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1 Introduction

Shannon developed classical information theory in 1948, quantifying information
and giving a mathematical foundation to any process within it, such as transmission,
compression, codification, etc. Years later, the question of how to transmit quantum
information arose naturally from quantum physics; as a result, Quantum Information
Theory based on Shannon ideas was developed. This new focus on information the-
ory gave rise to new problems concerning to the successful transmission of quantum
information[1]; but also allowed the introduction of new advantageous protocols, ex-
hibiting features not achievable in the classic theory. In quantum information theory,
maximally-entangled states (MES) are key to implement many well-known protocols,
such as quantum teleportation, quantum error correction and quantum key distribution.

The representation theory of the symmetric group provides a mechanism that al-
lows one to generate a wide class of maximally-entangled multipartite states. Such
states, which we call Kronecker states [2], belong to the invariant subspace of products
of irreducible representations of Sn. Reduced density matrices of such states in each
individual subspace are completely mixed, proving that Kronecker states are MES [3].

The purpose of this work is to better understand Kronecker states and their ap-
plications in quantum information theory. In order to reveal properties of Kronecker
states from different focuses, we will use them as special maximally-entangled states in
some problems of quantum information theory. In particular, we purpose to implement
them in four cases:

• Superadditivity of classical channel capacity in quantum channels

• Quantum error correction

• Quantum secret sharing

• Entanglement concentration
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In this document we will describe the basis of each case, commenting on the possible
importance of Kronecker states in each one.

2 Representation Theory of the Symmetric Group

In this section we will present the basics of the representation theory of the symmet-
ric group [4], preparing the basis for the introduction of Kronecker states and their
significance in quantum information theory.

2.1 The Symmetric Group Sn

Sn is the group of permutations of a set of n elements. Each element π of the group
can be expressed as

π = [π(1)π(2) . . . π(n)], (1)

where π(i) represents the position of the element of the set which will take the position
of the element i, e.g., given a set X = {A,B,C,D}, and the permutation π = [3241],
the resultant set is πX = {C,B,D,A}. In this document the cycle notation will be
used to label permutations.

Definition Let x1, . . . , xr be elements of a set of n ≥ r elements. The permutation
which maps the elements x1 → x2, x2 → x3, . . . , xr−1 → xr and fixes the n−r remaining
elements is the cycle (x1, . . . , xr) of order r.

It is always possible to write any permutation as the product of disjoint cycles, and
the decreasing orders of such cycles determine the cycle structure ρ of the permutation,
e.g., the permutation π = [643215] written in cycle notation is π = (165)(24), with
cycle structure is ρ = (32).

Definition For any group G, the elements g1, g2 ∈ G are conjugate if there is an
element g ∈ G such that

g1 = g · g2 · g−1 (2)

Any group can be divided in conjugacy classes that are sets of conjugated elements.
That is, the conjugacy class of g is:

K(g) = {ĝgĝ−1|ĝ ∈ G} (3)

For the group Sn, let τ = (τ1, τ2, . . . , τr) be an r−cycle; then, the result of a conjugation
with some permutation π is

πτπ−1 = (π(τ1)π(τ2) . . . π(τr)), (4)

which is just a relabeling of the elements in τ , so in general the conjugation operation
doesn’t change the cycle structure of the elements in Sn. In other words, the conjugacy
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classes for Sn are defined for the different cycle structures. For some n, the conjugacy
classes are labeled by the possible partitions of n, which represent the cycle structure.

Definition A partition is a sequence of positive integers ordered in non increasing
order λ = (λ1, λ2, . . . , λl), with a weight n =

∑
i λi. If mi represents the times that

the element i appears in λ, it is possible to rewrite λ = (n1 . . . r(mr) . . . 2(m2)1(m1)) ,e.g.,
for n = 6 there are 11 possible partitions, (6), (51), (42), (412), (32), (321), (312), (23) ,
(22, 12) ,(2, 14) ,(16). So, the elements of S6 are divided in this 11 conjugacy classes.

2.2 Young Tableaux

Each partition can be represented as a Young diagram with empty boxes in a way that
λi is the number of boxes in the row i. Each Young diagram can be filled in different
ways, the one most important for us is the standard Young tableau (SYT) in which
boxes are filled with the numbers from 1 to n in a way that they are increasing from
left to right in every row and increasing downwards in every column.

For example, one partition of weight n = 5 is λ = (3, 2). This partition is represented
by the diagram

,

whose SYT's are

1 2 3

4 5

1 2 4

3 5

1 2 5

3 4

1 3 4

2 5

1 3 5

2 4
(5)

The number fλ of SYT's associated with a partition can be calculated from the hook
rule,

fλ =
n!∏
i,j vi,j

, (6)

here vi,j is the number of boxes to the right and below plus one of the box (i, j) in the
Young diagram. For the example studied, this is

4 3 1

2 1
, fλ =

5!

