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Knowledge is the language through which
we communicate with the universe, and upon
which existence carries meaning
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Chapter 1

Introduction

The phenomenon ofmultiphotonic interference has encountered diverse applications. Sev-
eral proposals for using this type of interferometers as platforms for quantum information
processing, including quantum cryptography, quantum teleportation, quantum computing
and quantum communications, have been presented[1, 2]. For example, for quantum com-
puting, one of the most known schemes using linear optics is the KLM, named after its
authors Knill, Laflamme, and Milburn [1, 3]. In this scheme, the role of qubits is assigned
to the discrete inner modes of the photons, and the processing units are represented by
interferometers.

Throughout the years, the KLM scheme suffered from criticism due to an exponential
overhead in physical resources and its incapacity for demonstrating quantum supremacy[1,
2]. The latter comes from the fact that the computational complexity of the operation per-
formed by a linear interferometer was thought to be efficiently simulated by a classical
computer. However, in 2010, the concept of Boson Sampling, introduced by Aaronson
and Arkhipov, demonstrated that, indeed, the operation performed by a linear interferom-
eter is related to the calculation of the permanent of a matrix[4]. This problem is thought
to be in the complexity class # P-complete, indicating that it is not solvable in polynomial
time by a classical Turing machine[2, 5].

The quality of multiphoton interference depends on the distinguishability of the pho-
tons that interfere. This fact is detrimental to implementations of applications due to the
lack of ideal single photon sources. The need for indistinguishable, on-demand single pho-
tons creates a constraint on the visibility of interference that restricts the system’s capacity
of processing [1, 2]. One way to get around this strong condition on indistinguishability is
to consider that interference can be observed even for distinguishable photons. Particu-
larly, if one has photons that are distinguishable in time, interference can still be observed
in the frequency domain; analogously, for photons that are distinguishable in position, it is
possible to observe interference in the transverse momentum variable. This phenomena
has been experimentally observed for the case of classical light sources in the temporal [6]
and the spatial [7] domains. On the other hand, in the multiphoton case, the development
of time and frequency resolving techniques has allowed the observation of interference in
linear optics correlation experiments, revealing characteristics of two-photon interference
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that are washed out otherwise[8–11].

The concept of multiphoton interference can be studied by using the quantum oper-
ations formalism [12]. This formalism convenes all the possible transformations and in-
teractions of a quantum system [12]. Investigating multiphoton interference from this
perspective will permit a profound understanding on how to ease the constraints on in-
distinguishability. In this context, the present work investigates theoretically the process
of multiphoton interference from a quantum operations perspective. For achieving such
objective, two measurement processes will be involved: post-selection and decoherence.
Both operations will be addressed from a theoretical and an experimental point of view,
recognizing post-selection as a resolving measurement, and decoherence as the loss of in-
formation due to a non-resolved measurement.

In this proposal, the perspective of quantum operations that is considered is the one
assessing the system as entangled with an environment and evolving through an unitary
transformation [12]. From this point of view, post-selection or post-measurement is the
operation throughwhich information about a quantum system is recovered bymakingmea-
surements on the environment [12, 13].

Conversely, using non-resolved measurements allows for the analysis of decoherence
in the multiphotonic interferometer [12]. In the quantum operations approach, the con-
cept of decoherence is introduced as a measurement of the transition of a quantum system
from a pure state to a mixed state, exchanging information with the environment [12].

For photonic systems, the environment is taken to be the inner-modes of the photons,
which are experimentally accessible by performing resolved measurements[5, 13]. For the
system, the discrete path or polarization variables are considered to be the computational
space inwhich processing is performed. An example of decoherence in a two-photon inter-
ferometer is theHong-OuMandel effect [14]. In this experiment, the inability of recovering
information from the temporal variables of the photons, which are taken as the environ-
ment, results in the impossibility of observing a high visibility deep with distinguishable
photons.

Recent investigations that use frequency and time variables of photons use resolved
measurements for recovering interference information have been presented [8, 9, 11, 13].
On the other hand, spatially resolved interference is a phenomenon that has not been
widely studied, but upon which theoretical results have been presented [15, 16]. Building
upon the theoretical framework that will be developed, an experimental proposal for mea-
suring post-selection and decoherence will be presented.

Additionally, when dealing with the quantum operations perspective, an interferome-
ter can be seen as a quantum channel. A channel is a device through which information
is transmitted, and the characteristics of the channel determine the reliability with which
it is possible to convey information. From classical information theory, the distinguishable
photons HOM interferometer can be seen as a symmetric binary channel. The indepen-
dent nature of the process allows one to consider that sending a message of length n is
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equivalent to an n-fold repetition of the channel. The HOM effect demonstrates that this
is not so for the quantum phenomenon.

Finally, for studying the classical-to-quantum transition, the implications of extending
the two photon case to multiple photon interference in the HOM interferometer will be
presented from a theoretical perspective. This will allow for the understanding of how this
transition occurs, while giving calculations for the values of distinguishability that collapse
the quantum probability distribution to a classical probability distribution.
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Chapter 2

Quantum Operations

Quantum operations is a formalism that convenes all the possible transformations and in-
teractions of a quantum system [12]. There are three different perspectives used when
describing quantum operations: using physically motivated axioms, using an operator-sum
representation, and assessing the system as entangled with an environment and evolving
through an unitary transformation [12].

Although all perspectives are equivalent, this investigation will be based solely on the
last representation of quantum operations. Fig. 2.1 shows how the perspective works.
There is a system of interest to be studied, which interacts either as a product state or
entangled with the environment, and then it is made to evolve through Û .

Figure 2.1: Graphical representation of the quantum operations formalism. The system
of interest is ρ, which enters the evolution Û where it interacts with the environment.
An alternative consideration might be that the environment is entangled with the system
before the evolution.

The situation presented is that of a open quantum system [12]. The study of this sys-
tem as a quantum channel arises the concept of decoherence, in which there is a transition
from a pure state to a mixed state through the parameters of the unitary evolution. On the
other hand, there is an alternative study of this system when applying the concept of post-
selection, in which the results of the system are filtered through the results of measuring
the environment.

In general, both calculations depend upon the physical situation. When considering a
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spin system, its interaction with the environment might come in form of a weak parasite
magnetic field that might not be possible to measure, or has not been considered, so the
quantum channel approach calculating decoherence is used.

Alternatively, the general description of photonic systems allows for an application of
the quantum operations formalism by studying the different degrees of freedom of light.
In this scenario, access to the environment is possible and a post-selection mechanism is
performed such that the quantum information of the system is recovered.

From quantum information theory, quantum channels are an analog to the classical
channels, corresponding to a means of transmitting information. This analogy can be stud-
ied when discussing a two-level system that is evolved through a unitary operation, and
recovering the conditions necessary for a classical-to-quantum transition between a classi-
cal binary channel and a quantum binary channel. In the following sections, these systems
will be presented formally. These definitions made will allow for an analysis of optical sys-
tems in future chapters.

2.1 Post-selection

Post-selection is the process of measuring the system-environment state while labeling or
filtering the results by the outcomes of the environment. A graphical representation of
this process is shown on Fig. 2.2. Depending on the results of the measurement of the
environment, the results of the measurements on the system are discriminated. Take, for
example, the measurements of the environment ε1, ε2, and ε3. According to the measure-
ment of each of these possible results, the measurement of the system is grouped in each
one of the dials.

Figure 2.2: Diagram of the post-selection process. Assuming an environment with only
three possible outcomes, the measurements of the system are separated accordingly.

Quantum information can be lost without this discrimination of measurements. In the
research performed by Legero [8, 9], the time-resolved measurements correspond to ob-
serving this phenomenon by filtering the output of the interferometer by measurements
in the environment variables, which are set to be the inner modes of the photons.
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Mathematically, if one is interested in recuperating the information of the system
∣∣∣ψ′
〉

when there is a specific measurement of the environment εi, then the output probability
of such state is

p(εi) =
∥∥∥〈εi, ψ′

∣∣∣ε′ , ψ′
〉∥∥∥2. (2.1)

The relation given by eq. 2.1 ignores any result of the system where j ̸= i for any εj .
Thus, the probability outcome allows for the recovery the quantum information of inter-
ference of the system.

2.2 Decoherence

Decoherence arises as an issue in quantum computing for the visibility of interference [12,
17]. This phenomenon characterizes the transition from a pure state to a mixed state,
giving a loss of quantum information to the entangled environment. From quantum op-
erations, decoherence can be induced by a quantum channel entangling the system with
its environment, allowing for the trade-off of information between both systems. For this
analysis, consider the situation in which the environment is not accessible experimentally,
i.e., it is not possible to filter the output measurements of the system of interest.

Given such a situation, the possible outcomes of the system are summed up for every
possible outcome of the environment. This is represented in Fig. 2.3, where the output
measurements of the system are thrown into a symbolical trash can, meaning that there
is no access to those measurements. From this point of view, as the system is entangled
with the environment, the output density operator ρ̂′ is given by

ρ̂
′
= Trenv{Û ρ̂tot(ρ̂, ρ̂env)Û †}. (2.2)

Figure 2.3: Diagram of the decoherence process. As it is not possible to access the envi-
ronment, the measurements of this system are discarded.

This densitymatrix is a squaredmatrixwith dimensionsn×n, wheren = Dim(Hsystem).
The off-diagonal elements of this matrix are associated with the decoherence of the state.
In the following chapters, decoherence will be treated as this process in which there is a
loss of information from a system of many particles interfering with each other, as they
interact also with an environment.
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2.3 Quantum and Classical binary channels

So far, the discussion on quantum channels has been taken in terms of the twomechanisms
defined before: post-selection and decoherence. However, the interference of many par-
ticles and the measurement of outcome probabilities of the states has a classical analog, a
noisy channel.

From classical information theory, a channel is a device by which information is trans-
mitted from one location to another [18]. As such, a channel is a map from what is called
a dictionary X to another dictionary Y , and the fidelity of the transmission of information
depends upon the characteristics of the channel.

The alphabets are treated as dependent random variables, as this allows the measure-
ment of mutual information characterizing the capacities of a particular channel [18]. The
connection between the variables X and Y is given by

pY = QpX , (2.3)

where pY is the output probability distribution, pX is the input distribution and Q is the
transition probabilities matrix. This matrix defines the structure of the channel by assign-
ing probabilities of transition from input value xi to output value yj .

A classical binary noisy channel behaves as a connection between two binary alphabets
X,Y = {0, 1}, where each element is named as a bit [18]. This representation is shown
in Fig. 2.4, where the noise in the channel is represented by p, which could be seen as a
probability of error. This error is maximum for p = 0.5, for which no information can be
transmitted reliably through the channel.

Figure 2.4: Representation of a binary noisy channel. p is the probability of transition from
input alphabet X to output alphabet Y .

When studying this representation, for amessage of lengthn that is transmitted through
the channel, each symbol in the code message is independent and identically distributed
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(i.i.d.). This results in being able to represent the transmission of the message as an n-fold
repetition of the binary channel.

The analysis of the classical binary channel can be further extended into the large devi-
ations theorem [19]. The intended study is to analyze what is the behaviour of the output
probabilities of the channel when the length of the input message tends to infinity, that is

lim
n→∞

(py) = lim
n→∞

(Qpx). (2.4)

This behaviour allows for the analysis of the asymptotic behaviour of the channel, given
a certain probability p of transition. This system behaves according to Cramérs’ function,
which determines the rate of exponential growth of the output probabilities [19].

Equally, the quantum binary channel is represented as a unitary transformation from
an input two-mode state to an output two-mode state. Given an unitary operator Û , the
output of the channel is

|ψ⟩f = Û |ψ⟩i , (2.5)

where |ψ⟩i and |ψ⟩f are the initial and final states, respectively. In this representation, there
is a similarity between eqs. 2.3 and 2.5. Furthermore, this comparison can be studied in
terms of decoherence of the states as a quantum-to-classical transition in the output prob-
abilities of both channels.

Unlike its classical depiction, this channel cannot be seen as a set of multiple repetitions
of the process. Particularly, theHongOuMandel effect (HOM) shows how the transmission
of two photons through a 50-50 beam splitter does not obey classical probabilities, and
cannot therefore be seen as two i.i.d. processes. Nonetheless, the asymptotic analysis of
the quantum channel can be performed in terms of the decoherence of the multiphotonic
system. When the number of particles in the input states grows limitless, the behaviour of
the system obeys Cramérs’ theorem, allowing for a calculation of the rate of growth of the
probability of an output state.
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Chapter 3

Multiphoton Interference

3.1 General description of multiphoton interference

The phenomenon of interference has been widely studied in the field of optics [20, 21].
From classical light to a quantization in terms of photons, interference plays a central role
in the study of the properties of light. From a classical viewpoint, light behaves according
to Maxwell’s equations [20, 22]. This continuous behaviour of light allows for an analysis
of distinct degrees of freedom of light, which is extended into the quantum scenario.

As is the case in classical light, interference in quantum optics arises from the super-
position of wave functions [22, 23]. However, the interpretation in both cases is different,
as the quantum interference of photons arises from the superposition of probability wave
functions. In this chapter, the classical description of light using paraxial approximations
will be presented, as a first introduction to the degrees of freedom of light. Furthermore,
classical experiments making use of different degrees of freedom will be reviewed, such
that there is an analog to the quantum counterpart.

From these analysis, the quantum mechanical description of photonic Fock states will
be introduced. In this description, the states’ wave functions contain information about
the inner modes of the photon, as well as information on the polarization and optical path
degrees of freedom, which will finally conclude with an analysis of how these degrees of
freedom are used to observe interference.

