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I know my grandmama proud of me
All the good things she instilled in me

Hope that she know that it’s still in me
Still in me, yee!

— MOMENTUM by Quantrelle

Dedicated to Ana.





A B S T R A C T

Ehrhart Theory presents a tool for the study of integer dilations of
integral polytopes (convex polytopes whose vertices all have integer
coordinates) via an associated polynomial in the dilation factor. This
is then generalized to rational polytopes (allowing vertices to have
rational coordinates) yielding a quasi-polynomial in the dilation fac-
tor. Linke presented in 2011 a further generalization by allowing the
dilation to be rational which again results in a quasi-polynomial in
the dilation factor whose coefficients are piecewise polynomial. We
herein present our first foray into this field, beginning with a careful
review of the literature and all the necessary concepts before tying
it all up with a fleshed-out example and the beginnings of an explo-
ration into the form a particular rational Ehrhart quasi-polynomial
takes and the information about its associated polytope that may be
gleaned from it.

R E S U M E N

La Teoría de Ehrhart presenta una herramienta para el estudio de di-
lataciones enteras de politopos integrales (politopos convexos cuyos
vértices tienen todos coordenadas enteras) a través de un polinomio
asociado en el factor de dilatación. Esto luego se generaliza a poli-
topos racionales (permitiendo que los vértices tengan coordenadas
racionales), lo cual produce un cuasi-polinomio en el factor de dilata-
ción. Linke presentó en 2011 una generalización adicional al permitir
que la dilatación sea racional, lo cual nuevamente da como resultado
un cuasi-polinomio en el factor de dilatación cuyos coeficientes son
polinomios por partes. Presentamos aquí nuestra primera incursión
en este campo, comenzando con una revisión cuidadosa de la literatu-
ra y todos los conceptos necesarios antes de concluir con un ejemplo
detallado y los comienzos de una exploración en la forma que toma
un cuasi-polinomio racional de Ehrhart particular y la información
sobre su politopo asociado que se puede extraer de él.

v





It takes a village to count integer points.

— Alexander Barvinok

A C K N O W L E D G M E N T S

I’d like to thank my supervisor, professor Tristram Bogart, for weekly
talks which were as illuminating as they were engaging, he always
had comments and questions that only ever bettered my work. I have
drawn so much from him, as well as several authors he introduced
me to, that few, if any, of the ideas presented herein are originally my
own. But any mistakes are entirely on me.

On that note, I must also thank professor Carolina Benedetti, for
she awakened in me a love for combinatorics, she introduced me to
Ehrhart theory, and she suggested I work with Tristram. She nudged
me in all the right ways to make this work possible.

Thanks to the people who proofread my work, Alejandra, Andrea
and Camila, for providing notes making my writing as clear and read-
able as possible (even when they didn’t even understand the content).

I’d be remiss if I didn’t also thank the users of Stack Exchange,
whose extensive knowledge of mathematics and LATEXgot me through
a number of roadblocks along the way. Not that I envision them ever
reading this but thanks to Ludwig Göransson, Justin Hurwitz, Hans
Zimmer, John Williams, and all the other composers whose music
scored the many hours of work this took.

Finally I must thank my family: my wonderful parents for their
unwavering support; my sister who’s always been there for me, even
from afar; and Jack, who laid beside me most of the time I spent work-
ing on this, for all I know he’s as knowledgeable in Ehrhart theory as
I am. My gratitude towards them cannot be understated.

vii





C O N T E N T S

list of figures x

1 introduction 1

1.1 Motivation 1

1.2 Pick’s Theorem 2

i ehrhart theory 5

2 the basics 7

2.1 Polytopes 7

2.2 Discrete Volume 8

2.3 Triangulations & Cones 9

3 ehrhart polynomials , ehrhart series 11

3.1 The Fundamental Theorem 11

3.2 Dealing with Rational Polytopes 16

3.3 Dealing with Rational Dilations 17

ii a worked-out example 21

4 zonotopes 23

4.1 Minkowski Sums & Newton Polytopes 23

4.2 Zonotopes & Pavings 24

5 permutahedra 27

5.1 Graphical Zonotopes 27

5.2 General & Regular Permutahedra 27

5.3 The Ehrhart Polynomial of Pd 30

iii parting words 33

6 rational ehrhart theory on permutahedra 35

6.1 Warming Up 35

6.2 A Naïve Approach 37

7 final remarks , future work 41

7.1 Noteworthy Results & Lessons Learned 41

7.2 Still to Come 42

iv appendices 43

a numerical methods 45

a.1 The Hyperplane Description of Pd 45

a.2 Counting Functions 46

a.3 Extracting Results 46

bibliography 47

ix



L I S T O F F I G U R E S

All figures created by the author.

Figure 1 Two possible colorings of the same graph on 3

vertices. Only the left coloring may be said to
be proper. 1

Figure 2 The colorings presented in figure 1 correspond
to the points shown here (within 7[0, 1]3 for
k = 7 possible colors). However, we see one
coloring is not proper since it lies on the hy-
perplane defined by one of the edges. 2

Figure 3 The three points shown here all lie in one of
the 3! = 6 sections resulting from cutting 7∆2

by the 3 hyperplanes xi = xj and correspond
to the partitions of 7 into at most 3 parts 7 =

4+ 2+ 1, 7 = 5+ 2+ 0, and 7 = 3+ 2+ 2. 3

Figure 4 A simple example of Pick’s Theorem with a
non-convex polygon, in this case I = 7, B = 8,
and it may be checked (breaking the polygon
up into triangles, for instance) that its area is
exactly A = 7+ 1

28− 1 = 10. 3

Figure 5 The zonotope Z
((

−1
3

)
,
(
2
3

)
,
(
4
2

))
. 24

Figure 6 The paving of the zonotope Z
((

−1
3

)
,
(
2
3

)
,
(
4
2

))
from figure 5. 26

Figure 7 The (regular) permutahedron of order 3, P∋.
Notice each of its vertices corresponds to a per-
mutation of the first 3 natural numbers and
each of its edges corresponds to a transposi-
tion (the edges are also color coded and the
bars in the bottom-right corner show the trans-
position corresponding to each). 28

Figure 8 The (regular) permutahedron of order 4, P△.
Notice each of its vertices corresponds to a per-
mutation of the first 4 natural numbers and
each of its edges corresponds to a transposi-
tion (the edges are also color coded and the
bars in the bottom-right corner show the trans-
position corresponding to each). 29

Figure 9 The coefficients qk(r) of Ł□3
(r), clearly exhibit-

ing the fact that they’re each piecewise polyno-
mial of degree 3− k. 36

x



list of figures xi

Figure 10 The coefficients qk(r) of Ł∆3
(r), clearly exhibit-

ing the fact that they’re each piecewise polyno-
mial of degree 3− k. 36

Figure 11 Lattice point enumeration for rP2 (left) and
rP3 (right) with r going from 0 to 3 with step
size 1

5 . 38

Figure 12 Lattice point enumeration for rP4 (left) and
rP5 (right) with r going from 0 to 3 with step
size 1

5 . 38





1
I N T R O D U C T I O N

1.1 motivation

A number of problems in mathematics (in combinatorics, linear pro-
gramming, just to name a few) may be described by systems of in-
equalities of the form

a11x1 + a12x2 + · · · + a1dxd ⩽ b1

a21x1 + a22x2 + · · · + a2dxd ⩽ b2

...
...

. . .
...

...

an1x1 + an2x2 + · · · + andxd ⩽ bn

But given a bounded set of solutions this is nothing more than the
description of a convex polytope P = {x ∈ Rd|Ax ⩽ b}, thus rendering
the study of the set of solutions into the study of the polytope itself
[7, 8].

Two simple and rather illustrative examples of these problems in
combinatorics are the proper k-colorings of a graph on n vertices as
well as the integer partitions of an integer k into at most n parts [6].

A k-coloring of a graph on n vertices is a choice of one of k possible
colors for each of the n vertices of the graph. The coloring is said to
be proper if no two vertices sharing an edge are assigned the same
color (see figure 1).

Figure 1: Two possible colorings of the same graph on 3 vertices. Only the
left coloring may be said to be proper.

It can be easily checked that any given k-coloring of a graph on
n vertices may be represented by an integer point (a point in Zn)
within the k-dilation of the unit n-cube [0, 1]n, i.e., k[0, 1]n = [0,k]n.
Moreover, an edge in the graph between vertices i and j defines a
hyperplane xi = xj on which no integer point corresponds to a proper

1



2 introduction

coloring (because these integer points represent all colorings where
vertices i and j, which share an edge, will be the same color). Thus,
every proper k-coloring of the given n-graph will correspond exactly
to those integer points within k[0, 1]n that do not also lie on any of
the hyperplanes defined by the edges (see figure 2). We would then
be interested in a general method for counting integer points within
k[0, 1]n, as well as within each of the hyperplanes, for arbitrary k and
n.

