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Abstract

In this research, we propose to study, from a theoretical perspective, the emergent
properties of strongly correlated low-dimensional systems when altered by the effect of hole
doping or by the coupling with boson fields such as phonon and cavity confined photons. We
will focus on two strongly correlated electronic models where superconductivity effects are
essential, namely, the Kitaev-chain and Fermi-Hubbard models

For the Kitaev model, we are interested in the topological properties of the system
when it is, fully or partially, embedded in an optical cavity. As part of the proposed thesis,
we have already described the phase diagram of the cavity-Kitaev system and showed a
relation between the entropy of the system and cavity observables. The obtained relationship
endorses us with a methodology to detect many-body phase transitions in quantum systems.
With this background, we want to explore the properties of this light-matter interacting
system by studying now its dynamics. In the exploration of the cavity-Kitaev dynamics, we
aim to find a way to carry out braiding operations of Majorana polaritons by manipulating
the cavity parameters.

On the other hand, we propose to study the many-body phases of three variations of
the Fermi-Hubbard model. The first is the two-rung extended Fermi-Hubbard model, which
is a quasi-two-dimensional system that has shown to be useful in describing the physics
of two-dimensional high-temperature superconductors. The second is the one-dimensional
Hubbard-Holstein model, which explicitly regards the phononic modes of a one-dimensional
lattice. The third is the triangular Hubbard model, which has successfully resembled
experimental observations of transient superconductivity in organic charge-transfer salt
superconductors. The study of the first two models will consist of the systematic exploration
of the phases of the system at different doping values to find enhancement of superconducting
correlations. For the study of the third model, we aim to derive and explore consequences
of a Hamiltonian that describes the interaction of the charge-transfer salt with an optical
cavity. The latter to detect phase transitions in the system and, if possible, to enhance the
superconducting correlations of the system.

This proposed doctoral project will be carried out using high-precision variational nu-
merical techniques (Density Matrix Renormalization Group) and, when available, analytical
methods. This research will explore new realistic theoretical setups to unveil the mixed effects
of doping and light-matter quantum effects on superconducting systems, thus inspiring the
future implementation of novel experimental approaches.
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1 Introduction

Since its discovery in 1911 by Kamerlingh Onnes, superconductivity has played an essential role
in condensed matter physics. Some materials are known to experience this exotic phenomenon
when cooled below a critical temperature. The interesting emergent properties in superconducting
(SC) materials have generated a rising deal of attention in both theoretical and experimental
research due to their technical importance in existing devices for magnetic resonance imaging
and the manipulation of large instruments in particle accelerators [1]. SC materials have two
main characteristics: they have zero resistivity and experience the Meissner effect. The zero
resistivity in a material is a highly desirable property, which could solve power problems in everyday
technologies, as it would allow the drive of currents through wires without thermal dissipation,
which implies no heating caused by conduction in the materials. Such property also grants a way
to keep a current running inside a closed circuit without the necessity of a constant power source,
that has allowed the implementation of magnets with extraordinarily powerful fields and has many
other exceptional applications [1, 2]. The Meissner effect, later discovered in 1933 by Meissner and
Ochsenfeld, is the process in which any magnetic field is expelled from a material experiencing a
phase transition into a SC state by cooling. This process can yield to the pinning of magnetic
flux and is responsible for magnetic levitation, one of the most known proposed applications of
superconductors [3].
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The microscopic mechanisms of superconductivity were successfully described by Bardeen,
Cooper, and Schrieffer (BCS) who received the Nobel prize in 1972. They described supercon-
ductivity considering the attraction of electrons in a material resulting from the mediation of
lattice vibrations (phonons), creating the so-called Cooper pair. With their theory for SC materi-
als, they realized that superconductivity is a purely quantum effect, and they successfully predicted
the resulting thermodynamics and electromagnetic behavior of the SC state [1].

In 1967 McMillan found that the maximum critical temperature in normal conditions that could
be obtained within the BCS theory was around 40K [4]. This is a major inconvenience since the
industrial use of superconductors makes it imperative to implement them at room temperature or,
alternatively, to find an affordable method to cool down the materials. Nevertheless, the discovery
of Bednorz and Müller came to rescue in 1986, when they found a superconducting cuprate with a
critical temperature of around 30K, this was the highest critical temperature at the time. Shortly
after, Paul Chu found a cuprate with a critical SC temperature of 93K, which was well above
the maximum previously predicted for the BCS theory. With further studies on cuprates and
new emerging high-temperature materials, the validity of BCS theory for such unconventional
superconductors has been highly questioned. For instance, many of those new materials have
shown a lack of isotope effect, which is related to phonon interactions in superconductors [5].

The discovery of unconventional superconductivity has given hope to obtain the pursued room-
temperature superconductors. However, a solid theory to describe unconventional superconduc-
tivity is not available yet; this has led to the experimental and theoretical testing of different
hypotheses aiming to study the properties of the materials, which is the direction of a substantial
part of this project. Some approaches to increase the temperature of superconductivity involve the
static manipulation of the materials. For instance, it has been found evidence of the enhancement
of critical temperatures by chemical doping in cuprates and transition metal dichalcogenide mono-
layers (or simply dichalcogenides) [6, 7, 8, 9]. The increase observed is believed to be caused by the
competition between the charge-density-wave (CDW) and the SC phase orderings [10]. A paradig-
matic theoretical framework to study the response of materials to doping is the Hubbard model;
in which SC and CDW orderings govern the zero-temperature ground-state. Low-dimensional
numerical studies of extended versions of the Hubbard model have been able to characterize su-
perconductivity in the model [11] or its precursors in quasi-one-dimensional setups [12, 13, 14, 15].
The last encourages us to study the phase diagram of extended Hubbard models aiming to correctly
characterize superconductivity in the ground-state.

In contrast, some other possibilities to enhance superconductivity involve the dynamical change
of material properties. In the experiments, superconductors in the normal state subjected to
strong mid-infrared laser pumps experience excitations of the optical modes. As a consequence,
this induces the SC phase momentarily, even at temperatures well above the critical value[16].
Remarkable experimental [17] and theoretical [18] research have reported evidence of coherent
ordering of Cooper pairs due to laser driving. This ordering is underscored by the enhancement of
doublon (locally paired fermions) correlations, which are induced by the light-matter alteration of
vibration states of an unconventional superconductor.

Currently, the detection of transient SC states is carried out by taking measurements of the
optical conductivity and the reflectivity of materials. Even though these optical properties are
sensitive to SC signatures, the measurements are not directly related to the coherent quantum
behavior that drives the SC state. Therefore, to understand the microscopic physics underlying
transient superconductivity, we would like another experimental method that directly unveils the
quantum properties of this exotic dynamic phenomenon.
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Light-matter interactions have shown to be useful for the detection of many-body quantum
phases, which has been another substantial advance in condensed matter physics. For instance,
as part of this thesis project, we recently found that, theoretically, the interaction of a many-
body system with an optical cavity can be used to detect and induce exotic states of matter [19].
Therefore, an optical cavity represents a potential experimental candidate to detect and, hopefully,
even enhance transient superconductivity in unconventional superconductors. This possibility is
what we want to explore in this thesis project regarding transient superconductivity.

