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1. Introduction

A symplectic structure on a closed manifold (compact and without boundary)
is a nondegenerate 2-form ω which is closed. We denote by (M,ω) such pair
and we call it symplectic manifold. The symplectic structure allow us to
identify vector fields with 1-forms, namely

Φ : X(M) −→ Ω1(M)

X 7→ ιXω = ω(X, ·)
(1.1)

which give us an pointwise isomorphism on M . The interplay between 1-
forms, vector fields and their flows of diffeomorphisms is a fundamental issue
in symplectic topology.
Let (M,ω) be a symplectic closed manifold, we are interested in diffeomor-
phisms who preserve the form ω. We say that φ : M → M is a symplec-
tomorphism if φ∗ω = ω, we denote by Symp(M,ω) the Lie group formed
by symplectomorphisms. The Lie algebra of Symp(M,ω), symp(M,ω) :=
Lie(Symp(M,ω)), called symplectic vector fields, is formed by all vector
fields X such that its flow {ϕt} consists of symplectomorphisms. Since

ϕ∗tLXω =
d

dt
ϕ∗tω = 0,

we can make the identification symp(M,ω) = {X ∈ X(M) | LXω = 0}.
Therefore, using Cartan’s formula, LXω = dιXω + ιXdω = dιXω, we have
that X is a symplectic vector field if and only if Φ(X) is a closed 1-form.
By means of the following theorem of Weinstein (see e.g. Theorem 10.1.1 of
[MS1]), we can identify an important subalgebra of symp(M,ω) :

Theorem 1.1. Let (M,ω) be a closed symplectic manifold. Then Symp(M,ω)
is locally path-connected, i.e. every symplectomorphism has a neighbourhood
in Symp(M,ω) which is path-connected and open in the C1 topology.

In order to define Hamiltonian vector fields, let Symp0(M,ω) denote the
connected component of the identity in Symp(M,ω). The previous theorem
implies that for every ψ ∈ Symp0(M,ω) there exists a smooth family of
symplectomorphisms {ψt} ∈ Symp0(M,ω) such that ψ0 = id and ψ1 = ψ.
For such a family there exists a unique family of vector fields {Xt} ∈ X(M)
that generates the symplectic isotopy ψt in the following sense:

(1.2) ∂tψt = Xt ◦ ψt, ψ0 = id.
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Since {ψt} is symplectic, {Xt} is simplectic and then Φ(Xt) is a closed 1-
form for all t. If all these 1-forms are exact there exists a smooth family of
functions Ht : M → R, called Hamiltonian functions, such that

(1.3) Φ(Xt) = dHt.

We say, for each t, that Xt is the Hamiltonian vector field associated to
Ht and denote by ham(M,ω) the set of such vector fields. In this situation
ψt is said to be the Hamiltonian isotopy generated by the time-dependent
Hamiltonian function [0, 1] × M → R : (t, p) 7→ Ht(p). A symplectomor-
phism ψ is called Hamiltonian if there exist a Hamiltonian isotopy {ψt}
such that ψ0 = id and ψ1 = ψ and we denote the space of Hamiltonian sym-
plectomorphisms by Ham(M,ω). Naturally, ham(M,ω) can be regarded as
the Lie algebra of Ham(M,ω), actually it is an ideal in symp(M,ω) and from
its definition we can identify them with exact 1-forms. The relation between
Symp(M,ω) and Ham(M,ω) is not that easy, one can prove that Ham(M,ω)
is a subgroup of Symp(M,ω), but proving that Ham(M,ω) is indeed a sub-
manifold is a difficult task (latter we will see that this equivalent to the Flux
conjecture) [M1].

There exist a close relation between the number of fixed points of a sym-
plectomorphism and the topology of the symplectic manifold. Floer (co)-
homology was developed by Andreas Floer in the 80’s as a tool to deal with
this kind of questions. The first strong result in this direction was conjec-
turated by Arnold in 1965 [A], he proposed the following: The number of
fixed points of a Hamiltonian symplectomorphism ψ (exact symplectomor-
phism) on a symplectic manifold (M,ω) can be estimated below by the sum
of the Betti numbers, assuming that the fixed points are nondegenerate, i.e.

(1.4) # Fix(ψ) ≥
2n∑
k=0

dimHk(M)

provided that for all p ∈ Fix(ψ)

(1.5) det(dψ(p)− id) 6= 0.

Remark 1.2. Note that this estimate is much sharper that the one given by
the Lefschetz fixed point theorem which only gives as a lower bound the
alternating sum of the Betti numbers.
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By that time it was known that the conjecture is true for the torus T and,
some years later, Eliashberg [E] was able to prove it for Riemann surfaces.
In 1983 Conley and Zehnder [CZ] were able to prove the conjecture for tori
of arbitrary dimension using a symplectic action functional on the loop space
and methods of generating functions of discrete Hamiltonian systems. The
idea of using the action functional was key for Floer in making an “infi-
nite dimensional” analog of Morse theory, adapted to this problem, and the
other key piece being the theory of pseudoholomorphic curves developed by
Gromov [G] (nowadays such theory has become fundamental in symplectic
topology).
A pseudoholomorphic curve on M equipped with an almost complex
structure J is a map h : Σ → M , where Σ is Riemann surface with the
standard complex structure i, satisfying the following “Cauchy-Riemann”
equation

(1.6) ∂Σh =
1

2
(dh+ J ◦ dh ◦ i) = 0.

In particular, we need to consider the topology of the moduli space of solu-
tions of equation 1.6 and prove that it is compact. Gromov proved [G] that
one can find convergent subsequences of sequences of solutions, but with
finite points where blow-ups could happen. This is called bubbling, the
appearance of unwanted pseudoholomorphic spheres in sequences of pseudo-
holomorphic curves.
Floer changed the gradient equation of a Morse function f by the gradient
equation of the action functional A defined on the space of contractible loops.
Such a change implies a modification on the nature of the objects from which
we build the moduli space of bounded gradient lines. He noticed that Gro-
mov theory of pseudoholomorphic curves is suitable to describe those objects
(solutions of the gradient equation of the action functional), and overcame
the bubbling problem by imposing a monotonicity condition on M , so he was
able to construct his “infinite dimensional” analogue of Morse-Smale (co)-
homology and finally proved the Arnold conjecture, but not for a general
symplectic manifold [Fl]. Roughly, the recipe for Floer’s (co)-homology is as
follows:

(1) Find a “function”, the action functional, defined on an appropriated
covering of the space of (contractible) loops such that its critical
points are the fixed points of ψ.
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(2) Define a cochain complex using those critical points and a grading
analogue to the Morse index.

(3) The definition of the boundary operator of the cochain complex is the
biggest problem. We will use the finite energy gradient flow lines of
the action functional to define a moduli space M and the idea is to
“count” those trajectories as in the Morse case.

(4) Prove transversality, compactness and orientation of M (this step
requires a lot of Fredholm theory and in general Analysis).

(5) Prove δ ◦ δ = 0, usually using some gluing argument.

(6) Prove that the (co)-homology does not depend on any of the choices
made (almost complex structure, Hamiltonian, etc.), which always
consists on repeating all the process above.

Remark 1.3. There are many similarities in the construction of Morse, Morse-
Smale and Floer’s (co)-homology. Indeed some of the procedures are inspired
on the techniques developed for the Morse-Smale case, and this is the reason
why before we referred to this theory as an “infinite dimensional” analogue
of Morse-Smale (co)-homology. In this work we do not present a detailed
exposition of the results involved in the construction of Morse-Smale (co)-
homology, which we take from [AD] and [Mi].

Once we have built such a (co)-homology theory, the proof of the Arnold
conjecture goes as follows: We pick a convenient Hamiltonian (by construc-
tion we can do it) in order to prove that Floer and Morse (co)-homology are
isomorphic, thus the Arnold conjecture follows from Morse inequalities.

Let’s discuss in depth how the monotonicity condition affects the previous
recipe.

Condition 1.4. Let c1 = c1(TM, J) ∈ H2(M ;Z) be the first Chern class of
the symplectic manifold (M,ω), which is independent of the almost com-
plex structure J . The monotonicity condition is based on the following
equality: For every smooth map v : S2 →M and some constant τ

(1.7)

∫
S2
v∗c1 = τ

∫
S2
v∗ω.
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Note that we can distinguish three different cases τ > 0, τ = 0 and τ < 0,
so the monotonicity is divided in three cases as well: Monotone mani-
folds (τ > 0), Weakly-monotone manifolds (τ ≥ 0) and Non-weakly-
monotone manifolds (τ < 0).

Commentary 1.5. One can think this three cases as analogs of the conditions
of positive, zero and negative curvature. Remember that 2-dimensional ex-
amples of such conditions are the sphere S2 (positive curvature), the torus
T (zero curvature) and surfaces of higher genus (negative curvature), so the
most general case is the negative one and is usually the one that needs the
most care.

Another number commonly used to treat this condition is the minimal Chern
number.

Definition 1.6. The minimal Chern number of (M,ω) is the integer

N = inf

{
k > 0

∣∣∣∣ ∃ v : S2 →M,

∫
S2
v∗c1 = k

}
.

If
∫
S2 v

∗c1 = 0 for every v : S2 → M we call N = ∞ the minimal Chern
number. If N 6=∞ then

c1(M)(π2(M)) :=

∫
S2
v∗c1 = NZ

for all v ∈ π2(M).

Example 1.7. Let Xd ⊆ CP n be a hypersurface of degree d. Explicitly, one
can think of this as the submanifold cut out by the equation zd0 + zd1 + · · ·+
zdn = 0. The Lefschetz hyerplane theorem asserts that this manifold is simply
connected. Let h = PD ([CP n−1]) ∈ H2 (CP n;Z) be the canonical generator
(Poincaré dual of the homology class corresponding to CP n−1 ⊆ CP n), this
homology class defines a symplectic form on CP n. We denote ι : Xd → CP n

the inclusion, hence ι∗h ∈ H2 (Xd;Z) is a symplectic form on Xd. Thus, the
adjunction formula

ωY = ωX |Y ⊗OX(Y )|Y
(where Y is a (n − 1)-dimensional subvariety of a smooth n-dimensional
variety X) gives us that the first Chern class of Xd is

c1 (Xd) = (n+ 1− d)ι∗h.
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Therefore, the monotonicity condition for Xd reduces to the number n+1−d,
i.e. Xd is monotone if d < n + 1, weakly-monotone if d = n + 1 and non-
weakly-monotone if d > n+ 1.

For monotone manifolds the only problem that may exist is the presence of
bubbles which could damage the compactness of M, but Floer was able to
prove that such bubbling can not occur and the construction works well. The
case of weakly-monotone manifolds was treated by Hofer and Salamon [HS].
This case presents two problems, again the possible appearance of bubbles
and the possibility of infinitely many elements ofM, called connecting orbits,
with index difference 1 and energy diverging to infinity, in other words, that
such space could be not finite. They proved that, as in the case of monotone
manifolds, no bubbling can occur since we only work with moduli spaces of
dimension 1 and 2, and solved the second problem by turning the cochain
complex CF∗ into a finitely generated Λ-module, where Λ is a special ring
which algebraically incorporates the period map π2(M) → R : A 7→

∫
A
ω.

Such a ring was used by Novikov in its construction of Morse theory for
closed 1-forms [N] (see Chapter 3) and that’s why Λ is called the Novikov
ring.
The last case, non-weakly-monotone manifolds, was solved by Fukaya and
Ono [FuO] in 1998 incorporating some new steps and techniques to our recipe.
In this case we can no longer escape from bubbles, therefore M will not be
compact (indeed the problem resides in transversality i.e. we can no longer
hope the moduli space or its compactification to be a manifold or a manifold
with corners), we can’t define δ as always and we have to find a way to
deal with it. The answer that they found is based on the Kontsevich’s idea
[K] of stable curves, because bubbling can be considered as one of those.
They compactified M by “adding” the bubbles to the connecting orbits, so
the problem becomes in how to assign a fundamental cycle to this space in
order to achieve transversality and successfully define the operator δ. They
overcame this problem by given it a special local structure, called Kuranishi
structure, which is very special atlas of orbifold type (maybe much more
related to sheafs). This structure (method) can be applied to moduli spaces of
solutions of elliptic partial differential equations, with automorphism groups
such that neighborhoods of the elements are diffeomorphic to

f−1(0)/Γ0,
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where f : Rk → Rl and Γ0 is a finite group acting on Rk and Rl, such that
f is Γ0-invariant (this should bring orbifolds to ones mind). The Kuran-
shi structure itself does not solve the problem of transversality, we have to
modify it by multivalued perturbations (multisections) in order to achieve
transversality.
In [FuO] they do this process explicitly for the Deligne-Mumford compact-
ification CM(M) (for this process it is essential the fact that ((Σ, z), h) is
stable if and only if Aut(((Σ, z), h)) is a finite group, see Appendix B) and
said that is the same for the moduli space of connecting orbits, even if we
have to work with Kuranishi structure with corners (this problem will be
addressed in Chapter 3). Once we have a space with Kuranishi structure,
follwoing the methods of Chapter 2 we can associate a virtual fundamental
cycle to the space of connecting orbits. It would only remain to demonstrate
that this new structure allows us to effectively define the Floer (co)-homology
for a general manifold.
We highlight the fact that we construct a more general (co)-homology theory
than the classical Floer (co)-homology because we consider a general sym-
plectic isotopy and not necessarily and exact one. This was done for the first
time by Lê and Ono in [LêO] for weakly-monotone manifolds and, as Ono
said in [O], we can perform the same construction for a general manifold, we
fill the details of this construction in Chapter 3. As an application of the the-
ory we prove the homological Arnold conjecture and the (C1) flux conjecture,
following Ono’s paper [O] (this is the reason for the more general construc-
tion). This last conjecture states that the image of the fundamental group

of Symp0(M,ω) by the flux homomorphism F̃lux : S̃ymp0 → H1(M ;R),
defined by

(1.8) F̃lux([{ψt}]) =

∫ 1

0

[Φ(Xt)] dt ∈ H1(M ;R),

is always discrete in H1(M ;R). This result was conjectured by Banyaga [B]
during the seventies and proved by Ono in 2006 [O].

Let us describe in more detail the contents of the document. In Chapter
2, we introduce the tools we need for the construction of the Floer-Novikov
cohomology. Specifically, we define orbifolds with corners (orientation, or-
bibundles, etc.), multisections, Kuranishi structures with corners and prove
the transversality theorem for multisections which will be the key to define
the boundary operator of the Floer-Novikov chochain complex.
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Chapter 3 is the main part of the document. There we review in detail the
construction of the Floer-Novikov cohomology. First, we briefly define the
Novikov cohmology for closed 1-forms and we construct the Floer-Novikov
cochain complex. Then we describe the compactification of the moduli space
of connecting orbits and give it a Kuranishi structure with corners. Finally,
we define the boundary operator δ, define the Floer-Novikov cohomology,
and using the fact that it is independent of all the choices made, we prove
that it is isomorphic to the Novikov cohomology when η is C1-small Morse
1-form.
In Chapter 4, we give the proper context to the flux conjecture. We consider
the flux homomorphism, we describe some of its properties and state the flux
conjecture. Finally, in Chapter 5, using the results of Chapter 3, we give an
important application of Floer-Novikov cohomology, namely the proof of the
flux conjecture.
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2. Orbifolds, multisections and Kuranishi structures

This section follows Chapter 1 of [FuO], including the pertinent modifica-
tions for orbifolds with corners and Kuranishi structure with corners. The
content presented here works in a very general set-up, so that given a space
with Kuranishi structure with corners we can use multisections to perturb
such a structure in order to obtain a fundamental cycle (transversality) on
an auxiliary Banach bundle used in the definition of the moduli space of
connecting orbits in Chapter 3. Indeed, this procedure could be used for dif-
ferent moduli spaces, provided it is compatible with other ingredients of the
construction. Specifically, for the Floer-Novikov cohomology case, we have
to deal with compatibility of the map Glue, which is used to understand
the stratification of the compactification of the moduli space of connecting
orbits.

1. Orbifolds. First of all, we introduce orbifolds with corners and orbibun-
dles since they are the local models for Kuranishi structures with corners.
We follow [J] for basic material related with manifolds with corners.

Definition 2.1. A local model of n-dimensional orbifold with corners
is a pair (V,Γ) where Γ is a finite group which has a linear representation to
Rn−B for some 0 ≤ B ≤ n, and V is a Γ invariant open neighborhood of 0 in
[0,∞)B × Rn−B. We assume that the action of Γ on V is effective.

Let (V,Γ) be a local model of an n-dimensional orbifold with corners. We
put U = V/Γ and let π : V → U be the projection. For each q ∈ U, we obtain
a local model of an n-dimensional orbifold with corners (Vq,Γq) as follows.
Let q̃ ∈ π−1(q) and define

Γq = {g ∈ Γ | gq̃ = q̃}.

We take a sufficiently small Γq-invariant neighborhood Vq of q̃. We may
regard the pair (Vq,Γq) as a local model of an n-dimensional orbifold with
corners (because it could not contain the 0). And let πq : Vq → U be a map
(projection) such that πq(gx) = πq(x).
We define the germ of the triple (Vq,Γq, πq) as follows. If

(
V ′q ,Γ

′
q, π
′
q

)
is

another such triple then there exists a Γq-invariant neighborhood V̄q of π−1
q (q),

a Γ′q-invariant neighborhood V̄ ′q of π′−1
q (q), an isomorphism ψ : Γq → Γ′q, and

a diffeomorphism ϕ : V̄q → V̄ ′q such that ϕ is ψ-equivariant and π′q ◦ ϕ = πq
We call (Vq,Γq, πq) an induced chart.
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Definition 2.2. Let X be a compact metric space. An n-dimensional
orbifold structure with corners on X is an open covering X =

⋃
i Ui,

local models (Vi,Γi) of n-dimensional orbifold with corners for each i, and
homeomorphisms ϕi : Vi/Γi → Ui which satisfy the following properties. Let
q ∈ Ui ∩Uj, thus there are induced charts (Vq,i,Γq,i, πq,i) and (Vq,j,Γq,j, πq,j).
Then, there exists an isomorphism ψi,j,q : Γq,i → Γq,j and a diffeomorphism
ϕi,j,q : Vq,i → Vq,j (maybe we would have to replace Vq,i and Vq,j with smaller
ones to find such morphisms) such that ϕi,j,q is ψi,j,q-equivariant and

ϕj ◦ πj,q ◦ ϕi,j,q = ϕi ◦ πi,q.

We call {(Vi,Γi, πi)} an orbifold with corners structure, and X an orb-
ifold with corners.

Definition 2.3. Let X be an orbifold with corners. Let (V,Γ) be a local
model on n-dimensional orbifold and π : V → U ⊆ X be a a map inducing
a homemorphism V/Γ ∼= U onto its image. We call (V,Γ, π) a chart if
{(Vi,Γi, πi)|i} ∪ {(V,Γ, π)} is an orbifold structure.

Given an orbifold with corners X, it carry on a natural stratification. We
denote by ∂BX the set of all points x ∈ X such that its neighborhood is
identifies with an open subset of [0,∞)B × Rn−B/Γ. Then

X =
⋃
B

∂BX.

Remark 2.4. We call X a n-dimensional orbifold with boundary if X =
∂0X ∪ ∂1X and a n-dimensional orbifold without boundary if X = ∂0X.

Note that each ∂BX has the structure of an (n − k)-dimensional orbifold
without boundary.
We can define the boundary of a n-dimensional orbifold with corners X using
the definition of boundary for manifolds with corners in [J]. Let p ∈ X and
let Up = Vp/Γp be its chart were p̃ ∈ Vp. We say that p ∈ ∂X, the boundary
of X, if p̃ ∈ ∂Vp. Thus, ∂X has a natural structure of (n− 1)-orbifold with
corners.

Example 2.5. A manifold with corners is an orbifold with corners where each
Γi is the trivial group. If in addition we have that there is a group G which
acts properly discontinuous on M , then M/G is an orbifold with corners.