Figure 2: The colorings presented in figure 1 correspond to the points shown
here (within 7[0, 1]3 for k = 7 possible colors). However, we see
one coloring is not proper since it lies on the hyperplane defined
by one of the edges.

A partition of the integer k into at most n parts is an n-tuple
(k1,k2, . . . ,kn) such that ki ⩾ 0 and k1 + k2 + · · · + kn = k. Nat-
urally, given a partition, any permutation of it is equivalent, so we
restrict ourselves to those ordered such that k1 ⩾ k2 ⩾ · · · ⩾ kn.

It can now be easily checked that any given partition of k into at
most n parts may be represented by an integer point within the k-
dilation of the unit (n− 1)-simplex ∆n−1, i.e., k∆n−1. The partitions
we’re interested in (with descending order to account for permuta-
tions) are those that lie in one of the n! equivalent pieces generated
by cutting the simplex with all the hyperplanes xi = xj (see figure 3).
We would then be interested in a general method for counting integer
points within k∆n−1 (by symmetry this need only be divided by n!
to give the right count) for arbitrary k and n.

A first approximation of such methods, in the the 2-dimensional
case, is provided by Pick’s Theorem.

1.2 pick’s theorem

Pick’s Theorem relates the number of integer points within a (not
necessarily convex) lattice polygon P, #P∩ Z2 to its area. Let I be the
number of integer points that lie in the interior of P, I = #P◦∩Z2, and
B the number of integer points that lie on its boundary, B = #∂P∩Z2.
Then the area of the polygon A is (see figure 4)



1.2 pick’s theorem 3

Figure 3: The three points shown here all lie in one of the 3! = 6 sections
resulting from cutting 7∆2 by the 3 hyperplanes xi = xj and cor-
respond to the partitions of 7 into at most 3 parts 7 = 4+ 2+ 1,
7 = 5+ 2+ 0, and 7 = 3+ 2+ 2.

A = I+
1

2
B− 1.

Figure 4: A simple example of Pick’s Theorem with a non-convex polygon,
in this case I = 7, B = 8, and it may be checked (breaking the
polygon up into triangles, for instance) that its area is exactly A =

7+ 1
28− 1 = 10.

Several different proofs of this theorem exist [5, 10, 17] which we
shall not reproduce here, the main takeaway being the possibility of
relating continuous properties (area) to discrete ones (number of inte-
ger points). A generalization of this is in order for arbitrary polytopes
(at the very least convex ones) in dimensions higher than 2. This is
where we first encounter Ehrhart Theory.

What follows is a brief exploration of Ehrhart Theory. After a lit-
erature review a particular class of polytope, permutahedra, will be
further explained and serve as our main example to carry out some



4 introduction

explicit calculations. We initially explore its so-called Ehrhart Polyno-
mial in the standard integer case (the meaning of this will be made
clear shortly) before delving into the rational case and looking into
what the resulting (quasi-)polynomial will look like and what addi-
tional information it may encode. We finally return to a brief literature
review in light of the preceding results before providing some closing
remarks.



Part I

E H R H A RT T H E O RY

Z is complicated.
— Eric Babson





2
T H E B A S I C S

As described in the introduction, our main concern will be polytopes
(henceforth always assumed to be convex) and their properties, both
continuous and discrete. We should thus begin by making a few of
these concepts clear.

2.1 polytopes

A polytope is a closed subset of Rd satisfying either of two (equiva-
lent [5, 16]) descriptions. In the vertex description of a polytope we
say it corresponds to all those points that may be written as a convex
combination of finitely many points in Rd, i.e., the polytope P corre-
sponding to the set {v1, v2, . . . , vn} ⊂ Rd is the convex hull of these
points,

P = conv ({v1, v2, . . . , vn})

= {λ1v1 + λ2v2 + · · ·+ λnvn|λk ⩾ 0,
∑
k

λk = 1}.

The hyperplane description of a polytope expresses it as the in-
tersection of finitely many half-spaces and hyperplanes, provided
this intersection is bounded. In fact we say a hyperplane H = {x ∈
Rd|a · x = b} is a supporting hyperplane of polytope P if P lies en-
tirely within one of the half-spaces generated by H, i.e., if

P ⊂ {x ∈ Rd|a · x ⩽ b} or P ⊂ {x ∈ Rd|a · x ⩾ b},

so that P is the intersection of all of these. The keen reader will
realize this is exactly the description of a polytope that shows up in
the introduction as it is the one that will generally be encountered
when the problem comes from some other area of mathematics.

Sets of the form P ∩ H for H a supporting hyperplane of P are
said to be faces of the polytope. Three types of faces of note are
those which are (d − 1)-dimensional, called facets, those which are
1-dimensional, called edges, and those that are 0-dimensional, called
vertices.

Two famous and easy to visualize polytopes in any dimension are
the unit d-cube and the standard d-simplex, □d and ∆d. The unit
d-cube is defined as the product of d unit intervals [0, 1]d,

7



8 the basics

□d = conv ({(x1, x2, . . . , xd)|xk = 0 or 1}) (1)

= {x ∈ Rd+1|0 ⩽ xk ⩽ 1}. (2)

A d-simplex, meanwhile, is defined as a d-dimensional polytope
with exactly d+ 1 vertices (note that a d-dimensional polytope must
have at least this many vertices), while ∆d is the d-simplex whose
vertices are the d+ 1 standard unit vectors in Rd+1,

∆d = conv ({e1, e2, . . . , ed+1}) (3)

= {x ∈ Rd+1|
∑
k

xk = 1, xk ⩾ 0}. (4)

We note here that these are precisely the two polytopes that came
up in the examples used previously as motivation, □d in the treat-
ment of graph colorings and ∆d in the treatment of integer partitions.

2.2 discrete volume

We have repeatedly mentioned integer points. We now make this clear
by introducing the lattice Zd ⊂ Rd as all those points in our space
with all integer coordinates. Our object of interest will thus often be
the intersection of a polytope P with the lattice Zd. We call a polytope
integral if all its vertices are points in the lattice. Clearly ∆d and □d

are integral polytopes for all d.
We have also mentioned dilates of polytopes, these we will define

as the subset comprising multiples of the points belonging to the
polytope. I.e., for a polytope P its tth dilate is

tP = {(tx1, tx2, . . . , txd) ∈ Rd|(x1, x2, . . . , xd) ∈ P}.

We can easily see that the dilates t□d are just [0, t]d, while the
dilates t∆d comprise those points whose coordinates add up to t.

We now introduce the discrete volume of a polytope P, also called
its lattice-point enumerator, as the number of points in the intersec-
tion of its tth dilate (with t an integer) and the lattice (we could simi-
larly imagine shrinking the lattice instead),

LP(t) = #(tP∩ Zd) = #(P∩ 1

td
Zd) (5)

A rather simple computation [5] yields the result L□d
(t) = (t+ 1)d,

while a slightly more cumbersome one yields the result L∆d
(t) =(

d+t
d

)
. We note in particular the fact that these are both polynomials

in the variable t.
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Computing the discrete volumes of the interiors of these polytopes
we arrive at another surprising result. It turns out L□◦

d
(t) = (t− 1)d =

(−1)d L□d
(−t), and L∆◦

d
(t) =

(
t
d

)
= (−1)d L∆d

(−t). Not only are
these also polynomials in t, but they are, up to a sign, evaluations of
the polynomial for the full polytope at negative integers.

2.3 triangulations & cones

One final pair of tools that will help us out in what follows is triangu-
lations and cones. A triangulation of a polytope P is a finite collection
of d-simpleces such that their union is precisely P and the intersec-
tion of any two of them is exactly a face common to them both. We
say the polytope P can be triangulated using no new vertices if a
triangulation of it exists wherein every vertex of every simplex is a
vertex of P. We now reach a theorem that makes intuitive sense but
is highly nontrivial.

Theorem 1. Every convex polytope can be triangulated using no new ver-
tices.

Proof. The proof of this theorem is surprisingly tricky so we shall only
provide a quick sketch here. The full proof may be found in [5, p. 61].

The key here is to "lift" the polytope P ⊂ Rd to a polytope Q ⊂
Rd+1 by adding a (randomly chosen) coordinate to each vertex. Then
the lower hull of this new polytope is defined to be those points
(x1, x2, . . . , xd, xd+1) ∈ Q "visible from below", such that no point
(x1, x2, . . . , xd, xd+1 − ε) is in Q, and a lower face of Q is a face that
lies entirely in the lower hull.

The punchline is then that the projection of any lower face back to
Rd happens to be a simplex in P and in fact the collection of all such
simplices provides a triangulation of the original polytope.

Thinking about this construction in low dimensions does provide
some intuition into why it should be true (since the final coordinate
of each vertex in Q was chosen randomly, it seems like lower faces
should indeed be simplices), but again the full proof is not as straight-
forward.

Given a so-called apex v and generators w1, w2, . . . , wm, we say
the pointed cone K is the set

K = {v + λ1w1 + λ2w2 + · · ·+ λmwm|λk ⩾ 0}.

