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Abstract  

This work project studies the portfolio Value at Risk PVaR using copulas, Expected Tail Loss and 

extreme value theory for analyzing the behavior of the left tail of the possible returns distribution, 

which is the primary concern when evaluating the downside risk of a given portfolio. For this 

evaluation, the returns are modelled by employing geometric differences and its assumed that a 

joint distribution exists as well as it can be determined using copulas to capture the possible non-

zero skewness and leptokurtosis of empirical return distributions. This methodology wants to 

depart from the traditional correlational approach that employs a normal distribution for 

calculating the VaR and instead tries to find more suitable multiVaRiate aggregated distributions 

using as an evaluation tool for the goodness of fit the Cramér-von Mises distance test. 

This project is intended to evaluate if the t-student copula has a better performance in evaluating 

the VaR of portfolios composed by S&P500 50 largest caps over monthly windows. To evaluate 

the performance of copulas, the metric employed was the number of VaR Breaks.    

KEYWORDS:  
PORTFOLIO VALUE-AT-RISK, COPULA, SKEWNESS, KURTOSIS, FAT TAIL, 
EXPECTED TAIL LOSS, GOODNESS OF FIT. 
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I. Introduction  

VaR. 
The Value at Risk (VaR), is a methodology for measuring financial risk developed after the 

financial distress that occurred at the ending of the past millennium . The VaR, is a statistical 1

measure of downside risk of the currently held positions, more formally, the VaR is the expected 

loss over a target time horizon for which a confidence interval is predefined establishing a low 

probability that a more substantial loss may occur. 

!  

Where P is the probability, L is the loss in absolute value and c is the confidence level.  

The VaR is widely used as a benchmark measure to  compare risk over cross-sectional  directly 

over time between different trading units or asset categories. Also is widely understood and 

employed as a potential loss measure and used as a tool for setting capital cushions in financial 

institutions that aim to protect the equity capital. 

Extreme Value Theory. 
The extreme value theory is an extension of the central limit theorem that provides a better fit for 

the distribution tail; meaning that this theorem provides better tools to model the behavior of the 

cumulative distribution function (CDF) over the left tail of the distribution which is the primary  

concern with downside risk. 

The extreme value theory applied to risk modelling in finance aims to solve the problems of the 

low frequency high severity loses that may take place on a fat tailed distribution such as the ones 

typically presented on financial assets returns (stocks, bonds, etc..). 

P(L > VA R) < 1 − c
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The EVT models the distribution behavior on the tails of the returns by assigning a different child 

distribution that represents the behavior of the left tail. For this, the EVT  relies on two principal 

methods to characterize the loses on the tail: on one hand there is the Block Maxima (BM) 

method that subdivides the data in to equal spaced blocks to then gather the maximum losses 

within this blocks an model the tail distribution with this values; while on the other the Peaks 

Over Threshold (POT) method that uses a predefined level for which any loss beyond this level is 

gathered to model the tail distribution. 

The BM method, employs a generalized extreme value distribution (GEV) to model the tail 

behavior while the POT methodology uses the Generalized Pareto distribution to fit the data .  2

Copulas. 
The word copula means in Latin “a link, a tie, a bond” and was first implemented in a 

mathematical way by Abe Sklar in his 1959 paper where the homonymous theorem was 

introduced ; The Sklar theorem shows that a multiVaRiate distribution has two principal 3

components, the marginal distributions that capture the characteristics of each series and a copula 

that link the dependence between the series, this theorem also shows that it is possible to analyse 

the dependence structure of multiVaRiate distributions without studying the marginal 

distributions ; Therefore, copulas are useful as they aggregate uniVaRiate marginals distribution 4

functions into multiVaRiate models of distribution functions that have more flexibility (tail 

dependency, asymmetry) than standard  5
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Copula Families: Copulas are usually classified in two principal groups or families being the 

elliptical the ones that are generated by elliptical distributions, the elliptical copulas present 

advantages in comparison to the Archimedean family as they allow to model dependence, they 

are easy to simulate with Montecarlo and the marginals can be calculated without performing 

integration .  6

Knowing the difference within the copulas and its families its useful as it gives some hints of 

which kind of copula could be a better fit for the financial returns of this project and will become 

handy to select the right copula. 