4 · 3 · 2 · 1
= 5. (7)

2.3 Representations of Sn

It turns out that Sn has as many irreducible representations (irreps) as partitions of
weight n. The dimension of each irrep is given for the number of SYT in the corre-
spondent partition. For this reason, it is convenient to label the irreps of Sn with the
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correspondent partitions λi of n.
The basis for the elements of Sn in the irrep [λ] are given by the fλ SYT's of λ, usually
labeled with the correspondent Yamanouchi symbol(a list with n elements, where the
i− th element represents the row where the number i is in the SYT). The Yamanouchi
symbols for the SYT's of λ = (3, 2) presented in Equation 5 are respectively

{1, 1, 1, 2, 2}, {1, 1, 2, 1, 2}, {1, 1, 2, 2, 1}, {1, 2, 1, 1, 2}, {1, 2, 1, 2, 1}. (8)

The matrix representing the element π in the irrep [λ] is Sλ(π) with dimensions fλ×fλ.
Defining the axial distance in the Yamanouchi basis M

ρM(n1, n2) = (x2 − x1) + (y1 − y2), (9)

where xi, yi are the row and column where the number ni is in the SYT correspondent
to M , and assigning the bases eM to each Yamanouchi symbol, we can compute the
rows of the matrix representation of the transposition Tj = (j, j + 1) in the irrep λ as

Sλ(Tj)eM =
1

ρM(j + 1, j)
eM +

√
1− 1

ρM(j + 1, j)2
eTjM ; (10)

if TjM (the transposition applied to the Yamanouchi symbol) is an existing Yamanouchi
symbol M2, then eTjM = eM2 , otherwise, eTjM = 0. For example, in S4 for the irrep
λ = (31) there are three valid Yamanouchi symbols

M1 = {1, 1, 1, 2},M2 = {1, 1, 2, 1},M3 = {1, 2, 1, 1}, (11)

which will be assigned to a three dimensional orthogonal basis

M1 → eM1 = (1, 0, 0),M2 → eM2 = (0, 1, 0),M3 → eM3 = (0, 0, 1). (12)

In this way, the transposition T1 is

S(31)(T1)e{1,1,1,2} = 1 ∗ e{1,1,1,2} + 0 ∗ e{1,1,1,2} = (1, 0, 0)

S(31)(T1)e{1,1,2,1} = 1 ∗ e{1,1,2,1} + 0 ∗ e{1,1,2,1} = (0, 1, 0)

S(31)(T1)e{1,2,1,1} = −1 ∗ e{1,2,1,1} + 0 ∗ e{2,1,1,1} = (0, 0,−1)

S(31)(T1) =

 1 0 0
0 1 0
0 0 −1

 .

(13)

In the same way T2 and T3 can be computed, and the other permutations of S4 can be
calculated as the product of these transpositions.

The trace of Sλ(π) in this context is known as the character χλ(π) and it has some
interesting properties. Because the trace is invariant to similarity transformations

χλ(π) = tr(Sλ(π)) = tr(Sλ(π̂)Sλ(π)Sλ(π̂
−1)) ∀π̂ ∈ Sn, (14)
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it implies that the character only depends on the conjugacy class of π, which is deter-
mined by the cycle structure ρ of π, that is

χλ(π) = χλ(ρ) ,∀π ∈ ρ. (15)

From the properties of the trace, we also have that

χλ(π ⊕ π̂) = χλ(π) + χλ(π̂), χλ(π ⊗ π̂) = χλ(π) · χλ(π̂). (16)

In addition, the characters of different representations are orthogonal∑
π∈Sn

χα(π)χβ(π) = n!δαβ. (17)

With this, we complete the tools needed to introduce Kronecker states in the next
section.

3 Maximally-entangled states and Kronecker states

3.1 Maximally-entangled states

In quantum mechanics, two particles belonging to Hilbert spaces HA,HB respectively,
conform a system that belongs to HA ⊗HB. If the total state can be written as

|ψ〉AB = |ψ〉A ⊗ |ψ〉B (18)

with |ψ〉A ∈ HA, |ψ〉B ∈ HB, the state is a separable state. If such separation is
impossible, the state is an entangled state, which has correlations that are not present
in the classical case. In particular, a bipartite entangled state is maximally entangled
if the partial trace in each subsystem is a multiple of the identity. An example of this
is the two qubit state

|ψ〉AB =
1√
2

(|00〉+ |11〉) . (19)

There is no possible combination of |ψ〉A , |ψ〉B with |ψ〉AB = |ψ〉A ⊗ |ψ〉B, so |ψ〉AB is
an entangled stated. Because partial traces are

