all 2-homomorphisms whose truncation induce a fermionic action

of a super-group (G,α). The following theorem gives an answer to this question.

Theorem 4.5.2. If (G,α) is a finite super-group, (B, f) is a pointed spin-braided fusion

category of rank four,
˜̃
ξ : G −→ Pic(B) is a 2-homomorphism with truncation ξ̃ defined

by data (g∗, ψ
g, ϑg,h)g,h∈G, and µ ∈ Z2

ξ (G, Inv(B)), then the action µ. ξ̃ can be extended

to a 2-homomorphism if and only if the 4-cocycle O4(ξ̃, µ) defined by (3.1) is trivial.

Proof. According to [CGPW16, Proposition 9], the tensor functor µ B ξ̃ has a lifting to a

2-homomorphism if and only if the 4-cocycle O4(ξ̃, µ) defined by (3.1) is cohomologically

trivial. ♦X

4.6 The group Mext(Rep(G̃, z)).

In this section we show some properties of the abelian group Mext(Rep(G̃, z)) in terms

of the cohomology that describes the fermionic actions, and its relation with the group

homomorphism defined in (4.2).

In this section, we denote by B a pointed braided fusion category of dimension four

presented in Example 1.2.15, by I an Ising category (see Example 2.1.5), and by

D :Mext(Rep(G̃, z))→Mext(SVec)
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the group homomorphism defined in (4.2). We fix the following notation, (G̃, z) is a finite

super-group, G is the quotient group G̃/〈z〉, and the pair (G,α) is identified with the

super-group (G̃, z); where α ∈ Z2(G,Z/2Z) is the unique 2-cocycle (up to cohomology)

associated to the super-group (G̃, z).

Observe that for a minimal modular extension M of Rep(G̃, z), the category D(M)

should correspond to a minimal modular extension of SVec. In fact, we have that

Rep(G̃, z)G ∼= SVec, and D(M) = (MG)e is modular with FPdim((MG)e) = 4. Then

we can conclude that D(M) is a modular extension of SVec. Moreover, by Remark

4.3.5, D(M) has a braided (G̃, z)-crossed extension.

On the other hand, note that every minimal modular extension C of SVec has a natural

structure of spin-braided fusion category where the natural fermion corresponds to the

inclusion of SVec in C.

Proposition 4.6.1. Let C be a minimal modular extension of SVec. The spin-braided

fusion category C is in the image of D if and only if C has a braided (G̃, z)-crossed

extension.

Proof. Consider a minimal modular extension C of SVec in the image of D, then there

is M ∈ Mext(Rep(G̃, z)) such that D(M) = C. By Theorem 4.3.4, MG is a braided

(G̃, z)-crossed extension of C.

If C ∈ Mext(SVec) has a braided (G̃, z)-crossed extension L, the modular fusion category

LG is a category on Rep(G̃, z) according to Corollary 3.3.2. Moreover, by Theorem 4.3.4

LG is a minimal modular extension of Rep(G̃, z). ♦X

Corollary 4.6.2. Consider a spin-braided fusion category C in the group of minimal

modular extensions of SVec. The pre-image of C with respect to D is in correspondence

with 2-homomorphisms ˜̃ρ : G → Pic(C, f) such that the truncation ρ̃ is a fermionic

action of (G̃, z).

Proof. Using Proposition 4.6.1, for each C ∈ Im(D) there is an M in Mext(Rep(G̃, z))

such that MG is a braided (G̃, z)-crossed extension of C. By Theorem 3.3.6, braided

(G̃, z)-crossed extensions of C correspond to 3-group homomorphisms ˜̃ρ : G→ Pic(C, f)

such that ρ̃ is a fermionic action of the super-group (G̃, z). ♦X

Remember that the unique group homomorphism ρ : G→ Autbr⊗ (I) corresponds to the

trivial homomorphism, and it always has a lifting to an action ρ̃ : G → Autbr⊗ (I) and

to a 2-homomorphism ˜̃ρ : G→ Pic(I). Therefore, if µ ∈ H2(G, Inv(I)) we can consider

the obstruction O4(ρ̃, µ).
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We know that braided G-crossed extensions of a non-degenerate fusion category C are

in correspondence with 2-homomorphisms ˜̃ρ : G → Pic(C). If ρ̃ : G → Autbr⊗ (C) is

the truncation of ˜̃ρ then liftings of ρ̃ are a torsor on H3(G,C×). In a similar way, if

