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Introduction
In the second half part of the 19th century, Sophus Lie studied group actions
on smooth manifolds and observed that they were closely related with the
study of certain vector space structures: “Lie algebras”. From those observations Wilhelm Killing and Friedrich Engel began to classify some of those
Lie algebras, simple complex Lie algebras. It is only in the late 19th century
that Elie Cartan in his thesis completed the classification of simple complex
Lie algebras. He also completed the classification in the real case using real
forms theory.
We take here a particular approach to model theory which is usually
interested in mathematical structures from a logical point of view. Model
theory concentrates on some objects of this structure, the “definable sets”.
We will not be interested here in general and structural properties of first
order theories but instead try to understand the distinction between definable
and non-definable objects under the lights of first order logic. Specifically we
will be interested in showing the strong connections between Lie groups and
groups definable in certain expansions of the real field, the o-minimal ones.
Let us fix ideas and give some definitions in order to enunciate the main
problem we will be treating here. We remind the reader that an o-minimal
structure is a (densely) ordered structure in which definable sets in one variable are finite unions of points and intervals. First notice that having a dense
ordering < on a structure M gives us a topology on M: the order topology. A direct consequence of the definition is that we cannot have an infinite
discrete definable subset in M (see [Dri98] for a reference).
Fact 0.0.1. Let X ⊆ Mk be a definable subset of the o-minimal structure
M. If X is discrete with respect to the order topology it is finite.
By definable we mean definable (eventually with aprameters) in an ominimal expansion of the real field. By definable group we mean a group
whose underlying set, multiplication map and inverse map are definable.
As mentioned above definable groups will share a fair part of terrain with
5

Lie groups. More precisely, any definable group can be seen as a Lie group
since A. Pillay proved the following in [Pil88].
Fact. Let G be a definable group, G can be equipped with a topology making
it a real Lie group.
It is then natural to ask if the contrary is true.
Question (naive). Are all Lie groups definable groups?
One first obstruction to this question lies in the fact that any definable
group has finitely many connected component as a Lie group (think of the
extreme case of Z which cannot be definable in R by Fact 0.0.1).
But even when restricted to connected Lie groups the two categories do
not coincide. The easiest example to realize this might be the universal cover
of SL2 (R); it is a simply connected Lie group whose center (which would be
definable if the group were) is infinite and discrete, which cannot happen in
an o-minimal context as mentioned in Fact 0.0.1.
But this counterexample lies in a particular place among Lie groups, it is
not linear (cannot be seen as a closed subgroup of any general linear group).
That motivates the following question, which was the original question in
this thesis project. It was raised by S. Starchenko in a private conversation
with A. Onshuus.
Question 1. Which linear real Lie groups are Lie-isomorphic to a group
definable in an o-minimal expansion of the real field?
In [COS18], A. Conversano, A. Onshuus and S. Starchenko noticed that
if we let the additive group (R, +) act by rotation on the the plane R2 we
get a Lie group G = R2 oϕ R with ϕθ (x, y) = (x cos θ − y sin θ, x sin θ +
y cos θ). This connected (actually simply connected) Lie group has a nice
matrix presentation:
G=



 cos θ

 sin θ



0


− sin θ x


cos θ y  : θ, x, y ∈ R .


0
1




Suppose now that this group is definable, it acts naturally and definably
on R3 but the (definable) stabilizer of (1, 0, 0) is discrete (it is 2πZ) which is
not possible by Fact 0.0.1. They give the following “triangular-by-compact”
condition under which such behaviors do not occur.
Fact 4.0.1. [Conversano, Onshuus, Starchenko, [COS18], Theorem 5.4] Let
R be a connected solvable Lie group. Then the following are equivalent:
6

• R has a normal, connected, torsion-free and supersolvable subgroup T
such that R/T is compact (we say that R is triangular-by-compact).
• R is Lie isomorphic to a group definable in an o-minimal expansion of
the reals.
Let us remind the reader that a connected Lie group G is said to be supersolvable if the eigenvalues of the operators Ad(g) of its adjoint representation
are real for any element g ∈ G.
Remark. We cannot avoid working up to Lie isomorphism as there are some
presentations of groups that are not definable in any o-minimal expansion of
the reals. For example,
G=


0
0

cos(t) − sin(t)
:t∈R


0 sin(t) cos(t)


t

 e

0







is not definable in any o-minimal expansion of R but it is Lie isomorphic to
(R, +) which is definable.
In our treatment of Question 1 we begin by an improvement of Fact 4.0.1,
proving in Chapter 4 that any connected solvable Lie group satisfying the first
equivalent condition in Fact 4.0.1 is actually Lie isomorphic to a definably
linear group, that is a definable subgroup of GLn (R) for some n ∈ N.
Theorem 1. Let G be a connected, triangular by compact, solvable Lie group.
Then G is Lie-isomorphic to a definable matrix group.
The main reason we took a particular interest in proving definable linearity of definable solvable Lie groups is because, associated to any Lie
group there is a very interesting solvable subgroup: the solvable radical (see
[Kna02],).
Fact. Let G be a connected Lie group, there is a maximal connected normal solvable Lie subgroup R in G. (R contains any connected solvable Lie
subgroup in G)
It is a fact that if G is a definable group, its solvable radical R is definable,
in particular it must be triangular by compact. Using Theorem 1 we gave a
full answer to Question 1 in Chapter 5 and prove that this is also sufficient
if G is linear.
Theorem 2. Let G be a connected linear Lie group whose solvable radical
is triangular by compact. Then G is Lie-isomorphic to a definable matrix
group.
7

Having dealt with the linear case we took a look at the general case of a
connected Lie group without any assumption on its linearity.
To tackle this problem we first spot the impediment to definability of the
universal cover of SL2 (R). The reason we highlighted above was its infinite
discrete center. We show in Section 3.5 that this is the only obstruction if
the group is semisimple.
Theorem 3. Let S be a connected semisimple Lie group. Then S is Lie
isomorphic to a definable group if and only if its center Z(S) is finite.
This result was achieved thanks to a careful study of finite coverings of
definable Lie groups in Section 3.4. Along the way we proved that if a Lie
group is definable, its o-minimal and topological universal cover coincide.
The reason we are in turn so interested in semisimple Lie groups is because
of a well known decomposition for any connected Lie group and we want to
use it in order to classify definable Lie groups.
Fact 1.2.30. [Levi decomposition, [Lev97], Theorem 1] Let G be a connected
Lie group and R its solvable radical. There is a unique (up to conjugacy)
maximal connected and semisimple subgroup S of G such that G = RS and
dim(R ∩ S) = 0. Any such S is called a Levi subgroup of G and they are all
conjugate in G. If the center Z(S) of S is finite (which is the case whenever
G is linear) or if G is simply connected then G is an almost semidirect product
of R and S: G = R(o)S.
With those tools in hand we managed to prove that finiteness of the
center of the Levi subgroup together with triangularity by compactness of
the solvable radical were a sufficient condition to get definability and prove
the following.
Theorem 4. Let G be a connected Lie group. Let R be the solvable radical
of G and S a Levi subgroup of G. If S has finite center and R is triangular
by compact then G is Lie-isomorphic to a definable group.
Finiteness of the center of Levi subgroups is not a necessary condition
since there are definable groups whose Levi subgroup are not definable (they
have an infinite center). In particular in [CP12], A. Conversano and A. Pillay
build a definable group whose Levi subgroup is isomorphic to the universal
^
cover SL
2 (R).
We structured the exposition in six chapters. The first one is a recompilation of well known facts in Lie theory: originally the document provided
8

a proof of Fact 1.2.38 for which we could not find a complete proof in the
literature, but since the jury suggested [AM07], Corollary 2.2.6 as a reference and hence it has been removed. In Chapter 2 we state basic facts of
o-minimal theories but nothing of our own product. The third chapter is
dedicated to a thorough study of definable groups and in Section 3.4 we give
a proof of Theorem 3. The last three chapters present the main results we
obtained. The first tools needed to answer Question 1 are presented in Chapter 4 where we prove that any definable solvable Lie group must be definably
linear (Theorem 1). We continue the study of linear Lie groups in Chapter 5
where we fully characterized those which are definable (see Theorem 2). Finally in Chapter 6 we use the tools of definable covering from Section 3.4
and give a proof of Theorem 4.

9

Chapter 1
Lie theory
This thesis is about the relationship between Lie groups and definable groups.
We will dedicate this chapter to Lie theory. Since the study of definable
groups is so closely related to the study of Lie groups and algebraic groups
the reader will also get a feeling of the results one should be able to obtain
in Chapter 3.

1.1

Lie algebras

All results in this section, except for those that explicitly say otherwise, are
taken from [Kna02]. We made the same achronological choice to present first
Lie algebras and give the discussion about Lie group in a second section.
This will allow us to have a more straightforward presentation later.

1.1.1

Basics

We begin with the definition of Lie algebra and the first interesting objects
associated to it. We give the general definition over any field but in practice
we will only use it for C, R and more generally over any real closed field R.
Definition 1.1.1. A Lie algebra over a field k is a k-vector space g equipped
with a bilinear map
[·, ·] : g × g → g
called the Lie bracket of g such that (g, +, [·, ·]) is a k-algebra and
• [X, X] = 0 for all X ∈ g,
• [[X, Y ], Z] + [[Y, Z], X] + [[Z, X], Y ] = 0 for all X, Y, Z ∈ g (Jacobi
Identity).
10

From now on, g and h will be Lie algebra over k and we write [·, ·]g and
[·, ·]h for their Lie brackets.
Definition 1.1.2. A map ϕ : g → h is said to be a Lie algebra morphism if
• it is linear,
• ϕ([X, Y ]g ) = [ϕ(X), ϕ(Y )]h for all X, Y ∈ g.
The set of all of those morphisms is denoted Hom(g, h) (the set of linear maps
is denoted Homk (g, h)). If g = h we write End(g) (and Endk (g) respectively).
The subset of Endk (g) of maps D such that
D([X, Y ]) = [X, D(Y )] + [D(X), Y ]
is called the set of derivations of g and we write Der(g).
Associated to any Lie algebra there is a particular and important map
called the adjoint map.
Definition 1.1.3. For any Lie algebra g and X ∈ g the adjoint map is
defined as follows.
ad :

g −→ Endk (g)
X 7−→ adX : Y 7→ [X, Y ].

The image ad(g) is contained in Der(g) which can be equipped with a Lie
algebra structure as follow.
∀D1 , D2 ∈ Der(g)

[D1 , D2 ] := D1 ◦ D2 − D2 ◦ D1 .

We can be a bit more precise with the previous definition.
Fact 1.1.1. Let g be a Lie algebra, then Der(g) can be equipped with a natural
Lie algebra structure, as in Definition 1.1.3. Moreover ad : g → Der(g) is a
Lie algebra morphism.
From now on let us fix a Lie algebra g.
Definition 1.1.4. We define here classical objects associated to the Lie algebra g.
• A subalgebra h of g is a vector subspace that is stable under Lie bracket.
• An ideal h in g is a subspace such that [g, h] ⊆ h. An ideal is automatically a subalgebra.
11

• The center of g is the ideal
Z(g) := {X ∈ g : ∀ Y ∈ g [X, Y ] = 0}.
A Lie algebra g is said abelian if Z(g) = g.
• The commutator of g is the ideal
[g, g] = Span({[X, Y ] : X, Y ∈ g}).
• If s is a subset of g the centralizer of s in g is the subalgebra
Zg (s) : = {X ∈ g : ∀ S ∈ s [X, S] = 0}.
• If s is a subalgebra of g the normalizer of s in g is the subalgebra
Ng (s) : = {X ∈ g : ∀ S ∈ s [X, S] ∈ s}.
We have the following properties for ideals.
Fact 1.1.2. Let a and b be ideals of g. Then the direct sum (as vector space)
a + b, a ∩ b and [a, b] are ideals of g.
With any good algebraic object comes the quotient object in the same
category. Here we explain how to equip the vector space quotient with a Lie
algebra structure.
Definition 1.1.5. Let a be an ideal of g, the vector space g/a can be equipped
with a Lie algebra structure with a natural bracket:
[X + a, Y + a]g/a := [X, Y ] + a.
It is called the quotient Lie algebra of g by a.
And things work pretty well since we have the following.
Fact 1.1.3. Let a be an ideal of g, the projection π : g → g/a is a morphism
of Lie algebra.
We also have a nice notion of direct product of Lie algebra.
Definition 1.1.6. Let a and b be Lie algebras, the vector space g = a ⊕ b
can be equipped with a Lie algebra structure retaining the Lie bracket on each
component and defining [a, b] = 0. We call this Lie algebra the direct product
of a and b and still write it a ⊕ b.
12

This definition can be twisted to obtain a notion of semidirect product of
Lie algebras as follows.
Definition 1.1.7. Let a and b be Lie algebras and ϕ : a → Der(b) be a
Lie algebra morphism. There is a unique Lie algebra structure on the vector
space g = a ⊕ b that retains the Lie bracket on a and b and such that
[A, B] = ϕ(A)(B)
for A ∈ a and B ∈ b. We say that g is the semidirect product of a and b and
write g = a +ϕ b or just g = a + b when it is not confusing.

1.1.2

Nilpotent, solvable and semisimple Lie algebras

Let us continue the exposition with the notions of nilpotency and solvability.
Definition 1.1.8. The lower central series of g is defined recursively as
follows
g0 = g, g1 = [g, g], gn+1 = [g, gn ].
If gn = 0 for some n ∈ N we say that g is nilpotent.
Definition 1.1.9. The commutator series of g is defined recursively as follows
g0 = g, g1 = [g, g], gn+1 = [gn , gn ].
If gn = 0 for some n ∈ N we say that g is solvable.
We also have the following alternative definition.
Fact 1.1.4. A n-dimensional Lie algebra g is solvable if and only if there
exists a sequence of subalgebras
0 = an ⊆ · · · ⊆ a0 = g
such that, for each i, ai+1 is an ideal in ai and dim(ai /ai+1 ) = 1.
Subalgebras and quotients of solvable (respectively nilpotent) Lie algebras
are solvable (nilpotent respectively).
Fact 1.1.5. Let g be a Lie algebra, h a Lie subalgebra and a an ideal.
• If g is nilpotent so are h and g/a.
• If g is solvable so are h and g/a.
13

• If g/Z(g) is nilpotent so is g.
• If a and g/a are solvable so is g.
The next proposition is very important since the solvable radical of a Lie
group (or definable group) will play an important role in the development of
the corresponding theory.
Fact 1.1.6. Let g be a finite dimensional Lie algebra. There is a unique
solvable ideal r of g containing all solvable ideals in g, it is called the solvable
radical of g.
Another interesting notion is simplicity. As the reader may know, we
now have a complete characterization of finite simple groups; in the same
fashion simple Lie algebras over the reals or complex numbers are completely
characterized.
Definition 1.1.10. A Lie algebra g is said to be simple if it is nonabelian
and it has no proper nonzero ideals. We say that g is semisimple if it has no
nonzero solvable ideals.
Simple Lie algebras have a nice algebraic structure.
Definition 1.1.11. A Lie algebra g is said to be perfect if g = [g, g].
One can easily deduce the following.
Fact 1.1.7. Simple Lie algebras are perfect.
The dual notion to solvability is semisimplicity as it is shown in the next
proposition.
Fact 1.1.8. Let g be a finite dimensional Lie algebra, then the quotient g/r
is semisimple (with r being the radical of g).
Finally there is a notion of nilpotent radical: the nilradical of g. First let
us state that the sum of nilpotent ideals is a nilpotent ideal.
Fact 1.1.9. Let a and b be nilpotent ideals in a finite dimensional Lie algebra
g. Then the direct sum a ⊕ b is a nilpotent ideal in g.
Definition 1.1.12. The maximal nilpotent ideal in g is called the nilradical
of g. It is an ideal in r the solvable radical of g.
We will need the following fact in Chapter 5.
Fact 1.1.10 ([OV94], Theorem 5.1). Let g be a finite dimensional Lie algebra, r its solvable radical and n its nilradical. Then [g, r] ⊆ n.
14

1.1.3

Linear Lie algebras

Let us first clarify what we mean by linear Lie algebra.
Definition 1.1.13. Let V be a vector space over a field K. We can equip
the vector space gl (V ) of all linear endormorphisms of V with a Lie algebra
structure defining the Lie bracket by
[X, Y ] := XY − Y X
for each X, Y ∈ EndK (V ).
A representation of a Lie algebra g in a vector space V is a Lie algebra
morphism ρ : g → gl (V ). We say that g or ρ(g) is a linear Lie algebra if ρ
is injective. Such injective representation ρ of g is called faithful.
Example 1.1.1. An important example for a finite dimensional Lie algebra
g is the adjoint representation already mentioned above. This is a representation of g in g and it is faithful if g is centerless.
Since the Lie algebra associated to a Lie group has always finite dimension, the following theorem lets us focus on linear Lie algebras.
Fact 1.1.11 (Ado’s Theorem). Let g be a finite-dimensional Lie algebra over
a field of characteristic 0. Then g admits a faithful representation.
Any representation of a solvable Lie algebra in an algebraically closed
field stabilizes a flag as shown in the following theorems.
Fact 1.1.12 (Lie’s Theorem). Let g be a solvable Lie algebra, V 6= 0 be a
finite dimensional K-vector space and ρ : g → gl (V ) be a representation of g
in V . If K is algebraically closed there is a simultaneous eigenvector v ∈ V
for all f ∈ ρ(g).
We can easily deduce from the previous result the following.
Fact 1.1.13. Let g be a Lie solvable Lie algebra, V 6= 0 be a finite dimensional K-vector space and ρ : g → gl (V ) be a representation of g in V . If K
is algebraically closed there exists a sequence of subspaces
0 = Vm ⊆ · · · ⊆ V0 = V
such that each Vi is stable under ρ(g) and dim (Vi+1 /Vi ) = 1.
Since we will be particularly interested in real Lie algebras the following
definition will be useful.
15

Definition 1.1.14. A solvable Lie algebra g is said to be supersolvable if
there is a sequence
0 = an ⊆ · · · ⊆ a0 = g
in which each ai is an ideal in g and dim(ai /ai+1 ) = 1.
The following fact clarify why the notion is not interesting over the complex field.
Fact 1.1.14. Let g be a solvable Lie algebra over k. Then g is supersolvable
if and only if the eigenvalues of all adX for X ∈ g are in k.
Also, real supersolvable Lie algebras have a nice matrix representation.
Fact 1.1.15. Let g be a real supersolvable algebra of finite dimension. Then
g is isomorphic to a subalgebra of the upper-triangular matrices tn (R) for
some n ∈ N.
Let us now take a look at nilpotent linear Lie algebras. Nilpotent Lie
algebras behave in many ways like abelian Lie algebras.
Fact 1.1.16. Let g be a Lie algebra, then g is nilpotent if and only if the Lie
algebra ad(g) is nilpotent.
This leads us to the following famous theorem due to Friedrich Engel.
Fact 1.1.17 (Engel’s Theorem). Let V 6= 0 be a finite-dimensional vector
space over k, and let g be a Lie algebra of nilpotent endomorpisms of V .
Then
• g is a nilpotent Lie algebra,
• there exists v 6= 0 in V with X(v) = 0 for all X ∈ g,
• in a suitable basis of V , all X ∈ g are upper triangular with 0’s on the
diagonal.
Usually in the literature, Engel’s Theorem is stated as the following corollary. Remember that a linear transformation ϕ is said to be nilpotent if
ϕ` = 0 for some ` ∈ N.
Fact 1.1.18. Let g be a Lie algebra such that adX is nilpotent for all X ∈ g.
Then g is a nilpotent Lie algebra.
Combining this result with Lie’s Theorem gives us the following useful
property.
Fact 1.1.19. Let g be a finite dimensional solvable Lie algebra over a field
of characteristic 0, then [g, g] is nilpotent.
16