ρA = trB(|ψ〉AB 〈ψ|AB) =
1

2
12×2 = ρB (20)

in fact |ψ〉AB is a maximally-entangled state. This fact has special characteristics in
measurements. If we measure the first qubit in the basis {|0〉 , |1〉}, we will obtain each
result with probability of 1/2; if the result is |0〉, the resulting total state is |ψ〉 = |00〉;
otherwise, it is |ψ〉 = |11〉. In each case a posterior measurement in the second qubit is
fully determined by the result of the first measurement.
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The same ideas can be extended to multipartite systems, where N particles in
Hilbert spaces H1,H1, . . .HN compose a system in H =

⊗N
i=1Hi. If the total state can

be written as

|ψ〉 =
N⊗
i=1

|ψ〉i (21)

with |ψ〉i ∈ Hi, the state is separable, otherwise, it is an entangled state. If reduced
density matrices in all one-party subsystems are proportional to the identity, the total
state is a maximally-entangled state [3].

3.2 Kronecker states

In the symmetric group Sn, the tensor product of two irreps can be decomposed as a
direct sum of other irreps with a certain multiplicity.

[α]⊗ [β] =
⊕
λ

gαβλ[λ] (22)

with [α], [β], [λ] irreps of Sn, and gαβλ the multiplicity of the representation [λ] in
[α]⊗ [β], which is called Kronecker coefficient. Such decomposition is the same for any
element π of Sn. Tracing both sides for any π and applying the properties of characters,
we can obtain an explicit formula for Kronecker coefficients

χα(π)χβ(π) =
∑
λ

gαβλχ
λ(π)∑

π∈Sn

χα(π)χβ(π)χγ(π) =
∑
λ

gαβλ
∑
π∈Sn

χλ(π)χγ(π)

1

n!

∑
π∈Sn

χα(π)χβ(π)χγ(π) = gαβγ.

(23)

There is another interpretation for the Kronecker coefficient that is the most important
one for us. The dimension of the invariant subspace in a product of three irreps is given
by the Kronecker coefficient [5]. The projector of the product of irreps to the trivial
representation of Sn represented by (n) is

Π(n)([α]⊗ [β]⊗ [γ]) =
1

n!

∑
π

χ(n)(π)Sα(π)⊗ Sβ(π)⊗ Sγ(π), (24)

as χ(n)(π) = 1 for each element of Sn, the dimension of the invariant subspace is

dim([α]⊗[β]⊗[γ])Sn = tr(Π(n)([α]⊗[β]⊗[γ])) =
1

n!

∑
χα(π)χβ(π)χγ(π) = gαβγ. (25)

The same idea can be generalized when we study the product of more than three ir-
reps; nevertheless, for simplicity, we will only describe here the product of three irreps.
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We will focus our study on the elements |K〉 of this invariant subspace, in partic-
ular for gαβγ > 2. By this definition, the states |K〉 are invariant to any element
Sα(π)⊗ Sβ(π)⊗ Sγ(π). We call such states Kronecker states, and their invariant prop-
erties are the keystone of our research. First of all, let’s state mathematically the
properties of such states.

• Invariant, as it was discussed before,

Sα(π)⊗Sβ(π)⊗Sβ(π) |K〉 = |K〉 , ∀π ∈ Sn,∀ |K〉 ∈ ([α]⊗ [β]⊗ [γ])Sn . (26)

• The reduced density matrix of |K〉 〈K| in any one-party subsystem ([α], [β], [γ])
the result is a multiple of the identity. Let’s call ρλ the partial trace of ρ = |K〉 〈K|
over all the subsystems except λ. Due to the first property, ρλ is invariant to
elements of [λ]

ρλ = Sλ(π)ρλSλ(π)† , ∀π ∈ Sn. (27)

As λ is an irreducible representation, by Schur’s lemma [4] we have that

ρλ ∝ 1λ. (28)

These two properties have deep meaning in quantum mechanics due to the fact that
if all one-party reduced density matrices of a state are completely mixed (ρλ ∝ 1),
the total density matrix represents a maximally-entangled state, as it was discussed in
subsection 3.1.

One effective way to obtain Kronecker states is to take the projection of any state
in [α]⊗ [β]⊗ [γ] to the invariant subspace,

|K〉 = Π(n)([α]⊗ [β]⊗ [γ]) |v〉 , ∀ |v〉 ∈ [α]⊗ [β]⊗ [γ]. (29)

For example, in S3, one triplet of irreps with gαβγ is α = β = γ = (21), each one of
dimension 2. If we label the basis

1 2

3
→ |0〉 , 1 3

2
→ |1〉 , (30)

the projector to the invariant subspace can be written as

Π(n) =
1

4
(|000〉 − |011〉 − |101〉 − |110〉)(〈000| − 〈011| − 〈101| − 〈110|). (31)

If we project any state in the invariant subspace, lets say |000〉 we obtain the normalized
Kronecker state

|K〉 = Π(n) |000〉 =
1

2
(|000〉 − |011〉 − |101〉 − |110〉), (32)
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which is the only Kronecker state in this invariant subspace (because gαβγ = 1 it is a
one-dimensional space), and their reduced density matrices are

ρα = trβγ(|K〉 〈K|) =
1

2
(|0〉 〈0|+ |1〉 〈1|) =

1

2
12×2 = ρβ = ργ. (33)

In the next chapter, we will summarize some problems in quantum information
theory, explaining why these properties of Kronecker states could help us to understand
and gain information about them.

