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1 Introduction
The Algebra of Canonical Anticommutation Relations –CAR algebra– was introduced in
1928 by Jordan and Wigner in the quantization of electron field framework, and then it
became more general studying fermionic systems [9]. For the study of these systems, an
entire area of mathematics has been developed, namely C∗-algebras, which mixes tools from
functional analysis with representation theory. Similarly, there exists another highly useful
structure in the context of quantum field theory and quantum statistical mechanics, the
one of Clifford algebra. This algebraic object was presented by William Kingdon Clifford,
and was introduced by Dirac, Jordan and Wigner in these physical frameworks. Moreover,
these algebras have had a strong impact in the development of areas such as spin geometry,
non-commutative geometry and K-theory [21].

Alan Carey, Charles Hurst and Denis O’Brien, in [5] and [6], introduce the first connec-
tion between the study of the implementation of unitary symmetries in these classes of
algebras with index theory, pointing out the topological properties of certain groups of au-
tomorphisms. The analysis of this topological description, together with the index theory
adapted for these spaces, is the main object of study of this work. In particular, a descrip-
tion of the topological obstructions to the implementability of symmetries, from a point of
view of K-theory, and its relationship with the theory of representations is discussed. This
characterization is analyzed and described in the framework of topological insulators in the
so-called Bulk-Edge correspondence, where these objects arise naturally in order to describe
fermionic chains with periodic configuration and the so called edge states[22].

In chapter 2 we present the construction of the CAR-algebra and the definition of the Clif-
ford algebra over a Hilbert space H. In addition, it is observed that any unitary bounded
operator U on H induces an automorphism on the respective algebra, called the Bogoliubov
automorphism associated to U . With these automorphisms, the problem of when they can be
implemented in a fixed irreducible representation arises. The answer to this question turns
out to be associated with topological properties of the group of unitary –complex case– and
orthogonal –real case– operators on the Hilbert space. These topological properties are stud-
ied in detail in chapter 3, where it is observed that these topologies, which emerge inherently
from the implementation problem, give rise to the use of a Fredholm index of type Z or Z2

according to the symmetry imposed, i.e. conditions that unitary operators must satisfy. We
follow [5] and [6], supplying enough detail in the proofs there where we feel it is required.
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Finally, in chapter 4, following [27] and [22], these tools are used to study a physical periodic
model for a topological insulator, in particular the Bulk-Edge correspondence. In order to
connect it with the theory developed, some generalities of K-theory for C∗-algebras are dis-
cussed, and the relation with Fredholm operators is addressed. The mentioned connection
corresponds to study the six term exact sequence of K groups associated to the short exact
sequence for the Toeplitz algebra. Thus, the Bulk-Edge correspondence can be understood
from a topological invariant of the model. At the end of the chapter, two questions are for-
mulated: Is the resulting invariant of type Z or type Z2?, and what is the operator associated
with the invariant obtained according to the analysis carried out in chapter two and three?



2 CAR algebras, Clifford algebras and
the Fock representation

In this chapter we shall present the construction of the algebra of Canonical Anticommu-
tation Relations, called CAR-algebra, and the definition of the Clifford algebra associated
to a separable Hilbert space. Additionally, we shall discuss some generalities about the ir-
reducible representations of these algebras over the Hilbert space, starting with the called
Fock Representation. Once the representation is constructed, we will introduce the Bo-
goliubov automorphisms over the algebra, which arise from unitary operators acting on the
representation space. With these automorphisms, the problem of when they can be under-
stood as automorphism of the Fock representation arises. We shall observe that the answer
of this question is associated with the topological properties of the group of unitary –complex
case– and orthogonal –real case– operators.
We will follow de la Harpe and Jones [9] (see §7 and §8) for the description of the CAR-
algebra Then, we shall develop a similar characterization for the Clifford algebra, where we
will follow Plymen and Robinson [21] (see §1 and §2).

2.1 CAR Algebra

2.1.1 Existence and Uniqueness
Before giving a formal definition for the CAR algebra, we will present a construction where
this algebraic structure arises naturally. Let H1, H2 be complex Hilbert spaces, and let
H1

⊙
H2 denote the algebraic tensor product of these vector spaces. Let β : H1 ×H2 ×H1 ×

H2 → C be the multilinear form given by:

(ξ1, ξ2, η1, η2) 7→ ⟨ξ1, η1⟩1 · ⟨ξ2, η2⟩2,

where ⟨·, ·⟩i denotes the inner product in Hi for i = 1, 2. We will use the convention: linearity
in the second component of ⟨·, ·⟩i and anti-linearity in the first component. By properties
of the tensor product and using that this map is C-bilinear in the two last factors and
anti-bilinear in the two first factors, we can construct a sesquilinear form

⟨·, ·⟩ : H1
⊙

H2 ×H1
⊙

H2 → C

given by
⟨ξ1 ⊗ ξ2, η1 ⊗ η2⟩ := ⟨ξ1, η1⟩ · ⟨ξ2, η2⟩.
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This sesquilinear form defines an inner product on the tensor space H1
⊙
H2. However, this

inner product does not necessarily make the algebraic tensor product of Hilbert spaces a
Hilbert space –in general, it is not complete. Thus, we must consider the completion of this
space with respect to this scalar product, and we denote this new space by H1 ⊗H2, which
will be now a Hilbert space with the scalar product given above. From this on, we refer
to this space as the tensor Hilbert space. Given n ∈ N and n Hilbert spaces Hn, we can
construct the tensor Hilbert space H1 ⊗H2 ⊗ . . .⊗Hn similarly.

Definition 2.1.1. (The full Fock space of a Hilbert space) Let H be a Hilbert space. For
each integer n ≥ 0 set H⊗n := H ⊗ . . .⊗H (n copies), where H⊗0 = C and H⊗1 = H. The
full Folk space associated to H is the Hilbert space direct sum

EXP (H) :=
⊕
n≥0

H⊗n.

For each ξ ∈ H define Exp(ξ) := ⊕
n≥0

1√
n!ξ

⊗n.

De la Harpe and Jones show that ⟨Exp(ξ), Exp(η)⟩ = e⟨ξ,η⟩, for ξ, η ∈ H (see [9] §7).

Let ξ ∈ H and let n ∈ N. Given the function η1 ⊗ . . . ⊗ ηn 7→ ξ ⊗ η1 ⊗ . . . ⊗ ηn over
irreducible tensors from H⊗n to H⊗(n+1), and extending by linearity, we get a bounded
operator

l(ξ) : H⊗n → H⊗(n+1)

of norm ||ξ|| (see [9] §7). Since this norm is independent of the integer n, the direct sum of
these over n ≥ 0 is a bounded operator l(ξ) : EXP (H) → EXP (H) of norm ||ξ||.
Furthermore, observe that

⟨η0 ⊗ η1 ⊗ . . .⊗ ηn, ξ ⊗ η′
1 ⊗ . . .⊗ η′

n⟩ = ⟨⟨ξ, η0⟩η1 ⊗ . . .⊗ ηn, η
′
1 ⊗ . . .⊗ η′

n⟩;

thus the adjoint operator l(ξ)∗ is given by:

l(ξ)∗(η0 ⊗ η1 ⊗ . . .⊗ ηn) = ⟨ξ, η0⟩η1 ⊗ . . .⊗ ηn.

, we have the relation
l(η)∗l(ξ) = ⟨η, ξ⟩1Exp(H),

for all ξ, η ∈ H.
Now, let us consider, for n ≥ 1, the unitary representation of the symmetric group Sn over
H⊗n, σ 7→ uσ, defined by

uσ(η1 ⊗ . . .⊗ ηn) := ησ(1) ⊗ . . .⊗ ησ(n).

We define the space ∧nH as the subspace of H⊗n of vectors on which Sn acts by signature,
i.e, the vector subspace of H⊗n given by:

{χ ∈ H⊗n | uσ(χ) = (−1)σχ ∀σ ∈ Sn}.
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Denoting by Pn = 1
n!
∑
σ∈Sn

(−1)σuσ the orthogonal projection of H⊗n over ∧nH (see [9] §7),
we write

ξ1 ∧ . . . ∧ ξn =
√
n!Pn(ξ1 ⊗ . . .⊗ ξn).

From this it is clear that

ξσ(1) ∧ . . . ∧ ξσ(n) = (−1)σξ1 ∧ . . . ∧ ξn.

Definition 2.1.2. The Fock space of H is defined as the Hilbert space direct sum

F(H) :=
⊕
n≥0

∧nH,
where ∧0H = C by convention.

For the previous definition, we underline that the Hilbert space direct sum corresponds to
the completion of the vector space given by the algebraic direct sum. Notice that this space
inherits the inner product of Exp(H). The following lemma will allow us to define the
creation and annihilation operators (see [9] §7).

Lemma 2.1.3. Let H1, H2 be two Hilbert spaces. Let n ≥ 1 and let L : H⊗n
1 → H2 be

a bounded operator such that L ◦ uσ = (−1)σL for all σ ∈ Sn. Then L(ξ1 ∧ . . . ∧ ξn) =√
n! L(ξ1 ⊗ . . .⊗ ξn).

Let ξ ∈ H and let n ≥ 0. Define the linear operator An(ξ) : H⊗n → ∧n+1H by:

An(ξ)(η1 ⊗ . . .⊗ ηn) = 1√
n!
ξ ∧ η1 ∧ . . . ∧ ηn =

√
(n+ 1)!
n! Pn+1(ξ ⊗ η1 ⊗ . . .⊗ ηn).

It is a bounded operator with norm at most
√

(n+1!)
n! ||ξ||. According to previous lemma, since

An(ξ) ◦ uσ = (−1)σAn(ξ), we have that

An(ξ)(η1∧. . .∧ηn) =
√
n!An(ξ)(η1⊗. . .⊗ηn) =

√
(n+ 1)!Pn+1(ξ⊗η1⊗. . .⊗ηn) = ξ∧η1∧. . .∧ηn.

Let us denote by an(ξ) the restriction of An(ξ) to ∧nH, an(ξ)(η1 ∧ . . .∧ηn) = ξ∧η1 ∧ . . .∧ηn.
Observe that

||an(ξ)(η1 ∧ . . . ∧ ηn)|| = ||An(ξ)(
√
n!Pn(η1 ⊗ . . .⊗ ηn))||

≤
√

(n+ 1)!
n! ||ξ|| ||η1 ∧ . . . ∧ ηn|| =

√
n+ 1||ξ|| ||η1 ∧ . . . ∧ ηn||.

Although this bound has a dependence on n, de la Harpe and Jones observe that it does
not depend on it (see [9] §7). Moreover, they compute an explicit expression for the adjoint
operator, an(ξ)∗, and some relations that these operators satisfy. We summarize these results
in the following proposition.
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Proposition 2.1.4. Let ξ, η ∈ H. We have that the adjoint operator a∗
n(ξ) : ∧n+1H → ∧nH

is given by:

an(ξ)∗(α1 ∧ . . . ∧ αn+1) =
n+1∑
j=1

(−1)j+1⟨ξ, αj⟩α1 ∧ . . . ∧ α̂j ∧ . . . ∧ αn+1,

where α̂j denotes absence of this term in the wedge product. Moreover, the following relations
hold:

an(ξ)∗ ◦ an(η) + an−1(η) ◦ a∗
n−1(ξ) = ⟨ξ, η⟩1∧nH ,

an+1(ξ) ◦ an(η) + an+1(η) ◦ an(ξ) = 0.

As a consequence of this proposition, we have that for each ξ ∈ H, ξ ̸= 0, and for all n ≥ 0,
the operator 1

||ξ||2an(ξ)∗an(ξ) is a projection operator on ∧nH and further ||an(ξ)|| = ||ξ||
(see [9] §7). These results motivate the following definition:

Definition 2.1.5. For each ξ ∈ H, the creation operator

a(ξ) : F(H) → F(H)

is defined as the direct sum of the operators an(ξ) on the ∧nH’s subspaces. Its adjoint
operator a∗(ξ) is called annihilation operator.
The CAR algebra of H is defined as the C∗-algebra of operators on F(H) generated by the
creation operators, and it is denoted CAR(H).

De la Harpe and Jones show that the creation operator is bounded with norm equal to ||ξ||
(see [9] §7). Thus, a(ξ), a∗(ξ) ∈ B(F(H)).

Proposition 2.1.6. The CAR algebra CAR(H) is a unital C∗−algebra and the map

a : H → CAR(H) given by ξ 7→ a(ξ)

is a linear isometry. Moreover, the creation and annihilation operators fulfill the relations:

a∗(ξ)a(η) + a(η)a∗(ξ) = ⟨ξ, η⟩1,

a(ξ)a(η) + a(η)a(ξ) = 0,
for all ξ, η ∈ H.

From a more general point of view, the CAR algebra can be defined as the C∗−algebra gen-
erated by the symbols a(ξ), with ξ ∈ H, which satisfy the relations of the above proposition,
and where

a : H → CAR(H)
is a linear map. The construction before shows how to build in a canonical way the algebra
of Canonical Anticommutation Relations, acting explicitly on the Fock space associated to
the separable Hilbert space H. Actually, the existence and unicity of the CAR algebra can
be ensured independently of this construction, for any separable Hilbert space H, as it is
shown by de la Harpe and Jones (see [9] §7).
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Theorem 2.1.7. Let H be a complex Hilbert space. There exists a unital C∗−algebra,
CAR(H), and a linear map a : H → CAR(H) such that:

i. as a C∗−algebra, CAR(H) is generated by a(H),

ii. we have the CAR relations:

a∗(ξ)a(η) + a(η)a∗(ξ) = ⟨ξ, η⟩1,

a(ξ)a(η) + a(η)a(ξ) = 0.

Moreover, the pair (a, CAR(H)) is unique in the following sense: For any pair (a′, CAR(H)′)
satisfying above properties, there exists an isomorphism ϕ : CAR(H) → CAR(H)′ such that
a′ = ϕ ◦ a.

Let us now consider a unitary operator u on H. Let au : H → CAR(H) be the linear map
given by ξ 7→ a(u(ξ)). Since u is unitary, it is straightforward to show that au fulfills the
conditions of last theorem. Therefore, there exists an isomorphism

Bog(u) : CAR(H) → CAR(H)

such that, for all ξ ∈ H, the following holds:

Bog(u)(a(ξ)) = a(u(ξ)).

The resulting map Bog : U(H) → Aut(CAR(H)), where U(H) denotes the group of unitary
bounded operators on H, can be understood as a representation of U(H) which is continuous
if U(H) has the strong topology and Aut(CAR(H)) has the pointwise convergence topology
(see [9] §7).

Definition 2.1.8. The automorphisms Bog(u) : CAR(H) → CAR(H) above are called
Bogoliubov automorphisms.

2.1.2 Representations
In this subsection we shall study some properties of the representations of the CAR algebra.
In order to perform this analysis, we shall present first the main results related to the
Gelfand-Naimark-Segal mechanism for the construction of irreducible representations. For
this part we follow de la Harpe and Jones (see [9] §6) and Sunder (see [28] §3), where a
detailed development of the theory can be found.
Let us start with some preliminary results. Let A be a C∗−algebra. A linear form ϕ : A → C
is called positive if ϕ(a∗a) ≥ 0 for all a ∈ A. If A is unital these linear functionals are bounded
and, moreover, they satisfy ||ϕ|| = ϕ(1) (see [28] §3) . Furthermore, any bounded operator
ϕ : A → C with ||ϕ|| = ϕ(1) is positive (see [28] §3). The linear functionals with these
properties are a fundamental component for the construction of representations over any
C∗−algebra A, as we will see.



2.1 CAR Algebra 9

Definition 2.1.9. A state ω on a C∗−algebra A is a linear form on A which is positive and
of norm equal to 1. The state space SA is the set of all states on A.
A state ϕ is called pure if it has the following property: if ϕ0, ϕ1 are states on A and if
t ∈ (0, 1) is a real number such that ϕ = (1 − t)ϕ0 + tϕ1, then ϕ0 = ϕ1.

Example: Let H be a complex Hilbert space and let A ⊆ B(H) a C∗−subalgebra which
contains the identity map 1H . Let ξ ∈ H be a vector of norm 1. Then the linear form
ωξ : A → C given by a 7→ ⟨ξ, a(ξ)⟩ is positive and ||ωξ|| = 1. We call ωξ a vector state.
A remarkable property for the states over a C∗-algebra A is that for any a ∈ A, a ̸= 0, there
exists one, say ϕa, which satisfies ϕa(a∗a) ≥ 0.

Definition 2.1.10. Let A be a C∗−algebra. Two representations π : A → B(Hπ), ρ : A →
B(Hρ) are called equivalent if there exists a surjective isometry u : Hπ → Hρ such that
ρ(a) = uπ(a)u∗ for all a ∈ A. Similarly, two states ϕ1, ϕ2 are equivalent if their GNS
representations πϕ1 and πϕ2 are equivalent.

Theorem 2.1.11. GNS Construction (see [28] §3). Let A be a unital C∗-algebra and
let ϕ : A → C be a state.

i. Then there exist

a) a complex Hilbert space Hϕ,

b) a representation πϕ : A → B(Hϕ),

c) a vector ξϕ ∈ Hϕ of norm 1

such that ϕ(a) = ⟨ξϕ, πϕ(a)ξϕ⟩ for all a ∈ A, and such that ξϕ is cyclic for πϕ, i.e. it
satisfies that Closure πϕ(A)ξϕ = Hϕ.

ii. The triple (Hϕ, πϕ, ξϕ) is unique modulo isomorphism in the following sense:
Let H be a Hilbert space, let π : A → B(H) be a representation and let ξ be a unit
vector such that ϕ(a) = ⟨ξ, π(a)ξ⟩ for all a ∈ A and such that ξ is cyclic for π. Then
there exists an unitary isomorphism u : Hϕ → H such that π(a) = uπϕu

∗ for all a ∈ A,
and such that u(ξϕ) = ξ.

Two results of great importance follow from this theorem; they relate states with irreducible
representations for a C∗−algebra A. Thus, in some sense, we can translate the problem of
irreducible representations for a C∗−algebras into a language which involves states. The
following two propositions show how it is possible to perform the mentioned translation.
These are proved by de la Harpe and Jones [9] in §6.

Proposition 2.1.12. Let A be an unital C∗−algebra, let ϕ be a state on A and let πϕ : A →
B(Hϕ) be the representation obtained by the GNS construction. Then the representation πϕ
is irreducible if and only if the state ϕ is pure.
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Proposition 2.1.13. Let A be a C∗−algebra, let π : A → B(H) a representation of A, let
ξ ∈ H be a unit vector and let ϕ : A → C the state given by ϕ(a) = ⟨ξ, π(a)ξ⟩. Then the
GNS construction associated to the state ϕ, πϕ, is a subrepresentation of π. In particular, if
π is irreducible, then π and πϕ are unitarily equivalent.

Example: The construction of the Hilbert space Hϕ introduced above in the theorem
2.1.11 follows by identifying the closed left sided ideal Vϕ = {a ∈ A| ϕ(a∗a) = 0}. With this
subspace, the quotient A/Vϕ becomes an inner product vector space whose inner product is
given from ϕ as:

⟨a+ Vϕ, b+ Vϕ⟩ := ϕ(a∗b).

The completion of A/Vϕ with this inner product is what in this theorem is denoted as Hϕ.
Let us consider A = Mn(C), and let ϕ : A → C be the state given by ϕ(a) = Tr (ap), where
p is the projection

p =


1 0 0 · · · 0
0 0 0 · · · 0
... ... ... . . . ...
0 0 0 · · · 0

 .
In this case, Vϕ is given by the subspace of all matrices of the form:

0 a12 a13 · · · a1n

0 a22 a23 · · · a2n
... ... ... . . . ...
0 an2 an3 · · · ann

 ,

with aij ∈ C. Since we are in a finite dimensional space, A/Vϕ is complete with respect to
the inner product defined as in theorem 2.1.11. Note that

⟨b+ Vϕ, a+ Vϕ⟩ =
n∑
k=1

(bk1)∗ak1.

Let Ψ : A → Cn be the linear map defined by Ψ(a) = a(e1), where e1 denotes the first
canonical basis vector of Cn. This morphism is clearly surjective and its kernel is, precisely,
Vϕ. Thus, A/Vϕ ∼= Cn isometrically. The representation πϕ is exactly the tautological repre-
sentation of Mn(C) on Cn. This representation is known to be irreducible, therefore ϕ is pure.

These are the most technical results for this subsection. We will need them in order to
understand the implementation problem of the Bogoliubov automorphisms –which will be
introduced in the next subsection. We shall observe that this problem is solved by making
use of the formalism of states associated to a C∗ algebra A. Traditionally, these states on
CAR(H) are called, in the physics literature, as quasi-free states.

Given a state ω on the CAR algebra CAR(H), we can associate a sesquilinear form on
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H, ⟨·, ·⟩ω, as follows: for ξ, η ∈ H, set ⟨ξ, η⟩ω = ω(a∗(ξ)a(η)). It satisfies the following
inequality:

|⟨ξ, η⟩ω| ≤ ||a∗(ξ)a(η)|| ≤ ||ξ|| ||η||,

where we have used that ||ω|| = 1 and the isometry property for a (see [9] §8). Hence, by the
Riesz representation theorem, there exists a bounded linear operator b ∈ B(H) constructed
as follows:
Fixing ξ, we have that there exists θ ∈ H such that the linear map ⟨ξ, ·⟩ω is equal to ⟨θ, ·⟩.
Setting b̃(ξ) := θ, we have then ⟨ξ, η⟩ω = ⟨b̃(ξ), η⟩. This operator b̃ is linear and bounded:
by the Riesz theorem, ||b̃(ξ)|| = ||⟨ξ, ·⟩|| ≤ ||ξ||. Set b := b̃∗; thus we obtain:

⟨ξ, η⟩ω = ⟨ξ, b(η)⟩.

Furthermore, with these definitions, notice that ⟨ξ, b(ξ)⟩ = ω(a∗(ξ)a(ξ)) ≥ 0 since ω is a
state. In this order, the operator b is positive, and fulfills 0 ≤ b ≤ 1.

Proposition 2.1.14. (see [9] §8) Let b ∈ B(H) a self-adjoint operator such that 0 ≤ b ≤ 1.
Then there exists a unique state ϕb on CAR(H) such that:

ϕb(a∗(ξm)a∗(ξm−1) · · · a∗(ξ1)a(η1)a(η2) · · · a(ηn)) = δm,n det(⟨ξj, b(ηk)⟩a≤j≤m,1≤k≤n),

for all ξ1, . . . , ξm, η1, . . . , ηn ∈ H.

Definition 2.1.15. The state ϕb on CAR(H) is called the quasi-free state of covariance b.

The proposition above is stronger than we need. In fact, we will be dealing with projections
p on the Hilbert space H. In [9], de la Harpe and Jones prove the statement for a projection
over a finite dimensional Hilbert space and, then, for the infinite dimensional case, they
prove that it is possible to construct a dense tower of finite dimensional subspaces such that,
in each level, there is the state ϕn.

Corollary 2.1.16. ( see [9] §8) Let p ∈ B(H) be a projection. Then the quasi-free state ϕp
of covariance p is pure.

In principle, the construction for the self-adjoint operator b from the state ω is not related
with the state of covariance b, since in the first we only consider a two-point function. Never-
theless, using the CAR relations, the GNS construction for the state ω and the uniqueness
expressed in the proposition 2.1.14, we can conclude the following assertions (see [9] §8):

Proposition 2.1.17. A state ω on CAR(H) with two-point function of the form ω(a∗(ξ)a(η)) =
⟨ξ, p(η)⟩, with p a projection on H, is exactly the quasi-free state ϕp of covariance p.

We can then conclude that given a projection p on H, we can consider the pure state of
covariance p, and thus obtain an irreducible representation for the algebra CAR(H). More-
over, this state ϕp can be easily understood as a function acting on H ⊗ H as (ξ, η) 7→
(a∗(ξ), a(η)) 7→ ω(a∗(ξ)a(η)).
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Although the GNS construction gives explicitly the representation space Hϕ, we shall ob-
serve that this space can be constructed from the Fock space F(H). Given a complex Hilbert
space K, let us denote by K the complex conjugate of K. This space K has the same ele-
ments and additive group structure than K, and its scalar product is given by: α · x = αx

for all x ∈ K and α ∈ C. There exists an R-linear bijection K → K, x 7→ x, such that
(zx) = z x and ⟨x, y⟩K = ⟨y, x⟩K for all z ∈ C and x, y ∈ K. Moreover, there exists a
canonical isomorphism F(K) ∼= F(K).
Let p be a projection on H. We define the Hilbert space

Γp(H) = F(p⊥(H))
⊗

F(p(H)),
where p⊥ := 1 − p. Let Ωp = 1 ⊗ 1 be the vector where 1 corresponds to the unit vector of
the level zero for each factor.
Let D be the parity operator on F(p⊥(H)) given by:

D(x) =
x if x ∈ ⊕

n≥0
∧2n(p⊥(H))

−x if x ∈ ⊕
n≥0

∧2n+1(p⊥(H))
.

For ζ = ξ ⊕ η ∈ (1 − p)(H)⊕ p(H), let us define Ap(ζ) ∈ B(Γp(H)) as follows:
Ap(ζ) = Ap(ξ ⊕ η) = a(ξ)∗ ⊗ 1 +D ⊗ a(η).

These operators fulfill the CAR relations:
A∗
p(ξ1 ⊕ η1)Ap(ξ2 ⊕ η2) + Ap(ξ2 ⊕ η2)A∗

p(ξ1 ⊕ η1) = ⟨ξ1 ⊕ η1, ξ2 ⊕ η2⟩1 ⊗ 1,

Ap(ξ1 ⊕ η1)Ap(ξ2 ⊕ η2) + Ap(ξ2 ⊕ η2)Ap(ξ1 ⊕ η1) = 0,
for all ξ1 ⊕ η1, ξ2 ⊕ η2 ∈ H. In this order, the map H → B(Γp(H)) given by

ζ = ξ ⊕ η 7→ Ap(ζ),
extends to a representation

πp : CAR(H) → B(Γp(H)).
The vector state ωp ≡ ωΩp , defined by the representation πp and by the unit cyclic vector
Ωp, is given by:

ωp(c(ζ)) = ⟨Ωp, πp(c(ζ))Ωp⟩Γp(H),

for c ∈ {A,A∗}, and satisfies the following relation:
ωp(πp(a(ξ1 ⊕ η1))∗πp(a(ξ2 ⊕ η2))) = ⟨Ap(ξ1 ⊕ η1)Ωp, Ap(ξ2 ⊕ η2)Ωp⟩Γp(H)

= ⟨−1 ⊗ η1,−1 ⊗ η2⟩Γp(H) = ⟨η1, η2⟩ = ⟨ξ1 ⊕ η1, p(ξ2 ⊕ η2)⟩,
where ξi ∈ (1 − p)(H) and ηi ∈ p(H). Thus, according to proposition 2.1.17, ωp is, precisely,
the quasi-free state of covariance p. By uniqueness of the GNS construction stated in
theorem 2.1.11, it follows that πp and πωp are unitarily equivalent, and they are irreducible.
With these results, we have the following theorem (see [9] §8):
Theorem 2.1.18. The action of the algebra CAR(H) over the Fock space F(H) defines an
irreducible representation.
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2.1.3 Equivalence and Implementation problem
In the previous subsection we have established a connection between projections on a Hilbert
space H and irreducible representations of its CAR algebra CAR(H). Now, we shall study
the question of how to classify them modulo unitaryy equivalence. This question is studied
in detail in [9], and we shall present the main results. Besides, this formalism will allow us
to solve the problem of unitarily implementation of the Bogoliubov automorphisms in the
CAR algebra CAR(H). We shall find necessary conditions that unitary operators u on H

must fulfill in order to have commutativity in the following diagram for a given projection p
on H:

Γp(H) Γp(H)

Γp(H) Γp(H).

a(ξ)

Γp(H) Γp(H)

a(u(ξ))

We start with some technical results that will help answering the first question (see [9] §8).

Proposition 2.1.19. 1. Let ϕ, ψ be two pure states on a C∗-algebra A such that ||ϕ −
ψ|| < 2. Then ϕ and ψ are equivalent.

2. Let p, q be projections on H, and let ϕp, ϕq be the corresponding quasi-free states on
CAR(H). Then

||ϕp − ϕq|| ≤ 2||p− q||2,

where || · ||2 denotes the Hilbert-Schmidt norm.

We have then the first conclusion in order to answer the equivalence problem: given two
projections p and q on H, if they differ by a Hilbert-Schmidt operator of norm less than 1,
then their corresponding GNS representations are unitarily equivalent.
In order to solve the implementation problem of the Bogoliubov automorphisms, there are
two technical lemmas (see [9] §6):

Lemma 2.1.20. ([9]) Let A be a unital C∗−algebra, α an automorphism of A, and ϕ a
state on A. Let πϕ and πϕα be the GNS representations defined by the states ϕ and ϕα

respectively. Then there exists a unitary operator u : Hϕ → Hϕα such that for all a ∈ A

uπϕ(α(a)) = πϕα(a)u.

Lemma 2.1.21. Let A be a unital C∗−algebra, α an automorphism of A, and ϕ a state on
A. Suppose that the representations πϕ and πϕα are equivalent. Then there exists a unitary
operator v on Hϕ such that for all a ∈ A

vπϕ(α(a))v∗ = πϕ(a).

If ṽ is another unitary operator on Hϕ such that ṽπϕ(α(a))ṽ∗ = πϕ(a), then there exists
z ∈ S1 ⊆ C such that ṽ = zv.
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These two lemmas are the core in the proof of the following theorem, which solves, in some
sense, the implementation problem of the Bogoliubov automorphisms.

Theorem 2.1.22. Let p ∈ B(H) be a projection and let u ∈ B(H) be a unitary operator such
that the commutator [p, u] is Hilbert-Schmidt. Then there exists a unitary operator Γp(u) on
Γp(H) such that

Γp(u)a(ξ)Γp(u)∗ = a(u(ξ))

for all ξ ∈ H.

In this theorem, we have an abuse of notation which is common in the literature. To be
precise with the previous subsection, we should write Γp(u)Ap(ξ)Γp(u)∗ = Ap(u(ξ)).
This result motivates the following definition of the restricted unitary group associated to a
projection p on the Hilbert space H, which will be used in the next chapter to characterize the
problem of implementation of Bogoliubov automorphisms in terms of topological properties
of the following subgroup.

Definition 2.1.23. Let p ∈ B(H) be a projection. We define the restricted unitary group

Ures(H) = {u ∈ B(H)| u unitary and || [u, p] ||2 < ∞}.

2.2 Clifford Algebra
As we have done for the CAR algebra, we shall define the Clifford algebra associated to a
Hilbert space and consider its automorphisms. We will see that, in this case, there are more
structures to be considered. The main reference for this section is Robinson and Plymer [21],
§1, §2 and §3.