1.1.4

Complexification and real forms

Let k be a field and let K be an extension field.
Definition 1.1.15. If V is a vector space over k then V ⊗k K can be equipped
with a vector space structure over K, we write V K for this new vector space.
When k = R and K = C we call V C the complexification of V .
Definition 1.1.16. If V is a vector space over K we can restrict its scalar
multiplication to k and obtain a vector space over k and we write V k .
Let V be a real vector space and W a complex vector space. It is worth
noticing that these operations are not inverse to each other: (V C )R = V ⊕i V
has twice the real dimension of V . In the right side of the equation by V we
mean V ⊗ {1} ⊆ V ⊗ C. On the other hand (W R )C has twice the complex
dimension of W .
Definition 1.1.17. When a complex vector space W and a real vector space
V are related by W R = V ⊕ iV we say that V is a real form of W .
Let us apply this notions to Lie algebras, we will equip those new vector
spaces with a Lie algebra structure, that is with a Lie bracket.
Let g0 be a Lie algebra over k and g := (g0 )K . Let us introduce the
4-linear map:
F : g0 × K × g0 × K −→ g := g0 ⊗k K
(X, a, Y, b)
7−→ [X, Y ] ⊗ ab
Since F defines a unique k-linear map on g0 ⊗k K⊗k g0 ⊗k K, by restricting
it we get a k bilinear map:
[·, ·]g : g × g → g.
This map is K-bilinear and gives us a Lie bracket on g.
Definition 1.1.18. Let g0 be a Lie algebra over k and g := (g0 )K . Then
(g, [·, ·]g ) is a Lie algebra whose Lie bracket extends the original Lie bracket
on g0 . If k = R and K = C we call g the complexification of g0 .
Algebraic properties pass on well from a real algebra onto its complexification.
Fact 1.1.20. Let g be finite dimensional real Lie algebra, then g is solvable
if and only if its complexification gC is solvable.
On the other side it is easy to see that the restriction of scalar multiplication has no impact on the Lie bracket.
17

Definition 1.1.19. If (g, [·, ·]) is a Lie algebra over K then (gk , [·, ·]) is a Lie
algebra over k. If g is a complex Lie algebra and g0 a real Lie algebra such
that gR = g0 ⊕ ig0 as real vector spaces we say that g0 is a real form of g.
Definition 1.1.20. We say that a Lie subalgebra h of the complex Lie algebra
g is defined over R if τ (h) = h where τ is the complex conjugation.
Again we understand well semisimplicity of a complex Lie algebra looking
at its real forms.
Fact 1.1.21. Let g be finite dimensional complex Lie algebra and g0 a real
form of g. Then g is semisimple if and only if g0 is semisimple.

1.1.5

Other tools

We present here a useful criterion to detect solvability and semisimplicity of
Lie algebras: the Killing form.
Definition 1.1.21. Let g be a finite-dimensional k Lie algebra. We define
the Killing form of g as follows:
B:

g × g −→ k
.
(X, Y ) 7−→ Tr(adX ◦ adY )

It is a symmetric bilinear form on g and we notice that
B([X, Y ], Z) = −B(X, [Y, Z]) ∀X, Y, Z ∈ g.
The Killing form gives us the following criterions for solvable Lie algebras
and semisimple Lie algebras.
Fact 1.1.22. Let g be a finite dimensional Lie algebra over a field k of
characteristic 0. Then g is solvable if and only if B(g, [g, g]) = 0.
Fact 1.1.23. Let g be a finite dimensional Lie algebra over a field k of
characteristic 0. Then g is semisimple if and only if the Killing form is
non-degenerate.
We have a nice decomposition theorem for semisimple algebras, this can
be understood as the analogue of Maschke’s Theorem for semisimple Lie
algebras.
Fact 1.1.24. Let g be a finite dimensional Lie algebra over a field of characteristic 0. Then g is semisimple if and only if g = g1 ⊕ . . . gm with each
gi ideals that are simple Lie algebras. This decomposition is unique and the
only ideals of g are sums of the gi ’s.
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A corollary from Definition 1.1.11 and Fact 1.1.24 is that semisimple Lie
algebras are perfect.
Fact 1.1.25. Let g be a semisimple finite dimensional Lie algebra over a
field of characteristic 0. Then g is perfect.
We finish this section with a very important decomposition theorem due
to Levi. We will mostly use the group version presented in the next section
but we deemed important to mention the Lie algebra version.
Fact 1.1.26 (Levi’s Decomposition). Let g be a real finite-dimensional Lie
algebra and r its solvable radical. There is a semisimple subalgebra s of g
such that g = r +ϕ s for some ϕ : s → Der(r).

1.2

Lie groups

In this section we present the basic definitions and facts about Lie groups
and the tools we will need in the last chapters to study their definability.
Here again we are using [Kna02] unless otherwise mentioned .

1.2.1

Lie groups and their Lie algebras

As we already mentioned above, there is, associated with a Lie group, a Lie
algebra that contains the algebraic information close to the identity. This
is why after giving the definitions of a Lie group we continue the exposition
with the construction of its Lie algebra.
Basics of Lie groups
Let us begin with the definition of topological group and continue with the
meat of this chapter: Lie groups.
Definition 1.2.1. A topological group is a group G equipped with a topology
such that the multiplication map µ : G × G → G and the inverse map ι :
G → G are continuous.
Definition 1.2.2. A (real) Lie group is a topological group G that is also a
(real) smooth manifold and such that the multiplication map µ : G × G → G
and the inverse map ι : G → G are smooth maps.
Example 1.2.1. Any closed subgroup of GLn (R) (with the usual topology)
is a Lie group with the induced topology.
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It is natural to put more than just algebraic condition on “subobjects” to
have a coherent theory. With the following additional analytic condition we
define Lie subgroups.
Definition 1.2.3. Let G be a Lie group and H be a subgroup. If H is a Lie
group (possibly with respect to a different topology) and the inclusion map is
smooth we say that H is a Lie subgroup of G.
And we have the useful following proposition to detect closed Lie subgroups due to J. von Neumann and E. Cartan.
Fact 1.2.1. Let G be a Lie group and H a subgroup. If H is a submanifold
of G then G is closed. Conversely if H is a closed subgroup of G, the trace
topology of G makes H a Lie group.
Now that we have a good notion of subgroup we can easily pass to the
quotient.
Fact 1.2.2. Let G be a Lie group and H a normal closed Lie subgroup. The
group G/H equipped with the quotient topology is a Lie group. From now
on it will always be implied that quotient are considered with the quotient
topology.
There is a particularly interesting Lie subgroup in every Lie group: its
identity component.
Fact 1.2.3. Let G be a Lie group, the connected component of the identity
is a normal Lie subgroup of G. Moreover the quotient G/G0 is discrete.
Definition 1.2.4. Let G be a Lie group, we say that G is connected if G0 =
G.
We will mostly be interested in connected Lie groups since we have Chapters 4 to 6 in line of sight. Indeed, definable groups must have finitely many
connected component so we will always assume G = G0 .
A last classical adaptation that we must make from group theory is the
notion of morphism, here again we will ask extra analytic condition for a
group morphism to be a Lie group morphism.
Definition 1.2.5. Let G and H be Lie groups. A group morphism ϕ : G →
H is said to be a Lie group morphism if it is smooth.
It so happens that the group of automorphisms of a connected Lie group
can be equipped with a “good” topology, making it a Lie group. We recall
here the definition of the compact-open topology.
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Definition 1.2.6. Let X and Y be two topological spaces and C(X, Y ) the
set of all continuous maps between X and Y . Given a compact subset K
of X and an open subset U of Y then let us denote V(K, U ) the set of all
f ∈ C(X, Y ) such that f (K) ⊆ U . Then the collection of the V(K, U )’s forms
subbasis for a topology τ on C(X, Y ) called the compact-open topology.
Fact 1.2.4. Let G be a connected Lie group. The group (Aut(G), ◦) of Lie
automorphism of G equipped with the compact-open topology is a Lie group.
In the last three chapters we will be particularly interested in subgroups
of a general linear group.
Definition 1.2.7. Let G be a Lie group. A morphism of Lie groups ρ : G →
GLn (R) is called a representation of G. We say that the representation is
faithful if ρ is injective. When it is the case we say that G is linear and that
ρ(G) is a matrix group.
The direct product G × H of two Lie groups equipped with the product
topology is also a Lie group. There is also a similar definition for semidirect
product.
Definition 1.2.8. Let K and H be Lie groups and ϕ : K × H → H a smooth
map such that for each k ∈ K, the map ϕk : h 7→ ϕ(k, h) is an automorphism
of H (we say that K acts by automorphisms on H). Then the set H × K
equipped with the product topology and group multiplication defined by
(h1 , k1 ) · (h2 , k2 ) := (h1 ϕ(k1 , h2 ), k1 k2 )
is a Lie group called semidirect product of K and H and we write H oϕ K.
The Lie subgroup H × {1K } is closed and normal in H oϕ K.
Remark 1.2.1. A special case is the inner semidirect product: consider a
Lie group G with a normal Lie subgroup H and a Lie subgroup K. Suppose
that G = HK and that H ∩ K = {1G }. Then the action by conjugation of
K on H let us see G as the semidirect product H o K. When H ∩ K is only
finite we say that G is the almost semidirect product of H and K and we
write G = H(o)K.
Tangent space
We first recall the construction of the tangent space of a real manifold and
actually give two equivalent constructions.
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Tangent curves Let M be a real smooth manifold and x ∈ M . Pick a
coordinate chart ϕ : U → Rn with U open set in M containing x.
Let γ1 , γ2 : ]−1, 1[→ M be two smooth curves such that γ1 (0) = x = γ2 (0).
We say that γ1 and γ2 are equivalent at x if the derivative at 0 of ϕ ◦ γ1 and
ϕ ◦ γ2 are equal.
This defines a relation equivalence on the set of all smooth curves γ with
γ(0) = x; equivalence classes are called tangent vectors of M at x. The
equivalence class of a smooth curve γ is denoted γ 0 (0) and the set of all of
those tangent vector is called the tangent space of M at x, denoted Tx M .
This construction is independent of the choice of ϕ.
We can equip Tx M with more structure using the following bijection.
dϕx : Tx M −→ Rn
γ 0 (0) 7−→ dtd (ϕ ◦ γ)|t=0 with γ ∈ γ 0 (0).
Indeed, this allows us to transfer the real vector space structure from Rn
to Tx M and the construction is again independent of the choice of ϕ.
Derivations Let M be a smooth real manifold. A function f : M → R is
said to be a smooth real valued function of M if for every chart ϕ : U → Rn
the map f ◦ ϕ−1 is smooth. The set of all smooth real valued functions of M
is denoted C ∞ (M ), it is a real vector space and also an associative algebra
with respect to the pointwise product.
Now pick a point x ∈ M , a derivation at x is a linear map D : C ∞ (M ) → R
that satisfies the Leibniz identity:
∀f, g ∈ C ∞ (M ) D(f · g) = D(f ) · g(x) + f (x) · D(g).
We easily equip the set of derivation with a real vector space structure
and call it the tangent space of M at x and write Tx M . The two notions
coincide.
Fact 1.2.5. Let x ∈ M and γ a differentiable curve with γ(0) = x. Define
for f ∈ C ∞ (M ) the derivation Dγ (f ) : = (f ◦ γ)0 (0), equivalent curves yield
the same derivation. Moreover the map that sends a tangent vector γ 0 (0) to
the derivation Dγ is a real vector space isomorphism.
The Lie algebra of a Lie group Let G be a connected Lie group, we
denote g the tangent space of G at 1G . We are going to define a Lie bracket
on g in order to make it a Lie algebra.
We can differentiate the multiplication and inverse maps µ and ι of G to
obtain a group structure on g. This is actually the vectorial sum that we
transferred from Rn . This allows us to see g as a Lie group.
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Now for g ∈ G consider the inner automorphism (conjugation) Ψg : x 7→
gxg −1 , it is a Lie group automorphism. Since Ψg (1) = 1 we can differentiate
at 1 on both sides and get a linear automorphism:
Adg :

g −→ g
X 7−→ d1 (Ψg )(X).

The map
Ad : G −→ AutR (g)
g 7−→ Adg
is called the adjoint representation of G in g. Note that the tangent space of
AutR (g) is Der(g). Since Ad is a Lie group morphism with Ad(1G ) = idg we
can differentiate one more time and get
ad :

g −→ Der(g)
.
X 7−→ adX = d1 (Ad)(X)

It allows us to give g a Lie algebra structure:
for X, Y ∈ g [X, Y ] := adX (Y ).
Definition 1.2.9. Let G be a Lie group. The tangent space g of G at 1
equipped with the Lie algebra structure defined above is called the Lie algebra
of G. We usually will write g = Lie(G).
The map ad is a Lie algebra morphism, we call it the adjoint representation of g.
The Lie algebra of a Lie group behaves well with the usual construction
of (semi) direct product.
Fact 1.2.6. Let G be a Lie group that is a direct product of two Lie groups
H1 × H2 . Let g, h1 and h2 their respective Lie algebras. Then g = h1 ⊕ h2
and h1 and h2 are ideals in g.
Let G = H oϕ K be a Lie semidirect product and g, h and k the Lie
algebras of G, H and K respectively. Then g = h +dϕ1 k with dϕ1 (k) defined
as the differential of ϕ(k, ·) at 1H (dϕ1 (k) is a Lie algebra isomorphism).
We now continue with the definition of the exponential map that will
allow us to pass information back from the Lie algebra to the Lie group.
First let us introduce one parameter subgroups.
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Fact 1.2.7. Let G be a Lie group, g its Lie algebra and X ∈ g (seen as a
tangent vector). There is a unique morphism of Lie group γX : R → G such
0
that γX
(0) = X. We call γX the one-parameter subgroup corresponding to
X.
We are now ready to define the exponential map.
Definition 1.2.10. Let G be a Lie group and g its Lie algebra. We defined
the exponential map as follows:
exp :

g −→ G
X 7−→ γX (1)

with γX the one-parameter subgroup corresponding to X.
Remark 1.2.2. If G is a linear subgroup of GLn (R) then g is a subspace of
gln (R) and the exponential map coincide with the matrix exponential:
exp(X) :=

∞
X

Xn
i=0 n!

Moreover g := {X ∈ gln (R) : exp(tX) ∈ G ∀t ∈ R}.
Note that the Lie algebra of a Lie group contains information close to the
identity.
Fact 1.2.8 (Lie’s First Theorem). Let G be a Lie group and g its Lie algebra,
the exponential map exp : g → G is smooth. Moreover there is an open
neighborhood U of the origin in g and an open neighborhood V of the identity
in G such that exp |VU is a diffeomorphism.
We will not worry about smoothness of group morphisms since we have
the following.
Fact 1.2.9. Let G and H be Lie groups and ϕ : G → H a continuous group
morphism, then ϕ is smooth.
A direct consequence is that given a topological group G, there is at most
one Lie group structure on G.

1.2.2

Lie correspondence

All the properties that we defined for Lie algebras have a correspondent
notion for Lie groups. We will start with a correspondence between ideals
and normal subgroups.
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Fact 1.2.10 (Lie’s Third Theorem). If G is a connected Lie group and g its
Lie algebra. If h is a subalgebra of g, there is a unique connected Lie subgroup
H of G whose Lie algebra is h. Moreover if h is an ideal then H is normal
in G.
We can define nilpotent and solvable Lie groups as follow.
Definition 1.2.11. A connected Lie group G is said to be nilpotent (respectively solvable) if it is nilpotent (respectively solvable) as an abstract group.
And we get the nice characterization on the Lie algebra level for connected
Lie groups.
Fact 1.2.11. Let G be a connected Lie group and g its Lie algebra. Then
G is nilpotent (respectively solvable) if and only if g is nilpotent (respectively
solvable).
Definition 1.2.12. If G is a connected Lie group and g its Lie algebra, there
is a unique connected normal subgroup N whose Lie algebra is the nilradical
n of g. We say that N is the nilradical of G, it is nilpotent and contains
every normal connected nilpotent subgroups of G.
The same results goes for the solvable case.
Fact 1.2.12. Let G be a connected Lie group. There is a unique largest
solvable connected normal Lie subgroup R of G called the solvable radical
of G. The Lie algebra of R coincides with r the solvable radical of the Lie
algebra of G. Moreover R is a closed Lie subgroup of G.
We also need to define supersolvable Lie groups.
Definition 1.2.13. A connected Lie group G is said to be supersolvable if
there is a sequence of subgroups
{1} = G0 6 · · · 6 Gn = G
such that each Gi is normal in G and dim(Gi+1 /Gi ) = 1. This is equivalent
to ask the eigenvalues of Ad(g) to be real for all g ∈ G.
And as expected we have the same criterion as Fact 1.2.11.
Fact 1.2.13. Let G be a connected Lie group and g its Lie algebra. Then G
is supersolvable if and only if g is supersolvable.
Example 1.2.2. Let us consider the action ϕ by rotation of R on the plane
R2 . The Lie group R2 oϕ R is connected solvable simply connected but it is
not supersolvable.
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There are a lot of possible conditions that can make the exponential map
of a Lie group surjective or even a diffeomorphism. We will not need such
general results but the following fact will come of use in Chapter 4.
Fact 1.2.14 ([Dix57]). Let G be a connected Lie group whose Lie algebra
g is supersolvable. Then the exponential map exp is surjective and if G is
simply connected it is a global diffeomorphism.
Finally let us introduce semisimple Lie groups.
Definition 1.2.14. A connected Lie group G is said to be semisimple if
it does not contain any non-trivial connected solvable normal Lie subgroup.
Equivalently we can replace “solvable” by “abelian” in this definition.
The reader is now probably used to have the corresponding notion equivalent in Lie algebras.
Fact 1.2.15. Let G be a connected Lie group and g its Lie algebra. Then G
is semisimple if and only if g is semisimple.

