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Resumen

La teoŕıa de Galois trata principalmente del uso de simetŕıas para clasificar Estructuras.
A groso modo, se han formulado dos perspectivas al respecto: la perspectiva de Artin,
en la cual el teorema fundamental es la correspondencia entre subgrupos de simetŕıas y
sub-estructuras, dada en términos de estabilizadores e invariantes; y la perspectiva de
Grothendieck, en la cual una categoŕıa y un funtor que satisfacen ciertas propiedades
inducen una equivalencia con la categoŕıa de acciones del grupo de simetŕıas.

En este trabajo profundizamos la formulación de Grothendieck, por lo cual exponemos y
desarrollamos la idea de que para las categoŕıas monoidales la teoŕıa de Galois puede ser
entendida como una equivalencia con la categoŕıa de acciones de una mónada de Hopf.

Nuestra pregunta de investigación fue ¿cómo podemos encajar la perspectiva de Artin
en este contexto? Descubrimos que, para una mónada aumentada, existen propiedades
universales que definen los invariantes y estabilizadores, definiciones que naturalmente
conllevan a una correspondencia de Galois. Adicionalmente, en el caso de una mónada
de Hopf aumentada sobre una categoŕıa monoidal cerrada, encontramos procedimientos
expĺıcitos para calcular dichos invariantes y estabilizadores.

Este documento contiene, además del desarrollo pleno de la conexión de Galois inherente a
una mónada de Hopf aumentada, una introducción amigable a las mónadas de Hopf y una
exposición de algunos ejemplos clásicos de teoŕıa de Galois a la luz de la perspectiva aqúı
propuesta.

Palabras clave: Monadas; Correspondencia de Galois; Monadas de Hopf; Teoŕıa de Galois
segun Grothendieck; Formalismo tannakiano.
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Abstract

Galois theory is essentially about using symmetry for classifying structure. Historically we
identify two broad formulations: Artin’s formulation, in which the fundamental theorem is
a correspondence between subgroups of symmetries and intermediate structures, given by
taking invariants and stabilizers; and Grothendieck’s formulation, in which a category with
a functor that satisfies some properties is equivalent to the category of actions of its group
of symmetries.

In this work, furthering Grothendieck perspective, we expose and develop the idea that
Galois theory on monoidal categories could be framed as Hopf monadicity. That is as an
equivalence with the Eilenberg-Moore category of actions of a Hopf monad.

Our main question was how to recover Artin’s perspective in this framing. We discovered
that, in the case of an augmented monad, there are universal definitions of invariants and
stabilizers which yield a naturally-arising Galois correspondence. Additionally, in the case
of an augmented Hopf monad over a monoidal closed category, we found explicit procedures
for the computation of invariants and stabilizers.

This document contains an approachable introduction to Hopf monads, a comprehensive
development of the Galois connection inherent to an augmented Hopf monad and an
exposition of some classical examples of Galois theory under the framework here proposed.

Keywords: Augmented monads; Grothendieck’s Galois Theory; Galois connection; Hopf
monads; Tannaka duality.
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Introduction

This document is about Galois theory from a categorical perspective. As most works
in category theory, the aim is to abstract the main features of some basic concept in a
mathematical context, in order to uniformly extrapolate it to other contexts. Since the
work is about Galois theory, the basic concept is that of a group and its ability to classify
structures through actions. The abstraction of this in the framework of monoidal categories
is the concept of central Hopf monoid, or equivalently, augmented Hopf monad.

The structural approach to Galois theory, as developed by Emil Artin and taught in most
algebra textbooks, places as fundamental theorem the correspondence, given by invariants
and stabilizers, between subgroups of symmetries and intermediate structures.

Structure Symmetry

{Intermediate Structures}op {Subgroups of Symmetries}

Inv

Stab

⊣

Figure 1.: Abstraction of Artin’s perspective on Galois theory.

In [Gro71, Exposé V], Grothendieck framed Galois theory as an equivalence between a
category of interest and the category of actions of a group. This framing unified two well
known examples of Galois theory in his time: the covering maps over a suitable topological
space are equivalent to the actions of the fundamental group by taking the fiber over a point,
and the split algebras over a separable and normal field extension are equivalent to the
actions of the Galois group by taking the points over the extension field. More significantly,
this perspective allows us to define the fundamental group in other contexts, for instance
for schemes, providing more examples of Galois theory.

The Grothendieck’s framing consists of some axiomatic conditions for a category and a
functor, dubbed fiber functor, which allow to construct the group as the automorphisms of
the fiber fuctor and lift the functor to an equivalence of categories. A quick recount of the
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Introduction

categorical details can be found in [DS00] and a comprehensive study of Galois theory from
this perspective is the subject of [BJ01].

The idea of extrapolating this framework to the linear case, this means replacing group
actions by group representations, was developed in the work of Saavedra-Rivano [Saa72]
and completed in [Del90]. This is known as Tannakian duality and is one of the starting
points in the study of tensor categories. Notice that a group representation is a co-module
over the Hopf algebra of regular functions from the group.

D SetsG D VectH

Sets Vect

G = AutΩ G = Aut⊗Ω H = O(G)

Ω Ω
U U

Ω Ω

G×?
H⊗?

Figure 2.: Analogy between Grothendieck’s Galois theory and Tannakian duality

This analogy between Grothendieck’s Galois theory and Tannakian duality has been a
guiding principle from the beginning. We suggest reading [Car01], particularly the Section
7, for a historical and philosophical perspective on this subject. However only in recent
years, Alain Bruguières noticed, in a still unpublished work, that Hopf monads are the right
tool for formalizing this analogy.

Before stating the purpose, contents and achievements of this thesis, allow me to sketch a
conceptual and historical background for Hopf monads and their link to Galois Theory.

Monoidal categories have become an increasingly relevant subject in mathematics, since
they provide a common language for physics, topology, logic and computation; as explained
in the article by Baez and Stay [BS10]. For instance, in this lingua franca the distinction
between classical and quantum mechanics is identified as the distinction between Cartesian
and tensor products.

Groups in Cartesian categories, such as Lie groups, algebraic groups or definable groups
have been intensively studied. Central Hopf monoids are a suitable generalization of groups
to monoidal categories. In the usual definition of group only multiplication, unit and inverses
are mentioned, because comonoid structure — duplicating and erasing — and half-braiding
— natural transformation between left and right actions — are canonically supplied in a
Cartesian category. The adjective Hopf is used because in the category of vector spaces
central Hopf monoids correspond to Hopf algebras.
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Hopf monads, a special kind of monads over a monoidal category, were introduced in the
context of topological quantum field theory, as a tool for understanding the relationship
between two kinds of topological invariants for 3-dimensional manifolds. The book [TV17]
is devoted to the development of that subject. Briefly after their introduction, in [BLV11],
Hopf monads were characterized as monads which lift the monoidal product and the internal
Homs, whenever they exist, to the Eilenberg-Moore category of its actions. They are also
useful for clarifying and structuring several generalizations of Hopf algebras, as exposed in
[Böh18].

The link with Galois theory is that the actions of a group G form the Eilenberg-Moore
category for the monad G×?, and augmented Hopf monads are precisely the monads of the
form A⊗ ? where A is a central Hopf monoid in a monoidal category. This is also proved
in [BLV11].

The purpose of this thesis is to expose and develop Alain Bruguières idea of framing Galois
theory as an equivalence between a category of interest and the Eilenberg-Moore category of
an augmented Hopf monad. Our main achievement is figuring out how Artin’s perspective
fits into this framing; in other words, we managed to derive a Galois connection from an
augmented Hopf monadicity result, see Section 2.5 III. The key for establishing such a Galois
connection is defining the fix relation in terms of the augmentation, see Definition 2.2.1. At
many steps, the present work draws inspiration from the articles [Kam11] and [Kam15] by
Moshe Kamensky.

Syntax SemanticsSymmetry

Semantics

Structure
Underlying

Equivalence

Symmetry

Figure 3.: Abstraction of Grothendieck’s perspective on Galois theory.

From the point of view of a logician the intuition is like this: Since an structure allows us to
provide meaning to expressions, by Lawvere influence (see [Law04]) we identify structures
with functors transforming syntax into semantics. Now, the symmetries of an structure act
on its semantics; therefore, the structure lifts to the category of actions of the symmetries
over the semantics. Following Grothendieck, we say that an structure is Galoisian when
that lift is an equivalence.
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Introduction

In the case that both, syntax and semantics, are monoidal closed categories, a Galoisian
structure should preserve monoidal products and internal homs.1 The key insight is that
the symmetry of such a structure is necessarily a Hopf monad. From this point of view, it
seems natural to identify sub-structures with sub-functors and subgroups of symmetries
with sub-monads. In order to recover Artin’s perspective we assumed that the monad is
augmented, then we managed to define invariants and stabilizers trough universal properties
and provide procedures for their computations under mild assumptions.

Structure Symmetry

Monadic functor U : C T → C Augmented Monad T : C → C

{Sub-functors α : V ⇒ U} {Sub-monads h : S ⇒ T}

Inv

Stab

⊣

Figure 4.: Artin’s perspective on Galois theory for augmented monads

To illustrate the usefulness of this approach, it is applied to some classic examples of
Galois theory. Our intention is laying the foundations for this approach to be applied in
more contexts, especially for constructions in tensor categories, for instance in quantum
computation. The following is a summary of the main steps involved:

The objective is to classify the structure of some category. The first task is to find a functor
to a base monoidal category that somehow we know better. In analogy with the case of
covering spaces, we name this functor a fiber functor. The next step is to construct a left
adjoint to the fiber functor, in some cases we will need to enlarge, by Pro completion the
involved categories for this purpose.

Since the adjunction yields a monad in the base category,2 we proceed to study the
interaction between the monad and the monoidal product. When the fiber functor lifts
the monoidal product, this means that our original category is also monoidal and the
fiber functor preserves this product, the corresponding monad has a bimonad structure.
Additionally, when internal Homs (or duals) exist in the base category and the fiber functor
lifts them, the monad is a Hopf monad.

1On propositional logic those corresponds to conjunctions and implications.
2Might be a right adjoint obtained by Ind completion and yield a comonad, this is the usual case for

algebraic examples, but for simplicity we will stay in the monad case since the other one is formally dual.
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On the next step, we study the equivalence of the original category with the Eilenberg-Moore
category of that Hopf monad, by means of the Beck’s monadicity theorem, or some variant
of it. This amounts to prove that the fiber functor reflects isomorphisms, which is achieved
when our category is connected in some sense, and it creates some co-equalizers, which is
achieved when the category is exact in some sense.

The last ingredient is an embedding of the base category in our original one, which is
achieved by considering each base object endowed with some trivial action. This corresponds
to an augmentation of the monad. In such a case, the monad is defined by a central Hopf
monoid — these are groups in the Cartesian case and Hopf algebras in the braided tensor
case — and there is a Galois connection given by invariants and stabilizers.

Structure of the document

This document is divided in four chapters:

Chapter one is introductory in nature, it presents a quick review of the theory of Hopf
monads and its relationship with central Hopf monoids. This chapter does not attempt to
be original or comprehensive, but to provide a common background for the next chapters.

Chapter two is the core of the document, it contains the theory of invariants and stabilizers
for augmented monads, and provides means for calculating them in the Hopf case over a
monoidal closed category.

The third chapter is intended to make a case for the usefulness of the abstract framework
introduced in the first two. We apply the theory in a case simpler than originally intended,
since for Cartesian categories half of the structure is canonically supplied. This allows to
shed new light on well known facts, and build a better intuition for the not so well known.

In the last chapter, we sketch some ideas for future research on the subject.
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1. Preliminaries on Hopf monads

The propose of this chapter is to present, in a succinct way, the definition and main features
of Hopf monads and sketch the motivation behind them. This chapter presents a collage of
concepts, none of them original, but collected and organized in a idiosyncratic way.

Our main references are [BLV11], where the concept of Hopf monad is introduced, and
[Böh18], which gives an account of the relation between Hopf monads and generalizations
of Hopf algebras. Apart from our main references, we recommend [BS10] as a gentle
introduction to the subject. In any case, familiarity with any of [Eti+11], [TV17], [JS93],
[JS91], or [Del90] should be more than enough background.

This chapter is mainly intended for future reference, the more experienced reader may skim
over the material and return to it when necessary. However, we tried to provide a gentle
and comprehensive guide for the newcomer. We don’t write full proofs, instead we provide
references to the literature and comments on the main steps involved.

The chapter is divided in three sections: First we discuss the Eilenberg-Moore decomposition
of a monad into an adjunction, including monadicity and the lifting of functors. If you know
Beck’s monadicity theorems, see 1.1.22, and understand the correspondence between lifts
and lifting data stated in Theorem 1.1.15, you have mastered this section. In fact, Theorem
1.1.15 is the only unavoidable prerequisite for the results in sections 2.2 and 2.3.

On the next section, we take a tour on monoidal categories. We visit monoids, dual pairs,
internal Homs and half-braidings. The souvenir of this tour is the definition of central Hopf
monoid, see 1.2.44. Be careful, because we don’t assume monoidal functors to be strong or
monoidal product to be symmetric or even braided. Therefore, we pay particular attention
to opmonoidal structures and half-braidings, for instance see Lemma 1.2.46. In summary,
this section mainly provides definitions needed in the next section and in 2.4.

The final section is a marriage of the previous two. The gist is that bimonads lift the
monoidal product (see Theorem 1.3.5), Hopf monads also lift the internal Homs, (see
Theorem 1.3.14), and augmented Hopf monads end up being the same that central Hopf
monoids (see Corollary 1.3.19). Those three results allows us to wrap up the theory on
Section 2.5 and joined with variants of Beck’s monadicity knit the examples in Chapter 3.
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1. Preliminaries on Hopf monads

1.0 I. Notations and conventions

We write categories in calligraphic font (e.g. C , Set , etc.), indicate functors by single arrows
(e.g. F : C → D) and natural transformations by double arrows (e.g. α : F ⇒ G).

Compositions. We write compositions from right to left: this means that given F : C → D
and G : D → E they compose to GF : C → E . There are two kinds of composition for
natural transformations: First, given α : F ⇒ F ′ and γ : F ′ ⇒ F ′′, where F, F ′, F ′′ : C → D,
their vertical composition γ · α : F ⇒ F ′′ is obtained by composing the corresponding
morphisms for each object X in C .

(γ · α)X = γXαX .

The second composition takes natural transformations between composable functors α :
F ⇒ F ′ and β : G⇒ G′, with F, F ′ : C → D and G,G′ : D → E , and gives their horizontal
composition β ⋆ α : GF ⇒ G′F ′ defined by

(β ⋆ α)X = (G′αX)(βFX) = (βF ′X)(GαX),

for each object X in C .

When possible, we will avoid explicit mention of objects in equations between natural
transformations. We will abbreviate identities of functors (and of objects) as idG = G. We
will also omit the ⋆ when, whiskering, composing horizontally with the identity of a functor.
For instance, the above equations are re-stated as:

β ⋆ α = (G′α) · (βF ) = (βF ′) · (Gα).

Notice that the horizontal composition is associative and the identities of categories are
units (i.e. αIdC = α = IdDα). Moreover, the whiskers distribute over vertical composition
(i.e. G(γ · α) = (Gγ) · (Gα) for any γ : F ′ ⇒ F ′′, also (δ · β)F = (δF ) · (βF ) for any
δ : G′ ⇒ G′′). Finally there is a very useful exchange law between horizontal and vertical
compositions:

(δ ⋆ γ) · (β ⋆ α) = (δ · β) ⋆ (γ · α).

Cartesian structure. In many occasions, it will be useful to consider Cat , as a Cartesian
2-category. We will denote by C ×D the product of the categories C and D, by

F ×G : C ×D → C ′ ×D ′

2



1.1. Adjunctions, monads and monadic lifting

the product of F : C → D and G : C ′ → D ′, and by

(F, F ′) : C → C ′ × C ′′

the composition of the diagonal ∆ : C → C × C and F × F ′ : C × C → C ′ × C ′′.

For functors of several arguments we will use ? with subscripts as place holders, i.e.
?i : C1 × . . .× Cn → Ci is the i-th projection functor. Additionally, we will use infix notation
for bi-functors when sensible, for instance, a functor � : C × C ′ → E could be represented
as ?1 � ?2 and the composition with �(F × F ′) could be written F?1 � F ′?2. Whenever we
omit the subscripts we pre-compose with the diagonal, as in F? � F ′? : C → C ′ × C ′′.

This notation will also be used when whiskering natural transformations, for example
α⊗ β = ⊗(α, β) and αi⊗j,k = α?i⊗?j ,?k = α(?i ⊗ ?j, ?k).

Opposite, mirror and reverse dualities. Every 2-category A gives rise to three duals :

� The opposite 2-category, Aop which changes the direction of 2-cells, but preserves the
direction of 1-cells.

� The mirror 2-category, Amir which changes the direction of 1-cells., but preserves the
direction of 2-cells

� The reverse 2-category, Arev which changes the direction of both 1-cells and 2-cells.

This implies that every 2-categorical concept could be interpreted in four senses : the left,
right, co-left and co-right sense arising when applying the concept in A , Amir, Aop and
Arev respectively.

Fortunately, in many occasions we have some form of self-duality. For instance, Cat and
Cat op are isomorphic, i.e. Cat is self-opposite, therefore the opposite of every theorem in
Cat is also a theorem.

1.1. Adjunctions, monads and monadic lifting

This section starts with well known material on the relationship between monads and
adjoints. This is intended mainly for fixing notation and stating some useful remarks. For a
complete exposition we refer to [Mac98, Chapter VI] or [BW05, Chapter 3].

The main concept is the Eilenberg-Moore descomposition of a monad trough the category
of its actions. Notice that what we call action is traditionally called algebra, see remark
1.1.11. After presenting this, we proceed to recall monadicity theorems, since they allow us

3



1. Preliminaries on Hopf monads

to determine when a category is equivalent to the Eilenberg-Moore category of a monad.
We finish reviewing the theory of monadic lifting, as presented in [Böh18, Chapter 2].

C CT

IdC

TT

η

µ

(a) Monad.

C D
F

U

UF FU

⊣

η ε

(b) Adjunction.

Figure 1.1.: Structure of monads and adjunctions.

Definition 1.1.1. An adjunction between C and D consists of two functors F : C → D
and U : D → C , called left and right adjoints, respectively, and two natural transformations
η : IdC ⇒ UF and ε : FU ⇒ IdD , called unit and evaluation, which satisfy the bending
axioms (also called “triangle identities” or “axioms of duality”):

F = (εF ) · (Fη)
U = (Uε) · (ηU).

In such a case, we will write (η, F ⊣ U, ε) or simply F ⊣ U .

Remark 1.1.2. Let (η, F ⊣ U, ε) be an adjunction with F : C → D. For any functors
X : A → C and Y : A → D, there is a bijection between Nat(FX, Y ) and Nat(X,UY )
mapping α : FX ⇒ Y to α̂ = (Uα) · (ηX) with α = (εY ) · (Fα̂) by the bending axioms.

Analogously, for functors M : C → E and N : D → E , there is a bijection between
Nat(M,NF ) and Nat(MU,N) mapping β : M ⇒ NF to β̂ = (Nε) · (βU) with β =
(β̂F ) · (Mη).

On many occasions we will refer to applying any of those bijections simply as bending.

Remark 1.1.3. The identity functor is always self adjoint, taking the identity natural
transformation as both the unit and the evaluation. In general, for any equivalence of
categories , that is a pair of functors F : C → D and U : D → C such that FU ≈ IdC
and UF ≈ IdD , we can choose natural isomorphisms η and ε such that (η, F ⊣ U, ε) is an
adjunction.

4



1.1. Adjunctions, monads and monadic lifting

Remark 1.1.4. Adjunctions are closed under composition. If (η, F ⊣ U, ε) with F : C → D
and (θ, L ⊣ R, υ) with L : D → E are both adjunctions, then (η·(UθF ), LF ⊣ UR, (LεR)·υ)
is also an adjunction.

Remark 1.1.5. The adjunction is uniquely determined by one functor. Suppose that (η, F ⊣
U, ε) and (η′, F ′ ⊣ U, ε′) are both adjunctions with U : D → C . Then ϕ = (εF ′) · (Fη′) is a
natural isomorphism such that ε′ = ε · (ϕ−1U) and η′ = (Uϕ) · η; moreover, ϕ : F ⇒ F ′ is
the only transformation satisfying the last equation. Analogously when we fix F : C → D.

Remark 1.1.6. The previous remark implies that having an adjoint is a property of a functor.
It is well known that having a left adjoint (a.k.a. being a right adjoint) implies preserving
limits. The well known general and special adjoint functor theorems state sufficient conditions
for the reciprocal to hold; we take [Mac98, Sections V.6-8] as a reference.

Definition 1.1.7. A monad over C is a triple (T, µ, η) consisting of a functor T : C → C
and two natural transformations µ : T 2 ⇒ T and η : IdC ⇒ T , called multiplication and
unit, which satisfy the axioms of

associativity, µ · (Tµ) = µ · (µT )
and unity, µ · (Tη) = idT = µ · (ηT ).

Although the same functor could have many different multiplications and units defining
different monads, we will usually abbreviate (T, µ, η) by T .

Remark 1.1.8. Every adjunction yields a monad. Given a functor U : D → C having a left
adjoint, (i.e. an adjunction (η, F ⊣ U, ε)), the equations T = UF , µ = UεF and η = η
define a monad over C .

