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Title in English
Zk-Stratifolds

Abstract: The present work brings together two important theories given by the
Zk-manifolds from Sullivan and stratifolds from Kreck. We introduce the bordism
theory of Zk-stratifolds in order to solve Steenrod’s problem for Zk-coefficients in
an affirmative way. Finally, we present a geometric interpretation of the Bockstein
long exact sequence and the Atiyah-Hirzebruch spectral sequence for Zk-bordism (k
odd).



Título en español
Zk-Stratifolds

Resumen: El presente trabajo mezcla dos importantes teorías dadas por las Zk-
variedades de Sullivan y los stratifolds de Kreck. Introducimos la teoría de bordismo
de Zk-stratifolds para resolver el problema de Steenrod con coeficientes en Zk de
una manera afirmativa. Finalmente, presentamos una interpretación geométrica de
la sucesión exacta de Bockstein y la sucesión espectral de Atiyah-Hirzebruch para
Zk-bordismo (k impar).
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CHAPTER 1

Introduction

The purpose of this thesis is the study of the problem of representability of Steenrod

of homology classes with Zk-coefficients using the theory of stratifolds. We introduce

the concept of Zk-stratifold and develop the necessary tools to prove that every

homology class with Zk-coefficients is represented by these objects. We use these

tools to provide a geometric description of the filtration induced by the Atiyah-

Hirzebruch spectral sequence of Zk-bordism.

One of the classical questions of algebraic topology is the following: when is a

homology class represented by a continuous map from a closed differentiable mani-

fold? This question, originally posed by Steenrod, was solved by Thom in the fifties.

Every homology class with Z2-coefficients is representable by a continuous map from

a closed differentiable manifold, also every homology class with Q-coefficients is rep-

resentable by a continuous map from a closed differentiable map, but there exist

homology classes with Z-coefficients that cannot be represented by continuous maps

from closed differentiable manifolds.

For a given topological space X, there exists a homomorphism

Φ : Ω∗(X)→ H∗(X),

1



CHAPTER 1. INTRODUCTION 2

from the oriented bordism group of X to the homology of X with Z-coefficients,

given by f∗([M ]), where f : M → X represents an element of Ω∗(X) and [M ] is the

fundamental class of M .

Steenrod’s question (with integral coefficients) is precisely if this homomorphism

is always surjective. Thom showed that for rational coefficients this is always the

case. Also, he constructed classes with integer coefficients that are not in the image

of Φ. Indeed, Thom answered this problem with a counterexample given by a class

z ∈ H7(L
7 × L7), where L7 = S7/Z3 is a lens space of dimension seven ([26], pag

180).

Distinct geometric models of homology classes have been proposed, in particular

the theory of stratifolds has been developed by Kreck [12], where the usual tech-

niques of differential topology are available and it is possible to represent homology

with integer coefficients as a bordism theory. Stratifolds are topological spaces with

a sheaf of functions satisfying certain properties. Two homology theories are con-

structed with stratifolds. For a topological space X, an element of SHn(X) is the

bordism class of a continuous function f : S → X, from a closed, oriented, regu-

lar n-dimensional stratifold. SHn(·) is a functor from topological spaces to abelian

groups and is called the stratifold homology theory.

The main reason to impose the regularity condition is the proposition 4.3 in [12].

This result and Sard’s Theorem for stratifolds are the key ingredients to construct

the Mayer-Vietoris sequences for SH∗(·). This is the most important part of the

proof that SH∗(·) is a homology theory.

This homology theory satisfies the dimension axiom:

SHn({∗}) =

Z for n = 0,

0 otherwise.

By the uniqueness theorem of homology theories that satisfy the dimension axiom,

there is an isomorphism between SH∗(·) and homology with integer coefficients
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for all finite CW-complexes. In fact, since both homology theories are compactly

supported this is an isomorphism for all CW-complexes.

There is another homology theory defined with p-stratifolds, which are stratifolds

that can be built inductively attaching manifolds with boundary. For a topological

space X, an element of SHn(X) is the bordism class of a continuous function f :

S → X, from a closed, oriented, regular n-dimensional p-stratifold. This is the

p-stratifold homology theory.

We use p-stratifolds because they have fundamental classes with integer coeffi-

cients and therefore it is possible to define a natural transformation η : SHn(X)→

Hn(X) which is compatible with the Mayer-Vietoris sequences. Since η is an iso-

morphism at a point and is compatible with the Mayer-Vietoris sequences, then η

is an isomorphism for all finite CW-complexes. Moreover this isomorphism is valid

for any topological space ([25], pag 17).

Sullivan defined the concept of Zk-manifold as a special case of manifolds with

singularities. These objects appear naturally in the study of index theory (with

Zk-coefficients) ([19],[20]) and we can consider the generalized homology theory of

bordism of Zk-manifolds with continuous maps to X, Ω(X;Zk), which is related to

the usual bordism theory by the Bockstein long exact sequence

· · · → Ωn(X)
×k−→ Ωn(X)

i−→ Ωn(X;Zk)
β−→ Ωn−1(X)

×k−→ · · · .

In [19], Morgan and Sullivan stated that every Zk-manifold has a fundamental

class in homology with Zk-coefficients, which allows to define a natural transforma-

tion

Ω∗(X;Zk)→ H∗(X;Zk).

The problem of representability of Steenrod of homology classes with Zk-coefficients

asks if this map is always surjective. For k = 2 the answer is affirmative, see [23],

but for k odd is not always the case, indeed for p a prime number, the non-zero

classes in H2p(K(Zp, 1);Zp) = Zp cannot be represented by Zp-manifolds ([4]).
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Generalizing the ideas of Sullivan and Kreck, we define Zk-stratifolds and Zk-

stratifolds with boundary, which allows us to talk about the bordism relation be-

tween Zk-stratifolds. The main theorems of the thesis are:

Theorem 1.0.1. The Zk-stratifold bordism relation defines a homology theory, the

Zk-stratifold homology theory. Moreover, there exists a Bockstein long exact

sequence

· · · → SHn(X)
×k−→ SHn(X)

i−→ SHn(X;Zk)
β−→ SHn−1(X)

×k−→ · · · .

The main part of this theorem is constructing the Mayer-Vietoris sequence. To

do this, we need to study regular values of smooth functions on Zk-stratifolds. We

need to prove a generalization of Sard’s theorem and the regular value theorem.

By the uniqueness theorem of homology theories satisfying the dimension axiom,

this theory is isomorphic to homology with Zk-coefficients.

Theorem 1.0.2. There exists an isomorphism between Zk-stratifold homology theory

and singular homology with Zk-coefficients. This isomorphism is valid for all CW-

complexes.

We can consider a variation of this homology theory. If we work with p-stratifolds

we also have a notion of Zk-p-stratifold and a homology theory, the Zk-p-stratifold

homology theory.

Theorem 1.0.3. The Zk-p-stratifold bordism relation defines a homology theory, the

Zk-p-stratifold homology theory. There exists a Bockstein long exact sequence

· · · → SHn(X)
×k−→ SHn(X)

i−→ SHn(X;Zk)
β−→ SHn−1(X)

×k−→ · · · .

By the uniqueness theorem of homology theories satisfying the dimension axiom,

this homology theory is also isomorphic to singular homology with Zk-coefficients

on the category of CW-complexes.
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In fact, we do not need to prove that this defines a homology theory because

we can construct a natural transformation between these two functors using funda-

mental classes of Zk-p-stratifolds and prove that they are isomorphic for all CW-

complexes using the 5-lemma and the compatibility with the Bockstein sequences.

The construction of the natural transformation is based on the existence of fun-

damental classes of Zk-p-stratifolds.

Theorem 1.0.4. If T is a compact oriented n-dimensional Zk-p-stratifold without

boundary, then there exists an (absolute) fundamental class [
∼
T ]. This class is an

element of Hn(
∼
T ;Zk).

Theorem 1.0.5. If M is a (n + 1)-dimensional compact oriented Zk-p-stratifold

with Zk-boundary T , then there exists a (relative) fundamental class [
∼
M,

∼
T ]. This

class is an element of Hn+1(
∼
M,

∼
T ;Zk). Moreover

∂[
∼
M,

∼
T ] = [

∼
T ]

where ∂ is the boundary operator in the long exact sequence of the pair (
∼
M,

∼
T ).

With the absolute fundamental classes, we can define a natural transformation

η : SHn(X;Zk)→ Hn(X;Zk) ,

which will be well-defined by the existence of relative fundamental classes.

We will give two proofs of the fact that this natural transformation is an isomor-

phism. The first one uses the compatibility with the Bockstein sequences and the

second the compatibility with the Mayer-Vietoris sequence.

Theorem 1.0.6. The natural transformation

η : SHn(X;Zk)→ Hn(X;Zk) ,

is an isomorphism for all n and for any topological space X. It is compatible with

both the Mayer-Vietoris and Bockstein sequences.
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Finally, we study the Atiyah-Hirzebruch spectral sequence of Zk-bordism.

The Atiyah-Hirzebruch spectral sequence of a generalized homology theory can

be constructed in several ways. One way is taking a CW-complex and filtering

by skeleta. The long exact sequences of the pair of skeleta give an exact couple.

Another way is to take the Postnikov tower of the generalized homology theory. In

[24], Tene shows how to compute the Atiyah-Hirzebruch spectral sequence using the

Postnikov tower of a generalized homology theory.

The Postnikov tower of a generalized homology theory h, is a sequence of ho-

mology theories h(r), and natural transformations

h→ · · · → h(3) → h(2) → h(1) → h(0).

These natural transformations have the property that hn({∗})→ h
(r)
n ({∗}) is an

isomorphism for n ≤ r, and h
(r)
n ({∗}) = 0 for n > r. The main theorem of [25]

identifies the Atiyah-Hirzebruch spectral sequence with one that has pages:

Êr
p,q = Im

(
h
(q+r−2)
p+q (Xp)→ h

(q)
p+q(X

p+r−1)
)
.

Here, X0, X1, · · · , Xn are the skeleta of the CW-complex X.

For bordism theories made out of objects with singularities there is a natural

candidate for the Postnikov tower of the bordism theory by restricting the types of

singularites that are allowed.

Define

SH(r)
n (X;Zk) = [f : T → X]/ ∼ ,

where T is a n-dimensional Zk-p-stratifold and the singular part of the p-stratifold T

is of dimension at most (n− r− 2). We put a similar restriction to the Zk-stratifold

bordism.

Theorem 1.0.7. For k an odd number, the homology theories SH(r)(·;Zk) give the

Postnikov tower for the generalized homology theory Ω∗(·;Zk).
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It is surprising the requirement of k odd, but the proof depends on the fact that

the ring Ω∗({∗}) has no odd torsion, a deep result of Milnor. From this, by the

machinery of [25] we have the next theorem:

Theorem 1.0.8. For k an odd number, the filtration induced by the Atiyah-

Hirzebruch spectral sequence for Zk-bordism coincides with the filtration obtained

by restricting to bordism classes of Zk-stratifolds with singular part of dimension at

most (p− r − 2).

This thesis is organized as follows: In chapter two we give a brief introduc-

tion to Zk-manifolds and p-stratifolds. In this part, we recall the definitions and

the main properties. Chapter three introduces the main objects of this thesis, we

define Zk-stratifolds and Zk-p-stratifolds and develop the basic theory of these ob-

jects. In particular, we prove some basic results about regular values and separating

functions for Zk-stratifolds and Zk-p-stratifolds. After that, we develop the Mayer-

Vietoris sequence for our Zk-stratifolds and Zk-p-stratifolds and define one of the

most important tools in this theory: the boundary operator. Next, we show that

the classical Bockstein sequence can be built for this theory in a very natural way.

At the end of the chapter, we show that Zk-p-stratifolds define a homology theory

called Zk-stratifold bordism and obtain an isomorphism between this theory and

singular homology with Zk-coefficients.

Finally, we use the previous results in chapter four, we impose some conditions

on the Zk-stratifolds in order to apply the results of [24] to give a nice description of

the filtration induced by the Atiyah-Hirzebruch spectral sequence for Zk-bordism.

We finish the thesis studying the coefficients of Zk-bordism. For k odd, Zk-

bordism of a point is isomorphic (as Zk-modules) to the polynomial algebra Zk[Yi],

where Yi are in dimension 4i. From this we have that the two first differentials of

the Atiyah-Hirzeburch spectral sequence of Zk-bordism are zero (k odd).

The results of this thesis will be used in the article

(https://arxiv.org/abs/1810.00531) in joint work with Andres Angel and Car-
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los Segovia [1] to study geometric representative of the non-representable homology

classes in H∗(BZp ×BZp). The new results that appear in the article are:

Theorem 1.0.9 (Andres Angel, Arley Fernando Torres, Carlos Segovia). There

exists another Bockstein exact sequence

· · · SHn+1(X;Zk2) SHn+1(X;Zk) SHn(X;Zk) · · · .×k ik
∼
β ×k

Theorem 1.0.10 (Andres Angel, Arley Fernando Torres,Carlos Segovia). The Bock-

stein homomorphisms β,
∼
β in Zk-p-stratifold homology are related by the commuta-

tive diagram

· · · SHn+1(X) SHn+1(X;Zk) SHn(X) · · ·

· · · SHn+1(X;Zk2) SHn+1(X;Zk) SHn(X;Zk) · · · .

×k β

=

×k

×k
∼
β ×k

In this thesis we calculated the coefficients of Zk-bordism for k odd, in the article

we prove that the coefficients of Z2-bordism are isomorphic (as Z2-vector spaces) to

the W defined by Wall in [29].

In the article, we use all this machinery to study the non-representable classes of

H∗(BZp×BZp) and give geometric constuctions of them. We follow the calculations

of the homology done in [9], where a smooth version of the Baas-Sullivan theory of

manifold with singularities is developed and applied to the problem of Positive Scalar

Curvature. We use p-stratifolds and Zk-p-stratifolds to simplify the presentation and

construction of classes and obtain a geometric description.



CHAPTER 2

Background

The present work combines the theory of Zk-manifolds from Sullivan [19] and the the-

ory of stratifolds from Kreck [12]. We start with some basic facts from Zk-manifolds

and we continue with the theory of stratifolds, where we follow the references [19, 12].

2.1 Zk -manifolds

Definition 2.1.1. A (closed) n-dimensional Zk-manifold consists of

(1) A compact, n-dimensional, oriented manifold M with boundary.

(2) A closed, (n− 1)-dimensional, oriented manifold N .

(3) A decomposition ∂M =
⊔k
i=1(∂M)i of the oriented boundary of M into k

disjoint oriented manifolds, with orientation preserving diffeomorphisms θi :

N
∼−→ (∂M)i.

The quotient space which results by identifying the points on the boundary using

the θi’s, is denoted by M̃ , similarly ∂̃M = N .

9
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Figure 2.1. The Klein bottle as a Z2-manifold.

A closed oriented manifold is thus a Z0 = Z-manifold and also a Zk-manifold

with N = ∅.

