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“It is not in the nature of things for any one man to make a sudden violent discovery; science

goes step by step, and every man depends on the work of his predecessors. When you hear

of a sudden unexpected discovery —a bolt from the blue, as it were— you can always be sure
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which makes the enormous possibility of scientific advance. Scientists are not dependent on the

ideas of a single man, but on the combined wisdom of thousands of men, all thinking of the

same problem, and each doing his little bit to add to the great structure of knowledge which is

gradually being erected.”
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This thesis dissertation concerns the quantum dynamics of strongly interacting many-body sys-

tems under several non-equilibrium scenarios. Mimicking many real life settings, and especially

some current major experiments, during most of this work we will deal with symmetrical in-

teractions among the components, which will generate collective dynamics with high degree of

correlation. The focus all throughout this work has been on the possibility of accurately con-

trol the quantum properties of the system, even at the microscopic level, by cleverly choosing

macroscopic manipulation protocols. Our main results can be summarized as follows. First, we

thoroughly investigate the irreversible defect formation when the Dicke model, a paradigmatic

light-matter system, is made to cross its quantum phase transition (QPT). Furthermore, we

have been able to explain this dynamical QPT for totally connected lattices, which had re-

mained unresolved by well-known theories like the Kibble-Zurek mechanism. This was done by

means of a broad encompassing critical function theory. Also, by going beyond semi-adiabatic

evolutions, we have discovered that the dynamical QPT of the Dicke model has an intermedi-

ate regime where non-equilibrium processes provide a huge enhancing of quantum properties,

far beyond the capabilities of equilibrium, quasi-equilibrium, or sudden quench schemes. Fi-

nally, we provided theoretical evidence and insights for the possibilities of quantum magnetism

interactions in current high precision alkaline earth atom lattice clocks.

http://www.uniandes.edu.co
 http://ciencias.uniandes.edu.co
http://fisica.uniandes.edu.co


Acknowledgements

There are many people I wish to thank for their support during this long and hard journey of my

doctoral studies. First, I want to thank my mentors, starting with my advisor, Professor Luis

Quiroga, whose dedication and guidance were crucial. Together with Prof. Quiroga, I thank for

their contribution with such a great research experience to the other two co-authors of most of

the published papers of my thesis: Professors Ferney Rodŕıguez and Neil Johnson. They were
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Introduction

In the last decades, several experimental breakthroughs have been achieved in the realization

of strongly interacting many-body quantum models, with a very high degree of control and

fine monitoring [1]. This is especially true in condensed matter aggregates of real or artificial

atoms in cavity QED and circuit QED [2, 3], as well as in trapped ultra-cold atomic systems

[4, 5]. These advancements have stimulated a very active theoretical research on many phe-

nomena exhibited by these systems, like quantum phase transitions, emergence of quantum

chaos, non-reversible evolutions (memory effects), collective generation and propagation of en-

tanglement, critical universality, and finite-size scalability. The level of understanding of these

complex effects is particularly scarce in non-equilibrium situations, and this thesis dissertation

summarizes our contribution to this research frontier. Our work have also been motivated by

its implications to quantum control protocols, which can be of particular interest in quantum

metrology, quantum simulations, quantum computation, and quantum information processing

[6–8]. In many situations, the relevant dynamics can be expressed in terms of a symmetrical

interaction of the components, leading to a highly coordinated all-to-all system. Our work is

centered on these kind of situations. However, we have found that many of our conclusions can

be extended beyond the all-to-all scenario.

Many-body quantum dynamics is at the core of many natural and technological phenomena,

from understanding of superconductivity or magnetism through applications in quantum infor-

mation processing as in adiabatic quantum computing [8]. Spin networks, many-body systems

composed of the simplest quantum unit, are an evident starting point to start understanding

those phenomena as they enclose much of their complex behavior in a highly controllable and

tractable way. While it is the system as a whole the one that has been mostly investigated, a

focus on specific parts of the system can be useful, either for trying to accomplish advantageous

microscopic quantum control through macroscopic changes of the system, or for monitoring and

characterizing the collective phenomena with a more specific perspective.

One big focus of our work have been the Dicke model (DM) [9, 10], when it is made to dy-

namically cross its quantum phase boundary. Irreversible effects of this crossing can be seen in

quantum hysteresis curves of the ground state fidelity and system’s heating [11]. Also, for the

near adiabatic regime, the presence of a minimal energy gap in the phase boundary makes that

1



Introduction 2

along the critical threshold the adiabatic condition breaks down. During this critical crossing,

we have found a new dynamical continuous scaling universality, which goes beyond traditional

critical exponent approaches like the Kibble-Zurek mechanism [12, 13]. We have proven that

our new approach is not only valid for all-to-all systems like the DM or (its universality class

related) the Lipkin-Meshkov-Glick model, but it can also be be implemented in spatially dis-

tributed systems like the 1D Ising model. Due to the continuous character, the traditional

equilibrium universality classes become partitioned under more stringent conditions, if the dy-

namical quantum phase crossing of two-different systems are meant to be equivalent.

Beyond quasi-adiabatic evolutions, we have found in the DM a dynamical phase transition to a

highly complex light-matter entangled state, which had remained unnoticed because of previous

research mainly aiming at the adiabatic or the sudden quench limits [14–16]. The new phase is

characterized by quantum chaos, fragmented Wigner distributions, and the dynamical sponta-

neous breaking of symmetry [17, 18]. The field superradiance is dynamically enhanced during

this chaotic phase. Additionally, the phase transition is preceded by a magnified separate light

and matter squeezing, which is related to internal quantum entanglement. We have established

a thorough understanding of the conditions at which this phase emerges, including its scaling

according to system size and annealing velocity, separating the chaotic phase from the near

adiabatic and sudden quench regimes.

One crucial aspect for the generation of high quantum correlations in the DM is its strong

all-to-all interaction, which allows to macroscopically coordinate the state of the atoms. This

effect, which is essentially a squeezing effect, has been recently employed to push forward the

precision of time measurement standards in 2D confined atomic clocks of alkaline earth atoms

[19]. However, atomic collisions complicate the behavior of these systems, and further theoretical

understanding is needed. Under some realistic conditions, p-wave collisions dominate, and the

effective Hamiltonian for the orbital states is a collective spin model in a Dicke manifold very

similar to the DM [20]. In addition, an underlying SU(N) symmetry of the nuclear spins allows

that very varied initial quantum state transfer conditions can be achieved by highly controlled

Ramsey pulses. Taking advantage of the similarities in methods and concepts with the DM, we

have extended our analysis of highly correlated all-to-all interaction to this cold atom setting.

Importantly, some of the results can be expressed analytically. We have found several regimes

at which the exchange interaction can be affected depending on conditions of external magnetic

field and initial driving pulses. Our results open a starting point for quantum simulations of

systems with magnetic order like perovskite-like crystals.

Our work has shed light on many aspects of the on time, out of equilibrium, macroscopical con-

trol of non-trivial collective quantum properties of many-body systems under strong coupling

conditions, leading to all-to-all interactions, without resorting to any semi-classical approxi-

mation and always taking account of the relevance of finite-size effects. We have successfully
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provided a broad and fully quantum picture that can even be extended to general theories, as is

the case of universal critical functions in the dynamical crossing of quantum phase transitions.



Chapter 1

The Dicke Model and its dynamical

QPT

This chapter is a preamble containing essential ingredients that will play a major role in the

next two chapters, and gives the first impression of the kind of many-body non-equilibrium

situation that has been at the center of this doctoral thesis. Besides giving an introduction to

the Dicke model and its quantum phase transition, this chapter will discuss some aspects of the

most prominent and recent experimental realizations of the model, which are in the branch of

ultra-cold atomic physics. We also present our first set of original results concerning Landau-

Zener-Stückelberg processes (quantum hysteresis) in the DM, preceded by some theoretical

background that contextualize the results.

1.1 Introduction

During the last decades, there have been significant advances in the experimental realization

and control of many-body quantum systems [1]. Many of these realizations can be regarded

as particular cases of an interaction between matter and radiation (or some sort of bosonic

excitation field). Also, from a theoretical point of view, in several cases these systems can be

readily modeled as matter consisting of a single or several two-level systems (qubits) and ra-

diation as a set of independent harmonic oscillators. The kinds of physical systems that could

be approached by this perspective range from cavity Quantum Electrodynamics (QED) and

circuit QED [2, 3, 21, 22], ultra-cold atomic physics [4, 5, 23–25], artificial atoms of semiconduc-

tor heterostructures interacting with light [26, 27] or with plasmonic excitations [28–30], and

many more. Since these systems comprise several degrees of freedom, their theoretical study

has been traditionally approached by approximate perturbative methods [31]. Most of these

approximations rely on the assumption that the matter-radiation interaction is weak and/or

entirely dissipative. These regimes are no longer a limit in many experimental realizations, and,

4



Chapter 1. The Dicke Model and its dynamical QPT 5

moreover, there is a bunch of effects of the strong structured interaction regime that could be of

interest for quantum control and extended to applications in quantum information processing

and quantum computation [32].

The major task of quantum control, especially in fields like quantum computation, is to reli-

ably manipulate quantum systems while preserving advantageous properties such as coherence,

entanglement, and purity. However, all realistic implementations must take into account that co-

herent control contains an error; and estimations say that the allowable error in the fidelity of an

usable quantum operation must be of the order of 10−4 or less [33]. Such aim has demonstrated

to be considerably difficult to achieve, both because of the fine experimental requirements, and

also because of the inherent complexity of the systems involved. The present work will concern

about this second difficulty, and thus it will try to advance in the comprehension of the control

and monitoring of many-body quantum systems.

One model that will occupy a big part of this thesis is the Dicke Model (DM) [9], a strongly

interacting light-matter system arising over a wide range of applications on condensed matter

physics as well as in atomic, molecular and optical physics. Despite significant knowledge

has accumulated about its static properties across its parameter space, with the emergence of a

superadiant quantum phase transition (QPT) [34], scarce is known about the dynamical crossing

of this transition. In other words, much of the past work on this model has focused on static

properties or equilibration schemes leaving many aspects of the non-equilibrium evolution as

open problems. We advanced this state of knowledge by exploring the time dependent quantum

control of DM by means of a tuned interaction, in regimes where strong correlations among the

components play an essential role.

In this chapter we present the essential generalities of the DM in section 1.2, followed by an

exposition of a very prominent experimental realization of it (section 1.3). Later, in section 1.4,

the setting of the DM under a Landau-Zener-Stückelberg (LZS) cycle is brought up in order to

give a first glance of the non-trivial dynamics that can emerge. Finally, we briefly summarize

the main results in section 1.5.

1.2 The Dicke Model

The DM describes a radiation-matter system which, despite its simplicity, exhibits a wide ar-

range of complex collective phenomena, many of them specifically associated with the existence

of a QPT [35–37]. The DM consists of a set of identical qubits symmetrically coupled to a single

radiation mode. It can be described by the microscopic Hamiltonian [9],

Ĥ(t) =
ε

2

N∑

i=1

σ̂(i)
z + ωâ†â+

λ(t)√
N

(
â† + â

) N∑

i=1

σ̂(i)
x (1.1)
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where σ̂
(i)
α are Pauli matrices, and N is the number of qubits. Energies ε and ω represent

the qubit and field transition frequencies respectively, while λ represent a scaled interaction

parameter. Over the first three chapters of this thesis, we are going to deal with non-equilibrium

scenarios when the DM is driven by this parameter λ as a mean of quantum control. That is

why we state the time dependence λ(t) explicitly. Under many situations, as all the ones we

consider in our work, the dynamics of the DM do not require the consideration of the 2⊗N ⊗N
dimensional Hilbert state that takes into account all possible states of the qubits 1. Instead,

SU(2) collective operators Ĵα = 1
2

∑N
j=1 σ̂

(i)
α can be used, and then Hamiltonian 1.1 can be

written in the form,

Ĥ = εĴz + ωâ†â+
2λ(t)√
N
Ĵx

(
â† + â

)
. (1.2)

Here, operators Ĵα act on the totally symmetric manifold, also known as the Dicke manifold,

where the operator Ĵ2 =
∑

α Ĵ
2
α is a good quantum number (a constant of motion) with eigen-

value J(J + 1), and J = N/2. In this manifold, all qubits are treated in exactly the same way,

as a set of N two-level indistinguishable bosons. This manifold is just N dimensional, instead

of the original 2⊗N dimension of the matter subsystem entire Hilbert space.

The DM is deemed to achieve its thermodynamic limit (TL) when its matter subsystem size

goes to infinity, i.e., when N →∞. Much of the attractiveness of the DM lies on the presence of

a second-order quantum phase transition (QPT) at this TL [35–37], which means that there is a

significant change in the behavior of the ground state when its parameters are changed through

a specific set of critical values. The phase-boundary is described by the equation λc =
√
εω
2 . The

scaling of the interaction parameter in Eq. 1.1 is devised in order to have its phase transition

correctly defined in terms of ε and ω. When the coupling parameter λ is above the critical value,

the ground state of the system is characterized by a non-zero expectation value of its excitation

operators or order parameters (OP),

〈
N̂b

〉
≡
〈
â†â
〉
, and

〈
N̂q

〉
=

〈
Ĵz −

N

2

〉
. (1.3)

On the other hand, when λ < λc, the OPs are zero. Because of this property, the region

when λ > λc is called ordered or superradiant phase, and the other one is called normal phase.

Near the phase-boundary, and in the superradiant phase, there is a dependence of the OP〈
N̂b

〉
∝ (λ− λc) and

〈
N̂q

〉
∝ (λ− λc)1/2 [34]. This power-law behavior is typical of second

order phase transitions, since the OP function is continuous across the phase boundary, but has

a discontinuity in its derivative. For that type of phase transitions, the critical exponents are

a characteristic of the universality class to which the model belongs. The DM has also another

important constant of motion that also has the advantage of commuting with Ĵ2. This quantity

is parity, defined as Π̂ ≡ eι̇(N̂q+N̂b). In the ordered quantum phase (λ > λc), the Z2 symmetry

related to parity is spontaneously broken, in the sense that the TL ground state is two-fold

1As the qubits are usually regarded as generalized two level atoms, in many instances of this work we will
refer to the set of qubits as the matter subsystem.
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Figure 1.1: (a) Spectrum of the DM as a function of the interaction parameter λ both in the TL
and for some finite sizes when ω = ε = 1 in Eq. 1.2. All energies are measured with respect to the
ground state energy. A second order QPT occurs at value λ = 0.5 when the energy gap vanishes.
This spectrum was computed in the even parity sector of the model. (b) Schematic of recent
successful realizations of the DM in a BEC of 87Rb atoms confined by a magneto-optical trap,
made to interact with the field mode of a high finesse cavity by means of a pumped transverse
field [4, 5].

degenerate, corresponding to the two different eigenvalues of Π̂. Also, at the quantum critical

point (QCP) λc, the DM presents and infinitely degenerated vanishing energy gap [34], as it is

shown in Fig. 1.1a. This zero energy gap in the TL poses an impossible barrier to dynamically

cross the phase boundary, at any finite time, while maintaining the system in the ground state.

While current knowledge of the light and matter properties in the DM equilibrium ground state

are relatively well known [38–42], its fully quantum out-of-equilibrium critical behavior is just

starting to be understood [12, 14, 17, 18, 43]. Most of the properties previously described for

the TL have manifestations for finite sizes versions of the model. We illustrate that fact in Fig.

1.1a by showing the spectrum for some chosen values of N . The QCP is not a zero gap point

anymore, but a minimum finite gap that gets smaller and smaller as the system size grows. It

also gets slightly stranded to higher values of λ as compared to the TL case. That kind of scaling

properties, i.e. dependence on size, have been extensively studied in the DM in the equilibrium

situation [38–42, 44–46]. This poses the question on how those scaling properties translate to the

case when the Hamiltonian varies on time through variations of its parameters. This question

plays a major role during most of this thesis, and is an inquiry that had been quite scarcely

addressed. Something that contrasts with the big amount of literature that has been written

about the static properties. The dynamical version of the QPT has nevertheless been explored.

However, among the works that explored the issue of the critical dynamical evolution of DM,

many exploit the TL at some level, and either resort to a semiclassical approximation [14, 47],

or other perturbative approaches [48], or open system’s Langevin equations that fail to cross

the phase-boundary [49]. In strong contrast, our approach will always tackle the problem at the

very quantum level, something almost exclusively to contemporary research [12, 13, 17, 18, 43].

From the theoretical point of view, the dynamical crossing of the QPT in the DM is still a
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non-trivial open problem concerning non-equilibrium effects in a strongly interacting quantum

many-body system.

1.3 Realization of the DM in cold atom settings

Many experimental realizations of the DM have been discussed during the last decades, several

of them being around implementations in circuit QED, where superconducting qubits play the

role of the matter subsystem [2, 3, 21, 22]. Notwithstanding, it could be said that the branch

of experiments that deserves most of the attention is that demonstrating DM superradiance in

ultra-cold atom optical traps, especially 87Rb Bose-Einstein condensates [4, 5, 50, 51]. Those

experiments are so prominent that a main description of them is pertinent. More excitingly,

those experiments seem to approach a level of quantum control that it seems that soon at least

some of the results of these thesis will be confirmed. Also, this explanation of experimental

techniques provides a valuable concrete representation of the DM, that could help the reader to

have an actual physical picture of our theoretical results. The following presentation is based

on Refs. [4, 5, 50, 51], especially Ref. [5].

Figure 1.1b depicts a schematic drawing of the main components of the experiment. An ultra-

cold cloud of N ∼ 105 87Rb atoms confined by a magneto-optical trap inside a high finesse

Fabri-Perot cavity. The cloud is driven by a transverse pump laser whose wavelength is the same

as that of the fundamental mode of the cavity. The combined cavity and pump laser setting

produce an optical lattice potential that affects the motion of the atoms in the cloud through

coupling with far-detuned atomic resonances. This coupling causes that the matter wave state of

the atoms symmetrically symmetrical interacts with each other through the mediating presence

of the radiation mode. At low intensity pump power εp, the Bose-Einstein Condensate (BEC)

remains in its condensate (almost spatially uniform) translational ground state. However, when

a critical value of εp is reached, the ground state becomes a grid-like matter wave as the one

shown in Fig. 1.1b. This change of configuration constitutes the QPT, whose spontaneous

symmetry breaking is caused by the fact that two matter wave configurations, distinguishable

only by a phase difference of π, have the same lowest possible energy. The effective two-

level system (qubit) of this system is composed of the ground BEC translational state and the

fundamental grid-like matter wave state for each atom 2. There are several ways to monitoring

the system. The two most fundamental manners are: addressing the radiation field by coupling

one of the (unavoidably) leaky walls of the cavity to a detector, or using time of flight methods

to measure the matter wave modes. It is interesting to see that each technique measures the

state of one of the two main components of the DM, i.e., light and matter respectively.

We will now proceed to map the essential physics of the experiment into the DM Hamiltonian in

Eq. 1.2. The degrees of freedom involved can be described by the mode creation (annihilation)

2A more realistic description would include more than these two translational states
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operator â (â†), the matter wave corresponding field operators Ψ̂(r), and the pumping laser

amplitude αp(t) simulated by a c-number. The Hamiltonian then reads [52],

ĤBEC = ω0â
†â+

∫
d2rΨ̂† (r)

[
− ∇

2
r

2ma
+

∆0

(
â† cos kz + α∗p (t) cos ky

)
(â cos kz + αp (t) cos ky)

]
Ψ̂ (r) , (1.4)

where ma is the mass of the atoms, ∆0 is the light shift per intra-cavity photon, and ω0 is the

radiation mode frequency. Now, we approximate the field operator by a Fourier series in the

grid plane (which we suppose is the zy plane),

Ψ̂ (x, y, z) ≈ Φ̂0(x)
∑

nz ,ny

A−1/2ĉnz ,nye
ι̇k(nzz+nyy) , (1.5)

where the numbers nz, ny indicate the matter wave modes, and k the angular wave number.

After this, we restrict the dynamics to the the manifold generated by the field operator of

the uniform BEC state ĉg = ĉ0,0, and the fundamental first excited matter wave mode ĉe =
1
4 (ĉ1,1 + ĉ1,−1 + ĉ−1,1 + ĉ−1,−1). Under these approximations, Hamiltonian in Eq. 1.4 can be

written as,

ĤBEC ≈ 1
2 |αp(t)|

2
(
ĉ†eĉe + ĉ†g ĉg

)
+

k2

2ma
ĉ†eĉe + ωâ†â+

1
2∆0â

†â
(
ĉ†eĉe + ĉ†g ĉg

)
+ ∆0

4

(
â†αp(t) + âα∗p(t)

)(
ĉ†eĉg + ĉ†g ĉe

)
. (1.6)

After discarding global phases, going to rotation frame, and using as Dicke states,

|m〉 =
1√

m! (N −m)!

(
ĉ†e
)m (

ĉ†g
)N−m

|0〉 , (1.7)

we can obtain Hamiltonian in Eq. 1.2. Then, there exists the following equivalences among

parameters,

ε =
k2

2ma
, ω = δc − 1

2∆0N, λ (t) =

√
N

4
∆0 |αp (t)| . (1.8)

Where δc is the the atom-laser frequency detuning. Notice how the laser becomes the actual

control parameter, the knob for driving the DM across parameter space. This way, every time

we speak about modulating λ(t), we can think that process as changing the pumping laser

power.
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1.4 Quantum Hysteresis in the Dicke Model under a LZS cycle

1.4.1 Theoretical background

There is a model that probably constitutes the simplest possible case of a crossing of a QCP of a

time-dependent Hamiltonian. This is the Landau-Zener (LZ) model and it reduces the situation

to a two level system with the following Hamiltonian [53, 54],

ĤLZ = −∆0

2
σ̂x +

ε0 − ε(t)
2

σ̂z . (1.9)

The energy-gap between the ground state and the excited state is ∆(t) =
√

∆2
0 + (ε(t)− ε0)2.

At the QCP ε = ε0, the system reaches the minimal energy-gap ∆ = ∆0. The classical setting

of the problem is to make a transition with a variation ε(t) = υt starting from t = −∞ in the

ground state, that is, starting at |0〉3. The probability of ending in the excited state at t =∞,

which turns out to be |0〉, is a classical result in the LZ problem and it is given by,

PLZ = exp

(
−π∆2

0

υ

)
, (1.10)

where the ratio
∆2

0
υ is called the adiabatic parameter. It is worth noticing that when υ is very

small, we have zero probability for the system to jump to the excited state. Therefore, the limit

υ → 0 accomplishes the perfect adiabatic evolution. One interesting aspect of the LZ problem

is that much of its dynamics is determined during the short interval at which the minimum-gap

is crossed. This is true to the point that a LZ can be seen as analogous to a beam-splitter [55],

since the probability in Eq. 1.10 for the system staying in state |0〉 can be seen as equivalent

to a transmission coefficient which characterizes the odds for a beam to go through a partially

reflecting mirror. The analogy with the beam-splitter could be extended, and then one may

want to reverse the evolution of ε(t) and cross again the critical gap. This complete cycle is

known as a Landau-Zener-Stückelberg (LZS) process. At the end of a LZS cycle, the probability

of staying in the |0〉 state can be approximated by the formula [55],

PLZS = 4PLZ(1− PLZ) sin (θ12 + ΦS) , with θ12 =

∫ t2

t1

∆(t)dt . (1.11)

The time t1 and t2 defines the interval between the two crossings of the gaps. The phase ΦS

is called Stokes phase and it is determined entirely by the form of the minimum gap, so it

does not depends on the velocity υ. On the other hand, the dynamical phase θ12 is in inverse

proportion to υ; or equivalently, in direct proportion to the total time of the cycle τ ∝ 2υ−1.

That way, Eq. 1.11 implies that one should expect an oscillatory behavior with respect to τ

of the probability for finishing the cycle in the same state at which it was started, these are

3We mean by |0〉 one of the two states of the qubit, the other one being |1〉. In this notation, σ̂z ≡ |1〉 〈1|−|0〉 〈0|.
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Figure 1.2: Quantum hysteresis profiles as measured by ground state fidelity p0(t) as a function
of λ(t) when the interaction parameter performs a LZS cycle as specified by Eq. 1.12. The DM
system size is N = 15. The entire profile is shown for cycles starting at (a) the normal phase, or
at (b) the λ > 0.5 ordered phase. Bright and dark fidelity fringes to the right part of the graphs
are Stückelberg oscillations. Some particular curves of the profile in (a) are shown in (c) in order
to show the area enclosed by the non-reversible process, which show that LZS neither too fast nor
too low are the ones with more hysteresis. The QPT boundary in the TL is marked by a white
line in (a,b) and a grey one in (c).

known as Stückelberg oscillations [56]. Despite its simplicity, the LZ problem has found an

enormous range of application in several experimental situations. Also, some generalizations of

its concepts can be done to tackle the dynamics in more than two levels [57–59].

1.4.2 The Dicke Model under a LZS cycle

Let us suppose resonant energies, ε = ω = 1 in Hamiltonian of Eq. 1.2 and let us suppose that

a DM undergoes a triangle-like LZS cycle described by,

λ(t) =

{
λ1 + 2(λ2 − λ1)t/τ, t ≤ τ/2
λ2 + 2(λ1 − λ2)(t/τ − 1/2), t > τ/2

; (1.12)

where λ1 and λ2 are respectively zero (one) and one (zero) depending on whether the system

starts (ends) in the normal (superradiant) phase. Let us also suppose that at t = 0 the system

is in the ground state corresponding to its starting value of λ. We will assume that this state is

always in the even parity sector. The velocity of the cycle is characterized by its total time τ . For

any value of λ(t) there is a set of instantaneous eigenstates |ϕn(λ(t))〉 of the DM Hamiltonian.

If |Ψ(t)〉 represents the actual dynamical state, we can express the probability of being in the

instantaneous eigenstates as,

pn(t) = |〈ϕn(λ(t))|Ψ(t)〉|2 . (1.13)

In particular, the probability of being in the ground state p0(t) is known as fidelity.

In fig. 1.2a-b we present dynamical profiles for p0(t) over a wide range of cycle times τ for

an N = 15 DM with both forms of performing the LZS cycle in Eq. 1.12. Very high values

of τ correspond to almost zero probability of exciting the system, so it almost follows the
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Figure 1.3: Non-reversibility of the dynamics as witnessed by the light Wigner distributions
Wb, for a DM with N = 15 and a LZS cycle time τ = 20. (a,c) Initial states.(b,d) Final states.
(a-b) Cycle start and ending point at the normal phase (λ = 0). (c-d) Cycle start and ending
point at the ordered phase (λ = 1). The irreversible consequences of hysteresis are manifested
in complex small structures (b) and negative regions (d) of Wb, these features are respectively
related to quantum chaos and non-classical light.

instantaneous eigenstate during all the time evolution (adiabatic limit). In the other extreme,

at very short times, the system simply is not able to respond to changing the Hamiltonian, so

that it remains frozen in the initial state (sudden quench limit). In such a limit, the fall in the

fidelity is due to differences between the instantaneous ground state and the starting one as

predicted by the QPT. Thus, this change is concentrated around the QCP. On the other hand,

the path between these two limits is not monotonous, and complex oscillations arise by varying

the value of τ . This is a many-body version of Stückelberg oscillations, as defined in Eq. 1.11.

In fig. 1.2c we chose particular ground state fidelity evolutions in order to see how they stand

against the annealing parameter λ(t). It is interesting to notice that they tend to enclose an

area that may be called a quantum hysteresis curve, as it has been recognized in experimental

realizations of the DM [5]. This curves measure the amount of irreversible excitations developed

by the LZS cycle. Both adiabatic and sudden quench limits represent low degrees of hysteresis,

while the intermediate regime have a very non-trivial evolution of excitations. In chapter 3 we

will see that this intermediate regime of velocities are dominated by outstanding non-equilibrium

processes.

In addition to ground state fidelity, we also present quantum hysteresis effects by means of the

field Wigner quasi-probability distribution, which is a theoretical tool from Quantum Optics

that contains the same information as the density matrix [60]. It is defined as,

Wb (α, ρ̂b) =
∞∑

n=0

(−1)n 〈n| D̂†(α)ρ̂bD̂(α) |n〉 , (1.14)

where D̂(α) = eαâ
†−α∗â is the displacement operator, and α ∈ C is related to the field quadra-

tures by
√

2α = x + ι̇p. Despite their apparently abstract definition, Wigner functions can be

reconstructed experimentally [61].

Figures 1.3a-d show how after intermediate τ LZS processes, the final state of light gets very

different from how it started. The initial Gaussian-like shapes of the distributions are appre-

ciably distorted. Negative values of the distribution appear, especially for the cycles starting in
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the superradiant phase (Figs. 1.3c-d). Also, for the cycle starting in the normal phase (Figs.

1.3a-b) the final stage is full of small wiggles that spread over the distribution. Negativity of

Wigner function is related to distinctively quantum states of light, while small structures like

the wiggles in Fig. 1.3b are associated to quantum chaos [62].

1.5 Conclusion

We have presented the DM Hamiltonian and the main properties that make it so interesting for

studying highly correlated many-body systems, especially in the context of coupled matter-light

systems. We have also explained a set of cold-atoms experiments that provides a more tangible

intuition of the type of physical systems that can be involved under the DM physics. Finally,

we have given a first glance of the kind of results that can emerge from submitting the DM

under a driving over its interaction parameter. This has been done with a brief presentation of

the behavior of the DM under LZS cycles. We have seen that highly non trivial behaviors can

emerge, especially outside the relatively simple cases of sudden quench and adiabatic limits. In

the next chapters we will substantially extend these initial remarks.



Chapter 2

Near-adiabatic dynamical scaling

universality across a QPT

This chapter focus the study of non-equilibrium quantum critical phenomena (already intro-

duced in the previous chapter) on the near-adiabatic regime, i.e, when the control parameter is

varied at relatively slow rates. In such cases, the main effects are concentrated in the lower part

of the excitation spectrum and then it is possible to find equivalent effects if the driving rate

is adjusted to the system size, i.e., it is possible to find size-independent scaling. Also, in this

chapter we will not restrict ourselves to the DM, despite being our central motivation. Now we

add two other models that serve to establish a very general view of this QPT near-adiabatic

scenario. The theory that we develop is so broad that allows us to group different models into

an equivalence class, where properties of one model can be easily mirrored by many others, i.e.,

we will establish the foundations of universality in this non-equilibrium QPT context.

2.1 Introduction

Scaling is a widespread phenomenon in nature, which determines how the patterns of a definite

system change as its size is varied. From allometric scaling on physiological features of an

organism with respect to overall size in biology [63], to the relation between the frequency of

a word and the size of a written text [64], these scaling phenomena have usually found an

expression through a power-law formula relating the variables. In physics, this kind of relations

have been also extensively discovered and, in particular, critical phenomena (behavior of physical

systems near a phase transition) have been found to be governed by these power-laws [65].

However, instead of directly addressing a scaling subject to system size variations, in critical

physical phenomena it has been largely understood through variations of state parameters like

temperature or external fields, where the critical exponents of the power laws are only exact

14
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near the phase boundary and in the TL, when the number of system components N goes to

infinity [10].