On top of that, interest in SC materials emerges beyond the finding of SC phases in new mate-
rials. For example, by coupling superconductors to materials with strong spin-orbit interactions,
it is possible to obtain topological systems [20, 21, 22, 23]. These materials are highly 1D and
are known as SC nanowires or topological superconductors. The interest in topological super-
conductors is that these materials exhibit Majorana physics. Kitaev proposed the appearance of
Majorana fermions as quasiparticles in SC schemes in 2001 [24]. Subsequently, many uses of Majo-
rana quasiparticles have been proposed for quantum computing. Since these have unconventional
properties against local decoherence, they could serve as technological solutions to fault-tolerant
quantum computing protocols [19, 25, 26, 27, 28]. In this project, we aim to describe and change
the properties of Majorana Fermions by subjecting the Kitaev model to interactions with an op-
tical cavity. Statically we want to characterize the phase diagram of the system, and dynamically
we pretend to perform braiding operations between Majorana fermions to obtain non-Abelian gate
operations.

For this research, we are mainly interested in the theoretical study of strongly correlated low-
dimensional systems such as the Hubbard and the Kitaev models. We expect to find signatures of
the SC phases by varying the doping in the extended Hubbard models, and by coupling the Hubbard
model to an optical cavity in the case of transient superconductivity. For the Kitaev model, we will
study the system coupled to a cavity to describe its ground-state phase diagram, and, afterwards,
to study its dynamics in order to perform braiding operations. To unveil the statics and dynamics
of the photon-fermion and phonon-fermion systems of interest, we will use the methods based on
the tensor network theory (TNT) [29]. These methods are optimized algorithms, which, using a
suitable treatment of quantum correlations, can correctly describe static and dynamic properties
of low-dimensional many-particle systems like the ones we want to characterize in this research.

We propose carrying out numerical simulations based on TNT algorithms to characterize both
the ground-state and the essential dynamic features of strongly correlated low-dimensional photon-
fermion and phonon-fermion systems. In this way, for the photon-fermion coupled systems we will
study cavity photon observables, which may bring out signatures of phase transitions into SC or
topological phases depending on the model. Specifically, we will explore strategies to enhance the
phase of interest in the doping and cavity setups. The open questions that we seek to answer are:

1. What are the optimal parameters for superconductivity in the extended versions of the
Hubbard model?

2. Can we identify a transient SC phase with the coupling of a material to a cavity?

3. Is it feasible to enhance the topological order in a Kitaev chain with a cavity?

4. How braiding operations could be photon induced in a cavity?

The research proposed here constitutes a potential candidate to lead the studies of these exciting
phenomenon to new experimental setups. The characterization of superconductivity by doping
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Figure 1: (a) Temperature vs hole doping phase diagram of the La2−xSrxCuO4 cuprate super-
conductor. The green regions denote the superconducting (SC) phase. In the light gray region,
we find the charge-density-wave (CDW) phase, whose boundaries are denoted by the black curve
contained in the white diamonds. Note that at the point of highest SC critical temperature, the
boundary is adjacent to a CDW phase. (b) Temperature vs hole doping phase diagram of the
CuxTaS2 transition metal dichalcogenide. We can see an interplay of the SC and CDW orderings
at the maximum SC critical temperature as in the case of the cuprate. The inset shows the layered
crystalline structure of the material. (c) Sketch of the two-dimensional Hubbard model. (a), (b)
and (c) were taken from Refs. [8, 9, 30] respectively.

under different representative parameters could help us to correctly understand how to engineer
cuprates and dichalcogenides with higher critical-temperatures. On the other hand, the involve-
ment of the cutting-edge technologies of optical cavities will guide us to a better understanding
of the underlying physics of topological phases, unconventional superconductivity and transient
superconductivity. Owing to the high technological impact that the implementation of SC sys-
tems at higher temperatures should have, as well as the development of fault-tolerant quantum
computing, the results coming out from the present project would indeed be of great relevance.

2 State of the art

2.1 Unconventional superconductivity and Hubbard model

Two of the most relevant unconventional superconductors are the cuprates and dichalcogenides.
In SC cuprates, the absent isotope effect may indicate that the emerging SC phase is not caused
by the phonon modes of the crystal, which is a result beyond the BCS theory [1]. Additionally,
another common difference between the BCS and unconventional superconductors is the symmetry
of the wave function of the Cooper pairs. For a BCS superconductor, the Cooper pair has a
s-wave symmetry, following the spherical harmonics notation. On the contrary, cuprates and
dichalcogenides display features of a d -wave behavior, which reflects in the closing of the SC gap
at nodes in the Fermi surface [5].

Due to their unconventional superconductivity, the phase diagrams of cuprates and dichalco-
genides have been intensively studied. Furthermore, one of the most outstanding discoveries in
these materials is that the introduction of electronic impurities with hole doping can enhance the

6



SC critical temperature. In Fig, 1(a) we can see the typical phase diagram for a cuprate super-
conductor. The phase diagram shows the interplay of different types of orderings that emerge
under different conditions of the material. At around a hole doping of 15%, we find a maximum
critical SC temperature; immediately above this temperature, the system enters the CDW phase.
On the other hand, Fig. 1(b) shows the phase diagram for a dichalcogenide. This phase diagram
displays a transition to the CDW phase at the SC critical temperature dome as in the case of
the cuprate superconductors. Besides having a transition into a CDW phase at the maximum SC
temperature, both materials are highly 2D. In the case of the cuprate superconductors, most of the
electronic conduction occurs at Cu-O planes of the material [15]. Likewise, dichalcogenides have a
layered crystalline structure, as represented in the inset of Fig. 1(b). Owing to the behavior at the
maximum critical temperature and the bi-dimensional crystalline structure of these materials, the
2D Hubbard model is believed to correctly describe the physics of these layered superconductors.

The Hubbard model is one of the most used models in search of the understanding of the SC
nature of unconventional superconductors [15, 31, 32]. The Hamiltonian reads:

H = −t
∑
〈i,j〉,σ

(
c†i,σcj,σ +H.c.

)
+ U

∑
i

ni,↑ni,↓. (1)

This Hamiltonian incorporates three types of operators for each site i: c†i,σ (ci,σ) represents the

creation (annihilation) of an electron with spin orientation σ (σ =↑, ↓), and ni,σ = c†i,σci,σ is the
number operator for spin σ. The first term represents the hopping interaction between nearest
neighbor sites 〈i, j〉 with amplitude t. The second term, with U amplitude, represents a coulomb-
like repulsive interaction of electrons at the same site i when U > 0, or an attractive interaction
when U < 0. The sketch of the system is shown in Fig. 1(c).