2.2.1 Briefly generalities about Clifford Algebras
Definition 2.2.1. Let E a real Hilbert space with inner product (·, ·). We will denote as
Clifford map any real linear map f : E → B over an associative unital complex algebra B

such that for all v ∈ E, f(v)2 = ||v||21.
We define the complex Clifford algebra over E to be an associative unital complex algebra A
together with a Clifford map ϕ : E → A satisfying the universal mapping property: if f :
E → B is a Clifford map, then there exists a unique homomorphism of algebras F : A → B

such that F ◦ ϕ = f .

The problem of existence and uniqueness of this algebra is described by Husemoller in a
highly detailed way (see [13] §12). The quotient of the tensor algebra T (EC) by the two
sided ideal I generated by the subset {v ⊗ v − (v, v)1 : v ∈ E ⊆ EC} corresponds to
the Clifford Algebra. From now on, we shall denote this algebra by C(E). Note that the
property of the Clifford map ϕ : E → C(E) given by ϕ(v)2 = ||v||21 implies that this map
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is one to one. Therefore, we identify E with its image in C(E). Plymen and Robinson show
that this complex Clifford algebra C(E) is generated by its real subspace E satisfying the
relations (see [21] §1):

xy + yx = 2(x, y)1, for all x, y ∈ E

which are called the Clifford relations.

Proposition 2.2.2. (see [21] §1) Let g : E → E ′ be an isometric linear map. Then there
exists a unique algebra homomorphism θg : C(E) → C(E ′) such that θg ◦ ϕ = ϕ′ ◦ g, where
ϕ and ϕ′ denotes the corresponding Clifford maps.

Let O(E) be the group of orthogonal transformations on E. According to the previous
proposition, for any g ∈ O(E) there exists an algebra automorphism

θg : C(E) → C(E)

such that θg ◦ϕ = ϕ◦g. We shall refer to θg as the Bogoliubov automorphism of C(E) induced
by g. By uniqueness, it follows that given g, h ∈ O(E), we have that θgh = θg ◦ θh. Thus, we
can see this pairing as a group homomorphism θ : O(E) → Aut(C(E)).

There exists an automorphism of special importance. Let γ denote the Bogoliubov au-
tomorphism induced by −1. We have then γ ◦ ϕ = −ϕ, so γ(v) = −v for all v ∈ E.
The automorphism γ is called grading automorphism. The subalgebra Ker (γ − 1) ⊆ C(E)
of fixed points by γ is called the even complex Clifford algebra C+(E); the subalgebra
Ker (γ + 1) ⊆ C(E), where γ acts as −1, is called the odd complex Clifford algebra C−(E).
We refer to elements of C+(E) as being even and to elements of C−(E) as being odd.

We shall observe that, in fact, C(E) is an involutive algebra. In order to notice this, we will
need two morphisms. Denote by C(E)0 the algebra opposite to C(E): C(E)0 is C(E) as
a set, with the same linear structure, but it has reverse product x · y := yx. The identity
map C(E) → C(E)0 is an anti-isomorphism of algebras. The canonical inclusion ϕ̃ = 1 ◦ ϕ
(seeing 1 as the anti-isomorphism mentioned before) is a Clifford map E → C(E)0. Using
the universal property for C(E) we get an algebra homomorphism α : C(E) → C(E)0 which,
restricted to E is the identity map. We can understand α as an anti-homomorphism from
C(E) to itself. Notice that α ◦ α : C(E) → C(E) is an algebra homomorphism.

Let us denote by C(E) the algebra conjugate to C(E): at the level of sets they are equal,
with the same ring structure, but with conjugate scalar product. Thus, the identity map
C(E) → C(E) is an antilinear ring isomorphism. The canonical inclusion E → C(E) is a
Clifford map since E has a real vector space structure; therefore, by the universal property,
there exists an algebra homomorphism κ : C(E) → C(E) which, restricted to E is the iden-
tity map. Moreover, κ2 : C(E) → C(E) is the identity map.
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Notice that α and κ commute. Additionally, their product is the unique antilinear anti-
automorphism of C(E) which restricted to E is the identity map. Thus, α ◦ κ = κ ◦ α is an
involution (see [21] §1). We shall refer to it as the main involution of the Clifford algebra,
and it will be denoted by a star ∗:

a∗ = α(κ(a)) = α(a) = α(a).

Thus, C(E) is an involutive algebra. Moreover, this algebra satisfies a further universal
mapping property, but its statement requires the following definition.

Definition 2.2.3. Let B be a unital involutive associative complex algebra; then the Clifford
map f : E → B is called self-adjoint if f(v)∗ = f(v) for all v ∈ E.

Proposition 2.2.4. (see [21] §1) If f : E → B is a self-adjoint Clifford map, then the
algebra homomorphism induced by f , F : C(E) → B, is involution preserving.

Notice that the Bogoliubov automorphism θg induced by g ∈ O(E) is involution preserving:
ϕ ◦ g is self-adjoint since ∗ acts like the identity over E.
There are two more ingredients which we will present in order to understand some other
generalities of Clifford algebras. Let us consider the left regular representation

λ : C(E) → End (C(E)),

given by λ(ξ)(η) = ξη. Notice that λ(ξ) leaves C+(E) and C−(E) invariant whenever
ξ ∈ C+(E), and maps C+(E) to C−(E) - and vice-versa - whenever ξ ∈ C−(E).
If τ : C(E) → C is a linear functional on C(E), we say that τ is normalized if τ(1) = 1,
that it is central if τ(ab) = τ(ba) for all a, b ∈ C(E), and that it is even if τ = τ ◦ γ, i.e.
if it is invariant under the grading automorphism. In [21] §1, the authors show a detailed
description of how this functional τ can be obtained, beginning from the finite dimensional
case, and then generalizing for infinite dimensional Hilbert space E. They show the following
proposition:

Proposition 2.2.5. (see [21] §1) There exists a unique normalized even central linear func-
tional τ on C(E), which is constructed as follows. Given a ∈ C(E), there exists a finite
dimensional subspace M ⊆ E such that a ∈ M . On M , consider the trace τM given by:

τM(b) = Tr(λ(b))
dimC(M) .

Taking τ(a) := τM(a), it fulfills the listed properties and does not depend on the subspace M .
Moreover, τ satisfies

τ(a∗) = τ(a),

and it is the unique normalized linear functional on C(E) that is invariant under all Bogoli-
ubov automorphisms induced by g ∈ O(E).
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As a consequence of this proposition we obtain an inner product on C(E)

⟨·, ·⟩ : C(E) × C(E) → C, ⟨ξ, η⟩ := τ(η∗ξ).

Now, we proceed to provide C(E) with a structure of C∗-algebra. We shall construct a
norm || · || that behaves well with respect to involution ∗. Let Rep E be the collection of
all star-homomorphisms from C(E) to the space B(H) of bounded linear operators for an
arbitrary complex Hilbert space H. We define the function || · ||∞ : C(V ) → R≥0 as follows:

||a||∞ = sup{||π(a)|| | π ∈ Rep E}.

First, let us observe that this supremum makes sense. Let a ∈ C(E), and let M ⊆ E a
finite dimensional subspace such that a ∈ M . For a finite dimensional real Hilbert space
M , the Clifford algebra C(M) can be understood in terms of a finite set of generators: let
B = {v1, . . . , vm} be an orthonormal basis for M ; the Clifford algebra C(M), seen as a vector
space, is finite dimensional, and it has as a basis the set B̃ = {vS : S ⊆ [m]}, where vS :=
vj1vj2 · · · vjk with S = {j1, . . . , jk} and [m] = {1, . . . ,m}. In this order, a = ∑

S⊆[m] µSvS.
And if π ∈ Rep E is a nonzero star homomorphism from C(V ) to B(H) for some complex
Hilbert space H,

π(vS)π(vS)∗ = π(vSv∗
S) = π(1) = 1,

and, since B(H) is a C∗ algebra, ||π(vS)π(vS)∗|| = ||π(vS)||2 = 1. Therefore,

||π(a)|| =
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
S⊆[m]

µSπ(vS)
∣∣∣∣∣∣
∣∣∣∣∣∣ ≤

∑
S⊆[m]

|µS| ||π(vS)|| =
∑
S⊆[m]

|µS|.

Thus, this supremum is finite.
Another property that is not immediate from the definition of || · ||∞ is that for any nonzero
a ∈ C(E), ||π(a)||∞ ̸= 0. To show this, we use the left regular representation. Considering
the inner product ⟨·, ·⟩ given by the trace functional τ , we can regard C(E) as an inner
product complex vector space, and thus define the complex Hilbert space (Hτ , ⟨·, ·⟩) which
results from the completion theorem for normed spaces. Furthermore, observe the following
property:

⟨λ(a)ξ, η⟩ = τ(η∗(aξ)) = τ((a∗η)∗ξ) = ⟨ξ, λ(a∗)η⟩.

The left regular representation can be extended by continuity to a morphism on Hτ for each
a ∈ C(E), i.e, we can extend λ(a) : C(E) → C(E) to an operator on Hτ , and consequently
we have the representation λ : C(E) → B(Hτ ). This representation is faithful: let Ω ∈ Hτ

be the unit in C(E); then λ(a)Ω = a. Therefore, ||a||∞ ≥ ||λ(a)|| > 0.
In addition, this norm || · ||∞ satisfies the C∗ property: ||a∗a||∞ = ||a||2∞ since each norm
over which the supremum is taken fulfills this property (see [21] §1).

Definition 2.2.6. Considering the norm || · ||∞, we define C[E], the C∗ Clifford algebra
associated to E, as the completion of C(E) with this norm. With this construction, the
canonical embedding ϕ : E → C[E] is isometric.
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The next proposition gives a simplification of this C∗−algebra. It says that ||·||∞ is equivalent
to any norm over which the supremum is taken.

Proposition 2.2.7. (see [21] §1) If π ∈ Rep E is nonzero, then || · ||∞ = || · ||π, and the
identity map on C(E) extends continuously to a C∗-algebra isomorphism C[V ] → Cπ[E],
where Cπ[E] denotes the completion of C(E) in the norm ||a||π := ||π(a)||.

Finally, we have the next proposition about the extension of Clifford maps to C∗-algebra
homomorphisms (see [21] §1).

Proposition 2.2.8. Let B be a unital C∗ algebra and let f : E → B be a self-adjoint Clifford
map. Then there exists a unique isometric C∗ algebra homomorphism F : C[V ] → B such
that F |E = f . In particular, each isometric linear map g : E → E ′ extends uniquely to an
isometric C∗ algebra map θg : C[E] → C[E ′].

2.2.2 Fock Representation
Let (E, (·, ·)) be a real Hilbert space. By definition, a unitary structure is an orthogonal
operator J ∈ O(E) such that J2 = −1. Fixing a unitary structure J on E, we can turn E

into a complex Hilbert space, denoted by EJ , by stipulating iv := J(v) for all v ∈ E, and
defining an inner product given by:

⟨u, v⟩J = (u, v) + i(u, J(v)).

When E is a separable infinite-dimensional real Hilbert, it admits a unitary structure J . It
is known that, if dimRE = 2n < ∞, then dimCEJ = n. When E is infinite-dimensional, the
dimension of EJ equals that of E.

Let us denote by U(E) the set of all unitary structures on E. The orthogonal group O(E)
acts transitively by conjugation on U(E). First, notice that for g ∈ O(E) and J ∈ U(E),
gJg−1 is orthogonal and (gJg−1)2 = −1. Second, if J and K are unitary structures on
E, the complex spaces EJ and EK have the same dimension, and thus they are isometri-
cally isomorphic. Let g : EJ → EK be the mentioned isomorphism; then for all x ∈ EJ ,
g(J(x)) = g(ix) = ig(x) = Kg(x), i.e, K = gJg−1. Moreover, g is orthogonal: (g(x), g(y)) =
⟨g(x), g(y)⟩K − i(g(x), Kg(y)) = ⟨x, y⟩J − i(g(x), gJ(y)) = (x, y)+ i(x, J(y))− i(g(x), gJ(y)),
but (·, ·) is real, so (g(x), g(y)) = (x, y).
Furthermore, the isotropy group for a fixed unitary structure J ∈ U(E), under this action,
corresponds to the unitary group U(E, J) of the complex Hilbert space EJ .
Let us fix a unitary structure J . As we did in the construction of the CAR - algebra, we
can consider the completion of the complex space ⊕n≥0

∧n(EJ). We denote this completion
as HJ(E). Additionally, we can consider the completion ∧n[EJ ] of the vector space ∧nEJ ,
and view HJ(E) as the direct sum of these spaces.
Let ζ ∈ ∧2[EJ ] and let

Tζ : E × E → C
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be the alternating bilinear map given by (x, y) 7→ ⟨x ∧ y, ζ⟩J . Using the Cauchy Schwarz
inequality, we have that |Tζ(x, y)| ≤ ||x∧y|| ||ζ|| ≤ ||x|| ||y|| ||ζ||. By the Riesz representation
theorem, there exists a bounded real operator Zζ such that for all x, y ∈ E

⟨Zζx, y⟩J = ⟨ζ, x ∧ y⟩J .

Since Tζ is alternating, we have that

⟨Zζ x, y⟩ + ⟨Zζ y, x⟩ = ⟨ζ, x ∧ y⟩ + ⟨ζ, y ∧ x⟩ = 0.

This implies that (Zζ x, y) = −(Zζ y, x) and (Zζ x, Jy) = −(Zζ y, Jx). These relations show
that Zt

ζ = −Zζ and JZζ = −ZζJ . Moreover, Plymen and Robinson [21] §2 show that for
any ζ ∈ ∧2[EJ ] the operator Zζ is of Hilbert-Schmidt class and, moreover, that it satisfies
that ||Zζ ||2 = 2||ζ||.

Furthermore, it is possible to show that ∧2[EJ ] is isometrically isomorphic to the vector
space of all real Hilbert-Schmidt operators Z on E that satisfying the condition:

⟨Z x, y⟩ + ⟨Z y, x⟩ = 0.

This is known as the antiskew property. We denote this space as S(EJ).

These two properties are important in order to define the concept of Gaussians. Since
these operators Zζ are of Hilbert-Schmidt class, they are compact. Thus, their spectrum
consists of eigenvalues and {0} as only possible limit point. The eigenspace decomposition
and the J-antilinearity of Zζ in each finite dimensional λ-eigenspace (λ ̸= 0), give rise to the
following decomposition (see [21] §2):

Proposition 2.2.9. For ζ ∈ ∧2[EJ ] let Zζ ∈ S(EJ). Then there exist a square summable
positive sequence (λj)j≥1 and a complete orthonormal basis {xj, yj}j≥1 for KerZ⊥

ζ such that:

ζ =
∑
n≥1

λjxj ∧ yj,

with Zζ xj = λj xj and Zζ yj = −λj yj. Moreover,

||ζn||2 ≤ n!||ζ||2n, for n > 0.

Definition 2.2.10. For ζ ∈ ∧2[EJ ], we define the Gaussian

exp ζ :=
∑
n≥0

1
n!ζ

n ∈ HJ(E),

which satisfies the inequality
||exp ζ||2 ≤ exp ||ζ||2.
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Now, as we have done in the previous section, we can consider the CAR algebra over HJ . The
construction of the creation and annihilation operators is equivalent. We have the following
relation on how annihilation operators act over Gaussian elements (see [21] §2).

Proposition 2.2.11. If ζ ∈ ∧2[EJ ] and if v ∈ E, then

a∗(v)ζ = Zζ(v),

and
a∗(v)(exp ζ) = a(Zζ v)(exp ζ).

According to the construction of these operators, it can be shown that a(J(v)) = Ja(v) =
ia(v) and a∗(J(v)) = −ia(v). Our next goal, once all these elements have been presented, is
to construct an irreducible representation for the C∗ Clifford algebra C[E] determined by the
specific choice of the unitary structure J on the real Hilbert space E. This representation
will take place on the Fock space HJ . And, as we did for the CAR algebra, this will be
defined in terms of the creation and annihilation operators, which will be denoted as aJ and
a∗
J to underline the chosen unitary structure.

For v ∈ E let us define a bounded linear operator πJ(v) on HJ as πJ(v) = aJ(v) + a∗
J(v).

This operator is self-adjoint and also satisfies the relation:

πJ(v)2 = aJ(v)aJ(v) + a∗
J(v)aJ(v) + aJ(v)a∗

J(v) + a∗
J(v)a∗

J(v) = ||v||21.

Hence, this linear map from E to B(HJ) is a self-adjoint Clifford map. By proposition 2.2.8,
we can extend πJ , in a unique way, to an isometric representation πJ : C[E] → B(HJ) of the
C∗ Clifford algebra C[E]. It follows by a straight computation using the definition that:

aJ(v) = 1
2πJ(v − iJv), a∗

J(v) = 1
2πJ(v + iJv) for all v ∈ E.

These relations tell us that creation and annihilation operators lie in the image of this
Fock representation. Therefore, the unit vector ΩJ is cyclic for πJ , in the sense that
{πJ(a)ΩJ | a ∈ C[E]} is dense on HJ : the Hilbert space HJ was constructed as the com-
pletion of ⊕n≥0

∧n(EJ), and each decomposable vector here can be obtained from ΩJ by a
successive application of creation operators. A consequence of this fact is the next theorem,
which is the main result in this subsection.

Theorem 2.2.12. (see [21] §2) The Fock representation πJ is irreducible.

This theorem is proved by showing that the only operators which commute with the range of
πJ are scalar multiples of the identity map. Indeed, the proof is straightforward: by density,
it is enough to show that the only operators which commute with πJ(v) for all v ∈ E are
the scalar multiples of the identity.
Let σJ : C[E] → C be the state associated to the representation πJ and the cyclic vector ΩJ :

σJ(a) = ⟨πJ(a)ΩJ ,ΩJ⟩J .
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Notice, in particular, that for all u, v ∈ E,

σJ(uv) = ⟨πJ(uv)ΩJ ,ΩJ⟩J = ⟨πJ(v)ΩJ , πJ(u)ΩJ⟩J = ⟨v, u⟩J .

As a consequence of the GNS construction, we have the following proposition.

Proposition 2.2.13. The state σJ is pure. Moreover, σJ is the unique state σ of C[V ] with
the property that for all v ∈ E, σ((v + iJv)(v − iJv)) = 0.

Consider a representation π : C[E] → B(H). We refer to the nonzero vector Ω ∈ H

as a J-vacuum vector for π if and only if satisfies the vacuum condition: for all v ∈ E,
π(v + iJv)Ω = 0. We have the next remarkable result, which tells us how to identify
irreducible representations unitarily equivalent to πJ according to their J - vacuum vectors
(see [21] §2).

Proposition 2.2.14. Let π : C[E] → B(H) be a representation with cyclic unit J-vacuum
vector Ω. Then there exists a unique unitary isomorphism U : HJ → H such that U(ΩJ) = Ω
and, for a ∈ C[E], π(a) = UπJ(a)U∗.

This is, again, a consequence of the GNS construction. Given the cyclic unit J-vacuum
vector Ω, and by uniqueness stated on proposition above for states σ on C[E], the state σπ
associated with the representation π equals the state σJ .

2.2.3 Orthogonal Restricted Group
In this subsection we shall study the equivalence and implementability problem of represen-
tations of the C∗ Clifford algebra C[V ]. Given two unitary structures J and K, the question
arises when the Fock representations πJ and πK are unitarily equivalent. In the same way, as
we did for the CAR - algebra, we look for necessary and sufficient conditions on the orthog-
onal operator g ∈ O(E) in order that the Bogoliubov automorphism θg can be implemented
by an unitary operator U on HJ such that πJ(θg(a)) = UπJ(a)U∗.
Let us start with some fundamental properties for orthogonal operators g ∈ O(E). Given
g ∈ O(E), we can consider the decomposition g = Cg + Ag, where

Cg := 1
2 (g − JgJ) , Ag := 1

2 (g + JgJ) .

These operators satisfy that CgJ = JCg and AgJ = −JAg. Thus, we call Cg the J-linear
part and Ag the J-antilinear part of g. Notice that Cg ∈ B(EJ). Moreover, for g, h ∈ O(E),
the following holds:

Cgh = CgCh + AgAh, Agh = CgAh + AgCh.

As a consequence of the second relation above, we have that 0 = CgA
∗
g+AgC

∗
g . Additionally,

we have an extra property associated to this decomposition for orthogonal operators: Let
g ∈ O(E) and v ∈ E. Then:

⟨Cgv, Agv⟩J = 0, ||Cgv||2 + ||Agv||2 = ||v||2.
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Plymen and Robinson [21] construct another factorization for an orthogonal element g ∈
O(E) given by:

g = u(abs(Cg) + u∗Ag),

where u ∈ U(E, J) and abs(Cg) denotes de absolute value of the operator Cg. This is known
as multiplicative factorization.

Let us recall some properties concerning to the absolute value of bounded operators as
well as the so-called polar decomposition. The following definitions and propositions can be
found in [28] §4 and [24] §6. Let H be a separable complex Hilbert space, and let T ∈ B(H)
be a bounded operator on H. We say that T is positive if for all x ∈ H it satisfies

⟨Tx, x⟩ ≥ 0.

We denote the positiveness of an operator T as T ≥ 0. For any T ∈ B(H), it can be shown
that T ∗T ≥ 0. We have the following lemma, which is explained in detail by Simon and
Reed [24] §6.

Lemma 2.2.15. (The Square root lemma) Let T ∈ B(H) with T ≥ 0. Then there exists a
unique A ∈ B(H) with A ≥ 0 and A2 = T . Furthermore, A commutes with any bounded
operator which commutes with T .

Definition 2.2.16. Let T ∈ B(H). Then the absolute value of T is defined as the square
root of T ∗T , and it is denoted as

abs(T) :=
√

T∗T.

From [28] §4 we have the following characterization for partial isommetries.

Proposition 2.2.17. Let U ∈ B(H). Then the following conditions are equivalent:

i. U = UU∗U .

ii. P = U∗U is a projection.

iii. U |(KerU)⊥ is an isometry.

An operator U which satisfies these equivalent properties is called a partial isometry.

We have now a technical proposition which will be useful in the next chapters. This can be
found in [28] §4.

Proposition 2.2.18. Let T ∈ B(H). Then

kerT = ker(T ∗T ) = ker
√
T ∗T = (ranT ∗)⊥.

In particular, we have that (kerT )⊥ = ran(T ∗).
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Combining these two last propositions, observe the following. Let U ∈ B(H) be a partial
isometry, and set M = (kerU)⊥ and N = ranU –which is closed since U is a partial isometry.
Notice that U is zero on M⊥, and it maps isometrically M to N . We will refer to M as the
initial space, and to N as the final space, of the partial isometry U . It can be derived from
these propositions that U∗ is also a partial isometry, and that N is the initial space and M
the final space of U∗. We will now state the main result concerning to this brief exposition of
partial isometries and the square root lemma. The proof of the next theorem can be found
in [28] §4 and [24] §6.
Theorem 2.2.19. (Polar decomposition) (a) Any operator T ∈ B(H) admits a decomposi-
tion T = UA such that

i. U ∈ B(H) is a partial isometry;

ii. A ∈ B(H) is a positive operator;

iii. kerT = kerA = kerU .
(b) If T = V B is another decomposition of T as a product of a partial isometry V and a
positive operator B such that kerV = kerB, then U = V and B = A = abs(T ).
This unique decomposition is called the polar decomposition of T .
Although we have presented the problem of equivalence and implementability as two different
problems, we shall observe that there is a relation between them. We have observed that
the orthogonal group O(E) acts transitively by conjugation on U(E): given two unitary
structures J and K, there exists g ∈ O(E) such that K = gJg−1 which, in turn, it is also an
isometric isomorphism from EJ to EK . Extending this linear map to a bounded linear map∧
g : HJ → HK , which in each level acts on decomposable vectors as follows:∧

g(v1 ∧ . . . ∧ vn) = g(v1) ∧ . . . ∧ g(vn).

We have the following computations for this isomorphism ∧
g: let v ∈ E and ζ ∈ HJ , then∧

g ◦ aJ(v)(ζ) = ∧
g(v ∧ ζ) = g(v) ∧ ∧g(ζ) = aK(g(v)) ◦ ∧g(ζ).

Thus, for any v ∈ E, we have that aK(g(v)) = ∧
g ◦ aJ(v) ◦ ∧∗

g. Taking adjoint, we have a
similar relation for annihilation operators: a∗

K(g(v)) = ∧
g ◦ a∗

J(v) ◦ ∧∗
g. Adding these two

equations, we set the next result:

πK(g(v)) = ∧
gπJ(v)∧∗

g.

Now, in virtue of proposition 2.2.8 we have the next statement.
Proposition 2.2.20. Let K = gJg−1 as before. If a ∈ C[E], then πK(θga) = ∧

g ◦πJ(a)◦∧∗
g.

The following diagram is commutative:

HJ HK

HJ HK

∧
g

πJ (a) πK(θga)∧
g

.
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In terms of the Fock states, given a ∈ C[E], we get that:

σK(θga) = ⟨πK(θga)ΩK ,ΩK⟩K = ⟨∧g ◦ πJ(a) ◦ ∧∗
g(ΩK),ΩK⟩K = ⟨πJ(a)ΩJ ,ΩJ⟩J = σJ(a).

We observe then that σK ◦ θg = σJ , so we conclude that O(g) acts transitively on the Fock
states by Bogoliubov automorphisms.
We can now relate both problems. Let U : HJ → HJ be a unitary automorphism that
implements the Bogoliubov automorphism θg in the Fock representation πJ ; thus, for any
a ∈ C[E], we have that πJ(θg(a)) = UπJ(a)U∗. Let us define T = ∧

g ◦U∗. In this order, we
have obtained a unitary isomorphism from HJ to HK such that for all a ∈ C[E]:

TπJ(a)T ∗ = ∧
gU

∗πJ(a)U∧∗
g = ∧

gπJ(θ−1
g a)∧∗

g = πK(a).

In the other direction, let T : HJ → HK be a unitary isomorphism intertwining the Fock
representations πJ and πK in the following sense: given a ∈ C[E], πK(a) = TπJ(a)T ∗. Let
us define Y = T ∗ ◦ ∧g. Thus, we get a unitary operator on HJ such that for any a ∈ C[E]
the following holds:

UπJ(a)U∗ = T ∗ ◦ ∧g ◦ πJ(a) ◦ ∧∗
g ◦ T = T ∗ ◦ πK(θga) ◦ T = πJ(θga).

We summarize these results in the next proposition.

Proposition 2.2.21. Let K = gJg−1 with J ∈ U(E) a unitary structure and g ∈ O(E) be
an orthogonal operator. The equation T ◦U = ∧

g sets up a bijective correspondence between
unitary isomorphisms T : HJ → HK intertwining the Fock representations πJ and πK, and
unitary operators U ∈ Aut HJ implementing θg on πJ .

As a consequence of the above proposition, each unitary operator g ∈ U(E, J) is canonically
implemented in the Fock representation πJ by the unitary operator ∧g on HJ . This answers
partially the implementation problem. We shall observe that this question is linked to a
topological property of the orthogonal operators.
Furthermore, the authors in [21] §2 show that, in the case when E is an infinite-dimensional
Hilbert space, taking J ∈ U(E), the Fock representations πJ and π−J are inequivalent. This
property tell us that there are at least two components in the space of unitary structures
which generates inequivalent Fock representations.

The next theorem, proved in detail in [21] §3, answers the implementability problem of
the Bogoliubov automorphisms in the Fock representation piJ .

Theorem 2.2.22. Let g ∈ O(E). The Bogoliubov automorphism θg on C[E] is unitarily
implemented in the Fock representation if and only if the J-antilinear part Ag is Hilbert
Schmidt.
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This solution for the implementation problem allows us to introduce the restricted orthogonal
group Ores(E), associated to J , as the space of all orthogonal operators g ∈ O(E) such that
the commutator [g, J ] is Hilbert Schmidt:

Ores(E) := {g ∈ O(E)| || [g, J ] ||2 < ∞}.

Theorem 2.2.22 tells us that Ores(E) contains the orthogonal operators on E for which their
associated Bogoliubov automorphisms on C[E] are implemented in the Fock representation
πJ .
As we have seen in previous theorems, solving the implementation problem gives a solution
for the equivalence problem. Thus, we have the following theorem (see [21] §3).

Theorem 2.2.23. Let J and K be unitary structures on E. The Fock representations πJ
and πK of the C∗ Clifford algebra C[E] are unitarily equivalent if and only if the difference
K − J is of Hilbert-Schmidt class.

The constructions developed throughout this chapter have shown how these restricted groups
arise naturally, both for the CAR algebra and for the Clifford algebra, in order to answer
the problem of the implementability of the Bogoliubov automorphisms on the irreducible
representations induced by a projection p —in the case of the CAR algebra, or by a com-
plex structure J —in the case of the Clifford algebra. In the next chapter we will provide
these restricted groups with some topologies where (commutators with p or J , respectively)
being Hilbert-Schmidt highlights this property. Furthermore, we will see that the connected
components of these groups can be labeled by the index of an appropriately constructed
Fredholm operator.



3 Automorphisms of the CAR and
Clifford algebras and the Fredholm
Index

In the previous chapter we have obtained some important results about the implementability
and equivalence problems of unitary representations for the CAR algebra associated to a
complex Hilbert space H and the C∗ Clifford algebra associated to a real Hilbert space E.
With these properties studied previously, it arises a natural question about the structures and
topologies of these subgroups of orthogonal (real case) and unitary (complex case) operators,
respectively, which can be implemented in the corresponding representation associated to
a projection p –complex case– or a complex unitary structure J –real case. Although the
equivalence problem could be understood as a distinct problem, we have observed a bijection
between these two characteristic problems.
In this chapter we shall follow [6] and [5], where some natural topologies are given to the
restricted unitary and orthogonal groups, looking for conditions on the operators in order to
define unitarily implemented automorphisms of representations of the C∗-algebras defined
in the chapter before. The topology of such groups will be studied using index theoretical
techniques, labeling connected components with Fredholm-like indexes. We will present, in
a sufficiently detailed way, the main results exposed by Carey, Hurst and O’Brian in the
cited articles, developing those points that are not immediate in the published proofs.

3.1 The Fredholm Index Theory and the CAR Algebra

3.1.1 Group structure and topology
Let H be a complex Hilbert space and let CAR(H) be the C∗-algebra associated to H,
generated by the set:

{a∗(v), a(v)|v ∈ H},
whose generators satisfy the canonical anticommutation relations given by:

a(u)a(v) + a(v)a(u) = 0
a(u)a∗(v) + a∗(v)a(u) = ⟨u, v⟩1.