ρ is the truncation of ρ̃, liftings of ρ are a torsor on H2
ρ (G, K̂0(C)). Therefore, any

2-homomorphism associated by truncation to ρ can be parametrized by an element in

H2
ρ (G, K̂0(C)) ×H3(G,C×). Now, if we start with a group homorphism ρ and include

obstruction theory in order to obtain a 2-homomorphism, we can conclude that any

lifting to a 2-homomorphism can be parametrized by pairs (µ, ϕ) ∈ H2
ρ (G, K̂0(C)) ×

H3(G,C×) such that the obstructions O3(ρ) and O4(ρ, µ) vanish. We conclude that

every 2-homomorphism ˜̃ρ : G → Pic(C) can be parametrized by triples (ρ, µ, ϕ), where

ρ : G → Autbr⊗ (C, f) is a group homomorphism, µ belongs to a certain torsor over

H2
ρ (G, K̂0(C)), and ϕ belongs to a certain torsor over H3(G,C×) such that O3(ρ) and

O4(ρ, µ) vanish.

In Theorem 4.6.3 below, we characterize the image of the group homomorphism D in

terms of group homomorphisms and group cohomology.

Theorem 4.6.3. Consider a minimal modular extension C of SVec. The pre-image

of C under D is parametrized by triples (ρ, µ, ϕ), where ρ : G → Autbr⊗ (C, f) is a

group homomorphism, µ belongs to a certain torsor over Ker(r∗ : H2
ρ (G, K̂0(C) →

H2
ρ (G, ̂K0(SVec)), and ϕ belongs to a certain torsor over H3(G,C×). The data µ and ϕ

must satisfy the conditions that obstruction O3(ρ, α) and O4(ρ, µ) vanish.

Proof. Using corollary 4.6.2, the pre-image of C is in correspondence with 2-

homomorphisms ˜̃ρ : G → Pic(C, f) such that the truncation ρ̃ is a fermionic action

of (G̃, z). Moreover, we know that liftings to 2-homomorphisms of ρ̃ form a torsor over

H3(G,C×), and liftings of ρ to fermionic actions of (G̃, z) are a torsor over Ker(r∗ :

H2(G, K̂0(C)) → H2(G,Z/2Z))). Therefore, any 2-homomorphism assoacited by

truncation to ρ can be parametrized by pairs (µ, ϕ) where µ ∈ Ker(r∗ : H2(G, K̂0(C))→
H2(G,Z/2Z))) and ϕ ∈ H3(G,C×).

If we start with a group homomorphism ρ and include obstruction theory in order to

obtain a 2-homomorphism ˜̃ρ, we can conclude that any lifting to a 2-homomorphism

with truncation to fermionic action can be parametrized by pairs (µ, ϕ) ∈ Ker(r∗ :

H2(G, K̂0(C))→ H2(G,Z/2Z)))×H3(G,C×) such that the obstructions O3(ρ), O3(ρ, α),

and O4(ρ, µ) vanish.

On the other hand, by Theorem 2.5.3, the obstruction O3(ρ) vanishes, so any lifting

to a 2-homomorphism with truncation to a fermionic action can be parametrized by

pairs (µ, ϕ) ∈ Ker(r∗ : H2(G, K̂0(C)) → H2(G,Z/2Z))) × H3(G,C×) such that the

obstructions O3(ρ, α) and O4(ρ, µ) vanish.
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Finally, we conclude that every 2-homomorphism ˜̃ρ : G → Pic(C) can be parametrized

by triples (ρ, µ, ϕ), where ρ : G→ Autbr⊗ (C, f) is a group homomorphism, µ belongs to a

certain torsor over Ker(r∗ : H2(G, K̂0(C))→ H2(G,Z/2Z))), and ϕ belongs to a certain

torsor over H3(G,C×) such that O3(ρ, α) and O4(ρ, µ) vanish. ♦X

Remark 4.6.4. The Proposition 4.6.3 tells us that the image of D correspond to spin-

braided categories (B, f) with at least one fermionic action that can be extended to

2-homomorphisms.

