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0 INTRODUCTION

0 Introduction

The general objective of this dissertation is to study a basic optimization problem, finding
the minimum value of a polynomial function over a compact set X ⊂ Rn:

α∗ := min
x∈X

f(x).

Specifically, we want to study the case where the compact set X is an algebraic variety,
this is a subset of Rn which is the zero locus of a finite set of polynomial equations. This
problem of polynomial optimization is one of the richest models found in non-convex global
optimization and has a plethora of applications. Consequently, it is one of the most studied
and active fields in optimization theory, also because of its intimate interplay with topics in
algebra (both commutative and non-commutative), geometry and combinatorics.

This dissertation is primarily based on the work by my advisor Mauricio Velasco and me
on polynomial optimization for the n-sphere Sn ⊂ Rn+1. In [12], we were able to describe
a method of polynomial optimization through polyhedral hierarchies originating from har-
monic analysis and representation theory. A graded optimization hierarchy for optimizing a
polynomial f(x) consists of a series of simpler problems of a given degree whose solutions
approximate the optimum of f(x) as the degree increases. Therefore, the concrete objectives
of this dissertation are twofold:

1. To give a complete and detailed description of harmonic hierarchies for polynomial
optimization on the sphere.

2. To explore and develop a more general framework in which this method for polynomial
optimization can be replicated.

This document is structured as follows. Chapter 1 serves as a short review of the context
surrounding the topics of this dissertation. First, we show how the problem of polynomial
optimization can be thought of as the problem of describing and approximating the cone
of non-negative polynomials and the intimate relation to the cone of sums of squares (1.1).
Then we give a proper definition of approximation hierarchies for polynomial optimization
and describe the state of the art regarding them (1.2). And lastly we make a brief comment
on the relationship between representation theory and polynomial optimization (1.3).

In chapter 2 we give the main results of the project: the construction of harmonic hier-
archies for polynomial optimization on the unit sphere. This construction has three main
ingredient and we dedicate a section of the chapter to each. The first is cubature rules on the
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0 INTRODUCTION

sphere, which is a method of integration of polynomials which requires only finite evaluations
(2.1). Then we review the theory of harmonic analysis of polynomials, i.e. the decomposition
of the ring of polynomial functions on the sphere as representations of the orthogonal group
(2.2). Next, we develop the theory of averaging operators, a special kind of equivariant inte-
gral transform which has special positivity properties and with which we can construct linear
positivity certificates (2.3). Finally, we reach the construction of harmonic hierarchies and
their associated algorithm for polynomial optimization (2.2). Appendix A contains numerical
results regarding this chapter and a hyperlink to a Julia package that implements them.

Having shown the principal results of the dissertation, in chapter 3 we proceed with the
study of algebraic varieties related to Gelfand pairs which are a more general class of spaces
where harmonic hierarchies may be constructed. First, we give the definition of Gelfand pair
and an important result known as Gelfand’s theorem (3.1). Afterwards, we give a compact
but complete review of the representation theory of Gelfand pairs and their relation to special
functions known as spherical functions (3.2). Then we make a comment on the hypotheses
needed on a homogeneous space for it to be acquiescent to polynomial optimization (3.3).
And finally, we present main results in the theory of harmonic analysis on Gelfand pairs, like
the Peter-Weyl theorem and the relation to equivariant differential operators (3.4).

Now, with the theory presented in the previous chapter, chapter 4 consists of a reenact-
ment of the construction of harmonic hierarchies in the broader context of Gelfand pairs.
First, we present the definition of averaging operators with these new hypotheses and show
that their properties are preserved (4.1). Having then identified the ingredients of harmonic
hierarchies in this new context, we prove that essentially the same construction allows us to
find algorithms for polynomial optimization for algebraic varieties that come from Gelfand
pairs (4.2).

Last but not least, in chapter 5 we put the previously developed framework to use in a
case of study of the Grassmannian manifold. First, we prove that the Grassmannian indeed
satisfies the hypotheses established previously, basically that it is a compact algebraic variety
that is also a Gelfand pair (5.1). We revisit each of the ingredients for harmonic hierarchies.
First, we make a rigorous analysis of the recursive integration properties of the Grassmannian
in order to define concrete cubature rules for the Grassmannian (5.2). Then we show the
theory of harmonic analysis on the Grassmannian and its relation to the Laplace-Beltrami
operator (5.3). And finally we specialize the definitions of averaging operators and harmonic
hierarchies to the Grassmannian (5.4).
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1 POLYNOMIAL OPTIMIZATION

1 Polynomial Optimization

As mentioned in the introduction, the main problem to be studied in this dissertation is the
minimization of a homogeneous multivariate polynomial f(x) ∈ R[x1, . . . , xn] over a compact
algebraic variety X ⊆ Rn, i.e. finding:

α∗ := min
x∈X

f(x).

A wealth of knowledge has been devoted to solving this problem, both in theory and compu-
tationally.

In this chapter, as context for the results in this dissertation, we will give a brief intro-
duction to the following topics: polynomial optimization as a problem of the description or
approximation of the cone of non-negative polynomials over algebraic varieties X; approx-
imation hierarchies for polynomial optimization; and representation theory highlighting its
relation to polynomial optimization.

1.1 The Cone of Non-Negative Polynomials

One of the most fruitful approaches to this problem is to pose it as finding the highest lower
bound on f as a problem on the cone of non-negative polynomials on X.

Definition 1.1. The cone of non-negative polynomials on X is the set:

P [X] := {f ∈ R[x1, . . . , xn] : ∀x ∈ X, f(x) ≥ 0} .

Notice that P [X] is indeed a cone, since for any f ∈ P [X] and λ ≥ 0, λf ∈ P [X].

Pioneered by Schor, Parrilo and Lasserre, this approach relies on the following fact:

Proposition 1.2. For any polynomial f ∈ R[x1, . . . xn] and compact set X ⊂ Rn, the
following equality holds:

α∗ = min
x∈X

f(x) = sup {λ ∈ R : f − λ ∈ P [X]} . (1)

Proof. Let L = {λ ∈ R : f − λ ∈ P [X]}. Clearly α∗ ∈ L since f(x) ≥ α∗ for all x ∈ X. If
λ ∈ L, then min

x∈X
(f(x) − λ) = α∗ − λ ≥ 0, thus α∗ ≥ λ. It follows that α∗ = maxL = supL

since it is an upper bound of L contained in L, in fact it is the maximum.
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1 POLYNOMIAL OPTIMIZATION

Instead of searching the elements of the domainX for the optimal argument, this approach
focuses on determining whether or not f−λ is non-negative on X. For this we need a suitable
description of the cone P [X], or rather, algorithms which certify if a polynomial belongs in
P [X], so-called positivity certificates.

1.1.1 Affine and Projective Algebraic Varieties

Before proceeding with polynomial optimization, it is fitting to introduce some language from
commutative algebra for polynomial rings and algebraic varieties in real affine space Rn and
real projective space RPn.

The basic definitions of the affine setting are the following:

Definition 1.3. Given a set X ⊆ Rn and an ideal I ⊆ R[x1, . . . , xn] define the following:

I(X) := {f ∈ R[x1, . . . , xn] : ∀x ∈ X, f(x) = 0} ,

V(I) := {x ∈ Rn : ∀f ∈ I, f(x) = 0} .

It is straightforward to prove that for any set X ⊆ Rn, I(X) is an ideal of R[x1, . . . , xn].
We say that a set X ⊆ Rn is an affine algebraic variety if X = V(I) for some ideal I ⊆
R[x1, . . . , xn] and we define its coordinate ring or ring of polynomial functions as the quotient

R[X] := R[x1, . . . , xn]/I(X).

The algebraic varieties of Rn form the closed sets of a topology which is called the Zariski
topology of Rn

Note that the ring R[X] really represents the polynomial functions on an algebraic variety
X, as polynomial functions on X are defined by polynomials in the coordinates x1, . . . , xn of
Rn up to addition of polynomials which vanish on all of X.

The projective setting requires some extra care. Recall that the n-dimensional real pro-
jective space is

RPn = Rn+1 / ∼, where x ∼ y ⇐⇒ ∃λ ∈ R×, x = λy,

or rather, in projective coordinates, any [x] ∈ RPn can be written as [x] = [x0 : x1 : · · · : xn+1]

with the redundancy [x0 : · · · : xn] = [λx0 : · · · : λxn] for any λ ∈ R×. Notice that
polynomials on the projective coordinates x0, . . . , xn are not well-defined as functions from
RPn → R. However, homogeneous polynomials of even degree do have a well-defined sign on
any element of RPn, and quotients of forms of the same degree are well-defined as functions.
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1 POLYNOMIAL OPTIMIZATION

Definition 1.4. Let f ∈ R[x0, . . . , xn], we say that f is homogeneous (or a form) if all of
its monomials have the same degree, or equivalently if f(λx) = λdeg(f)f(x) for all x ∈ Rn+1

and λ ∈ R. If f is a form of even degree and x ∈ Rn+1 then f(x) ≥ 0 ⇐⇒ f(λx) ≥ 0 and
f(x) = 0 ⇐⇒ f(λx) = 0 for any λ ∈ R×, hence the sign of f on [x] ∈ RPn and its zero
locus are well-defined.

We denote by R[x0, . . . , xn]m for the vector space of all real forms of degree m which we call
the homogeneous component of degree m. Notice that these components define a graded ring
structure:

R[x0, . . . , xn] =
∞⊕
m=0

R[x0, . . . , xn]m.

We say that an ideal I ⊆ R[x0, . . . , xn] is homogeneous if it is generated by homogeneous
polynomials.

Remark 1.5. Any subset, redundantly denoted, X of RPn may be interpreted as a cone in
Rn+1 which is X̂ =

{
x ∈ Rn+1 : [x] ∈ X

}
.

With this in mind, we can give similar definitions for algebraic varieties and their coordi-
nate rings in the projective setting:

Definition 1.6. Given a set X ⊆ RPn and a homogeneous ideal J ⊆ R[x0, . . . , xn] define
the following:

IP(X) :=
{
f ∈ R[x0, . . . , xn] : ∀x ∈ X̂, f(x) = 0

}
,

VP(J) := {[x] ∈ RPn : ∀f ∈ J, f(x) = 0} .

Note that the definition of I does not change from the affine setting, however, since X is
a projective subset, it is a cone in Rn+1 thus I(X) is actually homogeneous. We say that
a set X ⊆ RPn is a projective algebraic variety if X = VP(J) for some homogeneous ideal
J ⊆ R[x1, . . . , xn] and we define its coordinate ring in the same way as before:

RP[X] := R[x0, . . . , xn]/IP(X).

The elements of the ring RP[X] are not properly defined functions on X. Nonetheless, there
is a way to define functions using forms on the coordinates x0, . . . , xn, let f, g ∈ RP[X] be
forms of the same degree d such that g(x) 6= 0 for all x ∈ X̂, then notice that

F ([x]) =
f(x)

g(x)
=
f(λx)

g(λx)
=
λdf(x)

λdg(x)
,
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1 POLYNOMIAL OPTIMIZATION

is well-defined for any [x] ∈ X and λ ∈ R×, thus the quotient F = f/g is a well-defined
function from X to R. Quotients of this form constitute a ring called the ring of regular
functions on X which we denote by

O(X) = {F = f/g : f, g ∈ RP[X]; deg(f) = deg(g);∀x ∈ X, g([x]) 6= 0} .

To solve the problem that polynomials do not define proper functions on projective alge-
braic varieties X, from the optimization point of view it is sufficient to consider the following:

Definition 1.7. Let X ⊆ RPn be a non-empty projective algebraic variety and X̂ ⊆ Rn+1

be its associated cone. The set X̃ = X̂ ∩ Sn, where Sn =
{
x ∈ Rn+1 : ||x|| = 1

}
is the unit

sphere, is a non-empty affine algebraic variety with I(X̃) = 〈I(X), ||x||2 − 1〉. Define the
ring of polynomial functions on X as

R[X] = R[X̃] = R[x0, . . . , xn]/I(X̃).

Define also the homogeneous component R[X]m of R[X] in degreem by the image of R[x0, . . . , xn]

on R[X] through the natural projection.

Remark 1.8. Note that although R[x0, . . . , xn] =
⊕

m≥0 R[x0, . . . , xn]m is a direct sum de-
composition, R[X] does not decompose in such a way in terms of R[X]m.

Since polynomial optimization is often concerned with homogeneous polynomials, the
previous is a proper definition of polynomial functions on X in the following sense:

Remark 1.9. Note the following:

• If f ∈ R[X]2k is a form of even degree 2k, then f defines a unique regular function
f̃([x]) = f(x)

||x||2k which satisfies that

f̃([x]) =
f(x)

||x||2k
= f

(
x

||x||

)
= f(x),

so f does define a unique function from X to R.

• If f is of odd degree, f does not necessarily define a regular function, but it does define
two real-valued continuous functions on X:

f̃+([x]) =

∣∣∣∣f ( x

||x||

)∣∣∣∣ and f̃−([x]) = −
∣∣∣∣f ( x

||x||

)∣∣∣∣ ,
both of which are well-defined real-valued continuous functions on X and ’coincide’
with f up to a sign.
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1 POLYNOMIAL OPTIMIZATION

1.1.2 Sums of Squares and Positivstellensätze

Perhaps the most important family of non-negative forms is the cone of sums of squares (abb.
SOS) of degree 2m defined as follows:

Σ[x1, . . . , xn]2m :=

{
f ∈ R[x1, . . . , xn] : ∃g1, . . . , g` ∈ R[x1, . . . , xn]m, f(x) =

∑̀
i=1

gi(x)2

}
.

We write the complete cone of SOS polynomials on Rn as Σ[x1, . . . , xn] =
⊕
m≥0

Σ[x1, . . . , xn]2m.

If considered as polynomial functions on an algebraic variety X ⊆ Rn, some forms which were
not SOS may become SOS modulo the defining ideal of X, thus it is natural to define the
cone

Σ[X] :=

{
f ∈ R[X] : ∃g1, . . . , g` ∈ R[X], f(x) =

∑̀
i=1

gi(x)2

}
,

and its homogeneous components Σ[X]2m, which are simply the images of Σ[x1, . . . , xn]2m

inside of Σ[X] ⊆ R[X]. Sum of squares have an elegant description through the following
correspondence with positive-semidefinite matrices:

Theorem 1.10. Let f ∈ R[x1, . . . , xn]2k , then f ∈ Σ[Rn]2k if and only if

f(x) = ~µT A ~µ, (2)

where A is a symmetric positive-semidefinite matrix and ~µ is the vector of homogeneous
monomials in x = (x1, . . . , xn) up to degree m. Note that ~µ is a vector with d =

(
n+k−1

k

)
entries and A is d× d.

There is a striking problem however, not all non-negative polynomial functions are SOS
of the same degree for a general algebraic variety X. Therefore, trying to write a polynomial
as an SOS of the same degree will not always work as a positivity certificate. In fact, deter-
mining the relation between the cone of SOS and the cone of non-negative polynomials is an
important problem that traces back to Hilbert in the late 19th century. Much literature has
been devoted to solving these kind of problems by establishing so-called positivstellensätze
or nichtnegativstellensätze (positive locus or non-negative locus theorems in English, respec-
tively), showing explicit descriptions of the cone of non-negative polynomials either in terms
of sums of squares or other useful sort of polynomials.
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1 POLYNOMIAL OPTIMIZATION

In the first theorem of its kind, Hilbert concerned himself with the non-negative polyno-
mial cone over all of Rn:

Theorem 1.11. (Hilbert’s Nichtnegativstellensatz for forms, [28]) Consider the non-negative
cone P [Rn]2k and the SOS cone Σ[Rn]2k in degree 2k. Then P [Rn]2k = Σ[Rn]2k if and only if
one of the following holds:

1. n ≤ 2 (univariate and bivariate forms),

2. 2k = 2 (quadratic forms),

3. n = 3 and 2k = 4 (ternary quartic forms).

A polynomial is non-negative if and only if its homogenization is non-negative, so we
obtain corollary:

Corollary 1.12. (Hilbert’s Nichtnegativstellensatz for polynomials) A non-negative polyno-
mial f ∈ R[x1, . . . , xn] is SOS if and only if one of the following holds:

1. n = 1 (univariate polynomials),

2. 2k = 2 (quadratic polynomials),

3. n = 2 and 2k = 4 (binary quartic polynomials).

Although many discussions may arise from this theorem (for example, leading to Hilbert’s
Seventeenth Problem), for polynomial optimization it tells us exactly for which kind of poly-
nomials can always be optimized in the whole of Rn using SOS certificates restricted to
degree k, this is, finding a

(
n+k−1

k

)
×
(
n+k−1

k

)
symmetric positive-definite matrix A such that

equation (2) is satisfied.
Nonetheless, not all hope is lost outside of the cases described by Hilbert, as it turns out

other positivstellensätze based on sums of squares descriptions may be proven for polynomials
over compact algebraic varieties and even semi-algebraic sets.

Definition 1.13. Let X be a subset of Rn. We say that X is semialgebraic if there exist
polynomials g1, . . . , gk ∈ R[x1, . . . , xn] such that

X = {x ∈ Rn : gi(x) ≥ 0, i = 1, . . . , k} .

Notice that algebraic varieties are also semi-algebraic sets.

In 1991, Schmüdgen [41] proved that any positive polynomial on a semi-algebraic set can
be written as a polynomial of the defining equations of the set with SOS coefficients.

8



1 POLYNOMIAL OPTIMIZATION

Theorem 1.14. (Schmüdgen’s Positivstellensatz) LetX = {x ∈ Rn : gi(x) ≥ 0, i = 1, . . . , k}
be a compact semi-algebraic set. Define the preordering T (X) of X as

T [X] :=

∑
J⊆[k]

σJgJ : ∀J ⊆ [m], σJ ∈ Σ[x1, . . . , xn]

 ,

where gJ =
∏

J⊆[m] gj. Then if p ∈ P [X] is non-negative on X, then p ∈ T [X].

This result was further refined by Putinar [38] in 1993, who by tightening the hypotheses
on X proved that only linear combinations with SOS coefficients were needed:

Theorem 1.15. (Putinar’s Positivstellensatz) Let X = {x ∈ Rn : gi(x) ≥ 0, i = 1, . . . , k} be
a semi-algebraic set. Suppose that there exists an L > 0 such that L− ||x||2 is non-negative
on X, in particular, X is compact. Define the quadratic module Q[X] of X as

Q[X] :=

{
σ0 +

k∑
i=1

σjgj : ∀j = 0, . . . , k, σj ∈ Σ[x1, . . . , xn]

}
.

Then if p ∈ P [X] is non-negative on X, then p ∈ Q[X].

In our case of interest, that of an algebraic varietyX = V(〈g1, . . . , gk〉), both the quadratic
module Q(X) and the preordering T (X) coincide with the cone of SOS polynomials. Con-
sequently:

Corollary 1.16. (Putinar’s Positivstellensatz for Algebraic Varieties) Let X be an algebraic
variety in Rn. Suppose that there exists an L > 0 such that L − ||x||2 ∈ Q[X]. Then if
p ∈ P [X] is non-negative, then p ∈ Σ[X].

Proof. Notice that both gi ≥ 0 and −gi ≥ 0 appear in the description of X as semi-algebraic
as X = {x ∈ Rn : ±gi(x) ≥ 0}. Therefore, any element of the quadratic module f ∈ Q[X]

satisfies

f(x) = σ0 +
k∑
i=1

σigi −
k∑
i=1

σ′igi = σ0 +
k∑
i=1

(σi − σ′i)gi ∈ Σ[x1, . . . , xn] + I(X),

therefore f ∈ Σ[X]. We conclude that Σ[X] = Q[X], finishing the proof.

There is a glaring difference between this corollary and Hilbert’s Nichtnegativstellensatz:
the degree of the representing sums of squares. Hilbert’s theorem completely determines the
cases in which, in order to represent a positive polynomial p of degree 2k as a SOS, one
only needs to restrict the search up to degree k. Putinar’s Positivstellensatz is much more

9



1 POLYNOMIAL OPTIMIZATION

general but it has no such restriction on degree, thus the degree of the SOS representing p is
in principle unbounded.

In summary, there exist positivstellensätze for algebraic varieties which allow us to con-
struct positivity certificates based on sums of squares. Hilbert determined the specific cases
in which any non-negative polynomial may always be written of as a SOS of a fixed degree.
But in general, Schüdgen and Putinar’s positivstellensätze only ensure that there exists a
sufficiently large degree, unknown a priori, for which SOS positivity certificates always yield
a definitive solution.

The last kind of positivstellensätze we wish to highlight is different from the previous
ones in the sense that it does not ask for a representation of a polynomial, but of a sign-
preserving multiple of itself. First introduced by Artin [3] in 1927, these positivstellensätze
are intimately related to Hilbert’s seventeenth problem about the representations of globally
non-negative forms as rational SOS.

Theorem 1.17. (Artin’s Positivstellensatz) Let p ∈ P [Rn] be a non-negative polynomial on
Rn, then there exists a non-zero q ∈ Σ[x1, . . . , xn] such that pq ∈ Σ[x1, . . . , xn].

The polynomial q in the previous theorem is often called a SOS multiplier for the poly-
nomial p. A simple refinement is that, restricted to non-negative forms, the squared norm
||x||2 works as a uniform SOS multiplier. This was proved by Reznick [39] in 1995:

Theorem 1.18. (Reznick’s Positivstellensatz) Let p ∈ P [Rn] be a non-negative form on Rn,
then there exists an r ∈ N such that p(x)||x||2r ∈ Σ[x1, . . . , xn].

Yet another refinement, restricted to even forms (i.e. homogeneous polynomials whose
monomials are all squares) was obtained by Polya [37] in 1928, and has a well-known version
which gives a positivstellensatz on the sphere and on the simplex:

Theorem 1.19. (Polyá’s Positivstellensatz) Let p ∈ P [Rn] be an even non-negative form on
Rn, then there exists an r ∈ N such that p(x)||x||2r is an even form with only non-negative
coefficients, and in particular an SOS composed of squared monomials.

One important commentary is that, although all the positivstellensätze we have mentioned
thus far are based on the family of sums of squares, not all positivstellensätze of note are
SOS-based. In fact, one of the main results of this dissertation are practical and useful
positivstellensätze which are non-SOS.

10
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1.2 Approximation Hierarchies

As pointed out in the previous chapter, polynomial optimization problems on an algebraic
variety X can be solved by constructing positivity certificates, i.e. identifying algorithms
with which one can guarantee that a polynomial belongs in P [X]. However, determining
practical positivity certificates that always yield conclusive results is incredibly difficult, and
even for SOS positivity certificates, the cases in which there are definitive SOS certificates is
quite limited.

A reasonable and computationally oriented alternative is constructing a graded sequence
of positivity certificates such that if p ∈ P [X], the certificate yields a definitive solution for p
in the limit, instead of trying to construct a unique positivity certificate that works for every
p ∈ P [X]. This approach amounts to trying to approximate P [X] by a graded sequence of
cones (Qs)s, and the positivity certificate in degree s is determining whether or not p ∈ Qs.
This sequence of "simpler" problems is called an approximation hierarchy for polynomial
optimization:

Definition 1.20. Let X be an algebraic variety. An inner (resp. outer) approximation
hierarchy of P [X] is a graded sequence of convex cones (Qs)s∈N contained in (resp. that
contain) P [X] such that

P [X] =
∞⋃
s=0

Qs,

(or resp. P [X] = ∩∞s=0Qs).

Now, given a polynomial optimization problem

α∗ := min
x∈X

f(x),

approximation hierarchies define a convergent sequence of bounds on the optimum α∗.

Remark 1.21. Let (Qs)s∈N be an inner (resp. outer) approximation hierarchy of P [X], then
the sequence (α∗s)s defined by

α∗s := sup {λ ∈ R : f − λ ∈ Qs} ,

is a sequence of lower (resp. upper) bounds on α∗ such that lim
s→∞

α∗s = α∗.

With this in mind, one would like to construct approximation hierarchies (Qs)s for which
there is an algorithm for determining p ∈ Qs which is a computationally feasible positiv-
ity certificate, such algorithms are often called membership certificates ; and such that the
sequence (α∗s)s∈N is convergent with a known rate of convergence.

11



1 POLYNOMIAL OPTIMIZATION

1.2.1 SOS Hierarchies

Perhaps the most widely used approximation hierarchies are SOS hierarchies. In Lasserre’s
now famous work [33], he observed that determining whether a polynomial f ∈ R[X] of degree
k can be expressed as a sum of squares in degree at most s, by Theorem 1.10, amounts to
solving a semi-definite program (abb. SDP) in a finite number of variables depending on
n, k and s. Hence, the hierarchy of sums of squares truncated to a certain degree, by the
positivstellensätze of Schmüdgen and Putinar, converges.

Definition 1.22. Let X be a compact algebraic variety in Rn. The Lasserre (or SOS)
approximation hierarchy is the inner approximation hierarchy (Σ2s)s∈N of P [X] defined by
truncated sums of squares up to degree 2s

Σ2s := {σ ∈ R[X] : σ ∈ Σ[X], deg(σ) ≤ 2s} =
s⋃
j=0

Σ[X]2j.