Although the Hubbard Hamiltonian is simply expressed, only its 1D version is analytically
soluble [15], but its phase diagram does not hold SC states. Nevertheless, it has been analytically
proven that extended versions of the 1D model, under certain parameter region and below half
filling, hold a Luther-Emery phase [13, 33]. A Luther-Emery phase is an electronic phase in which
SC and CDW correlations decay as a power-law with the distance of the sites in the 1D system
following the realtions:

SC(r) ∝ r1/Kρ , CDW(r) ∝ rKρ , (2)

with r the distance between sites in the chain from which we are taking the correlations, Kρ is called
the Luttinger parameter, and SC(r) (CDW(r)) is the expected SC (CDW) correlation function at
the ground-state. Thus, when the system is in the SC dominant phase Kρ > 1. However, it is
important to point out that this Luther-Emery phase does not imply that the system is in a SC
or CDW explicitly, but rather it is said that the system is in a SC or CDW phase precursor. The
latter because 1D systems cannot hold SC or CDW long-range correlations following the Mermin-
Wagner theorem [12, 34]. Even so, in the Luther-Emery phase, the ground-state of the system is
governed by SC and CDW orderings similarly to what occurs in unconventional superconductors.
For this reason, the Hubbard model is a promising candidate to understand the mechanisms of
superconductivity in cuprates and dichalcogenides.

The study of the 2D Hubbard model is principally carried out with quantum simulations and
numerical methods. The quantum simulations of the Hubbard model, conducted in optical lat-
tices, have showed transitions between metallic and Mott insulating phases, but the temperatures
achieved in the experiments are not cold enough to observe the predicted SC phase [15, 35]. On the
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other hand, numerical simulations of the 2D model represent a huge computational challenge since
the existing numerical methods are efficient just for the 1D version. However, recently, numerical
efforts have concluded that the Hamiltonian in Eq. 1 does not present superconductivity [36].
Fortunately, another study found that an extended Hubbard model with next-nearest-neighbor
hopping does hold superconductivity in its ground-state [37].

For this thesis project, we aim to explore numerically the response of the ground-state phases
of extended Hubbard models to hole doping. The first version of the model we will study is the
extended ladder Hubbard Hamiltonian that reads:

H = −t
∑
i,λ,σ

(
c†i,λ,σci+1,λ,σ +H.c.

)
+ V

∑
i,λ

ni,λ,↑ni+1,λ,↓ + U
∑
i,λ

ni,λ,↑ni,λ,↓, (3)

the system expressed in this Hamiltonian consists of a two-leg ladder in which each leg is a 1D
chain; i runs from 1 to L, with L the size of the ladder, for the local coulomb repulsion term U ;
and from 1 to L-1 for the nearest-neighbor hopping t and coulomb interaction V . In this notation i
represents a rung of the ladder conformed of two fermions, which can be part of the λ = 1 or λ = 2
leg. Thus, the system has 2×L size and each rung can hold up to 4 fermions. The phase diagram
of the pure version (V = 0) of the Hamiltonian has been extensively studied [13, 14, 33]. The
results show signals of the Luther-Emery phase with dominant SC correlations, this occurs slightly
below half filing and for high values of the Coulomb interaction of around U=8t. Moreover, the
dominant SC correlations are consistent with d -wave pairing of electrons. The d -wave correlation
function is D(r = |i− j|) = 〈∆†i∆j〉, where we have replaced SC(r) = D(r), and the operator

∆†i = c†i,1,↑c
†
i,2,↓ − c

†
i,1,↓c

†
i,2,↑ (4)

creates a d -wave non-local singlet pair at the rung i. Since the prior results agree with the
experimental response to doping in unconventional superconductors, for this research, we are
interested in exploring the phase diagram of the Hamiltonian Eq. (3) with the expectation of
finding enhancement of the SC correlations by varying the V parameter and manipulating the
doping of the system. The latter could bring further understanding of the nature of d-wave pairing
in realistic materials given that we are considering an additional degree of freedom that sets the
electronic ordering.

On the other side, we will directly consider the phononic lattice vibrations in an 1D system,
seeking precursors of a SC phase. The model that we will use to explore the interplay between
phononic excitations and hole doping is the Holstein-Hubbard model; its Hamiltonian reads:

H = −t
∑
i,σ

(
c†i,σci+1,σ +H.c.

)
+ U

∑
i

ni,↑ni,↓ + g
∑
i,σ

(ni,σ − n̄)(bi + b†i ) + ω
∑
i

b†ibi. (5)

where b†i (bi) is the phononic creation (annihilation) operator at the site i, ω is the phonon frequency,
g is the strength of the electron-phonon interaction, and n̄ is the electronic filling in unities in
which 1 represents half filling. Therefore, this system regards an electronic chain of size L where
each site i its interacting with an individual phononic mode. This model provides us a setup to
consider strong electron-electron and electron-phonon interactions which is relevant for the study
of the physics of organic superconductors [12]. For this thesis, we propose to systematically study
the effect of doping in the Hubbard-Holstein model to find the optimal parameters to induce
superconductivity, which would help to understand the pairing mechanisms involved in a system
with competing electron-electron and electron-phonon interactions.
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Figure 2: (a) Crystal structure of k-(BEDT-TTF)2Cu[N(CN)2Br] (abbreviated as k-Br), the di-
amonds represent the mechanical method used to change the structure of the k-Br. (b) Sketch
of the response of the hopping integrals (t, t′) to hydrostatic pressures of the triangular lattice
made up from Cu[N(CN)2Br]. (c) Schematic representation of the triangular Hubbard model. (d)
Photoinduced optical gap derived from experimental results (dots), and obtained by the Mattis-
Bardeen theory (lines), as a function of the temperature. This gap is associated to the presence
of superconductivity in a material when its value is greater than zero. (e) Spatial evolution of the
doublon pair correlation function derived from simulations of the triangular Hubbard model in the
static (Not driven) and dynamic case (Driven). This value is defined by 〈c†i,↑c

†
i,↓cj,↓cj,↑〉 with the

operators as defined in Sec. 2.3. (f) Ground-state phase diagram of the triangular Hubbard model
and map of the particle-hole correlations 〈η+η−〉, also defined in Sec. 2.3. The system exhibits
three different phases. Namely, a frustrated non-magnetic (FNM) phase, a frustrated insulating
(FI) phase, and an anti-ferromagnetic insulating (AFMI) phase. (a), (b), (d), and (e) figures were
taken from Ref. [17]. (c) and (f) figures were taken from Ref. [18].