Consider the identification space M̃ , which results after the gluing in M of the k

disjoint boundaries with N via the diffeomorphisms θi. The typical example is the

Klein bottle withM the cylinder and N the circle. The second homology group with

integer coefficients of the Klein bottle is zero, but homology with Z2-coefficients is

non-zero and the Klein bottle M̃ has a fundamental class in H2(M̃ ;Z2) ∼= Z2.

Although the Klein bottle is a nonorientable surface, we can represent it as a

Z2-manifold which is an oriented manifold with boundary (Figure 2.1). In what

follows we define the notion of a Zk-manifold with boundary.

Definition 2.1.2. A Zk-manifold with boundary consists of

(1) A compact, (n+ 1)-dimensional, oriented manifold M with boundary.

(2) A compact, n-dimensional, oriented manifold N with boundary.

(3) k disjoint orientation preserving embeddings ψi : N ↪→ ∂M .

The quotient space which results by identifying the points on the boundary using

the θi’s, is denoted by M̃ .

The Zk-boundary of the Zk-manifold with boundary is formed from considering

∂M − int
(
∪ki=1θi(N)

)
with the k copies of ∂N . We illustrate an example in Figure

2.2.
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N

>

>

>

Ψ (N)

Ψ (N)

1

2

Figure 2.2. A Z3-manifold with boundary.

Example 2.1.3. In this example, the space M (at the right) is a sphere with four

holes and its boundary is the disjoint union of four circles. The space N is S1 and

we consider the three embeddings of S1 appearing at the left of the picture. Then,

the Zk-boundary is the circle S1 at the right side of the drawing.

Example 2.1.4. In the following example, we give another example of a Z3-manifold

with boundary. Here, the spaceM is the disc D3 = {(x, y, z) ∈ R3 |x2+y2+z2 ≤ 1},

N = D2 and we consider three disjoint embeddings of D2 on ∂M = S2. The Z3-

boundary is ’a pair of pants’.

=

Figure 2.3. A Z3-manifold with boundary.
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2.2 Stratifolds

Stratifolds are a generalization of smooth manifolds. They are topological spaces

with a sheaf of functions similar to the sheaf of smooth functions on a manifold.

These functions divide the topological space into strata and every stratum will be

a smooth manifold. In addition to stratifolds, we can talk about stratifolds with

boundary. With these objects we can build a homology theory SH∗(·) which is

isomorphic to H∗(·;Z) ([12], pag 185).

We will present the most general definition of stratifold and after this we present

the definition of p-stratifolds. We follow [12].

Consider a topological space X together a subsheaf of C0(X), the sheaf of con-

tinuous functions from X to the real numbers R. The set of global sections of the

subsheaf, denoted by C, is a locally detectable subalgebra of C0(X) ([12], pag

6-7).

A pair (X,C), where X is a topological space and C is a locally detectable

subalgebra of C0(X), is a differential space if it fulfills the following condition:

For all f1, . . . , fk ∈ C, and a smooth function g : Rk → R the function

f(x) := g(f1(x), . . . , fk(x))

is in C ([12], pag 7).

A morphism f from the differential space (X,C) to the differential space

(X1,C1) is a continuous map f : X → X1 with the following property: If ρ ∈ C1

then ρf ∈ C. An isomorphism is a bijective morphism f such that f−1 is also a

morphism.

Example 2.2.1. The pair (M,C∞(M)), where M is a smooth manifold and

C∞(M)) is the algebra of smooth functions, is an example of a differential space.

A morphism f : (M,C∞(M)) → (M1, C
∞(M1)) is in fact a smooth map from the
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manifold M to the manifold M1. If f is a isomorphism between these differential

spaces, then f is a diffeomorphism of smooth manifolds.

Example 2.2.2. ([12], pag 8) If (X,C) is a differential space and Y ⊆ X, then we

can induce a differential structure on Y denoted by (Y,C(Y )). The locally detectable

algebra C(Y ) is composed by functions f : Y → R such that for all x ∈ Y there is

a map g ∈ C such that f |V = g|V for some open neighbourhood V of x in Y .

Using the previous example and the language of differential spaces, we can give

and equivalent definition of smooth manifold.

Definition 2.2.3. ([12], pag 9) A k-dimensional smooth manifold is a differential

space (M,C) where M is a Hausdorff space with a countable basis of its topology,

such that for each x ∈ M there exist an open set U ⊆ M containing x, an open

subset V ⊆ Rk, and an isomorphism

φ : (V,C∞(V ))→ (U,C(U)).

In a differential space (X,C), we can define, as usual, the set of germs of functions

at a point x ∈ X and the tangent space at a point x ∈ X. We know the tangent

space at x is the vector space of derivations of the germs of functions to the real

numbers. We denote the set of germs by Cx and the tangent space at x, by TxX

([12], pag 9-10). If f ∈ C then we denote the class of this function by [f ]x.

Example 2.2.4. We consider the differential space (S1,C), where the elements of

C are smooth functions that are constant on a neighborhood of (1, 0). The tangent

space at a point (x, y) ∈ S1 is

T(x,y)S
1 =

{(a, b) ∈ R2 | ax+ by = 0} if (x, y) 6= (1, 0)

{0} if (x, y) = (1, 0)

.
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A morphism f : (X,C) → (X1,C1) induces a linear transformation from Tx to

Tf(x) called the differential:

dfx : TxX → Tf(x)X1.

If α ∈ Tx and [g]f(x) ∈ C(X1), then

(dfxα)[g]f(x) := α([gf ]x).

Example 2.2.5. A morphism f : N → M between smooth manifolds is in fact a

smooth map, and the differential dfx is the usual differential defined in the theory

of smooth manifolds (see [28], pag 87).

Example 2.2.6. If a morphism f : (X,C)→ (X1,C1) is an isomorphism, then dfx

is an isomorphism between the vector spaces TxX and Tf(x)X1.

Definition 2.2.7. For a differential space (X,C), we define X i by

X i := {x ∈ X|dim(TxX) = i},

and the r-skeleton by
∑r :=

⋃
i≤rX

i.

Definition 2.2.8. (Definition of stratifold, [12], pag 16) Let S be a locally com-

pact, Hausdorff topological space with a countable basis of its topology and the sets∑r are closed. We say that the differential space (S,C) is a k-dimensional stratifold

if:

1) the differential space (Si,C(Si)) is a smooth manifold and for each x ∈ Si

restriction gives and isomorphism

ι∗ : Cx

∼=−→ C(Si)x,

2) we have dimTxS ≤ k

3) there exist bump functions and these functions are elements of the algebra C.
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Remark 2.2.9. If we have a point x ∈ S there exist a pair of germs of functions.

The first, Cx is the germ of functions from the algebra C of the differential structure.

The second, C(Si)x is the germ of function by the differential structure (S,C) in Si

(see 2.2.2), the first property say that they are the isomorphic.

Example 2.2.10. An n-dimensional smooth manifold M is and example of an n-

dimensional stratifold. The algebra C consist of smooth functions from M to the

set of real numbers R.

Example 2.2.11. The differential space (S,C) defined in 2.2.4 is an example of

stratifold.

Example 2.2.12. ([12], pag 23) If (S,C), (S1,C1) are stratifolds of dimension k

and l, then we can define a stratifold structure on the product (S×S ′) of dimension

k + l.

Example 2.2.13. ([12], pag 23, example 7) Let (S,C) be a compact k-dimensional

stratifold. We define a stratifold structure of dimension k + 1 on the open cone

◦
C(S):= S × [0, 1)/S × {0}.

The algebra C is composed by functions whose restriction to S× (0, 1) is an element

in C(S× (0, 1)) and also are constant in a neighborhood of the top of the cone point

S × {0}. In this example, we are using the previous example, where we mention

that the product of stratifolds has a stratifold structure. Also, the stratifold S need

to be compact in order to assure
◦

C(S) be locally compact.

Example 2.2.14. ([12], pag 23) Similarly to CW complexes, we can build strat-

ifolds from previous ones. Suppose we have an n-dimensional stratifold (S,C), a

k-dimensional manifold with boundary M with a collar c : ∂M × [0, ε) → M . We

further assume a proper morphism f : ∂M → S and k > n. We define a stratifold

structure on the space S ′

S ′ := M ∪f S.
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The elements of the algebra C(S ′) are functions g : S ′ → R such that g|M−∂M is

smooth, g|S ∈ C and there exists a number δ < ε such that g(x, t) = g(f(x)) for all

x ∈ ∂M and all t < δ.

In this work we consider some special stratifolds called parametrized stratifolds

(p-stratifolds). We give the definitions and the main properties below. We follow

[24] and [25].

Example 2.2.15. (Definition of p-stratifolds) We star with a discrete set of points

X0 and C(X0) is the set of functions from X0 to the real numbers R. To built X1,

we takeW 1 a 1-dimensional smooth manifold with boundary and a proper morphism

f1 : ∂W 1 → X0 like in the previous example. Using this, we can define a stratifold

structure on

X1 := W 1 ∪f1 X0.

So, we have a stratifold (X1,C(X1)). To get X2, we take W 2 a 2-dimensional

smooth manifold with boundary and a proper morphism f2 : ∂W 2 → X1 to define

a stratitifold structure on

X2 := W 2 ∪f2 X1.

If we use this construction n-times then we get an n-dimensional p-stratifold

(Xn,C(Xn)).

Example 2.2.16. The stratifold in example 2.2.4 is in fact a p-stratifold. Also, any

smooth manifold can be consider as a p-stratifold.

Example 2.2.17. We give the space D2 = {x ∈ R2||x| ≤ 1} a p-stratifold structure

with only two non empty strata. We define the set of points X0 as the empty set,

W 1 = S1 and W 2 = D2. The functions f0, f1 are the empty function and the

identity on S1 respectively. With the previous functions, the space D2 has a p-

stratifold structure and S1, D2−S1 are the strata of dimension 0 and 1 respectively.

Example 2.2.18. Using the previous example as model, we can give any smooth

n-dimensional manifold M a p-stratifold structure. In this structure S(n−1) =

∂M, Sn = M − ∂M .
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Remark 2.2.19. We can find stratifolds that do not have a p-stratifold structure

(see [12], pag 187).

In a general stratifold the different strata are defined by the dimension of the

corresponding tangent spaces (2.2.7). For a p-stratifold S, we can identify Si, the

stratum of dimension i, with the set W i − ∂W i.

2.2.1 Regular values on stratifolds

The stratifold structure allows us to use several tools appearing in differential topol-

ogy. One of the most important tools is the concept of regular value . This definition

can be more general and we can, in fact, define it for differential spaces.

Definition 2.2.20. Let (S,C) be stratifold,M a smooth manifold with its stratifold

structure (M,C∞(M)) and f : S → M a morphism (also called a smooth map).

We say x ∈ S is a regular point if the differential

dfx : TxS → Tf(x)M

is a surjective function. As usual, we say y ∈ M is a regular value if for all

x ∈ f−1(y) the point x is a regular point.

The first application is the pre-image theorem in the theory of stratifolds.

Theorem 2.2.21. ([12], proposition 2.7) Suppose we have a smooth map f from a

k-dimensional stratifold S to a smooth n-dimensional manifold M . If y ∈ M is a

regular value then f−1(y) is a (k − n)-dimensional stratifold.

Example 2.2.22. If in the previous example the stratifold S is a p-stratifold then

f−1(y) is a p-stratifold.

Also, we have a generalization of Brown’s theorem in the case of stratifolds.

Theorem 2.2.23. (Proposition 2.6 [12]) Let g : S →M be a smooth map. The set

of regular values is dense in M .
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We define regular stratifolds in order to get a more useful result. This result is

fundamental in order to get a Mayer-Vietoris sequence of stratifold homology.

Definition 2.2.24. A stratifold S is regular if for each point s in the i-stratum Si

there exists an open set U of s in S, a stratifold F with 0-stratum equals to a one

point and an stratifold isomorphism

ψ : V × T → U,

where U is an open set of s in Si.

Example 2.2.25. Any smooth manifold is a regular stratifold. Also, the set f−1(y)

is a regular stratifold for any smooth map f : S → R if S is a regular stratifold

([12], proposition 4.2). However, there exist stratifolds which are not regular. For

example, the stratifold defined in (3), page 30, [12] is not regular.

The main reason to impose the regularity condition is explained by the next

theorem.

Theorem 2.2.26. ([12], proposition 4.3) Let S be a regular stratifold. Then the

regular points of a smooth map f : S → R form an open subset of S. If in addition

S is compact, the regular values form an open set.

This result is used to prove that the boundary operator in the Mayer-Vietoris

sequence for stratifold homology is well defined ([12] , theorem 5.2, theorem 8.1).

This sequence will be explained in section 2.2.3.

2.2.2 Stratifolds with boundary

A stratifold with boundary is similar to a manifold with boundary. However, we

need to know its boundary from the stratifold structure. In general, we cannot

identify the boundary from the dimension of the tangent space. Finally, we can glue

stratifolds with boundary along parts of its boundary and get new stratifolds.

We start with a pair of topological spaces T and ∂T with the following properties:
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• The space ∂T is a closed subspace of T .

• The spaces T − ∂T and ∂T are stratifolds of dimension n and (n− 1).

The stratifold T − ∂T is called the interior and we denote this by
◦
T .

Definition 2.2.27. For a pair as above (T, ∂T ), a collar is a morphism

c : Uε := ∂T × [0, ε)→ V

for a positive number ε and V an open neighbourhood of ∂T with the following

properties:

• The restriction c|∂T×{0} is the identity map on ∂T × {0},

• The aplication c|∂T×(0,ε) is an isomorphism of stratifolds from ∂T × (0, ε) to

V − ∂T .

We say two collars c1 : Uε1 :→ V1, c2 : Uε2 :→ V2 are in the same germ if there

exists a positive number δ < min{ε1, ε2}, such that c1|Uδ = c2|Uδ. The previous

relation is an equivalence relation and we denote an equivalence class by [c]. Using

this, we can define stratifolds with boundary or c-stratifolds:

Definition 2.2.28. An n-dimensional stratifold with boundary is a pair (T, ∂T ),

like in the previous definition, with a germ of collars [c]. We say ∂T is the boundary

of T .

A smooth function f from T to the real numbers is a continuous map such that

f |∂T ∈ C(∂T ), f | ◦
T
∈ C(

◦
T ) and there exists a positive number δ with the property

f(c(x, t)) = f(t) for all x ∈ ∂T and t < δ (i.e., the function f commutes with a

representative of the germ of collars).

Remark 2.2.29. We define in a similar way a p-stratifold with boundary (T, ∂T ).

Here, the stratifolds T and ∂T have a p-stratifold structure ([25], definition 3.6).

Example 2.2.30. An n-dimensional smooth manifold M is an example of n-

dimensional stratifold with boundary.
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Example 2.2.31. (Regular values on stratifolds with boundary) ([12], pag

38) Let f a smooth function from a stratifold with boundary T . A regular value c

is a real number such that c is a regular value for f |∂T and f | ◦
T
. In that case, the

preimage f−1(c) is a stratifold with boundary and

∂f−1(c) = ∂T ∩ f−1(c).

The collar is defined by restriction.