Remark 1.23. By Schmüdgen’s Positivstellensatz, the Lasserre hierarchy is convergent given
that

∞⋃
s=0

Σ2s = Σ[X] = P [X].

The Lasserre hierarchy has a number of advantages, the foremost being that, as mentioned
before, the membership certificate algorithm at each degree amounts to solving a semi-definite
program in finite variables, and there are many efficient techniques to solve such problems
coming from convex optimization (for a comprehensive review see Blekherman, Parrilo and
Thomas [7] or Boyd and Vandenberghe [45]). Nonetheless, one of the biggest problems with
SDPs is that the complexity of the algorithms do not scale well in the number of variables,
thus if the SOS representation of the objective polynomial is in high degree, the SDP often
becomes unwieldy.

Because of the problem of scalability mentioned before, there have been many attempts
at constructing generalization or relaxations of the Lasserre hierarchy which might run in a
shorter time or lower complexity. Some examples include the following:

• Hierarchies based on SOS multipliers, such as those used by Parrilo in [35], are general-
izations whose certificates are optimization-less (i.e. require no optimization program),
but whose rate of convergence is much higher.

• Recent work by Ahmadi and Hall [1] on diagonally dominant sums of squares (DSOS)
and scalable diagonally dominant sums of squares (SDSOS) improve scalability as they
depend only on linear or second-order cone optimization, respectively, at the trade-off
that the rate of convergence increases.

12
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1.2.2 Non-SOS Hierarchies

Because of the intimate connection between the non-negative cone and the ring of sum of
squares as well as the success of SOS certificates, few non-SOS hierarchies have gained traction
in the optimization community. Recently, non-SOS hierarchies have been further studied
because they have shown to have good scalability properties. For this dissertation, the most
important non-SOS hierarchies are polyhedral hierarchies, i.e. approximation hierarchies
whose sequence of cones (Qs)s are polyhedral cones. The main result of this document is the
development of polyhedral approximation hierarchies with optimization-less linear positivity
certificates whose rate of convergence is known.

An interesting way to construct polyhedral hierarchies was developed by Ergür [17], who
defined randomized outer polyhedral hierarchies. In particular, one can construct a family
of polytopes inside of the intersection of the non-negative cone and a fixed linear subspace,
for example the polynomials up to a fixed degree, which converge to this intersection, and
whose number of facets depends only on the dimension of the intersecting subspace.

Non-SOS non-polyhedral hierarchies also exist. For instance, the work of Roebers, Vera
and Zuluaga [40] has shown that practical non-SOS positivstellensätze for semi-algebraic sets
can be constructed along with corresponding inner approximation hierarchies. These were
denominated sparse Putinar-type positivstellensätze since they exploit sparsity properties of
the defining polynomials of the semi-algebraic sets and state a specific presentation for the
non-negative polynomials in terms of the defining polynomials with ’sparse’ arguments.

1.3 Representation Theory and Polynomial Optimization

Let us start with a general definition for the representation of a group.

Definition 1.24. Let G be a compact topological group. A representation of G is a pair
(ρ, V ) where V is a real inner product space and ρ : G→ GL(V ) is a group homomorphism
such that the induced map G× V → V given by (g, v) 7→ ρ(g)(v) is continuous with respect
to the metric topology. If V is an inner product space and ρ(G) lies inside the corresponding
orthogonal subgroup O(V ), we say that the representation is unitary or orthogonal.

It is customary to assume that V is a Hilbert space, however this will not be an assumption
throughout this document since the ring of polynomial functions is an infinite-dimensional
inner product space that is a representation in the previous sense but it is not a complete
with respect to the induced norm. However, it will have all the properties of a Hilbert space
representation given the correct hypotheses.

Suppose that X is an algebraic variety on which a topological group G acts continuously
and through homeomorphisms. Then, the action of G on X induces a representation of G

13



1 POLYNOMIAL OPTIMIZATION

on R[X] usually called the regular or contravariant representation, and it is defined for all
g ∈ G, f ∈ R[X] as

g · f(x) = f(g−1x), ∀x ∈ X.

Now, how does this all relate to polynomial optimization? Whenever one has a polynomial
optimization problem on an algebraic variety X with a continuous G-action by homeomor-
phisms, the representation of G on R[X] is ought to have some symmetries one can exploit.
The question then is how to take advantage of this extra structure.

The most familiar method for polynomial optimization using representation theory is
symmetry reduction. The method consists of using the action of a group G on the domain X
to identify redundancy due to symmetry in the formulation of the problem and reduce it to a
more amenable problem. For instance, a toy example would be identifying the action of O(2)

on the unit sphere S2 ⊂ R3 by rotations orthogonal to (0, 0, 1) and reducing the problem on
the algebraic variety S2:

α∗ = min
||x||=1

(x2
1 + x2

2)2 + x2
3(x2

1 + x2
2 − x2

3)

to the univariate semialgebraic problem

α∗ = min
z∈[−1,1]

(1− z2)2 + z2(1− 2z2)

which is solvable by elemental techniques of differential calculus. Symmetry reduction is
especially well-suited for combinatorial polynomial optimization problems (see for instance
Gaterman and Parrilo [20], Polak [36] or Brosch and de Klerk [9]).

The approach we propose for making use of representation theory is more profound: to
develop positivity certificates whose definitions rely on the representation structure of the ring
of polynomials. As we will see afterwards, the decomposition of polynomial functions into
irreducible representations is a very well structured description in the sense thatG-equivariant
linear transformations of polynomials always diagonalize, as a consequence of Schur’s lemma.
Moreover, we can construct G-equivariant transformations such that determining whether the
image of a polynomial is non-negative or not is computationally efficient. Furthermore, we
can construct positivity certificates determined by the computation of some G-equivariant
linear transformation. The details of this approach will become clearer and more precise
going forward.

Methods using G-equivariant transformations to define positivity certificates of polynomi-
als have recently appeared in the literature and have yielded promising results in polynomial
optimization (Slot [42]) and direct applications to coding theory (Bachoc [5]) and quantum
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1 POLYNOMIAL OPTIMIZATION

information theory (Fang and Fawzi [18]). The contents of this dissertation, which are pri-
marily based on the findings in Velasco and Cristancho [12], join in the pursuit of polynomial
optimization methods which are heartily rooted in the ideas of representation theory.

15
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2 Harmonic Hierarchies for Optimization on the Unit

Sphere Sn

Let us consider a polynomial optimization problem of special relevance, the case whenX = Sn

is the n+ 1-dimensional unit sphere:

Sn =
{
x ∈ Rn+1 : ||x||2 = x2

0 + · · ·+ x2
n = 1

}
,

which is perhaps the quintessential compact algebraic set in Rn+1.
In this chapter we will present the novel approximation hierarchies for the previous prob-

lem developed by Velasco and I in [12]. These hierarchies, which we call harmonic hierarchies,
are non-SOS hierarchies which involve only linear computations and are based on principles
of representation theory and harmonic analysis, thus their name. Harmonic optimization
hierarchies have three main components:

1. Cubature rules on the n-sphere,

2. The representation theory of SO(n+ 1) and its connection to harmonic analysis on Sn,

3. Averaging Operators as morphisms of SO(n+ 1)-representations,

which will be explained in detail in the next three sections. In the final section, we will
explain how all of these ingredients come together to form the optimization hierarchies, as
well as an analysis of their rates of convergence.

2.1 Cubature Rules for Sn

Let us begin with a definition:

Definition 2.1. A cubature rule of algebraic degree 2t on a compact smooth manifold X ⊂
Rn with a measure µ is a pair (Z,w) where Z ⊂ X is a finite set of points called nodes and
w : Z → R+ is called the weight function which satisfy that∫

X

f(x)dµ(x) =
∑
z∈Z

w(z)f(z) (3)

for every f polynomial of degree at most 2t.

The main invariant of a cubature formula is its size |Z|, as it determines de ’complexity’
of its calculation. A lot of research has been devoted to constructing optimal cubatures (see
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Cools [11] and [10] for complete reviews), however no general formula is known for producing
cubature rules with a given weight and (provably) minimal size on the sphere.

For now, we will be interested in cubature rules for Sn. From Caratheodory’s Theorem
(see Klee, Danzeer and Grünbaum [14], page 107) in convex geometry, we know that there
exist cubature rules of degree 2t of size at most

(
2t+n−1

t

)
+ 1 and it is easy to see that no

cubature formula of degree 2t and size less than
(
t+n−1

t

)
can exist, otherwise the square of a

form vanishing at all points of Z would fail to satisfy equation (3).
In this section we will give explicit cubature rules for Sn which can be constructed recur-

sively from cubature rules for lower dimensional spheres. The main idea is to show explicit
recursive integration formulas with which cubature rules can be constructed efficiently from
well known Gauss quadratures (a special type of cubature rules on the interval [−1, 1]).

2.1.1 Recursion and Integration in Sn

Perhaps the most useful fact for calculating integrals on the sphere is the fact that Sn is,
up to a set of measure zero, [−1, 1] × Sn−1. This simply amounts to introducing spherical
coordinates recursively:

Theorem 2.2. (Spherical Coordinates) Consider the interval (−1, 1) with the weighted mea-
sure dν = (1− s2)

n−2
2 ds. Then, the following function:

ηn : (−1, 1)× Sn−1 −→ Sn,

(s, ζ) 7−→ x = (s,
√

1− s2ζ),

is an continuous isomorphism of topological measurable spaces of the domain onto Sn\ {e0,−e0}
where e0 = (1, 0, . . . , 0) ∈ Sn ⊂ Rn+1. Consequently, the measure µn of Sn pulls back to:

dµn(x) = dν(s)dµn−1(ζ) = (1− s2)
n−2
2 dsdµn−1(ζ).

Corollary 2.3. Let f be an integrable function on Sn, then the following equality holds:

∫
Sn

f(x)dµn(x) =

1∫
−1

(1− s2)
n−2
2

∫
Sn−1

f(s,
√

1− s2ζ)dµn−1(ζ)ds. (4)

2.1.2 The Product Formula and Cubature Rules on Sn

The recursive properties of integration in Sn can be further exploited in the context of
cubature rules. As it turns out, pushing a pair of cubatures on Sn−1 and (−1, 1) forward
through ηn onto Sn is an effective way of constructing cubatures from lesser dimensional - and
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better understood - cases. It is very important then to understand quadratures on the interval
[−1, 1] (which are quadratures on (−1, 1) as long as no nodes are±1) for the weighted measure
(1 − s2)

n−2
2 ds. Fortunately, these kind of quadratures are a special case of what are known

as Gauss-Jacobi quadratures, which have been widely studied and efficiently implemented by
Townsend [44] and also by Bogaert [8]. We will not study the proper definitions of Jacobi
polynomials and the weight functions of Gauss-Jacobi quadratures in depth, but we do need
a definition:

Definition 2.4. The Gauss-Jacobi quadrature rule (Zα,β, wZ) with parameters α, β > −1

of algebraic weight t is a quadrature rule on the interval [−1.1] for the weighted measure
(1 + s)α(1− s)βds where Zα,β is the set of roots of the Jacobi polynomial P (α,β)

t (s) of degree
t with a weight function wZ : Zα,β → R+ which can be constructed explicitly.

We will use Gauss-Jacobi quadrature rules with parameters α = β = n−2
2
≥ −1 to

recursively construct cubatures rules on Sn through the following product formula:

Construction 2.5. Suppose that (Y,wY ) is a cubature on Sn−1 and that (Z,wZ) is a Gauss-
Jacobi quadrature rule on [−1, 1] for the weight function w(s) = (1 − s2)

n−2
2 , i.e. with

α = β = n−2
2
. Define the pair (X,wX) on Sn via the formulas:

X =
{(
z,
√

1− z2y
)

: (z, y) ∈ Z × Y
}

wX

(
z,
√

1− z2y
)

:= wZ(z)wY (y)

The following theorem summarizes the main properties of this construction

Theorem 2.6. If (Y,wY ) and (Z,wZ) have algebraic degree 2t and (Y,wY ) is invariant under
arbitrary sign changes then the pair (X,wX) is a cubature rule of algebraic degree 2t in Sn

which is invariant under arbitrary sign changes. Furthermore |X| = |Z||Y |.

Proof. The Jacobi polynomials satisfy the symmetry relation P (α,β)
2t (−s) = (−1)tP

(β,α)
2t (−s)

(see Szegõ [43], Ch. 4) and we are in the α = β case we conclude that the nodes of
the Gaussian cubature (Z,wZ) are closed under multiplication by (−1). Furthermore the
equality wZ(−zj) = wZ(zj) holds because the explicit formula for the Gaussian quadrature
weights depends on the value of the derivative of P (α,β)

2t only through its square. We con-
clude that (X,wX) is invariant under sign change of the first component. Furthermore if
g is the transformation changing the sign of any component with index at least two then
g(z,
√

1− z2y) = (z,
√

1− z2g(y)). Since Y is invariant under sign changes we conclude that
(z,
√

1− z2g(y)) lies in X and furthermore we know wY (y) = wY (g(y)) which implies that
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wX(z,
√

1− z2g(y)) = wX(z,
√

1− z2y) as claimed. Now suppose f(s, ζ) = sa1ζb11 . . . ζbnn is a
monomial of degree 2t. If a1 or some bi is odd then the integral and the cubature rule (X,wX)

have both value zero because the integrand gets multiplied by minus one by the sign change
of the coordinate which appears with odd exponent. Thus it suffices to prove the claim for
monomials all of whose exponents are even. More precisely suppose f(s, ζ) = s2a1ζ2b1

1 . . . ζ2bn
n

with 2a1 + 2b1 + · · ·+ 2bn = 2t. Now f(s, ζ
√

1− s2) = s2a1(1− s2)b1+···+bnζ2b1
1 . . . ζ2bn

n−1. Since
this polynomial has degree at most 2t we can use the cubature rule (Y,wY ) to conclude that
for every s ∈ [−1, 1]∫

Sn−1

f
(
s,
√

1− s2ζ
)
dµ(ζ) = s2a1(1− s2)b1+···+bn

∑
y∈Y

wY (y)y2b1
1 . . . y2bn

n

By integrating with respect to s and using the fact that (Z,wZ) is a Gaussian cubature rule
for polynomials of degree t or less with respect to the weight function (1− s2)

n−2
2 we conclude

that ∫ 1

−1

(
1− s2

)n−2
2

(∫
Sn−1

f
(
s,
√

1− s2ζ
)
dµn−1(ζ)

)
ds =

=

∫ 1

−1

(
1− s2

)n−2
2 s2a1(1− s2)b1+···+bn

∑
y∈Y

wY (y)y2b1
1 . . . y2bn

n ds =

=
∑
z∈Z

wZ(z)z2a1(1− z2)b1+···+bn
∑
y∈Y

wY (y)y2b1
1 . . . y2bn

n =

=
∑
y∈Y

∑
z∈Z

wZ(z)wY (y)y2b1
1 . . . y2bn

n z2a1(1− z2)b1+···+bn =

=
∑
y∈Y

∑
z∈Z

wZ(z)wY (y)f
(
z,
√

1− z2y
)

Using Equation (4) we conclude that for every polynomial of degree 2t the equality∫
Sn−1

fdµ =
∑
x∈X

wX(x)f(x)

holds as claimed.
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Figure 1: The first recursion step of the construction 2.5 using Gauss-Jacobi quadratures of
degree 12 produced using Townsend’s implementation [44]. The green line and nodes denote
the ’cubature’ on the 0-dimensional sphere (which is just 2 points), the orange line and nodes
denote the Gauss-Jacobi quadrature of degree 12 on the interval [−1, 1], and the blue circle
and nodes denote the induced cubature nodes on the 1-sphere (the circle) with dotted lines
highlighting their provenance. Observe that the cubature has 22(6)2−1 = 24 nodes.

Corollary 2.7. The Gauss-Jacobi quadrature (Z,wZ) of algebraic degree 2t are the roots
of a polynomial of degree 2t, it has size |Z| = 2t. The sphere S0 is simply {±1} ⊂ R with
the discrete measure, thus it is itself a quadrature rule with 2 points. By induction it follows
that the size of the cubature (X,wX) is |X| = 2ntn−1. The first recursion step can be seen
in figure 1.

2.2 Harmonic Analysis on Sn

From a representation theoretic point of view, harmonic analysis consists of studying the
decomposition of the space of continuous functions on a homogeneous space as a representa-
tion of the groups defining such space. In this section we will do precisely that, see how Sn

can be seen as a homogeneous space of topological groups and how the action by translation
induces a representation on the algebra of polynomial functions on Sn, thus allowing for a
representation decomposition.
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2.2.1 Sn as a Homogeneous Space

For us, the most important feature of Sn is that it is a compact homogeneous space, this is,
the topological quotient of a compact topological group and a closed subgroup, in the sense
of the following lemma:

Lemma 2.8. Let X be a Hausdorff topological space on which a compact topological group
G acts continuously and transitively through homeomorphisms. Let x ∈ X be a fixed point
and K = StabG(x) its stabilizer. Then K is closed and X ∼= G/K as topological spaces.

Proof. Note that the evaluation map ηx : G → X that sends g 7→ g(x) is a continuous
surjection such that ηx(g) = ηx(h) if and only if (h−1g)(x) = x, i.e. gK = hK. Thus
ηx : G/K → X is a well-defined continuous bijection. Moreover, since G is compact and X
is Hausdorff, ηx is an homeomorphism. Also, X is Hausdorff, therefore {x} ⊆ X is closed
and K = η−1

x ({x}) is closed as well.

The special orthogonal group SO(n + 1) acts transitively on Sn in the previous way,
allowing us to represent it as a quotient of topological groups.

Theorem 2.9. The group SO(n + 1) acts continuously and transitively on Sn through
homeomorphisms. Moreover StabSO(n+1)(e0) = SO(n), hence:

Sn ∼= SO(n+ 1)/SO(n),

interpreting SO(n) as a subgroup of SO(n+ 1) by the inclusion:

A 7→

[
1

A

]
.

Proof. SO(n + 1) acts on Rn+1 continuously by isometries, thus it stabilizes Sn and act
continuously on it.The action is transitive since for any x ∈ Sn there exists a matrix A ∈
SO(n+1) such that its first column is x (completing an orthonormal basis and adjusting the
signs always works), in particular Ae0 = x. Now, note that for A ∈ SO(n + 1), Ae0 = e0 if
and only if the first column of A is e0, or equivalently

A =

[
1

A′

]
,

then it is straightforward to conclude that A ∈ SO(n). Finally, since Sn is Hausdorff and
SO(n+ 1) is compact and Hausdorff, by lemma 2.8 we are finished.
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2.2.2 The Harmonic Decomposition of R[Sn] as a SO(n+ 1)-representation

Recall that the algebra R[Sn] of polynomial functions on Sn, which we will denote R for the
remainder of this chapter, is an inner-product space equipped with the inner product

〈f, g〉 =

∫
Sn

f(x)g(x)dµ(x),

where µ is the SO(n+1)-invariant measure of Sn inherited from the Haar measure of SO(n+

1). Due to the action of SO(n+ 1) on Sn, there is a representation of SO(n+ 1) on R, with
the natural contravariant action:

A · f(x) = f(A−1x), ∀x ∈ Sn,

for any f ∈ R and A ∈ SO(n + 1). The inner product 〈−,−〉 of R is SO(n + 1) invariant,
i.e. 〈A · f, A · g〉 = 〈f, g〉 for all f, g ∈ R and A ∈ SO(n+ 1).

As we mentioned before, decomposing R into irreducible representations of SO(n+ 1) is
what we call harmonic analysis of polynomials on Sn. Such a decomposition is especially
useful for the diagonalization of SO(n+ 1)-morphisms of representations, including Fourier-
type integral transforms and SO(n+ 1)-equivariant differential operators, both of which will
become relevant further on.

Characterizing the irreducible representations of SO(n+ 1) requires special care but can
be done explicitly in the context of classification of Lie group and Lie algebra representations
(see Fulton and Harris [19], §19.5). Nonetheless, the differential structure of Sn and its
associated SO(n+1)-representation on R come to our aid in the form equivariant differential
operators. Let

D(Sn) := R [∂x0 , . . . , ∂xn ]≥1

the algebra of polynomially-defined differential operators of Sn that vanish on constants
and notice that the elements of D(Sn) are operators on R since they send polynomials to
polynomials. We will consider on the differential operators which are SO(n+ 1)-equivariant,
which fortunately we can prove have but a single generator as an R-algebra.

Proposition 2.10. Let D(Sn)SO(n+1) be the algebra of SO(n + 1)-equivariant differential
operators on R, then D(Sn)SO(n+1) = R[∆] where

∆ = ∂2
x0

+ · · ·+ ∂2
xn ,

is the Laplacian operator.
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Proof. Write Dp(x) = p(∂x0 , . . . , ∂xn). If D ∈ D(Sn)SO(n+1) and D = Dp(x), for all g ∈
SO(n+ 1) we have

g ·Dp(x)(f(x)) = Dg−1·p(x)(g · f(x)) = Dp(x)(g · f(x)) (5)

where the first equality holds by a straightforward computation from the definition and the
second one holds because D is SO(n+ 1)-equivariant. Consequently, g−1 · p(x) = p(x) for all
g ∈ SO(n+1), i.e. p(x) must be SO(n+1)-invariant. Now, since p(x) is SO(n+1)-invariant,
p(x) must be constant in the spheres ||x||2 = r2, in particular, p(x) must be a function of
r2 = ||x||2 because it is a polynomial, i.e. p(x) = p̃(||x||2) where p̃ ∈ R[t]. We conclude
then that, since ∆ = D||x||2 , we have that D = Dp(x) = Dp̃(||x||2) = p̃(∆) ∈ R[∆]. The other
containment is obvious since ∆ is SO(n+ 1)-equivariant by equation 5.

From now on, let us focus on the representation of SO(n + 1) on the homogeneous
component Rm of degree m in R because Rm is SO(n+ 1)-stable, finite dimensional and an
inner-product space, thus an SO(n+ 1)-representation that is a Hilbert space.

Now, SO(n+1)-equivariant differential operators are morphisms of SO(n+1)-representations,
thus their kernels are subrepresentations of Rm. Moreover, we can prove the simultaneous
kernels of SO(n+ 1)-equivariant differential operators are in fact irreducible.

Lemma 2.11. Define the space of harmonic forms of degree m as

Hm :=
{
f ∈ Rm : ∀D ∈ D(Sn)SO(n+1), Df = 0

}
.

ThenHm is an irreducible SO(n+1)-representation. Moreover, since ∆ generatesD(Sn)SO(n+1),
Hm = ker(∆ : Rm → Rm−2).

As it turns out, all isotypic components of Rm can be constructed from the spaces of har-
monic forms in various degrees, and they have a very particular form that makes decomposing
any element of Rm only a linear calculation.

Theorem 2.12. (The Harmonic Decomposition of Rm) Let Hj be the subspace of harmonic
forms of degree j. Then, every irreducible component E ⊂ Rm as an SO(n+1)-representation
has the following presentation

E = ||x||2`Hm−2`

for some integer 0 ≤ ` ≤ m/2. Furthermore, Rm decomposes in the following way

Rm =

bm
2
c⊕

j=0

||x||2jHm−2j,
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each irreducible representation appears once and the harmonic components H2` are pairwise
non-isomorphic.

Remark 2.13. Although ||x||2 = 1 as a function on the unit sphere. We write the term
||x||2j in each homogeneous component to highlight that this decomposition in fact comes
from a decomposition of R[x0, . . . , xn] and so as polynomials on Rn+1 one needs this term to
obtain an exact equality in this context.

A complete proof of the previous lemma and theorem can be found in Axler, Bourdon
and Ramey [4], Ch 5.

2.3 Averaging Operators

Averaging operators are a special kind of convolution transformation on polynomial functions.
The main idea behind them is to produce approximations when applied to a polynomial func-
tion whose properties we understand much better. Moreover, as linear transformations, they
will allow us to produce polyhedra in the cone of non-negative forms P (Sn), which henceforth
will be simply denoted P . These two facts will allow us to construct provably convergent
approximation hierarchies by approximating P with inner polyhedra and corresponding pos-
itivity certificates.

2.3.1 Definition, Properties and Positivity Certificates

Let us start off this section with the definition and properties of averaging operators.

Definition 2.14. Let g(t) is a univariate polynomial on the interval [−1, 1], we define its
associated polynomial averaging operator Γg : R→ R by the convolution formula

Γg(f)(x) :=

∫
Sn
g (〈x, y〉) f(y)dµ(y).

Here 〈x, y〉 denotes the usual inner product on Rn+1.

The following lemma elucidates the relationship between averaging operators and the
representation theory of R.

Lemma 2.15. Consider the averaging operator Γ2s : R → R associated to the monomial
g(t) = t2s for an integer s ≥ 0:

Γ2s(f)(x) =

∫
S

〈x, y〉2sf(y)dµ(y).

Let k ≥ 0 be an integer, then the following statements hold:
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1. Γ2s sends R2k into R2s.

2. Γ2s is SO(n + 1)-equivariant and in particular sends the subspace ‖x‖2(k−j)H2j ⊆ R2k

into the subspace ‖x‖2(s−j)H2j ⊆ R2s.