Elliptical copulas Family  :  

Elliptical distributions are probability distributions that generalise the multiVaRiate normal 

distribution. This family of distributions are widely used in statistics, econometrics and finance .   7

Within the elliptical distributions we have the: 

-Gaussian Copulas:  

                                            !  

Where  !  be the distribution function of the unidimensional standard normal distribution and  

! the distribution function of the multidimensional standard normal distribution that has a 

positive definite correlation matrix Σ.  8

-Student’s t Copulas: 

The t copula better  fits the financial returns as it captures the phenomenon of dependent extreme 

values  in a greater way than the gaussian copula,  this phenomena  was empirically demonstrated  9

by & Zeevi (2002) and Breymann et al. (2003) where the authors found that the Student’s t 

copula portrayed the skewness  and fat tail of this returns.  

CΣ
Φ = (u1,....un ) = ΦΣ

n (Φ−1(u1),....,Φ
−1(un ))

Φ

Φ∑
n
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The student’s t copula represents the dependence structure implicit in a multiVaRiate t 

distribution. 

Defining the multiVaRiate t distribution  : 

                                        !  

Where ! has a multiVaRiate t distribution with v degrees of freedom, ! is the mean 

vector and ! is the positive dispersion matrix. 

Then the t copula is defined:   

  

                !  

Where P is the correlation matrix implied by the dispersion matrix ! .  

The lower the degree of freedom of the t copula, the greater is the tail dependence for a t copula; 

Gaussian copula is a particular case of t copula with a degree of freedom close to  .  10

Archimedean Copulas Family :    

-Gumbel Copula 

                                 !  
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where the larger ! is, the heavier the dependence is. When, !  = 1 the copula is tail independent 

and as ! approximates to ! , the copula becomes perfectly dependent. Gumbel copula exhibits 

greater dependence in the right tail than in the left tail dependence  11

-Frank Copula 

The frank copula is not sensitive to left tail dependence and is only sensitive to symmetric 

dependence  12

                                    !  

Where Frank copula has perfect negative dependence for !  equal to - ! , perfect positive 

dependence for !   equal to !  and independence for !  equal to 0. 

-Clayton Copula   

                                               !  

Where the larger !  is, the heavier the dependence is. As !  approaches 0, the copula is 

independent of the tails on the other hand, when  !  approaches !  the copula is perfectly 

dependent; Clayton copula has greater dependence in the left tail than in the right tail .  13

For this work project, by analyzing the different copulas an their properties the student’s t copula 

and the Clayton Copula seam to be good candies for modelling the return time series and for 

calculating the VaR as they exhibit tail dependency and skewness, the Gumbel copula could also 
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be a good Candice but as mentioned before it shows more dependency on the right tail an not on 

the left with is the concern of the Var   

II. Literature review. 

The term value at risk, VaR, was firstly introduced in the earlier 1990 but its origins can be  

traced back to the US  securities capital requirements at the beginning of the 20th century ; the 14

first-ever VaR measure published could be the one of Leavens (1945) where the author used a 15

quantitative example to illustrate the spread between probable losses and gains of a portfolio 

with ten bonds, even though without directly using the term VaR . 16

In 1952 Markowitz (1952)  and Roy (1952)  presented VaR metrics methodologies 17 18

independently and without using the term, while developing portfolio theories that allow to select 

and optimize portfolios by computing risk and reward as optimization criteria. Nevertheless, both 

authors used different approaches to the VaR, On one hand Markowitz employed the covariance 

matrix for the risk factors of the assets for measuring the total portfolio risk while on the other, 

Roy employed historical information for each one of the assets to compute the correlation they 

might have. 

