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Summary
Impact Penetration Dynamics (IPD) is the mechanics of deformation caused by two or
more colliding bodies when one of them permanently changes its shape, or its integrity,
due to the high forces developed during the impact. In this research, the general
impact and penetration event was studied using engineering model approaches. The
problem was divided in three separate formulations: focus on the projectile, focus on
the target, and the complete formulation. To limit the scope of this research, aluminum
alloys were selected to study the impact and penetration problems, particularly 6063T4 aluminum alloy. At the end, different engineering models were formulated: first,
an engineering model for a deformable projectile impacting a rigid target; second, a
penetration-engineering model for deformable targets impacted by rigid projectiles; and
finally, previous models were merged to formulate a general penetration model. The
engineering models were compared and verified with results of numerical simulations
performed in ANSYS/AUTODYN, and results were validated using experimental data,
taken from impact tests. A good consensus was reached among engineering models,
computational models and experimental data.
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1. Introduction
1.1. Context
After six decades of internal conflict, Colombia has lived in a violent situation due to
the armed conflict among rebel groups and drug trafficking fought against by army
forces. This long conflict has created the necessity to protect the population, both
military and civil; and thus, the country has become a worldwide laboratory of armor developments.. Therefore, many security companies come to Colombia to try to
research armor developments [21]. In addition, this conflict has developed the local
armor industry due to the availability of cheap local labor. For example, Colombia is
the sixth place in the market for armored vehicles, with an estimated number of 1,200
armored vehicles sold per year and with operational revenues close to $85,000 million,
according the superintendent of surveillance and private security companies [22].
Among the Colombian companies developing innovations in technology related to security are INDUMIL (Military Industry of Colombia), COTECMAR (Science and Technology Corporation for the Development of the Naval, Maritime, and Fluvial Industry), CODALTEC (High Technology Corporation), and CIAC (Colombian Aerospace
Industry Corporation) [23].
Although the local armor industry has achieved important and increasing recognition
around the world, this industry has based its development in experimental procedures; the industry focuses on acquiring empirical knowledge, which is only one of the
approaches to understanding impact-penetration events (see Figure 1.1). Therefore,
most products have been developed using pass-fail design methodologies, which has
created a gap in the knowledge of impact phenomena. Thus, a proposal to close this
gap is to study the impact-penetration phenomena to gain a better understanding of
the penetration problem. This understanding contributes to the industry, not only the
military or armor one, but also the metallurgical, metal-mechanical, aeronautical and
space industries.
Taking into account this context, the Military Industry of Colombia, INDUMIL, has
recently increased its interest in developing different levels of systems of armor. Those
systems include different kinds of protection armors, such as personal, vehicular and
structural protection. They are designed to repel different kinds of threats, especially
ballistic and blast impacts.
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Chapter 1

Introduction

To help with those developments, University of Los Andes developed different research
projects with INDUMIL. Two research projects in particular were formulated to study
the impact phenomenon with a focus on armor protection. The first one was the
development of ballistic armor systems in composite materials, and the second one
was the development of new materials for the defense sector. In those projects arose
the necessity to understand impact phenomena and to characterize materials at high
strain rates. Therefore, the motivation of this research was to complement the current
experimental work done by the armor industry using two other important approaches:
numerical simulations, and analytical and engineering models (see Figure 1.1); mainly
through engineering models in this research..

Experimental

IMPACTPENETRATION
DYNAMICS
Analytical and
engineering
models

Numerical
simulations

Figure 1.1.: Different approaches to studying impact-penetration problems.

1.2. Background of impact-penetration dynamics
Impact-Penetration Dynamics (IPD) is the mechanics of deformation caused by two or
more colliding bodies when one of them permanently changes its shape, or its integrity,
due to the high forces developed during impact.
The study of IPD covers a wide range of problems and applications. Some applications
are related to impact of a foreign object on structures such as helicopter rotors, wing
structures, and landing gears, where the main point of interest is the damage to the
structure itself. The same physical fundamentals used in those cases can be applied to
improve protective standards in automobiles, trains, helicopters, and airplanes [24, 25].
In other applications, the structure is designed to prevent damage to components or
personnel behind it. This structure includes armor placed upon vehicles, structures, or
even the human body, and spacecraft protected against micro-meteoroids, space debris,
and planetary impacts. The study of these specific applications, under the sponsorship
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of military and space research groups throughout the world, has contributed to an
extensive body of knowledge of IPD [1].
To understand the penetration process, many researchers have grouped various IPD
problems into a finite number of categories. For example, Jonas and Zukas [26] classified them according to impact velocity, where the response of materials at different
velocities is a function of the strain rates from impact. Hopkins and Kolsky [27] categorized penetration processes by the different physical mechanisms that come into play,
which determine the nature of the penetration process. Examples of such mechanisms
are plastic, elastic, and thermal behaviors, as well as a decrease in compressibility.
However, those classifications present some problems because the penetration process
is a complex phenomenon, involving different behaviors of material and different geometrical considerations.
To overcome some of the objections to the previous classifications, Wilbeck [1] suggested that a pair of variables must be chosen to classify impact regimes: (1) the
relative magnitudes of the material’s strengths, both penetrator and target strengths
(σp and σt ); and (2) the impact pressures P , where pressure is proportional to the
material’s density and to the square of the impact’s velocity (P v ρV 2 ). Therefore,
impact can be classified in these nine different regimes, as seen in Figure 1.2.
P / σt ≪ 1