Let P+ be a projection on H, and P− its orthogonal complement, i.e. P+ + P− = 1. We
shall need some definitions which generalize the special case of Hilbert-Schmidt operators
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which arose naturally in the previous chapter. The first notion concerns symmetric norms
and symmetrically normed ideal (see [12] §2 and §3). We consider the following definitions
and properties related with these objects.

Definition 3.1.1. Let R be a ring. A subset I is called an algebraic two sided ideal of the
ring R if it has the following properties:

i. For any elements a, b ∈ I, a+ b ∈ I;

ii. For any a ∈ I and any r ∈ R we have a · r, r · a ∈ I;

iii. I ̸= 0 and I ̸= R.

Definition 3.1.2. A functional | · |Q defined over a two sided ideal Q of the ring B(H) is
called a symmetric norm if it satisfies the following properties:

i. 0 ≤ |X|Q < ∞ with equality if and only if X = 0.

ii. |λX|Q = |λ| |X|Q with λ ∈ C.

iii. For all X, Y ∈ Q, |X + Y |Q ≤ |X|Q + |Y |Q.

iv. For all X ∈ Q, A,B ∈ B(H), |AXB|Q ≤ ||A|| |X|Q ||B||.

v. For any one dimensional operator X ∈ Q, |X|Q = s1(X), where s1(X) refers to the
first singular value of X.

In this order, according to these definitions, we call a pair (Q, | · |Q) as symmetrically normed
ideal, where Q is a two sided ideal of B(H) and | · |Q is a symmetric norm which makes Q
a Banach space. From now, we will denote as Q for the pair (Q, | · |Q). Gohberg and Krein
[12] prove some properties concerning these spaces. There are two main results which will
be useful for the rest of the chapter.
Let Q be a symmetrically normed ideal. Then, for any X ∈ Q, X∗ ∈ Q and

|X∗|Q = |X|Q = |(X∗X)1/2|Q = |(XX∗)1/2|Q.

Moreover, any two sided ideal Q of B(H) contains the ideal of finite rank operator C0(H)
and it is contained in the ideal of compact operators C∞(H) (see [20] §7).
Additionally, observe that for any rank one operator X, we have that |X|Q = ||X||. Accord-
ing to (v) in the above definition, the symmetric norm of X corresponds to the first singular
value of X, but these values are defined, for compact operators, as the absolute value of the
eigenvalues of its absolute value, absX sorted in descending order. Since absX is positive
and compact, its first singular value is precisely ||X||.
Notice that the class of Hilbert-Schmidt operators, with the Hilbert-Schmidt norm, is a spe-
cial case of a symmetrically normed ideal.
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In the previous chapter we have seen that given an orthogonal projection P+ on the complex
Hilbert space H, we can construct a state ω on CAR(H) defined by

ω(a∗(u1) · · · a∗(um)a(v1) · · · a(vn)) = δm,ndet⟨ui, P+(vj)⟩.

According to the previous chapter, since ω is precisely the state of covariance P+, the GNS
construction generates an irreducible representation of CAR(H), and it will be denoted as
π.
Given a unitary operator U on H, we construct the Bogoliubov automorphism on the CAR
algebra via generators

a(v) 7→ a(Uv), a(v)∗ 7→ a∗(Uv).
Let us consider the subset of unitary operators U determined by the conditions:

P+UP− ∈ Q, P−UP+ ∈ Q,

where Q denotes a symmetrically normed ideal in B(H).

Proposition 3.1.3. The Conditions above are equivalent to the requirement that [P+, U ] =
[U, P−] ∈ Q.

Proof. Observe that [P+, U ] = P+U(P+ + P−) − (P+ + P−)UP+ = P+UP− − P−UP+. Thus,
we have obtained one direction. Now, if [P+, U ] ∈ Q, since Q is an ideal, we have that
P−[P+, U ], [P+, U ]P− ∈ Q. Therefore, computing each bracket, we obtain that P−UP+ and
P+UP− lie in Q.

As we have observed in the previous chapter, the above family of unitary operators, in the
case that Q corresponds to the Hilbert-Schmidt class operators, contains the family of unitary
automorphisms onH which can be unitarily implemented in the representation π by a unitary
operator on the representation space Γ(U) which satisfies Γ(U)π(a(v))Γ(U)∗ = π(a(U(v)))
for each v ∈ H. This is what we mean when we refer to generalize to any symmetric ideal
Q.
With all these tools and motivation in mind, our objective will be now to provide a topology
to this group that highlights the property that the mentioned commutator belongs to the
symmetric normed ideal. Once we construct this topology, we shall observe, using some
results concerning to Fredholm operators, that the index Fredholm of P+UP− labels the
path connected component which contains U .

Definition 3.1.4 (Restricted unitary group). Let

Ures := {U ∈ B(H)|U unitary, P+UP− ∈ Q, P−UP+ ∈ Q}.

Let ρ : Ures × Ures → R≥0 be the function defined by

ρ(U, V ) = ||U − V || + 1
2 |P+(U − V )P−|Q + 1

2 |P−(U − V )P+|Q.

The pair (Ures, ρ) is called the restricted unitary group of H.
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Remark. Notice that (Ures, ρ) is a topological group, with the topology inherited from ρ.

i. Group structure: To see that Ures has structure of group, let us observe that Ures is
a subgroup of the group of unitary operators on H. Let U, V ∈ Ures. Notice that:

P±UV
∗P∓ = P±U(P∓ + P±)V ∗P∓ = P±UP∓(V ∗P∓) + (P±U)P±V

∗P∓.

Thus, by definition of Q, since it is an ideal and | · |Q respects adjoint it follows that
UV ∗ ∈ Ures.

ii. Continuity of group operations: To check continuity of multiplication m : Ures ×
Ures → Ures, with m(U, V ) = UV , we can provide a metric to Ures × Ures, called d, by
setting

d((U1, V1), (U2, V2)) = ρ(U1, U2) + ρ(V1, V2).

It is clear that this metric generates the product topology on Ures × Ures.
Thus, to prove continuity will be enough to consider sequences (Un)n≥1

ρ−→ U , (Vn)n≥1
ρ−→

V , and observe that (UnVn)n≥1 converges in ρ to UV . It will suffice to show that
|P+(UnVn − UV )P−|Q → 0. According to the definition of the metric ρ and since
Un converges to U and Vn converges to V , we have that |P+(U − Un)P−|Q → 0,
|P+(V − Vn)P−|Q → 0, ||Un − U || → 0 and ||Vn − V || → 0. Let ϵ > 0. We have:

|P+UV P− − P+UnVnP−|Q
= |P+UP−V P− + P+UP+V P− − P+UnVnP− − P+UnP−V P− + P+UnP−V P−|Q
≤ |(P+(U − Un)P−)V P−|Q + |P+UP+V P− − P+UnVnP− + P+UnP−V P−|Q,

but the first term goes to zero as n goes to ∞, so from certain N1, we have that for all
n ≥ N1, the expression above satisfies:

<
ϵ

4 + |P+UP+V P− − P+UnVnP− + P+UnP−V P− − P+UP+VnP− + P+UP+VnP−|Q

≤ ϵ

4 + |P+U(P+(V − Vn)P−)|Q + |P+UP+VnP− − P+UnVnP− + P+UnP−V P−|Q,

and, as before, noting again that the first term tend to zero, there exists N2 ≥ N1 such
that for all n ≥ N2:

<
ϵ

2 + |P+UP+VnP− − P+UnP+VnP− − P+UnP−VnP− + P+UnP−V P−|Q

≤ ϵ

2 + |P+(U − Un)P+VnP−|Q + |P+UnP−(V − Vn)P−|Q.

Since P+VnP−
|·|Q−−→ P+V P− (same for Un), this sequence is | · |Q - bounded. Thus, using

the properties of the symmetric norm, |P+(U−Un)P+VnP−|Q ≤ ||U−Un|| |P+VnP−|Q ≤
||U − Un||M → 0. Then we can find N3 ≥ N2 such that for all n ≥ N3 the expression
is less than ϵ.
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In view of the fact that multiplication is continuous in operator norm || · ||, the compu-
tation above then shows that the sequence (UnVn)n≥1 converges to UV in the metric
ρ. Therefore, continuity of multiplication map has been proved.
For the inverse map, which in this case is simply taking adjoints, we can use that
| ·∗ |Q = | · |Q.

Definition 3.1.5. Let iAres denote the subset of self-adjoint operators given by

{iA|A bounded, self-adjoint on H,P+AP− ∈ Q}.

Let ||| · ||| : Ares → R≥0 be a norm defined on iAres given by:

|||A||| = ||A|| + |P+AP−|Q.

We call the pair (iAres, ||| · |||) the Lie algebra of the restricted group Ures.

Given these topological structures, we shall show some remarkable properties.

Let (Un)n≥1 be a Cauchy sequence in Ures in the ρ-topology. By definition of this met-
ric, we have that (Un)n≥1 is also a Cauchy sequence in B(H) with respect to the operator-
norm topology. Since this last space is a Banach space, the sequence converges to some
U , which is a unitary operator since taking adjoint is continuous as a map B(H) → B(H).
Thus, (P±UnP∓)n≥1 converges in B(H) to P±UP∓. Besides, we know that (P±UnP∓)n≥1 is
a Cauchy sequence in the | · |Q-norm, therefore, by completeness, this sequence converges.

There is a relevant property associated to symmetrically normed ideals (see [12] §2 and §3,
and [20] §7): for all X ∈ Q, ||X|| ≤ |X|Q. Consequently, being V the limit of P+UnP−

|·|Q−−→ V ,
we have that ||V −P+UnP−|| ≤ |V −P+UnP−|Q

n→∞−−−→ 0. Then, by uniqueness of the limit in
|| · ||, we must have that V = P+UP−, and again by completeness property of symmetrically
normed ideals, V ∈ Q. Similarly, we observe that P−UP+ ∈ Q. As a result, Un

ρ−→ U :

ρ(Un, U) = ||U − Un|| + 1
2 |P+UnP− − P+UP−|Q + 1

2 |P−UnP+ − P−UP+|Q
n→∞−−−→ 0.

Since P±UP∓ ∈ Q, the sequence (Un)n≥1 converges to U in Ures. Thus, we have observed
that the restricted group Ures, equipped with the ρ-topology, is a complete metric space. In
a similar way it is possible to show that Ares is a complete metric space with respect to ||| · |||.

Now, let us define a product on iAres as follows:

A ◦B := i[A,B],

where [·, ·] is the standard commutator. Notice that this product is well defined: for A,B ∈
Ares, since they are self-adjoint, [A,B]∗ = BA−AB = −[A,B]. Thus, (A◦B)∗ = (i[A,B])∗ =
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i[A,B] = A ◦B.
Now, we observe the following: let A,B ∈ Ares, then:

|||AB||| = ||AB|| + |P+ABP−|Q = ||AB|| + |P+A(P+ + P−)BP−|Q
≤ ||A|| ||B|| + |P+AP−BP−|Q + |P+AP+BP−|Q
≤ ||A|| ||B|| + ||B|| |P+AP−|Q + ||A|| |P+BP−|Q
≤ (||A|| + |P+AP−|Q) (||B|| + |P+BP−|Q)
= |||A||| |||B|||.

Thus, since P+AP−, P+BP− ∈ Q, we get that ||| i[A,B] ||| ≤ 2|||A||| |||B||| < ∞. Therefore,
P+(i[A,B])P− ∈ Q, and so the product is well defined. Moreover, since the definition of
A ◦B involves the usual bracket for operators, it satisfies the Lie bracket properties.

Proposition 3.1.6. For any U0 ∈ Ures and any A ∈ Ares, the curve Us = U0e
isA, with

0 ≤ s ≤ 1, lies in Ures. Moreover, the curve Us in continuous in the ρ−topology.

Proof. To see that Us lies in Ures, we will use power series. By induction, suppose that
P+A

nP− ∈ Q (base case is straightforward by definition). Then we have:

P+A
n+1P− = P+A(P+ + P−)AnP− = P+AP+A

nP− + P+AP−A
nP−.

By assumptions, the right hand side lies in Q (it is an ideal). Therefore, for all n ≥ 0,
P+A

nP− ∈ Q. Now, we observe that:

|P+A
2P−|Q ≤ |P+AP+AP−|Q + |P+AP−AP−|Q ≤ 2||A|| |P+AP−|Q ,

and using induction in n, we obtain:

|P+A
nP−|Q ≤ n||A||n−1 |P+AP−|Q .

Let us define the sequence (Bj)j≥1 as follows:

Bj :=
j∑

n=0

(is)n
n! P+A

nP−.

Using the results above, we observe that {Bj}j≥1 is a Cauchy sequence:

|Bj −Bk|Q =
∣∣∣∣∣∣

k∑
n=j+1

(is)n
n! P+A

nP−

∣∣∣∣∣∣
Q

≤
k∑

n=j+1

|s|n

n! ||A||n−1 |P+AP−|Q
j,k→∞−−−−→ 0

since the real convergence of exponential map. This limit is P+e
isAP−: to see this we use

a similar argument given above for the uniqueness of the limit when we showed that Ures is
complete. Moreover, since Q is complete, this limit lies in Q.
Therefore, Us ∈ Ures for all 0 ≤ s ≤ 1:
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i. The unitarity of Us is trivial.

ii. P+UsP− ∈ Q

iii. P−UsP+ ∈ Q: To observe this, we use the self-adjointness condition on A: Since
P+AP− ∈ Q, its adjoint also belongs to Q, i.e, |P−AP+|Q ∈ Q. The argument follows
analogously, using the sequence (B̃j)j≥1 given by:

B̃j :=
j∑

n=0

(is)n
n! P−A

nP+.

Thus, we see that eisA ∈ Ures (furthemore, it is true for all s ∈ R).
Now, for the continuity statement, first we observe the following:

∣∣∣P+e
isAP−

∣∣∣
Q

≤
∞∑
n=1

|s|n

n! n||A||n−1 |P+AP−|Q = |s|es||A|| |P+AP−|Q . (3-1)

The equation (3-1) will be helpful for the following computation:

|P+Us+tP− − P+UtP−|Q = |P+Ut(P+ + P−)Ut∗Us+tP− − P+UtP−|Q
= |P+UtP+Ut

∗Us+tP− + P+UtP−Ut
∗Us+tP− − P+UtP−|Q ,

and using the self-adjointness of A and that Ut∗Us+t = Us, we get:

=
∣∣∣P+UtP+e

isAP− + P+UtP−(eisA − 1)P−

∣∣∣
Q

≤
∣∣∣P+e

isAP−

∣∣∣
Q

+ |P+UtP−|Q ||eisA − 1||.

Using again relation (3-1), for s → 0 we have that the first right hand term tends to 0.
Moreover, with s → 0, ||eisA − 1|| tends to 0 because

||eisA − 1|| ≤
∑
n≥1

|s|n

n! ||A||n = e|s| ||A|| − 1.

Hence, P+UsP− is continuous in (Q, |·|Q). Similarly, notice that P−UsP+ is continuous in
(Q, |·|Q). Finally, we see that ||Us+t − Ut|| ≤ ||ei(s+t)A − eitA|| s→0−−→ 0. Therefore, the curve
Ut is continuous in the ρ-topology.

Now, let us derive some identities for U ∈ Ures which will be useful to observe several algebraic
properties for P±UP±. Since U is unitary, we have:

(A) (P±UP±)(P±U
∗P±) + (P±UP∓)(P∓U

∗P±)
= P±UP±U

∗P± + P±UP∓U
∗P±

= P±U(P± + P∓)U∗P± = P±.
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(B) (P±U
∗P±)(P±UP±) + (P±U

∗P∓)(P∓UP±)
= P±U

∗P±UP± + P±U
∗P∓UP±

= P±U
∗(P± + P∓)UP± = P±.

Furthermore, from these, we obtain:

(I) (P±UP±)(P±U
∗P±) = P± − (P±UP∓)(P∓U

∗P±),
(II) (P±U

∗P±)(P±UP±) = P± − (P±U
∗P∓)(P∓UP±).

Thus, since P±UP∓ ∈ Q, the second terms of the right hand side of (I) and (II) belong to
Q, and hence they are compact operators. When we restrict to H± := P±(H), we have that
they are inverse of each other modulus compact operator, and by Atkinson’s theorem (see
[26] §7), they are Fredholm operators (on H±).

Lemma 3.1.7. Let U ∈ Ures and denote H± := P±(H). Then P±UP± is a Fredholm operator
on H±. Moreover, dim Ker P±UP± = dim Ker P∓U

∗P∓.

Proof. We already have shown the first part of the lemma. Now, for the second statement,
we will show that U∗Ker (P∓U

∗P∓) = Ker (P±UP±). To do that, observe the following
computation:

(P±UP±)(P±U
∗P∓) + (P±UP∓)(P∓U

∗P∓)
= P±UP±U

∗P∓ + P±UP∓U
∗P∓

= P±U(P± + P∓)U∗P∓ = P±P∓ = 0.
(3-2)

For f ∈ H∓∩Ker (P∓U
∗P∓), we have 0 = P∓U

∗P∓(f) = P∓U
∗(f), so U∗(f) ∈ Ker P∓ = H±.

Notice that we want the part of Ker (P∓U
∗P∓) which lies in H∓; if we take the entire

subspace, we must consider H±, but we are analyzing these operators P∓U
∗P∓ in each

component H∓.
Using relation (3-2), we obtain the following result:

0 = (P±UP±)(P±U
∗P∓)(f) + (P±UP∓)(P∓U

∗P∓)(f),

and since f ∈ H∓, we conclude that P∓(f) = f . Thus, 0 = P±UP±(U∗(f))+P±UP∓(U∗(f)),
where the last term vanishes.
Consequently, seeing these operators as operators on H± respectively, we have shown that:

U∗Ker (P∓U
∗P∓) ⊆ Ker (P±UP±).

Again, we must be careful to understand Ker (P∓U
∗P∓) as a subspace of H∓ and not as

subspace of the whole space H.
To show the other inclusion, we consider a similar relation given in (3-2) above. It is given
by:

(P∓U
∗P∓)(P∓UP±) + (P∓U

∗P±)(P±UP±) = 0. (3-3)
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Take g ∈ H± ∩ Ker (P±UP±). Hence, we have 0 = P±U(g), so U(g) ∈ Ker P± = H∓. Using
(3-3), we obtain 0 = (P∓U

∗P∓)U(g). Consequently, seeing Ker (P±UP±) as a subspace of
H±, we observe that UKer (P±UP±) ⊆ Ker (P∓U

∗P∓).
Thus, we have obtained the equality Ker (P±UP±) = U∗(Ker (P∓U

∗P∓)). Actually, what
we have shown is:

U∗(H∓ ∩ Ker (P∓U
∗P∓)) ⊆ H± ∩ Ker (P±UP±) and

U(H± ∩ Ker (P±UP±)) ⊆ H∓ ∩ Ker (P∓U
∗P∓),

and thus the equality H± ∩ Ker (P±UP±) = U∗(H∓ ∩ Ker )(P∓U
∗P∓)) holds.

With this last observation, we understand Ker (P±UP±) as subspace ofH± and Ker (P∓U
∗P∓)

as subspace of H∓.
Now, since P±UP± is a Fredholm operator on H±, dim (Ker (P±UP±)) is finite. Therefore,
dim Ker (P∓U

∗P∓) = dim U∗(Ker (P∓U
∗P∓)) is finite.

This result motivates a new definition which will relate the notion of a Fredholm index with
the topological group Ures.

Definition 3.1.8. For U ∈ Ures, define

n±(U) = dim Ker (P±UP±),

and
i(U) = n+(U) − n−(U).

Remark: From [26] §7, we have that for any Fredholm operator X on a Hilbert space H,
its Kernel and Range are closed subspaces of H. According to this and the relations found
in Lemma 3.1.7, we can rewrite the number i(U) as follows:

i(U) = n+(U) − n−(U) = n+(U) − n+(U∗) = dim Ker P+UP+ − dim Ker (P+U
∗P+)

= dim Ker P+UP+ − dim Coker (P+UP+).

Therefore, we see that i(U) corresponds to the Fredlholm index of the operator P+UP+ :
H+ → H+. In fact, we can consider i as a homomorphism i : Ures → Z. To show this, first
notice the following. Let U0, U1 ∈ Ures, then:

P+(U0U1)P+ = P+U0(P+ + P−)U1P+ = P+U0P+U1P+ + P+U0P−U1P+

= (P+U0P+)(P+U1P+) + (P+U0P−)U1P+.

Now, observe that the last term is a compact operator because P+U0P− ∈ Q. Then, since
i(U) is the index Fredholm of P+UP+, iF (P+UP+), we have that:

i(U0U1) = iF(P+U0U1P+) = iF((P+U0P+)(P+U1P+) + C)
= iF((P+U0P+)) + iF((P+U1P+)) = i(U0) + i(U1),

where we have used the invariance under addition of compact operators and the fact that
the Fredholm index is a homomorphism (see [26] §7).
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Theorem 3.1.9. If U0, U1 are points of Ures with ||U0−U1|| < 2, then there exists an operator
A ∈ Ares such that Us = U0e

isA, 0 ≤ s ≤ 1, is a path in Ures connecting the two elements
U0, U1. The operator will be uniquely determined by the extra condition that its spectrum
should be contained in (−π, π). The curve is continuous in the ρ-topology.

Proof. In order to prove this theorem, we will use some results concerning to the continuous
functional calculus and the measurable calculus for a C∗-algebra. In [9] §4 and [28] §3 there
is a highly detailed description of these results.
Let V = U∗

0U1. Since this operator is unitary, by the measurable functional calculus, we
can find a self-adjoint operator A uniquely determined by its spectrum, which is contained
in [−π, π], and satisfies V = eiA. We see that, in fact, its spectrum must be contained in
(−π, π). First, observe the following reltions:

||V − 1|| ≤ ||U∗
0 (U1 − U0)|| ≤ ||U1 − U0|| < 2,

and

||V − 1|| ≥ r(V − 1)︸ ︷︷ ︸
spectral radious

= sup{|λ| | λ ∈ σ(V − 1)}.

Thus, using the continuous functional calculus with the function eiλ defined on Σ = σ(A), if
σ(A) contains either π or −π, we would have that:

sup{|λ| | λ ∈ σC(Σ)(eix − 1)} = sup
λ∈Σ

|eiλ − 1| = 2,

where σC(Σ)(f) denotes the spectrum of an element f ∈ C(Σ).
For this reason, we must have σ(A) ⊆ (−π, π). Now, since σ(A) is a closed compact subset
in R, we can bound σ(A) with a closed interval [m−,m+] such that −π < m− ≤ m+ < π.
Our goal will be to construct A as a trigonometric series from V using Fourier analysis. To
do that, consider a function f with the following properties:

i. f must be an odd and periodic function with period of 2π.

ii. f ∈ C∞(R), where all its derivatives must vanish at ±π.

iii. For m− ≤ x ≤ m+, f(x) = x.

For instance, the function f might have the graph as:
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Figure 3-1: Graph of a function f which satisfies conditions 1, 2 and 3.

Since this function is well behaved, its Fourier series converges uniformly in [−π, π], and it
is given by:

f(x) =
∞∑
n=0

bn sinnx, bn = 1
π

sinnxf(x) dx,

(cos-terms vanish because odd condition of the function). Due to the C∞ condition on f

and the vanishing of all derivatives in ±π, we have that |nkbn| n→∞−−−→ 0 for all k ≥ 0: for k
even,

0 = |f (k)(±π)| = |
∑
n≥1

nkbn(−1)n|,

and by convergence of the series, |nkbn| n→∞−−−→ 0; now, if k is odd, k = 2l + 1, we have that
2l ≤ k ≤ 2(l + 1), so |nkbn| ≤ |n2(l+1)bn| n→∞−−−→ 0.
Since Q is an ideal, and using the relation:

P±V
n+1P∓ = P±V (P+ + P−)V nP∓ = P±V P−V

nP∓ + P±V P+V
nP∓,

we see via induction that for all n ≥ 0, P±V
nP∓ ∈ Q and, moreover:

|P±V
nP∓|Q ≤ n|P±V P∓|Q.

Now, by the continuous functional calculus applied to the self-adjoint operator A, and consid-
ering the function sinnx = 1

2i (einx − e−inx) , we see that sin(nA) = 1
2i(V

n−V ∗n). Therefore,
we obtain the following relation:

|P+ sinnAP−|Q ≤ 1
2
(
|P+V

nP−|Q + |P+V
∗nP−|Q

)
= 1

2
(
|P+V

nP−|Q + |P−V
nP+|Q

)
≤ n

2
(
|P+V P−|Q + |P−V P+|Q

)
= na,
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where a = 1
2

(
|P+V P−|Q + |P−V P+|Q

)
.

With these results, we can analyze the sequence (Tj)j≥1 defined as:

Tj := P+

 j∑
n=1

bn sinnA
P−.

Observe that this sequence is a Cauchy sequence in Q:

|Tj − Tk|Q =
∣∣∣∣∣∣
k∑
j+1

bnP+ sinnAP−

∣∣∣∣∣∣
Q

, (with k > j)

≤ a
k∑

n=j+1
n|bn| ≤ a

∞∑
n=j+1

n|bn| j→∞−−−→ 0,

where the last limit follows since |nkbn| n→∞−−−→ 0 for all k ≥ 1 (there must exist an integer
N > 0 such that for all m ≥ N |bm| ≤ 1/m3, otherwise the sequence n4|bn| would not
converge, contradicting our observation above).
Therefore, by completeness of Q, sequence (Tj)j≥1 converges in Q. Thus,

P+f(A)P− = P+

∞∑
n=1

bn sinnA P−

lies in Q (using one more time the continuous functional calculus for A).
Applying now the measurable functional calculus, there exists a unique spectral measure
BΣ ∋ E → P (E), with Σ = σ(A) and BΣ the Borel sigma algebra on Σ, such that A =∫

Σ λ dE(λ). By property 3 of the constructed function f , we have that f(λ) = λ on Σ, so
f(A) =

∫
Σ f(λ) dE(λ) =

∫
Σ λ dE(λ) = A. Consequently, P+AP− ∈ Q and, thus, A ∈ Ares.

Consider the path Us = U0e
isA with 0 ≤ s ≤ 1. According to lemma 3.1.6, this path is

continuous in the ρ-topology on Ures, and it connects U0 with U1.

This theorem has multiple important corollaries which will help with the understanding of
the path components of this topological group.

Corollary 3.1.10. Suppose that Us = eisA is a uniformly continuous one parameter group.
Then Us ∈ Ures for all s if and only if A ∈ Ares.

Proof. Lemma 3.1.6 covers the case when A ∈ Ares. Now, suppose that Us = eisA is a
uniformly continuous one parameter group. Since Us ∈ Ures, the operator sA must be
self-adjoint. According to the continuous functional calculus, there exists an isometric C∗

isomorphism C(Σ) → C∗({1, A}), with Σ = σ(A). Take the function x 7→ eix − 1, which has
norm = supλ∈Σ |eiλ − 1|. Choosing a small value of s we can attain this norm < 2: by the
spectral mapping theorem (see [28] §3), σ(sA) = sσ(A), so if σ(A) ⊆ [a, b] then for s > 0,
sσ(A) ⊆ [sa, sb], reducing the interval. Therefore, with an appropriate value of s, we see
||eisA − 1|| < 2. In this order, by theorem 3.1.9, there exists a unique self-adjoint operator
Ã ∈ Ares such that the path Vt = eitÃ, with 0 ≤ t ≤ 1, connects 1 with eisA. Therefore,
eisA = eiÃ; thus sA = Ã+ 2πk1, and then, clearly, A ∈ Ares.
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Corollary 3.1.11. The connected component of Ures containing U is the set of all finite
products

UeiA1eiA2 · · · eiAn ,

with Aj ∈ Ares.

Proof. Suppose that V is connected to U by a continuous path in the ρ-topology. This path
is the image of a compact set under a continuous map, so it is compact. Therefore, we can
cover it by a finite number of balls of ratio 2. Since the ρ-norm involves the operator norm
|| · || in its definition, it follows that elements in these balls satisfy || · || < 2.

Figure 3-2: Given U, V connected through a curve, by compactness we can cover the path by
a finite number of ρ-balls of ratio 2. Blue dots denote points in the intersection
of these balls.

Hence, we have a collection of points U = U0, U1, . . . , Un = V on the curve such that
||Uk − Uk+1|| < 2. By theorem 3.1.9, there exists operators Ak+1 ∈ Ares such that Uk+1 =
Uke

iAk+1 , k = 0, 1, . . . , n− 1. Thus, V = UeiA1 · · · eiAn .
Conversely, suppose that V = UeiA1 · · · eiAn , with Ai ∈ Ares. Define the path

Us := Uke
i(s−k)Ak+1 , with k ≤ s ≤ k + 1,

for k = 0, . . . , n − 1.By lemma 3.1.6 these are continuous paths on Ures which connect
U0, U1, . . . , Un. Then, this path connects U with V :
Take k = 0 and consider the continuous path Us = U0e

isA1 with 0 ≤ s ≤ 1 which connects
U0 with U0e

iA1 . Now, take other path U0e
iA1ei(s−1)A2 with 1 ≤ s ≤ 2, which connects U0e

iA1

with U0e
iA1eiA2 , and repeat the process n− 1 times.

The proof of the corollary above shows a more general characteristic of the topological group
Ures. Although we have been developed some properties for the topological space (Ures, ρ), we
can show that Ures endowed with the subspace topology || · || has the same path components
of (Ures, ρ).

Proposition 3.1.12. Two points in Ures can be connected by a continuous path in the || · ||-
topology if and only if they can be connected by a continuous path in the ρ-topology.
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Proof. One direction is trivial: If U, V ∈ Ures can be connected by a continuous path γ in
the ρ-topology, this path is also continuous in the || · ||-topology since, by definition of the
norm ρ, ||A−B|| ≤ ρ(A,B).
Conversely, if U, V ∈ Ures can be connected by a continuous path γ in the || · ||-topology,
we can construct a new path using a similar argument given in the proof of the previous
corollary. By continuity and compactness, we can find n points U = U0, U1, . . . , Un = V

on the curve such that ||Uk − Uk+1|| ≤ 2. Thus, we can construct a continuous path in the
ρ-topology which connects U and V .

Continuing with the corollaries from theorem 3.1.9, we have the following:

Corollary 3.1.13. If U and V are in different connected components of Ures, then ||U−V || =
2.

Proof. Since U and V are unitary operators, ||U − V || ≤ 2. We have already proved the
contrapositive statement: if ||U−V || < 2, then U and V are in the same path component.

Why is this property necessary? Let us consider the following example where we will obtain
a contradiction.

Example: Let H2(T,C) be the Hardy space of the Hilbert space L2(T,C), where T de-
notes the unitary circle, and it is identified with the interval [−π, π]. Let {e−inx}n∈Z a basis
for the Hilbert space. Hence, we expand each element f by its Fourier series:

f(x) = 1
2π

∞∑
n=−∞

fne
−inx, fn =

∫ π

−π
f(x)einx dx.