Example 2.6. Let {Xi} be ni-dimensional orbifolds with corners, then
∏

iXi

is a
∑
ni-dimensional orbifold with corners with charts (

∏
i Vi,

∏
i Γi,

∏
i πi).
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Example 2.7. Let X be an n-orbifold with corners, considering the above
example we get that k-th product Xk is an kn-orbifold with corners. Let S k

be the symmetric group of order k!, it acts naturally on Xn by permutations
of the factors. Thus, the k-th symmetric power of X

(2.1) S k(X) = Xk/S k

is again a kn-orbifold with corners with charts (V k/S k,Γ, π) (this example
is important to the definition of orbibundle multisections).

Definition 2.8. Let X, Y be orbifolds with corners and f : X → Y be a
continuous map. We say that f is a smooth map if for each p ∈ X there
exists a chart (Vp,Γp, πp) of X and a chart

(
Vf(p),Γf(p), πf(p)

)
of Y, a smooth

map fp : Vp → Vf(p) and a homomorphism ψp : Γp → Γf(p) such that

(1) p ∈ Vp/Γp, f(p) ∈ Vf(p)/Γf(p)

(2) fp is ψp-equivariant.

(3) πf(p) ◦ fp = f ◦ πp

We say that f is a smooth embedding if fp : Vp → Vf(p) is an embedding
of smooth manifolds with corners and ψ : Γp → Γf(p) is an isomorphism. A
smooth map whose inverse is also a smooth map us called a diffeomorphism.
Denote by C∞(X) the set of all smooth maps from an orbifold with corners
X to R. We next define orbibundles.

Definition 2.9. Let (V,Γ) be a local model of an n-dimensional orbifold with
corners (also could be with boundary or without boundary). Suppose that we
have a linear representation of Γ on Rk. We say that a pair

(
V × Rk,Γ, pr

)
is a local model of smooth orbibundle of rank k over (V,Γ), where
pr : (V × Rk)/Γ→ V/Γ is the projection.
Let

(
V × Rk,Γ, pr

)
be a local model of smooth orbibundle of rank k and

(Vq,Γq, πq) be an induced chart of an orbifold with corners (V,Γ). We then
obtain a local model of smooth orbibundle of rank k over (Vq,Γq) by restrict-
ing

(
V × Rk,Γ, pr

)
to Vq, we denote it by

(
Vq × Rk,Γq, pr

)
. We say that(

Vq × Rk,Γq, pr
)

is an induced chart. We remark that it is well defined in
the sense of a germ in the same sense as orbifolds with corners were.

Definition 2.10. Let E and X be orbifolds with corners (also could be with
boundary or without boundary) pr : E → X be a smooth map. A structure
of smooth orbibundle on pr : E → X is the following collections of objects.
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• Family of charts (Vi,Γi, πi) of X such that
⋃
i Vi/Γi = X.

• A local model of smooth orbibundle of rank k
(
Vi × Rk,Γi, pr

)
over

(Vi,Γi) for each i.

• Maps π̃i : Vi×Rk → E such that
(
Vi × Rk,Γi, π̃i

)
are charts of E and⋃

i Vi ×Rk/Γi = E.

These objects should satisfy the following compatibility conditions. Let
q ∈ (Vi/Γi) ∩ (Vj/Γj), and

(
Vq,i ×Rk,Γq,i, pr

)
be induced charts. Then, by

shrinking Vi, Vj if necessary, there exists a diffeomorphism ϕ̃i,j;q : Vq,i×Rk →
Vq,j × Rk such that

(1) ϕ̃i,j;q is ψi,j;q -equivariant, where ψi,j;q : Γq,i → Γq,j is an isomorphism
as in Definition 2.2.

(2) ϕ̃i,j;q : Vq,i×Rk → Vq,j×Rk commutes with the projections Vq,i×Rk →
Vq,i, Vq,j × Rk → Vq,j and is a linear isomorphism on each fibre.

(3) p̃r ◦ ϕ̃i,j;q = p̃r, where p̃r : V × Rk → V is a lift of pr.

We can define charts of orbibundles and maps between them in the same way
as for orbifolds with corners.

Example 2.11. Tangent Bundle. We perfom the construction for a chart
and then glue them for an orbifold with corners X. Let (V,Γ, π) be a chart
of a n-dimensional orbifold with corners and consider the tangent bundle
TV . Since Γ acts smoothly on V , call ρ this action, it induces a smooth
action on TV defined by γ(q̃, v) = (ρ(γ)q̃, dxρ(γ)v). Thus, we obtain an
orbifold with corners chart (TV,Γ, π) where π : TV → TV/Γ =: TU. Since
the projection to the first factor p : TV → V is equivariant, we obtain
a projection p′ : TU → U. For q ∈ U such that π(q̃) = q we get that
(p′)−1(q) ∼= Tq̃V/Γq.
Let X be a n-dimensional orbifold with corners with orbifold with corners
structure {(Vi,Γi, πi)}. The previous process give us charts (TVi,Γi, πi), we
glue them using the chart embeddings to obtain a 2n-dimensional orbifold
with corners TX such that the projection p : TX → X is a smooth map.

Example 2.12. Normal Bundle. Let f : X → Y be an embedding of
orbifolds, we construct the normal bundle NYX following the same process as
for the tangent bundle. Let p ∈ X, since f is an embedding there exist charts
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(Vp,Γp, πp),
(
Vf(p),Γf(p), πf(p)

)
such that fp : Vp → Vf(p) is an embedding

of smooth manifolds with corners and ψ : Γp → Γf(p) is an isomorphism.
Therefore, we can construct the normal bundle NVf(p)Vp and incorporate the

action of the group Γp ∼= Γf(p) to obtain a chart (NVf(p)Vp,Γp, πp). Finally,
glue those charts to obtain a orbifold with corners NYX.

Remark 2.13. One may notice that we can perform the same basic construc-
tions of bundles over manifolds, but for orbibundles. For example, Whitney
sum, quotient bundle, tensor product, pull back bundle, etc.

A section s : X → E is continuous map such that pr ◦ s = id. We say s
is smooth if it is a smooth map of orbifolds. Let C∞(Ω, E) be the set of all
smooth sections on Ω ⊆ X.
Now we define orientation of orbifolds and orbibundles, which will be impor-
tant to define the virtual fundamental cycle of a Kuranishi structure.

Definition 2.14. A local model of a n-dimensional orbifold with cor-
ners (V,Γ) is oriented if we have an orientation on V which is preserved by
the action of Γ.

Definition 2.15. An orbifold with corners X is oriented if each chart of
its orbifold with corners structure {(Vi,Γi, πi)} is oriented and the diffeomor-
phism ϕi,j,q : Vq,i → Vq,j in Definition 2.2 is orientation preserving.

Example 2.16. As in the manifold case, the tangent orbifold TX of a n-
dimensional orbifold with corners X is naturally oriented. One can prove
this exactly the same as in the case of manifolds, i.e. one can prove that the
the determinant of the Jacobian of each transition function is positive.

Definition 2.17. A local model of a smooth orbibundle of rank k,
(
V × Rk,Γ, pr

)
over (V,Γ) is oriented if the action of Γ on Rk preserves orientation.

Definition 2.18. An orbibundle pr : E → X is oriented, if there exist
charts

(
Vi × Rk,Γi, π̃i

)
such that

(
Vi × Rk,Γi, pr

)
is oriented and ϕ̃i,j;q : Vq,i×

Rk → Vq,j × Rk in Definition 2.10 is fiberwise orientation preserving.

2. Kuranishi Structures. In this section we introduce the local structure
that will allows us to achive transversality for the moduli space of connecting
orbits. Roughly speaking, a Kuranishi structure with corners tells us that
locally we can see X as an orbifold with corners identified as the zero set of
an orbibundle section (this should bring transversality to ones mind). Let X
be a compact metrizable space.
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Definition 2.19. A Kuranishi neighborhood with corners of p ∈ X is
a system (Up, Ep, sp, ψp) where

(1) Up = Vp/Γp is an orbifold with corners and Ep is an orbibundle on it.

(2) sp is a (single valued) continuous section of Ep.

(3) ψp is a homeomorphism from s−1
p (0) to a neighborhood of p in X.

We call Ep the obstruction bundle and sp the Kuranishi map.

Definition 2.20. Let (Up, Ep, sp, ψp) and
(
U ′p, E

′
p, s
′
p, ψ

′
p

)
be Kuranishi neigh-

borhoods with corners of p. We write (Up, Ep, sp, ψp) ∼
(
U ′p, E

′
p, s
′
p, ψ

′
p

)
if

there exists another Kuranishi neighborhood with corners
(
U ′′p , E

′′
p , s
′′
p, ψ

′′
p

)
and I : U ′′p → Up, I

′ : U ′′p → U ′p, J : E ′′p → Ep, J
′ : E ′′p → E ′p such that

(1) I, I ′ are diffeomorphisms to their images. J, J ′ are bundle isomor-
phisms covering I, I ′ respectively. dimU ′′p = dimUp = dimU ′p.

(2) J ◦ s′′p = sp ◦ I, J ′ ◦ s′′p = s′p ◦ I ′.

(3) ψp ◦ I = ψ′′p , ψ′p ◦ I ′ = ψ′′p .

The equivalence class of Kuranishi neighborhoods with corners of p with
respect to ∼ is called a germ of Kuranishi neighborhoods with cor-
ners. (Up, Ep, sp, ψp) representing it is called a (representative of) Kuranishi
neighborhood with corners.

Definition 2.21. A Kuranishi structure with corners of dimension n
on X assigns a germ of Kuranishi neighborhood with corners to each p ∈ X.
And for each representative (Up, Ep, sp, ψp) of it, and each q ∈ ψp

(
s−1
p (0)

)
there exists a germ of maps ϕpq and ϕ̂pq with the following properties.

(1) ϕpq : Uq → Up is an embedding of orbifolds. ϕ̂pq : Eq → Ep is an
embedding of orbibundles covering ϕpq : Uq → Up.

(2) sp ◦ ϕpq = ϕ̂pq ◦ Sq, ψp ◦ ϕpq = ψq.

(3) If r ∈ ψq
(
s−1
q (0)

)
, then ϕpq ◦ ϕqr = ϕpr, ϕ̂pq ◦ ϕ̂qr = ϕ̂pr.

(4) dimUp − rankEp = n is independent of p.

We call (Up, Ep, sp, ψp) a chart and (ϕpq, ϕ̂pq) the coordinate change.
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Here, by germs of maps ϕpq and ϕ̂pq, we mean the following. For each suf-
ficiently small representative (Uq, Eq, sq, ψq) , we have ϕpq : Uq → Up, ϕ̂pq :
Eq → Ep. If

(
U ′q, E

′
q, s
′
q, ψ

′
q

)
, ϕ̂′pq : U ′q → Up, ϕ̂

′
pq : E ′q → E ′p is another repre-

sentative, and if I : U ′′p → Up, I
′ : U ′′p → U ′p J : E ′′p → Ep, J

′ : E ′′p → E ′p are
as in Definition 2.20, then

• ϕpq ◦ I = ϕ′′pq, ϕ
′
pq ◦ I ′ = ϕ′′pq.

• ϕ̂pq ◦ J = ϕ̂′′pq, ϕ
′
pq ◦ J ′ = ϕ̂′′pq.

Remark 2.22. If X1, . . . , Xi are spaces with Kuranishi structure with corners
of dimension n1, . . . , ni, respectively, we can define a Kuranishi structure
with corners of dimension

∑
j nj on the product

∏
j Xj by taking products

of charts. Specifically, if (Up,j, Ep,j, sp,j) are charts of Xj, then (
∏

j Up,j,⊕
j Ep,j,⊕jsp,j) is a chart of

∏
j Xj.

Definition 2.23. Let X = (X, (Up, Ep, sp, ψp, ϕpq, ϕ̂pq)) be a space with Ku-
ranishi structure with corners of dimension n. We define the boundary
of X, denoted SX, as the set of points p ∈ X such that p̃ ∈ ∂Vp, where
Up = Vp/Γp is a chart of p and p̃ is a lift.

Remark 2.24. SX = (SX, (∂Vp/Γq, Ep, sp, ψp, ϕpq, ϕ̂pq)) has naturally a (n−
1)-dimensional Kuranishi structure with corners. Besides, SX × [0, 1) has a
n-dimensional Kuranishi structure with corners which is diffeomorphic to an
open neighborhood of SB in X.

In order to define the fundamental class of Kuranishi structures with corners
we need the notion of orientation, so we are going to construct a “tangent
bundle” on it. Actually, we are going to define “bundles” on Kuranishsi
strucutres with corners, so that we can construct a K-theory for them (in
the same way as for bundles on manifolds) and obtain the notion of stably
orientable, which will end up being the same that the notion of orientable.

Definition 2.25. Let q, p be as in Definition 2.21. We say that a Kuranishi
structure with corners (Up, Ep, sp, ψp, ϕpq, ϕ̂pq) has a tangent bundle if
there exists a family of germs of isomorphisms

Φpq : NUpUq
∼= Ep/Eq

such that Diagram 2.25 below commutes for Ur ⊆ Uq ⊆ Up
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0 NUqUr NUpUr NUpUq|Ur 0

0 Eq/Er Ep/Er Ep/Eq|Ur 0

Φqr Φpr Φpq

Diagram 1. Compatibility under inclusions.

We next define an orientation of Kuranishi structure. Let detTUp, detEp be
the determinant bundles of the tangent bundle and the obstruction bundle,
respectively. The isomorphism Φpq : NUpUq

∼= Ep/Eq induces an isomorphism
det TUp ⊗ detEp|Uq ∼= detTUq ⊗ detEq.

Definition 2.26. We say that a Kuranishi structure (Up, Ep, sp, ψp, ϕpq, ϕ̂pq)
is oriented if it has a tangent bundle, and if there are family of trivial-
izations of det TUp⊗ det Ep which is compatible with the isomorphism det
TUp ⊗ detEp|Uq ∼= detTUq ⊗ detEq of bundles.

Remark 2.27. Product of oriented Kuranishi structure with corners is ori-
ented.

Remark 2.28. If X is oriented, SX is oriented and the diffeomorphism from
SX × [0, 1) to a open neighborhood of SX is orientation preserving.

Definition 2.29. Let X = (X, (Up, Ep, sp, ψp, ϕpq, ϕ̂pq)) be a space with Ku-
ranishi structure with corners. We say the following objects are a bundle
system.

(1) For each point p ∈ X there exists a germ of orbibundles F1,p, F2,p on
its Kuranishi neighborhood with corners.

(2) Let q ∈ ψ (Up) and ϕpq is the coordinate change. Then there ex-
ist germs of embeddings of orbibundles Φ1;pq : F1,q → F1,p|Uq ,Φ2;pq :

F2,q → F2,p|Uq and an isomorphism of orbibundles

Φpq :
F1,p|Uq
F1,q

→
F2,p|Uq
F2,q

.

(3) If r ∈ ψq (Uq) ⊆ ψp (Up) , then Φ1;pq◦Φ1;qr = Φ1;pr,Φ2;pq◦Φ2;qr = Φ2;pr.
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(4) The following diagram commutes for r ∈ ψq(Uq) ⊆ ψp(Up)

0
F1,q|Ur
F1,r

F1,p|Ur
F1,r

F1,p|Ur
F1,q|Ur

0

0
F2,q|Ur
F2,r

F2,p|Ur
F2,r

F2,p|Ur
F2,q|Ur

0

Φqr Φpr Φpq

Diagram 2. Compatibility under embeddings.

We say that (F1,p, F2,p) is a chart of our bundle system and (Φpq,Φ1,pq,Φ2,pq)
is its coordinate change.

We define an isomorphism between two bundle systems as follows. ((F1,p, F2,p),
(Φ1,pq,Φ2,pq,Φpq)) is isomorphic to ((F ′1,p, F

′
2,p), (Φ

′
1,pq,Φ

′
2,pq,Φ

′
pq)), if for each

p ∈ X there exists a germs of isomorphisms Ψ1,p : F1,p
∼= F ′1,p,Ψ2,p : F2,p

∼=
F ′2,p which commute with Φ1;pq,Φ2;pq,Φpq and Φ′1;pq,Φ

′
2;pq,Φ

′
pq.

Example 2.30. Tangent bundle. Suppose we have a Kuranishi structure
with corners with a tangent bundle. Put F1,p = TUp, F2,p = Ep,Φ1;pq = dϕpq
and Φ2;pq = ϕ̂pq. The isomorphism NUpUq

∼= Ep/Eq induces an isomorphism

Φpq :
F1,p|Uq
F1,q

→
F2,p|Uq
F2,q

,

and commutativity of Diagram 2.25 implies commutativity of Diagram 4.
Thus, the tangent bundle is well-defined as a bundle system.

Let ((F1,p, F2,p), (Φ1,pq,Φ2,pq,Φpq)), ((F ′1,p, F
′
2,p), (Φ

′
1,pq,Φ

′
2,pq,Φ

′
pq)) be two bun-

dle systems, we define its Whitney sum ((F1,p, F2,p), (Φ1,pq,Φ2,pq,Φpq)) ⊕
((F ′1,p, F

′
2,p), (Φ

′
1,pq,Φ

′
2,pq,Φ

′
pq)) as ((F1,p⊕F ′1,p, F2,p⊕F ′2,p), (Φ1,pq⊕Φ′1,pq,Φ2,pq⊕

Φ′2,pq,Φpq⊕Φ′pq)), where Fi,p⊕F ′i,p are the germ of Whitney sums of orbibun-
dles and Φi,pq ⊕Φ′i,pq are defined by components, so that it is again a bundle
system.

Remark 2.31. One can notice, as in the case of orbibundles, that we can
define standard operation of bundles, but for bundle systems.

Definition 2.32. A bundle system is said to be oriented if F1,p, F2,p are
oriented as orbibundles and Φpq is orientation preserving. It is said to be
complex if F1,p, F2,p are complex and Φ1,pq,Φ2,pq,Φpq are complex linear.
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Definition 2.33. A bundle system ((F1,p, F2,p), (Φ1,pq,Φ2,pq,Φpq)) is said
to be trivial if there exist germs of isomorphisms F1,p

∼= F2,p which are
compatible with (Φ1,pq,Φ2,pq,Φpq).

Now we are in position to define a K-group for Kuranishi structures with
corners.

Definition 2.34. Let (BunSys(X),⊕) be the abelian monoid of isomor-
phisms classes of bundles systems, with respect to the Whitney sum and the
class of trivial bundle systems as its unit. We denoteKO(X) its Grothendieck
group and call it the real K-group of our Kuranishi structure with corners.

Remark 2.35. We can perform the same construction for oriented bundle
systems and complex bundle systems, so we obtain KSO(X) and K(X),
respectively. As in K-theory for locally compact spaces, there is a map

K(X)→ KSO(X)→ KO(X).

To close this section, we define the notion of stably orientable Kuranishi
structure with corners and prove that it is equivalent to the notion of ori-
entable Kuranishi structure with corners. Note that the tangent bundle
system (TUp, Ep) defines an element of KO(X), which we write [TX].

Definition 2.36. A Kuranishi structure with corners X is said to be stably
orientable if it has a tangent bundle and if [TX] is in the image of KSO(X).
It is said to be stably almost complex if [TX] is in the image of K(X).

Lemma 2.37. A Kuranishi structure with corners is stably orientable if and
only if it is orientable.