Corollary 4.6.5. The kernel of D is parametrized by triples (ρ, µ, ϕ) where ρ : G →
Autbr⊗ (Vec

(ω0,c0)
Z/2Z×Z/2Z, f) is a group homomorphism, µ belongs to a certain torsor over

Ker(r∗ : H2
ρ (G, K̂0(C)) → H2

ρ (G, ̂K0(SVec)), and ϕ belongs to a certain torsor over

H3(G,C×) such that O4(ρ, µ) vanishes.

Proof. The result follows from Theorem 4.6.3, given that the trivial element of

Mext(SVec) is Z(SVec) ∼= Vec
(ω0,c0)
Z/2Z×Z/2Z as we explain in Section 4.1. ♦X

Next, we use Proposition 4.6.3 and Corollary 4.6.5 to determine the order of

Mext(Rep(Z/mZ× Z/2Z, (0, 1))) for m an odd number.

Theorem 4.6.6 (Minimal modular extensions of (Z/mZ, α ≡ 0), m odd). Consider

the trivial super-group Z/mZ × Z/2Z where m is an odd number. The group

Mext(Rep(Z/mZ× Z/2Z, (0, 1))) has order 16m.

Proof. We have that

1. By Corollary 4.3.6 the group homomorphism D is surjective.

2. Given that m is an odd number, the unique group homomorphism Z/mZ →
Z/2Z× Z/2Z is the trivial homomorphism.

3. H2(Z/mZ,Z/2Z× Z/2Z) ∼= 0,

4. H3(Z/mZ,C×) = Z/mZ.

Using items (2), (3), and (4), the Corollary 4.6.5 implies that kernel of D is

correspondence with triples (ρ, µ, ϕ) where ρ : Z/mZ → Autbr⊗ (Vecω0,c0
Z/2Z×Z/2Z, f) is

the trivial homomorphism, µ ∈ H2
ρ (G,Z/2Z × Z/2Z) = 0, and ϕ belongs to a

certain torsor over H3(Z/mZ,C×). As there are m of that triples, the order of

Mext(Rep(Z/mZ× Z/2Z, (0, 1)) is 16m. ♦X

4.6 The group Mext(Rep(G̃, z)). 73



74 4 Minimal modular extensions

Example 4.6.7 (Minimal modular extensions of Z/6Z). The

group Mext(Rep(Z/6Z, [3])) has order 48. We consider Z/6Z ∼= Z/3Z × Z/2Z and

apply Theorem 4.6.6. Then the group of minimal modular extensions of Rep(Z/6Z, [3])

has order 48.

This result agrees with [LKW16b, Table XX].

Example 4.6.8 (Minimal modular extensions of Z/4Z). we can deduce that there are

exactly 32 minimal modular extensions of Rep(Z/4Z, [2]). This information agrees with

the result presented by Ostrik. In this case, we prove that ker(D) has order 4 and that

the image of D consist of the pointed modular extensions of SVec.

1. In this case the 4-obstruction that we need to consider is H4(Z/2Z,C×) = 0, so

each action Z/2Z→ Autbr⊗ (C, f) has a lifiting to a 2-homomorphism.

2. Z/4Z is not a trivial super-group, so no Ising category can be in the image of D.

3. The kernel of D is parametrized by triples (ρ, µ, ϕ) where ρ : Z/2Z →
Autbr⊗ (Vec

(ω0,c0)
Z/2Z×Z/2Z, f) is the trivial homomorphism, µ ∈ H2(Z/2Z,Z/2Z×Z/2Z)

such that r∗(µ) is non-trivial, and ϕ ∈ H3(Z/2Z,C×) ∼= Z/2Z. Then, there are

4 such triples, which implies that Ker(D) has order 4. A similar analysis shows

that every pointed fusion category with fusion rules given by Z/2Z × Z/2Z is in

the image of D.

4. Every pointed fusion category with fusion rules given by Z/4Z is in the image of

D. In fact, the triple (ρ, µ, ϕ) satisfies the conditions in Proposition 4.6.3; where

ρ : Z/2Z → Autbr⊗ (Vec
(ωk,ck)
Z/4Z , f) is the trivial homomorphism, µ is the unique

non-trivial object in H2(Z/2Z,Z/4Z), and ϕ ∈ H3(Z/2Z,C×).