Remark 1.1.9. The opposite of a monad is a comonad . For a comonad

(T̂ : D → D, δ : T̂ ⇒ T̂ T̂ , ε : T̂ ⇒ IdD)

we call δ the co-multiplication and ε the co-unit (or evaluation). There is no left or right
distinction because the concept of monad is self-mirror. On the other hand, adjoints are
self-reverse.

By duality, every theorem of monads gives an opposite theorem of comonads, and every
theorem of left adjoints gives an opposite theorem of right adjoints. For instance, every
adjunction (η, L ⊣ R, ε) also yields a comonad T̂ = LR, δ = LηR and ε = ε.

5



1. Preliminaries on Hopf monads

1.1 I. Eilenberg-Moore Decomposition

Notice that several adjunctions could yield to the same monad; however, in CAT there
is one adjunction that is universal among them, whose construction is due to Samuel
Eilenberg and John C. Moore. Here “universal” means that every other adjunction, that
yields the same monad, is included in it.

Definition 1.1.10. Let (T, µ, η) be a monad over C :

(a) A T -action is a pair M = (X,TX
r−→ X), where X is in C and r satisfies:

associativity rµX = rTr,

and unity, rηX = X.

(b) A T -morphismM
f−→ N , between T -actionsM = (X, r) andN = (Y, r′), is a morphism

X
f−→ Y satisfying fr = r′Tf .

(c) The Eilenberg-Moore category of T , denoted C T , has the T -actions as objects and
the T -morphisms as morphisms.

(d) The forgetful functor UT : C T → C , defined by

UT ((X, r)
f−→ (Y, r′)) = (X

f−→ Y ),

has a left adjoint F T : C → C T . This functor is known as the free functor and it is
defined by

F TX = (TX, TTX
µX−−→ TX) and F T (X

f−→ Y ) = (TX, µX)
Tf−→ (TY, µY ).

Notice that T = UTF T , hence the unit of the adjunction η : IdC ⇒ UTF T is equal
to the unit of the monad η : IdC ⇒ T . Moreover, the evaluation ε : F TUT ⇒ IdCT is
given by εM = (TX, µX)

r−→ (X, r), for any T -action M = (X,TX
r−→ X).

(e) Suppose that there is another adjunction (η, L ⊣ R, υ) with R : D → C such that
T = RL and µ = RυL. The comparison functor K : D → C T is defined by

KA = (RA,RLRA
RυA−−→ RA),

for every object A in D. It is easy to verify that KA is a T -action and obviously
UTK = R.

6



1.1. Adjunctions, monads and monadic lifting

(f) A functor R : D → C is called monadic if it has a left adjoint, L ⊣ R, and the
comparison functor is an equivalence from D to the Eilenberg-Moore category C T of
the induced monad T = RL.

Remark 1.1.11. The T -actions have been traditionally denominated T -algebras, for instance
in [Mac98], because the paradigmatic example of monads from the perspective of universal
algebra are equational theories. From a logician’s point of view, T -actions could be called
T -models, since this is the case when T encapsulates a Lawvere theory. See [HP07] for
an historical account. In the context of tensor categories, the monads are thought as
generalizations of algebras, hence their actions are dubbed modules, that’s the denomination
used in [BLV11]. We choose the term action to stretch the analogy between monoids and
monads, and as a neutral term that can encompass algebra, model and module.

Remark 1.1.12. By duality, see 1.1.9, every comonad (T̂ : D → D, δ : T̂ ⇒ T̂ 2, ε : T̂ ⇒ IdD)

has an Eilenberg-Moore category of T̂ -coactions denoted D T̂ . Where a co-action is a pair

C = (X,X
d−→ T̂X) satisfying the dual axioms of co-associativity and co-unity.

Remark 1.1.13. Given monads T over C and Q over C T , we use the decompositions
T = UTF T and Q = UQFQ to define the cross-product monad as the monad of the
composite adjunction Q⋊ T = UTUQFQF T . See Remarks 1.1.4 and 1.1.8.

1.1 II. Monadic lifting

The lift of functors to Eilenberg-Moore categories of actions can be understood in terms of
natural transformations of the base categories. We will call this monadic lifting and make a
quick review of its theory. We refer the reader to [Böh18, Chapter 2] where this theory is
written in full detail.

Definition 1.1.14. Let (T, µ, η) and (T ′, µ′, η′) be monads over C and C ′, respectively.
Given a functor G : C → C ′, we say that:

� A lift of G is a functor G : C T → C ′T ′
such that UT ′

G = GUT .

� A lifting data for G is a natural transformation γ : T ′G⇒ GT such that

γ · (µ′G) = (Gµ) · (γT ) · (T ′γ),

and γ · (η′G) = Gη.

7



1. Preliminaries on Hopf monads

� When C = C ′, an homomorphism of monads h : T ′ ⇒ T is a lifting data for IdC . In
that case, the above axioms simplify to h · µ′ = µ · (h ⋆ h) and h · η′ = η.

C T C ′T ′

C C ′

C C ′

Gγ

U ′

G

U

T

G

T ′γ

Figure 1.2.: Lifts and lifting data.

Theorem 1.1.15. Let T , T ′ and G as in the previous definition. There is a bijection
between lifts of G and lifting data for G.

Comments on the proof. See [Böh18, Theorem and definition 2.27]. To abbreviate notation,
write U = UT and U ′ = UT ′

, analogously for F and F ′. Given G : C T → C ′T ′
a lift of

G, define γ = data(G/G) := (U ′ε′GF ) · (T ′Gη). Reciprocally, given γ : T ′G⇒ GT and a
T -action M = (X, r), define GγM = (GX, (Gr)γX) and check that it is a T ′-action. The

correspondence is bijective, because G = Gdata(G/G) and γ = data(Gγ/G).

Corollary 1.1.16. Let T and T ′ be monads over C . There is a bijection between monad
homomorphisms h : T ′ ⇒ T and functors H : C T → C T ′

such that UT ′
H = UT .

Proof. This is a special case of the above theorem, taking the identity as base functor (i.e
C = C ′ and G = IdC ); therefore, H = (IdC )

h and h = data(H/IdC ). The most useful form
of these equations is U ′ε′H = (Uε) · (hU), since it’s intuitive and the others follow by
bending.

Remark 1.1.17. The Theorem 1.1.15 can be rephrased as: the Eilenberg-Moore construction
is an equivalence from the category of Monads to the category of Monadic functors. Here
Monads is the category whose objects are monads over any category and a morphism form
(T,C ) to (T ′,C ′) is a pair (G : C → C ′, γ : T ′G ⇒ GT ) where γ is a lifting data for G.
On the other hand, Monadic is the category whose objects are monadic functors and a
morphism from U : D → C to U ′ : D ′ → C ′ is a pair (G : C → C ′, G : D → D ′) where G
lifts G.
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1.1. Adjunctions, monads and monadic lifting

The functoriality of this equivalence states that: the identity natural transformation idT
lifts IdC to IdCT , and whenever γ : T ′G⇒ GT and γ′ : T ′′G′ ⇒ G′T ′ are lifting data then
(G′γ) · (γ′G) : T ′′G′G⇒ G′GT is a lifting data which lifts G′G to G′γ′Gγ.

In fact, the next proposition means that the equivalence between Monads and Monadic is
an equivalence of 2-categories.

C T C ′T ′

C C ′

H

Hβ

UT ′
UT

Gα

G

ω

ω̄

if and only if

C C ′

C C ′

H

T ′T

G

G

ω

α
=

C C ′

C C ′

H

H

T ′T

G

ω

β

Figure 1.3.: Lift of a natural transformation

Proposition 1.1.18. Given a natural transformation ω : G⇒ H between functors from
C to C ′ with lifting data α : T ′G ⇒ GT and β : T ′H ⇒ HT along the monads T and
T ′. There is a unique ω̄ : Gα ⇒ Hβ which lifts ω (i.e. UT ′

ω̄ = ωUT ), if and only if,
(ωT ) · α = β · (T ′ω).

T ′GX GTX GX

T ′HX HTX HX

αX Gr

ωXT ′ωX

βX Hr

ωTX

Comments on the proof. See [Böh18, Theorem and definition 2.30]. Since ω̄ lifts ω, for each

T -action M = (X, r), GαM
ω̄M−−→ HβM is determined by GX

ωX−−→ HX. In this case, ωX
gives a morphism of T ′-actions if and only if ωTXαX = βXT

′ωX .

We end this section considering the lift of adjunctions and monads as special cases of
theorem 1.1.15, the next corollary gives us a criterion for lifting adjunctions.
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C T C ′T ′

C C ′

V

V

UT ′
UT

Gγ

G⊣
⊣

V Gγ

GγV

θ̄
ῡ

V G GV
θ

υ

Figure 1.4.: Lifting adjunctions.

Corollary 1.1.19. Let (T, µ, η) and (T ′, µ′, η′) be monads at C and C ′, respectively. For
an adjunction (θ,G ⊣ V, υ) with G : C → C ′ and γ : T ′G ⇒ GT a lifting data for G, the
following assertions are equivalent:

i. Gγ has a right adjoint which lifts V .

ii. γ is an isomorphism.

Comments on the proof. See [Böh18, Theorem and Definition 2.33] or [BLV11, Theorem
3.13]. The key is using the adjunction unit and evaluation to pass from the inverse of γ to
the lifting data for V , and vice versa.

If γ′ has an inverse γ−1 : GT ⇒ T ′G, define κ : TV ⇒ V T as

κ = (V T ′υ) · (V γ−1V ) · (θTV ),

and check that it’s a lifting data for V .

Reciprocally, if κ : TV ⇒ V T is a lifting data for V , define γ−1 : GT ⇒ T ′G as

γ−1 = (υT ′G) · (GκG) · (GTθ),

and check that it is an inverse for γ.

1.1 III. Monadicity theorems

We will state necessary and sufficient conditions for a functor to be monadic.
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Definition 1.1.20. A functor U : D → C is said to be conservative when it reflects
isomorphisms. In other words, if UX

Uf−→ UY is an isomorphism in C , then X
f−→ Y is an

isomorphism in D.

Definition 1.1.21. a. A parallel pair of morphisms X Y
f

g
is reflexive if there is a

common section Y
s−→ X satisfying fs = Y = gs.

b. A split coequalizer is a diagram X Y Q,f

g e

s
u

where ef = eg, se = gu,

es = Q and fu = Y .

c. Given a functor U : D → C we say that a parallel pair X Y
f

g
in D is splitted by U

if UX UY
Uf

Ug
can be expanded to a split coequalizer in C .

Theorem 1.1.22 (Beck’s Precise Monadicity). A functor U : D → C is monadic if and
only if it satisfies the following:

(i) U has a left adjoint.

(ii) U is conservative.

(iii) Every reflexive pair splited by U has a coequalizer in D which is preserved by U .

Comments on the proof. See [BW05, Theorem 3.3.14]. Notice that for every T -action
(X,TX

r−→ X), where (T, µ, η) is the monad induced by (η, F ⊣ U, ε), the following diagram
is a split coequalizer in C :

TTX UFX X.µX

Tr
r

ηX
ηTX

Therefore, the reflexive pair FUFX FX,
εFX

Fr
with common section FηX , is splited

by U . Henceforth the inverse for the comparison functor at (X, r) should be the coequalizer
of this reflexive pair.

Lemma 1.1.23. [BLV11, Lemma 4.9] Let h : S ⇒ T be a monad homomorphism corre-
sponding to the functor H : C T → CS. The following conditions are equivalent

11
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i. For any N = (X,SX
rN−→ X) in CS the reflexive pair FSX FX

FrN

εFXFhX
has a coequalizer

in C T .

ii. H has a left adjoint.

iii. H is monadic.

The next lemma says that a right adjoint for a monad, is the same that a right adjoint for
the forgetful functor. Since we didn’t find a reference, we provide a full proof.

Lemma 1.1.24. Let (T, µ, η) be a monad over C . The functor T has a right adjoint if and
only if the forgetful functor U : C T → C has a right adjoint.

Proof. If U has a right adjoint, then T = UF also has a right adjoint by 1.1.4.

On the other direction, given an adjunction (ζ, T ⊣ R,ω) with R : C → C . We lift R to a
functor Rρ : C → C T with lifting data ρ : TR⇒ R given by ρ = (Rω) · (RµR) · (ζTR). See
Theorem 1.1.15. The equations ρ(µR) = ρ(Tρ) and ρ(ηR) = R, which are easily verified,
show that ρ is a lifting data for R.

The adjunction unit θ : IdCT ⇒ RρU is defined by θM = (RrM)ζX for any T–action

M = (X,TX
rM−→ X). Where θM is a T -homomorphism because

ρX(TRrM)TζX = (RωX)(RµRX)(ζTRX)(TRrM)TζX

= (RrM)(RµRX)(ζTRX)

= (RrM)ζXrM .

The naturality of θ is easy to verify.

The adjunction evaluation υ : URρ ⇒ IdC is given by υ = ω(ηR), since R = URρ. Now we
proceed to check the bending axioms: For any X in C :

(RρυX)(θRρX) = (RωX)(RηRX)(RρX)ζRX

= (RωX)(RµRX)(RηTRX)ζRX

= (RωX)ζRX = RX

And for any M = (X, rM) in C T :

(υUM)(UθM) = ωX(ηRX)(RrM)ζX

= rMηTX = X = UM.
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1.2. Central bimonoids and Hopf monoids

1.2. Central bimonoids and Hopf monoids

Monoidal categories constitute a suitable context for defining monoids. Since groups are a
special kind of monoid, a natural question in this context is:

Which kind of monoids correspond to groups?

We propose central bimonoids with antipode, as an answer to this question, and call them
Hopf monoids.

Let me sketch the intuition behind this. In a Cartesian category, such as Set , every object is
a comonoid in a canonical way — by duplicating and deleting elements — and consequently
every monoid is a bimonoid. In the case of a group, mapping each element to its inverse
defines an antipode, which is characterized by the next axiom: If you duplicate an element,
then apply the antipode to one of the copies, and finally multiply them, you obtain the
same result as deleting the element and putting the unit instead.

On the other hand, for tensor categories, such as Vect , comonoids — known as coalgebras
in this context — are not trivial at all, in fact as a consequence of duality, they are
just as interesting as algebras. Therefore for stating the antipode axiom we need monoid
and comonoid structure on the same object. Moreover, we want both structures to be
compatible, but the bialgebra axiom — stating that comultiplication and counit are algebra
homomorphisms — presuppose the existence of a braiding, because the multiplication of

the product algebra, A⊗ A⊗ A⊗ A µA⊗A−−−→ A⊗ A exchanges the second and third copies
of A. Instead of a full braiding for the category, a central bimonoid will be endowed with a
half-braiding. Since bialgebras with antipode are Hopf algebras, we denominate by Hopf
monoids the central bimonoids with antipode.

In this section we will introduce the terminology necessary for making precise the above
intuition. First, we recall definitions of monoidal categories, functors and transformations.
Then we present monoids and dual pairs as internal versions of monads and adjunctions.
Afterwards we characterize the existence of an antipode. Finally we introduce half-braids
and define central Hopf monoids .

1.2 I. Monoidal categories

Let’s begin this section by recalling the definitions of monoidal categories, monoidal functors
and monoidal transformations. In this document, monoidal categories are assumed to be
strict; but monoidal only are assumed to be lax.
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1. Preliminaries on Hopf monads

Definition 1.2.1. A monoidal category is a category C endowed with:

� A functor ⊗ : C × C → C called monidal product .

� An object 1 in C called unit object .

� A natural transformation a : (?1 ⊗ ?2)⊗ ?3 ⇒ ?1 ⊗ (?2 ⊗ ?3) called associativity
constraint .

� Two natural transformations l : 1⊗ ? ⇒ IdC and r : ?⊗ 1 ⇒ IdC called left and
right unit constraints .

Subject to the well known pentagon and triangle axioms of coherence :

a1,2,3⊗4 · a1⊗2,3,4 = (?1 ⊗ a2,3,4) · a1,2⊗3,4 · (a1,2,3 ⊗ ?4) and r1 ⊗ ?2 = (?1 ⊗ l2) · a1,1,2.

A monoidal category is strict if the associative and unit constraints are identities; in other
words, for arbitrary objects in strict monoidal category we have X ⊗ 1 = X = 1⊗X and
(X ⊗ Y )⊗ Z = X ⊗ (Y ⊗ Z).

Remark 1.2.2. In virtue of the strictness and coherence theorems, — see [Böh18, Lemma 3.7
and 3.8], [Mac98, Section VII.2] or [Eti+11, Section 2.8] — it is unnecessary to explicitly
keep track of the associative or unit constraints in any monoidal category, as long as you
are only interested in properties up to monoidal equivalence of categories.

For instance, in the next definition we write FX ⊗ FY ⊗ FZ and interpret it as either
(FX ⊗ FY ) ⊗ FZ or FX ⊗ (FY ⊗ FZ), omitting the associative constraint aFX,FY,FZ
which makes them isomorphic.

Definition 1.2.3. Let C = (C ,⊗,1) and D = (D,⊗,1) be two monoidal categories.

(a.) A monoidal structure for a functor F : C → D consist of a natural transformation

f⊗ : F?1 ⊗ F?2 ⇒ F (?1 ⊗ ?2) and a morphism 1
f1−→ F1 which satisfy

associativity (f⊗
1⊗2,3) · (f⊗

1,2 ⊗ F?3) = (f⊗
1,2⊗3) · (F?1 ⊗ f⊗

2,3)

and unity (f⊗
1,?) · (f

1 ⊗ F?) = idF = (f⊗
?,1) · (F?⊗ f

1),

in this case, we say that (F, f⊗, f1) is a monoidal functor with binary component f⊗

and nullary component f1. In terms of arbitrary objects in C — lets call them X, Y
and Z — a monoidal functor makes commutative the following diagrams:
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FX ⊗ FY ⊗ FZ FX ⊗ F (Y ⊗ Z)

F (X ⊗ Y )⊗ FZ F (X ⊗ Y ⊗ Z)

f⊗X,Y ⊗FZ

FX⊗f⊗Y,Z

f⊗X,Y ⊗Z

f⊗X⊗Y,Z

and

F1⊗ FX FX FX ⊗ F1

F (1⊗X) ≈ FX ≈ F (X ⊗ 1).
f⊗
1,X

f1⊗FX FX⊗f1

FX
f⊗X,1

(b.) An opmonoidal structure for a functor F : C → D consists of a natural transformation

f⊗ : F (?1 ⊗ ?2)⇒ F?1 ⊗ F?2 and and a morphism F1
f1−→ 1 which satisfy

coassociativity, (f⊗
1,2 ⊗ F?3) · (f⊗

1⊗2,3) = (F?1 ⊗ f⊗
2,3) · (f⊗

1,2⊗3)

and counity, (f1 ⊗ F?) · (f⊗
1,?) = idF = (F?⊗ f1) · (f⊗

?,1),

in this case, we say that (F, f⊗, f1) is an opmonoidal functor with binary component
f⊗ and nullary component f1.

Notice that an opmonoidal structure for F : C → D is simply a monoidal structure
for F op : C op → Dop. This means that the above equations correspond to reversing
the arrows in the diagrams for a monoidal structure.

(c.) A monoidal functor F = (F, f⊗, f1) is called strong if f⊗ and f1 are isomorphisms,
and strict if both f⊗ and f1 are identities. In such case, (F, (f⊗)−1, (f1)−1) is an
opmonoidal functor.

(d.) A natural transformation α : F ⇒ G between monoidal functors F = (F, f⊗, f1) and
G = (G, g⊗, g1) is monoidal if

g⊗ · (α1 ⊗ α2) = (α1⊗2) · f⊗ and g1 = α1f
1.

In terms of objects, the following diagrams should commute:

FX ⊗ FY F (X ⊗ Y )

GX ⊗GY G(X ⊗ Y )

f⊗X,Y

αX⊗αY αX⊗Y

g⊗X,Y

and

F1

1

G1.

α1

f1

g1
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Analogously, a natural transformation α : F ⇒ G between opmonoidal functors
F = (F, f⊗, f1) and G = (G, g⊗, g1) is opmonoidal if

(α1 ⊗ α2) · f⊗ = g⊗ · (α1⊗2) and f1 = g1α1,

whose diagrams are obtained by reversing only the horizontal arrows at the above
diagrams.

Remark 1.2.4. Some authors reserve the term monoidal functor for strong monoidal functors,
in such context monoidal and opmonoidal functors are dubbed lax monoidal and oplax
monoidal functors, respectively.

Remark 1.2.5. Monoidal functors are closed under composition. For F : C → D and
G : D → E the pair (Gf⊗) · (g⊗(F × F )) and (Gf1)g1 gives a monidal structure for GF .
Moreover, monoidal transformations are closed under vertical and horizontal composition.
In other words, monoidal categories with monoidal functors and monoidal transformations
form a 2-category; which we denote MonCat .

Notice that MonCat op is the 2-category of monoidal categories with opmonoidal functors
and opmonoidal transformations.

Example 1.2.6. For any category C , the category of its endofunctors, End C , is a strict
monoidal category, where composition is the monoidal product and the identity functor
is the unit. If C is monoidal, every object X defines a functor by left multiplication
X ⊗ ? : C → C . Let’s denote L : C → End C the functor mapping X 7→ X ⊗ ?, observe
that the associative constraint aX,Y,? : L(X ⊗ Y )⇒ (LX)(LY ) and the left unit constraint
l : L(1)⇒ IdC conform a strong comonoidal structure for L.