Proof. Suppose [TX] is in the image of KSO(X), hence there exists an ori-
ented bundle system ((F1,p, F2,p), (Φ1,pq,Φ2,pq,Φpq)) which is mapped to TX
by inclusion. Since detF1,p ⊗ detF2,p is trivial, it follows that the Kuranishi
structure with corners is oriented.
Now suppose that the Kuranishi structure with corners is orientable and con-
sider the tangent bundle system (TX,E). Therefore, (TX,E)⊕ (TX, TX) is
naturally a oriented bundle system, hence [(TX,E)⊕(TX, TX)] ∈ KSO(X).
Note that [(TX,E)⊕ (TX, TX)] = [TX] since (TX, TX) is trivial, thus the
Kuranishi structure with corners is stably orientable. �



FLOER-NOVIKOV COHOMOLOGY AND ITS APPLICATIONS 21

3. Multisections. In this section we define multisections of orbibundles,
which are the tool used to perturb the Kuranishi structure with corners in
order to obtain transversality. Specifically, we will approximate the Kuranishi
maps sp by sequences of multisections sp,n which are transversal to 0.

Definition 2.38. Let (V ×Rk,Γ, pr) be a local model of smooth orbibundle
of rank k over (V,Γ) and ` be a positive integer. An `-multisection of
(V × Rk,Γ, pr) is a continuous map s : V → S `(Rk) which is Γ-invariant.

Remark 2.39. There is a canonical map tm`′ : S `(Z) → S ``′(Z) for each
`, `′, such a map is defined as follows:

tm`′ [x1, . . . , x`] = [x1, . . . , x1︸ ︷︷ ︸
`′ times

, . . . , x`, . . . , xi]︸ ︷︷ ︸
`′ times

.

If s : V → S `
(
Rk
)

is an `-multisection, then tm`′ ◦ s is an ``′-multisection.

Besides, if
(
Vq ×Rk,Γq, pr

)
is an induced chart then the restriction of s is

an `-multisection over
(
Vq ×Rk,Γq, pr

)
.

Definition 2.40. Let pr : E → X be an orbibundle, ϕi,j,q as in Definition
2.2 and ϕ̃i,j,q as in Defnition 2.10. A multisection of E is an isomorphism
class of the following objects

({(
Vi × Rk,Γi, pr

)}
, {si}

)
such that

(1)
{(
Vi ×Rk,Γi, pr

)}
is a family of charts of E such that

⋃
i Vi/Γi = X.

(2) si is an `i-multisection of
(
Vi ×Rk,Γi, pr

)
.

(3) Let q ∈ (Vi/Γi)∩(Vj/Γj). We have an `i-multisection si,q on
(
Vq,i × Rk,

Γq,i, pr) and an `j-multisection sj,q on
(
Vq,j × Rk,Γq,j, pr

)
on induced

charts. Then

ˆ̃ϕi,j;q ◦ tm`j ◦ si,q = tm`i ◦ sj,q ◦ ϕi,j;q,

where ˆ̃ϕi,j;q : S `i`j(Rk)→ S `i`j(Rk) is the restriction of ϕ̃i,j,q.

We say that
({(

Vi × Rk,Γi, pr
)}
, {si}

)
is equivalent to

({(
V ′i × Rk,Γ′i, pr

)}
,

{s′i}) if the following holds. Let

q ∈ Vi
Γi
∩
V ′j
Γ′j
.
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We have the `i-multisection si,q on
(
Vq,i × Rk,Γq,i, pr

)
and the `′j-multisection

s′j,q on
(
V ′q,j × Rk,Γ′q,j, pr

)
on induced charts. Then (notation as above)

ϕ̂i,j;q ◦ tm`′j
◦ si,q = tm`i ◦ s′j,q ◦ ϕi,j;q.

Let s be a multisection represented by
({(

Vi × Rk,Γi, pr
)}
, {si}

)
. If q ∈

Vi/Γi, then we say that ((Vi × Rk,Γi, pr), si) or symply si is a local repre-
sentative around q.

Definition 2.41. For an open subset Ω of X, we define C0
m(Ω;E) as the set

of all continuous multisections over Ω.

Remark 2.42. C0(Ω;E) acts naturally on C0
m(Ω;E).

To define the sum of multisections is enough to define a local representative
around each q. Let ((Vi×Rk,Γi, pr), s

1
i ), ((Vj×Rk,Γj, pr), s

2
j) be local repre-

sentatives of multisections s1, s2, respectively. If is necessary, we shrink Vi, Vj
in order to make them equal. Consider the map

+ : S `
(
Rk
)
×S `′

(
Rk
)
→ S ``′

(
Rk
)

+ ([x1, . . . , xl] , [y1, . . . , y`′ ]) = [xa + yb : a = 1 . . . `, b = 1 . . . `′] .

Hence, we define the sum s1 + s2 to be the multisecttion whose local repre-
sentative around q is ((V × Rk,Γ, pr),+(s1

i , s
2
j)).

Remark 2.43. Now that we know how to sum multisections and that C0(Ω)
acts naturally on C0

m(Ω;E), we can consider partition of unity in order to
glue multisections. But we have to be careful because, even if si is C0-close to
s, the sum

∑
χisi may be not be C0-close to s. One can avoid this problem

by gluing branches (see Definition 2.44 below) instead.

Now we deal with transversality of multisections, the property that will allow
us to define the fundamental cycle of a space with Kuranishi structure with
corners.

Definition 2.44. A multisection s is said to be locally liftable if for each
point q there exists a local representative

((
Vq × Rk,Γq, pr

)
, sq
)

such that

the map sq : Vq → S `
(
Rk
)

is lifted to a map s̃q : Vq →
(
Rk
)`
. If s is locally

liftable then a branch of s at q is a component of s̃q, i.e. a branch is a map
s̃q,i : Vq → Rk.
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Definition 2.45. A multisection s is said to be smooth (respectively of
class Ck) if it is locally liftable and each branch of it is smooth (respectively
of class Ck). We denote Ck

m(Ω;E) the set of all multisections of E on Ω of
class Ck for k = 1, 2, . . . ,∞.

Definition 2.46. A multisection s is said to be transversal to 0 if it is
locally liftable and if for each q, each branch at q is transversal to 0 in the
usual sense, i.e. s̃q,i(Vq) t s0(Vq) for each i.

We want to approximate multisections by multisections that are transversal,
for this reason we define a topology on Ck

m(Ω;E). This fact will be the key
to prove Theorem 2.54.

Definition 2.47. Let sn, s ∈ Ck
m(Ω, E). We say that sn converges to s in the

Ck-topology if the following is satisfied. For each compact set K, there exists
a covering of it by charts

(
Vi × Rk,Γi, pr

)
of E which is independent of n,

and sn, s has a local representatives on
(
Vi × Rk,Γi, pr

)
as `i- multisections

s
(i)
n , s(i), such that `i is independent of n and that each branch of s

(i)
n converges

to a branch of s(i) in the Ck-topology. (Here and hereafter the running index
n is not the same as the dimension of the spaces, the Kuranishi dimension
of X will be denoted dimX.)

We state the transversality theorem, its relative version and an approxima-
tion Lemma for single valued sections, the proofs are in section 3 of [FuO].

Theorem 2.48. Let s ∈ C∞m (X;E) be a locally liftable smooth multisection
on a compact orbifold X. Then there exists a sequence sn ∈ C∞m (X;E), such
that sn converges to s in the C∞-topology and that sn is transversal to 0.

Lemma 2.49. Let s ∈ C∞m (X;E) be a locally liftable smooth multisection
on a compact orbifold X. Let K ⊆ X be a compact set and assume that s is
transversal to 0 on a neighborhood of K. Then there exists a sequence sn ∈
C∞m (X;E), such that sn converges to s in the C∞-topology, sn is transversal
to 0 and that sn = s on K.

Lemma 2.50. For any continuous single valued section s ∈ C0(X;E) on a
compact orbifold X, there exists a sequence of smooth single valued sections
sn which converges to s in C0-topology.

4. Fundamental cycle of Kuranishi structure with corners. Let X =
(X, (Uq, Eq, sq, ψq)) be a compact space with Kuranishi structure with corners
and we assume it has a tangent bundle as in Definition 2.25. We are going
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to perform the construction of the fundamental cycle of X. The possibility
of infinitely many Kuranishi neighborhoods with corners is a problem for
the construction, therefore we need to reduce the Kuranishi structure with
corners to a finite one.

Definition 2.51. (P, ((Up, ψp, sp) : p ∈ P ) , ϕpq, ϕ̂pq) is said to be a good co-
ordinate system of X if the following conditions are satisfied. P ⊆ X is
a finite subset equipped with an order, (Up, Ep, sp) is a representative of a
chart for each p ∈ P,Upq ⊆ Uq is a subset for each p, q with ψp

(
s−1
p (0)

)
∩

ψq
(
s−1
q (0)

)
6= ∅, q < p, and ϕpq : Upq → Up, ϕ̂pq : Eq|Up.q → Ep are embed-

dings such that

(1)
⋃
p∈P ψp

(
s−1
p (0)

)
= X.

(2) Upq is an open neighborhood of ψ−1
q

(
ψp
(
s−1
p (0)

))
.

(3) If x ∈ Upq and ϕpx : Ux → Uq, ϕqx : Ux → Uq, ϕ̂px : Ex → Ep, ϕ̂qx :
Ex → Eq be map germs giving the coordinate change. Then ϕpqϕqx =
ϕpx, ϕ̂pqϕ̂qx = ϕ̂px as map germs.

(4) Suppose r < q < p, ψp
(
s−1
p (0)

)
∩ ψq

(
s−1
q (0)

)
∩ ψr (s−1

r (0)) 6= ∅. Then

ϕpq ◦ ϕqr = ϕpr ϕ̂pq ◦ ϕ̂qr = ϕ̂pr on ϕ−1
qr (Upq) and Er|ϕ−1

gr (Upq)
.

(5) sp ◦ ϕpq = ϕ̂pq ◦ Sp, ψp ◦ ϕpq = ψq.

Remark 2.52. If each Xj from Remark 2.22 has a good coordinate system,
then

∏
j Xj has a good coordinate system.

Remark 2.53. There exists a good coordinate system for any compact space
with Kuranishi structure (X, (Uq, Eq, sq, ψq)). This is a quite technical result
and its proof is exactly the same as the Lemma 6.3 from [FuO].

Theorem 2.54. Let (P, ((Up, ψp, sp) : p ∈ P ) , ϕpq, ϕ̂pq) be a good coordinate
system of a space X with Kuranishi structure with corners. Suppose that X
has a tangent bundle given by

Φpq : NUpUq
∼= Ep/Eq.

Then, for each p ∈ P, there exists a sequence of smooth multisections sp,n
such that

(1) sp,q ◦ ϕpq = ϕ̂pq ◦ sq,n.
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(2) limn→∞ sp,n = sp in the C0-topology.

(3) sp,n is transversal to 0.

(4) Let x ∈ Upq. Then the restriction of the differential of the composition
of any branch of sp,n and the projection Ep → Ep/Eq coincides with
the isomorphism Φpq : NUpUq

∼= Ep/Eq.

The proof of this theorem uses constructions of Riemannian Geometry for
orbifolds such as bundle metric, parallel transport, tubular neighborhoods,
etc. This notions can be found in [Ca].

Proof. The proof goes by induction on the elements of P . First of all, we
order P = {p1, p2, . . . , pl} such that rankEi ≤ Ei+1. For p1 this follows from
Theorem 2.48 and Lemma 2.50. Now, we assume we have constructed spj ,n
satisfying the conditions of the Theorem for j < i and we will construct spi,n.
For each j < i such that ψpi(s

−1
pi

(0))∩ψpj(s−1
pj

(0)) 6= ∅, we have a multisection

spj ,n on ϕpipj
(
Upipj

)
. We first extend it to its tubular neighborhood in Upi

keeping its branches intact in order to avoid problems with partition of the
unity. The isomorphism

Φpipj : NUpi
Upi
∼= Epj/Epj

allow us to identifyNUpi

(
ϕpipj

(
Upipj

))
with a tubular neighborhood of ϕpipj

(
Upipj

)
in Upi , let π : NUpi

(
ϕpipj

(
Upipj

))
→ ϕpipj

(
Upipj

)
be such a map. We choose

and fix a metric of orbibundles on Epi compatible with ϕ̂pipj . Therefore, we
can decompose Epi using quotient bundle

(2.2) Epi
∼= (Epi/Epj)⊕ Epj .

Then we put for x ∈ NUpi

(
ϕpipj

(
Upipj

))
s̄pj ,n(x) = Ix

(
Φpipj(x)⊕ sqj ,n(x)

)
,

where Ix : Epi.π(x) → Epi,x is an isomorphism obtained by parallel transport

along a minimnal geodesic (this implies that x must be close to ϕpipj
(
Upipj

)
).

Since 2.2 is an isomorphism, we can keep s̄pj ,n transversal to 0. By induction
hypothesis we have compatibility condition (1). Also we have a compatibility
condition for Φpq : NUpUq

∼= Ep/Eq. Thus s̃pj ,n, for various j together with
its first derivatives (on normal direction), coincide on

⋃
j<i Imϕpipj . Hence

we can glue s̃pj ,n for various j and spj by partition of unity.
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We then obtain s′pi,n which satisfies (1), (2), (4) and which is transversal to

0 in a neighborhood of the union of ϕpipj
(
Upipj

)
. Thus we can use Lemma

2.49 to obtain spi,n, which is transversal to 0, and which is equal to s′pi,n
in a neighborhood of the union of ϕpipj

(
Upipj

)
. This finishes the induction

process and the Theorem follows. �

Remark 2.55. If we have a good coordinate system on the product
∏

j Xj,
then we have transversal sequences of multisecions sp,n,j on each Xj, hence
⊕jsp,n,j is transversal on the product.

Let Y be a topological space, and X be a compact space with oriented
Kuranishi structure with corners of dimension n.

Definition 2.56. A strongly continuous map f : X → Y is a system of
germs of maps fp : Up → Y for each p such that fp ◦ ϕpq = fq. If Y is an
orbifold, we say that f is strongly smooth if each fp is smooth. We define
the rank of f at p by rankp f = rank(dpfp).
We say that f is of maximal rank if rankp f = min {dimX + dimEp, dimY }
at every p, where dimX is the dimension in the sense of Kuranishi structure
with corners.

We begin the construction of the fundamental class

f([X]) ∈ HdimX(Y ;Q).

Remark 2.57. The construction is analogous to the construction of Euler’s
class for compact manifolds.

We take a good coordinate system and choose finite representatives of germs
of maps fpi : Upi → Y , hence Theorem 2.54 gives us sequence of multisections
spi,n for each pi ∈ P . LetWi be a small neighborhood of s−1

pi
(0) (spi is the limit

of the sequence, i.e. the Kuranishi map) and set εi = inf{||spi(x)|| : x /∈ Wi}.
For n sufficiently large, we may assume that for any branch spi,j,n of spi,n

(2.3) ||spi,j,n − spi || ≤
εi
10
.

We let s−1
pi,n

(0)set be the set of all x ∈ Upi such that spi,j,n(x) = 0 for

some branch spi,j,n of spi,n By 2.54 (1) we have ϕpipj(x) ∈ s−1
pi,n

(0)set if

x ∈ s−1
pj ,n

(0)set and if ϕpipj is defined at x. Therefore, we can glue all the

s−1
pi,n

(0)set to obtain a space s−1
n (0)set .
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Lemma 2.58. s−1
n (0)set is compact.

Proof. Inequality 2.3 guarantees that s−1
pi,n

(0)set ⊆ Wi, thus s−1
pi,n

(0)set is

compact because X is compact and so is s−1
n (0)set . �

The next lemma is only proven for Kuranishi structures of dimension 0 and
1, since those are the dimensions that appears in the case of Floer-Novikov
cohomology, the general version can be found in [FuO].

Lemma 2.59. If sn is generic, then s−1
n (0)set has a smooth triangulation of

dimension dimX.

Proof. First we may assume that s is transversal to 0 by Theorem 3.11. Let
q ∈ s−1

n (0)set , and sq,j,n : Uq → Rk, i = 1, . . . , `, be the branches of s around
q. Then a neighborhood of q in s−1

n (0)set is diffeomorphic to

πq

(⋃̀
j=1

s−1
q,j,n(0)

)
,

where πq : Vq → X. Since sn is transversal to 0, it follows that s−1
q,j,n(0) is a

smooth manifold with corners, so the proof is complete if the dimension of
the Kuranishi structure with corners is 0 or 1. �

Let ŝ−1
n (0)set =

⋃
u ∆u be the triangulation, where each simplex has (mani-

fold) dimension equal to the Kuranishi dimension dimX. We may assume
that each simplex is contained in some Upi and can be lifted to Vpi and
also that the number of branches that have different values at pi is con-
stant at the interior of each simplex. Fix an orientation for each simplex
∆u and define its multiplicity as follows. Let hu : ∆u → Vqu be a lift and
squ,j,n : Uqu → Rk, i = 1, . . . , `u, be the branches of sn around qu. Let
i1, . . . , imu be the indices i such that squ,j,n(hu(x)) = 0 for x ∈ Int∆u. For
each j = 1, . . . ,mu we can assign a sign εj = ±1 as follows. We have an
exact sequence

0 Tx∆u Th(x)Vqu Rk 0
Dhu Dsqu,j,n

Diagram 3.

By assumption we have trivializations of detTx∆u, detTVqu⊗detRk. We put
εj = +1 if the exact sequence 4 is compatible with the trivializations and we
put εj = −1 otherwise.
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Definition 2.60. The multiplicity of ∆u is the rational number

mul∆u =
1

`u

mu∑
j=1

εj.

Remark 2.61. mul∆u is independent of the choice of the local representative
because it does not change if we replace squ by tm` ◦ squ .

Definition 2.62. We define a singular chain

f∗
(
s−1
n (0)

)
=
∑
u

mul∆ufp∗i ([∆u])

whose homotopy class will be the desired fundamental class.

Lemma 2.63. If X is oriented, then ∂f∗ (s−1
n (0)) = 0.

The proof of this lemma can be found in [FuO] and for a much more detailed
proof see [TF].

Theorem 2.64. If X is oriented then [f∗ (s−1
n (0))] ∈ HdimX(Y ;Q) is inde-

pendent of the choice of sn.

Proof. Let spi,0 and spi,1 be multisections trasnversal to 0 for each pi ∈ P . We
define the multisecion spi(x, t) = tspi,0(x)+(1−t)spi,1(x) of Epi×R→ Upi×R
for each pi (a homotopy). Theorem 2.48 allows us to perturb spi so that it
is transversal to 0, and spi|X×{0} = s0, spi |X×{1} = s1. Thus, we can glue the
s−1
pi

(0) to obtain s−1(0)set ⊆ X×[0, 1] such that s−1(0)set∩X×{0} ∼= s−1
0 (0)set

and s−1(0)set ∩ X × {1} ∼= s−1
1 (0)set. By extending the triangulations of

s−1
0 (0)set and s−1

1 (0)set we obtain a triangulation of s−1(0)set on X × [0, 1],
hence we obtain a Q chain f∗(s

−1(0)). By construction and Lemma 2.63 we
obtain that

∂f∗(s
−1(0)) = f∗(s

−1
1 (0))− f∗(s−1

0 (0)) = 0.

�

This finishes the construction of the fundamental cycle

f([X]) =
[
f∗
(
s−1
n (0)

)]
∈ HdimX(Y ;Q)

for a space X with oriented Kuranishi structure with corners.
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3. Floer-Novikov Cohomology

This is the main chapter of the document, here we construct the Floer-
Novikov cohomology for a general symplectic manifold and a general symplec-
tic isotopy. First of all, we briefly introduce Novikov cohomology for closed
1-forms and the rest of the chapter is dedicated to define the Floer-Novikov
chochain complex, the compactification of the moduli space of connecting
orbits, its Kuranishi structure and how we use those tools to construct de
Floer-Novikov cohomology.