This kind of scaling has been found even in non-equilibrium situations, and at the zero temper-

ature limit of QPTs. The usual framework for describing the main dynamical scaling features

of many-body QPTs has been the Kibble-Zurek mechanism (KZM) [66–68], a broad scope ap-

proach that can be applied to both classical [69] and quantum systems, and to finite [70, 71]

and zero-temperature cases as well. However, the KZM only provides a way of estimating fi-

nal power-law behavior of observables, and it is based on the critical exponents as they can

be found in the TL. This KZM scheme has been successful for the case of adiabatic critical

scaling of finitely connected spin networks like the Transverse-Field Ising Model (TFIM) and

one-dimensional Bose-Hubbard models [72–78]. In those cases the lattice is short-range con-

nected, in the sense that each qubit has only two nearest neighbors that interact directly with

it. The KZM employs the presence of correlation lengths and critical exponents in order to

make quantitative predictions, which casts serious doubts on whether it can be applied to sys-

tems with an undefined spatial distribution like the DM and the Lipkin-Meshkov-Glick model

(LMGM) [79, 80]. Detailed explanations of adiabatic collapse have also usually focused on

approximations that are only valid for very tiny excitations of the system, in adiabatic QPT

theory [81, 82].

In this chapter we will depart from the traditional KZM and adiabatic QPT theory. We will see

that scaling is to be found all along the dynamical evolution around the critical threshold, and

that is valid for times scales that range from the really adiabatic ones up to the regime where

the KZM is applied. We will demonstrate the existence of universal critical functions, that

includes critical exponents only as precursors of these effects. It turns out that this continuous

scaling structure present in the low-energy excitation spectrum of the system around the critical

threshold is the only sufficient and necessary condition for near-adiabatic dynamical scaling.

Given that this condition is also satisfied by the finitely connected models, our findings, further

supported by analytical and numerical results, explain why the KZM is limited on understanding

adiabatic dynamical scaling, and switch the attention to the really relevant mechanism leading to

it. Scaling functions go beyond critical exponents by incorporating richer information about the

dynamics of the underlying many-body system, including finite-size effects, and hence extending

the range of validity over which theoretical predictions can describe empirical data [83].

One of the main interests for researching zero temperature near-adiabatic phenomena is its rele-

vance for applications in what has been called adiabatic quantum computation [7, 84–86], which

aims to achieve high-fidelity quantum information processing by varying external conditions at

very low rates, taking advantage of the robustness of a many-body system. The scalability of

the evolution is essential for many implementations of the adiabatic quantum protocols. As the

system size gets bigger (and so the simultaneously processed information), longer computing
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Figure 2.1: These figures overlap the λ dependent spectrum of a DM with (a-c) N = 15 and (d)
N = 21 and the time evolution of the probability pn(t) (see Eq. 1.13) of finding the system in a
definite instantaneous eigen state, represented by the size of red circles. The dynamical crossing is
a linear ramp from the ground state at λ = −1 until λ = 1 with constant annealing velocity (AV)
υ = dλ

dt . The TL critical value is at λ = 0. The faster the evolution, the harder is for the system
to stay in the ground state, thus populating excited states and generating heating. A comparison
between (a) and (d) shows that at the same AV, bigger system sizes will be more excited as the
critical energy gap gets narrower. Notice that in the near-adiabatic regime, major changes only
occur when fundamentally crossing the critical threshold.

times are required to obtain the same level of fidelity. As it is illustrated in Fig. 2.1, an in-

terplay between size and driving rate arises. The process may be discarded as inviable if the

computation times are not kept low enough as compared to decoherence times, other disturbing

noises, or simply is impractical for the amount of quantum information required.

On the other hand, from the experimental perspective, applications in cold-atoms simulations

are currently one of the most promising techniques to reach highly tunable realizations of model

systems with QPTs, and then performing adiabatic processes on them. Starting from the strik-

ing achievement of the Bose-Hubbard model and its superfluid-Mott insulator transition [87],

this area has greatly increased the accessible physics with respect to QPTs [25]. The pres-

ence of equilibrium universality properties in these models led to the exploration of whether

zero-temperature universal dynamics are also possible, and several model systems have already

been examined [73–76]. The sufficient conditions that the present results provide for adiabatic

quantum simulations could extend the range of models effectively realized by these experiments.

We will see with the systems with same values of critical exponents (same universality class) do

not necessarily exhibit the same continuous near-adiabatic dynamics, as the critical functions

pose more stringent conditions for universality than critical exponents. This is a crucial hint for

adiabatic quantum simulations, in which a particular model is taken to act as experimental sur-

rogates of another one [88]. The universal scaling functions reported here can be combined with

experimental results and theoretical extensions of the core concepts to study phase transitions

at finite temperature and/or classical systems.

This chapter is structured as follows. In section 2.2 we present the models and setting of near-

adiabatic QPT we are going to consider. After that, a theoretical background of the KZM is

given in section 2.3. We then show in section 2.4 that a regime with the characteristics of the
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KZM is present in all three models under consideration, but the KZM fails in providing the

correct critical dynamical exponents. In section 2.5 we present our novel continuous critical

function theory, demonstrating its significantly wider scope as compared to the KZM and adi-

abatic QPT theory. Section 2.6 explains how the new continuous scaling picture changes the

perspective of what should be considered as a dynamical equivalence class. Finally, section 2.7

highlights the central message of this chapter.

2.2 Models and methods

In this section we define the three models this chapter is about, review their basic properties,

and define the general dynamical QPT scheme. The DM has been already introduced in chapter

1 so we will not discuss it again here. There is only a difference with respect to Eq. 1.1. The

microscopic Hamiltonian for the DM used in this chapter will be,

ĤDM(t) =
1

2

N∑

i=1

σ̂(i)
z + â†â+

λ(t) + 1

2
√
N

(
â† + â

) N∑

i=1

σ̂(i)
x . (2.1)

In other words, there is just a different convention for writing the interaction parameter. It is

made for convenience, because that way many equations will be easier to write.

The next model is TFIM, which consists of a one dimensional chain of N qubits with nearest-

neighbor couplings and under the action of an external transverse field. Its Hamiltonian is,

ĤTFI(t) = −
N∑

i=1

{
σ̂(i)
z + (λ(t) + 1) σ̂(i)

x σ̂(i+1)
x

}
, (2.2)

where cyclical conditions are imposed in the sum (σ̂
(1)
α = σ̂

(N+1)
α ). This model is exactly solvable

[89], and it has been recently simulated by ultra-cold atoms [90]. Finally, the LMGM is the

totally connected version of the TFIM. Its Hamiltonian is of the form [91],

ĤLMG =
N∑

i=1

σ̂(i)
z +

λ(t) + 1

N

(
N∑

i=1

σ̂(i)
x

)2

. (2.3)

As well as it happens with the DM, the kind of states that are going to be relevant for the

LMGM are those in the maximal Dicke manifold in such a way that Eq. 2.3 can be written

with collective operators Ĵα. The dynamics will be also concentrated in the even parity sector,

as this is also a conserved quantity in the LMGM. This model has analytical solutions [92], but

their implementation is usually much more cumbersome that the numerical treatment. In fact,

Hamiltonian in Eq. 2.3 generates a bidiagonal matrix, which renders feasible the handling of

system sizes up to N = 213. Proposed realizations of the LMGM are widespread from BECs

[93] to circuit QED [94]. Figure 2.2a depicts cartoons of the three models.



Chapter 2. Near-adiabatic dynamical scaling universality across a QPT 18

Figure 2.2: (a) Illustration of the three different spin networks we will consider in this chapter:
the upper part picture represents the TFIM; the lower left part, the LMGM; and the lower right
part, the DM. The TFIM have a 1D spatially distributed interaction, while both DM and LMGM
are totally connected lattices which belong to the same equilibrium universality class. In the DM,
the field mode can be seen as the mediator of the all-to-all interaction among the qubits, while
in the LMGM the interaction is direct. (b) Schematics of the Kibble-Zurek mechanism across a
QPT. When a system is made to dynamically cross a QPT at relatively low velocities, it can follow
the adiabatic evolution during most part of the evolution except around the QCP, where it enters
an impulse stage. At this stage the system has not enough time to adapt to the changing order of
the ground state, and then only a partial order is gained after entering the adiabatic stage at the
other side of the QPT. The level of order acquired during this process depends on the velocity at
which the crossing is made, and also on the system size. The KZM makes predictions about the
final results by means of simple scaling relations involving the equilibrium critical exponents.

All three models have a second order QPT at λ = 0 in the TL [10, 35, 95], the λ < 0 part is

characterized by zero excitations (all qubits in −z state) while the λ > 0 forms of superposition

of x and −x states. Around the phase boundary, the TFIM model has a divergence in the

correlation length of the form ξ ∝ λ−ν and a behavior of the energy gap ∆ ∝ λνz, with critical

exponents ν = z = 1 [10]. The LMGM and DM belong to the same equilibrium universality class,

which means that many aspects of their QPT have strong equivalences. In particular, they have

the same critical exponents, being ν = 3
2 and z = 1

3 . The interpretation of the critical exponent

ν in those totally connected spin networks is subtler than in spatially connected systems like

the TFIM, since no clear correlation length can be defined. However, extrapolations of such

exponent have been established by interpreting the systems as the infinite dimensional limit of

finitely connected networks [96].

To describe the crossing of the QPT, we will analyze a simple case in which the annealing

parameter evolves linearly as λ(t) = υt since it leads to relatively simple formulae, though we

stress that extension to any power-law time-dependence is straightforward [12]. The control

parameter rate υ = dλ
dt will be called the annealing velocity (AV). We start in the ground

state |ϕ0(ti)〉 with λ(ti) = −1 at ‘negative’ time ti = −υ−1 (i.e. the zero of time is defined

as the instant where the system passes through λ(ti) = 0). This starting state represent zero

interaction among the qubits. The three systems will evolve with a time-dependent state |Ψ(t)〉
across the QCP, until positive time tf where λ(tf) = 1. For slow enough AV, the system should
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end in a final ground state |ϕ0(λ(tf))〉 representing perfect adiabatic evolution. However the

QCP hinders the many-body system from achieving this result, since the minimal energy gap

makes it easy for the system to jump out of the ground state (see Fig. 2.1). Since this gap gets

smaller as the system size increases, ever slower quenches are necessary to keep the system in

the ground state. Hence the fundamental effect of the crossing of QPTs is the loss of adiabatic

evolution.

In thermodynamics, at finite temperature, an adiabatic process is defined by the conservation

of entropy. However, in close quantum systems this definition is not useful since entropy is

conserved and set to zero during an unitary evolution. Instead, other indicators of adiabatic

evolution must be chosen. During this chapter we employ two main indicators. The first one

is ground state fidelity p0, which was already defined in Eq. 1.13. It lies in the interval

0 ≤ p0 ≤ 1 and has its maximum value for perfect adiabatic evolution. The second one is

heating,

Q(t) = 〈Ψ(t)| Ĥ(λ(t)) |Ψ(t)〉 − E0(λ(t)) , (2.4)

which is the difference between the actual expected value of energy and the instantaneous ground

state energy. Heating is always non-negative, and for adiabatic evolution is zero [97].

2.3 The Kibble-Zurek Mechanism

The KZM is a paradigm for analyzing dynamical defect formations across phase boundaries.

Despite it was originally devised for exploring the cosmological formation of structures [66–

68], the general scheme of the KZM can be extended to the crossing of thermodynamic phase

transitions and even to QPTs. The mechanism relies on an adiabatic-impulse-adiabatic approx-

imation, where excitations only emerge during a finite window around the QCP. The interval

of the impulse regime is defined by the moment when the characteristic time of the parametric

driving is comparable to the reaction time estimated by the inverse first excitation energy gap

[8].

In more specific words, the KZM for QPTs can be explained as follows. The rate at which the

annealing parameter changes is essential for achieving adiabatic control, and a time scale like

τυ ≡ λ(t)
(
dλ
dt

)−1
perfectly characterizes this aspect and it is called inverse transition rate [8].

Also, the adiabatic theorem determines a time scale that measures the disposal of the system

to achieve adiabatical evolution, let us call it reaction time τR, and it can be thought as the

time the system requires to adapt itself to the changes in its Hamiltonian in order to stay at the

ground state. This reaction time is usually inversely proportional to the energy gap between the

ground state and the first excited state [98]. In a neighborhood around the QCP, the reaction

time tends to diverge and the inverse excitation rate cancels out, as Fig. 2.2b illustrates. Given

the meaning of these time scales, one should expect that when τR � τυ the conditions for
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adiabatical driving are satisfied and the dynamics of the system consist of the trivial pursuit of

the ground state; this regime of evolution is called the adiabatic stage. On the other hand, when

this condition no longer holds, the system loses the ability of retaining the properties of the

ground state and it enters an impulse stage. Then one proposes the adiabatic-impulse-adiabatic

approximation, which predicts that the system freezes at the moment of entering the impulse

stage and it remains so until returning to an adiabatic stage at the other side of the QCP.

Therefore, the system enters the other phase quenched.

According to the definitions of critical exponents, divergence of the reaction time is characterized

by a power law,

τR ∝ |ε|−νz; ξ ∝ |ε|−ν , (2.5)

where we have also included the divergent behavior of correlation length ξ inherent to the phase

transition. Hence, the point at which the system freezes defines a characteristic time tC and a

characteristic length ξC . In terms of the AV υ, these characteristic magnitudes are,

tC ∼ υ−
νz

1+νz ; ξC ∼ υ−
ν

1+νz . (2.6)

It is at this point when the KZM becomes a predictive paradigm. It states that many final

properties of the system after the crossing of the phase boundary can be simply estimated by

dimensional analysis of the characteristic magnitudes in Eq. 2.6. For instance, if the system has

some sort of excitation density nexc., it will be of the order ξ−dC , where d is the spatial dimension

of the system. In the TFIM, this density can be thought as the inverse of average size of the

domains that acquire the new phase order (see small TFIM cartoons in Fig. 2.2b). Despite the

critical exponents present in the power-law scaling functions emerge from the TL, the effects

can be extrapolated to the finite-size case. In fact, the KZM has been successfully applied to

near-adiabatic QPT dynamics in spatially connected lattice models with finite size [72–75]. This

extrapolation is possible thanks to the length scale defined by correlations, which makes the

prediction essentially identical to the TL case if the system size is big enough to contain several

ordered domains.

2.4 Final dynamical scaling collapse after the critical threshold

Figure 2.3 shows both heating Q(t) and ground state fidelity p0(t) for λ ∈ [−1, 1] for the ramped

crossing of the QPT in the TFIM, the LMGM, and DM as well. For λ < 0, the behavior at a

given υ is independent of size, with virtually no loss of adiabaticity. Above the critical threshold,

however, excitations form following a scaled annealing velocity with respect to system size,

Λ = Nυµ . (2.7)
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Figure 2.3: Time-evolution of heating Q(t) (insets show ground state fidelity p0(t)) for (a)
TFIM, (b) LMGM, and (c) DM. Continuous lines represent results for N = 160 (TFIM), N = 211

(LMGM) and N = 29 (DM) qubits, while symbols correspond to half that size. When annealing
velocity υ is scaled properly with N , data collapse to a single size-independent value occurs after
crossing the QCP, around λ = 0.

Then, after the QPT, all systems exhibit a form of final value dynamical scaling. Also, the

almost vertical step around λ = 0 shows that the evolution is essentially adiabatic, except for

the narrow interval around the QCP where the major excitations are formed. Furthermore, Fig.

2.4 shows that a power law relation exists in final heating of the TFIM, as well as in the LMGM

and DM. A similar profile could be done with final ground state fidelity. This suggests that the

KZM could be correct in all three spin networks considered in this chapter, provided the AV

is scaled adequately in each case. The KZM is supposed to predict those final value dynamical

exponents [8]. In the case of heating, from Eqs. 2.6 and 2.7, we have the KZM scaling exponent

to be,

Qf ∼ 1/τ(tC) ∼ t−1
C ∼ υ

νz
νz+1 ∼ Λ

νz
(νz+1)µ , (2.8)

which is deduced from the energy gap when the impulse-adiabatic threshold is reached. For the

TFIM, the KZM prediction is Qf ∼ Λ1, which has been confirmed [73, 74]. By stark contrast,

the totally connected models do not match this estimate: instead of the KZM exponent of 1/3,

a scaling Qf ∼ Λ3/2 has been found. This exponent was already established in the literature

for the LMGM [79]; and we confirmed that the DM, its equilibrium universality class partner,

has the same dynamical scaling.

We then conclude that the KZM is not entirely valid for all-to-all spin networks like the DM

and LMGM. This should not be that surprising, as some assumptions of the KZM are not valid

in the totally connected case. In fact, the DM and LMGM have no definite length at all. Any

correlation for any pair of constituents is exactly the same. So, in this sense, they must be

considered spaceless. This means that any spatial scaling and diffusion of excitations cannot be

the cause of scaling dynamical behavior, contrasting with what has been portrayed for finite-

range models in the traditional KZM explanation. However, it is clear from Figs. 2.3 and 2.4

that universal dynamical scaling is still possible. We will see that we must look closer to what

is happening in the critical threshold. Then we will establish size-independent results not only

at a final stage of the critical process, but all throughout the dynamical critical evolution. The

cause will be a critical universal structure that is not only defined by the TL pair of critical
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Figure 2.4: Dynamical scaling exponent of final heating in the near-adiabatic regime. The three
models are presented in the same order as in Fig. 2.3. The KZM is able to explain the TFIM
exponent since it takes into account the spatial size of the defects caused by the QPT dynamical
crossing. However, this theory predicts an exponent of 1/3 for totally-connected models like the
TFIM and the DM. This failure shows that the traditional KZM is not as broadly reliable. This
justifies our development of continuous critical function scaling theory, which stays valid at both
extremes of spin network connectivity. The theory has also more explanatory power, since it
predicts continuous critical collapse instead of simple final defects scaling (see Fig. 2.6).

exponents; instead, we will construct a scaling theory all over the critical interval, in what could

be called continuous critical function scaling.

The dynamical scaling for the DM and LMGM set apart from those for the TFIM in one more

aspect: the degree of collapse, i.e., the minimal system size at which non-scaled finite-size effects

start to be negligible. This minimal size is much higher for totally connected networks. For

system sizes over N = 60, the TFIM exhibits almost perfect scaling collapse [76]. On the

other hand, it is clear in Fig. 2.3 that the DM needs much higher system sizes to make scaling

apparent, and the LMGM require even higher values of N . This difference lies in the way system

sizes affect the critical threshold. All three systems depart from perfect adiabaticity because of

infrared divergencies in the spectrum of low-energy modes in the TL [97]. These divergencies

are cut off by the system’s finite size itself and the more difficult this divergence is cut off by the

system size, the weaker the scaling collapse that could be expected. In systems with finite-range

interactions, excitations may be thought as quasiparticles along the lattice. Infrared divergences

are associated to quasiparticles of very long wavelengths and finite lattices set an upper bound

to this length scale L. As N denotes the number of lattice vertices, it is easy to see that this

length scale cut-off behaves as L ∝ N1/d where d is the lattice space dimension. Thus, higher

dimension lattices, i.e., more connected lattices, require higher system sizes to exhibit universal

dynamical behavior. This explains why the TFIM exhibits universal behavior at much lower

system sizes as compared to both DM and LMGM. The difference between the DM and LMGM

also has to do with the cutoff of infrared divergences, but not with respect to the connectivity of

the lattice which for these models is the same. It has been argued that the cutoff can be made

in open systems by a weak coupling to the environment, which would damp the very low energy

excitations [97]. If the TL picture of the DM is compared with that of the LMGM [34, 99],

it can been observed that, for every single value of λ, the LMGM looks composed by a single

bosonic mode while the DM consists of two of them. In both cases, only one bosonic mode
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suffers the vanishing of the energy gap while the second mode in the DM offers an effective

dynamical bath, making easier for the system size to cut off the gap.

2.5 Continuous critical function scaling theory

We have already seen that the important aspects of the dynamical crossing of the QPT are

defined around the critical threshold. Then we should look closer of what is happening there.

But first, it is convenient to express the time evolution of the system in terms of instantaneous

eigenstates:

|Ψ(t)〉 =
∑

n=0

an(t)e
−ι̇

∫ t
t0
En(t′)dt′

∣∣∣ϕ(n)
λ(t)

〉
, (2.9)

where Ĥ(t)
∣∣∣ϕ(n)
λ(t)

〉
= En(λ(t))

∣∣∣ϕ(n)
λ(t)

〉
for every time t. The an(t) evolution follows

dan(λ)

dλ
=
∑

m6=n
eiυ
−1φ

(N)
n,m(λ)χ(N)

n,m(λ)am(λ); (2.10)

where φ
(N)
n,m(λ) ≡

∫ λ
0 ∆

(N)
n,m(λ′)dλ′, which is the integral of the energy gap between eigenstates n

and m. The transition amplitudes χ
(N)
n,m ≡ −

〈
ϕ

(n)
λ

∣∣∣ d
dλ

(∣∣∣ϕ(m)
λ

〉)
can be written as χ

(N)
n,m(λ) =

V
(N)
n,m (λ)

∆
(N)
n,m(λ)

whenever eigenstates n and m are non-degenerate, and V
(N)
n,m are the matrix elements

of the interaction part of the Hamiltonian, mediated by λ. The superscript (N) indicates that

all the functions depend on the system size. Equation 2.10 is usually the central part of the

Adiabatic Theorem [100], which states that if υ �
∣∣∣∆n,m

χn,m

∣∣∣, then |an| remain constant. For

sufficiently slow annealing, this is satisfied outside the QCP region, implying that only the

eigenstates that reach a zero gap in the TL are relevant for the loss of adiabaticity. It is at this

point that critical function enter the picture, since χn,m and ∆n,m obey a scaling relation when

|λ| � 1 [40, 77, 101]:

χ(N)
n,m(λ) = N1/νCn,m(x), (2.11)

∆(N)
n,m(λ) = N−zDn,m(x); (2.12)

where x ≡ N1/νλ with ν and z determined through the power-law behavior in the TL [10, 44].

Figures 2.5a-b confirm the existence of critical function in all three models. It can be seen that

these functions start matching the TL power-law behavior for sufficiently large N and x.

The main result concerning continuous critical function scaling is that the evolution in Eq. 2.10

can now be cast in size-independent form:

dan(x)

dx
=
∑

n6=m
eiΛ
−1/µΦn,m(x)am(x)Cn,m(x), (2.13)
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Figure 2.5: Universal behavior of finite-size critical functions (a) C1,0 and (b) D1,0 as defined in
Eqs. 2.11 and 2.12. Symbols show results for system size N while continuous curves are power-law
predictions in the TL. (Thick red line is for both DM and LMGM. Thin black line is for TFIM).
Scales for the DM and LMGM are shown left-bottom and right-top respectively, and are set to
show that critical functions for both models have the same shape since they belong to the same
universality class. Horizontal scale for the TFIM is at the top, while vertical scale is not present,
but it goes up to 25 in (a) and 0.25 in (b).

where the scaled velocity is again Λ = Nυµ (µ = ν
1+zν ), and the dynamical phase difference is,

Φn,m(x) =

∫ x

0
Dn,m(x′)dx′ . (2.14)

Equation 2.13 predicts universal results in terms of excitation probabilities pn ≡ |an|2, and the

ground-state fidelity. As the energy spectrum has a regular behavior [34, 76, 99], the heating

will also be universal since Q ≡∑n pn∆n,0. This prediction is confirmed in Fig. 2.6 with both

adiabatic quantifiers behaving in a size-independent manner across the critical region. Hence

the generalization from critical exponents to critical functions expands the description from a

restricted final value collapse in Fig. 2.3, to a complete temporal picture of the collapse in Fig.

2.6.

Our new continuous picture based on critical functions includes the traditional results predicted

both by the KZM and by adiabatic QPT theory as special cases, since both can be expressed as

power-law dependencies at the end of the quenching process [79]. Adiabatic phase transitions

occur when there is even a lower probability of leaving the ground state than in the KZM. In

such a limit, the following approximation of Eq. 2.13 holds for n 6= 0:

an(λ) ≈
∫ λ

−1
eiυ
−1φn,0(λ

′
)χn,0(λ

′
)dλ

′
. (2.15)

Since the integrand is only non-negligible around the QCP, it follows that |an| ∼ υ, for which

pn ∼ υ2 and hence Qf ∼ Λ2/µ. The lower left part of Fig. 2.4b, shows that adiabatic exponent in

the LMGM. The critical functions for totally connected networks give some hint of the way the

KZM predictions fail. Figure 2.5a reveals that in the λ > 0 phase, there is an anomalous x−1/4

dependence caused by a divergent χ ∼ N1/2 transition amplitude [102, 103]. Furthermore, in

the λ < 0 phase, a x−1 dependence is present. Such exponents are specific to all-to-all networks

like the LMGM and DM, and this difference is not taken into account in the KZM. Other totally
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Figure 2.6: Magnification around QCP for the three models as in Fig. 2.3, with scaling of Q(t)
and λ(t). A continuous-in-time size-independent behavior is revealed, as predicted by Eq. 2.13
but outside the scope of critical exponent analysis.

connected models have been recently proven to follow KZM predictions [104], but those findings

belong to the Rabi model, in the z = 2 and ν = 1/4 universality class. We think that the

absence of anomalies in the Rabi model as the ones we are seeing in the LMGM and DM has

much to do with the success of the KZM in it.

Complete time-evolution curves of observables during linear ramping of a control parameter

were already shown to collapse in one-dimensional networks like the TFIM [72, 76, 77]. But

their explanations resorted to different approximations as adiabatic perturbation theory or the

continuity of the density of states around the QCP. In such cases, the spatial distribution of

the network was always acknowledged in the interpretation. All that hindered the full range of

network connectivities and times scales at which the continuous dynamical scaling collapse is to

be found. Instead, we present the scenario in its very essential components, which gives it much

greater scope. We believe that this is a major step in extending the finite size scaling theory in

critical phenomena started by Fisher and Barber [105], but now to the non-equilibrium situation

of near-adiabatic crossing of a QPT.

2.6 The partition of the equilibrium universality class

The failure of the KZM prediction for LMGM and DM highlights the accuracy of a dynamical

function approach as compared to power-law relations based on critical exponents. Dynamical

critical functions provide a full time-resolved picture of dynamical scaling in the near-adiabatic

regime, even around the critical threshold where excitations have not yet stabilized. The DM

and the LMGM seem to still belong to the same dynamical universality class, at least in terms

of their dynamical critical exponents, suggesting that they should evolve in a virtually equal

manner. Then, it would be very interesting to have such a degree of equivalence in the continuous

collapse we have unraveled through critical functions. This would have crucial implications for

the design and cross-checking of QPT annealing schemes, and perhaps more importantly, for

quantum simulations [88]. One could imagine adiabatic quantum simulation protocols, when
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a specific model is used to explore realizations of another one in the same universality class.

Examples in the TFIM and Bose-Hubbard models have demonstrated the viability of such

approach [76, 90]. As the DM has been already experimentally realized with ultra-cold atom

simulations while LMGM realizations is still ambiguously experimentally probed, the above

possible equivalency will allow to test LMGM physics in the lab at the near-adiabatic regime.

In the end, the LMGM can be seen as the DM where the interaction through the radiation

mode is summarized by an effective qubit-qubit interaction [39].

The fact that the curves for LMGM and DM in Figs. 2.5a-b have essentially the same shape,

might erroneously be taken as sufficient justification for using one as a quantum simulation

of the other – however, this is not true. No matter how a dynamical curve in Fig. 2.6b is

scaled, its shape will never completely match any curve of Fig. 2.6c. Instead, a thorough

examination of Eq. 2.13 reveals that equivalence between both near-adiabatic evolutions can

only be achieved if the functions {Cn,m(x)} scale as CDM
n,m(αx) = α−1CLMGM

n,m (x), which is a

much more stringent condition that is undetectable through critical exponent analysis. In short,

although equilibrium equivalence between systems around the QCP can be accomplished just by

having identical critical exponents, achieving continuous dynamical equivalence requires further

tuning of model parameters, thereby partitioning the traditionally static universality classes into

subsets of dynamically equivalent systems. This new classification through continuous critical

functions, that predicts near-adiabatic even qualitatively different for systems with exactly the

same critical exponents, is another indication of how much restricted is the KZM with respect

to our theory.

2.7 Conclusion

We revealed universal dynamical scaling behavior across near-adiabatic QPTs in networks rang-

ing from traditional spatial systems (TFIM) to fully connected ones (DM and LMGM). Our

findings, which lie beyond traditional critical exponent analysis like the KZM and adiabatic

perturbation approximations, are applicable even where excitations have not yet stabilized and

hence provide a time-resolved understanding of QPTs encompassing a wide range of near-

adiabatic regimes. We show explicitly that even though two systems may traditionally belong

to the same universality class, they can have very different adiabatic evolutions. This implies

a partition of the equilibrium universality class into several dynamical ones. Because of that,

more stringent conditions need to be imposed for quantum simulations, where one system is

used as surrogate of the other. Thanks to the several peculiarities that totally connected lattices

like the LMGM and DM exhibit in their near-adiabatic dynamical scaling across a second-order

QPT, we have been able to isolate its only necessary and sufficient condition; namely the contin-

uous critical function theory. These insights are valuable extensions of finite-size scaling theory
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to the non-equilibrium continuous scenario with many valuable directives for applications in

near-adiabatic quantum control.



Chapter 3

The full dynamical QPT regime of

Dicke Model

In this chapter we continue addressing the dynamical crossing of the QPT of the DM. But now

we depart from the near-adiabatic range of annealing velocities, and explore all the range of

possibilities up to the sudden quench limit. In the process, we will discover that well in between

those limit regimes lies a rich set of outstanding non-equilibrium phenomena that had remain

unnoticed. The wealth of novel effects include giant magnification of light-matter entanglement,

a dynamical separate enhancement of light and matter squeezing, robust many-body quantum

states, and more. All of them among the most coveted quantum resources. We will thoroughly

establish when and how each of these effects arise, including scaling of system size and control

parameter rates. We will even evaluate the robustness of our results against disturbances caused

by the environment. We believe that results present in this chapter open new horizons on the

way strong interactions in light-matter systems under non-equilibrium can be used to accomplish

greatly sought-after quantum control protocols.

3.1 Introduction

Many-body quantum dynamics lie at the core of many natural phenomena and proposed quan-

tum technologies, including information processing through schemes such as adiabatic quantum

computing [7, 84]. Achieving the controllable generation and manipulation of entanglement

over many qubits is a key challenge, while doing so in light-matter systems is highly desirable

for optoelectronic implementations [106]. QPTs can provide a naturally occurring entangled

state and it is known that the entanglement can be enhanced at the critical point [38, 107].

The ground state, and hence entanglement, of a quantum system like the DM can be varied in

a controlled way through adiabatic perturbations, though this is in principle an infinitely slow

28
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process [8]. We will see that faster protocols can be far more advantageous to accomplish such

quantum control goals.

Recent studies have focused on time-dependent perturbations around the QPT of the DM

that are either very slow (adiabatic) [12] or very fast (sudden quench) [13]; or small dynamic

oscillations around a phase space region [43]; or static coupling after a sudden quench [14, 15,

108–110]. Despite results of present chapter also encompass all dynamical regimes, including

adiabatic to dispersive, we are going to be concerned on an unexplored yet very rich intermediate

set of annealing velocities. In this regime, we have found a remarkable dynamical amplification

of critical quantum effects as compared to the static or adiabatic QPT values. This includes

giant light-matter entanglement [17], preceded by a remarkable amplification of squeezing for

separate subsystems [18]. The high light-matter entanglement phase is also characterized by

complex and chaotic properties of the matter and field subsystems, in what could be deemed as a

dynamical chaotic phase with a spontaneous symmetry breaking. The chaotic stage also features

increased superradiance. We provide a precise definition and understanding of the conditions

at which this complex phase arises, including its scaling according to system size and annealing

velocity. As light-matter systems are at the core of most realizations of macroscopic quantum

control schemes, our assessment sheds light to processes important for applications ranging

from quantum metrology[6, 111, 112], to quantum information technologies [113, 114]. Our

results extend current understanding of coupled light-matter systems beyond the equilibrium

ground state [38–42], and also beyond more recent studies of out-of-equilibrium critical behavior

[12, 43, 48, 115, 116].