4 Possible applications of Kronecker states in quan-

tum information theory

4.1 Superadditivity of classical capacity in quantum channels

4.1.1 Classical capacity of a quantum channel

A quantum channel C describes the most general type of interaction of a quantum
state system with an environment E. Any interaction is described with some unitary
evolution U , and then the posterior quantum state is separated from the environment,
that is

ρ
C−→ trE(U(ρ⊗ ω)U †). (34)

The same action can be described in terms of Kraus operators Mi [6]

D∑
i=1

MiM
†
i = 1, (35)

for some D ≥ 1, defining the action on the state as

C(ρ) =
D∑
i

MiρM
†
i . (36)

In this representation, each channel is defined by the D matrices which compose it.

A useful quantity in quantum channels is the Von Neumann entropy

H(ρ) = −tr(ρlogρ) = −
∑
i

λilogλi (37)

where ~λ is the set of eigenvalues of ρ.

In general, we are interested in the performance of the channel when we have a set
of pure inputs ρi with probabilities πi. Let ρ̂i = C(ρi) be the output of the channel
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when the input is ρi. Holevo’s bound [7] tells us that the accessible information, the
maximum amount of information that can be recovered in the output of the channel
from all possible encoding and decoding protocols, in this channel has to be bounded
by

Iacc ≤ χ(C, ~π, {ρi}) = H(
∑
i

πiρ̂i)−
∑
i

πiH(ρ̂i). (38)

The classical channel capacity, or Holevo capacity is then defined as the maximum
information that can be achieved with the channel with any possible combination of
πi, ρi, that is

C(C) = sup
~π,{ρi}

χ(C, ~π, {ρi}). (39)

4.1.2 Superadditivity of communication capacity using entangled inputs

For a long time, it was believed that the Holevo capacity of composed quantum channels
was additive [8], meaning that if we have two channels C1, C2, then

C(C1 ⊗ C2) = C(C1) + C(C2), (40)

where C1 ⊗ C2 is the composed channel. In [9], Peter Shor discussed the equiva-
lence between the additivity of Holevo capacity and additivity of minimum output Von
Neumann entropy,

min(H(C1 ⊗ C2)) = min(H(C1)) +min(H(C2)), (41)

where min(H(C)) is the minimum value of the Von Neumann entropy of all possible
inputs in the channel C; concluding that subadditivity in the minimum Von Neumman
output entropy means superadditivity in the Holevo capacity. In fact, in 2009, Hastings
[10] proved that if a quantum channel E is built using D random unitary matrices U,
and its conjugate Ē (built with the conjugated matrices Ū) are used to shape a com-
posed channel C = E ⊗ Ē , it is possible to achieve superadditivity of Holevo capacity
with maximally-entangled states as inputs,

|ψ〉 =
1√
N

N∑
α=1

|α〉 ⊗ |α〉 . (42)

The main reason for this behaviour is that these states are invariant to some elements
in the channel,

Ui ⊗ Ūi |ψ〉 = |ψ〉 , (43)

allowing a lower minimum Von Neumann output entropy when 1 < D << N for the
composed channel than the sum of its parts

min(H(C)) ≤ min(H(E)) +min(H(Ē)). (44)
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This violation implies that superadditivity of Holevo capacity can be achieved. With
the purpose of obtaining numerical evidence of this effect, we simulated these channels,
measuring the output Von Neumann entropy of random states and MES in the form
of Equation 42. It can be seen that the Von Neumann entropy of maximally-entangled
states presents a gap with the Von Neumann entropy for random states for big values
of N .

(a) N = 3, D = 3 (b) N = 5, D = 2 (c) N = 5, D = 5 (d) N = 9, D = 2

(e) N = 11, D = 2 (f) N = 20, D = 2 (g) N = 30, D = 2 (h) N = 50, D = 5

Figure 1: Output entropy histograms for input random states (blue) with its respective
minimum (blue line) and the output entropy of the N-maximally-entangled state (red
line).

This gap becomes bigger as the relation 1 < D << N is more strict. Even though
these results are not a proof of superadditivity, they give us an idea of how for this
case, MES are special in the composed channel.