2.2 Transient superconductivity

The coherent excitation of phononic modes in complex quantum materials has shown to be useful
for manipulating their different types of electronic orders [38], this field is called nonlinear phonon-
ics. Several studies have been carried out regarding light-matter interactions in superconductors,
over the past years it has been developed the exquisite control in generating finely-tuned laser
pulses and, there has been improvement in measuring methods in a short period of time [39].
Namely, in several experiments, resonant short laser pulses have been applied to SC materials, ini-
tially at its normal state, to excite different electronic and vibrational modes. The application of
these methods to unconventional high-temperature superconductors has led to the enhancement of
electronic coherence. In the experiments, what is measured is the optical response of the material.
The last is inspired by the behavior of superconductors at equilibrium; these show an optical gap
and a divergence of the imaginary part of the optical conductivity. Consequently, when a driven
material displays the same response, it is said to undergo transient superconductivity. Such effects
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have been shown in mono-layer [40] and bi-layer [41] cuprates which are poor conductors in the
normal state.

In this part of the thesis project, we will be particularly interested in organic charge-transfer
salt superconductors. These are materials with quasi-two-dimensional electronic properties that
perform as high-temperature superconductors under high pressures. Usually, charge transfer salts
have BEDT-TTF molecules organized in planes on a triangular lattice, as schematically shown
in Fig. 2(a)-(b). The subjection of the charge-transfer salt to hydrostatic pressures can deform
the triangular lattice, which consequently alters the hopping parameters that govern the fermionic
interactions (see Fig. 2(b)). Recently, organic conductors showed signatures of transient super-
conductivity by the excitation of molecular vibrations with light [17]. This experiment studied
the dynamics of the charge-transfer salt k-Br (see Fig. 2(a)) under the effect of pump pulses
tuned close to resonance with the material molecular vibrations. These studies show signatures of
transient SC phases in the optical properties of the material at temperatures around 50K [see Fig.
2(d)] with relaxation times of the order of 3ps; well above its equilibrium critical temperature of
12.5K. The results just described are the emerging phenomena that inspire this research project.
Moreover, since the electronic dynamics in these salts are low dimensional, its study within the
TNT formalism is suitable. For this reason, we will study it through the triangular Hubbard model
[18], which comprises the primary theoretical setup for the proposed investigation.

2.3 Triangular Hubbard Model

We now turn to the theoretical model we will use to analyze the dynamics of k-salts, the triangular
Hubbard model. Its relevancy for this project arises because it has successfully recreated the
experimental properties of the dynamics in the k-Br system [18]. The triangular Hubbard model
governs the statics and dynamics of interacting electrons in a ladder-like lattice, and despite its
apparent simplicity, it contains quite rich physics. The k-salt driven by light-pulse leads to time-
dependent parameters, as described by the Hamiltonian

H = −τ(t)
∑

〈i,j〉Diag,σ

(
c†i,σcj,σ +H.c.

)
− τ ′

∑
〈i,j〉Vert,σ

(
c†i,σcj,σ +H.c.

)
+ U(t)

∑
i

ni,↑ni,↓, (6)

where with the time-dependent parameters defined by

τ(t) = τ̄
(
1 + A1 sin2(Ωt) exp

(
−(t− Tp)2/(2T 2

w)
))

U(t) = Ū
(
1 + A2 sin2(Ωt) exp

(
−(t− Tp)2/(2T 2

w)
))
.

The model also includes couplings between operators at different sites: τ(t) is the time-dependent
hopping parameter, which determines the probability that an electron will jump from a lattice site
to a diagonal nearest-neighbor site (indicated by the notation 〈i, j〉Diag), only the diagonal hopping
becomes time-dependent since the light-excited vibrational mode of the lattice does not disturb the
vertical probabilities; the parameter τ̄ modulates the hopping when the system is in equilibrium; τ ′

is the static hopping parameter that modulates the vertical interactions (indicated by the notation
〈i, j〉Vert); U(t) is the time-dependent Coulomb repulsion; the parameter Ū modulates the hopping
when the system is in equilibrium, and finally, the A1,2, Tp,w and Ω parameters are used to simulate
the effect of the light pulse applied to the system which drives it into the state of transient
superconductivity. The system described by this Hamiltonian is sketched in Fig. 2(c) clearly
resembling the geometry of the k-Br system in Fig. 2(b).
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The static ground-state phase diagram of the system is in Fig. 2(f), it is obtained by setting
A1 = A2 = 0 in Eq. (6). The particle-hole correlations 〈η+η−〉, related to the doublon order, are
defined by the operator

η+ =
L∑
i=1

f(i)c†i,↑c
†
i,↓,

and η− = (η+)†, where L is the length of the system and i is the site in the lattice enumerated
as in Fig. 2(c). These operators act on the doublons in the lattice, and the value of f(i) is +1
(−1) for the blue (grey) lattice sites in the sketch [Fig. 2(c)]. The reason for the definition of
the f(i) function is related with an underlying symmetry of the Eq. (6) that allows us to identify
the frustration of the state. With the Hamiltonian in Eq. (6), it was possible to understand the
dynamics of the k-Br when it is subjected to driving, and to identify the mechanism that guides
the system towards transient superconductivity. In the experimental research [17], the authors
found that when the system is coupled to a particular vibrational mode, the evolution under the
light driving of a frustrated non-magnetic phase can lead the system towards a doublon-ordered
state as shown in Fig. 2(e), the definition of the pair correlation is defined in the caption. In
this figure, we can see an increase of the quasi-long-range correlations when the system is driven.
In the theoretical study [18], by evolving different ground-states in different phases of the phase
diagram, the authors identified that transient time-scales are present only when the system starts
from a state in the FNM phase. From Fig. 2(f) we can identify the robustness of the particle-hole
correlations in the FNM since its value is stable in the different parameter of this region, which
causes the preservation of doublon ordering when the system is driven showing SC signatures.
The comparison of these results with what is observed in the experiment means that the light-
matter interactions are triggering the coherent ordering of previously existent Cooper pairs leading
to superconductivity above the equilibrium value. Although the effect of a coherent response
of the doublon order induced by light driving has been observed, there are other remarkable
experimentally accessible platforms where this has not been studied yet. For example, a significant
setup would be the embedded k-salt in an optical cavity, where we could access a new method to
detect and manipulate the phases of the system. The exploration of the emergent physics in an
embedded k-salt in a cavity defines one of the main goals of the present research project.

2.4 Cavity light-matter interactions

Since the early days of quantum physics, the understanding of light-matter interactions has been
one of the major goals of the quantum theory. Over the past years, the study of solid-state
materials strongly interacting with electromagnetic fields has revealed a wide range of interesting
entangled light-matter quantum phases and applications [19, 42, 43, 44, 45, 46]. One of the best
known light-matter states in the context of quantum phase transitions is the super-radiant phase
predicted by the Dicke model [47, 44]. The Dicke model considers a non-interacting set of two-level
systems (or qubits) embedded in a single-mode cavity. In the non-trivial super-radiant phase of the
system, the qubit set is induced to a multipartite entangled state when the cavity-qubit interaction
is sufficiently strong and, as a consequence, the photon number departs from zero and attains a
finite value within the cavity. This model has been experimentally realized in cold atoms trapped
in optical lattices [42].