P / σt ∼ 1

P / σt ≫ 1

P /σp ≪1

1

2

3

P /σp ∼1

4

5

6

P /σp ≫1

7

8

9

Figure 1.2.: Classification of impact regimes, according to Wilbeck [1].
The first group of cases are related with elastic impacts, which are characterized by
pressures much less than the strength of the material and small deformations. In the
scheme, these impacts are depicted in the first row for an elastic projectile and in the
first column for an elastic target. For example, position 1 corresponds to a totally
elastic impact (both penetration and target). For much higher impact velocities, in
which the pressures are much greater than the material’s strength, the materials would
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fracture or "shatter," resulting in extensive flow of material. This case is often referred
to as a hydrodynamic impact and can be studied using fluid dynamics. For example,
position 9 corresponds to the impact interactions of two fluids. Finally, the group of
cases of plastic response exists, which is characterized by impact pressures equivalent to
the material’s strength and much larger deformations. It is depicted in the second row
for the projectile and the second column for the target. This case constitutes the "gray
area" of impact theory. Techniques needed to arrive at a solution are very complicated
due to the need to incorporate the effect of the strength, large displacements, and
failure mechanisms.
Many works have been devoted to mathematical models and algorithms describing IPD
for several physical and geometrical properties of a projectile and a target, especially
in position 5 of the classification chart. These models fall into three categories based
on approaches to penetration problems (see Figure 1.1): empirical equations; analytic
relations based on relatively simple models; and computer codes based on the theory
of continuous media and some empirical constants [26].
Empirical equations are correlations that can be extremely useful for predicting specific
cases and others that lie within the same general data set, that is, for data interpolations or even for small extrapolations. However, these equations cannot further the
understanding of physical phenomena; also, experimental work is expensive [28].
At the other extreme are complex continuum models, including one that holds that
all the science is appropriate and offers the possibility of prediction without further
experimentation. However, such advanced models have shortcomings at present, in
particular, long computation time and unreliable computational models [28].
However, analytical models are based on physical conservation principles. These models are the bases for predicting the response of a projectile-target system to an impact,
whether that prediction is either a simple closed-form analytic solution or a complex
numerical analysis. The goal for any analytical engineering model is to construct a
system of equations with enough detail to be physically realistic, but at the same
time simple enough for rapid computation. But, along with the rapid development of
computer power, at present, utilization of numerical methods as a tool in design and
optimization is frequent.
Many researchers, such as Tate and Alekseevskii [29, 30, 31], Awerbuch et al. [32, 11],
Woodward [33], Dehn [34], Wright [10], and, more recently, Anderson and Walker
[35, 36, 37, 38], Yosifon et at. [39] and Chen et al. [40, 41], have developed analytical
models for solving the impact-penetration problem, especially for problems related to
position 5 of the classification chart. A schematic view of this kind of problem is shown
in Figure 1.3(a), where the projectile and target have suffered plastic deformations, and
both bodies are interacting through erosion. Besides, the presence of empirical values,
which can vary with changing target and projectile parameters, is a weakness in the
existing theoretical descriptions [42]. Therefore, even though this subject has been
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widely studied for the last six decades, no completed penetration theory has yet been
developed.

Vx

(a)

Vx

+

Vx

(b)
Figure 1.3.: (a) Scheme of a general impact-penetration problem, and (b) Division
of the penetration process in two parts - a deformable projectile impacting a rigid
wall plus deformable target impacted by a rigid rod.

Depending in the analytical model, some assumptions have been formulated to reduce
the complexity of the problem. Most common simplifications are related to the use of
simple constitutive models for the materials involved (e.g. a rigid-perfectly plastic constitutive model) [10]. However, the choice of a simple constitutive model is unrealistic,
because it is well-known that common materials are strain-rate sensitive (this means
that their behavior depends on the strain rate of the experiment) [43, 44, 45, 46, 47].
Taking into account that penetration events involve high strain-rates [48], the most realistic situation is to assume strain-rate sensitive material models. Still, many aspects
of this complicated process have not been adequately studied.
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1.3. Problem statement
Given a projectile and a target made from a homogeneous, ductile, and metallic material; develop a engineering model of penetration to predict the change the length of
the projectile and the penetration depth into the target due to an impact between the
two bodies.

1.4. General methodology
The general impact-penetration problem (Figure 1.3(a)) was purposely divided into
two independent problems, conducive to studying each case more in detail (Figure 1.3(b)).
Therefore, a problem that involved a deformable projectile impacting a rigid wall was
studied first. After that, the penetration process was analyzed for a deformable target
impacted by a rigid rod. Finally, both models were merged to formulate a general
engineering model of penetration.
Although all models formulated were reduced to analytical expressions, numerical
methods using graphical programming in MATLAB/SIMULINK were used to solve
the complex arithmetic and differential problems.
Additionally, computational simulations using explicit analysis were used to compare
and verify the results for each engineering model. At this point, ANSYS/AUTODYN
was used to perform the numerical simulations using Lagrangian meshes and smoothed
particle hydrodynamics (SPH) solvers.
Finally, different impact and penetration experiments were performed to validate the
developed models.

1.5. Scope of this research
To limit the scope of this research, aluminum alloys were selected, particularly the
6063-T4 aluminum alloy. Aluminum alloys have been extensively studied in this field
because of their low weight, which is ideal for aeronautical and vehicular design; their
different range of properties (they are also strain-rate sensitive materials); and the
absence of a requirement for high-energy impacts to generate plastic deformation of
the material [49, 4, 50, 18, 51].
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1.6. Relevance of this research
This study makes some important contributions. First, it characterizes materials at
high strain rates, which is a fundamental step in this study; second, it arrives at an
understanding of the deformation process involved in impact events; and also shese
developments contribute to the academia and the industry, not only the military or
armor one, but also the metallurgical and metal mechanical, aeronautical and space
industries. Additionally, with this interaction, our knowledge can be improved of the
dynamics of IPD events.