4.1.3 Kronecker states in quantum channels

Following the ideas of Hastings, we want to build a channel composite of three single
channels, let’s call them Cα, Cβ, Cγ, where their Krauss operators are the representations
of the same D permutations in the irreps [α], [β], [γ] each one with probability 1

D
, such
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that the output of each channel when its input is the state ρ is

Cλ(ρ) =
1

D

D∑
i=1

Sλ(πi)ρSλ(πi)
†. (45)

The composite channel Cαβγ will have an action defined by

Cαβγ(ρ) = Cα⊗Cβ⊗Cγ(ρ) =
1

D3

D∑
i,j,k=1

Sα(πi)⊗Sβ(πj)⊗Sγ(πk)ρSα(πi)
†⊗Sβ(πj)

†⊗Sγ(πk)†.

(46)
Note that all Kronecker states are invariant to D elements of the channel

Sα(πi)⊗ Sβ(πi)⊗ Sγ(πi) |K〉 〈K|Sα(πi)
† ⊗ Sβ(πi)

† ⊗ Sγ(πi)† = |K〉 〈K| . (47)

We wish to explore whether this property may imply superadditivity of the Holevo
capacity for triple channels Cαβγ, but remains additive for channels composed of two
irreps ,e.g., Cαβ = Cα ⊗ Cβ.

Cαβ(ρ) = Cα ⊗ Cβ =
1

D2

D∑
i,j=1

Sα(πi)⊗ Sβ(πj)ρSα(πi)
† ⊗ Sβ(πj)

†, (48)

because for these channels the invariant property disappears.
We will call Cαβγ a Borromean channel, in reference to Borromean rings [11], a composi-
tion of three linked rings where taking any ring out, causes the connection between them
to disappear. We have found an interesting feature in these channels: it is possible to
build a non-trivial channel where the output entropy of all Kronecker states is the same.
We expect that this fact will help us to determine a direct proof of superadditivity in
Borromean channels.

4.2 Quantum Secret Sharing (QSS)

4.2.1 Classical secret sharing

Before introducing the QSS scheme, we will explain the basic aspects in the classical
case. In classical secret sharing [12][13], a dealer D distributes a secret S among a set
of players P , such that some groups of players can reconstruct the secret. The access
structure Γ is a list of groups in P called authorized sets, which are able to reconstruct
the secret. The access structure has to be monotone, that is

(G ∈ Γ) ∧ (G ⊆ G′)→ G′ ∈ Γ. (49)

The sets that cannot reconstruct the secret are called unauthorized sets and shape the
adversary structure A.
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A secret sharing structure Γ is called perfect if each set in Γ can recover completely
the secret and each set in A can get no information. There is a special class of perfect
secret sharing schemes called (t, n) threshold scheme, with 1 ≤ t ≤ n and n players,
such that its access structure is given by

Γ = {G ⊆ P : |G| ≥ t}. (50)

This means that each subset of at least t players can reconstruct the secret, and any
subset of less than t players has no information about the secret.

4.2.2 (t,n) Quantum threshold scheme

For QSS [14] the secret S is a quantum state |ψ〉 which will be codified in n qubits
that will be distributed in some way to n players. The condition for the reconstruction
of the secret is it has to be achieved by local operations with only the qubits of any
group in the access structure; this change adds a limitation to the access structure
for the QSS due to the no-cloning theorem [15]. There are no QSS access structures
containing two disjoint sets; otherwise, it would be possible for those sets to reconstruct
the secret independently and achieve two copies of the same state |ψ〉. As an example
lets review the (2, 3) quantum threshold scheme [16], indicating the possible application
of Kronecker states in this kind of algorithm. For this case we have a qutrit |ψ〉 which
represents the secret S in the scheme:

|ψ〉 = α |0〉+ β |1〉+ γ |2〉 . (51)

The goal is to distribute this secret between three (n = 3) players in a way that each set
of two (t = 2) is able to reconstruct the secret and no individual player has information
about the secret. This is achieved with the mapping

V2,3(α |0〉+ β |1〉+ γ |2〉) = |ψ′〉 = 1√
3

[α(|000〉+ |111〉+ |222〉)
+β(|012〉+ |120〉+ |201〉)

+γ(|021〉+ |102〉+ |210〉)] ,
(52)

which allows one to send each of three particles to each player. Note that when com-
puting the reduced density matrix in any one-party subsystem, no one has access to
any information. For example in the first qutrit,

ρ1 = tr23(|ψ′〉 〈ψ′|) =
1

3

2∑
i=0

〈i|
2∑
j=0

(〈j| |ψ′〉 〈ψ′| |j〉) |i〉

=
1

3
(α2 + β2 + γ2)(|0〉〈0|+ |1〉〈1|+ |2〉〈2|) =

1

3
13×3,

(53)

player one has access to no information, because its reduced density matrix is a multiple
of the identity. Here, it is important to remember that for Kronecker states the reduced
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density matrix in any subsystem of one part is a multiple of the identity, so they
also fill the requirement of no information for the adversary structure in this scheme.
Continuing with the scheme, we still have to recover the secret using the information of
two players. This can be achieved if we have access to the information of two players;
lets say that the information of players one and two is available, that is, we can perform
local operations in the first two qutrits without affecting the third one. The operation
which allows us to recover the secret is