Proposition 4.6.9. Let D : Mext(Rep(G̃, z)) → Mext(SVec) be the group

homomorphism defined above. We have that D is non-trivial and the image of D has

at least 4 elements. Specifically, the pointed fusion categories with fusion rules given by

Z/2Z× Z/2Z is always in the image of D.

Proof. In general, consider B one of the pointed braided fusion categories in Example

1.2.15. Remember that B is non-degenerate and the restriction map r : K̂0(B) ∼=
Inv(B) → ̂K0(SVec) can be consider as r(X)(f) = cf,X ◦ cX,f , for each X ∈ Inv(B).

According to the braided structure of each B the group homomorphism r is the same

for each B with fusion rules Z/2Z×Z/2Z. This implies that the group homomorphisms

and the group cohomology in Theorem 4.6.3 are the same. ♦X

Proposition 4.6.10. Let B be a slightly degenerate pointed braided fusion category, then

B has a minimal modular extension.
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Proof. By [ENO11b, Proposition 2.6] B ∼= SVec � B0, where B0 is a non-degenerate

pointed fusion category. TakeM a minimal modular extension of SVec and consider de

modular category M� B0. ♦X
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Appendix A

Group Cohomology

In Section 4.4, we used Lyndon’s normalization of standard cocycles in group cohomology

of a direct product of groups, [Lyn48]. In this appendix, we will give a background of

Lyndon’s normalization.

A.1 Group cohomology

Let G be a group and let A be a G-module. The nth cohomology group of G with

coefficients in A is defined as

Hn(G,A) := ExtnZG(Z, A).

For an arbitrary group, the bar resolution is the most used. The bar resolution consists

of

Bn =
⊕

g0,...,gn∈G
Z(g0, . . . , gn),

as free abelian group and G-action given by

g · (g0, . . . , gn) = (gg0, . . . , ggn).

The differential and a chain contraction s (satisfying ∂s+ s∂ = id) are given by

∂(g0, . . . , gn) =

n∑
i=0

(−1)i(g0, . . . , ĝi, . . . , gn)

s(g0, . . . , gn) = (1, g0, . . . , gn).
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A ZG-basis of Bn is defined by

|g1|g2| . . . |gn| = (1, g1, g1g2, . . . , g1 . . . gn),

and the differential in terms of this basis is given by

∂(|g1|g2| . . . |gn|) = g1|g2| . . . |gn|+
n−1∑
i=1

(−1)i|g1 . . . |gigi+1| . . . |gn|

+(−1)n|g1| . . . |gn|.

Hence, the groups HomG(Bn, A) can be identified canonically with Cn(G,A), the group

of all applications f : Gn → A. The differentials under this identification has the usual

formula,

∂(f)(g1, . . . , gn+1) = g1f(g2, . . . , gn) +
n−1∑
i=1

(−1)if(g1, . . . , gigi+1, . . . , gn+1)

+(−1)nf(g1, . . . , gn).

A.1.1 Cohomology of finite cyclic groups

Let Cm be the cyclic group of order m generated by σ. The sequence

, · · · ZCm ZCm ZCm ZCm Z-N -σ−1 -N -σ−1 -

where N = 1 + σ + σ2 + · · ·+ σm−1 is a free resolution of Z as Cm-module. Thus,

Hn(Cm;A) =

{a ∈ A : Na = 0}/(σ − 1)A, if n = 1, 3, 5, . . .

ACm/NA, if n = 2, 4, 6, . . . .

A chain map from the cyclic resolution to the bar resolution can be constructed using

cup products.

The 2-cocycle u ∈ Z2(Cm,Z)

u(x, y) =

0, if x+ y < m

1, if x+ y ≥ m,
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is a representative of the generator of H2(Cm,Z) ∼= Z/mZ.

If A is a Cm-module and a ∈ A such that Na = 0, thenfa(σ
i) = a + σa + · · ·σi−1a

defines a representative 1-cocycle with respect to the bar resolution and in general

fa ∪ u∪i ∈ Z2i+1(Cm, A)

defines a representative (2i+ 1)-cocycle with respect to the bar resolution.

