
Thesis proposal:
Perturbation due to the noncommutativity of the

DFR spacetime

Juan Felipe López Restrepo
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1 Introduction

Since the appearance of Quantum Mechanics during the first years of the last century
and development of Quantum Field Theory, there is a better understanding of the
nature of the microscopic world. Also, this process has required to accept a highly non-
intuitive way to interpret the world in order to achieve theoretical models that reproduce
the observed results. We will understand a physical theory as a set of observables to
be measured, and a set of states that represent the measurement process, with some
algebraic structure [2]. The fundamental point of departure of Quantum Mechanics is
the acceptance of uncertainty relations

∆x∆p ≥ ~
2

(1)

for any possible measurement. From Gelfand theorem [16], if we demand for the observ-
ables a C*-algebra structure, relation (1) imply that the classical canonical observables
cannot belong to the algebra of functions over some topological space; i.e. the phase
space has a noncommutative nature, but still has the structure of operators over some
Hilbert space in an unique way, due to Stone’s theorem [24].

A noncommutative nature of spacetime has been suggested from different sources. From
Loop Quantum Gravity (or canonical quantum general relativity) [27], the volume
operators happen to be naturally quantized; from String Theory [26], B-fields manifiest
as nontrivial commutation relations for the position operators in the worldsheet; there
is an approach from noncommutative geometry to the Standard model proposed by
Connes [8]; and so on. Therefore, there exist reasons to assume a noncommutative
nature of spacetime. But also, a commutative structure of spacetime requires the
existence of a physically measurable concept of event in the spacetime. It will be
argued below, following [10, 9] that this is inconsistent with both General Relativity
and Quantum Field Theory on Curved Spacetime as they are actually understood.
All of this motivates the introduction of a phenomenological model that implements
noncommutativity in a sort of ”minimal way”, just like the transition from classical
to quantum mechanics described above, that still preserves Lorentz covariance. This
means that is not enough to assume Moyal [1] relations

[qµ, qν ] = iθµν (2)

For θ a constant matrix (as it is done for position/momentum relations). It has to be a
set of elements of the algebra. This defines the algebra of functions over the Quantum
Spacetime. Despite the previus reasoning, effects of noncommutativity should appear
only at Planck scale (λP ∼ 10−35m), then there are not expected effects in experiments
of high energy physics. Non standing, there is a natural laboratory that amplifies quan-
tum effects and this is composed by the cosmological observations.
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Inflationary cosmology is commonly accepted as a fact in the Standard Model. As
described below, there is a parameter that measures how the distances in spacetime
grows (or changes) and this is the scale factor. Inflation is considered as a period in the
very early Universe when this parameter grew in an accelerated way and solves three
main problems of the FLRW model known as horizon problem, flatness problem and the
nature of inhomogeneities [20]. Briefly, the horizon problem says that the Universe as
far as the observational data show, has an homogeneous distribution of energy density
at large scale (ct0 ∼ 1028m, the present horizon scale now). If it expands in a decelerated
fashion (as it appears to do now), and the energy density at Planck time (ti ∼ 10−43s)
is of the planckian order, then the energy density should be thermalized at this time at
a lot of regions of spacetime that never could have any causal relation. More precisely,
if li = ct0ai/a0 is the size at t = ti of patch that we see now as homogeneous and lc = cti
the particle horizon then

li
lc
∼ ȧi
ȧ0

∼ 1028 (3)

Without inflation, we would have 1084 causally disconnected regions at thermal equilib-
rium. This would not be a problem if ȧi were big enough at the early Universe, but it
requires to recover deceleration in order to conserve this homogeneity. This mechanism
also explains why the Universe look flat with so high accuracy. The problem of inflation
then moves to implement some kind of model defined by certain content of matter that
reproduces an accelerated growth of the Universe. The last is done with a scalar field
φ with action

S =
1

2

∫
d4x
√
|g| (gµν∂µφ∂µφ− V (φ)) (4)

For a family of non-trivial potentials that satisfy, during the period of inflation, the
slow-roll conditions that guaranty the inflationary scenario.