R|x, y, z〉 → |x+ y + x, x+ y, z〉 mod(3). (54)

Applying this transformation over |ψ′〉 we obtain

R|ψ′〉 = 1√
3

[α(|000〉+ |021〉+ |012〉)
+β(|112〉+ |100〉+ |121〉)
+γ(|221〉+ |212〉 |200〉] ,

(55)

This state is separable

R|ψ′〉 =
1√
3

(α |0〉+ β |1〉+ γ |2〉) (|00〉+ |12〉+ |21〉) . (56)

This means that player one in this case has recovered the secret using the information
of player two only, which completes the scheme. We want to implement Kronecker
states as codification states in schemes like this, looking for a method that allows us to
recover the secret and the implications that it will have.

4.3 Quantum error correction (QEC)

Classical error correction codes are based mainly in the possibility of copying (repetition
codes) or measuring (Hamming codes) [17] a set of bits; in the quantum case both
approaches are not possible, because first, the no cloning theorem does not allow copying
quantum states, and second, measurements over states change the state itself which is
not desired in quantum information protocols. In this section we will summarize how
to avoid these problems in order to create a correct quantum error correcting code.

4.3.1 3 Qubit Code (3QC)

The example of the 3QC is ideal to understand the basis for QEC [18] . In this case, we
want to send a qubit through a noisy quantum channel and in the output recover the
initial qubit. For this purpose the computational bases of the qubit is extended using
the following mapping.

|ψ〉 = α |0〉+ β |1〉 → |ψ′〉 = α |000〉+ β |111〉 . (57)
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This mapping can be achieved using the quantum circuit represented in Figure 2, where
• represents the control qubit and

⊕
the target of a controlled not operation (CNOT)

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (58)

|ψ〉 •
|0〉 • → |ψ′〉
|0〉

Figure 2: Quantum circuit to extend the computational bases of |ψ〉

Note how the initial state is not cloned acording to the no-cloning theorem; instead
of that, the bases of the state have been extended. Because no measurement of the state
has been done, its information α, β remains in the new state of three qubits (q1, q2, q3).
The extension of the bases allows us to fix an error when one flip |0〉 → |1〉 or vice versa
is induced by the channel. Similar to the classical case, the codewords (bases) have a
Hamming distance d = 3 and only t = 1 errors can be corrected. Now it is necessary
to know which qubit was flipped by the channel; for this, two extra qubits (ancilla) are
used for a parity check, permitting us to determine which qubit was flipped.

|ψ〉 • E
rror

• • C
orrect

|0〉 • • |ψ′〉
|0〉 •

|0〉

|0〉



Figure 3: Detection and correction scheme of errors in 3QC

The circuit represented in Figure 3 shows how the error occurs after the bases are
extended, then the ancilla qubits (q4, q5) are coupled to the system to check the parity
of the first three qubits,

q4 = mod2(q1 + q2) , q5 = mod2(q1 + q3). (59)

The CNOT gates in the circuit change the values for the ancilla qubits according to
Equation 59. Measuring the ancilla qubits determines exactly which qubit in the system
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was flipped by the channel. In the next table, the possible flips with their correspondent
measures of ancilla qubits are described.

Flip |ψ〉E |q4q5〉
No Flip α |000〉+ β |111〉 |00〉

Flip qubit 1 α |100〉+ β |011〉 |10〉
Flip qubit 2 α |010〉+ β |101〉 |11〉
Flip qubit 3 α |001〉+ β |110〉 |01〉

Each flip (or No flip) results in a different measurement of the ancilla qubits, so
with this scheme we can determine which qubit in the system was flipped and correct
it with a flip in the respective qubit, recovering the state without errors.

4.3.2 Errors in quantum circuits

Until now we have seen how the 3QC allows us to correct one flip induced by the
channel; nevertheless, a bit flip is not the only error that can be induced by the channel.
Generally, a state can be modified by the channel with any unitary transformation U ,
which acts over the state and the environment |E〉

U : |0〉 ⊗ |E〉 → |0〉 ⊗ |E00〉+ |1〉 ⊗ |E01〉
|1〉 ⊗ |E〉 → |0〉 ⊗ |E10〉+ |1〉 ⊗ |E11〉

(60)

In this way, any interaction with the qubit |ψ〉 = α |0〉+ β |1〉 results in:

U(|ψ〉 ⊗ |E〉) = α(|0〉 ⊗ |E00〉+ |1〉 ⊗ |E01〉) + β(|0〉 ⊗ |E10〉+ |1〉 ⊗ |E11〉)
= (α |0〉+ β |1〉)⊗ 1

2
(|E00〉+ |E11〉)

+(α |0〉 − β |1〉)⊗ 1
2
(|E00〉 − |E11〉)

+(α |1〉+ β |0〉)⊗ 1
2
(|E01〉+ |E10〉)

+(α |1〉 − β |0〉)⊗ 1
2
(|E01〉 − |E10〉).