The dimension d of a pointed cone is the dimension of the space it
spans, and we say a d-dimensional cone is simplicial if it has exactly
d generators.

We now describe the process of coning over a polytope. Let P ⊂
Rd be a polytope with vertices v1, v2, . . . , vm. We define the points
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wk = (vk, 1) ∈ Rd+1 by adding a 1 as the last coordinate to each of
the vertices of P and then form the pointed cone with apex the origin
and generators the wk’s thus obtained,

cone(P) = {λ1w1 + λ2w2 + · · ·+ λmwm|λk ⩾ 0} ⊂ Rd+1. (6)

Notice that by cutting this cone with the hyperplane xd+1 = 1 we
recover our original polytope and, more generally, by cutting it with
the hyperplane xd+1 = t we recover the dilate tP.

Much of what we’ve presented thus far has analogous definitions
for pointed cones, which is why we choose to mostly omit them.
Cones have supporting hyperplanes defined in much the same way
as they are for polytopes, as well as faces including facets and edges.
The only vertex or 0-dimensional face for a cone is its apex.

Likewise, cones may also be triangulated and the definition of a
triangulation is highly analogous replacing simplices for simplicial
cones. We say a cone K can be triangulated using no new generators
if a triangulation exists wherein every generator of every simplicial
cone is a generator of K. As a corollary of theorem 1 we get a theorem
for pointed cones.

Theorem 2. Every pointed cone can be triangulated using no new genera-
tors.

Proof. In order to construct a triangulation of a pointed cone K with
apex v we first construct a polytope P by cutting K with some hyper-
plane. Let H be a hyperplane that only intersects K at v and shift it
by some vector w ∈ K◦, now the polytope

P = (H− v + w)∩K

has vertices determined uniquely by the generators of K. Thanks
to theorem 1 we may triangulate P using no new vertices, and in par-
ticular each simplex ∆j in said triangulations gives rise to a simplicial
cone

Sj = {v + λx|λ ⩾ 0, x ∈ ∆j}.

The set of all such simplicial cones provides a triangulation of the
original cone.

We’re now ready to introduce the ideas at the core of Ehrhart The-
ory.



3
E H R H A RT P O LY N O M I A L S , E H R H A RT S E R I E S

We have introduced the so-called lattice point enumerator LP, which
we have also referred to as the discrete volume of the polytope P. We
now give it a third alias, most appropriate when dealing with integral
polytopes, and call it the Ehrhart polynomial of P. The reason for it
being so named should become apparent with the next theorem.

3.1 the fundamental theorem

Theorem 3 (Ehrhart’s Theorem). If P is an integral convex d-polytope,
then LP(t) is a polynomial in t of degree d.

We now understand why it turned out that L∆d
and L□d

were both
polynomials since ∆d and □d are both integral convex polytopes (and
indeed they are both of degree d as dictated by Ehrhart’s theorem).

We see that if we consider integer dilates of a polytope P, tP, t ∈ N,
LP(t) gives us a sequence of numbers (the number of lattice points
in the tth dilate of P) indexed by t ∈ N. A natural thing to do at this
point would be to consider the generating function of these numbers,
the formal power series wherein the coefficient of zk is LP(k). This
series is also named in honor of Ehrhart and we call it the Ehrhart
series of P,

EhrP(z) = 1+
∑
t⩾1

LP(t)z
t. (7)

Going back to our two easy examples we have the following Ehrhart
series for the unit d-cube

Ehr□d
(z) = 1+

∑
t⩾1

(t+ 1)dzt (8)

=
∑
t⩾0

(t+ 1)dzt

=
∑
t⩾1

tdzt−1

=

∑d
k=1A(d,k)zk−1

(1− z)d+1
, (9)

where the final equality defines the Eulerian numbers A(d,k), and
for the d-simplex

11



12 ehrhart polynomials , ehrhart series

Ehr∆d
(z) = 1+

∑
t⩾1

(
d+ t

d

)
zt (10)

=
∑
t⩾0

(
d+ t

d

)
zt

=
1

(1− z)d+1
, (11)

where the final equality can easily be verified as a generating func-
tion for the type of binomial coefficient involved here.

In order to prove Ehrhart’s theorem, we first build a few interme-
diate steps. Given a set S ⊂ Rd we introduce the integer-point trans-
form of S, σS, as a generating function that turns each lattice point in
S into a monomial in the variables z1, z2, . . . , zd,

σS(z1, z2, . . . , zd) =
∑

(m1,m2,...,md)∈S∩Zd

zm1

1 zm2

2 · · · zmd

d

=
∑

m∈S∩Zd

zm. (12)

But in particular for simplicial cones we have

Lemma 1. Given w1, w2, . . . , wd ∈ Zd, the translate by v ∈ Rd of the
integral simplicial cone K generated by these d vectors has integer-point
transform

σv+K(z) =
σv+Π(z)

(1− zw1)(1− zw2) · · · (1− zwd)
, (13)

where we call Π the fundamental parallelepiped of K and define it as the
half-open parallelepiped

Π = {λ1w1 + λ2w2 + · · ·+ λdwd|0 ⩽ λ1, λ2, . . . , λd < 1}.

Proof. By definition of a pointed cone, each lattice point m ∈ Zd

being turned by σv+K into a monomial can be written uniquely (be-
cause the cone is simplicial) as m = v + λ1w1 + λ2w2 + · · ·+ λdwd

for some λ1, λ2, . . . , λd ⩾ 0. Now splitting each of the λi’s into integer
and fractional parts, λi = ⌊λi⌋+ {λi} and defining

p = v + {λ1}w1 + {λ2}w2 + · · ·+ {λd}wd,

and ki = ⌊λi⌋ ∈ Z we can write the monomial uniquely as m =

p + k1w1 + k2w2 + · · ·+ kdwd.
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We now have p ∈ (z +Π) ∩ Zd and each of the kiwi’s an integer
vector and so

σv+K(z) =
∑

m∈(v+K)∩Zd

zm

=
∑

p∈(v+Π)∩Zd,ki⩾0

zp+k1w1+k2w2+···+kdwd

=
∑

p∈(v+Π)∩Zd,ki⩾0

zpzk1w1zk2w2 · · · zkdwd

=

 ∑
p∈(v+Π)∩Zd

zp

 ∑
k1⩾0

zk1w1

 ∑
k2⩾0

zk2w2

 · · ·

 ∑
kd⩾0

zkdwd


= σv+Π(z)

1

1− zw1

1

1− zw2
· · · 1

1− zwd

=
σv+Π(z)

(1− zw1)(1− zw2) · · · (1− zwd)
.

This illustrates the reason for introducing pointed cones in the first
place, given that simplicial cones may be tiled by translates of their
fundamental parallelepipeds making it so that counting lattice points
in the cone simplifies to counting them in the parallelepiped. Combin-
ing this with the ability to cone over a polytope and obtain its dilates
by cutting the resulting cone by hyperplanes, as well as the ability to
triangulate a cone into simplicial cones using no new generators, we
arrive at a reliable method for enumerating lattice points in dilates of
a polytope.

Notice that even though σS doesn’t directly count lattice points in
S, evaluating it at 1 = (1, 1, . . . , 1) does. Likewise, if we go back to
the definition of coning over a polytope P and how its dilates are
obtained by cutting with the hyperplanes xd+1 = t, we see that the
terms in σcone(P) with ztd+1 are exactly those lattice points in the cone
over P that lie on the hyperplane xd+1 = t, i.e., the lattice points in
tP. With these two facts in mind, it is not hard to show that indeed

σcone(P)(1, z) = 1+
∑
t⩾1

σtP(1)zt

= 1+
∑
t⩾1

LP(t)z
t

= EhrP(z). (14)

One final lemma that will be useful concerns the particular form
Ehrhart series take.

Lemma 2. Given a generating series of the form
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∑
t⩾0

f(t)zt =
g(z)

(1− z)d+1
,

we have that f(t) is a polynomial of degree d if and only if g(z) is a
polynomial of degree at most d and g(1) ̸= 0.

Proof. Suppose we are given a generating function of the form in the
lemma and f(t) is a polynomial of degree d. Then we may split the
sum up into a sum for each monomial tk and we notice these will
take a form similar to that of (8), which will allow us to rewrite each
term according to (9) in the form

gk(z)

(1− z)k+1
,

with gk(z) a polynomial of degree k with coefficients the Eulerian
numbers. Since k ranges between 0 and d, and the sum of Eulerian
numbers for a given d is nonzero, the result follows.

Now suppose we are given the same generating function and this
time g(z) is a polynomial of degree at most d with g(1) ̸= 0. Then
we likewise split it up into its monomials zk and notice each of them
will take a form similar to that in (11), which we use to rewrite each
term according to (10) as a power series with binomial coefficients
for coefficients (after perhaps appropriate re-indexing of the sum).
It can be shown that these binomial coefficients form a basis for the
polynomials in t [14] and thus we may finally put the sum of all these
terms into the form

∑
t⩾0

f(t)zt,

with f(t) a polynomial of degree d.