Our results will also clarify the interrelation of various forms of quantum correlations within a

light-matter system. In the DM, both the matter and field are known to act as mediators of

an effective non-linear self-interaction with each other [39, 42]. These non-linear interactions

produce interesting phenomena in both atomic and optical systems [117, 118]. Among the most

relevant effects, there is the strong collapse and revival of squeezing [119, 120], which in many

matter states can be related to atom-atom entanglement [121]. As the non-linear interactions are

only effective, it is of essential relevance to understand how the eventual matter-field correlations

relates to the generation of quantum squeezing in each subsystem.

This chapter is structured as follows. Section 3.2 present the dynamical setting and methods of

analysis. Section 3.3 explains the general profile of the dynamical evolution under the perspec-

tive of light-matter entanglement, highlighting the presence of dynamical magnification of it in

the intermediate velocities regime. It is followed by section 3.4, which is an explanation of the

different AV regimes by means of dynamical symmetry breaking. Matter and light subsystem

dynamical profiles are presented in section 3.5, both for squeezing and their order parameters

(OP). Then a general explanation of the results, both system-wide or at the subsystem level,

is made in section 3.6 by the realization that the dynamics involve effective non-linear interac-

tions. Section 3.7 gains further insight from the point of view of phase space representations of
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the subsystems. The next two sections establish the consistency of our results, demonstrating

their robustness under dissipative effects (section 3.8), and for different system sizes by means

of scaling relations (section 3.9). Section 3.10 concludes with some final general remarks.

3.2 Theoretical framework

3.2.1 The open Dicke Model

As we are going to deal with losses later in this chapter, the state of the total DM system must

be represented by a density matrix ρ̂S , evolving under a unitary part generated by Eq. 1.2,

and a dissipative part caused by radiation losses of the field cavity. The time evolution is then

expressed by a master equation [31],

d

dt
ρ̂S = −ι̇

[
Ĥ, ρ̂S

]

+κ (n̄+ 1)
(

2âρ̂S â
† −

{
â†â, ρ̂S

})
+ κn̄

(
2â†ρ̂S â−

{
ââ†, ρ̂S

})
, (3.1)

where κ is the damping rate of the cavity, and n̄ is the thermal mean photon number. At initial

time t = 0, the system state is

ρ̂(0) = |−N/2〉z 〈−N/2|z ⊗
e−βâ

†â

tr
{

e−βâ†â
} , (3.2)

where e−β = n̄/ (n̄+ 1). Thus, the initial state at λ(0) = 0 corresponds to an unentangled

state formed by the qubit ground state times the field thermal equilibrium state at inverse

temperature β = 1/(kBT ), with kB the Boltzmann constant. The controlled interaction will

change with an annealing velocity (AV) υ by a linear ramping: λ(t) = υt. The interval of

interest is λ ∈ [0, 2], well across the QPT. In this chapter we will analyze quantum properties of

the main DM constituting subsystems. Any subsystem A will be described by a density matrix

ρ̂A, defined as the trace with respect to the other degrees of freedom: ρ̂A(t) = trS−A {ρ̂S}.

We will explore the dynamical development of quantum properties in subsystems and in the

composed coupled matter-light as well, caused by the ramped QPT crossing, without resorting to

any common simplifications like mean-field, rotating wave or semi-classical approximations. As

we have already mentioned, our main results lie at AV values outside the well-known adiabatic

and sudden quench regimes, where quantum correlations such as entanglement and squeezing

of each separate subsystem can get significantly enhanced. Exact numerical solutions have been

obtained by integrating Eq. 3.1. When κ = 0, evolution lies on the pure Hilbert space and it

is generated by the DM Hamiltonian. Otherwise, evolution lies in the space of density matrices

and its generator is the total Liouvillian superoperator of Eq. 3.1 [31]. Thus, the dimension

of the numerical evolution vector space is squared as soon as the unitary condition is broken.



Chapter 3. The full dynamical QPT regime of Dicke Model 31

As the dimension of the field Hilbert space is infinite, the Fock basis {|n〉} is truncated up

to a number where numerical results converge. We have taken advantage of every simplifying

condition, such as parity conservation when κ = 0. Also, as it has been in previous chapters,

we set resonant energies in Eq. 1.2: ε = ω = 1.

3.2.2 Witnesses of quantum properties

Because of the all-to-all situation, the density matrix of any set of M ≤ N qubits is the same

and lies on the maximal Dicke manifold Ĵ2 = (J + 1)J , with J = M/2. The first quantum

property of matter that we address is entanglement, which for a 2 qubit subsystem is measured

by Wootters concurrence cW [122]. The second one is spin squeezing, which is highly related

to multipartite entanglement and usually expressed in terms of a squeezing parameter ξq [123].

Under unitary evolution (κ = 0), when parity of the total system is even and conserved, cW

and ξq are explicitly related whenever the concurrence is different from zero [124, 125],

1− ξ2
q = (N − 1)cW = 2

N

(∣∣∣
〈
Ĵ2

+

〉∣∣∣+
〈
Ĵ2
z

〉
− N2

4

)
. (3.3)

The factor N −1 in the concurrence is a direct manifestation of the monogamy of entanglement

[126], since each qubit is equally entangled to any other one and hence the finite amount of

possible entanglement is evenly distributed. There is also an analogous squeezing parameter in

the field mode, though it cannot be directly related to a form of entanglement. It is expressed

in terms of the variance and covariance of field quadratures [127],

ξ2
b = var(x) + var(p)−

√
(var(x)− var(p))2 + 4cov(x, p)2 . (3.4)

We will also use phase space representations of both main subsystem’s density matrices. The

field mode will be described by the Wigner distribution, already defined in Eq. 1.14. The

matter states will be visualized by the Agarwal-Wigner function (AWF), which is a Bloch

sphere representation of the qubit’s density matrix [128],

Wq(θ, φ) =

N∑

l=0

l∑

m=−l
Tl,mYl,m(θ, φ) , (3.5)

where Yl,m are the spherical harmonics. Terms Tl,m = tr
{
ρ̂qT̂l,m

}
, with ρ̂q the qubit subsystem

density matrix, are the expected values of the multipole operator,

T̂l,m =

j∑

M,M ′=−j
(−1)j−m

√
2l + 1

(
j l j

−M m M ′

)
|jM〉

〈
jM ′

∣∣ , (3.6)

where j = N/2, and
(

j l j

−M m M′

)
is the Wigner 3j symbol.
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When global unitary condition is satisfied, the total composite system is always in a pure

state, and both radiation and matter have the same value of the Von-Neumann entropy SN

due to Schmidt decomposition. Then, this entropy SN provides a quantitative measure of the

degree of entanglement between matter and light [32]. However, in order to have an idea of

the decoherence effects of a leaky cavity, we had to analyze the DM as an open system, and

then, SN is no longer a good entanglement witness. Instead, we used quantum negativity in

that case, whose non-zero value is a sufficient condition for bipartite entanglement in the open

light-matter system [129]. Quantum negativity is defined as,

N (ρ̂) =

∥∥ρ̂Γq
∥∥

1
− 1

2
, (3.7)

where ρ̂Γq is the partial transpose of ρ̂ with respect to the matter subsystem, and
∥∥∥Â
∥∥∥

1
≡

tr
{√

Â†Â
}

is the trace norm.

3.3 Giant light-matter entanglement

Figure 3.1a summarizes the main finding of this chapter: A novel, dynamical light-matter regime

with greatly enhanced system-wide properties including entanglement, when the light-matter

coupling is driven at intermediate velocities. The peak entanglement value (purple) is far larger

than the known equilibrium critical maximum [38], i.e. much larger than what can be achieved

under adiabatic conditions. Also, this enhanced entanglement extends over a far broader range,

well across the λ > λc region. As the AV increases, the critical onset point of light-matter

entanglement is pushed toward larger λ values and is no longer represented by a sharp peak,

but instead a wavy plateau. At much higher velocities beyond the giant entanglement regime, λ

varies so fast that a sudden quench condition is achieved. Now the system is not quick enough

to respond to the light-matter coupling, at least not in the λ ∈ [0, 2] interval of Fig. 3.1a.

Figure 3.1b demonstrates how the range of velocities that classify as ‘intermediate’ actually

increases with increasing number of qubits N , meaning that the enhanced entanglement regime

begins to dominate the space of behaviors as opposed to becoming a small niche. This regime can

be imagined as lying between a lower bound AV υmin which marks the adiabatic evolution, and

an upper bound one υmax defining the AV at which the sudden quench approximation starts to

be valid. Specifically, Fig. 3.1b shows the dynamical phase diagram of the intermediate regime

in which the giant entanglement occurs, including its scaling behavior. More details of scaling

behavior will be given in section 3.9. It is clear that the adiabatic evolution is more difficult to

achieve as the number of atoms increases. The other main variable is the value of λd reached

by the annealing. The sudden quench condition requires higher AVs as this λd gets bigger.

The oscillatory behavior near the adiabatic regime has been smoothed out in order to make the

phase boundary visually clearer.
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Figure 3.1: (a) We show the Von-Neumann entropy dynamic evolution profile (times varies
from left to right) for a DM with N = 81. We use this quantity as a witness of light-matter
entanglement when the system remains closed (κ = 0). The figure span all regimes: from the
adiabatic limit at the bottom, to the sudden quench limit at the top. The dashed line encloses
an intermediate regime where giant dynamical magnification of light-matter entanglement occurs.
The insets show the evolution for three selected values of log2 υ (according to color) and three
different system sizes (according to line style). (b) Schematic indicates energies of the three main
outcomes when the light-matter coupling is increased at different velocities. Horizontal axis is
the field position quadrature, both for sketches of the field Wigner function and for the harmonic
confining potentials (parabolae). The potential felt by the field depends on the eigenvalue mx

of the matter operator Ĵx. If driving is very slow, the system stays cool in a symmetry broken
ground state (blue curve) where each subsystem has entropy log 2 (low matter-light entanglement).
If driving is very fast (sudden quench), the system still is in the initial λ = 0 state (red curve),
i.e. confined by the black parabola and light-matter entanglement is zero. For intermediate
velocities, the system gets heated such that it occupies a complicated superposition of all the
Ĵx eigenvalues, and hence gets disturbed by all these potentials (yellow curve). (c) Dynamical
phase diagram showing the new enhanced entanglement regime (shaded red) defined by instances
where SN > log 2 since SN → log 2 is the asymptotic value for the equilibrium ordered phase.
For visual clarity in this figure, we take SN > log 2 + 0.05. Below a minimum annealing velocity
υmin the system’s behavior is adiabatic, while for υ > υmax it corresponds to sudden quench. The
adiabatic boundary depends on system size as υmin ∝ N−1. The sudden quench boundary is size-
independent, but depends on the value of λ that is reached during the driving: υmax ∝ (λ−λc)3/2.

3.4 Dynamical symmetry breaking

We now develop a deeper theoretical understanding of the results in Fig. 3.1a, by analyzing the

underlying quantum state in the three main dynamical regimes, as illustrated in Fig. 3.1c. We

start by rewriting the Dicke Hamiltonian in Eq. 1.2 exactly as

Ĥ = ωb̂†b̂− 4λ2

ωN
Ĵ2
x + εĴz , (3.8)

where b̂ = â + 2λ
ω
√
N
Ĵx. In the λ > λc range, the last term becomes less and less relevant

and the Dicke Hamiltonian can be seen as a radiation mode that feels a displaced harmonic

potential whose values depend on the eigenstate |mx〉 of Ĵx in which the matter system sits [13].
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Specifically, if λ� λc, then

Ĥ ≈
∑

mx

(
1

2
ω

[
p̂2 +

(
x̂− 2λ

ω
√
N
mx

)2
]
− 4λ2

N
m2
x

)
|mx〉 〈mx| , (3.9)

where we have used the quadrature operators of the radiation mode. The different confining

potentials depending on the eigenvalue of Ĵx are depicted by different parabolae in Fig. 3.1c.

Importantly, the energy potential is symmetrical with respect to a change in sign in mx, which

is a source of degeneracy. In addition, as |mx| gets bigger, the minimum value of the harmonic

potential becomes lower. The ground state of this approximate Hamiltonian is any superposition

of the form

|ψ0〉 = cos θ |N/2〉mx |−β〉+ eι̇ϕ sin θ |−N/2〉mx |β〉 , (3.10)

i.e. it corresponds to the two minimum parabolae. Hence the symmetry of the ground state is

spontaneously broken. The field state |β〉 is a coherent state with β = 2λ
ω
√
N
mx. As parity is

preserved during the ramping, and adiabatic evolution keeps the energy in the lowest possible

value, the projection of |ψ0〉 onto the even parity sub-space (θ = π/4 and ϕ = 0 in Eq. 3.10)

is the state achieved in this regime. Both the symmetry breaking and the adiabatic asymptotic

value of entropy (SN = log 2) in each subsystem can be explained by this double-well, since two

coherent states are needed to describe each system.

The multiple potential picture in Fig. 3.1c and Eq. 3.9 is still valid for the intermediate and

sudden quench regimes. As the AV increases, the process generates a relative heating with

respect to the ground state. For high enough AV (sudden quench), the system stays essentially

in its starting condition, and the heating is just the consequence of the initial state being very

different from the instantaneous ground state. Despite this sudden heating being very high, the

simplicity of the initial state (i.e. confined in the central energy potential) leads to no matter-

light entanglement (i.e. one coherent state describes each subsystem). In the novel intermediate

regime, by contrast, all confining potentials simultaneously perturb the system. A complicated

superposition of non-trivial states for each parabola is generated, with complex and chaotic

features. Since almost every eigenvalue of Ĵx has a non-zero probability, the entropy of each

subsystem is significantly higher than in the other two regimes. Due to its complex nature, there

is no simple way to describe the structure of the dynamical state in the intermediate regime.

This regime is embedded in the non-integrable part of the finite-size DM, which in the λ > 0.5

phase has signatures of quantum chaos [44].

3.5 Enhancement of subsystem quantum properties

We now proceed to characterize our complex dynamical regime and the complete dynamical QPT

profile by focusing on properties of each subsystem. Namely the matter subsystem composed

by the all-to-all spin network, and the radiation mode subsystem.
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Figure 3.2: Dynamic profiles analogous to Fig. 3.1a of matter subsystem properties: (a) Two
qubit concurrence cW (N − 1) = 1− ξ2q , related to spin squeezing in Dicke manifold states (see Eq.

3.3), and (b) scaled order parameter (OP)
〈
N̂q

〉
/N (see Eq. 1.3). In the insets we show that

strong similarities exist for different values of N , pointing toward scaling properties of the results.
Roman symbols in (b) hint at instants where phase space representations of subsystem states are
depicted in Figs. 3.4 and 3.5.

A general picture of the time evolution of the matter quantum properties is revealed by means

of spin squeezing (related to matter entanglement) and the expected value of its OP in Figs.

3.2a-b. We confirm again that under adiabatic conditions the spin squeezing or entanglement

of the matter subsystem corresponds to those well known from the equilibrium QPT [38, 130].

Near the thermodynamic limit equilibrium phase transition λ = 0.5, adiabatic evolution exhibits

a maximum value of entanglement followed by its decay and then the growth of the OP. The

anti-correlation between squeezing and OP is present in the dynamical regime as well, but now

there is a definite sudden death of entanglement, so that Figs. 3.2a and 3.2b are negative

images of each other. As the range of high AV is entered, the position of the maximum point

of squeezing and the onset point of the OP are pushed toward higher values of λ. Any value

of υ beyond the adiabatic limit leads to the dynamical regime, provided that the controlled

interaction is ramped up to a high enough value. In other words, the sudden quench condition

is only a consequence of the upper bound of λ.

More important than the position of maximum concurrence in the dynamical regime, is its value.

It reaches up to three times the corresponding value of the adiabatic evolution (see Fig. 3.2a).

This is a remarkable improvement for the collective generation of such a distinctive quantum

property, and is due entirely to the system being in the non-equilibrium dynamical regime.

For some given AV values, this magnified concurrence for different number of qubits N follows

closely the scaling cW (N − 1) (see inset of Fig. 3.2a), keeping the spin squeezing parameter

curves almost size independent, and gets modestly better as the system size grows. Some

size dependent deviations are present in curves for the log2 υ = −1.56 case. The concurrence

sudden death point is also virtually size-independent. The scaling properties of the dynamical

regime will be discussed in section 3.9. Matter OP, for some chosen AVs, also shows very good
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scaling collapse in its dynamical evolution, i.e., curves in inset of Fig. 3.2b are essentially size

independent thanks to the scaling N̂q/N in the OP.

With respect to the maximum matter OP in Fig. 3.2b, it is bounded. Therefore independent

of the regime, it cannot be increased. The kind of enhancement revealed by the OP is a

magnification of superradiance, which is the traditional way to describe the QPT of DM [35].

The OP indicates the scaled number of excitations within the subsystem, which is bounded

because of finiteness of N . In the dynamical regime, excitations develop more quickly (see blue

curve in inset of Fig. 3.2b). In case of the eventual leakage of excitations through the cavity

(see section 3.8 for cavity loss effects), it manifests itself as a sharp burst of photons which

are suddenly released. Bursts like these are excellent indicators of the DM QPT in cold atom

experimental realizations [4].

Qubit quantum properties are very important for applications in quantum computation and

quantum information. However, the finite character of the matter subsystem conceals much of

the complexity of the evolution. The field subsystem, with its own relevance in highly controlled

quantum optics, does not have this restriction. Field dynamical profiles analogous to that of

Fig. 3.2 are shown in Figs. 3.3a-b. Similarities with Figs. 3.2a-b are noticeable, though with

relevant differences. A large dynamical magnification of the field quadrature squeezing is also

present, but it dies off later than its matter counterpart. Thus the development of the field OP

is delayed as compared to that of the qubits. Superradiance, as seen by value of the field OP,

is now not only sharper, but it can be as much as twice the value attainable with adiabatic

ramping at a given λ. This greatly enhances the intensity of superradiant bursts. Radiation

intensity enhancements of this kind have also been predicted in the DM submitted to sudden

quenches and a lossy cavity [13]. Dynamically enhanced and suppressed superradiance alternate

after the first burst (see blue curve in inset of Fig. 3.3b), a behavior absent in the equilibrium

QPT. A wavy plateau in figure 3.2b coincides with that alternating stage. The dynamical phase

marked by these oscillations is the same characterized by giant light-matter entanglement in

Fig. 3.1a.

3.6 Non linear effective interactions

The origin of the giant enhancement of the light-matter entanglement and spin squeezing dis-

cussed so far lies in a prolonged realization of effective non-linear interactions within both

subsystems, after a preparation stage where the sudden quench approximation holds. As the

light-matter coupling increases in time from zero into the λ > λc range, the system moves out of

its frozen initial state. The interaction term in the Dicke Hamiltonian begins to dominate and

each subsystem works as a mediator of the other’s self-interaction. Matter-light interaction is

in principle linear and generates little entanglement in the adiabatic limit, since the system has

enough time to continuously stabilize in response to the perturbation. The intermediate regime
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Figure 3.3: Corresponding dynamic profiles and insets of Figs. 3.2a and 3.3b, now for the
field subsystem. (a) Evolution of 1 − ξ2b , as defined in Eq. 3.4, whenever it is greater than

zero (squeezed radiation). (b) Scaled OP of light
〈
N̂b

〉
/N . Major tendencies of Fig. 3.2 are

replicated here. However, the unbounded nature of the field OP allows an appreciation of the
field intensity’s oscillation (associated with supperradiance) around the equilibrium values, with
intervals of significant dynamical enhancement of superradiant bursts. The oscillatory behavior is
related to a combined light-matter quantum chaotic stage that coincides with giant light-matter
entanglement of Fig. 3.1a.

is the only one in which non-linearities can develop significantly. Then, the non-linear processes

are realized as one axis squeezing with a transverse field for matter [120, 123], and Kerr-like

interactions for radiation [118]. During these separate squeezing processes, both radiation and

matter act as effective interaction mediators for each other. This extends to the non-equilibrium

case static correspondences with matter-only [39], or radiation-only systems [42].

The process of separate squeezing does not last indefinitely: each subsystem starts to retain

quantum information of the other, which is the moment when the entropy grows. The effective

interaction is broken, leaving the qubits and radiation mode entangled with each other but not

within themselves. Because of monogamy and the breaking of the effective non-linear interaction

condition, separate squeezing, which is related to internal quantum entanglement, suddenly dies

as soon as combined matter-light entanglement emerges. The field squeezing survives longer

because of its greater information capacity. Despite being a single radiation mode, the field acts

as a reservoir that dissipates the quantum correlations present in the spin squeezed state. If the

qubits were not coupled to the field, squeezing could have revivals after its sudden death [120].

The enhanced internal entanglement in both the matter and light subsystems is subsequently

transformed into the system-wide giant light-matter entanglement. These results have the

interesting consequence that in terms of quantum processing, one can choose the moment of

the control driving where a specific magnified quantum property is optimal, and that can be

chosen among both forms of squeezing, light-matter entanglement, or other particular mixed

situation. By contrast, in the adiabatic regime, entanglement within and between subsystems

compete against each other, because they occur simultaneously at the critical point. Indeed,
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Figure 3.4: Agarwal-Wigner functions (AWF), as defined in Eq. 3.5, at the instants indicated
in Fig. 3.2b by the corresponding number (dissipative effects are ignored, κ = 0). They are phase
space representations of the matter subsystem depicted in the Bloch sphere. Color scale of all
Wigner functions can be very different. Maximal dynamical squeezing in (iv) is much greater
than the adiabatic counterpart in (ii). Also, negative complex structures develop in the combined
light-matter chaotic stage in (v-vii); which contrast with an adiabatic ordered state as in (iii).
The stage in (iii,v-vii) has also no squeezing and no concurrence, since the Wigner function is now
split along the x and −x directions and no longer concentrated around the initial state. Opposite
Bloch hemispheres are not shown because of symmetry: Wq(θ, φ+ π) = Wq(θ, φ).

the non-equilibrium situation produces a very favorable separation between system-wide and

subsystem concentrated quantum correlations.

3.7 Matter-light quasi-probability behavior

Complete state representations of the subsystems state reveal more details of the processes

involved in the dynamical regime. Figures 3.4 and 3.5 show several snapshots of Wigner and

AWF quasi-distributions at different instants. The enormous difference in the squeezing amount

between the dynamical regime and the adiabatic one, as well as a difference in the direction of

squeezing, is now graphically clear. This can be seen by comparing Figs. 3.4iv and 3.5iv with

Figs. 3.4ii and 3.5ii, and was previously shown for different AV values in Figs. 3.2 and 3.3. At

any regime, death of squeezing is associated with a splitting in half of the distributions, caused

by the spontaneous symmetry breaking described in section 3.4. This splitting is symmetrical

along the x and −x direction in both subsystems. The system’s density of excitations, indicated

by the OP, increases as the distributions become displaced away from the initial state.

Features of the complex light-matter entangled stage are clarified by Figs. 3.4v-vii and 3.5v-vii,

which contrast with the adiabatic splitting in Figs. 3.4iii and 3.5iii. The dynamical splitting

of the distribution leads to negative scars and complex patterns for both subsystems, though

the phenomenon is far more conspicuous in radiation. Donut shapes with a negative centered

AWF, such as that in Fig. 3.4vi, have been experimentally obtained in 3000 atoms with just a
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Figure 3.5: Analogous pictures of Fig. 3.4 but for the field Wigner distribution Wb. This is
represented in the x− p plane of position (vertical) and momentum (horizontal) quadrature. All
figures have the same x − p scale but color scale can be very different. The chaotic stage in
(v-vii) exhibits sub-Planck structures. Negative regions of x are not shown because of symmetry:
Wb(x, p) = Wb(−x,−p).

single photon [131]. In addition, round-tailed interference patterns such as that in Fig. 3.5vi

have been obtained for light in Kerr-like media following a Fokker-Planck equation [119], which

confirms the presence of non-linear effective interactions. These results mean that the field is

able to exhibit chaotic behavior itself, regardless of its entanglement to the matter subsystem.

The field Wigner function is not only full of negatives regions (a marker of non-classical light),

but it also contains abundant so-called sub-Planckian structures which have been related to

quantum chaos [62]. The finite-size DM is non-integrable, and its ordered phase has been

connected to chaotic features [44, 132]. This chaotic onset is responsible for the small size

dependence on curves in insets of Figs. 3.1a, 3.2 and 3.3 for the log2 υ = −1.56 case, since the

symmetry breaking occurs deeper in the ordered phase. As spin squeezing is very sensitive to

chaos [109, 110], it is no surprise that its sudden death becomes irreversible once the light-matter

entangled stage arises.

3.8 Robustness against noise of non-equilibrium quantum cor-

relations

3.8.1 Robustness of light-matter entanglement

In section 3.3 we used Von Neumann entropy SN as a measure of light-matter entanglement in

the case that the entire system is pure. However, in order to have an idea of the decoherence

effects, the DM must be treated as an open system, and then, SN is no longer a good light-matter

entanglement measure. Instead, we can use quantum negativity as defined in Eq. 3.7. One may

wonder if switching from one form of entanglement measure to the other has any justification.

Figure 3.6a shows a dynamical profile of the ramping process analogous to that of Fig. 3.6a,
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but with logarithmic negativity log2 (2N + 1). The resemblance with the SN graphic is quite

apparent, and the enhanced entanglement regime is again clearly noticeable. This should be

no surprise as both measures virtually codified the same information. If total ρ̂ is a pure state,

and {pi} is the spectrum of ρ̂q in that case (which is the same as the spectrum of ρ̂b because of

Schmidt decomposition), both negativity N and SN can be written in terms of that spectrum.

The first one would be 2N + 1 =
∑

i,j
√
pipj , while the second one is SN = −∑i pi log pi.

Therefore, Fig. 3.6a confirms that both entanglement measurements are well connected and

suitable for witnessing light-matter entanglement. The reason why SN was preferred whenever

it is a good measure is because its wider usage and well established connection to other quantum

information concepts [32].

When we include cavity losses, we predict the survival of giant light-matter entanglement, as

shown in Fig. 3.6b. Since the light-matter entanglement increases asN increases, we predict that

experimental system sizes N ≈ 105 as those described in section 1.3 will develop significantly

more robust light-matter entanglement against losses than for small systems. By contrast,

entanglement generation in the well-studied near-adiabatic regime cannot be achieved under

current experimental setups, since decoherence times are much shorter than the annealing times

required by this regime. It should be noticed that the system sizes N accessible to open system

numerical solution are well smaller than the ones examined in the pure case. This could cast

doubt on whether the conclusions brought from this small size result have any general validity.

However, there are good signatures that giant light-matter entanglement only gets stronger as

N increases. This means that, provided the open system’s parameters like κ and n̄ remain the

same, any deleterious effect caused by the leakage of quantum information to the environment

is only weaker with sizes of the order N = 81 than the ones that we present.

3.8.2 Robustness of subsystem results

Figures 3.7a-e address how the presence of losses in the cavity affect the dynamical enhancement

of quantum properties at subsystem level. All the main results found in κ = 0 evolution survive

very well if decoherence towards the environment is two orders of magnitudes lower than the

main energy scale. Even if dissipation is at values of just an order of magnitude below, spin

squeezing effects remain highly robust, with increasing noise resistance with system size. Field

squeezing surprisingly survives to dissipation regimes comparable to the Hamiltonian dynam-

ics itself. On the other hand, detailed features of the chaotic stage (such as OP oscillations,

negative regions, and Sub-Planck structures) are far more sensitive to decoherence, requiring

losses to be at levels of κ = 0.01. These very sensitive features have been proposed as tools

for measuring very weak forces [133]. In our analysis, we have found that small finite values

of n̄ (such as those typical at the ultra-low temperatures of most experimental realizations) do

not change dramatically the conclusions; they just slightly intensify the process of decoherence.

Previous works on non-equilibrium DM under different settings have also confirmed that some
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Figure 3.6: (a) Dynamical profile analogous to Fig. 3.1a but now for logarithmic negativity
log2 (2N + 1). There is strong resemblance between both profiles. This justifies the use of SN
as the entanglement witness for the closed system case while changing to N when the system
is open. The inset shows that even with relative small system sizes, N has qualitatively similar
behaviors for the same υ, so that conclusions about the robustness of the dynamic light-matter
entanglement against decoherence can be extrapolated to bigger N . (b) Effect of cavity losses on
light-matter entanglement generation in terms of N . Cavity’s field decay rate is κ (different line
style). Black curves depict giant entanglement regime log2(υ) = −1.58, while red curves represent
adiabatic one log2(υ) = −8.96. Main figure is for N = 5 system’s size while inset represents
analogous N = 11 results. Dynamical entanglement regime is bigger and more robust against
open system losses as N increases. In opposition, near-adiabatic entanglement vanishes even for
weak losses since annealing time is too long as compared to decoherence time. Zero temperature
has been assumed and κ is measured in units of field free frequency ω. Finite temperature cases
have very similar tendencies.

major phenomena present here, such as spin squeezing, survive losses. Enhanced superradiance

can be detected [13], and squeezing can still have time to develop [15, 119]. We note that,

despite perturbing the quantum state of the system, a lossy cavity compensates by providing

the experimental possibility to monitor the dynamic evolution of the field in time [134].

The robustness of quantum correlations suggests that some of the effects described in this

chapter may be accessible under current experimental realizations of the DM. We have already

explained in section 1.3 that the control described by λ(t) can be realized as a pump laser

power increasing over time. The noise present in current experiments, like the ones performed

by Klinder et al., is well inside the levels where some of our predictions remain robust, nearly

analogous to our κ = 0.1 case [5]. Furthermore, the experimental annealing velocities correspond

very well to the giant entanglement regime predicted by our analysis. As field squeezing is the

most robust quantum correlation (see Fig. 3.7e) and it is experimentally accessible thanks

to a leaky mirror, tomographic techniques and photon statistics could be the first front for

experimental comparisons with our predictions [134]. Other tomographic techniques could also

analyze properties of the matter subsystem state [135]. But, given the specific degrees of freedom

forming the qubit states in current realizations (basically matter wave modes) [5], suitable

equivalences of those state resolving techniques to this kind of degrees of freedom should be

devised. In the same sense, in order to directly witness light-matter entanglement, further

advancements in experimental procedures may be required.
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Figure 3.7: Effect of a leaky field cavity (expressed in terms of cavity decay rate κ) on the
dynamical enhancement of subsystem quantum properties. (a) Wigner distribution for AV
log2 υ = −1.58, N = 15 qubits at instant λ = 2. (b-e) Different field and matter properties
as function of time for log2 υ = −3.86, and three different system sizes. Quantum chaos signa-
tures (sub-Planck structures, negative Wigner distributions, and oscillations in OPs) are highly
sensitive to dissipative perturbations. On the other hand, squeezing and internal entanglement
effects are far more robust, especially for field squeezing. In all figures n̄ = 0.

3.9 Scaling of results

Our results exhibit substantial size invariance, as the insets of Figs. 3.1a, 3.2, and 3.3 show.

Even the small system sizes in lossy cavity results in Figs. 3.7b-e are highly size independent,

which justifies our claim that the conclusions drawn there can be taken as general trends. Figures

3.8a-b show that the onset point of the dynamical regime occurs at points λd following a power

law, (λd−λc) ∝ υ2/3. This kind of scaling relation is typical in QPT critical properties [10]. This

scaling laws extends our previous results on adiabatic scaling theory in near-adiabatic regime

of chapter 2 to faster regimes. Even though we have used the same kind of scaling variables as

in the near adiabatic case, many results in the dynamic regime collapse very well without any

re-scaling of λ.