3. The map Γ̂2s,2k(f) := Γ2s(f)/‖x‖2(s−k) is a well-defined linear endomorphism of R2k.

Proof. 1. By the multinomial theorem for every polynomial f ∈ R we have

Γ2s(f) =
∑

(a1,...,an):
∑
ai=2s

(
2s

a1, . . . , an

)
xa11 . . . xann

∫
Sn
ya11 . . . yann f(y)dµ(y)

which is an element of R2s.

2. For any A ∈ SO(n+ 1) and any f ∈ R2k we have

A · Γ2s(f) = Γ2s(f)(A−1x)

=

∫
Sn
〈A−1(x), y〉2sf(y)dµ(y)

=

∫
Sn
〈A−1(x), A−1(z)〉2sf(A−1(z))dµ(z) =

∫
Sn
〈x, z〉2sf(A−1(z))dµ(z)

where the last equality follows from the orthogonality of the matrix A. Since the
last term equals Γ2s(A · f) we conclude that Γ2s is a morphism of representations and
therefore it must map the corresponding isotypic components to each other finishing
the proof of (2).

3. Claim (3) is immediate if s < k since the map results from composing with multiplica-
tion by a fixed polynomial. If s ≥ k then by (2) the subspace Γ2s(R2k) is contained in
the multiples of ‖x‖2(s−k) inside R2s proving that the ratio is well-defined.

Statement (3) from the previous lemma allows us to define a proper SO(n+1) equivariant
operator in R2k:

Definition 2.16. Let h(t) = a0 + a2t
2 + · · ·+ a2st

2s be an even univariate polynomial which
is non-negative on [−1, 1] and let k be a positive integer. Define the regularized averaging
operator as the linear map Γ̂h : R2k → R2k given by the convolution formula

Γ̂h(f) =
s∑
j=0

a2j
Γ2j(f)

||x||2(j−k)
=

s∑
j=0

a2j

∫
Sn
〈x, y〉2jf(y)dµ(y)

‖x‖2(j−k)
.

Remark 2.17. Notice that the definition of averaging operators is linear on the polynomial
defining them. This is, Γ̂h1+λh2 = Γ̂h1 + λΓ̂h2 for any h1, h2 on [−1, 1] and λ ∈ R.
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We have now reached one of the most important results of this dissertation, which evi-
dences the interplay between averaging operators and cubature rules, as well as the positivity
properties of averaging operators.

Theorem 2.18. Let h(t) = a0 +a2t
2 + · · ·+a2st

2s be an even univariate polynomial which is
non-negative on [−1, 1] and let k be a positive integer. Let Γ̂h : R2k → R2k be the regularized
averaging operator associated to h. If Q is the set of polynomials in R2k that have non-
negative values at all points X of a cubature rule (X,w) of algebraic degree 2(s + k), then
the set A := Γ̂h(Q) is a polyhedral cone in R2k and the inclusion A ⊆ P2k ⊆ Q holds.

Proof. Since the evaluation at any point evx : R2k → R is a linear map the set Q, defined by
the non-negativity of finitely many evaluation functions is a polyhedral cone in R2k. Therefore
the set A := Γ̂h(Q) is also a polyhedral cone in R2k.

Now suppose f ∈ Q, meaning that f ∈ R2k is non-negative at all points X of the cubature
rule (X,w) of algebraic degree 2(s+k) for µ and we wish to prove that Γ̂(f) is a non-negative
polynomial. If x ∈ Sn then

Γ̂h(f)(x) =

∫
Sn

s∑
j=0

a2j〈x, t〉2jf(y)dµ(y) =

∫
Sn

s∑
j=0

a2j〈x, t〉2j‖y‖2(s−j)f(y)dµ(y)

taking into account that y is integrated over Sn where ‖y‖ = 1. As a function of y the
rightmost integrand is a homogeneous polynomial of degree at most 2(s + k) and we can
therefore compute the integral using our cubature rule∫

Sn

s∑
j=0

a2j〈x, t〉2j‖y‖2(s−j)f(y)dµ(y) =
∑
z∈X

w(z)h(〈x, z〉)f(z).

The rightmost quantity is non-negative since it is a sum of non-negative terms because g is
non-negative in the range [−1, 1] of 〈x, y〉, f ∈ Q and the cubature weights are positive.

The previous theorem tells us that averaging operators are a very convenient method to
produce polyhedra inside of the cone P2k by mapping an outer polyhedron (like Q in the
theorem) to an inner polyhedron of P2k. Furthermore, as a consequence of this theorem we
obtain an associated positivity certificate which in principle only requires linear calculations.

Corollary 2.19. (A Linear Positivity Certificate) Let h(t) be as in theorem 2.18 and f ∈ R2k.
Assume that Γ̂h is invertible. Then,

Γ̂−1
h (f) ∈ Q =⇒ f ∈ P2k.
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To make real use of the previous certificate, the operator Γ̂h must not be difficult to
compute. In section 2.3.3 we will prove that averaging operators can be explicitly diagonalized
as morphisms of SO(n+ 1)-representations, hence efficiently computed.

2.3.2 Reproducing Kernels and Gegenbauer Polynomials

Before proceeding with the diagonalization of averaging operators, we will introduce repro-
ducing kernels and a distinguished family of polynomials on the sphere associated to them.
These two concepts will aid us forward on.

Definition 2.20. Let H be a finite-dimensional subspace of R. Every point x ∈ Sn has an
associated linear evaluation map evx : H → R defined as evx(f) = f(x). Since H is a Hilbert
space, evx is represented by a unique element ϕx ∈ H through the inner product, meaning
that for all f ∈ H, f(x) = 〈f, ϕx〉. The reproducing kernel (also known as Christoffel-Darboux
kernel) of the Hilbert space H is the function KH : Sn × Sn → R given by

KH(x, y) = 〈ϕx, ϕy〉 = ϕx(y) = ϕy(x).

The following lemma summarizes the main properties of reproducing kernels:

Lemma 2.21. The following statements hold for every x, y ∈ Sn:

1. The function KH(x, y) is symmetric and for every finite collection x1, . . . , xM of points
of Sn the matrix KH(xi, xj) is positive semidefinite.

2. KH(x, y) satisfies the following:

f(x) =

∫
Sn
KH(x, y)f(y)dµ(y), ∀f ∈ H, x ∈ Sn, (6)

and furthermore this property determines KH(x, y) uniquely.

3. If (ei(x))i is any orthonormal basis for H then KH(x, y) =
∑
j

ej(x)ej(y). In particular,∫
Sn
K(x, x)dµ(x) = dim(H).

We are interested in the reproducing kernels corresponding to the harmonic components
Hj in the decomposition of Rm as a SO(n + 1)-representation. It can be shown that the
reproducing kernels of Hj are in correspondence with Gegenbauer polynomials, a special
family of orthogonal polynomials which are non-negative in the interval [−1, 1]. Let us
briefly recall their definition. Suppose n ≥ 2 and let α := n−2

2
. The Gegenbauer polynomial
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C
(α)
j (t) of degree j is defined recursively by the formulas:

C
(α)
0 (t) = 1, C(α)

1 (t) = 2αt,

C
(α)
j (t) =

1

j

[
2t(j + α− 1)C

(α)
j−1(t)− (j + 2α− 2)C

(α)
j−2(t)

]
for j ≥ 3.

Gegenbauer polynomials are in fact the Gauss-Jacobi polynomials we mentioned in definition
2.4 when α = β = n−2

2
.

Lemma 2.22. The Gegenbauer polynomials
{
C

(α)
0 , . . . , C

(α)
j

}
form an orthogonal basis of

the set of univariate polynomials of degree ≤ j with respect to the inner product

〈f, g〉α =

1∫
−1

f(t)g(t)(1− t2)αdt.

Now, we will give explicit formulas for the reproducing kernels for Hj, which provide a
very natural motivation for the definition of Gegenbauer polynomials outside of Gauss-Jacobi
quadratures.

Theorem 2.23. Let y be a point in Sn and j ≥ 0 and integer. Then, there exists a unique
polynomial ϕjy(x) ∈ Hj satisfying the following conditions:

1. ϕjy is fixed by the action of the stabilizer subgroup Gy := StabSO(n+1)(y),

2. ϕjy(y) =
dim(Hj)

µ(Sn)
.

Furthermore ϕjy represents the evaluation at y on Hj and is given, in terms of Gengenbauer
polynomials, by the formula

ϕjy(x) =
dim(Hj)

µ(Sn)C
(α)
j (1)

‖x‖jC(α)
j

(〈
x

‖x‖
, y

〉)

Proof. We will show that there is exactly one polynomial satisfying properties (1) and (2).
Any p ∈ Rj can be written as

p =

j∑
k=0

xknpj−k(x1, . . . , xn−1)

where the pj−k are homogeneous polynomials of degree j − k in the first (n − 1) variables.
Without loss of generality, assume y = (0, . . . , 0, 1). Since p is fixed by Gy

∼= SO(n) the
polynomials pj−k are invariant under arbitrary rotations in SO(n) and thus must be scalar
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multiples of even powers of the norm ||x||2 and in particular j − k is even if pj−k 6= 0. Thus
we can write

p =

b j
2
c∑

k=0

xj−2k
n ck||x||2k

for some scalars ck. The equation ∆p = 0 then yields the recursive relations

2(k + 1)(n+ 2k)ck+1 = −(j − 2k)(j − 2k − 1)ck, for k = 0, 1 . . . , j/2− 1.

The constant c0 is uniquely determined by the normalization property (2) above and we
have shown existence and uniqueness of the polynomial p. Since the polynomial ϕ(j)

y which
represents evaluation at y on Hj satisfies property (1) and belongs in Hj, it must coincide
with p. The explicit formula and the definition of Gegenbauer polynomial are equivalent to
the recursive relations in the statement.

Motivated by the previous theorem we define the following:

Definition 2.24. The normalized Gegenbauer polynomial of degree j on Sn is the univariate
polynomial given by

gj(t) =
dim(Hj)

µ(Sn)C
(α)
j (1)

C
(α)
j (t)

where α = n−2
2

and C(α)
j (t) is the Gegenbauer polynomial of degree j.

Having stated the definition of reproducing kernels, we obtain an immediate application
which will be useful to us further on.

Lemma 2.25. If f ∈ Hj then the following inequality holds

‖f‖∞ ≤

√
dim(Hj)

µ(Sn)
‖f‖2

Furthermore the equality holds if f(x) = ϕjy(x).

Proof. The reproducing property 6 of Kj(x, y) = ϕjy(x) implies that the equality

f(y) =

∫
Sn
f(x)ϕjy(x)dµ(x)

holds for any f ∈ Hj. By the Cauchy-Schwartz inequality this implies that

|f(y)| ≤ ‖f‖2‖ϕy‖2
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Furthermore, by the reproducing property 6 we have

‖ϕy‖2 =

(∫
S

ϕy(x)2dµ(y)

) 1
2

= ϕy(y)1/2 =

√
dimHj

µ(Sn)
,

proving the inequality. Since ϕy(y) =
dim(Hj)

µ(Sn)
we see that the equality is achieved when

f(x) = ϕy(x) as claimed.

2.3.3 Diagonalization of Averaging Operators

The relation between reproducing kernels and averaging operators is that the averaging
operators of normalized Gegenbauer polynomials behave like the identity in the harmonic
component of the same degree, and like the zero map in the other harmonic components.
Therefore, to diagonalize any polynomial averaging operator as a morphism of SO(n + 1)-
representations, it suffices to decompose the defining polynomial as a linear combination
of normalized Gegenbauer polynomials. This property, which we formalize in the following
theorem, was first observed by Blekherman [6].

Lemma 2.26. Let h(t) =
∑s

j=0 λ2jg2j(t) be the unique expression of h(t) as a non-negative
linear combination of normalized Gegenbauer polynomials. If

f = ‖x‖2kf0 + ‖x‖2(k−1)f2 + ‖x‖2(k−2)f4 + · · ·+ f2k

is the unique harmonic decomposition for f ∈ R2k then:

Γ̂h(f) = λ0‖x‖2kf0 + λ2‖x‖2(k−1)f2 + λ4‖x‖2(k−2)f4 + · · ·+ λ2kf2k.

In particular, for every integer 0 ≤ j ≤ k we know that Γ̂g2j : R2k → R2k satisfies
Γ̂g2j |||x||2(k−j)H2j

= id||x||2(k−j)H2j
and Γ̂g2j |||x||2(k−`)H2`

= 0 if ` 6= j.

Proof. If f ∈ R2k is of the form f = ‖x‖2(k−`)f2` for some f2` ∈ H2` and x ∈ S is a point
with f(x) 6= 0, then we have

Γ̂h(f)(x) =
s∑
j=0

λ2j

∫
Sn
g2j(〈x, y〉)f2`(y)dµ(y).

By the explicit formula in Theorem 2.23 and the definition of normalized Gegenbauer poly-
nomial we know that the equality

g2j(〈x, y〉) = ϕ(2j)
x (y)
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holds for all x, y ∈ S and every index j. As a result, the reproducing property of ϕx(y) and
the mutual orthogonality of Hj and Ht for t 6= j imply that

s∑
j=0

λ2j

∫
S

g2j(〈x, y〉)f2`(y)dµ(y) = λ2`f2`(x)

from which we know that Γ̂h(f) = λ2`f since f(x) 6= 0.

As noted by the positivity certificate in corollary 2.19, we are attempting to construct
averaging operators such that the preimage (or rather, the image of its inverse) of a given
polynomial works as a suitable approximation of itself, though we understand their positivity
much better. In particular, for a given h satisfying the hypotheses of 2.26 we want to measure
how different Γ̂h is from the identity of R2k. A very natural way is to do it using the Frobenius
norm of the difference, although it has been also measured using different operator norms to
prove tighter bounds on their behavior (see for instance Fang and Fawzi [18], page 339).

Definition 2.27. Let h(t) =
∑s

j=0 λ2jg2j(t) be the unique expression of h(t) as a non-
negative linear combination of normalized Gegenbauer polynomials. Assume Γ̂h : R2k → R2k

is invertible, or rather all the coefficients λ2j are non-zero for 0 ≤ j ≤ k. Its Frobenius
threshold τ2k(h) of degree 2k is the Frobenius norm (or operator 2-norm) of the difference
Γ̂−1
h − IR2k

:

τ2k(h) =

√√√√ k∑
j=0

dim(H2j)

(
1

λ2j

− 1

)2

.

The following lemma proves that the Frobenius threshold controls the maximum distance
between the form f and its preimage Γ̂−1

h (f) even in the supremum norm.

Lemma 2.28. Assume Γ̂h : R2k → R2k is invertible. For every f ∈ R2k we have the following
inequalities

‖Γ̂−1
h (f)− f‖∞ ≤

τ2k(h)√
µ(Sn)

‖f‖2

and
‖Γ̂−1

h (f)− f‖∞ ≥
τ2k(h)√
µ(Sn)

min
j

‖f2j‖2√
dim(H2j)

.

Proof. If f ∈ R2k has the harmonic decomposition

f = ‖x‖2kf0 + ‖x‖2(k−1)f2 + ‖x‖2(k−2)f4 + · · ·+ f2k,
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then Lemma 2.26 implies that for any z ∈ S the equality

Γ−1
h (f)(z)− f(z) =

k∑
j=0

(
1

λ2j

− 1

)
f2j(z) (7)

holds. By the Cauchy-Schwartz inequality this quantity is bounded above by√√√√ k∑
j=0

(
1

λ2j

− 1

)2

dim(H2j)

√√√√ k∑
j=0

f 2
2j(z)

dim(H2j)
.

Since the f2j are harmonic, lemma 2.25 implies that the inequality

‖f2j‖2
∞ ≤

dim(H2j)

µ(Sn)
‖f2j‖2

2

holds and therefore (7) is bounded above by√√√√ k∑
j=0

(
1

λ2j

− 1

)2

dim(H2j)

√√√√ k∑
j=0

‖f 2
2j‖2

2

µ(Sn)
= τ2k(h)

‖f‖2√
µ(Sn)

as claimed. For the lower bound note that by (7) the following inequality holds for every
z ∈ Sn

|Γ−1
h (f)− f(z)|2 ≥

(
k∑
j=0

√
dim(H2j)

(
1

λ2j

− 1

)
f2j(z)√
dim(H2j)

)2

integrating both sides over the sphere and dividing by µ(Sn) we conclude that

‖Γ−1
h (f)− f(z)‖2

∞ ≥
1

µ(Sn)

k∑
j=0

dim(H2j)

(
1

λ2j

− 1

)2 ‖f2j‖2
2

dim(H2j)

where we have used the fact that the f2j are pairwise orthogonal. We conclude that

‖Γ−1
h (f)− f(z)‖2

∞ ≥
τ 2

2k(h)

µ(Sn)
min
j

‖f2j‖2
2

dim(H2j)

which taking square roots is equivalent to the claimed lower bound.

32



2 HARMONIC HIERARCHIES FOR OPTIMIZATION ON THE UNIT SPHERE SN

2.4 Harmonic Hierarchies

In this section we will introduce the most important construction of this dissertation, har-
monic hierarchies, polyhedral approximation hierarchies which are based on the positivity
certificate in corollary 2.19.

Construction 2.29. (Polyhedral Harmonic Hierarchies) Given:

1. Cubature rules (X2t, w2t) for the invariant measure µ in Sn of algebraic degree 2t for
every integer t,

2. A sequence of univariate polynomials (hs(t))s∈N which are non-negative on the interval
[−1, 1] which we call the kernels of the hierarchy,

define the polyhedral harmonic hierarchy with parameters (1) and (2) in degree 2k as the
sequence of polyhedra (As)s∈N given by As := Γ̂hs(Qs) where ds := deg(hs),

Qs :=
{
f ∈ R2k : ∀x ∈ X2(k+ds) (f(x) ≥ 0)

}
,

and Γ̂hs : R2k → R2k denotes the averaging operator determined by the polynomial hs from
definition 2.16.

We enunciate the main properties of this construction in the following theorem. We
highlight the third property shown next, as it gives a sufficient condition on the sequence
of polynomials for the hierarchies to converge which is readily verifiable when the averaging
operators are diagonalized.

Theorem 2.30. The harmonic hierarchies introduced in construction 2.29 have the following
properties:

1. The sets (As)s∈N are polyhedral cones satisfying As ⊆ P2k ⊆ R2k for every integer s.

2. Assume Γ̂hs : R2k → R2k is invertible. If f ∈ R2k satisfies the inequality

min
x∈X2(k+ds)

f(x) >
τ2k(hs)√
µ(Sn)

‖f‖2

where ds = deg(hs) and X2(k+ds) are the nodes of the cubature of degree 2(k+ds), then
f ∈ As.

3. If lims→∞ τ2k(hs) = 0 then every strictly positive polynomial in R2k is contained in
some As and in particular the hierachy is convergent in the sense that the following
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equality holds

P2k =
∞⋃
s=0

As.

Proof. 1. It follows immediately from Theorem 2.18 applied to the given sequence of
polynomials (hs)s∈N.

2. Assume Γ̂hs is invertible and let f ∈ R2k. For any z ∈ X we have

Γ̂−1
hs

(f)(z) = Γ̂−1
hs

(f)(z)− f(z) + f(z) ≥ min
z∈X

f(z)− ‖Γ̂−1
hs

(f)− f‖∞.

If f satisfies the hypothesis of (2) then the rightmost term is strictly positive and
therefore Γ̂−1

hs
(f) ∈ Qs because it is non-negative at all nodes of the quadrature rule

and therefore f ∈ As as claimed.

3. If f is a strictly positive polynomial on Sn then by compactness it achieves a strictly
positive minimum α∗. By part (2) the polynomial f belongs to As whenever α∗ >
τ2k(hs)
µ(Sn)

‖f‖2 which happens for all sufficiently large s since τ2k(hs)→ 0 as s→∞. Since
the non-negative cone P2k is the closure of the set of strictly positive forms of degree
2k, the result follows.

Remark 2.31. Note the following:

1. Property (2) in theorem 2.30 is a more discerning version of the positivity certificate
shown in corollary 2.19 as it allows us to certify when a form is strictly positive instead
of simply non-negative.

2. The hypothesis in property (3) that lim
s→∞

τ2k(hs) = 0 is equivalent to lim
s→∞

(Γ̂s : R2k →
R2k) = idR2k

in the Frobenius metric topology of End(R2k). In particular, for any
f ∈ R2k both Γ̂s(f) and Γ̂−1

s (f) work as suitable approximations of f for a large
enough s.

2.4.1 Lower Bounds for Polynomial Optimization on Sn

Recall the notation from the first chapter, for a multivariate polynomial f ∈ R, write α∗ =

min
x∈Sn

f(x). We will show next an explicit algorithm to obtain lower bounds on the minimum
α∗ using the positivity certificate 2.19 and further, how polyhedral harmonic hierarchies 2.29
allow us to find lower bounds which are arbitrarily close to the optimum.

Algorithm 2.32. Suppose f ∈ R2k. Assume h(t) is a univariate, even, non-negative polyno-
mial of degree 2s with h(0) = 1 and such that Γ̂h : R2k → R2k is invertible. Assume (X,w)
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is a cubature rule of algebraic degree 2(k + s). We obtain an optimization-free lower bound
β∗ ≤ α∗ via the following steps:

1. Compute a harmonic decomposition for f

f = ‖x‖2kf0 + ‖x‖2(k−1)f2 + ‖x‖2(k−2)f4 + · · ·+ f2k

2. Compute the coefficients λ2j of the expansion of h in terms of normalized Gegenbauer
polynomials. By our assumptions λ0 = 1 and λ2j 6= 0 for j = 0, . . . , k.

3. Compute the form F := Γ̂−1
g (f) using the diagonalization,

F = ‖x‖2kf0 +
1

λ2

‖x‖2(k−1)f2 +
1

λ4

‖x‖2(k−2)f4 + · · ·+ 1

λ2k

f2k

4. Evaluate F (z) for z ∈ X and let β∗ := minz∈X F (z) be the smallest of those values.

Lemma 2.33. The inequality β∗ ≤ α∗ holds.

Proof. By construction the polynomial p := F − β∗‖x‖2k is non-negative at all cubature
nodes X and our cubature rule has algebraic degree 2(k+ s). By Theorem 2.18 we conclude
that Γ̂h(p) ∈ A and is in particular a non-negative polynomial. Since F = Γ̂−1

h (f) and
Γ̂h(‖x‖2k) = ‖x‖2k because λ0 = 1 we conclude that Γ̂h(p) = f − β∗‖x‖2k proving that f is
bounded below by β∗.

First, let us remark that what the algorithm is doing is finding the highest value of
β∗ such that f − β∗ is in the polyhedron A = Γ̂−1

h (Q) where Q is as in theorem 2.18.
This algorithm is then an optimization-free alternative to using linear optimization on the
polyhedron A ⊂ R[X] which is equally accurate and more efficient. Now, how does this
algorithm come together with harmonic hierarchies? By carefully choosing the kernels of the
hierarchy, algorithm 2.32 gives us a convergent sequence of lower bounds:

Theorem 2.34. Let f ∈ R2k and let (As)s∈N be a harmonic hierarchy with cubature rules
(X2t, w2t) and kernels (hs(t))s∈N such that hs(0) = 1 and Γ̂hs : R2k → R2k is invertible for
every s ∈ N. Furthermore, assume that lims→∞ τ2k(hs) = 0. Then, the lower bounds (β∗s )s∈N

obtained by algorithm 2.32 for each index s with hs(t) and the cubature rule (X2k+ds , w2k+ds)

satisfy
lim
s→∞

β∗s = α∗.
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Proof. Recall that β∗s is the highest value such that f − β∗s ∈ As, consequently:

lim
s→∞

β∗s = lim
s→∞

sup {λ : f − λ ∈ As} = sup

{
λ : f − λ ∈

∞
∪
s=0

As

}
= α∗,

since lims→∞ τ2k(hs) = 0 implies that (As)s∈N is a converging hierarchy by theorem 2.30.

This theorem states the features we are looking for in kernels of a harmonic hierarchy
in order to construct a sequence of converging lower bounds for the optimum of any form
f ∈ R2k.

2.4.2 Kernel Selection

Now, the question that finishes our analysis and establishes that harmonic hierarchies are
an efficient and provably convergent way to optimize polynomials is the following: Do there
exist sequences of kernels for which the hypotheses of theorem 2.34 hold true? And if so,
do we have explicit rates of convergence? Are these rates practical? In this section we will
show two explicit examples of kernels that do satisfy these hypotheses and for which we have
explicit bounds on the Frobenius threshold, hence bounds on the rate of converge of the
associated harmonic hierarchy.

The first of these kernel sequences is due to the work of Blekherman [7] in studying the
diagonalization properties of averaging operators. The second kernel sequence is due to the
work of Fang and Fawzi [18] in a study of averaging operators where they further proved that
the kernel sequence is optimal for a wide class of kernel sequences. A numerical test of the
performance of these hierarchies is shown in Appendix A.