1. Novikov Cohomology. Before going in dept into Floer-Novikov coho-
mology we describe Novikov cohomology itself and state some important re-
sults in order to prove the flux conjecture in Chapter 5. This is a cohomology
theory for closed 1-forms, which is completely analogous to the Morse-Smale
cohomology for a Morse function f. The key of the construction relies in
finding an appropriate covering of M such that the lift of the 1-form is exact,
and then define the Novikov cohomology as the Morse-Smale cohomology
of some primitive of such lifting. For more details see [F] and appendix C
from [LêO]. This cohomology is important because its incorporation to the
standard Floer cohomology allow us to construct a cohomology theory for
a symplectic isotopy. Besides, for particular η (C1-small Morse 1-form) the
Floer-Novikov cohomology will be isomorphic to this one.
Let η ∈ H1(M ;R) and consider the map integration along loops

Iη : π1(M) −→ R

γ 7→
∫
γ

η,
(3.1)

by Stokes theorem this map is well-defined since η is closed. The kernel of
Iη is a subgroup of π1(M), therefore it defines a covering π : M → M such
that π∗(π1(M̄)) = Ker Iη; in other words, M is the covering associated to
the covering transformation group Gη = π1(M)/Ker Iη and we call it the
integration covering of η. Now, lets see that M is indeed the covering that
we are looking for, i.e. we have to prove that π∗η ∈ H1(M ;R) is exact. Note
that for all γ ∈ π1(M) we have that

Iπ∗ηγ =

∫
γ

π∗η =

∫
π∗(γ)

η = 0

since π∗(π1(M̄)) = Ker Iη, thus π∗η is exact and there exists a function

f : M →M such that df = π∗η.
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Definition 3.1. η ∈ H1(M ;R) is a Morse (Morse-Smale) 1-form if and
only if f is a Morse (Morse-Smale) function. The Morse index of zeros of η
is defined by the Morse index of the corresponding critical points of f.

We assume η is Morse-Smale and define the Novikov cochain complex (CN∗(η),
δ) with coefficients in an algebra R, which is basically the Morse-Smale com-
plex of f.

CNk(η) =

{∑
i

aip̃i

∣∣∣∣ai ∈ R, p̃i ∈ Crit(f̄), satisfying the conditions below

}

• The index at p̃i is k for all i.

• For each c ∈ R, the set {i|ai 6= 0, f(p̃i) < c} is finite.

To define the boundary operator δ we pick a Riemannian metric on M and
pull it back to M (it is necessary to define the gradient flow lines of f), so it
is defined as follows:

δp̃ =
∑
j

〈p̃, q̃j〉 q̃j

where 〈p̃, q̃〉 is defined by “counting with signs” (taking into account orienta-
tion) bounded gradient flow lines from p̃ to q̃, and q̃j runs over critical points

of f of index(p) + 1. One can prove that δ2 = 0 in the same way of classical
Morse theory ([AD]) and call the resulting cohomology HN∗(η) the Novikov
conhomology of η. Also, one can prove that the cohomology does not depend
on the choice of Riemannian metric and for cohomologous 1-forms η1 and η2,
we have an isomorphism HN∗(η1) ∼= HN∗(η1) (see [F]).
Consider the Novikov ring Λη = Λ(Gη, Iη;R) (see appendix A), since Gη acts
naturally on CN∗(η) (it acts on M) we have that Λη also acts on it, thus we
can consider CN∗(η) as a Λη-module and HN∗(η) too. Indeed, one can prove
that HN∗(η) is a finitely generated Λη-module (see [F]).

We close this section by stating two key results for the proof of the flux
conjecture (see [LêO], [F] and [O] for the proofs).

Proposition 3.2. Let ξ and ξ′ be closed 1-forms such that ker Iξ ⊆ ker Iξ′.
Then the rank of HNq(ξ) over Λ̄[ξ] is less than or equal to the rank of HNq (ξ′)
over Λ̄[ξ′]. Strict inequality holds for q = 0, 2n if ξ is not exact.



FLOER-NOVIKOV COHOMOLOGY AND ITS APPLICATIONS 31

Proposition 3.3. If η is a Morse 1-form, which is not exact, then we have

rankΛ̄η HNq(η;Q) = 0

for q = 0,m = dimM .

2. Floer-Novikov chain complex. In this section we construct the Floer-
Novikov cochain complex for a general manifold following the steps indicated
in [O]. Let φ ∈ Symp0(M,ω), then there exists a symplectic isotopy {φt}
connecting the identity to the symplectomorphism φ. Remember that there
is a a family of symplectic vector fields {Xt} defined by equation 1.2 that
generates the isotopy. Consider the 1-forms θt = Φ(Xt). Floer theory was
created in order to solve the homological Arnold conjecture, which is related
to amount of fixed points of φ. The first step in the construction is to notice
that the fixed points of φ are in one-to-one correspondence with the 1-periodic
solutions (` : S1 →M) to the differential equation

(3.2) ˙̀(t) = Xt ◦ `(t).

We denote by P({φt}) the space of all contractible 1-periodic solutions of
3.2, this set coincide with the zero set of the following closed 1-form α{φt} on
LM (the space of contractible loops):

α{φt}(ξ) =

∫ 1

0

ω(ξ, γ̇ −Xt(γ)) dt

=

∫ 1

0

ω(ξ, γ̇) dt+

∫ 1

0

θt(γ(t))(ξ) dt, ξ ∈ TγLM.

(3.3)

Now we want to construct a covering space of LM such that the pull back
of α{φt} defines a single-valued functional in such covering space, in order to
consider equation 3.2 as the Euler-Lagrange equation corresponding to this
new functional. We define for any closed 2-form υ

Iυ : π2(M) −→ R

u 7→
∫
S2
u∗υ.

(3.4)

Usually, even in non-weakly monotone manifolds, we shall use the covering
space L̃′M associated to the following transformation group (see [HS])

Γ2 =
π2(M)

ker Ic1 ∩ ker Iω
,
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such covering is described as follows:

L̃′M =

(γ, w)

∣∣∣∣∣∣
γ ∈ LM,
w : D2 →M
γ = w|∂D2


quotiened by the equivalence relation

(γ, w) ∼ (γ′, w′)⇔


γ = γ′∫
D2 γ

∗ω =
∫
D2 γ

′∗ω∫
D2 γ

∗c1 =
∫
D2 γ

′∗c1.

However, in the general case of a symplectic isotopy we have to add some
modifications, specifically we have to incorporate Novikov cohomology. Let

η be a representative of F̃lux({φt}) (the construction is well defined for any

η ∈ H1(M ;R), but we decided to fix it now), where F̃lux({φt}) is as in
Definition 4.1, in [LêO] the covering space L̃M̃ is defined as the one associated
to the covering transformation group

Gη ⊕ Γ2,

but in [O] a slightly different cover is used because it is better adapted for the
proof of the flux conjecture. We have a fibration pr : LM → M by taking
the image of the base point o = [0] ∈ S1. Since it admits a section consisting
of constant loops, we get that π1(LM) ∼= π2(M) ⊕ π1(M). We define two
homomorphisms Iω, Iη : π1(LM)→ R as follows:

Iω ({γτ}) =

∫
C({γτ})

ω, Iη ({γτ}) =

∫ 1

0

η

(
d

dτ
γτ

)∣∣∣∣
t=0

dτ,

here each loop γt is parametrized by 0 ≤ t ≤ 1 and C ({γτ}) =
⋃

0≤τ≤1 γτ ⊆
M is the cycle represented by

(τ, t) ∈ S1 × S1 7→ γτ (t) ∈M.

Similarly, we define another homomorphism Ic1 : π1(LM)→ R by Ic1 ({γτ}) =
c1(M) [C ({γτ})].

Definition 3.4. Denote by L̃M = L̃ηM → LM the covering space of LM
associated to the covering transformation group

G(ω,η) =
π1(LM)

(ker Iω + ker Iη) ∩ ker Ic1
.
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Remark 3.5. As we mentioned before this is a different cover from L̃M̃ , but
they are related since L̃M̃ → L̃M is a covering space with respect to the
natural projection.

We give a concrete description of L̃M . Choose a smooth function f on M
such that df = π∗η, then:

L̃M =

(γ̃, w)

∣∣∣∣∣∣
γ ∈ LM,
w : D2 →M
π ◦ γ̃ = w|∂D2


quotiened by the equivalence relation

(γ̃, w) ∼ (γ̃′, w′)⇔


π ◦ γ̃ = π ◦ γ̃′∫
D2 w

∗ω + f̃(γ̃(o)) =
∫
D
w′∗ω + f̃(γ̃′(o))

c1(M)[w](−w′)] = 0,

where o is the fixed point of S1 and w](−w′) is the 2-sphere obtained by
gluing w and w′ with the reversed orientation along the boundary.

Remark 3.6. If we fix a base point p0 ∈ M and pick a lift p̄0 ∈ M̄, we can
rephrase the above description as follows. Let γ be a contractible loop in M
and w a bounding disc w : D2 → M of γ such that w(O) = p0. Here o is
the origin of the unit disc. Then we can lift w to w̄ : D2 → M̄ such that
w̄(o) = p̄0. Thus we can assign a lift γ̃ of γ to the pair (γ, w) by γ̃ = w̄|∂D2 .
Pick the primitive function f̄ for η such that f̄ (p̄0) = 0. Then we find that∫ 1

0
w∗η = f̄(γ̃(o)), where

∫ 1

0
w∗η is the integral of w∗η on the radial segment

[0, 1] in the unit disc D2. Therefore the covering space L̃M is described as
the space of equivalence classes of pairs (γ, w), where γ is a loop in M and w
is its bounding disc centered at p0, under the following equivalence relation:
(γ, w) ∼ (γ′, w′) if and only if

γ = γ′∫
D2 w

∗ω +
∫ 1

0
w∗η =

∫
D2 w

′∗ω +
∫ 1

0
w′∗η

and
c1(M) [w# (−w′)] = 0.

We continue the construction of the Floer-Novikov cochain complex for {φt}.
By deformation Lemma 4.9, there is a smooth one-parameter family {ht} of
functions on M with ht+1 = ht such that Φ(Xt) = η+dht. If we pull-back the
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form αφt to L̃M we obtain an exact 1-form and one of its primitive functions
(action functional) is given by

A{φt}(γ̃, w) =

∫
D2

w∗ω +

∫ 1

0

(
f̄ + ht ◦ π

)
(γ̃(t))dt.

Remark 3.7. The direction of the gradient flow lines associated to this func-
tional are determined by the sign in front of

∫
D2 w

∗ω. Therefore, a positive
sign implies that we are working with cohomology and not with homology.

We need to define the gradient flow lines ofA{φt} to continue the construction.
For this reason, we need a Riemannian metric (to define the gradient) and
a compatible complex almost structure, in order to incorporate and use the
theory of pseudoholomorphic curves. Let J = {Jt} be a family of almost
complex structures such that it is 1-periodic in t and each Jt is compatible
with ω, then the Riemann metric gJ defined by gJ(X, Y ) = ω(X, JY ) induces
a L2 inner product on TLM , so does on L̃M . We identify a curve γ : R →
LM with a map h : R × S1 → M . Under this identification, the Euler-
Lagrange equation of A{φt}, called Floer’s equation, is

(3.5)
∂

∂τ
h(τ, t) + Jt(h(τ, t))

(
∂

∂t
h(τ, t)−Xt(h(τ, t))

)
= 0.

Definition 3.8. A map h : R×S1 →M solving Floer’s equation 3.5 is called
a connecting orbit joining [γ̃−, w−] to [γ̃+, w+] (see Figure 4) if for some

lift h̃ : R× S1 →M of h

lim
τ→±∞

h̃(τ, t) = γ̃±(t)

and [
γ̃+, w−]h

]
=
[
γ̃+, w+

]
mod (ker Iω + ker Iη) ∩ ker Ic1 ,

where w−]h : D2 → M is a map obtained by gluing w− : D2 → M and
h : R × S1 → M along π ◦ γ̃− = w|∂D2 = h|{−∞}×S1 . We denote by

M̃([γ̃−, w−] , [γ̃+, w+] ; J) the moduli space of such connecting orbits.
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Figure 4. An illustration of an element of M̃([γ̃−, w−] , [γ̃+, w+] ; J).

Remark 3.9. Since Floer’s equation is invariant under the translation symme-
try in τ variable, it follows that R acts on M̃([γ̃−, w−] , [γ̃+, w+] ; J). This ac-
tions is free if [γ̃−, w−] 6= [γ̃+, w+] and we defineM([γ̃−, w−] , [γ̃+, w+] ; J) =
M̃([γ̃−, w−] , [γ̃+, w+] ; J)/R. Actually, this will be the space that we are
going to compactify and provide a Kuranishi structure.

Definition 3.10. The energy of a map h : R× S1 →M is defined by

E(h) =
1

2

∫ ∞
−∞

∫ 1

0

{∣∣∣∣∂h∂τ
∣∣∣∣2 +

∣∣∣∣∂h∂t −Xt

∣∣∣∣2
}
dtdτ.

Therefore, we will have the following theorem (for a proof see theorem 6.5.6
of [AD])

Theorem 3.11. The following are equivalent.

(1) E(h) <∞.

(2) There are (γ̃±, w±) ∈ L̃M with γ̃± being solutions of 3.2 such that

lim
τ→±∞

h̃(τ, t) = γ̃±(t)

for some lift h̃, and[
γ̃+, w−]h

]
=
[
γ̃+, w+

]
mod (ker Iω + ker Iη) ∩ ker Ic1 .
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Remark 3.12. This theorem implies that our definition of connecting orbit
already includes the condition of finite energy.

Remark 3.13. Note that for a connecting orbit

E(h) = A{φt}(γ̃+, w+)−A{φt}(γ̃−, w−)

since they are solutions of the gradient line equation for A{φt}.
The Floer-Novikov cochain complex is analogous of Morse’s complex, the set
of generators of it is the set of critical points of A{φt}, which is identified with

P̃({φt}) ⊆ L̃M, the inverse image of P({φt}). The grading for each critical
point most be different than the Morse case because both the numbers of
positive and negative eigenvalues of the Hessian at a critical point ofA{φt} are

infinite. In this case we use the Conley-Zehnder index µ : P̃({φt})→ R (see
Appendix C), which is defined by the spectral flow of a certain 1-parameter
family of ordinary differential operators on S1. Indeed, this index generalizes
the Morse index because in the particular case of a C1-small Morse 1-form
they both coincide, except by a shift of n.
Henceforth, we assume that all the fixed points of φ = φ1 are nondegenerate,
i.e. 1 is not an eigenvalue of dφ(p) for any fixed point p of φ (see equation
1.5). Now we are in position to introduce the Floer-Novikov cochain complex.

Definition 3.14. The cochain complex (CFN∗({φt}, J), δ) is defined as fol-
lows:

CFNk({φt}, J) =

{∑
i

ai [γ̃i, wi]

∣∣∣∣ai ∈ Q, [γ̃i, wi] ∈ P̃({φt}), s.t.f.c.

}
,

• The Conley-Zehnder index at [γ̃i, wi] is k for all i.

• For each c ∈ R, the set {i|ai 6= 0,A{φt}(γ̃i, wi) < c} is finite.

At this moment we can’t define the boundary operator

δ : CFNk({φt}, J)→ CFNk+1({φt}, J)

because M([γ̃−, w−] , [γ̃+, w+] ; J) is not transversal (this is the topic of the
next sections), but what we would like to have is something like this

δ([γ̃, w]) =
∑

#M([γ̃, w] , [γ̃′, w′] ; J) [γ̃′, w′]

where the sum runs over all critical points of A{φt} such that µ([γ̃′, w′]) =
µ([γ̃, w]) + 1, similar to the one used in Morse theory.
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Remark 3.15. If {φt} is a Hamiltonian isotopy all the contributions of η
(Novikov cohomology) become trivial and we obtain the definition of the
Floer cochain complex (CF∗({φt}, J), δ).

At this point we introduce the appropriate Novikov ring to make CFN∗({φt},
J) a finitely generated module. Define Λ(ω,η) = Λ(ω,η)(R) = Λ(G(ω,η), Iω +
Iη;R) (see Appendix A). It is defined for any integral domain R, although
we only use R = Q. Since G(ω,η) acts naturally on CNF∗({φt}, J) (it acts on

L̃M) we have that Λ(ω,η) also acts on it, thus we can consider CFN∗({φt}, J)
as a Λ(ω,η)-module. One can prove that CFN∗({φt}, J) is a finitely gen-
erated Λ(ω,η)-module ([HS], [LêO]). We can go deeper on the structure of
the Novikov ring Λ(ω,η) (this will be useful for the proof of the flux con-
jecture). First of all, we can define a grading on G(ω,η) (which defines a
grading on the corresponding Novikov ring), for each g ∈ G(ω,η) we define
deg(ω,η)(g) = 2Ic1(M)(g). Denote by Λ0

(ω,η) the subring consisting of
∑

i aigi
such that deg(gi) = 0 for all i. Following the description of Novikov rings as
generalized Laurent series of Appendix A, we find that

Λ0
(ω,η)
∼=

{
+∞∑
i=1

aiT
λi | ai ∈ R, λi ∈ P(ω, η), λi → +∞(i→ +∞)

}

where P(ω, η) = (Iω + Iη)(ker Ic1(M)) ⊆ R. Ono calls this set the “periods”

of Iω + Iη [O]. Note that Λη is naturally embedded in Λ0
(ω,η) ⊆ Λ(ω,η).

Remark 3.16. Pick an element β ∈ π2(M) such that Ic1(M)(β) = N , where
N is the minimal Chern number given in Definition 1.6, thus Λ(ω,η) is the
completion of the polynomial ring Λ0

(ω,η) [e, e−1] with respect to the maximal

ideal generated by those variables, where e = [β] (see [O]).

Theorem A.3 guarantees that Λ(ω,η) and Λ0
(ω,η) are fields if R is a field, thus

in this case Λ(ω,η) is a vector space over Λ0
(ω,η), which is an extension of the

field Λη. Since vector space implies free and free implies flat, we obtain that
Λ(ω,η) is flat over Λη.

Remark 3.17. If η = 0, we obtain the Novikov ring Λω(R) = Λ(ω,0)(R) which
is the the Novikov ring corresponding to Floer’s cochain complex.

3. Rough overview of transversality. Before going in depth into the
construction of Kuranishi structure with corners, we present the moduli space
of connecting orbits from another point of view so that it is clear why it
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is possible to apply the process described in Chapter 2 in this situation.
Specifically, we are going to describe which are the spaces involved in the
map f : X → Y from Definition 2.56.
Let p > 2 and [γ̃±, w±] ∈ P̃({φt}). We take a map h0 : R × S1 → M such

that for some lift h̃0 we have that

(3.6) h̃0(τ, t) =

{
γ̃+(t) if τ > R
γ̃−(t) if τ < −R.

Let Lp1(R × S1; h̃∗0TM) be the Banach space of Lp1-sections of h̃∗0TM , which
are continuous sections since p > 2.

Definition 3.18. B([γ̃−, w−], [γ̃+, w+]) is the set of all locally Lp1-maps h :
R × S1 → M with the following properties. There exists ξ ∈ Lp1 (R× S1;

h̃∗0TM
)

such that for a lift h̃

h̃(τ, t) = exph̃0(τ,t) ξ(τ, t)

on S1 × ((−∞,−R′] ∪ [R′,∞)) for some R′ ≥ R and that (γ̃+, w+]h) ∼
(γ̃−, w−), where exp is the exponential map with respect to the metric gJ .

Remark 3.19. It is known that B([γ̃−, w−], [γ̃+, w+]) is Banach manifold,
which does not depend on the choice of h0 (see [AD]).

Definition 3.20. E ([γ̃−, w−], [γ̃+, w+]) is the Banach bundle over B([γ̃−, w−],
[γ̃+, w+]), whose fiber at h ∈ B([γ̃−, w−], [γ̃+, w+]) is Lp (R× S1;h∗TM).

Note that Floer’s equation 3.5 seen in terms of an operator

(3.7) ∂J,{φt}h =
∂

∂τ
h(τ, t) + Jt(h(τ, t))

(
∂

∂t
h(τ, t)−Xt(h(τ, t))

)
defines a (Fredholm) section of π : E ([γ̃−, w−], [γ̃+, w+])→ B([γ̃−, w−], [γ̃+, w+]).
Indeed, its differential (linearized operator) defines a Fredholm operator
Dh∂J,{φt} with index is given by µ([γ̃+, w+])− µ([γ̃−, w−]) [RS].