Example 2.2.32. For an n-dimensional stratifold S, we can give the space

C(S) := S × [0, 1]/(S × {0})

a structure of (n + 1)-dimensional stratifold with boundary. Here, we have
◦

C(S)=
◦

C(S) (see 2.2.13), ∂C(S) = S×{0} and c : U1/2 = S× [0, 1/2)→ S× [0, 1/2)

the identity function.

By the previous example, we cannot define stratifold bordism using all stratifolds.

If we do that, then this theory is trivial. To avoid this problem, it is necessary to

impose some extra conditions.

Definition 2.2.33. We say an n-dimensional stratifold T with boundary is ori-

ented if the stratum of dimension n, (
◦
T )n, is an oriented manifold and the stratum

of codimension one, (
◦
T )(n−1), is the empty set. Also, we say the stratifold with

boundary T is regular if
◦
T and ∂T are regular stratifolds 2.2.24.

So, an oriented n-dimensional stratifold S is an stratifold with an orientation of

its top stratum Sn. −S will denote the same stratifold with the opposite orientation

of the top stratum.

Example 2.2.34. The stratifold of dimension 1 in example 2.2.4 is not oriented.

The stratum S0 is not empty. An oriented smooth manifold is an example of an

oriented stratifold.
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2.2.2.1 Straightening the angle

The name of this part comes from [6] chapter I.3. In this part, the authors (Conner

and Floyd) give a differential structure to the cartesian product of smooth manifolds

with boundary. The basic idea is use polar coordinates to get a homeomorphism

from [0,∞)× [0,∞) to R× [0,∞) ([6], pag 8).

Also, Conner and Floyd use this construction to prove the transitivity property

of the bordism relation (see chapter I.4). Using a similar argument, it is possible to

glue stratifolds with boundary along parts of the boundary and get a new stratifold

with boundary ([12] pages 37 and 192).

At first, we explain how to glue stratifolds along a common boundary

([12], pag 36). Using this, we enunciate the theorem to glue stratifolds along part

of their boundaries.

Suppose we have stratifolds T, T1 with the same boundary ∂T = ∂T1. We can

take the topological space T ∪∂T=∂T1 T1 and define a stratifold structure on this

space.

For this, we take the collars c : ∂T × [0, ε) → V, c1 : ∂T1 × [0, ε) → V1 and get

the homeomorphism ϕ : ∂T × (−ε, ε) → V ∪ V1 by mapping (x, t) ∈ ∂T × (−ε, 0]

to c(x,−t) and (x, t) ∈ ∂T × [0, ε) to c1(x, t). To obtain a stratifold structure

on T ∪∂T=∂T1 T1, we define the algebra C(T ∪∂T=∂T1 T1). It contains functions

f : T ∪∂T=∂T1T1 → R such that f | ◦
T
∈ C(

◦
T ), f | ◦

T1
∈ C(

◦
T1) and fϕ ∈ C(∂T×(−ε, ε)).

Now, we make a more general construction. Suppose we have W1,W2 stratifolds

with boundary and

• ∂W1 = Z ∪∂Z=∂Y1 Y1 (the collars for Z and Y1 are ϕZ and ϕY1),

• ∂W2 = Z ∪∂Z=∂Y2 Y2 (the collars for Z and Y2 are ϕZ and ϕY2).

Here, we are assuming the previous construction for the stratifolds ∂W1 and ∂W2.

Then, we can define a stratifold structure on W1 ∪Z W2 with boundary equals to
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Y1 ∪∂Z Y2 (see the picture on page 193 [12]). The proof of this fact appears on [12]

page 193 and 194.

Theorem 2.2.35. ([12], proposition A.1) For i = 1, 2, let Wi be c-stratifolds (strat-

ifolds with boundary) such that ∂Wi is obtained by gluing two c-stratifolds Z and Yi

along the common boundary ∂Z = ∂Yi = N :

∂Wi = Z ∪N Yi.

Then there is a c-stratifold W1 ∪Z W2 extending the stratifolds structures on Wi −

(Z ∪ imϕYi). The boundary of W1 ∪Z W2 is Y1 ∪N=∂Z Y2.

2.2.3 Stratifold homology

We define the concept of bordism using stratifolds. The stratifold bordism relation

is quite similar to usual oriented bordism. However, it is necessary to take care in

doing this. For example, we impose the orientation condition to get a non trivial

theory (see [12], pag 51)

Definition 2.2.36. Suppose we have a pair S0, S1 of n-dimensional oriented, regular

and compact stratifolds with continuous maps g0 : S0 → X, g1 : S1 → X to a

topological space X. We say (S0, g0), (S1, g1) are bordant if there exists a stratifold

T with boundary and a continuous map g : T → X such that

(∂T, g|∂T ) = (S0, g0) t (−S1, g1).

The stratifold bordism relation is an equivalence relation and we denote the

equivalence classes of dimension n by SHn(X), the n-th stratifold homology of X.

We denote the class of the pair (S, g) by [S, g]. The disjoint union defines an abelian

structure on SHn(X) by:

[S0, g0] + [S1, g1] := [S0 t S1, g0 t g1].
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Remark 2.2.37. We can define the bordism relation using p-stratifolds instead of

stratifolds and this also defines an equivalence relation. To prove the transitivity

property, we need to glue along parts of the boundary like in section 2.2.2.1. Also,

the orientation condition assures the stratifold bordism relation is non-trivial (see

[12], theorem 8.2).

There is a Mayer-Vietoris sequence which relates the groups SH∗(U ∪

V ),SH∗(U),SH∗(V ),SH∗(U ∩ V ) for open sets U, V of a topological space X. For

this, we need to define a boundary operator d : SHn(U ∪ V )→ SHn−1(U ∩ V ).

The definition of this operator is as follows: Suppose [S, g] is an element in

SHn(U ∪ V ). We take the disjoint closed subsets g−1(U c), g−1(V c). Using the

properties of smooth maps on stratifolds, we get a smooth function ρ : S → R with

ρ(g−1(U c)) = −1, ρ(g−1(V c)) = 1 and a regular value t ∈ (−1, 1) ([12], pag 29). So,

the set ρ−1(c) is an (n− 1)-dimensional oriented stratifold and g(ρ−1(c)) ⊂ U ∩ V .

We define

d[S, g] := [ρ−1(c), g|ρ−1(c)].

It is not easy to show that this is a well defined operator. Among other properties,

this uses the fact the set of regular values is open and dense for a compact and

regular stratifold ([12], proposition 4.3).

Theorem 2.2.38. (see [12], proposition 5.1). The boundary operator is a well

defined homomorphism.

Using this, we get the Mayer-Vietoris sequence in the stratifold bordism relation.

Theorem 2.2.39. ([12], theorem 5.2, theorem 8.1) For open subsets U and V of X

there is a long exact sequence (Mayer-Vietoris sequence):

· · · SHn(U ∩ V ) −→ SHn(U)⊕ SHn(V ) −→ SHn(U ∪ V )

d−→ SHn−1(U ∩ V ) −→ SHn−1(U)⊕ SHn−1(V ) −→ · · · .
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In ([12], chapter 9), the author defines a homology theory as a functor be-

tween the category of topological spaces and the category of abelian groups which

is invariant up to homotopy and comes with a Mayer-Vietoris long exact sequence.

So, the theory of stratifold bordism is a homology theory called integral strati-

fold homology ([12], theorem 8.1) and the value at a point is precisely the integers

concentrated in degree zero ([12], theorem 8.2). Since both SH∗(·) and singular ho-

mologyH∗(·;Z) are compactly generated, they are isomorphic for all CW-complexes.

Theorem 2.2.40. ([12], theorem 20.1) The functor SH∗(·) defines a homology the-

ory. Moreover, the homology theory SH∗(·) is isomorphic to singular homology

H∗(·;Z) for all CW complexes.

If we have a topological space X and n ≥ 0, then we can define two versions

of stratifold homology. First, the homology theory SHn(X) is the group of equiv-

alence classes of maps from n-dimensional compact, oriented, regular stratifolds to

X under the bordism relation. The second, the homology theory SHn(X) is the

group of equivalence classes of maps from n-dimensional compact, oriented, regular

p-stratifolds to X under the bordism relation ([25], pag 13). These two theories are

isomorphic for all CW-complexes but differ for general spaces. ([12], pag 185).

Theorem 2.2.41. (see [25], section 3.1, theorem 3.13) The functor SH∗(·) defines

a homology theory. Moreover, there exists a natural transformation η, from SH∗(·)

to singular homology H∗(·;Z), where η is an isomorphism for any topological space.

Note that for these results to be true, we need SH0({∗}) = 0 and SHn({∗}) = 0,

for n ≥ 1. Thus, if we have S a compact oriented n-dimensional stratifold (or

p-stratifold), then there should exists T a compact oriented (n + 1)-dimensional

stratifold (or p-stratifold) with boundary S. More precisely, we can take T = C(S),

the cone over S, which is compact and oriented. If n = 0, then it is not an allowed

bordism because C(S) is not oriented. (codimension 1 strata is not empty).

Finally, in order to orient the boundary of a stratifold with boundary T , we

follow the convention in [12] pag 79.
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The Zk -Stratifold homology

In what follows we develop the main part of the thesis. We bring together the

theory of Zk-manifolds from Sullivan [19] and the theory of stratifolds from Kreck

[12]. With this, we define a homology theory that represents homology classes with

Zk-coeficients.

3.1 Definition of Zk - stratifold homology

Definition 3.1.1. A (closed) n-dimensional Zk-stratifold (T, S, (θi)1≤i≤k)) consists

of:

(1) A compact, n-dimensional, oriented and regular stratifold with boundary T .

(2) A compact, (n−1)-dimensional, oriented and regular stratifold without bound-

ary S.

(3) A decomposition ∂T =
⊔k
i=1(∂T )i of the oriented boundary of T into k disjoint

oriented stratifolds, and orientation preserving isomorphisms θi : S −→ (∂T )i

between these stratifolds (∂T )i and S.

25
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The quotient space which results by identifying the points on the boundary using

the θi′s, is denoted by T̃ .

Remark 3.1.2. A Zk-stratifold T is more than just the quotient space T̃ , we

keep track of the identifications of the boundary ∂T . We denote the Zk-stratifold

(T, S, (θi)1≤i≤k)) by T for convenience.

Example 3.1.3. (The basic example of Zk-stratifold) The next picture repre-

sent a Z3-stratifold structure for this manifold with boundary. Here ∂T = S1tS1tS1

and S = S1.

Figure 3.1. A closed Z3-stratifold,
where ∂T = S1 t S1 t S1 and S = S1.

Example 3.1.4. A compact, oriented and regular stratifold without boundary is a

Zk-stratifold with S = ∅.

Example 3.1.5. The Klein bottle is an example of a Z2-stratifold. In general, a

Zk-manifold has a Zk-stratifold structure.

Example 3.1.6. A 0-dimensional Zk-stratifold is a finite set of points with orien-

tations.

Definition 3.1.7. An (n + 1)-dimensional Zk-stratifold with boundary

(M,N, (ψi)1≤i≤k) consists of

(1) A compact, (n+1)-dimensional, oriented and regular stratifold with boundary

M .
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(2) A compact, n-dimensional, oriented and regular stratifold with boundary N .

(3) k disjoint orientation preserving embeddings ψi : N ↪→ ∂M .

(4) A closed n-dimensional Zk-stratifold T (with θi and S as in Definition 3.1.1).

Such that ∂M = (
⊔k
i=1 ψi(N)) ∪ T and ψi(N) ∩ T = θi(S). The quotient space

which results by identifying the points on the boundary using the ψi’s is denoted by

M̃ .

Definition 3.1.8. We say the Zk-boundary of M is T .

Remark 3.1.9. A Zk-stratifold with boundaryM is a stratifold with boundary with

an additional structure on its boundary. Such structure decomposes its boundary

in two components. The first component is a disjoint union of
⊔k
i=1 ψi(N) and a

Zk-stratifold T . We denote the Zk-stratifold with boundary (M,N, (ψi)1≤i≤k) by M

and we keep track of these identifications.

Example 3.1.10. (The basic example of a Zk-stratifold with boundary) In

the next picture (3.2), we give a Z3-stratifold boundary structure to the smooth

manifold D3. Following the notation of the previous definition, we take M = D3,

the stratifold N = D2 and T is the pair of pants. Using the applications ψi defined

by the picture, we get:

∂D3 = (
k⊔
i=1

ψi(D
2)) ∪ T = S2.

Example 3.1.11. A Zk-manifold with boundary is an example of a Zk-stratifold

with boundary.

Definition 3.1.12. If we require the stratifolds to have a p-stratifolds structure,

then we have the notions of Zk-p-stratifold and Zk-p-stratifold with boundary.

Proposition 3.1.13. If T is a (closed) Zk-stratifold, then (after straightening the

angle [12]) T × I is a Zk-stratifold with Zk-boundary T × {0, 1}.
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=

Figure 3.2. The Z3-boundary of
D3 is the Z3-stratifold T .

Proof. The manifold W × I has a differentiable structure (after straightening the

angle [12]) and

∂(W × I) = (∂W )× I ∪∂ W × {0, 1} .

Therefore, the product T × I is a stratifold with boundary and we have:

∂(T × I) = ((∂T )× I) ∪∂ (T × {0, 1}) ,

(∂T )× I = tki=1(∂T )i × I

so (∂T )× I is k copies of a stratifold with boundary.

This result also hold for p-stratifolds and taking into account orientations.

Proposition 3.1.14. If T is a (closed) Zk-p-stratifold, then T×I is a Zk-p-stratifold

with Zk-boundary T × {0, 1}.

Proof. Let f : ∂W → T i be the attaching map for the stratifold T at the i-th stage.

Taking the product with the identity, we get the attaching map for T × I at the i-th

stage, and it has the form f × id : ∂W × I → T i × I.

The main purpose of this part is to create a homology theory with Zk-coefficients.

We begin with some definitions.

Definition 3.1.15. Given a topological space X, a singular n-dimensional Zk-

stratifold in X consists of a pair (T, f), with T a Zk-stratifold of dimension n and
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f : T → X a continuous map with f ◦θi = f ◦θj (θi as in definition 3.1.1). Similarly

we can define a singular Zk-p-stratifold in X.

In the next definition, we introduce the notion of Zk-bordism for Zk-stratifolds.

Definition 3.1.16. Let f : T → X be a singular n-dimensional Zk-stratifold in X,

we say that f is Zk-bordant if we have the following:

• There is an (n+ 1)-dimensional Zk-stratifold with boundary M , such that the

Zk-boundary is T .

• There is a continuous function F : M → X, with F |T = f .

• F ◦ ψi = F ◦ ψj for each i, j ∈ Zk (Functions ψi, ψj were defined in 3.1.7).

We call (M,F ) a Zk-stratifold null bordism for (T, f). Requiring all Zk-stratifolds

to be Zk-p-stratifolds, we can define the notion of Zk-p-bordant.

As usual, we understand by −T the Zk-stratifold T with the opposite orientation.

In other words, we just change the orientation of the pair (T, S) in the definition

3.1.1.