1.2.3

Simply connected Lie groups

We continue with simply connected Lie groups and we build the universal
cover of a connected Lie group.
Let us begin with a discussion on smooth paths in the general context of
a smooth connected manifold M . We will follow the discussion in [DK00].
Definition 1.2.15. A path in M starting at x0 ∈ M is a continuous curve
γ : [0, 1] → M such that γ(0) = x0 .
The space P (x0 , M ) of all paths in M that start at x0 can be equipped
with the topology of uniform convergence. Similarly the space P (M ) of all
paths in M can be equipped with the same topology.
We say that two paths γ0 and γ1 in P (M ) such that γ0 (0) = γ1 (0) are
homotopically equivalent (and we write γ0 ∼ γ1 ) if there is a homotopy from
γ0 to γ1 leaving the end points fixed; that is a continuous function:
F : [0, 1] −→ P (M )
s
7−→
γs
such that F (0) = γ0 , F (1) = γ1 and s 7→ γs (1) is constant on [0, 1].
Fact 1.2.16. The relation ∼ defined above is an equivalence relation, if γ ∈
f as the collection
P (M ) we write [γ] for its equivalence class. We define M
of all the equivalence classes of path in M and we get a surjective map πe :
f to M .
[γ] 7→ γ(1) from M
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Now let us take a look at the concatenation of two paths in M . If γ0 ∈
P (x0 , M ) and γ1 ∈ P (γ0 (1), M ) then we define
(γ0 a` γ1 )(t) =


γ

0 (2t)

if t ∈ [0, 21 ]
.
γ1 (2t − 1) if t ∈ [ 1 , 1]
2

f.
If we consider loops at x0 we can extend the concatenation to M

Fact 1.2.17. Let [γ0 ], [γ1 ] ∈ P (M )/ ∼ then if γ0 and γ1 are loops at x0 then
[γ0 ] a` [γ1 ] := [γ0 a` γ1 ] is well defined. Hence a` defines a group structurre
on the space of classes of loops at x0 , this group is called the fundamental
group π1 (M, x0 ) of M with base point x0 .
Remark 1.2.3. Notice that if x1 is an other point in M we can pick any
σ ∈ P (x0 , M ) such that σ(1) = x1 and we get an isomorphim of groups:
Ψ : π1 (M, x0 ) −→
π1 (M, x1 )
[γ]
7−→ [σ] a` [γ] a` [σ]−1
Definition 1.2.16. The space M is said simply connected if its fundamental
group is trivial at any point (connected real manifolds are pathwise connected
hence we will always find a σ as in Remark 1.2.3). When provided with the
f is a simply connected real manifold.
quotient topology, M
Since Lie groups are real manifolds the tools mentioned above apply; the
careful reader will notice though that we are short of any smoothness so far.
Fortunately we have the following.
Fact 1.2.18 ([DK00], Theorem 1.31.1). Let γ and σ be paths of class C k in
P (M ) such that γ ∼ σ then there is an homotopy of class C k from γ to σ.
Now we take a closer look to the special case of a connected real Lie group
G. Let us recall first a few definitions on covering spaces.
Definition 1.2.17. A Lie group covering of G is a Lie group H together
with a Lie group morphism p : H → G such that for every g ∈ G there is an
open neighborhood U of g and p−1 (U ) is a union of open sets in H, each of
which is mapped homeomorphically by p to U . If p has finite kernel we say
the H is a finite covering of G.
We have a notion of universal cover closely related to the previous constructions.
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Definition 1.2.18. If a covering group π : H → G is simply connected we
say that it is a universal cover of G. The terminology universal comes from
the fact that if pK : K → G is a covering group of G then there is a covering
morphism p : H → K of K such that π = pK ◦ p.
Definition 1.2.19. We can equip P (1, G) with a group structure with the
pointwise multiplication, that is for t ∈ [0, 1] and γ0 , γ1 in P (1, G) we define
(γ0 · γ1 )(t) = γ0 (t) · γ1 (t). Consider the closed normal subgroup Λ(G)◦ = {γ ∈
P (1, G) : γ ∼ 1} where 1 in this definition is the constant path equal to 1G .
e with a Lie group structure.
This will let us equip G

Fact 1.2.19 ([DK00], Theorem 1.31.2). Let G be a connected Lie group, then
e = P (1, G)/Λ(G)◦ making G
e a Lie group. The morphism π
e → G is a
e :G
G
e is the universal cover of G. On
Lie group covering, ker(πe ) = π1 (1, G) and G
ker(πe ) the group structure coincides with the one defined by concatenation
and π1 (1, G) is abelian.
Remark 1.2.4. In light of Fact 1.2.18, the previous theorem applies if we
ask the paths to be smooth instead of just continuous.
As we said in the beginning of this section simply connected Lie groups
are entirely determined by their Lie algebra. Using the exponential map we
can patch together the pieces of a Lie algebra morphism and lift it to their
corresponding simply connected Lie groups.
Fact 1.2.20. Let G and H be connected Lie groups with G simply connected
and ϕ : g → h a morphism between their Lie algebras. There is a Lie group
morphism Φ : G → H such that dΦ1 = ϕ.
Moreover any Lie algebra has a corresponding simply connected Lie group.
Fact 1.2.21. Let g be a finite dimensional Lie algebra. There is a simply
connected Lie group G whose Lie algebra is precisely g.
Connected Lie subgroups are always closed subgroups in simply connected
Lie groups.
Fact 1.2.22. Let G be a simply connected Lie group and H a connected Lie
subgroup. Then H is closed and simply connected.
We also get the converse of Fact 1.2.6 for simply connected Lie groups.
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Fact 1.2.23. Let H1 and H2 be connected Lie subgroups of the simply connected Lie group G. Let g, h1 and h2 their respective Lie algebras and suppose
that g = h1 ⊕ h2 . Then G = H1 × H2 as a Lie group.
Let H and K be simply connected Lie groups with Lie algebras h and
k. If π : k → Der(h) is a Lie algebra morphism then there exists a unique
smooth action ϕ of K on H by automorphisms such that dϕ = π. Moreover
G = H oϕ K is a simply connected Lie group whose Lie algebra is g = h +ϕ k.
We also get a “nice” derived subgroup for simply connected Lie groups
since it so happens to be closed.
Fact 1.2.24. Let G be a connected Lie group with Lie algebra g, let H1 and
H2 be connected Lie subgroups of G with Lie algebra h1 and h2 respectively.
The subgroup [H1 , H2 ] is a connected Lie subgroup of G with Lie algebra
[h1 , h2 ]. If G is simply connected then H1 , H2 and [H1 , H2 ] are closed in
G. In particular the derived subgroup G0 is a Lie subgroup of G whose Lie
algebra is [g.g] and it is closed when G is simply connected.

1.2.4

Group representations

In this subsection we present usual material on group representations. Otherwise mentioned, all the basic results can be found in [FH04].
Definition 1.2.20. A representation of a group G is a morphism ρ : G →
GL(V ) where V is a vector space over a field k. We will usually require that
V has finite dimension.
An alternative way of seeing representations is via G-modules, we will use
both point of view indifferently.
Definition 1.2.21. Let G be a group and V a k-vector space (usually finite
dimensional). We say that (V, Φ) is a G-module if G acts linearly on V , that
is an action Φ : G × V → V such that
∀v1 , v2 ∈ V, ∀λ ∈ k, ∀g ∈ G Φ(g, v1 + λv2 ) = Φ(g, v1 ) + λΦ(g, v2 ).
Example 1.2.3. Any matrix group G ≤ GL(V ) allows us to see V as a
G-module. This is the main use we will have of G-modules.
Now let us give a few basic definitions and facts about G-modules.
Definition 1.2.22. Let G be a group and (V, Φ), (W, Ψ) two G-modules. A
linear mapping f : V → W is a G-module morphism (or sometimes simply
G-morphism) if
∀g ∈ G, ∀v ∈ V

f (Φ(g, v)) = Ψ(g, f (v)).
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Definition 1.2.23. A G-module (V, Φ) is said to be simple if it has no vector
subspace that is G-stable. That is, there is no vector subspace W such that
Φ(g, W ) ⊆ W for all g ∈ G. In the language of representations we say that
ρ : G → GL(V ) is irreducible.
A semisimple G-module is a direct sum of simple G-modules.
This let us state the following.
Fact 1.2.25 (Schur’s Lemma). Let V and W be irreducible finite dimensional
G-modules and ϕ : V → W a G-morphism. Then
• either ϕ is an isomorphism or ϕ = 0,
• if k is algebraically closed, there is a λ ∈ k such that ϕ = λ · Id.
Definition 1.2.24. A decomposition series for a G-module V is a finite
series of G-stable subspaces of V such that:
{0} = V0 ≤ V1 ≤ · · · ≤ Vn = V,
with each quotient Vi /Vi+1 being simple.
It is a theorem of Jordan and Hölder that two composition series must
be equivalent.
Fact 1.2.26 (Jordan-Hölder’s Theorem). If the G-module V has two composition series, they must have the same length and their factors ar Gisomorphics.
We will be particularly interested in representations of Lie groups. Remember that in Definition 1.2.7 we defined a representation of Lie group,
it is just a continuous representation with GL(V ) equipped with the usual
topology.
Remark 1.2.5. By Fact 1.2.9 it is the same as asking the representation to
be smooth.
^
Example 1.2.4. The universal cover SL
2 (R) of SL2 (R) is not linear. This
can be proved studying representation of sl2 (R) and realizing that any repre^
sentation (not necessarily faithful) of SL
2 (R) must factor through SL2 (R).
An other proof require to see that this group has infinite discrete center and
then use the following fact (see [Hoc65, Chapter XVIII, Proposition 4.1]).
Fact 1.2.27. Let S be a semisimple linear Lie group, then the center Z(S)
is finite.
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Linearity of solvable Lie groups is well understood since we have the
following decomposition.
Fact 1.2.28 ([OV94], Theorem 7.1). Let R be a connected solvable Lie group.
Then the following are equivalent:
• R is linear,
• [R, R] is simply connected,
• R can be decomposed as a semidirect product T o K where T is simply
connected and K is a torus (maximal compact group).
Now let us state an important result about representations of compact
Lie groups.
Fact 1.2.29 (Maschke’s theorem). Let ρ : G → GL(V ) be a continuous
representation of a connected compact Lie group in a real vector space. If
W is an irreducible G-stable subspace of V , it has an invariant G-stable
complement. Hence any finite dimensional G-module is semisimple.
Remark 1.2.6. This is also true for finite group and the proof is the same
since both finite and compact group have left invariant measure (counting
measure and Haar measure).
Finally we build representations of a connected Lie groups by considering
the action on its space of representative functions defined below. This is a
construction due to G. Hochschild and G. D. Mostow (see [Hoc65, Chapter
XVIII] and [HM57]) and it will be applied several times in Chapter 4 and
Chapter 5.
Let us fix a connected Lie group G and a representation ρ : G → GL(V )
of G in a finite-dimensional vector space V . Let (0) = Vk ≤ · · · ≤ V0 =
V be a composition series for the G-module V (which exists because V is
of finite dimension), then the direct sum of the Vi /Vi+1 is a semi-simple
G-module V 0 (two such G-modules differ by a G-isomorphism by JordanHölder’s Theorem).
We denote by ρ0 the representation associated to ρ over V 0 and we say that
ρ is unipotent if ρ0 is trivial (which is equivalent to N = {ρ(g) − IdV : g ∈ G}
being nilpotent).
We will denote C 0 (G) the set of continuous functions f : G → R. Notice
that G acts on C 0 (G) from the left as follows:
∀g ∈ G, f ∈ C 0 (G)

(g · f ) : x 7→ f (xg).
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On the other hand we have a right action of G on C 0 (G) defined by
∀g ∈ G, f ∈ C 0 (G)

(f · g) : x 7→ f (gx).

We will consider two objects that are closely related. First, the space of
representative functions of G defined as:




R(G) = {f ∈ C 0 (G) : dim span({g · f }g∈G ) < ω}.
Remember that the dual space V ? of a real vector space V is defined as
follows
V ? = {ϕ : V → R | ϕ is R-linear}.
When the group G is linear we can fix a representation ρ of G and define
a second space of representative functions associated to ρ as the space
S(ρ) = {ϕ ◦ ρ : ϕ ∈ End(V )? }.
Claim 1. S(ρ) ⊆ R(G), more particularly S(ρ) is G-stable.
Proof. Let us take f = ϕ ◦ ρ ∈ S(ρ) and g ∈ G. Then for any x ∈ G,
(g · f )(x) = f (xg) = ϕ(ρ(x)ρ(g)). Now let ϕg : u 7→ ϕ(u ρ(g)), this is an
element of End(V )? and g · f = ϕg ◦ ρ.
In this same context, we will now build a finite dimensional vector space
W on which G acts linearly and such that W contains V and S(ρ) as stable
G-subspaces.
First consider the action of G on W := S(ρ) ⊗R V defined by g · (f ⊗ v) =
(g · f ) ⊗ v. Notice that if dim(V ) = n this representation is G-isomorphic to
the action of G on S(ρ)n .
We will now build a G-stable subspace Ve of W that is G-isomorphic to V .
For all x ∈ G define δx ∈ End(S(ρ) ⊗ V ) as δx (f ⊗ v) = (f · x) ⊗ v − f ⊗ (x · v)
T
and let Ve := x∈G Ker(δx ).
Claim 2. The subspace Ve of W is G-stable. Moreover, let us define the
linear map ε from W onto V by ε(f ⊗ v) = f (1) v. Then the restriction σ of
ε to Ve defines a G-isomorphism with V .
Proof. A quick computation shows that Ve is G-stable: let f ⊗ v ∈ Ve and
g ∈ G, then for all x ∈ G
((g · f ) · x) ⊗ v = g · ((f · x) ⊗ v) = g · (f ⊗ (x · v)) = (g · f ) ⊗ (x · v).
Notice that (x · f )(1) = f (x) = (f · x)(1), hence σ is a G-morphism.
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Let us define for any λ ∈ V ? and v ∈ V the function λv on G given
by λv (x) = λ(x · v) with x ∈ G. This can be seen as an element of S(ρ): if
λv ∈ End(V )? is the linear functional that sends ϕ to λ(ϕ(v)) then λv = λv ◦ρ.
Now let {v1 , . . . , vn } be a basis for V and {v1? , . . . , vn? } its dual basis. We
define the linear map τ on V as follows:
τ:

V
v

→ W
Pn
7
→
i=1

vi?
v

⊗ vi .

Another quick computation gives us that τ (V ) ⊆ Ve , τ ◦ σ = IdVe and σ ◦ τ =
IdV .
We will use Claim 2 to see any representation ρ of a group G as a subrepresentation of the representation of G on finitely many copies of S(ρ).
In what follows we will use the word extension in this sense although it is
not, strictly speaking, an extension. Notice that the construction above only
deals with finite dimensional vector spaces so if the initial representation ρ
is a definable action so is the action on W and its restriction to Ve .
Remark 1.2.7. We will also use the word extension in the following scenario. If H ≤ G and ρ is a representation of H in V , then a linear action τ
of G on V that extends ρ, that is τ H = ρ, is also called an extension of ρ.
Remark 1.2.8. The construction presented above only uses the vector space
struture of V , hence if G is definable and acts definably on V the extension
will be in turn definable.

1.2.5

Other tools

We finish the general discussion on Lie groups with a series of well known
theorems that will be particularly useful in the last chapters.
First let us state the previously mentioned Levi decomposition lifted from
the Lie algebra version (Fact 1.1.26).
Fact 1.2.30. [Levi decomposition, [Lev97], Theorem 1] Let G be a connected
Lie group and R its solvable radical. There is a unique (up to conjugacy)
maximal connected and semisimple subgroup S of G such that G = RS and
dim(R ∩ S) = 0. Any such S is called a Levi subgroup of G and they are all
conjugate in G. If the center Z(S) of S is finite (which is the case whenever
G is linear) or if G is simply connected then G is an almost semidirect product
of R and S: G = R(o)S.
Since we will be particularly interested in solvable Lie groups we give here
a characterization of torsion-free solvable groups.
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Fact 1.2.31 ([OV94], Chapter 2 Theorem 3.4). Let G be a connected solvable
Lie group of dimension n. The following are equivalent:
• G is torsion-free,
• G is simply connected,
• G is diffeomorphic to Rn .
Also remember that connected compact solvable Lie groups are abelian.
Fact 1.2.32 ([OV94], Chapter 2 Corollary 3). Let G be a connected compact
solvable Lie group. Then G is Lie isomorphic to Tk for some k ∈ N where T
is the circle group.
Finally we give the compact version of Fact 1.2.24.
Fact 1.2.33. Let G be a compact connected Lie group and H1 , H2 normal
closed connected Lie subgroups of G. Then [H1 , H2 ] is a semisimple compact
subgroup of G.

1.2.6

Lie groups and linear algebraic groups

The discussion here will have as a purpose to establish the connection between
linear Lie groups and algebraic groups. We will only be interested in algebraic
groups over C and R.
Definition 1.2.25. We say that a group G is a complex linear algebraic group
if it is a Zariski closed subset of GLn (C), that is if there exist polynomials
Pα ∈ C[X1,1 , X1,2 , . . . , Xn,n ] with α ∈ J such that
G = {g = (gi,j ) ∈ GLn (C) : Pα (gi,j ) = 0 ∀α ∈ J}
In the same fashion we define real linear algebraic groups replacing the occurrences of C by R.
Remark 1.2.9. The polynomial requirement of G as a set is enough since
multiplication is given by matrix multiplication.
Also, real and complex linear algebraic groups are Lie groups when seen
with the usual topology on the general linear group they are living in. In
the complex case G is connected as an algebraic group if and only if it is
connected as a Lie group.
Definition 1.2.26. We say that a complex linear algebraic group G is defined
over R if the polynomials of the previous definition are in R[X1,1 , X1,2 , . . . , Xn,n ].
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Fact 1.2.34. If G is a complex linear algebraic group defined over R we
can consider the real points satisfying the polynomials defining G. It is a
real linear algebraic group with finitely many connected components as a Lie
group.
Remark 1.2.10. Since any algebraic group is in turn a Lie group, there is
a Lie algebra associated to it. Moreover if G is a complex algebraic group
defined over R then g its Lie algebra is defined over R.
Although any algebraic group can be seen as a Lie group, the contrary is
not true; that encourages us to define algebraic Lie algebras.
Definition 1.2.27. Let G be a linear algebraic group. A subalgebra h of
the Lie algebra g of G is said to be an algebraic subalgebra of g if it is
the Lie algebra of some linear algebraic subgroup of G. A linear subalgebra
h ≤ gln (K) is said to be algebraic if it is an algebraic subalgebra of gln (K).
Fact 1.2.35. If h is a subalgebra of a Lie algebra g, there is a smallest algebraic subalgebra ha of g containing h. This Lie algebra is called the algebraic
closure of h.
We have a serie of nice properties on the algebraic closure of a Lie subalgebra.
Fact 1.2.36. Let G be a linear algebraic group and h be a subalgebra of
g = Lie(G), then
• [ha , ha ] = [h, h] and it is algebraic,
• if h is an ideal then ha is an ideal,
• if h is abelian then ha is abelian,
• if h is solvable then ha is solvable.
For complex Lie algebra we have an even better behavior of the commutator:
Fact 1.2.37. Let h be a subalgebra of g the Lie algebra of an algebraic group
G, then [h, h] is algebraic.
The following is a classical result of C. Chevalley a complete proof can
be found in [AM07] (Corollary 2.6.6).
Fact 1.2.38. Let K be a connected compact subgroup of GLn (R). Then K
is an algebraic subgroup of GLn (R).
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Chapter 2
o-minimal theories
We set here the logical context we will be working in and give the first relevant
results to understand o-minimal groups.
First, M will always be a dense linearly ordered structure i.e. (M, <, ...)
where < defines a dense linear order and I will denote an open interval of
M. Unless otherwise mentioned, we will always use the language of ordered
rings L = (0, 1, +, −, ·, <) and expansions of it.
Definition 2.0.1. A dense linearly ordered structure is said o-minimal if its
definable sets in one variable are finite unions of points and intervals.
A theory is said o-minimal if one (equivalently all, see [KPS86]) of its
models are o-minimal.
Example 2.0.1. The easiest examples are dense linear orders. Let us consider the smaller language L< = {<}. We will denote this theory DLO, it
can be axiomatized as follow.
• ∀x ¬(x < x)
• ∀x∀y∀z ((x < y ∧ y < z) → x < z)
• ∀x∀y (x < y ∨ x = y ∨ y < x)
• ∀x∀y (x < y → ∃z(x < z ∧ z < y))
Example 2.0.2. One of the theories we will be interested in is the theory
of real closed fields. It is simply the complete theory of the usual real field,
RCF = Th(R, +, ·, <). A full section will be dedicated to its study.
We continue with the definition of interpretability of a structure inside
another structure and bi-interpretability, from [PPS00b].
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Definition 2.0.2. We say that a structure M is interpretable in a structure
N if M is isomorphic to a structure whose universe is a quotient of an
N -definable set by an N -definable equivalence relation.
Now let us take a look at the case where the two structures are interpretable in each other.
Definition 2.0.3. Let M and N be structure interpretable in each other via
the isomorphisms f and g respectively. If the maps f ◦g and g◦f are definable
in M and N respectively, we say that M and N are bi-interpretable.