The origin of the scaling exponent can be understood in a rather simple way, using concepts from

the KZM [8]. The scaled time is the instant where the healing time of the system (as measured

by the inverse mean energy gap in the spectrum ∆−1) has the same order of magnitude, i.e.,

when t∆ ≈ 1. As ∆ ∝ (λd − λc)1/2 in the ordered phase [39], and t ∝ (λd − λc)υ−1, we get the

exponent 2/3 present in all lines of Figs. 3.8a-b. The fact that equilibrium critical exponents

have been used reveals that, even though the emergence of the dynamical regime is well inside

the λ > 0.5 range, its mechanism is still related to the QPT, and so many critical phenomena

get dynamically enhanced. On the other hand, the fact that the evolutions are very similar in
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Figure 3.8: Size-independence of the instant λd when field and qubits organize in a combined
light-matter excited state. (a) Instant of a sudden death of squeezing, in both matter and radiation
subsystems. (b) Instant when each system reaches a significant value of its OP or SN . These

values are
〈
N̂q

〉
= 0.1N ,

〈
N̂b

〉
= 0.0123N , and SN = 0.125 log(N + 1). At sufficiently high AVs,

all the instances chosen are related by the same scaling power law relation (λd − λc) ∝ υ2/3.

the chaotic region, despite the different sizes, has to do with the relatively equal structure of the

interaction well inside the superradiant phase, provided it has not bounced against the finite

limits of the matter subsystem. There is a good chance that this scaling of dynamical features

is related to the existence of excited state quantum phase transitions [136], whose existence has

been already established in the DM [137], and have already provided insights in the sudden

quench limit [138].

3.10 Conclusion

We have found that, in between the traditional driving schemes (neither near-adiabatic, nor

sudden quench), a previously unnoticed intermediate annealing regime emerges, and that this

regime can be seen as advantageous for many quantum control processes. The onset of this

intermediate phase is marked by induced non-linear self-interactions in both matter and field

subsystems, developing squeezed states in each of them that are related to internal entanglement.

This squeezing process is much stronger than what can be achieved in near-adiabatic evolutions,

since the internal entanglement does not have to compete against the matter-field entanglement

that arises in later stages.

We have also found that the dynamical squeezing mechanism is succeeded by the development

of a chaotic and entangled radiation-matter dynamical phase. Clear signatures of quantum

chaos, such as fragmented Wigner functions, have been identified in this phase. This stage has

its own dynamically enhanced properties such as superradiance, phase order, and sensibility

to weak forces. We have established the robustness of all the quantum enhancing processes

under dispersive conditions and its invariance to system size. We have shown that this last

invariance condenses into a power-law relation associated with critical exponents. We hope
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this understanding will prove important for developing schemes to generate squeezed and other

entangled states, as have been proposed in the contexts of quantum metrology and quantum

information processing.



Chapter 4

Collective SU(2) quantum magnetism

in a 87Sr lattice clock

In the previous chapters we showed how the coupling between an all-to-all spin network and

a field mode (i.e., the DM) can generate distinctive highly correlated quantum behavior when

submitted to non-equilibrium conditions. This chapter deals with a very similar situation, but

now the other coupled system is not a bosonic mode but a copy of the spin network itself. This

duplication of the network is caused by another degree of freedom that also produces a two

level system per particle (each particle has an SU(2) × SU(2) state). In a sense, the system

of this chapter is more similar to a LMGM with two different spin species, but with additional

interactions. The non-equilibrium condition now is neither associated to a QPT, nor is caused

by a time dependent Hamiltonian as before. Nevertheless, we will see that already familiar non-

linear processes, like one axis squeezing with a transverse field, are also involved in dynamical

entanglement generation. In fact, we will find that an interplay of this and other correlations

are at the core of the dynamics of this pair of strongly interacting collective (pseudo)spins.

Finally, it should be mentioned that the system discussed in this chapter has the invaluable

attractiveness of being realizable by an experiment, namely a 87Sr lattice clock, that constitutes

a true milestone and a current end technology of quantum control.

4.1 Introduction

The search for more and more stable time standards is a main driving force for research in

ultra high precision atomic physics. Advancements in atomic clocks has led to establish as the

definition of the second for the international system of units my means of the Caesium standard

since 1960 [139]. Further improvements of these time measurements are still intensively pursued

[140]. The importance of these achievements in the measurement of such a fundamental physical

magnitude are impossible to overestimate, suffice it to mention that they have been used in the

45
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Figure 4.1: Schematic picture of the optical lattice clock with 87Sr atoms, and the degrees of
freedom involved. (a) Optical trap with much stronger longitudinal confinement (νz ≈ 80 kHz)
producing a 1D ‘pancake’-lattice structure. (b) Different vibrational levels Φj in each pancake
produced by the transversal relatively weak confinement (νR ≈ 450 Hz). (c) Electronic (orbital)
energy level structure, with the clock transition defined between the ground |g〉 and the first |e〉
excited state. (d) Zeeman energy levels produced by the nuclear spin with vanishing hyperfine
interaction (underlying SU(N ) symmetry). However, a weak hyperfine structure in the 3P0 state
allows to address each nuclear state with a different Rabi frequency Ωi.

some of the most stringent tests up to date for the stability of our basic physical constants

[141]. The atomic system studied in this chapter belongs to this tradition. It consists of a set of

ultra-cold fermionic alkaline-earth atoms (AEA) atoms (temperatures of ∼ 1µK) confined in an

optical trap forming a 1D lattice structure as illustrated in Fig. 4.1a. This ultra-precise clock

has been allowed by major advancements in the quantum manipulation of trapped ultra-cold

atoms [142], ultra-stable lasers [143], and the formidable spectroscopic resolution with which

they can be measured thanks to frequency comb technologies [144]. One major atomic species

used in these experiments has been 87Sr, and from now on we are going to focus on it, by

using its measured parameters to perform calculations. Notwithstanding, many of the methods

involving 87Sr clocks could also be implemented in other fermionic lattice clocks with AEA-like

species, the other major one currently investigated being 171Yb [20]. These AEA lattice atomic

clocks have reached time measurement precision of the order of 10−18 [19, 145], beyond the best

current caesium standard [146], and single-ion optical clocks [147].

The scheme of using trapped fermionic atoms arranged as in Fig. 4.1a. was devised in order to

take advantage of several features of the setting [148]:

• When the atoms are trapped in regions smaller than the clock transition wavelength,

Doppler and collisional shifts are avoided (Lamb-Dicke regime), which greatly increases

the precision with respect to ballistic atoms. Other shifts may be prevented by choosing

magic wavelength optical traps [149].
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• By interrogating many atoms at the same time, the stability of the clock is greatly in-

creased, bypassing the projection noise of single absorber clocks.

• Finally, by using polarized fermions, the exclusion principle is expected to suppress atom-

atom interactions (at least up to the level of s-wave collisions) which otherwise would

affect the accuracy and precision of the clock. This could be done with bosonic species as

well, but then special ways to circumvent atomic overlapping should be implemented.

It is this last issue that mostly concerns us in this chapter, since if we see it in the opposite way,

the presence of such interactions could be a perfect platform to investigate many-body quantum

physics in an outstandingly controllable setting. These interactions may be small with respect

to time measurements, but since they are the remnant dominant interactions, the emergent

quantum system can be effectively seen as strong interacting. Furthermore, these interactions

can be experimentally probed thanks to the wonderful current resolution capabilities. The

nature of the interaction in the 87Sr clock has been continuously discussed in the last years.

Initially, at precision of 2Hz, no collision interaction was detected [150, 151]. With the increase

of precision, finally some collision measured as density dependent frequency shifts where found

[152], and were attributed to s-wave collisions allowed by inhomogeneous excitations which

would make the atoms to be distinguishable [153, 154]. Later it was seen that the p-wave

collisions could be the leading elastic channel [155].

In this chapter we are going to investigate many-body interactions in the 87Sr lattice clock

under the assumption of an all-to-all approximation and neglecting loss effects. The interaction

between atoms will be entirely through p-wave collisions. Nuclear spin of 87Sr is F = 9/2, and

there is a vanishing hyperfine interaction in the clock transition. This decoupling of the nuclear

degrees of freedom to the orbital clock states would mean an underlying SU(N ) symmetry in the

system. However, we will see that, because of symmetry considerations, the degrees of freedom

can be coupled to the orbital states producing an exchange interaction. The group symmetry

determined by N depends on how many nuclear states are initially populated, we are going to

deal only with the case N = 2. The resulting exchange interaction can be seen as a coupling

of collective pseudo-spin associated to each nuclear spin, a situation that can be designated as

collective SU(2) quantum magnetism.

This chapter will be structured as follows. We will start in section 4.2 by giving an exact

definition of the system of interest: we will explain the steps that led to the Hamiltonian, and

we will establish the initial conditions. Section 4.3 will present the relatively simple mean field

equations that emerge in the problem, which will prove to be very valuable for the interpretation

of results. Section 4.4.1 will present and discuss results concerning Bloch vector dynamics, i.e.,

the time evolution of first order expected values of collective orbital pseudospin. Section 4.5 will

extend the analysis to second order expected values, which will allow to explore the emergence
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of atom-atom correlations and even quantum phenomena like entanglement and spin squeezing.

Finally, we will give some concluding remarks in 4.6.

4.2 Derivation of the Hamiltonian

Let us first describe the Hilbert space in which the state of each pancake lies. These states can

be generated by applying the following field creator operators to the zero particle state [52, 156],

Ψ̂†a,i (X,Y, Z) = φ0(Z)
∑

j

ĉ†a,i,jΦj(X,Y ) , (4.1)

where a ∈ {e, g} defines the orbital clock states, and i ∈ {1, 2, . . . , 2F + 1} denotes the nuclear

magnetic state. The number j indexes collectively the transversal translational modes Φ (see

Fig. 4.1b), while we assume that only the longitudinal fundamental mode φ0 is populated.

Operators ĉ†a,i,j creates an atom in a state described by these three indexes. As the atoms are

fermions, this operators anti-commute, i.e,

{
ĉa1,i1,j1 , ĉ

†
a2,i2,j2

}
= δa1,a2δi1,i2δj1,j2 , (4.2a)

{ĉa1,i1,j1 , ĉa2,i2,j2} =
{
ĉ†a1,i1,j1 , ĉ

†
a2,i2,j2

}
= 0 . (4.2b)

The basis generated by the field operators in ĉ†a,i,j is expected to be an eigenbasis of the trans-

lational Hamiltonian ĤT =
∫

d3RΨ̂†(R)
(
− 1

2m∇2 + Uext(R)
)

Ψ̂(R). Assuming that the optical

trap is in the magic wavelength [149], the confining Hamiltonian is supposed to be the same

independently of a and i.

One of the main assumptions to further simplify the Hamiltonian is the frozen modes approxi-

mation, that supposes that the set of modes j that are excited in each pancake is fixed [20]. This

approximation neglects the probability of mode changing interactions, which is justified by the

fact that the Gaussian transversal confining potential (due the laser waist) has a non-degenerate

spectrum whose energy differences are of about two order of magnitudes higher than the mean

interaction energies. It also neglects losses caused by either single or atom-atom collisions, which

is justified if the probing time of the system is shorter than the decay times of these dissipative

effects. Therefore, from now on we are supposing a fixed number N of atomic translational

modes excited in each pancake, and we can think of each mode j as a distinguishable atom

that can have each of the 2(2F + 1) states described by the numbers a and i. As a further

simplification, we will assume that only two nuclear spin states are populated, which we will be

denoted by the numbers 1 and 2 throughout this chapter. This simplification can be achieved

thanks to a slight difference in the Zeeman amplitudes for each nuclear component (see Fig.

4.1d), which allows to selectively populate only some desired nuclear states i. In that case,

each mode j has four possible internal states (a, i) ∈ {e2, e1, g2, g1}. For the orbital degree of
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Figure 4.2: This Table contains all eight possible two particle collision eigen-energies in Eq.
4.4. Letters V correspond for spatially antisymmetric collisions (p-wave) while U indicates s-wave
spatially symmetric collisions. The energy also depends on the kind of clock state superposition
involved, either the three symmetric possibilities (triplet, left), or one anti-symmetric superposition
(singlet, right). Nuclear states are only related to these collision terms because their exchange
symmetry must guarantee that the total state remains anti-symmetric (fermions). Any state with
the composite nuclear and orbital states totally symmetric (generalized Dicke manifold) will have
the s-wave interactions suppressed.

freedom, we can define a pseudo-spin operator,

t̂ji,α = 1
2

∑

a,b

σαa,bĉ
†
a,i,j ĉb,i,j , (4.3)

where σαa,b are Pauli matrix components and α ∈ {x, y, z}. Notice that the t̂ji,α operator projects

on the nuclear state i and that one can define an operator without that projection, t̂jα = t̂j1,α+t̂j2,α.

An analogous definition could be made for the nuclear degrees of freedom with operators ŝja,α

and ŝjα.

Once we have settled the Hilbert space, we continue with the atom-atom collisions, which are

dominated by the s-wave and p-wave interactions, the former occurs for spatially symmetric

collisions, and the latter for spatially antisymmetric ones. Also, the collision length will depend

on the pair of orbital states involved and whether these pairs are in a symmetric or an antisym-

metric superposition. This gives eight possible collision lengths, as illustrated in Fig. 4.2. On

the other hand, thanks to the virtually zero hyperfine structure, the collision length will be in-

dependent of nuclear spin states. However, the kind of collision allowed will depend on whether

the nuclear states are in a symmetric or an antisymmetric superposition, because the total wave

function must remain antisymmetric. An eigenvector of the collision Hamiltonian Ĥc
j,l for a pair

of modes j, l will be a product of spatial, orbital and nuclear states with defined symmetry [20].

This Hamiltonian can be casted in a symmetric and antisymmetric part of nuclear spins,

Ĥc,±
j,l = Π̂±

[
Gj,lt̂

j · t̂l +X±j,lt̂
j
z t̂
z
l + C±j,l

(
t̂jz + t̂lz

)
+K±j,l

]
, (4.4)
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where Π̂± is the projection on the singlet or triplet subspace of combined j, l nuclear states.

The coefficients for the triplet projection are,

Gj,l = U eg,+j,l − V eg,−
j,l , (4.5a)

Xj,l = U eej,l + Uggj,l − 2U eg,+j,l , (4.5b)

Cj,l = U eej,l − Uggj,l , (4.5c)

Kj,l = 1
4

(
U eej,l + Uggj,l + U eg,+j,l + V eg,−

j,l

)
. (4.5d)

The letters U and V mark s-wave and p-wave terms respectively, and the super-index specifies

the superposition of orbital states involved in the collision (plus and minus are symmetric and

antisymmetric respectively). The coefficients for the singlet projection are analogous, but one

must change the V s for Us. The form of the Hamiltonian in Eq. 4.4 is that of the Kugel-

Khomskii model [157], which can be used to understand magnetic properties of crystals with

perovskite-like structure [158]. Hence, this cold alkaline-earth atom setting can be used as a

platform for quantum simulations for such condensed matter systems [155]. The total collision

Hamiltonian will be Ĥc =
∑

j<l

(
Ĥc,+
j,l + Ĥc,−

j,l

)
.

In general, the value of coefficients in Eq. 4.5 (which are in fact eigen-energies of the colli-

sion Hamiltonian) will depend on the translational modes involved. This asymmetry would

demand each mode to be described separately, and then the evolution will be guaranteed to

lie in a 4N -dimensional Hilbert space. This exponential complexity can be overcome under the

all-to-all approximation and the restriction to a Generalized Dicke Manifold (GDM), which

eliminates this mode pair dependence under a collective description of all the modes. The GDM

is spanned by the totally symmetric states defined uniquely by the four non-negative integers

{ne2, ne1, ng2, ng1}, restricted to
∑

a,i na,i = N . Those states are of the form,

|ne2, ne1, ng2, ng1〉 =
(

N !
ne2!ne1!ng2!ng1!

)−1/2

∑

p∈P (ne2,ne1,ng2,ng1)

p (|e2, . . . , e2, e1, . . . , e1, g2, . . . , g2, g1, . . . , g1〉) , (4.6)

where P (ne2, ne1, ng2, ng1) is the set of all the N !
ne2!ne1!ng2!ng1! different permutations between

atoms. In other words, the GDM spanning states are only specified by how many modes have

each of the four possible internal states. The dimension of the GDM grows cubically with

the number of modes: d = 1
6(N + 3)(N + 2)(N + 1). If the system lies in the GDM, s-wave

interactions are immediately suppressed, as the spatial collision must be antisymmetric in order

to keep the total state fermionic (the combined nuclear and orbital state is always symmetric in

the GDM). Once the p-wave collisions are dominant, then the dependence on the particular pair

of modes in Eq. 4.5 becomes negligible [20, 155], which further guarantees that the interaction

is only totally symmetric, reinforcing the possibility of the all to all approximation. As a matter

of fact, thermal effects also help to make the collective description more accurate. Even with
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the presence of s-wave terms, the p-wave collision terms become more and more dominant

as the occupied vibrational modes are higher in energy because of thermal excitation [159],

keeping the system mainly in the initial GDM. These highly excited states have also a much

reduced mode dependence of the collision terms, which is further averaged out by the thermal

fluctuations. Despite these last conditions would demand thermal master equations for the very

exact description of the state, the assumption of a unitary evolution of a pure state of the system

still captures the essential physics involved. We will be concerned with collective squeezing and

exchange interaction, both of them being relatively robust against noise.

In the GDM, and defining collective operators T̂α =
∑N

j=1 t̂
j
α, the collision Hamiltonian can be

rewritten as,

Ĥc =
(
V eg,+ − V eg,−) T̂2 + 1

2

(
V ee + V gg − 2V eg,+

)
T̂ 2
z + 1

2 (N − 1) (V ee − V gg) T̂z . (4.7)

There remains the interaction that the atoms can have with other electromagnetic fields as the

Ramsey pulses of a driving laser, or en external magnetic field B. This part of the Hamiltonian

can be written as,

ĤL = −δT̂z −
∑

i=1,2

ΩiT̂i,y +B∆g
∑

i=1,2

mF,iT̂i,z +Bḡ
∑

i=1,2

mF,i

N∑

j=1

π̂ji , (4.8)

where δ is the laser detuning with respect to clock frequency in the absence of magnetic field.

Coefficients Ωi are the Rabi frequencies of the laser Ramsey driving, which depend on the nuclear

spin states and the clock dipole transition. These two terms are just for state preparation and

read-out so they are not that relevant for the dynamics. What is important to notice in them is

that atoms can be driven to different pulse angles depending on the nuclear state. The last two

terms in Eq. 4.8 are due to the Zeeman splitting caused by an external magnetic field, where

∆g and ḡ are respectively the differential and average Landé factors. The numbers mF,i are the

single atom magnetic nuclear quantum number, while the operators π̂ji are projectors onto the

ith nuclear state. The resolution of each nuclear state can also be exploited to read the state of

each nuclear spin separately. Taking both Hamiltonians in Eqs. 4.7 and 4.8 into account, the

system evolution during dark Ramsey time is generated by,

Ĥ = κT̂2 +XT̂ 2
z + (N − 1)CT̂z + C ′T̂z + α

(
T̂2 − T̂1

)
+ γŜz . (4.9)

This will be the Hamiltonian to use for the rest of this chapter. Experimental estimations of

these coefficients in Sr clocks are as follows [160]. Coefficient κ = V eq,+ − V eg,− is of the order

of 1.7 Hz. This value can be bigger, as s-wave collisions may also be involved in it. Coefficient

X = 1
2 (V ee + V gg − 2V eg,−) takes values around 1.3 Hz. Coefficient C = 1

2 (V ee − V gg) is

around −0.39 Hz. Another coefficient is C ′ =
mF,2+mF,1

2 ∆gB, which can be made zero by

choosing for instance mF,2 = 1/2 and mF,1 = −1/2. The only relevant magnetic field term
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will be that with α =
mF,2−mF,1

2 ∆gB, with ∆g ∼ 109 Hz/G, so α = 54.5B Hz [151], if the

magnetic field is measured in Gauss and mF,2 − mF,1 = 1. Finally, the last coefficient is

γ = Bḡ (mF,2 −mF,1), with ḡ ∼ 185 Hz/G. We will see that because of the operators we are

interested in, and the initial conditions, this last term –dependent on magnetic field- will not

be relevant either.

Finally, we must establish the initial conditions. We are going to assume we start in the Dicke

Manifold of total nuclear spin, i.e., S2 = S(S + 1) and S = N/2. We are going to assume that

the nuclear states form an angle β with respect to the axis Sz = −N/2 and direction +x. This

kind of initial nuclear state, even addressing only a pair of Zeeman levels, is experimentally

feasible [161]. As far as we are going to be concerned with observables that depend only on

operators T̂i,α, the term proportional to γ in Eq. 4.9 can be ignored. Each GDM state with a

definite value of Sz also yields a definite quantum number for operators T2
1 = (T1 + 1)T1 and

T2
2 = (T2 + 1)T2, which are T1 = (N − s)/2 and T2 = s/2 respectively; i.e., the Sz = s −N/2

manifold has dimension d = (N − s+ 1) (s+ 1). In general, concerning the orbital degrees of

freedom, we are going to assume that we start by having all the clock states initially polarized

in g, and then applying different Ramsey pulses to each nuclear spin forming different angles θi

with respect to Tz = −N/2. Explicitly, the initial condition is,

|ψ(0)〉 =
N∑

s=0

(
N

s

)1/2 (
sin β

2

)s (
cos β2

)N−s N−s∑

l1=0

s∑

l2=0

(
N − s
l1

)1/2(s
l2

)1/2 (
− sin θ1

2

)l1

(
− sin θ2

2

)l2 (
cos θ12

)N−s−l1 (
cos θ22

)s−l2 |s, l1, l2〉1 , (4.10)

where first factors are binomial coefficients, θi is the Ramsey pulse area, and non-negative

integers li define an eigenvalue of Ti,z = li − Ti. The subindex in the ket is because there is

an alternative basis, which would be the eigenbasis of Eq. 4.9 with zero magnetic field, namely

|s, l, J〉2, where Tz = l − J and T2 = J(J + 1). Clebsch-Gordan coefficients mediate between

both bases. From the initial condition in Eq. 4.10, it can be seen that the expectation value of

any observable B̂ that depends only of operators T̂i,α could be written as,

〈
B̂
〉

=
N∑

s=0

(
N

s

)(
sin2 β

2

)s (
cos2 β

2

)N−s 〈
B̂
〉
s
, (4.11)

where
〈
B̂
〉
s

is the expectation value in the submanifold with Sz = s − N/2. Therefore, any

expectation value would be a weighted average over each s-definite submanifold. This fact will

be very relevant in order to have better estimations in the mean field theory. All over this

chapter we will assume symmetrical mixing of the nuclear states, i.e., we will always assume

β = π/2.

We are going to be concerned about two main kinds of initial angle settings. The first set of

conditions can be called spectator conditions, in which i = 1 states remain in the ground
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state (spectator atoms) while only atoms with i = 2 are rotated (interrogated atoms). As

the terminology suggests, this kind of conditions are devised to address the possibility of state

transfer induced by exchange interaction: in the sense that Hamiltonian 4.9 couples nuclear

and orbital degrees of freedom by means of purely fermionic antisymmetry arguments, and that

this Hamiltonian may produce the transfer of information from the interrogated atoms to the

spectator atoms and the other way around. The second set is the equal angle conditions,

i.e., θ1 = θ2 so that we start with zero relative Bloch vector T̂2− T̂1. This relative Bloch vector

will remain zero if there is no magnetic field B. However, state transfer will appear if B 6= 0,

as Zeeman splitting would generate differences between the nuclear states. As state transfer is

the essence of systems interacting through quantum magnetism, most of the attention will be

directed to situations with that kind of interaction.

4.3 Mean field equations

Despite being only accurate when correlations among particles are negligible, mean field equa-

tions (MFE) can illustrate many qualitative aspects of the physics involved. There are many

ways to derive these equations, either by changing the quantum field operators in Eq. 4.1 by

c-numbers, or by approximating the state of the total system as an uncorrelated product of

individual particles |ψ(t)〉 〈ψ(t)| ≈ ρ̂ (t)⊗N . For more details, the reader can see section E.1 in

the appendices. The MFE of Hamiltonian in Eq. 4.9 can be written in vectorial form,

dt2

dτ
= [2t1 + (2χZ + a+ c) ez]× t2 , (4.12a)

dt1

dτ
= [2t2 + (2χZ − a+ c) ez]× t1 , (4.12b)

where τ = κNt, a = α/(Nκ), c = C/κ, and χ = X/κ. Vectors ti represent the single particle

expectation value of t̂αj , which is the same for all particles thanks to the all-to-all condition.

Vector ez is the unitary vector along the z direction. The number Z = t1,z + t2,z is a constant

of motion. The part of Eqs. 4.12 that depends on x and c causes only a precession of the entire

system around the z axis. Therefore, they are going to be ignored by going to a rotating frame,

whose angular velocity is Ω = (2χZ + c)ez. By considering initial conditions in Eq. 4.10, both

t2 and t1 start in the z − x plane forming angles θ2 and θ1 with respect to ez.

In terms of relative coordinates R = t2 + t1 and r = t2 − t1, the MFE are simplified to,

dR

dτ
= aez × r , (4.13a)

dr

dτ
= 2R× r + aez ×R . (4.13b)

These equations have rather easy interpretations in the limits a → 0 and when a → ∞ as

illustrated in Figs. 4.3a-b. In the zero magnetic field limit, the total vector R remains constant
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Figure 4.3: (a,b) Time evolution of vectors t1, t2 and their total and relative ones R and r. The
evolution in (a) is the a→ 0 limit of Eqs. 4.13, while (b) is for the a→∞ limit (great magnetic
field). Population transfer, as measured by the variation of z component of r, is suppressed by
high magnetic fields. (c) Confining potential felt by z = rz under different values of a. Initial
conditions are t1 = t2 = 0.25, θ2 = 3π/4 and θ1 = π/4. Motion of z is confined to V (z) < 0.
At small values, magnetic field can enhance or suppress population transfer as compared to zero
field (black harmonic potential). However, at high values it only pegs the value of z to a narrow
interval. Ω rotations in (a) are ignored because of the rotating frame interaction picture.

and the relative r precesses around it, a precession that also applies to vectors t1 and t2. In

the opposite limit of infinite magnetic field, t1 and t2 precess around the z axis in opposite

directions but with the same frequency, varying vectors R and r accordingly. As the laboratory

frame xy components would depend also on the rotating terms, it is the relative component

rz = z the most interesting for these simplified MFE. This component express the relative

population of modes in state e2 with respect to those in state e1. This relative population

oscillates around the mean value Z/2 in the zero magnetic field limit, while it remains fixed at

infinite magnetic field. It is then clear that an intense magnetic field can act as a suppressor of

population transfer.

Outside the two simple magnetic field limits, the time evolution of z is described by,

z̈ = 6 (z − z0)2 − 4
[
(a− z0)2 +R2

0 − z2
0

]
(z − z0) + z̈0 = −∂V/∂z, (4.14)

where ż represents derivative with respect to τ , subindex zero is initial value, and R0 = |R(0)|.
Potential V (z) is cubic, which is an alteration of the zero magnetic field harmonic potential.

Figure 4.3c shows that, if the magnetic field is not so intense, it can enhance or suppress

population transfer according to the initial population imbalance. We will see this simple

classical picture drawn from the MFE are a good guide to understand results even in the exact

quantum domain.

4.4 Bloch vector dynamics

This section is concerned about results that are obtainable either by means of MFE as in previous

section and also a full quantum treatment. So, it is mainly focused on Bloch vector dynamics.
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Figure 4.4: (a) Probability of having a pancake with N atoms in it, which depends on the
total number of atoms in the optical lattice. (b,c) Time evolution of normalized total contrast,
|〈T̂xy(t)〉|
|〈T̂xy(0)〉| under spectator conditions (θ1 = 0) with different Ramsey angle θ2 and two different

magnetic fields B. This data is the average over all pancakes with one thousand atoms in the entire
lattice. (d) Frequency shift of total Bloch vector under the same conditions of (b,c) and also
other values of B. Notice the pair of big breaks in the vertical scale in order to represent the high
B shifts. Cold colored surfaces in (b,c) and solid lines in (d) represent the exact quantum results
while MFE predictions are depicted with warm colored surfaces and dashed lines respectively.
Total Bloch dynamics clearly demands high experimental resolution in order to find beyond MFE
physics; for instance, frequency resolution should be of the order of ∼ 0.1Hz.

We understand as Bloch vector dynamics the time evolution of expectation values like
〈
T̂i,α

〉
,

their microscopic counterparts
〈
t̂
〉j
i,α

, or any other information extracted from them. The main

objective of this section is to answer the question of whether it is possible to distinguish between

the MFE predictions and the exact quantum ones, by focusing on the most available kind of

data currently available in the 87Sr atomic clocks with Ramsey spectroscopy techniques (i.e.,

Bloch vector dynamics themselves).

Before going further, we need to give an additional clarification of the experimental data at

disposal under current realizations of the 87Sr atomic clock, which will be the focus of this

section. If attention is paid to Fig. 4.1a, it should be noticed that the probing laser under current

clock operations simultaneously scans all pancakes in the 1D lattice. This means that the more

readily available data from these experiments concerns predictions not of a single pancake, like

that of Eq. 4.11, but an average of a signal generated by all pancakes simultaneously. This

available experimental data is equivalent to having expectation values of the form,

〈
T̂i,α

〉
=
∑

N

pN

〈
T̂i,α

〉
N
, (4.15)

where pN is the probability of having N atoms in a pancake, which depends on the total number

of atoms in the lattice. Figure 4.4a depicts some of the possible probability distributions pN ,

which were experimentally determined. All over this section, we will discuss results obtained

by means of averages like Eq. 4.15 for the specific case that there are a thousand atoms in

the entire lattice. This is a relatively small amount of atoms, as numbers up to 4000 are quite

common, but that is not so relevant for discussing the main tendencies.

The initial conditions are specified by Eq. 4.10 with atoms having initial Ramsey angles θi

depending on the nuclear spin state. Both quantum and MFE results were obtained by nu-

merically solving the evolution for a particular value of s and N , by using Hamiltonian 4.9 as
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generator or integrating Eqs. 4.12. After that, mean values are obtained by subsequently apply-

ing Eqs. 4.11 and 4.15. However, not all results were obtained numerically. There are instances

where expectation values of the problem are expressible in analytic forms. Under zero magnetic

field, and in the exact quantum realm, all expectation values of total orbital pseudo-spin T̂

are readily computable (see section E.6 in the appendices). Also, the MFE can be reduced to

a superposition of harmonic oscillators or constant angular frequency rotations, as Fig. 4.3a

illustrates.

We are going to analyze our Bloch vector dynamics under two categories: total Bloch vector

dynamics when expectation values for both nuclear states are added (vector R in Figs. 4.3a-

b), and relative Bloch vector dynamics when differences between those vectors are considered

(vector r in Figs. 4.3a-b). This makes the description simpler and allows to separate objectives,

since total dynamics are more interesting for clock implementations and metrology, while the

relative ones are related to state transfer and quantum magnetism.