Definition 3.1.17. (Zk-stratifold bordism relation) We say (T1, f1) is Zk-

bordant to (T2, f2) if and only if (T1, f1) + (-T2, f2) is Zk-bordant. We denote

this equivalence relation by

(T1, f1) v (T2, f2) .

Proposition 3.1.18. The Zk-stratifold bordism relation is an equivalence relation.

Proof. X (Reflexivity) Let (T, f) be a Zk-stratifold in X, there is only one pos-

sible choice, which is (T× I, S × I) and F = f(π1) (see 3.1.13) with

∂(T× I) = (∂T× I) ∪ (T× {0} ∪ −T× {1}) ,

(∂T× I) = tki=1(S × I).
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This shows that (T, f) v (T, f).

X (Transitivity) If (T1, f1) v (T2, f2) and (T2, f2) v (T3, f3), then there exist

Zk-stratifold bordisms M1,M2 such that:

∂M1 = (tki=1N
1
i ) ∪ (T1 t −T2) ,

∂M2 = (tki=1N
2
i ) ∪ (T2 t −T3) .

We can glueM1 withM2 along the boundary T2 (2.2.2.1) and hence we obtain

a Zk-stratifold bordism for (T1, f1) t (−T3, f3).

X (Symmetry) It is clear.

Definition 3.1.19. We denote the set of classes of Zk-stratifolds up to the Zk-

stratifold bordism relation by SHn(X;Zk), and the class of the singular Zk-stratifold

is denote by [(T, f)]. When we use Zk-p-stratifolds we denote this set by SHn(X;Zk).

Definition 3.1.20. If we have (T1, f1) and (T2, f2), two singular Zk-stratifolds in

X (or Zk-p-stratifolds in X), then we define their sum as

(T1, f1) + (T2, f2) := (T1 tT2, f1 t f2) ,

where t is disjoint union.

Proposition 3.1.21. The sum of singular n-dimensional Zk-stratifolds (T, f)

(3.1.20) induces an abelian group structure on SHn(X;Zk), and similarly for

SHn(X;Zk). For the neutral element we can take the empty stratifold.

Remark 3.1.22. We can consider a closed stratifold like a Zk-stratifold. Also, the

stratifold bordism relation is preserved by the Zk-stratifold bordism relation. So,

the inclusion induces a pair of well defined homomorphisms

i∗ : SHn(X)→SHn(X;Zk),

(ip)∗ : SHn(X)→SHn(X;Zk).
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In particular, if [(T, f)] = 0 in SHn(X) then [(T, f)] = 0 in SHn(X;Zk) and simi-

larly for SHn(X;Zk).

The objective of our Zk-stratifold bordism relation is to get a representation of

singular homology with Zk-coefficients. So, we need the following result.

Proposition 3.1.23. For (T, f) an n-dimensional, singular Zk-stratifold in X, we

have

k[(T, f)] = 0 ∈ SHn(X;Zk) .

This is also true for SHn(X;Zk).

Proof. Take (T, f) a singular Zk-stratifold in X and consider the disjoint union

(T̂ , f̂) =
k⊔
i=1

(Ti, fi) ,

where every Ti is the original T . Therefore, we can consider the Zk-stratifold bordism

given by

M = T̂ × I,

N = (−T × {1}) ∪∂ (∂T × I)

and the map to X is the composition F = f ◦ π1 with π1 the projection on the first

variable. This shows the desired result. For T̂ a Zk-p-stratifold the product T̂ × I

is also p-stratifold by Proposition 3.1.14.

As any compact oriented stratifold bounds its cone, then the groups SHn({∗})

are trivial if n ≥ 1.

If n = 0, then we cannot construct the cone of an oriented stratifold since the

definition does not allow a non-empty stratum of dimension one. Thus the group

SH0({∗}) is isomorphic to the usual oriented bordism group in dimension zero (i.e.

the set of integers). We have something similar for Zk-stratifold bordism.
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Proposition 3.1.24. We have SHn({∗};Zk) and SHn({∗};Zk) are trivial if n ≥ 1

and SH0({∗};Zk) = SH0({∗};Zk) = Zk.

Proof. Let T be a closed n-dimensional Zk-stratifold. First, we suppose that n ≥ 2

and hence the dimension of the stratifold (∂T )1 is at least 1. Thus there exists a

compact, oriented, regular stratifold N whose boundary is (∂T )1 (i.e., ∂N = (∂T )1).

In general we can take just the cone of (∂T )1 to construct the stratifold N . As a

consequence, we can use k-copies of N in order to get the stratifold (tki=1N)∪T with

empty boundary. Again we can use the cone construction and we obtain a stratifold

M whose boundary is (tki=1N) ∪ T . Thus M is a Zk-stratifold with boundary and

the Zk-boundary is T .

If n = 1, then we take the double copy of T gluing along the boundary and this

stratifold is again the boundary of another compact, oriented, regular stratifold.

Similar arguments work for Zk-p-stratifolds.

For dimensions 0 and 1 every Zk-stratifold is a Zk-manifold, so SH0(X;Zk) =

SH0(X;Zk) = Ω0(X;Zk) = Zk.

Definition 3.1.25. A continuous map g : X −→ Y defines morphisms between the

Zk-stratifold bordism groups by

g∗ : SHn(X;Zk) −→ SHn(Y ;Zk),

g∗ : SHn(X;Zk) −→ SHn(Y ;Zk),

[(T, f)] −→ [(T, g ◦ f)] .

Similarly as when we proved reflexivity in 3.1.18, T × I is a Zk-stratifold with

boundary, and we have the following result.

Proposition 3.1.26. If g0 and g1 are homotopic maps from X to Y , then

(g0)∗ = (g1)∗ : SHn(X;Zk) −→ SHn(Y ;Zk) .

Similarly for SHn(X;Zk).
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Proof. There is a homotopy g : X × I −→ Y between g0 and g1. Take [(T, f)] ∈

SHn(X;Zk), and hence (T × [0, 1], g(f × id)) is a Zk-stratifold bordism between

(g0)∗([T, f ]) and (g1)∗([T, f ]).

The next result is an easy consequence of the definition.

Proposition 3.1.27. If g : X −→ Y and h : Y −→ Z then

(h ◦ g)∗ = h∗ ◦ g∗,

(id)∗ = id.

In addition, g∗ is a group homomorphism.

3.2 Regular Values

Kreck [12] shows that the theory of regular values also holds in stratifolds. A sig-

nificant result in this setting is Sard’s theorem which tells us that the set of critical

values for a smooth function has Lebesgue measure zero. These results are used to

prove the Mayer-Vietoris axiom in stratifold homology. The aim of this section is

to show that under certain modifications the theory of regular values also holds for

Zk-stratifolds.

3.2.1 Regular values of Zk -stratifolds

We know the meaning of regular values in stratifold (2.2.20). In a natural way, we

defined regular values in Zk-stratifolds.

Definition 3.2.1. Let T be a Zk-stratifold, we say that g : T̃ −→ R is a smooth

map if

g1 = g ◦ pr : T → R

is a smooth map, where pr is the quotient map from the stratifold T to the space T̃

(see definition 3.1.1)
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Remark 3.2.2. In brief, we consider smooth functions g1 : T → R that respect

the Zk-structure (i.e θi(g1) = θj(g1) i, j = 1, 2, · · · , k) i.e they are Zk-equivariant

on the border. We use the same definition in the case g : M̃ → R is a smooth

function from a Zk-stratifold with boundary M .

The last definition allows us to extend the definitions of regular points and regular

values for Zk-stratifolds and smooth maps. We will prove that the usual results like

the existence of regular points and regular values hold for Zk-stratifolds.

Definition 3.2.3. A point c ∈ R is called a regular value for g if c is a regular

value for g1 (recall g1 = g ◦ pr)). A point x ∈ T̃ is called a regular point for g if

for every x0 with x = pr(x0), we have x0 is a regular point for g1.

Lemma 3.2.4. Let g : T̃ → R a smooth function from a compact, regular stratifold

with boundary to the real numbers R. The set of regular values for g is open and

dense.

Proof. Let A0, A1 be sets of regular points on g| ◦
T
and g|∂T . These sets are open

in
◦
T and ∂T . Since g commutes with a collar, the set of regular points for g is

A0∪ (A1× [0, ε)) and in addition, it is an open set in the domain of g. So, the set of

non-regular points for T is closed and compact. Their image by g is compact and

with open complement . Moreover, it is the set of regular values of g. Finally, the

set of regular values for g| ◦
T
and g|∂T are dense and open in R. Since R is a Baire

space, hence the set of regular values for g is dense.

The previous result has as consequences the same properties for regular values

and regular points of smooth maps of Zk-stratifolds.

Corollary 3.2.5. Let g : T̃ → R be a smooth map from a compact Zk-stratifold to

R. The set of regular points for g is an open subset and the set of regular values is

open and dense in R.

We have the pre-image theorem in the theory of Zk-stratifolds.
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Proposition 3.2.6. For g : T̃ −→ R a smooth map from an n-dimensional Zk-

stratifold T to R and c ∈ R a regular value for g, the pre-image g−1(c) is an (n−1)-

dimensional Zk-stratifold.

Proof. In the Zk-stratifold T̃ , we can consider the associated stratifold with bound-

ary T and the function g1 : T → R. The preimage g−11 (c) is a regular stratifold with

boundary equal to ∂(T )∩ g−1(c) ([12], pag 38, 44). The structure of Zk-stratifold of

T induces a Zk-stratifold structure on g−1(c) with

∂g−1(c) =
k⊔
i=1

(∂T )i ∩ g−1(c) .

Finally, the restriction of θi implies that the boundary is given by k-copies of the

same p-stratifold and moreover, g−11 (c) has a structure of p-stratifold. In the Figure

3.3 we illustrate this procedure.

Figure 3.3. The purple line represents g−1(c).

Remark 3.2.7. The previous proposition also holds in the caseM is a Zk-stratifold

with boundary (M,N, (ψi)1≤i≤k) and g : M̃ → R. In this case, the set g−1(c) is a

stratifold with boundary and

• ∂g−1(c) = g−1(c) ∩ ∂M ,

• ∂g−1(c) = (
⊔k
i=1 ψi(N) ∩ g−1(c)) ∪ (T ∩ g−1(c)).

This defines the Zk-stratifold with boundary structure for g−1(c) with Zk-stratifold

boundary T ∩ g−1(c) (the Zk-boundary of M intersected with g−1(c)).
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The following property is fundamental in order to define the boundary operator

of the Mayer-Vietoris sequence for stratifolds: whenever we have disjoint closed and

non-empty subsets A and B in an n-dimensional stratifold S, there is an (n − 1)-

dimensional stratifold S1 with S1 ⊂ S − (A ∪ B). In other words, we find an

(n− 1)-dimensional stratifold which separates A and B ([12], pag 29).

The next lemma allows us to get the same result for Zk-stratifolds.

Lemma 3.2.8. If T is a compact, n-dimensional stratifold with boundary and

A,B disjoint closed non-empty subsets of T , then there exist a smooth function

g : T −→ R with A ⊂ g−1(−1), B ⊂ g−1(1), and an (n − 1)-dimensional stratifold

with boundary which separates A and B.

Proof. Set the following A0 = A ∩ (∂T ) × [0, ε) and B0 = B ∩ (∂T ) × [0, ε). The

spaces T, ∂T are paracompact spaces and hence, they are normal. Thus we can find

closed subsets C0, D0 ⊂ ∂T such that A0 ⊂ int(C0) and B0 ⊂ int(D0). Using that

T is compact, we can find ε0 > 0 such that

A ∩ (∂T × [0, ε0)) ⊂ C0 × [0, ε0), and

B ∩ (∂T × [0, ε0)) ⊂ B0 × [0, ε0) .

Assume we can find a number ε0 with this property, then we can construct a sequence

(xn, 1/n) ∈ (∂T × (1/n)) ∩ A such that xn ∈ (C0)
c ⊂ (int(C0))

c. Similarly, T is

compact and we can suppose that lim(xn, 1/n) = (x, 0). However, we have (x, 0) ∈ A

and (x, 0) ∈ (int(C0))
c since they are closed, which is a contradiction.

Finally, we can find g1 : ∂T −→ R a function that separates A0, B0 in ∂T , and

g2 :
◦
T −→ R that separates A ∩

◦
T ,B ∩

◦
T . Moreover, we can extend g1 to the set

∂T × [0, ε0) in a obvious way.

Now, we take a partition of unity {ρi : T → R} subordinate to the open cover

∂T × [0, ε0), (∂T × [0, ε0/2))c and the function

g(x) =
∑
I1

ρi1(x)g1(x) +
∑
I2

ρi2(x)g2(x)
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where i1 ∈ I1 if supp ρi ⊂ ∂T1 × [0, ε0), and i2 ∈ I2 if supp ρi ⊂ ∂T1 × [0, ε0/2))c.

Finally, if you take a regular value c ∈ (−1, 1) and the stratifold with boundary

g−1(c), then we get the desired result.

Remark 3.2.9. The proof from the last lemma implies the following:

• If A,B are disjoint, closed subsets in a stratifold with boundary and a smooth

map g : ∂T → R which separates ∂T ∩ A and ∂T ∩ B, then there exists

g1 : T −→ R extending g, that separates A,B and commutes with the collar

in an open subset of the boundary.

Lemma 3.2.8 applies to stratifolds with boundary. In our case, we are working

with smooth functions on Zk-stratifolds, or equivalently smooth maps which are Zk-

equivariant on the border (3.2.2). Thus we can use these results in order to prove

the following result in Zk-stratifolds.

Corollary 3.2.10. If we have T̃ an n-dimensional Zk-stratifold with boundary and

A,B disjoint closed non-empty subsets of T̃ , then we can find f : T̃ −→ R a smooth

map, such that A ⊂ f−1(−1), B ⊂ f−1(1), and an (n− 1)-dimensional Zk-stratifold

(with Zk-boundary) which separates A and B.

We want to generalize the following result to p-stratifolds.

Lemma 3.2.11. If we have a smooth map g : M → R from a manifold with bound-

ary, then the preimage g−1(−∞, c] is a manifold with boundary, and the boundary

has the form

(g−1(−∞, c] ∩ ∂M) ∪(g−1(c)∩∂M) g
−1(c),

where the union is taken over g−1(c)∩∂M (i,e the intersection of (g−1(−∞, c]∩∂M)

and g−1(c)).

In addition, if M is oriented, then g−1(−∞, c] is oriented.

The following pair of lemmas generalize the previous lemma to p-stratifolds,

Zk-stratifolds and Zk-p-stratifolds (see Proposition 3.2.13).
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Proposition 3.2.12. Suppose we have g : S → R a smooth map from an oriented

n-dimensional p-stratifold with c ∈ R a regular value. If we have a bicollar g−1(c)×

(−δ, δ) ⊂ S such that g|g−1(c)×(−δ,δ) = π2 then the set g−1(−∞, c] is an oriented n-

dimensional p-stratifold with boundary and the boundary is the oriented p-stratifold

g−1(c).