As an example, the 3-cocycle ,

α(σi, σj , σk) =

0, if x+ y < m

1
m , if x+ y ≥ m,

(A.1)

is a representative of the cohomology class of a generator of H3(Cm,Q/Z) ∼= Z/mZ.

A.1.2 Cohomology of a direct product

Let A and B be groups and DA, DB free resolutions of Z as A-module and B-modules,

respectively. The tensor product bicomplex DADB is defined as the double complex,

where (DADB)p,q := Dp
A ⊗Z D

q
B with differentials ∂A ⊗ id and id⊗∂B.

Each (DADB)p,q is a free A × B-module with action (a, b)m ⊗ n = am ⊗ bn for all

(a, b) ∈ A×B and m⊗ n ∈ (DADB)p,q. It follows from the Kunneth’s formula that the

total complex

Tot(DADB)n := ⊕p+q=n(DADB)p,q

with total differential ∂Tot = ∂A + (−1)p∂B is a free resolution of Z as A×B-module.

The horizontal filtration of Tot(DADB) is given by

Fp(Totn(DADB)) =
⊕

n1+n2=n, n1≤p
(DADB)n1,n2

induces a filtration in group cohomology

Hn = F0(Hn) ⊃ F1(Hn) ⊃ · · · ⊂ Fn−1(Hn) ⊃ Fn(Hn) ⊃ 0,

where Hn = Hn(A×B,M). The inclusion

(DADB)k,n−k → Fk(Totn(DADB))

induces a group homomorphism

A.1 Group cohomology 79
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Pk : grk(H
n(A×B,M))→ Hk(A,Hn−k(B,M)),

see [Lyn48, Theorem 4].

A.1.2.1 Lyndon’s algorithm

If we take the bar resolutions, we get the double complex

Cp,q := Map(Ap ×Bq,K)

with the usual differentials

∂A : Cp(A,Cq(B,K))→ Cp+1(A,Cq(B,K))

∂B : Cq(B,Cp(A,K)))→ Cq+1(B,Cp(A,K)),

where we identify Cp,q with Cp(A,Cq(B,K)) and Cq(B,Cp(A,K))) in the obvious way.

The cohomology of the total complex Tot(C) := ⊕p+q=nCp,q with total differential

∂Tot = ∂A + (−1)p∂B computes the group cohomology of Hn(A×B,M).

Given an n-cocycle ⊕p+q=nαp,q of the total complex, the associated n-cocycle of the bar

resolution is just
∑

p+q=n αp,q, that is,

∑
p+q=n

αp,q(g1, . . . , gn) =
∑
p+q=n

αp,q(a1, a2, . . . , ap, bp+1, bp+2, . . . , bn),

where we adopt the convention that every element gi ∈ A×B is written as (ai, bi).

Let (h, k) be any pair of integers such that 0 ≤ h < k < n; we consider the lexicographical

order, that is, (h′, k′) < (h, k) if h′ < h, or h′ = h and k′ < k.

By [Lyn48, Lemma 5.4], if

f(a1, . . . , ah, bh+1, · · · , bk, ak+1, gk+2, . . . , gn) = 0, (A.2)

for all (h, k), then ⊕p+q=nfp,q ∈ Totn(C), where fp,q := f |Ap×Bq and in this case

f(g1, . . . , gn) =
∑
p+q=n

fp,q(a1, a2, . . . , ap, bp+1, bp+2, . . . , bn).
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Given a standard n-cocycle f ∈ Zn(A × B,M), the following algorithm produces a

standard n-cocycle f ′ ∈ Zn(A×B,M) that satisfies (A.2) for all (h, k).

Let f be a standard n-cocycle such that

f(a1, . . . , ah′ , bh′+1, · · · , bk′ , ak′+1, gk′+2, . . . , gn) = 0,

for all (h′.k′) < (h, k).

Replacing f by f ′ = f + (−1)k∂(p), we obtain that

f ′(a1, . . . , ah′ , bh′+1, · · · , bk′ , ak′+1, gk′+2, . . . , gn) = 0,

for all (h′, k′) ≤ (h, k), where the (n− 1)-cochain p is defined by

p(g1, . . . , gn−1) := f(a1, . . . , ah, bh+1, . . . , bk, ah+1ah+2 · · · ak, gk+1, · · · , gn−1).
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