2.1

First definitions and theorems

We present here basic notions and theorems for general o-minimal structures.
For proof references we would like to direct the reader to [Dri98].
Having an order in our structures allows us to speak about topology. The
topology generated by all the open intervals is the order topology. We always
consider the product topology on powers of M.
First let us present some notions that are usual in topology and adapt
well to the o-minimal setting. We begin with the closure.
Fact 2.1.1. If X ⊆ M n is definable then the topological closure Cl(X) of X
is a definable set.
We also have a good notion of connectedness.
Definition 2.1.1. A definable set X ⊆ Mn is called definably connected if
there are no definable open disjoint sets U1 , U2 ⊆ Mn both intersecting X
non trivially such that X ⊆ U1 ∩ U2
In a dense lineary ordered structure the notion of limit can be expressed at
first order using the usual delta/epsilon definition (we let the reader imagine
the multidimensional case) :
Definition 2.1.2. If f : I −→ M is a definable function with a ∈ I and
l ∈ M we say that the limit of f at a is l and we write limx→a f (x) = l if
M |= ∀1 , 2 (1 < l < 2 ) → [∃η1 , η2 : ∀x (η1 < x < η2 ) → (1 < f (x) < 2 )]
With limits in hands we can define continuity in the usual sense.
Definition 2.1.3. Let f : I −→ M be a definable function, we say that f
is continuous at a ∈ I if limx→a f (x) = f (a). This can be expressed in first
order.
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We finish with two important theorems, one transferred from real analysis,
the second one gives us a “nice” decomposition for definable functions.
Fact 2.1.2 (Definable Intermediate Value Theorem). Let f, g : I −→ M be
continuous definable functions which are different at each point of I. Then
either f < g or g < f on I.
Fact 2.1.3 (Definable Monocity Theorem). Let f : I =]a, b[−→ M be a definable function with possibly a, b = ±∞. Then there are a0 = a < a1 < ... <
an = b such that f is either constant or strictly monotone and continuous on
each ]ai , ai+1 [.

2.2
2.2.1

Model theoretical tools in o-minimality
Cell decomposition

The most important tool to understand definable sets in o-minimal structures
is cell decomposition.
Definition 2.2.1 (Cells). We define by induction k-cells in M n :
• Every point in M is a 0-cell and every open interval in M is a 1-cell.
• A k-cell in M n+1 is a set X such that its projection C on M n is a cell
and satisfies either:
i) C is a k-cell and X is the graph of a definable function f : C → M
or,
ii) C is a k − 1-cell and there are definable functions f, g : C → M
with f (x) < g(x) for all
n x ∈ C and X lies between the graphs
o of
f and g. That is X = (x, y) : x ∈ C ∧ f (x) < y < g(x) .
Remark 2.2.1. The notion of a cell is defined with respect to a particular
ordering of the coordinate axes and is not invariant under permutation of the
coordinates.
Definition 2.2.2 (Cell decomposition). A cell decomposition of a definable
set X ⊆ M n is a partition of X into finitely many pairwise disjoint cells such
that for any two cells C1 and C2 their projection π(C1 ) and π(C2 ) under the
projection map π : M n → M n−1 on the first n − 1 coordinates are equal or
disjoint.
A cell decomposition of X is compatible with Y ⊆ X if every cell is
contained in Y or disjoint from it.
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Fact 2.2.1. If X ⊆ M n is definable then there exist a cell decomposition on
M n compatible with X.
Remark 2.2.2. Cells are definably connected hence Fact 2.2.1 shows that
definable sets have finitely many connected components.

2.2.2

Dimension

Without going into the details (the reader might want to look at [TZ12] for
a complete and general exposition on pregeometries) the following lemma
makes o-minimal structures geometrical.
Fact 2.2.2 (Exchange Principle). If A ⊆ M, b, c ∈ M and c ∈ acl(Ab) \
acl(A) then b ∈ acl(Ac)
Definition 2.2.3. If A, B ⊆ M , the dimension of A over B, which will be denoted dim(A/B) is the cardinality of a maximal subset of B acl-independent
over A. This does not depend on the chosen subset.
Definition 2.2.4. If X ⊆ M n is definable over A then a point a ∈ X is said
generic in X over A if dim(a/A) = dim(X).
Fact 2.2.3. We give here basics properties of the o-minimal dimension:
(i) If f : A → B is a definable surjection then dim(B) < dim(A). In
particular dimension is preserved under definable bijection.
(ii) (Dimension formula): For every ā, b̄ tuples in M and A ⊆ M we have:
dim(āb̄/A) = dim(ā/Ab̄) + dim(b̄/A).
(iii) A k-cell has dimension k.
(iv) If X ⊆ M n if a definable
set oand X =
n
then dim(X) = max dim(Ci ) .

S

i

Ci is a cell decomposition

(v) If X ⊆ M n if a definable set then dim(Cl(X) \ X) < dim(X).
(vi) If X ⊆ M n if a definable set then dim(X) ≥ k if and only if there
is a definable equivalence relation on X with infinitely many classes of
dimension ≥ k.
The following definition will be of use when we enunciate Pillay’s Group
Chunk Theorem in Chapter 3.
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Definition 2.2.5. Let X ⊆ Y ⊆ Mk be definable sets. We say that Y is
large in X if dim(X − Y ) < dim(X).
An easy consequence is the following fact.
Fact 2.2.4. Let X ⊆ Y be definable sets. Then Y is large in X if and only if
for every A over which X and Y are defined, every generic point of X over
A is in Y .
We finish with a useful tool that we will put to use in the study of torsion
in definable groups. Again proofs can be found in [Dri98].
Definition 2.2.6. If X is a definable set and C is a cell decomposition for
X then the Euler characteristic of X is defined as:
EC (X) := ΣC∈C (−1)dim(C) .
Euler characteristic does not depend on the choice of the decomposition.
Fact 2.2.5. Let X be a definable set, C1 and C2 cell decomposition for X.
Then EC1 (X) = EC2 (X) and we will simply write E(X).
Moreover we also have the following.
Fact 2.2.6. If f : X → Mk is an injective definable map, then E(X) =
E(f (X)).

2.3
2.3.1

Real closed fields
The algebra and model theory of real closed fields

We give here some algebraic and model theoretic results on real close fields
following [TZ12] and [Mar02]. Let us fix a field (F, +, ·) and we denote by
Σ the set of all sums of squares in F .
Definition 2.3.1. A linear ordering < on F is said compatible with F if for
all x, y, z ∈ F
• x < y → x + z < y + z,
• (x < y ∧ 0 < z) → x · z < y · z.
We say that (F, +, ·, <) is an ordered field.
We define the positive cone of a field, closely related to the notion of
compatible ordering.
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Definition 2.3.2. A positive cone P of F is a subset of F such that:
• P + P ⊆ P,
• P · P ⊆ P,
• P ∪ (−P ) = F ,
• P ∩ (−P ) = {0}.
Fact 2.3.1. F admits a compatible linear ordering if and only if F contains
a positive cone.
We now turn to formally real fields and their equivalent definitions.
Definition 2.3.3. We say that F is formally real if −1 ∈
/ Σ.
Fact 2.3.2. Let F be a field, the following are equivalent:
• F is formally real,
• there is a linear ordering < on F making F an ordered field,
• 0 is not a sum of squared in F .
With this definition in mind we can define the object we longed to define:
real closed fields.
Definition 2.3.4. A field F is real closed if it is formally real but has no
proper formally real algebraic extension field.
Fact 2.3.3 (Artin-Schreier). Let F be a field, the following are equivalent:
• F is real closed,
• Σ is a positive cone and every polynomial of odd degree has a root in
F,
√
• F ( −1) is algebraically closed and a proper extension of F .
We can see from the second equivalent condition that the theory of real
closed fields can be axiomatized in first order logic in the language of rings,
we write RCF for this theory.
Definition 2.3.5. Let (F, <F ) be an ordered field, a real closure of F is a real
closed field (K, <K ) which is an algebraic extension of F with <K extending
<F .
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Fact 2.3.4. Any ordered field F has a real closure which is unique up to
isomorphism of ordered fields.
Let us recall the definition of quantifier elimination.
Definition 2.3.6. A theory T in a language L is said to have quantifier
elimination if for every L-formula ϕ there is a quantifier free formula ψ such
that T ` (ϕ ↔ ψ).
Having real closures let us do a back and forth argument and prove elimination of quantifiers.
Fact 2.3.5. In the language of rings RCF does not have elimination of
quantifiers but RCF has elimination of quantifiers in L = {+, −, 0, ·, 1, <}.

2.3.2

Analysis in real closed fields

When working inside a real closed field, differentiability can be written in
first order. Let us fix a real closed field (R, +, ·, <) and I an interval in R.
Definition 2.3.7. If f : I −→ R is a definable function and a ∈ I, b ∈ R.
We say that f is R-differentiable at a and write f 0 (a) = b if
f (a + h) − f (a)
= b ∈ R.
h→0
h
lim

If this limit exists for all a ∈ I we say that f is R-differentiable on I.
And we have naturally the notion of function of class C k with k ∈ N.
Definition 2.3.8. We say that a definable function is of class C k on ]a, b[ if
its n-th derivative exists and is continuous on ]a, b[.
We also have a smooth version of the Definable Monocity Theorem.
Fact 2.3.6. Let f : ]a, b[→ R a definable function. Then for every k ∈ N
there are a = a0,k , . . . , ark ,k such that f is of class C k on each ]ai,k , ai+1,k [.
Last, we can transfer Rolle’s Theorem in this context.
Fact 2.3.7 (Definable Rolle’s Theorem). Let f : [a, b] → R a definable function that is continuous on [a, b], R-differentiable on ]a, b[ and such that
f (a) = f (b). There is a c ∈ [a, b] such that f 0 (c) = 0.
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We will mainly use definable differentiability to define definable differentiable manifolds in Section 2.4.
There are two major differences between real analysis and analysis in
arbitrary real closed field.
Remark 2.3.1. As Z is not a definable subset of R we cannot quantify
over integers and therefore we can not define the corresponding notions of
sequences, infinite sums and integrals.
Remark 2.3.2. The behavior of an “exponential map” can be treacherous.
Although the complete theory Texp of (R, +, ·, <, exp) is o-minimal (Wilkie
and Khovanski), a real closed field equipped with an isomorphism of ordered
groups between (R, +, <) and (R>0 , ·, <) need NOT be o-minimal nor a
model of Texp (see [Ber+ar])!

2.4

Definable Manifolds and their tangent space

We want to emphasize here that all results in this section appear in [PPS98].
Here again we fix a real closed field R.

2.4.1

Definable Manifolds and locally definable manifolds

Definable manifolds
Let X ⊆ Rn be a definable set and p a non zero natural number.
A definable chart on X is a triplet hU, ϕ, ni where U is a definable subset
of X, n ≥ 0 and ϕ is a definable bijection between U and some open subsets
of Rn (n is called the dimension of the chart).
Two definable charts hU 0 , ϕ0 , n0 i and hU, ϕ, ni are C p -compatible if either
U ∩ U 0 = ∅ or if both ϕ(U ∩ U 0 ) and ϕ0 (U ∩ U 0 ) are open and the transition
maps ϕ ◦ ϕ0−1 and ϕ0 ◦ ϕ−1 are of class C p .
A definable C p -atlas on X is a finite set C of definable charts on X such
that each pair is C p -compatible and whose domain cover X.
A definable C p -manifold (or simply a definable manifold when the class is
not mentioned) is a pair X= hX, Ci where X is a definable set and C a C p atlas on X. If the order of differentiablity of the manifold is not mentioned
we will simply call them definable differentiable manifold or even definable
manifold.
Let X and Y be definable C p -manifolds and f : X → Y a definable
function. We say that f is a definable morphism of C p -manifolds if for any
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a ∈ X and for any charts hU, ϕ, ni on X with a ∈ U and hV, ψ, n0 i on Y with
f (a) ∈ V we have that F := ψ ◦ f ϕ−1 is of class C p .
Fact 2.4.1. If X is a definable continuous manifold then we can equip X
with a unique topology τ so that, for any definable chart hU, ϕ, ni on X, a
subset V of U is τ -open if and only if ϕ(V ) is open (for the order topology).

2.4.2

Tangent space of definable manifolds

Let X,Y be a definable C p -manifolds (with p > 0) and f, g : X → Y be
definable C 1 functions.
We say that f and g are tangent at a ∈ X if f (a) = g(a) and for any
charts hU, ϕ, ni on X at a and hV, ψ, n0 i on Y at f (a) the differential at ϕ(a)
of ψ ◦ f ◦ ϕ−1 and ψ ◦ g ◦ ϕ−1 coincide.
We call tangent space of X at a and write Ta (X) the quotient of the
space of all definable functions f : R → X with f (0) = a by the equivalence
relation “f and g are tangent at 0”.
For any chart hU, ϕ, ni we have a canonical bijection between Ta (X) and
Rn mapping the class of f to d(ϕ ◦ f )(0). We can use this bijection to
make Ta (X) a finite dimensional R-vector space and thus definable. Ta (X)
equipped with this vector space structure is called the tangent vector space
of X at a.
Because tangency is preserved under composition by definable function, a
morphism X → Y induces a mapping from Ta (X) to Tf (a) (Y ). This mapping
is linear and will be denoted da (f ).
A morphism of definable manifolds f : Y → X is said to be an immersion
if for all y ∈ Y the mapping dy (f ) is injective.
Definition 2.4.1. Let X be a definable manifold. A definable manifold Y
is a definable submanifold of X if Y ⊆ X and id : X → Y is an immersion.
Also a subset X ⊆ Y is a definable submanifold if it can be equiped with
a definable manifold structure that makes it a submanifold in the previous
meaning.
Remark 2.4.1. If Y is a submanifold of X and y ∈ Y then dy (idY ) is injective and we can see Ty (Y ) as a subspace of Ty (X). This will be of importance
when we will consider groups and subgroups with manifold structure.

2.4.3

Locally Definable manifolds

We are usually concerned with definable objects. However, when defining the
universal cover of a definable we will need to work in the locally definable
category.
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Now let us consider a set S such that:
• S=

S

i∈N

Ui .

• For each i ∈ N there is an injection map θi : Ui → Rn for some n ∈ N
such that θi (Ui ) is a definable open subset of Rn .
• For each i, j ∈ κ we have that θi (Ui ∩ Uj ) is an open definable subset
of θi (Ui ) and the transition map θi,j : x ∈ θi (Ui ∩ Uj ) 7→ θj ◦ θi−1 (x) ∈
θj (Ui ∩ Uj ) is a definable morphism (of topological spaces).
We call the triplet (S, (Ui , θi )i∈N ) a locally definable manifold and the
(Ui , θi )i∈N are the definable charts of S.
Fact 2.4.2. If S is a locally definable manifold then we can equip S with a
topology τ so that each Ui are open and the θi are morphisms. This is the
unique topology such that any subset U ⊆ S is τ -open if and only if θi (U ∩Ui )
is open for each i ∈ N.
As for the definable case a map f between locally definable manifolds
(X, (Ui , θi )i∈N ) and (Y, (Vi , ηi )i∈N ) is called a locally definable map if for every
finite subset I ⊆ N there is a finite subset J ⊆ N such that:
• f(

S

i∈I

Ui ) ⊆

S

i∈J

Vi .

• the restriction f : ( i∈I Ui ) → i∈J Vi is a definable map between
definable manifolds. That is for each i ∈ I, j ∈ J with f (Ui ) ∩ Vj 6= ∅
the map ηj ◦ f ◦ θi−1 : θ(Ui ) → Vj is a definable map.
S

S
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Chapter 3
o-minimal groups
For the rest of this chapter let us fix an o-minimal expansion (R, <, ·, +, . . . )
of a real closed field. When we say that something is definable we mean
that it is definable in (R, <, ·, +, . . . ). By semialgebraic we mean definable
in (R, <, ·, +).
Definition 3.0.1. Let G be a group, µ : G × G → G the multiplication in G
and ι : G → G the inverse map. We say that G is definable if G, µ and ι are
definable.
First we will need the classical definition of definable subgroup and morphism.
Definition 3.0.2. Let H a subgroup of G. We say that H is a definable
subgroup if it is also a definable group.
Let G and H be definable groups and ϕ : G → H a group morphism. We
say that ϕ is a definable morphism if its graph is definable.
This chapter’s purpose is to recompile a large part of the work on definable
groups that is scattered in several papers, published over the last thirty years.
In the first section we will mention all the tools needed to prove the more
advanced results of the second section. In the third section we talk about
o-minimal homotopy. We continue understanding covers in the fourth section
but with proofs of some statements that we could not find in the literature.
Finally the last section is dedicated to the study of Levi subgroups in the
definable context.
Except for results in the fourth section and a small corollary in the last
section , the results presented here are not ours.
Remark 3.0.1. Some of the results presented in this section are true in the
more general context of groups definable in o-minimal expansions of ordered
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groups or even in general o-minimal structures. We will try to mention when
the results apply to these cases.

3.1

First results

Here we give the basics of definable groups. First we equip G with a topology and we get a handful of useful results from it. We continue with a
presentation of definable groups of small dimension and a definable choice
function theorem. Then we use the o-minimal version of Euler characteristic
and apply it to definable groups (particularly torsion-free groups). Finally
we extend the topological results to the context of definable manifolds and
define the Lie algebra of a definable group.

3.1.1

The group chunk Theorem

The study of groups definable in o-minimal structures started with the following theorem.
Fact 3.1.1 (Pillay, [Pil88]). Let G be a group definable in an o-minimal
structure with dim (G) = n. Then there are a large subset V of G and a
topology t on G such that:
• G equipped with this topology is a topological group;
• V is a disjoint union of finitely many definable sets U1 , ..., Ur such that
each Ui is t-open and there is a definable homeomorphism between Ui
and some open set Vi ⊆ Rn (with respect to the order topology).
If G is definable in an o-minimal expansion of a real closed field, the homeomorphisms can be chosen to be diffeomorphisms making G a definable manifold such that the multiplication map is differentiable.
In [Hru86] E. Hrushovski shows that any constructible group can be
equipped with a topology making it an algebraic group. In the previous
theorem A. Pillay shows an analogous property for definable groups.
Now that G is equiped with a “definable” topological group structure we
can get the usual group-like results.
Fact 3.1.2 (Pillay, [Pil88]). Let G be a group definable in an o-minimal
structure.
1. Any definable subgroup H of G is t-closed.
2. If H is a definable subgroup then the following are equivalent:
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•
•
•
•

H has finite index in G.
dim H = dim G.
H contains an open neighborhood of eG .
H is t-open in G.