The problem of inhomogeneities is a clear example of how inflation can magnify quan-
tum effects into observable cosmological data. In an stronger assertion, quantum fluc-
tuations (including those beyond Planck scale) are the one which define the large scale
structure of the Universe, as it was announced above.

In 2015, Doplicher, Morsella and Pinamontti [11], worked on the noncommutative space-
time model on which we focus the present work. They considered a particular Quantum
Field Theory over this spacetime (named as Quantum Diagonal map) and obtained the
contribution of noncommutativity to the energy momentum tensor of a free massless
scalar field in KMS (thermal) state. The resulting contribution to the Friedman equa-
tions at very high temperatures (compared to the Planck scale) give rise to a particular
inflationary scenario where any pair of points in spacetime where causally connected in
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the past, providing a possible solution to the horizon problem.

Despite the Quantum Spacetime model does not come from first principles, the former
result could provide a natural solution to the horizon problem (in the absence of artificial
potentials). The structure of inhomogeneities, as the effects of noncommutativity in
primordial quantum fluctuation, result as natural questions to push forward the present
model. Then, the problem that shall be addressed in the present thesis is concerned to
understand, in a phenomenological way, the physical effects due to the noncommutative
nature of the spacetime in the distribution of inhomogeneities due to quantum fields
with particular interactions, in a mathematically rigorous way.
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2 Objectives

2.1 General objective

To understand the effects of the Doplicher-Fredenhagen-Roberts spacetime in the dis-
tribution of inhomogenieties of energy density; using tools of QFT on curved spacetime
and cosmological perturbation theory for interacting scalar field theory models.

2.2 Specific objectives

• To understand the Doplicher-Fredenhagen-Roberts spacetime algebra and the
possible formulations of interacting field theories.

• To calculate the inhomogeneity spectrum in perturbation theory for scalar fields
and metric perturbations, for short and long wavelength.

• To study perturbations in Quantum Spacetime for interacting theories.

• To analize possible extensions of the Quantum Spacetime model to other sym-
metric spacetimes.
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3 Theoretical Framework

3.1 Quantum Field Theory on curved spacetimes

Standard definitions of Quantum Field Theory (QFT) makes a strong use of the sym-
metry properties on Minkowski spacetime [21, 17]. In order to have a notion of general
covariance (instead of Poincaré), a QFT on a curved spacetime [4] needs to be defined
coherently in all spacetimes, this is called a locally covariant QFT [6] and is defined
in a functorial way. As it is done in Minkowski, the idea will be to assign for a given
spacetime, a unital C*-algebra.

Define M the monoidal category [15] of globally hyperbolic, oriented, time-oriented,
Lorentzian manifolds [3]; with morphisms, isometric embeddings which preserve causal
structure; tensor product given by the disjoint union and unit the empty set. C is the
monoidal category of unital C*-algebras, with morphisms the injective homomorphisms
and tensor product the tensor product of C*-algebras. A locally covariant QFT is a
functor of monoidal categories

α : M→ C, (5)

such that if a map χ : M → N contains a Cauchy hypersurface in its image, then
α(M ) is isomorphic to α(N ). Lets decompose the previous definition. If M is an
object in M, α(M ) is the C*-algebra where the operators associated to the field theory
are defined. For a map χ : M → N , the homomorphism α(χ) : α(M ) → α(N ) will
be important to obtain general covariance of the theory. If M1,M2 in M, by causality,
any pair of maps χi : Mi → N makes χ1(M1), χ2(M2) causally disconnected and the
operator algebras α(M1)⊗α(M2) has a tensor product structure inside α(N ) that can
be understood as quantum observables associated to separate subsystems. In particu-
lar, this implies that operators associated to causally disconnected subregions commute.
This in Minkowsi is called Einstein Causality axiom [17] and is a consequence of the
monoidal structure. Finally, the requirement of Cauchy data is related to a dynamical
law and justifies the assumption of causal completeness.