Then, the mathematical bridge from quantum operations to quantum optics will be de-
veloped. For this connection, using the general system-environment entanglement picture
will derive in the output state for the interferometer in terms of indistinguishable particles.
Furthermore, this analysis will be used in the following chapter to complete the connection
between the quantum operations perspective and quantum optics. Some experimental im-
plementations of quantummultiphotonic interference will be presented, with other results
in terms of resolved measurements.

Finally, the section on distinguishability will introduce the concept formally from a
quantum optics perspective, depicting the importance of interference visibility based on
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this parameter. The concept of distinguishability will be further studied from phase space,
making a mention to a particular situation in which distinguishability in one inner mode
of the photon results in interference in the conjugate space of such variable. Phase space
transformations in terms of fractional Fourier transforms will be presented as a way for
recovering interference in the situation of completely distinguishable photons.

3.1.1 Light from the classical perspective

Classical interference experiments allowed for the description of light as a wave, as is the
case for the Young interferometer [20, 22]. From Maxwell’s equations, this description
of light is extended into a physical interpretation of transversal oscillating magnetic and
electric fields. The electric field of a beam with frequency (color) ω and wave-vector k is
equal to [16, 24]

E(r, t) =

∫
d3kε(k)ei(k·r−ωt), (3.1)

where the function ε contains the information about the frequency and transverse mo-
mentum distributions of the beam. Using the description depicted in eq. 3.1, one can
assume independent transversal and longitudinal variables in the case where |kz| ≈ ω

c ,
resulting in the expression

E(r, t) =

∫
dkzε(kz, ω)e

i(kz−ωt)

∫
dqxdqyϵ(qx, qy)e

i(qxx+qyy), (3.2)

where qi are the transverse momentum variables, and kz is the longitudinal component of
the wave vector. Again, the functions ε(kz, ω) and ϵ(qx, qy) contain information about the
frequency and transverse momentum spectra, respectively. These fucntions are such that

ε(k) = ε(kz, ω)ϵ(qx, qy). (3.3)

When considering measurements in the transversal variables of light, the longitudinal
part of eq. 3.2 remains constant and is not involved. The same statement is true con-
versely. Because of this, there are experiments which deal with the transversal variables
or temporal variables independently [20, 22].

Young Interferometer

The analysis of the Young interferometer begins with a depiction of light as in eq. 3.2,
considering only the transversal variables of light. This spatial interference is analyzed
thoroughly in the literature [16, 20, 22]. This experiment is described in Fig. 3.1. There
is a spatial delay created on point P on the screen due to the path length difference cre-
ated between point-like sources generated at s1 and s2. This interferometer analyses the
transversal intensity distribution of the superposed waves.
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Figure 3.1: Schematic representation of the Young Interferometer experiment. A source
S is made coherent by passing through the first slit, then the wave is obstructed by slits
s1 and s2. Finally, in the far-field regime, the intensity of the field is measured [16]. Image
taken from [20].

As can be clearly seen from the analysis made by Villalobos [16], the electric field from
the coherent source is dependent only on transversal variables of light, namely qx, the
transverse momentum in the x̂ direction, and x, the transverse position of point of mea-
surement P , independently from the temporal (longitudinal) variables.

Michelson Interferometer

The Michelson interferometer is shown in Fig. 3.2. In this interferometer, a temporal delay
between armsM1 andM2 is achieved bymovingmirrorM2, such that one of the beams has
a longer path to go before returning into the beam splitter. The central spot at the detector
changes in terms of this movement, thus an interference pattern is created by measuring
the intensity of the central spot in terms of the temporal delay [16, 22].
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Figure 3.2: Diagram representing the Michelson Interferometer. A coherent light source is
split in amplitude by a beam splitter. On each arm of the interferometer, light encounters
a mirror and bounces back to the beam splitter. The wave functions are superposed at the
screen, and interference in time is obtained by measuring the central spot of the interfer-
ence pattern. Taken from [22].

Similarly to what was described in the Young interferometer, the analysis of measure-
ment of interference is made solely on the temporal variables. The spatial variables are not
considered, as there is no spatial delay between the electric field coming from both arms.

3.1.2 Light from the quantum perspective

Analogous to the considerations presented in the previous chapters, the photonic Fock-
states for a two-photon interferometer can be represented as [16]

|11, 12⟩ =
∫
d3k1ε(k1)e

i(k1·r1−ωt1)â1
†(k1, ω1)

∫
d3k2ε(k2)e

i(k2·r2−ωt2)â2
†(k2, ω2) |01, 02⟩ ,

(3.4)
where ki is the wave-vector of the i− th photon. Unlike the case for classical interference,
the functions ε are square integrable functions that fulfill∫

R
d3k
∥∥ε(k)∥∥2 = 1. (3.5)

From eq. 3.4 it is evident how the transversal and longitudinal variables of the photons
are inscribed into thewave-functions. These functions are the inner-mode functions of the
photons, depicting the distribution of momentum and frequency of each individual photon.
Note that each ket in the Fock representation accounts for the amount of photons holding
a particular set of modes. For the two-photon input state of an interferometer, there is one
photon inmode 1, and another photon inmode 2. Thesemodes range from the innermodes
mentioned before, but also accounting for polarization or optical path discrete variables.
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A generalization of the concept of interference allows for the description of the two-
photon state in terms of a discrete variable P and a continuous variable γ, the latter rep-
resenting the possible inner modes of the photons. Such a state, equivalently to eq. 3.4, is
given by ∣∣1(P1,γ1), 1(P2,γ2)

〉
=

∫
dγ1f1(γ1)â

†
P1
(γ1)

∫
dγ2f2(γ2)â

†
P2
(γ2) |0P1 , 0P2⟩ , (3.6)

where the set of modes given by 1 and 2 in eq. 3.4 are defined as the set of discrete and
continuous variables (Pi, γi). For further analysis, the following state Γi is defined

|Γi⟩ :=
∫
dγ1f1(γ1)â

†(γ1) |0⟩ . (3.7)

These definitions will permit an analysis of the connection between quantum opera-
tions and quantum optics. In the following sections, the concept of distinguishability will be
defined in terms of experimental proposals for measuring interference in distinct degrees
of freedom of light.

3.1.3 Degrees of freedom of light

From the classical perspective, the degrees of freedom of light are first encountered. Vari-
ables as polarization, transversemomentum, or frequency describe the behaviour of the in-
terfering beams, as is the case for the analysis of the Young interferometer and theMichel-
son interferometer. This depiction of the variables representing the degrees of freedom of
light is inherited by the quantum mechanical description of light.

These degrees of freedom are important in implementations of multiphotonic interfer-
ometers, as they represent alternatives for discrete- and continuous variables for quantum
information processing [1]. Observing interference in each of these variables is important
for manipulating qubits, which could be represented either in the discrete variables (polar-
ization, path) or the continuous variables (momentum, frequency, time, etc.).

In photonic interference experiments, the concept of distinguishability arises as the ca-
pacity of discriminating photons based on their degrees of freedom. This distinguishability
imposes a strong condition on the interference patterns, as indistinguishable photons are
required for observing interference of biphoton wave functions, as is the case for the Hong
Ou Mandel effect [14, 23].

3.2 Experimental implementations of multiphoton interference

Multiphotonic interference analysis begins with the experiments performed by Hong, Ou
and Mandel [14]. In this two-photon interferometer, composed by a beam splitter, two
single photons are made to interfere by impinging on a beam splitter and performing cor-
relation measurements between the outputs of the interferometer [23, 25]. This interfer-
ence, as stated by Dirac [23], cannot be seen as the interference of two single photons, as
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two photons do not interfere with each other. Multiphotonic interference is the interfer-
ence of a multiphotonic wave-function with itself. As stated before, this description can
be analyzed from the Hong Ou Mandel (HOM) interferometer.

3.2.1 Hong OuMandel

The HOM effect arises from the interference of the biphoton wave-function with itself
[23]. The graphical representation of this experiment is shown in Fig. 3.3. The experiment
generates two photons from Spontaneous Parametric Down Conversion, and both pho-
tons are made to interfere in a beam splitter whose position x determines a path length
difference in the photons, making them either distinguishable or indistinguishable in time.

Figure 3.3: Schematic of the two-photon interferometer. Rc, the rate count, gives destruc-
tive interference in terms of the distinguishability of the photons in longitudinal variables,
given by the position x of the beam splitter. Taken from [23].

The interference is interpreted in a destructive superposition of the output probabilities
of the photons in their path variable. When the two photons enter the beam splitter, there
are three possible output states given by

|ψ⟩out = c1 |2, 0⟩+ c2 |0, 2⟩+ c3 |1, 1⟩ , (3.8)

where the elements ci represent the amplitude probabilities of each state. Due to number
preserving conditions, each state must have two photons. The first two terms represent
the situation in which both input photons leave the beam splitter through the same port,
but the last term with amplitude c3 represents the case in which the photons leave the
interferometer through different ports.

Consequently, two-photon interference is an analysis of the destructive patterns gen-
erated for the last output state, in which both photons are either reflected or transmitted
at the beam splitter. In Fig. 3.3, the graph on the right represents an analysis of the count-
ing rate of the photons for output state |1, 1⟩. For maximum indistinguishability, the state’s
output probability tends to zero. This indicates that the parameter x determines the de-
structive interference of the biphoton wavepacket.

The actual experimental realization is given in Fig. 3.4. Correlation measurements are
given in terms of the second order coherence function given by Glauber quantum coher-
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ence theory [21]. The output correlation function is given by

G(2)(t, τ) = ⟨Ê(−)(t)Ê(−)(t+ τ)Ê(+)(t)Ê(+)(t+ τ)⟩, (3.9)

where Ê is the quantization of the electric field evaluated at t or t+τ , forD1measuring in t
andD2measuring in t+τ . In this experiment, temporal resolution for observing the internal
form of the interference pattern was not possible, as it oscillates with the frequency of the
photons which is faster than the detectors resolution. This results in the measurements of
Rc, the rate of counts at the detectors, which is equal to

Rc(τ) =

∫
dtG(2)(t, τ) (3.10)

Figure 3.4: Experimental setup measured by Hong, Ou and Mandel. Two photons gener-
ated by SPDC are set to interfere at a beam splitter, such that the correlationmeasurements
are performed by detectors D1 and D2. Taken from [14].

An additional analysis performed in the original research involved the transmission and
reflection coefficients of the beam splitter. For the output state |1, 1⟩, the coefficient c3 is
equal to

c3 = (R− T ), (3.11)

indicating that the parameters of the interferometer also affect the distinguishability of
the photons. For a perfect 50-50 beam splitter, this term is equal to zero, thus resulting in
destructive interference.

3.2.2 Resolved multiphoton interference based on inner mode structure

The unresolved behaviour of the interference observed by Hong, Ou and Mandel comes
from the fact that the oscillations of the interference pattern are faster than the detectors
response, not allowing the recovery of internal information from the superposition of the
biphoton. This is such that the value for the second-order correlation function is integrated
with respect to the detection times of both detectors, resulting in an averagemeasurement
of intensity [23].
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In 2003, Thomas Legero introduced a concept of time-resolved interference of distin-
guishable photons [8]. This theoretical prediction of resolving interference in time, i.e.,
without integrating through detection times, showed how interference patterns appear
for the temporal resolved variable, even for photons with different colors [8]. An inter-
pretation of the physical system is presented in Fig. 3.5, where two photons with gaus-
sian wavepackets enter a beam splitter through ports 1 and 2, but exit the interferometer
through ports 3 and 4. In this theoretical description of resolved interference, photons
with large wavepackets and detectors with clocks faster than the width of the photons are
assumed.

Figure 3.5: Diagram of two-photon resolved interference presented by Legero. Two pho-
tons with gaussian wavepackets are prepared such that there is a relative photon delay δτ
and a width δt. The detectors measure coincidences with a difference τ in a time resolved
manner. Taken from [8].

The experimental implementation of such a systemwas presented in 2004, where there
was an analysis of the beat frequency of interference of two photons with distinct color
[9]. Effectively, Legero uses photons with long coherent times and fast detectors, such that
the visibility of interference is recovered. In this analysis, the authors use a magneto op-
tical trap to generate two photons by the decay of a atom-cavity system, as seen in Fig. 3.6.
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Figure 3.6: Experimental scheme for the measurement of time-resolved multiphoton in-
terference. Taken from [9].

When considering the HOM interferometer, the detectors average the intensities of
the output ports of the beam splitter, thus any internal form of the interference pattern is
lost. What Legero achieved was a way to recover interference from distinguishable pho-
tons, by means of using long coherent time and rapid detectors. The key remark of this
experiment is the ability of recovering interference through bettering precision in mea-
surements, which is useful for reducing the constraint of indistinguishability imposed on
the HOM interferometer.