Notice that L has a retraction (i.e. left pseudo-inverse) Ξ : End C → C mapping F 7→ F1,
because the right unit constraint r : ΞL ⇒ IdC is an isomorphism. However, there is no
canonical monoidal structure for Ξ.

Definition 1.2.7. A functor F in End C is called left ⊗-representable if there is a natural
isomorphism between F and X ⊗ ?, for some object X in C . In such case, X ≈ F1 and
there is a natural isomorphism ϕ : F ⇒ F1⊗ ?, we say that ϕ is a left ⊗-representation of
F .

Given ⊗-representations ϕ : F ⇒ F1⊗ ? and ψ : G⇒ G1⊗ ?, a natural transformation
α : F ⇒ G is said to be ⊗-representable with respect to ϕ and ψ if ψ · α = (α1 ⊗ ?) · ϕ.
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Let’s denote by End ℓ⊗
rep C , the monoidal category whose objects are pairs (F, ϕ) of left

⊗-representable functors with a ⊗-representation, whose morphisms are ⊗-representable
transformations, with composition as monoidal product.

Theorem 1.2.8 (Strictness). The functors L : C → End ℓ⊗
rep C and Ξ : End ℓ⊗

rep C → C form
a monoidal equivalence of categories.

Comments on the proof. This is [Böh18, Lemma 3.7] with a minor tweak. Instead of a
ϕ : F ⇒ F1⊗ ? the book considers τ : (F?1)⊗ ?2 ⇒ F (?1 ⊗ ?2). Notice that taking
ϕ = τ−1

1,? and τ = ϕ−1
1⊗2 · aF1,?1,?2 · (ϕ1 ⊗ ?2) we ensure the equivalence of both versions of

this theorem.

Remark 1.2.9. Just as monoids are identified with categories with a single object, monoidal
categories are identified with 2-categories with a single 0-cell. In fact, given a monoidal
category (C ,⊗,1) we consider it as a 2-category, whose 1-cells are its objects, where 1 is the
identity of the unique 0-cell and the product ⊗ is the horizontal composition. Conversely,
given a 0-cell C of a 2-category A we consider the endomorphisms End A(C ) as a monoidal
category with composition as product and the identity as unit.

This remark allows us to specialize definitions given for 2-categories into definitions for
monoidal categories. For instance:

� There are three duals for C = (C ,⊗,1) its mirror , denoted by C⊗op = (C , ?2⊗ ?1,1),
its opposite , denoted by C op = (C op,⊗,1), and its reverse , denoted by C rev =
(C op, ?2⊗?1,1). Therefore, there are four senses of every notion in monoidal categories.
For example, the notions of monoidal functors and monoidal transformations are
self-mirror but not self-opposite; in fact, an opmonoidal functor is a monoidal functor
between the opposite categories.

� The Theorem 1.2.8 is an instance of the Yoneda lemma for 2-categories. By duality,
there is also an strong monoidal functor R : C⊗op → End C mapping X 7→ ? ⊗X,
inducing a monoidal equivalence with right ⊗–representable functors.

� Specializing the notion of monad one obtains the definition of monoid , and specializing
adjunctions one obtains dual pairs . The remarks 1.1.5 and 1.1.8 imply the uniqueness
of duals and that every dual pair yields a monoid. Reciprocally a monoid in End A(C )
is a monad and a dual pair is an adjunction.
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1.2 II. Monoids as monoidal functors

Now we will give detailed definitions of monoids and comonoids, and relate them to monads
and monoidal functors. Let (C ,⊗,1) be a monoidal category.

Definition 1.2.10. (a.) A monoid in C is a triple (M,µ, η) consisting of an object M

and two morphisms M ⊗M µ−→M and 1
η−→M , called multiplication and unit , which

satisfy the axioms of

associativity, µ · (M ⊗ µ) = µ · (µ⊗M)

and unity, µ · (M ⊗ η) = idM = µ · (η ⊗M).

(b.) A comonoid in C is a monoid in C op. Explicitly, it consists of an object C and two

morphism C
δ−→ C ⊗ C and C

ε−→ 1, called comultiplication and counit , which satisfy
the axioms of

coassociativity, (C ⊗ δ) · δ = (δ ⊗ C) · δ
and counity, (C ⊗ ε) · δ = idC = (ε⊗ C) · δ.

(c.) An homomorphism between the monoids (M,µ, η) and (M ′, µ′, η′) is a morphism

M
h−→M ′ such that hη = η′ and hµ = µ′(h⊗ h). An homomorphism of comonoids is

defined analogously.

We denote by Monoids C the category of monoids and monoid homomorphisms in C .
Analogously, coMonoids C is the category of comonoids and comonoid homomorphisms
in C .

Remark 1.2.11. A monoid is precisely a monoidal functor from the terminal category : Let {1}
be the monoidal category with only one morphism, a monoidal functor (F, f⊗, f1) : {1} → C
corresponds to a monoid (M,µ, η) in C by the equations M = F1, µ = f⊗

1,1 and η = f1.
furthermore, a monoid homomorphism is precisely a monoidal transformation.

Proposition 1.2.12. A monoidal functor preserves monoids and monoid homomorphisms.
In other words, a monoidal funtor F : C → D determines a unique F : Monoids C →
Monoids D. Analogously, an opmonoidal functor preserves comonoids and comonoid homo-
morphisms.

Proof. This is a consequence of Remarks 1.2.11 and 1.2.5
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1.2. Central bimonoids and Hopf monoids

Notice that a monad over C is a monoid in the monoidal category End C .

Proposition 1.2.13. (M,µ, η) is a monoid in C if and only if (M ⊗ ?, µ⊗ ?, η ⊗ ?) is a
monad over C . Analogously, for comonoids and comonads.

Proof. Apply the previous proposition to the strong monoidal functor L of example 1.2.6.
Notice that when Ξ is restricted to ⊗-representable functors it becomes a strong monoidal
inverse to L. See Theorem 1.2.8

Remark 1.2.14. The category of left actions of the monoid (M,µ, η) is precisely the Eilenberg-
Moore category of actions of the monad (M ⊗ ?, µ⊗ ?, η ⊗ ?). See Definition 1.1.10.

1.2 III. Dual pairs as adjunctions and closed categories

This is a digression to properly define rigid and closed monoidal categories. Briefly, a
monoidal category is rigid when it has dual pairs and closed when it has internal Homs.
We proceed to give definitions of dual pairs and internal Homs, by means of adjunctions.

Notice that rigidness and closedness has left and right variants, we will present definitions
for the left case an let the reader figure out the right variant. When the side adjective is
omitted we imply both cases.

In addition closedness has also an opposite notion, namely co-closedness. In Cartesian
categories closedness is an important property, but co-closedness is unattainable. On the
other hand, for tensor categories closedness and co-closedness are equally attainable, very
often simultaneously, see Proposition 1.2.21. Nevertheless, because of the duality between
algebra and geometry the co-closed case turns out to be specially important. We will focus
on the closed case, but keep in mind that each definition and result has four variants.

As in the rest of this section C = (C ,⊗,1) is a monoidal category.

Definition 1.2.15. (a.) A dual pair in C consists of two objects L and R, called left

and right duals, and two morphisms 1
η−→ R⊗ L and L⊗R ε−→ 1, called unit and

evaluation, which satisfy the axioms of duality

L = (ε⊗ L)(L⊗ η)
R = (R⊗ ε)(η ⊗R).

In such a case, we will write L ≈ Rℓ or R ≈ Lr , because duals are unique up to
isomorphism. See Remark 1.1.5.
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(b.) The category C is said to be left rigid if every object has a left dual, right rigid if
every object has a right dual, and rigid if it is both left and right rigid.

In some references, rigid categories are called compact or autonomous.

Remark 1.2.16. Assume that X and Y have left duals, and for any X
f−→ Y define its left

dual transpose as
f ℓ = (εY ⊗Xℓ)(Y ℓ ⊗ f ⊗Xℓ)(Y ℓ ⊗ ηX).

This implies that in a left rigid category, after choosing a left dual for every object, we
define a strong monoidal functor ?ℓ : C → C rev; since 1ℓ ≈ 1 and (X ⊗ Y )ℓ ≈ Y ℓ ⊗ Xℓ.
Analogously, we can define ?r : C → C rev.

Proposition 1.2.17. Strong monoidal functors preserve dual pairs. This implies that for
a strong monoidal F : C → D, between left rigid categories, there is a monoidal natural
isomorphism f ℓ : F (?ℓ)⇒ (F?)ℓ.

Comments on the proof. See [TV17, p. 1.6.4].

Remark 1.2.18. Notice that a dual pair in End C is precisely an adjunction. Therefore for
any dual pair (η, L ⊣ R, ε) in C , (η⊗?, L⊗? ⊣ R⊗?, ε⊗?) and (?⊗η, ?⊗R ⊣ ?⊗L, ?⊗ε)
are adjunctions in End C .

Definition 1.2.19. An arbitrary object X is left closed in C , if the functor ?⊗X has a
right adjoint. In this case, we denote the adjunction by (ηX , ?⊗X ⊣ [X, ?]ℓ, εX), and for
any Y in C we call [X, Y ]ℓ the left internal Hom from X to Y .

Remark 1.2.20. Let’s fix notation for the three dual senses of the above definition, for some
object X in C .

� The right internal Hom from X is defined by X ⊗ ? ⊣ [X, ?]r . In this case X is right
closed in C .

� The left internal coHom from X is defined by ∨[X, ?]
ℓ ⊣ X ⊗ ?. In this case X is left

co-closed in C .

� The right internal coHom from X is defined by ∨[X, ?]
r ⊣ ?⊗X. In this case X is

right co-closed in C .
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The category C is left monoidal closed if every object is left closed, and monoidal closed if
it is both left and right closed. Analogously, we define monoidal co-closed categories.

Proposition 1.2.21. For an arbitrary object X in C . If X has a left dual, then X is
left closed and co-closed. Analogously, if X has a right dual, then X is right closed and
co-closed.

Proof. If X has a left dual then [X, ?]ℓ = ?⊗Xℓ and ∨[X, ?]
ℓ
= Xℓ ⊗ ? by Remark 1.2.18.

Similarly [X, ?]r = Xr ⊗ ? and ∨[X, ?]
r
= ?⊗Xr whenever X has a right dual.

From now on, we will mention only the left closed case, but keep in mind that each definition
and fact has four variants.

Remark 1.2.22. Let C be a left monoidal closed category, by the theorem on adjunctions
with a parameter — see [Mac98, Theorem 3 in IV.7.] — [?1, ?2]

r is a functor from C op ⊗ C
to C .

Additionally, the functor Ad : C op → EndC defined by X 7→ [X, ?]ℓ is a strong monoidal
functor, since [1, ?]ℓ ≈ IdC and

[X ⊗ Y, ?]ℓ ≈
[
X, [Y, ?]ℓ

]ℓ
= [X, ?]ℓ[Y, ?]ℓ,

because of Remark 1.1.4.

Definition 1.2.23. Let X, Y and Z be left closed objects in C .

(a) Recall that the adjunction (ηY , ? ⊗ Y ⊣ [Y, ?]ℓ, εY ), gives a bijection between

Hom (X ⊗ Y, Z) and Hom
(
X, [Y, Z]ℓ

)
. Borrowing the terminology from computer

science, we define the currying of any X ⊗ Y f−→ Z as ⌜f⌝ = [Y, f ]ℓηYX , and the

uncurrying of X
g−→ [Y, Z]ℓ as ⌞g⌟ = εYZ (g ⊗ Y ).

(b) The internal identity of X, denoted 1
⌜idX⌝−−−→ [X,X]ℓ, is defined as the currying of

1⊗X ≈ X
idX−−→ X.

(c) The internal composition from X to Z trough Y , denoted

[Y, Z]ℓ ⊗ [X, Y ]ℓ
◦X,Y
Z−−−→ [X,Z]ℓ,

is defined as the currying of the composite morphism

[Y, Z]ℓ ⊗ [X, Y ]ℓ ⊗X [Y, Z]ℓ ⊗ Y Z.
[Y,Z]ℓ⊗εXY εYZ
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Remark 1.2.24. A left monoidal closed category is enriched (from right to left) over itself.
This means that the above defined internal compositions are associative with the internal
identities as identities.

In particular, this implies that for any left closed object X, [X,X]ℓ is a monoid with
multiplication ◦X,XX and unit ⌜idX⌝. Let’s denote this monoid by End [X]ℓ and call it the
internal left End of X.

In the opposite case of a left monoidal co-closed category, the category is co-enriched

over itself and for any object ∨[X,X]
ℓ
is a comonoid denoted by End∨ [X]ℓ and called the

internal left coEnd of X.

Let’s show the reciprocal of the Proposition 1.2.21.

Proposition 1.2.25. Assume that X is left closed in C . If the internal composition

[1, X]ℓ ⊗ [X,1]ℓ
◦X,1
X−−→ [X,X]ℓ is an isomorphism, then [X,1]ℓ is a left dual of X.

Proof. In this case, the evaluation is [X,1]ℓ ⊗X
εX
1−→ 1 and the unit is the composition of

1 [X,X]ℓ [1, X]ℓ ⊗ [X,1]ℓ ≈ X ⊗ [X,1]ℓ,
⌜idX⌝ k

where k denotes the inverse of the composition. Checking the duality axioms is an exercise
on the use of currying and uncurrying.

We close this digression expanding the monoidal structure of a functor to internal Homs.

Definition 1.2.26. Let F : C → D be a monoidal functor between left closed monoidal

categories with monoidal structure f⊗ : F?1 ⊗ F?2 ⇒ F (?1 ⊗ ?2) and F1
f1−→ 1. The

expansion of (F, f⊗, f1) to left internal Homs is the natural transformation

f [,]ℓ : F [?1, ?2]
ℓ ⇒ [F?1, F?2]

ℓ,

which for arbitrary objects is obtained by currying

F [X, Y ]ℓ ⊗ FX F ([X, Y ]ℓ ⊗X) FY.
f⊗
[X,Y ]ℓ,X FεXY

Th monoidal functor F is called left closed if f [,]ℓ is a natural isomorphism.
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Proposition 1.2.27. Strong monoidal functors between left rigid categories are left monoidal
closed.

Proof. This is straightforward from 1.2.21 and 1.2.17.

1.2 IV. Antipodes, convolution and fusion

Take a monoid (M,µ, η) and a co-monoid (C, δ, ε) in a monoidal category C = (C ,⊗,1).

Definition 1.2.28. Given C
f−→M and C

g−→M their convolution C
f⊛g−−→M is defined as

f ⊛ g = µ(f ⊗ g)δ.

Proposition 1.2.29. The set Hom (C,M) with convolution as multiplication is a monoid
where ηε is the unit.

Proof. Use the associativity of µ and the co-associativity of δ to prove:

(f ⊛ g)⊛ h = µ(µ⊗M)(f ⊗ g ⊗ h)(δ ⊗ C)δ
= µ(M ⊗ µ)(f ⊗ g ⊗ h)(C ⊗ δ)δ
= f ⊛ (g ⊛ h)

Similarly, use that ε is counit and η is unit to prove:

f ⊛ (ηε) = µ(M ⊗ η)(f ⊗ 1)(C ⊗ ε)δ = f = (ηε)⊛ f.

Definition 1.2.30. (a) A morphism C ⊗M ϕ−→ C ⊗M is of fusion type when it is
a homomorphism of right M -actions and of left C-coactions. In other words, if
ϕ(C ⊗ µ) = (C ⊗ µ)(ϕ⊗M) and (δ ⊗M)ϕ = (C ⊗ ϕ)(δ ⊗M).

(b) For any C
f−→ M the fusion morphism relative to f , denoted C ⊗M f̂−→ C ⊗M , is

defined as
f̂ = (C ⊗ µ)(C ⊗ f ⊗M)(δ ⊗M).

Clearly, by associativity of µ and co-associativity of δ, f̂ is a morphism of fusion type.

Proposition 1.2.31. Sending f 7→ f̂ , defines a monoid isomophism from the convolution
monoid (Hom (C,M) ,⊛, ηε) to the sub-monoid of morphisms of fusion type in End(C⊗M).
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Proof. The verification of the axioms of monoid homomorphism is trivial, but hopefully
illustrative:

First, η̂ε = (C ⊗ µ)(C ⊗ η ⊗M)(C ⊗ ε⊗M)(δ ⊗M) = C ⊗M , therefore the unit goes to
the identity.

Also the convolution goes to the composition:

f̂ ⊛ g = (C ⊗ µ)(C ⊗ (f ⊛ g)⊗M)(δ ⊗M)

= (C ⊗ µ)(C ⊗ µ⊗M)(C ⊗ f ⊗ g ⊗M)(C ⊗ δ ⊗M)(δ ⊗M)

= (C ⊗ µ)(C ⊗M ⊗ µ)(C ⊗ f ⊗ g ⊗M)(δ ⊗ C ⊗M)(δ ⊗M)

= (C ⊗ µ)(C ⊗ f ⊗ µ)(C ⊗ C ⊗M ⊗M)(δ ⊗ g ⊗M)(δ ⊗M)

= (C ⊗ µ)(C ⊗ f ⊗M)(δ ⊗ µ)(C ⊗ g ⊗M)(δ ⊗M)

= (C ⊗ µ)(C ⊗ f ⊗M)(δ ⊗M)(C ⊗ µ)(C ⊗ g ⊗M)(δ ⊗M) = f̂ ĝ.

Reciprocally, for any C ⊗M ϕ−→ C ⊗M we define ϕ̌ = (ε ⊗ M)ϕ(C ⊗ η). Hence the

proposition follows from verifying that f =
ˇ̂
f for every f , and that ϕ = (̂ϕ̌) whenever ϕ is a

fusion morphism. We left for the reader the joy of checking the above equations.

Finally we focus on the case M = C to write the definition of antipode.

Definition 1.2.32. Let M be an object in a monoidal category C , which has structure of
monoid (M,µ, η) and comonoid (M, δ, ε). The antipode is a morphism M

s−→M which is
the convolution inverse to idM . In other words, the equations µ(M ⊗ s)δ = ηε = µ(s⊗M)δ
define the antipode s.

M ⊗M M ⊗M

M 1 M

M ⊗M M ⊗M

µ

M⊗s

ε η

δ

s⊗M

µ

δ

Figure 1.5.: Definition of antipode.
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Proposition 1.2.33. Let M be a monoid and comonoid. M has an antipode if and only if
the fusion morphism îdM = (M ⊗ µ)(δ ⊗M) is an isomorphism.

Proof. This is a corollary of Proposition 1.2.31.

1.2 V. Half-braids and central monoids

There are two goals for the current subsection. The first one is to present a generalization
of a bialgebra in Vect suitable for any monoidal category. The nontrivial bit of this is the
rule for exchanging the order in the monoidal product. On one extreme, we could assume
that the category is braided, meaning that there is a global rule. On the other extreme,
we could include an exchange map as part of the definition of bimonoid, but this turns
out to be a very narrow perspective, since it doesn’t give us any tool for dealing with the
actions. We take the middle path, therefore instead of a braiding for the category, we endow
bimonoids with a half-braiding and call them central, since they correspond to bimonoids
in the (Drinfeld) center considered as braided category.

Our second goal is characterizing monoidal functors that arise from monoids. Concretely,
we will recall that a monoid naturally defines a monoidal functor when it is endowed with
a (lax) half-braid. And reciprocally, a monoidal endofunctor is ⊗-represented by a monoid
when it has a regular co-augmentation.

We will present this characterization in terms of opmonoidal functors, since that’s the way
we use it in the framework of bimonads and Hopf monads.

For the whole subsection C = (C ,⊗,1) denotes a monoidal category. Let’s start with the
definitions of half-braidings, braided categories and the Drinfeld center.

Definition 1.2.34. A lax half-braiding on C is a pair (A, σ) where A is an object of C and
σ : A⊗ ?⇒ ?⊗ A is a ⊗-multiplicative natural transformation. Where ⊗-multiplicative
means that σ1 = idA and

σX⊗Y = (X ⊗ σY )(σX ⊗ Y ),

for arbitrary X and Y in C . Here natural means that σY (A ⊗ f) = (f ⊗ A)σX for any

X
f−→ Y . The adjective lax is dropped when σ is an isomorphism.

Remark 1.2.35. In a right rigid category, every lax half-braiding is a natural isomorphism.
Notice that the inverse of σX is (ε⊗A⊗X)(X⊗σXr ⊗X)(X⊗A⊗η), where (η,X ⊣ Xr , ε)
is a dual pair in C . Therefore for rigid categories the lax adjective is always omitted.
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Definition 1.2.36. (a.) The lax center of C is the monoidal category Zlax(C ) whose
objects are lax half-braidings. A morphism from (A, σ) to (B, ρ) is a morphism

A
f−→ B in C such that

ρX(f ⊗X) = (X ⊗ f)σX
for any X in C . The monoidal product is defined by

(A, σ)⊗ (B, ρ) = (A⊗B, (σ ⊗B)(A⊗ ρ)),

and (1, idC = {1⊗X idX−−→ X ⊗ 1}X∈C ) gives the unit.

(b.) The (Drinfeld) center of C , noted Z(C ), is the full subcategory of half-braidings in
Zlax(C ).

