
The Gauss-Manin connection for the Legendre

family of elliptic curves

Daniel R. Barrero R.

December 2021



Contents

1 The classical point of view 3
1.1 The global differential and the complex structure . . . . . . . . . 3
1.2 Invariants of framed elliptic curves . . . . . . . . . . . . . . . . . 6
1.3 The Picard-Fuchs differential equation . . . . . . . . . . . . . . . 6

1.3.1 Periods of curves in the Legendre family are solutions . . 7
1.4 Analytic continuation . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.1 Monodromy around 0 . . . . . . . . . . . . . . . . . . . . 13
1.4.2 Monodromy around 1 . . . . . . . . . . . . . . . . . . . . 14
1.4.3 Monodromy and analytic continuation . . . . . . . . . . . 15

2 The point of view of Manin and Grothendieck 17
2.1 Proof of Theorem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 The holomorphic forms ωs ∈ ΩXs . . . . . . . . . . . . . . . . . . 23

1



Introduction

In the nineteenth century, Lazarus Fuchs noticed that the periods of differentials
of the second kind on an elliptic curve satisfy a linear differential equation with
regular singular points. This is a differential equation of order two with three
such singularities, which implies it is a particular case of the hypergeometric
differential equation previously studied by Gauss.

Decades later, in the second half of the twentieth century, Manin formulated a
way to differentiate cohomology classes of differentials of the second kind with
respect to a parameter that indexes a given family of curves of genus g. Shortly
afterward, Grothendieck commented that Manin’s differentiation was probably
the same as a flat connection on the vector bundle determined by the cohomol-
ogy sheaves of relative differential forms Ω•

X/S given by a smooth proper map
π : X → S.

In this work, we look at the Legendre family of elliptic curves from both perspec-
tives: the “classical point of view”, where the main tool is calculus and should
resemble the way in which people like Fuchs and Weierstrass thought about el-
liptic curves and their periods; and a more “modern point of view”, that which
considers the Legendre family as given by a fiber bundle π : X → S and instead
of integrating differential forms, the objects of interest are cohomology sheaves
and associated vector bundles with a flat connection. This perspective should
resemble the way in which people like Manin, Grothendieck, and others thought
about periods of elliptic curves and differential equations.
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Chapter 1

The classical point of view

Our main reference for this chapter is the first section of the book [3], by Carlson
and collaborators. The Legendre family of elliptic curves consists of the complex
projective curves Xs given by

y2 = x(x− 1)(x− s)

for s ∈ C − {0, 1}. Since they are smooth complex projective varieties, they
can be viewed as either algebraic varieties, topological/differentiable manifolds,
or complex manifolds (as which they are 1-dimensional and are therefore called
Riemann surfaces). After computation of invariants such as genus or Euler
characteristic, it is settled that Xs ≃ Xt for any s, t ∈ C− {0, 1} as topological
or differentiable manifolds. However, we shall see that the complex manifold
structure varies with s. In fact, for all s ∈ C − {0, 1} there exists ϵ > 0 such
that for all s′ ̸= s′′ ∈ {t ∈ C − {0, 1} : |t − s| < ϵ}, Xs′ ̸≃ Xs′′ as complex
manifolds.

1.1 The global differential and the complex struc-
ture

The curve Xs has a unique (up to scalar multiples) global differential 1-form,
which is denoted by

ωs =
dx

y

and is given in local holomorphic coordinates by

ωs =
dx√

x(x− 1)(x− s)
.

Integration of ωs along homology cycles allows one to recover the complex man-
ifold structure of Xs. First, let us consider the ordered homology basis {δ, γ}
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Figure 1.1: homology basis on the cut Riemann sphere
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Figure 1.2: homology basis on Xs

illustrated in figures 1.1 and 1.2. These figures depict the fact that Xs is
obtained by glueing together two copies of the Riemann sphere with branch
cuts. The sphere with cuts represents a maximal domain where the function
y =

√
x(x− 1)(x− s) is single-valued, which gives meaning to Xs being the

Riemann surface of the global analytic function y =
√

x(x− 1)(x− s). The
dotted line in the path of γ in figure 1.1 denotes it runs through the other sheet
of Xs, as becomes clear in figure 1.2. The reader can now notice that the inter-
section product gives δ.γ = 1, so that the intersection matrix of the basis {δ, γ}
is

J =

[
0 1
−1 0

]
.

We now define the periods of Xs as the integrals of ωs along γ and δ:

ζ1 =

∫
δ

ωs, ζ2 =

∫
γ

ωs.

Then, (for example as proved in [9]) the complex structure on Xs is given by

Xs ≃ C/Λs

where Λs is the lattice Zζ1 ⊕ Zζ2.
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1.2 Invariants of framed elliptic curves

Although we recovered the complex structure on Xs from its defining equation,
this doesn’t explain how such structures vary with the parameter s.

Proposition 1. If f : Xs → Xt is an isomorphism of complex manifolds, then
f∗ωt = λωs for some nonzero complex number λ.

Proof. Complex differentiability of the map f means that in local coordinates,
Df(∂/∂z̄) = 0, which dually implies that f∗(dz̄) = 0. If in addition f is
biholomorphic, then f∗(dz) is never zero, and therefore f∗α is holomorphic
for any holomorphic form α defined on an open set U ⊂ Xt. Then f∗ωt is
holomorphic, and since the only global holomorphic forms on Xs are the scalar
multiples of ωs, it follows that f

∗ωt = λωs for some λ ∈ C.