After the portfolio theory of Markowitz and the total portfolio risk, William Sharpe developed 

furthermore in portfolio theory and risk on the CAPM model (1964)  theorizing that the 19

expected return of stock must be the risk free rate plus the beta multiplied by the market risk 

premium, in this model, the excess of return above the risk free rate compensates the investor a 

premium  for the allocation in assets riskier than treasuries.    
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The crisis of 1987 (Black Monday ) and the Japanese asset price bubble of 1989 alongside some 20

financial disasters such as orange County, Metallgesellschaft and Daiwa were major incentives 

for the formalization of what is known today as VaR and an increase in the regulatory framework 

of financial institutions .  21

The Basel Committee on Banking Supervision in the amendment to the capital accord o 

incorporate market risks (1996) describes the measurement  of market risk by two different 

approaches, a standardized method and the internal methods approach; requiring that the U.S 

commercial banks allocate capital to cover potential financial losses that may result as a 

consequence of the price volatility of the assets held by such institutions .   22

For this work project, it is important to acknowledge the different Value at Risk  approaches that 

are currently present in the literature, starting from the more traditional ones as the parametric  

Normal distributed models that relies on well-known distributions to perform the risk assessment  

based on the intrinsic characteristics and parameters of those aforementioned distributions; as we 

will review, many of this approaches have well known problems and limitations regarding   the 

skewness, heavy tails and expected shortfall.  

The literature review will continue with most modern approaches, as the non-parametric 

Montecarlo simulations and will set the framework to give a context to start developing on the 

proposed approach of this work that employs simulations based on joint distribution Copula 

models to evaluate the VaR 
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Parametric VaR Models: 

Normal Linear VaR:   
This model is applicable to  portfolios with a return given by a linear of its risk factor return or its 

asset return, i.e. Markowitz and Roy; the principal assumption of this model is that the returns are 

normally distributed and that the joint distribution, therefore, is multiVaRiate normal. Under this 

two assumptions, only the coVaRiance matrix between assets and their risk factors is needed to 

model the dependency of such risk factors , leading to the following VaR equation for the VaR 23

percentage of the portfolio value over a time horizon.   

                                               !  

Where ! is the standard normal distribution function, !  is the significance level or quantile 

return, ! is the standard deviation, !  is the mean in the time horizon 

Student t Distributed Linear VaR: 
This methodology of VaR estimation departs from the Normal Linear VaR model by assuming 

that the portfolio returns and its risk factors are distributed following a Student’s t distribution 

thereby assuming that both risk factors and portfolio returns are leptokurtic. This leptokurtic 

assumption has been widely reviewed by literature empirically and has been observed that the 

normal distribution is disputed by the data  . 24

Assuming that the returns are leptokurtic implies that if the VaR is estimated using a normal 

distribution, the linear normal VaR can overestimate for low significance levels, on the other 

hand, for higher significance levels, employing normal linear VaR can seriously underestimate 

the VaR .  25

VaRh,α = Φ−1(1−α )σ h − µh

Φ α

σ µ
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However, the central limit theorem implies that the leptokurtosis in financial returns series 

decreases as the sampling interval increases  meaning that the principal utility of the Student t 26

VaR is for estimations over short risk horizons. For this short time horizons, the student t VaR is 

as a percentage of the portfolio is expressed as. 

                                     !  

Where ! are the degrees of freedom, !  is the significance level or quantile return, ! is the 

standard deviation, !  is the mean  in the time horizon, h is the time horizon and !  is the 

area under the curve for the student t distribution to the ! quantile. 

EWMA VaR: 
The Exponential Weighted Moving Averages VaR uses the EWMA statistical methodology for 

estimating the time series volatilities. The EWMA formula for the VaRiance of a return time 

series is  

                                              !  

Where ! is the smoothing constant between 0 and 1, and the starting value !  may be set as the 

first return for recurrence   27

The EWMA VaR as the Normal Linear VaR, also relies on the assumption that the portfolio 

returns are independent aleatory identically distributed VaRiables i.i.d with mean zero meaning 

that the portfolio value is assumed to be a linear function of its assets or risk factors and therefore 

the time horizon can be scaled without any issues . This property allows us to estimate the 28

EWMA VaR for a given time horizon using the estimated daily standard deviation of the portfolio 

returns !   employing the square root of the time h up to a month as follows. 

Student t Varh,α ,υ = υ −1 υ − 2( )htυ−1 1−α( )σ − hµ

υ α σ

µ tυ
−1 1−α( )

α

σ̂ t
2 = (1− λ)rt−1

2 + σ̂ t−1
2 ,t = 2,....T ,

λ σ 1
2

σ̂ t
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                                                 !   

The EWMA VaR is useful for estimating the VaR over a long term risk horizon but is not suitable 

for VaR estimations in the short term;  this is because this methodology relies on  the historical 29

data by calculating the average of the sample of returns for calculating the parameters. 