Definition 3.21. The moduli space of connecting orbits is defined as

M̃([γ̃−, w−], [γ̃+, w+]) = {h ∈ B([γ̃−, w−], [γ̃+, w+])|∂J,{φt} = 0}

and the quotient by translation on the τ -variable is

M([γ̃−, w−], [γ̃+, w+]) = M̃([γ̃−, w−], [γ̃+, w+])/R.
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We want to define a fundamental class in H1(E ([γ̃−, w−], [γ̃+, w+]);Q) for
M̃([γ̃−, w−], [γ̃+, w+]) once we build an oriented Kuranishi structure with
corners on this space. We will achieve this applying the construction of
section 4 from Chapter 2 to the map

∂J,{φt} : M̃([γ̃−, w−], [γ̃+, w+])→ E ([γ̃−, w−], [γ̃+, w+]).

Fukaya and Ono affirmed that using single-valued perturbations, as Ruan
and Tian did in [RT], is not enough to achieve transversality in this context
since we have to make ∂J,{φt} transversal while it is still Fredholm with index
µ([γ̃+, w+]) − µ([γ̃−, w−]). For this reason, we have to apply the process
of Chapter 2, by giving M̃([γ̃−, w−], [γ̃+, w+]) a Kuranishi structure with
corners and then apply the multi-valued perturbation.

4. Compactification, Kuranishi structure and orientation. In this
section we carry on the details of the compactification of the moduli space
M([γ̃−, w−] , [γ̃+, w+] ; J), show how to give it a (compatible) Kuranishi struc-
ture and prove that it is oriented (following definitions of Chapter 2). We
will write M(γ̃−, γ̃+) =M([γ̃−, w−] , [γ̃+, w+] ; J) for simplicity.
First of all, we combine the notions of connecting orbit and stable maps (see
Appendix B).

Definition 3.22. A stable connecting orbit is a triple ((h1, . . . , hk), (σ1, . . . ,
σI), o) such that

(1) hj ∈ M̃([γ̃j, wj] , [γ̃j+1, wj+1] ; J), where [γ̃j, wj] ∈ P̃({φt}), j =
1, . . . , k + 1.

(2) σi ∈ CM0,1(M,J, βi) (the bubbles, see Appendix B).

(3) o is an injective map from1 I to the k copies of R× S1.

(4) Let σi = (Σσi , hσi) , where Σσi is a genus zero semistable curve with
one marked point and hσi : Σσi → M. Let zi ∈ Σσi be the marked
point. Let o(i) = (τi, ti) belong to the j-th copy of R×S1. We assume
that hσi (zi) = hj (τi, ti).

(5) If [γ̃j, wj] = [γ̃j+1, wj+1], then there exists i such that o(i) is on the
j-th copy of R× S1.

1For a natural number we write m = {1, 2, . . . ,m}.
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Note that the automorphisms of the bubbles act on stable connecting or-
bits, besides we describe some other actions on them. Let ρ : I → I be
a bijection. We then say that ((h1, . . . , hk) , (σ1, . . . , σI) , o) is isomorphic to(
(h1, . . . , hk) ,

(
σρ(1), . . . , σρ(I)

)
, o ◦ ρ−1

)
.We write ((h1, . . . , hk) , (σ1, . . . , σI) ,

o) for isomorphism class also in order to keep the notation simple. Let
(r1, . . . , rk) ∈ Rk, we define (r1, . . . , rk) ((h1, . . . , hk) , (σ1, . . . , σI) , o) as fol-
lows. We take jth copy R × S1, and take its translation of R factor by rj,

hi ∈ M̃([γ̃j, wj] , [γ̃j+1, wj+1] ; J) is translated accordingly and o(j) is trans-
lated by rj if it is on jth component.
We say that (r1, . . . , rk) ((h1, . . . , hk) , (σ1, . . . , σI) , o) ∼ ((h1, . . . , hk) , (σ1, . . . ,
σI) , o). We write [(h1, . . . , hk) , (σ1, . . . , σI) , o] for the equivalence class con-
taining ((h1, . . . , hk) , (σ1, . . . , σI) , o).
Now we give a more compact description of a stable connecting orbit. We
consider the k copies of R×S1 plus Σσi , i = 1, . . . , I, attached at o(i) = (τi, ti)
to the jth copy of R × S1 (we also have to glue their metrics, but this is
described below). We also have to glue the connecting orbits hj, specifically

we have to glue the lifts h̃j along the common periodic solution [γ̃j, wj]. This
is done using the Floer’s gluing map # (see [Fl]), which is defined as follows.
Let (h1, h2, ρ) ∈ M(γ̃1, γ̃2) ×M(γ̃2, γ̃3) × R+. If ρ is large enough so that

h̃1(τ, t) = exp ξ(τ, t) for τ ≥ ρ and h̃2(τ, t) = exp ζ(τ, t) for τ ≤ −ρ, we pick
a smooth function β : R→ [0, 1] such that β(τ) = 0 for τ ≤ 0 and β(τ) = 1
for τ ≥ 1, and define
(3.8)

h3 = h1#h2 =


h1(τ + ρ, t) for τ 5 −1
exp(β(−τ)ξ(τ + ρ, t) + β(τ)ζ(τ − ρ, t)) for |τ | 5 1
h2(τ − ρ) for τ = 1.

Remark 3.23. The map # can be iterated to be defined for k factors and
therefore can be used to glue elements that are part of stable connecting
orbits.

Let us call this space the domain of definition of our stable connecting orbit
and write it as Σ. We say that a point on Σ is singular if it corresponds to a
singular point of Σσi or is on the image of o. We can define a map h from Σ
to M. Namely we let h = hi on the i-th R×S1, and h = hσi on Σσi (note that
those maps have different nature, some are solutions of the Floer’s equation
and the others satisfies the pseudoholomorphic equation, so h is a little bit
weird).
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Instead of writing ((h1, . . . , hk) , (σ1, . . . , σI) , o) , we write (Σ, h) sometimes
for simplicity.

Definition 3.24. We say that [(h1, . . . , hk), (σ1, . . . , σI), o)] ∈ CM(γ̃−, γ̃+)
if (see Figure 5)

(1) [γ̃k+1, wk+1] = [γ̃+, w+].

(2) (β1 + · · ·+ βI)] [γ̃1, w1] = [γ̃−, w−].

Figure 5. A representation of an element of CM(γ̃−, γ̃+).

We define the energy of [(h1, . . . , hk), (σ1, . . . , σI), o)] ∈ CM(γ̃−, γ̃+) as fol-
lows:

E([(h1, . . . , hk), (σ1, . . . , σI), o)]) =
∑

E(hi) +
∑

E(σi),

where E(hi) is as in definition 3.10 and E(σi) =
∫

Σi
h∗iω. Therefore, it follows

from remark 3.13 and condition 3.18 (2) that

(3.9) E([(h1, . . . , hk), (σ1, . . . , σI), o)]) = A{φt}(γ̃+, w+)−A{φt}(γ̃−, w−),

which depends only on [γ̃±, w±] and is independent of the choice of elements
[(h1, . . . , hk), (σ1, . . . , σI), o)] ∈ CM(γ̃−, γ̃+).

Now, we define a topology on CM(γ̃−, γ̃+) in a similar way of Section 10
from [FuO]. This topology is defined by sequences (see Problem 11D [W]),
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so to give a clever idea of how we shall think the open sets we first suppose
that all Σσi are stable, i.e. Σσi ∈ CM0,1(M,J) (see Appendix B). We first
define a stratification CMI,k(γ̃

−, γ̃+) based on the amount of cylinders (k)
and “spheres” (I) (always I ≤ k because o is injective), so we can consider
CMk(γ̃

−, γ̃+) =
⋃
k≤I CMI,k. Define the topology on the strata and then

patch it. Suppose we have only one cylinder, the idea is to glue the spheres of
the stable curve attached to the cylinder two by two, glue them again to the
cylinder and finally deform the metrics in order to make them compatible.
For example, looking to Figure 5, one element of the neighbourhood would
be obtained by gluing the two spheres that belong to the top cylinder and
so on.
The process is essentially the same as for the Deligne-Mumford compactifi-
cation, except that there is a little problem on gluing cylinders and spheres,
and also on deforming the metrics in order to make compatible the metric of
the cylinder and those of the spheres (deforming metrics of the spheres them-
selves is not a problem, we can do it in the same way as in Section 9 in [FuO])
because they are objects of a different nature, thus we have to find a way to
relate them. This can be solved using the following process used by Gromov
[G]. Note that Floer’s equation 3.5 is an inhomogeneous Cauchy-Riemann
equation. A solution of an inhomogenous Cauchy-Riemann equation can be
considered as a solution of a (homogeneous) Cauchy-Riemann equation on
the product of the domain and the target with an appropriate almost com-
plex structure. Namely we find an almost complex structure J̃(J, {φt}) on
(R× S1)×M such that a map h : R× S1 → M satisfies Floer’s equation if
and only if its graph: R × S1 → (R× S1) ×M is pseudoholomorphic with
respect to the almost complex structure J̃(J, {φt}) on (R× S1) × M . We
need the following three facts on this almost complex structure J̃(J, {φt}):

• The projection from (R× S1)×M to R× S1 is pseudoholomorphic.

• All the fibres of (R× S1)×M → R× S1 are almost complex.

• The almost complex structures on fibers are the same as the almost
complex structure on M, the target.

Therefore, a pseudoholomorphic sphere S on M produces a holomorphic
sphere (τ0, t0)× S in R× S1 ×M with (τ0, t0) ∈ R× S1. It is also true that
every holomorphic sphere contained in one fiber is obtained in this way.
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Thus, deforming metrics (and gluing) of connecting orbits and pseudoholo-
morphic spheres is well-defined. Such a gluing is parametrized for each ele-
ment

(αx) ∈
⊕
x

TxvΣσi,v ⊗ TxwΣσi,w,

where x are the singular points of σi. Each α ∈ TxvΣσi,v⊗TxwΣσi,w is a nonzero
element such that there exists a biholomorphic map Φα : TxvΣσi,v \ {0} →
TxwΣσi,w \ {0} such that

u⊗ Φα(u) = α.

All the TxjΣσi,j have Hermitian metrics induced by the Kähler metrics of
Σσi,j, which we choose in such a way that they are flat in a neighborhood of
xj so that expxj : TxjΣσi,j → Σσi,j is an isometry in such a neighborhood.
We remove such neighborhood and glue the spheres using the diffeomorphism
expΣσi,w

◦Φα ◦ exp−1
Σσi,v

. Then, we glue this new stable curve to the cylinder

following condition 3.22 (4). The patching is the same as in Section 9 of
[FuO].
Now that we have completed the definition of this “auxiliary” topology we
are in position to define the topology of CM(γ̃−, γ̃+). The idea is to add
marked points to the semistable curves Σσi in order to make them stable,
and define the topology using convergence of sequences in the “auxiliary”
topology. Let {(Σn, hn)}n ∈ CM(γ̃−, γ̃+) and assume that all the Σσi are
stable, so that the sequences of the hj’s are those from the topology of

M̃([γ̃j, wj] , [γ̃j+1, wj+1] ; J) (such topology is the C∞loc one) and the sequences
of the Σσi are based on the “auxiliary” topology. Assume

lim
n→∞

((h1,n, . . . , hk,n), (Σσ1,n, . . . ,ΣσI ,n)) = ((h1, . . . , hk), (Σσ1 , . . . ,ΣσI )).

We have to make those sequences compatibles with the maps hσi .

Definition 3.25. We say limn→∞(Σn, hn) = (Σ, h) if the following holds

(1) For each µ > 0, the restriction of hσi,n to Σσi,n \Wx,n(µ) converges to
hσi in C∞ topology for all σi.

(2) limµ→0 lim supn→∞ Diam (hσi,n (Wx,n(µ))) = 0 for any singular point
x.

Here
Wx,n(µ) = (Dxv,n(µ) \ Uxv,n) ∪ (Dxw,n(µ) \ Uwv,n)
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and Uxj,n are the open sets removed on the gluing process for the “auxiliary”
topology.

Now we consider the general case.

Definition 3.26. We say

lim
n→∞

((h1,n, . . . , hk,n), (σ1,n, . . . , σI,n), on) = ((h1, . . . , hk), (σ1, . . . , σI), o)

if there exist ηi, ((Σσi,n, zσi,n) , hσi,n)+, ((Σσi , zσi), hσi)
+ ∈ CMg,1+ηi(M,J, βi)0

for each i ∈ I such that

(1) Let forgetηi be the map that forgets the last ηi marked points, then

forgetηi
(
((Σσi,n, zσi,n) , hσi,n)+) = ((Σσi,n, zσi,n) , hσi,n) ,

forgetηi
(
((Σσi , zσi), hσi)

+
)

= ((Σσi , zσi), hσi).

(2) (Σσi,n, zσi,n) and (Σσi , zσi) are stable.

(3) limn→∞((h1,n, . . . , hk,n), (σ+
1,n, . . . , σ

+
I,n), on) = ((h1, . . . , hk), (σ

+
1 , . . . ,

σ+
I ), o).

Here CMg,1+ηi(M,J, βi)0 is the set of all elements of CMg,1+ηi(M,J, βi)
which remain stable maps after forgetting the last ηi marked points.

This defines a topology on CM([γ̃−, w−] , [γ̃+, w+] ; J) (see Problem 11D
[W]).

Theorem 3.27. CM([γ̃−, w−] , [γ̃+, w+] ; J) is Hausdorff and compact.

Proof. Exactly the same proof of Lemma 10.4 and Theorem 11.1 from [FuO],
which are based on Gromov compactness (see Appendix C). �

Now we deal with the transversality problem, i.e. we perform the construc-
tion of a compatible Kuranishi structure with corners on CM(γ̃−, γ̃+). By
compatible we mean the following: Consider the map

(3.10) Glueγ̃ :
B−1∏
b=1

CM(γ̃b, γ̃b+1)→ CM(γ̃1, γ̃B)

such that

(((h1
1, . . . , h

1
k1

), (σ1
1, . . . , σ

1
I1

), o1), . . . , ((hB−1
1 , . . . , hB−1

kB−1
), (σB−1

1 , . . . , σB−1
IB−1

), oB−1))
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goes to

((h1
1, . . . , h

1
k1
, . . . , hB−1

1 , . . . , hB−1
kB−1

), (σ1
1, . . . , σ

1
I1
, . . . , σB−1

1 , . . . , σB−1
IB−1

), o1×· · ·×oB−1).

Remark 3.28. It may appear that there is no gluing involved, but it is implicit
in the definition of the compactifications.

Remark 3.29. Note that we can identify the stratum CMk(γ̃
−, γ̃+) with the

image of Glueγ̃ when its domain is a product of k − 1 factors.

So not only do we have to define a Kuranishi structure with corners on
CM(γ̃−, γ̃+), but a Kuranishi structure compatible with Glueγ̃, i.e. com-
patible with the embedings of the smaller moduli spaces. This situation is
similar to the classical Floer’s gluing argument where he used the map #. In
Floer’s paper he found that in the case that all moduli spaces are transversal,
obstructions bundles Eσ are trivial, a neighnorhood of the image of Glueγ̃
(#) is also transversal and diffeomorphic to

∏B−1
b=1 CM(γ̃b, γ̃b+1) × [0, ε)B−2

(Proposition 2d.1. from [Fl]). The proof is based on an iterative procedure
known as Picard’s method and was first applied to partial differential equa-
tions by Clifford Taubes, in consequence this gluing process is also called
Taubes’ gluing argument. In the general case we will prove a similar state-
ment, and that is the reason why we have to use the definition of Kuranishi
structure with corners instead of just Kuranishi structure. We will solve this
problem by defining a product Kuranishi structure with corners on the prod-
uct (see Remark 2.22) and gluing them following Floer’s argument with the
map #.
The main theorems of this section are the following:

Theorem 3.30. CM(γ̃−, γ̃+) has a µ (γ̃+)−µ (γ̃−)−1-dimensional oriented
Kuranishi structure with corners. For B > 3, we have

CM(γ̃−, γ̃+)(B−2) =
⋃

ImGlue(γ̃−,...,γ̃B−1,γ̃+),

where the union in the right-hand side is taken over all γ̃i such that

A{φt}
(
γ̃−
)
< A{φt} (γ̃2) < · · · < A{φt} (γ̃B−1) < A{φt}

(
γ̃+
)
.

Theorem 3.31. A neighborhood of ImGlueγ̃ together with an oriented Ku-

ranishi structure is diffeomorphic to ±
∏B−1

b=1 CM (γ̃b, γ̃b+1)× [0, ε)B−2. Here
± depends only on µ (γ̃b+1)− µ (γ̃b), for b = 1, . . . , B − 1.
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The proofs of these theorems are done simultaneously and by induction, but
before we briefly describe the process of how to construct the Kuranishi struc-
ture. This is a very long process heavily based in Fredholm theory, but it
is essentially the same theory that has been used for the transversality in
the monotone and weakly-monotone cases. We don’t present all the details
(which can be found in [FuO] and the analytical background in [MS2]). For
further results of this theory, even for Lagrangian intersection Floer homol-
ogy, see [FOOO].
The goal is Theorem 12.9 from [FuO] (all the objects that appear in the
statement will be defined below):

Theorem 3.32. There is an Aut(σ)-equivariant map sσ : V +
σ → Eσ which

is 0 at origin and a continuous mapψ+
σ : s−1

σ (0)→ CMg,m(M,J, β). The re-
striction of ψ+

σ to V ′σ ∩ s−1
σ (0)/Aut(σ) gives a homeomorphism onto a neigh-

borhood of σ.

This process is again done by induction on the stratification. Let σ =
(Σσ, hσ) ∈ CMk(γ̃

−, γ̃+) and consider the linearization of the Cauchy’s op-
erator ∂̄Σσ (the one involved in the pseudoholomorphic curve equation)

(3.11) Dhσ ∂̄Σσ : Lp1 (Σσ;h∗σTM)→ Lp
(
Σσ;h∗σTM ⊗ Λ0,1 (Σσ)

)
.

Remark 3.33. By choosing the pseudoholomorphic operator we consider both
cases of cylinders and spheres, simultaneously. Recall that in this case the
operator acts on the product as we discussed before. We can perform sepa-
rated processes using the linearized Floer’s operator and linearized Cauchy’s
operator, but it is convenient to do it simultaneously.

Choose a subspace Eσ of Lp (Σσ;h∗σTM ⊗ Λ0,1 (Σσ)) with the following prop-
erties

• The sum of the image of (12.1) and Eσ is Lp (Σσ;h∗σTM ⊗ Λ0,1 (Σσ)).

• Eσ is complex linear and Aut(σ)-invariant.

• There exists a compact set Kobstru (σ) away from the singular point
such that the support of each element of Eσ is in Kobstru (σ). We
assume also that Kobstru (σ) is Aut(σ)-invariant.

• Eσ is finite dimensional and consists of smooth sections.
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Note that we are looking for a space similar to the cokernel of the operator
(could be larger) and this is done by existence theorems of partial differen-
tial equations. This subspace will be the obstruction bundle of the Kuranishi
structure, and the fact that in general it can not be considered trivial moti-
vated Fukaya and Ono to introduce the notion of Kuranishi structure.
Consider the operator

(3.12) ΠEσ ◦
(
Dhσ ∂̄Σσ

)
: Lp1 (Σσ;h∗σTM)→ Lp (Σσ;h∗σTM ⊗ Λ0,1 (Σσ))

Eσ

and let Vmap,σ its kernel. Define

V +
σ = Vdeform, σ × Vresolve, σ × Vmap,σ

V ′σ = Vdeform ,σ × Vresolve ,σ × V ′map,σ

where Vresolve ,σ parametrizes the elements of an open set in the “auxiliary”
topology, Vdeform ,σ parametrizes the deformation process of the metrics and
V ′map,σ is the ortoghonal complement in Vmap,σ of the Lie algebra of the auto-
morphism group of (Σσ, hσ). Those will be the orbifolds behind the Kuranishi
structure.