Before defining quantum fields, is necessary to introduce the covariant functor D , again
from M to C (formally, to unital *-algebras) that assigns to M , the space of tests
functions D(M ) [18] and for each morphism χ : M → N and f ∈ D(M ), is f ◦χ−1 in
χ(M ) and 0 outside. With this in mind, a quantum field Φ is a natural transformation
from D to α, i.e. for every M in M, ΦM is a map from D(M ) to α(M ) that assigns
to a test function f the operator ΦM (f), the field smoothed with the function f . Also,
for a given map χ : M → N , ΦN ◦D(χ) = α(χ) ◦ ΦM that also reads

ΦN (f ◦ χ−1) = α(χ)ΦM (f) (6)
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That is nothing but general covariance.

Example: Consider for each globally hyperbolic spacetime, the Klein-Gordon equation

Kϕ := (� +m2 + ξR)ϕ = 0, (7)

where � is the D’Alambert operator associated to the Lorentzian metric, m is the mass,
R is the Ricci scalar and ξ a real parameter. The *-algebra generated for the symbols
WM (f) for each f, g ∈ D(M ) with the relations

WM (f)∗ = WM (−f) (8)

WM (f)WM (g) = e−
i~
2
〈f,∆g〉WM (f + g) (9)

WM (Kf) = 1 (10)

where ∆ = ∆R − ∆A the causal Green operator which is given uniquely from global
hyperbolicity and the symplectic 2-form ω(f, g) := 〈f,∆g〉 (taking f inside D ′(M ))
makes the space V = D(M )/Im(K) a symplectic vector space and this example is just
is associated canocical CCR Weyl algebra [4]. If we concern in regular representation
(i.e. WM (tf) is strongly continuous as a function of t); then, by Stone-von Neumann
theorem, there are self-adjoint generators ΦM (f) such that

ΦM (f)∗ = ΦM (f) (11)

[ΦM (f),ΦM (g)] = i~ 〈f,∆g〉 (12)

ΦM (Kf) = 0 (13)

3.2 Quantum Spacetime

Quantum spacetime (QST) is a model for noncommutative Minkowski spacetime in-
troduced by Doplicher, Fredenhagen and Roberts [10]. In order to define a point in a
curved spacetime, it would be necessary to perform an experiment extremely localized
in both space and time. Due to uncertainty principle, localization in time generates a
high uncertainty in energy in a region that eventually will be small enough to produce
a trapped surface (like a black hole) [9]. More precisely, consider a scalar field in a
curved spacetime defined by the smeared fields φ(f) by f test functions. For a given
state ω, the state localized in a region O by a function f such that supp(f) ⊂ O is

ωf (A) :=
ω(φ(f)Aφ(f))

ω(φ(f)φ(f))
(14)

and the effect in any operator (like the energy momentum tensor) of the measurement
process due to localization is given by 〈A〉f = ωf (A)−ω(A). This average perturbation
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can be introduced in the Einstein equations to analyze the back-reaction problem. For
a very general set of conditions, given a quasifree Hadamard state [23] ω and O small
enough, a trapped surface in the causal future of O hiding the event. For a detailed
proof, see [11]. This suggest the necessity to introduce spacetime uncertainty relations
[9].