From now on when we use topological notions we always mean it with
respect to the t-topology and will specify when are talking about other topologies (the order topology for example).
The following proposition will enable us to look only at the definability
of morphism without being preoccupied about continuity in the same spirit
as Fact 1.2.9, it is a direct consequence of Fact 3.1.1.
Fact 3.1.3. Let ϕ : G → H be a definable morphism of definable groups,
then ϕ is continuous.
We will only be interested in connected definable groups as definable
groups have finitely many connected components.
Fact 3.1.4 (Pillay, [Pil88]). let G be a group definable in an o-minimal structure, there is a smallest definable subgroup G0 of finite index in G called the
identity component of G.
This notion of connectedness coincides with Definition 2.1.1.
Fact 3.1.5 (Pillay, [Pil88]). G0 is actually the definable t-connected component of the identity in G. If G = G0 we say that G is connected. For definable
groups, definably connected and connected with respect to the t-topology are
the same thing.
From here we are ready to mention the very useful descending chain
condition on definable subgroups for o-minimal groups.
Fact 3.1.6 (Pillay, [Pil88]). Let G be a group definable in an o-minimal
structure. There is no infinite strictly descending chain of definable subgroups
in G. We will use the abbreviation DCC for this property.
A direct consequence is the definibility of centralizers.
Fact 3.1.7. Let G be a group definable in an o-minimal structure, centralizers
in G are definable.
Fact 3.1.6 also allows us to define the definable hull of a subset as in
Section 5.5 of [BN94].
48

Definition 3.1.1. Let X be a subset of a group definable in an o-minimal
structure. There is a minimal definable subgroup of G containing X, it is
called the definable hull of X and denoted d(X).
Next is a property on definable hulls that will be useful to define the
solvable radical of a definable group.
Fact 3.1.8. Let X and Y be subsets of a group definable in an o-minimal
structure. If X is invariant under conjugacy, so is d(X). Moreover we have
[d(X), d(Y )] ≤ d([X, Y ]).
Still following [BN94] we can extend the definition of connected component to non definabel subgroups.
Definition 3.1.2. Let H be any subgroup of a group G definable in an ominimal structure. We call the connected component of H the group H ◦ :=
H ∩ d(H)◦ .
Fact 3.1.9. The connected component of a subgroup H of a definable group
G is a normal subgroup of finite index in H and d(H ◦ ) = d(H)◦ .

3.1.2

Quotients and groups of small dimension

When working with groups, a very natural construction is the quotient by
normal subgroups. In model theory one usually need to be flexible if one
wants to work with quotients and relax “definability” to “interpretability”.
With o-minimal groups, one needs not to compromise at all since we have
the following.
Fact 3.1.10 (Edmundo, [Edm03]). Let G be a group definable in an ominimal structure and let {T (x) : x ∈ X} be a definable family of non-empty
definable subsets of G. Then there is a definable function t : X → G called
strong definable choice function such that
• for all x ∈ X, t(x) ∈ T (x),
• for x, y ∈ X, if T (x) = T (y) then t(x) = t(y).
From now on we will always assume, when talking about quotient groups,
that we are actually working with a definable set of representatives of the
quotient within the group.
We continue with three results for definable groups of small dimension,
the first one is an analogue of the theorem of J. Reineke (in the case of
strongly minimal groups) and is due to V. Ranzenj.
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Fact 3.1.11 (Razenj,[Raz91]). Let G be a connected 1-dimensional group
definable in an o-minimal structure, then G is abelian. More precisely G is
L
isomorphic (as a group) to either p∈P Zp∞ ⊕δ Q or to ⊕δ Q for some δ and
with P the set of primes number.
The second theorem we present here deals with dimension 2.
Fact 3.1.12 (Nesin, Pillay, Razenj, [NPR91]). Let G be a connected 2dimensional group definable in an o-minimal expansion of an ordered group.
Then G is solvable. Moreover, either G is abelian or it is centerless and it
is definably isomorphic to a semi-product of the additive and multiplicative
group of positive elements of a definable real closed field R.
In the same paper the authors study the case of dimension 3.
Fact 3.1.13 (Nesin, Pillay, Razenj, [NPR91]). Let G be a connected nonsolvable 3-dimensional group definable in an o-minimal expansion of an ordered
group. Then G/Z(G) is definably isomorphic to either P SL2 (R) or SO3 (R)
for some definable real closed field R.
We finish this subsection with an interesting result about the algebraic
rigidity that o-minimality imposes.
Fact 3.1.14 (Miller, Starchenko,[MS98]). Let (R, <, . . . ) be an o-minimal
structure. Up to definable isomorphism, there is at most two continuous
(with respect to the order topology) definable groups with underlying set R.
It follows that if we have an o-minimal expansion (R, < .·, +, . . . ) of a
real closed field and there is no definable isomorphism between (R, +) and
(R>0 , ·), any continuous definable group (R, ⊕) must be definably isomorphic
to either (R, +) or (R>0 , ·). We believe that it is still unknown whether there
exists an exponentional real closed field that admits an other continuous
definable group structure.

3.1.3

The Euler Characteristic

The o-minimal Euler characteristic is defined in Definition 2.2.6 and when
it is applied to a definable group G it gives us a good idea of the algebraic
structure of G. Using Euler Characteristic, A. Strzebonski made a thorough
study of o-minimal Sylow subgroups in his thesis. Although we will not need
these specific result, we mention some results Strzebonski proved along the
way and that will be of use later.
The following was already mentioned above (in a more general context)
but we deem important to write it again since it was proven without topological arguments.
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Fact 3.1.15 (Strzebonski, [Str94]). Let G be a group definable in an ominimal expansion of an ordered group. There is no infinite descending chain
of definable subgroups in G.
Euler characteristic turned out to be a powerful tool to study torsion as
it is shown in the following theorem.
Fact 3.1.16 (Strzebonski, [Str94]). Let G be a group definable in an ominimal expansion of an ordered group, then E(G) = ±1 if and only if G is
torsion free.
Since Euler characteristic is multiplicative, that is for H a normal definable subgroup of G then E(G) = E(G/H) · E(H), we can lift torsion from
the quotient and the subgroup to the initial group.
Fact 3.1.17 (Torsion lifting). Let G be a group definable in an o-minimal
expansion of an ordered group and H a definable torsion-free subgroup, then
G/H is torsion-free if and only if G is torsion-free.
Using those results on torsion Y. Peterzil and S. Starchenko proved the
following.
Fact 3.1.18 (Peterzil, Starchenko, [PS05]). Let G be a definable torsion-free
group. Then G is definably connected and solvable.
With more work on definable sections they prove a topological characterization of torsion-free definable groups.
Fact 3.1.19 (Peterzil, Starchenko, [PS05]). Let G be definable group of dimension n. Then G is torsion-free if and only if G is definably diffeomorphic
to Rn .

3.1.4

The R-Lie algebra

Through this subsection we follow [PPS98] and present a Lie algebra theory
for definable groups. We fix a positive integer k ∈ N.
We begin with a strengthening of the Group Chunk Theorem of A. Pillay.
Definition 3.1.3. Let G be a definable group, we say that (G, A) is a definable C k -group if A is a definable C k -atlas on G and the group multiplication
and inverse are C k maps.
Fact 3.1.20. Let G be a definable group, there is a C k -atlas on G such that
(G, A) is a definable C k -group.
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We will sometimes use the word smooth to refer to the “regularity” of
functions instead of writing of class C k .
Now that we have this extra structure we deal with its unicity with a
smooth version of Fact 3.1.3.
Fact 3.1.21. Let (G, A) and (H, B) be definable C k -groups and ϕ : G → H
a definable group morphism. Then ϕ is of class C k .
An easy corollary is the uniqueness of the C k -group structure.
Fact 3.1.22. Let G be a definable group, its C k -group structure is unique.
Moreover the differential structure passes smoothly to definable subgroups.
Fact 3.1.23. If H is a definable subgroup of G then it is a definable submanifold.
Definable groups and Lie groups are alike in several aspects and we will
develop the equivalent of the Lie algebra for definable groups. We start with
the following definition.
Definition 3.1.4. The tangent space Te (G) of G at eG is called the tangent
space of G.
Using Fact 3.1.23 we can see, via the differential of the identity map,
Te (H) as a subset of Te (G). Since Te (G) only depends on the manifold
structure of G at e, the tangent space of G is equal to the tangent space of
its connected component.
With a little bit of additional work we can get the following results.
Fact 3.1.24. Let H1 , H2 be definably connected definable subgroups of G.
Then H1 = H2 if and only if Te (H1 ) = Te (H2 ).
Fact 3.1.25. Let f be a definable automorphism of G, then de (f ) is a definable automorphism of the R-vector space Te (G).
We are now ready to equip Te (G) with a R-Lie algebra structure (recall
that a R-Lie algebra is a R-vector space together with a R-bilinear form [ , ]
satisfying Jacobi’s identity).
We will repeat here the construction mentioned in Section 1.2.1 noticing
that it is definable. We start with inner automorphisms of G. For g ∈ G we
write a(g) : x 7→ xg = g −1 xg.
We let Ad(g) = de (a(g)) and we know by the previous fact that Ad(g) is
an automorphism of Te (G) so we have the definable morphism:
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Ad : G → Aut(Te (G)).
Seeing Aut(Te (G)) as a definable manifold we can continue and consider
de (Ad) = ad : Te (G) → End(Te (G)).
This allows us to define a binary operation on Te (G):
[X, Y ] : = ad(X)(Y ).
Definition 3.1.5. hTe (G), [ , ]i is a R-Lie algebra called the R-Lie algebra of
G. We usually will write g = Lie(G) without mentioning the R-Lie structure.
Now that we finished the construction we can translate all typical results
on Lie groups and their Lie algebras to our context.
Fact 3.1.26. Let us fix a definably connected definable group G and g its
R-Lie algebra.
• If H is a definable subgroup of G then its R-Lie algebra is a R-Lie
subalgebra of g.
• G is abelian if and only if g is abelian.
• If H is a definable subgroup of H, then H is normal in G if and only
if its R-Lie algebra h is an ideal of g.

3.2

Other results

The reader will probably already have noticed the similarities between groups
definable in o-minimal structures and Lie groups. In the same way that
groups of finite Morley rank have been studied with algebraic group theory
in sight, many results on definable groups take inspiration in Lie group theory.
We first take a particular interest in solvability and semisimplicity. We
pursue our study with definably compact groups and finish this section with
linearity considerations.

3.2.1

The solvable radical, definable compactness and
the maximal torsion free subgroup

A very useful concept when studying Lie group is the solvable radical. If
G is a connected Lie group it admits a maximal solvable normal connected
subgroup R. It so happens that if G is a definable group, R is definable.
53

We begin with the construction of the solvable radical and then mention
how it can be used to define a torsion-free radical.
There are two main ways to properly define R: it is possible to define
a maximal solvable subgroup (non necessarily connected) and show that it
is definable. Taking the connected component of this group will give us the
subgroup we were looking for.
We take here a different and more direct approach and begin to define
(definably) semisimple definable groups.
Definition 3.2.1. Let S be a definable group. We say that S is semisimple
if it has no infinite normal abelian subgroup.
We mention a nice (and classical) characterization of semisimple definable
groups using its Lie algebra.
Fact 3.2.1 (Peterzil, Pillay, Starchenko [PPS00a]). Let S be a definable
group. S is semisimple if and only if s = Lie(S) is semisimple.
The following fact is well known but we could not find a clear reference;
it appears as Fact 1.6 in [Con14].
Fact 3.2.2. Let G be a definable group. There is a unique normal definably
connected subgroup R of G such that G/R is either semisimple or finite. We
call R the (solvable) radical of G and it contains all normal connected solvable
subgroups of G.
Remark 3.2.1. As mentioned above, in [BJO12] E. Baro, E. Jaligot and M.
Otero proved the existence of a (non necessarily connected) solvable radical.
When studying Lie groups, compact Lie group are of particular interest.
In an o-minimal setting, Y. Peterzil and C. Steinhorn provided a nice analogue. We present here the case of an o-minimal expansion of a real field but
the results hold in a general o-minimal structure.
Fact 3.2.3. Let X be a definable set (equipped with the order topology). We
say that X is definably compact if for every definable function f : (0, 1) →
X the limit limx→1− f (x) exists in X. A definable group is said definably
compact if the same holds with respect to the t-topology of G.
Using a variant of Zilber’s tangents at infinity they were able to prove the
following.
Fact 3.2.4 (Peterzil, Steinhorn, [PS99]). Let G be a non definably compact
o-minimal group. There is a definable 1-dimensional torsion-free subgroup of
G.
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In the same paper, using topological/analytical methods they also give
a real-like characterization of definably compact subsets of o-minimal structures.
Fact 3.2.5 (Peterzil, Steinhorn, [PS99]). Let X be a definable subset of Rn .
Then X is definably compact if and only if X is closed and bounded.
Using the previous results M. Edmundo was able to study the algebraic
structure of definably compact groups.
Fact 3.2.6 (Edmundo, [Edm05]). Let G be a definably compact definably connected definable group. Then there is a definably connected abelian subgroup
S
T of G such that G := g∈G T g and G is divisible.
Another interesting subgroup is the maximal normal definable torsion-free
subgroup. With the help of Euler characteristic one can prove the following.
We suspect that the result is older but could not find any clear reference; the
reader can find proofs of the following results in [CP12].
Fact 3.2.7. Let G be a definable group. There is a definable normal torsionfree subgroup T of G that contains every normal definable torsion-free subgroups of G. It is the unique normal definable torsion-free subgroup of G of
maximal dimension.
It is worth mentioning that T needs not contain all definable torsion-free
subgroups of G, nonetheless we have the following.
Fact 3.2.8. A normal definable torsion-free subgroup T of G contains every
definable torsion-free subgroups of G if and only if G/T is definably compact.
The solvable case is particularly interesting and we will use it strongly in
Chapters 4 and 5.
Fact 3.2.9. Let G be a solvable definable group and T its maximal normal definable torsion-free subgroup. If G is not definably compact then T is infinite
and G/T is definably compact.
Finally, as for Lie group, maximal (definably) compact subgroups are
conjugate (in the quotient G/T ).
Fact 3.2.10 (Conversano, [Con14]). Let G be a definably connected definable
group and T its maximal normal definable torsion-free subgroup. Then G/T
has a maximal definably compact subgroup K (unique up to conjugacy) and
G is definably homeomorphic to K × R` with ` = dim(G) − dim(K).
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3.2.2

Definably simple groups and considerations on
linearity

The study of linear Lie groups (closed subgroup of GLn (R)) is more pleasant
than the general case of non linear Lie groups. With this in mind it is only
natural to consider those definable groups that can be definably embedded
in the general linear group GLn (R).
Definition 3.2.2. We say that a definable group G is definably linear if there
is an injective definable morphism ρ : G → GLn (R) for some n ∈ N, that is,
G has a faithful definable representation of finite dimension. When dealing
with definably linear groups we will usually work with the image ρ(G) and
see the group as a group of matrices, we say that ρ(G) is a definable matrix
group.
Remark 3.2.2. It is worth noticing that by Fact 3.1.3 we do not need to
worry about regularity of the representation.
We will sometimes refer to some properties as definable in G seen as a pure
group. By that we mean that it is definable in the reduct (G, ·). A definable
group that is definable in the reduct (R, +, ·, <) is said to be semialgebraic.
Any simple (or centerless) Lie group is linear (it acts faithfully on its Lie
algebra) so we can expect similar result in the category of definable groups.
In [PPS00a] Y. Peterzil, A. Pillay and S. Starchenko give a deep study of
the problem and prove an analogue in an o-minimal context of Cherlin’s
Conjecture on groups of finite Morley rank. First let us start with a classical
definition.
Definition 3.2.3. A definable group G is said to be definably simple if it has
no proper nontrivial normal definable subgroup.
Remark 3.2.3. In [PPS02], the authors study the differences between definable simplicity and simplicity as an abstract group. Unlike definable connectedness and conectedness, the notions differ when the real field R strictly
contains the real field R.
As mentioned above we have the following.
Fact 3.2.11 (Peterzil, Pillay, Starchenko.[PPS00a]). Let G be a definable
group. If G is definably simple (as a pure group) there is a definable real
closed field R such that G is definably isomorphic to a semialgebraic matrix
group over R.
Actually they proved something more general.
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Fact 3.2.12 (Peterzil, Pillay, Starchenko.[PPS00a]). Let G be a definably
connected (as a pure group) definable group that has no nontrivial abelian normal subgroup. Then G is the direct product of definable subgroups H1 , . . . , Hk
such that for each i ∈ J1, kK there are definable real closed fields Ri such that
Hi is definably isomorphic to a semialgebraic matrix group over Ri .
This let us state the alternative definition for semisimple definable groups.
Fact 3.2.13 (peterzil, Pillay, Starchenko.[PPS00a]). Let S be a definable
group. Then S is semisimple if and only if it has no infinite normal solvable
subgroups.
In another paper, the same authors analyze definable groups as pure
groups and prove the following enlightening theorem.
Fact 3.2.14 (Peterzil, Pillay, Starchenko.[PPS00b]). Let G be an infinite,
definably simple (as a pure group), o-minimal
group. There is a real closed
√
field R and its complexification C := R( −1) such that one and only one of
the following occur:
• (G, ·) and (C, +, ·) are bi-interpretable. Moreover G is definably isomorphic to the C-rational points of a linear algebraic group defined over C.
• (G, ·) and (R, +, ·) are bi-interpretable. Moreover G is definably isomorphic to the semialgebraic connected component of a group G(R)
where G is an R-simple algebraic group defined over R.
In a third paper, Y. Peterzil, A. Pillay and S. Starchenko study definably
linear groups and in particular semisimple ones. They prove the following.
Fact 3.2.15 (Peterzil, Pillay, Starchenko,[PPS02]). Let S a be definable,
definably connected semisimple matrix group. Then S is semialgebraic.
We mention an other interesting result about semialgebraicity that can
be found in the same paper.
Fact 3.2.16 (Peterzil, Pillay, Starchenko,[PPS02]). Let G be a definable matrix group that is bounded in the order topology. Then G is semialgebraic.
They were also able to prove a definable Levi decomposition for definably
linear groups.
Fact 3.2.17 (Peterzil, Pillay, Starchenko, [PPS02]). Let G be a definably
connected definable matrix group. Then G is the almost semidirect product
of its solvable radical R and a definable semisimple subgroup S.
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In the last section we will discuss more in depth about the subgroup S
(called Levi subgroup of G) in the non linear case.
They also give a characterization of definably simple definable groups.
Fact 3.2.18 (Peterzil, Pillay , Starchenko,[PPS02]). Let G be an infinite
group.Then G is definable and definably simple (as a pure group) group if
and only if (G, ·) is elementary equivalent to (H, ·) a simple (as a Lie group)
Lie group.
We finish this section with a more recent algebraic result due to E. Baro.
For groups of finite Morley rank, ZilBer’s Indecomposability Theorem allow
us to define groups generated by infinitely many “indecomposable” sets with
finitely many of those indecomposable subsets. In o-minimal structures we
don’t have such a useful tool hence the definability of the commutator subgroup is not automatic.
Fact 3.2.19 (Baro, [Bar19]). Let G be a definably connected, definable matrix
group. Then the derived subgroup G0 of G is semialgebraic and definably
connected.
In [Bar19] E. Baro also takes interest in definably simply connected definable groups (see Definition 3.3.11) and prove the following theorem.
Fact 3.2.20 (Baro,[Bar19]). Let G be a definably simply connected definable
group. Then the derived subgroup G0 of G is definable and connected.