Remark 3.34. By means of the map Glue and the Floer’s gluing process this
orbifolds will be naturally orbifolds with corners, so that we effectively obtain
a Kuranishi structure with corners.

Now, given a point in V +
σ we want to construct an approximate solution of

the Floer’s equation and deform it to an actual solution. The construction
of the approximate solutions is the same as in [MS2]. To deform the approx-
imate solutions into exact ones we have to obtain a right inverse Qζ,u of the
operator Dhapprox,ζ,u ∂̄Σσ defined as (3.11) for (ζ, u) ∈ Vdeform, σ × Vresolve, σ and
happrox being an approximate solution, therefore Newton’s method allows us
to construct exact solutions satisfying conditions of Proposition 12.23 from
[FuO]:

Proposition 3.35. Replacing V +
σ by smaller one if necessary, there exist

a continuous map sσ : V +
σ → Eσ, and a continuous family of smooth maps

hζ,u : Σζ →M such that

(1) ∂̄Σihζ,u = sσ(ζ, u) holds for every ζ.

(2) sσ : Vσ → Eσ is Aut(σ)-equivariant.
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(3) The map (ζ, u) 7→ hζ,u is Aut(σ) equivariant in the following sense.
There is a biholomorphic map ϕγ : Σζ → Σγζ, for each γ ∈ Aut(σ),
such that hγ(ζ,u) ◦ ϕγ = hζ,u.

(4) sσ(0) = 0.

Note that this proposition already implies that the space s−1(0)/Aut(σ) is
mapped to CM([γ̃−, w−] , [γ̃+, w+] ; J), because the condition sσ(ζ, u) = 0
implies that hζ,u is pseudoholomorphic by Proposition 3.35 (1). We denote
that map ψ+

σ and ψ′σ its restriction to V ′σ. We have to prove that ψ′σ is
homeomorphic onto a neighborhood of CM([γ̃−, w−] , [γ̃+, w+] ; J).
Injectivity (Lemma 12.24 of [FuO]) is proved by constructing an action (not
a good action because is not associative)

act : LieAut (Σσ, zσ)0 × V
′

deform,σ × V ′resolve,σ → Vdeform, σ × Vresolve,σ

such that if (ζ, u), (ζ ′, u′) ∈ V ′σ produces equivalent stable connecting orbits
(Σζ , hζ,u) and (Σζ′ , hζ′,u′), then we can relate (ζ, u), (ζ ′, u′) by acting with
act(γ0), i.e. (ζ, u) = act(γ0)(ζ ′, u′). Therefore, using exponential map we
find out that (ζ, u), (ζ ′, u′) are actually related by an element of Aut(σ),
hence ψ′σ is injective.
Surjectivity (Proposition 12.25 of [FuO]) is proved by contradiction. We
suppose that there is a sequence {(Σn, hn)}n ⊆ CM([γ̃−, w−] , [γ̃+, w+] ; J)
which converges to (Σ, h) ∈M([γ̃−, w−] , [γ̃+, w+] ; J) such that (Σ, h) is not
equivalent to any of the elements in Imψ′σ. Thus, we can construct a one-
parameter family of exact solutions h′n(s, ·) : Σζn → M for s ∈ [0, 1] and for
sufficiently large n such that

h′n(0, p) = hn(p), h′i(1, p) = hζi,ui(p)(3.13) ∣∣∣∣∂h′n∂s
∣∣∣∣→ 0 as n→∞,(3.14)

where hζi,ui is one of the exact solutions constructed in the first step. Thus,
we conclude that for sufficiently large n the whole family h′n(s, ·) are solutions
constructed as in the first step, so a contradiction.
This finishes the construction of the Kuranishi structure on each element of
the stratum, now we have to construct a Kuranishi structure with corners
on a neighborhood of the stratum.
We can assume that the stratum is compact, so that a neighborhood of it
is given by a finite union of Kuranishi neighborhoods with corners Ωi of el-
ements τi ∈ CMk(γ̃

−, γ̃+), therefore we construct the Kuranishi structure
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with corners, roughly speaking, by taking Eσ to be
⊕

j Eτj and repeat the
process above. The problem is that we have to identify each Eτj as a sub-
space of Lp (Σ;h∗TM ⊗ Λ0,1 (Σ)) for some (Σ, h) ∈ CMk(γ̃

−, γ̃+) in a way as
canonical as possible. To overcome this problem we modify equation ∂Σ = 0
with extra parameters (ϑ, ζ) which consider the way how we embbed Eτi in
Lp (Σ;h∗TM ⊗ Λ0,1 (Σ)), where ζ ∈ Vdeform,τi × Vresolve,τi and ϑ : Σ→ Στi,ζ is
a biholomorphic map “close” to h (for a precise definition see Section 15 of
[FuO]). The new equation is

(3.15) ∂̄Σh ≡ 0 mod
⊕
i

Emb(ζ,ϑ),τi (Eτi) .

Here arises a new problem, the fact that (ϑ, ζ) is not unique. This can be
solved using the action act because we can connect the different (ϑ, ζ)’s with
it. Again, this gives us a new parameter to incorporate in the equation.
However, this can not be done because the Eτi are not act-invariant so we
necessarily have to remove this new parameter. Fukaya and Ono solved this
problem by imposing a condition on how “close” could be the (ϑ, ζ)’s after
acting with act.

Remark 3.36. Coordinate change maps appear naturally from the construc-
tion since we can assume that if ρ ∈ Imψ′σ and if φ ∈ Ωτi then σ ∈ Ωτi . This
condition implies that Eρ ⊆ Eσ, hence if (Σ, h) solves the modified Floer’s
equation 3.15 for ρ, then it solves it for σ.

To glue the stratum we perform exactly the same process as above, i.e. we
take new elements τ ′i and define Eσ =

⊕
j Eτj ⊕

⊕
j Eτ ′j .

We come back to the proof of Theorems 3.30 and 3.31.

Proof. We make an induction onA{φt}(γ̃+, w+)−A{φt}(γ̃−, w−). Let δ′′ be the
minimum of δ from Lemma C.1 and δ′ from Lemma C.2. If A{φt}(γ̃+, w+)−
A{φt}(γ̃−, w−) ≤ δ′′, then either CM(γ̃−, γ̃+), is empty or γ̃− = γ̃+ and
CM(γ̃−, γ̃+) is one point. In both cases Theorems 3.30 and 3.31 hold.
Assume we have proved Theorems 3.30 and 3.31 for

A{φt}(γ̃+, w+)−A{φt}(γ̃−, w−) ≤ Kδ′′,

let us now prove them for

A{φt}(γ̃+, w+)−A{φt}(γ̃−, w−) ≤ (K + 1)δ′′.
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Let (Σ, h) ∈ CM(γ̃−, γ̃+), we are going to construct a Kuranishi neighbor-
hood with around it. If (Σ, h) is in the image of some Glueγ̃, we have already
chose E(Σ,h) such that Equation 3.12 is surjective, so we have already a Ku-
ranishi neighborhood with corners. We have to prove that it is well-defined,
i.e. if E(Σ,h) is in the image of two different Glueγ̃ (Glue defined in different
strata), then it is independent of Glue. Indeed, if

(Σ, h) = Glueαx = Glueβy

for some x, y, α, β then, by induction hypothesis, there exist some z, γ, δ such
that

x = Glueγz, y = Glueδz,

therefore the E(Σ,h) induced by x is equal to the E(Σ,h) induced by y.
If (Σ, h) is not in the image of any Glueγ̃, we construct a Kuranishi neigh-
borhood following the process described before a make it compatible with
the existing ones through Floer’s gluing argument.
The dimension of the Kuranishi structure with corners is computed by cal-
culating the index of the operator Dh∂. By omitting some compatibility
conditions, this operator can be considered as the direct sum of the lin-
earized Floer operator Dhj∂{φt} and the linearized “Cauchy-Riemann” oper-

ator Dσj∂Σσj
for each element of a stable connecting orbit. Such indices are∑k

j (µ([γ̃j+1, wj+1])−µ([γ̃j, wj])− 1) and 2
∑k

j βjc1 + 2nN , respectively (here

N is the number of irreducible components of Σσj). In order to consider the
compatibility conditions omitted before, we have to use the combinatorial
structure of the elements of CM but we haven’t consider those details in
this document. Therefore, we just put the result of the index [FuO]:

µ([γ̃k+1, wk+1])− µ([γ̃1, w1]) + 2
I∑
j=1

βjc1 − 1.

Condition (2) from Definition 3.24 and properties of Conley-Zehnder index
imply that

indDh∂ = µ([γ̃+, w+])− µ([γ̃−, w−])− 1.

�

Finally, we prove that the Kuranishi structure constructed above is stably
orientable, which is the same as orientable by Lemma 2.37.
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First of all, we construct a tangent bundle. Let σ1, σ2 ∈ CM(γ̃−, γ̃+) satisfy-
ing the condition from Remark 3.36 (σ2 being ρ and σ1 being σ). Remember
that the Kuranishi neighborhood with corners Uσi = Vσi/Γσi of σi is the set
of (ζ, h) such that

∂̄ζh ≡ 0 mod Eσi ,

where Eσi =
⊕

Eτi , quotiened by Aut(σi). For (ζ, h) ∈ Vσi , we have by
construction that

ΠEσi
◦
(
Dhσi

∂̄Σζ

)
: Lp1

(
Σζ ;h

∗
σi
TM

)
→

Lp
(
Σζ ;h

∗
σi
TM ⊗ Λ0,1 (Σζ)

)
Eσi

is surjective and, remembering the definition of Vσi , we obtain

T(ζ,h)Vσi =
ker
(
ΠEσi

◦
(
Dhσi

∂̄Σζ

))
Lie (Aut (Σσi))

⊕ T(ζ,h) (Vσi, deform × Vσi, resolve ) .

Thus, the restriction of ΠEσ2
◦
(
Dhσ2

∂̄Σζ

)
to ker ΠEσ1

◦
(
Dhσ1

∂̄Σζ

)
induces a

surjective map

(3.16) ker ΠEσ1
◦
(
Dhσ1

∂̄Σζ

)
→ Eσ1/Eσ2 ,

and the kernel of such restriction is ker ΠEσ2
◦
(
Dhσ2

∂̄Σζ

)
. Therefore, we

obtain the required isomorphism

Φσ1σ2 :
T(ζ,h)Vσ1
T(ζ,h)Vσ2

→ Eσ1
Eσ2

.

Commutativity of Diagram 2.25 follows from construction.
The argument to prove that the Kuranishi structure is stably orientable is
the same as in Floer’s paper [Fl]. We deal with determinant bundles of index
bundles of a family of Fredholm operators defined on the glued cylinder of
two connecting orbits. Specifically, we want to prove that the index bundle
system induced by the elements of the Banach manifold B([γ̃−, w−], [γ̃+, w+])
is in the image ofKSO. For this reason, it is necessary to build two families of
Fredholm operators on half cylinders (manifolds with conformal structure),
then prove that the determinant bundle of its index bundle is trivial, and
finally induce an orientation on the desired index bundle system. This is
the spirit of the classical Floer’s proof, but we have to consider in addition
the compatibility with the map Glue. This problem is solved using index
sum formula for a family of elliptic differential operators defined on a glued
manifold (see [Fu]). A detail proof can be found in [FuO] or [FOOO].
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5. Floer-Novikov Cohomology. In this section we finally define de bound-
ary operator δ, define the Floer-Novikov cohomology and prove it is isomor-
phic to the Novikov cohomology for a C1-small Morse 1-form.
From last Chapter, for each [γ̃−, w−], [γ̃+, w+] such that

µ([γ̃+, w+])− µ([γ̃−, w−]) = 1

we have a 0-dimensional Kuranishi structure with corners. But we cannot yet
apply Theorem 2.54 because CM([γ̃−, w−] , [γ̃+, w+] ; J) has a boundary with
(−1)-dimensional Kuranishi structure with corners (according to Remark
2.24), although we can take multisections such that them vanishes only in the
interior of CM([γ̃−, w−] , [γ̃+, w+] ; J) and so obtain the desired fundamental
cycle in order to define δ.

Remark 3.37. The fundamental cycle does depend on the choice of multisec-
tions, so does the boundary operator, but the homotopy equivalence class
will be independent of it.

We have to be careful in the construction of good coordinate systems and
multisections on CM([γ̃−, w−] , [γ̃+, w+] ; J) because we have to make them
compatible with map Glue, so we have to take into account Remarks 2.52
and 2.55.
Both constructions are again by induction on A{φt}(γ̃+, w+)−A{φt}(γ̃−, w−).
First of all, we construct the good coordinate system. By induction hypoth-
esis we have a product of good coordinate systems on the domain of Glue,
so we extend it to its neighborhood using Theorem 3.31. Then extend it to
CM([γ̃−, w−] , [γ̃+, w+] ; J) in any way. This completes the construction of a
compatible good coordinate system.
The proof for multisections is basically the same. By induction hypothesis
we have product multisections on domains of Glue, so using Theorem 3.31 we
extend it to a neighborhood so that it is transversal to 0. Therefore, extend
it to CM([γ̃−, w−] , [γ̃+, w+] ; J) using Remark 2.24.

Remark 3.38. Remember that G(ω,η) acts naturally on the Floer-Novikov
cochain complex, so it acts homemorphically on CM([γ̃−, w−] , [γ̃+, w+] ; J).
From the construction of Kuranishi structure with corners, good coordinate
system and multisection, we can see they are compatible with this action.

Now we have multisections on CM([γ̃−, w−] , [γ̃+, w+] ; J), which has a 0-
dimensional Kuranishi structure with corners. We consider a stratum of
CM([γ̃−, w−] , [γ̃+, w+] ; J) which corresponds to an image of Glue, so it
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is isomorphic to the product of moduli spaces CM([γ̃j, wj] , [γ̃j+1, wj+1] ; J)
and its Kuranishi structure with corners is of negative dimension. There-
fore, there exists a factor which admits a Kuranishi structure with corners
of negative dimension. Since we constructed the multisections so that they
are transversal, multisections never vanish on that factor. Thus, multisec-
tions sp,n do not vanish on a neighborhood of those strata. Besides, implies
that s−1

n (0)set is not in CM([γ̃−, w−] , [γ̃+, w+] ; J)\M([γ̃−, w−] , [γ̃+, w+] ; J).
Therefore, s−1

n (0)set ⊆ M([γ̃−, w−] , [γ̃+, w+] ; J) is a 0-dimensional compact
space, hence a finite set. We define its multiplicity as in Definition 2.60 (just
one number because it is finite).
We have obtained a rational number, which we denote [CM(γ̃−, γ̃+)] for
simplicity or [(CM([γ̃−, w−] , [γ̃+, w+] ; J), sn)] if confusion can occur.

Definition 3.39. The boundary operator

δ : CFNk({φt}, J)→ CFNk+1({φt}, J)

is defined as follows

(3.17) δ([γ̃, w]) =
∑

[γ̃+,w+];µ([γ̃+,w+])=µ([γ̃,w])+1

[CM(γ̃, γ̃+)]
[
γ̃+, w+

]
.

Lemma 3.40. δ ◦ δ = 0.

Proof. Let [γ̃−, w−], [γ̃+, w+] such that µ([γ̃+, w+]) − µ([γ̃−, w−]) = 2. It is
enough to prove that

(3.18)
∑

[γ̃+,w+];µ([γ̃+,w+])=µ([γ̃,w])+1

[CM(γ̃−, γ̃)][CM(γ̃, γ̃+)] = 0.

In this case CM(γ̃−, γ̃+) has an oriented 1-dimensional Kuranishi structure
with corners and we are going to use the multisections sp,n on it to prove
equation 3.18.
We can construct a chain s−1(0) for CM(γ̃−, γ̃+) in the same way we did
it when it has dimension 0, we only have to take into account that strata
coming from CM(γ̃−, γ̃) × CM(γ̃, γ̃+) not necessarily will have negative
dimension so that sp,n could vanish there. Also remember that both fac-
tors in CM(γ̃−, γ̃) × CM(γ̃, γ̃+) have 0-dimensional Kuranishi structure
with corners. Because of the compatibility of multisections on products
(see Remark 2.55) and the definition of multiplicity 2.60 we find that the
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multiplicity of the zero set of sn on CM(γ̃−, γ̃) × CM(γ̃, γ̃+) is equal to
[CM(γ̃−, γ̃)][CM(γ̃, γ̃+)].
If we compute ∂s−1(0) as in Lemma 2.63 we obtain that it is equal to left-
hand side of equation 3.18, so the lemma follows. �

Finally, we have completed the construction of the Floer-Novikov cochain
complex (CFN∗({φt}, J), δ), thus we define the Floer-Novikov cohomology
HFN∗({φt}, J) as the cohomology of this cochain complex.
Of course HFN∗({φt}, J) could depend of the choices of the complex struc-
ture J , the flux of the symplectic isotopy {φt}, the Kuranishi structure on
CM(γ̃−, γ̃+) and the multisections on it. But it can be proven that it does
not depend on any of those choices. The proof is done by repeating all the
process of the construction of the cochain complex, but for homotopies be-
tween the choices made. We do not perform such a process here, you can see
Theorem 4.3 in [LêO] and Theorem 20.5 in [FuO]. However, we state that
fact as a Theorem for completeness.

Theorem 3.41. HFN∗({φt}, J,Ξ) (here Ξ represents the choices related to
Kuranishi structure) is independent of the choices of {φt}, J and Ξ, i.e. if
{φt} and {ψt} are symplictic isotopies with the same flux, J1, J2 are com-
patible almost complex structures and Ξ1,Ξ2 are different choices in the con-
struction of Kuranishi structure with corners, then

HFN∗({φt}, J1,Ξ1) ∼= HFN∗({ψt}, J2,Ξ2).

6. A proof of homological Arnold’s conjecture. Once we have Theorem
3.41, we can choose our favourite representative of {φt}’s flux and compute
Floer-Novikov cohomology. Hence we are going to take η as a C1-small Morse
1-form (see Appendix D). A C1-small Morse 1-form is the analogous for
Floer-Novikov cohmology of a C2-small Morse function in Floer cohomology.
Indeed, requiring η to be a C1-small Morse 1-form is the same as requiring f
to be a C2-small Morse-Smale function, where df = π∗η. So proving Theorem
3.42 is like proving “Arnold’s conjecture” in this context. For this reason, we
do not make a different proof for traditional Arnold’s conjecture. In this case
we will obtain an isomorphism with HN∗+n([η],Q) tensored with the correct
Novikov ring.