(61)

As seen above, in any given circumstance, with the right basis choice, the action over
the qubit can be collapsed to one of four possible results, making a measurement over
the environment. These possible results correspond to the action of Pauli matrices over
the initial qubit,

12×2 =

(
1 0
0 1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (62)

Where σx is the bit flip, making the exchange |0〉 ↔ |1〉. σz let |0〉 unchanged and
maps |1〉 → − |1〉, this transformation is called “phase flip”. Additionally −iσy is a
composition of bit flip and phase flip because

σy = iσxσz. (63)

Finally, the identity matrix is the absence of errors. So, a complete quantum error cor-
rection code has to provide a mechanism to measure and differentiate the environment
state for each possible error (or absence of it) over the qubit and then correct such error
applying the correspondent Pauli matrix.
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4.3.3 Stabilizers and the 5 qubit code

One powerful mechanism commonly used in QEC to differentiate the errors using mea-
surements over the environment is the stabilizer group [19]. The stabilizer group G in
the N−qubit system is defined as

G = {Ki|Ki |ψ〉 = |ψ〉 , [Ki, Kj] = 0,∀(i, j)}, (64)

where |ψ〉 are the codewords of the QEC code, and Ki are generalized Pauli matrices
for N−qubits (N−tensor products of two dimensional Pauli matrices). For example,
for a 3 qubit system, the generators of the stabilizer group are

K1 = σx ⊗ σx ⊗ σx = XXX,

K2 = σz ⊗ σz ⊗ 12×2 = ZZI,

K3 = 12×2 ⊗ σz ⊗ σz = IZZ,

(65)

where right hand expressions are the common notation for stabilizers. To find the
codewords stabilized by these elements up to normalization we calculate

|0〉L =
3∏
i=1

(I⊗3 +Ki) |000〉 , |1〉L =
3∏
i=1

(I⊗3 +Ki) |111〉 . (66)

However, for this case, the codewords are the same,

|0〉L = |1〉L =
|000〉+ |111〉√

2
, (67)

making it impossible to use this set of stabilizers as a QEC code. Nevertheless, it is
remarkable that this state, the GHZ state, is a Kronecker state [2].

The smallest stabilizer code that allows one to correct one error in one qubit (two
different codewords) is the 5 qubit code defined by the generators

K1 = XZZXI,

K2 = IXZZX,

K3 = XIXZZ,

K4 = ZXIXZ,

(68)

whose codewords are

|0〉L = 1
4

(|0000〉+ |10010〉+ |01001〉+ |10100〉
+ |01010〉 − |11011〉 − |00110〉 − |11000〉
− |11101〉 − |00011〉 − |11110〉 − |01111〉
− |10001〉 − |01100〉 − |10111〉+ |00101〉) ,

|1〉L = XXXXX |0〉L .

(69)
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Any single error in one qubit of the codewords can be expressed as a generalized Pauli
matrix, e.g., a bit flip in the second qubit is IXIII; as the errors Ei belong to the
generalized Pauli group, they can only commute or anticommute with the elements in
the stabilizer. The structure of this code is designed in a way that each possible error
commutes and anticommutes with a different set of generators of the stabilizer group;
each combination is known as syndrome and can be measured, determining the error
in the state, which can be corrected.

Note that in the reduced density matrix of codewords in Equation 69,for each com-
ponent in both codewords are

ρi =
1

2
(|0〉 〈0|+ |1〉 〈1|) =

1

2
12×2; (70)

we have reasons to think that these states are also cases of Kronecker states, and if so, we
want to study a generalization of codes like this to higher dimensions using Kronecker
states where the correspondent irreps in the symmetric group are the stabilizer group.