∆t
3∑
i=1

∆xi ≥ λ2
P (15)∑

1≤i<j≤3

∆xi∆xj ≥ λ2
P (16)

Following the same recipe from classical to quantum mechanics, spacetime position are
raised to operators {qµ}µ=0,1,2,3. As they are expected to have an unbounded spectrum
(thought as operators acting on a Hilbert space), we want to construct a C*-algebra C
(that will be the algebra of functions on the QST) where the q’s be unbounded elements
affiliated, in the sense of Woronowicz [28]. This is, A is a selfadjoint element affiliated to
a C*-algebra C , written AηC , if there is an homomorphism from C0(R) to M(C ) (the
multiplier algebra [7]) which assigns to the function f , the element f(A) (this would
be the analogous of the function of the operator A in continuous functional calculus).
To implement uncertainty relations, it is necessary that q’s do not commute with each
other. That is

[qµ, qν ] = iλ2
PQ

µν (17)

The simplest selection for Q’s would be a constant antisymmetric matrix; but this is not
compatible with Lorentz covariance. Next option is that those operators be elements
of the center of the algebra, i.e.

[Qµν , qλ] = 0, (18)

in addition, the Quantum Conditions [10]

QµνQµν = 0 (19)[
1

2
εµνσρQ

µνQσρ

]2

= 1, (20)

imply the uncertainty relations (15), (16) in the following sense: Let AηC , we say that
a state ω of C is definite on A if

ω(A2) := sup{ω(f(A))|f ∈ C0(R), f(x) < x2} < +∞ (21)
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for a state definite on A, the uncertainty of A in that state is (as usual) ∆ω(A) =√
ω(A2)− ω(A)2. For the previous conditions (18), (19) and (20), for any state definite

in the operator qµ

∆ωq
0

3∑
i=1

∆ωq
i ≥ λ2

P (22)∑
1≤i<j≤3

∆ωq
i∆ωq

j ≥ λ2
P (23)

As the Q’s commute each other (and should generate the center of the algebra), it is
possible to find their common spectrum manifold. By Schur lemma, in any irreducible
representation π, π(Qµν) = σµν is a real constant antisymmetric matrix. Quantum
conditions imply that matrices of the general form

σ =


0 e1 e2 e3

−e1 0 m3 −m2

−e2 −m3 0 m1

−e3 m2 −m1 0

 , (24)

satisfy ||~e|| = ||~m|| and (~e · ~m)2 = 1. This space of matrices is isomorphic to Σ =
Σ+ ∪ Σ− ' TS2 × {±1}, two copies of the tangent space of the sphere. The isomor-
phism is built as follows: for a pair (~e, ~m) such that ~e · ~m = ±1, nσ = ~e±~m

||~e±~m|| ∈ S
2 and

the tangent vector is given by the velocity (infinitesimal generator) of the boost that
connects σ0 given by ~e = (0, 0, 1) and ~m = (0, 0,±1) with σ; as a (2, 0) tensor. This
space is also a homogeneous space SL(2,C)/D where SL(2,C) is the double covering
of the proper orthocronous Lorentz group (double covering to include Σ+ and Σ−) and
D is the little group of σ0 which happens to be diagonal matrices. It can be proved
that optimal commutation (equality in (22), (23)) are obtained only in the subspace

Σ(1) = Σ
(1)
+ ∪ Σ

(1)
− the zero sections.

Consider the irreducible representation such that π0 such that π0(Q) = σ0. I we set
qµ0 := π0(qµ), relations (17) are

[q0
0, q

3
0] = i, [q1

0, q
2
0] = i (25)

and the others are zero. These are two separate copies of commutation relations in
standard quantum mechanics. Making the choices q1

0 = x1, q2
0 = p1, q3

0 = x2, q0
0 = p2 in

the Hilbert space L2(R2, dx1dx2) and the C*-algebra generated by this representation
is K , the space of compact operators in the separable Hilbert space. By Stone’s
theorem [24], this representation is unique. For any other irreducible representation
πσ(Q) = σ = Λσσ0ΛT

σ , the Hilbert space is again L2(R2, dx1dx2) and πσ(qµ) = Λµ
νq
ν
0 ,

and it is unique by the same arguments. An algebra representation can be constructed
10



joining coherently the later representations. This is the algebra of functions over the
QST which is isomorphic to the continuous (trivial) field of C*-algebras C ' C0(Σ,K ).
We will concern in regular realizations of the algebra generated by the symbols

eikµq
µ ∈M(C ) (26)