Theorem 3.42. If the flux [η] of the symplectic isotopy is suffciently small
(represented by a C1-small Morse 1-form), we have

HFN∗ ({φt} , J) ∼= HN∗+n([η],Q)⊗Λ̄η Λ(ω,η).
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Proof. The first part of the proof is the same as Floer did for monotone
manifolds [Fl]. We compare both cochain complexes. For x̃ ∈ Crit(f), we
define γ̃x̃ ≡ x̃. Note that it is a nondegenerate solution of equation 3.2
since f is Morse, thus we attach it a trivial disc wx̃(p) ≡ x and obtain

[γ̃x̃, wx̃] ∈ P̃({φt}). The fact that f is C2-small implies that this type of

periodic solutions are the only ones (see [AD]), i.e. Crit(f) = P̃({φt}).
By Appendix C, µ([γ̃x̃, wx̃]) = η(x̃) − n, so there should be a shift on the
complex’s indices.
In the same way, for ` ∈M(x̃−, x̃+) (moduli space of bounded gradient flow
lines connecting x̃− and x̃+) we define an element ofM(γ̃x̃− , γ̃x̃+), h`(τ, t) ≡
`(τ). The shift in t-variable induces an S1-action on CM(γ̃x̃− , γ̃x̃+), we denote

by CM(γ̃x̃− , γ̃x̃+)S
1

the set of fixed points of the action. One can prove that

M(γ̃x̃− , γ̃x̃+)S
1

= M(x̃−, x̃+) (see [AD]). Therefore, the cochain complexes
are equal, except for a shift by n on the gradings and because they don’t
have the same coefficients. We tensor the Novikov cochain complex with
Λ(ω,η) over the ring Λ̄η in order to adjust the coefficients. To end the prove,
we have to see that the corresponding boundary operators are the same, i. e.
the only thing left to prove is that the numbers [CM(γ̃x̃− , γ̃x̃+)] and 〈x̃−, x̃+〉
coincide.
The problem is that there may exist stable connecting orbits that are not S1-
invariant. But we can construct multisections, which exclude contributions
from non-S1-invariant stable connecting orbits to the number [CM(γ̃x̃− , γ̃x̃+)].
This statement is the content of Theorem 3.43, whose proof we leave for the
end of the section. Then, assuming Theorem 3.43, the proof is complete. �

Theorem 3.43. We can choose system of multisections sp,n transversal to 0
and satisfying other properties we assumed in last section such that

(1) If µ(γ̃2) = µ(γ̃1) + 1, then s−1
n (0)set = CM(γ̃1, γ̃2)S

1
.

(2) If σ ∈ CM(γ̃x̃− , γ̃x̃+)S
1

then the obstruction bundle Eσ is trivial.

(3) The orientation is preserved by the diffeomorphism CM(γ̃x̃− , γ̃x̃+)S
1

=
M(x̃−, x̃+).

Proof. To proof conditions (2) and (3) we need a description of Morse co-
homology similar to the made in section 3 of Chapter 3, since we want to
compare the Fredholm operators and the orientations. We do not describe
such construction, so we assume (2) and (3) to be true (see [FuO] and [LêO]).
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Note that it is not enough to prove (1) for Kuranishi structures with cor-
ners with dimension 1 or 0, because we have to guarantee the compatibility
conditions constructed in the previous sections. Therefore, we have to prove
it by induction on A(γ̃2) − A(γ̃1). Note that condition (2) is true for any

dimension, so CM(γ̃1, γ̃2)S
1

is isolated in CM(γ̃1, γ̃2). Condition (2) also
allows us to choose a Kuranishi structure with corners such that Eσ is 0,
hence automatically S1-invariant. Construction of good coordinate systems
is the same, and we only have to modify the multisections such that they can
not vanish in the non-S1-invariant part of CM(γ̃1, γ̃2). Since CM(γ̃1, γ̃2)S

1

is isolated and the action of S1 on CM(γ̃1, γ̃2) \CM(γ̃1, γ̃2)S
1

is locally free,
we can define a negative dimensional Kuranishi structure with corners on

CM(γ̃1, γ̃2) \ CM(γ̃1, γ̃2)S
1

S1
.

Thus, by constructing the multisections transversal to 0 we find that they
can not be zero there, just as before. Thus, we lift those multisections to
CM(γ̃1, γ̃2) \ CM(γ̃1, γ̃2)S

1
and obtain that s−1

n (0)set = CM(γ̃1, γ̃2)S
1
. �
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4. The Flux Homomorphism

1. The Flux Homomorphism. In this chapter we introduce the flux ho-
momorphism for a closed symplectic manifold (M,ω), we review some of its
properties and we establish the flux conjecture.

Before defining the Flux homomorphism we describe the space S̃ymp0(M,ω),
the universal cover of the identity component Symp0(M,ω). A point in this
space, as usual, is a homotopy class of smooth paths {ψt} ∈ Symp0(M,ω)
with fixed points ψ0 = id and ψ1 = ψ, and we denote its homotopy class by

[{ψt}]. The group structure on S̃ymp0(M,ω) is given by juxtaposition. Now
we are in conditions to define the Flux homomorphism.

Definition 4.1. The Flux homomorphism F̃lux : S̃ymp0 → H1(M ;R) is
defined by

(4.1) F̃lux([{ψt}]) =

∫ 1

0

[Φ(Xt)] dt ∈ H1(M ;R),

where the family of vector fields {Xt} and 1-forms {Φ(Xt)} are defined by
equations 1.1 and 1.2.

Remark 4.2. We have to verify that it is well defined, i.e. that it only depends
on the homotopy class of {ψt}, such a proof is in lemma 10.2.1 of [MS1].

The kernel of S̃ymp0(M,ω)→ Symp0(M,ω) is identified with π1(Symp0(M,ω))
because the only paths that end where they begin are the loops. We define

Γω := F̃lux(π1(Symp0(M,ω))) ⊆ H1(M ;R) and call it the flux group of
(M,ω). Therefore, we have the following diagram

π1(Symp0(M,ω)) Γω

S̃ymp0(M,ω) H1(M ;R)

Symp0(M,ω) H1(M ;R)/Γω

F̃lux

F̃lux

Diagram 6.
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with exact columns, so F̃lux descends to a homomorphism

Flux : Symp0(M,ω)→ H1(M ;R)/Γω.

Remark 4.3. Note that F̃lux is surjective, since we can define an inverse
for α ∈ H1(M ;R) using the time-independent flow of the time-independent
vector field Φ−1(α).

At this moment, we are interested in identifying the kernels of the rows from

the previous diagram. Note that if {ψt} is Hamiltonian, F̃lux({ψt}) will be
zero since it will be an exact form. Thus, this lead us to guess that the kernel

of the flux homomorphism is H̃am(M,ω) (the universal cover of Ham(M,ω))
and so it is. Banyaga [B] was the first in proving it, actually he proved that
symplectic isotopies with vanishing flux can be deformed to Hamiltonian
ones.

Theorem 4.4. Ham(M,ω) = Ker Flux.

Proof. We are going to prove that any element in Ker Flux is isotopic to
a Hamiltonian isotopy. Let {ψt} ∈ Ker Flux with ψ0 = id and ψ1 = ψ,
and consider its associated vector fields {Xt}. We want to make all the 1-

forms Φ(Xt) exact instead of just
∫ 1

0
Φ(Xt)dt, which is equivalent to make

the integral
∫ T

0
Φ(Xt)dt exact for each T ∈ [0, 1]. So we first modify {ψt}

by a Hamiltonian isotopy such that
∫ 1

0
Φ(Xt)dt ≡ 0 and not just exact.

Since
∫ 1

0
Φ(Xt)dt is an exact 1-form, there exist a function f : M → R such

that
∫ 1

0
Φ(Xt)dt = df . Let {φt,f} the Hamiltonian flow of f and we define

ψ′t = {φt,f} ·{ψt}, since φt,f is Hamiltonian it is enough to prove the theorem
for {ψ′t}. By construction the isotopy {ψ′t} is generated by vector fields {X ′t}
such that

∫ 1

0
X ′tdt = 0. Therefore, we can assume that {ψt} is such that∫ 1

0

Xtdt = 0.

Now, let Yt be the following symplectic vector field

Yt := −
∫ t

0

Xτdτ,

and let {θst} be its generated flow, i.e.

∂sθ
s
t = Yt ◦ θst , θ0

t = id.
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Note that Y0 = Y1 = 0, hence θs0 = θs1 = id for all s. We claim that

φt := θ1
t · ψt

is the desired Hamiltonian isotopy. Lets compute F̃lux({φt}0≤t≤T ).

F̃lux({φt}0≤t≤T ) = F̃lux({θ1
t }0≤t≤T ) + F̃lux({ψt}0≤t≤T ), because it is a homomorphism

= F̃lux({θsT}0≤s≤1) +

∫ T

0

[Φ(Xt)]dt, by the homotopy invariance of F̃lux

= [Φ(YT )] +

∫ T

0

[Φ(Xt)]dt

= 0.

�

In the same way, we can prove that the kernel of the first row is π1(Ham(M,ω))
and the kernel of the third row is Ham(M,ω) (see proposition 10.2.13 of
[MS1]). To summarize we have the following diagram with exact columns
and rows:

π1(Ham(M,ω)) π1(Symp0(M,ω)) Γω

H̃am(M,ω) S̃ymp0(M,ω) H1(M ;R)

Ham(M,ω) Symp0(M,ω) H1(M ;R)/Γω.

F̃lux

F̃lux

Flux

Diagram 7.

Remark 4.5. From the previous diagram we deduce the isomorphism

Symp0(M,ω)/Ham(M,ω) ∼= H1(M ;R)/Γω,

which give us some clues of the geometric importance of the flux group Γω:
in some sense it is the key to decide whether a simplectomorphism is Hamil-
tonian or not.
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Now we are in position to state the flux conjecture:

Conjecture 4.6. Γω is always discrete in H1(M ;R).

Stated in this way it may seem like a question without further significance,
but the following proposition explains its geometric importance:

Proposition 4.7. The following are equivalent.

(1) Γω is discrete.

(2) Ham(M,ω) is a submanifold of Symp(M,ω).

(3) Ham(M,ω) is C∞-closed in Symp(M,ω).

(4) Ham(M,ω) is C1-closed in Symp(M,ω).

Proof. See Proposition 10.2.16 from [MS1]. �

Remark 4.8. Note that the previous proposition does not include the case of
Ham(M,ω) being closed in the C0 topology because it is a different problem,
which is known as the C0 flux conjecture and remains still open.

The flux conjecture has been attacked successfully in some particular cases
by various mathematicians, specifically in the following cases:

• Rational symplectic manifolds , i.e. [ω] ∈ H2(M ;Q) ⊆ H1(M ;R).

• Kähler manifolds, more generally, closed symplectic manifolds with
the Lefschetz property ∧ωn−1 : H1(M ;R) ∼= H2n−1(M ;R), where
2n = dimRM (proven by Banyaga [B]).

• The cohomology class [ω] ∈ H2(M ;R) is decomposable, i.e. there
exist cohomology classes ui, vi ∈ H1(M ;R) such that [ω] =

∑
ui ∧ vi

(proven by McDuff [M2]).

• Spherically rational symplectic manifolds, i.e. the evaluation of ω in
π2(M) take values in R (proven by Lalonde, McDuff y Polterovich
[LMP]).

• The minimal Chern number is either zero or is not less than 2n =
dimRM (proven by Lalonde, McDuff y Polterovich [LMP]).

• M has dimension 4 and π1(M) acts trivially on π2(M) (proven by
Lalonde, McDuff y Polterovich [LMP]).
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The problem in full generality was finally settle down by Ono [O] in 2006,
he made two different proofs, one of which we present in next Chapter as
an application of the Floer-Novikov cohomology constructed in the previous
Chapter. The second proof he gave is also based in Floer cohomology, but
using flat bundles as coefficients, which implies a different construction of
the cochain complex.
Finally, we close this chapter proving a lemma (lemma 2.2 in [O] or lemma
2.1 in [LêO]) that was used in the construction of Floer-Novikov cohomology
and will be used in Chapter 5, which is proven similarly to 4.4.

Lemma 4.9. Any symplectic isotopy {φt} can be deformed, to {φ′t}, through

symplectic isotopies keeping the end points fixed, so that [Φ(X ′t)] ≡ F̃lux ({φt}) ,
which is independent of t.

Proof. Let {Xt} be the family of vector fields asociated to {φt}, set θt =

Φ(Xt) and [θ] be the cohomology class of F̃lux({φt}). First of all, we prove
that we can choose {φt} such that θt has cohomology class [θ] and θ0 = θ1.
Define Y the symplectic vector field

Y =

∫ 1

0

Xtdt,

and let {ψt} the symplectic isotopy generated by Y . By construction F̃lux({ψ−t}·
{φt}) = 0, so by Theorem 4.4 there exist a Hamiltonian isotopy {αt} such
that α0 = id and α1 = ψ−1 · φ1. We can reparametrize t in order to make
{αt} constant around 0 and 1. Now, consider the path {φ̃t} = {ψt} · {αt}, so

we have φ̃′0 = id and φ̃1 = φ1. Denote by {Wt} the vector fields associated

to {αt} and {Zt} the vector fields associated to {φ̃t}, then

Φ(Zt) = Φ((ψt)∗Wt) + Φ(Y ) = θt

lies in the same cohomology class [θ] for all t.
On the other hand, since {αt} is Hamiltonian, there exist a family of smooth
functions Ht : M → R such that Φ(Wt) = dHt. The periodicity condition on
θt can be rewritten in terms of Ht as follows

dH0 + Φ(Y ) = ψ∗1(dH1) + Φ(Y ).

Since {αt} is constant around 0 and 1, dH0 = dH1 = 0, thus H0 and H1 are
constant functions. Therefore, θ0 = θ1. Besides, we have that H1 = H0 + a
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for some constant a. Let f : [0, 1] → R such that f(0) = 0, f(1) = −a and
f ′(0) = f ′(1) = 0, we put H ′t = Ht + f(t). Then the isotopy {φ′t} associated

to θ′t := θ + dH ′t satisfies that F̃lux({φ′t}) =
∫ 1

0
[θ′t]dt is independent of t. �
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5. Proof of the Flux Conjecture

The main application of the Floer-Novikov cohomology is the proof of the
flux conjecture as we mentioned in Chapter 4, we follow [O]. The proof
goes by contradiction. Assuming that Γω is not discrete (we will use an
equivalent condition) we can construct two symplectic isotopies with iso-
morphic Floer-Novikov cohmologies, thus using Theorem 3.42, Remark 3.15,
and Propositions 3.2 and 3.3, we obtain a contradiction on the ranks of the
cohomologies.

1. Lemmata. In this section we present the key lemmas for the flux con-
jecture proof. Actually, the proof works in a very general set-up and we will
only use the particularities of our problem in one precise condition. Specifi-
cally, we prove that symplectic isotopies with the same end points satisfying
Condition 5.1 have isomorphic Floer-Novikov cohomologies.

Let {φ(1)
t } and {φ(2)

t } be symplectic isptopies such that φ
(1)
0 = φ

(2)
0 = id

and φ
(1)
1 = φ

(2)
1 , and let {X(i)

t } for i = 1, 2 its generating vector fields as

in 1.2. By Lemma 4.9, we can assume that Φ
(
X

(i)
t

)
does not depend on

t ∈ [0, 1] for i = 1, 2. Denote by F the following transformation of LM , the
free loop space of M:

F : LM −→ LM

γt 7→ φ
(2)
t ◦

(
φ

(1)
t

)−1

(γt).
(5.1)

We assume the following:

Condition 5.1. F preserves the component of contractible loops, i.e. F(LM) =
LM .

Denote by η(i) = F̃lux
(
{φ(i)

t }
)

for i = 1, 2, thus we get that

η(2) = η(1) + F̃lux({Ft})

because F̃lux is a homomorphism of groups.

We want to compare the Floer-Novikov cohomology groups for {φ(1)
t } and

{φ(2)
t }, so we are going to use the fact that they both have the same time-

one map to do it. We will use a Floer cohomology theory developed for
symplectomorphisms ψ that are not necessarily isotopic to the identity (for
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more details see [DS]). Let ψ be a symplectomorphism such that all the fixed
points are nondegenerate. Consider the twisted loop space associated to ψ
and the action 1-form given by

Pψ = {σ : [0, 1]→M | ψ(σ(1)) = σ(0)}

and

αψ(ζ) =

∫ 1

0

ω(ζ, σ̇)dt, ζ ∈ TσP ,

respectively. If ψ is represented by the time-one map of a symplectic isotopy
{φt} with φ0 = id, we can describe the Floer cohomology for αψ in terms
of the Floer-Novikov cohomology for {φt}. As before we can make [Φ(Xt)]

constant and write [η] = F̃lux ({φt}). Define Ψ : Pψ → LM by Ψ(σ)(t) =
φt(σ(t)). We define the 1-form α{φt} on LM as in Chapter 3 and extend it
to a 1-form on LM by the same formula:

α{φt}(ξ) =

∫ 1

0

ω (ξ, γ̇ −Xt(γ)) dt, ξ ∈ TγLM.

Lemma 5.2. Ψ∗α{φt} = αψ.

Proof. Let γ = Ψ(σ) and ξ = DζΨ(σ), thus ξ(t) = dζ(t)φt ∈ Tγ(t)M and
γ̇(t) = dσ̇(t)φt +Xt(γ(t)). Therefore,

αψ(ζ) =

∫ 1

0

ω(ζ, σ̇)dt

=

∫ 1

0

ω(dζ(t)φt, dσ̇(t)φt)dt, because φt is symplectic

=

∫ 1

0

ω (ξ, γ̇ −Xt(γ)) dt

= α{φt}(ξ).

�

So we have the following result for {φ(1)
t } and {φ(2)

t }:
Lemma 5.3. F∗α{φ(2)t } = α{φ(1)t }

.

Proof. Define Ψi : Pψ → LM by Ψi(σ)(t) = φ
(i)
t (σ(t)) for i = 1, 2. Applying

Lemma 5.2 we get that αψ = Ψi∗α{φ(i)t }
for i = 1, 2. Note that F = Ψ2 ◦

(Ψ1)−1, so we get the desired equality. �
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Corollary 5.4. (Iω + Iη(2))(F({γτ}) = (Iω + Iη(1))({γτ}) for {γτ} ∈ LM.

Proof. Integrate both sides of the equality in Lemma 5.3 along the loop
{γτ}. �

Denote by L̃η(i)M the covering space constructed in Chapter 3 to define
the action functional A{φ(i)t } for i = 1, 2. Using Lemma 5.3 we obtain the

following:

Proposition 5.5. F : LM → LM is covered by an isomorphism F̃ :
L̃η(1)M → L̃η(2)M of covering spaces.

Proof. It is enough to prove that the homomorphism F∗ : π1(LM,γ0) →
π1(LM,F(γ0)) maps ker

(
Iω + Iη(1)

)
∩ ker Ic1 to ker

(
Iω + Iη(2)

)
∩ ker Ic1 .

Corollary 5.4 already implies that F maps ker
(
Iω + Iη(1)

)
to ker

(
Iω + Iη(2)

)
.

For ker Ic1 follows from the fact that F is a symplectomorphism for each t,
because the first Chern class is well-defined for symlplectic vector bundles,
i.e. c1 does not depend on the choice of compatible complex vector bundle
structure because the space of complex vector bundle structures compati-
ble with a given symplectic vector bundle structure is contractible [MS1].
Thus F∗ maps ker

(
Iω + Iη(1)

)
∩ ker Ic1 to ker

(
Iω + Iη(2)

)
∩ ker Ic1 . We can

perform the same process to F−1 = Ψ1 ◦ (Ψ2)−1 to prove that F−1
∗ maps

ker
(
Iω + Iη(2)

)
∩ ker Ic1 to ker

(
Iω + Iη(1)

)
∩ ker Ic1 .

In conclusion, F can be lifted to some isomorphism of covering spaces F̃ . �

Proposition 5.6. F induces an isomorphism from Λ(ω,η(1)) to Λ(ω,η(2)) which
respects their gradings.

Proof. In Proposition 5.5 we proved that F∗ maps ker
(
Iω + Iη(1)

)
∩ ker Ic1

to ker
(
Iω + Iη(2)

)
∩ker Ic1 isomorphically. Therefore we get an isomorphism

F∗ : G(ω,η(1)) → G(ω,η(2)),

where G(ω,η) denotes the group given in Definition 3.4. Hence we have an
isomophism between their group rings, and Corollary 5.4 implies that the
filtrations induced by Iω + Iη(1) and Iω + Iη(2) are compatible with F∗ so we
obtain an isomorphism

F∗ : Λ(ω,η(1)) → Λ(ω,η(2)).