Proposition 2.35. The following statements hold:

1. (The Pure Powers sequence) If hs(t) = t2s∫
S y

2sdµ(y)
, then for every integer k the following

inequality holds:

1 + n
2

s
+O

(
1
s2

)
≤ τ2k(hs) ≤ D2k

k2 + kn
2

s
+O

(
1
s2

)
,

where D2k = maxj=0,...,k dim(H2j).

2. (The Fang-Fawzi sequence) If hs(t) = qs(t)
2 =

∑2s
j=0 λjgj(t), where qs(t) =

∑s
j=0 ηjgj(t)

is the solution to

ρ∗2k,s = min
qs,λ0=1

k∑
j=0

(1− λ2j),
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then for every integer k the following inequality holds:

τ2k(hs) ≤
√
D2kk

2n2O
(

1
s2

)
.

In particular, the harmonic hierarchies (As)s∈N associated to both kernel sequences (hs)s∈N

converge to P2k as s→∞.

2.4.2.1 Proof of Proposition 2.35 (1) - The Pure Powers sequence

In [6], Blekherman explicitly calculates the coefficients of hs(t) = t2s∫
S y

2sdµ(y)
as a linear com-

bination of Gegenbauer polynomials:

λ
(2s)
2j =

s!Γ(2s+n
2

)

(s− j)!Γ(2s+2j+n
2

)
,

here Γ denotes the usual gamma function. When j = 0, λ(2s)
0 = 1. For j > 0, the recursion

property of the gamma function gives

λ
(2s)
2j =

s!
s∏
t=1

(t+ n
2
)Γ(n

2
)

(s− j)!
s+j∏
t=1

(t+ n
2
)Γ(n

2
)

=
s(s− 1) . . . (s− j + 1)

(s+ j + n
2
)(s+ j − 1 + n

2
) . . . (s+ 1 + n

2
)
.

By factoring s on all terms and separating the product suitably, we can rewrite

λ
(2s)
2j =

1

1 + j+n/2
s

1− 1
s

1 + j−1+n/2
s

. . .
1− j−1

s

1 + 1+n/2
s

.

Let us now consider the logarithm of 1/λ
(2s)
2j

log

(
1

λ
(2s)
2j

)
=

j∑
t=1

log

(
1 +

t+ n
2

s

)
−

j−1∑
t=1

log

(
1− t

s

)
,

a Taylor expansion of the previous terms yields the following

log

(
1

λ
(2s)
2j

)
=

1

s

(
j2 +

jn

2

)
+O

(
1

s2

)
.

With the previous approximation and yet another Taylor expansion we obtain

1

λ
(2s)
2j

− 1 ≈ e
j2+

jn
2

s − 1 =
j2 + jn

2

s
+O

(
1

s2

)
,

37



2 HARMONIC HIERARCHIES FOR OPTIMIZATION ON THE UNIT SPHERE SN

except when j = 0, in which case 1/λ
(2s)
0 − 1 = 0. Now, using the previous analysis on the

Frobenius threshold results in

τ2k(hs) =

√√√√ k∑
j=0

dim(H2j)

(
1

λ
(2s)
2j

− 1

)2

≈

√√√√ k∑
j=1

(
j2 + jn

2

s
+O

(
1

s2

))2

which is bounded above and below in the following way

1 + n
2

s
+O

(
1

s2

)
≤ τ2k(hs) ≤ D2k

k2 + kn
2

s
+O

(
1

s2

)
,

where D2k = maxj=0,...,k dim(H2j).

2.4.2.2 Proof of Proposition 2.35 (2) - The Fang-Fawzi sequence

The proof of Proposition 2.35 (2) requires a bit more work. Suppose

hs(t) = qs(t)
2 =

2s∑
j=0

λjgj(t),

where qs(t) =
∑s

j=0 ηjgj(t). Since Gegenbauer polynomials form an orthogonal basis (with
respect to the weighted 2-norm), we have that

λ` =

1∫
−1

qs(t)
2g`(t)w(t)dt

dim(H`)2N
2
`

C`(1)2µ(S)2

since
∫ 1

−1
g`(t)

2w(t)dt =
dim(H`)

2N2
`

C`(1)2µ(S)2
where N` =

∫ 1

−1
C`(t)w(t)dt. Define the Toeplitz matrix

τ [f ] of a polynomial f as the s× s matrix with (i, j)-th coordinate

τ [f ]ij :=

1∫
−1

gi(t)gj(t)f(t)w(t)dt,

and define A` = τ [g`]. Note then that

λ` =
C`(1)2µ(S)2

dim(H`)2N2
`

ηtA`η, (8)

where η is the vector of coefficients of qs. Now, we are interested in minimizing the Frobenius
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threshold over all qs

τ ∗2k,s = min
qs

τ2k(hs) = min
qs

√√√√ k∑
j=0

dim(H2j)

(
1

λ2j

− 1

)2

under the constraint λ0 = 1. We will now attempt to find an upper bound on τ ∗2k,s with the
solution to the alternative problem

ρ∗2k,s = min
qs,λ0=1

k∑
j=0

(1− λ2j),

which we will prove can be reformulated as an eigenvalue problem. First, by equation (8)

k∑
j=0

(1− λ2j) =
k∑
j=0

(
1− C2j(1)2µ(S)2

dim(H2j)2N2
2`

ηtA2jη

)
= k − ηt

(
k∑
j=0

C2j(1)2µ(S)2

dim(H2j)2N2
2`

A2j

)
η,

thus

ρ∗2k,s = min
qs,λ0=1

k∑
j=0

(1− λ2j) = k − max
η,λ0=1

ηt

(
k∑
j=0

C2j(1)2µ(S)2

dim(H2j)2N2
2`

A2j

)
η.

This is strictly not an eigenvalue problem since η is not necessarily restricted to normalized
vectors, however we can properly rescale η by noticing that

(A0)i,j =

1∫
−1

gi(t)gj(t)w(t)dt =


dim(Hj)

2N2
j

Cj(1)2µ(S)2
i = j,

0 i 6= j,

or put in another way A0 is diagonal with coefficients dim(Hj)
2

Cj(1)2µ(S)2
for 0 ≤ j ≤ s. This means

that

λ0 =
C0(1)2µ(S)2

dim(H0)2N2
0

ηtA0η =
s∑
j=0

dim(Hj)
2N2

j

Cj(1)2N2
0

η2
j = 1,

so the change of basis ej =
dim(Hj)Nj
Cj(1)N0

ηj, which is in fact e = µ(S)
N0

√
A0η, lets us rewrite the

constraint λ0 = 1 as ||e||2 = 1. Consequently, the alternate problem becomes an eigenvalue
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problem

ρ∗2k,s = k − max
e,||e||2=1

et
(
µ(S)

N0

√
A0

)−1
(

k∑
j=0

C2j(1)2µ(S)2

dim(H2j)2N2
2j

A2j

)(
µ(S)

N0

√
A0

)−1

e

= k − k max
e,||e||2=1

et

(
1

k

k∑
j=0

C2j(1)2N2
0

dim(H2j)2N2
2j

(
√
A0)−1A2j(

√
A0)−1

)
e

= k − kλmax(T2k,s)

where

T2k,s =
1

k

k∑
j=0

C2j(1)2N2
0

dim(H2j)2N2
2j

(
√
A0)−1A2j(

√
A0)−1

and λmax(T2k,s) is its maximum eigenvalue. Hence, the optimal ρ∗2k,s is realized by any
normalized eigenvector e∗ of T2k,s for the eigenvalue λmax(T2k,s). Furthermore, Fang and
Fawzi proved that the choice of λ` corresponding to e∗ converges to 0 as s→∞ with a rate
of 1/s2. More precisely:

Theorem 2.36. (Fang-Fawzi [18], Proposition 7) The matrix T2k,s satisfies

λmax(T2k,s) ≥ 1− kn2O( 1
s2

),

thus ρ∗2k,s ≤ k2n2O( 1
s2

).

To see how this result connects to our original problem, we exhibit the relation between
τ2k,s(hs) and ρ∗2k,s = ρ2k,s(hs) when hs is the optimal kernel obtained by minimizing ρ2k,s.

Lemma 2.37. If ρ∗2k,s < 1 then τ2k(hs) ≤
√
D2k

ρ∗2k,s
1−ρ∗2k,s

, in particular τ ∗2k,s ≤
√
D2k

ρ∗2k,s
1−ρ∗2k,s

.

Proof. First of all, the following inequality holds

τ2k(hs) ≤
√
D2k

√√√√ k∑
j=0

(
1

λ2j

− 1

)2

≤
√
D2k

k∑
j=0

∣∣∣∣ 1

λ2s

− 1

∣∣∣∣ .
Note that for every ` = 0, 1, . . . , k, 1− λ2` ≤ ρ∗2k,s =

∑k
j=0(1− λ2j), then λ2` ≥ 1− ρ∗2k,s > 0.

It follows that

k∑
j=0

∣∣∣∣ 1

λ2s

− 1

∣∣∣∣ =
k∑
j=0

1− λ2s

λ2s

≤ 1

1− ρ∗2k,s

k∑
j=0

(1− λ2j) =
ρ∗2k,s

1− ρ∗2k,s
.

The desired inequality is obtained by putting the previous two together.

40



2 HARMONIC HIERARCHIES FOR OPTIMIZATION ON THE UNIT SPHERE SN

We can now complete the proof of proposition 2.35 (2). Since ρ∗2k,s ≤ k2n2O( 1
s2

), there
exists an S such that ρ∗2k,s ≤ 1/2 for s ≥ S. Consequently, if s ≥ S the following holds

τ2k(hs) ≤
√
D2k

ρ∗2k,s
1− ρ∗2k,s

≤ 2
√
D2kρ

∗
2k,s ≤ 2

√
D2kk

2n2O( 1
s2

).

In particular, as s→∞, τ2k(hs) ≤
√
D2kk

2n2O( 1
s2

).

To summarize, we can obtain a polynomial sequence (hs)s such that their corresponding
Frobenius threshold sequence converges to 0 with a rate of 1/s2 as s → ∞. Furthermore,
this sequence can be calculated explicitly (and free of optimization) in terms of the solution
to an eigenvalue problem. Specifically, for a fixed s the coefficients λ` of hs in the basis of
normalized Gegenbauer polynomials are given by

λ` =
C`(1)2N2

0

dim(H`)2N2
`

(e∗)tA−1
0 A`e

∗, (9)

where e∗ is any normalized eigenvector of T2k,s for its maximum eigenvalue λmax(T2k,s).
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3 Gelfand Pairs and Compact Homogeneous Spaces

The idea going forward is establishing a more general framework where the representation
theory approach in the case of Sn may be replicated. Specifically, we want to consider alge-
braic varieties X such that the space of polynomials R[X] can be decomposed into harmonic
components, and such that convolution operators diagonalize by decomposing them as linear
combinations of a family of special polynomials.

As it turns out, Gelfand Pairs are the a wide class of spaces where the previous require-
ments are met. This kind of spaces were first considered by Gelfand [21] in the context
of symmetric Riemannian spaces and the study of their convolution algebra of functions.
Afterwards, Berezin, Gelfand, Graev and Naymark (see [22]) proved that this was indeed
equivalent to a condition on the representation theory of the pair of topological groups that
define the space.

The objective of this chapter is to give a brief introduction to the representation theory
of Gelfand pairs and the harmonic analysis of their homogeneous spaces in order to further
exploit their properties for polynomial optimization. The chapter is structured as follows:

1. First, we give the definition of a (compact) Gelfand pair along with some properties of
the associated homogeneous spaces.

2. Afterwards, we give an explicit construction of unitary representations of Gelfand pairs
and their interplay with a special class of functions called spherical functions.

3. And finally, we develop the theory of harmonic analysis of polynomials on compact
homogeneous algebraic varieties coming from Gelfand pairs, as well as the explicit
relations to spherical functions and reproducing kernels.

3.1 Definition of Gelfand Pairs

Let us start with the representation theory definition of Gelfand Pairs and turn to the more
analytical properties afterwards.

Definition 3.1. Let G be a compact Lie group with left Haar measure µ and let K be a
closed subgroup of G, which for simplicity we will assume has measure 1. We say that the
pair (G,K) is a Gelfand pair if every irreducible unitary representation π of G on a Hilbert
space H satisfies that the space HK of K-invariant vectors in H is of dimension at most 1.
The associated homogeneous space X of (G,K) is the topological quotient left-coset space
G/K which is a compact smooth manifold.
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Let C(G) be the algebra of real-valued continuous functions equipped with usual addition
and convolution

(f ∗ g)(x) =

∫
G

f(y)g(y−1x)dµ(y), f, g ∈ C(G),

as a product. The algebra C(X,R) of real-valued continuous functions may be interpreted
as the subalgebra of C(G) of functions which are constant on cosets of K. The action of G
on itself by left translation induces a contravariant action of G on both C(G) and C(X,R),
for any s ∈ G

s · f(x) = f(s−1x),∀f ∈ C(G) or C(X,R), s ∈ G.

Denote C#(G) as the convolution algebra of continuous bi-K invariant functions on G, or
rather, the algebra of continuous left K-invariant functions on X = G/K. We first outline
equivalent definitions for Gelfand pair which concern the convolution algebra of continuous
functions.

Lemma 3.2. Let G be a Lie group and let K be a closed subgroup of G. Then (G,K) the
following are equivalent:

1. (G,K) is a Gelfand pair.

2. (Gelfand and Raikov, [22]) C#(G) is a commutative convolution algebra.

3. (Goodman and Wallach, [24] Proposition 12.2.4) The irreducible representations of G
contained in C(X,R) are multiplicity free.

3.1.1 Gelfand’s Theorem for Symmetric Pairs

As mentioned by Dieudonné [15], an important source of Gelfand pairs are symmetric pairs.

Definition 3.3. Let G be a compact Lie group and K be a closed subgroup. The pair
(G,K) is called a symmetric pair if there exists an involutive automorphism θ : G→ G, i.e.
θ2 = idG, such that K is fixed by θ.

Though not all symmetric pairs are Gelfand pairs, one of the most explicit ways to proving
a pair (G,K) is a Gelfand pair is exhibiting an involutive automorphism such that K = Gθ

and such that θ(g) satisfies a decomposition property. This result is known as Gelfand’s
Theorem:

Theorem 3.4. (Gelfand’s Theorem) Let G be a compact Lie group and K be a closed
subgroup of G. Suppose (G,K) is a symmetric pair with a corresponding involutive auto-
morphism θ : G→ G such that

θ(x) ∈ Kx−1K,
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for every x ∈ G. Then (G,K) is a Gelfand pair.

Proof. Let f ∈ C(G) and define f θ(x) = f(θ(x)). Since θ is an automorphism, the mapping
f 7→

∫
G
f θ(x)dµ(x) defines an invariant positive measure on G, hence there exists a c > 0

such that ∫
G

f θ(x)dµ(x) = c

∫
G

f(x)dµ(x),

by the uniqueness of the Haar measure on G. Moreover, since θ2 = idG, c2 = 1, then c = 1.
This implies that

(f ∗ g)θ(x) =

∫
G

f(y−1θ(x))g(y)dµ(y) =

∫
G

f(θ(y)−1θ(x))g(θ(y))dµ(y) = (f θ ∗ gθ)(x).

Now, define f∨(x) = f(x−1), which satisfies

(f ∗ g)∨(x) =

∫
G

f(y−1x−1)g(y)dµ(y)

=

∫
G

f((xy)−1)g(y)dµ(y)

=

∫
G

f(y−1)g(x−1y)dµ(y) =

∫
G

g((y−1x)−1)f(y−1)dµ(y) = (g∨ ∗ f∨)(x).

If f ∈ C#(G), we have that f∨ = f θ since Kθ(x)K = Kx−1K. Consequently for any
f, g ∈ C#(G):

(f ∗ g)θ = (f ∗ g)∨ = g∨ ∗ f∨ = gθ ∗ f θ = (g ∗ f)θ,

which implies that f ∗ g = g ∗ f since θ is an automorphism. We conclude that C#(G) is a
commutative convolution algebra, thus (G,K) is a Gelfand pair.

Corollary 3.5. (Dieudonné’s Version of Gelfand’s Theorem) If (G,K) is a symmetric pair
such that any x ∈ G admits a decomposition x = yz such that y ∈ K and θ(z) = z−1, then
(G,K) is a Gelfand pair.

Example 3.6. The sphere Sn is the homogeneous space of the symmetric Gelfand pair
(SO(n+ 1), SO(n)) with the following involutive automorphism:

θ(A) = JAJ, ∀A ∈ SO(n+ 1)
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where

J =

[
−1

In

]
.

Notice that A ∈ SO(n) if and only if θ(A) = A. Moreover, the pair (SO(n + 1), SO(n))

satisfies the conditions of Gelfand’s theorem because θ(A) = JAJ ∈ SO(n)ATSO(n) if
and only if ASO(n) and ATSO(n) are in the same SO(n) orbit. SO(n) orbits in Sn are the
latitudinal n−1-spheres which are parameterized by the inner product with e0 (the azimuthal
angle). Since both ASO(n) and ATSO(n) as elements of Sn have the same inner product
with e0 (the 11-coordinate of A and AT is the same), then ASO(n) and ATSO(n) are in the
same SO(n)-orbit.

3.2 The Representations of Gelfand Pairs

Gelfand pairs exhibit an intimate relation between their irreducible unitary representations
and a special class of positive-definite functions called spherical functions. In this section we
will introduce positive-definite functions on G and their relation to unitary representations,
then introduce spherical functions and their relation to Gelfand pair representations.

It is important to remark that the results of this section work even when X is not an
algebraic variety, thus we will not concern ourselves with the algebra of polynomial functions
R[X] but the algebra of real-valued continuous functions on G or on X, C(G) or C(X,R)

respectively.

3.2.1 Positive-definite Functions and Unitary Representations of G

The results in this subsection concern G only as a compact topological group with no further
hypotheses on the subgroup K. The main idea behind the definition of positive-definite
functions is for them to be used a weight functions for integral inner products on the space
of continuous functions of G.

Definition 3.7. A real-valued continuous function ϕ : G → R is called positive-definite if
for every f ∈ C(G) ∫

G

∫
G

ϕ(x−1y)f(x)f(y)dµ(x)dµ(y) ≥ 0.

Remark 3.8. Note that positive constant functions are always positive-definite.

Positive-definite functions are a very valuable source of representations of G since they
serve as weight functions for positive forms:
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Lemma 3.9. Let ϕ : G → R be a continuous positive-definite function. The bivariate
function

〈f, g〉ϕ =

∫
G

∫
G

ϕ(x−1y)f(x)g(y)dµ(x)dµ(y), f, g ∈ C(G),

is a positive-semidefinite form on C(G). Consequently, if we let

Nϕ =
{
f ∈ C(G) : 〈f, f〉ϕ = 0

}
,

then 〈−,−〉ϕ is a Hermitian inner product on the vector space Hϕ = C(G)/Nϕ.

The action of G on C(G) induces a G-representation on the Hilbert space Hϕ
1. Notice

that the Hermitian form 〈−,−〉ϕ on C(G) is invariant under simultaneous action of G

∀f, g ∈ C(G), s ∈ G; 〈s · f, s · g〉ϕ =

∫
G

∫
G

ϕ(x−1y)s · f(x)s · g(y)dµ(x)dµ(y)

=

∫
G

∫
G

ϕ(x−1y)f(s−1x)g(s−1y)dµ(x)dµ(y)

=

∫
G

∫
G

ϕ((sx)−1(sy))s · f(x)g(y)dµ(x)dµ(y) = 〈f, g〉ϕ ,

thus the action of G on C(G) extends to an unitary representation of G on Hϕ. Furthermore,
there is a nice presentation of positive-definite functions once this representation is defined.

Lemma 3.10. Every continuous positive-definite function ϕ : G → R may be written as
ϕ(x) = 〈ξ, x · ξ〉ϕ for some ξ ∈ Hϕ which satisfies that if 〈f, x · ξ〉ϕ = 0 for some f ∈ Hϕ then
f = 0, that is, ξ is cyclic.

A natural question arises, for which ϕ are the representations Hϕ irreducible? This
requires some convex geometry.

Theorem 3.11. (van Dijk [16], Ch. 5.3) Let P0(G) be the set of continuous positive-definite
functions ϕ : G→ C satisfying ϕ(e) ≤ 1. As a subset of L2(G), P0(G) is a (weakly) compact
convex set, thus it is the convex hull of its extremal points.

1Hϕ needs not to be complete, however we will use Hϕ to denote both C(G)/Nϕ and its completion to
ease notation.

46



3 GELFAND PAIRS AND COMPACT HOMOGENEOUS SPACES

The next theorem discloses exactly when a positive-definite function defines an irreducible
representation.

Theorem 3.12. Let ϕ : G → R be a continuous positive-definite function with ϕ(e) = 1.
Then the associated unitary representation Hϕ is irreducible if and only if ϕ is a non-zero
extremal point of P0(G).

Proof. =⇒: Suppose the representation Hϕ is irreducible. Assume that ϕ = ϕ1 +ϕ2 for some
ϕ1, ϕ2 ∈ P0(G). Clearly 〈f, f〉ϕ1

≤ 〈f, f〉ϕ for all f ∈ C(G). Note that 〈−,−〉ϕ1
defines

a bounded sesquilinear form on Hϕ, since | 〈f, g〉ϕ1
|2 ≤ 〈f, f〉ϕ1

〈g, g〉ϕ1
≤ 〈f, f〉ϕ 〈g, g〉ϕ

for all f, g ∈ C(G). Since Hϕ is a Hilbert space, it follows that there exists a self-adjoint
operator A ∈ End(Hϕ) such that:

〈f, g〉ϕ1
= 〈Af, g〉ϕ

for all f, g ∈ C(G). Now, 〈−,−〉ϕ1
is G-invariant by definition, so we have

〈As · f, g〉ϕ = 〈s · f, g〉ϕ1
=
〈
f, s−1 · g

〉
ϕ1

=
〈
Af, s−1 · g

〉
ϕ

= 〈sAf, g〉ϕ ,

for all s ∈ G and f, g ∈ C(G). Given that Hϕ is a Hilbert space, the previous property
implies that As = sA for all s ∈ G, i.e. A is a morphism of G-representations, and
since Hϕ is irreducible, it follows that A = λI for some λ ≥ 0, and likewise ϕ1 = λϕ.
Finally, since ϕ1 = λϕ, ϕ2 = (1−λ)ϕ, which means that ϕ is a non-zero extremal point
of P0(G).

⇐=: Suppose that ϕ is a non-zero extremal point of P0(G). By lemma 3.10 we know ϕ(x) =

〈ξ, x · ξ〉ϕ for some cyclic vector ξ ∈ Hϕ with 〈ξ, ξ〉 = ϕ(e) = 1. Now, let P be
an G-equivariant orthogonal projection of Hϕ onto a a closed subspace and note the
following:

ϕ(x) = 〈ξ, x · ξ〉ϕ
= 〈Pξ, x · ξ〉ϕ + 〈ξ − Pξ, x · ξ〉ϕ
= 〈Pξ, x · Pξ〉ϕ + 〈Pξ, x · (ξ − Pξ)〉ϕ + 〈ξ − Pξ, x · Pξ〉ϕ + 〈ξ − Pξ, x · (ξ − Pξ)〉ϕ
= 〈Pξ, x · Pξ〉ϕ + 〈Pξ, (I − P )x · ξ)〉ϕ + 〈(I − P )ξ, x · Pξ〉ϕ + 〈ξ − Pξ, x · (ξ − Pξ)〉ϕ
= 〈Pξ, x · Pξ〉ϕ + 〈(I − P )ξ, x · (I − P )ξ)〉ϕ .

Since both 〈Pξ, x · Pξ〉ϕ and 〈(I − P )ξ, x · (I − P )ξ)〉ϕ are positive-definite functions
in P0(G) and ϕ is extremal, it follows that both are multiples of 〈ξ, x · ξ〉ϕ by a non-
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negative scalar. In particular, we can rewrite

〈Pξ, x · ξ〉ϕ = 〈Pξ, x · Pξ〉ϕ + 〈(I − P )ξ, x · (I − P )ξ)〉ϕ − 〈(I − P )ξ, x · ξ〉ϕ
= λ 〈ξ, x · ξ〉ϕ − 〈(I − P )ξ, x · Pξ〉ϕ
= λ 〈ξ, x · ξ〉ϕ − 〈(I − P )ξ, Px · ξ〉ϕ = λ 〈ξ, x · ξ〉ϕ ,

for some λ ≥ 0. Finally, we have that Pε = λε, but ξ ∈ Hϕ is cyclic and P is
G-equivariant, thus P = λI since

〈f, x · (P − λ)ξ〉 = 〈(P − λ)∗f, x · ξ〉 = 0, ∀f ∈ Hϕ.

We conclude that P = I or P = 0 since it is a projection, so Hϕ must be irreducible.

3.2.2 Spherical Functions and Irreducible Representations of Class One

In this section, let (G,K) be a Gelfand pair where G is a compact Lie group. As we mentioned
before, there is a class of special functions related to a Gelfand pair called spherical functions.
In this section we will give a proper definition and highlight their importance as parameters
of irreducible representations of class one of (G,K).

Definition 3.13. A representation of class one of (G,K) is a representation (H, π) of G
such that the space HK of K-fixed vectors is one-dimensional.