3.3 Quantum Interference as a Quantum Operation

For the two photon interferometer the unitary evolution can affect both the environment
and the system of interest. In the experiments performed by Legero [8, 9], the path vari-
ables of the biphoton wave function are made to interfere by means of a beam splitter.
Considering the inner mode functions of the photons as the environment, the equation
depicting the evolution of the system results in the expression

Û |ψ, ε⟩ = Û ⊗ 1̂
(
|ψ⟩ ⊗ |ε⟩

)
=
∣∣∣ψ′
〉
|ε⟩ . (3.12)

In its most general depiction, the unitary transform given by the interferometer is a
map from the space created by the entanglement of the input path (P ) and inner mode
variables of the photons (V ) to the output path space (P ′ ), given by

Û :
(
Lp ⊗ Lv

)⊗n −→
(
Lp′ ⊗ Lv

)⊗n
, (3.13)

where n is the number of photons entering the interferometer. By energy conservation,
the number of photons at the output of the interferometer is also n. Using the interfer-
ometer depicted by the path variables given in Fig. 3.7, a mathematical relation for the
interference of two photons with distinct inner modes will be derived.
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Figure 3.7: Representation of a beam splitter. For the HOM interferometer one photon
arrives per input port, and the number conserving requirement implies thatwhichever state
is measured at the output ports P ′

1 and P
′
2 must be a biphoton state.

A general description of the unitary transform given by the beam splitter is

Û =

[
u11 u12
u21 u22

]
. (3.14)

Here, the unitary condition implies that the matrix Û fulfills Det(Û) = 1. Fig. 3.8 portrays
the quantum operations scheme for the inner mode resolved interference problem. From
the figure, it is observed that the unitary transformmaps the inner mode states to the same
space, but changes the path configuration of the biphoton state.

Figure 3.8: Quantum Operations representation of a two-photon interferometer based on
inner mode structure. The environment is seen as the inner modes of the photons, while
the state of interest corresponds to the path degrees of freedom.

In most research, the states of the photons are usually depicted as Fock states [8, 9,
13, 26], but the indistinguishable particle space representation allows for a deeper un-
derstanding of the interaction between photons, as is the case for boson sampling [1, 2,
4]. Understanding the connection between the representation in Fock space and indistin-
guishable particles is necessary for the following analysis.
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A two-photon Fock state with degrees of freedom represented by P and Γ entering a
HOM interferometer is represented with the relation

|ψ⟩in =
∣∣1(P1,Γ1), 1(P2,Γ2)

〉
, (3.15)

which was defined in expression eq. 3.6. The bosonic nature of the two photons implies
that the wave function must be symmetric. This symmetry is present in the Fock state
represented by eq. 3.15, as any permutation of the photons present in each mode results
in the same state. However, when represented as indistinguishable particles, the state of
two photons A and B impinging on a beam splitter changes as∣∣1(P1,Γ1), 1(P2,Γ2)

〉
−→ 1√

2

(
|P1,Γ1⟩A ⊗ |P2,Γ2⟩B + |P2,Γ2⟩A ⊗ |P1,Γ1⟩B

)
, (3.16)

in this equation, the indistinguishability of the particles implies the need for symmetriza-
tion, again reinforcing the fact that the state is symmetric under permutations of the type
ΠAB . The state can be rearranged by using the isomorphism relation between vectorial
spaces (

Lp ⊗ Lv

)⊗n ∼= L⊗n
p ⊗ L⊗n

v . (3.17)

The last relation applies as both spaces have the same dimension. Representing eqn.
3.16 in this space results in

|ψ⟩in ∼=
1√
2

(
|P1, P2⟩A,B ⊗ |Γ1,Γ2⟩A,B + |P2, P1⟩A,B ⊗ |Γ2,Γ1⟩A,B

)
. (3.18)

Equation 3.18 can be ordered in terms of the following two-photon states

|±⟩ = 1√
2

(
|P1, P2⟩A,B ± |P2, P1⟩A,B

)
, (3.19)

these states are defined as the symmetric and anti-symmetric Bell states for path photon
states. Inserting 3.19 in 3.18 results in the relation

|ψ⟩in =
1√
2

(
|Γ1,Γ2⟩A,B ⊗ 1√

2

(
|+⟩+ |−⟩

)
+ |Γ2,Γ1⟩A,B ⊗ 1√

2

(
|+⟩ − |−⟩

))
=

1√
2

(
1√
2
|+⟩ ⊗

(
|Γ1,Γ2⟩A,B + |Γ2,Γ1⟩A,B

)
+

1√
2
|−⟩ ⊗

(
|Γ1,Γ2⟩A,B − |Γ2,Γ1⟩A,B

))
.

Note that the terms with |+⟩ are also a symmetrization of the inner modes from the
biphoton state, while the terms with |−⟩ are an anti-symmetrization of the same modes.
Using Γ± as the symmetric and anti-symmetric states for the inner modes, the input state
of the two-photon interferometer results

|ψ⟩in =
1√
2

(
|+⟩ |Γ+⟩+ |−⟩ |Γ−⟩

)
, (3.20)

where the states labeled with + are symmetric and those with − are anti-symmetric, such
that the state of the biphoton is still symmetric under any permutation of particles {A,B},
thus preserving the symmetry condition for bosonic particles.
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Now it is necessary to define the action of the unitary transformation Û on the input
ports P1 and P2. This linear operation rewrites the input paths as a superposition of output
paths with probabilities given by the terms in equation 3.14. Explicitly, the evolution of the
path modes of the photons is given by the following expressions

Û |P1⟩ = u11

∣∣∣P ′
1

〉
+ u21

∣∣∣P ′
2

〉
, (3.21)

and
Û |P2⟩ = u12

∣∣∣P ′
1

〉
+ u22

∣∣∣P ′
2

〉
. (3.22)

Evaluating these relations on eq. 3.19 gives the unitary transformation of both the
symmetric and anti-symmetric path states

Û |+⟩ = 1√
2

(
2u11u12

∣∣∣P ′
1, P

′
1

〉
A,B

+
(
u11u22 + u12u21

)( ∣∣∣P ′
1, P

′
2

〉
A,B

+
∣∣∣P ′

2, P
′
1

〉
A,B

)
+

2u22u21

∣∣∣P ′
2, P

′
2

〉
A,B

)
, (3.23)

and

Û |−⟩ = 1√
2

((
u11u22 − u12u21

) ∣∣∣P ′
1, P

′
2

〉
A,B

−
(
u11u22 − u12u21

) ∣∣∣P ′
2, P

′
1

〉
A,B

)
, (3.24)

whereDet(Û) = u11u22−u12u21 = 1 and Perm(Û) = u11u22+u12u21. Using these results,
the action of the interferometer on the two-photon states |+⟩ and |−⟩ becomes

Û |+⟩ = 1√
2

(
2u11u12

∣∣∣P ′
1, P

′
1

〉
A,B

+ Perm(Û)

( ∣∣∣P ′
1, P

′
2

〉
A,B

+
∣∣∣P ′

2, P
′
1

〉
A,B

)
+

2u22u21

∣∣∣P ′
2, P

′
2

〉
A,B

)
, (3.25)

Û |−⟩ = 1√
2

( ∣∣∣P ′
1, P

′
2

〉
A,B

−
∣∣∣P ′

2, P
′
1

〉
A,B

)
. (3.26)

Finally, using
∣∣∣±′
〉
as symmetrizations for the output path modes of the interferometer,

the evolution of the system-environment state represented by equation 3.20 is given by

Û⊗2 ⊗ 1⊗2 |ψ⟩in = |Γ+⟩
(
u11u12

∣∣∣P ′
1, P

′
1

〉
A,B

+ u22u21

∣∣∣P ′
2, P

′
2

〉
A,B

)
+

1√
2

(
Perm(Û) |Γ+⟩

∣∣∣+′
〉
+Det(Û) |Γ−⟩

∣∣∣−′
〉)

. (3.27)

Equation 3.27 represents the output state of a two-photon interferometer based on in-
ner mode structure. This expression shows how the wave-function of the output depends
on the permanent of the matrix Û , which is the result found in the analysis of interference
given the conditions for Boson Sampling [1, 2]. This permanent has been demonstrated to
be on the class of complexity # P-complete, which implies that it is not solvable in poly-
nomial time by a classical computer [27]. What has been achieved is the demonstration
that the two-photon problem, without the need for the conditions of Boson Sampling, also
exists within this complexity class.
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3.4 Distinguishability in multiphoton interference

Photonic interference arose recently as a viable platform for quantum information process-
ing [1, 2]. This occurs due to the extensive research in photonic interference, giving a great
background and technological developments for implementations. From a quantum oper-
ations perspective, photonic interference is quantum interference of bosonic particles, as
was the case for section 3.3. Using this perspective allows for the concept of decoherence,
which can be studied as the amount of information lost into an environment.

Distinguishability appears as a measurement of loss of visibility in interference [10, 13].
When using an analysis as the one performed in the previous chapter, it is a measurement
of the interaction of the system with its environment, which creates a parallel with the
concept of decoherence.

The purpose of these analysis is to obtain away to ease the constrain on distinguishabil-
ity for observingmultiphotonic interference. As this is so, the time-resolvedmeasurements
given by Legero’s work create a way for recovering information for photons which are dis-
tinguishable in frequency, when observing the interference in time. However, this concept
will be further studied for photons completely distinguishable in their inner modes.

3.4.1 Optimal variables for measuring interference

Time-resolvedmeasurements resulted in a recovery of information lost due to distinguisha-
bility in the inner modes of the photons. However, there was an initial choice of variables
in which to resolved the system, these will be called ζ . These variables are not unique for
the measurement of interference, as measurements in conjugate space are available.

Initial analysis of the phenomenon called Alford and Gold Effect (AGE) by Mandel al-
lowed for a connection of interference patterns of distinguishable light in time, by realizing
measurements in frequency [28]. This idea was further studied by Salazar-Serrano, study-
ing the spectral interference for any path difference [6]. Later, an analysis performed by
Florez allowed for an equivalent measurement of interference of gaussian beams with ar-
bitrary transversal separation when observing the momentum [7].

Both of these examples allow for considering a connection between the space ζ and
its conjugate γ. The following analysis will assess the phenomenon of interference as seen
from the phase space, in which it is possible to recover interference by performing certain
transformations between spaces, and explain the Alford and Gold effect from a graphical
perspective.

3.4.2 Analysis of interference from phase space transformations

The situation for AGE is described graphically in phase space by Fig. 3.9. The two blobs
represent the phase space representation of two photons distinguishable in ζ , but with
a complete overlap of their wavefunctions in γ. Assuming both entities have a gaussian
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wavefunction, when projecting on the γ axis the picture would be that of the interference
of gaussian functions with their central frequencies γ1 = γ2.

Figure 3.9: Phase space representation for the AGE. Due to the Heisenberg Uncertainty
principle, the representation of both photons is seen as a distribution of probability around
a central value (ζ, γ).

Experiments as those performed in [11] and [10] show the interference of distinguish-
able photons by analyzing their superposition in the conjugate variable. These experiments
are analogous to that represented by Fig. 3.9 and 3.10, when performing measurements
in the space where there is wave-function superposition.



29

Figure 3.10: Phase space representation of the experiment performed by Wang [10]. The
photons are distinguishable in γ, but indistinguishable in ζ , i.e., ζ1 = ζ2.

Time and frequency resolving allows for a deeper understanding of interference also
from phase space. When using a bucket detector, the observations of interference corre-
spond to adding up all possible interference patterns from interference, as is shown in Fig.
3.11(a). If the detectors do not allow for discriminating different ζ states, the information
gathered corresponds to all possible outcomes of γ for all ζ .

Figure 3.11: (a) Graphical representation of non-resolving measurements. The detector
is unable to resolve this measurements due to a long detection span in ζ . (b) Resolving
measurements of interference by reducing the span of measurement of the detector. Inner
structure of the interference is visible even when the photons are distinguishable.

For resolving measurements, Fig. 3.11(b) shows how ζ-resolved interference works.
These rapid detectors and photons with long coherent times are presented experimen-
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tally in Legero’s work [9]. Equivalently, the study of spatially resolved interference implies
having detectors with spatial resolution shorter than the transversal wavefunction of the
photons. The availability of resolution relies on the relative size of the image to be observed
and the size of the detectors.

So far, the analysis has been centered on two photons which are either distinguish-
able in ζ and overlapping in γ, or conversely distinguishable in γ and overlapping in ζ . A
more general consideration would be defined as the interference of two photons which are
neither overlapping in ζ nor in γ. In set situation, depicted in Fig. 3.12, no measurement
resolved or non-resolved measurement either on ζ or γ provides any interference pattern.
For this situation, is it possible to recuperate interference measurements?

Figure 3.12: Two-photons phase space when the particles are distinguishable both in ζ and
γ. No measurement of the type shown in Figs. 3.11(a) and (b) are available for measuring
interference.

For retrieving information it is necessary to allow for a measurement in which both
wave functions are superposed. However, the image depicted from Fig. 3.12 allows for no
measurement in ζ or γ in which both particles are interfering. Nonetheless, there is a linear
transformation of phase space which allows for measurements in a space which recovers
interference of the two photons: a Fractional Fourier transform [29].

The Fourier transform of the space of ζ is the space of γ. But this transformation is
given in terms of a constant angle of π

2 , for a Fractional Fourier Transform (FFT) this trans-
formation can occur for angles between {0, π2 }, following the relation [29]

fα(u) :=
√
1− i cotα

∫
R
f(v)eiπ((u

2+v2) cotα−2uv cscα)dv, (3.28)

where α is the angle of rotation of the coordinate system. This transformation goes from
space u to a linear transformation between u and v. The graphical representation of this
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transformation is given in Fig. 3.13. For two distinguishable photons, when performing
this type of transformation, one can recover the interference patterns by performing FFT.

Figure 3.13: Description of the FFT on phase space. The new coordinate system is given
by pink axis ζ̃ and γ̃.