Remark 1.2.37. The forgetful functor from Zlax(C ) to C , carrying every lax half-braiding
to its underlying object, is a strict monoidal functor; additionally, its restriction to Z(C ) is
also strict monoidal.

Definition 1.2.38. (a.) A lax braiding is a natural transformation

τ : ?1 ⊗ ?2 ⇒ ?2 ⊗ ?1

which is ⊗-multiplicative in both arguments.

A lax braided category is a monoidal category endowed with a lax braiding. As always
the lax adjective is dropped when τ is an isomorphism.

(b.) A braiding is called symmetry if τB,AτA,B = A⊗B for every pair of objects in C . A
symmetric category is a braided category whose braiding is a symmetry.

Remark 1.2.39. Naturally, the (lax) center of C is a (lax) braided category where

τ(A,σ),(B,ρ) = σB

for arbitrary (lax) half-braidings (A, σ) and (B, ρ).

Reciprocally, a (lax) braiding defines a strict monoidal section of the forgetful functor from
Z(C ) (or Zlax(C )) to C . Such a functor chooses a (lax) half-braiding τA,? : A⊗ ?⇒ ?⊗ A
for every object A in C and and being strict monoidal means that it satisfies τ1,A = A and
τA⊗B,C = (τA,C ⊗B)(A⊗ τB,C).

Now we define lax central monoids, comonoids, bimonoids and Hopf monoids.
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Definition 1.2.40. A lax central monoid in C is a monoid in the lax center of C . A lax
central comonoid is analogously defined. Explicitly, (C, σ, δ, ε) is a lax central comonoid
when (C, σ) is a lax half-braid and (C, δ, ε) is a comonoid in C .

Notice that automatically (C, σ)
δ−→ (C, σ)⊗ (C, σ) and (C, σ)

ε−→ (1, idC ) are morphisms in
Z lax(C ).

Remark 1.2.41. In the braided case the adjective central is omitted when the half-braid
comes form the braiding, i.e. σ = τA,?.

Remark 1.2.42. When (C, σ, δ, ε) is a lax central comonoid, then

(C ⊗ C, (σ ⊗ C)⊗ (C ⊗ σ), (C ⊗ σC ⊗ C)(δ ⊗ δ), ε⊗ ε)

is also a lax central comonoid. Moreover, C
δ−→ C ⊗ C is a comonoid homomorphism if and

only if C is co-commutative i.e. σCδ = δ.

Definition 1.2.43. A lax central bimonoid is simultaneously a lax central comonoid and
monoid such that the multiplication and unit are comonoid homomorphisms. Explicitly, for
a lax central bimonoid A = (A, σ, δ, µ, ε, η):

� (A, σ) is a lax half-braiding,

� (A, δ, ε) is a comonoid,

� (A, µ, η) is a monoid,

� and they satisfy (µ⊗ µ)(A⊗ σA⊗A)(δ⊗ δ) = δµ, ε⊗ ε = εµ, η⊗ η = δη and εη = 1.

Definition 1.2.44. A lax central bimonoid H = (H, σ, δ, µ, ε, η) is called lax Hopf monoid
if the fusion morphism (H ⊗ µ)(δ ⊗H) is an isomorphism. By the Proposition 1.2.33, a lax
Hopf monoid has an antipode H

s−→ H such that

µ(s⊗H)δ = ηε = µ(H ⊗ s)δ.

The adjective lax is dropped when both σ and s are isomorphisms.

A lax Hopf monoid satisfies many of the usual identities for Hopf algebras in Vect . As
an example, let’s check that the antipode is an anti-homomorphism of monoids and
comonoids.
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Proposition 1.2.45. For a lax Hopf monoid H = (H, σ, δ, µ, ε, η) the antipode H
s−→ H

satisfies the next equations:

(a.) sµ = µσH(s⊗ s) and sη = η.

(b.) δs = (s⊗ s)σHδ and εs = ε.

Proof. We will only show (a.), because (b.) is the opposite. Notice that H ⊗ H is a
comonoid with comultiplication (H ⊗ σH ⊗H)(δ⊗ δ), and consider the convolution monoid
Hom (H ⊗H,H). A couple of direct computations show that both sµ and µσH(s⊗ s) are
convolution inverses to µ.

Analogously, both sη and η are inverses to η in the convolution monoid Hom (1, H).

Now we proceed to compare opmonoidal functors and lax central comonoids.

Lemma 1.2.46. Fix an arbitrary object C in C . It is equivalent to endow C with any of
the following structures:

i. An opmonoidal structure c⊗ : C ⊗ ?1 ⊗ ?2 ⇒ C ⊗ ?1 ⊗ C ⊗ ?2 and C
c1−→ 1 for the

functor C ⊗ ?, such that c⊗X,Y = c⊗X,1 ⊗ Y .

ii. A natural transformation δ̄ : C ⊗ ? ⇒ C ⊗ ?⊗ C and a morphism C
ε−→ 1, such

that (C ⊗ X ⊗ δ̄Y )(δ̄X ⊗ Y ) = (δ̄X ⊗ Y ⊗ C)δ̄X⊗Y , C ⊗ X = (C ⊗ X ⊗ ε)δ̄X and
C = (ε⊗ C)δ̄1.

iii. The structure of lax central comonoid.

Proof. The equivalence between i. and ii. is trivial once we define δ̄X = c⊗X,1 and ε = c1,
since the equations in ii. are plain translations of co-associativity (omiting the last argument)
and co-unity.
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Assuming ii., define δ = δ̄1 and σ = (ε⊗ ?⊗C) · δ̄. The less obvious verification is assuring
that σ is ⊗-multiplicative, but the following diagram should persuade you:

C ⊗X ⊗ Y C ⊗X ⊗ Y ⊗ C

C ⊗X ⊗ C ⊗ Y C ⊗X ⊗ C ⊗ Y ⊗ C C ⊗X ⊗ Y ⊗ C

X ⊗ C ⊗ Y X ⊗ C ⊗ Y ⊗ C X ⊗ Y ⊗ C

δ̄X⊗Y

δ̄X⊗Y⊗Cδ̄X⊗Y

C⊗X⊗δ̄Y

id

C⊗X⊗ε⊗Y⊗C

ε⊗X⊗C⊗Y

X⊗δ̄Y X⊗ε⊗Y⊗C

ε⊗X⊗C⊗Y⊗C ε⊗X⊗Y⊗C

Reciprocally, for a lax central comonoid define δ̄ = (C ⊗ σ) · (δ ⊗ ?). All the verifications in
this case are completely straightforward.

Definition 1.2.47. Take a functor T : C → C and natural transformation e : T ⇒ IdC
both opmonoidal, and define ue : T ⇒ T1⊗ ? and ve : T ⇒ ?⊗ T1 by

ueX = (T1⊗ eX)t⊗1,X and veX = (eX ⊗ T1)t⊗X,1.

We say that e is left regular if ue is an isomorphism.

Lemma 1.2.48. There is an equivalence between the categories of:

i. Opmonoidal functors T : C → C with a left regular e : T ⇒ IdC , denoted by
End op⊗ C/ℓIdC .

ii. Lax central comonoids in C , denoted by coMonoids Zlax(C ).

Comments on the proof. This is a rewrite of [BLV11, Lemma 5.14]. By Lemma 1.2.46, for
a lax central comonoid (C, σ, δ, ε), we have an opmonoidal functor C ⊗ ? whose structure is
given by c⊗ = (C ⊗ σ1⊗ ?2) · (δ⊗ ?1⊗ ?2) and c

1 = ε, additionally e = ε⊗ ? is left regular,
since uε⊗?

X = (C ⊗ ε⊗X)(δ ⊗X) = C ⊗X.

Reciprocally, for C = T1 we transport using ue the monoidal structure of T to a monoidal
structure for C ⊗ ?. Explicitly c⊗X,Y u

e
X⊗Y = (ueX ⊗ ueY )t⊗X,Y . Use that e is comonoidal to

verify that c⊗X,Y = c⊗X,1 ⊗ Y and apply 1.2.46 to conclude that T1 is a lax central comonoid

with σ = ve · (ue)−1, δ = t⊗
1,1 and ε = t1.
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1.3. Bimonads and Hopf monads

Our objective for this section is to define bimonads and Hopf monads, and making clear
two kind of connections: Through monadic lifting – as defined in 1.1 II – a bimonad lifts the
monoidal structure and a Hopf monad lifts the internal Hom adjunctions to the Eilenberg-
Moore categories. On the other hand, a lax central bimonoid — see 1.2 V — naturally
defines a bimonad and being a central Hopf monoid correspond to defining a Hopf monad.
Moreover, every augmented Hopf monad is ⊗-representable by such a monoid.

Definition 1.3.1. A bimonad is an opmonoidal monad. This is a monad in the 2-category
MonCat op of monoidal categories with opmonoidal funtors and transformations.

Explicitly, a bimonad T = (T, t⊗, t1, µ, η) over a monoidal category C = (C ,⊗,1) is a
monad (T, µ, η) over C such that (T, t⊗, t1) is an opmonoidal funtor and µ : T 2 ⇒ T and
η : IdC ⇒ T are opmonoidal transformations.

A bimonad homomorphism h : S ⇒ T , where S = (S, s⊗, s1, µ′, η′) is another bimonad over
C , is an opmonoidal transformation which is also a monad homomorphism.

Example 1.3.2. Every lax central bimonoid defines a bimonad. Given A = (A, σ, δ, µ, ε, η)
the functor A⊗? has an opmonoidal structure a⊗ = (A⊗σ1⊗?2) · (δ⊗?1⊗?2) and a

1 = ε
by 1.2.46. Additionally (A⊗ ?, µ⊗ ?, η ⊗ ?) is a monad by 1.2.13. The fact that µ⊗ ? and
η ⊗ ? are opmonoidal reduces to the fact that µ and η are comonoid homomorphisms. See
Definitions 1.2.43 and 1.2.3 for details.

The next proposition gives us a bimonad whenever a strong monoidal functor has a left
adjoint.

Proposition 1.3.3. Let (η, F ⊣ U, ε) be an opmonoidal adjunction with U : (D,⊗,1)→
(C ,⊗,1) which yields the monad (T, µ, η). The following structures are equivalent:

i. An opmonoidal structure for the adjunction F ⊣ U .

ii. A strong monoidal structure for the functor U .

In such case, T also has an opmonoidal structure, i.e. T is a bimonad.

Comments on the proof. See [BLV11, Numeral 2.2], [Böh18, Ex. 3.11 and 3.15] or [TV17,
Section 7.6]. An opmonoidal structure for F is equivalent by adjoint transposition to a
monoidal structure for U . If U also has an opmonoidal structure both structures turn out
to be inverses. Since T = UF , by 1.2.5 it is also opmonoidal.
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1.3. Bimonads and Hopf monads

Remark 1.3.4. The opposite notion of monoidal comonad should be named bi-comonad,
but we haven’t seen the term written. By the dual of the above proposition, they appear
when a strong monoidal functor has a right adjoint.

Now we characterize bimonads in terms of their Eilenberg-Moore category of actions.

Theorem 1.3.5. Given a monad (T, µ, η) over a monoidal category (C ,⊗,1) there is a
bijective correspondence between the following data:

i. A product and a unit which make the Eilenberg-Moore category C T into a monoidal
category and turn UT : C T → C in a strict monoidal functor.

ii. An opmonoidal structure for T such that µ : T 2 ⇒ T and η : IdC ⇒ T are opmonoidal.

Proof. For the details check [Böh18, Theorem 3.19]. The unit and product in C T correspond
to liftings

C T

1 C
1

UT1 and

C T × C T C T

C × C C .⊗

⊗

UTUT×UT

By Theorem 1.1.15, those liftings correspond to lifting data T1
t1−→ 1 and

t⊗ : T (?1 ⊗ ?2)⇒ T?1 ⊗ T?2.

The equations for being lifting data assure that µ and η are opmonoidal.

Remark 1.3.6. If F ⊣ U with U : (D,⊗,1)→ (C ,⊗,1) is an opmonoidal adjunction which
yields the bimonad T = UF , then the comparison functor K : D → C T is strong monoidal.

1.3 I. Hopf Monads

Now we turn into Hopf monads, the inspiration for its definition lies in Proposition 1.2.45,
where the existence of antipode is characterized by the invertibility of the fusion operator.
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1. Preliminaries on Hopf monads

Definition 1.3.7. A bimonad T = (T, t⊗, t1, µ, η) is a left Hopf monad when the trans-
formation hℓ : T (?1 ⊗ T?2)⇒ T?1 ⊗ T?2 defined by hℓ = (T?1 ⊗ µ?2)(t

⊗
?1,T?2

) is a natural

isomorphism. The transformation hℓ is called the left fusion operator for the bimonad T .

Symmetrically ones defines the right fusion operator hr : T (T?1 ⊗ ?2) ⇒ T?1 ⊗ T?2 by
hr = (µ?2 ⊗ T?1)(t⊗T?1,?2) and a right Hopf monad .

A Hopf monad is both a left and right Hopf monad.

Remark 1.3.8. Here we adhere to the terminology of [BLV11, Section 2.6]. Notice that in
[Böh18] left Hopf monads are called Hopf monads.

Example 1.3.9. Given a lax central bimonoid A = (A, σ, δ, µ, ε, η) the bimonad A⊗? is a left
Hopf monad if and only if A is a lax central Hopf monoid. See 1.3.2 and 1.2.44. Moreover,
A⊗ ? is a right Hopf monad if and only if σ is an isomorphism and A = (A, σ−1, σδ, µ, ε, η)
is a lax central Hopf monoid. Therefore A is a central Hopf monoid if and only if A⊗ ? is a
Hopf monad. This is [BLV11, Proposition 5.4].

Since bimonads come from opmonoidal adjunctions, we can characterize Hopf monads in
terms of adjunctions.

C ×D C × C C

D ×D D

⊗

⊗

FF×F f⊗

C×U

F×D

F×ε

Figure 1.6.: decomposition of Hopf operators

Definition 1.3.10. Let (η, F ⊣ U, ε) be an opmonoidal adjunction, this means that
U : (D,⊗,1) → (C ,⊗,1) is a strong monoidal functor. We call F ⊣ U a left Hopf
adjunction if the left fusion operator hℓ : F (?1 ⊗ U?2)⇒ F?1 ⊗ ?2, defined as

h
ℓ = (F?1 ⊗ ε?2) · f⊗

?1,U?2
,

is a natural isomorphism. The right fusion operator hr and right Hopf adjunctions are
defined symmetrically. A Hopf adjunction is both left and right Hopf adjunction.
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1.3. Bimonads and Hopf monads

Lemma 1.3.11. Let (η, F ⊣ U, ε) be an opmonoidal adjunction with U : D → C which
yields the bimonad T = (T, t⊗, t1, µ, η). Then T is a left Hopf monad when U ⊣ F is a
left Hopf adjunction. The same is true for right Hopf adjunctions and henceforth for Hopf
adjunctions.

Proof. Notice that hℓX,Y = u⊗FX,FYUh
ℓ
X,FY and u⊗ is a natural isomorphism by 1.3.3.

Remark 1.3.12. When U is monadic, the reciprocal of the above theorem also holds; because
U is conservative and for every M in D, M is a quotient of FUM .

The next lemma links Hopf adjunctions and central co-monoids

Lemma 1.3.13. For a Hopf adjunction, F1 is a central cocommutative coalgebra. and
FU = F1⊗ ? .

For closed categories, Hopf monads are characterized by the lifting of internal Homs.

Theorem 1.3.14. For any bimonad T = (T, t⊗, t1, µ, η) over a left monoidal closed category
(C ,⊗, [, ]ℓ,1) the following assertions are equivalent:

i. The Eilenberg-Moore category C T is left monoidal closed and UT : C T → C is a strict
monoidal closed functor.

ii. For any T -action M = (X, r) in C T , the adjunction ? ⊗ X ⊣ [X, ?]ℓ lift to an
adjunction ?⊗ (X, r) ⊣ [(X, r), ?]ℓ.

iii. The free-forgetful adjunction F T ⊣ UT is a left Hopf adjunction.

iv. The bimonad T is a left Hopf monad.

Comments on the proof. For a complete proof see [BLV11, Theorem 3.6] or [Böh18, Theorem
3.27]. The equivalence of the first two assertions is an exercise on the definitions. The
main observation is that the lifting data for the functor ?⊗ (X, r) is the fusion operator
h
ℓ
?,(X,r). Therefore by Corollary 1.1.19, lifting internal Homs is equivalent to F T ⊣ UT being

a left Hopf adjunction. The last equivalence is given by Lemma 1.3.11 and the subsequent
Remark.

Lemma 1.3.15. cross product and cross quotients of hopf monads are hopf monads
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1. Preliminaries on Hopf monads

We end this section by characterizing, by means of an augmentation, the bimonads (resp.
Hopf monads) that are ⊗-representable by lax central bimonoids (resp. Hopf monoids).

Definition 1.3.16. An augmentation of a monad T is a monad homomophism e : T ⇒ IdC .
A monad endowed with an augmentation is called augmented monad.

A left regular augmentation for a bimonad T is a bimonad homomorphism e : T ⇒ IdC
which is left regular as opmonoidal transformation, in the sense of 1.2.47.

Lemma 1.3.17. For a left Hopf monad, every augmentation is left regular.

Comments on the proof. The inverse of ueX = (T1⊗ eX)t⊗1,X is given by

θeX = (TeX)(h
ℓ
1,X)

−1(T1⊗ ηX).

where hℓ is the Hopf operator. See [BLV11, Lemma 5.16] for the verification details.

Theorem 1.3.18. There is an equivalence between the categories of bimonads with a left
regular augmentation and lax central bimonoids.

Comments on the proof. This is [BLV11, Theorem 5.17]. It follows directly from 1.2.48 and
1.3.2.

Corollary 1.3.19. There is an equivalence between the categories of augmented left Hopf
monads and lax central Hopf monoids, which restricts to an equivalence between augmented
Hopf monads and central Hopf monoids.

Comments on the proof. This is [BLV11, Corollary 5.18]. It follows from 1.3.18, 1.3.17 and
1.3.9.

The last corollary allows us to drop the adjective central when there is a braid and the
augmentation is compatible with it.

Corollary 1.3.20. When C = (C ,⊗, τ,1) is a braided category and T is a Hopf monad
over C with an augmentation e : T ⇒ IdC . The monad is represented by a Hopf monoid in
C if and only if

(e? ⊗ T1) · t⊗?,1 = τT1,? · (T1⊗ e?) · t⊗1,?.
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1.3. Bimonads and Hopf monads

Proof. This is [BLV11, Corollary 5.9]. From the above corollary we have that ue = (T1⊗
e?) · t⊗1,? is a bimonad isomorphism form T to T1 ⊗ ? where T1 is a central Hopf with

half-braid σ = (e? ⊗ T1) · t⊗?,1 · (ue)−1. So its enough to check that σ = τT1,? and that is
precisely the equation on the statement.

35





2. Galois correspondence for augmented
monads

This chapter contains the main original contributions of this document. Broadly, our goal
is to derive a Galois connection for a monadic functor from an augmentation of the monad.
Given an augmented monad T we define trough universal properties: the invariants for
a monad homomorphism arriving at T , and the stabilizer of a natural transformation
arriving at the forgetful functor U : C T → C . Those definitions allow us to stablish a Galois
connection, whenever they exist. Moreover, we find conditions that allow us to compute
them as equalizers. Example 2.0.1, should be read as trailer for this chapter.

Before presenting the details, let me share the intuition behind them. We imagine the monad
T as an algebraic gadget useful for “capturing the symmetries” of some kind of structure
defined over the category C . With this in mind, we regard the forgetful functor U as the
“universal T -structure”. A Galois correspondence will compare some of the symmetries,
parametrized by a monad homomorphism h : S ⇒ T , with a part of the of the structure,
parametrized by a natural transformation α : V ⇒ U , by a notion of acting trivially or
fixing.

In order to define what a trivial action is, we need an augmentation of the monad, this is a
monad homomorphism e : T ⇒ IdC , see definition 1.3.16. The intuition for an augmentation,
is that the morphism TX

eX−→ X is the trivial action for any X in C ; the action which
forgets T and leaves X fixed.

In the next example we present the notions we aim to generalize.

Example 2.0.1. Let G be a group. Consider the augmented monad G× ? over Sets , where
the augmentation is the projection to the second component. The Eilenberg-Moore category
SetsG is the category of G-sets and equivariant maps.

For any group homomorphism H
ϕ−→ G the H-invariants define a subfunctor of the forgetful

U : SetsG → Sets , mapping an action (X,G×X r−→ X) to the set inclusion

InvHϕ(X, r) = {x ∈ X : ϕ(h)x = x for all h ∈ H} ⊆ X.
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2. Galois correspondence for augmented monads

We will dissect this construction in the following way:

The action G×X r−→ X and the augmentation G×X e×X−−→ X (the e stands for erase, or
for the constant function to the group identity) parametrize for every x ∈ X functions from
G to X, mapping g 7→ (r(g, x) = gx) and g 7→ (e(g)x = x), respectively.

Denoting by [G,X]
[ϕ,X]−−−→ [H,X] the function given by precomposing with H

ϕ−→ G, we can

present InvH(X, r) as the equalizer of X [G,X] [H,X].
⌜r⌝

⌜e×X⌝

[ϕ,X]
This presentation of

invariants is generalized in Lemma 2.3.1.