Proof of Ehrhart’s Theorem. Given the fact that we may triangulate any
integral polytope into integral simplices using no new vertices, if we
can show that the lattice point enumerator L∆(t) for an integral d-
simplex ∆ is a polynomial, the result for a general integral polytope
will follow via inclusion-exclusion since the intersection of each pair
of simplices is a lower-dimensional simplex. Likewise, given the pre-
vious lemma it suffices to show that

Ehr∆(z) =
g(z)

(1− z)d+1

for some polynomial g(z) of degree at most d and g(1) = 0.
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A d-simplex ∆ has d + 1 vertices v1, v2, . . . , vd+1 ∈ Zd so that
cone(∆) ⊂ Rd+1 is a simplicial cone whose apex is the origin and
generators w1, w2, . . . , wd+1 ∈ Zd+1 given by adding 1 as the last
coordinate to the original vertices.

From lemma 1 we have

σcone(∆)(z) =
σΠ(z)

(1− zw1)(1− zw2) · · · (1− zwd+1)
,

with Π = {λ1w1 + λ2w2 + · · ·+ λd+1wd+1|0 ⩽ λk < 1} and σΠ a
polynomial in z1, z2, . . . , zd+1.

We have also seen the equality EhrP(z) = σcone(P)(1, z) so that in
particular by taking z1 = z2 = · · · = zd = 1 and zd+1 = z we have

Ehr∆(z) = σcone(∆)(1, z)

=
σΠ(1, z)

(1− z)(1− z) · · · (1− z)

=
g(z)

(1− z)d+1
,

with g(z) a polynomial in z.
We finally verify that because each wk has last coordinate 1, the

last coordinate of any point in Π is just λ1 + λ2 + · · · + λd+1, and
because 0 ⩽ λk < 1, a lattice point in Π has final coordinate at most
d and so the degree of g(z) is at most d. We also verify that since
g(1) = σΠ(1, 1, . . . , 1) = #(Π ∩ Zd+1), and since the origin is a lattice
point in Π, g(1) ̸= 0. This completes the proof.

It is interesting to note that two of the coefficients in an Ehrhart
polynomial take on very particular values. Because evaluating LP(0)

should really only count the origin, the constant coefficient is clearly
1. Now consider the view of the lattice point enumerator as counting
lattice points in a polytope, not dilating the polytope but shrinking
the lattice. This shrunk lattice can be thought of as forming cells of
side length 1

t and thus volume 1
td

, and clearly the bigger the factor t,
the more accurately this approximates something continuous, so that
the volume of our polytope can be written

volP = lim
t→∞ 1

td
#
(
P∩ 1

td
Zd

)
= lim

t→∞ 1

td
LP(t)

= lim
t→∞ cdt

d + cd−1t
d−1 + · · ·+ 1

td
= cd, (15)

and we see the leading coefficient in the Ehrhart polynomial hap-
pens to be the volume of the polytope.
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Before moving on to the final two sections of this chapter a few
definitions are in order. We call a polytope P rational if all its vertices
have rational coordinates and call the lcm of the denominators of said
coordinates the polytope’s denominator d(P) (which is the smallest
integer k such that kP is an integral polytope). We call a function f(t) :

Z → Z a quasi-polynomial (in t) of degree d and period p if there
exist polynomials f1, f2, . . . , fp of degree at most d (with at least one
of them having exactly degree d) such that f(t) = fk(t) when t ≡ k

mod p or, equivalently, if there exist periodic functions (with period
p) c0, c1, . . . , cd : Z → Z such that f(t) = cd(t)t

d + cd−1(t)t
d−1 +

· · ·+ c0(t) and cd(t) is not identically zero. Finally, we call a function
f(r) : Q → Q a rational quasi-polynomial (in r) of degree d and period
p if there exist periodic functions (with period p) q0,q1, . . . ,qd : Q →
Q such that f(r) = qd(r)r

d + qd−1(r)r
d−1 + · · ·+ q0(r) and qd(r) is

not identically zero.

3.2 dealing with rational polytopes

Having developed a general theory for integral polytopes we now
modify it ever so slightly to allow for the study of rational polytopes.
We begin, as with the integral case, by stating the central theorem
(also due to Ehrhart) up front.

Theorem 4 (Ehrhart’s Theorem for Rational Polytopes). If P is a ra-
tional convex d-polytope, then LP(t) is a quasi-polynomial in t of degree d
with period dividing d(P).

An immediate observation is that Ehrhart’s Theorem is a special
case of this one, wherein d(P) = 1. It should also be stressed that all
we claim for the period and the denominator is divisibility and the ex-
istence of a period smaller than the denominator is known as period
collapse. Finally, in order for the proof of this theorem to proceed in
much the same way that the proof of Ehrhart’s Theorem does, all we
need is the following lemma generalizing lemma 2.

Lemma 3. Given a generating series of the form

∑
t⩾0

f(t)zt =
g(z)

h(z)
,

we have that f(t) is a quasi-polynomial of degree d with period dividing
p if and only if g(z) and h(z) are polynomials such that deg(g) < deg(h)
and all roots of h are pth roots of unity of multiplicity at most d+ 1 (with
some root’s multiplicity equal to this).

Proof. Suppose we are given a generating function of the form in the
lemma and we have f(t) a quasi-polynomial of degree d with period
dividing p. Then we may split f into its constituent polynomials fk(t)
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and we’ll have for each one as in lemma 2 (after some re-indexing)
with degree dk ⩽ d. By that lemma, to each constituent will corre-
spond a polynomial gk(z) with degree at most dk and the denomina-
tor (1− zp)dk+1 (with at least one dk = d) and so we’ll have some-
thing of the form

g(z)

h(z)
=

∑
t⩾0

f(t)zt

=
∑
t⩾0

f1(tp+ 1)ztp+1 +
∑
t⩾0

f2(tp+ 2)ztp+2 + · · ·+
∑
t⩾0

f1(tp+ p)ztp+p

=
g1(z)

(1− zp)d1+1
+

g2(z)

(1− zp)d2+1
+ · · ·+

gp(z)

(1− zp)dp+1
,

Adding all this up with common denominator (1− zp)d+1, the re-
sult follows.

Now suppose we are given the same generating function and this
time we have g(z) and h(z) polynomials such that deg(g) < deg(h)
and all roots of h are pth roots of unity of multiplicity at most d+ 1

(with some root’s multiplicity equal to this). Then we may multiply
both numerator and denominator appropriately (by the factorization
of h(z) excluding the root of multiplicity d+ 1) so as to turn the de-
nominator into (1− zp)d+1. The numerator will still be a polynomial
of degree at most d and we may proceed similarly to lemma 2 with
the variable zp instead of z yielding the required quasi-polynomial.

We may now proceed with a proof of Ehrhart’s Theorem for ratio-
nal polytopes that very closely follows that of Ehrhart’s Theory and
so will be omitted here. Despite the ease with which we may state
and prove all the analogous results for rational polytopes, the struc-
ture of the resulting Ehrhart quasi-polynomials is incredibly nuanced
and far less understood than that of Ehrhart polynomials.

3.3 dealing with rational dilations

One final generalization, due to Linke [9], now allows not only for our
polytope to be a rational polytope, but also for our dilation factor to
be rational. We get one final theorem extending Ehrhart’s Theorems.

Theorem 5 (Linke’s Theorem). If P is a rational convex d-polytope, and
r a rational dilation factor, then ŁP(r) (where we use Ł to properly distin-
guish it from the regular Ehrhart (quasi-)polynomial) is a rational quasi-
polynomial in r of degree d with period dividing d(P).

In order to prove this theorem we need a lemma that will allow
us to restate a rational Ehrhart quasi-polynomial as an Ehrhart quasi-
polynomial.
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Lemma 4. Given the Ehrhart quasi-polynomials

LP(t) =

d∑
k=0

ck(t)t
k,

LmP(t) =

d∑
k=0

γk(t)t
k,

we have for all k, ck(mt)mk = γk(t)

Proof. First note that both LP(mt) and LmP(t) count the lattice points
in mtP. Then taking LP(mt) =

∑d
k=0 ck(mt)(mt)k and LmP(t) =∑d

k=0 γk(t)t
k and comparing coefficients yields the result.

With this tool in hand we simply define the rational Ehrhart quasi-
polynomial ŁP

(
a
b

)
=

∑d
k=0 qk

(
a
b

)
tk in terms of the Ehrhart quasi-

polynomial L 1
bP

(t) =
∑d

k=0 ck(t)t
k by

qk

(a
b

)
= ck (a)b

k. (16)

Clearly if P is a rational polytope so is 1
bP, and we have an integer

dilation factor a in ck(t). Moreover, because bd(P) is a multiple of
d
(
1
bP

)
we still have LP

(
a
b

)
with period dividing d(P). We conclude

with one more theorem related to rational Ehrhart quasi-polynomials.