Experimentally, this measurements can be made using the transversal variables of light.
Using a lens in a 2f configuration allows for measuring the Fourier Transform of an image
[30]. However, if the setup is put on a configuration where the image is at a distance f
from the lens but the detector is at a distance f ′

< f from the lens, then one can observe
the FFT of the initial image.

As what is reported by Tamma, these correlation measurements allow for easing the
constraint on distinguishability in multiphotonic interference [26]. This is due to recent
demonstrations on quantum information processing using photonic interferometers [31,
32]. Applying a method called multiplexing, it is possible to entangle many photons for
processing, but this process is not perfect and can lead to decoherence between photons.
Therefore, employing a technique which allows for recovery of high-visibility interference
will aid in the search for fault-tolerant quantum computers based on photonic interferom-
eters.
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Chapter 4

Post-selection in two photon
interferometer

4.1 Two-photon inteferometer

Seen from a quantum operations perspective, post-selection is a process in which a quan-
tum open system recovers information from the unitary evolution by means of measuring
certain states on the environment [12]. By filtering the output of quantum interference by
the resultsmeasured on the environment after evolving the entangled system-environment
state, one can recover quantum information of the system. The schematic representation
of post-selection is given in Fig. 4.1. An state of interest given by |ψ⟩ interacts with an
environment |ε⟩ and is evolved through an unitary evolution given by Û .

Figure 4.1: Graphical representation for the post-selection quantum operation. As op-
posed to what is done with quantum channels, where there is no interest in, or capacity
of, measuring the environment, post-selection measures the environment to recover infor-
mation from the system.

Indistinguishability is presented as a necessary, but hard to achieve, condition for ob-
serving quantum interference [26]. Several experiments have achieved a higher visibility
of interference in longitudinal variables by resolving the measurements [5, 10, 11]. The
formalism presented will allow the analysis of how this is so, considering the description in
phase space presented in Chapter 3. As such, correlation measurements from the output
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of a two-photon interferometer showing interference can be recovered when performing
post-selection.

The usual Fock state analysis does not allow for a clear picture of interference. Thus,
the expression for the input state is given by the relation 3.18. Clearly, this state is symmet-
ric under permutations, consistently preserving the symmetry of the Fock state for bosonic
particles. For further analysis, the output state that will be measured using post-selection
is given by eq. 3.27, where the continuous variables Γ are the inner modes of the functions,
e.g. ω or q.

Furthermore, the output state of the interferometer as seen from an indistinguishable
particles perspective allows a profound understanding of the interaction between pho-
tons, given a unitary transformation on the path states of the biphoton. The analysis for
post-selection involves a measurement on the environment given by |Γ±⟩. Consider the
measurement in continuous variables ζ1 and ζ2, also discriminating by the state of output
ports where both photons exit a different output. Such a state is represented by

|ϕ⟩ = 1√
2

( ∣∣∣P ′
1, ζ1

〉
A
⊗
∣∣∣P ′

2, ζ2

〉
B
+
∣∣∣P ′

2, ζ2

〉
A
⊗
∣∣∣P ′

1, ζ1

〉
B

)
, (4.1)

where ζ is the conjugate space of γ, resulting in the relation

|ζ⟩ = 1√
2π

∫
dγe−i2πγζ |γ⟩ . (4.2)

Fig. 4.2 shows a representation of the physical situation. Once the system-environment
state is evolved through the beam splitter, there are two detectors at the outputs which
discriminate the state |ϕ⟩ from the measurements. This particular choice of detectors are
associated with a continuous variable ζi, assuming that the detectors are able to discrimi-
nate such states.

Figure 4.2: Representation of the physical scenario of post-measurement. The choice of
ports in which the detectors are located and the continuous variables in which to measure
constitute the post-measurement process.
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Using the symmetric states portrayed by eq. 3.19 on the continuous variable states
|ζ±⟩, the inner product given by the measurement of ϕ at the output ports of the interfer-
ometer is

⟨ϕ|ψ⟩out =
1

2

(
Perm(Û) ⟨ζ+|Γ+⟩+ ⟨ζ−|Γ−⟩

)
, (4.3)

given the orthogonality relations 〈
+

′
∣∣∣−′
〉
= 0,〈

±′
∣∣∣P ′

i , P
′
i

〉
A,B

= 0,

for i ∈ {1, 2}. From this definition, it is possible to calculate the probability of measuring
the state |ϕ⟩ as

pjoint(ζ1, ζ2) = | ⟨ϕ|ψ⟩out |
2. (4.4)

where ζ1, ζ2 are the variables on each of the ports P ′
1 and P

′
2, respectively. Given eq. 4.4,

one can begin to substitute place-holder variables ζi for their actual values. For example,
time resolved measurements reported by Legero [8, 9] or spatially resolved calculations of
two photon interference proposed by Quintero [15], are specific cases in which the vari-
ables γ correspond to the inner mode structure of the photons, and ζ correspond to their
conjugate space, as will be seen in the next sections.

4.1.1 Post-selection in time

Employing the Quantum Operations perspective for two-photon interference, the result
obtained by Legero can be derived [8]. The calculation of the joint probability of detecting
a photon in ouput port P ′

1 in the variable ζ1 := t1 and another in output port P ′
2 in the

variable ζ2 := t2 is equal to

pjoint(t1, t2) = | ⟨ϕ|ψ⟩out |
2, (4.5)

where the inner modes of the photons are given by γ1 := ω1 and γ2 := ω2, fulfilling the
relation 4.2. The projection of the inner product of these states written in terms of the
two-photon states

∣∣∣±′
〉
is

| ⟨ϕ|ψ⟩out |
2 =

1

4

(
|Perm(Û)|2| ⟨t+|Ω+⟩ |2 + Perm(Û) ⟨t+|Ω+⟩ ⟨Ω−|t−⟩+

Perm(Û)∗ ⟨Ω+|t+⟩ ⟨t−|Γ−⟩+ | ⟨t−|Ω−⟩ |2
)
. (4.6)

For a 50-50 beam splitter, Perm(Û) = 0, thus resulting the mathematical expression

pjoint(t1, t2) =
1

4
| ⟨t−|Ω−⟩ |2 (4.7)

Resolving this equation implies calculating what ⟨ti|Ωj⟩ is. Therefore, using equations
4.2 and 3.4, this inner product is equal to

⟨ti|Ωj⟩ = ⟨ωi|
1√
2π

∫
e−iωitidωi

∫
˜f(ωj)dωj |ωj⟩ ,
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but ⟨ωi|ωj⟩ = δ(ωi, ωj), hence

⟨ti|Ωj⟩ = F (f̃j(ωi)) = fj(ti), (4.8)

this relation implies that the inner product evaluates the Fourier transform of the photon
mode function fj in the measured variable ti. Inserting this result into equation 4.7 gives

pjoint(t1, t2) =
1

4
|f1(t1)f2(t2)− f2(t1)f1(t2)|2, (4.9)

which is the exact result reported by Legero [8].

4.1.2 Post-selection in space

As it was stated from eq. 3.4, the internal structure of the photons can be represented
both in longitudinal variables as well as transverse variables. In the previous section, the
analysis from time domain variables implicitly assumed the transverse variables to be con-
stant. In this section, the transversal variables will assume the role of Γ, given by equation
3.7.

The substitutions necessary for this analysis are ζi := xi and γi := qi. Thus, eq. 4.4
results

pjoint(x1, x2) = | ⟨ϕ|ψ⟩out |
2, (4.10)

where the measurements of variables x1, x2 are made with respect to the optical axis. This
calculation is equivalent to eq. 4.6, which in transverse variables is

| ⟨ϕ|ψ⟩out |
2 =

1

4

(
|Perm(Û)|2| ⟨x+|Q+⟩ |2 + Perm(Û) ⟨x+|Q+⟩ ⟨x−|Q−⟩+

Perm(Û)∗ ⟨Q+|x+⟩ ⟨x−|Q−⟩+ | ⟨x−|Q−⟩ |2
)
=

1

4
| ⟨x−|Q−⟩ |2, (4.11)

by assuming a 50-50 beam splitter. Having states with mode functions g̃i(qj), the proba-
bility of measuring a photon in output port P ′

1 in the position x1 and a second photon in
output port P ′

2 in position x2 is expressed as

pjoint(x1, x2) =
1

4
|g1(x1)g2(x2)− g2(x1)g1(x2)|2. (4.12)

The considerations presented by Quintero are evaluated in terms of an experimental
proposal for measuring space resolved two-photon interference. As stated at the begin-
ning of this chapter, recovering information from the quantum state by discriminating the
results of interference by measurements of the environment permit easing the constraints
regarding distinguishability for observing the phenomenon, which in turn result on a eas-
ier implementation of quantum optical interference as a platform for quantum information
processing.
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4.2 Experimental proposal

The experimental proposal for measuring post-selection in a two-photon interferometer
comes from the setup from Quintero’s work [15], with the entanglement of the system
provided by thework done by Flórez, Salazar-Serrano andUrrego [7, 33, 34] and the source
transverse momentum characterization and manipulation performed by Calderón-Losada
[35].

Figure 4.3: Diagram of the proposed experimental setup for measuring post-selection in
transversal variables of two-photons. The source generates indistinguishable two-photons,
whose polarization and transverse momentum variables are entangled in the TBD. Finally,
measurement of two-photon interference is done in a HOM interferometer.

Fig. 4.3 shows a scheme for this proposal. First, the two-photon state is prepared
through Spontaneous Parametric Down Conversion (SPDC). This state is prepared so that
the photons emerging from the non-linear BBO crystal have a gaussian spatial wave func-
tion. Using the theory from Calderón-Losada [35], one is able to analyze the impact of the
beam waist at the non-linear crystal, as well as the effect of the polarization of the input
beam in producing SPDC, thus a half-wave plate and a lens with f = 125mm are used for
obtaining spatially uncorrelated photons.

As was the case for the work fromUrrego [34], the Tunable BeamDisplacer (TBD) allows
for a coupling of polarization variables with transverse momentum variables [33]. This sep-
aration has been shown to be able to express AGE when separating the photons in space
but measuring interference in momentum [7]. However, the distinct momentum of the
photons is added through the rotation of mirrors M1 and M2, this effectively creates a
difference in transverse momentum which will result in the situation depicted in Fig. 3.13.
The entanglement of polarization with transverse momentum is converted into a entan-
glement of path variables with momentum through a Polarizing Beam Splitter (PBS), which
finally enters a HOM interferometer so that interference is resolved using rasterisation
measurements of correlation between the two photons.
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4.2.1 Spatially resolved two photon interference

The effect of the TBD on the two-photon state is calculated from the expressions given by
Urrego [34]. For a two-photon state with orthogonal polarizations in the V −H basis, the
apparatus performs a dephasing between states given by

Û(dc)tbd |H, qy1⟩ = eidcqy1 |H, qy1⟩ , (4.13)

and
Û(dc)tbd |V, qy2⟩ = e−i(dcqy2+ϕ) |V, qy2⟩ . (4.14)

When applying the basis change transformation with the PBS, these states are trans-
lated into path variables by

Ûpbse
idcqy1 |H, qy1⟩ = eidcqy1 |H, qy1, P1⟩ , (4.15)

and
Ûpbse

−i(dcqy2+ϕ) |V, qy2⟩ = e−i(dcqy2+ϕ) |V, qy2, P2⟩ . (4.16)

Orthogonal polarization of the photons makes them indistinguishable, affecting inter-
ference measurements. Therefore, a half-wave plate is used for rotating the polarization
of one of the photons such that the states are written as

|ψ⟩1 = eidcqy1 |qy1, P1⟩ , (4.17)

and
|ψ⟩2 = e−i(dcqy2+ϕ) |qy2, P2⟩ . (4.18)

For simplicity, qyi := qi. The input state of the final beam splitter (BS) can be written
in terms of these phases given by the TBD when incorporating them in the transverse
momentum inner mode function as

eidcqi |qi, Pi⟩ =
∫
dqigi(qi)e

idcqi |qi, Pi⟩ := |Qi, Pi⟩ , (4.19)

resulting in the state given by eq. 3.16. In this representation, γ = q and ζ = y. Therefore,
the output joint probability results from eq. 4.12

pjoint(y1, y2) =
1

4
|g1(y1)g2(y2)− g2(y1)g1(y2)|2. (4.20)

Assuming gaussian inner mode functions for both photons, with waistwy , with gi equal
to

gi(y) = F

(
wy√
2
e−

w2
y(qi−qi0)

2

4

)
= e

−
(

(y±dc)
2

w2
y

−iqi0(y±dc)
)
. (4.21)

where the sign ± depends on whether i = 1 or i = 2. Consider the positions of measure-
ment y′

1 = y0 and y
′
2 = y0 + δy , where y0 = y1+y2

2 and δy = |y1 − y2|. Considering these
change in variables, and inserting eq. 4.21 into eq. 4.20 results in the joint probability

pjoint(y0, δy, dc,∆q) = e
− 1

w2
y

(
4y0(y0+δy)+2δ2y+4d2c

)(
cosh 4δydc − 2 cos∆qδy

)
, (4.22)
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where ∆q is the difference between q10 and q20. This probability must be independent of
the position y0, so it is necessary to integrate for all values of this variable

pjoint(δy, dc,∆q) =

∫
dy0pjoint(y0, δy, dc,∆q) = Ce

− 1

w2
y

(
2δ2y+4d2c

)(
cosh 4δydc − 2 cos∆qδy

)
,

(4.23)
with C the constant from integrating the gaussian function in terms of y0. The results
for graphing this equation are shown in Fig. 4.4 for photons varying the difference in
trasnverse momentum. For no difference, the oscillatory part of eq. 4.23 is constant and
there is no probability of detecting photons that are indistinguishable in position and mo-
mentum, as Fig. 4.4 (a) shows. when the difference in momentum increases, there is a
contribution from the oscillatory term, resulting in a clear interference pattern in Fig. 4.4
(d) for a difference ∆q = 4π.