Recall that C#(G) is the convolution algebra of continuous bi-K invariant functions on
G, or rather, the algebra of continuous left K-invariant functions on X = G/K.

Definition 3.14. Let ϕ be a continuous bi-K invariant function on G. ϕ is a spherical
function if ϕ(e) = 1 and there exists a non-trivial character χ : C#(G) → R, i.e. a non-
trivial algebra homomorphism of C#(G) to R, such that

f ∗ ϕ = χ(ϕ)f,

for all f ∈ C#(G).

The following theorem outlines the strong relation between spherical functions, the con-
vexity properties of the cone of positive-definite functions and the representation theory of
(G,K).

Theorem 3.15. Let ϕ be a continuous bi-K invariant function on G such that ϕ(e) = 1.
Then the following are equivalent:
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1. ϕ is a positive-definite spherical function of (G,K).

2. ϕ is a non-zero extremal point of P#
0 (G) = P0(G) ∩ C#(G).

3. Hϕ is an irreducible representation of class one of (G,K).

The proof of this theorem requires many auxiliary lemmas and gets quite technical. For
brevity, we refer the reader to a very complete proof and discussion which can be found in
van Dijk [16], Ch 6.

3.2.3 Spherical Functions and Reproducing Kernels

We finish our analysis of spherical functions by conveying an important relationship between
them and reproducing kernels. We write the elements of X as cosets of K, i.e. as xK for
some x ∈ G. Let us give a more general definition of reproducing kernel akin to definition
2.20.

Definition 3.16. Let H be a Hilbert subspace of C(X,R) with respect to the inner product:

〈f, g〉 =

∫
X

f(xK)g(xK)dµ(xK), (10)

where µ is the G-invariant measure on X inherited from the Haar measure of G. Every point
xK ∈ X has an associated linear evaluation map evxK : H → R defined as evxK(f) = f(xK).
Since H is a Hilbert space, evxK is represented by a unique element ϕxK ∈ H through
the inner product 〈−,−〉. The reproducing kernel of the Hilbert space H is the function
KH : X ×X → R given by

KH(xK, yK) = 〈ϕxK , ϕyK〉 = ϕxK(yK) = ϕyK(xK).

The properties of lemma 2.21 still hold in this case:

Lemma 3.17. The following statements hold for every x, y ∈ X:

1. The function KH(xK, yK) is symmetric and for every finite collection x1K, . . . , xMK

of points of X the matrix (KH(xiK, xjK))i,j is positive semidefinite.

2. KH(xK, yK) satisfies the following:

f(xK) =

∫
X

KH(xK, yK)f(yK)dµ(yK), ∀f ∈ H, xK ∈ Sn, (11)

and furthermore this property determines KH(xK, yK) uniquely.
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3. If (ei(xK))i is any orthonormal basis for H then KH(xK, yK) =
∑

j ej(xK)ej(yK). In
particular,

∫
X
KH(xK, xK)dµ(xK) = dim(H).

Now, any spherical function ϕ of (G,K) is bi-K invariant, thus it might be interpreted as
a left K-invariant function ϕ : X → R. There is a remarkable connection between spherical
functions and the reproducing kernels of the associated irreducible representations of class
one of (G,K).

Theorem 3.18. Let ϕ be a spherical function of (G,K) and Hϕ be the irreducible (G,K)-
representation of class one associated to ϕ. Let χ be the character of C#(G) that makes ϕ
into a spherical function. Recall Hϕ is a Hilbert subspace of C(X,R). Then the Kϕ(x, y)

reproducing kernel on Hϕ satisfies the following equation:

χ(ϕ)Kϕ(xK, yK) = ϕ(y−1xK).

Proof. Recall that from the definition of spherical function, f ∗ ϕ = χ(ϕ)f for every f ∈
C#(G), in particular, for every f ∈ C(X,R). Consequently

f(xK) =
f ∗ ϕ
χ(ϕ)

=

∫
X

ϕ(y−1xK)

χ(ϕ)
f(yK)dµ(yK),

therefore KH(xK, yK) = ϕ(y−1xK)
χ(ϕ)

by the uniqueness of the reproducing kernel.

In particular, we have the following corollary:

Corollary 3.19. Each irreducible representation H ⊂ C(G) of (G,K) of class one has an
unique associated normalized spherical function.

3.3 Gelfand Pairs for Polynomial Optimization

Although there is a general definition of a Gelfand pair is for a (locally) compact topological
group, this level of abstraction is not necessary to develop a wide theory of polynomial
optimization. Moreover, throughout this document we always assume the following:

• G is a compact reductive Lie group.

• X = G/K is a projective algebraic variety with a fixed embedding onto RPn, thus can
be seen as an algebraic cone in Rn+1.

There are four reasons for these assumptions:
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1. The first reason is simple, X is compact hence any real-valued continuous function is
bounded, so we do not need to worry about the integrability of polynomial functions.

2. The second is more technical, we are interested in homogeneous polynomial optimiza-
tion, therefore we would like to operate in a context where forms in R[x0, . . . , xn] actu-
ally define functions on X. As per definition 1.7 and its subsequent remark, assuming
X to be algebraic lets us define the ring R[X] which coincides with a subalgebra of the
algebra of continuous functions on X.

3. The third reason is that, by assuming compactness of G we ensure that all irreducible
unitary representations of G are finite-dimensional and by assuming reductiveness every
G-representation decomposes as a direct sum of irreducible representations.

4. The fourth is due to the Stone-Weierstrass theorem for compact Hausdorff spaces and
its immediate corollary in compact Lie group homogeneous spaces:

Theorem 3.20. (Stone-Weierstrass) Suppose X is a compact Hausdorff space and A
is a subalgebra of the space C(X,R) of real-valued continuous functions on X such that
A contains a non-zero constant function. Then A is dense in C(X,R) if and only if it
separates points.

Corollary 3.21. (Stone-Weierstrass for polynomials in compact homogeneous spaces)
Let G is a compact Lie group and K be a closed subgroup. Since X = G/K is compact
and Hausdorff, and the space R[X] of polynomial functions on X separates points,
R[X] is dense in C(X,R). Moreover, R[X] is dense in L2(X).

Consequently, the representation theory of the Gelfand pair (G,K), which is tradi-
tionally done on either C(X,R) or the space L2(X) of real-valued square-integrable
functions on X, coincides with the representation theory of the pair (G,K) on the
algebra of polynomial functions R[X].

Although these hypotheses seem restrictive at first, they cover a large family of algebraic
varieties of interest for polynomial optimization, including the unit sphere, Grassmannian
varieties, and Flag varieties.

3.4 Harmonic Analysis on Compact Gelfand Pairs

Henceforth we will be assuming that (G,K) is a Gelfand pair such that G is a compact
reductive Lie group and X = G/K is an algebraic variety in RPn. Denote R for the space
R[X] of polynomial functions on X, equipped with the inner-product defined by equation 10.
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Again, we have a contravariant action of G on R:

g · f(xK) = f(g−1xK),∀xK ∈ X,

for any f ∈ R and g ∈ G, which turns R into a (non-Hilbert space) representation of G. The
inner product of R is invariant under simultaneous action of G on R.

In analogy to the case of the sphere, decomposing R in irreducible representations of G
is what we call harmonic analysis of polynomials on X. Our objective for developing this
theory is the diagonalization of averaging operators as morphisms of G-representations in
order to study their interaction with positive forms on X.

3.4.1 The Peter-Weyl Decomposition of R

A classical theorem of great importance to the representation theory of compact Lie groups
is the Peter-Weyl theorem which asserts an explicit decomposition of the space of continuous
functions on G as a representation of G × G, and which specializes to a decomposition of
functions on homogeneous spaces.

Theorem 3.22. (Peter-Weyl Theorem) Let G be a compact Lie group. Then the space of
real-valued continuous functions on G decomposes as a G×G-representation (left contravari-
antly and right regularly) in the following way

C(G) ∼=
⊕
ϕ

Hϕ ⊗H∗ϕ,

where ϕ iterates over all extremal positive-definite functions, i.e. over all irreducible repre-
sentations of G.

Furthermore, if (G,K) is a Gelfand pair, the space of real-valued continuous functions
C(X,R) on X = G/K decomposes as

C(X,R) ∼=
⊕

ϕ spherical

ξϕHϕ,

where ξϕ is a K-invariant generator of HK
ϕ , considering dim(HK

ϕ ) = 1.

Proof. The first assertion of the theorem is the usual Peter-Weyl theorem whose proof is
quite extensive, a detailed analysis can be found in Knapp [31] (Theorem 1.12). The second
part of the theorem is not usually proven, so we will do it here.

It is easy to see that C(X,R) ∼= C(G)e×K is the space of continuous functions on G which
are K-right invariant. Therefore as a direct consequence of the usual Peter-Weyl theorem,
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we obtain
C(X,R) ∼=

⊕
ϕ

Hϕ ⊗ (HK
ϕ )∗.

Now, (G,K) is a Gelfand pair, then HK
ϕ is one-dimensional whenever ϕ is spherical and zero

otherwise. If we write HK
ϕ = 〈ξϕ〉 when ϕ is spherical we conclude that

C(X,R) ∼=
⊕

ϕ spherical

ξϕHϕ.

and only terms where ϕ is spherical appear in the decomposition because otherwise HK
ϕ =

0.

An immediate corollary asserts that this decomposition descends to the space of poly-
nomial functions. Moreover, if X = G/K satisfies the hypotheses of section 3.3, the repre-
sentation theory of C(X,R) coincides with that of R because R = C(X,R). In particular,
the spherical functions of (G,K) must necessarily have an equivalent spherical polynomial
function.

Corollary 3.23. (The Peter-Weyl decomposition of R) If X = G/K satisfies the hypotheses
of section 3.3, we have the following decomposition of R as a G-representation:

R =
⊕

ϕ spherical

qϕHϕ, (12)

where Hϕ ⊆ R is a subspace isomorphic to Hϕ and qϕ is a K-invariant homogeneous poly-
nomial in RK . Moreover, if m ≥ 0 is an integer, the action of G on X is linear since G is an
algebraic group, thus Rm is a G-stable subspace of R an irreducible representation appears
in the prior decomposition appears in the homogeneous component Rm when ϕ is of degree
at most m:

Rm =
⊕

deg(ϕ)≤m

qϕHϕ. (13)

Example 3.24. When G = SO(n + 1) and K = SO(n), X = Sn, the previous theorem
is the harmonic decomposition of theorem 2.12. Since RK = R[||x||2] and the irreducible
representations of SO(n+1) inR are the subspaces of harmonic homogeneous polynomials of a
fixed degree, this previous decomposition coincides exactly with the harmonic decomposition
of R[Sn]. Furthermore, we identify the spherical polynomials of the pair (SO(n+ 1), SO(n))

in the irreducible representation ||x||2k−2jH2j as the normalized Gegenbauer polynomials
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evaluated at the inner product 〈e0, Ae0〉:

ϕ2k(x = AxSO(n)) = ||x||2k−2jgj(〈e0, Axe0〉),

where Ax ∈ SO(n+ 1) is such that Axe0 = x ∈ Sn. We recover the reproducing kernel as:

K2k,2j(x, y) = ϕ2k(A
−1
y AxSO(n))

= ||x||2k−2jgj(
〈
e0, A

−1
y Ax

〉
)

= ||x||2k−2jgj(〈Aye0, Ax〉) = ||x||2k−2jgj(〈x, y〉),

which is the formula proven in theorem 2.23.

Even though this decomposition will allow us to define harmonic hierarchies going forward,
a non-trivial problem we have to overcome in concrete cases will be to determine all the
spherical functions ϕ of (G,K) as well as the K-invariant polynomials qϕ and the associated
representations Hϕ as subspaces of R.

As final remark, the reproducing property of the spherical functions ϕ allows us to prove
a relation between the 2-norm and the supremum norm of polynomials in qϕHϕ which will
be useful afterwards.

Lemma 3.25. Let ϕ is a normalized spherical function of (G,K). If f ∈ qϕHϕ then the
following inequality holds

‖f‖∞ ≤

√
dim(Hϕ)

µ(X)
‖f‖2

Furthermore the equality holds if f = ϕ.

Proof. The proof is exactly the same as the proof of lemma 2.25, one just needs to change
the domain of integration and the dimension of the subspace.

3.4.2 The Case of Symmetric Gelfand Pairs

A special case where finding irreducible representations is akin to the case of the harmonic
decomposition 2.12 is the case of symmetric Gelfand pairs. Recall that a symmetric Gelfand
pair is a Gelfand pair determined by an involutive automorphism θ which satisfies Gelfand’s
Theorem 3.4.

Here, like in the sphere, the differential structure of G comes to our aid because by
considering equivariant differential operators on the functions of X as G-representations.
Let

D(X) := R[∂x1 , . . . , ∂xn ]≥1
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the algebra of polynomially-defined differential operators on X that vanish at constants
and notice that the elements of D(X) are operators on R since they send polynomials to
polynomials. Consider the subalgebra D(X)G of G-equivariant differential operators, the
joint eigenspaces of this algebra will aid us in decomposing R.

Definition 3.26. Let χ : D(X)G → R be a character of the algebra D(X)G. The joint
eigenspace in R associated to χ is the subspace:

Eχ :=
{
f ∈ R : ∀D ∈ D(X)G, Df = χ(D)f

}
.

Since the operatorsD areG-equivariant, this is aG-stable subspace, i.e. aG-subrepresentation
of R.

A classical result in the representation theory of Lie groups tells us that R decomposes
in the joint eigenspaces of characters:

R =
⊕
χ

Eχ

This however is not necessarily a decomposition of R in G-isotypic components since the
joint eigenspaces might not be irreducible as G-representations. In particular, this does not
necessarily coincide with the Peter-Weyl decomposition of R. Nonetheless, in the case where
(G,K) is symmetric, the two decompositions coincide.

Theorem 3.27 (Helgason [27], Thm. 4.3). Suppose that (G,K) is a symmetric Gelfand
pair. Then, for every spherical function ϕ of (G,K) there exists a character χ of D(X)G

such that:
qϕHϕ = Eχ,

in particular, Eχ is a G-irreducible representation.

Therefore, whenever the pair (G,K) is a symmetric Gelfand pair, determining spherical
functions and irreducible representations amounts to finding the joint eigenspaces of D(X)G.
This gives us another angle from which to attack the problem of determining spherical func-
tions.
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4 Harmonic Hierarchies for Compact Gelfand Pairs

Throughout this chapter, let X be a compact projective algebraic variety which is the ho-
mogeneous space associated to a Gelfand pair (G,K) such that G is a compact orthogonal
Lie group and K is a closed subgroup of G. The objective of this chapter is to create a the-
ory of averaging operators and harmonic hierarchies for algebraic varieties X satisfying the
hypotheses of section 3.3, as a reenactment of the construction and properties from chapter
2. In this order of ideas, the chapter is structured as follows:

1. We will introduce the notion of averaging operator in the context of compact algebraic
varieties.

2. We will define harmonic hierarchies and show how to do polynomial optimization with
them.

One notable absent topic in this chapter is how to construct cubature rules on such varieties
X. Unfortunately, to our knowledge there does not exist a theory as effective as the one for
the sphere in the general case, thus cubature rules must be constructed on a case-to-case basis.
Although one can always prove their existence (because of homogeneity and compactness),
their efficient construction is usually a special property of the variety X.

4.1 Averaging Operators

In a similar fashion to the case of the sphere, averaging operators are convolution transfor-
mations on polynomial functions which have easily verifiable conditions for their image to
be non-negative. In particular, they are linear transformations that we know take specific
polyhedra outside of the cone P (X) of non-negative forms, simply denoted P , to a inner
polyhedra. This property, along with the possibility of explicit diagonalization, allows us to
construct positivity certificates which can define approximation hierarchies for P .

4.1.1 Definition, Properties and Positivity Certificates

Let us begin with the generalized definition for polynomial averaging operators, which we
will prove satisfy essentially the same properties as the averaging operators on the sphere.

Definition 4.1. Let g : X → R be a positive-definite (as a continuous function of G) poly-
nomial. Define its associated polynomial averaging operator Γg : R → R by the convolution
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formula:
Γg(f)(xK) :=

∫
X

g(y−1xK)f(yK)dµ(yK).

We point out the properties of averaging operators and the representation of G in R in
the following lemma:

Lemma 4.2. Let k ≥ 0 be an integer and m = (m′)2 be an even monomial of degree 2s ≥ 2k

in R[x0, . . . , xn]. Consider the monomial averaging operator Γm : R→ R defined as follows:

Γm(f)(xK) =

∫
X

m(y−1xK)f(yK)dµ(yK).

Assume that R2k has the Peter-Weyl decomposition:

R2k =
⊕

ϕ∈M(2k)

qϕHϕ.

With this notation M(2k) ⊆M(2s). Then the following statements hold:

1. Γm sends R2k into R2s.

2. Γm is G-equivariant and sends the isotypic component qϕHϕ into itself as q′ϕHϕ where
q′ϕ a K-invariant polynomial such that q′ϕHϕ ⊂ R2s.

3. For any ϕ ∈M(2k), the function defined as

Γ̂ϕ,m(f) =
qϕ
q′ϕ

Γm(f)

is a well-defined endomorphism of qϕHϕ. Moreover, the function

Γ̂2k,m =
1

|M(2k)|
∑

ϕ∈M(2k)

Γ̂ϕ,m,

is a well-defined linear endomorphism of representations from R2k into itself

Proof. The proof is an analogy of lemma 2.15.

1. Since y−1 acts linearly on the coordinates of xK, the coordinates of y−1xK are linear
in the coordinates of x, hence m(y−1xK) admits a multivariate multinomial expansion
whose monomials are always of degree deg(m) = 2s, thus Γm(f) is homogeneous of
degree 2s, and in particular polynomial.
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2. For any g ∈ G and any f ∈ R2k we have

g · Γm(f)(xK) = Γm(f)(g−1xK)

=

∫
X

m(y−1g−1xK)f(yK)dµ(yK)

=

∫
X

m((gy)−1xK)f(yK)dµ(yK) =

∫
X

m(z−1xK)f(g−1zK)dµ(zK)

where the last equality follows from the G-invariance of µ. Since the last term equals
Γm(g · f) we conclude that Γm is G-equivariant. In particular, it must send isomorphic
isotypic components to each other.

3. Claim (3) holds immediately from claim (2) since it implies that for any f ∈ qϕHϕ, the
quotient qϕ

q′ϕ
Γm(f) is well-defined in R2k.

The previous lemma allows us to define proper operators of R2k for any even, positive-
definite polynomial on X:

Definition 4.3. Let k ≥ 0 be an integer. Let

h(xK) =
∑

deg(m)≤s

amm
2(xK)

be an even polynomial of degree at most 2s with positive coefficients. Define its associ-
ated regularized averaging operator on R2k by linearly extending the definition to monomial
averaging operators in property (3) of lemma 4.2:

Γ̂h(f) =
∑

deg(m)≤s

amΓ̂2k,m2(f).

At this point, we can replicate the success of theorem 2.18 at conveying the interplay
between averaging operators and cubature rules at the positivity properties of averaging
operators in a more general context. Let P = P (X) be the cone of non-negative polynomials
in R and denote by P2k the cone of non-negative forms of degree 2k.

Theorem 4.4. Let k ≥ 0 be an integer. Let

h(xK) =
∑

deg(m)≤s

amm
2(xK)
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be an even non-negative polynomial of degree at most 2s. Let Γ̂h : R2k → R2k be the
regularized averaging operator associated to h. If Q is the set of forms in R2k that have
non-negative values at all points Z of a cubature rule (Z,w) of algebraic degree 2(s+ k) on
X, then the set A := Γ̂h(Q) is a polyhedral cone in R2k and the inclusion A ⊆ P2k ⊆ Q holds.

Proof. Since the evaluation at any point evxK : R2k → R is a linear map the set Q, defined by
the non-negativity of finitely many evaluation functions is a polyhedral cone in R2k. Therefore
the set A := Γ̂h(Q) is also a polyhedral cone in R2k.

Now suppose f ∈ Q, meaning that f ∈ R2k is non-negative at all points Z of the cubature
rule (Z,w) of algebraic degree 2(s+ k) for µ and we wish to prove that Γ̂(f) is globally non-
negative. If m is a monomial in the expansion of h and xK ∈ X then∫

X

m2(y−1xK)f(yK)dµ(yK) =
∑
z∈Z

w(zK)m(z−1xK)f(zK),

because as a function of yK the rightmost integrand is a polynomial of degree at most 2(s+k)

and we can therefore compute the integral using the cubature. By linearity it follows that:

Γ̂2k,m2(f)(xK) =
∑
z∈Z

w(zK)m2(z−1xK)f(zK).

By adding over all the monomials in the expansion on h as well as multiplying by the
corresponding coefficients we obtain that:

Γ̂h(f)(xK) =
∑

deg(m)≤s

∑
z∈Z

w(zK)m2(z−1xK)f(zK) =
∑
z∈Z

w(zK)h(z−1xK)f(zK).

We conclude then that Γ̂h(f)(xK) ≥ 0 since the weight function is always positive, h is
non-negative, and f(zK) ≥ 0 for all z ∈ Z by hypothesis.

This theorem allows us to construct a linear positivity certificate.

Corollary 4.5. (Linear Positivity Certificates in R2k) Let h(xK) be as in theorem 4.4 and
f ∈ R2k. Assume that Γ̂h is invertible. Then,

Γ̂−1
h (f) ∈ Q =⇒ f ∈ P2k.

4.1.2 Diagonalizing Averaging Operators

As well as in the case of the sphere, we will see that harmonic analysis will be key to
diagonalize averaging operators, thus making the previous positivity certificate efficient to
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calculate when the polynomial h is easily expanded in spherical polynomials in R. Because of
the reproducing property, the averaging operators associated to spherical polynomials behave
like the identity in their corresponding isotypic component and like the zero map everywhere
else.

Now, spherical polynomials of degree at most 2s are the extremal points of the cone
P#

0 (G)≤2s of bi-K invariant positive-definite polynomials of degree at most 2s by theorem
3.15, and P#

0 (G)≤2s is the convex hull of its extremal points by theorem 3.11. Moreover,
there are finitely many spherical polynomials of degree at most 2s because there are finitely
many irreducible G-representations of class one in R≤2s by the Peter-Weyl decomposition
3.23 and each contains a unique spherical polynomial by corollary 3.19. Consequently, for
any even polynomial h(xK) of degree at most 2s with positive coefficients, there is a unique
convex expansion of h in spherical polynomials up to degree 2s:

h(xK) =
∑

ϕ spherical
deg(ϕ)≤2s

λϕϕ(xK)

where
∑

ϕ λϕ = 1 and λϕ ≥ 0 for all ϕ.

Lemma 4.6. Let k ≥ 0 be an integer. Let h(xK) be an even and positive-definite polynomial
of degree 2s ≥ 2k and assume that we have a unique expansion

h =
∑

ϕ spherical
deg(ϕ)≤2s

λϕϕ

such that
∑
ϕ

λϕ = 1 and λϕ ≥ 0 for all ϕ spherical of degree 2s. If f ∈ R2k and

f =
∑

deg(ϕ)≤2k

qϕfϕ

is its Peter-Weyl decomposition, then:

Γ̂h(f) =
∑

deg(ϕ)≤2k

λϕqϕfϕ.

In particular, for every ϕ the operator Γ̂ϕ : R2k → R2k satisfies that it is the identity in its
corresponding isotypic component and zero in the other isotypic components.

Proof. It suffices to prove the result for f = qϕfϕ for any ϕ spherical of degree at most 2k.
Since f belongs to a unique isotypic component, the regularized averaging operator on f
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yields

Γ̂h(f)(xK) =
∑

deg(ϕ′)≤2k

λϕ

∫
X

ϕ′(y−1xK)qϕ(yK)fϕ(yK)dµ(yK).

Now, the orthogonality of isotypic components implies that

Γ̂h(f)(xK) = λϕ

∫
X

ϕ(y−1xK)qϕ(yK)fϕ(yK)dµ(yK).

Finally, since ϕ = Kϕ(xK, yK) is the reproducing kernel (after normalization), we obtain

Γ̂h(f)(xK) = λϕ

∫
X

Kϕ(xK, yK)qϕ(yK)fϕ(yK)dµ(yK) = λϕqϕ(xK)fϕ(xK).

thus finishing the proof.

Recall that we are attempting to construct averaging operators such that the image of
the inverse operator of a given polynomial works as a suitable approximation of itself, though
we understand their positivity much better by theorem 4.4. We will measure the quality of
the approximation using the Frobenius threshold, the Frobenius norm of the difference of the
averaging operator and the identity.

Definition 4.7. Let h(xK) be an even polynomial of degree 2s and assume that we have a
unique expansion

h(xK) =
∑

deg(ϕ)≤2s

λκϕκ′(xK),

such that
∑
ϕ

λϕ = 1 and λϕ ≥ 0 for all ϕ. Assume Γ̂h : R2k → R2k is invertible. The

Frobenius threshold τ2k(h) of degree 2k is the Frobenius norm (or operator 2-norm) of the
difference Γ̂−1

h − IR2k
:

τ2k(h) =

√√√√ ∑
deg(ϕ)≤2k

dim(Hϕ)

(
1

λϕ
− 1

)2

.