Theorem 6. Let ŁP(r) =
∑d

k=1 qk(r)r
k be the rational Ehrhart quasi-

polynomial for a d-dimensional polytope. Then qk(r) is piecewise polyno-
mial of degree d− k.

To prove this theorem we first make the quick observation that be-
cause our statement about the leading coefficient of an Ehrhart poly-
nomial being the volume of the polytope at no point depended on
either the polytope being integral or the dilation factor being an inte-
ger, even in the setting of rational Ehrhart quasi-polynomials we still
have that qd(r) = qd = volP. Now we introduce a lemma the proof of
which essentially proves our theorem as soon as we show that ratio-
nal Ehrhart quasi-polynomials satisfy the assumptions in the lemma.

Lemma 5. Let p(r) = pdr
d + pd−1(r)r

d−1 + · · · + p0(r) be a rational
quasi-polynomial of degree d and period t with constant non-zero leading
coefficient and such that for every r in an interval (r1, r2) ⊂ Q and every
k ∈ Z we have

p(r+ kt) = ck

for some ck ∈ Q.
Then each coefficient pk(r), seen as a function from the interval (r1, r2)

to the rationals, is a polynomial of degree d− k.
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Proof. We proceed by induction in d. For d = 1 we have p(r) = p1r+

p0(r) for all r ∈ (r1, r2), so we may write p0(r) = p(r+ 0t) − p1r =

c0 − p1r which is a polynomial of degree 1− 0 = 1.
Now given d > 1 write

ck = p(r+ kt)

= pd · (r+ kt)d +

d−1∑
j=0

pj(r)(r+ kt)j,

and define a rational quasi-polynomial q(r) := pd · ((r+ t)d− rd)+∑d−1
j=0 pj(r)((r+ t)j − rj). Clearly this has degree d− 1, constant non-

zero leading coefficient, and for r ∈ (r1, r2)

q(r+mt) = pd · ((r+mt+ t)d − (r+mt)d) +

d−1∑
j=0

pj(r)((r+mt+ t)j − (r+mt)j)

= pd · ((r+ (m+ 1)t)d − (r+mt)d) +

d−1∑
j=0

pj(r)((r+ (m+ 1)t)j − (r+mt)j)

= p(r+ (m+ 1)t) − p(r+mt)

= cm+1 − cm ∈ Q,

so by our induction hypothesis we get

qj(r) = pn

(
d

j

)
td−j +

d−1∑
i=j+1

pi(r)

(
i

j

)
ti−j

is a polynomial of degree d − 1 − j. From this we may solve for
pj+1(r) and identify it as a polynomial of degree d− j− 1 for 0 ⩽ j ⩽
d− 2, then the results for p0(r) and pd are immediate since p0(r) =

c0 − pdr
d −

∑d−1
j=1 pj(r)r

j and pd being constant is one of the initial
assumptions.

That rational Ehrhart quasi-polynomials satisfy the assumptions
of this lemma can be easily verified. They have constant non-zero
leading coefficients (in fact equal to the volume of the corresponding
polytopes), and indeed are constant over intervals as their value only
ever changes when lattice points enter or leave the dilated polytope,
which only happens when one of its supporting hyperplanes happens
to contain lattice points, so that we may define said intervals by the
dilation factors where a supporting hyperplane reaches a new lattice
point.





Part II

A W O R K E D - O U T E X A M P L E

To many, mathematics is a collection of theorems. For me,
mathematics is a collection of examples; a theorem is a

statement about a collection of examples and the purpose of
proving theorems is to classify and explain the examples...

— John B. Conway





4
Z O N O T O P E S

The first step towards introducing the permutahedron will be to intro-
duce a more general object, the zonotope. We will then see how the
permutahedron is a very special zonotope and use general properties
of zonotopes to derive an expression for the Ehrhart polynomial of
the permutahedron.

4.1 minkowski sums & newton polytopes

Polytopes abound in Ehrhart theory, and now the construction of
zonotopes will involve a certain way of adding them up. Consider
the polytopes P1,P2, . . . ,Pm ⊂ Rd, and define the Minkowski sum
of them as

P1 +P2 + · · ·+Pm = {x1 + x2 + · · ·+ xm|xk ∈ Pk}. (17)

It shouldn’t be too hard to see that indeed parallelepipeds can be
constructed as Minkowski sums of certain line segments.

Ehrhart theory essentially involves constructing polynomials out
of polytopes, and we now describe a method for doing the opposite.
Given a polynomial in d variables p(z1, z2, . . . , zd) we define its New-
ton polytope N(p(z1, z2, . . . , zd)) as the convex hull of all exponent
vectors corresponding to non-zero terms in the polynomial, i.e., writ-
ing p(z) =

∑
m∈Zd

amzm we have

N(p(z)) = conv({m ∈ Zd|am ̸= 0}) ⊂ Rd. (18)

Not for nothing have these two objects been introduced together,
for it turns out that Newton polytopes of products of polynomials
exactly correspond to Minkowski sums of the Newton polytopes of
the individual polynomials. More clearly, given p(z1, z2, . . . , zd) and
q(z1, z2, . . . , zd) polynomials in d variables we have

N(p(z)q(z)) = N(p(z)) +N(q(z)). (19)

This is a fact that can be directly verified by considering the typical
element of the product p(z)q(z) which takes the form amanzm+n so
that the convex hull of the m + n’s such that aman ̸= 0 should be the
Minkowski sum of the convex hulls of the m’s such that am ̸= 0 and
the n’s such that an ̸= 0.

23
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Figure 5: The zonotope Z
((−1

3

)
,
(
2
3

)
,
(
4
2

))
.

4.2 zonotopes & pavings

If parallelepipeds arise from the Minkowski sums of certain specific
line segments, then we could generalize that notion by defining an
object that arises from any Minkowski sum of line segments. A zono-
tope is just that object (an example of which can be found in fig-
ure 5), and we say that the zonotope generated by line segments
[a1, b1], [a2, b2], . . . , [am, bm] is the Minkowski sum

Z([a1, b1], [a2, b2], . . . , [am, bm]) = [a1, b1] + [a2, b2] + · · ·+ [am, bm].

We may equivalently regard each of these line segments as having
an endpoint at the origin and the other at the vector uk, so that the
zonotope generated by these vectors is given by

Z(u1, u2, . . . , um) = {λ1u1 + λ2u2 + · · ·+ λmum|λk ∈ [0, 1]}. (20)

Both polytopes and pointed cones have already been decomposed
into simplices and simplicial cones. We now describe a natural way to
decompose a zonotope. First define for linearly independent vectors
w1, w2, . . . , wm ∈ Rd the half-open parallelepiped

Πw1,w2,...,wm = {λ1w1 + λ2w2 + · · ·+ λmwm|0 ⩽ λk < 1 or 0 < λk ⩽ 1},

where the choice between 0 ⩽ λk < 1 and 0 < λk ⩽ 1 for each k is
made as is convenient (this will be made clearer in what follows). We
then get the following lemma.
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Lemma 6. The zonotope Z(u1, u2, . . . , un) may be written as a disjoint
union of half-open parallelepipeds of the form Πw1,w2,...,wm where each set
{w1, w2, . . . , wm} is a linearly independent subset of the vectors uk. The
choice of the λk’s, as mentioned above, is made as is convenient so that the
union is indeed disjoint.

Proof. The proof here is by induction on n. The base case is immediate
as the zonotope Z(u1) is just 0 ∪ (0, u1]. Now suppose we have for
n− 1 the decomposition

Z(u1, u2, . . . , un−1) = Π1 ∪Π2 ∪ · · · ∪Πk.

We define the hyperplane H normal to the vector un and take π(ui)

to be the orthogonal projection of ui onto H for each 1 ⩽ i ⩽ n−

1. Then clearly Z(π(u1),π(u2), . . . ,π(un−1)) is a zonotope that lies
on H. Since this zonotope likewise has n− 1 generating vectors, we
have a decomposition for it into m half-open parallelepipeds, each of
which is generated by some linearly independent subset of the π(ui)’s.
We let Π̃1, Π̃2, . . . , Π̃m be the parallelepipeds generated by the same
subsets but this time of the unprojected vectors and define

Pj = Π̃j × (0, un].

The decomposition for Z(u1, u2, . . . , un) will be the disjoint union

Π1 ∪Π2 ∪ · · · ∪Πk ∪P1 ∪P2 ∪ · · · ∪Pm.

We call such a decomposition of a zonotope into half-open paral-
lelepipeds a paving of the zonotope (the paving of the zonotope in
figure 5 may be found in figure 6).