Figure 4.4: Graphical representation of the analytical model given by eq. 4.23 for different
∆q. (a) ∆q = 0, (b) ∆q = π

2 , (c) ∆q = 2π, (d) ∆q = 4π. The axis are represented in (a), and
are the same for all graphs.

It will be clear from next chapter that these patterns are not visible from a non-resolved
measurement. The corresponding calculation relies on integrating for all possible values of
the path difference δy . The results presented are consistent with both the work of Legero
[8] and Quintero [15]. Consequently, it is possible to retrieve information from quantum
interference from using post-selection mechanisms.
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Chapter 5

Decoherence in two photon
interferometer

The concept of decoherence is related to the purity of a quantum state [12, 36]. It appears
to be a mechanism through which interference of indistinguihsable particles is lost [36].
Previous conceptions of decoherence suggested that it is a measurement of a transition
between a classical state and a quantum state [36]. In this section, a calculation for the
decoherence of the two-photon interferometer will be made, recovering past results using
Glauber theory of second order coherence [23]. Also, an experimental proposal for mea-
suring the state given by Fig. 3.10(a)will be made such that there is a connection between
distinguishability and decoherence.

5.1 Two-photon interference

Eq. 3.27 gives the state that will be measured in the interferometer. Given the calculation
of eq. 2.2, the non-resolved measurements in variables ζ1 and ζ2 according to Glauber
theory is given by [23]

Rc(δ) =

∫
R
dζ1dζ2G

(2)(ζ1, ζ2) =

∫
R
dζ1dζ2Tr⟨ρ̂

′
Ê(−)(ζ1)Ê

(−)(ζ2)Ê
(+)(ζ1)Ê

(+)(ζ2)⟩ (5.1)

In this equation, being unable to resolve the difference between ζ1 and ζ2 gives a coher-
ence measurement only depending on the difference between the photons wavepackets,
as in the HOM experiment. Although this result could have come from the post-selection
calculation, recovering the density matrix for the output state allows for the analysis of
decoherence.

Firstly, the density matrix of the output state will be given in terms of the states of eq.
3.27, when the following map is given

∣∣∣+′
〉
=


1
0
0
0

 (5.2)
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, ∣∣∣−′
〉
=


0
1
0
0

 (5.3)

, ∣∣∣P ′
1, P

′
1

〉
=


0
0
1
0

 (5.4)

and ∣∣∣P ′
2, P

′
2

〉
=


0
0
0
1

 (5.5)

The output state is being mapped to a Hilbert space ofDim = 4. Taking the trace over
the environment, the output density matrix is given by

ρ̂
′
=

∫
dγ

′
1dγ

′
2

〈
γ

′
1, γ

′
2

∣∣∣ ρ̂T ∣∣∣γ′
1, γ

′
2

〉
, (5.6)

where ρ̂T = |ψ⟩f ⟨ψ|f .. Note that the variables γ in eq. 5.6 only affect the space given by
states |Γ+⟩ and |Γ−⟩. The resulting density matrix is

ρ̂
′
=



G1∥Perm(Û∥2

2
G2Perm(Û)Det(Û)∗

2
G1Perm(Û)α∗

√
2

G1Perm(Û)β∗
√
2

G3Perm(Û)∗Det(Û)
2

G4∥Det(Û∥2

2
G3Det(Û)α∗

√
2

G3Det(Û)β∗
√
2

G∗
1Perm(Û)∗α√

2

G∗
2Det(Û)∗α√

2
G1∥α∥2 G1αβ

∗

G∗
1Perm(Û)∗β√

2

G∗
2Det(Û)∗β√

2
G1α

∗β G1∥β∥2

 , (5.7)

where α = u11u12 and β = u22u21. The terms Gi are the resulting functions from taking
the trace over the environment, and are defined as:

G1(δ) =

∫
dγ

′
1dγ

′
2

〈
γ

′
1, γ

′
2

∣∣∣Γ+

〉〈
Γ+

∣∣∣γ′
1, γ

′
2

〉
, (5.8)

G2(δ) =

∫
dγ

′
1dγ

′
2

〈
γ

′
1, γ

′
2

∣∣∣Γ+

〉〈
Γ−

∣∣∣γ′
1, γ

′
2

〉
, (5.9)

G3(δ) =

∫
dγ

′
1dγ

′
2

〈
γ

′
1, γ

′
2

∣∣∣Γ−

〉〈
Γ+

∣∣∣γ′
1, γ

′
2

〉
(5.10)

and
G4(δ) =

∫
dγ

′
1dγ

′
2

〈
γ

′
1, γ

′
2

∣∣∣Γ−

〉〈
Γ−

∣∣∣γ′
1, γ

′
2

〉
, (5.11)

these functions rely on the inner product ⟨Γ1|Γ2⟩, which is the measurement of distin-
guishability of the photons. This distinguishability can be understood in terms of a param-
eter η, which is equal to

η = abs(⟨Γ1|Γ2⟩), (5.12)
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in this section, the value of η relies upon the controllable decoherence mechanism, the
TBD. The real part of the decoherence functions can be written in terms of η as

G1(δ) = 1 + ∥η∥2, (5.13)

G2(δ) = G3(δ) = 0, (5.14)

G4(δ) = ∥η∥2. (5.15)

Using eqns. 5.1 and 5.7, one is able to recover the results presented in Chapter 4 for
resolved measurements, i.e., without integrating over the measurement variables ζ . For
achieving such purpose, the electrical field operators at the detectors are defined as [8]

Ê
(±)
i (ζ) =

1√
2π

∫
dγe∓iγζa†(γ). (5.16)

Working in the indistinguishable particles space, the effect of creation and destruction
operators is not as straight forward as it is in Fock space. The effect of a creation operator
in mode j on a indistinguishable particles state is given by

â†j |i, l⟩ = d(j) |i, l, j⟩ , (5.17)

where d(j) is the constant given by
√
num(j) + 1, where num(j) is the number of parti-

cles in the state j before applying the creation operator. Equivalently, for the annihilation
operator âj

âj |i, j⟩ = c(j) |i⟩ , (5.18)

where c(j) =
√
num(j). If the state does not contain a particle in the j mode, the re-

sult is 0. Given these definitions, calculating the second order coherence function of the
interferometer with resolved measurements results in

G(2)(ζ1, ζ2) = Tr⟨ρ̂′
Ê(−)(ζ1)Ê

(−)(ζ2)Ê
(+)(ζ1)Ê

(+)(ζ2)⟩

=
1

4

[∥∥∥Perm(Û)
∥∥∥2∥g1(ζ1)g2(ζ2) + g1(ζ2)g2(ζ1)∥2

+
∥∥∥Det(Û)

∥∥∥2∥g1(ζ1)g2(ζ2)− g1(ζ2)g2(ζ1)∥2
]
. (5.19)

From eq. 5.19, given an interferometer with Det(Û) = 1 and Perm(Û) = 0, which are
the conditions for resolved measurements in Legero’s work [8], one is able to recover eq.
4.20.

5.1.1 Temporal Decoherence

The issue of decoherence will be analyzed in terms of a decoherence mechanism. Eq. 5.19
reveals that there is a parameter on which the calculation of interference relies on, δ, which
by assuming photons with identical degrees of freedom, gives the distinguishability of the
photons as a relative phase between the wave-functions in the variable ζ .
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An analysis performed by Mahecha on decoherence of Bell states resulted in a density
matrix with a similar form of that of Eq. 5.7 [37]. The off-diagonal terms of Mahecha’s
work rely on the implementation of a temporal decoherence control mechanism, a quartz
wedge. This instrument modified the off-diagonal terms in the density matrix, giving a way
to handle the decoherence of polarization based Bell states [37].

Figure 5.1: Experimental setup made by Mahecha for measuring the decoherence of a
polarization based Bell state. Taken from [37].

Fig. 5.1 shows the experimental setup for reconstructing the density matrices of the
polarization Bell states. The decoherence of this state is given by a birefringent crystal that
delays a photonic state depending on its polarization. For observing experimentally the
decoherence of the state, a tomography is made to recover the density matrix [37].

From the considerations presented so far, this scenario corresponds to that of consid-
ering γ = ω and ζ = t, when performing non-resolved measurements. The functions G
depend upon the length of the crystal l, which is translated into a time delay by the relation
τ = l

c .

5.1.2 Spatial Decoherence

Similarly to the considerations given byMahecha, thework performed by Urrego allows for
a controllable dephasing channel of arbitrarly separated coherent beams [34]. The reported
experiment is shown in Fig. 5.2. A gaussian beam is separated in polarization through a
device called Tunable Beam Displacer (TBD), which plays the role of a dephasing control
mechanism.
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Figure 5.2: Experimental setup for measuring the decoherence of two arbitrarly sepa-
rated beams. A coherent light source is spatially separated by another decoherence control
mechanism: a Tunable Beam Displacer [33]. Taken from [34].

The density matrix of the output state is given by Fig. 5.3. The decoherence terms are
analyzed through transformations in the Bloch sphere, being the computational basis the
|H⟩ and |V ⟩ polarization states. The off diagonal terms depend upon the separation given
by the TBD.

Figure 5.3: Results reported by Urrego on the density matrix of the output state. The off
diagonal terms depend upon the term δ = dc, controlled by the TBD. Taken from [34].

Both decoherence works presented so far used the polarization of photonic states as
the discrete variables from eq. 3.6. In the previous chapter, post-selection was given by
changing this basis into the path degrees of freedom of light. The following sections con-
tinuewith this analysis, projecting expected results for the density matrix and decoherence
terms given by fucntions Gi.

5.2 Indistinguishability and decoherence

Chapter 3 introduced the concept of distinguishability as a measurement of how different
are different photonic wave-functions and their degrees of freedom. Chapter 4 then used
this concept of distinguishability as a measurement of of the loss interference information
when using non-resolved measurements, such that later resolved measurements are pre-
sented as a way to recover set information. In this chapter, the concept of decoherence
from a quantum operations perspective was introduced, connecting it to experimental re-
sults given in the literature.

From those previous considerations, it is observed that decoherence relies upon the
control parameter of distinguishability, thus creating a connection between the concept of
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distinguishability used in quantum optics and decoherence used in quantum information
theory. It is possible then to define the concept of distinguishability induced decoherence.

In the following section, the calculation for the interference of two gaussian photons
will be presented. Following foregoing definitions, the decoherence functionswill be graphed
to observe how distinguishability affects decoherence. Furthermore, graphical represen-
tations of the reconstruction of the density matrix in terms of both the parameters of the
unitary transformation Û and the distinguishability parameter δ will be given.

5.2.1 Tunable beam displacer as decoherence control mechanism

The TBDwas used by Urrego as a way to control the decoherence of the polarization state
of the gaussian beam [34]. This allows the TBD to be defined as a control mechanism for
decoherence, which, in turn, makes the association δ = dc, where dc is half the distance
that the TBD separates the gaussian beams.

Calculations regarding the decoherence of the output state of the interferometer will
be presented in terms of this control mechanism. For the gaussian wave packets defined
in chapter 4, the functions Gi are calculated as

G1(dc) = πw2
y

(
1 + e−

w2
y∆q2

4 e
− 4d2c

w2
y cos(2∆qdc)

)
, (5.20)

G2(dc) = −πw2
ye

−
w2
y∆q2

4 e
− 4d2c

w2
y
(
isin(2∆qdc)

)
, (5.21)

G3(dc) = πw2
ye

−
w2
y∆q2

4 e
− 4d2c

w2
y
(
isin(2∆qdc)

)
(5.22)

and

G4(dc) = πw2
y

(
1− e−

w2
y∆q2

4 e
− 4d2c

w2
y cos(2∆qdc)

)
. (5.23)

The expressions for reconstructing eq. 5.19 when integrating over the variables ζ are
plotted in Fig. 5.4. The photons are assumed to be completely indistinguishable, both in
momentum, i.e. ∆q = 0 and Perm(Û) = 0. For complete indisinguishability,G4 = 0, which
was expected from previous results, also while havingG1 in its maximum, which is the term
that accompanies the states where both photons exit the same port.
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Figure 5.4: Graph of eqns. 5.20 and 5.23. The symmetries of the phenomenon appear for
G1 and G4, when for complete indistinguishability, the probability of state |1, 1⟩ is 0.

The determinant of the matrix is always equal to one, assuring the unitary condition on
the interferometer evolution. However, the permanent of the matrix needs not to be zero,
hence making the distinguishability parameter of the output biphoton state depend upon
the internal parameters of the interferometer as well.

One can parameterize the rotation matrix in terms of an angle β, which for this scenario
gives the reflectivity and trasmitivitty of the beam splitter, obtaining the result

Û =

(
cos(β/2) sin(β/2)
−sin(β/2) cos(β/2)

)
. (5.24)

Eq. 5.24 guarantees the unitary condition for the matrix. The permanent of the matrix
as a function of β is graphed in Fig. 5.5.
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Figure 5.5: Permanent of the matrix in terms of the parameter θ. Complete indistinguisha-
bility is obtained for Perm(Û) = 0.
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Figure 5.6: Graph of the rate of joint counts
Rc for β = 0.6.