Proof. We consider fi+1 : ∂Wi+1 → Si the attaching map which defines the (i+ 1)-

stratum for S (). By the hypothesis, we see that the skeleta
∑i :=

⋃
j≤i S

j and

Si are exactly the same set. Thus Si is closed in S and it has the structure of a

p-stratifold.

The proposition 2.5 from [12] implies that g|Si is a smooth map from Si to

R. Since fi+1 is a morphism from the manifold Wi+1 to Si, then the composition

(g|Si)(fi+1) : ∂Wi+1 → R is smooth and c is a regular value. The algebra which

gives the smooth structure is denoted by C(Si+1), hence we can consider g|Wi+1
:

Wi+1 → R a smooth function from a manifold with boundary to R. Moreover, c is

a regular value of g|Wi+1
.

The lemma 3.2.11 implies that (g|Wi+1
)−1(−∞, c] is a smooth manifold with

boundary and the boundary is

(g−1(−∞, c] ∩ ∂Wi+1) ∪∩ (g−1(c) ∩Wi+1) . (3.2.1)

Now, we use the lemma 3.7 in [25] and set the following

∂− := g−1(c) ∩Wi+1 ,

∂+ := g−1(−∞, c] ∩ ∂Wi+1, and

∂− ∩ ∂+ = g−1(c) ∩ ∂Wi+1

As a result, g−1(−∞, c] is a stratifold with boundary and the boundary is g−1(c).

Finally, if the top stratum is oriented, then the manifold from 3.2.1 is oriented.

This ends the proof.
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Proposition 3.2.13. Suppose we have a smooth map g : T̃ → R from a closed

n-dimensional Zk-stratifold T , c ∈ R a regular value. If we have a bicollar

g−1(c) × (−δ, δ) ⊂ S, g|g−1(c)×(−δ,δ) = π2, then the set g−1(∞, c] is a Zk-stratifold

with boundary and the Zk-boundary is g−1(c). Similarly for Zk-p-stratifolds

Proof. Consider the smooth map g1 : T → R from the stratifold with boundary T

to the real numbers. From the previous result, we know ((g)−1(−∞, c] ∩ ∂T ) and

((g)−1(−∞, c]∩
◦
T ) are stratifolds of dimension (n+1) and n respectively. Moreover,

the boundaries of these stratifolds are g−11 (c) ∩ ∂T and (g1)
−1(c) ∩

◦
T .

Also, we have f−1(c) is an n-dimensional, regular stratifold whose boundary is

f−1(c) ∩ ∂M .

Since the stratifolds g−1(−∞, c] ∩ ∂T and g−1(c) have the same boundary, then

we can glue them together along the boundary ([12], pag 192) in order to obtain the

oriented stratifold without boundary

(g−1(−∞, c] ∩ ∂T ) ∪∂ (g−1(c)) .

So, we can write

g−1(−∞, c] = (g−1(−∞, c] ∩
◦
T ) ∪ (g−1(−∞, c] ∩ ∂T ) ∪∂ (g−1(c)) ,

◦
(g−1(−∞, c]) = (g−1(−∞, c] ∩

◦
T ) ,

∂(g−1(−∞, c]) = (g−1(−∞, c] ∩ ∂T ) ∪∂ (g−1(c)) .

As a consequence, the set g−1(−∞, c] has the structure of a stratifold with boundary.

Finally, we give a Zk-stratifold structure to the boundary of the last stratifold.

This structure comes from the Zk-stratifold structure

g−1(−∞, c] ∩ ∂T =
k⊔
i=1

g−1(−∞, c] ∩ (∂T )i .

Therefore, the stratifold ∂(g−1(−∞, c]) is a stratifold plus k-copies of the same

stratifold g−1(−∞, c] ∩ (∂T )i. By the definition of Zk-stratifold with boundary
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(3.1.7), we conclude g−1(c) is the Zk-boundary of g−1(−∞, c]. We can observe in

Figure 3.4 a representation of g−1(−∞, c]. Similarly for Zk-p-stratifolds.

Figure 3.4. The purple area represents the set g−1(−∞, c].

Remark 3.2.14. In the previous theorems, we suppose we have a bicollar g−1(c)×

(−δ, δ) and g|g−1(c)×(−δ,δ) = π2. The proof of 3.3.2 shows until Zk-stratifold bordism

this is true. By this, we can made this assumption in our theorems for the theory

of Zk-stratifold bordism.

3.3 Mayer-Vietoris Sequence

We will construct the Mayer-Vietoris sequence for Zk-stratifolds using the results of

the previous section about regular values.

3.3.1 The boundary operator

To construct the Mayer-Vietoris sequence for Zk-stratifolds, we need to define the

boundary operator

∂ : SHn(A ∪B;Zk)→ SHn−1(A ∩B;Zk) .

The idea is simple, but not obvious. Briefly, an element in SHn(A ∪ B;Zk) is

represented by a class [(T, f)] where f is a map from an n-dimensional Zk-stratifold

to X = A ∪ B. We separate the sets f−1(A)c and f−1(B)c using a smooth map g

and a regular value c to get a (n − 1)-dimensional Zk-stratifold T∂. By definition
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T∂ ⊂ f−1(A ∩B), which is used to define

∂[(T, f)] := [(T∂, f |T∂ )] .

Figure 3.5. Representation of the boundary operator.

In the following paragraphs, we show this defines a Mayer-Vietoris sequence for

Zk-stratifolds.

Let [(T, f)] be an element from SHn(A ∪ B;Zk). The boundary operator in

Mayer Vietoris sequence assigns an element in SHn−1(A ∩B;Zk). We can separate

f−1(Ac), f−1(Bc) using a function as constructed before in 3.2.10. Thus we con-

sider a regular value c ∈ (−1, 1) and ρ−1(c) is a Zk-stratifold. As a consequence,

f(ρ−1(c)) ⊂ A ∩B, and we define ∂([T, f ]) = [ρ−1(c), f |ρ−1(c)].

At this point all looks good. But, how can be shown that ∂ is well defined?. If

[(T, f)] = 0, then T is the Zk-boundary of a stratifold M (3.1.7). Intuitively, we

want to extend f to F : M −→ R and we take F−1(c) as a Zk-stratifold bordism for

f−1(c). But, is c a regular value for F? We are not sure c is a regular value for F ,

but the set of regular is dense. So, we can take a regular value close to c in order to

show that ∂([T, f ]) = 0.
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Definition 3.3.1. (Boundary operator) If [(T, f)] is an element in SHn(A∪B;Zk),

and ρ : T → R a smooth separating function for f−1(Ac), f−1(Bc), then we define

∂[T, f ] = [ρ−1(c), f |ρ−1(c)]

where c ∈ (−1, 1) is a regular value for f .

Proposition 3.3.2. The boundary operator ∂ in the Mayer-Vietoris sequence for

Zk-stratifolds bordism is well defined (also independent of the separating function

and regular value)

We present a similar argument as in [12] pages 198 and 199, adapting the proof

to the case of Zk-stratifolds.

Proof. In the first part we fix the separating function and regular value c. By

rescaling and translating we can assume the regular value is zero. We first change

the Zk-stratifold to a bordant Zk-stratifold where there is a bicollar (a subset of the

form S × (−δ, δ)).

Suppose we have [T0, f0] ∈ SHn(A∪B;Zk) and ρ0 : T0 → R a smooth separating

function for f−10 (Ac), f−10 (Bc) with 0 a regular value. Suppose the set (−δ, δ) contains

only regular values of ρ0.

We can construct a smooth monotone function µ : R→ R which is the identity

for |t| > δ/2, zero if |t| < δ/4 and strictly increasing for |t| ≥ δ/4 ([12] pag 198).

Now, we consider η : T0 × R → R defined by η(x, t) = ρ(x) − µ(t). Zero is a

regular value for η. To see this, we note η(x, t) = 0 then |t| < δ or |t| > δ/2 (in fact,

this is true for any point in T0 × R). In the first case x is a regular point for ρ. In

the second case t is a regular value for µ. So, the point (x, t) is a regular value for

the function η.

By proposition (3.2.6), the set T1 := η−1(0) is a Zk-stratifold. Also, we have

ρ−1(0)× (−δ/4, δ/4) ⊆ T1. We consider f1 : T1 → A ∪ B given by f0 ◦ π1|T1 , where
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π1 : T0 × R→ T0. We want to show

[T1, f1] = [T0, f0] ∈ SHn(A ∪B;Zk).

For this, we take a smooth monotone function ζ : I → I which is zero near zero

and one near one. We use the function h : T0 × R × I → R given by h(x, t, s) =

ρ(x)− (ζ(s)µ(t) + (1− ζ(s)t). Since (−δ, δ) only contains regular values, then zero

is a regular value for h.

We have T0 × R × I is a Zk-stratifold with boundary and its Zk-boundary is

T0 × R × {+0,−1} (positive orientation on 0 and negative orientation on 1). By

proposition (3.2.6), the set h−1(0) is a Zk stratifold with boundary and its Zk-

boundary is h−1(0) ∩ (T0 × R× {+0,−1}). h−1(0) ∩ (T0 × R× {0}) = {(x, t) |

ρ(x) − t = 0} which is isomorphic to T0 and h−1(1) ∩ (T0 × R× {−1}) = {(x, t) |

ρ(x)− µ(t) = 0} with the opposite orientation, which is −T1.

If we define F : h−1(0) → A ∪ B by g0 ◦ π1|h−1(0), then we have a Zk-bordism

between (T0, f0) and (T1, f1).

For (T1, f1), separate f−11 (Ac) and f−11 (Bc) by ρ1 : T1 → R given by f0 ◦ π2. By

construction, zero is a regular value for ρ1 and we have

∂[T1, f1] = ∂[T0, f0] = [ρ−1(0), f0|ρ−1(0)].

To show that the boundary operator is well defined, we need to show that

[ρ−1(0), f0|ρ−1(0)] = 0 ∈ SHn−1(A ∩B;Zk) if [T0, f0] = 0 ∈ SHn(A ∪B;Zk).

If [T0, f0] = 0 ∈ SHn(A ∪ B;Zk) is Zk-bordant, then there exists a Zk-stratifold

null bordism (M,F ) (3.1.16). Since [T0, f0] = [T1, f1], there is Zk-stratifold null

bordism (M1, F1) for [T1, f1]. Construct a separating function η : M1 → R for the

sets F−11 (Ac) and F−11 (Bc) with the following properties:

1. η(c(x, t)) = η(x) (η commutes with the collar of M1),

2. there is a δ > 0 such that F1(η
−1(−δ, δ)) ⊂ A ∩B,
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3. There is µ > 0 such that the restriction of η to ρ−1(0)×(−µ, µ) is the projection

over the second entry.

4. Outside ρ−1(0)× (−µ, µ) we have |η(x)| ≥ µ.

Finally, we use Sard’s theorem to find a regular value t of η with |t| < min {δ, µ}.

By the property (3) and (4) of η, we get η−1(t) is a Zk-stratifold with Zk-boundary

equals to ρ−1(0)× {t}. By property (2), we have F1(η
−1(t)) ⊂ A ∩B.

So, we get [ρ−1(0)×{t}, f1|ρ−1(0)×{t}] = 0 ∈ SHm−1(A∩B). By the definition

of f1 = f0 ◦ π1|T1 , we get

f1|ρ−1(0)×{t} = f0|ρ−1(0).

This shows [ρ−1(0), f0|ρ−1(0)] = 0 ∈ SH(A ∩B;Zk).

Now we can see that the boundary operator is independent of the regular value.

Suppose we take two regular values c1, c2 of the same separating function ρ0. Con-

sider the Zk stratifold T0 ∪−T0 with the function f ∪ f : T0 ∪−T0 → A∪B. There

is a separating function ρ′ on T0 ∪ −T0 such that

1. ρ′−1(0) ∩ T0 = ρ−1(c1), and ρ′−1(0) ∩ −T0 = −ρ−1(c2).

2. 0 is a regular value.

Since (T0 ∪ −T0, f ∪ f) is a Zk-boundary, by the previous argument [ρ′−1(0), f ∪

f |ρ−1(0)] = 0 ∈ SH(A ∩ B;Zk), but ρ′−1(0) = ρ−1(c1) ∪ −ρ−1(c2), which show the

boundary operator is independent of the regular value.

Now we can see that the boundary operator does not depend on the separating

function. We can take ρ0 a separating function with regular value 0. Also, we can

take a different separating function ρ1 with regular value 0.

On T0 ∪ −T0 we have the separating function ρ0 ∪ ρ1 with regular value 0, and

applying the previous argument as before, we can see that the boundary operator

is independent of the separating function.
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3.3.2 The Mayer-Vietoris sequence

If U ⊆ V , then we denote by i(U,V ) the inclusion i : U −→ V .

Theorem 3.3.3. If A,B are open subsets in X, then the Mayer-Vietoris sequence

· · · ∂−→ SHn(A ∩B;Zk) −→ SHn(A;Zk)⊕ SHn(B;Zk) −→ SHn(A ∪B;Zk)
∂−→ SHn−1(A ∩B;Zk) −→ · · ·

is exact. The homomorphisms SHn(A ∩ B;Zk) −→ SHn(A;Zk) ⊕ SHn(B;Zk) is

defined by (i(A∩B,A)∗, i(A∩B,B)∗) and SHn(A;Zk)⊕SHn(B;Zk) −→ SHn(A ∪B;Zk)

by i(A,A∪B)∗ − i(A,A∪B)∗ .

Proof. Now we show the exactness of

SHn(A ∩B;Zk) −→ SHn(A;Zk)⊕ SHn(B;Zk) −→ SHn(A ∪B;Zk) .

It is clear from the definition that the composition of the homomorphisms is

zero. Take [(TA, fA)] ∈ SHn(A;Zk) and [(TB, fB)] ∈ SHn(B;Zk) such that

i(A∩B,A)∗[(TA, fA)] = i(A∩B,B)∗[(TB, fB)]. As a consequence, there exists F : T →

A ∪B a Zk-stratifold bordism for [(TA, fA)] and [(TB, fB)].

Lemma 3.2.8 and Corollary 3.2.10 are used to get a smooth separating function

ρ : T → R for A1 = F−1(Bc) ∪ TA and B1 = F−1(Ac) ∪ TB with c a regular value.

Similarly to the proof of proposition 3.3.2 we can assume that there is a bicollar.

The natural Zk-bordism for [(TA, fA)] and [ρ−1(c), F |ρ−1(c)] is ρ−1(−∞, c]. We

have

∂ρ−1(−∞, c] = ρ−1(−∞, c] ∩ TA) ∪D ρ−1(c)

= (TA t ρ−1(c)) ∪ (tni=1Ni ∩ ρ−1(−∞, c]) ,
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where D = TA ∩ ρ−1(c). This shows

[(TA, fA)] = [ρ−1(c), F |ρ−1(c)] ∈ SHn(A ∩B;Zk) .

Finally, we obtain the equality [ρ−1(c), F |ρ−1(c)] = [(TV , fV )] since ρ−1[c,∞) is a

Zk-stratifold bordism for [(TV , fV )] and [ρ−1(c), F |ρ−1(c)].