The usefulness of paving a zonotope comes from considering what
the Ehrhart polynomial for a half-open parallelepiped Π will be. From
linear algebra we know the volume of a parallelepiped generated by
linearly independent vectors will be the absolute value of the deter-
minant of the matrix whose columns are these vectors. This will (as
will be shown shortly) also coincide here with the discrete volume
and so we have

#(Π∩ Zd) = volΠ = |det(w1, w2, . . . , wd)|.

On the other hand, given that Π is half-open, we can easily tile a
dilate tΠ of it by td translates of Π, thus the discrete volume of the
dilate will be td times that of the undilated parallelepiped, i.e.,
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Figure 6: The paving of the zonotope Z
((−1

3

)
,
(
2
3

)
,
(
4
2

))
from figure 5.

LΠ(t) = #(tΠ∩ Zd) = td#(Π∩ Zd).

Since the leading coefficient of LΠ must be volΠ, and this is valid
for all t, we have also just shown the validity of the assertion above
about (relative) volume coinciding with discrete volume for these par-
allelepipeds.

Finally we return to the case of a general zonotope Z which as
we’ve shown can be paved by half-open parallelepipeds and conclude
that its Ehrhart polynomial LZ(t) = cdt

d + cd−1t
d−1 + · · ·+ c0 will

have the coefficients ck equal the sum of the relative volumes of the
k-dimensional parallelepipeds in the paving of Z.
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P E R M U TA H E D R A

We are now about ready to introduce the special zonotope which will
serve as our main example going forward. After introducing a class
of zonotopes derived from graphs and giving the more common def-
inition for the permutahedron, we will see how it is one of these spe-
cial zonotopes and how that leads to its Ehrhart polynomial having a
rather pleasing combinatorial interpretation.

5.1 graphical zonotopes

In the preceding chapter we introduced the notion of zonotopes as
Minkowski sums of line segments. Consider now an arbitrary graph
Γ on the vertex set [d] (since this will always be the vertex set for this
construction we use Γ simply to refer to the edge set of the graph). A
zonotope ZΓ related to this graph is called its graphical zonotope and
defined to be

ZΓ =
∑

(j,k)∈Γ

[ej, ek] ⊂ Rd, (21)

where the sum here is of course a Minkowski sum and ei is the ith

standard unit vector in Rd.

5.2 general & regular permutahedra

A special kind of polytope stemming from combinatorics is the so-
called permutahedron. In general given a d-tuple (x1, x2, . . . , xd) ∈
Rd with xj ̸= xk we define the permutahedron P(x1, x2, . . . , xd) gen-
erated by this d-tuple to be the convex hull of the d! points obtained
by taking all possible permutations of the xk’s, i.e.,

P(x1, x2, . . . , xd) = conv({(xσ(1), xσ(2), . . . , xσ(d))|σ ∈ Sd}).

In particular, considering the d-tuple (0, 1, . . . ,d − 1) we obtain a
polytope whose vertices correspond exactly to the d! permutations
of the first d natural numbers (two examples of which may be seen
in figures 7 and 8). We could call this the regular permutahedron of
order d Pd to distinguish it from any other permutahedron defined
by a d-tuple, but since we will restrict ourselves to these we shall
henceforth refer to it simply as the permutahedron (of order d). Notice

27
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Figure 7: The (regular) permutahedron of order 3, P∋. Notice each of its ver-
tices corresponds to a permutation of the first 3 natural numbers
and each of its edges corresponds to a transposition (the edges are
also color coded and the bars in the bottom-right corner show the
transposition corresponding to each).

that because of the particular tuple being used here an alternative
definition is

Pd = conv({(σ(1) − 1,σ(2) − 1, . . . ,σ(d) − 1)|σ ∈ Sd}). (22)

As promised we will now see that the permutahedron is in fact
a zonotope and we will further see that it is a graphical zonotope
corresponding to the complete d-graph, whose paving leads to a nice
interpretation for LPd

. We begin with the following theorem.

Theorem 7. The permutahedron is a zonotope defined as the Minkowski
sum of the line segments between each pair of standard basis vectors in Rd,
that is,

Pd = [e1, e2] + [e1, e3] + · · ·+ [ed−1, ed]. (23)

Proof. The square Vandermonde matrix in d variables is the matrix

V =


xd−1
1 xd−2

1 · · · 1

xd−1
2 xd−2

2 · · · 1
...

...
. . .

...

xd−1
d xd−2

d · · · 1

 ,
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Figure 8: The (regular) permutahedron of order 4, P△. Notice each of its ver-
tices corresponds to a permutation of the first 4 natural numbers
and each of its edges corresponds to a transposition (the edges are
also color coded and the bars in the bottom-right corner show the
transposition corresponding to each).

whose determinant, the Vandermonde polynomial, is known (sev-
eral proofs of this exist which we omit here, see [11, p. 84] or [15]) to
be given by the simple expression

det(V) =
∏

1⩽j<k⩽d

(xk − xj).

We can, however, also compute this determinant directly via cofac-
tor expansion, at each step noting that having chosen a term xmk this
will be the sole term containing variable xk (all others lie on the same
row) and the sole term containing an mth power (all others lie on the
same column), that is,

det(V) = xd−1
1 ·

∣∣∣∣∣∣∣∣∣∣∣

xd−2
2 xd−3

2 · · · 1

xd−2
3 xd−3

3 · · · 1
...

...
. . .

...

xd−2
d xd−3

d · · · 1

∣∣∣∣∣∣∣∣∣∣∣
− xd−2

1 ·

∣∣∣∣∣∣∣∣∣∣∣

xd−1
2 xd−3

2 · · · 1

xd−1
3 xd−3

3 · · · 1
...

...
. . .

...

xd−1
d xd−3

d · · · 1

∣∣∣∣∣∣∣∣∣∣∣
+ · · ·+ (−1)d−1 ·

∣∣∣∣∣∣∣∣∣∣∣

xd−1
2 xd−2

2 · · · x2

xd−1
3 xd−2

3 · · · x3
...

...
. . .

...

xd−1
d xd−2

d · · · xd

∣∣∣∣∣∣∣∣∣∣∣
and we proceed analogously for each minor so that in the end we

have something of the form
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det(V) =
∑
σ∈Sd

(sgnσ)x
σ(1)−1
1 x

σ(2)−1
2 · · · xσ(d)−1

d ,

where the precise sign of each term is unimportant insofar as we’re
only interested in taking the Newton polytope of this. The Newton
polytope under consideration is then

N(det(V)) = conv({(σ(1) − 1,σ(2) − 1, . . . ,σ(d) − 1)|σ ∈ Sd}) = Pd.

On the other hand, going back to the simpler expression for the
determinant and once again taking its Newton polytope we get

N(det(V)) = N

 ∏
1⩽j<k⩽d

(xk − xj)


=

∑
1⩽j<k⩽d

N(xk − xj)

=
∑

1⩽j<k⩽d

[ej, ek],

and setting these equal to each other gives us the desired result.

It is immediate from this result to see that indeed the zonotope
corresponding to the permutahedron is the graphical zonotope of
the complete d-graph Kd, seeing as how the sum runs over the line
segments between each pair of unit vectors and this implies (j,k) is
an edge for every pair j,k ∈ [d]. One final thing to note here, and
which can be quickly checked from the definitions, is that the vector
description of this zonotope is Z(e1 + e2, e1 + e3, . . . , ed−1 + ed).

5.3 the ehrhart polynomial of Pd

It seems perfectly natural at this point to bring everything from the
preceding two chapters together and somehow use the knowledge
that Pd = ZKd

and the paving of the latter to find a tractable ex-
pression for LPd

. Since we have the vector description Z(e1 + e2, e1 +
e3, . . . , ed−1 + ed), the definition of a paving gives us the half-open
parallelepipeds

∑
ej+ek∈S

(0, ej + ek]

for each linearly independent subset S of the set {e1 + e2, e1 +

e3, . . . , ed−1 + ed}, let I be the set of all possible such subsets. Then
the full disjoint union that paves Pd is
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0∪
⋃
S⊂I

 ∑
ej+ek∈S

(0, ej + ek]

 .

Since we already know what the coefficients of the Ehrhart polyno-
mial of a zonotope will be in terms of the (relative) volumes of the
parallelepipeds paving it, we now need only understand what the lin-
early independent subsets I are, as well as what the volumes of these
parallelepipeds should be.

We begin by defining for every subset S (linearly independent or
not) of {e1 + e2, e1 + e3, . . . , ed−1 + ed} the graph on the vertex set [d]
GS where (j,k) is an edge if ej + ek ∈ S. Next we consider what it
means for S to be linearly independent. It means no ej + ek ∈ S can
be written as a linear combination of other elements of S, but as far
as GS is concerned this means there is no path from vertex j to vertex
k other than edge (j,k), and so GS contains no cycles and is thus a
forest. A quick argument working in reverse shows us that likewise
if GS is a forest then S must be linearly independent (we could have
also noted that the elements of S are columns in the incidence matrix
of GS and checked that said matrix has full rank) and so we have
an equivalence between the linearly independent subsets I and the
(labeled) forests in [d].