Figure 5.7: Graph of the rate of joint counts
Rc for β = 0.4.

Figure 5.8: Graph of the rate of joint counts
Rc for β = 0.2.

Figure 5.9: Graph of the rate of joint counts
Rc for β = 0.

Figs. 5.6, 5.7, 5.8, 5.9 and show the integral of the second order coherence of the
system for different values of the permanent of the matrix. For perfect distinguishability,
the state for both photons exiting different ports is always present. This occurs due to the
fact that G1 is not zero for perfect distinguishability.

However, there is a transition between the function G4 and G1. This transition allows
for the analysis of a quantum to classical transition in the two-photon interferometer, which
will be analyzed in the next chapter. A further analysis on distinguishability will be given
by making photons distinguishable in momentum.
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Figure 5.10: Graph of the decoherence functions for ∆q = 0. For perfect indistinguisha-
bility, the decoherence functions G2 and G3 are zero for any transversal separation.

Figure 5.11: Graph of the decoherence functions for ∆q = π
4 . The symmetries of the

system are present between function pairs (G1,G4) and (G2,G3).
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Figure 5.12: Graph of the decoherence functions for∆q = π
2 . This difference in transversal

momentum represents a quantum beating of the decoherence of the state given by 5.7.

Figure 5.13: Graph of the decoherence functions for ∆q = π

From Figs. 5.10, 5.11, 5.12 and 5.13 it is clear that momentum separation generates
an oscillation in the decoherence of the system. When the TBD separates both photons,
decoherence functions G2 and G3 take non zero values, marking the transition between
a pure state and a mixed one. The rate of counts will change from what was presented
in Figs. 5.6, 5.7, 5.8 and 5.9, so that the decoherence relies upon TBD parameter dc and
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interferometer parameter θ.

Experimentally, one is able to access the terms in eq. 5.7 by performing a tomogra-
phy of the quantum state, as what was done by Mahecha [37]. However, for analyzing
the unresolved measurements of the system, an experimental proposal will be given re-
garding bucket-like detectors, which make use of no rasterisation and cannot resolve the
interference pattern spatially.

5.3 Experimental proposal

Figure 5.14: Experimental proposal for the measurement of second order coherence func-
tion without any resolved measurements. The detectors are bucket-like detectors, which
cannot discriminate differences in position measurements.

Fig. 5.14 is based on the previous proposal given in chapter 4. The preparation of the
state is the same, as it is important to investigate how non-resolved measurements affect
the visibility of interference patterns. For this setup, the detectors do not discriminate the
position where the photons are detected, thus when assessing distinguishable photons,
interference patterns are lost.

Half-wave plates R1 and R2 allow for a rotation of the basis of polarization of the bipho-
ton state, which together with the PBS allow for effectively changing the transmission and
reflection coefficients at the HOM interferometer. The purpose of the experimental obser-
vation of the decoherence parameters in term of the control mechanisms is that of being
able to create a continuous connection between the classical and quantum output proba-
bilities when considering the interferometer as a quantum channel.
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Chapter 6

Quantum to classical transition in the
output probabilities of a multiphotonic
interferometer

As seen in the previous chapter, the output probabilities of the multiphotonic interferome-
ter suffer a quantum to classical transition. In the two photon scenario, this transition was
evaluated by considering the transition of the measurement of the function G(2) in terms
of the permanent of the matrix Û . This consideration allowed for the analysis of the TBD as
a decoherence control mechanism, while also considering a general rotation matrix whose
parameter β permitted a transition from the quantum case to the classical case.

In this chapter, the classical to quantum transition will be calculated for the case where
there are n interfering photons in a HOM interferometer. The result of this analysis will
give a deeper understanding of the nature of the transition, as well as graphical represen-
tations of expected results for the ouput probability distributions.

For this case, the perfect distinguishability, meaning η = 0, makes theHOM interferom-
eter behave as a classical channel, as will be demonstrated in this chapter. The behaviour
of the probability distribution for the output state of the photons is that of the sum of two
independent random variables, which according to the central limit theorem, will behave
as a gaussian distribution [18].

A classical binary symmetric channel is connection between two random variables X
and Y [18]. The information conveyed is expressed in terms of an inputX and Y , where the
properties of the channel define the dependency of both variables. For the binary channel,
the input and output values are given in bits, thus

X,Y = {0, 1}. (6.1)

Fig. 6.1 shows a representation of the system. The principal parameter of the matrixQ
is the probability p, which determines the probability of a specific output yi given an input
xi. The length of the phrase that one wishes to send through the channel can be studied
as an independent and identically distributed (i.i.d.) system [18].
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Figure 6.1: Representation of a binary channel. The transition matrixQ is the matrix whose
elements qi,j are the conditional probabilities p(yi|xj).

6.1 HOM interferometer as a classical binary symmetric channel

A binary symmetric channel as the one represented in Fig. 6.1 has the property that the
probability p of mistaking the input variable x = 1 with output y = 2 is equal to that of
changing x = 2with y = 1. Seen as an i.i.d. process, the representation of the transmission
of a message of length n can be evaluated as the n-fold repetition of the channel Q for a
single character, as what is represented in Fig. 6.2.

Let n1 and n2 be the number of photons in input port 1 and 2, respectively. In the output
of the interferometer given in Fig. 6.3, the number of photons is n′

1 and n
′
2. For further

discussions, the value of ni = ni
n are the frequencies of the inputs and outputs. Given the

relation that n′
1 + n

′
2 = n, the probability of obtaining any sequence with n′

1 determines
the total probability of the output state, giving

p(n
′
1|n1) =

∑
s∼n

′
1

p(n
′
1|s)p(s|n1), (6.2)

where s are the possible output sequences that have n′
1 and n

′
2 photons exiting the beam

splitter. The probability of a binomial distribution takes into account all possible outputs
with these frequencies, meaning that, for n = 4:

p(1212|n1) = Π1,2p(2211|n1), (6.3)

where Π1,2 are all the possible permutations of symbols 1 and 2.
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Figure 6.2: Representation of an i.i.d. process. A single channelQ, throughwhich amessage
of length n is intended to be transmitted, can be decomposed as n channels with amessage
of length 1.

Figure 6.3: Representation of the physical scenario of multiphotonic interference. At each
input port, there is a photon number ni associated such that

∑
ni = n.

The output randomvariable is a sumof randomvariables, as obtainingn′
1 can be through
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calculating the transition n1 −→ n
′
1 and n2 −→ n

′
2. Let ν be the matrix defined as

ν =

(
ν11 ν12
ν21 ν22

)
, (6.4)

fulfilling the constraints
ν11 + ν21 = n1, (6.5)

ν12 + ν22 = n2, (6.6)

ν11 + ν12 = n
′
1 (6.7)

and
ν21 + ν22 = n

′
2. (6.8)

Eq. 6.4 represents the matrix of the number of transitions νij , from x = j to y = i. The
normalized version of this matrix, ν is equal to

ν =
ν

n
. (6.9)

Using this definition for ν, the output probability results

p(n1
′ |n1) =

∑
ν

(
n1
ν12

)(
n2
ν21

)
qν1111 q

ν12
12 q

ν21
21 q

ν22
22 , (6.10)

where qij is thematrix element of the transitionmatrixQ. This matrix can be parameterized
as

Q =

(
cos2(β2 ) sin2(β2 )

sin2(β2 ) cos2(β2 ).

)
(6.11)

Multiplying and dividing eq. 6.10 by n! gives the result

p(n
′
1|n1) =

1(
n
n1

)∑
ν

n!

ν!
Qν , (6.12)

where the term ν! =
∏
νi,j ! and Qν =

∏
q
νi,j
i,j .

The central limit theorem gives that this probability behaves as a gaussian function with

Mean(p(n
′
1)) = n

(
1− sin2

(
β

2

))
(6.13)

and
V ar(p(n

′
1)) = ncos2

(
β

2

)
sin2

(
β

2

)
=
n

4
sin2(β), (6.14)

the latter relation implying that the gaussian distribution’s width behaves as

σ ∼
√
n. (6.15)
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Gaussian distributions obey the large deviations theorem, as they have accumulation
for n −→ ∞. This implies that Crámer’s asymptotic rate function can be calculated for eq.
6.12. The large deviations theorem states that

p(n
′
1|n1) ∼ e−nR(n1,n

′
1), (6.16)

where R is known as Crámer’s function [19]. This rate function is defined as

R(ν∗) = −limn−→∞(
log(p(n

′
1|n1))
n

), (6.17)

where ν∗ corresponds to the matrix where the probability is maximized. The intended
analysis evaluates the case where the frequencies remain constant when n grows asymp-
totically. For this purpose, let z be a variable that defines the following parameterization
of ν

ν =

(
n

′
1 − z z

n1− n1
′
+ z n2 − z

)
. (6.18)

As the two operations lim and log can be permuted, the calculation results

R(ν∗) = −log(limn−→∞(
p(n

′
1|n1))
n

), (6.19)

where, due to the concentration of the probability, the limit is evaluated as

limn−→∞(p(n
′
1|n1)) =

1(
n
n1

) n!
ν∗!

Qν∗ . (6.20)

Results found in the literature give that the logarithm of the binomial term is [18]

log

((
n

n1

))
= nh2(n1), (6.21)

being n1 = n1
n . the function h2 is the binary Shannon entropy defined as

h2(x) = xlog(
1

x
) + (1− x)log(

1

1− x
). (6.22)

Using these results, the rate function is

R(ν∗) = −h2(n1)+

minz

(
n1′ − z

n
log

(
1− p
n
1
′−z

n

)
+
n1 − n1′ − z

n
log

(
1− p

n1−n
1
′−z

n

)
+zlog

(
p
z
n

)
+
n2 − z

n
log

(
p

n2−z
n

))
.

(6.23)
Let z = z

n , then the rate function in terms of the normalized matrix ν is

R(ν∗) = −h2(n1)− log(2) +minz(D(ν||Q), (6.24)

using Q = Q
2 . The term D describes the relative entropy between matrix ν and Q [18]. Eq.

6.16 results in
p(n

′
1|n1) ∼ e−n(−h2(n1)−log(2)+D(ν||Q)). (6.25)
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Finding the value of ν that maximizes the probability corresponds to
∂D
∂z

= 0, (6.26)

where this relation allows for encountering the accumulation point of the distribution.
Solving eq. 6.26 gives the optimal transition frequencies

ν21
∗ = sin2

(
β

2

)
n1, (6.27)

ν12
∗ = sin2

(
β

2

)
n2, (6.28)

ν11
∗ =

(
1− sin2

(
β

2

))
n1 (6.29)

and

ν22
∗ =

(
1− sin2

(
β

2

))
n2. (6.30)

The behaviour of eq. 6.25 is shown in Fig. 6.4 for different n in terms of the difference
n1

′ − n2
′ , by defining

mf = n
′
1 − n

′
2, (6.31)

this definition will permit a comparative analysis with the quantum case.
The width of the function is proportional to 1√

n
, so when n −→ ∞, the distribution

tends to a delta function in mf

n = n1
′∗ − n2

′∗, where this values of the output frequencies
are given in terms of the restrictions 6.7 and 6.8 as

mf

n
=

(
1− sin2

(
β

2

))
mi

n
, (6.32)

wheremi = n1 − n2.

Figure 6.4: Graph of eq. 6.25 for p = sin2(β2 ) = 0.5 in terms when incresing n. The output
distribution is a gaussian distribution in which the FWHM decreases with 1√

n
.
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Asymptotically, the classical binary noisy channel will correspond to a single possible
value of the output n1

′ , which is given by p. For the classical equivalent of a HOM in-
terferometer with a 50-50 beam splitter, p = 0.5, and in the asymptotic limit the output
distribution will be n1

′
= 0.5, regardless of the input of the channel.

The results obtained dictate what the expected output of distributions for the quantum
casewill be. It is expected that thewidth of the distribution of probabilities of output states
given a particular input state will behave as a gaussian distirbution with σ ∼

√
n for some

value of η ≈ 0.

6.2 HOM Interferometer as a quantum channel

The analysis of the interferometer as a quantum channel is first described in chapter 2,
where a comparative introduction is given with respect to the classical binary channel.
Chapter 5 describes the HOM as a quantum channel in terms of decoherence, finally in-
terpreting a quantum-to-classical transition of the output probabilities in terms of the pa-
rameters of a general beam-splitter. For an arbitrary n Fock state, with inner modes given
by Γi and discrete modes Pi, the input state of n1 + n2 = n particles is equal to

|ψ⟩in =
1√(
n
n

) ∑
s∼(n1,n0)

|sP ⟩ ⊗ |sΓ⟩ , (6.33)

n = (n1, n2), corresponding to the photon number state that enter through ports P1 and
P2, respectively. Each of the states is associated with an inner mode Γ1 and Γ2. s is the
sequence of Pi and Γi, and must be of the same type as n.