Non-Parametric VaR Models: 

Monte Carlo VaR: 
Monte Carlo simulations employ another approach to the VaR as this methodology does not 

employ a closed analytical form formula, but instead, it relies on computational methods and 

algorithms to generate pseudorandom numbers that imitate the possible paths assets could have 

over a time horizon. 

Those Montecarlo simulations, usually employ many tools such as the Auto Regressive 

Integrated Moving Average ARIMA and Generalized Autoregressive Conditional 

Heteroskedasticity process GARCH to understand, model and represent the behavior of the return 

time series of the assets and generate multiple possible simulated paths paths. This simulations 

rely on assumptions such as the mean reversion of the returns, the inter temporal dependence of 

the observations of the returns, and assumption that  the share price (or value of the total 

portfolio) is governed by a geometric Brownian motion that has been closely studied by the 

literature.  30

EWMAVaRh,α ,t = Φ−1(1−α )σ̂ t h
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The ARIMA and GARCH models serve as instruments to describe the nature and characteristics 

of the seed employed to generate the simulation values to be evaluated on the Montecarlo 

simulation.  

VaR problems 
Despite the widespread use of VaR, its simplicity to communicate the risk of an investment on 

any given time horizon and its many different methodologies for risk assessment,  over the past 

decade, the VaR has faced multiple criticisms by academy and practitioner as equal. Most of this 

criticism arises from the nature of the VaR and the difficulties to model the tail dependence.  

One of the major source of criticism to the VaR is that it only portrait the risk within the 

confidence interval but does not give any information for the size of potential losses beyond this 

interval, also a major criticism is the difficulty to model dependence of assets by  making 

assumptions such as the CDF, VaRiance, skewness and kurtosis.  

One of the most famous examples of the VaR problems mentioned before occurred in the 2008 

financial crisis where the VaR failed to model the risk exposure to the joint probability of  

multiple credit default and at the same time failed to address the amount of potential losses giving 

this scenario of beyond the cutoffs losses.  In the aftermath of the crisis it was evident that many 

of the financial institutions involved in the crisis that rely on the VaR models where not prepared 

for this scenarios  an that the information given by the VaR was not enough at the time to really 

evaluate the risk the positions those intuitions had.  
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Copulas in VaR 
Modelling the dependence is key for risk management, and as reviewed before on the previous 

sections the more traditional correlational approaches that describe dependence between random 

VaRiables have problems in capturing the tail behavior, the non-zero skewness and leptokurtosis 

that returns time-series have. Also as discussed on Loretan and English( 2000), Campbell et al. 

(2002) and Ang and Chen, (2002) the correlation approach overestimates the benefits of 

diversification with greater impact on assets that have low or negative correlation .  31

To solve this problems, authors such as Embrechts et al(2002) advocate in favor of using copulas 

due to their superiority to model the dependence offering greater flexibility than the correlation 

approach  , Poon et al. (2004) reviewed the application of Copulas to linear portfolios analyzing 32

the pairwise dependence modelling it employing Gumbel and Gaussian Copulas , Longin and 

Solnik (2001) and Bae et al. (2003) and Hartmann et al (2004) discussed the benefits of using 

copulas to capture the dependence between extreme events such as the possibility of aggregate 

joint movements under a unique Copula as a function of the marginal probability of each event. 

This approach, makes the Copula VaR attractive as it allows to separate the marginal behavior 

from their dependence as opposed to the correlational dependence intrinsic by the traditional 

models; authors also discuss the benefits of the VaR copula approach as it  reduces differences in 

the numbers of breaks produced during different observation periods at the same confidence 

level . 33

III. Contribution to literature.  
As noted on the literature review, many innovations have been introduced into the risk 

assessment in recent years by many contributors; these innovations have taken place by changing 
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the methodologies from which the VaR is evaluated and further expanding the knowledge by 

introducing methodologies such as the EVT. Many of these innovations, aim to address the all 

known VaR problems with the kurtosis and tail dependency.      