Definition 1. 1. A framed elliptic curve is a triple (Xs, δ, γ) where Xs be-
longs to the Legendre family and (δ, γ) is an integral homology basis with
intersection δ.γ = 1.

2. The number τ(s) :=
∫
γ
ωs/

∫
δ
ωs ̸= 0 is called the period ratio of the

framed elliptic curve (Xs, δ, γ).

Corollary. Let (Xs, δ, γ), (Xt, δ
′, γ′) be framed elliptic curves. If f : Xs → Xt

is an isomorphism of complex manifolds such that δ′ = f∗δ, γ′ = f∗γ, then
τ(t) = τ(s).

The usefulness of this corollary is that now if we can detect changes in τ , we can
detect variations in the complex structure of these tori. It will turn out that for
each s ∈ C − {0, 1}, there exists a small disk ∆ ∋ s such that Xt ̸≃ Xs for all
t ∈ ∆− {s}; thanks to the following:

Theorem 1. τ is holomorphic and τ ′(s) ̸= 0 for all s ∈ C− {0, 1}.

So far the quantity τ(s) has been defined as a number associated to a framed
elliptic curve, completely dependent on the choice of homology basis, and not
as a function. We therefore turn to show that locally, τ(s) can be defined as an
analytic function, and at the end of the section we will show that it’s derivative
is never zero.

1.3 The Picard-Fuchs differential equation

It turns out that a reasonable way to define τ is as the ratio of two linearly
independent solutions to a classical differential equation, called the Picard-Fuchs
equation. The equation is

s(s− 1)ζ ′′ + (2s− 1)ζ ′ +
1

4
ζ = 0. (1.1)

Power series solutions exist on any open disk in C−{0, 1} and are traditionally
called hypergeometric functions.
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Figure 1.3: Fixed integration domains for computing periods.

1.3.1 Periods of curves in the Legendre family are solu-
tions

Consider the line integrals

A(s) =

∫
δ

dx√
x(x− 1)(x− s)

, B(s) =

∫
γ

dx√
x(x− 1)(x− s)

. (1.2)

They can be seen as functions of s by keeping the integration domains δ, γ ⊂ C
constant, and if we restrict to s ∈ ∆ where ∆ is a small enough open disk which
does not intersect the paths, then they are actually analytic functions on ∆.
This is because the function 1/

√
x(x− 1)(x− s) for x constant, is analytic on

the Riemann sphere with a cut from x to ∞. This can be seen more readily in
figure 1.3.

We must pay attention to the fact that γ, when thought of as a path in C,
passes through a branch cut. This is actually not a problem, because we use
the dotted line to denote the fact that γ passes to the other sheet after meeting
the branch cut. A look at figure 1.4 helps to clarify this.

Now the integral along γ can be made sense of:
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Figure 1.4: The cycles δ and γ in the complex plane with cuts, where γ is the
concatenation of γ1 and γ2.

B(s) =

∫
γ

dx√
x(x− 1)(x− s)

:=

∫
γ1

dx√
x(x− 1)(x− s)

+

∫
γ2

dx

−
√

x(x− 1)(x− s)
,

where γ1, γ2 are the paths depicted in figure 1.4. The only thing that remains
to be shown is that these line integrals correspond with integrals of the forms
ωs along homology bases for varying s. For this we again turn to figures 1.3 and
1.4. If we delete the disk ∆ from figure 1.4, we see that δ, γ1, γ2 are defined on
a domain where y =

√
x(x− 1)(x− s) is single-valued for all s ∈ ∆. Therefore,

given s ∈ ∆, we define the cycles δs, γs ⊂ Xs as follows:

δs(t) = (δ(t),
√

δ(t)(δ(t)− 1)(δ(t)− s)), t ∈ [0, 1]

γs(t) =

{
(γ(t),

√
γ1(2t)(γ1(2t)− 1)(γ1(2t)− s)), t ∈ [0, 1/2]

(γ(t),
√

γ2(2t− 1)(γ2(2t− 1)− 1)(γ2(2t− 1)− s)), t ∈ [1/2, 1].

We have thus made explicit the correspondence between two analytic functions
on the domain ∆ and periods of curves in the Legendre family restricted to ∆.
Let us turn to showing that they are solutions of the Picard-Fuchs differential
equation.

The function

f(x) =
−1

2

√
x(x− 1)

(x− s)3
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is a rational function on Xs such that

df = s(s− 1)ω′′
s + (2s− 1)ω′

s +
1

4
ωs

where

ω′
s =

dx

2
√

x(x− 1)(x− s)3

ω′′
s =

3dx

4
√
x(x− 1)(x− s)5

.

That is, the forms ω′
s, ω

′′
s are obtained from ωs by differentiating the coefficient

functions with respect to s. Then for ξ = δ, γ we have

0 = s(s− 1)

∫
ξ

ω′′
s + (2s− 1)

∫
ξ

ω′
s +

1

4

∫
ξ

ωs.

We see that the period functions A(s) and B(s), as defined in (1.2), are solutions
to (1.1).

Period functions span the space of solutions to the Picard-Fuchs dif-
ferential equation. For the fixed homology basis {δ, γ} consider the period
functions

A(s) =

∫
δ

ωs,

B(s) =

∫
γ

ωs.

defined on a small open disk ∆ ⊂ S.