1.7. Thesis structure
The structure of this research is shown below.
1. Part I: Approach to deformable projectiles impacting a rigid wall. This
part is taking into account that the target must offer high resistance (thus, it
can be assumed to be rigid during the impact). Therefore, special attention was
focused on the response of the projectile to the impact. This case corresponds to
position 4 in the classification chart (Figure 1.2). The part is divided into two
chapters:
a) Chapter 2: “Engineering model for deformable projectiles impacting a rigid
wall.” This chapter first presents a chronological review of the literature
of the most common and important models used to study the problem of
projectiles impacting a rigid wall. After that, a novel engineering model is
proposed for a cylindrical projectile impacting a rigid wall. The engineering
model is verified and validated by Finite Element simulations and by results
found in some references. Finally, the engineering model is applied to study
the impact of 6063-T4 aluminum cylinders.
b) Chapter 3: “Further applications of the engineering model for deformable
projectiles impacting a rigid wall.” In this chapter, the engineering model
for deformable projectiles is extended to other applications.
2. Part II: Approach to deformable targets impacted by rigid rods. In this
part, more attention is placed on target response. Then, the physical processes
happening on the target are separated from those occurring on the projectile, but
are constrained by the requirement that pressure and displacements be continuous across the projectile-target boundary. This case corresponds to position 2 in
the classification chart (Figure 1.2). Principal research in this approach focuses
on the Cavity Expansion Theory, particularly the spherical cavity expansion theory. This part is divided in two chapters:
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a) Chapter 4: “Engineering model for deformable targets impacted by rigid
rods.” This chapter first presents a chronologically review of literature of
the most common models used to study this kind of penetration problems,
focusing on the cavity-expansion theory. After that, a engineering model of
penetration is proposed, which is based on the spherical cavity-expansion
theory for strain-rate-dependent materials. The model is compared and validated with Finite Element simulations and with penetration results found
in some references. Finally, the engineering model is applied to targets made
from the 6063-T4 aluminum alloy.
b) Chapter 5: “Further applications of the engineering model for deformable
targets impacted by rigid rods.” In this chapter, the engineering model for
deformable targets is extended to characterize soft materials; specifically, it
is used to characterize the Roma Plastilina No.1.
3. Part III: Approach to deformable projectiles impacting deformable
targets. In this part, the nature of the deformations during the penetration
process that take place in both the projectile and the target is merged, to find
a general engineering model of penetration. Therefore, an engineering models
involving a deformable projectile and a deformable target is formulated. This
case corresponds to position 5 in the classification chart (Figure 1.2).
a) Chapter 6: “General engineering model of penetration.” This chapter first
presents a chronologically review of literature of some analytical models of
penetration already developed and published in references. After that, a
engineering model of penetration is formulated using the engineering model
for deformable projectiles, and the engineering model for deformable targets, previously presented. Finally, the engineering model of penetration
is applied to study the 6063-T4 aluminum material, comparing the model
results with FE numerical simulations and experimental data.
4. Chapter 7: “Final conclusion and future work.” Conclusions and research findings
are summarized in this chapter, and, finally, possible future work is discussed.
5. Chapter 8: “Fundamental concepts.” This chapter presents some basic principles
used in the development of this document. The reader could skip this chapter;
however, this is referenced throughout the document.

1.8. Dissemination and exploitation
Selected portions of the work have been published in national and international conferences and journals, as listed below.
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2. Engineering model for deformable
projectiles impacting a rigid wall
2.1. Introduction
Despite the complexity of penetration mechanics, valuable insights can be gained from
the study of certain impact problems in which penetration does not occur. It is possible
for the pressures generated during an impact event to be high enough to produce
deformation in the projectile but also low enough to be ignored by the target (see
position 4 in the classification chart of the Figure 1.2). By ignoring the target response
during impact, attention can be focused on the response of the projectile to the impact,
including such phenomena as wave propagation and reflection, rebound, and material
failure [1].
When a cylindrical projectile strikes perpendicularly on a flat rigid wall, a longitudinal
compression stress at the impact end immediately rises. The amplitude of the stress
depends on the impact velocity. Therefore, the behavior of a material under a longitudinal impact also depends on the impact velocity. White and Griffis [52] summarized
this material behavior in four possible regimes for compression impacts, in order of
increasing impact velocity, as follows:
1. Low-velocity impact. The behavior is similar to that obtained in quasi-static
conditions.
2. Shock-wave deformation. Plasticity is propagated with very large stress and
strain gradients.
3. Flowing deformation. The material is too weak to acquire the velocity with which
it is struck and flows continuously toward the face of the striking body and out
along this face.
4. Supersonic impact. The striking velocity exceeds any possible disturbance in the
medium, which behaves like a fluid.
In this part of the research, the impact of cylinders involving plastic deformation and
flowing deformation are studied (Regimes 2 and 3). These regimes generally correspond
to impact velocities above 50 m/s and below 1000 m/s, although it depends of the
tested material. Regimes 2 and 3 of deformation can be reached using a recently
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standard method to study the behavior of materials: the Taylor Test. In this test, the
projectile is called a Taylor projectile or Taylor cylinder [53]. The other two regimes
(Regimes 1 and 4) are out of the scope of the current study.
The objective of this chapter is to formulate an engineering model for Taylor cylinders. Some contributions of previous engineering models are used; however, a novel
constitutive material model is defined, which is based in non linear velocity stress
dependence.
The chapter is outlined as follows: first, a chronological literature review is conducted
of the most common and important models used to study the problem of projectiles
impacting a rigid wall. After that, constitutive equations are formulated for this problem using an integral approach. Then, using the constitutive equations and other
assumptions, an engineering model is proposed for a cylindrical projectile, which is
composed of two modes of deformation and a non linear velocity stress dependence
material. Next, the engineering model is compared and validated with finite-element
numerical simulations and with previous Taylor results. Finally, the engineering model
is applied to study the impact of 6063-T4 aluminum Taylor cylinders.