On the other hand, for every natural transformation α : V ⇒ U the stabilizer of Vα is the
subgroup of G defined by

StabVα = {g ∈ G : gαM(v) = αM(v) for everyM ∈ SetsG and every v ∈ VM}.

Inspired by Tannakian reconstruction, we can also dissect the construction of stabilizers.
Notice that each g ∈ G gives a natural endomorphism of U obtained by acting, explicitly
ρ(g) : U ⇒ U is defined by ρ(g)M(x) = rM(g, x) = gx for every G-set M = (X, rM) and
every x ∈ X. The augmentation similarly defines a natural endomorphism of U for each
g ∈ G, ϵ(g) : U ⇒ U defined by ϵ(g)M(x) = e(g)x = x for every G-set M = (X, rM) and
every x ∈ X, which is clearly the identity of U .

Denoting by End(U)
Nat(α,U)−−−−−→ Nat(V, U) the function precomposing by α : V ⇒ U , we can

present StabVα as the equalizer of G End(U) Nat(V, U).
ρ

ϵ

Nat(α,V )
This presentation of

stabilizers is generalized in Lemma 2.4.15.

The well known Galois connection between invariants and stabilizers is generalized in
Corollary 2.2.8.

We start the chapter with a short preliminary on Galois connections. On the next section,
we give a precise definition for a monad fixing a substructure and explore it in terms of the
functors between Eilenberg-Moore categories. The Galois correspondence follows from the
functoriality of the fixing relationship.

In the third section, the computation of invariants is described in terms of right adjoints.
In the fourth section, we use the closed monoidal structure of a category to internalize
natural transformations. This is inspired by Tannakian reconstruction and gives us a tool
for computing stabilizers. The chapter ends by putting all the pieces together in the case of
an augmented Hopf monad over a monoidal closed category.
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2.1. Galois connections induced by functorial relations

2.1. Galois connections induced by functorial relations

This is slight generalization of the Galois connection induced by a relation between sets.
It is completely elementary and should be folklore, but we did not find any appropriate
reference1 and decided to include a brief but self contained exposition of this.

Definition 2.1.1. We call functorial relation between the categories X and Y to a functor
R : X × Y → 2, where 2 = {true→ false} is thought as the truth values of the relation. In
other words, for objects X and Y in X and Y , respectively, we say that X is related to Y
when R(X, Y ) = true.

Notice that asserting that R is a functor simply means that for any pair of morphisms,

X ′ f−→ X and Y ′ g−→ Y , if X is related to Y then X ′ is related to Y ′.

Definition 2.1.2. The R-representant for an object X in X is an object of Y , denoted
R∗X, such that for every Y in Y , X is related to Y if and only if there is a morphism
Y → R∗X, and in this case such a morphism is unique. The R-representant for a Y in Y ,
denoted R∗Y is analogously defined.

The next definition generalizes the case of a Galois connection between partially ordered
sets, to adjunctions with a pre-order as its core. Remember that a pre-order is a category
with at most one morphism among any pair of objects.

Definition 2.1.3. A Galois connection , between the categories X and Y , is a contravariant
adjunction G : Y → X op ⊣ F : X op → Y such that HomY (Y, FX) ≈ HomX (X,GY ) has
at most one element, for any objects X and Y .

Remark 2.1.4. Let G : Y → X op ⊣ F : X op → Y be a Galois connection.

i. For any X in X , there is a unique morphism X → GFX. We say that X is Galois
closed if this is an isomorphism. The Galois closed objects in X form a pre-order.

ii. Since evaluating G at Y −→ FGY gives a morphism GFGY −→ GY , for any Y in Y ,
GY is Galois closed in X . Analogously, for any X in X , FX is closed in Y .

1There is a series of blogposts by Simon Willerton https://golem.ph.utexas.edu/category/2014/

02/galois_correspondences_and_enr.html where he explains Galois correspondences as a nucleus of a
profuntor.
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2. Galois correspondence for augmented monads

iii. In conclusion, F and G induce an order-reversing equivalence between Galois closed
objects. This is known as the induced Galois correspondance .

Now we are able to define the Galois connection induced by R.

Proposition 2.1.5. Let R be a functorial relation between X and Y .

i. If every object in X has a representant, then mapping X 7→ R∗X defines a functor
R∗ : X op → Y .

Analogously, when every object in Y has a representant there is R∗ : Y → X op.

ii. If both R∗ and R∗ are defined, then they form a Galois connection.

Proof. Given a morphism X ′ f−→ X in X , since R is functorial and X is related to R∗X,
then X ′ is related to R∗X; hence there is a unique R∗X → R∗X ′.

The adjunction plainly recalls that the existence of maps Y → R∗X and X → R∗Y are
both equivalent to X being related to Y .

2.2. Augmented monads, invariants and stabilizers

This section contains the main original result of this document. This states that for an
augmented monad it is possible to define the notions of invariants and stabilizers, and these
notions are in Galois correspondence whenever they exist.

During this whole section we will work with an augmented monad T = (T, µ, η, e) over a
category C and denote by (η, F ⊣ U, ε) the Eilenberg-Moore decomposition of T ; where
U : C T → C is the forgetful functor from the category of T -actions, and its left adjoint F
sends every object in C to the free action on it. See definition 1.1.10, for the details.

2.2 I. The fix relation

Let Monad C be the category of monads over C . For brevity, we denote by Sh a monad homo-
morphism h : S ⇒ T considered as object of Monad C /T and by Vα a natural transformation
α : V ⇒ U from a functor V : C T → C considered as object of Fun(C T ,C )/U .

Since the augmentation provides us with a notion of trivial action, we can compare any
action with the trivial one over the same object. Moreover, we can restrict this comparison
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2.2. Augmented monads, invariants and stabilizers

to a part of the monad or to a part of the object. The next definition does both restrictions
simultaneously and then performs the comparison.

Definition 2.2.1. We say that Sh fixes Vα when (Uε) · (h ⋆ α) = (eU) · (h ⋆ α).

C T C C T CU F U

V S

id

α h

ε
= C T C C

U
T

V S

id

h
α

e

Let’s expand the above definition for a given T -action M = (X,TX
rM−→ X):

Since X = UM and the action morphism rM equals UεM , then the left hand side is obtained
by composing rM with (h ⋆ α)M = (TαM)hVM = hX(SαM).

On the other hand, (eU)M = eX is the trivial action; therefore, when Sh fixes Vα the
restriction of the trivial action equals the restricted action, this is

rMhX(SαM) = eXhX(SαM).

Example 2.2.2. Let B
h−→ A be a monoid homomorphism in Sets and V : SetsA → Sets a

subfunctor of the forgetful. Notice that the projection A×X eX−→ X defines an augmentation
for the monad A × ?. The monad homomorphism h× ? : B × ? ⇒ A× ? fixes V , when
for every A-action M = (X, r) and every (b, x) ∈ B × V (M) ⊂ B × X we have that
r(h(b), x) = h(b)x equals eX(h(b), x) = x.

Remark 2.2.3. By Corollary 1.1.16, every monad homomorphism h : S ⇒ T corresponds to
a functor H : C T → CS such that USH = U , where US : CS → C is the forgetful functor
from the category of S-actions. In particular, the augmentation e : T ⇒ IdC corresponds a
functor E : C → C T which is a section of the forgetful functor, i.e. UE = IdC .

Recalling the definitions, any X in C gets mapped to EX = (X,TX
eX−→ X), and any

M = (X,TX
rM−→ X) in C T gets mapped to HM = (X,SX

rMhX−−−→ X).

The next lemma allow us to reinterpret the definition of acting trivially in terms of the
functors defined in the above remark.
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2. Galois correspondence for augmented monads

Lemma 2.2.4. The homomorphism h : S ⇒ T fixes α : V ⇒ U if and only if there is a
natural transformation ᾱ : HEV ⇒ H such that USᾱ = α.

C T C C T CS

C

V E H

US

H

ᾱ
=

C T C C T CS

C

V E H

US

U

U

IdC

α

Proof. First notice that H and HEV are lifts of U and V , respectively, along the monads
IdCT and S.

C T CS

C T C
U

US

V

H

IdCT

HEV

α

ᾱ

According to Theorem 1.1.15, the lifting data for H over U is (Uε) · (hU), since

data(H/U) = USεSH = (Uε) · (hU).

Analogously the lifting data for HEV over V is (e · h)V , since

data(HEV/V ) = USεSHEV = (e · h)V.

For a justification of the above equations, see the comment on 1.1.16. As an application
of Proposition 1.1.18, there is a lift ᾱ if and only if α · ((e · h)V ) = (eU) · (h ⋆ α) equals
(Uε) · (hU) · (Sα) = (Uε) · (h ⋆ α); which is the definition of Sh fixes Vα.

Now we will check that the fix relationship is preserved whenever we restrict further. In
other words that fixing defines a functorial relation between Monad C /T and Fun(C T ,C )/U .
Afterwards, we will apply Definition 2.1.2 and Proposition 2.1.5, to this relation, in order
to define a Galois connection.

Proposition 2.2.5. Let g : S ′ ⇒ S be a monad homomorphism and β : V ′ ⇒ V be a
natural transformation. If Sh fixes Vα, then S

′
h·g fixes V ′

α·β.
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2.2. Augmented monads, invariants and stabilizers

Proof. This is obvious from the facts that (h · g) ⋆ (α ·β) = (h⋆α) · (g ⋆β) and the definition
of fixing (Uε) · (h ⋆ α) = (eU) · (h ⋆ α).

Definition 2.2.6. Let M and N be subcategories of Monad (C )/T and Fun(C T ,C )/U ,
respectively. Recall that T is an augmented monad over C and U : C T → C is the forgetful
functor.

Take Sh in M and Vα in N , hence h : S ⇒ T is a monad homomorphism and α : V ⇒ U a
natural transformation.

(a). We say that Sh is the stabilizer of Vα in M when: Sh fixes Vα and for every monad
homomorphism h′ : S ′ ⇒ T in M that also fixes Vα there is a unique g : S ′ ⇒ S in
M such that h′ = h · g. In this case we write StabVα = Sh.

(b). We say that Vα is the functor of Sh-invariants in N when: Vα is fixed by Sh and for
every natural transformation α′ : V ′ ⇒ U in N also fixed by Sh there is a unique
β : V ′ ⇒ V in N such that α′ = α · β. In this case we write InvSh = Vα.

Whenever M or N are not explicitly mentioned we assume them to be Monad (C )/T and
Fun(C T ,C )/U

Example 2.2.7. For any augmented monad, the unit η : IdC ⇒ T is a monad homomorphism
with Inv IdC = U . Reciprocally, the stabilizer for the identity natural transformation
U : U ⇒ U is η, because when Sh fixes U we have h = µ(h ⋆ η) = (e · h) ⋆ η = η · e · h .

The next corollary is a straightforward application of Proposition 2.1.5, to the fixing
relationship.

Corollary 2.2.8. Let M and N be subcategories of Monad (C )/T and Fun(C T ,C )/U ,
respectively. Recall that T is an augmented monad over C and U : C T → C is the forgetful
functor.

i. If every Sh in M has a functor of h-invariants in N , then the mapping Sh 7→ InvSh
defines a functor Inv : M op → N . Analogously, If every Vα in N has an stabilizer in
M , then the mapping Vα 7→ StabVα defines a functor Stab : N →M op.

ii. If both Stab and Inv are defined, then they form a Galois connection.
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2. Galois correspondence for augmented monads

2.3. Computing invariants via right adjoints

Now that we have an abstract definition of invariants and stabilizers, we face the concrete
— or slightly less abstract — questions of determining when they exist and how can we
compute them. This section offers an answer for the case of invariants, by linking them to
right adjoints. Remember that T = (T, µ, η, e) is an augmented monad over C .

First we observe that when the domain monad has a right adjoint we compute invariants
as an equalizer.

Lemma 2.3.1. Let h : S ⇒ T be a monad homomorphism and assume that the monad
S : C → C has a right adjoint, (θ, S ⊣ R, υ).

For any α : V ⇒ U , Sh fixes Vα if and only if for eachM = (X, rM ) in C T , (R(eh)X)(θX)αM =
(R(rMhX))(θX)αM .

In consequence, when the pair (R(eh)X)(θX) and (R(rMhX))(θX) has an equalizer for every
M , this equalizer defines the functor of Sh-invariants.

Proof. Just recall that Sh fixes Vα when rMhX(SαM ) = eXhX(SαM ) for everyM , and bend
S to R in both sides of the equation. In other words,

(R((Uε) · (hU))) · (θU) · α = (R(e · h)U) · (θU) · α.

Since equalizers are funtorial, the last sentence is evident.

The next example illustrate the above lemma in the case of a ⊗-representable monad.

Example 2.3.2. Let T = A⊗ ? for an augmented monoid

A = (A,A⊗ A m−→ A,1
u−→ A,A

ϵ−→ 1)

in a monoidal category (C ,⊗,1). Assume thatA is right closed in C and that C has equalizers.

The functor of A-invariants InvA := Inv T sends each action M = (X,A⊗X rM−→ X) to

the equalizer of X [A,X]r .
⌜rM⌝

⌜ϵ⊗X⌝

Moreover, given a monoid homomorphism B
h−→ A, with B also right closed in C.

The functor of B-invariants InvB := Inv(B ⊗ ?)h⊗? sends each action to the equalizer of

X [A,X]r [B,X]r .
⌜rM⌝

⌜ϵ⊗X⌝

[h,X]r
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2.3 I. Invariants are right adjoints

Right adjoints not only allow us to compute invariants. In fact, the T -invariants, i.e the
invariants for idT : T ⇒ T , are right adjoints of the trivial action functor E. Where
E : C → C T is the functor corresponding to the augmentation e : T ⇒ IdC , remember that
it endows every object in C with the trivial action given by the augmentation.

Lemma 2.3.3. If E has a right adjoint functor Γ : C T → C , then Γ is the functor of
T -invariants.

Proof. Take the adjunction (ζ, E ⊣ Γ, γ̄) and define γ : Γ⇒ U as γ = Uγ̄. Hence by Lemma
2.2.4, T fixes Γγ . Moreover by the same lemma, if T fixes α : V ⇒ U there is ᾱ : EV ⇒ IdCT

such that α = Uᾱ. We need a β : V ⇒ Γ such that α = γ · β = (Uγ̄) · (UEβ) since U is
faithful ᾱ = γ̄ · (Eβ), after bending the E we obtain that (Γᾱ) · (ζV ) = β.

Since E = (γ̄E) · (Eζ) then

ᾱ = ᾱ · (γ̄EV ) · (EζV )

= γ̄ · (EΓᾱ) · (EζV ).

Therefore α = Uᾱ = γ · (Γᾱ) · (ζV ).

Right adjoints also allow to change the category where one is calculating. Let h : S ⇒ T be
a monad homomorphism, with correspondent functor H : C T → CS as in Remark 2.2.3; in
particular U = USH.

Notice that (S, µ′, η′, eh) is also an augmented monad and instead of computing Sh-invariants
in C T , we can try to compute S-invariants in CS and pull them back. The next two lemmas
show that this strategy is successful when H has a right adjoint.

Lemma 2.3.4. Let (ζ,H ⊣ K,ω) be an adjunction with H : C T → CS, coming from a
monad homomorphism h : S ⇒ T . For any α : V ⇒ U , Sh fixes Vα is equivalent to S fixes
α̂ : V K ⇒ US, where α̂ = (USω) · (αK).

Proof. We use Lemma 2.2.4. If Sh fixes Vα, there is ᾱ : HEV ⇒ H such that α = USᾱ.
Therefore

α̂ = (USω) · (αK) = US(ω · (ᾱK)).

Hence, by the lemma S fixes (V K)α̂.
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2. Galois correspondence for augmented monads

For the reciprocal, notice that α = (α̂H) · (V ζ) by bending K to H. Now the proof is
completely analogous:

If S fixes α̂, there is α̃ : HEVK ⇒ IdCS such that α̂ = USα̃. Therefore

α = (α̂H) · (V ζ) = US((α̃H) · (HEV ζ)),

since USHE = UE = IdC . The same lemma tells us that Sh fixes Vα.

Corollary 2.3.5. Let h : S ⇒ T be a monad homomorphism and suppose that H : C T → CS

has a right adjoint. If γS : ΓS ⇒ US is the S-invariant inclusion, then γSH : ΓSH ⇒ U is
the h-invariant inclusion.

Proof. With the notations from the previous lemma, Sh fixes Vα if and only if S fixes α̂.
Since γS is the S-invariant inclusion, there is a unique β̂ : ΓS ⇒ V K such that α̂ = γS · β̂.
Remembering that α = (α̂H) · (V ω) we obtain α = ((γS · β̂)H) · (V ω) = (γSH) · β where
β = (β̂H) · (V ω).

We end this subsection with a summary of the computation of invariants by means of right
adjoints.

Corollary 2.3.6. Let (T, µ, η, e) be an augmented monad, and h : S ⇒ T a monad
homomorphism. Take E : C → C T and H : CS → C T the functors corresponding to e and h,
respectively; and assume that they are part of adjunctions (ζ, E ⊣ Γ, γ̄) and (ζ,H ⊣ K,ω).

Then Inv T = Γγ with γ = Uγ̄, InvS = ΓKγ̂ with γ̂ = (USω) ·(Uγ̄K), and InvSh = ΓKHγ̂H

with γ̂H = (USωH) · (Uγ̄KH).

Proof. This is Lemma 2.3.3 applied twice to E ⊣ Γ and to HE ⊣ ΓK, and Corollary
2.3.5.

Remark 2.3.7. Keeping the notation from the above corollary, notice that when H has also
a left adjoint L then LHE ⊣ ΓKH, therefore InvSh is a right adjoint.
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2.4. Computing stabilizers in monoidal closed categories

Currently we don’t know of any procedure for explicitly describing the stabilizers for
augmented monads in categories without additional structure. We imagine a description in
terms of Kan extensions, but we have not succeeded in formalizing it. However, in the case
of a ⊗-representable monad over a monoidal closed category, we can use ends as a tool for
the computation of stabilizers. This is a procedure inspired by Tannakian reconstruction.
Fortunately, this special case is general enough to encompass augmented Hopf monads
in monoidal closed categories, and consequently all the examples from the subsequent
chapters.

Before dealing with the stabilizer of a whole functor, let’s define it for an element of an
action:

Definition 2.4.1. Let (A, µ, η, ϵ) be an augmented monoid in a monoidal category (C ,⊗,1).
This means that A

ϵ−→ 1 is a monoid homomophism. Take an element 1
x−→ X of a left

A-action M = (X,A⊗X r−→ A). We define the stabilizer of x in M as the equalizer of
f = r(A⊗ x) and xϵ.

Notice that F1 = (A, µ)
f−→ M is the adjoint mate of 1

x−→ UM , where (F ⊣ U) is the
free-underlying decomposition of A⊗ ?. In particular, f is a morphism of A-actions and
x = fη.

Lemma 2.4.2. Within the conditions of the above definition, If B
h−→ A is the stabilizer of x

inM , then there is an unique monoid structure in B such that h is a monoid homomorphism.

Proof. We build the unit and multiplication using that h is an equalizer. For the unit, there
is a unique 1

ηB−→ B such that hηB = η, because fη = r(η ⊗ x) = x and xϵη = x.

For the multiplication, is enough to prove that µ(h ⊗ h) equalizes f and xϵ to obtain a
unique µB such that µ(h⊗ h) = hµB.

We have the next diagram where the right square commutes by the associativity of the
action (i.e. f is a morphism in CA):

B ⊗B A⊗ A A⊗X

B A X.

h⊗h A⊗f

r

h f

µµB
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2. Galois correspondence for augmented monads

Therefore,

fµ(h⊗ h) = r(h⊗ (fh)) = r(h⊗ (xϵh))

= (r(h⊗ x))⊗ (ϵh) = (fh)⊗ (ϵh)

= (xϵh)⊗ (ϵh) = x((ϵh)⊗ (ϵh))

= xϵµ(h⊗ h).

The associativity and unity axioms are easy to check because they are valid on A and h is
monic.

2.4 I. The end enrichement of functor categories

For this section, we assume familiarity with the basic properties of ends, as presented for
instance in [Mac98, Sections IX. 5-8]. For fixing notation, we briefly recall the definition.

Definition 2.4.3. A wedge for a functor S : Dop ×D → C is a pair (W, ξX)X∈D consisting

of an object W in C and a family of morphisms W
ξX−→ S(X,X) indexed by the objects in

C such that for any morphism X
f−→ Y in D the diagram

W S(X,X)

S(Y, Y ) S(X, Y )

ξX

S(X,f)ξY

S(f,Y )

commutes.

The end of S denoted ∫
D
S =

∫
X∈D

S(X,X) = (L, λX)X∈D

is the universal wedge. This means that for any other wedge, (W, ξX)X∈D there is a unique

morphism, denoted W

∫
X ξX−−−→ L, such that λY

∫
X
ξX = ξY for any Y in C .

The next definition allow us to view the natural transformations as an object in the
co-domain category.
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2.4. Computing stabilizers in monoidal closed categories

Definition 2.4.4. Let V and W be two functors from an arbitrary category D to a
monoidal category (C ,⊗,1). Assume that C is left closed over V , i.e. for every D in D the
functor ?⊗ V D : C → C has a right adjoint [V D, ?]ℓ.