3.3

Definable homotopy and covering maps

As we already mentioned several times, definable groups have a lot in common
with Lie groups and in general o-minimality benefits from many tools that
come from topology.
A powerful tool in the study of Lie groups (and in particular in the classification of simple Lie groups) is the universal cover. Hence if one wants
to develop similar notion in the o-minimal context one should think about
definable homotopy. To study covers of definable groups we will be need
to work within the larger category of locally definable groups and we begin
this section with their basic definitions and properties. In the second subsection we give the main results and definition about o-minimal homotopy
together with new results. We finish providing a few results on definable Levi
subgroups.
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3.3.1

Locally definable groups

It might seem a bit out of context at this point but we will need the definitions
and properties presented here to continue the analysis of definable covers. Let
us fix an o-minimal expansion of a real closed field (R, <, +, ·, . . . ) and A ⊆ R
with |A| < ℵ1 . Let us begin with the definition of locally definable group.
Definition 3.3.1. A group G is said locally definable over A if there is a
collection {Xi : i ∈ I} of definable subsets of Rn over A such that:
• G=

S

i∈I

Xi ,

• for every i, j ∈ I there is a k ∈ I such that Xi ∪ Xj ⊆ Xk ,
• the restriction of the multiplication map to Xi × Xj is definable over
A.
Usually we will not mind the parameters A.
As for definable groups, we have a good notion of dimension for locally
definable groups.
Definition 3.3.2. Let G = i∈I Xi be a locally definable group, we define
dim(G) := max{dim(Xi ) : i ∈ I}.
S

And in the same vein as the group chunk theorem we have a variant for
locally definable groups.
Fact 3.3.1 (Peterzil, Starchenko [PS00]). Let G be a locally definable group
with dim (G) = n. Then there is a uniformly definable family {Vs : s ∈ S}
of definable subsets of G over A each containing 1G and a unique topology τ
on G such that:
• G with this topology is a topological group,
• {Vs : s ∈ S} is a basis of τ -open neighborhoods of 1G .
This topology actually makes G an R-Lie group (a Lie group over R) and a
locally definable manifold with smooth multiplication.
Definition 3.3.3. A morphism of groups ϕ : G → H between locally definable groups over A is said to be locally definable if for every definable subset
X ⊆ G defined over A, the restriction ϕ X is definable over A.
We also have the usual definitions of morphism and subgroup in the
category of locally definable groups.
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Definition 3.3.4. We say that a locally definable group H is a locally definable subgroup of G if it is a subgroub of G.
We say that H is a compatible locally definable subgroup if for every open
definable subset U of G, the set U ∩ H is a definable subset of H.
The following definition will be particularly useful in the study of locally
definable groups.
Definition 3.3.5. Let G be a locally definable group and D ⊆ G. We say
that D is discrete if for every definable subset X of G, D ∩ X is finite.
Locally definable groups are a bit more trickier than definable groups but
we still have a good notion of connectedness.
Definition 3.3.6 (Baro, Edmundo, [BE08]). Let G be a locally definable
group. We will say that a subset X ⊆ G is connected if there is no subset
U ⊆ G such that
• the intersection of U with every definable subset of G is definable,
• U ∩ X is a non-empty proper subset of X which is closed and open in
the topology induced on X by G.
Again we have very similar result to Fact 3.1.2 for locally definable groups.
Fact 3.3.2 (Edmundo,[Edm03]). Let G be a locally definable group and H a
compatible locally definable subgroup of G. Then:
• the τ -topology on H is the induced topology (by the τ -topology) of G,
• H is τ -closed in G,
• H is τ -open if and only if dim(G) = dim(H).
Finally we can talk about the connected component of a locally definable
group.
Fact 3.3.3 (Edmundo, [Edm03]). let G be a locally definable group. There
is a unique definably connected compatible locally definable normal subgroup
G0 of G with dim(G) = dim(G0 ). Moreover G0 contains all definably connected locally definable subgroups of G and it is the smallest compatible locally
definable subgroup of G of finite index.

3.3.2

o-minimal homotopy and covers

We present here results about o-minimal homotopy and covering morphisms
of definable groups. We then provide new results in the particular case where
the real close field we are working on is R.
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Definitions and first results
Let us begin here with the definable variant of covering morphism.
Definition 3.3.7. A locally definable morphism p : G → H over A (between
locally definable groups over A) is called a locally definable covering if p is
surjective and there is a family {U` : ` ∈ L} of τ -open definable subsets of
S
H such that H = `∈L U` and for each ` ∈ L , p−1 (U` ) is a disjoint union of
τ -open definable subsets of G over A, each of which is homeomorphic to U` .
With this definition comes two other definitions/properties.
Definition 3.3.8. Let G be a locally definable group and let us denote by
Cov(G) the category whose objects are locally definable coverings of G and
whose arrows between two objects p : H → G and q : K → G are surjective
locally definable morphisms r : H → K satisfying q ◦ r = p.
Definition 3.3.9 (Edmundo, Eleftheriou, [EE07]). If r : H → K is an arrow
in Cov(G) then it is a a locally definable covering morphism. Let Cov(G)0
denote the full subcategory of Cov(G) whose objects are locally definable covering morphisms p : H → G with H definably connected. Then Cov(G) and
e → G of Cov(G)0
Cov(G)0 form inverse systems and the inverse limit p : G
is called the o-minimal universal covering morphism of G, its kernel π(G) is
called the o-minimal fundamental group of G.
Now that we have defined the universal covering morphism we will take
interest in the space of definable paths in G. The usual construction of the
universal cover of a Lie group using continuous paths applies to the o-minimal
context and the notion of universal cover mentioned above coincide.
Definition 3.3.10. Let G be a connected locally definable group.
• A τ -path is a τ -continuous definable map σ : [0, p] → G, it is called
a loop if σ(0) = σ(p). If g ∈ G we will abuse notation and call g the
constant path equal to g.
• A concatenation of τ -path σ : [0, p] → G and γ : [0, q] → G with
σ(p) = γ(0) is a τ -path σ a` γ : [0, p + q] :→ G with
(σ a` γ)(t) =


σ(t)

if t ∈ [0, p]
γ(t − p) if t ∈ [p, p + q]

• Let f, g : Y ⊆ Rm → G be two definable τ -continuous functions, we say
that f and g are τ -homotopic (denoted f ∼τ g) if there is a definable
τ -continuous map F : Y × [0, q] → G such that f = F (. . . , 0) and
g = F (. . . , q).
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• We say that two τ -paths σ and γ such that σ(0) = γ(0) and σ(p) = γ(q)
are τ -homotopic if they are as definable functions.
• Let L(G) denote the set of loops that start and end at 1G . The restriction of ∼τ to L(G) × L(G) is an equivalence relation and we set
π1 (G) := L(G)/ ∼τ .
• The class in π1 (G) of a loop σ is denoted [σ] and π1 (G) can be equipped
with the group structure defined by [σ] · [γ] := [σ a` γ].
All of these definitions let us define the concept of simply connectedness
for any locally definable group.
Definition 3.3.11. Let G be a connected locally definable group, G is called
definably simply connected if π1 (G) = {[1G ]}.
Remark 3.3.1. Notice that definable groups are a particular case of locally
definable groups and hence the previous definitions also apply in this context.
As promised, the following states that the two objects coincide.
Fact 3.3.4 (Edmundo, Eleftheriou, [EE07]). Let G be a definably connected
locally definable group. The o-minimal universal covering morphism is a
locally definable covering morphism. Moreover π(G) the o-minimal fundamental group of G is isomorphic to π1 (G).

3.4

Definable covering of connected Lie groups

We assume in this section that we are working in an o-minimal expansion of
the real field R and by definable we always mean definable in this expansion.
We think that the results proved in this section also apply to R-Lie groups,
that is groups that are R-manifolds (not necessarily definable) but it would
require to prove all the classical theorems of Lie theory in this context.
We first prove that the topological universal cover of a definable Lie group
coincides with the o-minimal universal cover from the previous section. Part
of the content of the following is proved in [BO02] but we give here a proof
for completeness.
Theorem 5. Let G be a connected definable Lie group. The Lie univere and the o-minimal universal cover G
e defof G are Lie-isomorphic.
sal cover G
e def −→ G such that
Moreover there is a locally definable covering map πdef : G
the following diagram commutes:
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e
G
π

def

∼

e
G
πdef

G
e  G is the usual universal covering map (in the Lie group
where π : G
category).
def

e
Proof. The construction of G
in [EE07] is based on the standard cone
struction of G via continuous paths (quotienting by homotopy), requiring
the paths and homotopies to be both definable and continuous. The isoe def to G
e will send a definable path to its homotopy class.
morphism from G
We will need to show it is well defined (two definable maps which are homotopically equivalent have a definable homotopy between them) and that
it is surjective, so that any path is homotopically equivalent to a definable
one. We will prove the latter and sketch the proof of the former, which is
essentially the same idea but the notation is much more complicated.

G is a definable Lie group we so can find (using cell decomposition) definable open sets U1 , . . . , Uk covering G, each definably homeomorphic to an
open convex, simply connected subset Bi in some cartesian power R` .
Take a continuous path σ in G, and let σ be parametrized with t ∈ I :=
[0, 1].
By Lebesgue’s Number Theorem, there is some δ > 0 such that the image
under σ of any subinterval of I of size less than δ is contained
ini one of the
h
, then the
Ui ’s. Let m be such that m1 < δ and so that if Ij := mj , (j+1)
m
image of Ij under σ is fully contained in Uij . We find a definable σdef as
follows. Let µj be the push forward of σj in Bn . By convexity, the straight
) is fully contained in Bn , and because Bn
line lj joining µj ( mj ) and µj ( (j+1)
m
is simply connected µj is homotopic to lj . We then pull back lj to Un and
the resulting path is σjdef . By construction, the starting and endpoints of σjdef
are precisely the same as those of σj which by definition define the connected
path σ. The gluing of the σjdef defines a definable connected path homotopic
to σ, as required.
The proof of the fact that two definable maps which are homotopically
equivalent are definably homotopically equivalent is essentially the same: Let
F : [0, 1]2 7→ G be an homotopy between definable paths F (0, t) and F (1, t).
One uses the Lebesgue number theorem to find m such that for any i, j ≤ m
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such that the image
"

F

i (i + 1)
j (j + 1)
,
×
,
m
m
m
m
#

"

#!

is fully contained in some Uk .
As before, the pullback in Uk of the straight line segment li,j in Bk join) is homotopically equivalent to
ing theh images
of F ( mi , mj ) and F ( mi , j+1
m
i
j
j+1
F mi , m , m , and the same thing happens when we replace i with i + 1.
But li,j and li+1,j belong to the convex subset Bk of R` , so they are definably equivalent via the straight-line homotopy. Taking the images in Uk , and
doing this for every i, j we build a definable homotopy equivalent to F .
This concludes the proof.
Recall that if G is a connected Lie group a covering map is a continuous
surjective map p : H −→ G where H is a connected Lie group such that for
each point g ∈ G there is an open neighborhood U of g such that p−1 (U) is
a disjoint union of open sets. We say that the covering is finite if p has finite
kernel. We have the following theorem which appears to be a corollary of
Theorem 1.4 in [EJP11] but we did not realize it in time; hence we provide
a proof.
Theorem 6. Let p : H −→ G be a finite covering map of a connected
definable Lie group G. Then H is Lie-isomorphic a definable Lie group Hdef
and there is a continuous definable covering map pdef : Hdef −→ G such that
the following diagram commutes.
H

∼

Hdef

p
pdef

G
Proof. First, since H is a finite cover of G we have a covering map p : H  G
e of G and the definable
with finite kernel. Now consider the universal cover G
def
e
universal cover G of G. By Theorem 5, the two coincide.
e when we talk about the locally
From now on we will use the notation G
definable cover of G.
The universal property of universal covers gives us the following commutating diagram:
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e
G

πH

πG

H

p

G
e is a locally definable group and that π is a continuous
We know that G
G
locally definable morphism. The morphisms πH and π are only continuous
but we are going to find a definable version of H and the corresponding
morphisms will also be definable. Since πG is locally definable and surjective
e such that
we can find using (logic) compactness a definable subset DG in G
the restriction πG : DG  G is surjective. We may of course assume that
DG contains the identity.
Now Ker(π) = {h1 , . . . , hk } is finite with h1 = eH . We construct a definS
e where g is a preimage of h by
able set D := ki=1 DG · gi−1 contained in G
i
i
πH , choosing eGe as g1 . Notice that the restriction of πH to D is surjective.
Since Ker(πH ) ⊆ Ker(πG ) and the latter is locally definable and discrete,
any intersection with a definable set must be finite. This implies the following
claim which we will use several times.
e
Claim 3. Ker(πH ) is a discrete (as in Definition 3.3.5) subset of G.

We can now define a group which is Lie-isomorphic to H. The universe
is defined by taking Hdef := D/ ∼ where d1 ∼ d2 if πH (d1 ) = πH (d2 ) (equivalently, d1 · d2 ∈ D · D−1 ∩ Ker(πH )). This is a finite equivalence relation (and
therefore definable) by the previous claim.
We will define group multiplication and inverse operations on D and check
that they are compatible with ∼ and therefore pass nicely to Hdef .
Define d1 · d2 = d3 whenever πH (d1 · d2 ) = πH (d3 ). This is equivalent to
2
−1
d1 · d2 · d−1
∩ Ker(πH ), so it is a definable relation. Finally, we
3 ∈ D ·D
−1
say that d1 = d2 if d1 · d2 ∈ D2 ∩ Ker(πH ), so it is definable.
This defines a group structure on Hdef , and it also inherits the Lie group
e which, as it is shown in [EEP13], it coincides with the
structure from G
usual τ -topology on definable groups. Moreover, everything was defined so
that the pushforward of πH to the ∼-quotient Hdef → H is a continuous
group isomorphism. So Hdef is a definable Lie group Lie-isomorphic to H, as
required.
Remark 3.4.1. The construction above do not use any extra structure to
define Hdef . In particular if G is semialgebraic then Hdef is also semialgebraic.
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3.5

Levi subgroups

When one studies Lie groups, a very useful tool is Fact 1.2.30. Although for
some definable groups the Levi subgroup S will be definable, it is in general
only locally definable. Let us first clarify what we mean by semisimple locally
definable group.
Definition 3.5.1. Let G be a definably connected locally definable group.
G is called lcoally definable semisimple if Z(G) is discrete and G/Z(G) is
definable and semisimple.
A. Conversano and A. Pillay show the existence of a Levi subgroup as in
the following.
Fact 3.5.1 (Conversano, Pillay,[CP13]). Let G be a definably connected definable group. There is a unique (up to conjugacy) maximal locally definable
semisimple subgroup S of G. Moreover,
• G = RS with R the solvable radical of G,
• Z(S) is finitely generated and contains R ∩ S.
Since we are more interested in definable groups, the previous theorem
motivates the following definition.
Definition 3.5.2. Let G be a connected definable group. We say that G has a
good Levi decomposition if its maximal locally definable semisimple subgroup
S is definable.
Here we give some cases of definable groups with a good Levi decomposition.
Fact 3.5.2 (Conversano, Pillay,[CP13]). Let G be an R-Lie group. Then G
has a good Levi decomposition if:
• G/N is linear for some finite central N ,
• G/R has finite o-minimal fundamental group.
The simply connected case was treated by E. Baro in the same paper he
studied derived subgroup of definably linear groups.
Fact 3.5.3 (Baro,[Bar19]). Let G be a simply connected definable group and
R its solvable radical. Then there is a semisimple simply connected definable
subgroup S of G such that G = R · S and R ∩ S = {1}.
66

Remark 3.5.1. We know that the Levi subgroup can be only locally definable.
In [CP12] they build a definable amalgamated direct product of (R, +) and
^
SL2 (R) whose derived subgroup and Levi subgroup is SL
2 (R). Since the Levi
subgroup coincides in this case with the derived subgroup, this example shows
that the conditions of Fact 3.2.20 and Fact 3.2.19 cannot be omitted.
We finish with a nice corollary obtained from Theorem 6 that helps characterize definable Lie groups with good Levi decomposition.
Theorem 3. Let S be a connected semisimple Lie group. Then S is Lie
isomorphic to a definable group if and only if its center Z(S) is finite.
Proof. Since connected semisimple Lie groups have discrete center, if S is
definable it must have finite center. Now suppose that S has finite center,
the quotient S/Z(S) is centerless hence linear (it acts faithfully on its Lie
algebra) and semialgebraic by Fact 5.1.1. The map π : S → S/Z(S) is a
finite covering of S/Z(S). Hence by Theorem 6 it is definable.
It follows that the definable Lie groups with definable Levi subgroups
are precisely those with Levi subgroups with finite center. As we already
mentioned this should probably generalize to Lie groups over arbitrary real
closed field with the appropriate covering theory.
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Chapter 4
Definable solvable Lie groups
are definably linear
In order to answer the Question 1 we will take a closer look at the results
already known when the Lie group is solvable. More precisely, in [COS18] A.
Conversano, A. Onshuus and S. Starchenko give a full characterization for
solvable Lie groups.
Fact 4.0.1. [Conversano, Onshuus, Starchenko, [COS18], Theorem 5.4] Let
R be a connected solvable Lie group. Then the following are equivalent:
• R has a normal, connected, torsion-free and supersolvable subgroup T
such that R/T is compact (we say that R is triangular-by-compact).
• R is Lie isomorphic to a group definable in an o-minimal expansion of
the reals.
In our attempt to treat the problem we realized that we needed to understand well the implications of Fact 4.0.1. Since the proof of Fact 4.0.1 implies
the semidirect condition of Fact 1.2.28 we know that definable solvable Lie
groups are linear, it is natural to ask whether we can represent definably
those groups.
The answer is positive and we will provide here the construction of a
definable representation for those groups (i.e. a proof for Theorem 1).

4.1

The Extension Lemma

The general approach is to prove Lemma 1, the “Extension Lemma,” and use
it to extend definably a definable representation of the supersolvable part T
of G which can be obtained using triangularity of T . This is essentially an
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adaptation of the proof of the analogous result in the real Lie group context.
Particularly, our proof of the Extension Lemma essentially adapts the proof
in the last chapter of [Hoc65] to the definable context.
We will strongly use the constructions of Section 1.2.4 and we will need
the following lemma to ensure that the representation we build (in the proof
of Theorem 1) is in a finite dimensional vector space.
Fact 4.1.1 ([Hoc65, Chap. XVIII, Lemma 2.1]). Let G be a solvable Lie
group and ρ : G → GL(V ) be a faithful continuous representation in the
finite-dimensional R-vector space V . Let A be a set of automorphisms of G
such that ρ0 (α(x)x−1 ) = Id for all x ∈ G and α ∈ A. Then if f ∈ S(ρ) is
a representative function associated to ρ then the vector space generated by
{f ◦ α}α∈A is finite-dimensional.
The following lemma is the main brick in the proof of Theorem 1.
Lemma 1 (Extension Lemma). Let G = K n H be a group definable in an
o-minimal expansion of the reals with H and K definable subgroups with H
normal and solvable. Suppose that H admits a faithful definable representation ρ : H → GL(V ) where V is a finite-dimensional vector space over R.
Suppose moreover that ρ satisfies that for all x ∈ G and y ∈ H we have
ρ0 (xyx−1 y −1 ) = id. Then there is a definable representation σ of G that
extends ρ (and hence is faithful on H).
Proof. Let us consider the following faithful action of H on the space C 0 (H) of
continuous functions from H to R. For h ∈ H, f ∈ C 0 (H) let h·f : x 7→ f (xh).
We can extend the action to G as follows. For any h ∈ H, k ∈ K with
g = kh and f ∈ C 0 (H) define
g · f : x 7→ f (k −1 xkh).
Notice that we had to consider the right action of K on H to get a left
action of G on C 0 (H).
H acts on its space of representative functions R(H). We are going to
show that actually G acts on R(H). Indeed, for f ∈ R(H), h0 ∈ H and
g = kh ∈ G with h ∈ H and k ∈ K then
h0 · (g · f ) = (h0 kh) · f = (kk −1 h0 kh)) · f = k · ((k −1 h0 kh) · f ) ∈ k · (H · f ).
Since (H · f ) is finite-dimensional, g · f ∈ R(H).
We now use Fact 4.1.1 to find a finite dimensional subspace U of R(H)
such that G acts on U and the restriction of this action to H is faithful. Let A
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be the set of automorphisms ck : x 7→ k −1 xk of H given by the conjugations
in H by k ∈ K. For all f ∈ C 0 (H) we have k · f = f ◦ ck . Let us fix f ∈ S(ρ),
the hypothesis of Fact 4.1.1 are fulfilled, so that the vector space generated
by the k · f = f ◦ ck for k ∈ K is finite-dimensional. But we know that
S(ρ) is finite dimensional (it has the same dimension as End(V )? ), so the
vector subspace U ≤ R(H) generated by G · S(ρ) has finite dimension. If
(f1 , f2 , . . . , fk ) is a basis for U , by definition of U each fi = ki ·(ϕi ◦ρ) for some
ki ∈ K and ϕi ∈ End(V )? . Since these functions are definable and ρ is also
definable we get a finite-dimensional definable representation of G but are
missing faithulness of the action on H. Now U contains S(ρ) as a H-stable
subspace and we know by the construction previous to this demonstration
that V might be identified with a H-stable subspace in a direct sum of finite
copies of S(ρ). Taking W as the direct sum of the same number of copies of
U yields a representation space that contains an H-stable subspace on which
H acts faithfully (it is the same representation as ρ). This terminates the
proof.