2.2. Literature review
Taylor [2] was the pioneer in analyzing specimens that were deformed at high strain
rates, and he used blunt-nosed cylinders as specimens (see chapter on fundamental
concepts, Chapter 8, subsection 8.3.3, for more information about the Taylor apparatus and technique). His methodology was called Taylor Test, and it has become an
standard methodology to characterize and verify the constitutive behavior of materials
[54].
Taylor analysis [2] relates the final geometry of the specimen after impact to the
dynamic yield strength of the material. In this way, Taylor could extract the crucial
dynamic strength from only two postmortem measurements of the deformed specimen.
His analysis was formulated making three assumptions: (1) the material stress-strain
relationship is rigid perfectly-plastic, (2) radial inertia effects can be neglected, and
(3) a condition of uni-axial stress exists across the elastic/plastic interface. He began defining the mass and motion equation for the non-deformed cylinder by (see
Figure 2.1):
dx
= − (cp + Vx ) ,
dt

and

dVx
Yd
=
,
dt
ρx

(2.1)

where x is the portion that has not suffered plastic strain, Vx the velocity of the rear
portion of the cylinder, cp is the velocity of the plastic-elastic boundary, ρ is the density,
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and Yd is the dynamic yield stress of the material.
lc
xc

h

cp
Vx

Figure 2.1.: Scheme of intermediate stage of deformation in the Taylor cylinder.
Additionally, a constant plastic interface velocity was assumed:
dh
= cp ,
dt

(2.2)

where h is the distance of the plastic boundary from the target plate (see Figure 2.1),
and the longitudinal strain (e) is defined as follow:

e=1−

A0
,
A

(2.3)

where A0 is the initial cross-sectional area of the cylinder and A is the area at the
point where the material is brought to rest. Taylor defined the mass and momentum
conservation equations across the plastic wave front as follow:

(cp + Vx ) A0 = cp A ,

and

ρVx (cp + Vx ) A0 = Yd (A − A0 ) .

(2.4)

Using Equation 2.1 to Equation 2.4, Taylor solved and found an approximate analytical
expression to calculate the dynamical stress of the material Yd as follow:
(L0 − xf )
1
Yd
=
,
2
ρV0
2 (L0 − lf ) ln (L0 /xf )

(2.5)
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where V0 and L0 are the initial velocity and initial length of the cylinder, lf is the final
total length after the test, and xf is the length of the non-deformed portion of the
cylinder (see Figure 2.2).

xf

L0

lf

Figure 2.2.: Scheme of a cylinder before and after the Taylor test.
Further, Taylor formulated a more exact solution for Yd : Yd−corr , assuming that the
deceleration of the rear of the projectile is not uniform; thus, it introduces an error
that can be calculated. To determine the correction factor, Taylor established a set of
equations relating the plastic wave speed and the rear end motion to the length of time
for the deformation to occur. To simplify the process, a graph was constructed with
lf /L as the ordinate and Lf /L as the abscissa [2] (see Figure 2.3), and the appropriate
correction factor can be quickly determined from the coordinate position on the graph.

lf / L

Yd −corr / Yd

Lf / L

Figure 2.3.: Contours of the ratio of yield value Yd−corr computed by exact formula
to value Yd obtained by approximate formula Equation 2.5 [2].
Whiffin [55] complemented the Taylor studies, making an experimental analysis with
various metals specimens. According to the experiments, the materials showed little change in dynamic strength with variations of the striking velocity (in the range
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tested and for all the tested materials). Additionally, there was little change in dynamic strength with alterations of the specimen dimensions. In general, the dynamic
compressive yield strength was greater than the static strength, and when the static
strength was increased, the difference with the dynamic one was smaller.
Carrington and Gayler [56] continued the experimental work of Taylor and Whiffin.
They studied the mechanism of the deformation of metals at high velocities by examining the microstructure of specimens before and after the Taylor test. The materials
studied were mild steel, duralumin and standard silver. According to the microstructural examination, it was found that relief of stress takes place by two processes, the
first followed by the second, that is, by the formation of either compression bands or
cracks according to the nature of the material in question and by subsequent plastic
deformation.
Lee and Tupper [57] developed a theoretical model to determine the entire strain
distribution in a specimen subjected to a Taylor test. An elastic-plastic material model
was used for the specimen, in contrast to the rigid perfectly-plastic model used by the
Taylor model. However, the model was based on a quasi-static true-stress, true-strain
curve. A good agreement was found between experimental and theoretical results.
Also, the elastic-plastic model was compared to the simpler rigid perfectly-plastic
model, showing similar results. Then, it was concluded that for analysis of materials
with plastic strains, which are large compared to elastic strains, the rigid perfectlyplastic model provides a satisfactory and simple analytic method. Otherwise, the
elastic-plastic method could be better.
Hawkyard [58] presented an analytic model of Taylor’s analysis using the energy equilibrium equation instead of the momentum one. In his model, the solution for the
strain distribution was improved and it is considered to give a somewhat better correlation with some experiment, in contrast with models that used momentum equilibrium
equations across the plastic region. Using an energy equilibrium equation across the
plastic wave, the Hawkyard model assumes complete conversion of kinetic energy into
useful plastic work in uni-axial compression, with no losses due to "redundant" work;
whereas, Taylor’s theory allows for energy dissipation in redundant work.
Wilkins and Guinan [59] developed a simple scaling method to determine the yield
strength of materials using experimental data. Additionally, computational simulations
were performed to compare model results with experimental data. The scaling method
is based in the mass and momentum equations of the non-deformed cylinder:
dx
= −Vx ,
dt

and

dVx
Yd
=−
,
dt
ρx

(2.6)

but the difference with Taylor’s formulation is that Wilkins and Guinan assumed that
the plastic propagation (cp ) is low compared to the impact velocity (V0 ). Therefore,
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it was assumed that the distance the plastic wave moves (h) is proportional to L and
independent of the impact velocity V0 . Then, the differential equations were solved
using the limits x = L − h for Vx = V0 and x = Lf − h for Vx = 0. The solution is
given by:




L0
−ρV02
lf
= 1−
exp
L0
h
2Yd

!