The left internal Nat from V to W is defined as the end of the functor [V ?1,W?2]
ℓ :

Dop ×D → C , and denote it by

[V,W ]ℓ :=

∫
D
[V ?1,W?2]

ℓ =

∫
D∈D

[V D,WD]ℓ = ([V,W ]ℓ, [V,W ]ℓ
λD−→ [V D,WD]ℓ)D∈D .

Remark 2.4.5. If the internal Nat [V,W ]ℓ exists for any pair of functors, — for instance
when C is complete, left closed and D is small — then Fun(D,C ) is a left C -enriched
category. The next two propositions are consequences of this fact.

Proposition 2.4.6. Let V , V ′, W and W ′ be functors from D to C with ω : W ⇒ W ′ and
υ : V ′ ⇒ V natural transformations.

� If both internal Nats [V,W ]ℓ and [V,W ′]ℓ exist, then there is a morphism

[V,W ]ℓ
[V,ω]ℓ−−−→ [V,W ′]

ℓ
.

� Analogously, when [V,W ]ℓ and [V ′,W ]ℓ exist, there is

[V,W ]ℓ
[υ,W ]ℓ−−−→ [V ′,W ]

ℓ
.

� Whenever the four internal Nats in the following diagram exist, the arrows also exist
and the diagram is commutative.

[V,W ]ℓ [V,W ′]ℓ

[V ′,W ]ℓ [V ′,W ′]ℓ.

[υ,W ]ℓ

[V ′,ω]ℓ

[V,ω]ℓ

[υ,W ′]ℓ

Proof. In the first case, for any D in D the composition of [V,W ]ℓ
λD−→ [V D,WD]ℓ and

[V D,WD]ℓ
[V D,ωD]ℓ−−−−−→ [V D,W ′D]ℓ defines a wedge for the functor [V ?1,W

′?2]
ℓ. Define

[V, ω]ℓ :=
∫
D∈D [V D, ωD]

ℓλD.
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2. Galois correspondence for augmented monads

Proposition 2.4.7. Take W : D → C such that the internal Nat [W,W ]ℓ exist. There
is a canonical monoid structure on [W,W ]ℓ such that for any D in D the morphism

[W,W ]ℓ
λD−→ [WD,WD]ℓ is a monoid homomorphism.

Proof. Remember, see 1.2.24, that for any D in D, [WD,WD]ℓ is a monoid denoted

End [WD]ℓ. The units (1
⌜idWD⌝−−−−→ WD)D∈D make a wedge, therefore take η =

∫
D∈D⌜idWD⌝

as unit for [W,W ]ℓ.

For the multiplication, compose [W,W ]ℓ ⊗ [W,W ]ℓ
λD⊗λD−−−−→ [WD,WD]ℓ ⊗ [WD,WD]ℓ with

End [WD]ℓ ⊗ End [WD]ℓ
µD−→ End [WD]ℓ, verify that this conforms a wedge2 and define

µ =
∫
D∈D µD(λD ⊗ λD). Finally the monoid axioms are verified component-wise.

Following the usual terminology we will denote [W,W ]ℓ by End [W ]ℓ and call it the left
internal End of the functor W . The next proposition formalizes the idea of restricting the
endomorphisms of W along a functor G : D ′ → D.

Proposition 2.4.8. Take W : D → C and G : D ′ → D such that End [W ]ℓ and End [WG]ℓ

both exist, then there is a canonical monoid homomorphism End [W ]ℓ
|G−→ End [WG]ℓ.

Proof. The map |G is defined by |G :=
∫
X∈D′ λGX when End [W ]ℓ = (End [W ]ℓ, λD)D∈D .

Finally we show that the internal End acts on every D in D.

Lemma 2.4.9. Take W : D → C such that End [W ]ℓ exists. There is a unique functor

W : D → CEnd [W ]ℓ which lifts W to the category of actions of End [W ]ℓ. This means that

W = UW where U : CEnd [W ]ℓ → C is the forgetful functor.

Proof. For D in D define WD = (WD, ⌞λD⌟) where End [W ]ℓ
λD−→ [WD,WD]ℓ and

End [W ]ℓ ⊗WD
⌞λD⌟−−−→ WD is obtained by un-currying. The map ⌞λD⌟ = evWD

WD(λD⊗WD)
defines End [W ]ℓ-action because λD is a monoid homomorphism and evWD

WD is a End [WD]ℓ-
action.

Additionally, for every morphism D
f−→ D′ in D the map Wf is equivariant (i.e. Wf⌞λD⌟ =

⌞λD′⌟(End [W ]ℓ⊗Wf)). This equality follows by uncurrying [WD,Wf ]ℓλD = [Wf,WD′]ℓλD′ .

2This uses that the compositions are associative and that λD is a wedge.
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2.4. Computing stabilizers in monoidal closed categories

2.4 II. Tannakian reconstruction of stabilizers

The above construction of internal Nats gives us a path for reconstruction.

Let (C̄ ,⊗,1) be a monoidal category, with all small limits and left closed over a small
subcategory C ↪→ C̄ , i.e. for every X in C the functor ?⊗X : C̄ → C̄ has a right adjoint
[X, ?]ℓ. In this case, we denote by End [C ]ℓ the internal End for the inclusion functor C ↪→ C̄
which exists in C̄ . Moreover, for a small category D every pair of functors V,W : D → C ,
after composing with the inclusion C ↪→ C̄ has an internal Nat in C̄ , which abusing a little
of notation we call [V,W ]ℓ.

From a more general perspective, the next proposition defines a unit for the Tannakian
reconstruction adjunction.

Proposition 2.4.10. Let (A,m, u) be a monoid in C̄ , CA ↪→ C̄A the subcategory of A-
actions on C and U : CA → C the forgetful functor. There is a monoid homomorphism
A

ρ−→ End [U ]ℓsuch that the functors U : CA → C̄End [U ]ℓ, obtained by 2.4.9, and K :

C̄End [U ]ℓ → C̄A, corresponding to the monad homomorphism ρ⊗ ?, compose to the inclusion
CA ↪→ C̄A.

Proof. For every A-action M = (X, (A⊗X rM−→ X)) curry the action morphism to obtain

A
⌜rM⌝−−−→ [X,X]ℓ. Notice that for any A-action morphism M

f−→ N the diagram

A [UM,UM ]ℓ

[UN,UN ]ℓ [UN,UM ]ℓ

⌜rN⌝

[f,UN ]ℓ

⌜rM⌝

[UM,f ]ℓ

commutes because ⌜frM⌝ = [X, f ]ℓ⌜rM⌝ and ⌜rN(A⊗ f)⌝ = [f, Y ]ℓ⌜rN⌝.

Therefore (A, ⌜rM⌝)M∈CA is a wedge, and we obtain a morphism A
ρ−→ End [U ]ℓ such that

⌜rM⌝ = λMρ. Since UM = (X, ⌞λM⌟) thenKUM = (X, ⌞λM⌟(ρ⊗X)), and ⌞λM⌟(ρ⊗X) =
⌞λMρ⌟ = rM .

Remark 2.4.11. When A is in C , then [u,A]ℓλ(A,m) is a retraction for ρ because

[u,A]ℓλ(A,m)ρ = [u,A]ℓ⌜m⌝ = m(A⊗ u) = A.
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2. Galois correspondence for augmented monads

Remark 2.4.12. Let (A,m, u, ϵ) be an augmented monoid in C̄ . In this case End [C ]ℓ is another

section of End [U ]ℓ. Notice that the functor E : C → C T , given by EX = (X,A⊗X ϵ⊗X−−→ X)

is a section for U . Therefore, by Proposition 2.4.8, there are morphisms End [U ]ℓ
|E−→ End [C ]ℓ

and End [C ]ℓ
|U−→ End [U ]ℓ such that and (|E)(|U) = |(UE) = idEnd [C ]ℓ .

Definition 2.4.13. A monoid (A,m, u) in C̄ is said to have sincere actions in C if for every

pair of distinct morphisms Z A
f

g
there is an action M = (X, (A⊗X rM−→ X)) such that

rM(A⊗ f) and rM(A⊗ g) are distinct.

Corollary 2.4.14. The homomorphism A
ρ−→ End [U ]ℓ, defined in Proposition 2.4.10, is a

monomorphism if and only if A has sincere actions in C .

Proof. This is evident because λMρf = ⌜rM(A⊗ f)⌝, and ρf = ρg means that for every
M we have λMρf = λMρg.

Lemma 2.4.15. Let (A,m, u, ϵ) be an augmented monoid in C̄ . Take a monoid homomor-

phism B
h−→ A in C̄ and a natural transformation α : V ⇒ U , then (B ⊗ ?)h⊗? fixes Vα if

and only if h equalizes the diagram A End [U ]ℓ [V, U ]ℓ,
ρ

ηU ϵ

[α,U ]ℓ

where 1
ηU−→ End [U ]ℓ is

the unit of this monoid.

Proof. For any M = (X, rM) in C T , consider the universal wedge components λM and ξM
displayed in the next diagram:

B A End [U ]ℓ [UM,UM ]ℓ

[V, U ]ℓ [VM,UM ]ℓ

ηU ϵ

[α,U ]ℓ

ξM

λM

[αM ,UM ]ℓ

ρ
h

On one hand, since ρ =
∫
M
⌜rM⌝ we obtain

ξM [α, U ]ℓρh = [αM , UM ]ℓλMρh = [αM , UM ]ℓ⌜rM⌝h

= ⌜rM(h⊗ αM)⌝.
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On the other hand, since ηU =
∫
M∈CA⌜UM⌝, we obtain

ξM [α, U ]ℓηUϵh = [αM , UM ]ℓλMηUϵh = [αM , UM ]ℓ⌜UM⌝ϵh

= [αM , UM ]ℓ⌜ϵ⊗ UM⌝h

= ⌜(ϵ⊗ UM)(h⊗ αM)⌝.

The result follows because uncurrying the last term in each equation gives the definition of
the fix relation.

Finally, we apply Lemma 2.4.2 to prove that the equalizer of the diagram in the lemma
above defines a monoid homomorphism.

Corollary 2.4.16. If the equalizer of Lemma 2.4.15 exist, then there is a unique monoid
structure in its domain which makes the equalizer a monoid homomorphism.

Proof. The map [V, U ]ℓ ⊗ A r−→ [V, U ]ℓ is obtained composing [V, U ]ℓ ⊗ ρ with the right
action of [U,U ]ℓ over [V, U ]ℓ.

2.5. Summary in the Hopf case

Let T be an augmented Hopf monad over a monoidal closed category C = (C ,⊗, [, ]ℓ, [, ]r ,1).
Since augmented Hopf monads are ⊗-representable, see Corollary 1.3.19, there is a central
Hopf monoid

A = (A, σ : A⊗ ?⇒ ?⊗ A,A δ−→ A⊗ A,A⊗ A µ−→ A,A
ε−→ 1,1

η−→ A,A
s−→ A)

such that T = A⊗ ?.

As usual, we denote by F ⊣ U the Eilenberg-Moore decomposition of T = UF and by
E : C → C T the trivial action functor corresponding to the augmentation ε⊗ ? : T ⇒ IdC .
Since T is a Hopf monad, C T is also a monoidal closed category and U : C T → C is a strong
monoidal and closed functor.

The basic idea is to use the internal Homs to compare any T -actionM = (X,A⊗X rM−→ X)

with the trivial action on the same domain EUM = EX = (X,A⊗X ε⊗X−−→ X). Morally,

we “solve” on X to compute invariants, obtaining X [A,X]r
⌜rM⌝

⌜ε⊗X⌝
. And we “solve” on A

to compute stabilizers, obtaining A [X,X]ℓ
⌜rM⌝

⌜ε⊗X⌝
.
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2.5 I. Computation of invariants

Let’s start by considering invariants. Take any Hopf monad S with an homomorphism
to T , then S is also augmented and therefore ⊗-represented by a central Hopf monoid

homomorphism B
h−→ A, i.e. S = B ⊗ ? and h⊗ ? : S ⇒ T is the bimonad homomorphism.

We denote by H : C T → CS the functor corresponding to h⊗ ?.

Definition 2.5.1. The quotient action for the homomorphism B
h−→ A, denoted as

(A/B, µ/h), is the co-equalizer in C T of the reflexive pair

(A⊗B, µ⊗B) (A⊗ A, µ⊗ A) (A, µ).
A⊗h

µ

A⊗e

A⊗η

Remark 2.5.2. Assume that C has co-equalizers of reflexive pairs, necessarily T preserves
them because it has a right adjoint (A ⊗ ? ⊣ [A, ?]r). Therefore U : C T → C creates
co-equalizers of reflexive pairs, in particular there is a quotient action. Moreover, by
Lemma 1.1.23, the functor H : C T → CS is monadic and L1CS = (A/B, µ/h) where L ⊣ H.
A/B, µ/h is a central co-commutative comonid in CT

The following theorem tells us how to compute and represent the functor of B-invariants
InvBh := InvSh⊗?.

Theorem 2.5.3. Let C be a monoidal closed category and, without loss of generality, take
T = A⊗ ?, S = B ⊗ ? and h⊗ ? : S ⇒ T a bimonad homomorphism between augmented

Hopf monads over C , where B
h−→ A is an homomorphism of central Hopf monoids in C .

Assume that C has equalizers for co-reflexive pairs, then for every T -action M = (X, rM)
its Bh-invariants (InvBh)(M) can be computed as the equalizer of

X [A,X]r [B,X]r .
⌜rM⌝

⌜ϵ⊗X⌝

[h,X]r

Furthermore, if C also has co-equalizers of reflexive pairs then InvBh = Γ[(A/B, µ/h), ?]r ,
where Γ : C T → C is the functor of T -invariants.
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Proof. The first assertion is a direct application of Lemma 2.3.1, where the right adjoint to
S is [B, ?]r . The pair is co-reflexive because the composed morphism

[B,X]r B ⊗ [B,X]r X,
η⊗[B,X]r evX

where η is the unit of B and ev is the co-unit of B ⊗ ? ⊣ [B, ?]r , is a common retraction.

The second assertion assertion will follow from Corollary 2.3.6, but to apply it we need to
ensure the existence of right adjoints E ⊣ Γ and H ⊣ K. In the Remark 2.5.2, we proved
that H has a left adjoint L : CS → C T . We will use a dual argument to obtain K and Γ.

Since the monad T = A ⊗ ? has a right adjoint T̂ = [A, ?]r , by ??, T̂ is a comonad and
U : C T → C is comonadic. Hence C T ∼= C T̂ by pairing a T -action (X,TX

r−→ X) with

the T̂ -coaction (X,X
⌜r⌝−−→ T̂X). The same reasoning applies to S = B ⊗ ? ⊣ Ŝ = [B, ?]r .

The homomorphism B
h−→ A induces a comonad homomorphism [h, ?]r : T̂ ⇒ Ŝ, which

corresponds to a functor Ĥ : CT̂ → CŜ. Explicitly, for any T̂ -coaction

Ĥ(X,X
⌜r⌝−−→ T̂X) = (X,X T̂X ŜX⌜r⌝ [h,X]r

).

Since [h,X]r⌜r⌝ = ⌜r(h⊗X)⌝ the diagram below commutes, meaning that Ĥ is H up to
equivalence.

C T̂ C Ŝ

C T CS

C

Ĥ

H

U US

Notice that C T̂ has equalizers of co-reflexive pairs because C has them and T̂ preserves

them. Henceforth, by the comonad variant of 1.1.23, Ĥ has a right adjoint K̂ : CŜ → CT̂ .
Composing with the equivalences we obtain K : CS → C T which is right adjoint to H.

Exactly the same argument applied to the homomorphism of central Hopf monoids A
ε−→ 1,

gives us Γ : C T → C right adjoint to E.

With K and Γ at hand, Corollary 2.3.6 affirms that the functor InvBh : C T → C is equal
to ΓKH.

It only remains to prove that KH ≈ [(A/B, µ/h), ?]r . Thanks to Remark 2.5.2, we know
that H is monadic and L1 = (A/B, µ/h) for L ⊣ H. This is useful because LH ⊣ KH and
L1⊗ ? ⊣ [(A/B, µ/h), ?]r , hence it is enough to show that LH ≈ L1⊗ ?.
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Since T and S are Hopf monads, by [BLV11, Lemma 4.8], HL : CS → CS is also a Hopf
monad. Therefore, the left fusion operator for the adjunction L ⊣ H — see [BLV11,
Theorem 2.15] — is a natural isomorphism; applying it to 1 in CS and any M in C T , we
obtain an isomorphism from LH(M) ≈ L(1⊗H(M)) to L(1)⊗M .

Corollary 2.5.4. Let C be a monoidal closed category which has equalizers of co-reflexive
pairs and co-equalizers of reflexive pairs. If U : D → C is a Hopf monadic functor with
a strong monoidal section E : C → D, then E has a right adjoint Γ and U is naturally
isomorphic to Γ[F1, ?]r where F ⊣ U .

Proof. By monadicity D ∼= C T with T = UF a Hopf monad over C , and E corresponds
to an augmentation e : T ⇒ IdC . Hence, without loss of generality we may assume that
T = A⊗ ? and U = UT where A is a central Hopf monoid in C .

Applying the above theorem to the unit 1
η−→ A, we obtain that

for every T -action M = (X, rM ) we compute Inv 1η(M) as the equalizer of [η,X]r⌜rM⌝ and
[η,X]r⌜ϵ⊗X⌝. However, those two maps are equal and therefore Inv 1η = U .

On the other hand, Inv 1η = ΓHom ((A/1, µ/η), ?). Checking the definition 2.5.1, we see
that (A/1, µ/η) = (A, µ) = F1, because µ(A⊗ η) = A = (A⊗ ϵ)(A⊗ η).

In conclusion, U = Inv 1η = ΓHom (F1, ?).

Remark 2.5.5. Notice that A = UF1 = Γ[F1, F1]r as objects. While A is a central Hopf
monoid in C , [F1, F1]r is a monoid with composition in D, and Γ is a monoidal functor. Γ
is monoidal because its left adjoint E is comonoidal. Denoting by m the composition in
[F1, F1]r , we could verify that (Γm)γ⊗ = µσA, meaning that the monoid Γ[F1, F1]r is
the mirror dual of the monoid A.

2.5 II. Computation of stabilizers

Now we turn to the computation of stabilizers for sub-functors of the forgetful U : C T → C
where T = A⊗ ? is an augmented Hopf monad over a monoidal closed category C .

In virtue of Theorem 2.5.3 and Corollary 2.5.4, when C has equalizers of co-reflexive pairs
and co-equalizers of reflexive pairs, U = Γ[(A, µ), ?]r and it is enough to consider the
stabilizers of functors α : V ⇒ U where V = Γ[M, ?]r and α = Γ[a, ?]r for a morphism
(A, µ)

a−→M , because the invariants of every Hopf sub-monad will be of this kind.
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2.5. Summary in the Hopf case

Remember that C T is monoidal closed because T is Hopf and that Γ : C T → C is the
functor of T -invariants, also characterized as the right adjoint of the trivial action functor.

If we think of C T as a C -enriched category with HomCT (M,N) = Γ[M,N ]r , the next would
be the Yoneda lemma.

Lemma 2.5.6. Let M and M ′ be T -actions. Assume that the internal Nat [V,W ]ℓ exist
in C for the pair of functors V = Γ[M, ?]r and W = Γ[M ′, ?]r . Then there is a split

monomorphism Γ[M ′,M ]r
y−→ [V,W ]ℓ.

Proof. In order to define y, for every N in C T we need to define

Γ[M ′,M ]
r ψN−−→ [V N,WN ]ℓ

which can be equivalently defined as

Γ[M ′,M ]
r ⊗ Γ[M,N ]r

⌞ψN⌟−−−→ Γ[M ′, N ]
r
.

On one hand, since Γ is a monoidal functor, we have γ⊗ : Γ?1 ⊗ Γ?2 ⇒ Γ(?1 ⊗ ?2), therefore
γ⊗[M ′,M ]r ,[M,N ]r . On the other, there is a natural composition map in C T ,

[M ′,M ]
r ⊗ [M,N ]r

compM
′,N

M−−−−−−→ [M ′, N ]
r
.

Therefore we shall define ⌞ψN⌟ as (ΓcompM
′,N

M )γ⊗[M ′,M ]r ,[M,N ]r .

Checking that the family (ψN )N∈CT defines a wedge is a straightforward computation, better
done in a blackboard than in print. In conclusion, y =

∫
N∈CT ψN .

Finally let’s find a retraction for y. Denote by (λN)N∈CT the universal wedge, therefore
λNy = ψN for any N . In particular, taking N =M we have

Γ[M ′,M ]
r ψM−−→ [VM,WM ]ℓ.

Denote by η the composed map 1 Γ1 Γ[M,M ]r = VM.
γ1 Γ⌜M⌝ Then η creates a

map

[VM,WM ]ℓ
[η,WM ]ℓ−−−−−→ [1,WM ]ℓ,

where WM = Γ[M ′,M ]r .

Clearly [η,WM ]ℓλMy = [η,WM ]ℓψM = WM , because you are composing with the identity
of M and then applying Γ.
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2. Galois correspondence for augmented monads

Remark 2.5.7. The Yoneda map obtained by the previous lemma when V = W = U ( i.e.

M =M ′ = (A, µ)) is equal to A
ρ−→ [U,U ]ℓ obtained by Proposition 2.4.10.