Optical lattices are systems of atoms trapped in potentials exquisitely controlled by laser beams
and have shown to be useful hybrid photonic technologies for control of complex systems allowing
the realization of quantum simulations[48, 49, 15, 35]. Similar to the Dicke model, systems holding
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exotic states of matter, such as superfluidity and Bose-Einstein condensation, have been studied
within optical cavities. Therefore, the study of many-body systems coupled to an optical cavity,
which interacts globally with all unities of the system, is experimentally accessible.

The construction and detection of desired properties in materials are one of the main tasks
in condensed matter physics. Predictions on light-controlled many-body systems have opened the
possibility of fulfilling this requirement by embedding the systems in an electromagnetic cavity. For
example, in Ref. [50] the authors show the enhancement of long-range electron interactions that
stimulate the formation of Cooper pairs at temperatures depending on the value on the strength
of the light-matter interaction. Another example are the results obtained as part of this thesis in
Ref. [19] where we showed that topological properties in a fermionic chain system can be enhanced
and detected through the light-matter coupling induced features in the system. The evidence of
enhancement of the topological phase makes us believe that the SC phase can be increased as
well. Additionally, the results revealed that, by direct measurements over some optical cavity
observables, it is possible to infer the state of the fermionic system and to identify topological
phase transitions. These results were obtained by running numerical simulations within the TNT
formalism.

Encouraged by these striking advances that evidence the feasibility of the implementation of
the light-matter system of interest in realistic experimental setups and the convenient emerging
phenomena predicted for the control of many-body systems, we are motivated to explore the
dynamics of the triangular Holstein model by the use of highly optimized algorithms derived from
the TNT.

2.5 Cavity-Kitaev Model

Other of the main topics of this thesis proposal is the study of topological properties of the Kitaev.
The Kitaev model is a correlated system of spinless fermions that was proposed by Yuri Kitaev
in 2001 [24]. The model is inspired in a p-wave SC wire. For a p-wave the spin component of
the electron pair is in a triplet state. Thus, if the p-wave SC system interacts with high magnetic
fields the electrons are effectively represented by spinless fermions. The Kitaev Hamiltonian is:

ĤK =− µ

2

L∑
j=1

[
2ĉ†j ĉj − 1̂

]
− t

L−1∑
j=1

[
ĉ†j ĉj+1 + ĉ†j+1ĉj

]
+ ∆

L−1∑
j=1

[
ĉj ĉj+1 + ĉ†j+1ĉ

†
j

]
. (7)

Here ĉj

(
ĉ†j

)
is the annihilation (creation) operator of spinless fermions at site j = 1, . . . , L, µ

is the chemical potential, t is the hopping amplitude between nearest-neighbor sites and ∆ is
the nearest-neighbor superconducting induced pairing interaction. Kitaev showed that this model
features two phases: a topological and a trivial phase. In the former, the so-called Majorana
zero-energy-modes (ZEM) emerge, which occurs whenever |µ| < ±2t. The Majorana ZEM are
quasiparticles localized at the boundaries of the chain. The fact that these quasiparticles have
zero energy makes them potential candidates for the use of non-Abelian gate operations within
2D arrangements [51, 52, 53, 54, 55]. Since Kitaev’s proposal, topological properties of hybrid
semiconductor-superconductor systems [20, 21, 22, 23] have been explored looking for the presence
of Majorana ZEM. However, some open questions still remain about the experimental occurrence
of these modes since the reported phenomena observed in those experiments could be caused by
a variety of alternative competing effects [56]. Therefore, new experimental frames are highly
desirable to find unambiguous signs of such quasiparticles.
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An important question in this context is whether the topological phase transition of Majorana
polaritons, for instance in a fermion chain embedded in a microwave cavity [57, 58, 59], can be
detected by accessing observables such as the mean number of photons, field quadratures or cavity
Fano factor (FF). In this thesis project, we propose to study the Kitaev model embedded in a
microwave cavity to answer the last-mentioned question. The Hamiltonian we will study for this
purpose is

Ĥ = ĤC + ĤK + ĤInt. (8)

Here ĤC = ωâ†â is the Hamiltonian describing the microwave single-mode cavity, with â
(
â†
)

the
annihilation (creation) microwave photon operator, and ω is the energy of the cavity. On the other
hand, the general interaction Hamiltonian is given by [57]

ĤInt =

(
â† + â√

L

)[
λ0

L∑
j=1

ĉ†j ĉj +
λ1
2

L−1∑
j=1

(
ĉ†j ĉj+1 + ĉ†j+1ĉj

)]
. (9)

Thus, for the light-matter coupling, we shall consider a general case which incorporates both on-site
(λ0) as well as hopping-like (λ1) terms (without loss of generality we will assume λ0, λ1 > 0). In
Ref. [57], the authors showed that this light-matter interacting system holds Majorana polaritons.
Therefore, we are encouraged to study the cavity-Kitaev model seeking the optimal parameters to
obtain the topological phase, and to study the cavity observables in order to provide a method to
identify Majorana quasiparticles in the system.

2.6 Braiding of Majorana Fermions

The most popular proposed application for Majorana fermions finds its place in quantum computa-
tion. Zero-energy modes are believed to be the raw material required to make quantum computing
robust against decoherence [51, 52, 60, 61]. In the context of quantum computing, one of the
prominent difficulties is to get experimental platforms to perform unitary gate operations. The
task of physically assessing gate operations can be fulfilled by the use of non-Abelian anyons.

Under particle interchange, in 3D space, particles can have only two types of statistics bosonic
and fermionic [62]. After two particle interchanges, the two-particle state must be equal to the
initial state. Therefore, after one particle interchange the state will only acquire a phase 0 or
π for bosons or fermions defining its statistics. However, the particle interchange in 2D systems
allow the existence of quasiparticles different from Fermions or Bosons, which are the so-called
non-Abelian anyons. Under a pairwise exchange, anyons relate to the initial state by an unitary
matrix rather than a phase; differing from the 3D case [60]. The exchange of a set of anyons can
lead to what is called a braiding process. Different braiding processes over anyons are capable
to describe unitary gate operations. Fortunately, in condensed matter physics we the freedom to
achieve quasiparticles arranged in effectively lower-dimensional systems. Examples of this are the
quantum dots (0D), nanowires (1D) and graphene (2D).