The following lemma proves that the Frobenius threshold controls the maximum distance
between the form f and its preimage Γ̂−1

h (f) even in the supremum norm.

Lemma 4.8. Assume Γ̂h : R2k → R2k is invertible. For every f ∈ R2k we have the following
inequalities

‖Γ̂−1
h (f)− f‖∞ ≤

τ2k(h)√
µ(X)

‖f‖2
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and
‖Γ̂−1

h (f)− f‖∞ ≥
τ2k(h)√
µ(X)

min
deg(ϕ)≤2k

‖fϕ‖2√
dim(Hϕ)

.

Proof. If f ∈ R2k has the Peter-Weyl decomposition

f =
∑

deg(ϕ)≤2k

qϕfϕ

then lemma 4.6 implies that for any xK ∈ X the equality

Γ−1
h (f)(xK)− f(xK) =

∑
deg(ϕ)≤2k

(
1

λϕ
− 1

)
fϕ(xK) (14)

holds. By the Cauchy-Schwartz inequality this quantity is bounded above by√√√√ ∑
deg(ϕ)≤2k

(
1

λϕ
− 1

)2

dim(Hϕ)

√√√√ ∑
deg(ϕ)≤2k

f 2
ϕ(xK)

dim(Hϕ)
.

Since each fϕ belongs to a unique isotypic component, lemma 3.25 implies the inequality

‖fϕ‖2
∞ ≤

dim(Hϕ)

µ(X)
‖fϕ‖2

2

and therefore (14) is bounded above by√√√√ ∑
deg(ϕ)≤2k

(
1

λϕ
− 1

)2

dim(Hϕ)

√√√√ ∑
deg(ϕ)≤2k

||fϕ||22
µ(X)

= τ2k(h)
‖f‖2√
µ(X)

as claimed. For the lower bound note that by (14) the following inequality holds for every
xK ∈ X

|Γ−1
h (f)− f(xK)|2 ≥

 ∑
deg(ϕ)≤2k

√
dim(Hϕ)

(
1

λϕ
− 1

)
fϕ(xK)√
dim(Hϕ)

2

integrating both sides over X and dividing by µ(X) we conclude that

‖Γ−1
h (f)− f‖2

∞ ≥
1

µ(X)

∑
deg(ϕ)≤2k

dim(Hϕ)

(
1

λϕ
− 1

)2 ‖fϕ‖2
2

dim(Hϕ)
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where we have used the fact that the qϕfϕ are pairwise orthogonal. We conclude that

‖Γ−1
h (f)− f‖2

∞ ≥
τ 2

2k(h)

µ(X)
min

deg(ϕ)≤2k

‖fϕ‖2
2

dim(Hϕ)

which is equivalent to the claimed lower bound.

As we have seen, the behavior of averaging operators in the case of an algebraic variety
defined by a Gelfand pair is exactly the same as the ones we defined in the sphere back
in section 2.3. Naturally, we will be able to define harmonic hierarchies and develop lower
bounds on the minimum in the same way.

4.2 Harmonic Hierarchies

In this section we will reconstruct harmonic hierarchies in the general case, thus obtaining
polyhedral approximation hierarchies which are based on the linear positivity certificate in
corollary 4.5.

Construction 4.9. (Polyhedral Harmonic Hierarchies for Gelfand Pairs) Given:

1. Cubature rules (Z2t, w2t) for the invariant measure µ in X of algebraic degree 2t for
every integer t,

2. A sequence of even positive-definite polynomials (hs)s∈N on X, which we call the kernels
of the hierarchy,

define the polyhedral harmonic hierarchy with parameters (1) and (2) in degree 2k as the
sequence of polyhedra (As)s∈N given by As := Γ̂hs(Qs) where ds := deg(hs),

Qs :=
{
f ∈ R2k : ∀xK ∈ Z2(k+ds) (f(xK) ≥ 0)

}
,

and Γ̂hs : R2k → R2k denotes the averaging operator determined by the polynomial hs from
definition 4.3.

These harmonic hierarchies have the same desirable properties as the ones defined in the
sphere. We state this properties in the next theorem:

Theorem 4.10. The harmonic hierarchies introduced in construction 4.9 have the following
properties:

1. The sets (As)s∈N are polyhedral cones satisfying As ⊆ P2k ⊆ R2k for every integer s.
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2. Assume Γ̂hs : R2k → R2k is invertible. If f ∈ R2k satisfies the inequality

min
zK∈Z2(k+ds)

f(zK) >
τ2k(hs)√
µ(X)

‖f‖2

where ds = deg(hs) and Z2(k+ds) are the nodes of the cubature of degree 2(k+ds), then
f ∈ As.

3. If lims→∞ τ2k(hs) = 0 then every strictly positive polynomial in R2k is contained in
some As and in particular the hierachy is convergent in the sense that the following
equality holds

P2k =
∞⋃
s=0

As.

Proof. 1. It follows immediately from Theorem 4.4 applied to the given sequence of poly-
nomials (hs)s∈N.

2. Assume Γ̂hs is invertible and let f ∈ R2k. For any zK ∈ Z2(k+ds) we have

Γ̂−1
hs

(f)(zK) = Γ̂−1
hs

(f)(zK)− f(zK) + f(zK) ≥ min
zK∈Z2(k−ds)

f(zK)− ‖Γ̂−1
hs

(f)− f‖∞.

If f satisfies the hypothesis of (2) then the rightmost term is strictly positive and
therefore Γ̂−1

hs
(f) ∈ Qs because it is non-negative at all nodes of the quadrature rule

and therefore f ∈ As as claimed.

3. If f is a strictly positive polynomial on X then by compactness it achieves a strictly
positive minimum α∗. By part (2) the polynomial f belongs to As whenever α∗ >
τ2k(hs)
µ(X)

‖f‖2 which happens for all sufficiently large s since τ2k(hs)→ 0 as s→∞. Since
the non-negative cone P2k is the closure of the set of strictly positive forms of degree
2k, the result follows.

Remark 4.11. Note that the following claims still hold:

1. Property (2) in theorem 4.10 is a more discerning version of the positivity certificate
shown in corollary 2.19 as it allows us to certify when a form is strictly positive instead
of simply non-negative.

2. The hypothesis in property (3) that lim
s→∞

τ2k(hs) = 0 is equivalent to lim
s→∞

(Γ̂s : R2k →
R2k) = idR2k

in the Frobenius metric topology of End(R2k). In particular, for any
f ∈ R2k both Γ̂s(f) and Γ̂−1

s (f) work as suitable approximations of f for a large
enough s.
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4.2.1 Lower Bounds for Polynomial Optimization on X

Recall the notation from the first chapter, for a multivariate polynomial f ∈ R, write α∗ =

min
xK∈X

f(xK). We will see that algorithm 2.32 can be recreated in this context.

Algorithm 4.12. Suppose f ∈ R2k. Let h(xK) be an even positive-definite polynomial.
Further, assume that h(eK) = 1 and Γ̂h : R2k → R2k is invertible. Let (Z,w) is a cubature
rule of algebraic degree 2(k + s). We obtain an optimization-free lower bound β∗ ≤ α∗ via
the following steps:

1. Compute a Peter-Weyl decomposition for f

f =
∑

deg(ϕ)≤2k

qϕfϕ

2. Compute the coefficients λϕ of the expansion of h in terms of normalized spherical
polynomials. By our assumptions λ1 = 1, i.e. Γ̂h fixes K-invariant polynomials.

3. Compute the form F := Γ̂−1
h (f) using the diagonalization,

F =
∑

deg(ϕ)≤2k

1

λϕ
qϕfϕ.

4. Evaluate F (zK) for zK ∈ Z and let β∗ := minzK∈Z F (zK) be the smallest of those
values.

Lemma 4.13. The inequality β∗ ≤ α∗ holds.

Proof. We know that there is a G-invariant non-negative quadratic form q such that q(xK) =

1 for all xK ∈ X, we may assume q(x) = ||x||2 as per definition 1.7. By construction the
polynomial p := F −β∗qk is non-negative at all cubature nodes X and our cubature rule has
algebraic degree 2(k + s). By Theorem 4.4 we conclude that Γ̂h(p) ∈ A and is in particular
a non-negative polynomial. Since F = Γ̂−1

h (f) and Γ̂h(q
k) = qk because λ1 = 1 for all `. We

conclude that Γ̂h(p) = f − β∗qk proving that f is bounded below by β∗.

This algorithm is an optimization-free alternative to using linear optimization on the
polyhedron A and is equally accurate. If we carefully choose the kernels of the hierarchy,
algorithm 4.12 gives us a convergent sequence of lower bounds:

Theorem 4.14. Let f ∈ R2k and let (As)s∈N be a harmonic hierarchy with cubature rules
(Z2t, w2t) and kernels (hs)s∈N such that hs(K) = 1 and Γ̂hs : R2k → R2k is invertible for

65



4 HARMONIC HIERARCHIES FOR COMPACT GELFAND PAIRS

every s ∈ N. Furthermore, assume that lims→∞ τ2k(hs) = 0. Then, the lower bounds (β∗s )s∈N

obtained by algorithm 4.12 for each index s and the cubature rule (Z2k+ds , w2k+ds) satisfy

lim
s→∞

β∗s = α∗.

Proof. The proof is identical to that of theorem 2.34 since we have property (3) of theorem
4.10.

In conclusion, we have constructed a provably convergent algorithm that produces a se-
quence of lower bounds (β∗s )s which converge to the optimum α∗ of a polynomial optimization
problem on the homogeneous algebraic variety X. There is, however, the caveat concerning
specifically how to pick a sequence of kernels such that their respective Frobenius thresholds
converge to zero, and further, if one can make them converge at a known rate. This question
remains unanswered in the general case.
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5 Case of Study - The Grassmannian G(k, n)

In this last chapter, we will study the specific case of the Grassmannian G(k, n) of k-
dimensional subspaces of Rn. The Grassmannian is a case of interest for polynomial op-
timization problems, for instance, for numerical linear algebra (see Ahn and Suarez [2] and
Dai et al [13]).

Definition 5.1. Let n ≥ k ≥ 0 be integers. The Grassmannian manifold G(k, n) is

G(k, n) = {V ⊆ Rn : V is a linear subspace and dim(V )− k} .

In the next few sections we will see that the Grassmannian is a compact homogeneous
space that comes from a Gelfand pair and it is an algebraic variety in R(nk). Thus, it sat-
isfies the hypotheses we established in chapter 4 suitable for polynomial optimization using
harmonic hierarchies. Moreover, the integration properties and the harmonic analysis on the
Grassmannian has been widely studied, for instance by James and Constantine [30]. We
will review such properties in order to see a clear application of harmonic hierarchies to this
specific compact algebraic variety.

5.1 G(k, n) as a Compact Algebraic Variety from a Gelfand Pair

We will dedicate this section to studying the Grassmannian as both a compact homogeneous
space and an algebraic variety. Further, we will see that G(k, n) satisfies the hypotheses of
section 3.3, so we can develop harmonic hierarchies in this context.

5.1.1 G(k, n) as an Algebraic Variety

Up until this point we have proven that G(k, n) = O(n)/(O(k) × O(n − k)) is a compact
homogeneous space coming from a Gelfand pair, thus to meet the conditions for constructing
harmonic hierarchies effectively, we also need G(k, n) to be an algebraic variety for it to satisfy
the hypotheses of chapter 4. This is a well-known fact from classical algebraic geometry due
initially to Plücker and generalized by Grassmann, hence their name.

Theorem 5.2. (The Plücker embedding) Let
∧k Rn be the k-th exterior product of Rn,

which is a vector space of dimension
(
n
k

)
, and let P(

∧k Rn) be its projectivization. Then, the
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function:

ι : G(k, n) −→ P(
∧k

Rn) ∼= RP(nk),

p = 〈v1, . . . , vk〉 7−→ [v1 ∧ · · · ∧ vk],

is a continuous embedding defined by polynomial functions and its image is an algebraic
variety of degree 2 inside of P(

∧k Rn) homeomorphic to G(k, n). Furthermore, a set of
generators for the polynomial ideal defining ι(G(k, n)) which are called the Plücker quadrics
are known.

For a more careful proof of this theorem see Harris [25], page 64. Henceforth, let us
denote its ring of polynomial functions by R = R[G(k, n)] and Rm for the corresponding
homogeneous component of degree m, in the same fashion as before.

5.1.2 G(k, n) as a Compact Homogeneous Space

Like the sphere, the Grassmannian has an action of an orthogonal matrix group through
continuously through homeomorphisms.

Proposition 5.3. The usual action of the orthogonal group O(n) on Rn induces an action
of O(n) on G(k, n) transitively, continuously and through homeomorphisms. Furthermore, if
p0 = 〈e1, . . . , ek〉 is the canonical k-flat, then StabO(n)(p0) ∼= O(k)×O(n− k). Consequently,
O(k)×O(n− k) is a closed subgroup of O(n) and

G(k, n) ∼=
O(n)

O(k)×O(n− k)
.

Proof. By definition the action of O(n) ⊆ GL(n) on Rn is continuous and linear. Therefore,
the action on G(k, n) is continuous as well, and since every element of O(n) is invertible and
acts linearly, it acts through homeomorphisms. Let p ∈ G(k, n) be any point, note that any
matrix g ∈ O(n) whose first k columns an orthonormal basis of p satisfies that g(p0) = p,
thus the action of O(n) on G(k, n) is transitive. Now, suppose that g ∈ O(n) is such that
g(p0) = p0, note that if

g =

[
G1 G2

G3 G4

]
then

p0 = span

[
G1

G3

]
,

so G3 = 0. Furthermore, G2 = 0 by orthogonality. We conclude then that StabO(n)(p0) =
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O(k) × O(n − k), since every element of O(k) × O(n − k) fixes p0. The theorem ends by
applying lemma 2.8 to G = O(n), K = O(k)×O(n− k) and X = G(k, n).

Just like the inner product 〈x, y〉 is the main algebraic and topological invariant between
two points x, y ∈ Sn (as it is the angle between the two), there is an analogue in the case of
the Grassmannian called the principal angles between subspaces.

Definition 5.4. Let p1, p2 ∈ G(k, n) be k-dimensional subspaces of Rn. Suppose there exist
orthonormal bases v1, . . . , vk and w1, . . . , wk of p1 and p2 respectively, such that:

0 ≤ θ1 = arccos(〈v1, w1〉) ≤ θ2 = arccos(〈v2, w2〉) ≤ · · · ≤ θk = arccos(〈vk, wk〉) ≤
π

2
,

is a non-decreasing sequence, then (θ1, . . . , θk) is called the tuple of principal angles between
p1 and p2.

Principal angles have two alternative definitions, a variational definition and a singular
value definition. The following lemma summarizes these:

Lemma 5.5. (Zhu and Knyazev [46], page 3) Let p1, p2 ∈ G(k, n) be k-dimensional subspaces
of Rn. Then, the principal angles (θ1, . . . , θk) between p1 and p2 satisfy the following:

1. For i = 1:
θ1 = min

v∈p1,w∈p2
arccos

(
〈v, w〉
||v||||w||

)
= arccos(v1, w1),

and recursively for 1 < i ≤ k:

θi = min

{
arccos

(
〈v, w〉
||v||||w||

)
: v ∈ p1, w ∈ p2, v ∈ 〈v1, . . . , vi−1〉⊥, w ∈ 〈w1, . . . , wi−1〉⊥

}
= arccos(〈vi, wi〉).

2. Let A1, A2 be n × k matrices whose columns are orthonormal bases of p1 and p2,
respectively. Then (cos θ1, . . . , cos θk) are the singular values of the matrix AT2A1 in
decreasing order. Or rather, there exist matrices V,W ∈ O(k) such that:

AT2A1 = V ΣW T ,

where

Σ =


cos θ1

. . .

cos θk

 .
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Now, the following lemma tells us the structure of the orbits of K inside of G(k, n) under
the induced action by left translation. Indeed, the orbits of K in G(k, n) are constituted of
k-flats which form the same principal angles to the canonical k-flat. For ease of notation, let
us denote K = O(k)×O(n− k) for the remainder of this section.

Lemma 5.6. Let p1 = gK and p2 = hK be elements of G(k, n) = O(n)/O(n − k) where
g, h ∈ O(n) written as

g =

[
G1 G2

G3 G4

]
, h =

[
H1 H2

H3 H4

]
,

where G1 and H1 are k× k and the other matrices have the matching dimensions. Then the
following are equivalent:

1. p1 and p2 have the same principal angles to the canonical k-flat InK = K.

2. G1 and H1 have the same singular values.

3. p1 = gK and p2 = hK are in the same K-orbit, i.e. h ∈ KgK.

Proof. 1. ⇐⇒ 2. is due to lemma 5.5. Since the matrices G1 and H1 are actually the
matrices of inner products between an orthonormal basis of gK and hK to the canonical
k-flat, respectively, we have the equivalence.

3. =⇒ 2. is straightforward since h ∈ KgK implies that there exist U1, V1 ∈ O(k) and
U2, V2 ∈ O(n− k) such that[

U1

U2

][
G1 G2

G3 G4

][
V1

V2

]
=

[
U1G1V1 U1G2V2

U2G3V1 U2G4V2

]
=

[
H1 H2

H3 H4

]
,

thus H1 = U1G1V1, so they ought to have the same singular value decomposition, in partic-
ular, the same singular values.

2. =⇒ 3. requires a bit more cunning. It suffices to prove that, if Σ is the diagonal
matrix with singular values of G1 in non-decreasing order, then there exist U1, U2 ∈ O(k)

and V1, V2 ∈ O(n− k) such that[
U1

U2

][
G1 G2

G3 G4

][
V1

V2

]
=

[
Σ

A3 A4

]

where A4 has the same singular values as G4. This is due to the fact that the O(n− k) acts
transitively on the (n− k)×n matrices with orthogonal columns by right multiplication. By
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the singular value decomposition, there exist U1, V1 ∈ O(k) such that U1G1V1 = Σ, thus[
U1

In−k

][
G1 G2

G3 G4

][
V1

In−k

]
=

[
U1G1V1 G2V1

U1G3 G4

]
=

[
Σ

U1G3 G4

]
,

since the fact that Σ is diagonal forces G2V1 = 0, finishing our proof.

With this last lemma, we can prove that the pair (O(n), O(k) × O(n − k)) is indeed a
Gelfand pair, moreover, it is a symmetric Gelfand pair in the sense of Gelfand’s theorem 3.4.

Theorem 5.7. Let n ≥ k ≥ 0 be integers. Let

Jk =

[
−Ik

In−k

]
∈ K

where Ik and In−k are the k × k and (n− k)× (n− k) identity matrices respectively. Define
the involutive automorphism θk : O(n)→ O(n) by the conjugation

θk(g) = JkgJk.

Then the following hold:

1. g ∈ K if and only if θ(g) = g.

2. For all g ∈ O(n), θ(g) ∈ Kg−1K.

Consequently, (O(n), K) is a symmetric Gelfand pair.

Proof. 1. Note that if

g =

[
G1 G2

G3 G4

]
,

then

θ(g) =

[
−Ik

In−k

][
G1 G2

G3 G4

][
−Ik

In−k

]
=

[
G1 −G2

−G3 G4

]
.

Hence the condition θ(g) = g is[
G1 G2

G3 G4

]
=

[
G1 −G2

−G3 G4

]
,

which is equivalent to G2 = 0k×(n−k) and G3 = 0(n−k)×k, i.e. g ∈ K.
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2. It suffices to prove that for any g ∈ O(n), the point pθ = θ(g)K ∈ G(k, n) is in the same
K-orbit as g−1K since this is equivalent to θ(g) ∈ Kg−1K. Now, note the following:

θ(g) =

[
G1 −G2

−G3 G4

]
and g−1 = gT =

[
GT

1 GT
3

GT
2 GT

4

]
,

hence, since G1 and GT
1 have the same singular values, then θ(g) ∈ Kg−1K by lemma

5.6, finishing the proof.

5.2 Recursion and Integration in the Grassmannian

In order to effectively utilize harmonic hierarchies on the Grassmannian, one needs to prop-
erly understand the integration of polynomials on it. In particular, we need to know how
to calculate cubature rules of arbitrary algebraic degree, even if their size is not optimal.
The objective of this section is to show that integration on the Grassmannian can be done
recursively, like in the case of the sphere though a little more convoluted.

5.2.1 Integration in the Stiefel Manifold

Before proceeding to integration in the full Grassmannian, we will have to introduce the Stiefel
manifold, which is also a homogeneous space which in some sense preceeds the Grassmannian
in terms of integration. Afterwards we will see how these two fit together and allow us to
construct cubature rules in the Grassmannian.

Definition 5.8. Let V (k, n) the Stiefel manifold of k-frames (ordered sets of k linearly
independent vectors) in Rn, this is

V (k, n) :=
{
A ∈ Rn×k : ATA = Ik

}
.

The Stiefel manifold is homeomorphic to the quotient O(n)/O(n− k) as O(n) acts tran-
sitively on V (k, n) and the stabilizer of a point (say for instance the canonical k-frame
(e1, . . . , ek)) is isomorphic to O(n− k), the group of automorphisms of the orthogonal com-
plement of a k-frame.

An element A of V (k, n) can be written in terms of its column vectors a1, . . . , ak and in a
domain inside V (k, n), the coordinates of a basis b1, . . . , bn−k of the orthogonal complement
of 〈a1, . . . , ak〉 are analytic functions in the coordinates of A. On such a domain the inherited
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O(n)-invariant measure can be written as the differential form

µk,n(A) =
n−k∏
j=1

k∏
i=1

bTj dai

k∏
i<j

aTj dai,

it can be proven that this form does not depend on the choice of b1, . . . , bn−k.

5.2.1.1 The case V (1, n) is the n-sphere

Let us first consider the case k = 1, in which case V (1, n) ∼= O(n)/O(n − 1) ∼= Sn−1. The
differential form reduces to

µ1,n(a1) =
n−1∏
j=1

bTj da1.

By introducing spherical coordinates we recover the usual invariant measure on the sphere,

ηn : V (1, n− 1)× (0, π) −→ V (1, n),

(α, θ1) 7−→ sin θ1α̂ + cos θ1en,

where α̂ = (α|0). This is an isomorphism between V (1, n−1)× (0, π) and V (1, n)\ {en,−en}
the whole space save for two points. We can compute the pullback of the invariant measure
by choosing

b1 = cos θ1α̂− sin θ1en

and noting that

da1 = (cos θ1α̂− sin θ1en)dθ1 + cos θ1dα̂.

Therefore,

bT1 da1 = (cos θ1α̂− sin θ1en)T ((cos θ1α̂− sin θ1en)dθ1 + cos θ1dα̂) = dθ1

bTj da1 = sin θ1b
T
j dα̂ = sin θ1b

T
j dα, j > 1

taking into account that bj is orthogonal to both α and en (in particular its last coordinate
is 0). This yields the following recursion:

µ1,n(a1) =
n−1∏
j=1

bTj da1 = sinn−2 θ1dθ1

n−1∏
j=2

bTj dα,

73



5 CASE OF STUDY - THE GRASSMANNIAN G(K,N)

which by induction gives us the usual invariant measure on the sphere,

µ1,n = sinn−2 θ1 sinn−3 θ2 . . . sin θn−2dθ1 . . . dθn−1

where (θ1, . . . , θn−1) ∈ (0, π)n−2 × (0, 2π).

5.2.1.2 The general case V (k, n)

The general case can be done inductively. For each vector v ∈ Sn−1 = V (1, n) define gv
the orthogonal transformation that takes en to v by rotating en in order with respect to the
angles of v in usual spherical coordinates. Consider the following embedding:

ηk,n : Sn−1 × V (k − 1, n− 1) −→ V (k, n),

(a1, (α1, . . . , αk−1)) 7−→ (a1, ga1(α̂1), . . . , ga1(α̂k−1)),
(15)

which is continuous because of the fact that (gv)v∈Sn−1 is a family of transformations which
is continuous on its parameter v. Moreover, this is a homeomorphism between Sn−1×V (k−
1, n − 1) and V (k, n) save for a subset of lesser dimension, in particular, of measure zero.
The pullback of the invariant measure under ηk,n is

µk,n =
n−k∏
j=1

bTj da1

k−1∏
j=1

(ga1α̂j)
Tda1

n−k∏
j=1

k−1∏
i=1

bTj d(ga1α̂i)
k−1∏
i<j

(ga1α̂j)
Td(ga1α̂i).