4.4 Entanglement Concentration

As discussed before, maximally-entangled states are important resources in quantum
information. Because of this, the question of how to obtain MES has been broadly
studied. The method proposed by Bennet et. al [20] consists of taking many copies of
partially entangled states and subtracting a smaller number of perfect singlets (MES)
from them. Lets consider a bipartite state in the Schmidt basis

|ψ〉 =
√
p0 |00〉+

√
p1 |11〉 . (71)

If we take n copies of such state, the total state can be represented as

|ψ〉⊗n =
∑

s∈{0,1}n
p
(n−n1(s))/2
0 p

n1(s)/2
1 |s, s〉 (72)

where s are the possible sequences of 0′s and 1′s of length n, and n1(s) is the number
of 1′s in the sequence. If we separate the sequences with the same number of 1′s, i.e.,
with the same weight w(s), we can write

|ψ〉⊗n =
n∑

n1=0

√(
n
n1

)
p
(n−n1)/2
0 p

n1/2
1

∑
w(s)=n1

|s, s〉√(
n
n1

) . (73)

If a measurement of the weight is done in the total state, the result will be n1 = k with
probability

P (n1 = k) =

(
n
k

)
pn−k0 pk1, (74)
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collapsing the total state to

|ψ〉⊗n →
∑
w(s)=k

|s, s〉√(
n
k

) , (75)

a bipartite MES of dimension 2

(
n
k

)
. It can be proved that the expected entropy

of entanglement of such states asymptotically (n → ∞) is nE − O(log2n), with E the
entropy of entanglement of the original state.

The same problem was studied by Hayashi and Matsumoto [21] with a different
focus. They used the Schur-Weyl duality in the Hilbert space of n-copies of an unknown
bipartite state

H⊗nAB =
⊕
λ`n

VλA ⊗ VλB ⊗ [λA]⊗ [λB] (76)

where Vλi are irreps of GL(d) and [λi] are the irreps of the symmetric group mentioned
in Chapter 2. As the elements |ψ〉⊗nAB are invariant when the same permutation is applied
to all parties, they belong to the invariant subspace of the symmetric group,

|ψ〉⊗nAB ∈
⊕
λ`n

VλA ⊗ VλB ⊗ ([λA]⊗ [λB])Sn , (77)

noting that ([λA]⊗ [λB])Sn is the subspace to which bipartite Kronecker states belong,
defining a subspace of MES that can be subtracted with local operations. The same
idea can be extended to multipartite systems [2], in particular if the initial state is in
the W SLOCC class, where the entanglement of the initial state is concentrated in the
generalized Kronecker states.We want to better understand the structure of these states
and to study how they appear in the entanglement concentration of general multipartite
states.

4.5 Possible generalizations

The goal of this work is to develop framework for a formalism around Kronecker states,
so we also will consider other spaces with similar properties to the invariant subspace of
products of irreps of Sn, to which Kronecker states belong. For example, if we project
the product space [α]⊗ [β]⊗ [γ] in the sign representation, the states |S〉 belonging to
this projection will have the next property

Sα(π)⊗ Sβ(π)⊗ Sγ(π) |S〉 = (−1)sgn(π) |S〉 . (78)

This means that these states are also ideal to study the case of superadditivity described
in Section 3.1, due to the fact that the density matrix |S〉 〈S| is invariant under the
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action of the same elements presented in Equation 47. We want to find up to what
point these subspaces are equivalent or different, studying the possibility of labelling
them in a general subspace with general properties.
Besides the symmetric group, there are interesting invariant subspaces in other groups
such as Lie groups, whose elements have similar properties to Kronecker states. It can
be an interesting research topic to extend the knowledge of Kronecker states to other
groups.

5 Goals

5.1 General Goal

The main purpose of this research is to start the construction of a formalism that
establishes the properties and generalities of Kronecker states and their generalizations
as discussed in Section 4.5, and their utility for quantum information processing.

5.2 Specific Goals

• Study the implications of the symmetry properties of Kronecker states when they
are used as input states in quantum channels, in particular when the channels are
composed of elements of the symmetric group.

• Develop a mechanism to recover secrets encoded with Kronecker states for mul-
tipartite systems identifying what advantages can be obtained using this mecha-
nism.

• Analyze different quantum error correction codes, identifying the cases when Kro-
necker states appear as codewords and the possibility of making a generalization
of such codes to higher dimensions using Kronecker states.

• Study how Kronecker states appear in the entanglement concentration method
for general multipartite states and what conditions make possible the extraction
of their entanglement.

• Summarize and relate the results obtained in each item in a way that allows one
to understand in a general form Kronecker states.
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6 Schedule

Trimester 1 2 3 4 5 6 7 8
Bibliographical revision x x x x x
Study of Kronecker states in Quantum Channels x x
Study of Kronecker states in QSS x x x
Study of Kronecker states in QEC x x x
Study of Kronecker states in entanglement concentration x x x
Study of invariant states in other representations or groups x x x
Analyze connections between the different cases in order to
describe generally Kronecker states

x x x

Write and correct the final document x x

7 Ethical considerations

This project will be carried out with a theoretical approach. Some simulations will be
developed to support theoretical conclusions. Simulations and results obtained from
them will be published on a repository, which will be available for anyone who wants
to reproduce the calculations.
This project has nothing to do with human or animal investigation. Due to the nature
of the research and the absence of any possible conflict of interest, we consider that it
does not have to be studied by the ethics committee.
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