As an example, take the situation where n1 = 2 and n2 = 3, thus a possible sequence
in the discrete variable space would be

|sP ⟩ = |P1, P2, P2, P1, P2⟩ , (6.34)

with the corresponding sequence of Γ

|sΓ⟩ = |Γ1,Γ2,Γ2,Γ1,Γ2⟩ . (6.35)

Note that the sequences of P and Γ in eq. 6.33 are of the same type, as the input ports
are associated with the inner modes Γ. Let A be the matrix defined as

A = |Γ1⟩ ⟨P1|+ |Γ2⟩ ⟨P2| , (6.36)

then the input state of the interferometer can be rewritten as

|ψ⟩in =
(1⊗n

P ⊗A⊗n
Γ )√(

n
n1

) ∑
s∼(n1,n2)

|s⟩ ⊗ |s⟩ , (6.37)

where the sequence s corresponds to the numerical indexes of the ports and inner modes,
where corresponding to eqns. 6.34 and 6.35

|s⟩ = |1, 2, 2, 1, 2⟩ . (6.38)
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The space in which eq. 6.37 exists is product of the Hilbert space’s for each individual
photon, i.e. (

HP ⊗HΓ

)⊗n ∼= H⊗n
P ⊗H⊗n

Γ , (6.39)

where the isomorphism from the spaces allows for a representation in indistinguishable
particles perspective as what was done in chapter 3.

The space of s, from quantum information theory, is the computational space of se-
quences of ports that can be mapped into qubits of the form

|1⟩ −→ |0⟩ (6.40)

and
|2⟩ −→ |1⟩ . (6.41)

From representation theory, the Schur Transform is presented as a connection between
the computational space of qudit sequences into a partition of the space given by irre-
ducible representations (irreps) of the unitary and symmetric groups [38]. This partitions
allow for a representation of the computational space in terms of labels, connecting the
partition of the space of qubits with an irreducible representation of Sn and SU(2).

Mathematically, this equivalence from the Hilbert space of n qubits to a partition in
terms of irreducible representations given by the Weyl-Schur duality [39]

H⊗n
2 =

⊕
λ⊢(n,d)

Vλ ⊗ [λ], (6.42)

where λ labels the partition, Vλ is the irreducible representation of the unitary group, and
[λ] the irreducible representation of the symmetric group. λ is partitioned in n terms of
maximum irreducible representations d.

Each of these irreducible representations can be labeled by Young Tableaux [39]. This
tableaux are a tool for visualizing the possible irreducible representations of the symmetric
group. Given a certain partition of λ, a possible corresponding Young Tableaux of n boxes
with at most d rows is given in Fig. 6.5. There are two ways to fill this table, the Standard
Young Tableaux and the Semi-Standard Young Tableaux [39].
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Figure 6.5: Graphical representation of a young tableaux of n boxes and d irreducible rep-
resentations.

TheWeyl-Schur duality explain that the irreps ofGL(d) are the commutants of Sn, and
viceversa[39]. This fact makes the irreps of both spaces be strongly correlated, and allows
for the decomposition of a representation in one space as a linear combination of repre-
sentations in the other.

Calculating the dimension of the space given by the representations of GL(d) and Sn
corresponds to finding the number of Semi Standard and Standard Young Tableaux, re-
spectively. Consider the diagram shown in Fig. 6.5, for calculating the number of Standard
Young tableaux, which correspond to the dimension of Sn, one is able to use the hook for-
mula given in [39].

For our analysis, d = 2. Consider the situation expressed in Fig. 6.6. Here, we have
n = 9, but the general expression will be calculated. Calculating the number of Standard
Young Tableaux (SYT) involves the algorithm shown in the figure. One draws a "hook" from
the outermost box of the diagram, with an outward and downward direction, as the cyan
lines show. Then, for each box the number of intersecting boxes for the hook is introduced.
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Figure 6.6: Algorithm for implementing the hook formula. One begins in the outermost
box of the diagram, drawing a "hook" and counting the number of boxes it crosses. For
further details see [39].

In this example, λ1 = 6 and λ2 = 3. The algorithm calculates the dimension with the
expression

d(Sn) =
n!∏
λi,j

, (6.43)

where λi,j is the number on each box given by the hook formula. From fig. 6.6, the first
λ1−λ2 terms are multiplied simply, but for the outermost box in λ2, the count is increased
by 1, giving

d(Sn) =
n!

(λ1 − λ2)!(λ2)!
λ1+1!

(λ1−λ2+1)!

=
n!(λ1 − λ2 + 1)

λ1!λ2!((λ1 + 1)
(6.44)

The factorial terms in eq. 6.44 correspond to the binomial factor as λ1 +λ2 = n. Being
so, the resulting dimension is

d(Sn) =

(
n

λ2

)
(λ1 − λ2 + 1)

(λ1 + 1)
. (6.45)

This expression will be useful when calculating the expression for the output prob-
abilities of the interferometer. For further information and discussion on the theory of
representations of the linear and symmetric group, see [38, 39].

The connection between states in both spaces associates a sequence s to a set of quan-
tum numbers {j,m, τ}, being j the index for each of the terms of the direct sum of eq. 6.42,
m the irrep of Vλ and τ the irrep of [λ]. This results in the transform [38]

|s⟩ =
∑
j,m,τ

⟨j,m, τ |s⟩ |j,m, τ⟩ , (6.46)

following the orthogonality relations∑
j,m,τ

⟨j,m, τ |si⟩ ⟨sf |j,m, τ⟩ = δ(si, sf ) (6.47)

and ∑
s

⟨ji,mi, τi|s⟩ ⟨s|jf ,mf , τf ⟩ = δ(ji, jf )δ(mi,mf )δ(τi, τf ). (6.48)
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The coefficients from eq. 6.46 are a generalization from the Clebsch-Gordan coeffi-
cients used in the description of a multiple particle system when adding angular momen-
tum. Analogous to the two-photon interferometer would be the case of a 2-spin system,
in which one changes the base from |j1, j2,m1,m2⟩ to |J,m⟩.

Given the input state in eq. 6.37, evolving through the beam splitter corresponds to
the equation

Û⊗n |ψ⟩in := |ψ⟩out =
(Û⊗n

P ⊗A⊗n
Γ )√(

n
n

) ∑
s∼n

|s⟩ ⊗ |s⟩ , (6.49)

where the unitary operator acts on the space given by the ports of the interferometer, or
the path degrees of freedom of the photons. Using the Schur transform, the output state
of the system is equal to

Û⊗n |ψ⟩in := |ψ⟩out =
(Û⊗n

P ⊗A⊗n
Γ )√(

n
n

) ∑
j,m,τ

|j,m, τ⟩ ⊗ |j,m, τ⟩ , (6.50)

labelling |ψ⟩out :=
∣∣∣ψ′
〉
, the calculation of the conditional probability of an output state

given an input state is written as

p(n1
′ |n1) =

〈
ψ

′
∣∣∣1Γ ⊗ΠP

∣∣∣ψ′
〉
, (6.51)

where ΠP is a projection to the expected sequence of output photons per port n′
=

(n
′
1, n

′
2), given as

ΠP =
∑

s′∼(n1
′
,n2

′
)

∣∣∣s′〉〈s′∣∣∣ . (6.52)

Re-writing eq. 6.50 by separating the irreps of Vλ and [λ] results in the state

|ψ⟩out =
(Û⊗n

P ⊗A⊗n
Γ )√(

n
n1

) ∑
j

((∑
m

|j,m⟩ |j,m⟩
)
⊗
(∑

τ

|j, τ⟩ |j, τ⟩
))
, (6.53)

including the orthogonality relations 6.47 and 6.48, the output probability of the interfer-
ometer is equal to

p(mf |mi) =
1(
n
n1

)∑
j

⟨Kj |Kj⟩ ⟨j,mi|Dλ(A†A) |j,mi⟩
∥∥∥⟨j,mf |Dλ(Û) |j,mi⟩

∥∥∥2, (6.54)

where |Kj⟩ := |j, τ⟩ is a perfectly symmetric state in which any action of a representation
of the symmetric group Sn results in the same state. Weyl-Schur Duality allows for the rep-
resentation ofA and Û as a linear combination of representations of Sn, thus implying that
the state |j, τ⟩ does not change. Dλ is the SU(2) representation of thematricesA†A and Û .

Eq. 6.54 can be expressed in terms of a probability pj defined as

pj =
1(
n
n1

) ⟨Kj |Kj⟩ ⟨j,mi|Dλ(A†A) |j,mi⟩ , (6.55)
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giving the relation

p(mf |mi) =
∑
j

pj(j,m)
∥∥∥⟨j,mf |Dλ(Û) |j,mi⟩

∥∥∥2, (6.56)

this probability corresponds to the j-th term of the sum, and when there is complete in-
distinguishability, the only term for which this probability is not zero is j = n

2 . It will be
proven that pj shows a phenomenon of concentration, and can be studied using the large
deviations theorem. As such, the term corresponding to Û does not obey the same theo-
rem, and will be evaluated using WKB approximations which are valid for j >> 1[40].

The connection between the physical phenomenon and the mathematical interpreta-
tion of the Schur representation is given by the relations

j =
λ1 − λ2

2
, (6.57)

mi =
n1 − n2

2
(6.58)

and
mf =

n
′
1 − n

′
2

2
, (6.59)

where λ1 and λ2 are the partitions of n. Physically, j corresponds to the effective number
of interfering photons. In terms of the Young Tableaux defined before, this value is the
number of boxes of λ1 that do not have a box below. Thus, the boxes that do have "com-
plete" columns, i.e., have a box below them, are considered to be "noisy" photons that do
not interfere at the beam splitter.

m is the difference between the number of photons from the input ports. Note that,
given the fact that n1 + n2 = n, this number completely determines the type of the se-
quence s, so m carries the information of the input state. Likewise, mf carries the infor-
mation of the output sequence.

The representation of the matrices is given by the relations

A†A =

(
1 ⟨Γ1|Γ2⟩

⟨Γ2|Γ1⟩ 1

)
(6.60)

and
Û =

(
cos(β2 ) sin(β2 )

−sin(β2 ) cos(β2 )

)
. (6.61)

Using eq. 6.54 the asymptotic rate of the probability will be calculated according to
Cràmer’s theorem. From this equation, it is evident that the probability relies on a term
corresponding to the probability of the j − th partition, multiplied by another term which
indicates the probability ofmeasuring an output state given an input state evolving through
Û , which corresponds to the case where ⟨Γ1|Γ2⟩ = 1. The term ⟨Kj |Kj⟩ := dj corresponds
to the dimension of the space of irreps of [λ], corresponding to eq. 6.45

dj =

(
n

λ1

)
λ1 − λ2 + 1

λ1 + 1
, (6.62)
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where λ1 + λ2 = n. The matrix A†A is not a unitary rotation, thus it is not possible to use
Wigner’s d-matrix representation. The first term of eq. 6.54 results

dj ⟨j,m|Dλ(A†A) |j,m⟩ =
(
n

λ1

)
λ1 − λ2 + 1

λ1 + 1
|A†A|λ2Dj

m,m(A†A). (6.63)

Wigner’s formula for the representation of a matrix g is

Dj
mi,mf

(g) =
1√(

2j
j+mi

)(
2j

j+mf

) ∗∑
α

2j!

α!
gα, (6.64)

where the restrictions imposed by ∗ are similar to those used in the classical case. α is

α =

(
α00 α01

α10 α11

)
, (6.65)

conditioned by
α00 + α01 = j +m

′
, (6.66)

α11 + α10 = j −m
′
, (6.67)

α00 + α10 = j +m (6.68)

and
α11 + α01 = j −m. (6.69)

Setting η = Abs(⟨Γ1|Γ2⟩), eq. 6.63 results

pj =

(
n

λ1

)
λ1 − λ2 + 1

λ1 + 1
|1− η2|λ2

1(
2j

j+m

) ∗∑
α

2j!

α!
(A†A)α, (6.70)

which can be further simplified by usign eqns. 6.57, 6.58 and 6.59

pj(j,mi) =

(
n

n
2 + j

)
2j + 1

n
2 + j + 1

|1− η2|
n
2
−j

2F1(−j −mi,−j +mi, 1, η
2), (6.71)

where 2F1 is the hypergeometric function.

Using these relations, the general representation of the output probability distribution
is

p(mf |mi) =
∑
j

pj(j,mi)
∥∥∥djmi,mf

(β)
∥∥∥2, (6.72)

Graphical representations of the behaviour of the probability distribution in terms of
the output frequency difference mf are given in Figs. 6.8, 6.9 and 6.10 while varying the
values of β and η. For

∥∥∥⟨j,mf |Dλ(Û) |j,mi⟩
∥∥∥2, a WKB approximation will be used in the

following chapter [40].
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Figure 6.7: Graphical representation of the probability given by eq. 6.54 for β = 0. There
is no incidence of η in the probability distributions for eachm.

Fig. 6.7 shows the output distribution for an operator with β = 0. This corresponds,
both in the classical and the quantum scenario, to an identity matrix both in the classical
transition matrix and in the SU(2) representation of Û . For all distinguishability values,
mf = mi, meaning that the only possible output distribution corresponds to the same in-
put state.

Form = n
2 , all photons enter the same port and exit the same port. This is not the case

for the classical to quantum transition expressed in Fig. 6.8. In this graphical representa-
tion, the values of η give the shape for the distribution for β ̸= 0. Distinguishability can
also be understood in terms of the parameter β. From the figures, a value of β that do not
correspond to perfect distinguishability delays the transition in terms of η.

Moreover, for perfect distinguishability the output pattern corresponds in eq. 6.72 to
the maximum value of j. Therefore the probability distribution corresponds to the WKB
approximation where the most probable states are given by the returning points. However,
this return points correspond to the case where m ≈ j, in which the WKB approximation
fails. In the following chapter, the value of the distribution for these return points will be
calculated [40].
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Figure 6.8: Graphical representation of the probability given by eq. 6.54 form = 0.