4.4.1 Total Bloch vector dynamics

Total Bloch vector dynamics under spectator conditions are shown in Figs. 4.4b-d. The two

first surfaces (Figs. 4.4b-c) show time evolution of total contrast, which is the xy magnitude

of the Bloch vector (see caption for equation). This nomenclature come from the fact that

this parameter is associated to the amplitude of fringes in Ramsey spectroscopy. Figure 4.4b

may seem wrong, at least if one thinks about the prediction Eq. 4.13, which states that at

zero magnetic field total contrast should remain constant. However, we must remember that

results in Fig. 4.4b are averages over different values of s (see Eq. 4.11), and different number

of atoms in pancake N (see Eq. 4.15). Different values of s and N mean different lengths for

NRz in Fig. 4.3a, which would give different precession frequencies Ω (see Eq. 4.12), and even

a different definition of τ . All this means that the initial composition of Bloch vectors becomes

increasingly dephased, accumulating a destructive interference, which explains why measurable

total contrast decays. This relative dephasing is less intense for small angles θ2, which indicates

that the distribution of precession frequencies is less relevant in that case. Also, the fact that the

quantum decay tends to be bigger than the classical one is related to the fact that the quadratic

term in Hamiltonian 4.9 induce additional phase fluctuations not considered in the MFE. Figure

4.4c can be explained similarly, but now we must take into account that under strong magnetic

field, Eq. 4.13 predicts oscillations of Rxy with angular frequency a, which depends only on N .

However, Fig. 4.3b shows clearly that if θ1 = 0 and B dominates, Rxy should not oscillate at all.

This means that the total contrast decay for high B is almost exclusively related to interference

with different pancake signals with a small component due to coupling with relative Bloch

vector which causes a small dependence on θ2. If B were totally dominant, the decay would

be independent of θ2. Quantum deviations in Figs. 4.4b-c from MFE are not very big, which

means that total Bloch vector dynamics under spectator conditions require good experimental
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resolutions in order to distinguish atom-atom correlations and quantum fluctuations. Also, these

deviations concentrate differently when strong magnetic field is applied (at large θ2 angles) than

in zero magnetic field (around θ2 = π/2), which suggest different behavior of the correlations

associated to total Bloch vector in each case.

The other total Bloch vector quantity we are going to discuss for spectator conditions is the

frequency shift [162]. This is defined as,

2π∆ν =
∆φ

∆t
, (4.16)

where ∆φ is the azimuthal (xy plane) rotation angle of total Bloch vector after a time ∆t =

100ms. Other ∆t values give similar results as the azimuthal angular frequency starts being

relatively constant. This frequency shift is density dependent, in the sense that it will be greater

if we have a bigger nadir angle, i.e, if we have a bigger initial population of excited atoms. The

shift is also bigger when more atoms are trapped in the lattice. Thus, frequency shift is one of the

big challenges for the many-body AEA lattice system to be used as a clock [159]. The collective

behavior helps to have great stability and then improved precision with respect to single atom or

single ion clocks, but this shift caused by atom-atom interactions would introduce a systematic

error in the frequency standard. Figure 4.4d depicts the frequency shift estimated for the same

conditions of Figs. 4.4b-c. Then, it is shown that a resolution of ∼ 0.1Hz would be needed in

order to make the atomic collision effects apparent and to distinguish the quantum evolution

from the MFE. Then, no wonder that in previous experiments with not very great resolution

the interactions were unnoticed. In Fig. 4.4d we see that ∆ν behaves as expected, increasing

with zenith angle, and in fact its dependence is linear with respect to cos θ2. If azimuthal

rotation angle were really constant, then the crossing with ∆ν = 0 could be chosen to avoid

clock systematic errors but the non-linear character of Hamiltonian in Eq. 4.9 discards that

possibility. Higher number of atoms and equal angle conditions would give more noticeable

shifts [160].

4.4.2 Relative Bloch vector dynamics

Switching to relative Bloch vector dynamics under spectator conditions in Fig. 4.5 gives a

different perspective. For instance, while the z component of total Bloch vector is always

constant, that is not longer true for the relative one, which allows to talk about population

transfer. This is defined as,

Z =
ne2 − ne1
ne2 + ne1

, (4.17)

where nαi are the expected number of atoms in nuclear state i and orbital state α as in Eq.

4.6. An equivalent definition of Z is given in caption of Fig. 4.5. The quantum exchange

populations between states e2 and e1 represented by Z can be thought as multiple bosons in

a double well potential, with the possibility of tunneling across the mid barrier. This kind
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Figure 4.5: (a-d) Dynamics of population transfer Z =
〈T̂2,z−T̂1,z〉
〈T̂z+N/2〉 , and (e-h) normalized

relative contrast
|〈T̂2,xy(t)−T̂1,xy(t)〉|
|〈T̂2,xy(0)−T̂1,xy(0)〉| under the same conditions specified in Figs. 4.4b-d. Now,

deviances from the MFE can be resolved much easier as compared to the total case, especially
for (a-c) and (e-g), i.e., for large angles θ2 > π/2 and not very big B. This suggest cases with

significant correlations between Bloch vectors T̂1 and T̂2. In contrast, the large B case (d,h) have
very good agreement with MFE. Also, notice the magnetic field suppression of exchange transfer
in (d). In that case, transfer is only visible by means of a big zoom in the inset.

of quantum problem has been famously associated to tunneling across Josephson junctions in

superconductor physics [163]. Oscillations between wells depend on the conditions on the relative

strength of tunneling hoping, barrier height, and interaction energy in each well. In particular,

when the chemical potential associated to the differences in population and interaction energy

between wells dominate the dynamics, the population oscillation is suppressed, in a phenomenon

known as macroscopic self-trapping. This effect has been recently confirmed in bosonic cold-

atom systems [164] and excitonic condensates [165]. At zero magnetic field a precession around

total Bloch vector is predicted (see Fig. 4.3a), but its frequency depends on the initial value

of θ2, with bigger values being for initial big population imbalance. In phenomenon similar to

macroscopic self-trapping, high values of θ2 will have very slight change of Z, as can be seen in

Fig. 4.5a.

Figure 4.5d shows the suppression of population transfer predicted in the MFE and illustrated

in Figs. 4.3b-c. A similar picture would have been obtained if magnetic field were directed in

negative direction. In the double well picture, this would mean that the magnetic field creates

an energy difference between both nuclear states so high that hopping terms (proportional to

κ in eq. 4.9) cannot longer make the populations to oscillate. However, under weak magnetic

terms (Figs. 4.5b-c) the effect of B suppression of Z oscillation is not so clear, since they can

enhance or diminish the state transfer depending on direction. This direction asymmetry was

already predicted in Fig. 4.3c, which shows that small values of a can broaden or tighten the

confinement of Z depending on the direction, i.e., precessions around R and ez in Fig. 4.3b can

cancel or reinforce each other. The asymmetry between negative and positive small magnetic
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fields is also present in relative contrast in Figs. 4.5f-g with a complex dependence on the initial

Ramsey angle θ2.

Relative contrast under zero magnetic field should oscillate between a positive and maximum

value as depicted in Fig. 4.3a when r is projected onto the xy plan. Also, its frequency of

oscillation will depend on the magnitude of total Bloch vector. Both amplitude and frequency

will be bigger for small θ2, as it is evidenced in Fig. 4.5e. However, this tendency deducible

from Fig. 4.3a is obscured by high interference among different frequencies, caused again by

different Bloch vectors t1 and t2 lengths which will greatly vary the length of total R. Equation

4.13 shows that when B is dominant, both relative and total contrast behave the same, that is

why Fig. 4.4c is so similar to 4.5h.

4.4.3 Equal angle conditions

We have reserved results for equal angle conditions to this separate section. This in part due

to the fact they have been analyzed, at least partially and in the zero magnetic field case, in

Ref. [20]. That specific case, which has analytical solutions as expressed in E.6, does not make

any use of the presence of the nuclear degrees of freedom, and as such it is not much related

to our aim of investigating SU(2) quantum magnetism. We have included it as a reference for

certain comparisons, especially spin squeezing in section 4.5.2. In this analytically solvable case,

for any value of Ŝz, the system will be always in an eigenvalue of T̂2, i.e., it will always lie in

the Dicke manifold of total orbital pseudo-spin. This presence of a good quantum number and

the fact that the contrast profile in Fig. 4.6a. greatly resembles Fig. 4.4b indicates that the

interference that causes contrast decay is mostly due to different pancake signals. Also, as there

are less dephasing explainable in terms of MFE, we see that quantum effects are more easily

seen in Fig. 4.6a. with respect to Fig. 4.4b, which we will see that this has to do to with a

squeezing process in the former. Now, for intense B as in 4.6b, the oscillations predicted by the

MFE are totally visible, since they have maximum amplitude, but can be damped by dephasing

of azimuthal frequencies Ω, with zero dephasing when θ2 = θ1 = π/2. Quantum fluctuations,

instead, introduce dephasing at all angles.

Concluding the Bloch vector review, we show in Fig. 4.6c that the magnetic field under equal

angle conditions induces a population transfer provided B is not too intense 1. That is exclusive

of the small B regime. Population transfer is initially zero and it will remain so if no field is

applied. In the other extreme, if B is too intense, the suppression of state transfer is activated.

Only when all terms in Hamiltonian 4.9 are relevant it is possible to have significant population

transfer under equal angle conditions. Which is also the most convoluted possibility.

1We do no show an equivalent to Fig. 4.6c with negative angle, but it is easily deducible, as inverting the
direction of B is equivalent to interchange t̂2 and t̂2. Then, a figure for B = −30mG would be very similar to
Fig. 4.6c but with negative values of Z.
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Figure 4.6: Bloch vector dynamics results under both spins rotated conditions, i.e., θ1 = θ2; all
the rest is as specified in Figs. 4.4b-d except that the warm and cold color palette is different. (a-b)
Total contrast results, conditions with equal initial Ramsey angles produce more distinguishable
deviations from MFE. (c) Even though at B = 0 both Bloch vectors would behave equally under
these initial conditions, not too big B 6= 0 induces a population transfer and in general an exchange
interaction.

4.5 Dynamics of atom-atom correlations

In order to see the role correlations play in previous results and tendencies, it is time to explore

information beyond single point functions. Ways of computing them are explained in appendix

section E.2. As we are now dealing with correlations between particle, it has no sense to keep

investigating signals when all pancakes are included, since there are no correlations between

particles belonging to different pancakes. Then, we will focus on a single pancake so that an

average like Eq. 4.15 is no longer needed. All through the rest of this chapter, we are going to

present results with N = 16. Tendencies are essentially the same with other values of atoms

in the pancake. Besides that, all other settings and conditions defined in previous sections are

maintained.

4.5.1 Atom-atom correlations

The basic supposition of MFE is explained in appendix section E.1. Then, it is explained in

appendix E.5 that an implication of the mean field approximation is the absence of microscopic

correlations, that is, that microscopic expected values like
〈
t̂j1i,α

〉
and

〈
t̂j2j,β

〉
are statistically

independent for any pair of different atoms j1 6= j2. As a converse, we could use correlation

measures like linear covariances between particles to establish when and how do we expect

to find a failure in the MFE. Examining these correlations is tantamount to probe the level

of exchange interaction at the atom-atom level, providing a crucial evaluation of the kind of

highly correlated systems that could be suitable for quantum simulation in the AEA lattice

clock platform.

We have chosen some forms of maximum covariances as correlation parameters (see E.5) since

they have a direct interpretation as the statistical interrelation between certain Bloch vectors

of each atom. Given that in the previous section we stressed a separation between total and

relative Bloch vector, we are going to mention here just the correlation parameters more relevant
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Figure 4.7: (a) Total correlation parameter KT and (b) relative correlation parameter KR as a
function of time and under different initial conditions. These parameters establish the maximum
covariance between the Bloch vectors of a pair of different atoms (j1 6= j2) interacting within a
pancake with a total of N = 16 atoms. As the name suggests, the Bloch vectors in each case are
different, being total vectors tj1 and tj2 in the former, while in the latter it is between tj12 and

tj21 . Instances with high values of these covariances would imply evolution conditions at which
the MFE predictions concerning the involved macroscopic Bloch vectors fail.

for both kinds of Bloch vector, respectively KT and KR. Figures 4.7a-b give a general picture of

the behavior of both kind of covariances. We should clarify that the smaller scale for KR does

not mean that we have considerably less relative correlations as compared to the absolute one.

Far from that, the reason of the different scale is that the maximum possible value of KT is 0.25

while it is only a quarter of that for KR, due to the probability below unity of both particles

having a definite nuclear state.

It it is quite consistent to see that there are strong similarities between the pair of surfaces in

Figs. 4.7a and 4.7b in the same way that it happened in Figs. 4.4c and 4.5h. This reveals

that even at the level of correlations and in the pure quantum realm, it is maintained the

identical behavior of relative and total Bloch vector predicted by MFE 4.13 under dominating

magnetic field. Also, correlations in Figs. 4.7a and 4.7b are small, something that justifies

the level of similarity between the quantum solution and MFE when magnetic field is intense.

This correspondence is maintained even for particular times and initial angle conditions, with

the general rule of thumb: less correlations, better accuracy between MFE and exact quantum

solution. All of this despite Figs. 4.4c and 4.5h have extra information coming from pancakes

with different kind of atoms. Keeping this rule of thumb in mind, it is clear that total Bloch

vectors do not reveal much quantum behavior under spectator conditions, but they certainly

do when both nuclear spins are equally rotated. That is quite apparent in the fact that upper

graphs in Fig. 4.7a are much less prominent than the lower ones. As a general tendency, we

can say that spectator conditions are not well suited for generating high correlations in the

total Bloch vector, as they disperse the evolution on different values of
〈
T̂2
〉

. In other words,

spectator conditions tend to cause the nuclear states to be a dispersive environment for total

Bloch vector correlations. In next subsection we will see that this is also a deleterious effect on

squeezing and total quantum concurrences.

On the other hand, relative correlations for spectator conditions shown in Fig. 4.7b are much
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Figure 4.8: Evolution of (a-c) concurrence, and (d-f) spin squeezing under mostly equal angle
conditions. With the exception of (f), which is under spectator conditions. The absence of
exchange interaction in (a) and (d) represent pure cases of one axis squeezing with a transverse
field, already mentioned in section 3.6. Especially at middle angles, when total Bloch vector is
perpendicular to the non linear term. Total quantum correlations are absent in any other case
since the exchange interaction and the magnetic field tend to blurred them out. However, if two
qubit density matrices with definite nuclear spin are considered (see Eq. E.17), then there can be
some instances of two particle entanglement as in (b-c).

more promising, at least for zero or weak magnetic field 2. Relative Bloch vector quantities

under small B are certainly the more adequate for showing distinctive quantum behavior for

the spectator conditions, as it was anticipated in Figs. 4.5a-c and 4.5e-g. This relative Bloch

vector quantum behavior, and the relative quantum correlations we will see in next subsection,

confirm the existence of true quantum magnetism in the 87Sr lattice clock, in the sense of strongly

correlated and even often quantum entangled exchange interaction between the pseudo-spin of

atoms with different (but definite) nuclear spin state 3.

4.5.2 Quantum Correlations

Hamiltonian in Eq. 4.9 has an interesting quadratic term proportional to X, which is the

interaction term in the LMGM, and has been already seen to produce spin squeezing when

the initial term is perpendicular to T̂z [120, 123]. This kind if process is seen as favorable for

clock operations, as it tends to reduce the phase uncertainty (and hence the inaccuracies of

time keeping)[166]. In Figs. 4.8a and 4.8d, such a squeezing process is confirmed, and is best

manifested, as expected, in the perpendicular initial conditions. In contrast, under any other

condition, be it because of magnetic field, or because of exchange interaction, total concurrence

and squeezing is virtually negligible so that it was pointless to present graphs for them. Under

all those other situations, the system is no longer in the maximally symmetric Dicke manifold

and dephasing between the different Bloch vectors with definite nuclear spin state cancel the

quantum correlations. Total spin squeezing is momentarily generated in other situations like

2In this section we have skipped the presentation of results for B = ±30mG under spectator conditions because
it would greatly saturate the presentation of results. As a general tendency, they are distorted versions of the
results for zero magnetic field, much in the same sense as Figs. 4.5a-c and 4.5e-g.

3Correlations parameters like K1 and K2 defined in appendix section E.5 for spectator conditions are not
shown in Fig. 4.7b, but they are very similar to their KR counterparts.
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Figure 4.9: Time dependence of concurrence as a measure of entanglement between a pair of
atoms when (a,b) both are made to collapse onto nuclear state 2, (c,d) both onto 1, or one onto
2 and the other one onto 1. All results are for spectator conditions and a pancake with N = 16
atoms.

in Figs.e-f, as in those situations there are slight coordination between Bloch vectors at early

stages.

Besides the initially disappointing findings for total concurrence and spin squeezing, we should

not quickly conclude that only the B = 0 ∧ θ2 = θ1 initial condition is the only interesting

case for studying quantum correlations. A different picture is drawn if only two qubit density

matrices with definite nuclear spin are considered. Then it is possible to talk about quantum

correlations between specific Bloch vectors t̂i. That kind of entanglement is present for equal

angle conditions, as in Figs. 4.8b-c, which are well related to the correspondent graph in Fig.

4.7b. However, it is under spectator conditions and zero magnetic field (Figs. 4.9a-c), when

exchange interaction occurs from start, that definite nuclear spin quantum concurrences tell the

most interesting story. Early after starting point, concurrences appear between both nuclear

states at 1 or between 1 and 2 at Ramsey angles near the −z direction. Later, the entanglement

initially developed in the (1, 1) pair is transmitted back and forward to the (2, 2) pair, while

the relative concurrence (1, 2) follows that beating with twice the frequency. This reveals that

exchange interaction not only induces transfer of state, but also transfer of entanglement. The

low concurrences in 4.9d-f only confirms that once the state transfer is suppressed, also the

transfer of entanglement is diminished, with the exception of an emergent beating at high

angles in 4.9f.

4.6 Conclusion

We have theoretically demonstrated the existence of SU(2) quantum magnetism in a 87Sr lattice

clock assuming all-to-all conditions and totally unitary evolution. We have shown that this

exchange interaction is noticeable even under current Bloch vector measurements of multiple

pancakes at the same time, however obscured by the average process. When zooming on a pair
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of particles in each pancake, we have found not only that Bloch vector state transfer occurs

between them, but also that strong correlations and even quantum entanglement is developed

during the dynamics. An even more curious finding has been that quantum entanglement may

alternate between the pair of nuclear states from which the two particle clock states density

matrix is extracted, in a sort of exchange of concurrence. The source of entanglement has

been identified as non-linear processes frequently found to generate spin squeezing, and indeed

very similar to those found in chapter 3. In general, we have found that the presence of this

exchange interaction, whenever is clearly manifest (for instance, under spectator conditions),

has a negative impact on favorable phenomena for metrology applications like spin squeezing

on the total all-to-all state or total concurrence between single atom clock states.

We evaluated the effect of a magnetic field on the exchange interactions as well, which, whenever

is too intense, suppress the state transfer and even the quantum entanglement transfer. Instead,

when atoms have all a totally defined nuclear state (equal angle conditions), spin squeezing is

generated and the magnetic field is not that effective in deleting correlations. The quantum

magnetism we unraveled during this chapter takes the system further from ideal clock operations,

but makes it much more interesting as a quantum simulator. Thus, quantum magnetism results

greatly contrast with the stability and accuracy of clock operation under fully polarized nuclear

spins, as was the focus of precedent works on the system. Finally, we must recall that the

relatively simple classical ‘rotor’ picture we developed by means of MFE proved to be useful for

the interpretation of many results.



Outlook

We started by exploring the generalities of the DM both for the TL and finite size version,

with a special focus on the QPT and related critical boundary. After presenting a remarkable

experimental realization of the DM, we established the main tendences of the system being irre-

versible excited when made to dynamically cross the critical threshold, in a process of quantum

hysteresis. After that, we discovered a new theoretical approach to describe this defect forma-

tion, namely the dynamical critical function theory. It turned out that our theory was able to

tackle previously well understood systems like the TFIM, as well as the DM and LMGM. For

the latter ones, traditional explanations such as the KZM fail.

When we went higher in the annealing velocities range, we stumbled upon a previously unnoticed

dynamical regime that generated greatly magnified quantum properties as spin-squeezing and

light-matter entanglement. Much more encouraging, we found out that many of these collective

quantum effects were quite robust against dissipation caused by the environment. We were able

to give a thorough demarcation of that complex dynamical regime by establishing its scaling

behavior both in terms of system size and annealing velocity. Symmetry breaking, non-linear

effective interactions and quantum chaos were all incorporated in our insights about this exciting

discovery.

We then switched to the exchange interactions between clock state collective pseudo-spin net-

works in a 87Sr lattice clock, concocted by a suitable mixture of the fermionic nature of parti-

cles, the highly symmetrical p-wave interaction between vibrational modes, and the underlying

SU(N = 2) symmetry related to vanishing hyperfine interactions. We demonstrated strong cor-

relations and exchange interaction between nuclear spin states, which confirmed the handiness

of such a system for quantum magnetism simulations. Already familiar non-linear processes

where found in this problem, that involved the transfer not only of orbital states, but also of

quantum correlations. We found a trade-off between clock accuracy and transfer interactions.

A common thread all throughout this thesis was the concern about macroscopic control of

quantum many-body systems, in particular the ones that involve all-to-all spin networks. In

chapters 1 (quantum hysteresis) and 2, we found the restrictions experimented by adiabatic

quantum control protocols when confronted to scalability with system size. Furthermore, we did

it with a novel and broad ranged theory. In contrast, chapters 3 and 4 provided a more positive
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perspective of non-equilibrium highly correlated collective interactions as means for quantum

control techniques. Indeed, novel and highly profitable regimes have been identified. In both

cases, different objectives could be achieved with a very good degree of tunability. The level

of control in chapter 3 resided fundamentally in the annealing parameter, including its velocity

and the value up to which is raised. On the other hand, in chapter 4, the maneuverability was

the Ramsey pulses applied during initial state preparation, and in some sense, even the presence

of the magnetic field.

Finally, we want to stress that all the topics dealt within this work have also in common a high

degree of current interest, both theoretically and experimentally. In fact, quantum hysteresis

procedures have been recently experimentally investigated for the DM [5]. Also, the dynamical

crossing of QPT is one of the major open problems in current research [167], and the robustness

of our results against noise makes us confident that soon we will see experimental confirmation

of some of them. Finally, the 87Sr lattice clock is well ahead in the research race, either in

the sense of ultra-high precision clocks, or as highly tunable quantum simulators [20]. We have

found very rewarding to produce contributions that push further these knowledge frontiers.
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Appendix A

Published and submitted papers.

Chapter 1

In the following pages we have decided to add complete papers (organized as appendices A, B,

C, and D) that have been published and/or submitted during the author’s doctoral research.

This papers are related to chapters 1-3 and are organized in that order. We stress that all these

papers are fundamentally published forms of the doctoral research this thesis is about, and are

included with the consent of the other authors.

79



Published and submitted papers. Chapter 1 80

Quantum emitters dynamically coupled to a quantum field
O. L. Acevedo, L. Quiroga, F. J. Rodríguez, and N. F. Johnson 
 
Citation: AIP Conference Proceedings 1566, 560 (2013); doi: 10.1063/1.4848534 
View online: http://dx.doi.org/10.1063/1.4848534 
View Table of Contents: http://scitation.aip.org/content/aip/proceeding/aipcp/1566?ver=pdfcov 
Published by the AIP Publishing 
 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

157.253.167.36 On: Wed, 08 Jan 2014 21:46:47



Published and submitted papers. Chapter 1 81

Quantum emitters dynamically coupled to a quantum field
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∗Departamento de Física, Universidad de los Andes, A.A. 4976, Bogotá, Colombia
†Department of Physics, University of Miami, Coral Gables, Miami, FL 33124, USA

Abstract. We study theoretically the dynamical response of a set of solid-state quantum emitters arbitrarily coupled to a
single-mode microcavity system. Ramping the matter-field coupling strength in round trips, we quantify the hysteresis or
irreversible quantum dynamics. The matter-field system is modeled as a finite-size Dicke model which has previously been
used to describe equilibrium (including quantum phase transition) properties of systems such as quantum dots in a microcavity.
Here we extend this model to address non-equilibrium situations. Analyzing the system’s quantum fidelity, we find that the
near-adiabatic regime exhibits the richest phenomena, with a strong asymmetry in the internal collective dynamics depending
on which phase is chosen as the starting point. We also explore signatures of the crossing of the critical points on the
radiation subsystem by monitoring its Wigner function; then, the subsystem can exhibit the emergence of non-classicality
and complexity.

Keywords: Dicke model, parametrical driving, irreversibility.
PACS: 0.5.30.Rt

Recent experimental advances are allowing the con-
trolled coupling of semiconductor quantum emitters, like
quantum dots or NV-centers, within a confined quantum
field (photons/plasmons/phonons) [1]. The Dicke model
(DM) is a matter-radiation interaction system with poten-
tial realizations in those condensed matter scenarios, as
well as in quantum optics and atomic physics. Realiza-
tions has been proposed in Circuit and Cavity QED [2],
and there has been an especially successful realization
using ultracold atoms [3]. Much of the attractiveness of
the DM lies on the presence of a second-order Quantum
Phase Transition (QPT) at its thermodynamic limit [4].
Most of works about the DM have focused in static ef-
fects of the QPT, both in the thermodynamic limit and in
finite-size systems [5]. However, the dynamical aspects
of the QPT in the DM have been scarcely addressed [6].
In this work, we will tackle the problem at the very quan-
tum level by using reliable computational solutions. We
will examine the effects of dynamically changing the pa-
rameters of finite size DMs starting from their ground
state. This problem is important for the context of adi-
abatic quantum computation [7], as some quantum op-
erations through different ground states on parameter
space can be discarded as impractical if they cross critical
points where increasing the number of qubits extremely
increases the time required by the process.

The DM consists of a set of identical qubits symmetri-
cally coupled to a single bosonic mode. The Hamiltonian
of the model is,

ĤD = ε Ĵz +ω â†â+2n−1/2
q λ (t)Ĵx

(
â† + â

)
, (1)

where nq is the number of qubits, the operators Ĵi =
1
2 ∑

nq
j=1 σ̂ (i)

j denote collective operators of the set of

qubits (σ̂ (i) are Pauli matrices), and operator â† (â) is
a creation (annihilation) operator of the bosonic mode.
For results, we have set resonance between qubits and
bosonic mode (ω = ε) and we have set it as the en-
ergy scale (ω = 1). The parametrical driving will be per-
formed through the interaction parameter λ between the
values 0 and 1; at the center of this interval there would
be a QPT in the thermodynamic limit separating a nor-
mal phase (λ < 0.5) from a superradiant phase (λ > 0.5).
The system will undergo triangle-like cyclical drivings of
λ (t) described by,

λ (t) =
{

λ1 +2(λ2 −λ1)t/τ, t ≤ τ/2
λ2 +2(λ1 −λ2)(t/τ −1/2), t > τ/2 ;

(2)
where λ1 and λ2 are respectively zero (one) and one
(zero) depending on whether the system starts/ends in the
normal (superradiant) phase. The velocity of the cycle is
characterized by its total time τ . For any instantaneous
value of λ there is a ground state

∣∣Θλ (t)
〉
, and we will

compare it with the actual dynamical state |Ψ(t)〉 through
the total fidelity fT (t) =

∣∣〈Θλ (t)|Ψ(t)
〉∣∣2. Also, we will

probe the non-reversibility of the process through the
Wigner distribution of the bosonic mode subsystem,

W (α,ρ) =
∞

∑
n=0

(−1)n 〈n| D̂† (α) ρ̂D̂(α) |n〉 , (3)

where D̂(α) = eα â†−α∗â is the displacement operator
and ρ̂ is the bosonic mode density matrix.

In fig. 1-a there are shown different hysteresis curves
of FT (t) for selected values of τ . The diabatic regime
(τ = 0.5) is characterized by a sudden fall in the quantum
fidelity as the critical value of λ = 0.5 is crossed. But,
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FIGURE 1. Quantum hysteresis curves of fT as a function of λ . (a,b) Comparison of different cycle times τ for a DM with size
nq = 15 starting from (a) the normal phase, or (b) superradiant phase. (c) Effect on the hysteresis curves of the size of the system
for cycles with τ = 40 and starting at the normal phase.

FIGURE 2. Non-reversibility of the dynamics as witnessed by the bosonic mode’s Wigner distributions, for a resonator
interacting with nq = 15 qubits and cycle times τ = 20. (a,c) Initial states.(b,d) Final states. (a,b) Cycle start and ending point
at the normal phase (λ = 0). (c,d) Cycle start and ending point at the superradiant phase (λ = 1).

as the parametric driving goes back, almost the same
fidelity is achieved, embeding little area inside the curve.
This high reversibility is caused by a sudden quench
condition, i.e., the system remains virtually in the starting
state and the fall in the fidelity is due to differences
between the instantaneous ground state and the starting
state as predicted by the QPT. On the other hand, the
approach to the adiabatic limit is not monotonous, and
complex oscillations arise. The falling in the hysteresis
in the inverse cycle (fig. 1-b) is not so marked because
the superradiant phase has a bigger difference between
the ground states for different points in parameter space.
The reversibility for this kind of cycles is higher but
the oscillations are also much more pronounced. The
rightmost fig. 1-c shows how the size of the system
exacerbates the hysteresis effects.

Figures 2-(a-d) show results for the Wigner distribu-
tion. Both pairs of figures, (a,b) and (a,c), compare the
state of the subsystem at the same point in parameter
space but figs. 2-b and 2-d reveal results after the cycle
is performed. The initial Gaussian-like shapes of the dis-
tribution are appreciably distorted and negative values of
the distribution appear. Also, as the ground state reveals
the Planckian scale, we conclude that a sub-Planckian
structure is irreversibly formed. These features (negativ-
ity and sub-Planckian structure) are related to quantum-
ness of the state and quantum chaos respectively [8].

In conclusion, we have revealed the emergence of irre-
versible complex behaviors in finite size DMs as a conse-

quence of dynamical crossing of the QPT when the adi-
abatic regime is approached. Counter-intuitively, the di-
abatic regime is almost reversible and order-preserving.
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We reveal universal dynamical scaling behavior across adiabatic quantum phase transitions in networks
ranging from traditional spatial systems (Ising model) to fully connected ones (Dicke and Lipkin-Meshkov-
Glick models). Our findings, which lie beyond traditional critical exponent analysis and adiabatic
perturbation approximations, are applicable even where excitations have not yet stabilized and, hence,
provide a time-resolved understanding of quantum phase transitions encompassing a wide range of
adiabatic regimes. We show explicitly that even though two systems may traditionally belong to the same
universality class, they can have very different adiabatic evolutions. This implies that more stringent
conditions need to be imposed than at present, both for quantum simulations where one system is used to
simulate the other and for adiabatic quantum computing schemes.