Finally, in Proposition 5.5 we also showed that Ic1 [Φ∗ {γτ}] = Ic1 [{γτ}],
which implies that F∗ respects the gradings of Novikov rings. �
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Remembering the identification made for paths {γτ} from γ0 to γ, (τ, t) 7→
γτ (t), we can consider such a path as a cylinder which we denote Z{γτ}. Then
a path from F (γ0) to F(γ) is also a cylinder, which we denote by F∗Z{γτ}.
Denote by w0 : D2 → M the constant disc at p0, which is a bounding disc
for γ0 since F (γ0) is also contractible, we can find a disc w′0 : D2 → M
such that F (γ0) = w′0|∂D2 and w′0(O) = p0 (Remark 3.6). Then we define

F̃
(
γ, w0]Z{γτ}

)
=
(
F(γ), w′0]F∗Z{γτ}

)
, which descends to an isomorphism

between the covering spaces F̃ : L̃η(1)M → L̃η(2)M over LM. Note that

F̃ : L̃η(1)M → L̃η(2)M is equivariant under F∗ : G(ω,η(1)) → G(ω,η(2)) by our

construction. Namely,

F̃(g · (γ, w)) = F∗(g) · F̃(γ, w)

for (γ, w) ∈ L̃η(1)M and g ∈ G(ω,η(1)). By Lemma 5.3 we find that A{
φ
(2)
t

}◦F̃ ◦
A{

φ
(1)
t

} is constant, hence the completions in the definition of Floer-Novikov

cochain complexes are compatible. Thus we get an isomorphism

F̃] : CFN∗
({
φ

(1)
t

}
, J1
)
→ CFN∗+l

({
φ

(2)
t

}
, J2
)

as modules over F∗ : Λ(ω,η(1))
∼= Λ(ω,η(2)).

Remark 5.7. Here the shift on the gradings by l depends of the choice of w′0
(see Chapter 5 in [O]).

In order to compare the boundary operators, we arrange the families of com-
patible almost complex structures as follows:

(5.2) J2
t = (Ft)∗ ◦ J

1
t ◦
(
F−1
t

)
∗ : TM → TM.

In other words, this implies that F̃ is an isometry with respect to the induced

L2−metrics on L̃η(1)M and L̃η(2)M. The following lemma is shown in a similar
way to Lemma 5.3.

Lemma 5.8.

(1) There is a one-to-one correspondence between connecting orbits for{
φ

(1)
t

}
and those for

{
φ

(2)
t

}
. More precisely, if u(τ, t) is a connecting

orbit for
{
φ

(1)
t

}
, then (F∗u) (τ, t) = Ft(u(τ, t)) is a connecting orbit

for
{
φ

(2)
t

}
.
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(2) The Kuranishi structures on the moduli spaces CM ([γ̃−, w−] , [γ̃+, w+] ;{
φ

(1)
t

})
and CM

(
F̃ [γ̃−, w−] , F̃ [γ̃+, w+] ;

{
φ

(2)
t

})
are isomorphic.

Proof. By Lemma 5.3 we have

σ̇(t)−X(2)
t (σ(t)) = F∗

(
γ̇(t)−X(1)

t (γ(t))
)

where γ ∈ LM and σ = F(γ), then deformation of families of complex
structures given in 5.2 implies

J2
t

(
σ̇(t)−X(2)

t (σ(t))
)

= F∗J1
t

(
γ̇(t)−X(1)

t (γ(t))
)
.

Therefore, F∗ maps gradA{
φ
(1)
t

} to gradA{
φ
(2)
t

}.Write (F∗u) (τ, t) = Ft(u(τ, t)),

then F∗ induces an one-to-one correspondence between connecting orbits for{
φ

(1)
t

}
and

{
φ

(2)
t

}
, and so does with stable connecting orbits. Note also

that F∗ intertwines the Fredholm set-ups (previous calculation implies it for
Floer’s equation and so does for the linearized operator) and induces an iso-
morphism in the sense of Kuranishi structures between the corresponding
compactifications of moduli spaces of connecting orbits. �

In summary, we have the following theorem

Theorem 5.9. F̃∗ : CFN∗
({
φ

(1)
t

}
, J1
)
→ CFN∗+l

({
φ

(2)
t

}
, J2
)

is an iso-

morphism of cochain complexes over the ring Λ(ω,η(1))
∼= Λ(ω,η(2)). In partic-

ular, it induces an isomorphism

F̃∗ : HFN∗
({
φ

(1)
t

}
, J1
)
→ HFN∗+l

({
φ

(2)
t

}
, J2
)
.

2. The proof. Finally, we have all the tools to prove the flux conjecture.
Let U ⊆ H1(M ;R) be a sufficiently small neighborhood of the origin such
that each class in U is represented by a sufficiently C1-small Morse 1-form η.
Replacing U by U ∩ −U, we may assume that η ∈ U if and only if −η ∈ U.
In this section, we prove the following:

Theorem 5.10. Γω ∩ U = {0}.

Remark 5.11. This statement is equivalent to the flux conjecture because a
subgroup of a commutative topological group is discrete if and only if it has
an isolated point.
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Proof. The proof goes by contradiction. Suppose there exists [θ] ∈ Γω ∩ U
such that [θ] 6= 0, by how we chose U we can assume that the representa-
tive θ is a sufficiently C1-small Morse 1-form. Since θ ∈ Γω we choose a

symplectomorphism isotopy such that F̃lux ({φt}) = [θ]. The form −θ not
necessarily belongs to Γω, but we can associate it a symplectic isotopy using
the inverse of {φt} because φ−θt := (φt)

−1 is naturally associated to the flow
of the vector field Φ−1(−θ). Therfore, the concatenation of φt and φ−θt is a
symplectomorphism isotopy with vanishing flux, hence Theorem 4.4 allows
us to find a homotopy from this isotopy to a Hamiltonian isotopy {ψt}. Since

ψ0 = φ−θ0 = id and ψ1 = φ−θ1 = ψ we can conseder the map F with φ
(2)
t = ψt

and (φ
(1)
t )−1 = φt. Now we prove Condition 5.1 to this F .

Since −θ ∈ U , we can assume it is a sufficiently C1 -small Morse 1-form,
so that all 1-periodic orbits of φ−θt are constant loops at zeros of θ, and in
particular contractible. On the other hand, Arnold’s conjecture (Theorem
3.42) guarantees existence of contractible 1-periodic orbits of the Hamiltonian
isotopy {ψt}. Note that F gives a one-to-one correspondence between 1-
periodic orbits of φ−θt and those of ψt, hence F preserves the component
consisting of contractible loops.
Therefore, Theorem 5.9 give us an isomorphism

F̃∗ : HFN∗
({
φ−θt
}
, J1;Q

)
→ HF∗+l

(
{ψt} , J2;Q

)
as Λ(ω,−θ) ∼= Λω-modules, the reduction on the cohomology and the Novikov

ring is due to η(2) = 0 because ψt is Hamiltonian. In section 2 of Chapter
3 we saw that Λ−θ,Λ

0
ω and Λ0

(ω,−θ) with R = Q are fields, and that Λ0
(ω,−θ)

is an extension of Λ−θ. Thus F̃∗ restricts to a isomorphism of Λ0
(ω,−θ)

∼= Λ0
ω-

modules and we are going to compare their ranks. Let N be the minimal
Chern number of (M,ω) and set L = N if N 6= 0 and L =∞ if N = 0. Since
HFNp

({
φ−θt
}
, J1;Q

)
and HF∗+l ({ψt} , J2;Q) are periodic in p modulo 2L

(because of the Conley-Zehnder index), when L is finite, we find that

L∑
p=1−L

rankΛ0
(ω,−θ)

HFNp
({
φ−θt
}
, J1;Q

)
=

L∑
p=1−L

rankΛ0
ω

HFp
(
{ψt} , J2;Q

)
.

By Theorem 3.42 (for Floer’s cohomology)

L∑
p=1−L

rankΛ0
ω

HFp
(
{ψt} , J2;Q

)
=

2n∑
q=0

rankQ Hq(M ;Q).
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Again, by Theorem 3.42 (for Floer-Novikov cohomology)

L∑
p=1−L

rankΛ0
(ω,−θ)

HFNp
({
φ−θt
}
, J1;Q

)
=

2n∑
q=0

rankΛ̄−θ HNq(−θ;Q).

Applying Proposition 3.2 for ξ = −θ and ξ′ = dh, we obtain that

rankΛ̄−θ HNq(−θ;Q) ≤ rankQ Hq(M ;Q),

and we have a strict inequality for q = 0, 2n since θ is not exact by hypothesis.
From Proposition 3.3 we obtain

2n∑
q=0

rankΛ̄−θ HNq(−θ;Q) <
2n∑
q=0

rankQ Hq(M ;Q),

therefore

L∑
p=1−L

rankΛ0
(ω,−θ)

HFNp
({
φ−θt
}
, J1;Q

)
<

L∑
p=1−L

rankΛ0
ω

HFp
(
{ψt} , J2;Q

)
,

which is a contradiction. �
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Appendices
We include four appendices. Appendix A gives some equivalent definitions
of Novikov rings and review some of its properties, whose content is used
in Chapter 3 in the definitions of Novikov and Floer-Novikov cochain com-
plexes. Appendix B has the essential definitions and lemmas from Deligne-
Mumford’s theory which are used in Chapter 3 to describe the bubbles in-
cluded in the definition of stable connecting orbits. Appendix C has the
definition of the Conley-Zehnder index used as the grading of the Floer-
Novikov cochain complex, and three key lemmas for the proofs of the main
theorems of Section 4 of Chapter 3. Appendix D has the definition of C1-
small Morse 1-forms and some of its properties, which were used in the proof
of the Arnold conjecture (Theorem 3.42).

A. Novikov Rings

In this section we define Novivov rings and state some of its properties. For
more details see [F] or [HS].
Let Γ be a group with a weight homomorphism φ : Γ → R and let R be an
integral domain.

Definition A.1. Define the Novikov ring associated to Γ as the R-module
Λ = Λ(Γ, φ;R) of all functions Γ→ R : A 7→ λA such that the set

{A ∈ Γ : λA 6= 0, φ(A) < c}

is finite for all c ∈ R. The ring structure of Λ is given by the convolution
product

(λ ∗ θ)A =
∑
B∈Γ

λBθB−1A

and the unit element is defined as the delta function δ : Γ → R defined by
δe = 1 and δA = 0 for A 6= e where e is the identity of Γ.

Remark A.2. Another commonly used definition is as follows: The Novikov
ring Λ of Γ is defined as the completion of the group ring of Γ with respect
to the weight homomorphism φ, so

Λ =

{∑
i

aiλi

∣∣∣∣ai ∈ R, λi ∈ Γ, satisfying the following condition.

}
For each c ∈ R, the set {i : ai 6= 0, φ(λi) < c} is finite.
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Depending on R, Λ could be a PID (principal ideal domain) or even a field.
In order to see that is convenient to give another description of Λ, as gener-
alized Laurent series. Suppose φ is injective so that Λ is an integral domain.
Assume Γ is isomorphic to a free abelian group (it will be) with finitely many
generators {k1, . . . , km}, and also that

φ(k1, . . . , km) =
m∑
j=1

ωjkj = ω · k

wherete ωj are positive and rationally independent (liner independence over
Q). In this case we can identify Λ(Γ, φ;R) = Λ(ω;R) with the space of formal
power series

f(t) =
∑
k

akt
k

where t = (t1, . . . , tm), k = (k1, . . . , km), and tk = tk11 · · · tmkm. and the coef-
ficients satisfy that

{k : ak 6= 0, ω · l ≤ c}

is finite for each c ∈ R. We call such a power series f a generalized Laurent
series. Now we are in position to state the properties of Λ.

Theorem A.3. Assume that the numbers ωj > 0 are rationally indepen-
dent. Then f ∈ Λ(ω;R) is invertible if and only if the leading coefficient is
invertible in R. In particular, Λ(ω;R) is a field if and only if R is a field.

Theorem A.4. Assume that the numbers ωj > 0 are rationally independent.
Then f ∈ Λ(ω;R) is a PID if and only if R is a PID.
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B. Deligne-Mumford compactification

Details of this topic can be found in [Mu], [FuO] and [K].

Definition B.1. A semistable curve with m marked points is a pair (Σ, z)
of a space Σ = ∪πΣv (Σv) where Σv is a Riemann surface and πΣv : Σv → Σ is
a continuous map, and z = (z1, . . . , zm) are m points in Σ with the following
properties.

(1) For each p ∈ Σv there exists a neighborhood of it such that the
restriction of πΣv : Σv → Σ to this set is a homeomorphism to its
image.

(2) For each p ∈ Σ, we have
∑

v #π−1
Σv

(p) 6 2. Here and hereafter #
means the order of the set.

(3)
∑

v #π−1
Σv

(zi) = 1 for each zi.

(4) Σ is connected.

(5) zi 6= zj for i 6= j.

(6) The number of Riemann surfaces Σv is finite.

(7) The set
{
p |
∑

v #π−1
Σv

(p) = 2
}

is of finite order.

We say a point p ∈ Σv is singular if
∑

v #π−1
Σv

(πΣv(p)) = 2. We say that
p ∈ Σv is marked if πΣv(p) = zj for some j. We say that Σv is a component
of Σ.
A map ϑ : Σ→ Σ′ between two semistable curves is called as isomorphism
if it is homeomorphism and if it can be lifted to biholomorphic isomorphisms
ϑvw : Σv → Σ′w for each component Σv of Σ. If Σ,Σ′ have marked points
(z1, . . . , zm) , (z′1, . . . , z

′
m) then we require ϑ (zi) = z′i also. Let Aut(Σ, z) be

the group of all automorphisms of (Σ, z).

Definition B.2. A map h : Σ→M is said to be pseudoholomorphic id it
is continuous and if the composition h ◦πΣv : Σv →M is pseudoholomorphic
for each v.

Definition B.3. A pair ((Σ, z), h) of a semistable vurve with m-marked
points ans a pseudoholomorphic map h : Σ → M is said to be stable if for
each v one of the following conditions holds.
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(1) h ◦ πΣv : Σv →M is not a constant map.

(2) Let mv be number of points on Σv which are singular or marked.
Then mv + 2gv ≥ 3.

Remark B.4. (Σ, z) alone is said to be stable if it satisfies condition (2) from
Definition B.3.

The automorphism group of ((Σ, z), h) is defined as follows:

Aut(((Σ, z), h)) =

{
ϑ : Σ→ Σ

∣∣∣∣ ϑ is an automorphism
h ◦ ϑ = h

}
Lemma B.5. ((Σ, z), h) is stable if and only if Aut(((Σ, z), h)) is a finite
group.

Definition B.6. Let β ∈ H2(M ; Z). We consider the set of all stable maps
((Σ, z), h) such that (Σ, z) is of genus g with m marked points and h∗([Σ]) =
β. We divide it by the equivalence relation ∼ such that (Σ, z) ∼ (Σ, z′) if and
only if there exists an isomorphism ϑ : (Σ, z)→ (Σ, z′) satisfying h′ ◦ ϑ = h.
We let CMg,m(M,J, β) be the quotient. We call it the moduli space of stable
maps of genus g,m marked points and of homology class β. We also put, for
a positive number A,

CMg,m(M,J) =
⋃
β

CMg,m(M,J, β)

CMg,m(M,ω, J ;6 A) =
⋃

[β]∩ω6A

CMg,m(M,J, β).
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C. Analytical technicalities

Details of this topic can be found in [HS],[FuO] and [MS2].
First of all, we describe the construction of the Conley-Zehnder index.
The Conley-Zehnder index is defined for paths Ψ : [0, 1]→ Sp(2n) (symplec-
tic matrices) with Ψ(0) = Id and Ψ(1) ∈ Sp∗(2n), the matrices which does
not have 1 has an eigenvalue. We denote this space SP(n). Any Ψ ∈ SP(n)
has an unique extension (up to homotopy) Ψ : [0, 2] → Sp(2n) such that
Ψ(s) ∈ Sp∗(2n) for s ≥ 1 and Ψ(2) is one the matrices W+ = −Id and
W− = diag(2,−1, . . . ,−1,−1/2,−1, . . . ,−1). Let ρ : U(n) → S1 be a
continuous extension of the determinant, then ρ(W±) = ±1. Therefore,
ρ2 ◦Ψ : [0, 2]→ S1 is a loop and the Conley-Zehnder index of Ψ is defined
as the degree of such a loop, i.e.

µ(Ψ) = deg(ρ2 ◦Ψ).

The definition of this index in the context of Floer-Novikov cohomology
is as follows. Let [γ̃, w] ∈ P̃({φt}), we choose a symplectic trivialization
Φ(t) : R2n → Tγ̃(t)M of γ̃∗TM which extends over the disc w. By linearizing
equation 3.2 along γ̃ we obtain a path of symplectic matrices

Ψ(t) = Φ(t)−1dφt(γ̃(0))Φ(0) ∈ Sp(2n)

such that Ψ(0) = Id and Ψ(1) ∈ Sp∗(2n). Thus, we define the Conley-

Zehnder index of [γ̃, w] ∈ P̃({φt}) as

µ([γ̃, w]) = µ(Ψ).

This index satisfies the following properties:

• It is well-defined modulo 2N , where N is the minimal Chern number.

• Its is G(ω,η)-invariant.

• µ([γ̃, A#w])− µ([γ̃, w]) = −2c1(A) for A ∈ π2(M).

• dimM([γ̃−, w−] , [γ̃+, w+] ; J) = µ([γ̃+, w+])− µ([γ̃−, w−]).

• For a C1-small 1-form we have that µ([γ̃x̃, wx̃]) = η(x̃) − n, where η
is the Morse index.
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One can give an equivalent definition of the Conley-Zehnder index in terms
of spectral flows. The Floer’s operator can be written in the form

∂{φt} = ∂τ + A(τ),

where

A(τ) = Jt

(
∂

∂t
− S(τ, ·)

)
.

This is a family of unbounded self-adjoint operators on the Hilbert space
H = L2(S1,R2n), and one can prove that the limit operators

A± = lim
τ→±∞

A(τ)

are invertible. In this case the index of ∂{φt} is given by the spectral flow
µspec(A) of A, where, roughly speaking, the spectral flow is the number of
eigenvalues of A(τ) crossing zero from negative to positive as τ moves from
−∞ to +∞ [RS]. Therefore,

ind ∂{φt} = µspec(A) = µ([γ̃+, w+])− µ([γ̃−, w−]).

Now we state some technical lemmas.

Lemma C.1. For each (M,ω, J), there exists δ > 0 such that if h : Σ→M
is a nonconstant pseudoholomorphic map from a closed Riemann surface Σ
to M, then ∫

h∗ω > δ.

Lemma C.2. There is δ′ > 0 such that if [γ̃−, w−] 6= [γ̃+, w+] and if h ∈
M([γ̃−, w−], [γ̃+, w+]), then E{φt} > δ′.

Lemma C.3. For each C1 < C2 there exists only a finitely many γ̃−, γ̃+ ∈
P̃({φt}) such that C2 > AH (γ̃+) > AH (γ̃−) > C1 and thatM([γ̃−, w−], [γ̃+, w+])
is non-empty.
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D. C1-small Morse 1-forms

Details can be found in [O] and [AD].

Definition D.1. A Morse 1-form η is said to satisfy Condition (S), if the
following three conditions hold for η :

(1) All 1-periodic orbits of Xη are constant loops at zeros of η, where Xη

is the vector field defined by i (Xη)ω = η.

(2) The Conley-Zehnder index at each of those constant loops is the
Morse index minus n.

(3) There is a compatible almost complex structure such that all bounded
gradient flow lines of η are transversal as connecting orbits.

Remark D.2. Basically, the properties that satisfy the C2-small Morse-Smale
functions.

Of course we have the existence of those type of 1-forms.

Lemma D.3. There exists ε = ε(M,ω) > 0 such that if ||η||C1 < ε, the η
satisfies Condition (S).

Definition D.4. F̃lux({φt}) is called sufficiently small if it is represented by
a sufficiently C1-small Morse 1-form η.
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[A] Arnold, V. I. Sur une propriété topologique des applications globalement canon-
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