4.2

Linearity implies definable linearity

We now apply the Extension Lemma to the decomposition of a solvable Lie
group into its supersolvable and compact parts. In order to do so we need to
find a representation of the supersolvable part where the nilradical is uppertriangular with 1’s on the diagonal.
Proposition 4.2.1. Let G be a simply connected supersolvable Lie group and
N its nilradical. Then G is Lie isomorphic to a definable matrix group G1
whose nilradical N1 is unipotent.
Proof. We first notice that since G is simply connected and solvable, Fact 1.2.14
tells us that the exponential map is a diffeomorphism between G and its Lie
algebra g. As G is supersolvable by Fact 1.2.13 so is g; also, supersolvable
Lie algebras have upper triangular representations by Fact 1.1.15. In any
such representation Lie(N ) = n is an upper triangular nilpotent subalgebra,
so it must be strictly upper triangular. The exponential map coincides with
the matrix exponential, it is a finite sum on the strictly upper part and the
diagonal coincides with the real exponential of the entries: it is definable in
Rexp . Now the image of the exponential will be a matrix Lie group G1 Lieisomorphic to G whose nilradical N1 = exp(n) is unipotent, as required.
We are finally ready to prove that definable solvable Lie groups are definably linear.
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Theorem 1. Let G be a connected, triangular by compact, solvable Lie group.
Then G is Lie-isomorphic to a definable matrix group.
Proof. Let G1 be the definable Lie group isomorphic to G given by Fact 4.0.1,
so that in particular G1 is a definable semidirect product of a supersolvable
subgroup H1 and a compact group K1 . Take the definable representation of
H1 given by Proposition 4.2.1. This group is simply connected because it is
solvable and torsion-free as in Fact 1.2.31.
In order to apply the Extension Lemma we have to check that this representation satisfies the commutator condition, and this can be checked on
its Lie algebra by Fact 1.2.24. Since [g1 , h1 ] is nilpotent (by Fact 1.1.10)
it is included in n = Lie(N ) (where N is the nilradical of H1 ). But the
representation we chose was unipotent on N so it automatically satisfies the
commutator condition. Applying the Extension Lemma we get a definable
representation ρ of G1 which is faithful on H1 .
Let µ be any faithful continuous representation of K1 , which exists by the
Peter-Weyl Theorem. By Fact 1.2.38, any faithful representation of a connected compact group is algebraic so µ(K1 ) is algebraic, and hence definable.
The direct sum of ρ and µ will be a definable and faithful representation
of G1 , as required.
We actually just proved the following corollary.
Corollary 4.2.1. Let R be a connected solvable definable Lie group. Then
R is Lie-isomorphic to a definable matrix group.
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Chapter 5
Characterization of definable
linear Lie groups
As we now understand well definability of solvable Lie groups we will continue
the study towards linear Lie groups in general. Since the solvable radical of
a definable Lie group is definable (see Fact 3.2.2) our strategy is to use Levi
decomposition with the following in mind.
Fact 5.0.1 (Malcev, [Mal44]). Let G be a connected Lie group. The G is
linear if and only if its solvable radical R and Levi subgroup S are linear.
Because it is true (see Fact 5.1.1) that any connected linear semisimple
Lie group is semialgebraic we will get automatically definability of the Levi
subgroup. The proof turned out to be more complicated since it was not as
easy to glue the definable pieces together but the final result is:
Theorem 2. Let G be a connected linear Lie group whose solvable radical
is triangular by compact. Then G is Lie-isomorphic to a definable matrix
group.

5.1

Preliminary tools

In order to prove the criterion above we will need several tools that we present
here in order to have a more straightforward proof in the end.

5.1.1

Definable representation of a quotient

Let us begin with an adaptation of a classical representation theory result to
the definable context.
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Lemma 2. Let G be a definable Lie group with a definable and faithful representation over a finite dimensional vector space V . Let F be a central and
finite subgroup of G. Then there is a definable and faithful representation of
the quotient G/F on a finite dimensional vector space W .
Proof. Because F is abelian and finite, it is enough to prove the lemma assuming that F has prime order since the general case will follow by induction.
So we assume that F has prime order q.
We will need to extend the representation to a complex representation
of G on Ve = V ⊗R C. By Maschke’s Theorem for finite groups we can
decompose Ve into V1 ⊕ · · · ⊕ Vh where the Vi are F -stable and F -irreducible
subspaces. By Schur’s Lemma, the action of F on each Vi is an action by
scalar multiplication, and because F has order q we know that the action of
F on Vi will be multiplication by an integer power µki of a primitive q-root
of unity µ. Fix a generator x of F . Then x acts by multiplication by µki on
the Vi ’s and the vector (k1 , . . . , kh ) is a non zero vector in the (Z/qZ)-vector
space (Z/qZ)h . The 1-dimensional subspace spanned by this vector is an
P
intersection of h − 1 hyperplanes. Let hs=1 ar,s xs = 0 for s = 1, . . . , h − 1 be
the linear equations of the hyperplanes. It follows that a vector (x1 , . . . , xh )
is an integer multiple of (k1 , . . . , kh ) if and only if it satisfies those equations.
Consider the complex vector space
W =

h
M
i=1

q
Vi⊗

⊕

h−1
M

ar,1

V1⊗

⊗ · · · ⊗ Vh⊗

ar,1

r=1

Each Vi is G-stable (because g · Vi is F -stable), so G acts on W by an
action σ with F is in the kernel of σ. We are a priori acting on a complex
vector space, but we can (and will) consider the real action on the real and
imaginary components, thus obtaining a real action.
Claim 4. The kernel σ is precisely F .
Proof. Let g be any element in the kernel of the action. Let vi ∈ Vi be a
non zero element such that g · vi = λvi for some complex λ. Since g fixes
q
(vi ⊗ · · · ⊗ vi ) ∈ Vi⊗ we get λq = 1 and hence λ = µxi . We will now show
that g acts by multiplication by λ on Vi . Let wi ∈ Vi be linearly independent
q
from vi . Invariance of (wi ⊗ vi ⊗ · · · ⊗ vi ) ∈ Vi⊗ gives us:
wi ⊗ vi ⊗ · · · ⊗ vi = λq−1 g · wi ⊗ vi ⊗ · · · ⊗ vi
and by linear independence g · wi = λwi so g acts by multiplication by λ on
Vi .
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Now fix r ∈ [|1, h − 1|]. The
element g aacts by multiplication by µxi on
r,1
⊗ar,1
each Vi so the action of g on V1
⊗· · ·⊗Vh⊗ is multiplication by µKr where
Ph
Kr = s=1 ar,s xs . But the action is trivial so Kr = 0 for all r and (x1 , . . . , xh )
and (x1 , . . . , xh ) = m(k1 , . . . , kh ). This implies that g = xm ∈ F .
Since F is the kernel of σ, the action of G/F on W is a faithful representation of G/F , as required. Notice that W is definable (any finite dimensional
vector space is) and definability of ρ and V will imply definability of the natural action of G on W (since it is a finite sum of tensor products of restrictions
of ρ).

5.1.2

Semisimple linear groups

In the same vein as Fact 1.2.38 we can deduce definable properties from
semisimplicity.
Fact 5.1.1 (Peterzil, Pillay, Starchenko, [PPS02],Remark 4.4). If S is a
connected semisimple matrix Lie group, then S is semialgebraic (i.e. definable
in (R, 0, +, ·, <)).
Since it will be of major importance in the proof of Theorem 2 we provide
a proof here.
Proof. Suppose that S ≤ GLn (R) and let s be the Lie algebra of S, it
is semisimple and so is sC its complexification. Semisimple Lie algebras
are perfect, i.e. [sC , sC ] = sC and by Section 1.2.6 we know that [sC , sC ]
is algebraic. Hence there is an affine algebraic group H defined over R
(section 1.2.6) such that sC = Lie(H) and H(R) ≤ GLn (R). But then
Lie(H(R)) = Lie(H(R)0 ) = s and since S is connected we must have S =
H(R)0 . This concludes the proof since the connected component of the real
points of real algebraic group is semialgebraic.

5.2

Classification in the linear case

As we already mentioned, the main idea behind the proof is to use the Levi
decomposition and patch together Fact 4.0.1 and Fact 5.1.1. We would
like to use the Extension Lemma after applying Fact 4.0.1 to the solvable
radical. Unfortunately we will not be able to apply it directly to the Levi
decomposition.
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Theorem 2. Let G be a connected linear Lie group whose solvable radical
is triangular by compact. Then G is Lie-isomorphic to a definable matrix
group.
Proof. The proof can be understood in two parts; first we build a finer decomposition for G and then we apply the Extension Lemma and glue together
the definable representations we obtained.
We know that a lot of pieces are definable and linear. The theorem’s
condition on the solvable radical R together with Fact 4.0.1 gives us that R
is definably linear. Since G is a linear Lie group, Fact 5.0.1 tells us the any
Levi subgroup must be linear and by Fact 5.1.1 it is semialgebraic.
We would like to invoke the Extension Lemma but the decomposition of G
into its solvable radical R and a Levi subgroup S is actually not fine enough.
We will need to refine the decomposition. Consider the decomposition of
R into a simply connected (torsion free) normal subgroup T and a compact
subgroup K as in Fact 1.2.28.
We first show that S can be chosen such that S and K commute making
SK a subgroup of G. Consider the adjoint action of K on g = Lie(G), this
lets us see g as a semisimple K-module (since K is compact). Hence g is a
direct sum of simple K-modules gi . Let us write k = Lie(K), since [k, gi ] is
a K-stable subspace we have either [k, gi ] = {0} either [k, g] = gi . It follows
that g = [k, g] ⊕ zg (k) where zg (k) is centralizer the centralizer of k in g. Write
the Levi decomposition for zg (k) as a semidirect sum zg (k) = uR +uS where uR
is the solvable radical and uS is a maximal semisimple subalgebra. But r+uR
is a solvable ideal of g (here r = Lie(R)) and since r is the maximal solvable
ideal of g we must have r + uR ⊆ r so uR ⊆ r. So the Levi decomposition
of g can be written g = r + uS with uS is a maximal semisimple subalgebra.
Let S1 be the connected subgroup of G corresponding to the Lie algebra uS .
It is also a Levi factor (maximal semisimple subgroup) of G so it is in fact
a conjugate of S. Since [uS , k] = (0) we get that S1 commutes with K. By
setting S = S1 we may assume that S commutes with K and SK is a group.
Claim 5. G is a semidirect product of T and H := SK
Proof. We already know that G = (SK)T so we are left to show that H ∩ T
is trivial. Take an element sk = t in the intersection with s ∈ S, k ∈ K and
t ∈ T . Then s = tk −1 ∈ S ∩ R which is finite. So we have finitely many
choices for s and since T ∩ K is trivial, any fixed s determines exactly the
possible choices of the pair (t, k). This shows that H ∩ T is finite. Since T
has no torsion, the intersection must be trivial.

75

We now use Proposition 4.2.1 to find a representation ρ of T whose image is definable. We extend the representation using [Hoc65, Chap. XVII,
Theorem 2.2] (the Lie-version of the Extension Lemma) and obtain a representation ρe of G that is faithful on T and such that the image of T is
definable. This is because ρe can be seen as an extension of ρ as mentioned
in Section 1.2.4.
e
e
Both ρ(S)
and ρ(K)
are semialgebraic (by Fact 5.1.1 and Fact 1.2.38),
so the full image of ρe is definable.
Notice that ρe is not necessarily faithful. To complete the proof we need
a faithful and definable representation of H = SK. Since S and K commute
we have H ' (S × K)/∆ where ∆ := {(x, x) : x ∈ S ∩ K}. Notice that
S ∩ K ⊆ S ∩ R hence it is central in H and finite. Since both K and S have
definable and faithful representations ρK and ρS respectively, σ = ρK ⊕ ρS
is a definable and faithful representation of S × K. By Lemma 2 there is a
definable representation of K × S on a definable space W , with kernel F .
This is a definable faithful representation σe of H.
Now G = T o H and H is Lie-isomorphic to G/T . Hence, we can use
the quotient map to get a definable representation of G that is faithful on
H; abusing notation, we still refer to this representation as σe . Taking the
direct sum of ρe and σe we get a faithful representation of G whose image is
definable.
In particular, for definable Lie groups, linearity and linear definability are
the same.
Corollary 5.2.1. Let G be a connected Lie group Lie-isomorphic to a definable group. Then G is linear if and only if it is Lie-isomorphic to a definable
matrix group.
This criterion and its proof also tell us that definable linear Lie groups
must be definable in Rexp .
Theorem 7. Let G be a linear Lie group, the following are equivalent:
• The solvable radical of G is triangular by compact.
• G is Lie isomorphic to a group definable in an o-minimal expansion of
(R, 0, +, 1, ·, <).
• G is Lie isomorphic to a matrix group definable in an o-minimal expansion of (R, 0, +, 1, ·, <).
• G is Lie isomorphic to a group definable in Rexp .
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• G is Lie isomorphic to matrix group definable in Rexp .
Proof. We will prove that any definable linear Lie group is actually definable
in Rexp . To see this take a linear Lie group G satisfying the first condition. By
Theorem 2 we get a matrix group G1 that is definable and Lie-isomorphic
to G. In the proof of Theorem 2 we obtained linearity and definability
analysing G1 into a semidirect product (SK) n T where S was semialgebraic
(it is semisimple and linear), K algebraic (it is compact and linear) and T
definable in Rexp (it is the matrix exponential of an upper-triangular matrix).
So G1 as a set is definable in Rexp ; since the group law is given by matrix
multiplication, it is polynomial in its coordinates, hence also definable in Rexp .
We notice that once we achieve linearity of the solvable radical R = T o K
of G we do not need the analytic functions which were needed in [COS18],
since the compact part K acts by matrix multiplication on the supersolvable
part T .
The other implications were proved in Theorem 2 and in [COS18].
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Chapter 6
Lie groups with good Levi
subgroups
In the proof of Theorem 2, things articulate well because of the definability
of the Levi subgroup. As mentioned in Remark 3.5.1 there are definable
(non linear) Lie groups that have non definable Levi subgroups. We proved
in Theorem 3 that it is equivalent for the Levi subgroup to have finite center
and to be definable. This incited us to take a look at the case where we don’t
assume linearity of the Lie group but assume finiteness of the center of the
Levi subgroup. We prove the following.
Theorem 4. Let G be a connected Lie group. Let R be the solvable radical
of G and S a Levi subgroup of G. If S has finite center and R is triangular
by compact then G is Lie-isomorphic to a definable group.
Proof. Let G be a group satisfying the hypothesis. By Fact 4.0.1 and the
linear case we may assume that the solvable radical R is Lie isomorphic
to Rdef , a definable matrix solvable group. Moreover we have the additional
property that if we decompose Rdef = T oK ⊆ GLn (R) with T supersolvable
and K compact, if r = Lie(Rdef ), t = Lie(T ) and k = Lie(K) then r = t + k ⊆
gln (R) and t is upper triangular. Since S has finite center we know by the
Levi decomposition that G is the almost semidirect product of R and S.
Specifically, there is a morphism ϕ0 such that
Ψ : R oϕ0 S → G
(r, s) 7→ r · s
is a Lie morphism with finite kernel.
In order to build a definable version of G we will need to construct a
definable morphism ϕ0 : S → Aut(Rdef ). To do so we need the “appropriate”
version of S.
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Define the linearizer Λ(G) of a connected lie group G as the intersection
of the kernels of all its continuous finite dimensional representations. It is a
closed and normal subgroup and as the adjoint representation is continuous
it is central. It is a theorem of Goto ([HM57][Theorem 7.1]) that G/Λ(G)
has a faithful representation. That makes Λ(G) the smallest normal closed
subgroup P such that G/P is Lie isomorphic to a linear group.
In our case S has finite center and we do not need to invoke Goto’s
theorem, we just need the following lemma:
Lemma 3. Let G be a Lie group and suppose that G/H1 and G/H2 (with
H1 and H2 normal and closed subgroups) both have faithful representations
ρ1 and ρ2 . Then G/(H1 ∩ H2 ) has a faithful representation.
Proof. Let us write ρei := πi ◦ ρi where πi : G  G/Hi is the canocical
projection. The direct sum ρf1 ⊕ ρf2 is a representation of G whose kernel is
H1 ∩ H2 .
Since S has finite center, Λ(S) ⊆ Z(S), and S/Z(S) is centerless and
therefore linear, applying the lemma finitely many times gives us a faithful
representation of S/Λ(S). Let S̄ be a matrix copy of S/Λ(S).
S̄ is linear and semisimple, hence semialgebraic. As S is a finite cover of
S̄, by Theorem 6 there is a group Sdef that is definable, Lie isomorphic to S
and a definable surjection π : Sdef  S̄. Given that S̄ is the biggest linear
quotient of S any representation of S must factor through S̄ .
Finally, consider the action of Sdef on Rdef induced by the isomorphism
from S to Sdef . This is a morphism ϕ : Sdef → Aut(Rdef ) ⊆ Aut(rdef ) ⊆
GL(rdef ). This must therefore factor through S̄ and we have the following
commutating diagram:
Sdef

ϕ

Aut(Rdef )

Der

Aut(r) ⊆ GL(r)