The fact that A(s), B(s) are linearly independent solutions to the PF-DE is an
immediate consequence of the fact that the function τ(s) = A(s)/B(s) is non-
constant. One way to establish it is by showing that τ ′(s) ̸= 0 throughout δ.
This is Theorem 1 from the previous section, which we now prove.

Proof of Theorem 1 We have τ(s) = A(s)/B(s), so that τ ′(s) = A′(s)B(s)−A(s)B′(s)
B(s)2

and thus τ ′(s) ̸= 0 if and only if A′(s)B(s) − A(s)B′(s) ̸= 0. Notice that in
cohomology, [ωs] = A(s)δ∗ + B(s)γ∗ and [ω′

s] = A′(s)δ∗ + B′(s)γ∗. It follows
that τ ′(s) ̸= 0 if and only if [ωs] ∪ [ω′

s] ̸= 0. In order to prove it, let us start by
taking a closer look at the form ω′

s.

It is the meromorphic form
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ω′
s =

dx

2
√
x(x− 1)(x− s)3

, (1.3)

and it turns out that this form has a pole of order 2 at p = (s, 0): Notice that at
this point y is a local coordinate, since p is a branching point. In order to express
x locally as a function of y, we look at the defining equation for Xaf

s , the affine
part ofXs, namely the zero level set of the function F (x, y) = y2−x(x−1)(x−s).
If ∆ ⊂ C is a sufficiently small disk such that there exist holomorphic functions
x, y : ∆ → C such that (x(z), y(z)) ∈ Xaf

s defines a local parametrization of
Xaf

s , then d
dzF (x(z), y(z)) = 0 gives

∂F

∂x

dx

dz
= −∂F

∂y

dy

dz

so that

dx

dy
=

2y

x(x− 1) + x(x− s) + (x− 1)(x− s)
(1.4)

defines a differential equation for x as a function of y. The Taylor expansion

for x(y) at y = 0, x(0) = s is such that x′(0) = 0 and x′′(0)
2 = 1

s(s−1) . This

can be read from the equation (1.4) by taking the right-hand side to be x′(y).

One sees x′(0) = 0 by setting y = 0 in this expression, and then x′′(0)
2 = 1

s(s−1)

is obtained by differentiating the right hand side of (1.4) with respect to y
and then evaluating at y = 0. Then the Taylor expansion of x(y) yields y2 =
u(y)s(s − 1)(x − s), where u(y) is a holomorphic function such that u(0) = 1.
We have

x = s+
y2

s(s− 1)
+ higher-order terms

and therefore near p,

ωs =
dx

y
∼ 2dy

s(s− 1)
.

Using the previous facts together with (1.3) gives

ω′
s =

dx

2y(x− s)
∼ dy

s(s− 1)(x− s)
∼ dy

y2
+ regular form. (1.5)

Consider the exact sequence in cohomology of the pair Xs, Xs − {p}:

0 H1(Xs) H1(Xs − {p}) H2(Xs, Xs − {p}).δ

Thanks to Stokes’ theorem and the fact that H2(Xs, Xs − {p}) ≃ C, the
coboundary map δ in the diagram can be identified with calculating the residue
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at p. Thanks to (1.5), we see that resp(ω
′
s) = 0 and therefore ω′

s defines a class
in H1(Xs). We now turn to showing that∫

Xs

[ωs] ∪ [ω′
s] =

−4πi

s(s− 1)
,

which will allow us to conclude that τ ′(s) ̸= 0. First, notice that (1.5) implies
that ω′

s + d(1/y) doesn’t have a pole at p. Let U be a coordinate neighborhood
of p such that y(U) = ∆ ⊂ C, where ∆ is the open disk of radius ϵ > 0 centered
at 0. Let ρ : C → R be a function of |z| alone such that ρ(z) = 1 for |z| ≤ ϵ/4,
ρ(z) = 0 for |z| ≥ ϵ/2, and ρ decreases monotonically for ϵ/4 < |z| < ϵ/2. Now
consider the form

θ := ω′
s + d(ρ(y)/y).

This form is in the same cohomology class as ω′
s since their difference is exact.

Therefore, [ωs] ∪ [ω′
s] is represented by ωs ∧ θ. Let U ′ ⊂ U be the image of

{|z| < ϵ/4} in our working coordinate system. Since outside U ′ both ωs and ω′
s

are holomorphic, and on U ′ both ωs and θ are holomorphic, then

∫
Xs

ωs ∧ θ =

∫
Xs−U ′

ωs ∧ θ +

∫
U ′

ωs ∧ θ =

∫
Xs−U ′

ωs ∧ θ =

∫
Xs−U ′

ωs ∧ d(ρ/y).

Now ωs ∧ d(ρ/y) = d(−ρωs/y), so Stokes’ theorem gives

∫
Xs−U ′

ωs ∧ d(ρ/y) =

∫
|y|=ϵ/4

−ρωs/y =

∫
|y|=ϵ/4

−ωs/y =
−4πi

s(s− 1)

where the last equality follows from ωs ∼ 2dy
s(s−1) and applying the Cauchy

integral formula. QED.

Corollary. For all s ∈ C− {0, 1} there exists ϵ > 0 such that for all s′ ̸= s′′ ∈
{t ∈ C− {0, 1} : |t− s| < ϵ}, Xs′ ̸≃ Xs′′ as complex manifolds.

One could say that τ ′(s) ̸= 0 because [ωs], [ω
′
s] form a basis for the vector

space that is the cohomology of each fiber. The form ω′ was obtained by dif-
ferentiating ω with respect to the parameter s, which is as of yet unmotivated.
In the next chapter we will work in a context where differentiating a cohomol-
ogy class with respect to the parameter of the base is the result of applying a
connection to the cohomology class, namely the Gauss-Manin connection.