Anyonic braiding statistics have been observed in the 2D fractional quantum Hall [62]. Another
promising setup proposes the use topological superconductors by braiding of the Majorana ZEM
in the system. Typically, Majorana ZEM appear bound to a defect in the system; some examples
are a vortex in a superconductor or the boundaries in a nanowire, as predicted by the Kitaev
model. Since the positions of the Majoranas are fixed in the system, it is necessary to braid the
Majoranas without physically changing their positions. Proposed experimental setups to achieve
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braiding of Majoranas in nanowires are composed of tri-junctions; three Majoranas are set in the
3 corners of a triangle, and a fourth is at its barycenter. In this arrangement, Majoranas are
exchanged by coupling different pairs with gate electrodes. Subsequent coupling and uncoupling
of the Majorana at the barycenter with the three at the corners, can interchange the state of two
Majoranas of the corners braiding the states without physical displacements. Moreover, theoretical
studies suggest that a honeycomb structure of nanowires, would efficiently braid the Majoranas in
a 2D plane in order to obtain unitary gate operations [63]. In the search of accessible platforms to
obtain braiding statistics from Majorana ZEM, in this thesis project we propose to study the time
evolution of the cavity-Kitaev Hamiltonian to find a method to obtain braiding statistics through
the coupling with the cavity. In Ref. [58] the authors showed that explicitly regarding only the
Majoranas in a tri-junction it is possible to generate braiding statistics. However, in our research,
we want to explore the braiding process regarding the physics of the whole nanowire modeled by
the Kitaev model.

2.7 Density Matrix Renormalization Group

Now we turn to the numerical method we will use to carry out this project, the DMRG. The
immediate method for computing the main properties of a many-body system is to numerically
diagonalize its representative Hamiltonian. In this form, we access the full spectrum of states that
describe the system. However, the extent of this method is highly limited since the size of the
Hamiltonian grows exponentially fast with the number of sites considered, and, therefore, its exact
diagonalization represents an extremely high computational effort. This obstacle can be handled
with renormalization methods. These focus on solving a simpler effective problem that contains the
most representative information of the original problem, and which therefore is easier to solve nu-
merically.The principal method in this family is the density matrix renormalization group (DMRG)
[64], which is a well-established method used for the understanding of low-dimensional many-body
systems [29]. This algorithm regards the eigenstates with the highest eigenvalues of the reduced
density matrix of the system to determine the most significant information necessary to describe
the effective problem. In this way, the method has allowed the analysis of diverse one-dimensional
lattices up to thousands of sites.

The DMRG was initially proposed to study low-energy states [64]. It was later successfully
extended to calculate time evolution [65, 66]. This extension, called time-evolving block decimation
(TEBD), exploits the possibility of writing the state of a system |ψ〉 in a matrix product state
(MPS) representation. In this representation, each matrix, or tensor, is associated with a defined
site of the studied lattice. For a system with inhomogeneous local dimensions, the MPS structure
is given by

|ψ〉 =

d1,d2,...,dL∑
σ1,σ2,...,σN=1

Aσ11 A
σ2
2 ...A

σL
L |σ1, σ2..., σL〉 ,

where di (i = 1, 2, ...L) is the dimension of the local Hilbert space of the site i and Aσii is the tensor
for the state σi of the site i. The latter is a compacted representation of the state of the site i and
constitutes the fundamental block of tensor networks. The description of |ψ〉 within this formalism
grants efficient manipulation.

A number of recent works have examined many-body correlated systems embedded in optical
cavities and have reported results within the DMRG setup [45, 19, 67] as well as in systems with
global couplings [68]. This suggests that the study of the triangular Hubbard model coupled to
a cavity by DMRG simulations may be feasible. Furthermore, the phase diagram presented in
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Fig. 1(f) was obtained by DMRG calculations and the dynamics of the system were obtained
by TEBD calculations. These observations show the suitability of using the described methods
to make predictions about the behavior of the k-Br when it is embedded in a microwave cavity.
Moreover, different studies in the Hubbard-Holstein [12] and the Hubbard ladder [36, 11, 33, 13]
have used DMRG to obtain the ground-state properties of the system. Therefore, DMRG and
TEBD will be our fundamental tools for the development of this project.

3 Objectives

The proposed project seeks to accomplish the following general objective and the subsequent
specific objectives to achieve it.

General objective

To determine how doping, phonon-fermion and photon-fermion couplings can affect SC and topo-
logical many-body phase transitions. In the case of photon couplings, we want to establish how to
detect or even establish light-induced phase transitions to the strongly correlated phases of interest
in many-body electronic systems embedded in an optical cavity.

Specific objectives

1. To explore the ground-state of the extended two-leg Hubbard model. Specifically, we will
analyze the effect of hole doping in the SC precursors of its ground-state phase diagram.

2. To delve into the ground-state of the Holstein-Hubbard model. We will consider directly the
phonon interactions of the system in search of the parameters that allow the dominance of
SC over CDW correlations. For this exploration, we will consider hole doping in the system
as well.

3. To develop a theoretical model that captures the physics of a k-salt when embedded in an
optical cavity. We will focus our efforts on precisely describing the response of the material
studied in Ref. [17] when subjected to a quantum electromagnetic field. Therefore, we will
employ analytical quantum theory methods to derive the interactions that govern the physics
of the system.

4. To understand the variations in the underlying electronic properties of a k-salt when it is
interacting with the photonic mode. This will require that we obtain and understand the
ground-state phase diagram of the system embedded in an optical cavity.

5. To obtain and understand the dynamical response of a k-salt embedded in a cavity when
it is subjected to light pulses. In particular, we are interested in the identification of SC
signatures recovered from the cavity observables to find light induced coherent ordering of
Cooper pairs.

6. To describe the phase diagram of the Kitaev chain embedded in an optical cavity. Precisely,
we are in search of signatures of phase transitions and enhancement of the topological phase
induced by light-matter interactions.
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7. To obtain braiding operations with the emerging Majorana polaritons in the cavity-Kitaev
model. Explicitly, we must describe the dynamics of this light-matter system.

4 Methodology

This research project focuses on the development of analytical methods and numerical calculations.
Most of this project is devoted to the simulation of the statics and dynamics of strongly correlated
low-dimensional systems. These simulations will be based on the TNT library (Tensor Network
Theory) [69]. The TNT library is an open-access resource that allows the implementation of
TNT methods by performing efficient tensor state manipulations. Due to its great performance
in simulating equilibrium and dynamics of many-body systems [18, 70, 71] and systems embedded
in a cavity [19], it will be used for both ground-state calculations and TEBD. The TNT library
allows the user to obtain the result of the DMRG calculations in Matlab files; therefore, the
obtained results will be processed in the Matlab and python software for analysis and graphical
representation of the results.

The methodology to achieve the previously described specific objectives will be detailed below.
Each numbered item outlines the methodology for the corresponding specific objective.

1. For this objective, it is necessary to implement a DMRG program that allows the simulation
of the ground-state of this quasi 1D system. The program must be able to correctly calculate
the d-wave correlations from the ground-state to infer the polynomial decay characteristic of
the Luther-Emery phase. Additionally, from the density expected values, we will recover the
Luttinger parameter from the Friedel oscillations.

2. For the study of the Hubbard-Holstein model, we will construct a DMRG program capable
of handling a one dimensional system with two types of particles, phonons and fermions, in
order to explore the ground-state of the system and its SC correlations.