Lemma 2.5.8. The diagram is bellow is commutative where P = (A, µ) = F1.

A = Γ[P, P ]r Γ[P,M ]r

[U,U ]ℓ [V, U ]ℓ

Γ[P,a]r

yρ

[α,U ]ℓ

ηuϵ

(Γ⌜a⌝)γ1ϵ

Corollary 2.5.9. Let C be a monoidal closed category which has equalizers and co-equalizers
of reflexive pairs and T an augmented Hopf monad over C . Without loss of generality,
T = A⊗ ? where A is a central Hopf monoid. For any P

a−→M where P = (A, µ) and M
is any T -action, the stabilizer of α : V ⇒ U where V = Γ[M, ?]r and α = Γ[a, ?]r is the

equalizer of A UM
Ua

(Γ⌜a⌝)ϵ
.

2.5 III. Galois correspondence

Finally we can put all the ingredients together in our main theorem.

Theorem 2.5.10. Let C be a monoidal closed category which has equalizers and reflexive
co-equalizers, such that ⊗ preserves equalizers. Take a Hopf monadic functor U : D → C
with a strong monoidal section E : C → D, i.e. UE = IdC , and denote by F the left adjoint
of U . Then:

i. There is a central co-commutative comonoid (P, σ̂) in D, such that the monoidal
comonad FU is isomorphic to P ⊗ ? and U is isomorphic to Γ[P, ?]r where E ⊣ Γ.

ii. There is a central Hopf monoid (A, σ) in C such the Hopf monad UF is isomorphic
to A⊗ ?.

iii. There is a covariant Galois connection between central co-commutative comonoids
under (P, σ̂) and central Hopf monoids over (A, σ).
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2.5. Summary in the Hopf case

Proof. The first two statements are recalls of corollaries 2.5.4 and 1.3.19, respectively.

The Galois connection comes form Corollary 2.2.8, where as subcategory M of Monad (C )/T
we take only the Hopf monads over T = UF , i.e. the monad homomorphisms ⊗-represented
by some homomorphism of a central Hopf monoids.

And as subcategory N of Fun(C T ,C )/U we take only the natural transformations of the

form Γ[q, ?]r : Γ[C, ?]r ⇒ U where P
q−→ C is a homomorphism of central co-commutative

comonoids. Therefore N op is equivalent to the central co-commutative comonoids under P .

Theorem 2.5.3 ensures that any B
h−→ A in M has invariants in N , represented by (A, µ)

q−→
(A/B, µ/h). On the other hand, by Corollary 2.5.9 any P

q−→ C in N op has stabilizer in M ,
⊗-represented by the stabilizer of U(q)η where η is the unit of A.
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3. Examples of augmented Hopf monads

In this chapter, we present some classic examples of Galois theory under the glasses of
Hopf monads. Here we use the word classic with two meanings: first, to indicate that this
theories are well known and of historical relevance; and second, to indicate the analogy
with classical mechanics where the space of states of a compound system is modeled as the
cartesian product of spaces of states of simple systems.

In the first section, we state general facts and constructions in Cartesian categories and
their Hopf monads. In the rest of the chapter we present one major example per section.
They are mostly independent from each other, but we emphasize that every one follows the
same general pattern. Moreover, the heavy work is done in the previous chapters and the
first section, so the main propose of these example sections is showing how they fit in that
general pattern.

3.1. Hopf monads on Cartesian categories

In this section we put down the definition of Hopf monad in the context of Cartesian
categories, and explore two paradigmatic examples. We start remarking that the opmonoidal
structure comes from the diagonals and therefore is always granted. We also remark that
the Hopf condition has been called Frobenius reciprocity.

Then we proceed to explore the change of base adjunction – given by direct and inverse
images of a morphism – and the monad of an internal grupoid. Finally, we prove that under
mild assumptions a Hopf monad is equivalent to the monad of a groupoid; in particular,
every augmented Hopf monad is equivalent to the monad of a group.

Definition 3.1.1. A Cartesian category is a finitely complete category, regarded as monoidal
category where the monoidal product is the categorical product and the monoidal unit is
the final object.
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3. Examples of augmented Hopf monads

Remark 3.1.2. This terminology is not standard in the literature, since categories with
finite products — but not necessarily all finite limits — regarded as monoidal categories
are dubbed Cartesian monoidal categories. Therefore, a more clear name will be finitely
complete Cartesian monoidal category, but we find it too verbose.

Remark 3.1.3. The final object {•} and the functor × : C × C → C are unique up to a
unique isomorphism, moreover the associative and unitary constrains are defined in the
unique obvious way. Therefore there is no possible confusion in omitting those constrains
and pretending that the category is strict, as we do.

Remark 3.1.4. For arbitrary objects in a category with products, we denote by X × Y pX−→ X

the projection morphism, and for any morphisms Z
a−→ X and Z

b−→ Y , we denote by

Z
(a,b)−−→ X × Y the unique map such that a = pX(a, b) and b = pY (a, b). The morphism

dZ = (idZ , idZ) is dubbed diagonal, duplication or equality relation, depending on the

context. Notice that (a, b) = (a × b)(idZ , idZ). Additionally we denote by Z
eZ−→ {•} the

unique morphism to the final object, which is dubbed terminal, constant or erase morphism.
Notice that pX = X×eY . Furthermore, a Cartesian category is always symmetric with braid

X × Y (pY ,pX)−−−−→ Y ×X for any pair of objects. Notice that (pY , pX) = (eX×Y ×X×eY )dX×Y .

Remark 3.1.5. Recall that a category is finitely complete if it has finite products and
equalizers, or equivalently, if it has pullbacks and final object. This implies that whenever C
is a category with pullbacks, for any object X in C , the slice category C/X is a Cartesian

category, because X
idX−−→ X is the final object and the domain functor Dom : C/X → C

mapping (A
a−→ X) 7→ A creates pullbacks.

The next lemma explains why the opmonoidal structure in Cartesian categories has largely
remained invisible. In particular, this proposition implies that every adjunction between
Cartesian categories is an opmonoidal adjunction, and every monad is a bimonad.

Lemma 3.1.6. Let C and D be categories with finite products, regarded as monoidal
categories. Every functor F : C → D has a unique opmonoidal structure and every natural
transformation is opmonoidal.

Proof. First we will find the unique possible opmonoidal structure for the functor F .

� Since F{•} f{•}−−→ {•} has the final object as target, the unique option is that f {•} =
eF{•}.
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3.1. Hopf monads on Cartesian categories

� For arbitrary objects A and B in C , the binary part f×
A,B must make the following

diagram commute:

F (A×B) FA× FB

F (A× {•}) FA× F{•}

FA = FA× {•}

f×A,B

FA×FeBF (A×eB)

FA×f{•}

f×
A,{•}

The square commutes because f× is natural and the triangle by the counit axiom.
Therefore pFAf

×
A,B = FpA since pA = A × eB. A symmetric argument shows that

pFBf
×
A,B = FpB, in conclusion f×

A,B = (FpA, FpB).

With this definition, checking the naturality of f× is straightforward.

To verify that the above definitions of f {•} and f× form an opmonoidal structure for F , we
will simply render the respective diagrams and let the reader convince herself that they are
commutative:

The counit axioms corresponds to:

FA× F{•} F (A× {•}) FA F ({•} × A) F{•} × FA

FA× {•} FA {•} × FA

(FpA,F eA) (FeA,FpA)

FA×eF{•} eF{•}×FA

The coassociative axiom corresponds to:

F (A×B × C) FA× F (B × C)

F (A×B)× FC FA× FB × FC

(FpA,FpB×C)

FA×(FpB ,FpC)(FpA×B ,FpC)

(FpA,FpB)×FC

(FpA,FpB ,FpC)

Finally, consider another functor G : C → D and a natural transformation α : F ⇒ G.
Let’s check that α is monoidal.
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3. Examples of augmented Hopf monads

Clearly

F{•}

{•}

G{•}

α{•} commutes, and in the next diagram

F (A×B) FA× FB FA

G(A×B) GA×GB GA

f×A,B
pFA

αAαA×B

g×A,B pGA

FpA

αA×αB

GpA

the outer rectangle naturally commutes and the right square commutes by definition of the
product, so the first component of the left square commutes; substituting the last column
by FB

αB−→ GB we get that the second component also commutes.

Remark 3.1.7. Let L ⊣ R be an adjunction between cartesian categories. It is Hopf adjunction
if and only if the following is an isomorphism

L(A×RB) LA× LRB LA×B(LpA,LpRB) LA×εB

This condition is refereed in the literature as Frobenius reciprocity .

3.1 I. Pullback adjunction

The next construction is a paradigmatic example of a Hopf adjunction between Cartesian
categories, we will present it here in full detail because in the forecoming sections it will be
recalled several times.

Let C be a category with pullbacks, by the Remark 3.1.5, for each X in C the slice category
C/X is a Cartesian category.

Let’s introduce an efficient notation for slice categories: We denote by Aa the morphism
A

a−→ X regarded as object in C/X. Recall that a morphism Aa
α−→ A′

a′ in C/X is simply a

morphism A
α−→ A′ in C such that a = a′α.

Definition 3.1.8. Consider a morphism X
f−→ Y in category with pullbacks C .
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3.1. Hopf monads on Cartesian categories

(a.) The direct image functor Σf : C/X → C/Y is defined by

Σf (Aa
α−→ A′

a′) := Afa
α−→ A′

fa′ .

(b.) The inverse image functor Xf : C/Y → C/X, defined by the pullback

XfBb := (X ×Y B)pX

XfBb B

X Y

Bbf

bXf b

f

⌜ :=

X ×Y B B

X Y.

pB

b

f

pX
⌜

For a morphism Xf (Bb
β−→ B′

b′) = (X ×Y B)pX
(pX ,βpB)−−−−−→ (X ×Y B′)pX .

XfBb B

X Y

XfB
′
b′ B′

f

b

b′

βXfβ

Xf b

Xf b
′

B′
b′f

Bbf

(c.) The co-restriction of f is the natural transformation ρ : ΣfXf ⇒ IdC/Y , where

ρBb
:= Bbf = (X ×Y B)fpX

pB−→ Bb is the second component projection in the above
pullback.

(d.) The direct image restriction of f is the natural transformation ι : IdC/X ⇒ XfΣf ,

given by ιAa := Aa
(a,A)−−−→ (X ×Y A)pX .

A

XfAfa A

X Y

Xffa

f

⌟a

ιAa

Afaf

fa

A
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3. Examples of augmented Hopf monads

Lemma 3.1.9. For any morphism X
f−→ Y in a category with pullbacks C , the direct and

inverse images give a Hopf adjunction (ι,Σf ⊣ Xf , ρ) between the Cartesian categories C/X
and C/Y .

Proof. Let’s verify the bending axioms:

Given Aa in C/X, we have

Σf ιAa = Afa
(a,A)−−−→ (X ×Y A)fpX

and
ρΣfAa = (X ×Y A)fpX

pA−→ Afa,

so their composition gives Afa
A−→ Afa . Analogously, for Bb in C/Y , we have

ιXfBb
= (X ×Y B)pX

(pX , X×Y B)−−−−−−−→ (X ×Y (X ×Y B))pX

and

XfρBb
= (X ×Y (X ×Y B))pX

(pX , pBpX×B)−−−−−−−−→ (X ×Y B′)pX ,

therefore their composition is (X ×Y B)pX
(pX ,pB)−−−−→ (X ×Y B)pX , which is the identity.

It is a Hopf adjunction, because in the next diagram the outer rectangle pullback represents
ΣfAa ×Y Bb and the left square pullback represents Aa ×X XfBb.

P XfB B

A X Y
f

b

a

⌜ ⌜

Hence, the compostion:

Σf (Aa ×X XfBb) Afa ×Y ΣfXfBb Afa ×Y Bb,
(pA,pXfB) A×ρBb

is precisely the identity of the common pullback.

Definition 3.1.10. A morphism X
f−→ Y in category with pullbacks, is said to be of

effective descent if its inverse image Xf : C/Y → C/X is a monadic functor.
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3.1. Hopf monads on Cartesian categories

3.1 II. Monadicity for Cartesian functors

Co-equalizers in Cartesian categories may not be easy to attain in general. However, many
interesting categories have a special type of co-equalizers, namely quotients under internal
equivalence relations. We recall the Duskin criterion for monadicity, which shows that
quotients for equivalence relations are enough.

Definition 3.1.11. An equivalence relation on an object X, from a category with pullbacks

C , is a pair of morphisms R X
r1

r2
which are jointly monomorphic, i.e. R

(r1,r2)−−−→ X ×X is

a monomorphism, and satisfy:

(a.) Reflexivity : There is a common section X
i−→ R, i.e. r1i = X = r2i.

(b.) Symmetry : There is a flip R
τ−→ R such that (r1, r2)τ = (r2, r1).

(c.) Transitivity : There is a composition Rr1 ×X Rr2
c−→ R such that r1c = r1r̄1 and

r2c = r2r̄2, where the notation is explained in the next diagram:

Rr1 ×X Rr2 R

R X.

r̄2

r1

r̄1

r2
⌜

Since (r1, r2) is a monomorphism i, τ and c are uniquely determined. More concisely, an
equivalence relation is an internal groupoid where source and target are jointly monomorphic.

Our main example of equivalence relation is the kernel pair of a morphism X
f−→ Y defined

as ker(f) X
p1

p2
taken from the pullback:

ker(f) X

X Y.

p1

p2

f

f
⌜

The quotient of an equivalence relation R X
r1

r2
is the coequalizer of the pair r1, r2.
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3. Examples of augmented Hopf monads

Theorem 3.1.12 (Duskin’s crude monadicity). [BW05, Section 9.1]. Let U : D → C be a
functor between Cartesian categories. U is monadic if:

(i) U has a left adjoint.

(ii) U is conservative.

(iii) Every equivalence relation in D has a quotient which is preserved by U .

3.2. Galois theory of covering spaces

In this section, we present the classical correspondence between coverings of a nicely
connected space and subgroups of its fundamental group.

3.2 I. Topological preliminary

In order to keep prerequisites minimal, at least for this example, we include this introductory
subsection. Hopefully, this will be useful for someone with a good background in category
theory but only a rough idea of topology. On the other hand, someone acquainted with
covering spaces may proceed directly to subsection 3.2 II.

We will make a quick review of elementary definitions and results from topology. For the
sake of brevity, we call space a topological space and map a continuous function between
spaces. Those are the objects and morphisms of the category of topological spaces, denoted
Top.

The intention of this subsection is characterising covering maps as local homeomorphisms
which lift homotopies. Since most textbooks define covering maps as discrete fiber bundles,
the equivalence of both definitions is stated under the for spaces that are locally path
connected and semi-locally simply connected.

We denote by I the unit interval [0, 1] ⊂ R in the real numbers, A path in a space X is a

map I
γ−→ X, a loop is a path with γ(0) = γ(1). An homotopy between two maps B X

f

g

is a map B × I h−→ X such that h(b, 0) = f(b) and h(b, 1) = g(b) for every b ∈ B.

Two paths I X
γ

λ
with the same end points are homotopically equivalent if there is an

homotopy between them I × I h−→ X such that h(0, t) = γ(0) = λ(0) and h(1, t) = γ(1) =
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3.2. Galois theory of covering spaces

λ(1) for every t ∈ I. A loop γ is homotopically trivial if it is equivalent to the constant
loop defined as c(t) = γ(0) = γ(1) for each t ∈ I.

An space X is path connected if for every pair of points x0, x1 ∈ X there is path γ with
γ(0) = x0 and γ(1) = x1. A path connected space X is simply connected if every loop is
homotopically trivial. Notice that in a simply connected space every pair of paths with the
same end points are homotopically equivalent. An space X is locally path connected if for
any point and any neighbourhood of it x ∈ U ⊂ X there is a path connected neighbourhood
O such that x ∈ O ⊂ U . It is not difficult to prove that every locally path connected space
is the disjoint union of path connected subspaces, known as path components .

A homeomorphism is an isomorphism in the Top category; this is a continuous bijection

with continuous inverse. A local homeomorphism is a map X
f−→ Y for which there is an

open cover (Ok ⊆ X)k∈K such that for each k ∈ K the subset f(Ok) ⊆ Y is open and each

restricted map Ok
f |Ok−−→ f(Ok) is an homeomorphism.

The next definition is characterizes the kind of spaces locally homeomorphic to a simply
connected space.

Definition 3.2.1. A topological space X is semi-locally simply connected if there is an
open cover (Ok ⊆ X)k∈K such that for each k every loop I

γ−→ Ok when considered as loop
in X is homotopically trivial.

Definition 3.2.2. A map E
p−→ X lifts homotopies with respect to B, when for every

homotopy B × I h−→ X and any map B
h̃0−→ E such that h(b, 0) = p(h̃0(b)) for any b ∈ B,

there is a unique homotopy B × I h̃−→ B such that h = ph̃ and h̃0(b) = h̃(0, b).

B E

B × I X

B×{0}

h̃0

p

h

h̃

A map is a Hurewicz fibration if it lifts homotopies with respect to any space.

The trivial example of Hurewicz fibration is a projection map X × F pX−→ X where F is
any space. A fiber bundle is locally a projection. A discrete space is a space where every
point is open and consequently every subset is open.
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3. Examples of augmented Hopf monads

Definition 3.2.3. Amap E
p−→ X is a discrete fiber bundle if there is an open covering (Ok ⊆

X)k∈K such that for each co-restricted map p−1(Ok)
p|Ok−−→ Ok there is a homeomorphism

p−1(Ok)
ϕk−→ Ok × Fk such that Fk is discrete and p|Ok

= pOk
ϕk. In such a case the spaces

Fk are known as fibers and the maps ϕk as trivializations .

Definition 3.2.4. A covering map is a local homeomorphism which lifts homotopies with
respect to any space.

The next theorem knits all the above terms and set the environment we will work in the
next subsections.

Theorem 3.2.5. Every discrete fiber bundle is a covering map. Reciprocally, suppose the
space X is locally path connected and semi-locally simply connected and that E

p−→ X is a
covering map, then p is a discrete fiber bundle and E is also locally path connected and
semi-locally simply connected.

Let us state some useful properties of covering maps.

Properties 3.2.6. (a.) The projection X × F pX−→ X is a covering map if and only if the
fiber F is discrete. In particular, the identity (F = {•}) and the empty map F = ∅
are covering maps.

(b.) Covering maps are closed under composition. Given covering maps E
f−→ E ′ and

E ′ q−→ X, the composition E
p−→ X with p = qf is also a covering map.

(c.) Covering maps are pullback stable. Given a covering map E
p−→ X and a map Y

f−→ X

the pullback Yf ×X Ep
Yfp−−→ Y is a covering map.

(d.) Covering maps are closed under lifts. Given covering maps E
p−→ X and E ′ q−→ X, then

any E
f−→ E ′ such that p = qf is also a covering map.

(e.) A covering map X
f−→ Y is surjective if Y is connected and X is not empty. Take

y0 = f(x0) for some x0 ∈ X since Y is path connected1, for any y ∈ Y there is a path
from y0 to y. This path lifts to a path on X, so y = f(x) for x in the end of the lifted
path.

1if a space is connected and locally path connected, then it is path connected.
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3.2. Galois theory of covering spaces

Theorem 3.2.7 (Universal covering). For any space X, there is a covering map U
u−→ X

with U simply connected if and only if X is path connected and semi-locally simply connected.

Comments on the proof. The “only if” assertion is evident since u is a local homeomorphism.
On the other hand, for a non-empty X pick some x0 ∈ X and define U as the sets of
homotopy equivalence classes of paths starting in x0 and u sends a path to its ending point.
The connectedness properties allow us to define a unique topology on U such that u is a
covering map.

3.2 II. The category of covering spaces

For the rest of the section, a space is a locally path connected and semi-locally simply
connected topological space, a map is a continuous function and a covering map is a discrete
fiber bundle, or equivalently a local homeomorphism which lifts homotopies with respect to
any space.

Definition 3.2.8. The category of covering spaces , denoted Cov , has the locally path
connected and semi-locally simply connected topological spaces as objects, and the covering
maps as morphisms, with the usual composition of functions.

For each space X, the slice category Cov /X is the category of coverings of X. Since Cov
has pullbacks, then Cov /X is a cartesian category, for any space X.

Lemma 3.2.9. The category Cov/X has pullback stable quotients of equivalence relations.

Proof. Let R E
r1

r2
be an equivalence relation over X, and consider the quotient map

E
q−→ E/R.

R E E/R

X

r1 q

p̄
p

p′

r2

Since pr1 = pr2 two related points on E must be on the same fiber, therefore the function

E/R
p̄−→ X is well defined. Moreover, p̄ is a local homeomorphism, because whenever V ⊂ E

is homeomorphic to p(V ), then no pair of points in V are related, therefore V is also
homeomorphic to q(V ). To see that p̄ is locally trivial, take an open O ⊂ X such that
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p−1(O) ≈ X × F and p′−1(O) ≈ X × F ′ then F ′ F
r1

r2
is an equivalence relation in F ,

therefore p̄−1(O) ≈ X × (F/F ′). In conclusion, p̄ is a covering map.

Lemma 3.2.10. A covering map X
f−→ Y is of effective descent, i.e. the inverse image

functor Xf : Cov /Y → Cov /X is Hopf monadic, if and only if it is surjective. In particular,
when Y is connected and X not empty, XfΣf is a Hopf monad in Cov /Y .