Let P+ be the orthogonal projection over H2(T,C) given by:

(P±f)n = Θ(±(n+ 1/2))fn, where Θ(t) =
1 if t ≥ 0

0 if t < 0
.

Let V denote the operation of multiply by a function v with Fourier coefficients {vn}n∈Z.
Computing V over each basis element:

V (e−inx) = ve−inx = 1
2π

∞∑
k=−∞

vke
−i(n+k)x,

it is straightforward how we can represent, on the chosen basis, the operator V with the
matrix:

Vmn = 1
2πvm−n.

Using a similar argument, it follows that:

P±V P∓(e−inx) = 1
2πΘ(∓(n+ 1/2))

∑
k∈Z

vkΘ(±(k + n+ 1/2))e−i(k+n)x.
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Thus, we have:

(P±V P∓)mn = 1
2πΘ(∓(n+ 1/2))vm−nΘ(±(m+ 1/2)).

Now, considering the symmetric normed ideal of Hilbert-Schmidt operators, and its sym-
metric norm, we see that:

|P±V P∓|22 = Tr ((P±V P∓)∗(P±V P∓)) =
∑
n∈Z

⟨P±V P∓(e−inx), P±V P∓(e−inx)⟩

= 1
4π2

∑
n∈Z

Θ(∓(n+ 1/2))2 ∑
k,l∈Z

vkv̄lΘ(±(k + n+ 1/2))Θ(±(l + n+ 1/2))⟨e−i(k+n)x, e−i(l+n)x⟩

= 1
4π2

∑
n,k∈Z

Θ(∓(n+ 1/2))Θ(±(k + n+ 1/2))|vk|2.

Thus, opening the sum and expanding, we obtain:

|P±V P∓|22 = 1
4π2

∑
k≥1

k|v±k|2.

In particular, consider the operator Us of multiplication by the function e−isx. When s = 1,
we have the bilateral shift, with matrix coefficients given by:

(U1)mn = 1
2πδ1,m−n.

Observe that U1 is a unitary operator and, moreover, it satisfies the relation:

|P±U1P∓|22 = 1
4π2 < ∞.

Denote by X the operator of multiplication by x. This is a self-adjoint operator and satisfies
σ(X) = [−π, π]. Therefore, applying the functional calculus over X, we have that

||U1 − 1|| = ||eiX − 1|| = sup
λ∈σ(X)

|eiλ − 1| = 2.

Therefore, we can not apply 3.1.9. The function x can be expanded as x = ∑
n∈Z

(−1)n

in
e−inx

in the interval −π < x < π. Using this and the relations above, we observe that:

|P+XP−|22 = 1
4π2

∞∑
j=1

j|xj|2 = 1
4π2

∑
j≥1

1
j

= ∞.

Now, consider the unitary operator U1/2 = e−ix/2. Its Fourier series is given by:

e−ix/2 =
∑
n∈Z

sin π(n− 1/2)
π(n− 1/2) e−inx.

Thus, applying the formulas above, we have that:

|P+U1/2P−|22 = 1
4π2

∑
k≥1

k
1

π(k − 1/2)2 = ∞.

Hence, the curve eisX fails to be contained in the restricted group Ures.
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3.1.2 Z Index
Throughout the previous subsection we have developed some topological tools and properties
associated with the unitary restricted group Ures for a given symmetrically normed ideal Q
and a projection P+. Our next objective will be to understand how the Fredholm index of
P+UP+ classifies the path component of our unitary restricted group Ures.
To start with, consider the decomposition H = H+

⊕
H−. Given U ∈ Ures, using this

decomposition, we write U as:

U =
(
P+UP+ P+UP−

P−UP+ P−UP−

)
.

Using the polar decomposition for the operator P±UP∓ we have

P±UP∓ = I±abs (P±UP∓),

with I± a partial isometry with the property ker (I±) = ker (P±UP∓).
By proposition 2.2.17, we have that I±|(Ker I±)⊥ : (ker I±)⊥ → ran I± is an isometry; there-
fore, there exist operators K± such that I∗

±I± = 1 − K±, where K± are the orthogonal
projections over ker I±. Similarly, we can find orthogonal projections C± over (ran I±)⊥

such that I±I
∗
± = 1 − C±.

Now, according to lemma 3.1.7, dim ker P±UP± < ∞, so dim ker P±UP± = dim ker I± =
dim ran K± < ∞.
Remark. Let A = J abs(A) be the polar decomposition of A, with ker A = ker J =
ker abs(A). Since J∗J is the projection operator on (ker J)⊥ = (ker (abs(A)))⊥ = an abs(A),
we have that J∗J abs(A) = abs(A). Additionally, abs(A)J∗J = (J∗J abs(A))∗ = abs(A).
Let S = J abs(A)J∗, and notice that this operator is positive:

⟨J abs(A)J∗(x), x⟩ = ⟨abs(A)J∗(x), J∗(x)⟩ = ⟨(abs(A))1/2J∗(x), (abs(A))1/2J∗(x)⟩ ≥ 0.

Moreover, observe that the following identity holds:

(abs(A∗))2 = AA∗ = Jabs(A) abs(A)J∗ = S2,

and since both of them are positive, by the square root lemma 2.2.15, abs(A∗) = S. There-
fore, we obtain that:

A∗ = abs(A)J∗ = J∗J abs(A)J∗ = J∗S = J∗ abs(A∗).

From the first equality, we see that ker J∗ ⊆ ker A∗. Now, if x ∈ ker A∗, we have that
J∗(x) ∈ ker abs (A) = ker A = ker J , i.e, JJ∗(x) = 0, and therefore

0 = ⟨JJ∗(x), x⟩ = ⟨J∗(x), J∗(x)⟩ ⇔ J∗(x) = 0 ⇔ x ∈ ker J∗.

Thus, ker J∗ = ker A∗.
Using the remark above and lemma 3.1.7 we get the following series of implications: since

dim ker P±UP± = dim ker P∓U
∗P∓,
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and considering the polar decomposition P∓UP∓ = I∓ abs(P∓UP∓), we have that ker I∗
∓ =

ker P∓U
∗P∓, and thus dim ker P∓U

∗P∓ = dim ker I∗
∓ = (dim ranI∓)⊥ = dim ran C∓. As a

result, we have the identity
dim ran K± = dim ran C∓.

Since these spaces have equal dimensions, we can construct unitary operators

S± : ran K∓ → ran C±.

To do that, just consider an orthonormal basis for each subspace, {ϕi}ni=1 for ran K∓ and
{ψj}nj=1 for ran C±, and define S±(ϕi) = ψi.

Notice that S+ ◦ K− : H−
K−−−→ ran K−

S+−→ ran C+, and C+ ◦ S+ : ran K−
S+−→ ran C+

C+−−→
ran C+, where the last map acts as the identity map. We can be more general with the def-
inition of S±: Since ran C± and ran K± are closed subspaces, we can define S± : H∓ → H±

in such a way that for x ∈ (ran K∓)⊥, S±(x) = 0.
In this order, for x ∈ (ran K−)⊥ we have that S+ ◦ K−(x) = 0 and C+ ◦ S+(x) = 0, and if
x ∈ ran K− then S+ ◦ K−(x) = S+(x). On the other hand, C+ ◦ S+(x) = S+(x) because
S+(x) ∈ ran C+. Similarly, we notice that S− ◦K+ = C− ◦ S−.
With these definitions, we construct a unitary operator U on H = H+

⊕
H− as follows:

U =
(

I+ S+K−

S−K+ I−

)

First, note that U is, in effect, a bounded operator on H: by the polar decomposition,
we can interpret I± as operators H± → H±, and by construction of S±, we know that
S±K∓ : H∓ → H±. In the same order, since all these operators are bounded, we can
conclude that U is a bounded operator on H. Now, notice that indeed U is unitary:

U U
∗ =

(
I+ S+K−

S−K+ I−

)(
I∗

+ K+S
∗
−

K−S
∗
+ I∗

−

)
=
(

I+I
∗
+ + S+K−S

∗
+ I+K+S

∗
− + S+K−I

∗
−

S−K+I
∗
+ + I−K−S

∗
+ S−K+S

∗
− + I−I

∗
−

)
,

and knowing that S± are local isometries by definition, i.e, S∗
± ◦ S±|ran K∓ = 1 and S± ◦

S∗
±|ran C± = 1, each matrix element above simplifies as follows:

• S+K−S
∗
+ = C+S+S

∗
+ according to the relations established previously, and since ker S∗

+ =
(ran S+)⊥ = (ran C+)⊥ we obtain C+S+S

∗
+ = C+: for z = x+ y with x ∈ Ran C+ and

y ∈ Ran⊥C+, it follows that

C+S+S
∗
+(z) = C+S+S

∗
+(x) = C+(x) = C+(x+ y) = C+(z).

Therefore, the first element is 1H+ .

• The other diagonal entry is similar.



3.1 The Fredholm Index Theory and the CAR Algebra 43

• I+K+S
∗
− = 0 since K+ is a projection over ker I+, and S+K−I

∗
− = S+(I−K−)∗ = 0 by

the same reason. The remaining entry is analyzed identically, and we obtain that it is
0.

Therefore, we have seen that U U
∗ = 1. Using the same arguments, the relation U

∗
U = 1

also holds.

In addition to the properties shown above for U , we also have that U ∈ Ures: To see this, we
shall show that P±UP∓ has finite rank. Writing P± in matrix form, we have:

P+UP− =
(

1 0
0 0

)(
I+ S+K−

S−K+ I−

)(
0 0
0 1

)
=
(

0 S+K−

0 0

)
,

and since rank S+K− = rank C+ < ∞ we obtain the desired result. For P−UP+ is analogous.
In order to associate properties of the Fredholm index to the topological group Ures, we shall
need a main result from the Fredholm index theory, whicn can be found in [26] §7:

Proposition 3.1.14. Let H be a separable Hilbert space, and denote by Fred (H) the space
of Fredholm operators on H. Then Fred (H) is an open subset of B(H) with the operator
norm topology. Moreover, the index function

Index: Fred (H) → Z

is constant on the path connected components of Fred (H), and two Fredholm operators belong
to the same path component of Fred (H) if and only if they have the same index. If dim H =
∞, the index map is surjective.

Additionally, we shall analyze several intermediate steps:

i. Any U ∈ Ures with n±(U) = 0 is connected to the identity map 1.

ii. For all U ∈ Ures, n±(U) = n±(U) and n±(U∗
U) = 0.

iii. Any U ∈ Ures with i(U) = 0 can be connected to the identity 1.

Results (i) and (ii) tell us that U is connected to U : since n±(U∗
U) = 0, by (i) there exists

a ρ-continuous path ϕ : [0, 1] → Ures such that ϕ(0) = 1 and ϕ(1) = U
∗
U , and thus Uϕ(t)

is a continuous curve connecting U with U . Consequently, if i(U) = 0, from (ii) we have
that i(U) = 0 and then, by (iii), there exists a ρ-continuous path γ : [0, 1] → Ures such that
γ(0) = U and γ(1) = 1, so U is connected to 1. Now, if U0, U1 ∈ Ures satisfy i(U0) = i(U1), we
have that 0 = i(U0)− i(U1), and hence 0 = i(U∗

0 )+ i(U1) = i(U∗
0U1). Then U∗

0U1 is connected
to 1; therefore, U∗

0U1 is connected to 1 and thus U0 is in the same path connected component
as U1. On the other hand, if U0 is connected to U1 in the ρ-topology, by proposition 3.1.12 we
can find a continuous path in the || · ||-topology which connects U0 with U1, and multiplying
by P± at both left and right sides, the resulting curve connects P±U0P± with P±U1P±. As
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a result, applying proposition 3.1.14, these operators have the same Fredholm index; thus
i(U0) = i(U1).
Once we demonstrate (i), (ii) and (iii), we shall have proved the following theorem:

Theorem 3.1.15. (i) Let U0, U1 ∈ Ures. Then U0 is connected with U1 in the ρ-topology
if and only if i(U0) = i(U1).

(ii) The path connected components of Ures are the sets:

Uk = {U | U ∈ Ures, i(U) = k}, k ∈ Z.

Now, in order to prove these assertions, we shall need a more general result (see [10]):

Proposition 3.1.16. Let P+ be an orthogonal projection over a Hilbert space H, and denote
H± = ran P±. Let A be a bounded operator on H and consider the operator P+AP+ : H+ →
H+. If P+AP+ is invertible (as an operator on H+), then ρP (A) := sup{|⟨Ap, q⟩| | p ∈
H+, q ∈ H−, ||Ap|| = 1 = ||q||} < 1.

Remark. The notation used in the proposition is suggested by Devinatz and Shinbrot
in their paper General Weiner-Hopf operators where they studied necessary and sufficient
conditions for invertibility for general Toeplitz operators denoted by TP (A).

Proof. First of all, we observe, using Cauchy-Schwarz inequality, that ρP (A) ≤ 1 since
|⟨Ap, q⟩| ≤ ||Ap|| ||q|| = 1.
Now, suppose that ρP (A) = 1. Then, for any ϵ > 0 there exists p ∈ H+, q ∈ H− with
||Ap|| = ||q|| = 1 such that 1 − ϵ < |⟨Ap, q⟩| ≤ 1.
Let us study some results from a functional analysis course. Given a normed space X, and
denoting asX∗ its dual space (bounded linear operators fromX to the field K), for any l ∈ X∗

we have the norm ||l|| = sup{|l(y)| y ∈ X, ||y|| = 1}. Now, if we take l : H → C defined as
l(y) = ⟨P−A(p), y⟩, by the Riesz Representation theorem, we have that ||l|| = ||P−A(p)||, so

||P−A(p)||2 = (sup{|⟨P−A(p), y⟩| y ∈ H, ||y|| = 1})2 .

Moreover, observe that ⟨P−A(p), y⟩ = ⟨A(p), P−(y)⟩, and we can take the supremum over the
elements with ||P−(y)|| = 1 (any y can be decomposed as the sum x+ + x− with x± ∈ H±,
and thus P−(y) = P−(x−) = x−, with ||x−|| ≤ 1, but by properties of operator norm, taking
the supremum over elements with || · || ≤ 1 is the same as taking supremum over elements
with || · || = 1). Therefore, ||P−A(p)||2 = (sup{|⟨A(p), q′⟩| q′ ∈ H−, ||q′|| = 1})2.
With this assertion, we have that ||P−A(p)||2 ≥ |⟨Ap, q⟩2 > (1 − ϵ)2. Now, observe that
1 = ||Ap||2 = ||P+Ap||2+||P−Ap||2 > ||P+Ap||2+(1−ϵ)2. Therefore, ||P+Ap||2 < 2ϵ−ϵ2 ≤ 2ϵ.
Secondly, since by hypothesis the operator P+AP+ is invertible, it is bounded below, i.e, there
exists 0 < m < ∞ such that for all x ∈ H+, ||P+AP+(x)|| ≥ m||x||. Thus, we have the
inequalities:

m2||p||2 ≤ ||P+AP+(p)||2 = ||P+A(p)||2 < 2ϵ.
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In addition, we have trivially that 1 = ||Ap|| ≤ ||A|| ||p|| ⇒ ||p|| ≥ 1/||A||.
With these observations we can get a contradiction: Taking ϵ < m2/(2||A||2), we have
||p||2 < 1/||A||2 and ||p||2 ≥ 1/||A||2.
Consequently, ρP (A) < 1.

We shall start now by showing the three main statements above.

Lemma 3.1.17. Let U ∈ Ures with n±(U) = 0. Then U can be connected to the identity
map.

Proof. If n±(U) = 0, we have that dim ker P±UP± = 0 = dim ker P∓U
∗P∓ since n±(U) =

n∓(U∗). Therefore, the orthogonal projections K± and C± are equal to 0. In this order,

U =
(
I+ 0
0 I−

)
, and I± are unitary operators. Let us consider the following operators D and

X:
D =

(
abs (P+UP+) 0

0 abs (P−UP−)

)
, X =

(
0 I∗

+P+UP−

I∗
−P−UP+ 0

)
.

Now, observe that:

U
∗
U =

(
I+ 0
0 I−

)(
P+UP+ P+UP−

P−UP+ P−UP−

)
=
(

abs (P+UP+) I∗
+P+UP−

I∗
−P−UP+ abs (P−UP−)

)
= D +X.

In the above equality we have used the relations given by the polar decomposition and the
partial isometries. Furthermore, we compute D2 +X∗X:

D2 +X∗X =
(

abs (P+UP+)2 0
0 abs (P−UP−)2

)
+
(

0 P+U
∗P−I−

P−U
∗P+I+

)(
0 I∗

+P+UP−

I∗
−P−UP+ 0

)

=
(
P+U

∗P+UP+ 0
0 P−U

∗P−UP−

)
+
(
P+U

∗P−UP+ 0
0 P−U

∗P+UP−

)

=
(
P+U

∗(P+ + P−)UP+ 0
0 P−U

∗(P− + P+)UP−

)
=
(
P+ 0
0 P−

)
= 1.

Summarizing, we have obtained the identities U∗
U = D + X and D2 + X∗X = 1. Now,

given that dim ker (P±U
∗P±) = 0 and ker (P±U

∗P±) = (ran (P±UP±))⊥, we have that
ran (P±UP±) = H±, but we already know that P±UP± is a Fredholm operator, so its range
is closed. Therefore, since its kernel is trivial and its range is all H± respectively, we have
that P±UP± is invertible on H± (with bounded inverse on H±).
According to the previous proposition, we have that ρP±(U) < 1. Now, notice that ⟨U(p), q⟩,
with p ∈ H+ and q ∈ H− is equal to ⟨UP+(p), P−(q)⟩, and therefore ρP±(U) = sup {|⟨U(p), q⟩| :
p ∈ H±, q ∈ H∓, ||U(p)|| = 1 = ||q||} = sup {|⟨P∓UP±(p), q⟩| : ||p|| = 1 = ||q||} =
||P∓UP±|| < 1.
In the computation at the beginning of the proof, we have showed that:

X∗X =
(
P+U

∗P−UP+ 0
0 P−U

∗P+UP−

)
.
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Thus, given z ∈ H decomposed as y+ + y− with y± ∈ H±, we have that X∗X(z) =
P+U

∗P−UP+(y+) + P−U
∗P+UP−(y−). In this way,

||X∗X(z)|| ≤ ||P+U
∗P−UP+(y+)|| + ||P−U

∗P+UP−(y−)|| ≤ ||P−UP+|| ||y+|| + ||P+UP−|| ||y−||
≤ max{||P−UP+||, ||P+UP−||} (||y+|| + ||y−||)
= max{||P−UP+||, ||P+UP−||} ||z|| < ||z||.

Consequently, ||X||2 = ||X∗X|| ≤ max{||P−UP+||, ||P+UP−||} < 1, and so ||X|| < 1. More-
over, we notice that 1 −X∗X is positive:

⟨(1 −X∗X)z, z⟩ = ||z||2 − ||X(z)||2 ≥ 0.

Using the relation D2 = 1−X∗X, the positiveness of D –which is clear by construction, and
the uniqueness of the square root operator, we have that D = (1 −X∗X)1/2. Since X∗X is
positive and its norm is less than 1, we see that σ(X∗X) ⊆ [0, 1) (here we use the spectral
radius formula for normal operators, see [28] §3).
Let A = 1 −X∗X; by the spectral mapping theorem, we have that σ(A) ⊆ (0, 1]. Consider
the continuous function f : Σ := σ(A) → C given by f(x) = x1/2. Now, making use of
the continuous functional calculus, we can conclude that σ((1 − X∗X)1/2) = σ(A1/2) =
σC(Σ)(f) = f(Σ) ⊆ (0, 1]. Using, one more time, the spectral mapping theorem applied over
A1/2, we see that σ(A1/2 − 1) ⊆ (−1, 0], and since this operator is self-adjoint, we have that
−||A1/2 − 1|| lies in σ(A1/2 − 1). Therefore, ||A1/2 − 1|| < 1, i.e. ||(1 −X∗X)1/2 − 1|| < 1.
Hence, we have obtained the following inequalities:

||U∗
U − 1|| = ||D +X − 1|| ≤ ||D − 1|| + ||X|| < 2.

Now, according to theorem 3.1.9, there exists a ρ-continuous path γ : [0, 1] → Ures with
γ(0) = 1 and γ(1) = U

∗
U and, thus, we can construct a ρ-continuous path connecting U

with U .
It remains a last step in the proof of this lemma. Let us consider a unitary operator V on

H+, and define a new operator W on H given by W =
(
V 0
0 I−

)
. Observe that this operator

is unitary because I− is unitary on H−, and, moreover, lies in Ures:

P+WP− =
(

1 0
0 0

)(
V 0
0 I−

)(
0 0
0 1

)
= 0, P−WP+ =

(
0 0
0 1

)(
V 0
0 I−

)(
1 0
0 0

)
= 0.

We have a main result concerning unitary operators on a complex Hilbert space H, which
states that this group is path connected in the || · ||− topology. In fact, this result is an easy
consequence of the measurable functional calculus (see [28] §4).
Using these last two assertions, we are ready to construct a ρ-continuous path which connects
U with 1. Since I± are unitary operators on H±, we can connect both of them with 1H± ,
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respectively. Therefore, there exists a ||·||− continuous path contained in Ures which connects
U with 1 joining:

U =
(
I+ 0
0 I−

)
⇒
(

1H+ 0
0 I−

)
⇒
(

1H+ 0
0 1H−

)
= 1.

Finally, by proposition 3.1.12, we see that U is connected with the identity map.

Lemma 3.1.18. For any U ∈ Ures, n±(U) = n±(U) and n±(U∗
U) = 0. Thus, U and U are

in the same path connected component of Ures.

Proof. Considering the following computation:

P+UP+ =
(

1 0
0 0

)(
I+ S+K−

S−K+ I−

)(
1 0
0 0

)
=
(
I+ 0
0 0

)
,

we observe that dim ker (P+UP+) = dim ker I+ = dim ker (P+UP+). Analogously, it

can be shown that P−UP− =
(

0 0
0 I−

)
and, thus, we conclude that dim ker (P−UP−) =

dim ker I− = dim ker (P−UP−). Therefore, n±(U) = n±(U).
For the second part of the proof, let us take the operator V = U

∗
U . By the first part, we

notice that i(V ) = i(U)−i(U) = 0. Consequently, since by definition i(V ) = n+(V )−n−(V ),
we obtain that n+(V ) = n−(V ). Therefore, it suffices to show that n+(V ) = 0 since, by
lemma 3.1.17, if it holds then V can be connected with the identity map.

Computing the entry P+V P+ for the matrix form of V , we obtain P+V P+ = I∗
+P+UP+ +

K+S
∗
−P−UP+. Using the polar decomposition P+UP+ = I+abs(P+UP+) and the relation

I∗
+I+ = 1 −K+, we simplify the expression for P+V P+ and obtain (1 −K+) abs(P+UP+) +
K+S

∗
−P−UP+ = abs(P+UP+) + K+S

∗
−P−UP+. Notice that K+ abs(P+UP+) = 0 since K+

is the projection over ker I+ = ker (P+UP+), and that the following holds:
If abs(P+UP+)(x) ̸= 0, we have that 0 ̸= ( abs(P+UP+))2(x) = (P+U

∗P+)(P+UP+)(x) be-
cause for any bounded operator T , ker (T ) = ker (T ∗T ), and thus abs(P+UP+)(x) does not
belong to ker abs(P+UP+) = ker (I+). Therefore, applying the projection K+, this expres-
sion vanishes.

Let f ∈ H+ such that P+V P+(f) = 0. Given that K+ is a projection, we must have
that (1 −K+)abs (P+UP+)(f) = 0 and K+S

∗
−P−UP+(f) = 0 (ranges of K+ and 1 −K+ are

mutually orthogonal spaces). Therefore, abs(P+UP+)(f) = 0 and then f ∈ ker (P+UP+).
Since f ∈ H+ and U is unitary, we have that U(f) ∈ H−, and thus P−UP+(f) = U(f). In
this order, we obtain the following expressions:

0 = K+S
∗
−P−UP+(f) = K+S

∗
−U(f) = S∗

−C−U(f),

where in the last equality we conjugated the relation S−K+ = C−S−.
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In addition to the properties of the polar decomposition we have used until now, we re-
fer to another one related with the behavior of the ranges: Let A = Uabs(A) be the polar
decomposition for a bounded operator A on a Hilbert space H; then ran (U) = ran A (see
[24] §6).
With these results and the relation showed in the proof of lemma 3.1.7,

ker (P±UP±) = U∗(ker (P∓U
∗P∓)),

since f ∈ ker (P+UP+) we observe that U(f) ∈ ker (P−U
∗P−) = (Ran (P−UP−))⊥ =

(Ran I−)⊥ = ker I∗
− = Ran C−. Therefore, 0 = S∗

−C−U(f) = S∗
−U(f).

Observe now that, if we restrict S− to a map Ran K+ → Ran C− –it is unitary on these
restrictions, the map S∗

− has kernel equal to 0. Thus, since U(f) ∈ ran C− and S∗
−U(f) = 0,

we conclude that U(f) = 0 ⇒ f = 0. Consequently, 0 = dim Ker (P+V P+) = n+(V ).

Lemma 3.1.19. If i(U) = 0 then U can be connected to the identity.

Proof. If i(U) = 0 then n+(U) = n−(U) and, thus, by the previous lemma, n+(U) = n−(U).
By definition of U , we have that P+UP+ = I+; therefore,

n+(U) = dim ker I+ = dim ran K+ = dim ran C−.

In a similar way, we see that

n−(U) = dim ker I− = dim ran K− = dim ran C+.

Thus, we obtain the equivalences dim ran K± = dim ran C±.
Both spaces, ran K± and ran C±, are contained in H± respectively. By equality of dimen-
sions, we can then construct a unitary operator T± : H± → H± such that T±K± = C±T±:
Since these ranges are closed finite dimensional subspaces, we can consider orthonormal basis
B

(1)
± , B

(2)
± for H± such that the first n elements –being n = dim ran C± = dim ran K± < ∞–

form an orthonormal basis for ran K± and ran C± respectively. For instance, let us consider

B
(1)
± = {φ±

(1)
1 , φ±

(1)
2 , . . . , φ±

(1)
n , φ±

(1)
n+1, . . .}, B

(2)
± = {ψ±

(2)
1 , ψ±

(2)
2 , . . . , ψ±

(2)
n , ψ±

(2)
n+1, . . .},

with {φ±
(1)
i }ni=1, an orthonormal basis for ran K± and {ψ±

(2)
i }ni=1 an orthonormal basis for

ran C±. We define T±(φ±
(1)
i ) = ψ±

(2)
i . Now, notice that with this definition we get the

relation T±K± = C±T±. Given x± ∈ H± we can decompose it in a unique way as a sum
x± = y± + z± where y± ∈ ran K± and z± ∈ (ran K±)⊥; therefore, T±K±(x±) = T±(y±)
and, on the other hand, C±T±(x±) = C±T±(y±) +C±T±(z±), but the last term is 0 because
T±(z±) ∈ (ran C±)⊥, so = C±T±(y±) = T±(y±).

Define T :=
(
T+ 0
0 T−

)
on H. It is clear that T is unitary. Moreover, we have that T ∈ Ures:

P+TP− = 0 = P−TP+.
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Consider now the product T ∗U :

T ∗U =
(
T ∗

+ 0
0 T ∗

−

)(
I+ S+K−

S−K+ I−

)
=
(

T ∗
+I+ T ∗

+S+K−

T ∗
−S−K+ T ∗

−I−

)
.

Now, observe the following properties: Given x ∈ H+, we can decompose it as x = y + z

with y ∈ ker I+ and z ∈ (ker I+)⊥, so T ∗
+I+(x) = T ∗

+I+(z) and, in this way, applying K+, we
obtain

K+T
∗
+I+(z) = (T+K+)∗I+(z) = (C+T+)∗I+(z) = T ∗

+C+I+(z) = 0,

since 1 − C+ is an orthogonal projection over ran I+, i.e. C+ is an orthogonal projection
over (ran I+)⊥. Therefore, T ∗

+I+ = (1 −K+)T ∗
+I+(1 −K+).

Analogously, we obtain a similar relation:

T ∗
−I− = (1 −K−)T ∗

−I−(1 −K−).

Moreover, we notice that:

K−T
∗
−S−K+ = (T−K−)∗S−K+ = (C−T−)∗S−K+ = T ∗

−C−S−K+ = T ∗
−S−K+,

and

K+T
∗
+S+K− = (T+K+)∗S+K− = (C+T+)∗S+K− = T ∗

+C+S+K− = T ∗
+S+K−.

Consequently, we have attained an expression for T ∗U :

T ∗U =
(

(1 −K+)T ∗
+I+(1 −K+) K+T

∗
+S+K−

K−T
∗
−S−K+ (1 −K−)T ∗

−I−(1 −K−)

)
.

Thus, we have obtained a significant property of this operator: It leaves invariant the sub-
spaces (1 − K+)H+, K+(H+)⊕K−(H−) and (1 − K−)H−. Moreover, it is unitary on each
of these subspaces:

• Let x ∈ (1 −K+)(H+). Then we have:

(1 −K+)I∗
+T+(1 −K+)T ∗

+I+(1 −K+)(x) = (1 −K+)I∗
+T+T

∗
+I+(x)

= (1 −K+)I∗
+I+(x) = (1 −K+)2(x) = x.

On the other hand, we have:

(1 −K+)T ∗
+I+(1 −K+)I∗

+T+(1 −K+)(x) = T ∗
+I+I

∗
+T+(x),

but x ∈ (1 −K+)(H+) = (ran K+)⊥, which implies that T+(x) ∈ (ran (C+))⊥, and us-
ing the relation I+I

∗
+ = 1 −C+, we obtain I+I

∗
+T+(x) = T+(x). Thus, T ∗

+I+I
∗
+T+(x) =

x.

• In the same way as we have done for the entry (1, 1), we see that the entry (2, 2) is
unitary in the respective subspace.
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• Let (x, y) ∈ K+(H+)⊕K−(H−). Computing (T ∗U)∗, we obtain:

(T ∗U)∗(T ∗U)(x⊕ y) = (T ∗U)∗
(
K+T

∗
+S+K−(y)

K−T
∗
−S−K+(x)

)
= K+S

∗
−C−T−T

∗
−S−K+(x) ⊕K−S

∗
+C+T+T

∗
+S+K−(y)

= K+S
∗
−S−K+(x) ⊕K−S

∗
+S+K−(y),

but S− is unitary on Ran K+ and S+ is unitary on Ran K−, so the last expression is
equal to x⊕ y.
Applying these observations, we see that (T ∗U)(T ∗U)∗ is the identity when it is re-
stricted to K+(H+)⊕K−(H−).