+

h
.
L0

(2.7)

Experimental results were plotted, and Equation 2.7 was adjusted to the data, and
a constant value for h/L was found for different kind of metallic materials. After an
appropriate value for h/L is achieved, Equation 2.7 can be used for calculating the
yield strength Yd of the material.

Vx

Vx

(a)

(b)

Figure 2.4.: Schematic view of the White model: (a) mushrooming deformation and
(b) mass erosion or flowing deformation.
White [60] proposed two different modes of cylinder behavior according to its impact
velocity (see Figure 2.4). It was proposed that a critical impact velocity (β) exists
that separates two different modes. Above that critical velocity, the cylinder spatters
or flows laterally along the face of the target, while below β, the cylinder remains
coherent. The former is known as mass erosion or the flowing phase, and the latter
is the mushrooming phase. For a rigid perfectly-plastic material with yield stress Yd ,
critical impact velocity was expressed by:

β2 =

Yd
.
ρ

(2.8)

When the cylinder initial velocity is greater than β, the flowing phase is the initial
phase of deformation, which is followed by the mushrooming phase as soon as the tail
velocity drops below β. The flowing phase can be expressed by the Wilkins analysis
(Equation 2.6), whereas the mushrooming phase can be expressed by the classical
Taylor analysis (Equation 2.1, Equation 2.2, Equation 2.3, and Equation 2.4). Later,
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Den Reijer [61] used this analysis to propose an analytical model of penetration of
deformable projectiles into ceramic faced targets.
Jones and Gillis [62] developed an elementary scaling analysis for the impact of a rod.
One consequence of this analysis is a relationship among the next quantities: final rod
length lf , final undeformed rod length xf and final diameter of the impact face Af ,
related by the equation:
!
√
1 − εf
1 − −εf
L0 − lf
=1− √
ln
,
√
L0 − xf
2 −εf
1 + −εf

(2.9)

where εf = A0 /Af −1 is the plane strain. Experimental results indicate that Equation 2.9
is approximately material independent.
After that, Jones et al. [63] presented a one-dimensional analysis that leads to the
appropriate equation of motion for the undeformed portion of a perfectly-plastic rod
after impact with a rigid anvil. The model is based on the change of the linear momentum, which reduces the momentum equation of the undeformed section assuming
a moving plastic interface:

x

dx
σ (ε)
dVx
+ (Vx − up )
=
,
dt
dt
ρ (1 + εf )

(2.10)

where up is the material velocity in the plastic side, ε the plane strain, and εf =
A0 /Af − 1. Additionally, the compatibility equation, including the undeformed section
and the plastic interface, is given by Equation 2.11, and the conservation equation is
given by Equation 2.12.

ε

dx
+ up = Vx ,
dt

dx
= − (cp + Vx ) .
dt

(2.11)

(2.12)

To solve the system, a constitutive relation and a function for up must be defined. For
example, assuming a rigid perfectly-plastic material (σ (ε) = −Yd ), and material on the
impact side of the rigid-plastic interface is brought instantaneously to rest (up = 0),
the system is analytically solved. Jones simplified the result using the dimensionless
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parameters α = ρV02 /Yd and β = cp /V0 . First, β is found using the post-mortem
experimental values of x/L0 and lf /L0 and solving the non-linear equation:

β (1 − xf/L0 )2
β (xf/L0 ) (1 − xf/L0 )
lf − xf
=
−
ln (β (xf/L0 ) (1 − β)) .
L0
1 + β (1 − xf/L0 ) (1 + β (1 − xf/L0 ))2

(2.13)

After that, α is found solving the equation:
xf
= 1 − αβ .
L0

(2.14)

Then, the value of the dynamical strength Yd and the plastic interface velocity cp can
be calculated, solving from α = ρV02 /Yd and β = cp /V0 , respectively.
Gillis et al. and Jones et al. [64, 65] complemented previous analysis, assuming a
material with strain-hardening plastic behavior according to the Ludwik equation:

σ (ε) = −Y0 − k |ε|n .