This work project aims to contribute to the existent literature by developing further on the copula 

VaR by not limiting the copula fitting to pairwise portfolios but to evaluate the Copula VaR 

employing wider portfolios and analyzing them as a whole without only focusing on the extreme 

behaviors the EVT would do; Also it aims to test within the different Copulas which one is a 

better fit for describing the joint movements that occur on a multi asset portfolios even when such 

portfolio is diversified with assets across multiple industries. The goal of this work project is to 

evaluate if the Copula VaR should be considered as an alternative to evaluate the downside Risk 

and to do a comparative analysis between different VaR approaches.    

IV. Methodology.  
This work project uses historical data of the assets on the S&P 500 to evaluate the performance of 

using the copulas for modelling the VaR instead of the traditional correlational approach. For this, 

computational methods such as parametric bootstrapping, Montecarlo simulations, rolling 

windows and automated distance based goodness of fit test are employed for handling the data, 

constructing the return time series, performing backtesting as well as fitting the copulas and 

performing goodness of fit tests; these computational methods are done in R using the Copula  34

Package and the methodology described in the paper Enjoy the Joy of Copulas: With a Package 

copula , also, other packages such as PerformanceAnalytics and quantmod  are employed to 35

calculate the daily returns, evaluate the time series  . 

�15



The Methodology of this work project, consist of five different stages, on the first one, the daily 

returns are computed using the data described bellow, on the second, the portfolios are 

constructed by employing a double selection criteria to avoid the Look Ahead bias as well as the 

survivorship bias described below. The third stage is to evaluate the asset returns within each 

portfolio to test if a copula can be fitted to model its behavior. The fourth stages is to compute the 

VaR of each one of the portfolios using three different methodologies, the first is the Normal 

linear Var described on the literature review, the second is employing the VIX index which is a 

volatility index that  capture the markets expectation of 30 day forward looking volatility; this 

approach is intended to analyse if this volatility can be used as a proxy to calculate the VaR by 

replacing the observed volatility by this sentiment consensus that is also derived by the price 

inputs of the S&P500. The last approach is the Copula VaR proposed by this project.  

On the last stage, the goal is to perform backtest to compare the different VaR methodologies and 

to discern which of the three approaches has a better performance.  

Data 
For the development of this work project, the closing prices time series of the constituents of the 

S&P 500 were gathered over a time period of five years and seven months starting on the first of 

January of 2014 and ending on July of 2019; the S&P 500 was used for this work as it is 

composed by  the most liquid stocks, therefore resulting on a low bid-ask spread and high 

volume/depth.  

The time price series of this work project has a daily frequency and are adjusted by dividends, 

splits and new stock offerings. 
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As the S&P constitutes change over time. The list of constituents was obtained on a monthly 

basis using Bloomberg’s Member Weightings MEMB functionality as the source. 

The data required for this work project was obtained using Bloomberg as source. 

Survivorship bias 
Survivorship bias is perhaps one of the main sources of errors and problems when reviewing 

historical financial data; the survivorship bias is to only focus on the companies that have 

succeeded over time, meaning for the scope of this study that this bias could arise if the only 

historical information is analyzed from the latest constituents of the S&P 500 without recognising 

the effects that the changes in capitalisation and the entrance or exits of constituents may 

have .This situation  presents a problem for performing backtesting as such information can 

directly affect the result of the testing by only selecting the best companies and not considering 

possible outcomes that may result by constructing a portfolio with companies that are no longer 

present.   

The survivorship bias will be addressed by evaluating the current list of constituents at the 

beginning of each period where the portfolio is constructed instead of using a permanent list of 

constituent assets gathered from the last period of information available to construct the portfolio. 

This window methodology should account for the newcomers and leavers to the S&P 500 index, 

thereby resolving the potential negative effects of the survivorship bias 

Return Time Series. 
The time series returns for this project are constructed for the 655 companies that were 

constituents of the S&P 500 index over the five-year window analyzed for this work. 
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The returns are going to be estimated by using geometric returns instead of arithmetic returns as 

they can be more meaningful than arithmetic return; The geometric returns, don’t face the 

problem of possible negative prices that can be encounter on the arithmetic returns while 

providing a common scale to compare different assets directly 

Geometric returns: 

                                                       !  

As the prices time series for the assets are already adjusted, then it can be assumed that ! . 