1.4 Analytic continuation

After defining a period function ζ(s) on an open disk ∆ ⊂ S centered at s0 as
above, analytic continuation of ζ may be done by regarding it as a solution to
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Figure 1.5: C− {0, 1} is homotopy-equivalent to the wedge of two circles.

equation 1.1 in the following way: given a piecewise smooth path α ⊂ S joining
points s0 and s1, cover α by open disks ∆j ⊂ S of the same radius centered at
α(tj) for a partition 0 = t0 < t1 < . . . < tn = 1, such that α(tj+1) ∈ ∆j . Then,
sequentially solve the Cauchy problem on the disk ∆j+1 with initial condition
ζj(α(tj+1)), where ζj is the solution on ∆j .

However, from such a definition of analytic continuation, it is not easy to track
down how the succesive solutions are given by periods of the fibers Xs. The
following arguments should be accesible to the reader with basic knowledge of
analytic continuation and linear homogeneous ODE over C. We recommend the
references [1],[8].

The Picard-Fuchs equation (1.1) has regular singularities at 0, 1,∞. Therefore,
if α is a simple closed curve that encircles either 0 or 11, then analytic continu-
ation of a local solution along α may produce a different solution. We recently
established that the period functions A(s), B(s) are linearly independent solu-
tions of equation (1.1), and since this is a linear homogeneous equation of order
2, the functions A(s) and B(s) define a basis for the set of solutions to (1.1) as
a C−vector space. If we denote this space of solutions by Sol, it follows from
elementary arguments that analytic continuation of A and B along α defines a
linear isomorphism α̂ : Sol → Sol. This linear isomorphism is our definition of
monodromy along α.

Since analytic continuation of a germ along a null-homotopic loop is identity,

1We restrict our attention to piecewise c1 curves, and by encircles a point we mean that
the point belongs to the bounded component of the complement of the curve.
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Figure 1.6: Effect of the flow of η̃ on homology of the fibers over |s| = ϵ.

knowledge of monodromy along any loop is equivalent to knowledge of mon-
odromy along generators of π1(C−{0, 1}). This group is free on two generators
since C − {0, 1} is homotopic to the wedge of two circles (see figure 1.5). We
proceed to compute monodromy along loops encircling 0 and 1 like those pic-
tured in figure 1.5; we will do so by observing how homology changes under the
flow of a vector field and computing intersection numbers.

1.4.1 Monodromy around 0

The family of elliptic curves given by

Ms = {(x, y)| y2 = (x2 − s)(x− 1)}, s ∈ C− {0, 1}

is convenient to illustrate what monodromy around 0 should look like. Con-
sider the circle |s| = ϵ. The generator for π1(C − {0, 1}) pictured in figure 1.5
is homotopic to the loop defined by joining a path from the basepoint to the
circle |s| = ϵ, so we can restrict ourselves to analytic continuation along such a
circle. The vector field ∂/∂θ on the punctured disk {0 < |s| < 2ϵ} has |s| = ϵ
as an integral curve, and can be extended to a vector field η on C − {0, 1}.
This vector field lifts to a vector field η̃ on the manifold M = {(x, y, s)| y2 =
(x2 − s)(x − 1), s ∈ C − {0, 1}}, such that its flow defines diffeomorphisms
between the fibers of |s| = ϵ. Let s0 be an arbitrary point in this circle and
let η̃2π : Ms0 → Ms0 be the flow diffeomorphism that maps the fiber at s0 to
itself after a full turn of the circle. It defines a map T on homology which only
depends on the homotopy class of η̃2π.

Notice that a natural way to define charts on the curves Ms is by cutting
the Riemann sphere as illustrated in the left panel of figure 1.6, with one cut
being the line segment joining the square roots of s and the other cut being a
ray from 1 to ∞. Then, we say the flow of η rotates the cut from −

√
s to

√
s,

and in that way it defines a family of flow diffeomorphisms between the fibers of
|s| = ϵ since the map extends uniquely by continuity to the curves after defining
it on their sheets. The way it acts on homology is illustrated in the sequence of
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Figure 1.7: The homology transformation for the Legendre family is T 2.

pictures in figure 1.6.

If we denote by T : H1(Ms0 ,Z) → H1(Ms0 ,Z) the map on homology, we can
read the intersection numbers of Tγ and Tδ with δ and γ from figure 1.6. Clearly,
Tδ = δ and Tγ.δ = γ.δ = −1. To obtain Tγ.γ = 1, we superimpose the left and
right pictures of figure 1.6. Then, the matrix representation of T in the basis
{δ, γ} is [

1 1
0 1

]
.

The family M is such that when s rotates by 2π around 0, the branching points
are the same but the cut joining the square roots of s has rotated only by π.
Since for our family X the cut from 0 to s rotates by 2π when s travels a full
turn on the circle |s| = ϵ, the map on homology given by η̃2π is P := T 2 (see
figure 1.7).

P = T 2 =

[
1 2
0 1

]
.

1.4.2 Monodromy around 1

To compute monodromy for s → 1, the flow-diffeomorphism arguments are the
same as for s → 0. However, it is convenient to choose a different pair of branch
cuts while keeping the same homology basis, essentially because for our choice of
homology basis the cycle γ encircles 1 and s. The reader may want to convince
herself that choosing new branch cuts while keeping the homology cycles fixed
is a reasonable thing to do.
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Figure 1.8: Standard homology basis with branch cuts used to compute mon-
odromy around 0.