(2.15)

Additionally, it assumed that Y0 and n are independent of the deformation rate;
thus, only parameter k will contain the entire rate sensitivity of the stress. From
Equation 2.11 and Equation 2.12 (with up = 0), ε = −Vx / (cp + Vx ) . Then, initial
trial values for k and cp are selected, and the system (Equation 2.10, Equation 2.11,
Equation 2.12, and Equation 2.15) is numerically solved. It is repeated, changing k
and cp , until experimental values of xf /L0 and lf /L0 are predicted with the desired
degree of accuracy.
Further, Jones et al. [66] proposed a velocity-dependent model using the stress relation:

σ = −Y0 − BVx2 ,

(2.16)

where Y0 is the static compressive yield strength for the material and B is a material constant with the dimension of stress/velocity-squared. There was no particular
physical basis for selecting this relation; it merely indicates the type of constitutive
law that can be handled by this impact event. Equation 2.16 can be used to solve for
cp and B when the post-test values for lf and xf are substituted into Equation 2.10,
Equation 2.11, and Equation 2.12.
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Molitoris [67] summarized the one-dimensional models of impact and analyzed timeresolved impact data. A model using shock physics was proposed to model the first
micro-seconds of the impact event and to calculate the initial interface pressure between
the cylinder and the rigid target. At this time, the plastic interface velocity is time
dependent; after that, this velocity is constant. Then, classical Taylor analysis was
used to model the complementary mushrooming behavior of the cylinder.
According to the Molitoris results, Jones et al. [68] improved their model, separating
the material response into two phases. During phase I, the yield strength is allowed
to vary and be different from that in phase II, the plastic interface velocity (cp ) is
made a time-dependent function, and the material particle velocity (up ) is also timedependent. The phase II analysis is quite similar to that given by Jones et al. [63],
with the exception that up is taken to be proportional to the current non-deformed
rod velocity (up = k1 Vx ). Additionally, more experimental values are necessary to solve
the system. It is important to determine the transitional time between phase I and
phase II, the total time of the event, and the post-test diameters of the specimen
interface and the mushroom diameter. This analysis has provided some new insight
and improved predictive capability for the Taylor test; however, it was accomplished
by sacrificing much of the mathematical simplicity of the original theory. Moreover,
Jones et al. [69, 70] complemented their model and included a third-terminal transient
phase, during which most of the deceleration of the undeformed section takes place.
House et al. [17] argues that the Jones et al. multiphase models are severely limited
by their complexity. Then, a similar analysis of the αβ model was proposed [63],
but approximation was introduced into it that produces a simple algebraic formula
to estimate its exact solution. The simplification is made using a material-specific f value, where f is some fraction such that 0 < f < 1, and it represents the deceleration
of the impacting rod, such as in the case of linear deceleration: f = 1/2.
Walker and Anderson [38] proposed a penetration model where the deformation of
a cylinder was considered. In their model, a momentum balance along the centerline axis of the axis-symmetric projectile was formulated. In accordance with FE
simulation, they also noticed that the undeformed projectile section did not have a
constant velocity. Additionally, they considered the movements of the elastic waves
into the projectile, which could affect the dynamics of the system. Therefore, according
to this model, the momentum balance of the projectile can be expressed as follows:


−Yd
Vx + cp − Vf
dVx
=
1+
dt
ρx
c0



,

(2.17)

where c0 is the elastic wave speed on the material, and Vf is the velocity of the
target material. However, the target has still the classic Taylor problem; therefore,
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Vf = 0. Notice that Equation 2.17 can be simplified to the classic model of Taylor
(Equation 2.1) if the elastic wave movements are not considered in the formulation.

2.2.1. Summary of the Literature review
• The Taylor model can be applied to cylinders at low-impact velocities, where the
cylinder remains coherent as a mushrooming deformation.
• The Wilkins and Guinan model can be applied to cylinders at high-impact velocities, where cylinder spatters or flows laterally along the impact face.
• White formulated the transitional velocity β (see Equation 2.8) as a limit between
the two different modes of deformation in cylinders (mushrooming deformation
and spatters or flows deformation).
• Jones et al. modified the Taylor model to include more realistic material models,
including strain-dependent and velocity-squared stress-dependent models.
• Walker and Anderson included the movements of elastic waves in the momentum
conservation equation of the cylinder.

2.3. Conservation laws applied to Taylor cylinders
In this section, the general conservation laws for uni-dimensional deformable projectiles
impacting a rigid wall (Taylor cylinders) are formulated. The conservation laws are
expressed in the integral approach, for which the general formulation can be seen in
the chapter on fundamental concepts at the end of this document (see Chapter 8,
section 8.1.1). The energy conservation equation is not used, taking into account that
this is equal to the momentum equation for the simplified uni-dimensional case, as was
discussed by Hawkyard [58].
Figure 2.5(a) shows an intermediate stage of deformation at any time t of a cylinder,
with the initial length L0 and initial cross-section area A0 impacting a rigid wall, where
Vx is the velocity of the undeformed section of the cylinder, up is the particle velocity
behind the plastic interface, and cp the plastic wave velocity. At time t, the cylinder
has an undeformed length xc and a distance of the plastic boundary from the target
plate h. For a one-dimensional approach, lc is expressed by lc = xc + h; and cp can be
expressed by cp = dh /dt due to the fact the plastic wave velocity is almost constant
during most of the penetration process, as discussed by Jones et al. [63].
The event can be separated in many arbitrary regions to reduce the conservation
laws. For convenience, it can be divided into the undeformed and the plastic interface
sections separately (Figure 2.5(b)). It is assumed that the deformed part is at rest.
Therefore, it does not have any incidence in the general equation’s formulation.
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lc
xc

h

xc
cp
cp

cp
up

Vx

Vx

(a)

σ d A0

σ d A0
Vx

σA
up

(b)

Figure 2.5.: (a) Scheme of intermediate stage of deformation in the Taylor cylinder
and (b) cylinder divided in two sections: undeformed section and plastic interface.
Considering the cylinder deformation process as uni-dimensional, neglecting body
forces, and assuming a constant material density, mass conservation for the undeformed section can be expressed as follows:

ρA0

dxc
dt

= ρ (−cp − Vx ) A0 ;
⇒

dxc
= − (cp + Vx ) .
dt

(2.18)

Using Equation 2.18, momentum conservation for the undeformed part can be expressed as follows:

ρA0

d (xc .Vx )
dt

dVx
dxc
+ ρA0 Vx
= ρVx (−cp − Vx ) A0 − σd A0 ;
dt
dt
dVx
−σd
=
,
dt
ρxc

= ρA0 xc
⇒

(2.19)

where σd is the dynamic yield stress of the material.
For the plastic interface region, the mass and momentum conservation can be expressed
as follows:
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0 = ρ (cp + Vx ) A0 + ρ (−cp − up ) A ;
⇒
(cp + Vx ) A0 = (cp + up ) A ,

(2.20)

0 = ρvx (cp + Vx ) A0 + ρup (−cp − up ) A + σd A0 − σA ;
⇒
ρ (Vx − up ) (cx + Vx ) A0 = σd A0 − σA ,

(2.21)

where A is the cross-section area of the cylinder after deformation, and σ is the flow
stress into the deformed material.
Equation 2.18, Equation 2.19, Equation 2.20, and Equation 2.21 represent a general
uni-dimensional state of deformation in the Taylor cylinder when it is impacting a rigid
wall.
According to Taylor [2], the deformed part is intermediately at rest when plastic interface crosses it, and then particle velocity up = 0. Also, he assumed a rigid perfectlyplastic material behavior; this is σd = σ = −Y ; then, Equation 2.20 and Equation 2.21
are reduced to Taylor analysis (see Equation 2.4). Additionally, if the initial velocity
is high enough, the plastic interface remains close to the rigid wall; this is cp = 0; then,
Equation 2.18 and Equation 2.19 are reduced to Wilkins analysis (see Equation 2.6).
Further, Equation 2.20 and Equation 2.21 can be combined to find Vx2 = Y /ρ, which is
the limit velocity expression found by White [60] to separate the deformation modes in
projectiles (see Equation 2.8). Now, if Equation 2.18 and Equation 2.19 are replaced in
Equation 2.21, and assuming rigid perfectly plastic material behavior, the movement
equation used by Jones [63, 68] is deduced (See Equation 2.10).
Therefore, it has been shown that general forms of conservation laws can be simplified
to obtain the previous Taylor cylinder analysis. Also, it can be used to deduce more
complex one-dimensional approaches of Taylor cylinders with different nose geometries
or with different material behaviors (e.g., work-hardening).

2.4. Formulation of the engineering model for Taylor
cylinders
In this section, an engineering model to study the impact of deformable projectiles over
a rigid wall (Taylor cylinders) is proposed. The proposed model is based on the Taylor
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[2], Wilkins and Guinan [59], White [60], and Walker and Anderson [38] approaches.
First, it is necessary to make some assumptions to simplify the problem:
1. The model is based on uni-dimensional considerations; thus, the radial inertia is
neglected so that the stress can be considered as constant over any cross section.
2. The undeformed section travels at the stable and constant velocity Vx . However,
just behind the plastic interface, the material is at rest; then, up = 0.
3. The movement of elastic waves into the material were considered in the analysis.
Then, the Walker and Anderson assumptions [38] were taken into account for the
undeformed section of the projectile (see Equation 2.17). Notice that the elastic
wave speed on the material (c0 ) must be known, but it can be theoretically
calculated using the following relation:
c0 =

q

(2.22)

E/ρ ,

where E is the elastic modulus of the material.
To take into account the variable stress flow of materials during the impact, a velocitydependent stress relation is added to the engineering model. This constitutive relation
is expressed as follows:

σd (Vx ) = Y0 + BT



Vx
Vr

nT

,

(2.23)

where Y0 is the static compressive yield strength, Vr is a reference velocity, BT and nT
are material constants. The selection of this constitutive relation can be justified as
explained in the next paragraphs.
Consider from the Jones et al. model [63] Equation 2.11 and Equation 2.12. Combining these equations, the following is found:

ε=−

Vx
,
cp + Vx

(2.24)

where ε i the plane strain into the material. From this equation, it can be seen that
strain is a function of the instantaneous velocity (ε = f (Vx )). Therefore, a generic
constitutive relation σd = −Y0 − f ∗ (ε) can also be expressed as a velocity-dependent
equation σd = −Y0 − f (Vx ).

This velocity-dependent stress relation is very useful in penetration problems [66]. The
only disadvantage of this method is that some post-test Taylor results need to be used
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to calibrate the material parameters BT and nT . The calibration methodology will be
explained later.
The Taylor projectile deformation is divided in two modes (Figure 2.6). Mode I is a
mushroom deformation (the cylinder is deformed but remains coherent) and applies to
low-impact velocities; Mode II is a mass erosion mode (the cylinder spatters or flows
laterally parallel the target surface like a stream or fluid) and applies to high-impact
velocities. The material transitional velocity β is assumed using the White approach
[60] as follows:

β2 =

|Y0 |
.
ρ

(2.25)

If impact velocity is above β, the cylinders deforms as Mode II; if impact velocity is
below β, the cylinders deforms as Mode I. Additionally, when Vx > β, the initial phase
is Mode II, which is followed by Mode I as soon as the tail velocity of the projectile
drops below β.
lc
xc

L0
V0

A0 , ρ , σ d

(a)

lc
h

Vx

cp

Vx

Mode I

Mode II

(b)

(c)

Figure 2.6.: Cylinder impacting a rigid wall: (a) Initial state before impact; (b)
Scheme of Mode I of deformation of the cylinder, when the velocity is below the
transitional velocity β; and (c) Scheme of Mode II of deformation of the cylinder,
when the velocity is above β.