These geometrical returns also allows for extension into multiple returns meaning that they can 

be added to form a greater period to be analyzed therefore simplifying the time aggregation 

problem.  36

Portfolio construction.  
The monthly portfolios  are constructed selecting assets from the S&P 500 using as weighting 

criteria the market capitalisation; the returns and variance of this portfolios are expressed as a 

percentage of the portfolio instead as a monetary value in a similar fashion that the returns are 

modelled in a geometric way.   

The portfolios are rebalanced every month considering the possible changes the index constitutes 

may have by allowing the entrance and leaving of constituents each month as well the changes in 

weights resultant from changes in the assets market capitalisation. 

The portfolio construction is limited to fifty stocks each month because  as shown by Appendix 

A, almost three quarters of the total volatility of the S&P 500 is captured by this sub group 

Rt = ln
Pt + Dt

Pt−1

Dt = 0
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meaning that the objective of this work project can be studied by addressing only to this group of 

assets, also as the portfolio are built and evaluated on monthly basis, having more stocks than 

daily observations within each month presents a problem as the resulting portfolio can be viewed 

as a linear combination within the assets making the covariance matrixes singular and therefore 

non invertible.    

Selecting and fitting the right Copula.  
Once after having constructed the monthly portfolios by constituents and capitalisation, the next 

step is to evaluate each of this portfolios on daily basis to select the best copula that models the 

joint behavior of the constituent stocks. The proposed methodology to select the right Copula is 

to employ goodness of fit test to evaluate if the specific copula distribution fits with the 

correspondent portfolio return observations (empirical reference distribution ). 

The goodness of fit tests proposed for this in the literature are the Kolmogorov–Smirnov distance, 

Cramer-von Mises ,and the Anderson–Darling distance; The Kolmogorov–Smirnov distances 

give more weight to deviations in the centre of the distribution, while the Cramer-von Mises and 

Anderson–Darling a distances give it  to deviations in the tails .  37

Kolmogorov–Smirnov statistic: 

The Kolmogorov–Smirnov computes the difference between the empirical distribution function 

and the cumulative reference distribution function; for this case, it computes the return 

distribution function to the empirical reference distribution of the copulas tested.  

                                                    !  DKS = max FE (Rt )− FH (Rt )
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Whereby the Glivenko–Cantelli theorem, if the sample from the return distribution comes from 

! , !  must converge to 0 

Cramér-von Mises Statistic: 

In the same way that the Kolmogorov–Smirnov, it computes the difference between the empirical 

distribution function and the cumulative reference distribution, The CVM distance, is usually 

preferred to the Kolmogorov–Smirnov test as it is considered more powerful being less prone to 

type two errors  38

Being the null Hypothesis   39

Anderson–Darling statistic: 

Anderson-Darling test is a modification of the Cramer-von Mises test. It differs from the CVM 

test giving even more weight to the tails of the distribution (Farrel & Stewart, 2006). For this 

work project, the test employed is the Cramer-von Mises as it provides a more flexible 

framework to test the different copulas families and distributions that are used in this Copula VaR 

approach to model as it simplifies the computation of the tests.   

FH (Rt ) DKS
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After selecting the right copula using the criteria described before, the Copula VaR will be 

estimated by a semi non-parametric approach using a Montecarlo methodology by simulating the 

density function of the copula using an auto regressive (AR1) process for each of the monthly 

periods and then evaluating the left tail quantile within a significance level of 95%. 

Backtesting. 
To evaluate the performance of the Copula VaR against the Normal linear VaR and the VaR 

calculated employing the Vix, the portfolios of fifty stocks are evaluated using the 

aforementioned approaches for risk assessment. The three VaR measurements are evaluated 

within each trading day of the next consecutive calendar month to their creation. The backtesting, 

focuses on looking for the performance of each measurement by evaluating the VaR Breaks each 

of the approaches presents. 

The results of this testing are recorded and then summarized to establish the accuracy and 

precision both methodologies had over the evaluated time periods to establish a comprehensive 

metric that allows evaluating how both models performed in calculating the right VaR and to see 

if the models overestimate or underestimate the value.       

V. Results  
After following the methodology described before, the 67 portfolios, corresponding to 67 months  

where tested to obtain the most appropriated Copula that best fits each one of the portfolios.  