The input sequence also determines the shape of the distribution, as what can be seen
from Fig. 6.9. When there is a partial unbalance between the input ports of the inter-
ferometer, the case for β = π

4 shows a skewness of the distribution. This asymmetry is
shown as the central value of the distribution is no longer centered for n

2 , as was the case
form = 0. On the other hand, this issue is erased when considering the case for the 50-50
beam splitter, i.e. β = π

2 . Note that the shape of theWKB approximation for η = 1 changes
from that ofm = 0.

Partial distinguishability corresponds to the sum of terms from eq. 6.72, where there is
a contribution for more than one term. The generating function given in [40]. This function
has a dissimilar behaviour for j and j + 1, resulting in an averaging-out of the internal
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oscillating pattern. As was stated before, this pattern is recuperated when η = 1.

Figure 6.9: Graphical representation of the probability given by eq. 6.54 form = n
4 .

When all the photons enter the same port, interference is also lost. Fig. 6.10 shows this
behaviour, as the classical gaussian behaviour is the same for all values of distinguishability.
In this case, there is no quantum interference of any photons, and the output distribution
depends solely in the parameter β.
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Figure 6.10: Graphical representation of the probability given by eq. 6.54 form = n
2 .

Summarizing, the distinguishability in terms of β, η andm was analyzed. The graphical
representations for intermediate and perfect indistinguishability show a continuous tran-
sition between the classical and quantum scenarios, transitioning from the shape of the
WKB approximation to that of the gaussian classical distribution. The parameter β affects
both the shape of the distribution and the transition by increasing the value for which the
transition begins.

Note that η controls the distinguishability of the inner modes of the photons, β controls
the distinguishability in terms of the unitary operator, and m the distinguishability of the
photon number at the inputs of the interferometer. What is evident is that for measuring
perfect quantum interference, the input states of the interferometer must be indistinguish-
able in all of these variables. If there is complete distinguishability in one of the parameters,
the classical scenario arises.

6.2.1 Asymptotic behaviour of HOM

For calculating the behaviour of the interferometer when n −→ ∞, pj will be evaluated
using the large deviations theorem. On the other hand, the matrix Û can be written in
terms of Wigner’s d-matrix representation. For these rotations, it is possible to use WKB
approximations in terms of the matrix angle of rotation β, given by [40]

djmi,mf
= (−1)j

√
2J

π
| ∂2S0
∂mi∂mf

|cos(JS0 −
π

4
), (6.73)

where J = j + 1
2 .
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The function S0 determines the oscillating frequency of the system around the classical
value. This term is equal to

S0(mf ,mi) =
mi

J
arccos

micos(β)−mf

sin(β)
√
J2 −m2

i

+
mf

J
arccos

mi −mfcos(β)

sin(β)
√
J2 −m2

f

+arccos
mimf − J2cos(β))√
(J2 −m2

f )(J
2 −m2

i )
. (6.74)

The form of the WKB approximation given on 6.73 is valid for the "classical" region
around the classical mean value [40]. The envelope function is given by the second mixed
derivative of the function S0, which corresponds to

∂2S0
∂mi∂mf

=
1

J
√
J2sin2(β)−m2

i − 2m2
f +mimfcos(β)

. (6.75)

The term within the squared root in 6.75 defines the area of an ellipse in themf −mi

plane [40]. For understanding how this ellipse collapses to the classical case, the value of j
that maximizes the probability according to the large deviations theoremwill be calculated.

The WKB approximation is no longer valid when mi ≈ j [40]. For these points the
approximation used is the wavefunction of the harmonic oscillator given by

djmi,mf
≈ Ψj−mi(Jcos(β)−mf ). (6.76)

When j = mi, this corresponds to the base state of the quantum harmonic oscillator,
giving that the behaviour of the system corresponds, again, to a gaussian distribution.

For calculating the asymptotic behaviour of pj , let the intensive variables ν and ε be
defined as

ν =
2j

n
(6.77)

and
ε =

2m

n
, (6.78)

the rate function for the probaility pj , R(ν, η, ε) is given by

R(ν, η, ε) = h2(
1− ε

2
)− (1 + ν)log(2) + D({1− ν

2
,
1 + ν

2
}||{1− η

2
,
1 + η

2
})

+νh2(
1− ε/ν

2
) + νD(α||A†A), (6.79)

where α = 1
2jα and A†A = 1

2(1+η)A
†A. For calculating the asymptotic behaviour of the

effective number of interfering photons given a distinguishability η, and a photon number
differencemi, the maximum of eq. 6.79 is given by

∂R

∂ν
= 0, (6.80)
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which gives
ν∗ =

√
ε2 + η2 − ε2η2. (6.81)

The effective number of photons j∗ is then given by

j∗ =

√
m2

i + η2
((

n

2

)2

−m2
i

)
. (6.82)

This result opens up the discussion about the role of distinguishability in multiphoton
interference, as it can be seen as a measure of the portion of photons that effectively in-
terfere in the HOM interferometer. For perfect number indisitnguishability, whenmi = 0,
the actual number of interfering photons will depend solely on the value of η, being the
maximum j = n

2 when η = 1.

Further still, eq. 6.82 implies that not only the scenario when mi = 0 presents perfect
interference, but for allmi, if η = 1, the actual number of interfering photons is also n

2 . As
we saw before, it was expected that the output probability rely on the parameters η, β and
mi, from Figs. 6.7, 6.8, 6.9 and 6.10. This will be demonstrated in the following section.
However, it comes as a surprise that the effective number of interfering photons does not
depend on the interferometer parameter β.

6.3 Quantum to classical transition of output probabilities

From Figs. 6.8 and 6.9 it is possible to observe that, for partial or complete indistinguisha-
bility, the distribution of output probabilities is centered in the classical value, but themaxi-
mum is given by theWKB approximation, where the return points of the envelope function
are given by

mf = micos(β)± η

√(
n

2

)2

−m2
i sin(β), (6.83)

given the result for eq. 6.82.

Fig. 6.11 shows a graphical representation of the distribution of output states between
the classical and quantum systems. Again, for a unitary operation with β = 0, both the clas-
sical transition matrix and the unitary operator are equal to∞, and the output probabilities
are equal for both the classical and quantum scenarios. For β ̸= 0, there is a clear transition
of the probabilities between the classical and quantum states. The most probable output
states for the quantum case are represented as the purple ellipse in Fig. 6.11, indicating
that when partially or completely indistinguishable, the behaviour of the quantum and the
classical systems are completely different.
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Figure 6.11: Graphical representation of the quantum-to-classical transition of the output
probabilities of the multiphotonic interferometer. β = π

4 .

For the optimal value of j∗, the distance between the return points, l, is equal to

l = η

√(n
2

)2
−m2

i sin(β). (6.84)

Continuing the analysis of eq. 6.85, the behaviour of the WKB approximation near
the return points gives a value of η∗ for which the system falls into the classical case, the
approximation gives, for η = 0

djmi,mf
≈ Ψ0(micos(β)−mf ) =

1√√
π
√
misin(β)

e
−

(micos(β)−mf )2

2misin
2(β) , (6.85)

where the width of this gaussian function σ behaves as

σ =

√
m2

i + η2
((

n

2

)2

−m2
i

)
sin2(β). (6.86)

This implies that the distance between the turning points marks the transition from the
classical to the quantum case when eqns. 6.14 and 6.84 are equal, thus giving a factor of
scalability

η ∼

√
n
4

(n2 )
2 −m2

i

. (6.87)

This expression gives the order of magnitude for the value of the critical η∗ that marks
the transition between the classical and quantum case. For η = 0, we know that j∗ = mi,
thus the WKB approximation is not available. There are certain subtleties in eq. 6.85 that
must be studied in a future consideration. These issues involve the form of the classical-
to-quantum transition when using the functions of the harmonic oscillator.
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Chapter 7

Conclusions and perspectives

For understanding the role of distinguishability in multiphotonic interference from a quan-
tum operations perspective an introduction to the perspective of quantum operations was
made, including three frames from which this role was studied: post-selection, decoher-
ence, and a quantum-to-classical transition in the output probabilities of an interferome-
ter. From these definitions, the purpose achieved was that of setting the framework upon
which the investigation was developed.

In chapter 3 a formal definition of the concept of interference was presented. First,
considering the classical description of interference of light waves, and later by extending
the use of multiple degrees of freedom into the quantum scenario. Experimental imple-
mentations of interference both in space and time inner modes were introduced, both for
the classical and the quantum case. For multiphoton interference, the concept of resolved
measurements was explained through the experimental implementations of the HOM in-
terferometer and time-resolvedmultiphoton interference. The bridge between the areas of
quantum information theory and quantum optics was built upon these definitions, where
the output state of an HOM interferometer was obtained in terms of indistinguishable par-
ticles for a generic interferometer operator.

A special analysis arose from the concept of distinguishability. By analyzing the con-
cept of distinguishability from phase space, it was possible to describe graphically the con-
cepts implemented in recent experimental developments were photons are made to be
distinguishable in one variable, but measurement of interference is made on its conjugate
space. This permitted describing graphically the concepts of resolved and non-resolved
interference, while also allowing for a further discussion on performing Fractional Fourier
Transforms for completely distinguishable photons such that visibility of interference is re-
covered.

Chapter 4 makes use of the bridge between quantum operations and multiphotonic
interference for calculation of the post-selection operation in the two-photon interfer-
ometer. Using these definitions, the second order coherence function in terms of Glauber
theory is recovered, further emphasizing the connection between the perspective of quan-
tum operations and quantum optics. Results reported in the literature are explained and
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recovered from the general calculation. Furthermore, an experimental proposal for mea-
suring spatially-resolved two photon interference is presented, in which it is possible to
make photons distinguishable in transverse momentum. The calculation of the expected
measurements is followed by theoretical graphs of spatially-resolved interference for two
photons with gaussian wave-functions.

The TBD as a decoherence control mechanism is brought up in chapter 5. The second
frame upon which the role of distinguishability was studied is explained, recovering the
density matrix of the system of interest when tracing over the environment. This density
matrix was written in terms of four distinct functions which convey the information of the
environment for a non-resolved measurement. These functions were labeled as decoher-
ence functions, and their principal parameter for spatially non-resolved interference is the
separation between photons given by the TBD. A connection between indistinguishabil-
ity and decoherence is made, where the concept of distinguishability induced interference
is presented as a way of connecting both notions. Another experimental setup is given
for measuring non-resolved measurements, which correspond to the case of decoherence.
From these analysis for two photons with gaussian wavefunctions, a first approach into the
concept of quantum-to-classical transition for the output probabilities is made regarding
the measurement of second order coherence function in terms of the permanent of the
interferometer, which in its usual SU(2) depiction depends upon a rotation angle β.

This concept of quantum-to-classical transition of the output probabilities of the inter-
ferometer is further extended into the more-than-two photons case. Chapter 6 introduces
the concept of a classical binary channel given in classical information theory. Furthermore,
the calculation of the asymptotic behaviour of the probabilities according to large devia-
tions theorem for a binary noisy channel is presented. This calculation is the base upon
which the quantum-to-classical transition is defined, by considering the HOM interferom-
eter as a quantum channel.

Extending the quantum interference to more than two photons permitted the use of
Schur transform for calculating the output probability exponential rate function, according
to Cràmer’s theorem. This depiction in terms of labels of quantum numbers permitted the
analysis of the asymptotic behaviour of the probability of a particular output state given
an input state. Making use of WKB approximations for calculating Wigner’s d-matrix rep-
resentation of the operator of the interferometer, graphical representations of the output
probability were obtained. By varying both the distinguishability and the rotation angle β,
there is a transition between the quantum and classical phenomena as photons become
indistinguishable.

Calculating the value around which the output probability is maximized in the asymp-
totic case gave an expression for the number of effective interfering photons, ν, which
indicates which proportion of the total number of photons introduced in the interferome-
ter are interfering in a perfectly indistinguishable manner. This number depends upon the
photon number difference at the input of the interferometer as well as on the distinguisha-
bility parameter η.
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Extending the quantum-to-classical transition, graphical representations of the most
probable states are given. When the photons are distinguishable, the output states proba-
bility correspond exactly to the classical scenario. As they are made indistinguishable, the
probability distribution behaves as the WKB approxiation, showing a distribution of states
around the classical value, but with different expected values.

The role of distinguishability, then, is understood in terms of the three frameworks
presented in chapter 2 as follows: from chapter 4, distinguishability is a phenomenon that
dictates the visibility of interference, and can be overcome by selecting appropriate mea-
surements that recover information; from chapter 5, distinguishability is a decoherence
inducing mechanism; and from chapter 6, distinguishability is a parameter that dictates a
classical-to-quantum continuous transition of the output probabilities of the interferome-
ter.

For further investigations, several perspectives arise from the understanding of the
role of distinguishability. First, the concept of analysis of interference from phase space
could be extended into an experimental proposal that measures resolved interference of
two photons distinguishable both in space and in transverse momentum by making use
of fractional Fourier transforms, which can be implemented on an experiment making use
of Fourier optics. Second, using a variable beam splitter as the HOM interferometer can
create a continuous transition between the output probabilities from the classical binary
channel to the quantum binary channel characterized by the HOM effect. Finally, the the-
oretical analysis for multiphotonic interference can be continued by an experimental pro-
posal introducing the concept of number-resolved measurements, as well as an analysis
of interference given by a coherent beam impinging on a non linear crystal creating PDC,
where several multiphotonic states are down converted into signal and idler states with
multiple photons.
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