Now we show the exactness of

SHn(A ∪B;Zk)
∂−→ SHn−1(A ∩B;Zk) −→ SHn−1(A;Zk)⊕ SHn−1(B;Zk) .

We prove that the composition of the two maps is zero. We take [(T, f)] ∈

SHn(A ∪ B;Zk) and ρ : T → R a function for the boundary operator ∂. Similar as

in the previous proof, we take the stratifold with boundary ρ−1[c,∞) and we have

∂(ρ−1(−∞, c]) = tki=1(ρ
−1[c,∞)) ∩ (∂T )i) ∪ ρ−1(c) .

Therefore, (ρ−1[c,∞), f |ρ−1[c,∞)) is a Zk-bordism for (ρ−1(c), f |ρ−1(c)). This shows

the composition of the maps is zero.

To show the other inclusion, we take [(TA∩B, fA∩B)] ∈ SHn−1(A ∩B;Zk), where

i(A∩B,A)∗[(TA∩B, fA∩B)] = 0 ,

i(A∩B,B)∗[(TA∪B, fA∩B)] = 0 .

Let (TA, fA), (TB, B) be Zk-stratifolds bordisms of the previous maps. By definition

(3.1.7), we get

∂TA = (
k⊔
i=1

NA
i ) ∪ TA∩B ,

∂TB = (
k⊔
i=1

NB
i ) ∪ TA∩B .
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We can glue these two stratifolds along TA∩B ([12], pag 194) and get

fA∪B : (TA ∪TA∩B TA)→ A ∪B

This stratifold has a neighborhood of the form TA∩B × (−ε, ε)), we can get ρ :

(TA ∪TA∩B TB)→ R such that in this set ρ is the projection on the second factor.

Finally, we check the exactness in

SHn(A;Zk)⊕ SHn(B;Zk) −→ SHn(A ∪B;Zk)
∂−→ SHn−1(A ∩B;Zk) .

We take [(TA, fA)] ∈ SHn(A;Zk) and i(A∩B,A)∗[(TA, fA)] ∈ SHn(A ∪ B;Zk). If we

consider a separating function ρ, then ρ−1[c,∞) ⊂ A∩B and it is a Zk-bordism for

ρ−1(c). Thus the composition of the maps is zero.

Now we take [(TA∪B, fA∪B)] ∈ SHn(A ∪B;Zk) and we suppose that

∂[(TA∪B, fA∪B)] = [ρ−1(c), f |ρ−1 ] = 0 ∈ SHn−1(A ∩B;Zk) .

Let (TA∩B, fA∩B) be a Zk-bordism in A ∩ B for [ρ−1(c), f |ρ−1 ]. We need to con-

struct an element in [TA, fA] ∈ SHn(A;Zk) and other element [TB, fB] ∈ SHn(B;Zk)

such that

[TB, fB]− [TA, fA] = [(TA∪B, fA∪B)] .

To show this, we can glue ρ−1((−∞, c]), TA∩B and ρ−1([c,∞]), TA∩B, respectively,

along ρ−1(c) to obtain

[(ρ−1(−∞, c] ∪ρ−1(c) TA∩B, f
1
A)] ∈ SHn(A;Zk) ,

[(TA∩B ∪ρ−1(c) (ρ−1[c,∞), f 1
B)] ∈ SHn(B;Zk) .

Finally, we sum the previous pair of functions and the Zk-bordism for

[(TA∪B, fA∪B)] to get the boundary of

(ρ−1(−∞, c] ∪ρ−1(c) TA∩B)× [0, 1]) tTA∩B×{1} (ρ−1[c,∞) ∪ρ−1(c) TA∩B)× [1, 2]) .
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By proposition 3.1.26 and proposition 3.1.27, we have a homology theory ([12],

pag 93). SH∗(X;Zk). All the previous arguments also work with p-stratifolds, so

we have another homology theory SH∗(;Zk).

Theorem 3.3.4. The Zk-stratifold bordism relation defines two homology theories.

We call them : The Zk-stratifold homology theory and the Zk-p-stratifold

homology theory.

3.4 Steenrod’s Problem for Zk –coefficients

We have so far defined two homology theories. These two homology theories satisfy

the dimension axiom: For n ≥ 1

SHn({∗};Zk) = 0 and SHn({∗};Zk) = 0

SH0({∗};Zk) = Zk and SH0({∗};Zk) = Zk. From the axioms of a homology the-

ory you get the suspension isomorphism and therefore these theories agree with

homology with Zk-coefficients for spheres. In the category of finite CW-complexes

by induction you get that all these theories are isomorphic to homology with Zk-

cofficients.

This is also true for any CW -complex. The reason is that all these the-

ories are compactly supported (see definition in [12], pag 94). Therefore

Hn(X;Zk) = lim−→Hk(Xα;Zk), SHn(X;Zk) = lim−→SHk(Xα;Zk) and SHn(X;Zk) =

lim−→SHk(Xα;Zk) with the limits taken over a sequence of finite CW-subcomplex of

X which converge to X.

Theorem 3.4.1. There exists an isomorphism between Zk-stratifold homology the-

ory, Zk-p-stratifold homology theory and singular homology with Zk-coefficients.

This isomorphism is valid for all CW-complexes.
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The difference between these theories appear when you consider spaces that are

not CW-complexes.

3.5 The Bockstein Sequence

In this section we construct the Bockstein sequence for the Zk-stratifold homol-

ogy theory which relates the stratifold homology theory and Zk-stratifold homology.

Similarly there is a Bockstein exact sequence relating Zk-p-stratifold homology the-

ory and p-stratifold homology theory.

The Bockstein homomorphism in bordism theory of Zk-stratifolds has a very

natural definition. To define this, we consider the following two homomorphisms:

• The natural map i : SHn(X)→ SHn(X;Zk).

• The Bockstein homomorphism

β : SHn(X;Zk)→ SHn−1(X),

[T, f ]→ [S, f ◦ θi].

Here, The function θi and the set S were defined 3.1.1 (3).

It is easy to prove these homomorphisms are well defined. For example, if [(T, f)] =

0 ∈ SHn(X,Zk) then (N1, T |N1) is a stratifold bordism for [S, f ◦ θi] (see 3.1.7).

Theorem 3.5.1. (Bockstein sequence) The next sequence is exact

· · · → SHn(X)
×k−→ SHn(X)

i−→ SHn(X;Zk)
β−→ SHn−1(X)

×k−→ · · · ,

Proof. • By proposition 3.1.23, we have (i ◦ (×k)) = 0.

• (ker(i) ⊆ im(×k)). Consider [T, f ] ∈ ker(i) and a Zk-stratifold bordism

(M,F ) for (T, f). By definition, we have:

1) F : M → X,
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2) ∂M = (tki=1N) ∪ T = tki=1θi(N) t T (the boundary of T is empty).

Thus (M,F ) is a stratifold bordism for (T, f) and (tki=1 −N), F |t).

• We know β ◦ i = 0 since the boundary ∂S of an element [(S, f)] ∈ SHn(X) is

empty.

• (ker(β) ⊆ im(i)). Consider [(T, f)] ∈ ker(β), where [(T, f)] ∈ SHn(X;Zk).

We have [S, f ◦ θi] = 0 ∈ SHn−1(X,Z). This means there exists an oriented,

compact n-stratifold T1 such that ∂T1 = S and a function f1 : T1 → X

extending f ◦ θi. We can glue k copies of this stratifold and we get a stratifold

without border M1 and a function F1 : M1 → X.

If we take (M1 × I, F2 ◦ pr) and N = T1, then we conclude (T, f) ∼ (M1, F1).

This shows ker(∂) ⊆ im(i).

• ((×k) ◦ β = 0) We take [(T, f)] ∈ SHn(X;Zk) and k×B([T, f ]). Then, (T, f)

is a stratifold bordism for k ×B([T, f ]).

• (ker(×k) ⊆ im(β)) We take k[T, f ] = 0 where [T, f ] ∈ SHn−1(X). The

bordism for k[T, f ] is a singular Zk-stratifold whose Bockstein is [T, f ].

3.6 Zk -fundamental classes

So far we have two homology theories that are isomorphic for all CW-complexes

and both have Bockstein sequences. In this section we will see the benefits of the

Zk-p-stratifold homology theory. We will construct a natural transformation be-

tween the homology theory defined with Zk-p-stratifolds and the singular homology

with Zk-coefficients. Moreover, the naturality of this transformation together with

the compatibility with the Bockstein sequences implies (by the 5-lemma) that this

natural transformation is an isomorphism between these two homology theories in

the category of CW-complexes. We will see also the compatibility of this natu-

ral transformation with the Mayer-Vietoris sequences, which also will give another
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proof of the isomorphism between these two homology theories in the category of

CW-complexes.

We start by proving that there are Zk-fundamental classes for Zk-manifolds.

3.6.1 Fundamental classes of Zk – manifolds

Recall that ifM is a compact, connected, oriented, n-dimensional manifold (without

boundary) then there is a fundamental class inHn(M) that is precisely the generator

of Hn(M) ∼= Z given by an orientation. By taking this class ( mod k) we have a

fundamental class in Hn(M ;Zk).

Now, if M is a compact, connected, oriented, n-dimensional manifold with non-

empty boundary, then Hn(M ;Zk) = 0 and Hn−1(∂M ;Zk) contains a fundamental

class [∂M ] (the sum of the fundamental classes of the components). The relative

homology Hn(M,∂M ;Zk) also contains a relative fundamental class [M,∂M ] and

in the exact sequence of the pair (M,∂M)

· · · δ // Hn(∂M ;Zk)
in // Hn(M ;Zk) // Hn(M,∂M ;Zk)

δ

// Hn−1(∂M ;Zk)
in−1 // Hn−1(M ;Zk) // · · ·

(3.6.1)

∂ [M,∂M ] = [∂M ]. Since Hn(M ;Zk) = 0, the sequence reduces to the following,

0 −→ Hn(M,∂M ;Zk)
∂−→ Hn−1(∂M ;Zk)

in−1−→ Hn−1(M ;Zk) −→ · · · (3.6.2)

and [∂M ] ∈ ker(in−1). If ∂M is the disjoint union of m components, then

Hn−1(∂M ;Zk) ∼=
⊕m

i=1 Zk and Im(∂) = ker(in−1) = ∆(Zk) the diagonal sub Zk-

module generated by the fundamental class [∂M ] (the sum of the fundamental classes

of the components). In this case Hn(M,∂M ;Zk) ∼= Zk.

In general if M (not necessarily connected) is a compact,oriented n-dimensional

manifold with boundary (possibly empty), then Hn(M ;Zk) ∼=
⊕l

i=1 Zk, where l is

the number of connected components of M without boundary. There is an absolute
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fundamental class [M ] ∈ Hn(M ;Zk) which is the generator of the diagonal sub

Zk-module, ∆(Zk) ⊆
⊕l

i=1 Zk.

Since Hn(∂M ;Zk) = 0, because ∂M is (n−1)-dimensional, the sequence reduces

to the following,

0 −→ Hn(M ;Zk) −→ Hn(M,∂M ;Zk)
∂−→ Hn−1(∂M ;Zk)

in−1−→ Hn−1(M ;Zk) −→ · · ·

(3.6.3)

The relative fundamental class [M,∂M ] is the sum of the image of the absolute

fundamental class [M ] and a relative class (which is the sum of the relative fun-

damental classes of the components of M with non-empty boundary) and we have

∂([M,∂M ]) = [∂M ]. In this case, it is not always the case thatHn(M,∂M ;Zk) ∼= Zk.

In [19] page 471, the authors state a Zk-manifold has a fundamental class, but

they do not present any argument for this. So, we give a proof of this fact.

Theorem 3.6.1. ([19], pag 471) If M is a connected n-dimensional Zk-manifold,

then there exists a fundamental class [M ] in Hn(M ;Zk).

Proof. First consider the case when ∂M = kN and N is connected non-empty. In

this case Hn−1(∂M ;Zk) = Hn−1(kN ;Zk) = ⊕ki=1Hn−1(N ;Zk) = ⊕ki=1Zk.

We consider the exact sequence for the pair (M,∂M):

· · · → Hn(∂M) −→ Hn(M) −→ Hn(M,∂M)
∂−→ Hn−1(∂M)

in−1−→ Hn−1(M) −→ · · · ,

for our manifold M , this sequence transforms to

· · · → 0 −→ 0 −→ Zk
∂−→ ⊕ki=1Zk

in−1−→ Hn−1(M) −→ · · · ,

The first term is zero by dimension, and the second because M is a connected

manifold with non-empty boundary, and the third term is Zk becauseM is connected

with boundary. The fourth term is ⊕ki=1Zk because N is connected.

We know in general that ∂([M,∂M ]) = [∂M ] and in−1([∂M ]) = 0. And here

we can see explicitly that [M,∂M ] is the generator of Zk, and ∂ : Zk → ⊕ki=1Zk
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is the diagonal embedding. Therefore ∂(1) = (1, 1, · · · , 1) and we have that

in−1(1, . . . , 1) = 0.

We want to use the Mayer-Vietoris sequence for M̃ . For this, we take A =
◦
M and

B = ∂M×[0, ε) = k(N×[0, ε)), a tubular neighborhood of ∂M inM . Consider Ã, B̃

their corresponding subsets in M̃ and the associated Mayer-Vietoris sequence. We

have that Ã is homotopy equivalent to M , B̃ is homotopy equivalent to N because

in M̃ we identify the k copies of N . Also, Ã ∪ B̃ = M̃ and Ã ∩ B̃ deformation

retracts to kN . The Mayer-Vietoris sequence is,

Hn(kN ;Zk) −→ Hn(M ;Zk)⊕Hn(N ;Zk) −→ Hn(M̃ ;Zk)
∂−→

Hn−1(kN ;Zk) −→ Hn−1(M ;Zk)⊕Hn−1(N ;Zk) −→ Hn−1(M̃ ;Zk) · · ·

In our case, this sequence transforms to

0 −→ 0⊕ 0 −→ Hn(M̃ ;Zk)
∂−→

Hn−1(kN ;Zk) −→ Hn(M ;Zk)⊕ Zk −→ Hn−1( M̃ ;Zk) · · ·

The map Hn−1(kN ;Zk) → Hn−1(N ;Zk) is the map induced by the inclusion of

Ã ∩ B̃ into B̃, which is homotopic to the map that identifies kN with N . At the

level of homology this map is the map ⊕ki=1πi : ⊕ki=1Zk → Zk given by (x1, . . . , xk)→

x1 + . . .+ xk.

In the Mayer-Vietoris sequence, the map Hn−1(kN ;Zk) → Hn(M ;Zk) ⊕ Zk af-

ter identifying Hn−1(kN ;Zk) ∼= ⊕ki=1Zk is the map in−1 − ⊕ki=1πi. We know that

in−1(1, 1 . . . , 1) = 0 and therefore,

(1, 1, · · · , 1) −→ (0,

k−times︷ ︸︸ ︷
1 + 1 + · · ·+ 1) = (0, 0).