For a function F ∈ C0(Σ × R4) such that F (σ, ·) ∈ L1(R4) with Fourier transform
F̂ (σ, ·); the operator is ∫

R4

F̂ (σ, k)eikµq
µ

d4k (27)

with Moyal-type product

eik
µ
1 qµeik

ν
2 qν = e−

iλ2P
2
kµ1 σµνk

ν
2 ei(k1+k2)µqµ (28)

3.3 QFT on QST

There exist inequivalent formulations of interacting Quantum Field Theories on the
Quantum Spacetime which coincide in the commutative limit (λP → 0). In the fol-
lowing, we shall consider Moyal product QFT and the Quantum Diagonal Map; both
concerned with φn interactions. Moyal product QFT was presented originally in [10].
Let F the Hilbert space where usual quantum fields over Minkowski spacetime act
(e.g. the Fock space [14]) and Hq the Hilbert space where C is faithfully represented.
A quantum field is an element that acts on Hq ⊗F as

ϕ(q) =

∫
R3

d~k

(2π)3
√

2ω~k

(
e−ik

µqµ ⊗ a(k) + eik
µqµ ⊗ a†(k)

)
(29)

To avoid any ambiguity, lets fix some notation. Take f̌ ∈ L1(R4) with Fourier transform
defined by

f̂(k) =

∫
d4xe−ikxf̌(x), (30)

And the inverse transform

f̌(x) =

∫
d4k

(2π)4
eikxf̂(k) (31)

In particular, for an usual quantum field in commutative Minkowski spacetime

ϕ̌(x) =

∫
d3~k

(2π)3
√

2ω~k

(
a(~k)eikx + a†(~k)e−ikx

) ∣∣∣∣∣
k0=ω~k

(32)

Then,
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ϕ̂(k) =
2π√
2ω~k

(
a(~k)δ(k0 − ω~k) + a†(−~k)δ(k0 + ω~k)

)
(33)

Using Moyal-type commutation relations, the the normal order n-th product calculated
just as : ϕ(q)...ϕ(q) : is

: ϕn(q) :=

∫
d4k1...d

4kn
(2π)4n

: ϕ̂(k1)...ϕ̂(kn) : exp

(
−iλ

2
P

2

∑
1≤j<l≤n

kµjQµνk
ν
l

)
exp

i( n∑
j=1

kj

)
µ

qµ


(34)

The hamiltonian at time t should be an expression of the form

HI(t) =
λ

n!

∫
q0=t

d3q : ϕn(q) : (35)

The last result requires to define that kind of integrals. This can be done via Fourier
transform. Consider f integrable

∫
x0=t

d3x f(x) =
1

(2π)4

∫
d3x

∫
R4

d4keik
0te−i

~k·~xf̂(k0, ~k)

=
1

2π

∫
R
dk0eik

0t f̂(k0,~0),

Which solves dependence on q. But clearly, there is a dependence on Q due to the non
trivial commutation relations. It is necessary to choose a state on the center of the
algebra which is C0(Σ). States here are Borel regular measures over Σ [24]. Moreover,
it is asked to minimize the spacetime uncertainty relations (22) and (23), that requires
the measure to have support on the two copies of the sphere of radius λP . Demanding
a rotational invariant probability measure is unique (Haar measure) and will be called
µ. For a general element (27), its spacelike integral at t is

(2π)3

∫
Σ(1)

dµ(σ)

∫
R
dk0eik

0tF (σ, k0,~0) (36)

In particular, the interaction hamiltonian is

H
(n)
I (t) = λ

n!