Figure 1.8 depicts our working homology basis together with the cuts used to
compute monodromy around 0, while figure 1.9 shows the cuts best adapted for
computing monodromy around 1 in the left panel. The right panel of figure 1.9
shows the change in homology when the segment joining 1 and s has turned a
half-circle. Computing intersection numbers the same way as before shows that
the matrix T ′ associated to a half-turn is

T ′ =

[
1 0
−1 1

]
.

Then, the matrix representing monodromy around 1 for the Legendre family is

Q := T ′2 =

[
1 0
−2 1

]
.

1.4.3 Monodromy and analytic continuation

The reader may now reasonably wonder why knowledge of how homology of Xs

changes as s winds around 0 and 1 implies knowledge of analytic continuation
of the period functions A(s), B(s). If s lies in a small circle that winds around
0, the homology cycles determined by flow of a vector field are homologous to
δs and γs for points in the circle that are close enough to s, when thought of as
homology cycles on Xs. This same reasoning is applicable for s in a small circle
that winds around 1. Combining this idea with those discussed in section 1.3
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Figure 1.9: Monodromy for s → 1.

related to the pictures 1.4 and 1.3, we conclude that the flow diffeomorphisms
between the fibers do define analytic continuations of the period functions. In
other words, if α : [0, 1] → C − {0, 1} is a loop that acts on homology by a
matrix2 W and ξ is a homology cycle on the curve Xs0 , then for s near s0

ζ(s) :=

∫
ξ

ωs

implies

(α · ζ)(s) =
∫
Wξ

ωs,

where α · ζ denotes the analytic continuation of ζ along α.

Remark. Notice that the monodromy matrices P and Q define a complex
representation of the fundamental group of C − {0, 1}. This representation is
faithful, and for a proof we refer the reader to [3]. Also relevant to this discussion
is the fact that the category of complex representations of the fundamental group
of a space Z is equivalent to the category of locally constant sheaves of complex
vector spaces on Z, a proof can be found in [4]. In the next chapter we will
prove that cohomology of the curves in the Legendre family defines a sheaf
locally isomorphic to C2

C−{0,1}, which is precisely the locally constant sheaf

given by the monodromy representation of the fundamental group of C−{0, 1}.

2The reader can convince himself that W is a word with letters P, P−1, Q,Q−1.
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Chapter 2

The point of view of Manin
and Grothendieck

This chapter can be thought of as an elaboration on a footnote at the end of
Grothendieck’s 1966 paper On the de Rham cohomology of algebraic varieties
[5]. In chapter 1 we obtained the form ω′

s out of ωs by way of differentiating
its coefficient function with respect to the variable s, and then saw that they
defined independent cohomology classes. Let us see that we can endow coho-
mology of the fibers with the structure of a vector bundle with a flat connection,
such that the connection coincides with differentiation with respect to s. We
start by giving a new context for the Legendre family of elliptic curves.

Define S = C − {0, 1} and let X be the closure in P2 × S of the space
Xaf := {(x, y, s) ∈ C2 × S| y2 = x(x − 1)(x − s)}. Let π : X → S be the
restriction to X of the projection (x, y, s) 7→ s.This map is a proper submersion
and its fibers are the curves of the Legendre family, namely π−1(s) = Xs. An
important consequence of this is that in the smooth category, π−1(∆) ≃ ∆× T
where ∆ ⊂ S is a sufficiently small open disk and T = S1×S1. This actually was
implicit in the previous chapter, for instance when we provided a homology basis
for all curves above a small disk ∆ by way of paths δ, γ1, γ2 : [0, 1] → C. From
such data one can use the fact that T ≃ R2/Z2 and Xs ≃ C/A(s)Z⊕B(s)Z to
trivialize π−1(∆), where A(s), B(s) are the periods of Xs.

Notice that the previous paragraph implies that s is a global coordinate function
on X, which is acutually enough to show that the canonical map π♭ : π−1OS →
OX is injective1. With this in mind, it is perfectly reasonable to think of differ-
ential forms on X which are independent of s, namely those whose expressions
in local coordinates do not contain ds nor coefficient functions dependent on s.
The formal picture is the following:

1The choice of notation is by analogy with Hartshorne’s book, where the adjoint map
OS → π∗OX is called π♯.
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Definition 2. 1. Pull-back of differential 1-forms along π defines a map δπ :
π∗ΩS → ΩX . The sheaf of relative 1-forms ΩX/S is the cokernel of δπ in
the category of sheaves.

2. The relative de Rham complex Ω•
X/S is the complex

OX ΩX/S
d′

with the differential d′ being the composition of d : OX → ΩX and the
quotient map ΩX → ΩX/S .

Let us now state the purpose of this chapter. Given a connected manifold Z, we
define a vector bundle with a flat connection on Z to be any sheaf F isomorphic
to OZ ⊗CZ

ℓ, where ℓ is a local system of rank r, namely a sheaf locally isomor-
phic to Cr

Z . Then there exists a canonical action of the tangent sheaf ΘZ on
F given by differentiation on the OZ factor, this is what we refer to as the flat
connection. Our purpose in this chapter is to show that by way of the direct
image functor, Ω•

X/S defines a vector bundle with a flat connection on S. This
will be our definition of the Gauss-Manin connection.