DOI: 10.1103/PhysRevLett.112.030403 PACS numbers: 05.30.Rt, 64.60.an, 64.60.Ht

Scaling is ubiquitous in nature, with critical exponents
being used to characterize universal phase transition
phenomena in both equilibrium and nonequilibrium sys-
tems [1]. Scaling functions go beyond critical exponents by
incorporating richer information about the dynamics of the
underlying many-body system, including finite-size effects,
and hence extending the range of validity over which
theoretical predictions can describe empirical data [2]. In
the field of critical phenomena, much attention has recently
been directed to adiabatic quantum phase transitions
(QPTs). In addition to their fundamental role as zero-
temperature many-body quantum phenomena [3], QPTs
represent a key ingredient of current quantum computation
schemes [4,5].
Recent studies show that as a QPT phase boundary is

crossed slowly in models with finitely connected lattices
[6–11], the short-range interaction allows a correlation
length to be defined and, hence, scaling to be examined
through the Kibble-Zurek mechanism (KZM) [6,12].
However, an implicit limiting assumption of the KZM is
that adiabatic evolution holds except for a small threshold
around the critical point, during which spatial defects in the
order parameter are created and power-law relations
emerge, defined by critical exponents. For slower quench
rates, adiabatic perturbation theory (APT) can be invoked
instead and excitations predicted in terms of quasiparticles
[9,13]. However, totally connected lattice models such as
the Dicke model (DM) and the Lipkin-Meshkov-Glick
model (LMGM) [14] have no spatial order parameter and,
hence, lack a clear connection to existing theories such as
KZM. This may explain the lack of general results to date
for the adiabatic QPT regime, with the exception of bosonic
excitation estimates in the DM using simplifying mean-
field and rotating wave approximations [15], scaling of

final excitations in the LMGM [16], and dynamical
characterizations of the QPT through a monochromatic
modulation of the annealing parameter [17].
In a QPT, critical exponents are extracted from the

power-law behavior in the thermodynamic limit (TL), of
equilibrium quantities such as energy gaps and suscep-
tibilities around the quantum critical point (QCP) [6].
However, when finite-size scaling is considered, continu-
ous functions emerge at the phase boundary. Here we show
that, contrary to common belief, these critical functions—
but not critical exponents—provide a unified description of
QPT dynamics, as encoded by nonadiabatic indicators such
as heating and ground-state fidelity. Furthermore, they
encompass both finite-range [e.g., transverse field Ising
model (TFIM)] and fully connected systems (e.g., DM and
LMGM [18]) and, hence, overcome the limitations of KZM
and APT. In addition to applications in adiabatic quantum
computing [4,5], QPTs have been experimentally realized
using ultracold atomic systems [19,20]. By revealing
continuous-time details of the size-independent dynamical
behavior of quantum many-body systems, our analysis
goes beyond critical exponent analyses such as KZM and
connects to studies of avalanchelike events across classical
phase boundaries [2]. KZM-like and an APT-like regime
are both naturally incorporated in and illuminated by this
new framework. We find that the traditional universality of
critical exponents is insufficient to describe the analogous
dynamical evolutions of different models, thereby casting
doubt on an implicit assumption of quantum simulations
[21] in which particular models are taken to act as
experimental surrogates of each other.
We focus on three models for which experimental

realizations exist or have been proposed [22]. Each
features N qubits with differing interaction connectivities
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(Fig. 1 insets). The following generic, dimensionless,
time-dependent Hamiltonian (ℏ ! 1) describes the TFIM
and LMGM:

Ĥ"t# ! !
XN

i!1

σ̂"i#z ! λ"t# $ 1

Ns

X

hi;ji
σ̂"i#x σ̂"j#x ; (1)

where fσ̂g are Pauli matrices and hi; ji denotes pairs of
interacting qubits. We choose the interaction strength λ"t#
as the annealing parameter. In the TFIM, only pairs of
nearest neighbors in a circular lattice interact, whereas in
the LMGM all pair interactions are present. At λ ! 0 in the
TL, the system is at the QCP [3,23], where a minimum-
value energy gap arises between the ground state and the
first excited accessible state.Ns in the denominator normal-
izes the interaction parameter according to size for the
LMGM; s ! 0 in the TFIM, while s ! 1 in the LMGM.
Like the LMGM, the DM has a totally connected lattice,
but the qubit-qubit interaction is mediated by a boson
mode: when the qubits and boson mode are in resonance,
the Hamiltonian becomes

Ĥ"t# !
XN

i!1

σ̂"i#z $ â†â$ λ"t# $ 1

2
!!!!
N

p "â† $ â#
XN

i!1

σ̂"i#x (2)

where â† (â) is the mode’s creation (annihilation) operator.
The QCP in the TL is also at λ ! 0 [24].
To describe the crossing of the QPT, we show a simple

case in which the annealing parameter evolves linearly as
λ"t# ! υt since it leads to relatively simple formulas,
though we stress that extension to any power-law time
dependence is straightforward (Supplemental Material
[25]). We start in the ground state jφ0"ti#i with λ"ti# !
!1 at “negative” time ti ! !υ!1 [i.e., the zero of time is
defined as the instance where the system passes through
λ"ti# ! 0]. The systems in Eqs. (1) and (2) evolve with a

time-dependent state j!"t#i across the QCP, until positive
time tf where λ"tf# ! 1. For slow enough quench, the
system should end in a final ground state jφ0"λ"tf##i
representing perfect adiabatic evolution. However, the
QCP hinders the many-body system from achieving this
result, since the minimal energy gap makes it easy for the
system to jump out of the ground state. Because this gap
gets smaller as the system size increases, ever slower
quenches are necessary to keep the system in the ground
state. Hence, the fundamental effect of the crossing of
QPTs is the loss of adiabatic evolution. We employ two
indicators to probe this result: (1) Ground-state fidelity
p0"t# ! jhφ0"t#j!"t#ij2 measuring the overlap between
the actual dynamical state j!"t#i and jφ0"t#i. It lies in
the interval 0 ≤ p0 ≤ 1 and has its maximum value
for perfect adiabatic evolution. (2) Heating Q"t# !
h!"t#jĤ"t#j!"t#i ! E0"t#; which is always non-negative,
and for adiabatic evolution is zero [26]. [E0"t# is the
instantaneous ground-state energy]. Details of the calcu-
lation are shown in the Supplemental Material [25].
Figure 1 shows the heating Q"t# for λ ∈ %!1; 1&. For

λ < 0, the behavior at a given υ is independent of size, with
virtually no loss of adiabaticity provided υ is small enough
[13]. The stronger heating behavior that emerges above the
QCP results from excitations forming, following a scaled
velocity ". The almost vertical step around λ ! 0 shows
that the evolution is essentially adiabatic, except for the
narrow interval around the QCP where the major excita-
tions are formed. Since the important aspects of the
quenching are defined around the QCP, we analyze the
system’s state in terms of instantaneous eigenstates

j!"t#i !
X

n!0

an"t#e
!i
R

t

t0
En"t0#dt0 jϕ"n#

λ"t#i; (3)

where Ĥ"t#jφ"n#
λ"t#i ! En"λ"t##jφ

"n#
λ"t#i for every time t. The

an"t# evolution follows

FIG. 1 (color online). Time evolution of heating Q"t# for (a) TFIM, (b) LMGM, and (c) DM. Insets show how the qubits interact in
these three models. In each panel, we present results for three different scaled annealing velocities " (different colors) and two system
sizes: TFIM, continuous lines (N ! 160) and symbols (N ! 80); LMGM, continuous lines (N ! 211) and symbols (N ! 29); DM,
continuous lines (N ! 29) and symbols (N ! 28). Notice that for well inside the ordered phase (λ > 0) for arbitrarily connected models,
curves with the same " but different size N collapse.
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dan"λ#
dλ

!
X

m≠n
eiυ

!1ϕ"N#
n;m"λ#χ"N#

n;m"λ#am"λ#; (4)

where ϕ"N#
n;m"λ#"

R
λ
0 Δ

"N#
n;m"λ0#dλ0, which is the integral of the

energy gap between eigenstates n and m. The transition
amplitudes χ"N#

n;m "!hφ"n#
λ j d

dλ "jφ
"m#
λ i# can be written as

χ"N#
n;m"λ# ! %V"N#

n;m"λ#&=%Δ"N#
n;m"λ#& whenever eigenstates n

and m are nondegenerate, and V"N#
n;m are the matrix elements

of the interaction part of the Hamiltonian, mediated by λ.
The superscript (N) indicates that all the functions depend
on the system size. Equation (4) is usually the central part
of the adiabatic theorem [27], which states that if
υ ≪ jΔn;m=χn;mj, then fang remain constant. For suffi-
ciently slow annealing, this is satisfied outside the QCP
region, implying that only the eigenstates that reach a zero
gap in the TL are relevant for the loss of adiabaticity. It is
at this point that dynamical critical functions enter the
picture, since χn;m and Δn;m obey a scaling relation when
jλj ≪ 1 [9,23,28]

χ"N#
n;m"λ# ! N1=νCn;m"x#; (5)

Δ"N#
n;m"λ# ! N!zDn;m"x#; (6)

where x" N1=νλ with ν and z determined through the
power-law behavior in the TL [24,3]. Figures 2(a) and 2(b)
present these critical functions between the ground and
first-excited states and show how they start matching the
TL power-law behavior for sufficiently large N and x. It
follows that ν ! z ! 1 for the TFIM and ν ! 3=2 and z !
1=3 for DM and LMGM [3,29].
Our main result is that the evolution in Eq. (4) can now

be cast in size-independent form

dan"x#
dx

!
X

n≠m
ei"

!1=μ#n;m"x#am"x#Cn;m"x#; (7)

where the scaled velocity " ! Nυμ, the dynamical phase
difference #n;m"x# !

R
x
0 Dn;m"x0#dx0, and μ ! ν="1$ zν#.

Equation (7) predicts universal results in terms of excitation
probabilities pn " janj2 and the ground-state fidelity. Since
the energy spectrum has a regular behavior, the heating will
also be universal since Q"P

npnΔn;0. This prediction is
confirmed in Fig. 3 with both adiabatic quantifiers behav-
ing in a size-independent manner across the critical region.
We note that the collapse only occurs during and after the
critical threshold, because it is around the QCP that the
adiabatic indicators are significantly affected, and it is in
this region that universal functions exist. Once the QCP is
passed (λ > 0 stage), the evolution is again essentially
adiabatic and the accumulated nonadiabatic effects of
crossing the critical threshold remain dominant, clamping
the subsequent collapsed evolution. Therefore, our results
show that by generalizing from critical exponents to critical
functions, we expand the traditional description focused on
scaling at a fixed final value of λ as in Fig. 1, to a complete
temporal collapse picture as shown in Fig. 3 around
the QCP.
This new picture includes well-known results predicted

by KZM and APT as special cases, since both can
be expressed as power-law dependencies at the end of
the quenching process [16]. In the lower velocity APT
regime where there is low probability of leaving the ground
state, the following approximation holds for n ≠ 0:

an"λ# ≈
Z

λ

!1
eiυ

!1ϕn;0"λ
0 #χn;0"λ

0#dλ0
: (8)

Since the integrand is only non-negligible around the QCP,
it follows that janj ∼ υ, for which pn ∼ υ2 and, hence,
Qf ∼ υ2. The higher velocity KZM regime is characterized
by excitations being large enough to discard APT, replacing
it by an adiabatic-impulse-adiabatic approximation in
which the size of the threshold at which major excitations
are created is defined by a definite time tK or, equivalently,
a critical value of xK ! υN1=νtK .
In the traditional KZM, as is the case of the TFIM,

a healing time has been directly related to the inverse
energy gap [6], making tKΔ"tK# ! tk"υtK#νz ∼ 1 and then

FIG. 2 (color online). Universal behavior of finite-size critical
functions (a) C1;0 and (b) D1;0 as defined in Eqs. (5) and (6).
Symbols show results for system size N while continuous curves
are power-law predictions in the TL. (Thick red line is for both
DM and LMGM. Thin black line is for TFIM). Scales for the DM
and LMGM are given at the left bottom and right top, respec-
tively, and show that the critical functions for both models have
the same shape since they belong to the same universality class.
Horizontal scale for the TFIM is at the top, while the vertical scale
is not present but goes up to 25 in (a) and 0.25 in (b).
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xK ∼ "1=ν. With this estimate, an adiabatic indicator such as
heating can be predicted throughQf ∼D"xK# ∼ "z. For the
TFIM (z ! 1), this KZM prediction has been confirmed
[7]. By stark contrast, totally connected models do not
match this estimate: instead of an exponent 1=3, a scaling
Qf ∼ "3=2 has been found [16]. However, Fig. 2(a) reveals
that in the λ > 0 phase, there is an anomalous x!1=4
dependence caused by a divergent χ ∼ N1=2 transition
amplitude [29]. Furthermore, in the λ < 0 phase, an x!1
dependence is present. Such exponents are specific to
infinite dimensional lattices such as the LMGM and
DM, and this difference is not taken into account in
the KZM.
The failure of the KZM prediction for LMGM and DM

highlights the accuracy of a dynamical function approach
as compared to power-law relations based on critical
exponents. Dynamical critical functions provide a full
time-resolved picture of dynamical scaling in the near-
adiabatic regime, even around the critical threshold where
excitations have not yet stabilized—hence, understanding
their properties is crucial for the design and cross-checking
of annealing schemes in quantum simulations. The fact that
the curves for LMGM and DM in Figs. 2(a) and 2(b) have
essentially the same shape might erroneously be taken as
sufficient justification for using one as a quantum simu-
lation of the other—however, this is not true. No matter
how a dynamical curve in Fig. 3(b) is scaled, its shape
will never completely match any curve of Fig. 3(c).
Instead, a thorough examination of Eq. (7) reveals that
equivalence between both near-adiabatic evolutions can
only be achieved if the functions fCn;m"x#g scale as
CDM
n;m"αx# ! α!1CLMGM

n;m "x#, which is a stringent condition
that is undetectable through critical exponent analysis. In
short, although equilibrium equivalence between systems
around the QCP can be accomplished just by having
identical critical exponents, achieving dynamical equiva-
lence requires further tuning of model parameters, thereby

partitioning the traditionally static universality classes into
subsets of dynamically equivalent systems.
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Abstract

In this Supplementary Material (SM), we provide details of the computational strategies em-

ployed in the main paper, in order to obtain exact numerical results for adiabatically crossing

quantum phase transitions (QPT) using finite-size versions of the Dicke Model (DM), Lipkin-

Meshkov-Glick Model (LMGM) and Transverse-Field Ising Model (TFIM). These results can be

extended in a relatively straightforward way to the case of a non-linear time-dependence of the

annealing parameter.
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SOLUTION OF THE TFIM PROBLEM

The TFIM has the advantage of being integrable [1]. After a Jordan-Wigner trans-

formation, and a Fourier transform [2], its Hamiltonian can be decomposed as a sum of

two-dimensional block Hamiltonians Ĥ(t) =
∑

k Ĥk(t), where,

Ĥk(t) = σ̂(k)
z + [1− λ(t)] (cos k σ̂(k)

z + sin k σ̂(k)
x ), (1)

and k = π
N

(2n + 1), with n = 0, 1, . . . , N/2 − 1. Mode k represents a pair of fermionic

excitations {k,−k}. These excitations are generated in even numbers because of parity

conservation, where the operator is Π̂ =
⊗N

i=1 σ̂
(i)
z . The decomposition in Eq. 1 means

that instead of solving a 2N -dimensional Schrodinger equation, only N/2 two-dimensional

equations of the form d
dt
|ψk(t)〉 = −iĤk(t) |ψk(t)〉 need to be solved numerically, which are

essentially Landau-Zener problems [3]. The total solution will be just the direct product

|Ψ(t)〉 =
⊗

k |ψk(t)〉. Furthermore, total heating can be expressed as the sum of the heating

for each independent solutionQ(t) =
∑

kQ
(k)(t), while total fidelity is expressed as a product

p0(t) =
∏

k p
(k)
0 (t). As Eq. 1 allows exact diagonalization, exact forms for dynamical critical

functions are possible and so the first-excited energy gap and transition amplitude are:

∆
(N)
1,0 (t) = 2

√
[λ(t) + cos(π/N)− 1]2 + sin2(π/N), (2)

χ
(N)
1,0 (t) =

sin(π/N)/2

[λ(t) + cos(π/N)− 1]2 + sin2(π/N)
. (3)

SOLUTION OF THE LMGM PROBLEM

The LMGM is a non-integrable model, so it does not have an exact diagonalization, in

contrast to the TFIM in the previous section. However, its conserved quantities can be

exploited in order to greatly simplify its numerical simulation. As in the TFIM, parity

is constant, and in addition total angular momentum Ĵ2 is conserved [4] in the sense of

collective operators Ĵi = 1
2

∑nq
j=1 σ̂

(j)
i . This last symmetry permits us to cast the Hamiltonian

in the form:

Ĥ(t) = −2Ĵz − 4
λ(t) + 1

N
Ĵ2
x . (4)

The even parity (Π = 1), maximum angular momentum subspace (J = N/2) will be the

one containing the entire adiabatic evolution of the system. In this sense, despite the total

Hilbert space of the LMGM growing exponentially as 2N , the effective Hamiltonian is of

2
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the order N/2. In the basis of the even-parity eigenstates of Ĵz, the Hamiltonian in Eq.

4 is bidiagonal which renders feasible the handling of systems sizes up to N = 213. Both

dynamical evolution and instantaneous eigenstates were obtained with this basis.

SOLUTION OF THE DM PROBLEM

The DM solution is significatively harder to obtain. It has, as the LMGM, total angular

momentum as a conserved quantity, and again the dynamics will lie in the J = N/2 subspace

which allows its Hamiltonian to be be expressed as:

Ĥ(t) = Ĵz + â†â+
λ(t) + 1√

N
Ĵx
(
â† + â

)
. (5)

The DM has also parity Π̂ = eiπ(â
†â+Ĵz−N/2) as a conserved quantity [5]. However, the

DM poses more computational complications: besides being non-integrable, this model lies

on an infinite-dimensional Hilbert space, and its conserved quantities do not decompose its

Hamiltonian into a sum of finite-dimensional blocks. The traditional computational solution

to this difficulty is to work with big enough truncated versions of the Hilbert space. For adi-

abatic evolution situations like the ones we are interested in, this approach can be successful

since the state-vectors of interest virtually lie on finite subspaces, i.e., their projections onto

these subspaces are almost identical to the state-vectors themselves. The success of this

solution can be easily tested by extending the truncation limit and then noticing that the

results do not change (convergence test). The naivest application of this solution to the DM

would be to work with vectors of the form |m〉z⊗|n〉, where the first one is an eigenvector of

Ĵz and the last one is a bosonic Fock state. The problem with this first approach is that it

is not cost-efficient, especially when analyzing large systems during the symmetry-breaking

phase (λ > 0). This is because during that phase, the ground state has an expectation value

of the number operator â†â that grows with the annealing parameter λ(t) and the number

of qubits N , therefore requiring more Fock states to adequately represent the dynamics.

To confront that problem, Chen et al. have proposed a very useful basis that adapts

itself to the behavior of the system as λ changes [6]. This basis has shown spectacular

performances for calculating finite-size static properties of the ground-state of the system,

even when N is very large. We have adapted this basis in order to take into account the

3
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conservation of parity. We find an enormous improvement in computational performance

with respect to the basis from Fock states. If we define G(t) = N−1/2 [1 + λ(t)], the adapted

vectors that form a basis for the Hilbert space have the form:

|Φm,k (G)〉 =
1√
2

(
|m〉x |ϕm,k (G)〉+ (−1)k |−m〉x |ϕ−m,k (G)〉

)
. (6)

Here the states |m〉x are eigenvectors of the Ĵx operator with eigenvalue m. The states

|ϕm,k (G)〉 would be eigenvectors of the Dicke Hamiltonian if the qubit free-term were zero.

They have the form:

|ϕm,k (G)〉 =

(
Â†m

)k
√
k!
|−mG〉 , (7)

where Â†m = â + mG and |−mG〉 is a coherent state that works as a ‘displaced vacuum’,

and therefore these states can be seen as displaced Fock states. The basis consists of vectors

|Φm,k (G)〉 where m ranges over all the non-negative eigenvalues of Ĵx and k ranges over all

non-negative integers; except when m = 0, where only even values of k are relevant. The

truncation is performed on the displaced Fock states in terms of the values of k, from k = 0

and up to a maximum value M . Truncation values as low as M = 8 are enough to exactly

diagonalize the Hamiltonian.

Despite the usefulness of the adapted basis in Eq. 6 for diagonalizing the DM at any

value of λ, when this basis is used to dynamically simulate the adiabatic crossing, the com-

puting time becomes prohibitively large. This is true even for system sizes of just N = 25,

well below the size at which scaling effects are clearly manifested. In this case, dynamical

evolution requires a further step. It turns out that the condition of near-adiabaticity is a

great advantage, and the strategy is to solve the dynamics in terms of instantaneous eigen-

states, as in Eq. 4 of the main text, focusing on the lower part of the spectrum. It requires

being careful in continuously interpolating each eigenstate
∣∣∣ϕ(n)

λ(t)

〉
as λ varies, even in the

presence of (i) level crossings, (ii) almost critical behavior around the phase boundary, or

(iii) spurious phases at each instance of diagonalization. This strategy was confronted with

dynamical solutions for systems small enough to be directly evolved with the adapted basis,

yielding excellent matching. It was even employed in the case of the LMGM and TFIM, in

order to set more confidence on its equivalence, and also to ensure the accuracy of those

results.

4
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FIG. 1. Extended data interval corresponding to results shown for the DM in Fig. 3-c of main

manuscript. (a) Scaled heating. (b) Ground state fidelity. Data for N = 28 are plotted as thin

curves while data for N = 29 are plotted as thick curves.

EXTENSIONS TO NON-LINEAR ANNEALING

In the main text, results were presented for an annealing parameter with linear time-

dependence, λ(t) = υt. However, we stress that any power-law dependence of the form

λ(t) = υsign(t)|t|κ will exhibit this same size-independent behavior. The generalization to

this case would imply the phase term in Eq. 4 of main text becoming

exp

(
i
υ−1/κ

κ

∫ λ

0

sign(λ′)|λ′| 1−κκ ∆(N)
n,m(λ′)dλ′

)
.

At the same time in Eq. 7 of the main text, the phase would be redefined as Φn,m(x) =
∫ x
0

sign(x′)|x′| 1−κκ Dn,m(x′)dx′, while µ = κν
κνz+1

and Λ = κ−µυµ/κN . It is clear that the case

κ = 1 would imply less convoluted formulas and that is why it was chosen as the example

in the main paper.

COLLAPSE WELL BEYOND THE CRITICAL THRESHOLD

It might be asked whether some notorious differences between system sizes N in panels

of Fig. 1 should be present in the respective panel of Fig. 3 if bigger values of λ of the

main manuscript were investigated. In order to better appreciate that collapsed curves in

Fig. 3 are effectively the continuous dynamical scaled version of data in Fig. 1, a larger

5
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range of values of λ is illustrated in SM-Fig.1 for the DM. The chosen interval goes up to

λ = 0.62 for N = 28 and to λ = 0.39 for N = 29 in the λ > 0 ordered phase present in

Fig. 1. Therefore, these new plots have a time scale comparable to that of Fig. 1 of main

manuscript. In order to have clear curves with a fine mesh resolution, thinner curves have

been used for N = 28 instead of symbols. SM-Fig.1 shows that most differences between

system sizes N in Fig. 1 of main manuscript are either because continuous finite-size scaling

has not yet been applied and/or slightly because mesh resolution is not enough to show

the complete oscillations appreciable in Fig. 3 of main manuscript. In SM-Fig.1, it is clear

that collapse in both heating and fidelity is preserved well beyond the critical point albeit

two non relevant discrepancies emerge for significatively large values of λ. The first one

occurs only for the heating, and it consists of a gradual departure between analogous curves

with different N . This departure is consistent with the fact that, at very high values of λ,

the scaling of heating by N z is no longer necessary and a collapse in terms of non-scaled

heating, as seen in Fig. 1 of main manuscript, is what it must be expected. The second

difference is an occasional loss of oscillation synchronization in the curves corresponding to

different N . This discrepancy is also negligible, as the mean value of fidelity curves collapses

very thoroughly. Both discrepancies are in fact connected, since the cause of oscillations

is the accumulated phase difference between instantaneous eigenstates in terms of their

respective energy difference, hence the loss of synchronization is also due to the fact that

energy differences no longer scale with N z for high values of λ.
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slow

O. L. Acevedo,1, ∗ L. Quiroga,1 F. J. Rodŕıguez,1 and N. F. Johnson2
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A significant problem facing next-generation quantum technologies is how to generate and ma-
nipulate macroscopic entanglement in light and matter systems. Here we report a new regime of
dynamical light-matter behavior in which a giant, system-wide entanglement is generated by varying
the light-matter coupling at intermediate velocities. This enhancement is far larger, broader-ranged,
and more experimentally accessible, than that occurring near the quantum phase transition of the
same model under adiabatic conditions. By appropriate choices of the coupling within this interme-
diate regime, the enhanced entanglement can be made to spread system-wide or to reside in each
subsystem separately.

PACS numbers: 03.67.Bg, 05.30.Rt, 05.45.Mt, 42.50.Dv, 42.50.Nn

I. INTRODUCTION

Many-body quantum dynamics lie at the core of many
natural phenomena and proposed quantum technologies,
including information processing through schemes such
as adiabatic quantum computing [1]. Achieving the con-
trollable generation and manipulation of entanglement
over many qubits is a key challenge, while doing so in
light-matter systems is highly desirable for optoelectronic
implementations. The ground state, and hence entan-
glement, of a quantum system can be varied in a con-
trolled way through adiabatic perturbations, though this
is in principle an infinitely slow process. Quantum Phase
Transitions (QPTs) can provide a naturally occurring en-
tangled state and it is known that the entanglement can
be enhanced at the critical point [2]. Recent studies have
focused on time-dependent perturbations around QPTs
that are either very slow (adiabatic) [3] or very fast (sud-
den quench) [4]; or small dynamic oscillations around a
phase space region [5]; or static coupling after a sudden
quench [6–9].

Here we consider, by contrast, the regime of interme-
diate perturbation velocities that has so far been over-
looked. We consider the experimentally realized light-
matter system of the Dicke Model (DM) [10], which
has been realized in a variety of systems (e.g. circuit
QED [11] and cold atom settings [12, 13]). We un-
cover a level of quantum complexity that is far richer
than either the adiabatic or fast-quench regimes. The
system-wide entanglement is dramatically enhanced over
the static or adiabatic QPT values. Our results extend
current understanding of coupled light-matter systems
beyond the equilibrium ground state [2, 14–17], and also
they also stand apart from more recent studies of out-of-
equilibrium critical behavior [3, 5–9, 18]. Moreover, our
fully quantum analysis covers all dynamical regimes from
very slow adiabatic through to sudden quench, capturing

∗ ol.acevedo53@uniandes.edu.co

at each stage the emergent non-linear self interactions
and correlations within and between each subsystem.

Our calculations employ the DM Hamiltonian [10]:

Ĥ = εĴz + ωâ†â+ 2
λ(t)√
N
Ĵx
(
â† + â

)
, (1)

where N is the number of matter qubits, the opera-

tors Ĵi = 1
2

∑N
j=1 σ̂

(j)
i denote collective operators of the

qubits, and operator â† (â) is the creation (annihilation)
operator of the radiation field. In the thermodynamic
limit (N →∞), the critical value of the light-matter cou-
pling parameter λ is λc =

√
ωε/2 while its finite-N equiv-

alent is slightly different [15, 19]. We treat the Hamilto-
nian exactly using a large basis set [20] and avoid com-
mon simplifications such as rotating-wave or semiclassi-
cal approximations. The total system evolves unitarily
under Hamiltonian Ĥ, starting at t = 0 from the instan-
taneous ground state at λ = 0. The light-matter coupling
parameter is characterized by an annealing velocity (AV)
υ under a linear ramping λ(t) = υt. More complicated
time-dependencies can be treated but further complicate
the understanding. The interval of interest in this paper
is λ ∈ [0, 2], meaning that the driving passes across a
broad range of coupling strengths below and above the
QPT. While the evolution of the total system S is de-
scribed by a pure state |Ψ(t)〉, any subsystem A is de-
scribed by a density matrix ρ̂A defined as the trace with
respect to the other degrees of freedom not present in
A: ρA(t) = trS−A (|Ψ(t)〉 〈Ψ(t)|). Because of the global
unitary condition and Schmidt decomposition, both ra-
diation and matter have the same value of entropy SN ,
and it provides a quantitative measure of the degree of
entanglement between them [21].

This work is structured as follows: In section II we
present the main result of our work, namely an enhanced
dynamical light-matter regime at intermediate annealing
velocities. It is followed, in section III, by a deeper theo-
retical explanation of our findings in terms of a dynamical
symmetry-breaking and effective non-linear interactions.
Then, in section IV, we establish the prevalence of our
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results for a wide range of system sizes and even if the
system is submitted to a dissipating environment. Fi-
nally, we provide some concluding remarks in section V.

II. ENHANCED DYNAMICAL LIGHT-MATTER
ENTANGLEMENT

Figure 1 summarizes our main finding: A novel,
dynamical light-matter regime with greatly enhanced
system-wide properties including entanglement, when
the light-matter coupling is driven at intermediate ve-
locities. The peak entanglement value (purple) is far
larger than the known equilibrium critical maximum [2],
i.e. much larger than what can be achieved under adia-
batic conditions. Also, this enhanced entanglement ex-
tends over a far broader range, well across the λ > λc
region. As the annealing velocity increases, the critical
onset point of light-matter entanglement is pushed to-
ward larger λ values and is no longer represented by a
sharp peak, but instead a wavy plateau. At much higher
velocities beyond the giant entanglement regime, λ varies
so fast that a sudden quench condition is achieved. Now
the system is not quick enough to respond to the light-
matter coupling, at least not in the λ ∈ [0, 2] interval of
Fig. 1.

Besides exhibiting greatly enhanced values of light-
matter entanglement, the intermediate regime has also
some crucial practical advantages. Dotted lines in Fig.
1 show how different are the time scales for optimal
maximum light-matter entanglement in the intermediate
regime as compared to the adiabatic one. In the adiabatic
regime, the optimal value of light-matter entanglement is
at the critical point λc. By contrast, in the intermediate
regime the optimal values are achieved well inside the
λ > λc phase and require evolution times that are just
a tiny fraction of the time needed to reach the critical
point in the adiabatic regime. In any realistic implemen-
tation, the system losses quantum information towards
the environment. If these open system effects are not
negligible, the intermediate regime is the only viable way
to achieve optimal light-matter entanglement, before the
dissipation of the environment becomes relevant.

III. DYNAMICAL SYMMETRY-BREAKING
AND EFFECTIVE NON-LINEAR

INTERACTIONS

We now develop a deeper theoretical understanding of
the results in Fig. 1, by analyzing the underlying quan-
tum state in the three main dynamical regimes, as il-
lustrated in Fig. 2. We start by rewriting the Dicke
Hamiltonian exactly as

Ĥ = ωb̂†b̂− 4λ2

ωN
Ĵ2
x + εĴz, (2)

FIG. 1. (color online) Dynamic evolution of the Von-
Neumann entropy SN (time varies from left to right) for the
Dicke Model (DM) with N = 81 qubits. For simplicity we set
ε = ω = 1 in Eq. 1 for this figure, as well as for Figs. 3 and
4. The velocity range spans all regimes: from adiabatic (bot-
tom) to sudden quench (top). Roman numerals mark where
the field (Wigner) and matter (Agarwal-Wigner) distributions
are depicted in Fig. 3. Dotted lines represent instants of equal
equal time t passed after initial condition (from up to down:
t = 2, 4, 8, 16). In between those curves there is a region of
novel dynamical light-matter behavior with greatly enhanced
entanglement (purple) as compared to the QPT. It arises for
intermediate velocities and lies well inside the coupling regime
for the conventional ordered phase (λ > λc = 0.5). The QPT
corresponds to λ → 0.5 as v → 0 and hence as log v → −∞
(i.e. it tends toward λ = 0.5 on the horizontal axis of the
diagram). Inset: a schematic representation of the DM which
mimics various experimental realizations.

where b̂ = â+ 2λ
ω
√
N
Ĵx. In the λ > λc range, the last term

becomes less and less relevant and the Dicke Hamilto-
nian can be seen as a radiation mode that feels a dis-
placed harmonic potential whose values depend on the
eigenstate |mx〉 of Ĵx in which the matter system sits [4].
Specifically, if λ� λc, then

Ĥ ≈
∑

mx

(
1

2
ω

[
p̂2 +

(
x̂− 2λ

ω
√
N
mx

)2
]
− 4λ2

N
m2

x

)
|mx〉 〈mx| ,

(3)

where we have used the quadrature operators of the radi-
ation mode. The different confining potentials depending
on the eigenvalue of Ĵx are depicted by different parabo-
lae in Fig. 2. Importantly, the energy potential is sym-
metrical with respect to a change in sign in mx, which is
a source of degeneracy. In addition, as |mx| gets bigger,
the minimum value of the harmonic potential becomes
lower. The ground state of this approximate Hamilto-
nian is any superposition of the form

|ψ0〉 = cos θ |N/2〉mx
|−β〉+ eıϕ sin θ |−N/2〉mx

|β〉 , (4)

i.e. it corresponds to the two minimum parabolae. Hence
the symmetry of the ground state is spontaneously bro-



Published and submitted papers. Chapter 3(a) 98

3

ken. The field state |β〉 is a coherent state with β =
2λ
ω
√
N
mx. As parity is preserved during the ramping, and

adiabatic evolution keeps the energy in the lowest possi-
ble value, the projection of |ψ0〉 onto the even parity sub-
space (θ = π/4 and ϕ = 0 in Eq. 4) is the state achieved
in this regime. Both the symmetry breaking and the adi-
abatic asymptotic value of entropy (SN = log 2) in each
subsystem can be explained by this double-well, since two
coherent states are needed to describe each system.