∫
Σ1 dµ(σ)

∫
d4k1...d4kn

(2π)4n
: ϕ̂(k1)...ϕ̂(kn) : exp

(
− iλ2P

2

∑
1≤j<l≤n k

µ
j σµνk

ν
l

)
∗

∗(2π)3δ3
(∑n

j=0
~kj

)
exp

[
i
(∑n

j=1 k
0
j

)
t
]

(37)
The noncommutativity is given by the term
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Λ(σ; k1, ..., kn) := exp

(
−iλ

2
P

2

∑
1≤j<l≤n

kµj σµνk
ν
l

)
(38)

which is multiplied by an expression that is symmetric in the ki; then by Young pro-
jectors, the later expression can be replaced by its symmetrization

Q(σ; k1, ..., kn) :=
1

n!

∑
π∈Sn

Λ(σ; kπ(1), ..., kπ(n)) (39)

where Sn is the group of permutations of the set {1, 2, ..., n}.

In a different direction, the Quantum Diagonal map in QFT on curved spaces defines
the normal order as

: φ(x)2 := lim
x→y

(φ(x)φ(y)− 〈Ω, φ(x)φ(y)Ω〉) (40)

For a suitable choice of the vacuum state Ω. This construction cannot be followed ex-
actly in the QST because the limit x→ y makes no sense with the spacetime uncertainty
relations. The closest approach is to define the state that minimizes the expression∑

µ

(qµ)2. (41)

It is clear that this corresponds to the quantum harmonic oscillator hamiltonian in each
irreducible representation. The last observation and the demand that the state also
minimizes the spacetime uncertainty relations implies that the state ωa that localizes a
general operator (27) at x = a is

ωa

(
σ →

∫
R4

F̂ (σ, k)eikµq
µ

d4k

)
=

∫
Σ(1)

dµ(σ)

∫
R4

d4kF̂ (σ, k)ηa(e
ikµqµ) (42)

With the useful definition ηa(e
ikµqµ) = exp

{∑3
µ=0(kµ)2)

}
eikµa

µ
and η := η0.

In order to introduce the functions of several variables in the QST, we can define the n-
th coordinate operator. Let Z the center of C ; i.e. Z = C0(Σ) and C n := C ⊗Z ...⊗Z C
n times, the algebra of functions of n coordinates in the QST; using the C -bimodule
structure of Z. For i = 1, ..., n, the i-th coordinate operator is an element qµi ηC

n defined
by

qµi = I ⊗ I ⊗ ...⊗ qµ ⊗ ...⊗ I, (43)

With these, define the mean and relative coordinates in C n

13



q̄µ :=
1

n

n∑
i=1

qµi (44)

qµij := qµi − q
µ
j (45)

In particular, they satisfy

qµi = q̄µ +
1

n

∑
j

qµij (46)

[qµij, q̄
ν ] = 0 (47)

[q̄µ, q̄ν ] =
1

n
iλ2
PQ

µν (48)

As it was done in the previus section, consider the C*-algebra generated by {q̃µ} with
relations

[q̃µ, q̃ν ] =
1

n
iλ2
PQ

µν (49)

just changing λP by λP/
√
n. This is isomorphic to C . Define the following elements

affiliated to C n+1

q̄µ = q̃µ ⊗ I⊗n (50)

qµij = I ⊗ qµij (51)

qµi = q̄µ +
1

n

∑
j

qµij (52)

There is a *-homomorphism

β(n) : C n → C n+1 (53)

such that β(n)(qµi ) = qµi . This map extends uniquely to a faithful *-homomorphism.
We define the Quantum Diagonal map E(n) as the map

E(n) : C n → C1 (54)

Defined by E(n) = γ ⊗ η⊗n ◦ β(n), where C1 := C0(Σ(1),K ) and γ the restriction to
Σ(1). In particular, consider a function f ∈ L1(R4n) with Fourier transform f̂ . Define
the operator

f(q1, ..., qn) =

∫
R4n

dk1...dknf̂(k1, ..., kn)eik1q1+...+iknqn (55)
14



The Quantum Diagonal map of f if given by

E(n)(f(q1, ..., qn))(q̃) =

∫
R4n

f̂(k1, ..., kn)rn(k1, ..., kn)ei(
∑
i ki)q̃, (56)

where q̃ satisfies uncertainty relations with typical length λP/
√
n and

rn(k1, ..., kn) := exp

{
−1

2

3∑
µ=0

(
n∑
j=1

(kjµ)2 − 1

n

n∑
j,l=1

kjµklµ

)}
(57)