Since K+(H+)⊕K−(H−) is finite dimensional, its unitary group of operator is path con-
nected, and thus we can continuously deform T ∗U to the identity map onK+(H+)⊕K−(H−):

Observe that, for any bounded operator W =
(
A B

C D

)
, the entries P+WP− and P−WP+

correspond to B and C respectively; therefore, in our case, since for T ∗U these entries are
finite rank operators, this continuous deformation, restricted to K+(H+)⊕K−(H−), will be
contained in Ures and will leave invariant T ∗U on (1 −K±)(H±). In principle, the path ob-
tained is continuous in the ||·||-topology, but again, by proposition 3.1.12, we can construct a
continuous path in the ρ-topology which performs this deformation. Thus, T ∗U is connected
to:

V =
(

(1 −K+)T ∗
+I+(1 −K+) +K+ 0

0 (1 −K−)T ∗
−I−(1 −K−) +K−

)
.

Now, observe that n±(V ) = 0: Entry (1, 1) above (resp. (2, 2)) has trivial kernel since
(1 − K+)T ∗

+I+(1 − K+) has inverse on (1 − K+)(H+) and, over K+, we have the identity
map. Therefore, by lemma 3.1.17, V is connected with the identity.
Finally, we note that T can be connected with the identity. Since T± are unitary operators
on H±, by the measurable functional calculus, we can find self-adjoint operators A± on H±,
respectively, such that T± = eiA± . Then, considering the curve

s 7→ Ts =
(
eisA+ 0

0 eisA−

)
,

which is continuous in the || · ||-topology and is contained in Ures (P±TsP∓ = 0), we have
connected T with the identity map 1. One more time, by proposition 3.1.12, we can construct
a ρ-continuous path connecting T with 1. Therefore, U = T (T ∗U) is connected with 1. Thus,
by lemma 3.1.18, U is connected with the identity map.

These three lemmas 3.1.17, 3.1.18 and 3.1.19 are necessary in the proof of theorem 3.1.15 as
we have seen. Nevertheless, we do not have a complete characterization of an index theory
for Ures in the sense that its path components are not completely classified. To do that, we
present a last result where each path component is labeled with an integer number.
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Theorem 3.1.20. Let î : Ures/Ker i → Z be the induced homomorphism by i : Ures → Z.
Then î is an isomorphism.

Proof. It is clear that î is a one-to-one homomorphism by the First Isomorphism Theorem.
Moreover, as we have seen, ker i = U0, the path connected component of the identity 1. To
prove the isomorphism, we shall show that it is surjective.
Let {ej : j ∈ Z} be an adapted orthonormal basis for H in the sense that {ej : j ≥ 0}
and {ej : j < 0} are orthonormal basis for H+ and H− respectively. Consider the right
unilateral shift on H, B : H → H given by B(ej) = ej+1. It is clear that B is unitary
and, moreover, it satisfies dim ker (P+BP+) = 0 (right shift has no problem on H+), and
dim ker (P−BP−) = 1 since B(e−1) = e0.
Notice that P+BP− has finite rank: for j ≥ 0 then P+BP−(ej) = 0, and for j < 0
P+BP−(ej) = P+B(ej), being ̸= 0 if and only if j = −1. In the same way, we observe
that P−BP+ is 0. Therefore, P±BP∓ ∈ Q, and thus B ∈ Ures.
As we have noticed at the beginning, n+(B) = 0 and n−(B) = 1, so i(B) = −1. Now, for
any k ≥ 0, i(Bk) = ki(B) = −k, and i(B∗k) = ki(B∗) = k. Thus, î is surjective.

We finish this section with the above theorem, where we now have an understanding of the
group Ures. In Chapter 3 we shall examine an example where this value can be calculated
making use of characteristic classes of the Grothendieck group –K-Theory.

3.2 An Index Theory for Clifford Algebra
In this section, we shall present a similar analysis to the one we did with the CAR algebra
for the Clifford algebra, following the description given by Carey and O’Brien in [5]. Nev-
ertheless, in this description we shall consider a real Hilbert space (E, (·, ·)) together with a
complex structure J . All of the definitions and results presented before for a symmetrically
normed ideal also apply for the real case: according to Gohberg and Krein (see [12] §1 and
§2), the symmetric norm of the symmetric ideal Q depends exclusively of the singular values
of the bounded operator S ∈ Q, which are defined as the absolute values of the eigenvalues
of abs(S). Again, notice that this definition makes sense because S is compact.
In the previous chapter we have noticed that when Q = Q2, the space of Hilbert-Schmidt
operators, given g ∈ O(E), an orthogonal operator, the Bogoliubov automorphism θg on the
Clifford algebra C[E] can be unitarily implemented in the Fock representation if and only if
the J− antilinear part Ag = 1

2(g+JgJ) is a Hilbert-Schmidt operator. In this order, we will
define a new topological group such that this property is considered, but for a more general
symmetric normed ideal Q.

Definition 3.2.1. (Orthogonal restricted group) Let Ores denote the subset of orthogonal
operators O on E such that O + JOJ ∈ Q, i.e

Ores := {O ∈ O(E)| O + JOJ ∈ Q}.



52
3 Automorphisms of the CAR and Clifford algebras and the Fredholm

Index

Let σ : Ores × Ores → R≥0 be the norm function defined by

σ(g, h) = ||(g − h) − J(g − h)J || + |(g − h) + J(g − h)J |Q .

The pair (Ores, σ) is called the orthogonal restricted group of E.

Remark. Using the notation of the section 2.2.3, the function σ can be written as

σ(g, h) = ||Cg − Ch|| + |Ag − Ah|Q .

Remark. Notice that (Ores, σ) is a topological group, with the topology induced by σ.

i. Group structure: Given g, h ∈ Ores, let us consider the relations:

Agh = CgAh + AgCh, Cgh = CgCh + AgAh.

With the first identity, since Q is an ideal, we see then that Ores is closed under product
operation. Now, since Ag−1 = (Ag)∗, Ores is closed under taking inverse.

ii. Continuity of group operations: To check continuity of the multiplication map
m : Ores × Ores → Ores, we can provide, as we did for Ures, a metric to Ores × Ores,
called d, given by

d((g1, h1), (g2, h2)) = σ(g1, g2) + σ(h1, h2).
This metric induces the product topology on Ores × Ores.
With this in mind, to prove continuity will be sufficient to consider sequences (gn)n≥1

σ−→
g, (hn)n≥1

σ−→ h, and show that (gnhn) converges, in σ, to gh. Let us observe that
||Cgnhn − Cgh||

n→∞−−−→ 0 and |Agnhn − Agh|Q
n→∞−−−→ 0. The first convergence is clear

since the operations involved in Cg are continuous with respect to the || · ||-topology.
For the second one, we must be more careful. Let ϵ > 0. Observe that the following
computation holds:

|Agh − Agnhn|Q = |AgCh + CgAh − AgnChn − CgnAhn|Q
= |AgCh − AgnCh + AgnCh + CgAh − AgnChn − CgnAhn|Q
≤ |AgCh − AgnCh|Q + |AgnCh + CgAh − AgnChn − CgnAhn|Q ,

and notice that the first term in the last inequality tends to zero since Agn

|·|Q−−→ Ag.
Thus, there exists N1 such that for all n ≥ N1 the whole expression above satisfies

<
ϵ

4 + |AgnCh + CgAh − AgnChn − CgnAhn + CgnAh − CgnAh|Q

≤ ϵ

4 + |AgnCh + CgAh − AgnChn − CgnAh|Q + |CgnAhn − CgnAh|Q .

Again, observe that the third term in the last inequality goes to zero with n → ∞
since ||Cgn|| ≤ 1 for all n. Hence, there exists N2 ≥ N1 such that for all n ≥ N2 we
obtain the inequality:

<
ϵ

2 + |AgnCh + CgAh − AgnChn − CgnAh|Q

≤ ϵ

2 + |Agn(Ch − Chn)|Q + |(Cg − Cgn)Ah|Q .
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Now, |Agn(Ch − Chn)|Q ≤ ||Ch −Chn|| |Agn|Q, but since Agn

|·|Q−−→ Ag (because gn σ−→ g),
we obtain that there exists 0 < M < ∞ such that |Agn|Q ≤ M for all n, and therefore

AgnCh − AgnChn

|·|Q−−→ 0. Similarly, CgAh − CgnAh
|·|Q−−→ 0. Thus, Agnhn

|·|Q−−→ Agh.

For the inverse map, µ : Ores → Ores, due to the fact that µ(g) = gt, if (gn)n≥1
σ−→ g

and considering that ||At|| = ||A|| and same for |·|Q, we obtain easily that (gtn) σ−→ gt.
Therefore, µ is continuous.

Similarly, as we did for Ures, we can observe that Ores equipped with the σ−topology is a
complete metric space. Let (gn)n≥1 be a Cauchy sequence in Ores. According to the definition
of the metric σ, we notice that (Cgn)n≥1 is a Cauchy sequence with respect to the || · ||-metric
and (Agn)n≥1 is also a Cauchy sequence with respect to the |·|Q-metric. Since (B(E), || · ||)
is a complete metric space, there exists an element A such that A = limn→∞ Cgn , and by
a similar reasoning, using completeness of the symmetric normed ideal Q, there exists an
element B such that B = limn→∞ Agn . Although, in principle, the last convergence happens
in the symmetric ideal, notice that || · || ≤ |·|Q implies that B is the limit of convergence in
|| · || as well. Let g = A+B; by continuity on || · ||, A commutes with J and B anticommutes
with J . Therefore, by uniqueness of this decomposition (see [21] §3), we have:

A = 1
2(g − JgJ), B = 1

2(g + JgJ).

Moreover, in the metric || · ||, g = limn→∞ gn; hence, g is an orthogonal operator, and by
construction, g ∈ Ores.

At this point, we have introduced two distinct groups with no related structures, Ures and
Ores. These two groups arise in the attempt to answer the problem of implementability
and equivalence of unitary automorphisms and unitary representations, respectively, for two
different algebras. However, we shall observe that, requesting a little more structure, there
exists a relation between these two restricted groups.
Let H := E

⊕
E be the real Hilbert space obtained from the direct sum of E with itself,

and with inner product given by:((
x1

y1

)
,

(
x2

y2

))
H

= (x1, x2)E + (y1, y2)E.

Let us consider the complex structure on H given by

J̃ =
(
J 0
0 −J

)
.

With this structure, we can equip H with a new inner product ⟨⟨·, ·⟩⟩ := (·, ·)H + i(·, J̃ ·)H ,
and then view (HJ̃ , ⟨⟨·, ·⟩⟩) as a complex Hilbert space, with multiplication by i given by:

i

(
x

y

)
:= J̃

(
x

y

)
.
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Let P+, P− be the orthogonal projection operators on the first and the second factor of H,

respectively, and let us consider the operator Γ :=
(

0 1
1 0

)
. With these definitions, Γ fulfills

the following properties:

i. ⟨⟨Γ(u⃗),Γ(v⃗)⟩⟩ = ⟨⟨v⃗, u⃗⟩⟩. This is a direct computation: let u⃗ =
(
x1

x2

)
, v⃗ =

(
y1

y2

)
, and

observe that:

⟨⟨Γ(u⃗),Γ(v⃗)⟩⟩ = (Γ(u⃗),Γ(v⃗))H + i(Γ(u⃗), J̃Γ(v⃗))H

= (x1, y1) + (x2, y2) + i

((
x2

x1

)
,

(
0 J

−J 0

)(
y1

y2

))
H

= (x1, y1) + (x2, y2) + i(x2, Jy2) − i(x1, Jy1)
= (x1, y1) + (x2, y2) − i(Jx2, y2) + i(Jx1, y1)
= (y1, x1) + (y2, x2) + i(y2,−Jx2) + i(y1, Jx1)
= (y1, x1) + (y2, x2) + i(v⃗, J̃ u⃗)H = ⟨⟨v⃗, u⃗⟩⟩.

ii. Γ2 = 1.

iii. Γi = −iΓ, i.e, ΓJ̃ = −J̃Γ. This property follows from the next computation:

ΓJ̃ + J̃Γ =
(

0 1
1 0

)(
J 0
0 −J

)
+
(
J 0
0 −J

)(
0 1
1 0

)
=
(

0 −J
J 0

)
+
(

0 J

−J 0

)
= 0.

iv. ΓP+ = P−Γ. This expression results from a direct calculation considering the matrix
form for P+ and P−:

P+ =
(

1 0
0 0

)
, P− =

(
0 0
0 1

)
.

Now, observe that, over the real Hilbert space H, the Banach space of bounded linear

operators H → H is given by
{(

A B

C D

)
| A,B,C,D ∈ B(E)

}
. We can consider a norm

over this space defined as∣∣∣∣∣
∣∣∣∣∣
(
A B

C D

)∣∣∣∣∣
∣∣∣∣∣ := max{||A||, ||B||, ||C||, ||D||}.

From [27] §1, using the language of C∗−algebras, we see that this norm makes B(H) a
Banach space. Analogously, we can extend the definition of the symmetric normed ideal Q
to the space B(H) applying the symmetric norm |·|Q over each matrix entry. Let us denote
this new symmetric normed ideal as Q̃. With this consideration, Q̃ fulfills the properties of
a symmetric normed ideal.
We shall need a one last observation in order to understand the relation between these
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two restricted groups. In order that a bounded operator A on H can be understood as an
operator on HJ̃ , we require that [A, J̃ ] = 0. Hence, seeing B(HJ̃) as a subspace of B(H), the
construction of Q̃ still works.
Consider the following groups:

Ures = {U |U unitary on HJ̃ , P±UP∓ ∈ Q̃}, UΓ = {U |U ∈ Ures, ΓU = UΓ}.

Observe that the condition P±UP∓ ∈ Q̃ is equivalent to P±UP∓ ∈ Q. Moreover, notice that
UΓ is a subgroup of Ures.
With all these definitions, we are ready to prove the next proposition.

Proposition 3.2.2. Let µ : Ores → UΓ be the group homomorphism given by:

µ(g) = 1
2

(
g − JgJ g + JgJ

g + JgJ g − JgJ

)
=
(
Cg Ag
Ag Cg

)
.

Then µ is a group isomorphism in the category of topological groups.

Proof. First, notice that µ really is a group homomorphism, and that µ(g) ∈ UΓ for all
g ∈ Ores. Let g, h ∈ Ores; then:

i.

µ(g)µ(h) =
(
Cg Ag
Ag Cg

)(
Ch Ah
Ah Ch

)
=
(
CgCh + AgAh CgAh + AgCh
CgAh + AgCh CgCh + AgAh

)
=
(
Cgh Agh
Agh Cgh

)
= µ(gh).

ii.

µ(g)J̃ =
(
Cg Ag
Ag Cg

)(
J 0
0 −J

)
=
(
CgJ −AgJ
AgJ −CgJ

)

=
(
JCg JAg

−JAg −JCg

)
=
(
J 0
0 −J

)(
Cg Ag
Ag Cg

)
= J̃µ(g).

From these two computations, it also follows that µ(g) is unitary on HJ̃ .

iii. For all g ∈ Ores, according to the matrix form, P±µ(g)P∓ corresponds to Ag; therefore,
P±µ(g)P∓ ∈ Q.

iv.

µ(g)Γ =
(
Cg Ag
Ag Cg

)(
0 1
1 0

)
=
(

0 1
1 0

)(
Cg Ag
Ag Cg

)
= Γµ(g).

To check the continuity of the morphism µ, we shall need the metric ρ given in the previous
section for Ures. For g, h ∈ Ores, we have:

ρ(µ(g), µ(h)) =
∣∣∣∣∣
∣∣∣∣∣
(
Cg − Ch Ag − Ah
Ag − Ah Cg − Ch

)∣∣∣∣∣
∣∣∣∣∣+ |Ag − Ah|Q .



56
3 Automorphisms of the CAR and Clifford algebras and the Fredholm

Index

Given ϵ > 0, let us consider the σ−ball centered on g with radius ϵ/2. Thus, ||Cg−Ch|| < ϵ/2
and |Ag − Ah|Q < ϵ/2. Therefore, ρ(µ(g), µ(h)) < ϵ whenever σ(g, h) < ϵ/2.
To prove that µ is an homeomorphism, let us consider the map T : UΓ → Ores given by

T (U) = A + B, where U =
(
A B

B A

)
. Again, we have to see that this map is a well defined

group homomorphism. Given U ∈ UΓ, we can express U in matrix form as follows:

U =
(
P+UP+ P+UP−

P−UP+ P−UP−

)
,

and using ΓU = UΓ, we get that P−UP+ = P+UP− and P−UP− = P+UP+, i.e. U has the
form written above. Since U is unitary, we obtain the relations:

AA∗ +BB∗ = 1, AB∗ +BA∗ = 0, A∗A+B∗B = 1 A∗B +B∗A = 0.

Moreover, due to complexification of H with respect to the complex structure J̃ , we have
that UJ̃ = J̃U . Using the matrix form, we get these other relations:

AJ = JA, BJ = −JB.

Let us observe that A+B ∈ Ores. Using the expressions above, and considering A,B ∈ B(E)
we see that:

(A+B)(A+B)∗ = AA∗ + AB∗ +BA∗ +BB∗ = 1,

and, analogously, (A+B)∗(A+B) = 1. In addition, we need to show that (A+B) + J(A+
B)J ∈ Q, but this also follows from above expressions:

(A+B) + J(A+B)J = A+BJAJ + JBJ = A+B +AJ2 −BJ2 = A+B −A+B = 2B,

and by definition of U , B ∈ Q. Thus, T is well defined and, by similar arguments, we can
show that it is a continuous group homomorphism. Finally, note that µ and T are inverses
of each other:

T ◦ µ(g) = 1
2(g − JgJ + g + JgJ) = g,

and
µ ◦ T (U) = µ(A+B) = 1

2

(
A+B − J(A+B)J A+B + J(A+B)J
A+B + J(A+B)J +B − J(A+B)J

)
,

but since A+B−JAJ−JBJ = 2A and A+B+J(A+B)J = 2B, we obtain µ◦T (U) = U .

Our goal in this section 3.2 is to construct an index theory for the restricted group Ores. To
do that, we shall need a continuous group homomorphism iOres : Ores → Z/nZ, for some
n ≥ 0, with the property that two elements g, h ∈ Ores can be connected by a continuous
path s 7→ gs, 0 ≤ s ≤ 1 if and only if iOres(g) = iOres(h). A map with these properties brings
with it the following immediate conclusions:

• Path connected components of Ores are the subsets where iOres is constant.
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• The path connected component which contains the identity element is Ores0 := ker iOres .

• The canonical map Ores/Ores0 → iOres(Ores) is a group isomorphism.

These results have been shown in the previous section for the unitary restricted group Ures.
Although these results will also be apply for Ores, the path intended for the construction will
be different. Here, we shall understand some topological properties of this group acting over
a homogeneous space.

3.2.1 Homotopy type of Ores

Let χ be the set of complex structures on E which differ from J by an element on Q, i.e
the set of complex structures K such that |K − J |Q < ∞. Note that this set, in the case
where Q = Q2, corresponds to the complex structures which are unitarily equivalent to the
representation πJ . We give χ the topology that results from the metric |J1 − J2|Q.
For all J1 ∈ χ and g ∈ Ores, notice that gJ1g

∗ − J1 = (gJ1 − J1g)g∗ = −J1(g + J1gJ1)g∗.
Now, since J1 ∈ χ, it satisfies J1 = J +M where M ∈ Q. In this way, we have:

g + J1gJ1 = g + (J +M)g(J +M) = g + JgJ + JgM +MgJ +MgM,

and thus g + J1gJ1 ∈ Q because Q in an ideal. Therefore, fixing g ∈ Ores, we have a well
defined map from χ to itself given by J1 7→ gJ1g

∗: gJ1g
∗ − J = gJ1g

∗ − J1 + J1 − J , and
both terms belong to Q.
With these observations, we define a group action α : Ores ×χ → χ given by conjugation, as
above.

Proposition 3.2.3. The group action α : Ores × χ → χ is transitive and continuous.

Proof. From [21] §3, we know that given two unitary structures J,K, their complexified
spaces EJ and EK have the same dimensions (in the finite case they will have the same
dimension dimE/2, and in the infinite case, both of them will be infinite dimensional sep-
arable Hilbert spaces). Thus, there exists an isometric isomorphism g : EJ → EK , and
according to the complex linearity, this map satisfies gJ = Kg, i.e, K = gJg∗. Thus, given
J2 ∈ χ, we can find an orthogonal operator g on E such that gJ2g

∗ = J1. Now, notice that
g + J1gJ1 = g + gJ2J1 = g(J2 − J1)J1 ∈ Q. Therefore, we get that g ∈ Ores because

2Ag = g + JgJ = g + (J1 +M)g(J1 +M) = (g + J1gJ1) + J1gM +MgJ1 +MgM ∈ Q,

where M ∈ Q.
Now, to check continuity, let us define a function d : Ores × χ → R≥0 given by

d((g1, J1), (g2, J2)) := σ(g1, g2) + |J1 − J2|Q .

It is not hard to see that d is a metric for Ores×χ and that it induces the product topology on
this product space. Let (gn, J̃n)n≥1 be a sequence in O × χres which converges to (g, J1), and
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let us observe that (gnJ̃ngn)n≥1 converges to gJ1g in χ, i.e observe that
∣∣∣gJ1g

∗ − gnJ̃ng
∗
n

∣∣∣
Q

→
0.
Since ||h|| ≤ ||Ch|| + ||Ah|| for all h ∈ B(E) and gn

σ−→ g, we get that gn
||·||−→ g. In addition,

we have that [g − gn, J ]
|·|Q−−→ 0: In order to see this assertion, it will be enough to observe

that g ∈ Ores if and only if [g, J ] ∈ Q, but this is a direct computation

g ∈ Ores ⇔ g + JgJ ∈ Q ⇔ −gJJ + JgJ ∈ Q ⇔ [J, g]J ∈ Q ⇔ [g, J ] ∈ Q.

Thus, the commutator [g − gn, J ] tends to zero in the operator norm and it also fulfills
|[g − gn, J ]|Q

|·|Q−−→ 0. Additionally, observe that, by transitivity of the action, we can find g̃

such that J1 = g̃Jg̃∗; therefore, since Ores is a topological group, we can take, without loss
of generality, J instead of J1 (we would have a sequence (gng̃)n≥1 which converges to gg̃).
We have the following computation:

∣∣∣gJg∗ − gnJ̃ng
∗
n

∣∣∣
Q

=
∣∣∣gJg∗ − gnJ̃ng

∗
n + gnJg

∗
n − gnJg

∗
n

∣∣∣
Q

≤ |gJg∗ − gnJg
∗
n|Q +

∣∣∣gnJg∗
n − gnJ̃ng

∗
n

∣∣∣
Q
.

Notice that the second term in the above inequality tends to 0 when n → ∞ since
∣∣∣J̃n − J

∣∣∣
Q

|·|Q−−→
0 and ||gn|| = 1 for all n. For |gJg∗ − gnJg

∗
n|Q we have:

|gJg∗ − gnJg
∗
n|Q

= |gJg∗ − gnJg
∗
n − Jgg∗ + Jgg∗ − gnJg

∗ + gnJg
∗ + Jgng

∗ − Jgng
∗|Q

= |(gJ − Jg − gnJ + Jgn)g∗|Q + |J − gnJg
∗
n + gnJg

∗ − Jgng
∗|Q ,

and observe that the first term in this inequality corresponds to the Lie Bracket, so it tends
to zero as we have shown previously. Thus, given ϵ > 0, there exists N1 such that for all
n ≥ N1 we get:

|gJg∗ − gnJg
∗
n|Q <

ϵ

4 + |J − gnJg
∗
n + gnJg

∗ − Jgng
∗|Q

= ϵ

4 + |gn(Jg∗ − Jg∗
n) + J − Jgng

∗|Q

= ϵ

4 + |gn(Jg∗ − Jg∗
n − g∗J + g∗

nJ) + J − Jgng
∗ + gng

∗J − J |Q

≤ ϵ

4 + |gn(Jg∗ − Jg∗
n − g∗J + g∗

nJ)|Q + |Jgng∗ − gng
∗J |Q ,

which, again, by convergence of the Lie Bracket, there exists N2 ≥ N1 such that for all
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n ≥ N2, the above expression fulfills the inequality

<
ϵ

2 + |[gng∗, J ]|Q

= ϵ

2 + |[gng∗, J ] − [1, J ]|Q

= ϵ

2 + |[gng∗ − 1, J ]|Q

= ϵ

2 + |[(gn − g)g∗, J ]|Q

≤ ϵ

2 + |[gn − g, J ]g∗|Q + |(gn − g)[g, J ]|Q

≤ ϵ

2 + |[gn − g, J ]|Q + ||gn − g|| |[g, J ]|Q → 0,

where this last convergence is satisfied thanks to the properties previously mentioned.

Recall that given an element K ∈ χ, its isotropy group is defined as

OK := {g ∈ Ores| gKg∗ = K}.

In the case K = J , OJ is exactly the group of unitary operators on EJ . We denote this
group as U(E, J). We shall observe that this space is contractible, but first we will need a
crucial result proved by Kuiper [15].

Theorem 3.2.4. Let H a separable infinite dimensional Hilbert space over R or C. Then
the group of bounded invertible operators GL(H) is contractible in the norm topology.

From this main result, contractibility of U(H) is an straight corollary.

Corollary 3.2.5. With the same hypothesis as in the previous theorem, the subgroup of
unitary operators U(H) is contractible in the norm topology.

Proof. To prove this statement, it will be enough to see that U(H) is a deformation retract
of GL(H). Consider the continuous map F : GL(H) × [0, 1] → GL(H) given by

F (P, t) ≡ ft(P ) := P ((1 − t)1 + t abs (P )−1).

This map is well defined: if P ∈ GL(H), then P ∗P ∈ GL(H) and, consequently, 0 /∈ σ(P ∗P );
thus, according to the continuous functional calculus and the positivity of P ∗P , using the
square root function g(t) =

√
t, we observe that 0 /∈ σ(abs(P )), i.e abs(P ) is a positive

invertible operator.
Now, notice that if A is a positive invertible operator, then tA + (1 − t)1, for t ∈ [0, 1], is
also invertible: for t = 0 and t = 1, statement is trivial; for t ∈ (0, 1), we have that

tA+ (1 − t)1 = A− (1 − 1/t)1;
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but (1 − 1/t) < 0, and since A is positive, (1 − 1/t) /∈ σ(A). Thus, ft(P ) ∈ GL(H).
Let us observe that F is precisely the retract we are looking for. For t = 1 and P ∈ GL(H),
we have that F (P, 1) = P ( abs(P ))−1 is an unitary operator:

P ( abs(P ))−1(P ( abs(P ))−1)∗ = P ( abs(P ))−1( abs(P ))−1P ∗ = P (P ∗P )−1P ∗ = 1,

and, in a similar way, we get that

(P ( abs(P ))−1)∗(P ( abs(P ))−1) = 1.

For U ∈ U(H), we obtain F (U, 1) = U because abs(U) = 1.

Remark. In his article, Kupier shows this result proving first the theorem for GL(H), which
requires more machinery.

Now, let us observe that there exists a bijection χ ∼= Ores/U(E, J). To do this, consider
the morphism ϕ : Ores → χ given by g 7→ gJg∗. By transitivity of the action, this morphism
is surjective. Now, if g1Jg

∗
1 = g2Jg

∗
2, then g∗

2g1J = Jg∗
2g1, i.e g−1

2 g1 ∈ U(E, J). Therefore,
taking the quotient map, ϕ̃ : Ores/U(E, J) → χ is an isomorphism. The well definition
follows from the following remark: if the classes [g] and [h] are equal in this quotient, we
will have that h−1g = U ∈ U(E, J), and therefore, if J1 = gJg∗ and J2 = hJh∗, we get that
J1 = hh∗gJg∗hh∗ = hUJU∗h∗ = hJh∗ = J2.
Furthermore, let us observe that this isomorphism in the category of sets is, in reality, an
isomorphism in the category of topological spaces. That is, we shall observe that χ is the
homogeneous space of the transitive group action of Ores with the isotropy group over J ∈ χ.
To do that, we will require some definitions and results concerning group actions for Banach
manifolds.

Definition 3.2.6. A Banach manifold M is a topological space with the property: for every
point p ∈ M there exists an open neighborhood U over p such that it is homeomorphic to an
open set in a Banach space.

With this definition, we see that Ores and χ are Banach manifolds.

Definition 3.2.7. Let G a topological group. If G is a separable and metrizable topological
space, we call G a Polish group.

Proposition 3.2.8. Every g ∈ Ores can be written as g = U(1 + X), with X ∈ Q and
U ∈ U(E, J).

To prove the previous proposition, we shall need some tools associated with singular values.
We have followed Gohberg and Krein [12] §2 and §3, and Pandey-Satish [20] §7 in the
understanding of some main results associated to this topic. From [24] §6, we know that
given a separable Hilbert space and a positive compact operator A : H → H, its eigenvalues
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are greater than 0 and, additionally, they have finite multiplicity if they are different from
0. Moreover, its spectrum consists of the eigenvalues and 0 as the unique accumulation
point. We also know that for a compact operator T , its square root abs(T ) is compact and
positive. We can organize the eigenvalues of abs(T ) as a decreasing sequence λj(abs (T )).
The singular values of T are then defined as Sj(T ) = λj(abs(T )). Although we have not
mentioned it before, the |·|Q is constructed using these singular values (see [12] §3). We
can extend the definition of singular values for non-compact operators, but to do this let us
consider first the following definition.

Definition 3.2.9. Let A be a bounded operator. A point λ ∈ σ(A) is called a condensed
spectrum point if it is an accumulation point in σ(A) or if it is an eigenvalue of H with
infinite multiplicity.
If, in addition, A is a positive bounded operator, denote by µ the supremum of σ(A). If
µ belongs to the condensed spectrum, define λj(A) = µ for j = 1, 2, . . .. If µ does not
belong to the condensed spectrum, then it must be an eigenvalue of finite multiplicity; in
this case, define λj(A) = µ for j = 1, 2, . . . , p, where p is the multiplicity of µ. For the
other singular values λj(A), define λp+j(A) := λj(A1), where A1 = A − µP , being P the
orthogonal projection over the eigenspace associated to µ. Then, the singular values are
defined as Sn(T ) = λn(abs(T )).

Remark. This construction of the singular values for a general bounded operator coincides
with the case when the operator is positive and compact. Moreover, the way as we define each
λj coincides with the standard proof of the spectral theorem for positive compact operators:
once an eigenvalue is found, we remove its eigenspace and repeat inductively to find a new
eigenvalue over the resulting subspace (see [24] §6). From [12] §2, we have the following
lemma.