Now recall from the previous chapter that the volume of a half-
open parallelepiped such as the ones used to pave a zonotope equals
the number of lattice points in the parallelepiped. Notice each paral-
lelepiped ΠS paving Pd generated by the linearly independent subset
S (of size e) is exactly

ΠS =

 ∑
ej+ek∈S

λjk(ej + ek)|0 < λjk ⩽ 1

 ,

so that any point (x1, x2, . . . , xd) ∈ ΠS may be written


x1

x2
...

xd

 = CGS


λ1

λ2
...

λe

 ,

where CGS
is the (d× e) incidence matrix of the graph GS with e

edges and we’ve relabelled the λjk’s appropriately.
If we have that S corresponds to a single ej + ek, then clearly CGS

is exactly this same vector with a 1 in coordinates j and k and a 0

elsewhere and there is a single λ, meaning every point in ΠS will
have xj = xk = λ and 0 elsewhere. Thus, given 0 < λ ⩽ 1, the only
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lattice point in ΠS is ej + ek. If we have S of arbitrary cardinality e,
because GS must be a forest it has some leaf, say vertex ℓ is a leaf
connected to the rest of the forest by edge m. Then every point in ΠS

has xℓ = λm and in order for it to be a lattice point we need λm =

1. We now eliminate coordinate xℓ, row ℓ and column m from CGS
,

and coordinate λm (because we’ve seen how these are related) which
corresponds to considering the forest GS without vertex ℓ and edge
m, this is again a forest. But now we’re back to the same situation
with a linearly independent subset of size e− 1, then by induction it’s
clear we’ll need all λk’s to be identically 1 if a point in ΠS is to be
a lattice point so that volΠS = 1 for all linearly independent subsets
S ∈ I.

We close this chapter with a few remarks leading to a theorem
about the interpretation of LPd

. First, note that if a half-open par-
allelepiped corresponding to a subset S ∈ I as defined above is k-
dimensional, then not only does it correspond to a forest on [d], but
it corresponds to a forest with exactly k edges. Second, note that
because the (relative) volume of each of these parallelepipeds is 1,
adding them up for all k-dimensional parallelepipeds is nothing more
than counting how many such parallelepipeds there are. Finally, hav-
ing concluded that the coefficients ck of the Ehrhart polynomial of a
zonotope equal the sum of the relative volumes of the k-dimensional
parallelepipeds in its paving, and interpreting each parallelepiped in
terms of forests, we may state the following theorem.

Theorem 8. The coefficient ck in the Ehrhart polynomial of the permutahe-
dron LPd

counts the labeled forests on [d] with exactly k edges.

It is worth noting that these coefficients correspond to sequence
A138464 on the OEIS [12].



Part III

PA RT I N G W O R D S

The irreducible price of learning
is realizing that you do not know.

— James Baldwin





6
R AT I O N A L E H R H A RT T H E O RY O N
P E R M U TA H E D R A

We now begin an exploration into rational Ehrhart quasi-polynomials
corresponding to permutahedra. It is our goal to find the form taken
by ŁPd

(r), as well as to find what information about Pd (if any) is con-
tained within it and what combinatorial interpretation (if any) may
be given to its coefficients.

6.1 warming up

Having had little experience with rational Ehrhart quasi-polynomials
so far, it might be prudent to first explore them for the two easy
examples we’ve worked with thus far, □d and ∆d.

The unit square is a very friendly first foray into rational Ehrhart
theory because its structure makes its rational quasi-polynomial quite
tractable. Consider the form of any dilation of □d, r□d = [0, r]d. It’s
easy to see that the lattice point enumeration here may proceed as
with the integer dilation case, by considering the number of lattice
points in a single segment [0, r] and raising this to the dth power. Of
course when we deal with an integer dilation factor this takes the
simple form (t+ 1)d, but even in the rational case the floor function
and the related rational part function give us (⌊r⌋+ 1)d = (r+ (1−

{r}))d and expanding this we find

Ł□d
(r) =

d∑
k=0

(
d

k

)
(1− {r})d−krk,

where it’s clear that qk(r) =
(
d
k

)
(1− {r})d−k is piecewise polyno-

mial of degree d − k (an example for d = 3 can be seen in figure
9).

As for ∆d, seeing as how it’s not a full-dimensional polytope, it will
suit us to consider a projection of it that will make it full-dimensional.
It shouldn’t be too hard to verify that indeed the convex hull of the d

standard unit vectors in Rd and the origin will yield a polytope with
the same combinatorial properties and the same Ehrhart polynomial
L∆d

(t) =
(
d+t
d

)
. Now we see the rth dilation of the d-simplex as the

subset of Rd with all positive coordinates bounded by the hyperplane
x1 + x2 + · · ·+ xd = r and immediately we notice it will only pick up
new lattice points when the dilation factor is an integer. Once again
making use of the floor and rational part functions, and writing out
the expansion of the binomial coefficients, we get

35
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Figure 9: The coefficients qk(r) of Ł□3
(r), clearly exhibiting the fact that

they’re each piecewise polynomial of degree 3− k.

Ł∆d
(r) =

1

d!

d∏
k=1

(r+ (k− {r}))

=

d∑
k=0

 1

d!

∑
1⩽ℓ1<ℓ2<···<ℓd−k⩽d

(ℓ1 − {r})(ℓ2 − {r}) · · · (ℓd−k − {r})

 rk

which despite not being as nice a closed form as that for Ł□d
(r) still

clearly shows qk(r) as being piecewise polynomial of degree d−k (an
example for d = 3 can be seen in figure 10).
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Figure 10: The coefficients qk(r) of Ł∆3
(r), clearly exhibiting the fact that

they’re each piecewise polynomial of degree 3− k.

Unfortunately rational Ehrhart quasi-polynomials do tend to be
much trickier than their classic counterparts and finding closed forms
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for them is no easy task. Indeed the last two examples already high-
light this as going from the very easy □d to what should still be fairly
easy in ∆d greatly complicates ŁP(t), and the two-dimensional exam-
ple worked in detail by Linke only further illustrates the intricacies
involved. It seems we have our work cut out for us when it comes to
Pd and we might want to avoid taking on the problem head-on for
the time being.

6.2 a naïve approach

Our initial approach to study the permutahedra’s rational Ehrhart
quasi-polynomials will be to make use of numerical methods in order
to brute-force a lattice point enumeration for rational dilations of a
few permutahedra of low order. The hope is that in so doing we may
encounter a pattern which may be exploited in order to construct the
rational quasi-polynomial without having to derive it the way we did
previously, or at least to have a way to verify the result. Likewise,
we’d like to use these results to perhaps find a possible combinatorial
interpretation for the coefficients in analogy to that in terms of forests
we saw previously.

The computer algebra system Mathematica was used to write func-
tions that would find every lattice point in a given dilation rPd for
d ∈ {2, 3, 4, 5, 6} and the size of the resulting list is taken to be ŁPd

(r).
For the full details of this implementation see appendix a.

An immediate limitation here is the fact that the functions imple-
mented need to find the actual lattice points in order to count them,
so that as either d or r grows this becomes more and more computa-
tionally intensive (this is partly the reason for only writing functions
up to d = 6). In order to keep computing time reasonable, then, we’re
forced to make do with fewer and fewer results for larger values of d
and r, but it is exactly for these larger values that more information
shows up and thus the more valuable the results are for our purposes.
This last statement is an important one. As can be readily seen from
figures 11 and 12, whereas it seems like P2 and P3 only pick up new
lattice points at integer dilations, this is not something that holds up
for d ⩾ 4, and indeed some rather more interesting patterns begin
emerging here. A small caveat here is that, because of the form taken
by the description of the polytopes and the implementation this leads
to, computational complexity grows faster for functions counting lat-
tice points in permutahedra of even order than for those of odd order.

The first result, that P2 only picks up new lattice points at inte-
ger dilations, can be readily seen from the fact that when we project
this permutahedron in order to make it full-dimensional we actually
get P2 = [0, 1] = □1, but we already know rational Ehrhart quasi-
polynomial for □d(!) we thus get our first rational Ehrhart quasi-
polynomial for a permutahedron,



38 rational ehrhart theory on permutahedra

0.0 0.5 1.0 1.5 2.0 2.5 3.0

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Dilation Factor

La
tti
ce
P
oi
nt
s

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0

10

20

30

Dilation Factor

La
tti
ce
P
oi
nt
s

Figure 11: Lattice point enumeration for rP2 (left) and rP3 (right) with r

going from 0 to 3 with step size 1
5 .
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Figure 12: Lattice point enumeration for rP4 (left) and rP5 (right) with r

going from 0 to 3 with step size 1
5 .