Observe that the last function acts as a non-local regulator in momentum space and
comes from the assumed noncommutativity of spacetime. Following the recipe from
Moyal product QFT, the n-power field operator

: ϕn :Q (q) :=

∫
d4k1...d

4kn
(2π)4n

rn(k1, ..., kn) : ϕ̂(k1)...ϕ̂(kn) : exp

i
(

n∑
j=1

kj

)
µ

qµ

 (58)

where ϕ̂ is given by (33). The interaction hamiltonian given by the spacelike integral
defined in (36)

H
(n)
I,Q(t) =

λ

n!

∫
Σ(1)

dµ(σ)

∫
d4k1...d

4kn
(2π)4n

: ϕ̂(k1)...ϕ̂(kn) : rn(k1, ..., kn)exp

i
(

n∑
j=1

kj

)
µ

qµ


(59)

Finally, the n-point to develop a perturbative Dyson series for any of the hamiltonians
defined at this point is given by the Gell-Mann-Low formula [21]

G(x1, ..., xn) := lim
T→∞(1−iε)

〈0|T
{
ϕ(x1)...ϕ(xn)exp

[
−i
∫ T
−T dt HI(t)

]}
|0〉

〈0|T
{
exp

[
−i
∫ T
−T dt HI(t)

]}
|0〉

(60)

Feyman diagrammatics can be developed for this perturbative QFT. In [25], Moyal
product QFT is discussed in the context of BPHZ renormalization [5] and explicit
calculations are realized for n = 4 power interaction. In [12], adiabatic limit of Quantum
Diagonal map QFT is proved in the context of Pertirbative Algebraic QFT (PAQFT)
[13].

3.4 Cosmology and inflation

Homogeneity of space and time and isotropy of space implies that the spacetime is
topologically M = R+ × Λ where Λ is a three dimensional Riemannian manifold with
constant curvature. The metric has the form
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ds2 = dt2 − a(t)2
(
dχ2 + Φ(χ)2dΩ2

)
(61)

where a is the scale parameter, dΩ2 = dθ2 + sin(θ)2dφ2 the element of solid angle
(isotropy); and Φ(χ) = χ for Λ = R3 (null or flat curvature), Φ(χ) = sinh(χ) for Λ
the Lobachevski space of negative curvature (both with χ ∈ R+ and Φ(χ) = sin(χ)
for Λ = S3 the three dimensional sphere [20]. Assuming the content of matter of the
spacetime as a perfect fluid with energy density ε, pressure p and 4-velocity uα; the
energy momentum tensor associated is

Tαβ = (p+ ε)uαuβ − pδαβ , (62)

where p = p(ε) is the equation of state. The Friedman-Lemaitre-Robertson-Walker
(FLRW) spacetime is the solution to the Einstein equations for a metric of the form
(61) with input (62); known as the Friedman equations:

ä = −4π

3
G(ε+ 3p)a (63)

H2 +
k

a2
=

8πG

3
ε (64)

where H = ȧ/a is the Hubble parameter and k = 0,+1,−1 for a space time with null,
positive or negative curvature, respectively. Sometimes is useful to consider conformal
time

η =

∫
dt

a(t)
(65)

The metric takes the form

ds2 = a(η)2
(
dη2 − dχ2 + Φ(χ)2dΩ2

)
(66)

In particular, flat Minkowski spacetime is conformally equivalent to conformal FLRW
cosmology.