Lemma 3.2.10. From the definition of the values λj(A) for a bounded operator, it follows
that if 0 ≤ A ≤ B, with A,B bounded operators, then λj(A) ≤ λj(B). Thus, for positive
bounded operators with 0 ≤ A ≤ B, Sj(A) ≤ Sj(B).
Now, consider A ∈ Q. Then every operator B for which Sj(B) ≤ cSj(A) for all j, with c a
positive constant, belongs to Q and, moreover, |B|Q ≤ c |A|Q.

With this lemma we are ready to prove proposition 3.2.8.

Proof. (Proposition 3.2.8) According to Plymen [21] §3, every orthogonal operator g on E

can be written as g = U(abs(Cg) + U∗Ag), where U ∈ U(E, J). We also have the relation
A∗
gAg +C∗

gCg = 1, so 1 −A∗
gAg = C∗

gCg ≥ 0. Therefore, due to the uniqueness of the square
root, we have that abs(Cg) = (1 − A∗

gAg)1/2. Moreover, we can understand this operator as
an element in B(EJ), i.e as an operator on the complexified Hilbert space EJ , because A∗

gAg
is J−linear
We also know, according to the decomposition g = Ag + Cg, that ||Ag|| ≤ 1, and thus
||A∗

gAg|| = µ ≤ 1. By the continuous functional calculus, and since σ(A∗
gAg) ⊆ [0, µ], we
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have that ||(1 −A∗
gAg)1/2 − 1|| ≤ ||A∗

gAg|| ≤ ||Ag||: to see this, take the continuous functions
f(x) = (1 − x)1/2 − 1 and g(x) = x, which are elements of C(σ(A∗

gAg)) and satisfy |f | ≤ |g|,
then by the isometric isomorphism which arises from this theorem, we obtain the mentioned
inequality.
Observe that for any µ ∈ [0, 1] the inequality 1 − (1 −µ)1/2 ≤ µ holds. Now, by compactness
and positiveness of A∗

gAg, its spectrum is composed by eigenvalues and 0 as an accumulation
point (as long as it is not an eigenvalue). Moreover, note that the singular values of A∗

gAg are,
exactly, its eigenvalues: For a positive operator A, given an eigenvalue λ, and an eigenvector
x associated to λ, the following holds: A2x = λ2x ≡ A∗A = λ2x, and using the square root
and uniqueness, abs(A)x = λx.

Furthermore, notice that 1 − (1 − A∗
gAg)1/2 is positive. Then, again by the continuous

functional calculus, its spectrum corresponds to h(µ) := 1 − (1 − µ)2, with µ ∈ σ(A∗
gAg).

Since this function is continuous, 0 is also an accumulation point of the spectrum of this
operator.
As we have mentioned before, a main result of the spectral theorem for compact bounded
operators is that its eigenvalues λ ̸= 0 are isolated points in the spectrum. Therefore, by
continuity of h, for µ ∈ σ(A∗

gAg) \ {0}, we get that h(µ) is isolated too.

There is a relevant result about the spectrum of normal operators over a complex Hilbert
space that we will need: Every isolated point in the spectrum of a bounded normal operator
T is an eigenvalue. This result is a consequence of the Spectral Theorem (see [28] §4). From
this theorem, given a normal operator T , and denoting by P : BΣ → P(EJ) its spectral
measure (with Σ := σ(T ), BΣ the Borel algebra on Σ and P(EJ) the set of orthogonal pro-
jections over EJ), we have that a point λ belongs to Σ if and only if P (U) ̸= 0 for every open
neighborhood U over λ. If λ is an isolated point of σ(T ), then U = {λ} is an open neigh-
borhood over λ, so P (U) ̸= 0. Now, considering the continuous function f = 1U (f(t) = 1 if
t = λ and 0 otherwise), we get that f(T ) = P (U), and since tf(t) = λf(t) by definition of
f , we have that TP = λP .
Thus, we have obtained the eigenvalues of 1 − (1 −A∗

gAg)1/2. Furthermore, if µ is an eigen-
value of A∗

gAg and x is an eigenvector associated to µ, note that ((1−A∗
gAg)1/2)(x) = f(µ)x =

(1 − (1 − µ)1/2)x. Furthermore, dimensions of the eigenspaces of f(µ) and µ are equal for
the operators f(A∗

gAg) and A∗
gAg respectively. To see this statement, first observe that, by

compactness and self-adjointness of the operator A∗
gAg, we can construct an orthonormal

basis for EJ of eigenvectors. Now, supposing that x̃ is an eigenvector associated to f(µ)
but not to µ, we get a contradiction: by Parseval’s identity x̃ = ∑

n≥1⟨xn, x̃⟩xn, but each
factor ⟨xn, x̃⟩ = 0 since x̃ is orthogonal to all eigenvectors associated to eigenvalues λ ̸= µ

(f(λ) ̸= f(µ)), and by construction, they are zero for each xn associated to the eigenspace
of µ. Therefore, they have the same multiplicity.

We have already all the ingredients to conclude the proof. Since the eingenspaces of f(µ)
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and µ have the same dimension, A∗
gAg and f(A∗

gAg) are positive operators and f(µ) ≤ µ for
µ ∈ [0, 1], we have that Sj(f(A∗

gAg)) ≤ Sj(A∗
gAg); therefore

∣∣∣f(A∗
gAg)

∣∣∣
Q

≤
∣∣∣A∗

gAg
∣∣∣
Q
< ∞, i.e,

(1 − A∗
gAg)1/2 − 1 ∈ Q.

With this characterization of the restricted group Ores, which will be very useful in the
understanding of its homotopy type, we shall observe now how the group action can restrict
to a subgroup which its topological properties have been studied by de la Harpe [8].
According to the last proposition, we can see the restricted orthogonal group as Ores =
U(E, J) · OQ, where OQ is the set of orthogonal operators that can be written as 1 +X with
X ∈ Q. Although proposition 3.2.8 only tells us that Ores ⊆ U(E, J) · OQ, we can easily see
the other inclusion: let U ∈ U(E, J) and X ∈ Q such that 1 +X is an orthogonal operator,
then

U(1 +X) + JU(1 +X)J = U + UX + JUJ + JXJ = UX + JXJ

since [U, J ] = 0, and thus it belongs to Q. Moreover, observe that OQ has the structure of
a topological group, where its topology arises from the condition of belonging to Q.
Additionally, OQ acts transitively on χ. Given J1 ∈ χ, we have seen that there exists g ∈ Ores

such that gJg∗ = J1, and according to our characterization, g = U(1 +X); therefore

J1 = (U + UX)J(U∗ +X∗U∗) = UJU∗ + UJX∗U∗ + UXJU∗ + UXJX∗U∗

= (1 + UXU∗)J + J(UX∗U∗) + UXU∗JUX∗U∗

= (1 + UXU∗)J + (1 + UXU∗)JUX∗U∗

= (1 + UXU∗)J(1 + UXU∗)∗.

It is clear that UXU∗ ∈ Q, and, moreover, that 1 + UXU∗ is an orthogonal operator since
it is equal to U(1 +X)U∗.
According to Carey [4] and Espinoza and Bernardo [11], the restricted orthogonal group is
a Polish group. In these two references, they show this property using the strong operator
topology. The hardest part is to show that this space is separable (observe that we already
have completeness), and these articles prove that. Although, in principle, it does not apply
for our purposes, observe that the strong operator topology is weaker than the operator
norm topology. Hence, if we have separability in the topology with more open sets (weaker)
then we have this property in the set with less open sets. In his article, Carey uses a
similar topology for the restricted orthogonal group, but he changes the condition ||Cg−Ch||
by strong convergence. Now, using the proposition above, he asserts that the morphism
U(E, J) × OQ → Ores is surjective and continuous when U(E, J) is equipped with the strong
operator topology. Thus, Ores is the product of two separable spaces. Notice that this
argument applies for OQ when it is equipped with the resulting topology from the condition
of belonging to Q, since || · || ≤ |·|Q, and applying the same argument, we obtain the
mentioned conclusion.
Now, we have a main result about Polish group and homogeneous spaces. The following
theorem is due to Ramsey [23].
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Theorem 3.2.11. Let G be a Polish group acting on the space X, let R be the equivalence
relation induced by G on X, let Y be the orbit space X/G and let π be the quotient map from
X to Y . Then the following are equivalent:

i. For each x ∈ X the map of G/Gx (the quotient by the stabilizer of x) to the orbit of x,
[x], is an homeomorphism.

ii. Y is a T0 space.

Thus, since our action is transitive and there is only one orbit, we can conclude that
χ ∼= Ores/U(E, J).

Remark. We do not have to take the full version of the above theorem. Ramsey gives
four distinct statements which are equivalent. Moreover, he proves a more general result in
the context of grupoids.

In a similar way, it is possible to show that the group OQ acts continuously over χ. Defining
UQ as U(E, J) ∩ OQ, we can conclude, by analogous arguments, that χ ∼= OQ/UQ in the
category of topological spaces. These groups have been studied by Pierre de la Harpe [8],
where the autohor shows some topological and homotopycal properties of them. We shall
summarize some of the main results studied by de la Harpe.
Let V be an infinite dimensional Banach space over X (= R,C,Q). Let P(V ) be a subspace
of B(V ) equipped with a norm (not necessarily complete with respect to this norm) with the
following properties:

i. If A ∈ P(V ), then 1 + A is a Fredholm operator on V .

ii. If A ∈ P(V ), then A + Co(V ) ⊆ P(V ), where Co(V ) denotes the subspace of finite
rank operators.

iii. The multiplication map Co(V )×P(V ) → P(V ) is continuous, where Co(V ) is equipped
with the operator norm.

Let GL(V,P) be the subset of GL(V ) which consists of those invertible operators on V that
can be written as 1 +X with X ∈ P(E). Endow GL(V,P) with the topology inherited from
the norm given on P(V ). We have the following theorem:

Theorem 3.2.12. Let V and GL(V,P) as above. Then GL(V,P) is homotopically equivalent
to the stable general linear group GL(∞,X) := lim−→ GL(n,X).

This theorem is proved by de la Harpe [8] §2. Notice that Q satisfies each of the properties
mentioned above for P(E) (the first one follows from Atkinson’s theorem because A is
compact, so 1 + A is invertible modulo compact operators). De la Harpe generalizes this
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theorem to the case where we are dealing with a symmetric normed ideal Q and orthogonal
and unitary operators. We have then the equivalence homotopies:

OQ ≃ O(∞), UQ ≃ U(∞).

Let B = (en)n≥1 be an orthonormal basis for EJ . Then B ∪ J(B) is an orthonormal basis
for the real Hilbert space E. For each n ∈ N, let us consider the complex Hilbert subspace
EJ,n spanned by the first n elements of the base B. Notice that {e1, . . . , en, Je1 . . . , Jen} is
then a basis for the real Hilbert subspace En. We can consider the groups of orthonormal
and unitary operators O(n) and U(n/2) acting over En and EJ,n respectively. Observe that
U(n/2) ⊆ O(n) because EJ,n is the complexification of the subspace En. The direct limit of
these two structures are, precisely, O(∞) and U(∞).
Milnor, in his book Morse Theory [18], presents a proof from a geometric point of view of
the Bott’s periodicity applied, exactly, to the groups O(∞) and U(∞). To be precise, he
shows the following isomorphisms for the homotopy groups πi:

πi(U(∞)) =
0 if i even
Z if i odd

,

for the complex case, and for the real case, we have:

i modulo 8 πi(O(∞))
0 Z2

1 Z2

2 0
3 Z
4 0
5 0
6 0
7 Z

Now let us consider the following diagram:

U(n/2) U((n+ 1)/2) U(∞) UQ

O(n) O(n+ 1) O(∞) OQ

O(n)/U(n/2) O(n+ 1)/U((n+ 1)/2) O(∞)/U(∞) χ

α

β

γ

.

where α and β correspond to the equivalence homotopies between these two groups. Vertical
lines corresponds to fibrations, and therefore each column gives rise to a large exact sequence
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in the homotopy groups πi. Thus, we have the following commutative diagram:

πi(U(∞)) πi(O(∞)) πi(O(∞)/U(∞)) πi−1(U(∞)) πi−1(O(∞))

πi(UQ) πi(OQ) πi(χ) πi−1(UQ) πi−1(OQ)

αi βi γi αi−1 βi−1 .

Since α and β are homotopy equivalences, αi and βi are group isomorphisms for each i. Thus,
applying the V Lemma, we obtain that γi is a group isomorphism for each i. In this order,
we observe that γ is a weak homotopy equivalence between O(∞)/U(∞) and χ. De la Harpe
presents a more elaborated argument to show that γ actually is a homotopy equivalence (see
[8] §2).
Note that by exactness of the rows and commutativity of the diagram for the homotopy
groups, π0(χ) is isomorphic to Z2. Now, using the homeomorphism χ ∼= Ores/U(E, J),
we can use the fibration U(E, J) ↪−→ Ores ↠ χ, and then by the long exact sequence on
the homotopy groups, we see that π0(Ores) ∼= Z2 because U(E, J) is contractible, so all its
homotopy groups are zero. Consequently, we have proved the following theorem:

Theorem 3.2.13. The group Ores has two connected components.

3.2.2 Index map
In this subsection we shall construct an index map for the group Ores. This map will cor-
respond to iOres : Ores → Z2 given by iOres(g) = dimCKer (g − JgJ) mod 2. We know, [21]
§3, that given g ∈ Ores, Cg is a Fredholm operator with index zero, so the map iOres makes
sense.
By definition of Ag := 1

2(g + JgJ), we observe that ||Ag|| ≤ 1. Notice the following:
if 1 /∈ σ(A∗

gAg), then A∗
gAg − 1 is invertible, i.e C∗

gCg is invertible, so 0 /∈ σ(C∗
gCg); if

1 ∈ σ(A∗
gAg), then by compactness of A∗

gAg, 1 is an eigenvalue, and according to the contin-
uous functional calculus, using the function f(x) = 1 − x, 0 turns out to be an eigenvalue
of C∗

gCg, which is an isolated point because 1 is isolated on σ(A∗
gAg) and f preserves this

property. In both cases, we can find δ > 0 such that (0, δ] ∩ σ(C∗
gCg) = ∅.

Let us consider the inclusion map (Ores, σ) ↪−→ B(E) given by g 7→ Cg. This map is contin-
uous: let ϵ > 0, and let B||·||(Cg, ϵ) be the ball in the operator norm centered on Cg with
radius ϵ. Notice that i−1(B||·||(Cg, ϵ)) = {h ∈ Ores| ||Cg − Ch|| < ϵ}. Thus, considering the
ball Bσ(g, ϵ) ⊆ Ores, by definition of the metric σ, we obtain that Bσ(g, ϵ) ⊆ i−1(B||·||(Cg, ϵ)),
i.e i is continuous.
We can then consider the continuous map Ores

i
↪−→ B(E) → B(E) given by g 7→ Cg 7→ C∗

gCg.
Let ϵ > 0 and consider the open neighborhood N1 over g ∈ Ores as the inverse image of the
open ball B||·||(C∗

gCg, ϵ) of this map. We shall need the following result proved by Murphy
in his article [19]:

Theorem 3.2.14. Let A be a Banach algebra, let x ∈ A and let U ∈ C be an open set. If
σ(x) ⊂ U , then there exists δ > 0 such that ||y − x|| < δ implies that σ(y) ⊂ U .
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We should underline that this theorem applies for complex Banach algebras. Therefore, in
order to use this result, we must take the Banach algebra B(EJ). However, it will not be an
issue since C∗

hCh and A∗
hAh commute with J , so they are elements of B(EJ). Moreover, in

our case, since we are studying positive operators, their spectrum is contained in [0,∞).
Let ϵ̃ > 0 such that δ − ϵ̃ > ϵ̃. Let U ∈ C an open set such that it contains the open set
(−ϵ̃, ϵ̃) ∪ (δ − ϵ̃,∞) in R .

Observe that σ(C∗
gCg) ⊂ U . Thanks to the above theorem, there exists ϵ′ such that if

||A−C∗
gCg|| < ϵ′ then σ(A) ⊆ U . Therefore, for any h ∈ Ores such that ||C∗

hCh−C∗
gCg|| < ϵ′,

we get that σ(C∗
hCh) ⊆ U , but since this operator is positive, we have that it is contained in

(−ϵ̃, ϵ̃) ∪ (δ − ϵ̃,∞). In particular, C∗
hCh has no spectrum in (ϵ̃, δ − ϵ̃) (the last affirmation

follows from the fact that the spectrum is a closed set, so it contains neither ϵ̃ nor δ − ϵ̃).
By continuity of our map above we can find an open set N ⊂ Ores such that for any h ∈ N
the following two conditions hold:

i. C∗
hCh has no spectrum in (ϵ̃, δ − ϵ̃).

ii. ||C∗
hCh − C∗

gCg|| < ϵ′.

Let us suppose that for any ϵ̃, the found ϵ′ is less than ϵ̃ –if ϵ′ is greater than ϵ̄, we take ϵ̄
and the following proof works for this case. Let Qh be the spectral projection of C∗

hCh, with
h ∈ Ores, over [0, ϵ̃]. Let K be the orthogonal projection of E over ker (C∗

gCg) = ker Cg. We
shall observe that K defines an isomorphism of vector spaces between Qh(E) and ker Cg.
Let v ∈ Qh(E) ∩K(E)⊥ with ||v|| = 1, and let us compute

⟨v, (C∗
gCg − C∗

hCh)v⟩ = ⟨v, C∗
gCgv⟩ − ⟨v, C∗

hChv⟩.

Since v ∈ K(E)⊥, we have that v /∈ Ker Cg, therefore ⟨v, C∗
gCgv⟩ > 0. Moreover, according

to [21] §3, when Ag is compact (as in our case), Cg restricted as a homomorphism Cg :
Ker Cg⊥ → Ker C∗

g
⊥ is, in fact, an isomorphism. In this order, C∗

g restricted to Ker C∗
g

⊥ is
also an isomorphism, and thus C∗

gCg restricted to ker Cg⊥ is an automorphism. We will now
consider a result from [17] which is presented as an exercise:

Lemma 3.2.15. Let H be a complex Hilbert space and let T ∈ B(H) a self-adjoint operator.
Let M := sup||x||=1 |⟨Tx, x⟩| and m := inf ||x||=1 |⟨Tx, x⟩|. Then σ(T ) ⊆ [m,M ]. Moreover,
m,M ∈ σ(T ).

Thus, since C∗
gCg restricted to ker Cg⊥ is invertible, we have that ⟨v, C∗

gCgv⟩ ≥ δ: since
σ(C∗

gCg) must be contained between its infimum and supremum, it is not possible to have
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that ⟨v, C∗
gCg⟩ < δ because this would imply that the infimum is less than δ, so there would

exist an element between 0 and δ in the spectrum.
Now, Qh(E) is the image of the projection over the subspace of vectors with spectrum in [0, ϵ̃].
In particular, if v ∈ Qh(E), and since the spectrum here corresponds to eigenvalues, we have
that C∗

hCh(v) = αv with 0 ≤ α ≤ ϵ̃, so ⟨v, C∗
hChv⟩ ≤ ϵ̃. Therefore, ⟨v, (C∗

gCg − C∗
hCh)v⟩ ≥

δ − ϵ̃ > ϵ̃ > ϵ′.
With this computation, we have showed that K is one to one on Qh(E): if v ∈ Qh(E) ∩ (1 −
K)(E) then we get a contradiction on the second property for h ∈ N . If v ∈ Qh(E) is such
that K(v) = 0, then v ∈ Qh(E) ∩ (1 −K)(E), but then we conclude that v = 0.
Suppose now that K, viewed as a map from Qh(E) to ker Cg, is not surjective. Thus, there
exists v ∈ ker Cg ∩ (Qh(E))⊥ with ||v|| = 1 (K : E → ker Cg is surjective, so there must
exist such an element in (Q(E))⊥). In this case,

⟨v, (C∗
hCh − C∗

gCg)v⟩ = ⟨v, C∗
hCh(v)⟩.

By properties of the spectral measure (see [28] §4), if v does not belong to Qh(E) =
P ([0, ϵ̃])(E), then v ∈ P ([0, ϵ̃]c)(E), where P denotes the spectral projection P : Bσ(C∗

h
Ch) →

P(E), and [0, ϵ̃] ∪ [0, ϵ̃]c = σ(C∗
hCh) –as subsets of σ(C∗

hCh). Therefore, ⟨v, C∗
hChv⟩ > ϵ̃ > ϵ′,

and again we obtain a contradiction with the properties that h ∈ N must satisfy.
We conclude then that K defines an isomorphism between Qh(E) and ker Cg.

Considering the identities

1 = C∗
gCg + A∗

gAg = CgC
∗
g + AgA

∗
g, 0 = C∗

gAg + A∗
gCg = CgA

∗
g + AgC

∗
g ,

notice that A∗
gCg is skew adjoint, i.e (A∗

gCg)∗ = −A∗
gCg. Moreover, note that the operator

A∗
hCh over Ker Ch⊥ ∩Qh(E) has trivial kernel and is J-antilinear:

Let v ∈ (ker C∗
hCh)⊥ ∩Qh(E); thus v is an eigenvector with C∗

hCh(v) = αv where 0 < α ≤ ϵ̃.
Suppose that A∗

hCh(v) = 0, then Ch(v) ∈ ker A∗
h. Applying AhA

∗
h + ChC

∗
h over Ch(v), we

get ChC∗
hCh(v) = Ch(v), but C∗

hCh(v) = αv where 0 < α ≤ ϵ̃ ≤ 1. Therefore Ch(v) = 0, but
v ∈ (ker Ch)⊥, so v = 0.
Considering A∗

hCh restricted to the subspace (ker Ch)⊥ ∩ Qh(E), and applying the polar
decomposition, we obtain:

A∗
hCh = J ′ abs(A∗

hCh),

where ker J ′ = 0. Additionally, according to the skew adjointness property, we get that
A∗
hCh = −abs (A∗

hCh)J ′∗. We observed previously how it is the polar decomposition for the
adjoint operator, so we get that

A∗
hCh = −J ′∗abs (−(A∗

hCh)).

Now, observe that abs(A∗
hCh) = (−(A∗

hCh)2)1/2 = abs((A∗
hCh)∗) = abs(−(A∗

hCh)). Hence, we
have observed that J ′∗ commutes with abs(A∗

hCh), and therefore it commutes with −(A∗
hCh)2.
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Since abs(A∗
hCh) is positive, J ′ also commutes with this.

Now, according to the properties of the polar decomposition, ker abs(A∗
hCg) is trivial, there-

fore this map is one to one; thus we can find a left inverse function, and then, by the relation

J ′abs(A∗
hCh) = −abs(A∗

hCh)J ′∗,

we conclude that J ′∗ = −J ′. Reasoning in a similar way and observing that

(A∗
hCh)2 = J ′abs (A∗

hCh)J ′abs(A∗
hCh) = J ′2(−(A∗

hCh)2),

we conclude that J ′2 = −1.
Finally, we analyze the following relation:

J(A∗
hCh) = JJ ′abs(A∗

hCh) = −(A∗
hCh)J,

where the last equality follows from the J−antilinear property. Hence, JJ ′abs(A∗
hCh) =

−J ′abs(A∗
hCh)J . Since J commutes with abs(A∗

hCh)2, it commutes with abs(A∗
hCh). This

last statement is a consequence of the continuous functional calculus, where we use the den-
sity of polynomial functions in the set of continuous functions on σ(abs(A∗

hCh)). In this
order, we conclude that JJ ′ = −J ′J .

We have obtained two operators, J and J ′, which satisfy the Clifford relations. We can
view them as generators of a Clifford algebra represented on (kerCH)⊥ ∩Qh(E). Notice that
this subspace if finite dimensional: we have shown that Qh(E) ∼= ker Cg, and this one is finite
dimensional since Cg is a Fredholm operator. The algebra generated by these operators cor-
responds, modulo isomorphism, to H (see [13] §12). Thus, as a real subspace, the dimension
of (ker Ch)⊥ ∩Qh(E) is a multiple of 4, and as complex subspace it is even dimensional.

Clearly Qh(E) ⊇ Ker Ch. If this is an equality, then both dimensions are equal. Other-
wise, observe that Ker Cg ∼= Qh(E) = (Ker Ch)

⊕((Ker Ch)⊥ ∩ Qh(E)), therefore we have
the equality dimC Ker Cg = dimC Ker Ch mod 2.
This construction tell us that the map iOres is locally constant. Therefore, we have proved
the following theorem:

Theorem 3.2.16. The map iOres : Ores → Z2 is an index map.

Remark We must emphasize that we have not shown yet that the above map is really a
group homomorphism. We will see in the case Q = Q2, i.e when we are dealing with the
symmetric ideal of Hilbert-Schmidt operators. Although it is a less general statement than
the one proposed in the above theorem, it corresponds precisely to our case of interest, as
we have seen in chapter 2. For this part, we shall follow [21] §3.
Let πJ : C[E] → HJ be the irreducible representation of the Clifford algebra associated to



70
3 Automorphisms of the CAR and Clifford algebras and the Fredholm

Index

the complex structure J . Let g ∈ Ores and let U be the unitary operator which implements
the Bogoliubov automorphism θg over C[V ], i.e U is the unitary operator which makes the
diagram commute:

HJ HJ

HJ HJ

U

πJ (v) πJ (gv)

U

.

Recall, from chapter 2, the definition of the grading operator ΓJ which implements the
grading automorphism γ on C[V ]: ΓJ |∧n(EJ ) = (−1)n for n ≥ 1. Thus, considering the
subspaces:

H+
J := Closure

⊕
m≥0

∧2m(EJ), H−
J := Closure

⊕
m≥0

∧2m+1(EJ),

we get Γ|H±
J

= ±1, and thus H±
J = (1 ± ΓJ)HJ . Notice that ΓJ is unitary and self-adjoint.

Let v ∈ E and n ∈ N. We have observed that the “creation operator” c(v) maps ∧n(EJ)
to ∧n+1(EJ), and the “annihilation operator” a(v) maps ∧n(EJ) to ∧n−1(EJ). Therefore,
πJ(v) = c(v) + a(v) maps H±

J to H∓
J . Moreover, πJ(v) anti commutes with ΓJ . Hence, the

following holds: ΓJπJ(v)ΓJ = −πJ(v). More generally, the map ΓJ implements the grading
automorphism γ = θ−1 over C[E] on the Fock space. Therefore, given v ∈ E, we get:

ΓJUΓJπJ(v)ΓJU∗ΓJ = −ΓJUπJ(v)U∗ΓJ = −ΓJπJ(gv)ΓJ = πJ(gv).

Thus, ΓJUΓJ also implements θg. Since πJ is irreducible, by Schur’s lemma we get that
ΓJUΓJ = µU where µ ∈ S1. But Γ2

J = 1, and therefore U = µΓJUΓJ , so we conclude that
µ ∈ {−1, 1}.
Hence, if U ∈ Aut HJ implements θg on πJ , then U satisfies ΓJUΓJ = U or ΓJUΓJ = −U .
In the first case we say that U is even, and if the second case holds we say that U is odd.
Notice that U is even if and only if it maps H±

J to H±
J , i.e. if and only if it commutes with

ΓJ ; and U is odd if and only if it maps H±
J to H∓

J , i.e. if and only if it anti commutes with
ΓJ . We shall present two propositions from [21], which are the main results in order to show
the group homomorphism structure:

Proposition 3.2.17. Let g ∈ Ores, and let u ∈ U(E, J) such that Cgu∗ is self adjoint. If U
is an unitary operator on HJ implementing θg in πJ , then

U(ΩJ) = ζ ∧ exp(η),

for some ζ in the top power of u(ker Cg) and some η ∈ ∧2[u(ker Cg)⊥].

This proposition tell us that U(ΩJ) belongs to H+
J or H−

J depending if the complex dimension
of ker Cg is even or odd (exp(η) belongs to the even Fock subspace). Thus, the parity of the
unitary operator U implementing θg in πJ is equal to the parity of the complex dimension
of ker Cg.
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Proposition 3.2.18. Let g ∈ Ores, and let U be an unitary operator on the Fock space
HJ implementing the Bogoliubov automorphism θg of C[E]. Then ΓJUΓJ = ϵgU , where ϵg
is ±1 according to the complex dimension of ker Cg. Moreover, ϵ : Ores → Z2 is a group
homomorphism.



4 K−Theory for C∗−algebras and the
Bulk-Edge correspondence

In this chapter we shall study an application of the theory developed previously. We will
consider a physical periodic model for a topological insulator and analyze the bulk boundary
correspondence, where we will require some generalities from K-theory for C∗−algebras. We
will obtain a topological invariant which, in turn, could be understood as the Fredholm Index
for some linear operator. The main references for this chapter are [27] and [22] §1. After
discussing the example and the connection between the so called Bulk-Edge correspondence
and Fredholm index from K-theory, two natural questions arise concerning the results ob-
tained in previous chapter: Is it an invariant type Z or type Z2?, and how can we construct
the operator associated with the invariant obtained according to the development presented
in chapter two and three?

4.1 Elements of K-Theory for C∗-algebras
Before giving some definitions and results concerning K−theory, let us introduce some pre-
liminary aspects regarding C∗−algebras.
Let A be a C∗-algebra. Let us associate a unique unital C∗−algebra to A, say Â, that
contains A as an ideal and with the property that Â/A is isomorphic to C. Let π : Â → C
be the quotient map, and let λ : C → Â be defined as λ(α) = α1Â. Then

0 A Â C 0i π

λ

.

The algebra Â is called the unitization of A.
Adjoining a unit is a well behaved operation at the level of ∗-homomorphisms. Let A,B be
C∗−algebras, and ϕ : A → B be a ∗−homomorphism. Then there exists a unique ϕ̂ : Â → B̂

such that the following diagram is commutative:

0 A Â C 0

0 B B̂ C 0

i

ϕ

π

ϕ̂ 1

i π

.

This map ϕ̂ is given by ϕ̂(a+ 1Â) := ϕ(a) + 1B̂. Notice that ϕ̂ is unit preserving.
The unitization Â when A is a unital C∗−algebra can be understood as follows. Let 1A and
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1Â be the units of A and Â respectively. Then, the element f := 1A − 1Â is a projection in
Â and

Â = {a+ αf | a ∈ A, α ∈ C}.

Moreover, the ∗-homomorphism A
⊕C → Â given by (a, α) 7→ a+αf is, in fact, an isomor-

phism (see [27] §1).