Table1 on the right, summarizes the findings 

of the goodness of fit test to the thirteen 

freedom degrees with 50 dimensions t-student 

copula which was the best among the tested 
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Copulas. This table shows that the Cramer-Von Mises test had P-values over 0.050 thereby, 

rejecting the alternative hypothesis that the observed distribution of the returns differs from the 

theoretical distribution in favor of the null hypothesis that both distributions are the same. In 

other words, this table shows that for each of the portfolios, the aforementioned Student’s t 

copula is a good fit because the difference between the theoretical distribution (simulated) and 

the empirical distribution (observed return time series) is not big enough to be considered two 

different distributions. 

This CMV test was also performed to the Normal, Frank, Clayton and t-student copula with 

freedom degrees of 7 and 10 finding that the aforementioned copulas had some P-values in the 

rejection zone. t meaning that were not appropriate to evaluate the Copula VaR. In practice, these 

P-values within the rejection zone, showed that there are months within the portfolios for which 

the other tested copulas don’t fit   .   

Continuing with the methodology, the table above, shows the results obtained after comparing the 

three approaches for the VaR estimation, as shown by the precedent table, the Copula VaR had a 

better performance diminishing the VaR Breaks by nine and fifteen breaks in comparison with the 

two other  approaches. In practice, this means that the Copula VaR  is a more reliable metric than 

the other two methods as it reduced the total breaks in 22% in comparison to the Normal VaR.  
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In order to further address the validity of the results, the methodology described by Kupiec 

(1995) was implemented to this analysis .  Under this methodology, the exception rate is 40

computed as the number of VaR Breaks divided by the amount of daily observations and then 

computing the likelihood ratio (LRuc) defined as:  

The 5% critical value for this test is 3.841 meaning that if LRuc is grater than this critical value 

the VaR model should be rejected, in this case all of the models tested have a likelihood ratio 

below this critical value meaning that all three could be valid models. 

Also, the Copula VaR showed to be more stable in comparison to the NVaR  as it did not 

overestimate the potential losses nor underestimate them as much as the traditional approach; this 

can be appreciated comparing the two approaches in the graphs on Appendix C and D where as 

seen on  the  Normal VaR approach  it estimates losses near 10% that did not occur while the 

graph that illustrates that the Copula VaR fluctuated around 1.6% while the greatest lost of the 

portfolios was around 4.5% . The copula VaR was stable because it was model from an AR(1) 
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process generator without trend nor drift  being it the best model to describe the returns of the 

portfolios with fifty stocks as showed by Appendix F. 

In comparison, the VaR methodology that employs the Vix index to model volatility, obtained 

middle ground results between the NVaR and CopVaR with similar stability to the Cop VaR  but 

failing more times that the Cop VaR as the VaR Breaks have shown. 

VI. Conclusions  
The goal of this work project was to establish if a Copula could be fitted to a series of portfolios  

and if this Copula can be employed to compute the VaR resulting  in a significant improvement  

in the  the number of VaR breaks in comparison to the linear normal VaR and the VaR computed 

by using the VIX as a volatility proxy .  

For this, as described by the methodology, a five stages process was implemented starting from 

the raw prices and data described in this document to construct the market capitalization 

weighted portfolios to test the goodness of fit the copulas finally test the copula VaR. 

The results obtained in this  project, showed that the Copula VaR approach presented performed 

better than the ViX proxy VaR and also as expected, outperforms the traditional Normal 

parametric VaR when the used evaluation metric are the VaR Breaks and the confidence interval 

is sustained . 

The empirical results of this project showed that at least for the portfolios examined, the copula 

method with t-distributed margins is more reliable than the two other approaches breaking less 

times and not overestimating  nor overfitting the VaR on high volatility scenarios making it a 

better risk tool.  
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As final remark, it is important to say that further development can be done by analyzing  copuals 

beyond the Normal, Frank , Clayton  and t-student copulas reviewed in this document, and also 

other VaR approaches as such described in the literature review, specially the EVT  

  

Appendix A: Summary statistics of the fraction of volatility 
represented by 50 stocks.   

 

Appendix B: Examples of copulas with p-values in the rejection zone  
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Appendix C: Graphic of the Copula VaR over the time periods. 

Appendix D: Graphic of the Normal VaR over the time periods. 
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Appendix E: Graphic of the VIX VaR over the time periods. 
 

Appendix F: Results of the ARIMA modelling  
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