To achieve this purpose, it suffices to show that there exist a local system ℓ and
a functor Φ related to direct image such that Φ(Ω•

X/S) = OS ⊗ ℓ. However, we
are also interested in relating this to the previous chapter, so let us start by
discussing a local system ℓ that we have encountered before.

Proposition 2. Rqπ∗CX is a local system on S for each q and its stalk at s is
Hq(Xs,C).

Proof. We start by proving the second statement. Let CX→̃I• be a resolution
of the constant sheaf by objects acylclic for the direct image functor. Then

(Rqπ∗CX)s = Hq(π∗I
•)s = lim−→

U∋s

Hq(π∗I
•)(U).

Since the direct limit functor is exact, it commutes with cohomology. Therefore,
we have:

lim−→
U∋s

Hq(π∗I
•)(U) = lim−→

U∋s

Hq(I•(π−1U)) = Hq(lim−→
U∋s

I•(π−1U)).

Since the directed system consisting of open disks ∆ centered at s is cofinal with
respect to the system of all neighborhoods of s, and X → S is locally trivial
with fiber T , it follows that
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Hq(lim−→
U∋s

I•(π−1U)) = Hq(lim−→
∆∋s

I•(π−1∆)) = Hq(∆× T,C) = Hq(Xs,C).

That Rqπ∗CX is a local system follows from it being the sheafification of
the presheaf U 7→ Hq(π−1U,CX |π−1U ).

We are ready to state our result of interest:

Theorem 2.
Rπ∗(Ω

•
X/S) = OS ⊗CS

Rπ∗CX .

The next section is devoted to proving the theorem in steps, and the reader is
likely to notice soon enough that it is nothing more than a particular case of
the projection formula [6],[7].

2.1 Proof of Theorem 2

Since we are applying the derived functor Rπ∗, we may start by replacing Ω•
X/S

with an equivalent object.

Proposition 3.
Rπ∗(Ω

•
X/S) = Rπ∗(π

−1OS).

Proof. We prove that d(OX)∩δπ(π∗ΩS) is the image of the composition d◦π♭ :
π−1OS → ΩX . First, given f ∈ π−1OS , π♭(f) = g ◦ π for g ∈ OS . Then
d(π♭(f)) = δπ(dg). Next, let f ∈ OX be such that df ∈ δπ(π∗ΩS). We use
the fact that s is a global coordinate to express f locally as f(x, s), where x is
some other holomorphic coordinate. Then df = fxdx+ fsds = fsds. Then f is
independent of x and therefore f ∈ π♭(π−1OS).

The following simple fact will save us the need to repeatedly specify the coeffi-
cient ring for the tensor product:

Proposition 4.
π∗CX = CS .

Proof. The constant sheaf CS is determined by the property that if U ⊂ S is a
connected open set, then CS(U) = C. To prove the desired equality of sheaves,
we prove that the map π is such that π−1U ⊂ X is connected for U ⊂ S a
connected open set.

Let U ⊂ S be a connected open set, and consider two arbitrary points a, b ∈
π−1U . Take a path γ ⊂ U joining πa and πb, and let ∆1, . . . ,∆n be open disks
centered at points of γ such that π−1∆i ≃ ∆i×T and γ ⊂ ∪i∆i. Then standard
arguments give a lifting of γ to a path γ̃ joining a and b.
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Proposition 5. 1. Fine sheaves are acyclic for the direct image functor.

2. The constant sheaf CX admits a fine resolution (I•, d).

3. If M is any sheaf on X and I is a fine sheaf on X, then M ⊗CX
I is a

fine sheaf2.

4. In the category of sheaves of complex vector spaces, if M is any sheaf, then
the functor M ⊗C (•) is exact.

Proof. 1. A proof can be found in [2].

2. Let Ω•
X,C,∞ denote the complex of smooth differential forms with complex

values on X. Namely, α ∈ Ωp
X,C,∞ is given in local coordinates by α|V =∑

I(uI + ivI)dxi1 ∧ ... ∧ dxip where I is the multi-index i1 < ... < ip,
xj are smooth coordinate functions on V ⊂ X, and uI , vI are smooth
functions on V ⊂ X. It is a complex of fine sheaves since separating into
real and imaginary parts gives Ω•

X,C,∞ ≃ Ω•
X,∞ ⊕ Ω•

X,∞, where Ω•
X,∞ is

the usual smooth de Rham complex on X. Poincaré lemma on the real
and imaginary parts implies the complex is exact at each term, and if
f = u + iv is a complex-valued smooth function, df = 0 if and only if
du = 0 and dv = 0, which is to say f is constant.

3. Let I be a fine sheaf on X and let M be any sheaf on X. If {ϕα} : I → I
is a collection of endomorphisms of I with locally finite support such
that

∑
α ϕα = idI , then {id ⊗ ϕα} : M ⊗ I → M ⊗ I is a collection

of endomorphisms of M ⊗ I with the same properties.

4. Let 0 → A′ → A → A′′ → 0 be a short exact sequence of sheaves of
complex vector spaces on X. Then

0 → M ⊗C A′ → M ⊗C A → M ⊗C A′′ → 0

is exact if and only if for all x ∈ X the sequence of stalks

0 → (M ⊗C A′)x → (M ⊗C A)x → (M ⊗C A′′)x → 0

is exact. This is true since taking the stalk commutes with the tensor
product and since all vector spaces are flat C−modules.

In order to compute Rπ∗π
−1OS we need an appropriate resolution of π−1OS .

This is the content of the next proposition.