As it was described at the introduction, inflation is a period in the evolution of the
Universe where the scale parameter grew in an accelerated fashion. From (63), an
inflationary period needs p < −ε/3. This is to fail the weak energy condition, and
correspond to a sort of ”repulsive gravity”. The usual implementation of this is to
consider the matter content at this stage dominated by a scalar field with action

S =
1

2

∫
d4x
√
|g| (gµν∂µφ∂µφ− V (φ)) (67)

For a homogeneous scalar field φ = φ(t). The energy momentum tensor casts into (62)
for ε = 1

2
φ̇2 +V (φ) and p = 1

2
φ̇2−V (φ). The dynamics is encoded in the Klein-Gordon

equation
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φ̈+ 3Hφ̇+
∂V (φ)

∂φ
= 0, (68)

and the Friedman equation

3H2 = 8πGε (69)

Inflation condition is equivalent to φ̇2 < V (φ). To guaranty strongly the inflation
condition, the slow-roll conditions are assumed

φ̇2 � V (φ), |φ̈| �
∣∣∣∣∂V (φ)

∂φ

∣∣∣∣ (70)

Then, Fourier solutions and Mukhanov treatment for cosmological perturbation theory
describes the nature of inhomogeneities [19]. Lets go back to the Quantum Spacetime.
For a massless scalar field in the QST, the energy density as the 00 component of the
energy momentum tensor is given in terms of the Quantum Diagonal map [11]

: ε : (q) = E(2)

(
: ∂0ϕ(q1)∂0ϕ(q2) : −1

2
ηµν : ∂µϕ(q1)∂νϕ(q2) :

)
(q) (71)

Evaluating this operator at the KMS state at inverse temperature β described by the
two point function

ωβ (ϕ̂(k1)ϕ̂(k2)) =
1

(2π)3
δ4(k1 + k2)δ((k1)2)

θ(k0
1)

1− e−βk01
(72)

Taking the previous state over the fields and an optimally locaized state on the QST,
and substracting the zero temperature term, the energy density for the massless scalar
field is

ε =
1

2π2

∫ +∞

0

dk k3 e
−λP k2

eβk − 1
(73)

This is a result over noncommutative Minkowski spacetime. Using the correponding
conformal map to FLRW spacetime, the only substitution is to map β → βa(t) (temper-
ature transform with the scale parameter while the Planck constant remains invariant
[22]). Taking limit scenarios, for low temperature λP/aβ � 1, the energy density is
proportional to a−4 as it is the standard radiation-dominated Universe. In spite, for
the high temperature early Universe with λP/aβ � 1,

ε ' 1

8π3/2

1

βλ3
Pa(t)

(74)

Replacing in (69) and integrating on an interval (τ, τ0) from an arbitrary past to some
τ0 where high energy remains valid, then
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τ0 − τ =
1

3π1/2βλ3
P

(a−1/2 − a−1/2
0 ) (75)

Singularity occurs at τ = −∞ as it is shown by [11]. This is a lightlike singularity
hypersurface, and implies that any couple of point are causally connected in past;
solving the horizon problem in this framework.
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4 Schedule

• Semester 2020-10: Understanding differential calculus and perturbative algebraic
QFT in the DFR model.

• Semesters 2020-20 and 2021-10: Calculus of the inhomogeneity spectrum using
perturbation theory with interactions.

• 2021-20: Extension to other symmetric spacetimes (particularly maximally sym-
metric).

• Semester 2022-10: Extension to spin and vector fields.

• Semester 2022-20: Internship.

• Semester 2023-10: Document drafting.
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5 Ethical considerations

The present is a purely theoretical research work in mathematical physics. It does not
imply any work with humans that requires informed consent or confidentiality. There
is neither any manipulation of animals. Also there is not any conflict of interest and
I declare that I will follow the values of scientific research looking to obtain true an
original result pursuing the objectives of the work and recognizing appropriately the
contributions that could emerge from any other member of the scientific community.
For all this, this work does not require a study of the Ethics Committee of the Faculty
of Sciences.
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