ŁP2
(r) = r+ (1− {r}). (24)

Unfortunately this is the only order for which this is quite so sim-
ple, and even the case of P3 is still not fully fleshed-out. We do, how-
ever, have good reason to believe that the results from the numeri-
cal treatment are correct and this permutahedron only picks up new
lattice points at integer dilations since, thanks to it still being a rel-
atively low order, at least for small enough dilation factors we can
work it out by hand and obtain the exact lattice points that occur (es-
sentially carrying out the same process as the Mathematica function
in all its detail) for verification. This in turn lends better credibility to
the results for higher orders so that we may set out to turn those into
rational quasi-polynomials as desired.

The next step taken towards our goal was to generate several ta-
bles of values where we might find useful patterns (see appendix a
for more on these as well). Tables were likewise algorithmically gener-
ated by asking Mathematica to evaluate all 5 functions for the differ-
ent permutahedra with dilation factors between 1 and 5 and varying
the step sizes, first taking step size 1 where we just replicate what
could be done with the Ehrhart polynomial we found in chapter 5,
and then taking step sizes 1

pk
where pk is the kth prime number (we

prioritize understanding rational dilation factors with prime denom-
inators since other denominators may be obtained from these and it
was noticed that, for example, the behavior of one of these functions
with dilation factors with denominator 15 seemed to simply combine
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features of denominators 3 and 5), this was done for k ∈ {1, 2, 3, 4} in
order to cap the number of evaluations for a given table at 35 since for
d = 5 and d = 6 each evaluation took quite a while. Citing the caveat
above about computational complexity in relation to the parity of d,
it may be possible that if more data is needed we could extend this
process for larger r or larger k in the dilation factor by specializing
to P3 and P5 (even P2 might be included since we do have its ratio-
nal Ehrhart quasi-polynomial figured out), and/or extend it with the
current values of r and k but writing extra functions for P7 and P9.





7
F I N A L R E M A R K S , F U T U R E W O R K

Before closing the book on this brief exploration into Ehrhart theory
we return to some of the results and lessons derived therefrom and
comment on the work that remains to be done.

7.1 noteworthy results & lessons learned

As mentioned in the introduction, studying polytopes is something
that arises naturally in many areas of mathematics, as their descrip-
tion actually fits several wildly different situations. In order to achieve
this, Ehrhart theory proves to be a rather easily-stated tool that never-
theless holds within it tremendous complexity. As to this complexity,
depending on the exact setting it may be most appropriate to restrict
oneself to the most basic Ehrhart theory (integral polytopes and in-
teger dilations), to the more general theory (rational polytopes and
integer dilations), or to go all the way to the rational theory (rational
polytopes and rational dilations), since as we’ve seen with each gener-
alization does come more information and nuance, but at the expense
of greater complexity and a less well-understood theory (there is even
a further generalization to real dilation factors [4] which is far beyond
the reach of the exposition here).

The construction of zonotopes proves to be a very useful one as
well, thanks to their flexible construction which allows us to gener-
ate a whole host of interesting polytopes. Moreover, though we re-
stricted ourselves to the special zonotopes known as permutahedra,
the existence of a combinatorial interpretation for the coefficients of
their Ehrhart polynomials is entirely general (extending the idea of
counting forests in the case of permutahedra, the general case counts
a more general object known as a quasi-forest) and allows for a rich
understanding of them [5, Chapter 9]. A deep dive into these objects,
their Ehrhart theory, and their combinatorial properties, would cer-
tainly yield many interesting results.

As for permutahedra specifically, it’s surely easy to see why they
happen to be very interesting objects to study in the field of combi-
natorics, insofar as they share a deep connection to permutations. A
related object which is likewise of major interest to combinatorics and
related areas is the associahedron, though this one has a few differ-
ent descriptions and would probably turn out to be generally more
unwieldy. Finally, permutahedra of the type discussed here are but a
subclass of a larger set known as Coxeter permutahedra, all of which
may be (and have been) similarly studied [1].

41
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Lastly, the treatment given to the rational Ehrhart theory of permu-
tahedra is evidently in its infancy but, given how complex we can
expect the resulting rational quasi-polynomials to be, the use of tools
such as computer algebra systems has turned out to be very illumi-
nating and may indeed pave the way forward in this regard. Results
for lower order permutahedra and with small dilations factors, which
can be readily treated by hand, serve as good checks during the pro-
cess that lend more credibility to results for higher orders and/or
dilation factors.

7.2 still to come

Future work in this area is plentiful. Beginning, of course, with finish-
ing the construction of the rational Ehrhart quasi-polynomials of per-
mutahedra and the exploration of the information contained therein,
as well as possible combinatorial interpretations for the coefficients.
After this, one of three routes would be most sensible. Either repeat
a similar exploration for other Coxeter permutahedra, repeat a simi-
lar exploration for a different class of zonotopes, or dive deeper into
these permutahedra, perhaps by exploring other aspects of it such as
the ones in [2, 3, 13].



Part IV

A P P E N D I C E S

The purpose of computation is insight, not numbers.
— Richard Hamming





a
N U M E R I C A L M E T H O D S

In this appendix we briefly outline the implementation of the lattice
point enumerators for permutahedra on Mathematica, as mentioned
in chapter 6. This is merely meant to be descriptive, however, and the
actual code involved may be found in its entirety on Github1.

a.1 the hyperplane description of Pd

In order to write the functions we first needed a hyperplane descrip-
tion of the permutahedra. Seeing as how Pd has as its vertices points
whose coordinates are permutations of the first d natural numbers, it
stands to reason that its points are precisely such that the sum of its
coordinates is the sum of the first d natural numbers (the triangular
number Td−1), i.e., we have as a first hyperplane

Hd = {(x1, x2, . . . , xd) ∈ Rd|x1 + x2 + · · ·+ xd = Td−1}.

Next, we once again note that due to its construction via permuta-
tions of the first d natural numbers, each coordinate must be between
0 (the triangular number T0) and d− 1 (the difference of triangular
numbers Td−1 − Td−2), yielding for each of the d coordinates a pair
of hyperplanes, the intersection of all of which results in

H1 = {(x1, x2, . . . , xd) ∈ Rd|T0 ⩽ xk ⩽ Td−1 − Td−2},

this in turn, intersected with hyperplane Hd, already fixes what
sums of any d− 1 coordinates can be.

We continue in this fashion, noting what the sum of any two co-
ordinates needs to be (considering for instance a vertex and, if one
coordinate is already 0, the next smallest needs to be 1, if one coordi-
nate is already d, the next largest needs to be d− 1), it needs to be at
least 1 (the triangular number T1) and at most 2d− 1 (the difference
of triangular numbers Td − Td−2), yielding for each of the

(
d
2

)
pairs

of coordinates a pair of hyperplanes, the intersection of all of which
results in

H2 = {(x1, x2, . . . , xd) ∈ Rd|T1 ⩽ xj + xk ⩽ Td−1 − Td−3},

this in turn, intersected with hyperplane Hd, already fixes what
sums of any d− 2 coordinates can be.

1 https://github.com/nmaldonado42/Permutahedra
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In general, for every ℓ ∈ {1, 2, . . . ,d/2} (if d is even) or every ℓ ∈
{1, 2, . . . , (d+ 1)/2} (if d is odd) we will get an intersection of hyper-
planes that fixes bounds for the sum of any ℓ coordinates of points in
our permutahedron of the form

Hℓ =

(x1, x2, . . . , xd) ∈ Rd

∣∣∣∣∣∣Tℓ−1 ⩽
∑

1⩽k1<k2<···<kℓ⩽d

xkj
⩽ Td−1 − Td−1−ℓ

 .

We thus get as a hyperplane description of Pd the intersection of
Hd and all the Hℓs,

Pd = Hd ∩
⋂
ℓ

Hℓ. (25)

a.2 counting functions

Seeing as how permutahedra are not full-dimensional, we consider
here projections of them that do make them full-dimensional. It turns
out that projections for odd d also happen to make centrally sym-
metric, whereas those for even d don’t. This explains the previously
mentioned relation between computational complexity and the parity
of d, whatever specific computations Mathematica carries out in the
background somehow benefit from central symmetry.

Counting functions were written for each Pd to take in a dilation
factor t as input, look for non-negative integers satisfying all the in-
equalities given by the hyperplanes described previously dilated by
t, and then return the dimension of the resulting list of solutions as
output. As an example, this is what the function for P3 looks like:

\[ScriptCapitalP]3[t_] := Dimensions[Solve[{a + b + c == 0, -

t <= a <= t, -t <= b <= t, -t <= c <= t}, {a, b, c},

Integers]][[1]]

a.3 extracting results

Finally, in order to extract results for further examination, tables were
generated as described previously in chapter 6. The code for generat-
ing these tables was simple enough:

Table[Grid[Table[Table[i[t], {t, 0, 5, 1/Prime[k]}], {i, {\[

ScriptCapitalP]2, \[ScriptCapitalP]3, \[ScriptCapitalP]4,

\[ScriptCapitalP]5}}]], {k, 1, 4}]

and can be easily extended if needed to include further output
for larger dilation factors, more permutahedra (if more functions are
written), or more prime denominators.
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