Proposition 6. If (I•, d) is a fine resolution of CX , then (π−1OS ⊗ I•, 1⊗ d)
is a fine resolution of π−1OS.

2We restrict to sheaves of complex vector spaces.
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Proof. Thanks to proposition 5, ker(π−1OS ⊗ I0 → π−1OS ⊗ I1) = π−1OS .
Also, each term of the complex π−1OS ⊗ I• is a fine sheaf. To complete the
proof it suffices to prove exactness. Since (π−1OS ⊗ I•, 1 ⊗ d) is a complex of
sheaves, it’s enough to prove exactness at the level of stalks. Namely, for n ≥ 1
consider the sequence of stalks

π−1OS ,x ⊗In−1,x π−1OS ,x ⊗In,x π−1OS ,x ⊗In+1,x .
1⊗d 1⊗d

Let
∑

i fi⊗yi ∈ π−1OS ,x ⊗In,x be such that
∑

i fi⊗dyi = 0. Since π−1OS ,x ⊗In,x
is a tensor product of vector spaces, the fi may be taken to be linearly inde-
pendent. Then,

∑
i fi ⊗ dyi = 0 implies dyi = 0 for all i. Then, exactness

of

In−1,x In,x In+1,x
d d

yields yi = dy′i for some y′i ∈ In−1,x. Then
∑

i fi ⊗ yi = 1 ⊗ d(
∑

i fi ⊗ y′i),
thereby proving exactness.

We have arrived at the final step of the proof.

Proposition 7. Rπ∗(π
−1OS) = OS ⊗CS

Rπ∗CX .

Before proving it we introduce some preliminary considerations. Using the fine
resolutionCX−̃→I• and our previous results, we haveRπ∗π

−1OS = π∗(π
−1OS⊗CX

I•) and OS ⊗CS
Rπ∗CX = OS ⊗CS

π∗I
•.

Considering the n-th terms of the respective complexes, we want to define a
map (OS ⊗CS

π∗I
n)(U) → π∗(π

−1OS ⊗CX
In)(U).

Let I := In. There are natural maps of presheaves

sh⊗ id : π−1Opre
S ⊗pre I → π−1OS ⊗pre I

sh : π−1OS ⊗pre I → π−1OS ⊗ I

for which functoriality of π∗ in the category of presheaves gives maps

π∗(sh⊗ id) : π∗(π
−1Opre

S ⊗pre I) → π∗(π
−1OS ⊗pre I)

π∗sh : π∗(π
−1OS ⊗pre I) → π∗(π

−1OS ⊗ I),

where sh denotes the appropriate sheafification. Moreover, it can be easily
checked that there is an equality of presheavesOS⊗preπ∗I = π∗(π

−1Opre
S ⊗preI).

Therefore, if we prove that the composition of the chain of natural maps of
presheaves
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OS ⊗pre π∗I → π∗(π
−1Opre

S ⊗pre I) → π∗(π
−1OS ⊗pre I) → π∗(π

−1OS ⊗ I)

is an isomorphism on stalks, we prove that the sheavesOS⊗π∗I and π∗(π
−1OS⊗

I) are canonically isomorphic, with the natural map having the direction OS ⊗
π∗I → π∗(π

−1OS ⊗ I).

Remark. We have defined a map of complexes since the map OS ⊗pre π∗I →
π∗(π

−1Opre
S ⊗pre I) is identity and for the remaining maps, commutativity with

the differentials is given by functoriality.

The proof that the natural map OS ⊗ π∗I → π∗(π
−1OS ⊗ I) is an isomorphism

will also be done in steps.

Lemma 1. π is an open map.

Proof. It follows from the fact that as a topological space, X admits a basis
consisting of open sets homeomorphic to U ×W where U is an open subset of
S and W is an open subset of T .

Corollary. lim−→U⊃πV
G(U) = G(πV ) for any sheaf G on S.

Lemma 2. Let F be a presheaf on X. Define F, π−1s := lim−→V⊃π−1s
F (V ).

Then π∗F, s = F, π−1s.

Proof. Since for all open sets S ⊃ U ∋ s, π−1U ⊃ π−1s holds, then there is
a natural map π∗F, s → F, π−1s. Let us see that the open sets π−1U, U ⊂ S
are cofinal in the directed system associated to F, π−1s. It suffices to show
that for all open sets V ⊂ X such that π−1s ⊂ V , there exists an open set
U ⊂ S such that π−1s ⊂ π−1U ⊂ V . Recall that fibers are compact since for
all s ∈ S, π−1s ≃ T where T = S1 × S1. Given x ∈ π−1s, choose x ∈ Vx ⊂ V
such that Vx ≃ ∆x × Wx, where ∆x ⊂ S is a small open disk centered at s.
In this manner we cover π−1s by open sets contained in V . By compactness of
π−1s we may assume that the cover {∆x ×Wx}x∈π−1s is finite, say it consists
of ∆1 ×W1, . . . ,∆n ×Wn. Assuming ∆1 =: U is the disk of smallest radius, it
follows that π−1s ⊂ π−1U ⊂ V .

Lemma 3. 3 πpre−1G = π−1G for any sheaf G on S.