Now, using that ga1 is linear and orthogonal, note that

n−k∏
j=1

k−1∏
i=1

bTj d(ga1α̂i)
k−1∏
i<j

(ga1αj)
Td(ga1α̂i) =

n−k∏
j=1

k−1∏
i=1

bTj ga1dαi

k−1∏
i<j

(ga1αj)
Tga1dαi

=
n−k∏
j=1

k−1∏
i=1

(gTa1bj)
Tdαi

k−1∏
i<j

αTj dαi

=

(n−1)−(k−1)∏
j=1

k−1∏
i=1

βTj dαi

k−1∏
i<j

αTj dαi = µk−1,n−1

is the invariant measure differential form for V (n− 1, k − 1) since one can choose bj so that
βj = gTa1bj is in the orthogonal complement of en. Furthermore, since the ga1α̂j’s are both
orthogonal to a1 and all the bj’s, the n − 1-frame b1, . . . , bn−k, bn−k+1 = ga1α̂1, . . . , bn−1 =

ga1α̂k−1 is orthogonal to a1, thus we identify:

n−k∏
j=1

bTj da1

k−1∏
j=1

(ga1α̂j)
Tda1 =

n−1∏
j=1

bTj da1 = µ1,n
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with the invariant measure differential form for V (1, n) = Sn−1. Putting both results to-
gether, we obtain the following recursion:

µk,n = µ1,nµk−1,n−1,

which by induction turns out to be

µk,n =
k∏
j=1

µ1,n−j+1

the concatenated product of the invariant measures of k spheres in decreasing dimension. In
particular, this means that up to a set of measure zero V (k, n) is the product Sn−1 × · · · ×
Sn−k+1 as topological measure spaces.

Remark 5.9. Just from the structure of the differential form one may deduce the last remark
we made by writing the product as

µk,n = aT2 da1 . . . . . . . . . a
T
k da1 bT1 da1 . . . bTn−kda1

aT3 da2 . . . . . . a
T
k da2 bT1 da2 . . . bTn−kda2

...
...

aTk dak−1 bT1 dak−1 . . . bTn−kdak−1

bT1 dak . . . bTn−kdak

and noticing that the first row represents the measure of Sn−1 = V (1, n), the second row of
Sn−2 = V (1, n − 1), and so on until Sn−k = V (1, n − k + 1). However, this approach does
not tell us how the recursion works on the level of the coordinates of each point, thus is not
useful for integrating non-constant functions on the Stiefel manifold.

5.2.2 Integration in the Grassmannian

We will prove that integration in the Grassmannian G(k, n) can be split in three different
measures, two corresponding to complementary Stiefel manifolds and a simplex with a special
weighted measure.

Any point p ∈ G(k, n) can be written as p = gK where g ∈ O(n) is a matrix whose first k-
columns are an orthonormal basis a1, . . . , ak of p and the remaining n−k are an orthonormal
basis of p⊥ b1, . . . , bn−k. In a neighborhood of p0, these bases project onto bases of p0 and p⊥0
correspondingly, making the coordinates of g well-defined differentiable functions of p. On
such neighborhoods the inherited O(n)-invariant measure can be written explicitly in terms
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of the following differential form:

νk,n(p) =
n−k∏
j=1

k∏
i=1

bTj dai

Assume without loss of generality that 2k ≤ n.
Let Θ(k) =

{
(θ1, . . . , θk) ∈ Rk : 0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θk ≤ π/2

}
be the closed simplex with

side-length π/2. We will show next that there is a topological embedding defined by the
principal angles to p0, which lie in Θ(k), realized through two different k-frames in the Stiefel
manifold. The reasoning behind this is the following: in the neighborhood of p0, namely,
the set of points p ∈ G(k, n) which form non-zero distinct principal angles with p0, any
point p generated by the vectors a1, . . . , ak is determined up to a sign by the principal angles
(θ1, . . . , θk) they form with respect to p0 and the vectors α1, . . . , αk the generators project
onto in p0. To determine a1, . . . , ak uniquely, one must restrict α1, . . . , αk to vectors whose
first non-zero coordinate is positive. To finish describing p’s coordinates one just needs an
orthonormal basis of p⊥.

Let us formalize the previous reasoning. Write V (k, p0) ∼= V (k, k) = O(k) for the Stiefel
manifold of bases (k-frames) of p0 and (α1, . . . , αk) for its elements. Likewise, write V (k, p⊥0 )

for the Stiefel manifold of k-frames of p⊥0 and (β1, . . . , βk) for its elements. With this notation,
we have the following theorem:

Theorem 5.10. (James, [30]) The function:

ηp0 : V (k, p0)× V (k, p⊥0 )×Θ(k) −→ G(k, n),

((α1, . . . , αk), (β1, . . . , βk), (θ1, . . . , θk)) 7−→ 〈cos θ1α1 + sin θ1β1, . . . , cos θkαk + sin θkβk〉,
(16)

is a homeomorphism of the domain onto an the neighborhood of p0 in G(k, n) whose com-
plement is of lesser dimension (measure zero).

Proof. Let p ∈ G(k, n) be a subspace of Rn such that its principal angles (θ1, . . . , θk) with
respect to the canonical k-frame p0 satisfy that 0 ≤ θ1 ≤ · · · ≤ θk ≤ π/2. By the definition
of principal angles, there exist orthonormal bases α1, . . . , αk and basis β1, . . . , βn−k of p0 and
p⊥0 , respectively, such that

cos θ1α1 + sin θ1β1, . . . , cos θkαk + sin θkβk,

is an orthonormal basis of p. This puts the set of such p and the image of ηp0 in a continuous
correspondence. Furthermore, note that the complement of the image of ηp0 are is contained
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in the intersection ofG(k, n) with a proper flat of lesser dimension in RP(nk) since the equations
θi = θj and θi = 0 for all 0 ≤ i, j ≤ k are equivalent to the linear equations 〈ai, ei〉 = 〈aj, ej〉
and 〈ai, ei〉 = 1 respectively, where a1, . . . , ak are an orthonormal basis at each point (i.e.
the coordinates of such point). It follows then that the complement of the image is of null
measure.

The previous theorem implies that, save for a set of measure 0, the homeomorphism ηp0

lets us introduce a rewriting of variables with which the generating vectors

ai = cos θiαi + sin θiβi, i = 1, . . . , k,

satisfy the properties we mentioned before for it to uniquely determine a point p. Also, the
first k bj’s may be chosen as follows:

bj = − sin θjαj + cos θjβj, j = 1, . . . , k,

while the remaining vectors bk+1, . . . , bn−k may be chosen arbitrarily. Now, to compute the
pullback of the invariant measure, we first compute the pullback of the vector 1-forms in-
volved:

dai = d(cos θiαi + sin θiβi)

= (− sin θiαi + cos θiβi)dθi + cos θidαi + sin θidβi.

We know the relations between linear 1-forms, by differentiating the equations αTj αi = δij

and βTj βi = δij we obtain the following:

αTi dαi = 0 βTi dβi = 0 i = 1, . . . , k,

αTj dαi = −αTi dαj βTj dβi = −βTi dβj i 6= j.

Also, we know that αTi dβj = 0 and βTj dαi = 0 for all i and j. The pairs bTj dai have three
distinct cases:

• i = j: This case is simple:

bTi dai = (− sin θiαi + cos θiβi)
T ((− sin θiαi + cos θiβi)dθi + cos θidαi + sin θidβi)

= (sin2 θi + cos2 θi)dθi = dθi.
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Terms of this type amount to:
k∏
i=1

dθi.

• i 6= j and j ≤ k: In this case, bTj dai and bTi daj pair together. Individually the 1-forms
are

bTj dai = (− sin θjαj + cos θjβj)
T ((− sin θiαi + cos θiβi)dθi + cos θidαi + sin θidβi)

= − sin θj cos θiα
T
j dαi + cos θj sin θiβ

T
j dβi,

but together they take a much simpler form:

(bTj dai)(b
T
i daj) = (− sin θj cos θiα

T
j dαi + cos θj sin θiβ

T
j dβi)

(− sin θi cos θjα
T
i dαj + cos θi sin θjβ

T
i dβj)

= − sin2 θj cos2 θi(α
T
j dαi)(β

T
i dβj)− sin2 θi cos2 θj(β

T
j dβi)(α

T
i dαj)

= (cos2 θi − cos2 θi cos2 θj)(α
T
j dαi)(β

T
j dβi)

− (cos2 θj − cos2 θi cos2 θj)(α
T
j dαi)(β

T
j dβi)

= (cos2 θi − cos2 θj)(α
T
j dαi)(β

T
j dβi).

The product of terms of this kind amount to:

k∏
i<j

(cos2 θi − cos2 θj)(α
T
j dαi)(β

T
j dβi).

• i 6= j and k < j ≤ n − k: Since bk+1, . . . , bn−k have no special form but lie in an
orthogonal space to the αi’s we have the following:

bTj dai = sin θib
T
j dβi.

The product of terms of this kind amounts to:

n−k∏
j=k+1

k∏
i=1

(sin θib
T
j dβi) =

(
k∏
i=1

sin θi

)n−2k n−k∏
j=k+1

k∏
i=1

(bTj dβi).
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Finally, we put everything together to obtain the pullback of the whole invariant measure:

νk,n =

[
k∏
i<j

αTj dαi

][
n−k∏
j=k+1

k∏
i=1

bTj dβi

k∏
i<j

βTj dβi

] k∏
i<j

(cos2 θi − cos2 θj)

(
k∏
i=1

sin θi

)n−2k k∏
i=1

dθi

.
We identify three distinct parts of this new measure form, the first (blue) is the measure of
the Stiefel manifold V (k, k) = V (k, p0), the second (red) one is the measure of the Stiefel
manifold V (k, n− k) = V (k, p⊥0 ) and the third (orange) is a weighed measure on the simplex
Θ(k).

A typical change of variable from Θ(k) to another simplex

∆(k) =
{

(y1, . . . , yk) ∈ Rk : 0 ≤ y1 ≤ y2 ≤ · · · ≤ yk ≤ 1
}

is the following:

yi = sin2 θi

=⇒ dyi = 2 sin θi cos θidθi = 2y
1/2
i (1− yi)1/2dθi i = 1, . . . , k.

Which pulls the measure on G(k, n) back to

νk,n =
1

2k

[
k∏
i<j

αTj dαi

][
n−k∏
j=k+1

k∏
i=1

bTj dβi

k∏
i<j

βTj dβi

][
k∏
i<j

|yj − yi|
k∏
i=1

(1− yi)−1/2y
n/2−k−1/2
i

k∏
i=1

dyi

]
,

where we again identify the measures of two Stiefel manifolds (in blue and red) and the
weighted measure on the simplex ∆(k).

5.2.3 Cubatures Rules for the Grassmannian

Let us finish this section for outlining an algorithm to construct cubature rules for the Grass-
mannian using the recursive relations for the Stiefel manifold and the Grassmannian estab-
lished by the embeddings in equations 15 and 16.

Since two of the components of the domain in the embedding defined by equation 16
are Stiefel manifold, if we intend to construct cubatures using this embedding, we must first
formulate cubature rules for the Stiefel manifold. Fortunately, as we saw in section 5.2.1, the
Stiefel manifold has a recursive structure.

Construction 5.11. (Cubature Rules for the Stiefel Manifold) Let (Y,wY ) be a cubature
rule for Sn−1 and let (V,wV ) be a cubature rule for V (k − 1, n − 1). By passing Y ×M

through the embedding ηk,n from equation 15, we obtain a cubature rule for the Stiefel
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manifold V (k, n), (Z,wZ) defined as

Z := {ηk,n(y, v) : y ∈ Y, v ∈M} ,

wZ(z = ηk,n(y, v)) := wY (y)wV (v).

Lemma 5.12. If (Y,wY ) and (V,wV ) have algebraic degree 2t, then the pair (Z,wZ) from
the previous construction is indeed a cubature rule for V (k, n) with algebraic degree 2t and
|Z| = |Y ||V |.

Proof. The fact that |Z| = |Y ||V | holds by definition. Now, since ηk,n is a homeomorphism
of Sn−1 × V (k− 1, n− 1) onto its image, and the complement of its image has null measure,
we have that for any polynomial f ∈ R[V (k, n)] of degree 2t:∫

V (k,n)

f(α)dµk,n(α) =

∫
V (k−1,n−1)

∫
Sn−1

f(a1, ga1(β))dµ1,n(a1)dµk−1,n−1(β)

=

∫
V (k−1,n−1)

∑
y∈Y

wy(y)f(y, gy(β))dµk−1,n−1(β)

=
∑
y∈Y

∑
v∈V

wV (v)wy(y)f(y, gy(v)) =
∑
x∈X

wX(x)f(x).

Given that the Stiefel manifold V (1, n) is simply Sn−1, the cubature rules constructed
for the sphere in section 2.1.2 used along the previous construction allow us to calculate
these kind of cubatures efficiently. Moreover, this simple construction of cubature rules on
the Stiefel manifold allows us to construct cubatures for the Grassmannian in the same way
using embedding 16.

Construction 5.13. (Cubature Rules for the Grassmannian) Let (A,wA) and (B,wB) be
cubature rules for the Stiefel manifolds V (k, p0) and V (k, p⊥0 ), respectively, and let (Y,wY ) be
a cubature rule for the simplex ∆(k) defined previously equipped with the weighted measure

W (y) =
k∏
i<j

|yj − yi|
k∏
i=1

(1− yi)−1/2y
n/2−k−1/2
i . (17)

By passing A×B × Y through the embedding ηp0 (with the proper change of variable from
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Θ(k) to ∆(k)), we obtain a cubature rule for the Grassmannian G(k, n), (X,wX) defined as

X =
{
〈
√

1− y1α1 +
√
y1β1, . . . ,

√
1− ykαk +

√
ykβk〉 :

(α1, . . . , αk) ∈ A, (β1, . . . , βk) ∈ B, (y1, . . . , yk) ∈ Y
}
,

wX(
√

1− y1α1+
√
y1β1, . . . ,

√
1− ykαk+

√
ykβk) = wA(α1, . . . , αk)wB(β1, . . . , βk)wY (y1, . . . , yk).

Theorem 5.14. If (A,wA), (B,wB) and (Y,wY ) have algebraic degree 2t, then the pair
(X,wX) from the previous construction is indeed a cubature rule for G(k, n) with algebraic
degree 2t and |X| = |A||B||Y |.

Proof. The fact that |X| = |A||B||Y | holds by definition. Now, since ηp0 is a homeomorphism
of V (k, p0) × V (k, p⊥0 ) × ∆(k) onto its image, whose complement has null measure, for any
f ∈ R with degree ≤ 2t we have:∫
G(k,n)

f(gK)dµ(gK)

=

∫
V (k,p0)

∫
V (k,p⊥0 )

∫
∆(k)

f(
√

1− y1α1 +
√
y1β1, . . . ,

√
1− ykαk +

√
ykβk)W (y)

k∏
i=1

dyidµk,p⊥0 (β)dµk,p0(α)

=
∑
α∈A

∑
β∈B

∑
y∈Y

wA(α)wB(β)wY (y)f(
√

1− y1α1 +
√
y1β1, . . . ,

√
1− ykαk +

√
ykβk)

=
∑
xK∈X

wX(xK)f(xK),

thus (X,wX) is a cubature rule on G(k, n) of algebraic degree 2t.

There is a hidden difficulty in the previous construction: finding a family of cubature
rules for the weighted measure on ∆(k) that includes every algebraic degree and is efficiently
computable. So far, our research has yielded no fruit in finding literature on cubature rules
for this measure.

5.3 Harmonic Analysis on the Grassmannian

As prescribed by chapter 4, the next step in our study of the Grassmannian is decompos-
ing the ring of polynomial functions of G(k, n) as a representation of O(n). The study of
the decomposition of polynomial functions, or rather, of square integrable functions on the
Grassmannian has been well studied in the context of the representation theory of O(n),
a classical part of the representation theory of reductive Lie groups. As we will see, the
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decomposition is closely related to Weyl’s construction of irreducible representations of O(n)

(see Fulton and Harris [19], §19.5).

5.3.1 The Peter-Weyl Decomposition of R

In order to take advantage of the Peter-Weyl decomposition, we must first find a set of
algebraically independent generators of the algebra RK . Let us construct a family of invariant
polynomials from what we already know about the Grassmannian. Recall that the squared
cosines of principal angles y = (y1, . . . , yk)) with respect to p0 are the main K-invariants of
any point p ∈ G(k, n), so it is natural to consider polynomial functions that depend on such.
Now, for any p = gK, with

g =

[
G1 G2

G3 G4

]
,

y = (y1(p), . . . , yk(p)) are the eigenvalues of the matrix GT
1G1, thus homogeneous polynomial

functions of degree 2 on the coordinates of g. Naturally, the equations which define y1, . . . , yk

as the singular values of G1 must be preserved, in particular, the characteristic polynomial
of GT

1G1 must be K-invariant as a function of g. More concretely, it is straightforward to see
that:

det(GT
1G1 − tIk) = qk(y)− qk−1(y)t+ · · ·+ (−1)kq0(y)tk,

is a K-invariant equation for any t ∈ R. In particular, the polynomial qj(y(gK)) is a
homogeneous polynomial of degree 2j on the coordinates of gK. These polynomials are
well known from linear algebra, for instance:

q0(y) = 1, q1(y) = tr(GT
1G1) = y1 + · · ·+ yk, qk(y) = det(GT

1G1) = y1y2 . . . yk.

It is a classical result that these k polynomials are actually the generators of RK .

Theorem 5.15. (Gonzalez and Helgason, [23], Thm. 3.1 ) The polynomials q0(y(gK)), . . . , qk(y(gK))

are K-invariant, algebraically independent and satisfy that RK = R[q0(y), . . . , qk(y).

With this characterization of the K-invariant polynomials on G(k, n), we can specialize
theorem 3.23 to the Grassmannian.

Weyl’s construction of irreducible representations of O(n) indexes them by partitions
κ = (κ1, . . . , κn) of length at most `(κ) at most n. Denote the irreducible representation of
O(n) associated to κ by V κ

n . As it turns out, only even partitions of length at most k appear
in the decomposition of R.

Theorem 5.16. (The Peter-Weyl Decomposition on G(k, n), Bachoc [5], page 4) As an O(n)
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representation, R decomposes in the following way:

R =
⊕
`(κ)≤k

mκ(q1(y), . . . , qk(y))H2κ,

where mκ denotes the monomial in k-variables determined by the partition κ and H2κ ⊂ R

is isomorphic to V κ
n . Furthermore, if restricted to Rd for some fixed degree d ≥ 0, only the

partitions that add up to d appear in the decomposition:

Rd =
⊕
`(κ)≤k
|κ|≤d

mκ(q1, . . . , qk)H2κ.

This decomposition, although theoretically useful, is not practically useful until we can
identify the subspaces H2κ inside of R.

5.3.2 The Laplace-Beltrami Operator and Spherical Polynomials

Because of theorem 5.7, we know that the Grassmannian X = O(n)/K, more than being
a Gelfand pair, is a symmetric Gelfand pair, therefore the differential structure of O(n)

aids us in decomposing R in the same fashion as in section 3.4.2. Furthermore, the algebra
D(G(k, n))O(n) of O(n)-equivariant differential operators on G(k, n) has a single generator as
in the case of the sphere.

Lemma 5.17. (Helgason [26], page 387) Consider the Laplace-Beltrami operator on G(k, n)

defined the formula:

∆ := (det(x))−1/2

n∑
i=1

∂ai(det(x))−1/2

n∑
j=1

xij ∂ai ,

where xK ∈ G(k, n) and a1, . . . , ak are the coordinates used in section 5.2.2. Then:

D(X)O(n) = R[∆],

and ∆ can be expressed in terms of the principal angle coordinates y as:

∆ =
k∑
i=1

yi ∂
2
yi

+
∑
i 6=j

y2
i (yi − yj)−1 ∂yi +

(n
2
− k + 1

) k∑
i=1

yi ∂yi −
1

2

k∑
i=1

∂yi .

The previous lemma, along with theorem 3.27, tells us that, in order to identify the
isotypic components of R we have to diagonalize the Laplace-Beltrami operator ∆. Further-

83



5 CASE OF STUDY - THE GRASSMANNIAN G(K,N)

more, we can identify the spherical polynomials as the normalize eigenvectors of ∆ as an
operator on the coordinates y.

Much work has gone into explicitly calculating the spherical functions for the Grassman-
nian (see James and Constantine [30], James [29], Lassalle [32]). As it turns out, the spherical
functions on the Grassmannian are in correspondence to a special family of polynomials on
the simplex.

Definition 5.18. The family of generalized Jacobi polynomials (Pκ(y))|κ|≤d of degree d on
the simplex ∆(k) is an orthogonal basis of the symmetric polynomials of degree at most d
on the coordinates y1, . . . , yk, with respect to the inner product:

〈F,G〉W =

∫
∆(k)

F (y)G(y)W (y)dy1 . . . dyk,

where ∆(k) is the open simplex and W (y) is the weight function defined in equation (17).
The polynomials are normalized by the condition Pκ(1, . . . , 1) = 1.

The following lemma summarizes their properties in relation to spherical polynomials on
the Grassmannian:

Lemma 5.19. Let ϕκ be the spherical function associated to the irreducible representation
mκ(q)H2κ. The following hold:

1. ϕκ(xK) = Pκ(y1(xK), . . . , yk(xK)) where y1(xK), . . . , yk(xK) are the principal angles
between xK and the canonical k-flat p0 in non-decreasing order.

2. The polynomials Pκ(y) are non-negative for every y ∈ ∆(k).

3. The polynomials Pκ(y) are uniquely determined by the following properties:

(a) Pκ(y) is an eigenvector of the Laplace-Beltrami operator ∆ written in the coordi-
nates y,

(b) Pκ(1, . . . , 1) = 1,

(c) Pκ(y) is a linear combination of Jack polynomials.

Remark 5.20. Property 3(c) in the previous lemma may seem odd, but it is necessary to
avoid the multiplicities in the eigenspaces of ∆ and capture the reproducing property. Jack
polynomials are a special class of orthogonal polynomials also indexed by partitions, for a
proper definition and proof of properties we refer to MacDonald [34].
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Corollary 5.21. We have an explicit way to write the reproducing kernels of the irreducible
representations mκ(q)H2κ:

Kκ(xK, zK) = Pκ(y(z−1xK)) = Pκ(y1(xK, zK), . . . , yk(xK, zK)),

where y1(xK, zK), . . . , yk(xK, zK) represent the principal angles between the k-flats xK and
zK in non-decreasing order.

5.4 Polynomial Optimization Hierarchies for the Grassmannian

So far we have established that the Grassmannian satisfies the hypotheses of section 3.3,
thus it is acquiescent to harmonic hierarchies, and furthermore we have developed a theory
of cubatures and reviewed harmonic analysis on G(k, n). We can now proceed to apply the
results of chapter 4 to construct harmonic hierarchies for polynomial optimization. Since we
have more structure than in the general case, it is worthwhile to revisit some definitions and
properties to adjust them to G(k, n).

5.4.1 Averaging Operators on the Grassmannian

Because of the results of section 5.3.2, we now know that positive-definite polynomials on
the Grassmannian are in correspondence to non-negative polynomials on the simplex. This
correspondence stands in analogy to positive-definite polynomials on the sphere and non-
negative polynomials on the interval [−1, 1]. Consequently, we can specialize the definition
of averaging operator to this case:

Definition 5.22. Let g ∈ R[y1, . . . , yk] be a polynomial in k-variables. Define its associated
averaging operator Γg : R→ R by the convolution formula:

Γg(f)(xK) :=

∫
G(k,n)

g(y1(xK, zK), . . . , yk(xK, zK))f(zK)dµ(zK),

where y1(xK, zK), . . . , yk(xK, zK) represent the principal angles between the k-flats xK and
zK in non-decreasing order.

By lemma 4.2, we know that for any g ∈ R[y1, . . . , yk], its associated averaging opera-
tor defined in this way is an O(n)-equivariant transformation which induces a well-defined
regularized averaging operator Γ̂g : R2d → R2d at each homogeneous component R2d of R.
Furthermore, we have the following specialization of theorem 4.4:
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Theorem 5.23. Let d ≥ 0 be an integer and let P2d be the cone of non-negative polynomials
on G(k, n) of degree 2d. Let

h(y1, . . . , yk) =
∑

deg(m)≤s

amm
2(y1, . . . , yk)

be an even polynomial of degree at most 2s which is non-negative on the simplex ∆(k). Let
Γ̂h : R2d → R2d be the regularized averaging operator associated to h. If Q is the set of forms
in R2d that have non-negative values at all points Z of a cubature rule (Z,w) of algebraic
degree 2(s+ d) on X, then the set A := Γ̂h(Q) is a polyhedral cone in R2d and the inclusion
A ⊆ P2d ⊆ Q holds.

From this theorem, we have a linear positivity certificate as a corollary:

Corollary 5.24. (Linear Positivity Certificates in G(k, n)) Let h(y) be as in theorem 5.23
and f ∈ R2d. Assume that Γ̂h is invertible. Then,

Γ̂−1
h (f) ∈ Q =⇒ f ∈ P2d.

Furthermore, the diagonalization of averaging operators is realized in this context by
decomposing the defining polynomial h as a linear combination of generalized Jacobi poly-
nomials Pκ:

Lemma 5.25. Let d ≥ 0 be an integer. Let h(y) be an even symmetric k-variate polynomial
of degree 2s ≥ 2k and assume that we have a unique expansion

h =
∑
|κ|≤s

λκP2κ

such that λκ ≥ 0 for all κ. If f ∈ R2d and

f =
∑
|κ|≤d

mκ(q)f2κ

is its Peter-Weyl decomposition, then:

Γ̂h(f) =
∑
|κ|≤d

λκmκ(q)f2κ.