3. For the k-salt, first, a theoretical model to describe the coupling of the material to a cavity
will be developed. Such a description has to be consistent with the second quantization
theory, where the radiation of the cavity will be described with photons. In this form, it will
allow us to identify the relevant parameters for the cavity-matter interaction and to write
the Hamiltonian of the system in the tensor network formalism. In addition, the idea in this
process is to obtain a realistic estimate or boundary for the value of the light-matter coupling
of the system and to infer whether the cavity can alter the lattice vibrations of the material
benefiting superconductivity.

4. For this objective, the program to obtain the ground-state by DMRG will be written and
tested. Afterward, the region of parameters will be explored to characterize the ground-state
of the system, determining changes in the phase diagram presented in Ref. [18] due to the
light-matter interaction, and identifying the resulting phases of the cavity. The variation
of cavity observables is imperative in this analysis since it could evidence enhancement or
suppression of the FNM phase, which leads to transient superconductivity in the driven
system.

5. Finally, the program to obtain the dynamics of the Hubbard-Cavity system will be written
and tested. For this, we have to efficiently design a method to handle the coupling of the
triangular Hubbard model with the global cavity mode. Next, we will initialize the system
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Figure 3: d -wave correlations for U/t = 8 and ladders with size 2 × 32. (a) Results reported in
Ref. [14] for a filling n=0.875. (b) Results obtained with our DMRG for the same filling in (a).
(c) Correlations for different fillings. (d) Sketch of the ladder system (left) and the structure of
the system used in the DMRG program (right).

in different equilibrium ground-states. We will perform a TEBD simulation for each state
for different times of the evolution seeking the stabilization of the doublon correlations.
Furthermore, we will characterize the evolution of the emergent state of the cavity resulting
from the driving of the material. The evolution of the system embedded in the cavity could
foresee the response of the latter when coupled with a transient SC system.

6. For the cavity-Kitaev model, we will simulate its ground-state with DMRG in search of light-
matter interaction parameters that favor the topological phase. Moreover, we will explore
the cavity observables in order to detect the phase transitions of the system.

7. After characterizing the ground-state properties of the cavity-Kitaev model, we will proceed
to analyze the dynamical properties of the system coupling only the edges of the Kitaev
chain to one cavity mode. For this purpose, we need to write and test a TEBD program. In
the dynamical study of the cavity-Kitaev model, we will determine whether it is possible to
generate braiding operations with Majorana polaritons.

5 Preliminary results

5.1 Doped Hubbard Ladders

For the study of doped Hubbard ladders, we have already constructed a DMRG program that
correctly simulates the ground-state properties of the Hamiltonian in Eq. (3). To describe this
Hamiltonian in the TNT formalism we first had to switch the quasi-2D picture of the ladders into
a completely 1D configuration as illustrated in Fig. 3(d). The ladder configuration with nearest-
neighbor interactions is now regarded as an 1D system with non-isotropic nearest-neighbor and
next-nearest-neighbor interactions. With the constructed program, we were able to reproduce the
results obtained in Ref. [14], which are shown in Fig. 3(a). Our results for the same parameters
appear in Fig. 3(b) . The excellent agreement between both figures proofs the correctness to
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Figure 4: Number of phononic excitations at the site i in the Hubbard-Holstein chain for g = 3
and ω = 5, all the energy units are given in terms of the hopping t. (a) Results obtained with our
DMRG program for a chain of size L = 32. (b) Results reported in Ref. [12] for a chain of size
L = 64.

simulate a doped Hubbard ladder of our program. Furthermore, we explored different filings of the
system and we encountered an agreement with previous numerical and analytical properties of the
system [13, 33]. For instance, in Fig. 3(c) we see that the SC correlations decay faster as we get
away from the half-filing of the system. Moreover, we observed an exponential decay of D(r) (not
shown), which is in agreement with the conclusion that the system does not hold a SC at half-filing.
As part of our exploration, we also varied the U parameter, performing simulations with U/t = 2
and 4.Our results revealed that with values of U/t < 8 the system does now hold competition
between a CDW and a SC since the system does not undergo Friedel oscillations consistent with a
Luther-Emery phase [33]. Therefore, with this analysis, we concluded that the relevant region of
parameters to explore for the extended model is the region with U ≥ 8 in which we are currently
focusing our efforts.

5.2 Holstein-Hubbard model

For the Holstein-Hubbard model, we constructed a DMRG program capable of obtaining the
ground-state of a system of phonons interacting with fermions in which we can set the hole doping
arbitrarily. We have tested the constructed DMRG code comparing the results of our simulations
with the ones published in Ref. [12]. In Fig. 4(a), we present our results for the number of
phonons at the site i in the ground-state of the system. The number of phonons is defined as
ni ≡ 〈nphonon(i)〉 ≡ 〈b†ibi〉. Comparing Figs. 4(a) and (b), we see that, although our results are for
a shorter chain, the expected phononic excitations reported in Ref. [12] quantitatively agree with
what we obtained with our DMRG program.

5.3 Rényi Entropy Singularities as Signatures of Topological Critical-
ity in Coupled Photon-Fermion Systems

For the cavity-Kitaev model, we restricted ourselves in the symmetric hopping-pairing Kitaev
Hamiltonian, i.e. t = ∆, and we set the energy scale by taking ω = 1. Studying the Hamiltonian
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Figure 5: (a) [(b)] Cavity-Kitaev phase diagram for the Chemical potetntial-like [Hoppinglike]
coupling. NP, normal phase; TP, topological phase; and SP, asymptotically super-radiant phase.
[(c) and (e)] Rényi entropy SR and [(d) and (f)] Fano factor (FF-1) of the cavity as a function of
the chemical potential of the chain. Symbols (lines) indicate DMRG (GS) results. [(c) and (d)]
Results for local photon-fermion coupling, λ0 = 0.1ω (black) and λ0 = 0.4ω. (red). [(e) and (f)]
Results for nonlocal photon-fermion coupling, λ1 = 0.07ω (black) and λ1 = 0.4ω (red). The other
Kitaev chain parameters are L = 100, ω = 1, and ∆ = 0.6ω. These results were reported in Ref.
[19].

under these conditions, we successfully found remarkable properties which we reported in Ref. [19].
For our analysis we used three complementary approaches, an analytic mean-field theory, single
mode Gaussian states analysis and DMRG. With such methods, we find that as a consequence
of the interaction between the matter-radiation subsystems, the topological non-trivial phase of
the chain can be enhanced and identified by measuring different experimentally accessible photon
observables such as the Fano factor and the cavity quadrature fluctuations. Our analysis reveals
a second order phase transition for different types of microwave-fermion couplings and a Gaussian
nature that successfully describes the state acquired by the cavity. Moreover, we showed that
typical quantum information entropies, in particular the Rényi entropy of the microwave system,
can be simply obtained from the same cavity observables. The predicted control of the chain state
by its coupling to the cavity makes this strategy a potential candidate for further experimental
investigations that seek the presence of topological phases in solid-state systems and their relevance
for quantum information processing.