Proof. By Duskin’s monadicity and the above lemma, Xf will be monadic if and only if it is

conservative. Suppose that f is surjective and take Ep
h−→ E ′

p′ a map between the coverings

E
p−→ Y and E ′ p′−→ Y such that Xfh is an homeomorphism.

XfEp E

X Y

XfE
′
p′ E ′

f

p

p′

h

Xfp

Xfp
′

Xfh

Epf

E′
p′f

Since surjections are stable by pullbacks Epf and E ′
p′f are surjections too, therefore

h(Epf) = (E ′
p′f)(Xfh) is a surjection and consequently h is also surjective.

Let’s check that h is also injective. Take two points a, b ∈ E with h(a) = h(b), then
p(a) = p′h(a) = p(b) = f(x) for some x ∈ X. Therefore (x, a) and (x, b) belong to XfEp
and (Xfh)(x, a) = (x, h(a)) = (x, h(b)) = (Xfh)(x, b), so (x, a) = (x, b) and a = b.

Since h is a covering map it is a local homeomorphism and being bijective implies that it is
an isomorphism. In conclusion, Xf is conservative.

Now suppose that f is not surjective, since X is locally path connected and f lifts paths,
there is a whole path component outside the image of f . The inclusion of that path
component is a covering map whose inverse image would be empty. This shows that Xf is
not conservative.
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3.2 III. Fiber functors and trivial covers

Remember that by space we mean a locally path connected, semi-locally simply connected

topological space. Since coverings are stable under pullback along any continuous Y
f−→ X,

we have functors Xf : Cov /X → Cov /Y given by pullbacks. We are interested in the
particular case of a point. Notice that sets considered as discrete spaces are precisely the
coverings of {•} the space with only one point. Moreover, a point x ∈ X can be identified
with a map {•} x−→ X. Consequently, we may identify Set with Cov /{•}.

Definition 3.2.11. For each point x ∈ X its fiber functor , denoted Fx : Cov /X → Sets
maps each covering map E

p−→ X to p−1(X). Identifying Sets and Cov /{•}, Fx = {•}x is
the inverse image along {•} x−→ X.

Reciprocally, there is a functor EX : Set → Cov /X sending any set F to the trivial cover

X × F pX−→ X. EX is the inverse image along the constant map X
eX−→ {•}. When X ̸= ∅

this is a section of any fiber functor.

The next proposition characterizes the trivial covers in terms of loops.

Lemma 3.2.12. When X is connected, a non-empty covering map E
p−→ X is trivial if and

only if every loop in X lifts to a loop in E.

Proof. First assume that E is connected, then p is injective because the image of a path
between two points in the same fiber is a loop, which by hypotesis lift to a loop. In the
general case, the results follows by decomposing E in connected components, because⊔
s∈S Xs ≈ X × S with S discrete.

From the above lemma, we conclude that the covering maps of a simply connected space are
always trivial. From this perspective a simply connected space is equivalent to a point.

Corollary 3.2.13. An space U is simply connected if and only if any fiber functor is an
equivalence between Cov /U and Sets .

Now we are ready to prove the main theorem of the Galois theory for covering spaces, a lá
Grothendieck, as a consequence of the theory of augmented Hopf monads.
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Theorem 3.2.14. For any connected space X and any point x ∈ X, the fiber functor
Fx : Cov /X → Sets induces an equivalence between Cov /X and Setsπ(X) for a group
πx(X).

Proof. By 3.2.7, there is a covering map U
u−→ X with U simply connected. Define πx(X) :=

Fx(Uu) = u−1(x) and pick any point u0 ∈ πx(X).

Cov /X Cov /U

Sets

Fx

EU

Σu

Uu

Fu0

EX

≃
⊣

By Lemma 3.2.10, the change of base Uu is Hopf monadic; additionally, by Corollary 3.2.13
Fu0 is an equivalence of categories. Hence Fx = Fu0Uu is Hopf monadic and the trivial
covers EX form a section for Fx, so the monad T = FxΣuEU is an augmented Hopf monad.
Since πx(X) = T{•} is a group, T = πx(X) × ? and Cov /X ≃ Setsπx(X). In this case,
πx(X) is known as the fundamental group of X at the point x.

Finally, as an application of the Galois connection between invariants and stabilzers, we
obtain a fundamental theorem a lá Artin.

Corollary 3.2.15. Let x ∈ X be an arbitrary point of a connected space X. There is
a bijective order preserving correspondence between connected covering maps to X, and
subgroups of the fundamental group πx(X).

3.3. Schematic Galois theory of fields

Our objective for this section is to illustrate how the Galois theory for field extensions can
be derived from some basic facts about the splitting of algebras and the abstract Galois
theory of Hopf monads in Cartesian categories.

Remember that from this perspective, the monadicity result comes first and the Galois
correspondence is a corollary of the augmentation.

There is a nuance with this example, the directions of algebra homomorphisms must
be reversed. Otherwise, we will need to apply the opposite theory of Hopf comonads.
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Fortunately, algebraic geometers are used to this, and the language of schemes is the
adequate formalism.

On a nutshell, split covers of a field correspond to algebras in which the minimal polynomial
of every element is a product of distinct linear factors, and étale covers correspond to
algebras which split after extending scalars to a separable closure of the field. Since algebras
with algebraic elements are presented as inductive limits of finite dimensional algebras; the
fiber of a étale cover should be regarded as a Stone space, and not as a plain set, because
we must remember how to present it as projective limit of finite sets. This is the content of
Stone’s theorem.

Since extending scalars and restricting scalars is a Hopf adjunction, étale covers are the
actions of an augmented Hopf monad over Stone spaces; in other words, the continuous
actions of a pro-finite group. This is the monadicity result, and the classical fundamental
theorem of Galois theory follows.

Let’s call cRing the category of (commutative and unitary) rings. In this section all rings,
fields and algebras are commutative and unitary and homomorphisms always preserve the
unit.

The category Aff = cRing op is the category of affine schemes. X = SpecR or R = OX
indicate that X is the affine scheme corresponding to the ring R. This has deep mathematical
content, but we wont assume knowledge of it, and use it as a mere notational convention.

The initial object in cRing is the ring of integers Z. Additionally, for any ring R, an

R-algebra can be identified with a ring homomorphism R
uA−→ A and the tensor product of

R-algebras is the push-out of

R A

B A⊗R B.

uB

uA

iB

iA
⌟

This shows that Aff is a Cartesian category and Aff /X is the opposite to the category

of R-algebras, when X = SpecR. Moreover, Consider a ring homomorphism S
f−→ R. The

corresponding affine map X
f∗−→ Y with Y = SpecS define, by Lemma 3.1.9, a Hopf

adjunction Σf∗ ⊣ Xf∗ with Xf∗ : Aff /Y → Aff /X. For an S-algebra B = (S
uB−→ B),

Xf∗ SpecB = Spec(R ⊗S B) is the extension of scalars. And Σf∗ SpecA = SpecA is the

restriction of scalars, from an R-algebra A = (R
uA−→ A) to an S-algebra A = (S

uAf−−→ A).
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3. Examples of augmented Hopf monads

We will restrict our considerations to affine schemes which are étale covers of a field K,
which correspond to (commutative) K-algebras which are split by some algebraic field
extension.

Definition 3.3.1. Let K ⊂ L be a field extension and A a K-algebra. We say that L splits
A, when every element a ∈ A is algebraic over K and its minimal polynomial is a product
of distinct linear factors in L[x].

This means that for every a ∈ A the evaluation homomorphism K[x]
ϕa−→ A has a non-trivial

kernel which is generated by a unique monic polynomial, min(a) ∈ K[x] and there are
(α1, . . . , αn) ∈ Ln with αi ̸= αj, such that min(a) =

∏n
i=1(x− αi) in L[x].

We will denote by Split (K;L) the category of K-algebras which split over L. We call L-étale
covers of K to the schemes in Split (K;L)op ⊂ Aff / Spec(K). When L = K we call them
split covers, and for L a separable closure of K we call them étale covers.

Examples 3.3.2. � Notice that K ⊂ L is a Galois extension (i.e. normal and separable),
if and only if, L splits L seen as K-algebra. Normal because factors are linear, and
separable because factors are distinct.

� Let Fp be the field with p elements, for p a prime number. A Fp-algebra A splits over
Fp, if an only if, for every a ∈ A ap = a; because the minimal polynomial of a must
divide xp − x =

∏p
k=0(x− k). In particular, the algebras which split over F2 = {0, 1}

are precisely the Boolean algebras.

The next proposition contains the main algebraic facts we need.

Proposition 3.3.3. ([BJ01, Theorem 2.3.3]). Let A be a K-algebra of finite dimension n
and K ⊂ L a field extension. The following statements are equivalent:

(i.) The extension K ⊂ L splits A.

(ii.) The extension L ⊂ L splits L⊗K A.

(iii.) The set HomL (L⊗K A,L) ≈ HomK (A,L) has n elements.

(iv.) The map L⊗K A
ε−→ L

HomK(A,L) given by ε(l ⊗ a) = (lϕ(a))ϕ∈HomK(A,L) is an isomor-
phism of L-algebras.

We will consider Stone spaces, that is compact, Hausdorf, totally disconected topological
spaces. It is well known, that the category Stone of Stone spaces is equivalent to the
Pro-completion of the category of finite sets, see [KS06, Chapter 6].
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3.3. Schematic Galois theory of fields

Example 3.3.4. Let n be a Stone space, consider the algebra Kn of continuous functions
from n to K (with the discrete topology) with point-wise operations. Notice that for
every n

a−→ K, the image of a is finite because it is compact in a discrete space. Therefore
a(n) = {a1, . . . ak} and min(a) =

∏k
i=1(x− ai). In conclusion, K always splits Kn.

Proposition 3.3.5. For an arbitrary K-algebra A, L splits A if and only if HomK (A,L)
is a Stone space and L⊗K A

ε−→ L
HomK(A,L) is an isomorphism.

Proof. The previous example covers the only if assertion. Assume that L splits A. Then
every element in A is algebraic, therefore A is the inductive colimit of its finite dimensional
sub-algebras. Moreover. L also splits every finite dimensional sub-algebra of A.

L⊗B L
HomK(B,L)

L⊗ A L
HomK(A,L).

εB

εA

Take A = lim−→Bi with each Bi finite dimensional. Then HomK (A,L) = lim←−HomK (Bi,L)
with the limit computed in Stone, since each term is a finite set. Additionally,

L⊗ A ≈ lim−→(L⊗Bi) ≈ lim−→(LHomK(Bi,L)) ≈ LHomK(A,L),

because each εB is an iso and L ⊗ ? and HomK (?,L) are cocontinous for inductive
colimits.

For K = F2 the next theorem gives the representation of Boolean algebras by Stone
spaces.

Theorem 3.3.6 (Stone’s representation of split algebras). For every field K the contravari-
ant functors K? : Stone → Split (K;K) and HomK (?,L) : Split (K;K) → Stone give an
equivalence between the categories of split covers of K and Stone spaces.

Proof. The hard part was done in the previous Proposition. On the other hand, for a Stone

space n take the function n
η−→ HomK (Kn,K) mapping i ∈ n to the i-th projection Kn η(i)−−→

K. Since n is Hausdorf, considering the characteristic function of disjoint neighbourhoods
for different points proves that η is injective. Moreover, for finite n the space HomK (Kn,K)
has the same number of points, so η is bijective in this case. The general case, follows from
continuity.
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Now we are ready to prove the main result of this section.

Theorem 3.3.7. The category of L-étale covers of a Galois extension K ⊂ L is equivalent
to the category of continuous actions on Stone spaces of the Galois group G = AutK(L).
More explicitly, Split (K;L)op is equivalent to StoneG.

3.4. Galois theory of Grothendieck

The Galois theory of Grothendieck is an axiomatization of a category and a functor to finite
sets which induce an equivalence to the category of finite continuous actions of a pro-finite
group. The original exposition by Grothendieck is in [Gro71, Exposé V.4] and a more fine
grained exposition can be found in [DS00].

In this short section, we prove that under the Grothendieck axioms the fiber functor is
Hopf pro-monadic and derive the equivalence and the Galois correspondence form this.

Let’s make two brief recalls before stating the Grothendieck axioms:

A regular epi is a morphism X
f−→ Y in a Cartesian category which is the co-equalizer of

its kernel pair ker(f) X
ρ1

ρ2
. There is a more general notion of strict epi defined for any

category, but in the case of a cartesian category its equivalent to being regular.

An external group action on an object X in a category C is a functor (diagram) J : G → C
where G is a group considered as category with a single object • and J• = X. The quotient
of the external group action is the co-limit of such a diagram.

Definition 3.4.1. The Grothendieck axioms for a category C and a functor W : C → Set f
are:

(i). C has pullbacks and final object, and W preserves them. Therefore, C has all finite
limits and W preservers them.

(ii). C has finite co-products and quotients of finite groups, and W preserves them.

(iii). Every morphism X
f−→ Y in C decomposes as f = if̄ with X

f̄−→ A a regular epi and

A
i−→ Y is a co-product inclusion. This means that Y ≈ A

∐
B. We call A the image

of f and B its complement .
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3.4. Galois theory of Grothendieck

(iv). W is conservative and preserves regular epis, i.e. the image of a regular epi is a
surjection.

Before beginning, let’s state some elementary but useful consequences of Grothendieck’s
axioms.

Remarks 3.4.2. If C and W : C → Setsf satisfy the above axioms, then:

(a) The category C is Artinian , this means that in every chain of monos in C only finite

of them are not isos. Applying W to a chain of monos (Xi+1
fi−→ Xi)i≥0 in C , gives a

chain of injective functions between finite sets. At most n of this injections are not
bijections, where n is the number of elements of WX0. Since W is conservative at
most n of the fi are not isomorphisms.

(b) Co-products are disjoint. If X ≈ A⨿B their intersection, that is the pullback of both
inclusions, is the initial object. This is true because W preserves co-products and
pullbacks.

(c) Every object decompose as finite co-product of connected objects. An object X is
connected if X is not initial and X ≈ A⨿B implies that A or B is the initial object.
This easily follows from the above two remarks.

(d) Given a morphism X
f−→ Y , if Y is connected and X not initial then f is a regular epi.

(e) Every endomorphism of a connected object is an isomorphism. Take X
f−→ X with X

connected, by the above f is a regular epi. Therefore Wf is a surjection, since WX
is finite, Wf is a bijection and so is f .

We would like to prove that W is monadic and using Duskin’s monadicity (Theorem 3.1.12)
seems to be a reasonable path. For this we would need to ensure that W has a left adjoint
and that C has quotients for equivalence relations and W preserves them. Let’s start by
proving the existence of such quotients.

The argument bellow is original as far as we can tell. The motivation behind it is that an
equivalence relation E on a set X induces an isomorphism between X/E and the set of
lists on X of distinct and related elements modulo permutation.

Lemma 3.4.3. If C and W : C → Setsf satisfy the Grothendieck’s axioms, then C has
quotients for equivalence relations and W preserves them.
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Proof. Let E X
r1

r2
be an equivalence relation in C . Notice that for any n ≥ 2 the symmetric

group Sn acts on Xn = X × · · · ×X by permuting the components. Denoting by En −→ Xn

the limit of n− 1 copies of E over n copies of X, notice that the permutation action on Xn

restricts to En because E is symmetric and transitive.

Consider the diagonal map X
d−→ X ×X and define recursively d1 = d and X i di−→ X i+1 by

di+1 = di×X∪X i×d. Factorize Xn−1 dn−1−−−→ Xn into a regular epi an a co-product inclusion,
then define

∧nX as the complement of dn−1. Notice that the permutation action also restrict
to

∧nX. Taking
∧nE as the intersection of En and

∧nX clearly the permutation action
also restricts to

∧nE.

Since W preserves limits and co-products W (
∧nX) =

∧nWX is the set of n-tuples with
distinct elements in WX, therefore

∧nX is initial when n is bigger than the cardinality of
WX. Take k as the maximum number such that

∧k E is not initial.

If k = 1 then E is isomorphic with d and X/E = X. For k ≥ 2, initialy assume that X is

connected, then
∧k E

pk−→ X is a regular epi and is invariant under the action of Sk−1 on

the first k − 1 components. Hence there is a unique map (
∧k E)/Sk−1

j−→ X, appling W to
this map we obtain a surjective function. The function Wj is also injective because there
are at most k different elements in W (X) equivalent under W (E). Therefore j is an iso.

Clearly there is also (
∧k E)/Sk−1

q−→ (
∧k E)/Sk and as sets W ((

∧k E)/Sk) is isomorfic to
W (X)/W (E).

Finally for an arbitrary X, take X = Xk

∐
X ′ with Xk the image of pk and compute the

quotient Xk/E as above, since there can not be elements in WXk equivalent to elements of
WX ′. Apply the procedure iteratively to X ′, and the quotient will be the coproduct of the
quotients.

Now we are ready to prove the finite (representable) version of Grothendieck’s Galois
theory.

Theorem 3.4.4. Let C and W : C → Setsf satisfy the Grothendieck’s axioms. If W has
a left adjoint L ⊣ W , then there is a finite group G such that W lifts to an equivalence
between C and SetsGf .

Proof. Since we have fulfilled the hypotheses of Theorem 3.1.12, W lifts to an equivalence
between C and SetsTf for T = WL.
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3.4. Galois theory of Grothendieck

SinceW preserves co-products, T also preserves them. Then for any finite set X =
⊔
x∈X{x}

we have TX =
⊔
x∈X T{x} picking the unique map T{x}

e{x}−−→ {x} for every x we assemble

TX
eX−→ X. The naturality of e : T ⇒ C and the equations eη = IdC and µ(e ⋆ e) = eµ are

trivial for singleton sets and therefore true by taking coproducts. In conclusion, the monad
T is augmented.

Moreover the augmentation e is regular; remember that any monad on a cartesian category
is a bimonad. Being regular means that this composed function is a biyection

TX T{•} × TX T{•} ×X,(T !,TX) T{•}×eX

and again this is trivial for singletons thus true after taking coproducts.

In summary, we have a natural (and quite trivial) isomorphism between T and G× ? for
G = T{•}. Since T is a monad, G is a finite monoid. It remains to prove that G is a group,
for this we will use that SetsGf ∼= C also satisfies the Grothendieck’s axioms. Particulary,
every sub-action has a complement.

Take a ∈ G, then G acts by multiplication on the set Ga = {ga|g ∈ G} ⊂ G. Hence as
G-action G = Ga

∐
(G \ Ga), but 1 ∈ G must belong to one of those. Wherever 1 goes

everyone else in G also go, thus G = Ga. In conclusion, for every a ∈ G the function g 7→ ga
is surjective, since G is finite it is an iso and therefore a has an inverse.
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4. Conclusions

The methodology exposed in this document could be applied to many more examples than
those of the previous chapter, not only providing unification but also highlighting previously
unseen relations. Additionally, the theory can be expanded in several directions leading to
more clarity and wider applicability. The propose of this brief chapter is to point to the
examples that we find suitable for being developed in this general framework, and to signal
the directions that could be explored.

In the context of tensor categories, the Galois correspondence for central Hopf algebras
could be applied in multiple scenarios. Let me enumerate a few of them:

� The theory of Hopf Galois field extensions as presented in [Sch04] recovering a
correspondence in the spirit of [OZ94].

� The study of invariants for Hopf algebras in braided categories. Its relation with
co-invariants and Hopf modules, see [BLV11, Section 6].

� The algebraic characterization of the center of a finite tensor category, as studied in
[BV13].

� More abstractly, central Hopf algebras will classify split exact sequences of tensor
categories, in the sense of [BN11].

On the other hand, Grothendieck’s Galois theory is just the starting point for abstract Galois
theory in Cartesian categories. We find specially interesting two strictly richer examples:

� In model theory, the notion of internality entails the pro-definability of an automor-
phism group, as presented in [Hru02; Hru12]. This definable galois theory, has been
re-interpreted categorically in the work of Kamensky [Kam11], which has been a great
source of inspiration for this thesis.

� The representation of an atomic topos with a point as actions the category of actions
of a localic groups, as presented in the work of Dubuc [Dub03]. The nuance of this
example is that the Hopf monad is not given by the geometric morphism, but by its
extension to locales.
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On the last two examples, the Hopf monad is defined by choosing a point in an internal
grupoid. This suggest a new direction of research, because we need to clarify relation between
internal groupoids and Hopf monads in the Cartesian case. In fact, internal groupoids define
Hopf monads over a slice of the category and under some stability conditions any Hopf
monad is of this kind. This could be applied to obtain the localic groupoid representation
of any Grothendieck topos, following Townsend [Tow13].

In another direction, inspired by Kamensky’s definition of a first order theory for a neutral
Tannakian category. See [Kam15]. We may reinterpret the core of this construction as a
Cartesian envelope of the category. We should study the envelop of a monoidal category
and the extension of Hopf monads. Since the existence of such an extension will allow for
the application of model theoretic machinery as Kamensky did for the Tannakian case. We
conjecture that there is some obstruction to the extension of Hopf monads to Cartesian
envelops in the not-symmetric case.

Finally one should compare the approach exposed in this document to abstract Galois
theory with the approaches of Janelidze, as summarized in [BJ01; Jan04], and Caramello,
presented in [Car16].
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