In particular, for every κ such that |κ| ≤ d, the operator Γ̂Pκ : R2d → R2d satisfies that it is
the identity in its corresponding isotypic component mκ(q)H2κ and zero in the other isotypic
components.
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Although the previous diagonalization lemma is not as general as lemma 4.6, we will
restrict ourselves to h symmetric in order to have an explicit condition for the h to satisfy,
more concrete than simply positive-definite.

In a similar fashion, the Frobenius threshold is still a proper measure of the quality of
the approximation that a given polynomial h gives to its averaging operator.

Lemma 5.26. Let d ≥ 0 be an integer. Let h(y) be an even symmetric k-variate polynomial
of degree 2s ≥ 2k and assume that we have a unique expansion

h =
∑
|κ|≤s

λκP2κ

such that λκ ≥ 0 for all κ. Assume Γ̂h : R2d → R2d is invertible. The Frobenius threshold
τ2d(h) of degree 2d:

τ2d(h) =

√√√√∑
|κ|≤d

dim(H2κ)

(
1

λκ
− 1

)2

.

For every f ∈ R2d we have the following inequalities

‖Γ̂−1
h (f)− f‖∞ ≤

τ2d(h)√
µ(X)

‖f‖2

and
‖Γ̂−1

h (f)− f‖∞ ≥
τ2d(h)√
µ(X)

min
|κ|≤2d

‖fϕ‖2√
dim(H2κ)

.

The previous lemma holds by lemma 4.8.

5.4.2 Harmonic Hierarchies and Lower Bounds

Having reformulated averaging operators in the case of the Grassmannian, we can proceed
to define harmonic hierarchies for G(k, n) which are polyhedral approximation hierarchies
based on linear positivity certificates.

Construction 5.27. (Polyhedral Harmonic Hierarchies for G(k, n)) Given

1. Cubature rules (Z2t, w2t) for the O(n)-invariant measure in G(k, n) of algebraic degree
2t for every integer t,

2. A sequence of even symmetric k-variate polynomials (hs(y1, . . . , yk))s∈N which are non-
negative on the simplex ∆(k), which we call the kernels of the hierarchy,

87



5 CASE OF STUDY - THE GRASSMANNIAN G(K,N)

define the polyhedral harmonic hierarchy with parameters (1) and (2) in degree 2d as the
sequence of polyhedra (As)s∈N given by As := Γ̂hs(Qs) where ds := deg(hs),

Qs :=
{
f ∈ R2d : ∀xK ∈ Z2(k+ds) (f(xK) ≥ 0)

}
,

and Γ̂hs : R2d → R2d denotes the regularized averaging operator determined by the polyno-
mial hs.

By theorem 4.10, all the desirable properties of harmonic hierarchies hold, including the
fact that the Frobenius threshold of the sequence determines whether or not it converges and
gives us a linear positivstellensatz akin to 5.24. Accordingly, we have an explicit algorithm
for finding lower bounds on the optimum α∗ = min

xK∈X
f(xK) for any form f ∈ R2d on G(k, n).

Algorithm 5.28. Suppose f ∈ R2d. Let h(y) be an even symmetric k-variate polynomial
which is non-negative on the simplex ∆(k). Further, assume that h(0, . . . , 0) = 1 and Γ̂h :

R2d → R2d is invertible. Let (Z,w) is a cubature rule of algebraic degree 2(k+ s). We obtain
an optimization-free lower bound β∗ ≤ α∗ via the following steps:

1. Compute a Peter-Weyl decomposition for f

f =
∑
|κ|≤d

mκ(q)f2κ

2. Compute the coefficients λκ of the expansion of h in terms of generalized Jacobi poly-
nomials. By our assumptions λ(0,...,0) = 1, i.e. Γ̂h fixes K-invariant polynomials.

3. Compute the form F := Γ̂−1
h (f) using the diagonalization,

F =
∑
|κ|≤d

1

λκ
qκfκ.

4. Evaluate F (zK) for zK ∈ Z and let β∗ := minzK∈Z F (zK) be the smallest of those
values.

The algorithm indeed generates a lower bound β∗ of α∗ because of lemma 4.13.

Finally, we can determine when a harmonic hierarchy is convergent and the associated
lower bounds converge to the optimum.

Theorem 5.29. Let f ∈ R2d and let (As)s∈N be a harmonic hierarchy with cubature rules
(Z2t, w2t) and symmetric non-negative kernels (hs)s∈N such that hs(0, . . . , 0) = 1 and Γ̂hs :
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R2d → R2d is invertible for every s ∈ N. Further, assume that lims→∞ τ2d(hs) = 0. Then,
the lower bounds (β∗s )s∈N obtained by algorithm 5.28 for each index s and the cubature rule
(Z2k+ds , w2k+ds) satisfy

lim
s→∞

β∗s = α∗.

This theorem concludes our analysis of polynomial optimization on the Grassmannian
G(k, n), we have explicitly shown how to construct harmonic hierarchies on G(k, n) and how
they can be used to construct an algorithm that produces a convergent sequence of lower
bounds on the optimum of a polynomial optimization problem on G(k, n). Nonetheless, the
problem of the general case persists, so far we have not been able to prove that there exist
kernel sequences such that their Frobenius thresholds converge to zero at a known rate.
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6 Conclusions and Further Work

Let us review what was achieved in this dissertation. Unequivocally, the most important
result of this project lies in chapter 2, the construction of harmonic hierarchies for the unit
sphere. This required two intermediate goals to be met. First, the construction of efficiently
computable cubature rules on the sphere of an arbitrary algebraic degree, which was achieved
by analyzing the recursive integration properties of the sphere. Next, we weaved a careful
description of harmonic analysis of polynomials, mostly due to Axler [4], oriented towards the
representation theory of SO(n) and the structure of the unit sphere as the homogeneous space
SO(n)/SO(n− 1). With this theory of integration and decomposition of polynomials on the
sphere, we then defined averaging operators as SO(n)-equivariant convolution operators that
have a special positivity property: as long as a polynomial is non-negative on the nodes of a
cubature rule, the resulting image of the polynomial through the averaging operator will be
non-negative. Averaging operators can be diagonalized by simply decomposing the defining
polynomial in terms of Gegenbauer polynomials, a special class of orthogonal polynomials on
the interval. The positivity property was then exploited to construct a positivity certificate for
forms on the sphere, and is structured enough that polyhedral hierarchies may be developed
to approximate the cone of non-negative forms from the inside. This all comes together in a
graded algorithm for optimizing a form f on the sphere, producing a convergent sequence of
lower bounds on the optimum of f , and whose rate of converge is dominated by a calculable
sequence of positive terms associated to the hierarchy, the sequence of Frobenius thresholds.
Furthermore, we exhibited two different sequences, due to Blekherman [6] and Fang and
Fawzi [18], whose associated hierarchies are convergent and even more, we have tight bounds
on the rates of convergence of the hierarchies.

After successfully developing a theory of polyhedral harmonic hierarchies on the unit
sphere, we asked ourselves whether this method could be generalized to a wider class of
algebraic varieties. As it turns out, one of the most significant properties that we exploited
was that the representation theory of SO(n) on polynomials on the sphere was absent of
multiplicity. This property on homogeneous spaces is precisely the condition of being a
Gelfand pair. In order to properly understand this condition, in chapter 3 we reviewed the
representation theory of Gelfand pairs and the intimate relation it holds with a special class of
functions known as spherical functions, which we identified were Gegenbauer polynomials on
the sphere. We further assumed the resulting homogeneous space to be a compact algebraic
variety, for it to be acquiescent to polynomial optimization.

With the prior package of hypotheses and the arsenal of theory for Gelfand pairs, in
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chapter 4 we then generalized the notions of polynomial averaging operators and polyhedral
harmonic hierarchies to the context of compact algebraic varieties which are homogeneous
spaces associated to a Gelfand pair. We proved that the same positivity properties hold,
thus being able to define the corresponding positivity certificates and an algorithm which
constructs a convergent sequence of lower bounds on the optimum of a form.

Finally, in chapter 5 we put our constructions to the test through a case study of another
algebraic variety which is also the homogeneous space associated to a Gelfand pair, the
Grassmannian manifold G(k, n) = O(n)/O(k)× O(n− k). As with the sphere, we first had
to investigate the integration properties and harmonic analysis of the Grassmannian, both
of which were studied by Helgason [26] and James and Constantine [30], forming part of a
wider study of Lie group homogeneous spaces. By using the integration properties of the
Grassmannian, we presented a recursive construction of cubature rules for the Grassmannian
using cubature rules on the sphere and the simplex. We also used a classical theorem in
Lie group representations, the Peter-Weyl theorem, to find a decomposition of the space of
polynomial functions as O(n)-representations. Afterwards, we make use of this theory to
specialize the results from chapter 4 to the Grassmannian, giving a concrete construction of
polyhedral harmonic hierarchies as well as the related positivity certificates and lower bound
algorithms in this context.

As it is usual in many graduate dissertations, there are many open questions to be an-
swered that appear during the development of the project. Here we will enumerate, in no
particular order, the most important knots left undone with some comments on related fur-
ther work:

1. Even though we were able to prove that averaging operators and harmonic hierarchies
do have the same properties in compact algebraic varieties that are homogeneous spaces
of Gelfand Pairs. This research was an exploration of the hypotheses needed to replicate
the success on the unit sphere, which also includes the existence of computable cubature
rules and explicit harmonic analysis. We believe that the hypotheses can be narrowed
even further to a (still) wide class of algebraic varieties where these properties are more
concrete. Because of a comment in Dieudonné [15], we believe that these should be
somewhere along the lines of: the quadric algebraic variety obtained as the orbit of a
highest weight vector in an irreducible representation of a compact reductive group.

2. Similarly to the previous commentary, there is also the existence of a Laplace-Beltrami
operator whose eigenspaces produce the isotypic decomposition and spherical functions
of the space of polynomial functions. As we saw in the case of the sphere and the
Grassmannian, such an operator exists and is the unique generator of the algebra of

91



6 CONCLUSIONS AND FURTHER WORK

equivariant differential operators. This Laplacian operator is an object that comes
from differential and Riemannian geometry, and always exists when the group G is
a compact Lie group. However, when is this operator is polynomially defined? And
even then how do we know if it plays nice with the representation, i.e. when does it
generate the algebra of equivariant differential operators? We have still to answer these
questions, but believe that the narrower hypotheses should be able to fix this apparent
dissonance.

3. Another problem is finding a general form for a sequence of non-negative polynomials
whose associated harmonic hierarchies converge at a known rate. We were able to
achieve this in the case of the sphere and even show that the bounds on their rates
are tight, but both the results of Blekherman and Fang-Fawzi do not apply outside
of the case where the spherical functions are in reality univariate, like in the sphere
where spherical functions are in correspondence with Gegenbauer polynomials, which
are univariate. In the time preceding this document, we were unable to find such
working general sequence, but believe that further investigation of the properties of
families of orthogonal polynomials should enlighten the way. At least in the case of
the Grassmannian, the sequence of the squares of elementary symmetric polynomials
might work as a generalization of the pure-powers sequence.

4. One final question relates to constructing cubature rules in the Grassmannian. Even
though we have a recursive algorithm to do this, it requires a cubature rule for a
specific weighted measure on the simplex as an input. How to construct cubature
rules for this measure in an efficient way is a question we left unanswered, but is an
important step to take for the computational implementation of harmonic hierarchies
on the Grassmannian. We believe that reproducing the univariate idea might work, i.e.
constructing cubatures from the zero locus of generalized Jacobi polynomials, but still
have to work out the details.
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A Appendix - A Julia Package for Harmonic Hierarchies

on the Sphere

The objective of this appendix is to show some numerical examples computed with a Ju-
lia package for Harmonic Hierarchies developed in Cristancho and Velasco [12] available
on github. The package has the following capabilities:

1. Computing the Gauss-product cubature rules from Section 2.1.2 for S ⊆ Rn and any
degree 2s.

2. Computing the harmonic decomposition of polynomials using the algorithm of Axler
and Ramey ([4], Ch. 5).

3. Computing our optimization-free lower bound for minimization problems on spheres
(see Section 2.4) using the kernels appearing in Proposition 2.35.

Figure 2 shows lower bounds for the minima of the Motzkin and Robinson polynomials
calculated using our package. The lower bounds implemented both of the sequences (gs)s∈N

of Proposition 2.35 parts (1) and (2), figures 2a and 2b respectively. The Motzkin and
Robinson polynomials are given by the formulas

m(x1, x2, x3) = x2
1x

4
2 + x4

1x
2
2 + x6

3 − 3x2
1x

2
2x

2
3,

r(x1, x2, x3, x4) = x2
1(x1 − x4)2 + x2

2(x2 − x4)2 + x2
3(x3 − x4)2

+ 2x1x2x3(x1 + x2 + x3 − 2x4),

respectively. These are well-known non-negative polynomials with zeroes which are non-
trivially negative, in particular, they are not sums of squares in their given presentations.
The figures show that the practical behavior of our optimization-free lower bound closely
mirrors the predicted theoretical behavior.

In figure 3 we also show how the averaging operators of the kernel sequences from Propo-
sition 2.35 applied to a given polynomial serves as an approximation of the original, and
approaches the original as the degree grows.
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(a) Using the pure powers sequence.

(b) Using the Fang-Fawzi sequence.

Figure 2: Figures 2a and 2b show the lower bounds calculated for the Motzkin and Robinson
polynomials employing our Julia package’s implementation of the squares and Fang-Fawzi
sequence of kernels from Proposition 2.35(1) and (2) respectively. We also include the plot of
O(−1/s) and O(−1/s2) functions respectively in order to compare the behavior of the obtained
lower bounds and the theoretical convergence rate.
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Figure 3: The figure shows the approximations of a randomized target polynomial f(x) of
degree 12 using the pure powers sequence in degrees s = 4, 8, 16, . . . , 256. The horizontal axis
represents values on the circle as angles, thus the domain is [0, 2π] and the periodicity of the
given polynomials.

96



REFERENCES

References

[1] Amir Ali Ahmadi and Georgina Hall. “On the construction of converging hierarchies for
polynomial optimization based on certificates of global positivity”. In: (2017). Publisher:
arXiv Version Number: 2.

[2] Kwangjun Ahn and Felipe Suarez. “Riemannian Perspective on Matrix Factorization”.
In: (2021). Publisher: arXiv Version Number: 1.

[3] Emil Artin. “Über die Zerlegung definiter Funktionen in Quadrate”. de. In: Abhandlun-
gen aus dem Mathematischen Seminar der Universität Hamburg 5.1 (1927), pp. 100–
115.

[4] Sheldon Axler, Paul Bourdon, and Wade Ramey. “Harmonic Function Theory”. en. In:
(), p. 260.

[5] C. Bachoc. “Linear programming bounds for codes in grassmannian spaces”. In: IEEE
Transactions on Information Theory 52.5 (2006), pp. 2111–2125.

[6] Grigoriy Blekherman. “Convexity properties of the cone of nonnegative polynomials”.
In: arXiv:math/0211176 (2002). arXiv: math/0211176.

[7] Grigoriy Blekherman, Pablo A. Parrilo, and Rekha R. Thomas, eds. Semidefinite Opti-
mization and Convex Algebraic Geometry. en. Philadelphia, PA: Society for Industrial
and Applied Mathematics, 2012.

[8] I. Bogaert. “Iteration-Free Computation of Gauss–Legendre Quadrature Nodes and
Weights”. en. In: SIAM Journal on Scientific Computing 36.3 (2014), A1008–A1026.

[9] Daniel Brosch and Etienne de Klerk. “Jordan symmetry reduction for conic optimiza-
tion over the doubly nonnegative cone: theory and software”. en. In: Optimization Meth-
ods and Software (2022), pp. 1–20.

[10] Ronald Cools. “An encyclopaedia of cubature formulas”. en. In: Journal of Complexity
19.3 (2003), pp. 445–453.

[11] Ronald Cools. “Constructing cubature formulae: the science behind the art”. en. In:
Acta Numerica 6 (1997), pp. 1–54.

[12] Sergio Cristancho and Mauricio Velasco. “Harmonic Hierarchies for Polynomial Opti-
mization”. In: arXiv:2202.12865 [math] (2022). arXiv: 2202.12865.

97



REFERENCES

[13] Wei Dai, Olgica Milenkovic, and Ely Kerman. “Subspace Evolution and Transfer (SET)
for Low-Rank Matrix Completion”. In: IEEE Transactions on Signal Processing 59.7
(2011), pp. 3120–3132.

[14] Ludwig Danzer, Branko Grünbaum, and Victor Klee. “Helly’s theorem and its relatives”.
en. In: Proceedings of Symposia in Pure Mathematics. Ed. by Victor Klee. Vol. 7.
Providence, Rhode Island: American Mathematical Society, 1963, pp. 101–180.

[15] Jean Dieudonné. “Gelfand pairs and spherical functions”. en. In: International Journal
of Mathematics and Mathematical Sciences 2.2 (1979), pp. 153–162.

[16] Gerrit van Dijk. Introduction to harmonic analysis and generalized Gelfand pairs. eng.
De Gruyter studies in mathematics 36. Berlin: W. De Gruyter, 2009.

[17] Alperen A. Ergür. “Approximating Nonnegative Polynomials via Spectral Sparsifica-
tion”. In: (2016). Publisher: arXiv Version Number: 5.

[18] Kun Fang and Hamza Fawzi. “The sum-of-squares hierarchy on the sphere and appli-
cations in quantum information theory”. en. In: Mathematical Programming 190.1-2
(2021), pp. 331–360.

[19] William Fulton and Joe Harris. Representation Theory. Vol. 129. Graduate Texts in
Mathematics. New York, NY: Springer New York, 2004.

[20] Karin Gatermann and Pablo A. Parrilo. “Symmetry groups, semidefinite programs, and
sums of squares”. en. In: Journal of Pure and Applied Algebra 192.1-3 (2004), pp. 95–
128.

[21] I M Gelfand, M I Graev, and A M Vertˇ Ik. “Representations of the group of smooth
mappings of a manifold X into a compact Lie group”. en. In: (), p. 37.

[22] Izrail Moiseevitch Gelfand. Izrail M. Gelfand: collected papers. eng ger. Berlin Heidel-
berg Paris [etc.]: Springer, 1987.

[23] F Gonzalez and S Helgason. “Invariant differential operators on Grassmann manifolds”.
en. In: Advances in Mathematics 60.1 (1986), pp. 81–91.

[24] Roe Goodman and Nolan R. Wallach. Symmetry, Representations, and Invariants.
Vol. 255. Graduate Texts in Mathematics. New York, NY: Springer New York, 2009.

[25] Joe Harris. Algebraic Geometry. en. Vol. 133. Graduate Texts in Mathematics. New
York, NY: Springer New York, 1992.

[26] Sigurdur Helgason. Differential geometry, Lie groups, and symmetric spaces. Pure and
applied mathematics, a series of monographs and textbooks 80. New York: Academic
Press, 1978.

98



REFERENCES

[27] Sigurdur Helgason. Groups and geometric analysis: integral geometry, invariant differ-
ential operators, and spherical functions. Mathematical surveys and monographs v. 83.
Providence, R.I: American Mathematical Society, 2000.

[28] David Hilbert. “Ueber die Darstellung definiter Formen als Summe von Formenquadraten”.
de. In: Mathematische Annalen 32.3 (1888), pp. 342–350.

[29] Alan T. James. “Calculation of Zonal Polynomial Coefficients by Use of the Laplace-
Beltrami Operator”. In: The Annals of Mathematical Statistics 39 (1968), pp. 1711–
1718.

[30] Alan T. James and A. G. Constantine. “Generalized Jacobi Polynomials as Spherical
Functions of the Grassmann Manifold”. en. In: Proceedings of the London Mathematical
Society s3-29.1 (1974), pp. 174–192.

[31] Anthony W. Knapp. Representation theory of semisimple groups, an overview based
on examples. Princeton mathematical series 36. Princeton, N.J: Princeton University
Press, 1986.

[32] Michel Lassale. “Polynomes de Jacobi Generalises”. In: (1991).

[33] Jean B. Lasserre. “Global Optimization with Polynomials and the Problem of Mo-
ments”. en. In: SIAM Journal on Optimization 11.3 (2001), pp. 796–817.

[34] I. G. Macdonald. Symmetric functions and Hall polynomials. Reprinted in paperback.
Oxford classic texts in the physical sciences. Oxford: Clarendon Press, 2015.

[35] Pablo A. Parrilo. “Semidefinite programming relaxations for semialgebraic problems”.
In: Mathematical Programming 96.2 (2003), pp. 293–320.

[36] Sven Polak. “Symmetry reduction to optimize a graph-based polynomial from queueing
theory”. In: SIAM Journal on Applied Algebra and Geometry 6.2 (2022). arXiv:2104.08264
[math], pp. 243–266.

[37] G Polyá. “Über positive Darstellung von Polynomen,” de. In: (1928), p. 5.

[38] Mihai Putinar. “Positive Polynomials on Compact Semi-Algebraic Sets”. In: Indiana
University Mathematics Journal 42.3 (1993), pp. 969–984.

[39] Bruce Reznick. “Uniform denominators in Hilbert’s seventeenth problem”. en. In: Math-
ematische Zeitschrift 220.1 (1995), pp. 75–97.

[40] Lorenz M. Roebers, Juan C. Vera, and Luis F. Zuluaga. “Sparse non-SOS Putinar-type
Positivstellensätze”. In: (2021). Publisher: arXiv Version Number: 1.

[41] Konrad Schmüdgen. “TheK-moment problem for compact semi-algebraic sets”. en. In:
Mathematische Annalen 289.1 (1991), pp. 203–206.

99



REFERENCES

[42] Lucas Slot. Sum-of-squares hierarchies for polynomial optimization and the Christoffel-
Darboux kernel. Number: arXiv:2111.04610 arXiv:2111.04610 [math]. 2021.

[43] Gábor Szegő. Orthogonal polynomials. 4th ed. Colloquium publications - American
Mathematical Society v. 23. Providence: American Mathematical Society, 1939.

[44] Alex Townsend, Thomas Trogdon, and Sheehan Olver. “Fast computation of Gauss
quadrature nodes and weights on the whole real line”. en. In: arXiv:1410.5286 [math]
(2014). arXiv: 1410.5286.

[45] Lieven Vandenberghe and Stephen Boyd. “Semidefinite Programming”. en. In: SIAM
Review 38.1 (1996), pp. 49–95.

[46] P. Zhu and A.V. Knyazev. “Angles between subspaces and their tangents”. In: Journal
of Numerical Mathematics 21.4 (2013).

100


	Introduction
	Polynomial Optimization
	The Cone of Non-Negative Polynomials
	Affine and Projective Algebraic Varieties
	Sums of Squares and Positivstellensätze

	Approximation Hierarchies
	SOS Hierarchies
	Non-SOS Hierarchies

	Representation Theory and Polynomial Optimization

	Harmonic Hierarchies for Optimization on the Unit Sphere Sn
	Cubature Rules for Sn
	Recursion and Integration in Sn
	The Product Formula and Cubature Rules on Sn

	Harmonic Analysis on Sn
	Sn as a Homogeneous Space
	The Harmonic Decomposition of `3́9`42`"̇613A``45`47`"603AR[Sn] as a SO(n+1)-representation

	Averaging Operators
	Definition, Properties and Positivity Certificates
	Reproducing Kernels and Gegenbauer Polynomials
	Diagonalization of Averaging Operators

	Harmonic Hierarchies
	Lower Bounds for Polynomial Optimization on Sn
	Kernel Selection


	Gelfand Pairs and Compact Homogeneous Spaces
	Definition of Gelfand Pairs
	Gelfand's Theorem for Symmetric Pairs

	The Representations of Gelfand Pairs
	Positive-definite Functions and Unitary Representations of G
	Spherical Functions and Irreducible Representations of Class One
	Spherical Functions and Reproducing Kernels

	Gelfand Pairs for Polynomial Optimization
	Harmonic Analysis on Compact Gelfand Pairs
	The Peter-Weyl Decomposition of R
	The Case of Symmetric Gelfand Pairs


	Harmonic Hierarchies for Compact Gelfand Pairs
	Averaging Operators
	Definition, Properties and Positivity Certificates
	Diagonalizing Averaging Operators

	Harmonic Hierarchies
	Lower Bounds for Polynomial Optimization on X


	Case of Study - The Grassmannian G(k,n)
	G(k,n) as a Compact Algebraic Variety from a Gelfand Pair
	G(k,n) as an Algebraic Variety
	G(k,n) as a Compact Homogeneous Space

	Recursion and Integration in the Grassmannian
	Integration in the Stiefel Manifold
	Integration in the Grassmannian
	Cubatures Rules for the Grassmannian

	Harmonic Analysis on the Grassmannian
	The Peter-Weyl Decomposition of R
	The Laplace-Beltrami Operator and Spherical Polynomials

	Polynomial Optimization Hierarchies for the Grassmannian
	Averaging Operators on the Grassmannian
	Harmonic Hierarchies and Lower Bounds


	Conclusions and Further Work
	Appendix - A Julia Package for Harmonic Hierarchies on the Sphere