4.1.1 K0 Group
In this subsection, following [27] §3 and §4, we shall define the K0 group for any C∗-algebra
A. This group is defined in terms of the projections in the algebra. We will first describe
the construction of this group for unital C∗−algebras, and then, using the unitization, we
will present this construction for any C∗-algebra.
Let A be a C∗-algebra. Let Pn(A) be the projections of the C∗-algebra Mn(C)⊗A ∼= Mn(A).
Let

P∞(A) :=
∞⋃
n=1

Pn(A),

where the sets Pn(A) are viewed as being pairwise disjoint. Define the equivalence relation
∼0 on P∞(A) as follows: Let p ∈ Pn(A) and q ∈ Pm(A) for some m,n ∈ N; then p ∼0 q if
there exists an element v ∈ Mm,n(A) –the set of m× n matrices whose entries are elements
in A– with p = v∗v and q = vv∗, viewing the adjoint v∗ as an element of Mn,m(A) obtained
by transposing the matrix and taking adjoints on each entry.
Define a binary operation ⊕ on P∞(A) by setting:

p⊕ q := diag(p, q) =
(
p 0
0 q

)
∈ Pn+m(A),

for p ∈ Pn(A) and q ∈ Pm(A). This operation ⊕ is well behaved with respect to the
equivalence relation ∼0 in the following sense:

i. p ∼0 p⊕ 0n for all p ∈ P∞(A) and any n ∈ N.

ii. If p ∼0 p
′ and q ∼0 q

′ then p⊕ q ∼0 p
′ ⊕ q′ for all p, q, p′, q′ ∈ P∞(A).

iii. p⊕ q ∼0 q ⊕ p for all p, q ∈ P∞(A).

iv. (p⊕ q) ⊕ r ∼0 p⊕ (q ⊕ r) for all p, q, r ∈ P∞(A).

v. If p, q are projections in Pn(A) such that pq = 0, then p + q is a projection in Pn(A)
and p+ q ∼0 p⊕ q.

Now, set
D(A) = P∞(A)/ ∼0,

and denote by [p]0 the equivalence class of p in D(A). Define addition on D(A) by:

[p]0 + [q]0 = [p⊕ q]0, p, q ∈ P∞(A).



74 4 K−Theory for C∗−algebras and the Bulk-Edge correspondence

With this operation, (D(A),+) is an abelian semi-group.

Definition 4.1.1. The K0 Group for unital C∗-algebras: Let A be a unital C∗-algebra,
and let (D(A),+) be the abelian semi-group of the construction above. Define the K0 group
to be the Grothendieck group of D(A).

Although this definition also makes sense for non unital C∗-algebras, we will define the K0

group for non unital C∗-algebras in a different way. This is because this definition, for non
unital C∗-algebras, fails to be half exact (see [27] §3).
There is a more standard description for this group K0 for unital C∗-algebras. We call this
the standard picture of K0, and it is given by:

K0(A) = {[p]0 − [q]0 | p, q ∈ P∞(A)} = {[p]0 − [q]0 | p, q ∈ Pn(A), n ∈ N}.

Furthermore, we have these properties (see [27] §3):

• [p⊕ q]0 = [p]0 + [q]0.

• [0]0 = 0.

• If p, q ∈ Pn(A) for some n, and if there exists a continuous path γ : [0, 1] → Pn(A)
connecting these elements, then [p]0 = [q]0.

• If p, q are mutually orthogonal projections in Pn(A), then [p+ q]0 = [p]0 + [q]0.

• Let us define a new equivalence relation ∼s on P∞(A), called stable relation, as follows:
if p, q ∈ P∞(A) then p ∼s q if and only if there exists a projection r ∈ P∞(A) such
that p ⊕ r ∼0 q ⊕ r. In this way, since A is unital by hypothesis, then p ∼s q if and
only if p⊕ 1n ∼0 1 ⊕ 1n for some n ∈ N. Then p ∼s q if and only if [p]0 = [q]0.

Moreover, we have a sort of universal property for K0.

Proposition 4.1.2. Given a unital C∗-algebra A, an abelian group G and µ : P∞(A) → G

such that (i) µ is additive, (ii) µ(0A) = 0, and (iii) µ(p) = µ(q) for p, q ∈ Pn(A) which
are connected by a continuous path, then there exists a unique group homomorphism α :
K0(A) → G which makes the diagram

P∞(A) G

K0(A)

µ

α ,

commutative. Furthermore, K0 is a functor from the category of unital C∗-algebras to the
category of abelian groups.

We shall see later that, in fact, K0 is a functor from the category of C∗-algebras to the
category of Abelian groups. But first, let us state some properties for the unital case, which
can be found in [27] §3.
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Proposition 4.1.3. For every unital C∗-algebra A, the split sequence:

0 A Â C 0i π

λ

,

induces a split exact sequence in the K0 groups:

0 K0(A) K0(Â) K0(C) 0K0(i) KO(π)

K0(λ)

.

Remark. Husemoller [13] presents the construction of the K0 ring as the Grothendieck
extension for the semi ring Vect(X) when X is a compact Hausdorff space. In these spaces,
the set C(X) of continuous functions from X to C is a unital C∗-algebra with the supremum
norm ||·||∞. Rørdam, Larsen and Laustsen [27] show that these two constructions, as abelian
groups, are isomorphic: K0(X) ∼= K0(C(X)).

We now extend this construction of the functor K0 to arbitrary C∗-algebras, unital or not.
Let A be a non-unital C∗-algebra, and consider the exact split sequence:

0 A Â C 0i π

λ

.

Define K0(A) as the kernel of the group homomorphism K0(π) : K0(Â) → K0(C), which
makes sense according to the construction for unital algebras. Thus, K0(Â) is an abelian
group. Now, given p ∈ P∞(A), and considering the equivalence class [p]0 in K0(Â), note
that K0(π)([p]0) = [π(p)]0 = [π ◦ i(p)]0 = 0 since the sequence is exact. Hence, we have a
morphism [·]0 : P∞(A) → K0(A).
For each C∗-algebra A, unital or not, we can consider the short exact sequence:

0 K0(A) K0(Â) K0(C) 0K0(π)
,

where the map K0(A) → K0(Â) is K0(i) when A is unital, and it is the inclusion map of the
subgroup K0(A) when A is non unital. By proposition 4.1.3, this sequence is exact in the
unital case; however, this assertion fails when we consider non unital C∗-algebras. In the
unital case K0(A) is then isomorphic to its image in K0(Â) under K0(i), which maps [p]0
in K0(A) to [p]0 in K0(Â). And by exactness, this image is equal to the kernel of K0(π).
Therefore, the definition K0(A) = ker (K0(π)) agrees with the previous construction for
unital C∗-algebras.
This more general definition of K0 also satisfies functorial properties, and thus we can un-
derstand K0 as a functor from the category of C∗-algebras to the category of abelian groups.
The exactness for this functor is summarized in the following proposition (see [27] §3)
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Proposition 4.1.4. Let 0 I A B 0ϕ ψ be an exact sequence of C∗-
algebras. This sequence induces an exact sequence of abelian groups:

K0(I) K0(A) K0(B)K0(ϕ) K0(ψ)
.

If, in addition, the sequence splits, i.e if there exists a ∗-homomorphism λ : B → A such
that λ ◦ ψ = 1B, then there is an induced split exact sequence of abelian groups:

0 K0(I) K0(A) K0(B) 0K0(ϕ) KO(ψ)

K0(λ)

.

Again, as we have done for the unital case, we can consider a more descriptive point of view,
in terms of computation, for the K0 group. We will call this description the standard picture
of the group K0. Considering the split exact sequence given by the unitization of the algebra
A, let us define the scalar mapping s = λ ◦ π : Â → Â, s(a + α1) = α1, for all a ∈ A and
α ∈ C. Extending this morphism to a morphism Mn(Â) → Mn(Â), acting on each matrix
entry, we call an element x ∈ Mn(Â) a scalar element if x = s(x). The mentioned standard
picture of K0 is then given by:

K0(A) = {[p]0 − [s(p)]0 | p ∈ P∞(Â)}.

Furthermore, we have the next properties:

• Given p, 1 ∈ P∞(Â), the following are equivalent:
i. [p]0 − [s(p)]0 = [q]0 − [s(q)]0,
ii. there exists k, l ∈ N such that p⊕ 1k ∼0 q ⊕ 1l in P∞(Â),
iii. there exists scalar projections r1 and r2 such that p⊕ r1 ∼0 q ⊕ r2.

• If p ∈ P∞(Â) satisfies [p]0 − [s(p)]0 = 0, then there exists a natural number m with
p⊕ 1m ∼0 s(p) ⊕ 1m.

• Given a ∗-homomorphism ϕ : A → B between C∗ algebras, then

K0(ϕ)([p]0 − [s(p)]0) = [ϕ̂(p)]0 − [s(ϕ̂(p))]0.

Examples: (a) The group K0(Mn(C)) is isomorphic to Z for each positive integer n. The
isomorphism is induced by the classical trace Tr : Pk(Mn(C)) → Z. Thus, K0(C) ∼= Z.

(b) From (a) and the split exactness of K0, we see for any C∗ algebra A that

K0(Â) ∼= K0(A) ⊕ Z.

(c) For any separable complex Hilbert H space with dimCH = ∞, K0(B(H)) = 0.
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(d) Let K denote the C∗-algebra of all compact operators on a separable infinite dimen-
sional Hilbert space. Let A be a C∗-algebra, and let us construct a new C∗-algebra KA,
called the stabilization of A (see [27] §5 and §6). Consider the sequence of C∗ algebras

A M2(A) M3(A) · · ·φ1 φ2 φ3
,

where φn : Mn(A) → Mn+1(A) is given by:

φn(a) =
(
a 0
0 0

)
.

Let (KA, {κn}) be the C∗-algebra resulting from the inductive limit of this sequence, with
κn : Mn(A) → K(A). The functor K0 satisfies a property of stabilization which is given by
the following statement:
Let κ = κ1 : A → KA be the canonical inclusion of the C∗ algebra A into its stabilization
KA. Then K0(κ) : K0(A) → K0(KA) is an isomorphism.
It is possible to show that KC ∼= K. Thus, K0(K), the K0 group of the C∗ of compact
operators, is isomorphic to Z.

4.1.2 K1 Group
Now, we shall define the K1 group for any C∗-algebra A. This group is constructed in terms
of the unitary elements in the unitization of the algebra. For this, we will follow [27] §8.
Let A be a unital C∗-algebra, and let U(A) denote its group of unitary elements. Set
Un(A) = U(Mn(A)) and U∞(A) = ⋃∞

n=1 Un(A). Define a binary operation ⊕ on U(A) by:

u⊕ v = diag (u, v) =
(
u 0
0 v

)
∈ Un+m(A), with u ∈ Un(A), v ∈ Um(A).

In addition, define a relation ∼1 on U∞(A) as follows: for u ∈ Un(A) and v ∈ Um(A), we say
that u ∼1 u if and only if there exists a natural number k ≥ max {m,n} such that u⊕ 1k−n

and v ⊕ 1k−m are connected by a continuous path in Uk(A) –here we use the convention
u ⊕ 10 = u. The binary operation ⊕ and the equivalence relation ∼1 are compatible in the
following sense:

i. u ∼1 u⊕ 1n for all u ∈ U∞(A) and n ∈ N.

ii. u⊕ v ∼1 v ⊕ u for all u, v ∈ U∞(A).

iii. If u, v, u′, v′ ∈ U∞(A) with u ∼1 u
′ and v ∼1 v

′, then u⊕ v ∼1 u
′ ⊕ v′.

iv. If u, v ∈ Un(A) for some n, then uv ∼1 vu ∼1 u⊕ v.

v. u⊕ (v ⊕ w) = (u⊕ v) ⊕ w for all u, v, w ∈ U∞(A).
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Definition 4.1.5. The K1-Group for C∗-algebras Let A be a C∗-algebra. Define

K1(A) := U∞(Â)/ ∼1 .

Let [u]1 ∈ K1(A) denote the equivalence class containing u ∈ U∞(Â). Define the binary
operation + : K1(A)×K1(A) → K1(A) as [u]1 +[v]1 = [u⊕v]1. By the properties above, this
operation is well defined, commutative, associative and has a zero element [1]1. Moreover

0 = [1]1 = [1k]n = [uu∗]1 = [u]1 + [u∗]1,

where u ∈ Uk(Â). Thus, (K1(A),+) is an abelian group.

Again, as we have seen with the K0 group, given a C∗-algebra A, the K1(A) groups satisfies
a universal property.

Proposition 4.1.6. Let G be an abelian group, and let ν : U∞(Â) → G be a map such that
(i)ν(u ⊕ v) = ν(u) + ν(v), (ii) ν(1) = 0 and (iii) ν(u) = ν(v) if u, v ∈ Un(Â) for some n
and there exists a continuous curve γ connecting them. Then there exists a unique group
homomorphism α : K1(A) → G which makes the diagram commutative:

Un(Â) G

K1(A)

ν

α .

Consider the case when A is unital. Define µ : U∞(Â) → U∞(A) as follows. Since A is
unital, Â ∼= A

⊕
fC, where f = 1A − 1Â, thus µ(a + αf) := a. This morphism is a unital

∗-homomorphism, and we can extend it to a unital ∗-homomorphism Mn(Â) → Mn(A), and
then obtain µ as a map between the mentioned spaces. We have the following proposition
(see [27] §8).

Proposition 4.1.7. Let A be a unital C∗-algebra. Then there exists an isomorphism ρ :
K1(A) → U∞(A)/ ∼1 such that the diagram commutes.

U∞(Â) U∞(A)

K1(A) U∞(A)/ ∼1

µ

[·]1
ρ

Thus, when A is unital, we identify K1(A) with U∞(A)/ ∼1. From this proposition, it is also
immediate that K1(Â) ∼= K1(A) for any C∗-algebra A.

As we expect in analogy to the functor K0, K1 has functorial properties, being a functor
from the category of C∗-algebras to the category of abelian groups (see [27] §8).
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Proposition 4.1.8. Let 0 I A B 0ϕ ψ be a short exact sequence
of C∗-algebras. Then the sequence

K1(I) K1(A) K1(B)K1(ϕ) K1(ψ)

is exact. If, in addition, the sequence splits, i.e if there exists a ∗-homomorphism λ : B → A

such that λ ◦ ψ = 1B, then there is an induced split exact sequence of abelian groups:

0 K1(I) K1(A) K1(B) 0K1(ϕ) K1(ψ)

K1(λ)

.

Examples: (a) For any Hilbert space H, K1(B(H)) = 0. Let H be a finite dimensional
Hilbert space. We have that the unitary group of Mk(Mn(C)) = Mkn(C) is path connected
for any n and k. Thus, U∞(Mn(C))/ ∼1 is the trivial group for all n ∈ N. For the infi-
nite dimensional case, it is possible to show, using the measurable functional calculus, that
u ∼1 1n for every unitary u ∈ Un(B(H)). With this, the assertion follows.

(b) The functor K1 satisfies a stability property. Let A be a C∗-algebra and n ∈ N. De-
fine the map λn,A : A → Mn(A) as:

λn,A(a) =
(
a 0
0 0

)
.

Let κ : A → KA the inclusion map of A into its stabilization KA. Then the group homomor-
phisms K1(λn,A) : K1(A) → K1(Mn(A)) and K1(κ) : K1(A) → K1(KA) are isomorphisms.
Therefore, being K the C∗-algebra of all compact operators, we conclude that K1(K) = 0.

4.1.3 Index Map and Bott Periodicity
In this subsection we introduce the index map associated to a short exact sequence

0 I A B 0ϕ ψ

of C∗-algebras. The index map is a group homomorphism δ1 : K1(B) → K0(I) that gives
rise to an exact sequence:

K1(I) K1(A) K1(B)

K0(B) K0(A) K0(I)

K1(ϕ) K1(ψ)

δ1

K0(ψ) K0(ϕ)

.

The construction and definition of the index map is based on the following lemma (see [27]
§9).
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Lemma 4.1.9. Let 0 I A B 0ϕ ψ be a short exact sequence of C∗-
algebras, and let u ∈ Un(B̂) be given. Then:

i. There exists a unitary v ∈ U2n(Â) and a projection p ∈ P2n(Î) such that:

ψ̂(v) =
(
u 0
0 u∗

)
, ϕ̂(p) = v

(
1n 0
0 0

)
v∗, s(p) =

(
1n 0
0 0

)
.

ii. If v and p are as above, and if w ∈ U2n(Â) and q ∈ P2n(Î) satisfy:

ψ̂(w) =
(
u 0
0 u∗

)
, ϕ̂(q) = w

(
1n 0
0 0

)
w∗,

then s(q) = diag (1n, 0n) and p ∼u q in P2n(Î), where ∼u denotes the equivalence
relation on P2n(Î) given by: p ∼u q if and only if there exists a unitary element
u ∈ U2n(Î) with q = upu∗.

Additionally, define ν : U∞(B̂) → K0(I) by ν([u]1) = [p]0 − [s(p)]0 where p ∈ P2n(Î) as
above. This map ν satisfies the following properties:

i. ν(u1 ⊕ u2) = ν(u1) + ν(u2) for all u1, u2 ∈ U∞(B̂),

ii. ν(1) = 0,

iii. if u1, u2 belong to Un(B̂) and they are connected by a continuous path on Un(B̂), then
ν(u1) = ν(u2),

iv. ν(ψ̂(u)) = 0 for every u ∈ U∞(Â),

v. K0(ϕ)(ν(u)) = 0 for all u ∈ U∞(B̂).

Definition 4.1.10. Suppose we are given the short exact sequence of above. Let ν : U∞(B̂) →
K0(I) be the map from the previous lemma. By the universal property of K1, there exists a
unique group homomorphism δ1 : K1(B) → K0(I) such that δ1([u]1) = [p]0 − [s(p)]0, where
p ∈ P2n(Î) as above for a given u ∈ Un(B̂). The map δ1 is called the index map associated
to the short exact sequence of C∗-algebras 0 → I

ϕ−→ A
ψ−→ B → 0. This map satisfies (i)

δ1 ◦K1(ψ) = 0 and (ii) K0(ϕ) ◦ δ1 = 0.

Although the previous definition gives rise an explicit form of how the index map is applied,
there is an alternative way which makes use of partial isometries. Given a C∗-algebra A,
we say that an element v ∈ A is a partial isometry if v∗v is a projection. If this occurs,
it is possible to show that vv∗ is also a projection. The next construction is based on this
elements (see [27] §2 and §9).
Let 0 → I

ϕ−→ A
ψ−→ B → 0 be a short exact sequence of C∗-algebras and let m ≤ n natural
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numbers. Given a unitary element u ∈ Un(B̂), there exists a partial isometry v ∈ Mm(Â)
such that

ψ̂(v) =
(
u 0
0 0m−n

)
.

Then it is possible to obtain projections p, q ∈ Pm(Î) with 1m − v∗v = ϕ̂(p) and 1m − vv∗ =
ϕ̂(q), and the index map will be given by:

δ1([u]1) = [p]0 − [q]0.

When A is unital, this morphism has an even easier description. In this case, since ψ is
surjective, B is unital too, and ψ is unit preserving. Define the ∗ homomorphism ϕ̄ : Î → A

by ϕ̄(x+ α1Î) = ϕ(x) + α1A, and let u be a unitary element in B. If v is a unitary element
in M2n(A) and p is a projection in M2n(Î) such that

ϕ̄(p) = v

(
1n 0
0 0

)
v∗, ψ(v) =

(
u 0
0 u∗

)
,

then δ1([u]1) = [p]0 − [s(p)]0.

Proposition 4.1.11. (see [27] §9) Consider a short exact sequence of C∗-algebras as above.
We have the following properties:

i. The kernel of the index map δ1 : K1(B) → K0(I) is contained in the image of the map
K1(ψ) : K1(A) → K1(B).

ii. The kernel of the map K0(ϕ) : K0(I) → K0(A) is contained in the image of the index
map δ1 : K1(B) → K0(I).

Thus, we have that the following sequence of K-groups is exact:

K1(I) K1(A) K1(B)

K0(B) K0(A) K0(I)

K1(ϕ) K1(ψ)

δ1

K0(ψ) K0(ϕ)

.

Example: There is an analogy between the index map and the Fredholm index for Fredholm
operators. Let H be an infinite dimensional separable Hilbert space; let K denote the C∗-
algebra of compact operators on H, and let Q(H) := B(H)/K be the so called Calkin
algebra of H. Let us denote by π the quotient map B(H) → Q(H). Consider the short
exact sequence:

0 K B(H) Q(H) 0i π .

We have noticed that K0(K) ∼= Z. This isomorphism is given by the map K0(Tr) : K0(K) →
Z with K0(Tr)([E]0) = Tr (E) = dim (E(H)) –it is well defined since compact projections
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must have finite dimensional range by Atkinson’s theorem.
The aforementioned relation between these two indexes is given by the equation:

Index (T ) = (K0(Tr) ◦ δ1)([π(T )]1),

where T is a Fredholm operator. The Atkinson’s theorem allows us to see π(T ) as a unitary
element in the Calkin algebra. Now, we can consider the six term exact sequence:

K1(K) K1(B(H)) K1(Q(H))

K0(Q(H)) K0(B(H)) K0(K)

K1(i) K1(π)

δ1

K0(π) K0(i)

,

and since Ki(B(H)) = 0 in the infinite dimensional case, δ1 is, in fact, an isomorphism.
Thus, K1(Q(H)) ∼= Z.

We will now introduce two new constructions over C∗-algebras, the cone and the suspension.
Let A be a C∗ algebra. The cone CA and the suspension SA of A are defined as follows:

CA = {f ∈ C([0, 1], A) : f(0) = 0}, SA = {f ∈ C([0, 1], A) : f(0) = 0, f(1) = 0}.

We can consider the short exact sequence

0 SA CA A 0i π ,

where i is the inclusion map and π(f) = f(1) - notice that π is surjective since A is path
connected.
In the category of C∗-algebras, we have the notion of homotopy equivalence. Given two C∗-
algebras A,B and two ∗-homomorphisms ϕ, ψ : A → B, we say that the maps are homotopic,
ϕ ∼h ψ, if there exists a path of ∗-homomorphisms ϕt : A → B, t ∈ [0, 1], such that t 7→ ϕt(a)
is a continuous path from [0, 1] to B for each a ∈ A, with ϕ0 = ϕ and ϕ1 = ψ. The path
t 7→ ϕt is point-wise continuous. We say that A and B are homotopy equivalent if there exists
morphisms ϕ : A → B and ψ : B → A such that ψ ◦ϕ ∼h 1A and ϕ ◦ψ ∼h 1B. The functors
K0 and K1 are homotopy invariant in the sense that given ϕ, ψ : A → B with ϕ ∼h ψ, then
Ki(ϕ) = Ki(ψ) : Ki(A) → Ki(B) (see [27] §4 and §8).
Now, note that CA is homotopy equivalent to the algebra {0}. Consider ϕt : CA → CA

with ϕt(f)(s) = f(st) for all f ∈ CA and s, t ∈ [0, 1]. Fixing f ∈ CA, the map t 7→ ϕt(f) is
continuous, ϕ0 = 0 and ϕ1 = 1CA. Therefore, Ki(C(A)) = 0 for i = 0, 1.
We can understand S as a functor from C∗-algebras to C∗-algebras, associating the C∗-
algebra SA to each A, and for ϕ : A → B, a ∗-homomorphism, the map Sϕ : SA → SB

given by (Sϕ(f))(t) = ϕ(f(t)). This functor is exact and, moreover, given any C∗-algebra
A, S satisfies the following property:

K1(A) ∼= K0(SA).
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This isomorphism is constructed as follows. Let u ∈ Un(Â) with s(u) = 1n and let v ∈
C([0, 1],Un(Â)) such that v(0) = 12n, v(1) = diag (u, u∗), and s(v(t)) = 12n for all t ∈ [0, 1]
(it is possible to get u and v which fulfill these properties). Set

p = v

(
1n 0
0 0

)
v∗,

which is an element in P2n(ŜA) with s(p) = diag (1n, 0n). Then, let θA : K1(A) → K0(SA)
given by θA([u]1) = [p]0 − [s(p)]0.
Thus, thanks to this property, we can define, inductively, the higher K functors Kn for n ≥ 2
as Kn = Kn−1 ◦ S. This functor is a half exact functor from the category of C∗-algebras
to the category of abelian groups (see [27] §10). With these functors, we can construct a
long exact sequence of K-groups from a short exact sequence 0 → I

ϕ−→ A
ψ−→ B → 0 of C∗-

algebras. First, let us observe the higher index maps arising from this short exact sequence.
By exactness of S, the sequence

0 → SnI
Snϕ−−→ SnA

Snψ−−→ SnA → 0

is exact, and by the previous statement, we have the isomorphism

θSn−1I : Kn(I) = K1(Sn−1I) → K0(SnI).

Denoting by δ̄ the index map associated with this short exact sequence, we note that there
exists only one group homomorphism δn+1 which makes the next diagram commutative:

Kn+1(B) Kn(I)

K1(SnB) K0(SnI)

δn+1

θSn−1I

δ̄

.

Proposition 4.1.12. Every short exact sequence of C∗-algebras

0 I A B 0ϕ ψ

induces a long exact sequence of K-groups:

· · · Kn+1(B) Kn(I) Kn(A) Kn(B) Kn−1(I) · · ·

· · · K0(I) K0(A) K0(B),

Kn+1(ψ) δn+1 Kn(ϕ) Kn(ψ) δn Kn−1(ϕ)

δ1 K0(ϕ) K0(ψ)

where δ1 is the index map and δn, for n ≥ 2, its higher analogues.

We will now state one of the main results associated with K-theory, which, in essence, tell
us that we should only worry about the K0 and K1 groups. This theorem was proved by
Rauol Bott in his paper [2]. A more detailed proof can be found in [27] §11.
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Theorem 4.1.13. Bott periodicity There exists an isomorphism βA : K0(A) → K1(SA)
for every C∗-algebra A. This isomorphism is called the Bott map.

Corollary 4.1.14. For every C∗-algebra A and every integer n ≥ 0,

Kn+2(A) ∼= Kn(A).

Examples: (a) Note that the suspension SA for any C∗-algebra is isomorphic to C0(R, A),
since R is homeomorphic to the open interval (0, 1) and SA = C0((0, 1), A) –using the
one point compactification, SA = C(S1, A). In addition, since C0(X,C0(Y )) is isomorphic
to C0(X × Y ) for any locally compact Hausdorff spaces X and Y , note that Kn(C) ∼=
K0(C0(Rn)) and K1(C) ∼= K1(C0(Rn)). Thus, according to the previous corollary, we con-
clude that:

K0(C0(Rn)) ∼=

K0(C) ∼= Z if n even
K1(C) = {0} if n odd

, K1(C0(Rn)) ∼=

0 if n even
Z if n odd

.

(b) Let Sn denote the n-sphere. The one point compactification of Rn is homeomorphic
to Sn, and it is possible to show that the unitization Ĉ0(Rn) is isomorphic to C(Sn). Thus,
using (a) and previous results for the K0 functor, we have that:

K0(C(Sn)) ∼= K0(C0(Rn))
⊕

Z ∼=

Z ⊕ Z if n even
Z if n odd

,

K1(C(Sn)) ∼= K1(C0(Rn)) ∼=

0 if n even
Z if n odd

.

(c) The Toeplitz algebra: Let {en}∞
n=1 be an orthonormal basis for a separable infinite

dimensional Hilbert space H. Let S ∈ B(H) denote the unilateral shift operator, Sen = en+1.
This operator is an isometry, S∗S = 1H , where S∗en = en−1 with e0 = 0. Define the Toeplitz
algebra T as the sub-C∗-algebra generated by S, i.e T := C∗(S).
For i, j ∈ N, let Eij be the bounded rank one operator on H given by Eij(v) = ⟨v, ej⟩ei, and
let Fn := ∑n

n=1 Eii. Thus, Fn is the projection onto the subspace Hn spanned by {e1 . . . , en}.
Observe that B(Hn) = span {Eij | 1 ≤ i, j ≤ n} = FnB(H)Fn. Furthermore, the following
hold:

F1 = E11 = 1 − SS∗, Eij = Si−1F1(S∗)j−1, for i, j ∈ N.

Thus, each Eij belongs to T . On the other hand, the C∗-algebra of compact operators K
on H is the closure of the ideal of finite rank operators, i.e it is the closure of the union⋃∞
n=1 FnB(H)Fn (see [26] §7); therefore, K is contained in T and, moreover, it is an ideal in

T . Consider the quotient mapping π : K → Q(H); since F1 = 1 − SS∗, and F1 is compact,
we have that π(S) is, in fact, a unitary element in Q(H). Moreover, by the Atkinson’s
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theorem, S is a Fredholm operator because π(S) is invertible in the Calkin algebra. By
definition, ker S = {0} and ker S∗ = Span {e1}, so its Fredholm index is equal to −1, and
by the relation between the index map on the K-groups and the Fredholm index studied
previously, we must have that [π(S)]1 is a non-zero element in K1(Q(H)). Thus, π(S) can
not be connected to the unit in Q(H). When this happens for a unitary element u in a
unital C∗-algebra, its spectrum is equal to S1 (see [27] §2). In conclusion, σQ(H)(π(S)) = S1.
Therefore, by the continuous functional calculus, C∗(π(S)) ∼= C(S1).

Note also that T /K = C∗(π(S)). Thus, we can consider the short exact sequence:

0 K T C∗(π(S)) 0,i ψ

where ψ is the composition of π with the isomorphism from C∗(π(S)) to C(S1), which maps
π(S) to the identity function in C(S1). Now, notice that [F1]0 generates the group K0(K)
because K0(Tr)([F1]0) = 1. Likewise, according to the definition of the index map, and the
fact that one of the morphisms in the short exact sequence is the inclusion map, we see that:

δ1([ψ(S)]1) = [1 − S∗S]0 − [1 − SS∗]0 = −[F1]0.

We know the K-groups for K and C∗(π(S)). In order to obtain the K-groups for the Toeplitz
algebra, we will need an additional map which will allow us to understand, in a better way,
the six term exact sequence which involves the index map. We shall come back to this
example in the next subsection.

4.1.4 The Exponential Map
Consider the short exact sequence of C∗-algebras

0 → I
ϕ−→ A

ψ−→ B → 0,

and define the morphism δ0 : K0(B) → K1(I) as the composition of the maps

K0(B) K2(B) K1(I),βB δ2

where βB denotes the Bott map and δ2 the respective higher index map.
If δ̄1 denotes the index map associated with the short exact sequence

0 → SI
S(ϕ)−−→ SA

S(ψ)−−→ SB → 0,

then δ0 is defined as the unique group homomorphism which makes the following diagram
commutative:

K0(B) K1(I)

K1(SB) K0(SI)

δ0

βB θI

δ̄1

.
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This homomorphism δ0 is called exponential map. With this map, we can obtain a six term
exact sequence between K0 and K1 groups for a short exact sequence of C∗-algebras (see
[27] §12).