FIG. 2. (color online) Schematic indicates energies of the
three main outcomes when the light-matter coupling is in-
creased at different velocities. Horizontal axis is the field posi-
tion quadrature, both for sketches of the field Wigner function
and for the harmonic confining potentials (parabolae). The
potential felt by the field depends on the eigenvalue mx of the
matter operator Ĵx. If driving is very slow, the system stays
cool in a symmetry broken ground state (blue curve) where
each subsystem has entropy log 2 (low matter-light entangle-
ment). If driving is very fast (sudden quench), the system
still is in the initial λ = 0 state (red curve) and light-matter
entanglement is zero. For intermediate velocities, the system
gets heated such that it occupies a complicated superposition
of all the Ĵx eigenvalues, and hence gets disturbed by all these
potentials (yellow curve).

The multiple potential picture in Fig. 2 and Eq. 3
is still valid for the intermediate and sudden quench
regimes. As the AV increases, the process generates a
relative heating with respect to the ground state. For
high enough AV (sudden quench), the system stays es-
sentially in its starting condition, and the heating is just
the consequence of the initial state being very different
from the instantaneous ground state. Despite this sudden
heating being very high, the simplicity of the initial state
leads to no matter-light entanglement (i.e. one coherent
state describes each subsystem). In the novel intermedi-
ate regime, by contrast, all confining potentials simulta-
neously perturb the system. A complicated superposition
of non-trivial states for each parabola is generated, with
complex and chaotic features. The distribution of prob-
abilities shows a complex distribution across Jx eigen-
values, leading to an entropy of each subsystem that is
significantly higher in the intermediate regime than in the
other two regimes. Due to its complex nature, there is
no simple way to describe the structure of the dynamical
state in the intermediate regime. Other forms of dynam-
ically enhanced non-adiabatic entanglement generation

are possible, including the dynamical evolution preceded
by a sudden quench [22].

FIG. 3. (color online) (a,b) Field Wigner distributions at
the same instants as the Roman numerals marked in Fig. 1:
(I) becomes (a) and (II) becomes (b). Horizontal scales are
for p momentum quadrature, while vertical ones are for the
x position quadrature. Both figures have same x − p scale
but the color scale is very different. −x part of the distri-
bution not shown because it is symmetrical due to parity:
W (x, p) = W (−x,−p). (c,d) Respective Agarwal-Wigner
distributions of the qubits in the Bloch sphere. Negative re-
gions and fragmentation (yellow curve of Fig. 2) are a char-
acteristic of the giant entanglement regime. Opposite hemi-
spheres are not shown, but can be inferred from the symmetry
relation W (θ, φ+ π) = W (θ, φ) due to conserved parity.

The distinct behavior in the intermediate regime can
also be interpreted in terms of the realization of non-
linear self-interactions in each subsystem [14, 17], with
qubits subjected to One-Axis Spin Squeezing with a
Transverse Field [23, 24]. As the light-matter coupling
increases in time from zero into the λ > λc range, the
system moves out of its frozen initial state. The interac-
tion term in the Dicke Hamiltonian begins to dominate
and each subsystem works as a mediator of the other’s
self-interaction. Matter-light interaction is in principle
linear and generates little entanglement in the adiabatic
limit, since the system has enough time to continuously
stabilize in response to the perturbation. The interme-
diate regime is the only one in which non-linearities can
develop significantly. High values of squeezing in both
subsystems are then generated [20]. However, this pro-
cess does not last indefinitely: each subsystem starts to
retain quantum information of the other, which is the mo-
ment when the entropy grows. The effective interaction
is broken, leaving the qubits and radiation mode entan-
gled with each other but not within themselves. Despite
being a single radiation mode, the field acts as a reservoir
that dissipates the quantum correlations present in the
squeezed states of each subsystem. The quantum corre-
lations developing in the field system can be represented
by the Wigner quasi-probability distribution in Figs. 3(a)
and (b). See appendix A for definitions of these distribu-
tions. This shows that the distribution becomes highly
fragmented yet retains some order, reflecting the com-
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plexity of the light subsystem in the intermediate regime.
Round-tailed interference patterns as in Fig. 3 have been
obtained in light with a non-linear Kerr-like interaction
following a Fokker-Planck equation [25]. This confirms
that the field experiences an effective non-linear interac-
tion. Similar signatures of complexity arise in the mat-
ter subsystem, specifically the matter density matrices,
as shown in the spherical Agarwal-Wigner functions in
Figs. 3(c) and (d) [26].

FIG. 4. (color online) Dynamical phase diagram showing the
new enhanced entanglement regime (shaded red) defined by
instances where SN > log 2 since SN → log 2 is the asymptotic
value for the equilibrium ordered phase. For visual clarity in
this figure, we take SN > log 2 + 0.05. Below a minimum
annealing velocity υmin the system’s behavior is adiabatic,
while for υ > υmax it corresponds to sudden quench. The
adiabatic boundary depends on system size as υmin ∝ N−1.
The sudden quench boundary is size-independent, but de-
pends on the value of λd that is reached during the driving:
υmax ∝ (λd − λc)

3/2. See appendix B for more details.

IV. PERSISTENCE OF RESULTS AGAINST
DISSIPATION AND DIFFERENT SYSTEM SIZES

Figure 4 demonstrates how the range of velocities that
classify as ‘intermediate’ actually increases with increas-
ing number of qubits N , meaning that the enhanced en-
tanglement regime (EER) begins to dominate the space
of behaviors as opposed to becoming a small niche. The
EER can be imagined as lying between a lower bound
AV υmin which marks the adiabatic evolution, and an
upper bound one υmax defining the AV at which the sud-
den quench approximation starts to be valid. Specifically,
Fig. 4 shows the dynamical phase diagram of the inter-
mediate regime in which the giant entanglement occurs,
including its scaling behavior (dependence on system size
N). The adiabatic evolution is more difficult to achieve
as the number of atoms increases. The other main vari-
able is the value of λd reached by the annealing. The

sudden quench condition requires higher AVs as this λd
gets bigger. The oscillatory behavior near the adiabatic
regime has been smoothed out in order to make the phase
boundary visually clearer. More details on how this dia-
gram was obtained are given in appendix B.

In section II, we used Von Neumann entropy SN as
a measure of light-matter entanglement in the case that
the entire system is pure. However, in order to have an
idea of the decoherence effects of a leaky cavity we have
to analyze the DM as an open system, and then, SN is
no longer a good entanglement witness. Instead, we use
quantum negativity, whose non-zero value is a sufficient
condition for bipartite entanglement in the open light-
matter system [27]. Quantum negativity is defined as,

N (ρ̂) =

∥∥ρ̂Γq
∥∥

1
− 1

2
, (5)

where ρ̂Γq is the partial transpose of ρ̂ with respect to

the matter subsystem, and
∥∥∥Â
∥∥∥

1
≡ tr

{√
Â†Â

}
is the

trace norm. However, one may wonder if switching from

FIG. 5. (color online) Dynamical profile analogous to Fig. 1
but now for logarithmic negativity log2 (2N + 1). There is
strong resemblance between both profiles. This justifies the
use of SN as the entanglement witness for the closed system
case while changing to log2 (2N + 1) when the system is open.
The inset shows the dynamical evolution of logarithmic neg-
ativity for a near-adiabatic ramping velocity log2(υ) = −8.95
(dashed lines) and an intermediate one log2(υ) = −1.55 (solid
lines). Different line colors represent different system sizes.
This inset shows that even with relative small system sizes,
log2 (2N + 1) has qualitatively similar behaviors for the same
υ, so that conclusions about the robustness of the dynamic
light-matter entanglement against decoherence can be extrap-
olated to bigger N .

one form of entanglement measure to the other has any
justification. Figure 5 shows a dynamical profile of the
ramping process analogous to that of Fig. 1 (same pa-
rameters, unitary evolution, and system size N = 81),
but with logarithmic negativity log2 (2N + 1). The re-
semblance with the SN graphic is quite apparent, and
the EER is again clearly noticeable. This should be no
surprise as both measures virtually codified the same in-
formation. If total ρ̂ is a pure state, and {pi} is the
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spectrum of ρ̂q in that case (which is the same as the
spectrum of ρb because of Schmidt decomposition), both
negativity N and SN can be written in terms of that
spectrum. The first one would be 2N + 1 =

∑
i,j

√
pipj ,

while the second one is SN = −∑i pi log pi. Therefore,
Fig. 5 confirms that both entanglement measures are
well connected and suitable for witnessing light-matter
entanglement. The reason why SN was preferred in sec-
tion II is because its wider usage and well established
connection to other quantum information concepts [21].

FIG. 6. (color online) Effect of cavity losses on light-
matter entanglement generation, witnessed by quantum log-
arithmic negativity. Cavity’s field decay rate is κ (different
line style). Black curves depict giant entanglement regime
log2(υ) = −1.58, while red curves represent adiabatic one
log2(υ) = −8.96. Main figure is for N = 5 system’s size
while inset represents analogous N = 11 results. Dynamical
entanglement regime is bigger and more robust against open
system losses as N increases. In opposition, near-adiabatic
entanglement vanishes even for weak losses since annealing
time is too long as compared to decoherence time. Zero tem-
perature has been assumed and κ is measured in units of field
free frequency ω. Finite temperature cases have very similar
tendencies.

It should be stressed that the giant entanglement
regime, central to present work, is accessible under cur-
rent experiments very similar to the sketch in inset of Fig.
1 [12, 13]. In particular, Klinder et al. have been able
to ramp a cold atom Bose-Einstein condensate whose dy-
namics are governed by the DM, and with annealing ve-
locities corresponding very well to the giant entanglement
regime predicted by our analysis [13]. Moreover, cavity
decay rates, which measure the importance of losses, are
an order of magnitude lower than the main evolution en-
ergy ω, and can be well simulated by open cavity mas-
ter equations [13]. Our analysis including losses predicts
the survival of giant light-matter entanglement in those
experiments – indeed it occurs even when open system
losses are present, as shown in Fig. 6. We use quantum
negativity as the light-matter entanglement measure for
the open system case [27] since SN will no longer be a
good bipartite entanglement measure. Details of the def-
inition of quantum negativity and the open system solu-
tion, are given in the appendix C. Since the light-matter

entanglement increases as N increases, we predict that
experimental system sizes N ≈ 105 will develop signif-
icantly more robust light-matter entanglement against
losses than for small systems. By contrast, entanglement
generation in the well-studied near-adiabatic regime can-
not be achieved under current experimental setups, since
decoherence times are much shorter than the annealing
times required by this regime.

We have then established the persistence of the EER
for a wide range of system sizes and even under the ef-
fect of dissipation effects. A remnant concern could be
that the system sizes N accessible to open system numer-
ical solution in the present work are well smaller than the
ones examined in the pure case. This could cast doubt on
whether the conclusions brought from this small size re-
sult have any general validity. The inset of figure 5 shows
that despite even at N = 11, there are good signatures
of the dynamical phase with giant light-matter entangle-
ment, and that it only gets stronger as N increases. This
means that, provided the open system’s parameters like
κ and n̄ remain the same, any deleterious effect caused
by the leakage of quantum information to the environ-
ment is only weaker with sizes of the order N = 81 than
the ones numerical accessible.

V. CONCLUSIONS

We have unraveled a previously unnoticed dynamical
regime where enhanced light-matter entanglement arises
at intermediate ramping velocities. We have provided
theoretical insights of this phenomenon by means of a
dynamical symmetry breaking and effective non-linear
self-interactions. We have further argued that our main
results are still present under more realistic settings, as
those already accessible by current experiments, with big-
ger system sizes and a dissipating environment. Finally,
we note that by moving around the parameter space in
time in Fig. 1, the enhanced squeezing and entanglement
can be altered within the matter and light subsystems
separately, and then transferred by means of the light-
matter coupling. Potential applications include high pre-
cision quantum metrology and a range of quantum infor-
mation processing technologies [28–30].
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Appendix A: Subsystem quasi-probabilities
distributions

In order to provide a visual depiction of both matter
and field subsystems in the main text, we employed phase
space representations of the density matrix by means of
Wigner functions. The matter states were represented by
the Agarwal-Wigner function (AWF), which is a Bloch
sphere representation of the subsystem’s density matrix
ρ̂q [26],

Wq(θ, φ) =

N∑

l=0

l∑

m=−l
Tl,mYl,m(θ, φ), (A1)

where Yl,m are the spherical harmonics; and terms Tl,m =

tr
{
ρ̂qT̂l,m

}
are expected values of the multipole opera-

tor,

T̂l,m =

j∑

M,M ′=−j
(−1)j−m

√
2l + 1

(
j l j
−M m M ′

)
|jM〉 〈jM ′| , (A2)

where j = N/2, and
(

j l j

−M m M′
)

is the Wigner 3j
symbol.

The respective Wigner function for the field density
matrix ρ̂b is [4, 31],

Wb (α, ρ̂b) =

∞∑

n=0

(−1)
n 〈n| D̂† (α) ρ̂bD̂ (α) |n〉 , (A3)

where D̂ (α) = eαâ
†−α∗â is the displacement operator,

and α ∈ C. The displacement parameter α can be
expressed in terms of the field’s position (x) and mo-
mentum (p) quadratures as its real and imaginary part,√

2α = x+ ι̇p.

Appendix B: Numerical evidence of phase diagram

This section provides a detailed explanation on how we
obtained the phase diagram of the EER depicted in Fig.
4 of main text. The EER was defined as the dynamical
region in Fig. 1 of main text where entropy is bigger than
log 2+0.05 well inside the ordered λ > λc phase. This re-
gion can be seen as bounded by a maximum AV υmax over
which the sudden quench approximation is valid, and a
minimum AV υmin below which the adiabatic condition
is fulfilled.

From Fig. 1 of main text, it is clear that υmin does
not depend on the value λd of the annealing parameter
reached (the lower boundary forms an horizontal line in
the figure). This is expected as the ground state in all
the ordered phase has an asymptotic value of SN → log 2,
and the adiabatic condition should only depend on the

FIG. 7. (color online) Numerical evidence for constructing
the dynamical phase diagram of Fig. 4 of main text. Solid
(dashed) curves depict the value of SN as a function of log2 (υ)
(log2 (Nυ)) when λ = 2.0 for different system sizes. Point
υmax (Nυmin) is obtained in a size-independent way where
curves touch the red horizontal line, which is the defining
value for the dynamical phase boundary. The inset shows the
dependence of point υmax on the value of λd reached, and its
fitting to the υmax ∝ (λ−λc)

3/2 dependence (red dashed line).
In opposition, the point Nυmin is independent of the value of
λd reached. In principle, solid and dashed curves represent the
same data, but dashed curves have been smoothed in order
to establish a cleaner boundary for υmin.

system size N . The scaling υmin ∝ N−1 comes from a
well established relation of the minimal energy gap ∆
at the critical threshold [3, 19], and it is confirmed in
the dashed curves of Fig. 7 where using this kind of
scaling of the AV makes the lower boundary of the EER
size independent.The upper bound, υmax depends on λd
and the inset of Fig. 7 shows that the fitting υmax ∝
(λd − λc)3/2 is a good approximation. On the other, it
is clear that υmax does not depend on system size, as all
three solid curves of Fig. 7 reach the red line at the same
point. The relations υmax ∝ (λd−λc)3/2 and υmin ∝ N−1

with the addition of one particular point (as the ones
obtained in Fig. 7) is all that is needed to produce Fig.
3 in main text.

Appendix C: Open System Evolution

The composed DM light-matter density matrix ρ̂(t)

evolves under a unitary part generated by Ĥ (see Eq. 1
of main text) and a dissipative part due to a field lossy
cavity. The evolution of ρ̂(t) is modeled by a Master
Equation in Lindblad form [32],

d

dt
ρ̂ = −ι̇

[
Ĥ, ρ̂

]
+ 2κ (n̄+ 1)D (ρ̂; â) + 2κn̄D

(
ρ̂; â†

)
,

(C1)
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where κ is the damping rate of the cavity, and n̄ is the
thermal mean photon number. Also, for any operator Â,
the Lindblad superoperator D is defined as ({, } denotes
anti-commutator),

D
(
ρ̂; Â

)
= Âρ̂Â† − 1

2

{
Â†Â, ρ̂

}
. (C2)

The general initial condition (when λ(0) = 0) consist of
an unentangled light-matter state,

ρ̂(0) = |−N/2〉z 〈−N/2|z ⊗
e−βâ

†â

tr
{

e−βâ†â
} , (C3)

where e−β = n̄/ (n̄+ 1), and β = 1/T is the inverse
temperature in natural units. This condition means zero

excitations in the matter state and field thermalization.
The field state is in fact the steady equilibrium state for
the respective terms in Eq. C1.

We have obtained exact numerical solutions of Eq. C1,
either in the pure DM Hilbert state when κ = 0, or in
the space of density matrices otherwise, using the DM
Hamiltonian or the Liouvillian superoperator as the re-
spective dynamical generator [32]. Since the dimension
of the numerical evolution vector space is squared as soon
as the unitary condition is broken, only relatively small
values of N can be investigated under open conditions.
As the field Hilbert space is infinite dimensional, we have
truncated its Fock basis {|n〉} up to a number where nu-
merical results converge.
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Abstract. High precision macroscopic quantum control in interacting light-matter
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light-matter system (Dicke model) reveals two successive stages of enhanced quantum

correlations beyond the traditional schemes of near-adiabatic and sudden quenches.

The first stage features magnification of matter-only and light-only entanglement and

squeezing due to effective non-linear self-interactions. The second stage results from

a highly entangled light-matter state, with enhanced superradiance and signatures

of chaotic and highly quantum states. We show that these new effects scale up

consistently with matter system size, and are reliable even in dissipative environments.
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Many-body quantum dynamics are at the core of many natural and technological

phenomena, from understanding of superconductivity or magnetism, to applications in

quantum information processing as in adiabatic quantum computing [1]. Critical phe-

nomena, defect formation, symmetry breaking, finite-size scaling are all aspects that

emerge from the collective properties of the system [2]. Spin networks, many-body

systems composed of the simplest quantum unit, are an obvious starting point to un-

derstand those phenomena, as they enclose much of their complex behavior in a highly

controllable and tractable way. However, if the system under investigation includes a

radiation subsystem, new opportunities arise for monitoring and characterizing the re-

sulting collective phenomena [3, 4]. By devising driving protocols of the light-matter

interaction, high precision macroscopic control then becomes a possibility, regardless of

whether the focus is on the matter subsystem, the light, or the composite manipulation

of both. This is particularly true for the Dicke model (DM) [5], which is the subject of

the present work.

The DM describes a radiation-matter system which, despite its simplicity, exhibits

a wide arrange of complex collective phenomena, many of them specifically associated

with the existence of a quantum phase transition (QPT) [6]. Experimental realizations

of the DM have been presented in different settings, from proposed realizations in cir-

cuit quantum electrodynamics [7], to the recent very successful demonstrations of DM

superradiance in various cold atom experiments [8]. While the light and matter proper-

ties in the equilibrium ground state are relatively well known [9–13], its fully quantum

out-of-equilibrium critical behavior is just starting to be understood [14,15].

In the DM, both the matter and field are known to act as mediators of an effective

non-linear self-interaction involving each other [10, 13]. These non-linear interactions

produce interesting phenomena in both atomic and optical systems [16,17]. Among the

most relevant effects, there is the strong collapse and revival of squeezing [18,19], which

in many matter states can be related to atom-atom entanglement [20]. Applications

of such effects are widespread, including high precision quantum metrology [21], and

quantum information technologies [22]. As the non-linear interactions are only effec-

tive, it is of essential relevance to understand how the eventual matter-field correlations

could affect the generation of the desirable quantum squeezing in each subsystem. We

will theoretically address this problem in the particular setting of the finite size DM,

when it is ramped across the critical threshold starting from its initial equilibrium non-

interacting state.

Some previous works have already examined the dynamical emergence of quantum

effects on each subsystem of the DM. However they focused on the semi-classical limit

and a static coupling after a sudden quench [23–26], small dynamic oscillations around

a phase space region [14], or under time-delayed feedback control [27]. Our work goes

beyond this by giving a fully quantum analysis of the process of continuously turning on
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the interaction, in order to assess the emergent effects of the non-linear self interaction

in each subsystem. We have carried this out across all dynamical regimes: from the very

slow adiabatic regime, where the equilibrium ground state results apply, to the sudden

quench regime which is the initial preparation scheme for most previous non-equilibrium

results. In between these limits, we have found an unexplored yet very rich intermediate

set of annealing velocities featuring remarkable amplification of critical quantum effects

as compared to the near-equilibrium results. This magnification of critical properties is

followed by a novel chaotic dynamical phase, characterized by giant light-matter entan-

glement [28], negative Wigner quasi-distributions, and signatures of quantum chaos.

This paper is structured as follows. Section 1 presents the model, dynamical setting,

and methods of analysis. Section 2 explains the general profile of the dynamical evolution

under the perspective of matter and light quantum properties, namely squeezing and

the order parameter (OP). Section 3 gains further insight from the point of view of

phase space representations of the subsystems. Section 4 establishes the consistency of

our results, even under dissipative effects, and for different system sizes, by means of a

power-law relation. Section 5 concludes with some general remarks.

1. Theoretical framework

The DM describes a totally symmetric interaction of N matter qubits with a radiation

mode. Its Hamiltonian is [5],

Ĥ = εĴz + ωâ†â+ 2
λ(t)√
N
Ĵx
(
â† + â

)
. (1)

Symbols Ĵi = 1
2

∑N
j=1 σ̂

(j)
i represent collective operators of the qubits, and symbol â†

(â) is the creation (annihilation) operator of the radiation field. Coefficients ε and ω

are single qubit and single mode excitation energies respectively. From now on, we set

resonant energies, ε = ω = 1. The thermodynamic limit (N → ∞) phase boundary

of the controlled interaction is λc =
√
εω/2 = 0.5, which is slightly different at finite

values of N [11]. The total system S, represented by a density matrix ρ̂S, evolves under

a unitary part generated by Ĥ, and a dissipative part caused by radiation losses of the

field cavity. The time evolution is then expressed by a master equation [29],

d

dt
ρ̂S = −ι̇

[
Ĥ, ρ̂S

]

+ κ (n̄+ 1)
(
2âρ̂S â

† −
{
â†â, ρ̂S

})
+ κn̄

(
2â†ρ̂S â−

{
ââ†, ρ̂S

})
, (2)

where κ is the damping rate of the cavity, and n̄ is the thermal mean photon number.

At initial time t = 0 the system starts at

ρ̂(0) = |−N/2〉z 〈−N/2|z ⊗
e−βâ

†â

tr
{

e−βâ†â
} , (3)

where e−β = n̄/ (n̄+ 1). Thus, the initial state at λ(0) = 0 corresponds to an un-

entangled state formed by the qubit ground state times the field thermal equilibrium
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state at inverse temperature β = 1/(kBT ), with kB the Boltzmann constant. The con-

trolled interaction will change with an annealing velocity (AV) υ by a linear ramping:

λ(t) = υt. The interval of interest is λ ∈ [0, 2], well across the QPT. This work is fo-

cused on subsystem properties. Any subsystem A will be described by a density matrix

ρ̂A, defined as the trace with respect to the other degrees of freedom: ρ̂A(t) = trS−A {ρ̂S}.

We explore the dynamical development of the quantum properties in subsystems of

the matter-light system, caused by this ramped QPT crossing, without resorting to any

common simplifications like mean-field, rotating wave or semi-classical approximations.

Our main results lie at AV values outside the well-known adiabatic and sudden quench

regimes, where quantum correlations such as entanglement and squeezing of each sep-

arate subsystem can get significantly enhanced. Exact numerical solutions have been

obtained by integrating Eq. 2. When κ = 0, the evolution lies on the pure Hilbert space

and is generated by the DM Hamiltonian. Otherwise, the evolution lies in the space of

density matrices and its generator is the total Liouvillian superoperator of Eq. 2 [29].

Thus, the dimension of the numerical evolution vector space is squared as soon as the

unitary condition is broken. As the dimension of the field Hilbert space is infinite, the

Fock basis {|n〉} is truncated up to a number where numerical results converge. We

have taken advantage of every simplifying condition, such as parity conservation when

κ = 0.

The state of any set of M qubits is the same (all qubits are equivalent) and lies

on the maximal Dicke manifold Ĵ2 = (J + 1)J , with J = M/2. The first quantum

property of matter that we address is entanglement, which for a 2 qubit subsystem

is measured by the Wootters concurrence cW [30]. The second one is spin squeezing,

which is highly related to multipartite entanglement and usually expressed in terms of a

squeezing parameter ξq [31]. Under unitary evolution (κ = 0), when parity of the total

system is even and conserved, cW and ξq are explicitly related whenever the concurrence

is different from zero [32]:

1− ξ2q = (N − 1)cW =
2

N

(∣∣∣
〈
Ĵ2
+

〉∣∣∣+
〈
Ĵ2
z

〉
− N2

4

)
. (4)

The factor N − 1 in the concurrence is a direct manifestation of the monogamy of

entanglement [33], since each qubit is equally entangled to any other one and hence

the finite amount of possible entanglement is evenly distributed. Any qubit state

can be visualized by the Agarwal-Wigner function (AWF), which is a Bloch sphere

representation of the qubit’s density matrix [34],

Wq(θ, φ) =
N∑

l=0

l∑

m=−l
Tl,mYl,m(θ, φ), (5)
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and Yl,m are the spherical harmonics. Terms Tl,m = tr
{
ρ̂qT̂l,m

}
, with ρ̂q the qubit

subsystem density matrix, are the expected values of the multipole operator,

T̂l,m =

j∑

M,M ′=−j
(−1)j−m

√
2l + 1

(
j l j

−M m M ′

)
|jM〉 〈jM ′| , (6)

where j = N/2, and
(

j l j
−M m M′

)
is the Wigner 3j symbol.

In addition to the matter subsystems, the DM has the presence of a radiation

mode that is usually much more experimentally accessible, thanks to the radiation

leaked by the cavity and properties disclosed by tomographic techniques [3]. The

general state of the mode can be condensed in the form of its Wigner quasi-probability

distribution [35,36],

Wb (α, ρ̂b) =
∞∑

n=0

(−1)n 〈n| D̂† (α) ρ̂bD̂ (α) |n〉 , (7)

where D̂ (α) = eαâ
†−α∗â is the displacement operator, and α ∈ C. There is also an

analogous squeezing parameter in the field mode, though it cannot be directly related

to a form of entanglement. It is expressed in terms of the variance and covariance of

field quadratures [37],

ξ2b = V ar(x) + V ar(p)−
√

(V ar(x)− V ar(p))2 + 4Cov(x, p)2. (8)

The displacement operator in Eq. 7 is related to the quadratures by
√

2α = x+ ι̇p.

2. Out-of-equilibrium enhancement of quantum correlations

A general picture of the time evolution of the matter quantum properties is revealed by

means of spin squeezing (related to matter entanglement) and the expectation value of

its OP in Figs. 1a-b. All the relevant AV are considered in each plot, from the adiabatic

limit (bottom of vertical axis) to the sudden quench (top). If the adiabatic condition

is fulfilled, the spin squeezing or entanglement of the matter subsystem corresponds to

those well known from the equilibrium QPT [9, 38]. In the sudden quench limit, there

are no appreciable changes since the system essentially stays where it started. In be-

tween those limits, a complex dynamical regime emerges. Near the thermodynamic limit

equilibrium phase transition λ = 0.5, adiabatic evolution exhibits a maximum value of

entanglement followed by its decay and then the growth of the OP. The anti-correlation

between squeezing and OP is present in the dynamical regime as well, so that Figs.

1a and 1b are effectively negative images of each other. As the range of high AV is

entered, the position of the maximum point of squeezing and the onset point of the OP

are pushed toward higher values of λ. Any value of υ beyond the adiabatic limit leads

to the dynamical regime, provided that the controlled interaction is ramped up to a

high enough value. In other words, the sudden quench condition is only a consequence



Published and submitted papers. Chapter 3(b) 109

Robust quantum correlations in out-of-equilibrium matter-light systems 6

Figure 1. Dynamic profiles (time varies from left to right) of matter subsystem

properties. (a) Two qubit concurrence cW (N − 1) = 1− ξ2q , related to spin squeezing

in Dicke manifold states (see Eq. 4). (b) Scaled order parameter (OP)
〈
Ĵz

〉
/N +1/2.

Results are for N = 81, and unitary evolution (κ = 0). Dynamic regimes range from

adiabatic (bottom) to sudden quench (top) annealing velocities (AV). Compared to

what is possible in near-equilibrium (lower part), dynamic magnification of squeezing

occurs at higher AV preceded by the emergence of the order parameter at delayed

values of λ. The insets show the evolution for three selected values of log2 υ (according

to color) and three different system sizes (according to line style). Strong similarities

exist for different values of N , pointing toward scaling properties of the results. Roman

symbols in (b) hint at instants where phase space representations of subsystem states

are depicted in Fig. 3.

of the upper bound of λ.

More important than the position of maximum concurrence in the dynamical

regime, is its value. It reaches up to three times the corresponding value of the adiabatic

evolution (see Fig. 1a). This is a remarkable improvement for the collective generation

of such a distinctive quantum property, and is due entirely to the system being in the

non-equilibrium dynamical regime. For some given AV values, this magnified concur-

rence for different number of qubits N follows closely the scaling cW (N − 1) (see inset

of Fig. 1a), keeping the spin squeezing parameter curves almost size independent, and

gets modestly better as the system size grows. Some size dependent deviations are

present in curves for the log2 υ = −1.56 case. The sudden death point of concurrence

is also virtually size-independent. The scaling properties of the dynamical regime will

be discussed in section 4. The matter OP, for some chosen AVs, also shows very good

scaling collapse in its dynamical evolution, i.e. the curves in the inset of Fig. 1b are

essentially size independent thanks to the scaling Ĵz/N in the OP.

With respect to the maximum matter OP in Fig. 1b, it is bounded. Therefore

independent of the regime, it cannot be increased. The kind of enhancement revealed

by the OP is a magnification of superradiance, which is the traditional way to describe
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the QPT of DM [39]. The OP indicates the scaled number of excitations within the

subsystem, which is bounded because of finiteness of N . In the dynamical regime,

excitations develop more quickly (see blue curve in inset of Fig. 1b). In the case of

eventual leakage of excitations through the cavity (see Section 4 for cavity loss effects),

it manifests itself as a sharp burst of photons which are suddenly released. Bursts like

these are excellent indicators of the DM QPT in cold atom experimental realizations [8].