By exactness of the Mayer-Vietoris sequence, there exists a class [M̃ ] inHn+1(M̃ ;Zk)

and ∂([M̃ ]) = (1, 1, . . . , 1). We call this class the fundamental class of the Zk-

manifold. Note that if N = ∅ then M = M̃ . If we try to apply the same Mayer-

Vietoris argument, we get a fundamental class that is precisely the fundamental
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class of M with Zk-coefficients. This will be important when we will prove the

compatibility of the Bockstein sequence in Zk-p-stratifold bordism and homology

with Zk-coefficients.

Remark 3.6.2. In general, by taking connected components of M and adapting

the same proof to non-connected N , we have that there exists a fundamental class

for any Zk-manifold.

3.6.2 Fundamental classes in Zk-p-stratifolds

In this section, we show T̃ and (M̃, T̃ ) have non trivial homology classes with Zk
coefficients. We could try to adapt the previous proof for Zk-p-stratifolds, but in-

stead we will give a second proof that directly shows the existence of Zk-fundamental

classes for Zk-p-stratifolds using excision for homology with Zk-coefficients. These

two proofs give the same fundamental class and are related by the fact that in a ho-

mology theory there is a fundamental relation between the Mayer-Vietoris sequence

and the excision axiom.

Now we summarize some results from singular homology for p-stratifolds. These

results are found in Tene’s thesis ([25]), where the homology used is with integer

coefficients. However, all these results hold with Zk-coefficients:

• If S is a closed p-stratifold of dimension n and l > n, then Hl(S;Zk) = 0.

• If S is an n-dimensional p-stratifold without boundary, then

Hn(Mn, ∂M ;Zk)
∼=−→ Hn(S;Zk), where (Mn, ∂M) is the manifold at-

tached as the top stratum of (S, ∂S). ([25], page 15). Thus, there exists a

fundamental class [S] ∈ Hn(S;Zk) in singular homology with Zk-coefficients.

It is important to remark that this isomorphism is given in two steps

Hn(Mk, ∂M ;Zk)
∼=→ Hk(S,Σ

n−2;Zk) and Hn(S;Zk)
∼=→ Hn(S,Σn−2;Zk), where

Σn−2 is the (n− 2)-th skeleton. The fundamental class with Zk-coefficients is

the reduction ( mod k) of the fundamental class with Zk-coefficients.
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• Assume T is an (n + 1)-dimensional p-stratifold with boundary ∂T . The top

stratum of T n+1 comes from a manifold (Mn, ∂M) attached as the top stratum

by a function f(n+1) : ∂Mn+1 → T n. Using this, we get an isomorphism

Hn+1(M
n+1, ∂M ;Zk)

∼=−→ Hn+1(T, ∂T ;Zk) (see [25], definition 3.8). By this

reason, there exists a relative fundamental class [T, ∂T ] ∈ Hn+1(T, ∂T ;Zk) in

singular homology with coefficients in Zk.

• Moreover, in the long exact sequence of the pair (T, ∂T )

· · · −→ Hn+1(∂T ;Zk) −→ Hn+1(T ;Zk) −→ Hn+1(T, ∂T ;Zk)
∂−→ Hn(T ;Zk) −→ · · ·

we have ∂ [T, ∂T ] = [∂T ].

Recall that a closed (n+1)-dimensional Zk-p-stratifold T is a p-stratifold T with

boundary ∂T , that decomposes into k copies of a p-stratifold S. When we identify

these k copies we obtain a space denoted by T̃ .

The exact sequence of the pair (T, ∂T ) is related with the exact sequence (T̃ , ∂̃T )

in singular homology with Zk-coefficients, as follows.

Hn+1(∂T ) //

q∗
��

Hn+1(T )

q∗
��

// Hn+1(T, ∂T )

q∗
��

∂ // Hn(∂T )

q∗
��

// · · ·

Hn+1(∂̃T ) // Hn+1(T̃ ) // Hn+1(T̃ , ∂̃T ) ∂ // Hn(∂̃T ) // · · ·

(3.6.4)

where q∗ is the quotient map for the pair (T, ∂T ) to (T̃ , ∂̃T ). By dimension reasons,

Hn+1(∂̃T ) = 0. In this diagram, we have by excision,

Hn+1(T, ∂T ) ∼= H̃n+1(T/∂T ) ∼= H̃n+1(T̃ /∂̃T ) ∼= Hn+1(T̃ , ∂̃T ). (3.6.5)

Moreover, ∂T ∼= tki=1S and ∂̃T ∼= S. We chase the fundamental class [T, ∂T ]

in the diagram (3.6.4), and note that since we are working with Zk-coefficients,

∂q∗[T, ∂T ] = 0. By exactness of the lower row we have a unique element in

Hn+1(T̃ ;Zk) that we call the fundamental class [T̃ ].
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[T, ∂T ]
_

��

� ∂ // k[S]
_

��

� // · · ·

0 � // [T̃ ] � // q∗[T, ∂T ] � ∂ // 0 � // · · ·

(3.6.6)

This class is generated by the fundamental class [T, ∂T ] in the quotient space T̃ .

Theorem 3.6.3. If T̃ is a closed (n + 1)-dimensional Zk-p-stratifold, then there

exists a fundamental class [T̃ ] in singular homology with Zk-coefficients. More pre-

cisely

[T̃ ] ∈ Hn+1(T̃ ,Zk).

If T̃ is a p-stratifold (S = ∅) then this fundamental class is the reduction (

mod k) of the fundamental class with Z-coefficients.

Now, we consider the relative Mayer-Vietoris sequence. The relative Mayer-

Vietoris sequence for pairs (X, Y ) = (A∪B,C ∪D) with C ⊂ A and D ⊂ B, is the

exact sequence:

· · · → Hk(A ∩B,C ∩D)→ Hk(A,C)⊕Hk(B,D)→ Hk(X, Y )→ · · ·

Consider S = S+ ∪S1 S− a p-stratifold built when we glue together the p-stratifolds

with boundary S+, S− by their common boundary S1. Thus, set A = S+, B = S−

and C = D = S1 and we get

0 // Hn+1(S+, S1;Zk)⊕Hn+1(S−, S1;Zk) // Hn+1(S, S1;Zk) // 0 , (3.6.7)

where Hn+1(S1, S1;Zk) = 0 = Hn(S1, S1;Zk) and

Hn+1(S, S1;Zk) ∼= Hn+1(S+, S1;Zk)⊕Hn+1(S−, S1;Zk) . (3.6.8)

If we use the exact sequence of the pair (S, S1)

0 = Hn+1(S1;Zk)→ Hn+1(S;Zk)
i∗→Hn+1(S, S1;Zk)
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and the previous equation, then we see i∗[S] = [S+, S1] + [S−, S1] (i.e. the absolute

class is the sum of the relative classes).

Now we show the existence of the fundamental class in the relative homology of

the pair (M,T ). Here, M is an (n + 2)-dimensional Zk-p-stratifold with boundary,

and T is the Zk-boundary (see Definition 3.1.7). We denote by M̃ the quotient

space resulting after we make the identification and we take similar notation for

other spaces.

By definition, the boundary ∂M and the quotient ∂̃M are decomposed as follows

∂M = (tki=1Ni) ∪ (T ) ,

∂̃M = (N) ∪ (T̃ ).

The exact sequence of the triples (M,∂M, T ) and (M̃, ∂̃M, T̃ ) give the following

diagram,

Hn+2(∂M, T ) //

q∗
��

Hn+2(M,T )

q∗
��

// Hn+2(M,∂M)

q∗
��

∂ // Hn+1(∂M, T )

q∗
��

// · · ·

Hn+2(∂̃M, T̃ ) // Hn+2(M̃, T̃ ) // Hn+2(M̃, ∂̃M) ∂ // Hn+1(∂̃M, T̃ ) // · · ·
(3.6.9)

By excision, we have

Hn+2(M,∂M) ∼= H̃n+2(M/∂M) ∼= H̃n+2(M̃/∂̃M) ∼= Hn+2(M̃, ∂̃M),

moreover, there are isomorphisms

H∗(∂M, T ) ∼= H∗(kN, ∂kN),

H∗(∂̃M, T̃ ) ∼= Hn+2(N, ∂N) .

As a consequence that N is an (n + 1)-dimensional stratifold with boundary, we

have Hn+2(N, ∂N) = 0.
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With this information the previous diagram becomes

0 //

��

Hn+2(M,T )

q∗
��

// Hn+2(M,∂M)

q∗
��

∂ // Hn+1(kN, ∂kN)

q∗
��

// · · ·

0 // Hn+2(M̃, T̃ ) // Hn+2(M̃, ∂̃M) ∂ // Hn+1(N, ∂N) // · · ·

(3.6.10)

Now, we want to chase in the previous diagram the fundamental class [M,∂M ].

For this, we will show that ∂[M,∂M ] = [kN, k∂N ].

The idea is to use the exact sequence of the pair (M,∂M) and after that, apply

(3.6.8) to get

Hn+2(M,∂M) ∂ //

∼=
��

Hn+1(∂M)

��

// Hn+1(T, ∂T )⊕Hn+1(kN, k∂N)

��

Hn+2(M̃, ∂̃M) ∂ // Hn+1(∂̃M) // Hn+1(T̃ , ∂̃T )⊕Hn+1(N, ∂N).

(3.6.11)

The last term at the right in the first line in the previous diagram corresponds to

∂[M,∂M ], where ∂ is the boundary operator in (3.6.10).

So in the last diagram, we chase the fundamental class [M,∂M ] and get

[M,∂M ] � //
_

��

[∂M ]
_

��

� // [T, ∂T ] + [kN, k∂N ]
_

��
q∗[M,∂M ] � // q∗[∂M ] � // q∗[T, ∂T ] + 0.

(3.6.12)

In this diagram the fundamental class [kN, k∂N ] goes to zero because we are

working with homology with Zk-coefficients.

From the diagram, we have the following facts:

• Since q∗ is an isomorphism, the class q∗[M,∂M ] 6= 0. By projecting on the

second summand on the right of the previous diagram we get ∂(q∗[M,∂M ]) = 0

in (3.6.9).
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• From 3.6.10, the class q∗[M,∂M ] comes from a unique class in Hn+2(M̃, T̃ ).

We denote this class by [M̃, T̃ ], and we call it the relative fundamental

class.

Finally, we show that ∂[M̃, T̃ ] = [∂̃T ], where [∂̃T ] comes from (3.6.6).

For this, we use the same diagram that in (3.6.11) for (M̃, ∂̃M) and (M̃, T̃ ) to

find

Hn+2(M̃, T̃ ) ∂ //

��

Hn+1(T̃ )

��

// Hn+1(T̃ , ∂̃T )

incl∗
��

Hn+2(M̃, ∂̃M) ∂ // Hn+1(∂̃M) // Hn+1(T̃ , ∂̃T )⊕Hn+1(N, ∂N)

.

If in this diagram we consider the class [M̃, T̃ ], then this takes the form

[M̃, T̃ ] � ∂ //
_

��

∂([M̃, T̃ ]) � //
_

��

i∗(∂[M̃, T̃ ])
_

id∗
��

q∗[M,∂M ] � ∂ // q∗[∂M ] � // q∗[T, ∂T ]

Thus, the class ∂[M̃, T̃ ] ∈ Hn+1(T̃ ) and i∗(∂[M̃, T̃ ]) = q∗[T, ∂T ]. But, by the dia-

gram (3.6.6) there exists a unique class with this property, hence ∂[M̃, T̃ ] = [T̃ ].

Consequently, we can state the following.

Theorem 3.6.4. If M is an (n + 2)-dimensional Zk-p-stratifold with Zk-boundary

T , then there exists a relative fundamental class [M̃, T̃ ] ∈ Hn+2(M̃, T̃ ;Zk) and

∂([M̃, T̃ ] = [T̃ ] .

3.6.3 An isomorphism between SH∗(;Zk) and H∗(;Zk)

In this section, we use the homology classes from the previous sections to get a

natural transformation from SH∗(;Zk) and H∗(;Zk). Using this, we prove that

Zk-stratifold homology and singular homology with Zk-coefficients are isomorphic

homology theories for any topological space.
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First, we define the natural transformation. At second, we show this natural

transformation commutes with the Bockstein homomorphism. Finally, we use the

five lemma to show the natural transformation is in fact an isomorphism.

With the previous fundamental class, we can define the natural transformation

η : SHn(X;Zk)→ Hn(X;Zk) by η[(T, f ]] = f∗([T̃ ]).

The properties of the natural transformation η are the following:

• η is well defined. Suppose (T0, f0), (T1, f1) are Zk-bordant and (T, F ) a Zk-

bordism. The proposition 3.6.4 gives i∗([T̃0 − T̃1]) = 0, where i∗ : Hn(T̃1 t

−̃T2;Zk)→ Hn(T̃ ;Zk). So,

(F∗i∗)([T̃0 − T̃1]) = F∗i∗([T̃0])− F∗i∗([T̃1]) = (F0)∗([T̃0])− (F1)∗([T̃1]) = 0

Therefore, (F0)∗([T̃0]) = (F1)∗([T̃1]) and η is well defined.

• η is a natural as a consequence of the usual properties for fundamental classes

and the previous theorem.

Now, we show the relation between the Bockstein sequences of Zk-p-stratifold

homology theory and singular homology with Zk-coefficients.

Proposition 3.6.5. The natural transformation η commutes with the Bockstein

homomorphism.

Proof. The Bockstein homomorphism for stratifold homology fits into the exact

sequence

· · · → SHn(X)
×k−→ SHn(X)

i−→ SHn(X;Zk)
β−→ SHn−1(X;Z)

×k−→ · · · ,

and the definition is as follows

β : SHn(X;Zk)→ SHn−1(X)

[T, f ]→ [S, f ◦ θi] .
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The definition of the natural transformation η and its naturality, imply that it is

enough to prove the commutativity of η with the Bockstein sequences, for a closed

Zk-stratifold T and for the class ([T̃ , id]).

We have the equality η(β[T, id]) = µ[S, id] = [S], which is the fundamental

class of the p-stratifold S. Also β(η[T, id]) = β[T̃ ]. In order to compute this last

Bockstein, we consider the diagram (3.6.6) with Z-coefficients as follows

[T, ∂T ]
_

��

� ∂ // k[S]
_

��

� // · · ·

0 � // [T̃ ] � // q∗[T, ∂T ] � ∂ // k[S] � // · · ·

Consequently, we are done since we have the equality β[T̃ ] = [S].

Now we will use the five lemma to prove that η is an isomorphism on the category

of all CW-complexes.

We have the following diagram:

· · · // SHn(X)

η

��

×k // SHn(X)

η

��

i // SHn(X;Zk)
η

��

β // SHn−1(X;Z)

η

��

//

· · · // Hn(X)
×k // Hn(X) i // Hn(X;Zk)

β // Hn−1(X;Z) //

(3.6.13)

Lets check that is a commutative diagram:

The square on the left commutes because η is a group homomorphism, the next

square commutes because for a p-stratifold the reduction ( mod k) of its fundamen-

tal class is precisely the fundamental class of the p-stratifold seen as a Zk-p-stratifold

(see the last part of the proof of theorem 3.6.3). The commutativity of the last square

is the previous proposition.