Proposition 4.1.15. For every short exact sequence of C∗-algebras as above, the associated
six term sequence:

K0(I) K0(A) K0(B)

K1(B) K1(A) K1(I)

K0(ϕ) K0(ψ)

δ0δ1

K1(ψ) K1(ϕ)

is exact.

Example: Let us return to the last example of the previous subsection, the Toeplitz algebra.
With this exact sequence, we can compute the K-groups of T . This sequence is given by:

K0(K) K0(T ) K0(C∗(π(S)))

K1(C∗(π(S))) K1(T ) K1(K)

K0(i) K0(ψ)

δ0δ1

K1(ψ) K1(i)

.

Since K1(K) = 0, the exponential map is the zero map, and also K1(i). Thus, K0(ψ) is
surjective and K1(ψ) is injective. We have observed that [F1]0 generates K0(K), so in order
to compute K0(i), it is enough to calculate K0(i)([F1]0). In T , we have that 1−SS∗ = F1 and
S∗S = 1. Thus, according to the equivalence relation ∼0 used in the construction of the K0

group, we have that [1−F1]0 = [1]0, and [i(F1)]0 = [1]0−[1−F1]0 = 0. Hence, K0(i) = 0, and,
by exactness, this implies that K0(ψ) is injective; therefore, K0(T ) ∼= K0(C∗(π(S))) ∼= Z.
In addition, since K0(i) = 0, the index map δ1 is surjective, and since it is a map from Z to
Z, it must be an isomorphism, in particular injective. We conclude then that K1(ψ) is the
zero map, so K1(T ) = 0.

4.2 Bulk-Edge Correspondence
In this section we will introduce a physical example which will be the main application of the
theory developed in the previous chapters. This example corresponds to the Su-Schriefer-
Heeger model –SSH model– of a conducting polymer with a non-trivial topology where it
will arise a winding number associated with a physical invariant in the model. We will be
following Prodan and Schulz-Baldes [22] §1 throughout this section. For the study of these
invariants, they use an algebraic approach passing through the K-theory formalism in order
to connect what they called topological invariants with Chern characteristic classes. We will
see that, although the analysis carried out by these authors in this model uses different tools
than those we have developed in the previous chapters, there are common ingredients that
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allow us to conjecture the relevance of our analysis to describe this type of physical systems.

For the physical description of this fermionic model, consider an infinite chain labeled by an
integer. On each “box”, there will be N different non-interacting species of fermions, and
each specie can be of two different colors: blue (B) or red (R). Moreover, all species have
the same mass m, and there will be an additional potential interacting between colors.
Additionally, there will be interactions between neighbors. A blue particle will be annihi-
lated when it interacts with the right neighbor –if it moves to the right, it is annihilated–
and it changes its color to red if it interacts with the left position. In a similar way, a red
particle is annihilated when it interacts with the left neighbor, and it changes its color with
right interactions.

We can then model this physical system using, as model space, the Hilbert space C2 ⊗CN ⊗
ℓ2(Z); and the physical dynamics of this chain can be described by the Hamiltonian:

H = 1
2(σ1 + iσ2) ⊗ 1N ⊗ S + 1

2(σ1 − iσ2) ⊗ 1N ⊗ S∗ +mσ2 ⊗ 1N ⊗ 1,

where 1N and 1 are the identity operators on CN and ℓ2(Z) respectively, σi correspond to
the Pauli matrices, and S the right shift on ℓ2(Z). Using the definition of the Pauli matrices,
it can be shown that:

1
2(σ1 + iσ2) =

(
0 1
0 0

)
,

1
2(σ1 − iσ2) =

(
0 0
1 0

)
,

which, in fact, describe the respective annihilation and color changes.

Before discussing the development presented in [22] §1, let us observe a brief description
of the discrete Fourier transform, which will help us to understand the description of this
physical model from a geometric point of view and, in addition, it will be useful in the
diagonalization problem. The discrete Fourier transform

F : L2(S1) → ℓ2(Z)

is defined as
g 7→ (gn)n∈Z, with gn := 1√

2π

∫
S1
g(x)e−inxdx.

This transformation is, in fact, a linear isometric isomorphism between these two Hilbert
spaces, with inverse given, in an analogous way, by:

(F−1((ϕ)n∈Z))(k) = 1√
2π

∑
n∈Z

ϕne
−ink.
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Let g ∈ L2(S1) with coefficients gn such that g(x) = 1√
2π
∑
n∈Z gne

−inx, and let us consider
the linear operator F−1SF . Applying this operator on g, we obtain that:

(F−1SF(g))(k) = 1√
2π

∑
n∈Z

gn−1e
−ink.

Thus, omitting the normalization factors, we observe that (F−1SF(g))n is, precisely, the
n − 1 component of g, i.e = gn−1. Analogously, F−1S∗F gives the opposite shift, i.e gn is
mapped to gn+1. In this order, applying F−1 and F to the hamiltonian H which describes
the dynamics of the particles in the Hilbert space C2 ⊗CN ⊗ℓ2(Z), we obtain a new operator∫⊕
S1 H̃k dk, where H̃k is given by:

H̃k = 1
2(σ1 + iσ2) ⊗ 1Ne−ik + 1

2(σ1 − iσ2) ⊗ 1Neik +mσ2 ⊗ 1N ,

understanding its action on the k-th component of g ∈ L2(S1), as follows:

gk 7→ 1
2(σ1 + iσ2) ⊗ 1Ngk−1 + 1

2(σ1 − iσ2) ⊗ 1Ngk+1 +mσ2 ⊗ 1Ngk.

With this description, we can write each H̃k as:

Hk =
(

0 e−ik − im

eik + im 0

)
⊗ 1N .

Smooth geometric description of the infinite chain. With these transformations and
relations, we can model a geometrical description of the system in terms of smooth bundles
over the circle. Using the Fourier transformation, we have obtained the commutative diagram

C2 ⊗ CN ⊗ ℓ2(Z) C2 ⊗ CN ⊗ ℓ2(Z)

C2 ⊗ CN ⊗ L2(S1) C2 ⊗ CN ⊗ L2(S1).

H

1⊗1⊗F−1

H̃

1⊗1⊗F

Notice that, according to the matrix description for Hk, we can consider the trivial vector
bundle:

S1 × (C2 ⊗ CN)

S1

π

and thus, H can be understood as a vector bundle morphism –to be more precise, as a
morphism on the total space, where in each k ∈ S1 the linear operator corresponds to H̃k.
To see this assertion, notice the following:
Let ψ ∈ Γ(E), with E = S1 × (C2 ⊗CN). ψ can be viewed as an element of L2(S1,C2 ⊗CN)
and, thus, H̃ can be understood as a map from Γ(E) to itself, i.e H̃ : Γ(E) → Γ(E). Given
ψ ∈ Γ(E) and k ∈ S1 (with S1 = [0, 2π]/ ∼), we have

H̃(ψ)(k) = H̃kψ(k).
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From now on, we will write only H to refer to the Hamiltonian.

According to the matrix form for Hk, we can find the respective point spectrum diago-
nalizing the matrix. It is a straightforward computation to see that these eigenvalues, for
each k ∈ S1, are given by:

E±(k) = ±
√
m2 + 1 + 2m sin k,

which are N -fold degenerate. Note that there exists a gap around zero which corresponds
to ∆ = [−Eg, Eg] where Eg = | |m| − 1 |, and is open as long as m /∈ {−1, 1}.

Furthermore, we can extract important information from the algebraic form of the Hamilto-
nian H. Let us consider the next commutative diagram:

S1 × (C2 ⊗ CN) S1 × (C2 ⊗ CN)

S1 S1

τ

π π

1

,

where the morphism τ is given by:

τ(k, v ⊗m) = (k, σ3(v) ⊗m),

with

σ3 =
(

1 0
0 −1

)
.

Note that τ ∗ = τ and τ 2 = 1 and, moreover, this morphism satisfies that τ ∗Hτ = −H. This
operator is called, in the physical literature, as chiral symmetry operator [22].

Now, in order to highlight this chiral symmetry, let us construct the spectral projection

PF := χ(H ≤ µ = 0),

where the subscript F and the value µ refer to the Fermi projection and Fermi level, re-
spectively, and this Fermi level is established, in this models of topological insulators, at 0.
Notice that this Fermi projection satisfies, for each k ∈ S1, that τ ∗

k (PF )k τk = 1 − (PF )k; in
other words, as a bundle morphism, τ ∗PF τ = 1 − PF .
Set

Q := 1 − 2PF ,

which corresponds to sign(H). Notice that this operator satisfies

τ ∗Qτ = −Q and Q2 = 1.
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Furthermore, from the definition of Q and its invertibility property, it can be shown that
σQ = {−1, 1}. Combining these ingredients, we can conclude the existence of a morphism
of sections

Q : Γ(S1 × (C2 ⊗ CN)) → Γ(S1 × (C2 ⊗ CN)),

such that
Q(k) =

(
0 U∗

F (k)
UF (k) 0

)
,

where the UF (k) is a unitary operator on CN and it is given by:

UF (k) = eik + im

|eik + im|
1N .

The morphism UF : Γ(S1 × CN) → Γ(S1 × CN) is well defined as long as m /∈ {−1, 1}. In
the physics literature, this unitary operator is known as the Fermi unitary operator.

Remark. In the previous definition for the morphism Q, we have made an abuse of nota-
tion. Actually, this map acts on sections ψ : S1 → S1 × (C2 ⊗ CN) where for any k ∈ S1, we
have that (Q(ψ))(k) ∈ C2 ⊗ CN . Hence, we can understand this morphism as a morphism
where, on each fiber, acts as a linear operator. In a similar way, we can think UF like Q. In
this sense, this morphism, viewed from S1 to MN(C), is smooth.

Definition 4.2.1. Let Ũ : S1 → MN(C) be a smooth map such that for all k ∈ S1, U(k) is
a unitary element. Let U be the unitary operator given by:

U =
(

0 Ũ∗

Ũ 0

)
.

The winding number associated to the unitary operator

Ch1(U) = 1
2πi

∫
S1
dk Tr (U∗

k∂kUk),

is called the first odd Chern number.

Computing this winding number for the operator U associated to the Fermi unitary operator,
it follows that (see [22] §1):

Ch1(UF ) =
−N if m ∈ (−1, 1)

0 if m /∈ [−1, 1].

This integer Ch1(UF ) is called the bulk invariant associated to the ground state of the Hamil-
tonian H. According to [22], the existence of the Fermi unitary operator –from which this
invariant comes– is related to the existence of the gap in the spectrum of the Hamiltonian
H. Moreover, the authors state that UF can be constructed entirely from the ground state of
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the system. In this sense, we find the first relation with the results presented in the previous
chapters. Once a ground state is established, we can construct a projection operator over the
subspace generated by the eigenvectors with positive energy –positive eigenvalues. Thus, we
can consider the associated Fock representation and then apply the formalism carried out
in [5] and [6] to this projection. With these elements, it arises naturally the question: Can
the bulk invariant be obtained as a Fredholm index for some unitary operator (in the sense
of the previous chapter)?

An algebraic model for the infinite chain with boundary. Now, following Pro-
dan and Schulz-Baldes, we will modify this model introducing a boundary condition on the
Hamiltonian H. This corresponds geometrically to a restriction over a non-compact subspace
of the circle which can be modeled by the constraint half-Hilbert space C2 ⊗ CN ⊗ ℓ2(N),
restricting from Z to N with the boundary condition:

Ĥ = 1
2(σ1 + iσ2) ⊗ 1N ⊗ Ŝ + 1

2(σ1 − iσ2) ⊗ 1N ⊗ Ŝ∗ +mσ2 ⊗ 1N ⊗ 1.

Here, as we expected, Ŝ denotes the unilateral right shift on ℓ2(N) with the property that
Ŝ∗Ŝ = 1. Notice that we have no longer a smooth fibration over the circle, but instead we
can consider the morphism τ as a linear operator between Hilbert spaces:

τ : C2 ⊗ CN ⊗ ℓ2(Z) → C2 ⊗ CN ⊗ ℓ2(Z).

Thus, restricting to ℓ2(N), we have the operator τ̂ = σ3 ⊗1N ⊗1 called the half-space chirality
operator which also satisfies

τ̂Ĥτ̂ = −Ĥ,

and we can associate to it a projection which will allow us to implement the theory de-
scribed in previous chapter. Indeed, this chirality condition implies that σ(Ĥ) = −σ(Ĥ)
and, furthermore, according to [22], the direct sum Ĥ⊕ Ĥ acting on C2 ⊗ CN ⊗ ℓ2(Z) can
be understood as a finite dimensional perturbation of H and, hence, the essential spectra
will coincide σEss(H) = σEss(Ĥ). However, this finite perturbation can generate additional
point spectrum corresponding to those states which are annihilated in the boundary. These
are called boundary states.

Let ψ ∈ C2 ⊗ CN ⊗ ℓ2(N) be a normalized boundary state with energy ε, i.e Ĥψ = εψ.
Note that

Ĥτ̂ψ = −ετ̂ψ.

Hence, the subspace E spanned by all eigenvectors with eigenvalues in [−δ, δ] ⊆ ∆ is invariant
under the action of τ̂ . Therefore, we can diagonalize τ̂ on E as E = E+

⊕ E− such that τ̂
is ±1 on E±. Denote by P̃ (δ) the spectral projection χ([−δ, δ]) for the self-adjoint operator
Ĥ. This operator splits into an orthogonal sum P̃+(δ) ⊕ P̃−(δ). Additionally, note that this
operator satisfies that

τ̂ P̃ (δ) = P̃+(δ) − P̃−(δ),
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where E± = Im P̃±(δ). The difference between the dimensions of the subspaces E± is called
the boundary invariant of the system. This is computed as:

Tr(τ̂ P̃ (δ)) = N+ −N−,

with N± = dim E±. This invariant is independent of the choice of δ whenever δ ≤ Eg [22].
Therefore, its value is entirely determined by by the spectral subspace of the zero eigenvalue,
which is called the space of zero modes. The following theorem gives a relation between the
previous physical model where there was no restriction, and this model where a restriction,
understood as a border, has been placed (see [22] §1).

Theorem 4.2.2. Consider the Hamiltonian H on C2 ⊗CN ⊗ ℓ2(Z) given at the beginning of
the section, and let Ĥ denote its half-space restriction. If UF is the Fermi unitary operator
and Ch1(UF ) denotes its winding number, then:

Ch1(UF ) = −Tr(τ̂ P̃ (δ)),

whenever [−δ, δ] ⊆ ∆.

This relation is known as the Bulk-Edge correspondence. Prodan and Schulz-Baldes present
a proof of this theorem making use of some results of K-theory for C∗-algebras. We will end
this section with a sketch of the proof using the tools of K-theory for C∗-algebras presented
in the previous section.

To start with, we will observe that the first model, which has been presented from a ge-
ometrical point of view, can be translate into a more algebraic language. The main ingre-
dient for this point of view in the unilateral right shift S involved in the Hamiltonian H.
The C∗-algebra generated by this operator, C∗(S), is isomorphic to the C∗-algebra of the
continuous complex valued functions on S1, C(S1). To see this, we can consider the natural
representation of C(S1) over the Hilbert space L2(S1):

π : C(S1) → B(L2(S1)),

given by multiplication, i.e
π(f)(g)(z) := f(z)g(z).

As we have observed above, this Hilbert space is isometrically isomorphic to ℓ2(Z), where
the isomorphism corresponds to the discrete Fourier transform. Hence, the multiplication
operator by z –the generator of C(S1) as a C∗-algebra– is mapped to the operator S. Thus,
we construct the respective isomorphism between C∗-algebras sending generators to gener-
ators (see [1]).
Recall that the Toeplitz algebra T is the smallest C∗-algebra which contains the operator
Ŝ –note that we have changed the notation used in previous section for convenience. Now,
we shall observe a different construction following [26] §7. For this, we will consider the
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Toeplitz operators on L2(S1). Let H2(S1) be the Hardy space of L2(S1), and denote by
P : L2(S1) → H2(S1) the orthogonal projection onto this subspace. Given g ∈ C(S1), con-
sider the operator π(g) ∈ B(L2(S1)), and construct the operator Tg := Pπ(g). This operator
is called the Toeplitz operator with symbol g. Note that Ŝ = Tz, where the right side op-
erator can be understood as the generator of all Toeplitz operators. In [26] §7 there is a
detailed description of these operators and, in addition, it is shown, using this description,
that the finite rank operators are contained in the C∗-algebra generated by these Toeplitz
operators: C∗(Tf : f ∈ C(S1)).

We shall now consider the example of the Toeplitz algebra developed in the previous section.
Using the identifications and the changes of notation, we obtain the short exact sequence of
C∗-algebras:

0 K C∗(Ŝ) C∗(S) 0.i ψ

According to the example, and using these identifications, we have the six term exact se-
quence for the Toeplitz algebra, and the index homomorphism

δ1 : K1(C∗(π(S))) → K0(K)

which is, in fact, an isomorphism. Since C∗(S) is generated as C∗-algebra by S, K1(C∗(S))
is generated by [S]1.

According to the short exact sequence of the Toeplitz algebra, and the second descrip-
tion of the index map, we can describe δ1 explicitly in this case. By construction, given
u ∈ Mn(C∗(S)) unitary, we can construct a lifting w ∈ M2n(T ) such that

ψ(w) =
(
u 0
0 u∗

)
.

Using the description for δ1 for unital algebras, we can obtain a projection p̃ ∈ M2n(K̂) such
that

ī(p̃) = w

(
1n 0
0 0

)
w∗.

Moreover, this projection p̃ is such that its scalar part, s(p̃), is equal to
(

1n 0
0 0

)
. Thus,

δ1([u]1) = [w diag (1n, 0) w∗]0 −[diag (1n, 0)]0. With these results, we can compute δ1([Sn]1).
A unitary lift, for n ≥ 0, is (

Ŝn Fn
0 (Ŝ∗)n

)
,

where Fn have been defined in the previous section and they satisfy Ŝn(Ŝ∗)n = 1 − Fn and
FnŜ

n = 0. Thus, δ1([Ŝn]) = −[Fn]0 = −n[F1]0.
We will present a technical statement in order to conclude the main result of this section
(see [22] §1).
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Proposition 4.2.3. Let UF ∈ MN(C(S1)) be the Fermi unitary operator. Then for 0 < δ <

Eg,
δ1([UF ]1) = [P̃+(δ)]0 − [P̃−(δ)]0.

Now, let us consider the pairings:

Ch0 : K0(K) → Z, Ch0([P̃ ]0 − [P̃ ′]0) = Tr (P̃ ) − Tr (P̃ ′),

Ch1 : K1(C(S1)) → Z, Ch1([u]1) = i

2π

∫
S1
dk Tr (u(k)∗∂ku(k)).

These pairings are fundamental results which associate the K-theory with cohomology the-
ory. However, we will not go deeper into this connection. Notice that, in the definition of
Ch1, we require that k 7→ u(k) be differentiable. Although we can not guarantee this directly,
we use the fact that any continuous path k 7→ u(k) can be approximated by a differentiable
one. Since C∞(S1) is dense in C(S1), for each representation class in K1, we can consider a
smooth representative [22]. In this way, we obtain the following theorem which shows the
Bulk-Edge correspondence in terms of characteristic classes of the K groups. Theorem 4.2.2
follows as a corollary of this.

Theorem 4.2.4. ([22]) The maps Ch0 and Ch1 are well defined group homomorphisms and

Ch1([u]1) = −Ch0(δ1([u]1)).

Remark. The previous result shows us how the Bulk-Edge can be understood using tools
from K-theory. In this case, the winding number associated with the unitary Fermi operator
is determined by the dimension of the boundary eigenfunctions. An important fact is that,
according to previous results on K-theory, this invariant can be understood as the Fredholm
index of some operator. This leads us to the question of how this operator can be obtained,
which can be partially answered once the type of index, Z or Z2, is identified.
In [29] the authors consider an example which could guide us to give an answer to this
question. If we consider a complex Hilbert space H, it is possible to consider its realification
where Q := i is now a complex structure, and additionally consider an additional complex
structure J . According to the results studied in chapter three, an index of type Z2 arises with
the structure J and the respective orthogonal operators, and the structure Q, which can be
understood as a charge generator, will allow us, with a careful analysis, to understand the
appearance of a index type Z. What leads us to think about the relationship of this example
presented in this book with the development carried out by Prodan and Schulz-Baldes, is
the way of how the index is calculated, where according to a decomposition into orthogonal
subspaces given by the structure J , say E+ and E−, the index of S−−, where S is unitary
with respect to the structure Q, is obtained using a trace form –very similar to the winding
number. In [7] the authors consider an interpretation of Z2 valued invariants for this type
of physical systems using the notion of spectral flow for Skew-adjoint Fredholm operators.
This could be another promising direction of research in order to understand the relevance
of topology in the description of infinite chains of this type.
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4.3 Physical example for the Z2 index
In this section we shall describe a physical example where the Z2 arises labeled the connected
components of the orthogonal group O(E), where E is a finite dimensional real Hilbert space.
Additionally, we will describe the connection of this index with the existence of edge states.
Kitaev [14] performs a description of a chain consisting of L sites, where each site can be
either empty or occupied by an electron, and he gives a mathematical description in terms
of the Majorana fermions. In order to perform this characterization, we will follow [3].

4.3.1 Majorana Fermions

Let us consider an even finite dimensional Hilbert space E with the standard inner product
denoted by g : E × E → R. Let J be a complex structure on E, and denote by EJ the
complexification of E with this structure. In order to simplify the computation, considering
the standard basis for E ∼= R2n, let us take J given by:

Jek = ek+n, Jek+n = −ek for k ∈ [n].

Thus, the complexified vector space EJ corresponds to spanC{e1, . . . en}. Hence, the CAR
algebra associated to EJ is generated by the elements:

ai ≡ a(ei), a∗
i ≡ a∗(ei), for i ∈ [n],

which satisfy the CAR relations. With these elements, we can construct the Fock represen-
tation for the Clifford algebra C[E], πJ : C[E] → B(∧EJ), which recall, from chapter 1, it
is given by:

πJ(v) := aJ(v) + ia∗
J(v),

where v ∈ E. From this, notice that:

aJ(iv) = iaJ(v), a∗
J(iv) = ia∗

J(v), aJ(Jv) = iaJ(v), a∗
J(Jv) = −ia∗

J(v).

Notice that for any operator T ∈ B(∧EJ) we have the decomposition:

T = T + T ∗

2 + i
T − T ∗

2i ,

and, moreover, T+T ∗

2 and T−T ∗

2i are self-adjoint operators. In this order, for the creation and
annihilation operators we get the decomposition:

aj = γAj + iγBj , a∗
j = γAj − iγBj .

These operators γ(A)
j , γ

(B)
j are known as the Majorana fermions.



96 4 K−Theory for C∗−algebras and the Bulk-Edge correspondence

Figure 4-1: Majorana Fermions. Figure (I) corresponds to an extreme case where there is
not intracell interaction in the fermionic chain. Figure (II) illustrates a second
extreme case, where there is not intercell interaction. In this case, we have an
illustration of the so called edge states.

Figure 4−1 illustrates a fermionic chain subject to an interaction described by the operators
aj and a∗

j . According to the decomposition presented, this interaction can be written in
terms of the Majorana fermions. Furthermore, the edge states can be understood as the zero
level energy of this interaction once it is written in terms of the Majorana fermions.

Let us observe how these edge states are related with the Z2 index. First of all, recall
from chapter 3 that given an orthogonal operator g ∈ O(E), we can consider the Bologiubov
automorphism on the Clifford algebra associated to g, θg, and find an unitary operator
U ∈ B(∧EJ) such that for all v ∈ E the following diagram commutes:∧

EJ
∧
EJ

∧
EJ

∧
EJ .

πJ (v)

U U

πJ (θg(v))

We can view this as a new representation of the Clifford algebra, π̃J : C[E] → B(∧EJ) given
by:

π̃J(v) := c(v) + c∗(v),
where the elements c(v), c∗(v) fulfill the CAR relations. Using the commutativity of the
diagram, it follows that:

c(v) + c∗(v) = UπJ(v)U∗ = UaJ(v)U∗ + Ua∗
J(v)U∗
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From [21] §3, we have the following proposition:

Proposition 4.3.1. If g ∈ O(E) and if v ∈ E then

1
2πJ ◦ θg(v + iJv) = aJ(Ag(v)) + a∗

J(Cg(v)).

It is not difficult to observe that the right hand side corresponds to

1
2UπJ(v + iJv)U∗.

In this order, we get that:

c(v) = UaJ(v)U∗, c∗(v) = Ua∗
J(v)U∗.

Moreover, from these expressions and the above proposition, we also get that:

c(v) = aJ(Ag(v)) + a∗
J(Cg(v)).

4.3.2 Two site chain
In this subsection let us study a Hamiltonian for a two site fermionic chain and the diag-
onalization problem, as we have done for the SSH model. Again, we will observe that the
orthogonal operator arising from the diagonalization will give information about the exis-
tence of edge states.

Let (R4, g) be our real Hilbert space with g the standar inner product. Let J be the complex
structure given in the canonical basis by:

J =
(

0 −1
1 0

)
.

According to the form of the structure J , the complexified Hilbert space EJ corresponds to
spanC{e1, e2}. On ∧

EJ let us consider the Hamiltonian given in terms of the creation and
annihilation operators by:

H = t(a1a
∗
2 + a2a

∗
1) + ∆(a1a2 − a∗

1a
∗
2) − 2µ(a1a

∗
1 + a2a

∗
2),

where t,∆, µ ∈ R \ {0}. This Hamiltonian can be written as a quadratic form as:

H = 1
2
(
a a∗

)
Λ
(
a∗

a

)
+ c,

where c is a constant and Λ is a block matrix

Λ =
(
A B

−B −A

)
,
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where
A =

(
−2µ t

t −2µ

)
and B =

(
0 ∆

−∆ 0

)
.

Notice that AT = A and BT = −B. Our objective is to find an orthogonal transformation
H ∈ O(4) such that the implemented Bogoliubov automorphism θH allows us to write H in
diagonal form as:

H =
∑
k

λkckc
∗
k,

where the elements ck, c∗
k fulfill the CAR relations.

In order to solve the problem, let us consider the following ansatz for the operators ck, c∗
k:

ck =
2∑
i=1

gkia
∗
i + hkiai, ck =

2∑
i=1

gkiai + hkia
∗
i .

Using the fact that these operators must satisfy the CAR relations, we obtain the relations
for the matrices g and h:

ggT + hhT = 12, gh
T + hgT = 0.

In addition, computing the commutator [ck,H] using the above expressions for H, we obtain
the equations (see [25]):

λk gki =
2∑
j=1

(gkjAji −Bjihkj) , λk hki =
2∑
j=1

(gkjBji − Aijhkj) .

Let us consider the matrices Φ := g + h and Ψ = g − h. For any k ∈ {1, 2}, let us consider
the vectors Φk, Ψk as the kth row of the respective matrices. In this order, the equations
above can be written as

(A−B)Ψk = λkΦk, (A+B)Φk = λkΨk.

These two equations take the following form in matrix notation:(
0 A−B

A+B 0

)(
Φk

Ψk

)
= λk

(
Φk

Ψk

)
.

Notice the following properties of this system:
i. It is diagonalizable since the matrix is symmetric.

ii. If α is an eigenvalue of the system with eigenvector
(

Φk

Ψk

)
, then −α is also an eigenvalue

with eigenvector
(

Φk

−Ψk

)
. To show this statement, consider the block matrix P =(

12 0
0 −12

)
, and notice that

P
(

0 A−B

A+B 0

)
P = −

(
0 A−B

A+B 0

)
.
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A straightforward computation of these eigenvalues and eigenvectors yields to the following
values:

λ
(1)
1 = −(α + t), vT1 =

(
2µ, −(α + ∆), α + ∆, −2µ

)
λ

(2)
1 = α + t, vT2 =

(
2µ, −(α + ∆), −(α + ∆), 2µ

)
λ

(1)
2 = −(α− t), vT3 =

(
2µ, α− ∆, α− ∆, 2µ

)
λ

(2)
2 = α− t, vT4 =

(
2µ, α− ∆, −(α− ∆), −2µ

)
,

where α :=
√

∆2 + 4µ2. Hence, notice the presence of a minus sign. Let β± :=
√

2α(α± ∆),
θ± := sgn(α ± t). With these eigenvectors, and considering the respective minus signs, we
construct the matrices:

Φ =
(

2µ/β+ −β+/2α
2u/β− β−/2α

)
, Ψ =

(
−θ+β+/2α θ+2µ/β+

−θ−β−/2α −θ−2µ/β−

)
.

With these matrices, it follows that the orthogonal transformation H ∈ O(4) which performs
the diagonalization via the Bogoliubov automorphism is given by:

H =
(

Φ 0
0 Ψ

)
.

According to the index formula studied in the previous chapter for these complex structures,
we get that:

iOres(H) = dimC ker (H − JHJ)(mod 2) = dimC ker
(

Φ + Ψ 0
0 Φ + Ψ

)
mod 2.

Thus, the index of H depends of the determinant of Φ + Ψ. If this is different from zero,
then the dimension of the kernel, modulo 2, is zero. If this determinant is equal to zero,
then the dimension of the kernel, as a complex subspace, is equal to one (since the third and
fourth column are complex multiples of the first and second column). Notice that multiply
by J does not affect the complex dimension. Therefore, performing this operation, we obtain
that:

iOres = dimC ker
(

0 −Φ − Ψ
Φ + Ψ 0

)
.

Again, it only depends of the determinant on one entry. If we multiply one entry by ΨT =
Ψ−1, we reduce the problem and compute the determinant of 12+ΨTΦ.We get the expression:

θ+θ− + 1 − 2µ
α

(θ+ + θ−).

Setting ∆ = 1, we can consider the regions in the plane µ− t where the index is 0 or 1.
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Figure 4-2: The shaded region corresponds to the values of t and µ such that iOres = 1. The
other region is for iOres = 0. The limit curve is given by t2 = α2 = 1 + 4µ2.

It is also possible to observe that this index labels precisely the path connected components
of the group O(4), where the regions of the Figure 4-2 correspond exactly to those where
H belongs (or not) to SO(4). The shaded region labels the path component of the identity,
and the other labels the other path connected component.

Remark. This index is related with the presence of edge states as in the previous example
in section 4.2 (see [3]). These edge states can be characterized in terms of the Majorana
fermions. However, there is not a precise proof that this Bulk edge correspondence is always
presented. In this models, known as the N-site Kitaev chain, it is conjectured that this
correspondence exists. The authors in [3] compute these regions for larger N and show that
this index, in fact, labels those regions where the edge states appear. The authors in [7] have
studied this characterization using methods from spectral flow for Fredholm operators. This
is a future work in order to stablish some connection with the Z2 index and real K-theory,
as we have done for the SSH model.
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