Qubit quantum properties are very important for applications in quantum compu-

tation and quantum information. However, the finite character of the matter subsystem

conceals much of the complexity of the evolution. The field subsystem, with its own

relevance in highly controlled quantum optics, does not have this restriction. Field

dynamical profiles analogous to that of Fig. 1 are shown in Figs. 2a-b. Similarities

with Figs. 1a-b are noticeable, though with relevant differences. A large dynamical

magnification of the field quadrature squeezing is also present, but it dies off later than

its matter counterpart. Thus the development of the field OP is delayed as compared

to that of the qubits. Superradiance, as seen by value of the field OP, is now not only

sharper, but it can be as much as twice the value attainable with adiabatic ramping at a

given λ. This greatly enhances the intensity of superradiant bursts. Radiation intensity

enhancements of this kind have also been predicted in the DM submitted to sudden

quenches and a lossy cavity [36]. Dynamically enhanced and suppressed superradiance

alternate after the first burst (see blue curve in inset of Fig. 2b), a behavior absent in

the equilibrium QPT. A wavy plateau in figure 1b coincides with that alternating stage.

The dynamical phase marked by these oscillations is characterized by giant light-matter

entanglement, with emergent quantum properties beyond the critical ones [28].

Magnification of squeezing and the other effects discussed so far are caused by a

prolonged realization of effective non-linear interactions within both subsystems, after a

preparation stage where the sudden quench approximation holds. Then, the non-linear

processes are realized as one axis squeezing with a transverse field for matter [19, 31],

and Kerr-like interactions for radiation [17]. During these separate squeezing processes,

both radiation and matter act as effective interaction mediators for each other. This

extends to the non-equilibrium case static correspondences with matter-only [10], or

radiation-only systems [13]. Separate squeezing, which is related to internal quantum

entanglement, suddenly dies as soon as combined matter-light entanglement emerges,

because of monogamy and the breaking of the effective non-linear interaction condition.

As the field has more information capacity, its squeezing can survive longer. By con-

trast, in the adiabatic regime, entanglement within and between subsystems compete

against each other, because they occur simultaneously at the critical point.
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Figure 2. Corresponding dynamic profiles and insets of Figs. 1a and 2b, now for the

field subsystem. (a) Evolution of 1 − ξ2b , as defined in Eq. 8, whenever it is greater

than zero (squeezed radiation). (b) Scaled OP of light
〈
â†â
〉
/N . Major tendencies

of Fig. 1 are replicated here. However the unbounded nature of the field OP allows

an appreciation of the field intensity’s oscillation (associated with supperradiance)

around the equilibrium values, with intervals of significant dynamical enhancement of

superradiant bursts. The oscillatory behavior is related to a combined light-matter

quantum chaotic stage.

3. Matter-light quasi-probability behavior

Complete state representations of the subsystems state reveal more details of the pro-

cesses involved in the dynamical regime. Figures 3 and 4 show several snapshots of

Wigner and AWF quasi-distributions at different instants. The enormous difference in

the squeezing amount between the dynamical regime and the adiabatic one, as well as

a difference in the direction of squeezing, is now graphically clear. This can be seen

by comparing Figs. 3-4 (iv) with Figs. 3-4 (ii), and was previously shown for differ-

ent AV values in Figs.1 and 2. In any regime, death of squeezing is associated with

a splitting in half of the distributions, caused by the spontaneous symmetry breaking

of the QPT [28]. This splitting is symmetrical along the x and −x direction in both

subsystems. The system’s density of excitations, indicated by the OP, increases as the

distributions become displaced away from the initial state.

Features of the complex light-matter entangled stage are clarified by Figs. 3-4 (v-

vi), which contrast with the adiabatic splitting in Figs. 3-4 (iii). The dynamical splitting

of the distribution leads to negative scars and complex patterns for both subsystems,

though the phenomenon is far more conspicuous in radiation. Donut shapes with a neg-

ative centered AWF such as that in Fig. 3 (vi), have been experimentally obtained in

3000 atoms with just a single photon [4]. In addition, round-tailed interference patterns

such as that in Fig. 4 (vi) have been obtained for light in Kerr-like media following

a Fokker-Planck equation [18], which confirms the presence of non-linear effective in-
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Figure 3. Agarwal-Wigner Wq at the instants indicated in Fig. 1b by the

corresponding number (dissipative effects are ignored, κ = 0). They are phase space

representations of the matter subsystem, depicted on the Bloch sphere. Color scale of

all Wigner functions can be very different. Maximal dynamical squeezing in (iv) is

much greater than the adiabatic counterpart in (ii). Also, negative complex structures

develop in the combined light-matter chaotic stage in (v-vi); which contrast with an

adiabatic ordered state as in (iii). The stage in (iii,v,vi) has also no squeezing and

no concurrence, since the Wigner function is now split along the x and −x directions

and no longer concentrated around the initial state. Opposite Bloch hemispheres are

not shown because of symmetry: Wq(θ, φ+ π) = Wq(θ, φ).

teractions. These results mean that the field is able to exhibit chaotic behavior itself,

regardless of its entanglement to the matter subsystem. Despite being a single radiation

mode, the field acts as a reservoir that dissipates the quantum correlations present in the

squeezed states of each subsystem. If the qubits were not coupled to the field, squeezing

could have revivals after its sudden death [19]. The field Wigner function is not only

full of negatives regions (a marker of non-classical light), but it also contains abundant

so-called sub-Planckian structures which have been related to quantum chaos [40]. The

finite-size DM is non-integrable, and its ordered phase has been connected to chaotic

features [6,41]. This chaotic onset is responsible for the small size dependence on curves

in insets of Figs. 1 and 2 for the log2 υ = −1.56 case, since the symmetry breaking

occurs deeper in the ordered phase. As spin squeezing is very sensitive to chaos [26], it

is no surprise that its sudden death becomes irreversible once the light-matter entangled

stage arises.
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Figure 4. Analogous pictures of Fig. 3 but for the field Wigner distribution Wb. This

is represented in the x − p plane of position (vertical) and momentum (horizontal)

quadrature. All figures have the same x− p scale but color scale can be very different.

The chaotic stage in (iv-v) exhibits sub-Planck structures. Negative regions of x are

not shown because of symmetry: Wb(x, p) = Wb(−x,−p).

4. Scaling and robustness of non-equilibrium quantum correlations

4.1. Robustness of results

So far, unitary evolution have been assumed in this work. Figures 5a-e address how

the presence of losses in the cavity affect the dynamics. All the main results found in

κ = 0 evolution survive very well if decoherence towards the environment is two or-

der of magnitudes lower than the main energy scale. Even if dissipation is at values

of just an order of magnitude below, spin squeezing effects remain highly robust, with

increasing noise resistance with system size. Field squeezing surprisingly survives to

dissipation regimes comparable to the Hamiltonian dynamics itself. On the other hand,

detailed features of the chaotic stage (such as OP oscillations, negative regions, and

sub-Planckian structures) are far more sensitive to decoherence, requiring losses to be

at levels of κ = 0.01. These very sensitive features have been proposed as tools for mea-

suring very weak forces [42]. In our analysis, we have found that small finite values of n̄

(such as those typical at the ultra-low temperatures of most experimental realizations)

do not change dramatically the conclusions; they just slightly intensify the process of

decoherence. Previous works on non-equilibrium DM under different settings have also

confirmed that some major phenomena present here, such as spin squeezing, survive

losses. Enhanced superradiance can be detected [36], and squeezing can still have time

to develop [18, 24]. We note that, despite perturbing the quantum state of the system,

a lossy cavity compensates by providing the experimental possibility to monitor the

dynamic evolution of the field in time [3].
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Figure 5. Effect of a leaky field cavity (expressed in terms of cavity decay rate κ)

on the dynamical enhancement of quantum properties. (a) Wigner distribution for

AV log2 υ = −1.58, N = 15 qubits at instant λ = 2. (b-e) Different field and matter

properties as function of time for log2 υ = −3.86, and three different system sizes.

Quantum chaos signatures (sub-Planckian structures, negative Wigner distributions,

and oscillations in OPs) are highly sensitive to dissipative perturbations. On the other

hand, squeezing and internal entanglement effects are far more robust, especially for

field squeezing. In all figures n̄ = 0.

The robustness of quantum correlations suggests that some of the effects described

in this paper may be accessible under current experimental realizations of the DM. In

particular, Klinder et al. have proven that the kind of control described here as λ(t)

can be realized as a pump laser power increasing over time, and that the noise present

in current experiments (nearly analogous to our κ = 0.1 case) is small enough that the

squeezing related quantum correlations predicted in our work could be experimentally

assessed [43]. As field squeezing is the most robust quantum correlation (see Fig. 5e)

and it is experimentally accessible thanks to a leaky mirror, tomographic techniques

and photon statistics could be the first front for experimental comparisons with our

predictions [3]. Other tomographic techniques could also analyze properties of the

matter subsystem state [44]. Given the specific degrees of freedom forming the qubit

states in current realizations (basically matter wave modes) [43], suitable equivalences

of those state resolving techniques to this kind of degrees of freedom should be devised.

4.2. Scaling of results

Our results exhibit substantial size invariance, as the insets of Figs. 1 and 2 show. Even

the small system sizes in lossy cavity results in Figs. 5b-e are highly size independent,
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which justifies our claim that the conclusions drawn there can be taken as general

trends. Figures 6a-b show that the onset point of the dynamical regime occurs at points

λd following a power law, (λd − λc) ∝ υ2/3. This kind of scaling relation is typical in

QPT critical properties [2]. This scaling laws extends our previous results on adiabatic

scaling theory [15] to the fast regime. Even though we have used the same kind of scaling

variables as in the near adiabatic case, many results in the dynamic regime collapse very

well without any re-scaling of λ.

Figure 6. Size-independence of the instant λd when field and qubits organize in a

combined light-matter excited state. (a) Instant of a sudden death of squeezing, in both

matter and radiation subsystems. (b) Instant when each system reaches a significant

value of its OP. These values are
〈
Ĵz

〉
/N + 1/2 = 0.1 and

〈
â†â
〉
/N = 0.0123. At

sufficiently high AVs, all the instances chosen are related by the same scaling power

law relation (λd − λc) ∝ υ2/3.

The origin of the scaling exponent can be understood in a rather simple way, using

concepts from the Kibble-Zurek mechanism [1]. The scaled time is the instant where

the healing time of the system (as measured by the inverse mean energy gap in the

spectrum δ−1) has the same order of magnitude, i.e. when tδ ≈ 1. As δ ∝ (λd−λc)1/2 in

the ordered phase [10], and t ∝ (λd−λc)υ−1, we get the exponent 2/3 present in all lines

of Figs. 6a-b. The fact that equilibrium critical exponents have been used reveals that,

even though the emergence of the dynamical regime is well inside the λ > 0.5 range, its

mechanism is still related to the QPT, and so many critical phenomena get dynamically

enhanced. On the other hand, the fact that the evolutions are very similar in the chaotic

region, despite the different sizes, has to do with the relatively equal structure of the

interaction well inside the superradiant phase, provided it has not bounced against the

finite limits of the matter subsystem.
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5. Conclusions

We investigated the details of the microscopic properties of both matter and light sub-

systems of the DM when macroscopically driven into the superradiant phase from an

initial non-interacting equilibrium state. We have found that, in between the traditional

driving schemes (either near-adiabatic or sudden quench), a previously unnoticed inter-

mediate annealing regime emerges, and that this regime can be seen as advantageous

for many quantum control processes. The onset of this intermediate phase is marked

by induced non-linear self-interactions in both matter and field subsystems, developing

squeezed states in each of them that are related to internal entanglement. This squeez-

ing process is much stronger than what can be achieved in near-adiabatic evolutions,

since the internal entanglement does not have to compete against the matter-field en-

tanglement that arises in later stages.

We have also found that the dynamical squeezing mechanism is succeeded by

the development of a chaotic and entangled radiation-matter dynamical phase. Clear

signatures of quantum chaos such as fragmented Wigner functions, have been identified

in this phase. This stage has its own dynamically enhanced properties such as

superradiance, phase order, and sensibility to weak forces. We have established the

robustness of all the quantum enhancing processes under dispersive conditions and its

invariance to system size. We have shown that this last invariance condenses into a

power-law relation associated with critical exponents. We hope this understanding will

prove important for developing schemes to generate squeezed and other entangled states,

as have been proposed in the contexts of quantum metrology and quantum information

processing.
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[5] Dicke R H 1954 Phys. Rev. 93 99–110

[6] Emary C and Brandes T 2003 Phys. Rev. Lett. 90 044101

Emary C and Brandes T 2003 Phys. Rev. E 67 066203

[7] Nataf P and Ciuti C 2010 Nature Comm. 1 1

Viehmann O, von Delft J and Marquardt F 2011 Phys. Rev. Lett. 107 113602



Published and submitted papers. Chapter 3(b) 117

Robust quantum correlations in out-of-equilibrium matter-light systems 14

[8] Baumann K, Guerlin C, Brennecke F and Esslinger T 2010 Nature 464 1301–1306

Hamner C, Qu C, Zhang Y, Chang J, Gong M, Zhang C and Engels P 2014 Nature Comm. 5

4023

Baden M P, Arnold K J, Grimsmo A L, Parkins S and Barrett M D 2014 Phys. Rev. Lett. 113

020408

[9] Lambert N, Emary C and Brandes T 2004 Phys. Rev. Lett. 92 073602

[10] Reslen J, Quiroga L and Johnson N F 2005 Europhys. Lett. 69 8

[11] Vidal J and Dusuel S 2006 Europhys. Lett. 74 817

[12] Wang T L, Wu L N, Yang W, Jin G R, Lambert N and Nori F 2014 New J. Phys. 16 063039

[13] Jarrett T C, Olaya-Castro A and Johnson N F 2007 Europhys. Lett. 77 34001

[14] Bastidas V M, Emary C, Regler B and Brandes T 2012 Phys. Rev. Lett. 108 043003
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Appendix E

Support of Chapter 4

E.1 Deduction of mean field equation

There are many procedures to deduce Eqs. 4.12. One way is to start with the expectation value

version of the Heisenberg equations,

d
〈
T̂i,α

〉

dt
= ι̇
〈[
Ĥ, T̂i,α

]〉
=
∑

l,β,k,γ

hl,β,k,γi,α

〈
T̂l,βT̂k,γ

〉
+
∑

l,β

hl,βi,α

〈
T̂l,β

〉
. (E.1)

Here, indexes i, l, k ∈ {1, 2}, while α, β, γ ∈ {x, y, z}. The last equation is possible because op-

erators T̂i,α form a closed algebra under commutations, and Hamiltonian has terms of quadratic

order at most. In terms of single particle operators,

〈
T̂i,αT̂l,β

〉
=

N∑

j=1

〈
ρ̂j t̂ji,αt̂

j
l,β

〉
+

N∑

j=1

〈
ρ̂j1,j2 t̂ji,αt̂

j
l,β

〉
=
N

4
πiδi,lδα,β +

N∑

j1 6=j2

〈
ρ̂j1,j2 t̂j1i,αt̂

j2
l,β

〉
. (E.2)

An operator like ρ̂j1,j2 is the reduced density matrix of to the two particles j1 and j2. The last

substitution stands from orthogonality properties of Pauli matrices,

1
2

{
t̂ji,α, t̂

j
l,β

}
= 1

4 π̂
j
i δα,βδi,l , (E.3)

where π̂ji is the projection onto nuclear state i. We can replace
〈
π̂ji

〉
= πi, which is the

probability of being in nuclear state i. In the initial condition of Eq. 4.10, π2 = sin2 β
2 , while

π1 = 1− π2.

So far, the formulae we have written are exact. Now it is time to apply the mean field ap-

proximation. It is based on the assumption that the total density matrix can be approximated
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as,

ρ̂ ≈
N⊗

j=1

ρ̂j , (E.4)

i.e., that the state has no correlations among particles. Under such assumption, formula E.2 is

reduced to, 〈
T̂i,αT̂l,β

〉
≈ Tl

2 δα,βδi,l + N(N−1)
N2

〈
T̂i,α

〉〈
T̂l,β

〉
. (E.5)

We have supposed the all-to-all case, where all t̂jl,β are independent of the particle j. Even if the

all-to-all case did not hold, the term
〈
T̂i,α

〉
would represent the expected value average over all

particles while
〈
T̂i,αT̂l,β

〉
would be the average over all pair of particles. Notice that if

〈
T̂i,α

〉
is

of order N , and the last expression is divided by N2, there will remain some terms of order 1/N

in the approximation. They can be though as a first order correction on an expansion of ρ̂ where

the perturbation parameter is 1/N . As such, under the zero order mean field approximation,

these terms are ignored. That is, one simply make the replacement
〈
T̂l,αT̂k,β

〉
≈
〈
T̂i,α

〉〈
T̂l,β

〉
.

In order to be consistent, linear terms are also corrected by doing (N − 1)
〈
T̂i,α

〉
≈ N

〈
T̂i,α

〉
.

When these replacements are made on all the Heisenberg equations, Eqs. 4.12 are obtained.

Alternatively, the MFE could have also been derived by assuming that the state of the system is

always expressible as the direct product of two coherent states [168], one for each nuclear state.

So, the mean field approximation can be stated as,

|ψ(t)〉 ≈ |n1〉 ⊗ |n2〉 , (E.6)

where each n is a unit three dimensional vector in the Bloch sphere. A spin coherent state can

be written as,

|n(θ, φ)〉 = eζT̂+−ζ
∗T̂− |T,−T 〉 , (E.7)

where ζ = θ
2e−ι̇φ is expressed in terms of the spherical coordinates of n. Simply said, a spin

coherent state is the zero excitations state along −z rotated so that it points to a general

direction n. However, initial condition in Eq. 4.10 is not an example of such a product of spin

coherent states. A state like Eq. E.6 requires that it should possible to separate s atoms in

nuclear state 2 and N − s atoms in nuclear state 1. But symmetrization of the GDM precludes

that, since each atom is in a coherent superposition of both states. Despite of that, in terms of

MFE, the picture of two Bloch vectors, common to Eq. E.6 and Fig. 4.3, should hold correct,

as all the correlations caused by the symmetrization in the GDM are ignored. But this would

imply that in order to correctly compare MFE predictions with the quantum ones, one should

do a weighted average in the MFE analogous to that of Eq. 4.11. That is, one should compute

MFE solutions for each possible value of s, which is equivalent to have vectors t1 and t2 having

different lengths 1
2 (1− ps) and 1

2ps respectively, with ps = s
N .
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E.2 Computing expectation values up to second order

The analysis made during chapter 4 has been pursued by taking as basic information the ex-

pectation values of the form
〈
T̂i,α

〉
and

〈{
T̂i,α, T̂l,β

}〉
, where α, β ∈ {x, y, z} and i, l ∈ {1, 2}.

Thus, all the analysis is made up to second order expectation values. Then, in principle one

would need to compute the expectation value of 21 anti-commutators and six linear terms of

the form T̂j,α. This small section specifies a simplified way to compute all this entries. It starts

by recalling the following useful relations, which are entirely based on the SU(2) algebra of

operators T̂i,α,

T̂j,+ = T̂j,x + ι̇T̂j,y , (E.8a)

T̂j,zT̂l,+ − 1
2δj,lT̂j,+ = 1

2

{
T̂l,x, T̂j,z

}
+ ι̇

2

{
T̂l,y, T̂j,z

}
, (E.8b)

T̂ 2
j,+ = T̂ 2

j,x − T̂ 2
j,y + ι̇

{
T̂j,x, T̂j,y

}
, (E.8c)

1
2

(
T̂1,+T̂2,− − T̂1,+T̂2,+

)
= T̂1,yT̂2,y − ι̇T̂2,yT̂1,x , (E.8d)

1
2

(
T̂1,+T̂2,− + T̂1,+T̂2,+

)
= T̂1,xT̂2,x + ι̇T̂1,yT̂2,x . (E.8e)

As all terms in the right side are hermitic, the real and imaginary parts of the expectation value

of the left side provide twice the information in terms of real numbers. Also, formulae for those

complex numbers are usually easier, and they transform very simply under rotations around

the z axis, easing transformations between rotating frames. With the ten complex expectation

values in Eqs. E.8, and the seven real expectation values of the form
〈
T̂2
j

〉
,
〈
T̂j,zT̂l,z

〉
and

〈
T̂j,z

〉
, one can compute all the 27 real entries for the full set of covariances.

There are other 8 expectations values important for some microscopic aspects of the results.

These are, the six
〈
ŜzT̂l,α

〉
, and

〈
Ŝz

〉
= −N

2 cosβ and
〈
Ŝ2
z

〉
= N

8 [N + 1 + (N − 1) cos (2β)].

The last two terms have been computed with the initial conditions in Eq. 4.10.

E.3 The squeezing parameter

In chapter 3 we used a squeezing parameter that is only good at assessing entanglement when

the system is in the maximum multiplicity manifold, i.e., in the maximum eigenvalue of T̂2.

Here we generalize the squeezing parameter for other cases as defined in Ref. [169]. Let us

start by defining covariance, which is a measure of correlations, both quantum and classical,

between two observables. The covariance between operators Â and B̂ is,

cov
(
Â, B̂

)
≡ 1

2

〈{
Â, B̂

}〉
−
〈
Â
〉〈

B̂
〉
. (E.9)
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The procedure for obtaining the squeezing parameter useful for chapter 4 starts by computing

(A)α,β = cov
(
T̂α, T̂β

)
, i.e., the 3 × 3 matrix of macroscopic covariances. Next, let P be the

projector onto the plane perpendicular to the expected value vector
〈
T̂
〉

, i.e.,

(P)α,β = δα,β − 〈
T̂α〉〈T̂β〉
|〈T̂〉|2 . (E.10)

Notice, that if n is a 3D unit vector, the number nTAn gives the variance ∆Tn of operator T̂n

along the direction n. If we define the matrix X = PAP, then its second greatest eigenvalue can

be called x2. The squeezing parameter is,

ξ2 = Nx2

|〈T̂〉|2 =
N minn⊥ (∆Tn⊥)

|〈T̂〉|2 . (E.11)

In other words, it expresses the normalized minimal variance in any direction perpendicular to〈
T̂
〉

. As usual with squeezing parameters, whenever this parameter is less than unity, there

is multi-qubit entanglement in the system [169]. This squeezing parameter coincides with the

definition of Wineland et al. [166], and it is associated to phase sensitivity of the clock. If we

substitute T̂α with its projections T̂i,α onto each nuclear state, we can speak about a squeezing

parameter associated to each projection ξ1 and ξ2.

E.4 Expectation values: from macro to micro

In order to compute microscopic correlations and 2-qubit concurrences one needs to compute

microscopic expectations values like
〈
t̂j1i,αt̂

j2
i,β

〉
. However, in section E.2 only macroscopic expec-

tation values have been specified. This section explains how we can go from those macroscopic

values to the microscopic ones. It happens that Eq. E.2 already hints at the following equiva-

lence,
〈
t̂1i,αt̂

2
l,β

〉
N(N − 1) = 1

2

〈{
T̂i,α, T̂l,β

}〉
− N

4 πiδi,lδα,β , (E.12)

where we have computed the value for the pair of particles 1, 2, since any pair of different

particles would yield the same result for our all-to-all system. Also, by definition of collective

operators, 〈
t̂ji,α

〉
N =

〈
T̂ ji,α

〉
(E.13)
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Finally, if we notice that π̂j2 = 1
2 + ŝjz and π̂j1 = 1

2 − ŝ
j
z, we can deduce the following equivalences,

〈
π̂1

1 t̂
2
l,β

〉
N(N − 1) =

(
N
2 − δ1,l

) 〈
T̂l,β

〉
−
〈
ŜzT̂l,β

〉
, (E.14a)

〈
π̂1

2 t̂
2
l,β

〉
N(N − 1) =

(
N
2 − δ2,l

) 〈
T̂l,β

〉
+
〈
ŜzT̂l,β

〉
, (E.14b)

〈
π̂1

2π̂
2
2

〉
N(N − 1) = N2

4 +N
〈
Ŝz

〉
+
〈
Ŝ2
z

〉
−Nπ2 , (E.14c)

〈
π̂1

1π̂
2
1

〉
N(N − 1) = N2

4 −N
〈
Ŝz

〉
+
〈
Ŝ2
z

〉
−Nπ1 . (E.14d)

In the particular case of being in the nuclear state Dicke Manifold, one can prove that
〈
π̂1
i π̂

2
l

〉
≡

πi,l = πiπl. These are all the formulas needed to accomplish the microscopical analysis of

correlations and concurrence between any pair of particles.

E.5 Failure of MFE: correlations and concurrence

The mean field approximation has as a consequence that, if it is true, then there must be zero

correlations between different particles. In terms of covariance (which is a measure of linear

correlation), if approximation in Eq. E.4 holds, then one must have cov
(
t̂j1i,α, t̂

j2 6=j1
l,β

)
= 0,

whenever j1 6= j2. We can use the converse of this proposition in order to establish a measure

of how the actual equations of motion deviate from the MFE. If we can establish particularly

big covariances between a pair of microscopic observables associated to different particles, we

should expect the involved macroscopic observables to be poorly represented by the MFE. In

order to do that, let us define the 6 × 6 real symmetric matrix defined by all the microscopic

particle covariances,

(K)i,α;l,β = cov
(
t̂j1i,α, t̂

j2 6=j1
l,β

)
. (E.15)

This matrix has all its entries equal to zero whenever the mean field approximation holds exact,

either in the form of Eq. E.4 or Eq. E.6. This means that, if we define a matrix distance from

K to the zero matrix, then we would have a measure of the breaking down of the MFE. Let us

use the matrix norm,

K = ‖K‖1 = max
n

∣∣nTKn
∣∣ , (E.16)

which is defined as the maximum eigenvalue of K in terms of absolute value. Despite this

correlation parameter K is a good measure of the failure of the MFE, it has the disadvantage of

not having a straightforward physical meaning. Instead, if we concentrate on specific parts of

matrix K, we could have correlation parameters with clearer interpretations. For example, if we

take KT = ‖KT ‖1, where (KT )α,β is the 3× 3 correlation matrix with no distinction of nuclear

states, then KT can be seen as the maximum covariance between two particles in terms of Bloch

vector t̂. Furthermore, the normalized eigenvector nT associated to that maximum eigenvalue

gives the direction along which this maximum covariance occurs. The sign of the eigenvalue
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would have also physical meaning, with positive indicating ferromagnetic order, and negative

implying anti-ferromagnetic order. Similar parameters can be defined with Ki = ‖Ki‖1, i.e.,

with respect to the covariance matrix where the Bloch vector examined for both particles is

t̂i. Finally, if we take the total K matrix, and set the Ki parts to zero, the parameter of the

remaining matrix KR = ‖KR‖1 gives the maximum covariance between Bloch vector t̂1 of first

particle and t̂2 of second one. Three components of the 6dimension eigenvector of K12 give the

3D direction along which t̂1 must be pointed in order to have this maximum correlation, and

the other three do the same with t̂2.

Correlation parameters are good indicators that the system cannot longer be seen as a set of

independent particles. However, they have the disadvantage of not distinguishing between clas-

sical correlations and the quantum ones. The former can be reproduced by a suitable statistical

ensemble where every member have particles with all their expected values well defined. The

latter cannot be reproduced that way, and can be witnessed through quantum entanglement.

In order to assess the existence of actual quantum magnetism in our AEA system, we need to

investigate the existence of such quantum correlations. As we have focused on the microscopic

system of two identical particles, Wootters concurrence is a natural choice to accomplish that

task. Thus, cW (ρ̂1,2
t ) is the object of study, when ρ̂1,2

t is a 4 × 4 matrix formed by the clock

states of both articles. Notwithstanding, the actual density matrix ρ̂1,2 of two particles includes

also the nuclear states, and so it is 16 × 16 in size. Those nuclear states must be traced, and

it turns out that different density matrices can be selected depending on the nuclear states we

want to deal with. In general we have five ρ̂1,2
t density matrices, related as follows,

ρ̂1,2
T =

2∑

i,l=1

πi,lρ̂
1,2
i,l =

2∑

i,l=1

πi,l 〈i, l| ρ̂1,2 |i, l〉 :, (E.17)

where each ρ̂1,2
i,l can be extracted from microscopic expected values as those explained in section

E.4,
〈
t̂1i,αt̂

2
l,β

〉
= πi,ltr

{
t̂1αt̂

2
β ρ̂

1,2
i,l

}
,

〈
t̂1i,απ̂

2
l

〉
= πi,ltr

{
t̂1αρ̂

12
i,l

}
. (E.18)

Concurrence cW (ρ̂1,2
1,2) = cW (ρ̂1,2

2,1), therefore, in general, we will deal with four different concur-

rences: namely cTW , c1,1
W , c2,2

W , and c1,2
W . The existence of two particle concurrence is associated

to the presence of quantum noise. Measuring that kind of fluctuations require full experimental

access to the quantum regime, something that have been recently achieved in the 87Sr lattice

clock [170].

E.6 Analytic solutions under zero magnetic field

Hamiltonian in Eq. 4.9 under zero magnetic field (a = 0) is integrable under the total basis

{|s, l, J〉2} (see definition after Eq. 4.10). Using the initial condition in Eq. 4.10 one can
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compute the expected value of every total operator, as they all commute with T̂2. For instance,

the expectation value of
〈
T̂+

〉
can be computed as,

〈
T̂+

〉
= −eι̇xτ

s∑

l2=0

N−s∑

l1=0

(
N − s
l1

)(
s

l2

)[
(N − s− l1)

s1

c1
+ (s− l2)

s2

c2

]

(
e−ι̇xτ c2

1

)N−s−l1 (
e−ι̇xτ c2

2

)s−l2 (
eι̇xτs2

2

)l2 (
eι̇xτs2

1

)l1
, (E.19)

where si and ci are sine and cosine of each angle respectively, and τ and x are those of the MFE

in Eqs. 4.12. By using binomial formulas like
∑n

k=0 k
(
n
k

)
akbn−k = an(a+ b)n−1 one can deduce

all the following expectation values, which are relevant for computing covariance matrices and

squeezing parameters,

〈
T̂z

〉
= − s

2 cos θ2 − N−s
2 cos θ1 , (E.20a)

〈
T̂ 2
z

〉
= s2

4 cos2 θ2 + s
4 sin2 θ2 + (N−s)2

4 cos2 θ1 + N−s
4 sin2 θ1 + s(N−s)

2 cos θ1 cos θ2 , (E.20b)
〈
T̂1 · T̂2

〉
= s(N−s)

4 cos (θ2 − θ1) , (E.20c)
〈
T̂+

〉
= −W s−1

2,1 WN−s−1
1,1

[
N−s

2 sin θ1W2,1 + s
2 sin θ2W1,1

]
, (E.20d)

〈
T̂zT̂+

〉
= W s−2

2,1 WN−s−2
1,1

{
s
4 sin θ2W1,1 [(s− 1)Q2W1,1 −W2,1W1,1 + (N − s)Q1W2,1]

+N−s
4 sin θ1W2,1 [(N − s− 1)Q1W2,1 −W1,1W2,1 + sQ2W1,1]

}
,

(E.20e)

〈
T̂ 2

+

〉
= W s−2

2,2 WN−s−2
1,2

[
(N−s)(N−s−1)

4 W 2
2,2 sin2 θ1 + s(s−1)

4 W 2
1,2 sin2 θ2

+ s(N−s)
2 W2,2W1,2 sin θ1 sin θ2

]
,

(E.20f)

where,

Wi,n = e−ι̇nxτ cos2 (θi/2) + eι̇nxτ sin2 (θi/2) . (E.21)

Also, terms Qi in Eq. E.20e are,

Qi = e−ι̇nxτ cos2 (θi/2)− eι̇nxτ sin2 (θi/2) . (E.22)

If θ1 = θ2, some of these expressions reduce to some previously found [20], where the nuclear

degrees of freedom are no taken into account, because the initial state is in the Dicke maximum

manifold, i.e., T̂2 = J(J + 1) with J = N/2.
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