Proof. Let us start by proving that for open sets V, V ′ ⊂ X, π(V ∩ V ′) =
πV ∩ πV ′. Elementary set theory tells us that it suffices to prove πV ∩ πV ′ ⊂
π(V ∩ V ′). If s ∈ πV ∩ πV ′, there exist x ∈ V, x′ ∈ V ′ such that πx = πx′ = s.
Let ∆ ⊂ S be an open disk centered at s such that there exists a homeomorphism
φ : π−1∆ → ∆ × T such that pr1 ◦ φ = π. Let W̃ := V ∩ π−1∆, W̃ ′ :=
V ′ ∩ π−1∆. Then there exist open disks ∆1,∆2 ⊂ ∆ centered at s and open

3πpre−1G denotes the presehaf on X whose sections are πpre−1G(V ) = lim−→U⊃πV
G(U).

The sheaf π−1G is defined to be the sheafification of this presheaf.
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sets W,W ′ ⊂ T such that φx ∈ ∆1 × W ⊂ φW̃ and φx′ ∈ ∆2 × W ′ ⊂ φW̃ ′.
Then s ∈ ∆1 ∩∆2 = pr1(∆1 ∩∆2 ×W ∩W ′) = pr1φφ

−1(∆1 ∩∆2 ×W ∩W ′) =
πφ−1(∆1 ∩∆2 ×W ∩W ′) ⊂ π(W̃ ∩ W̃ ′) ⊂ π(V ∩ V ′). Let us now check that
πpre−1G satisfies the sheaf axioms. Let V = ∪Vi and suppose g ∈ πpre−1G(V )
is such that ∀i : g|Vi = 0. Since π is an open map, πpre−1G(V ) = G(πV ) and
g ∈ G(πV ) is such that g|πVi = 0. Since ∪πVi = πV , g restricts to 0 on an open
cover of πV , so that G being a sheaf implies g = 0. Now suppose we are given
a collection gi ∈ πpre−1G(Vi) such that gi = gj on Vi ∩ Vj . This is the same as
a collection gi ∈ G(πVi) such that gi ∩ gj on π(Vi ∩ Vj), but earlier we proved
π(Vi ∩ Vj) = πVi ∩ πVj , so πVi being an open cover of πV and G being a sheaf
imply there exists g ∈ G(πV ) = πpre−1G(V ) such that g|Vi = gi.

Corollary. the map π∗(π
−1Opre

S ⊗pre I) → π∗(π
−1OS ⊗pre I) is identity, hence

an isomorphism on stalks.

Lemma 4. lim−→V⊃π−1s
(π−1OS ⊗ I)(V ) = lim−→V⊃π−1s

π−1OS(V )⊗ I(V ).

Proof. Let α ∈ (π−1OS ⊗ I)(V ) be a representative of an element in (π−1OS ⊗
I), π−1s. By topological arguments similar to the ones we have just used, we
may assume V = π−1U for U an open neighborhood of s, and that there exist
αi ∈ π−1OS(Vi)⊗I(Vi), i = 1, . . . , n such that ∪n

i=1Vi = V, α|Vi = αi and πVi =

U for i = 1, . . . , n. Consider the tensors αi =
∑N

t=1 ft ⊗ yt ∈ π−1OS(Vi)⊗ I(Vi)

and αj =
∑M

t=1 f
′
t ⊗ zt ∈ π−1OS(Vj) ⊗ I(Vj). Using the fact that πVi =

πVj = U and taking a basis of span(f1, . . . , fN , f ′
1, . . . , f

′
M ) ⊂ OS(U), we may

assume αi =
∑N

t=1 ft ⊗ yt and αj =
∑N

t=1 ft ⊗ zt where f1, . . . , fN are linearly

independent vectors. LetW = Vi∩Vj . Then αi|W = αj |W yields 0 =
∑N

t=1 ft⊗
(yt|W − zt|W ), so yt = zt on Vi ∩ Vj . It follows that α =

∑N
t=1 ft ⊗ yt ∈

π−1OS(V )⊗ I(V ).

Corollary. the map π∗(π
−1OS ⊗pre I) → π∗(π

−1OS ⊗ I) is an isomorphism on
stalks.

2.2 The holomorphic forms ωs ∈ ΩXs

Since Rπ∗(Ω
•
X/S) ≃ OS ⊗ Rπ∗CX and R1π∗CX is locally isomorphic to C2

S ,

it follows that R1π∗(Ω
•
X/S) is locally isomorphic to OS ⊕ OS . If U ⊂ S is an

open set such that we can fix a homology basis δ, γ for the fibers Xs, s ∈ U ,
then taking the dual cohomology basis gives R1π∗CX |U ≃ C2

U and therefore
R1π∗(Ω

•
X/S)|U ≃ OS |U ⊕OS |U .

Integration over δ, γ of the holomorphic forms ωs for s ∈ U gives the pe-
riod functions A(s), B(s) on U from the previous chapter. Then we may iden-
tify the cohomology classes [ωs] with the values of the vector-valued function
(A(s), B(s)) on U . That is, we identify [ωs] for varying s with a section of
OS |U ⊕OS |U . The Gauss-Manin connection, which on U is given by differenti-
ation with respect to s, gives (A′(s), B′(s)) when applied to the vector-valued
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function that we have identified with [ωs]. But then recalling from the previous
chapter we see that this is the same as the cohomology classes [ω′

s], and it is
in this sense that we can say that the form ω′

s is the result of applying the
Gauss-Manin connection to the form ωs.

Although the previous paragraph was a local discussion, it is clear that
the cohomology classes [ωs] and [ω′

s] define two independent global sections of
R1π∗(Ω

•
X/S), and the vector-valued functions used to represent them locally are

given by a choice of homology basis on an open set where the family is trivial.
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