π
ϕ̄

S̄
ϕLie

The morphism ϕLie maps a semisimple linear Lie group to a linear group,
its graph Γ is Lie isomorphic to S̄, so it must be semialgebraic (recall that
any linear semisimple Lie group is semialgebraic by Fact 5.1.1).
We will prove that the action of S̄ on Rdef is definable. Let us write
Rdef = T o K ⊆ GLn (R) with T the maximal normal connected torsionfree subgroup of Rdef and K a maximal compact subgroup. Because the
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maximal torsion-free subgroup T of Rdef is characteristic it must be stable
under the action. Recall that our construction of T implies that the Lie
algebra t is supersolvable and that the exponential restricted to t is a definable
diffeomorphism. For any s ∈ S̄ and t ∈ T , we can choose X ∈ t such that
exp(X) = t and we have
ϕ̄(s)(t) = exp t (ϕLie (s)(X))
which implies that the restriction of the action to T is definable.
Understanding definability of ϕ̄ on the maximal compact subgroup is a
little harder.
Claim 6. Let K be the set of maximal compact subgroups of Rdef and K :=
Rdef /T . Then the following hold:
(i) The natural action of S̄ on K is well defined and trivial.
(ii) K = {tK0 t−1 : t ∈ T }
(iii) The set A := {(s, t) ∈ S̄ × T : ϕ̄(s)(K) = tKt−1 } is definable.
(iv) The restriction of ϕ̄ on K is definable.
Proof.
(i) Any automorphism of Rdef must fix T which implies that S̄ acts by
continuous automorphisms on K in a natural way; this can be seen as
a continuous map ψ from S̄ to Aut(K). Since K is a torus, Aut(K) '
GLm (Z) for some m ∈ N and it is discrete.1 But S̄ is connected, so ψ
must be constant on Aut(K), and the action is trivial.
(ii) It is known that all maximal tori of a linear group are conjugate, so K
is the set of conjugates by elements of Rdef of K0 . Since Rdef = T K we
get that K = {tKt−1 : t ∈ T }.
(iii) We begin by picking an open neighborhood u0 of 0 in r such that
exp : u0 → Rdef is a diffeomorphism. If needed, we shrink u0 such that
we obtain a local diffeomorphism exp : u → U with u bounded and
U open neighborhood of the identity. This restriction is an analytic
function defined on a compact subset of r, and is therefore definable in
K ' Rm /Zm so any automorphism of K is an automorphism of Rm that leave Zm
fixed.
1
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the o-minimal structure Ran,exp . Now we claim that ϕ̄s (K) = tKT −1 if
and only if
exp(u ∩ ϕLie (s)(k)) = U ∩ tK0 t−1 .
The equivalence follows because if we define kt := Lie(Kt ) with Kt :=
t·K0 ·t−1 , then by the Lie correspondence any two distinct maximal compact subgroups Kt1 and Kt2 correspond to different Lie sub-algebras kt1
and kt2 of r. But Lie subalgebras are vector subspaces and u is an open
neighborhood of the identity, so kt1 6= kt2 if and only if (kt1 ∩u) 6= (kt2 ∩u)
as required.
Since the latter is definable A is definable.
(iv) Let us pick s ∈ S̄ and k ∈ K. Then for any r ∈ Rdef we have ϕ̄s (k) = r
if and only there is a t ∈ T such that (s, t) ∈ A and y = tkt−1 ∈ tKt−1 .
Definability of ϕ̄ now follows easily. Let s ∈ S̄ and r ∈ Rdef . Then we
can write r = t · k with t ∈ T and k ∈ K. Then we get:
ϕ̄s (r) := ϕ̄s (t) · ϕ̄s (k)
so it is definable in Ran,exp . Definability of ϕ = ϕlin ◦π follows. This concludes
the proof as we can set
Gdef := (Rdef oϕ Sdef ) /F
with F a finite subgroup isomorphic to R ∩ S and the group operation given
by
(r1 , s1 ) · (r2 , s2 ) = (r1 ϕs1 (r2 ), s1 s2 ).
Remark 6.0.1. We mention here two remarks from E. Baro and K. Peterzil
that shorten and improve the proof.
First Notice that inside G, the action of S on R is given by conjugation,
hence the center Z(S) is contained in the kernel of ϕ. This means that we
can factor ϕ through S/Z(S) and it is not needed to go through the linearizer
of S to factor the action since S/Z(S) is centerless and hence linear.
Also notice that the only place we used analytic functions was to understand how S̄ moved the compact subgroups of Rdef . Using techniques from
[PPS00a] one can understand definably this action without using analytical
functions: the family of conjugates of K is a definable family of matrix groups
and one can look directly at their associated Lie algebra.
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This gives us the nicer following statement:
Theorem 8. Let G be a connected Lie group whose Levi subgroups have finite
center. The following are equivalent.
• The solvable radical R of G is triangular-by-compact.
• G is Lie-isomorphic to a group definable in o-minimal expansion of R.
• G is Lie isomorphic to a group definable in Rexp .

82

Bibliography
Book Sources
[AM07]

Hossein Abbaspour and Martin Moskowitz. Basic Lie theory.
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2007,
pp. xvi+427. isbn: 978-981-270-699-7; 981-270-669-2. doi: 10 .
1142/6462. url: https://doi-org.ezproxy.uniandes.edu.
co:8443/10.1142/6462.

[BN94]

Alexandre Borovik and Ali Nesin. Groups of finite Morley rank.
Vol. 26. Oxford Logic Guides. Oxford Science Publications. The
Clarendon Press, Oxford University Press, New York, 1994, pp. xviii+409.
isbn: 0-19-853445-0.

[DK00]

J. J. Duistermaat and J. A. C. Kolk. Lie groups. Universitext.
Springer-Verlag, Berlin, 2000, pp. viii+344. isbn: 3-540-152938. doi: 10 . 1007 / 978 - 3 - 642 - 56936 - 4. url: https : / / doi org.ezproxy.uniandes.edu.co:8443/10.1007/978-3-64256936-4.

[Dri98]

Lou van den Dries. Tame topology and o-minimal structures. Vol. 248.
London Mathematical Society Lecture Note Series. Cambridge
University Press, Cambridge, 1998, pp. x+180. isbn: 0-521-598389. doi: 10.1017/CBO9780511525919. url: https://doi-org.
ezproxy.uniandes.edu.co:8443/10.1017/CBO9780511525919.

[FH04]

William Fulton and Joe Harris. Representation Theory. Springer
New York, 2004. doi: 10 . 1007 / 978 - 1 - 4612 - 0979 - 9. url:
https://doi.org/10.1007%2F978-1-4612-0979-9.

[Hoc65]

G. Hochschild. The structure of Lie groups. Holden-Day, Inc., San
Francisco-London-Amsterdam, 1965, pp. ix+230.

[Kna02]

Anthony W. Knapp. Lie groups beyond an introduction. Second. Vol. 140. Progress in Mathematics. Birkhäuser Boston, Inc.,
Boston, MA, 2002, pp. xviii+812. isbn: 0-8176-4259-5.
83

[Mar02]

David Marker. Model theory. Vol. 217. Graduate Texts in Mathematics. An introduction. Springer-Verlag, New York, 2002, pp. viii+342.
isbn: 0-387-98760-6.

[OV94]

A. L. Onishchik and E. B. Vinberg, eds. Lie Groups and Lie
Algebras III. Springer Berlin Heidelberg, 1994. doi: 10 . 1007 /
978-3-662-03066-0. url: https://doi.org/10.1007%2F9783-662-03066-0.

[TZ12]

Katrin Tent and Martin Ziegler. A course in model theory. Vol. 40.
Lecture Notes in Logic. Association for Symbolic Logic, La Jolla,
CA; Cambridge University Press, Cambridge, 2012, pp. x+248.
isbn: 978-0-521-76324-0. doi: 10.1017/CBO9781139015417. url:
https://doi-org.ezproxy.uniandes.edu.co:8443/10.1017/
CBO9781139015417.

Article Sources
[Bar19]

Elías Baro. “The derived subgroup of linear and simply-connected
o-minimal groups”. In: J. Algebra 527 (2019), pp. 1–19. issn:
0021-8693. doi: 10 . 1016 / j . jalgebra . 2019 . 02 . 022. url:
https : / / doi - org . ezproxy . uniandes . edu . co : 8443 / 10 .
1016/j.jalgebra.2019.02.022.

[BE08]

Elías Baro and Mário J. Edmundo. “Corrigendum to: “Locally definable groups in o-minimal structures” [J. Algebra 301 (2006),
no. 1, 194–223; MR2230327] by Edmundo”. In: J. Algebra 320.7
(2008), pp. 3079–3080. issn: 0021-8693. doi: 10.1016/j.jalgebra.
2008.07.010. url: https://doi-org.ezproxy.uniandes.edu.
co:8443/10.1016/j.jalgebra.2008.07.010.

[Ber+ar]

A. Berarducci, S. Kuhlman, V. Mantova, and M. Matusinki. “Exponential fields and Conway’ s omega-map”. In: Proc. Amer. Soc
(to appear).

[BJO12]

Elías Baro, Eric Jaligot, and Margarita Otero. “Commutators in
groups definable in o-minimal structures”. In: Proc. Amer. Math.
Soc. 140.10 (2012), pp. 3629–3643. issn: 0002-9939. doi: 10 .
1090/S0002- 9939- 2012- 11209- 2. url: https://doi- org.
ezproxy.uniandes.edu.co:8443/10.1090/S0002-9939-201211209-2.

84

[BO02]

Alessandro Berarducci and Margarita Otero. “o-minimal fundamental group, homology and manifolds”. In: J. London Math.
Soc. (2) 65.2 (2002), pp. 257–270. issn: 0024-6107. doi: 10 .
1112/S0024610702003502. url: https://doi- org.ezproxy.
uniandes.edu.co:8443/10.1112/S0024610702003502.

[Con14]

Annalisa Conversano. “A reduction to the compact case for groups
definable in o-minimal structures”. In: J. Symb. Log. 79.1 (2014),
pp. 45–53. issn: 0022-4812. doi: 10 . 1017 / jsl . 2013 . 4. url:
https://doi-org.ezproxy.uniandes.edu.co:8443/10.1017/
jsl.2013.4.

[COS18]

Annalisa Conversano, Alf Onshuus, and Sergei Starchenko. “Solvable Lie groups definable in o-minimal theories”. In: J. Inst.
Math. Jussieu 17.2 (2018), pp. 441–452. issn: 1474-7480. doi: 10.
1017/S1474748016000098. url: https://doi- org.ezproxy.
uniandes.edu.co:8443/10.1017/S1474748016000098.

[CP12]

Annalisa Conversano and Anand Pillay. “Connected components
of definable groups and o-minimality I”. In: Adv. Math. 231.2
(2012), pp. 605–623. issn: 0001-8708. doi: 10 . 1016 / j . aim .
2012.05.022. url: https://doi-org.ezproxy.uniandes.edu.
co:8443/10.1016/j.aim.2012.05.022.

[CP13]

Annalisa Conversano and Anand Pillay. “On Levi subgroups and
the Levi decomposition for groups definable in o-minimal structures”. In: Fund. Math. 222.1 (2013), pp. 49–62. issn: 0016-2736.
doi: 10.4064/fm222- 1- 3. url: https://doi- org.ezproxy.
uniandes.edu.co:8443/10.4064/fm222-1-3.

[Dix57]

J. Dixmier. “L’application exponentielle dans les groupes de Lie
résolubles”. In: Bull. Soc. Math. France 85 (1957), pp. 113–121.
issn: 0037-9484. url: http : / / www . numdam . org . ezproxy .
uniandes.edu.co:8080/item?id=BSMF_1957__85__113_0.

[Edm03]

Mário J. Edmundo. “Solvable groups definable in o-minimal structures”. In: J. Pure Appl. Algebra 185.1-3 (2003), pp. 103–145.
issn: 0022-4049. doi: 10.1016/S0022-4049(03)00085-9. url:
https://doi-org.ezproxy.uniandes.edu.co:8443/10.1016/
S0022-4049(03)00085-9.

[Edm05]

Mário J. Edmundo. “A remark on divisibility of definable groups”.
In: MLQ Math. Log. Q. 51.6 (2005), pp. 639–641. issn: 09425616. doi: 10.1002/malq.200510014. url: https://doi-org.
ezproxy.uniandes.edu.co:8443/10.1002/malq.200510014.
85

[EE07]

Mário J. Edmundo and Pantelis E. Eleftheriou. “The universal
covering homomorphism in o-minimal expansions of groups”. In:
MLQ Math. Log. Q. 53.6 (2007), pp. 571–582. issn: 0942-5616.
doi: 10 . 1002 / malq . 200610051. url: https : / / doi - org .
ezproxy.uniandes.edu.co:8443/10.1002/malq.200610051.

[EEP13]

Mário J. Edmundo, Pantelis E. Eleftheriou, and Luca Prelli. “The
universal covering map in o-minimal expansions of groups”. In:
Topology Appl. 160.13 (2013), pp. 1530–1556. issn: 0166-8641.
doi: 10 . 1016 / j . topol . 2013 . 05 . 025. url: https : / / doi org . ezproxy . uniandes . edu . co : 8443 / 10 . 1016 / j . topol .
2013.05.025.

[EJP11]

Mário J. Edmundo, Gareth O. Jones, and Nicholas J. Peatfield.
“Invariance results for definable extensions of groups”. In: Arch.
Math. Logic 50.1-2 (2011), pp. 19–31. issn: 0933-5846. doi: 10.
1007/s00153-010-0196-5. url: https://doi-org.ezproxy.
uniandes.edu.co:8443/10.1007/s00153-010-0196-5.

[HM57]

G. Hochschild and G. D. Mostow. “Extensions of representations of Lie groups and Lie algebras. I”. In: Amer. J. Math. 79
(1957), pp. 924–942. issn: 0002-9327. doi: 10 . 2307 / 2372443.
url: https://doi-org.ezproxy.uniandes.edu.co:8443/10.
2307/2372443.

[KPS86]

Julia F. Knight, Anand Pillay, and Charles Steinhorn. “Definable
sets in ordered structures. II”. In: Trans. Amer. Math. Soc. 295.2
(1986), pp. 593–605. issn: 0002-9947. doi: 10 . 2307 / 2000053.
url: https://doi-org.ezproxy.uniandes.edu.co:8443/10.
2307/2000053.

[Lev97]

E. Levi. “Sulla teoria dei gruppi infiniti continui”. In: Annali di
Matematica Pura ed Applicata 25.1 (Dec. 1897), pp. 179–217.
doi: 10.1007/bf02580505. url: https://doi.org/10.1007%
2Fbf02580505.

[Mal44]

A. Malcev. “On semi-simple subgroups of Lie groups”. In: Bull.
Acad. Sci. URSS. Sér. Math. [Izvestia Akad. Nauk SSSR] 8 (1944),
pp. 143–174.

[MS98]

Chris Miller and Sergei Starchenko. “A growth dichotomy for ominimal expansions of ordered groups”. In: Trans. Amer. Math.
Soc. 350.9 (1998), pp. 3505–3521. issn: 0002-9947. doi: 10.1090/
S0002- 9947- 98- 02288- 0. url: https://doi- org.ezproxy.
uniandes.edu.co:8443/10.1090/S0002-9947-98-02288-0.
86

[NPR91]

A. Nesin, A. Pillay, and V. Razenj. “Groups of dimension two
and three over o-minimal structures”. In: Ann. Pure Appl. Logic
53.3 (1991), pp. 279–296. issn: 0168-0072. doi: 10.1016/01680072(91)90025-H. url: https://doi-org.ezproxy.uniandes.
edu.co:8443/10.1016/0168-0072(91)90025-H.

[Pil88]

Anand Pillay. “On groups and fields definable in o-minimal structures”. In: J. Pure Appl. Algebra 53.3 (1988), pp. 239–255. issn:
0022-4049. doi: 10.1016/0022-4049(88)90125-9. url: https:
//doi-org.ezproxy.uniandes.edu.co:8443/10.1016/00224049(88)90125-9.

[PPS00a]

Y. Peterzil, A. Pillay, and S. Starchenko. “Definably simple groups
in o-minimal structures”. In: Trans. Amer. Math. Soc. 352.10
(2000), pp. 4397–4419. issn: 0002-9947. doi: 10.1090/S00029947-00-02593-9. url: https://doi-org.ezproxy.uniandes.
edu.co:8443/10.1090/S0002-9947-00-02593-9.

[PPS00b] Ya’acov Peterzil, Anand Pillay, and Sergei Starchenko. “Simple
algebraic and semialgebraic groups over real closed fields”. In:
Trans. Amer. Math. Soc. 352.10 (2000), pp. 4421–4450. issn:
0002-9947. doi: 10 . 1090 / S0002 - 9947 - 00 - 02667 - 2. url:
https : / / doi - org . ezproxy . uniandes . edu . co : 8443 / 10 .
1090/S0002-9947-00-02667-2.
[PPS02]

Y. Peterzil, A. Pillay, and S. Starchenko. “Linear groups definable
in o-minimal structures”. In: J. Algebra 247.1 (2002), pp. 1–23.
issn: 0021-8693. doi: 10.1006/jabr.2001.8861. url: https:
//doi-org.ezproxy.uniandes.edu.co:8443/10.1006/jabr.
2001.8861.

[PS00]

Ya’acov Peterzil and Sergei Starchenko. “Definable homomorphisms of abelian groups in o-minimal structures”. In: Ann. Pure
Appl. Logic 101.1 (2000), pp. 1–27. issn: 0168-0072. doi: 10 .
1016 / S0168 - 0072(99 ) 00016 - 0. url: https : / / doi - org .
ezproxy.uniandes.edu.co:8443/10.1016/S0168- 0072(99)
00016-0.

[PS05]

Ya’acov Peterzil and Sergei Starchenko. “On torsion-free groups
in o-minimal structures”. In: Illinois J. Math. 49.4 (2005), pp. 1299–
1321. issn: 0019-2082. url: http://projecteuclid.org.ezproxy.
uniandes.edu.co:8080/euclid.ijm/1258138139.

87

[PS99]

Ya’acov Peterzil and Charles Steinhorn. “Definable compactness
and definable subgroups of o-minimal groups”. In: J. London
Math. Soc. (2) 59.3 (1999), pp. 769–786. issn: 0024-6107. doi:
10.1112/S0024610799007528. url: https://doi-org.ezproxy.
uniandes.edu.co:8443/10.1112/S0024610799007528.

[Raz91]

Vladimir Razenj. “One-dimensional groups over an o-minimal
structure”. In: Ann. Pure Appl. Logic 53.3 (1991), pp. 269–277.
issn: 0168-0072. doi: 10.1016/0168- 0072(91)90024- G. url:
https://doi-org.ezproxy.uniandes.edu.co:8443/10.1016/
0168-0072(91)90024-G.

[Str94]

Adam W. Strzebonski. “Euler characteristic in semialgebraic and
other o-minimal groups”. In: J. Pure Appl. Algebra 96.2 (1994),
pp. 173–201. issn: 0022-4049. doi: 10 . 1016 / 0022 - 4049(94 )
90127-9. url: https://doi-org.ezproxy.uniandes.edu.co:
8443/10.1016/0022-4049(94)90127-9.

Other Sources
[Hru86]

Ehud Hrushovski. “CONTRIBUTIONS TO STABLE MODEL
THEORY”. In: Thesis (Ph.D.)–University of California, Berkeley.
ProQuest LLC, Ann Arbor, MI, 1986, p. 111. url: http : / /
gateway . proquest . com . ezproxy . uniandes . edu . co : 8080 /
openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:
kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:
pqdiss:8624794.

[PPS98]

Ya’acov Peterzil, Anand Pillay, and Sergei Starchenko. “Simple
groups definable in o-minimal structures”. In: Logic Colloquium
’96 (San Sebastián). Vol. 12. Lecture Notes Logic. Springer, Berlin,
1998, pp. 211–218. doi: 10.1007/978-3-662-22110-5_8. url:
https://doi-org.ezproxy.uniandes.edu.co:8443/10.1007/
978-3-662-22110-5_8.

88