The phase diagram for the on-site coupling (λ0 6= 0 and λ1 = 0) is presented in Fig. 5(a),
whereas that for the hopping-like coupling (λ0 = 0 and λ1 6= 0) is depicted in Fig. 5(b).

For the on-site coupling, the critical points and the maximum of correlations move asymmet-
rically to lower values of the chemical potential as the coupling strength increases. The boundary
between the topological phase (TP) and the asymptotically super-radiant phase (SP) is affected
more dramatically causing the TP to disappear beyond λ0/ω = 1.39± 0.01. In the SP the number
of photons approaches the maximum number of excitations 〈â†â〉max = L(λ0/ω)2, which we derived
from the mean-field analysis. For λ0 > 1.39, there will only be one second-order phase transition
between the normal phase (NP), which is topologically trivial and does not present radiation, and
SP, holding only a trivial ordering of the chain.

For the hopping-like photon-chain coupling case, the phase transition points are symmetrical
with respect to the transformation µ → −µ . Whenever the cavity resides in a super-radiant
phase, the chain is in the topological phase; thus the mean number of photons acts as an order-like
parameter that correlates well with the quantum state of the chain. It is evident that this type of
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cavity-chain coupling widens the topological phase allowed region.
With the latter results, we provide evidence of how the topological phase can be modified with

both on-site as well as hopping terms of photon-fermion interactions, yielding in some cases to a
more robust topological phase. Since whenever the cavity is in a super-radiant phase the chain
is in a TP phase, we showed the possibility of extracting non-local or topological information of
the Kitaev chain from the photonic field, which itself should be highly timely given the continuous
challenges to assess in a clean way Majorana features in transport experiments.

On the other side of quantum information, we found that the reduced matrix of the state of
the cavity can be regarded as a single-mode Gaussian state (GS), which can be expressed in terms
of a fictional thermal state on which squeezed (Ŝξ) and displacement (D̂α) operators act in the
form:

ρ̂GS = D̂αŜξ
N â†â

(1 +N)a
†a
S†ξD

†
α, (10)

with the operators defined as

D̂α = exp
[
αâ† − α∗â

]
, Ŝξ = exp

[(
ξ∗(â)2 − ξ(â†)2

)
/2
]
, (11)

where α ∈ C, ξ = reiφ an arbitrary complex number with modulus r and argument φ, and N is
the thermal state parameter [72]. The r parameter is known as squeezing in quantum optics. With
this description of the cavity state and considering the Rényi entropies, defined as

Sη (ρ̂) = (1− η)−1 ln [tr [ρ̂η]] (12)

for a state ρ̂, particularly that of order η = 2 (which we denoted SR); we found a simple but
powerful relation between the photon Fano factor [defined as FF = Var (n̂) /〈n̂〉, with n̂ ≡ â†â],
single-mode parameters and the light-matter Rényi entropy which reads

SR = FF− 2r − 1. (13)

This relation comes exclusively from numerical DMRG calculations and their analytical backing
by a single-mode Gaussian state (GS) approximation. To obtain this expression, we also found
that SR = 2N for this system.

The validity of this important result is illustrated in Figs. 5 (c), (d), (e) and (f) regardless
of the photon-fermion coupling type. Figures 5(a)-(b) exhibit the behavior of different terms
involved in Eq. (13) for the local photon-fermion coupling (λ0 = 0.1ω and 0.4ω), and show an
excellent agreement between the results directly obtained from DMRG and those assuming a
cavity GS. This validates Eq. (13), according to which SR + 2r and FF − 1 coincide. Very small
deviations between GS and DMRG results at the topological phase transition are observed, for the
stronger coupling value. However, the locations of the singularities predicted by the analytical and
numerical results coincide. Similarly, Figs. 5(c)-(d) display respective calculations for a hopping-
like coupled system (λ1 = 0.07 and 0.4), showing that GS results seem to slightly drift apart from
the numerically exact DMRG ones for the highest coupling. therefore, we have developed a direct
link between accessible microwave observables and quantum entanglement entropies in quantum
matter featuring topological phase transitions.

6 Schedule

Here I present the expected schedule for the realization of the thesis project.
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Task \ Year-term 2020-2 2021-1 2021-2 2022-1 2022-2 2023-1
1 X
2 X X
3 X
4 X X
5 X
6 X X
7 X X X
8 X X
9 X X X
10 X X X
11 X
12 X
13 X
14 X
15 X

• Task 1. Writing of an article reporting the results of the ground-state of the Kitaev-Cavity
system.

• Task 2. Literature review on braiding operations of Majorana Fermions.

• Task 3. Literature review on the Holstein ladder system.

• Task 4. Literature review on the Hubbard-Holstein system.

• Task 5. Literature review on cavity quantum electrodynamics for light-matter interaction
derivation, on techniques to describe light-driven transient superconductivity, and on effective
realistic parameters to describe the k-Br system embedded in the quantum cavity.

• Task 6. Design and implementation of an efficient MPO of the extended Hubbard ladder
Hamiltonian. Exploration, analysis and description of the ground-state phase diagram of the
system.

• Task 7. Design and implementation of an efficient MPO for the Holstein-Hubbard Hamilto-
nian. Exploration, analysis and description of the ground state phase diagram of the system.

• Task 8. Design and implementation of an efficient MPO of the Hubbard triangular lattice
in a cavity. Exploration, analysis and description of the ground state phase diagram of the
system.

• Task 9. Design and implementation of an efficient method to handle the cavity in the TEBD
routine to simulate the dynamics of the cavity-Kitaev system. Exploration, analysis and
description of the dynamics of the coupled system.

• Task 10. Design and implementation of an efficient method to handle the cavity in the
TEBD routine to simulate the dynamics of k-salts. Exploration, analysis and description of
the dynamics of the coupled system.
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• Task 11. Writing of an article reporting the results of the ground-state of the extended
Hubbard ladder model.

• Task 12. Writing of an article reporting the results of the ground-state of the Holstein-Hubbar
model.

• Task 13. Writing of an article reporting the results of the ground-state and dynamics of the
k-salt system.

• Task 14. Writing of an article reporting the results of the dynamics of the cavity-Kitaev
system.

• Task 15. Writing of the PhD thesis document.

7 Ethical considerations

In the development of this proposed thesis project, the used data and techniques will not affect
human or animal populations. All results taken from other sources will be duly cited and ap-
propriately referenced. To verify that there is no manipulation of the data presented in the final
document, the steps that lead to the results will be fully described. The programming codes used
to obtain graphs or numerical results will be available for verification. Bearing all that in mind,
we consider unnecessary that the ethics committee of the university reviews this thesis proposal.
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