We know by theorem 2.2.41, that η : SH∗(X) → H∗(X) is an isomorphism for

all CW-complexes and therefore by the 5-lemma, η : SH∗(X;Zk)→ H∗(X;Zk) is an

isomorphism for all CW-complexes. In fact, the proof gives the more general result

that for any topological spaces, whenever η : SH∗(X)→ H∗(X) is an isomorphism
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then η : SH∗(X;Zk) → H∗(X;Zk) is an isomorphism. By theorem 3.13 in [25], we

obtain that η : SH∗(X;Zk)→ H∗(X;Zk) is an isomorphism for any space X. Note

that the isomorphism between SH∗(X;Zk) and homology with Zk-coefficients did

not use the fact that SH∗(X;Zk) is a homology theory, it used the fact that there

are Zk-fundamental classes. So we have a second proof of the following result.

Theorem 3.6.6. There exists an isomorphism between Zk-p-stratifold homology the-

ory and singular homology with Zk-coefficients. This isomorphism is valid for all

CW-complexes (In fact all topological spaces).

For the final part of this section, we show the natural transformation commutes

with the respective Mayer-Vietoris sequences. As a consequence, we obtain another

proof of the isomorphism between these two homology theories in the category of

CW-complexes. For this, we know from basic algebraic topology ([11], 2.3 or [7],

III, 8.11), that the boundary operator from the Mayer-Vietoris sequence, factors as

follows for an excisive pair,

Hn(X)→ Hn(X,A)→ Hn(A,A ∩B)→ Hn−1(A ∩B),

in particular for X = int(A) ∪ int(B).

Similar as we do for the Bockstein sequence, it is enough to prove the result for

a closed n-dimensional Zk-stratifold T and a class of the form ([T̃ , id]).

We compute ∂[T̃ , id] in the Mayer-Vietoris sequence for Zk-stratifold bordism and

we apply the natural transformation η. Then, we compute the boundary operator

for the Mayer-Vietoris sequence in singular homology with Zk-coefficients, for the

fundamental class [T̃ ] and we compare this class.

Now we take T̃ = A ∪ B a closed, n-dimensional Zk-stratifold and A,B open

subsets in T̃ . We can find a separating function for Ac, Bc given by ρ : T̃ → R

and with 0 a regular value (i.e ρ(Ac) = 1, ρ(Bc) = −1), similarly to the proof of

proposition 3.3.2 we can assume there is a bicollar. Thus the boundary operator in
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Zk-stratifold bordism of this class is:

∂[(T, id)] = [ρ−1(0), id] .

Thus η(∂[(T, id)]) is the fundamental class of ρ−1(0).

Now we apply the operator η and the boundary operator to [(T, id)]. We take

ε > 0, a positive number close to zero and consider A1 = ρ−1(−∞, ε] ⊂ A and

B1 = ρ−1[0,∞) ⊂ B. With these subsets, we compute the boundary operator in

singular homology. For this, we use the following commutative diagram, where the

singular homology is taken with Zk-coefficients:

Hn(T̃ ) // Hn(T̃ , A1) // Hn(A1, A1 ∩B1) // Hn−1(A1 ∩B1)

Hn(T̃ ) //

OO

Hn(T̃ , ρ−1(−∞, 0]) //

OO

Hn(ρ−1(−∞, 0], ρ−1(0)) //

OO

Hn−1(ρ
−1(0)).

OO

Thus the class [T̃ ] goes to the fundamental class [(ρ−1(−∞, 0], ρ−1(0)] in the lower

line. Proposition 3.2.13 and the previous result imply the equality ∂[T̃ ] = [ρ−1(0)].

As a consequence, the natural transformation η commutes with the boundary

operator in the Mayer-Vietoris sequence. Since both are homology theories and for

a point they give an isomorphism η : SH0({∗};Zk)→ H0({∗};Zk), we have another

proof of the following theorem.

Theorem 3.6.7. The natural transformations

η : SHn(X;Zk)→ Hn(X;Zk) ,

η : SHn(X;Zk)→ Hn(X;Zk),

are isomorphisms for all n and all X in the category of finite CW -spaces.



CHAPTER 4

A geometric interpretation of the filtration

of the AHSS for Zk -bordism

In this chapter, we give a geometric interpretation of the Atiyah-Hirzebruch spectral

sequence (AHSS) for Zk-bordism. We use the results from [24], where the author

shows how to compute the AHSS using the Postnikov tower of a generalized homol-

ogy theory. We start recalling some the results of [24] and then we use them for

Zk-bordism and our Zk-stratifold bordism theory.

4.1 The Atiyah-Hirzebruch Spectral Sequence

AHSS

For a generalized homology theory h the Postnikov tower is a sequence of homology

theories h(r) and natural transformations

h→ · · · → h(3) → h(2) → h(1) → h(0).

64
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These natural transformations have the property that hn({∗}) → h
(r)
n ({∗}) is an

isomorphism for n ≤ r, and h(r)n ({∗}) = 0 for n > r. One important feature is that

these homology theories h(r) determine completely h (see [22], Chapter II, 4.13).

Every generalized homology theory h has associated an AHSS (Er
p,q, d

p,q
r ). In

([24], pag 178), the author defines a spectral sequence (Êr
p,q, d̂

r
p,r) whose r-th page is

Êr
p,q = Im

(
h
(q+r−2)
p+q (Xp)→ h

(q)
p+q(X

p+r−1)
)
.

The relation between these spectral sequences is stated in the following theorem.

Theorem 4.1.1. ([24], Theorem 4.1) The pair (Êr
p,q, d̂

r
p,q) is a spectral sequence and

there is a natural isomorphism of spectral sequences Êr
p,q → Er

p,q where on the right

side we have the standard Atiyah-Hirzebruch spectral sequence.

Taking q = 0 and (r ≥ 2)

Êr
p,0 = Im

(
h(r−2)p (X)→ h(0)p (X)

)
.

4.2 The filtration of the AHSS for Zk -bordism

We apply the results from the previous section to Zk-bordism.

The Zk-bordism theory Ω∗(·;Zk) is a generalized homology theory, ([5], Chapter

III). In that book, the authors define bordism theory for resolutions with abelian

groups. The standard resolution for Zk and the theory of this chapter coincides with

that given by the definition of Zk-manifolds.

We can describe the AHSS for Zk-bordism using the Postnikov tower, but in

general the description of the theories h(r) is not easy. But we have a natural

candidate for these theories, namely, we can impose conditions for the singular part

of our Zk-stratifolds.
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More precisely, we define

SH(r)
n (X;Zk) = [f : T → X]/ ∼ ,

where T is a n-dimensional Zk-stratifold and the singular part of the p-stratifold T

is of dimension at most (n− r− 2). We put a similar restriction to the Zk-stratifold

bordisms: if (M,F ) is a Zk-stratifold bordism for (T, f), then M is a (n + 1)-

dimensional p-stratifold with singular part of dimension at most (n − r − 1). The

groups SH(r)
n (·;Zk) are homology theories because we can apply the same arguments

used in the case of SH∗(·,Zk) to show the axioms ([13], pag 4).

For example, if [T, f ] ∈ SH(r)
n (X;Zk) and ρ : X → R is a smooth function with

c ∈ R a regular value, then ρ−1(c) is a (n− 1)-dimensional Zk-p-stratifold. Now, we

know the i-th stratum (ρ−1(c))i is equals to ρ−1(c) ∩ T i+1. So, the stratifold ρ−1(c)

has singularities of dimension at most (n − 1 − r − 2) and the boundary operator

for the Mayer-Vietoris sequence of SH(r)
n (X;Zk) is well defined. The rest of the

arguments adapt similarly.

By definition, we have

SH(0)(·;Zk) = SH(·;Zk).

We will see now the big difference between k = 2 and k odd, which of course is

related to the fact that Ω∗ has no odd torsion and just 2-torsion.

Theorem 4.2.1. For k an odd number, the homology theories SH(r)(·;Zk) give the

Postnikov tower for the generalized homology theory Ω∗(·;Zk).

Proof. We have natural transformations

Ω∗(·;Zk)→ · · · → SH(3)(·;Zk)→ SH(2)(·;Zk)→ SH(1)(·;Zk)→ SH(0)(·;Zk).

Now, we prove the other conditions to identify the Postnikov tower.
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• Ωn({∗},Zk)→ SH
(r)
n ({∗},Zk) is an isomorphims for n ≤ r.

In this case (n−r−2) ≤ −2 and (n−r−1) ≤ −1. Thus, the Zk-stratifolds and

the Zk-stratifolds bordisms are Zk-manifolds and Zk-manifolds with boundary

respectively. Therefore the maps are isomorphisms.

• SH(r)
n ({∗}) = 0 for n > r + 1. We have n − r − 1 ≥ 1 and in this case the

Zk-stratifold bordism found in (3.1.24) has the requiered properties.

Finally, we show SH
(r)
n ({∗}) = 0 for n = r+1. In this case we have n−2−r = −1

and the Zk-stratifolds are Zk-manifolds. But n − r − 1 = 0, hence we allow a

Zk-stratifold bordism to have singular points of dimension at most 0 (but not of

dimension 1). LetM be a Zk-manifold, its boundary is k-copies of the same oriented

manifold N (see 2.1). Therefore k[N ] = 0 in Ω∗({∗}), but since Ω∗({∗}) has no odd

torsion, then [N ] = 0 and N is the boundary of a compact oriented manifold N1. So,

we glue k-copies of N1 toM in order to obtain a compact oriented manifold without

boundary. Take the cone over this manifold with the respective identifications, is a

Zk-stratifold null bordism forM with a singularity of dimension zero and this shows

that SH(n+1)
n ({∗}) = 0. For k = 2 this argument does not work and even though

N is the boundary of an stratifold (the cone on N) if we glue k copies of c(N) and

take the cone we create singularities of dimension 1 or more.

As a consequence, we have the following.

Theorem 4.2.2. For k an odd number, the filtration given for the AHSS in Zk-

bordism

E∞p,0 ⊆ · · · ⊆ E4
p,0 ⊆ E3

p,0 ⊆ E2
p,0
∼= Hp(X;Zk),

coincides with

Er+2
p,0 = Im

(
SH(r)

p (X;Zk)→ SH(0)
p (X;Zk) ∼= Hp(X;Zk)

)
, (r ≥ 0)

i.e the set of classes classes generated by Zk-stratifolds with singular part of dimen-

sion at most p− r − 2.
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4.3 The coefficients of Zk -bordism for k odd

The Bockstein long exact sequence for oriented bordism is

· · · → Ωn(X)
×k−→ Ωn(X)

i−→ Ωn(X;Zk)
β−→ Ωn−1(X)

×k−→ · · · .

For X = {∗} we have,

· · · → Ωn({∗}) ×k−→ Ωn({∗}) i−→ Ωn({∗};Zk)
β−→ Ωn−1({∗};Z)

×k−→ · · · .

For k odd, since Ω∗({∗}) has no odd torsion then the Bockstein exact sequence

breaks. Let n ≥ 1 and M a Zk-manifold, its boundary is k copies of the same

oriented manifold N (see 2.1). Therefore k[N ] = 0 in Ω∗({∗}), but since Ω∗({∗})

has no odd torsion, then [N ] = 0 and N is the boundary of a compact oriented

manifold P . Therefore, the Bockstein homomorphism

β : Ω∗({∗};Zk)→ Ω∗−1({∗})

is the zero map and the Bockstein exact sequence breaks into

0→ Ω∗({∗})
×k→ Ω∗({∗})

i→ Ω∗(∗;Zk)→ 0.

Since Ω∗({∗}) has only 2-torsion and k is odd, multiplication by k is the identity

on the torsion part of Ω∗({∗}) and therefore, as Zk-modules (multiplication by k is

not a ring homomorphism!!!)

Ω∗({∗};Zk) ∼=
Ω∗({∗})
kΩ∗({∗})

∼=
Ω∗({∗})/Tor
kΩ∗({∗})/Tor

Novikov showed that Ω∗({∗})/Tor ∼= Z[Yi] for Yi generators of dimension 4i. There-

fore we have

Ω∗({∗};Zk) ∼=
Ω∗({∗})/Tor
kΩ∗({∗})/Tor

∼=
Z[Yi]

kZ[Yi]
∼= Zk[Yi]
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Theorem 4.3.1. For k odd, as Zk-modules, the coefficients of Zk-bordism are iso-

morphic to the polynomial algebra Zk[Yi], where Yi are in dimension 4i.

For example,

Ω0({∗};Zk) = Zk,Ω1({∗};Zk) = 0,Ω2({∗};Zk) = 0,Ω3({∗};Zk) = 0.

Since the differential dr in the Atiyah-Hirzebruch spectral sequence have bidegree

(−r, r−1) and the coefficients of Zk-bordism are concentrated in degrees 4i we have

the following.

Theorem 4.3.2. For k odd, in the Atiyah-Hirzebruch spectral sequence the differ-

entials d2 and d3 are zero.

Remark 4.3.3. Morgan and Sullivan [19] discuss the issue of having a multiplica-

tion on Ω∗({∗});Zk). The problem is that the product of two Zk-manifolds is not

inmediately a Zk-manifold, using surgery it is possible to define a product, that is

well-defined up to Zk-bordism and that is associative. For these things it is needed

that Ω1({∗};Zk) = 0, Ω2({∗};Zk) = 0 and Ω3({∗};Zk) = 0 respectively. See [19]

page 475.

For k even, the Wall sequence does not break and in fact Wall shows that

Ω∗({∗})
2Ω∗({∗})

∼= Z2[TorΩ∗]

is isomorphic to an ideal of Ω∗({∗};Z2). The ideal comes from considering the kernel

of

iβ : Ω∗({∗};Z2)→ Ω∗−1(({∗});Z2).
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Appendix

A.1 Some results in bordism

The work of Thom on the representability of homology classes is based on the study

of the cobordism ring Ω∗ and the identification of the oriented cobordism ring with

the stable homotopy groups of a spectrum, denoted MSO. The calculation of the

homotopy groups of MSO is quite hard, and Thom managed to calculate the stable

homotopy groups of MSO only after tensoring with the rationals, therefore giving a

complete description of the ring Ω∗⊗Q. It is a polynomial algebra over the rationals

generated by classes on dimensions multiple of 4. Generators can be taken to be the

complex projective spaces on even dimensions.

Q[CP2,CP4, · · · ]

Later work of Milnor [15], Novikov [18] and Wall [29], completed the calculation

of the torsion part of Ω∗, and gave an algebraic description of the oriented cobordism

ring. The main results can be summarized as follows:

• Ω∗ ⊗Q ∼= Q[X4i]
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• Ω∗ has no odd torsion.

• Ω∗ has no element of order 4.

• The torsion free part of Ω∗ is a polynomial ring Z[Y4i].

• The elements of order 2 can be described in terms of the subalgebra of the

unoriented cobordism ring of elements that have a representative with first

Stiefel-Whitney class a reduction of an integral class.

Later, Atiyah [2] considered the generalized homology and cohomology theory

associated to the spectrumMSO and explained some of the techniques used by Wall

as natural sequences appearing with this generalized homology theory.
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