Mode I
Figure 2.6(b) shows a scheme of the mushroom deformation. Equations that govern this state can be obtained from the conservation analysis, and they are similar to the Taylor model [2]. Equation 2.26 represents the continuity of the material, Equation 2.27 the mass and momentum equations of the undeformed part
(from the Equation 2.18 and Equation 2.19), and Equation 2.28 the jump conditions
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for mass and momentum on the plastic-elastic interface (from Equation 2.20 and
Equation 2.21):

lc = xc + h,

where

dh
= cp ;
dt

(2.26)





dxc
= − (cp + Vx ) ,
dt

and

dVx
−σd
cp + Vx
=
1+
dt
ρxc
c0

(cp + Vx ) A0 = cp A,

and

ρVx (cp + Vx ) A0 = σd (A0 − A) ;

;

(2.27)

(2.28)

where the relation of areas can be related using the uni-dimensional strain  defined
as follows:

=

A0
−1.
A

(2.29)

Mode II
Figure 2.6(c) shows a scheme of the spatter deformation. The formation of an elasticplastic interface does not happen due the high speed of the projectile; therefore, the
analysis is similar to the Wilkins and Guinan model [59]. Then, the equations that
govern this state are obtained from the mass and momentum equations of undeformed
part (from Equation 2.18 and Equation 2.19):
dlc
= −Vx ,
dt

and



dVx
−σd
Vx
=
1+
dt
ρlc
c0



.

(2.30)

2.4.1. Model solution
The model was numerically solved using the methodology shown in Figure 2.7. All the
equations
(Equation 2.23,
Equation 2.25,
Equation 2.26,
Equation 2.27,
Equation 2.28, Equation 2.29, and Equation 2.30) were programmed into MATLAB/
SIMULINK as a non-linear differential system and solved using a Runge-Kutta 4 numerical method with a fixed-step size of 1 × 10−7 s. This step size was chosen taking
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START

ρ , E , Y0 , BT , nT
V0 , L0 , A0

<

>

Vx > β
Eq.(2.25)

Step

MODE I

MODE II

Eq.(2.23)
Eq.(2.26)

Eq.(2.27)

Eq.(2.28)

Eq.(2.29)

Eq.(2.23)

Eq.(2.30)

NO

Vx < 0 or l c < 0

Vx ( t ) , lc ( t ) , l f , h f
END

Figure 2.7.: Model solution algorithm for the Taylor engineering model.

into account that the duration of the impact event is around 1 × 10−5 to 1 × 10−4 s,
according to numerical simulations; therefore, the 1 × 10−7 s step size is fine enough
for this numerical solution. The code used is shown in Appendix 1.1. Geometrical
(L0 , A0 ), material (ρ, Y0 , and E), and numerical (BT and nT ) parameters must be
included to solve the model. A methodology for calibrating the numerical parameters
is explained in the next subsection.
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2.4.2. Parameter calibration for the velocity-dependent
constitutive relation
As formulated in Equation 2.23, the constitutive relation of the engineering model is
represented by four parameters. One of them, Y0 , is commonly found in references
related to the mechanical characterization of materials, and if it is unknown, it can
be characterized in a quasi-static compression test. Additionally, Vr is just a reference
velocity to reduce the units of the problem; therefore, it can be assumed as Vr = 1.
However, the remainder two parameters (BT and nT ) are unknown for each material.
For this reason, they need to be calibrated. In this subsection, a methodology to
calibrate these parameters is formulated using some post-test Taylor results for the
final length lf and final undeformed length xf .
First, some Taylor tests at different initial velocities for the studied material need to
be performed. After the tests, the final dimensions are measured: final length lf and
final undeformed length xf . Some practices for measuring xf were proposed by House
[53], which were followed in this research.
The experimental results are collected, and they are used as the expected values for an
optimization process. In this research, Genetic Algorithm (GA) optimization process
was used (see chapter on fundamental concepts at the end of this document; Chapter 8,
subsection 8.4.1). First, an initial population of guess values for BT and nT is generated
using the MATLAB Global Optimization Toolbox [15]. Configuration parameters of
the initial population for the GA process are shown in Table 2.1. Using the initial
population, the engineering model is numerically solved, as explained in the previous
subsection. Then, the Engineering Model results are minimized using the Euclidean
error, as follows:

error (lf , xf

v
u d 
uX
lm
)t
f

i=1

− lfc

2



c
+ xm
f − xf

2

,

(2.31)

where d is the length of the array containing experimental data, the m superscript
stands for measured dimensions, and the c superscript stands for calculated dimensions.
The Euclidean distance has been used for many centuries on different kinds of data or
patterns to be compared [71]; for this reason, it was chosen as an error measurement.
After the first population is analyzed, the next population is generated using the
selection and reproduction patterns of the GA method according to the best guess
values. The configuration parameters of selection, reproduction, and mutation for the
GA process are shown in Table 2.1. The stopping criteria of the optimization process
is configured when the function tolerance is less than 1 × 10−6 , which is a default value
for optimization processes [72].
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Table 2.1.: Parameters of GA toolbox for the minimization analysis [15].
Parameter
Value
Initial population size
50
Creation function
Uniform
Scaling function
Proportional
Selection
Roulette
Reproduction
1 elite count
Crossover fraction
0.5
Mutation
Uniform
Mutation rate
0.2
Crossover
Heuristic
Migration
Forward
After the stopping criteria is reached, the calibrated parameters of the model (BT and
nT ) are found for the studied material. They can be used for modeling the material in
different scenarios, and at different velocities.
In Appendix 1.3, the programming of the GA optimization process can be completely
seen.

2.5. Validation of the engineering model
In this section, the solution methodology of the engineering model for Taylor cylinders
is compared with finite-element numerical simulations and previous experimental data.
This is done to compare and validate the solution methodology formulated in this
research.

2.5.1. Comparison with FE simulations
The engineering model was compared with a Finite-Element (FE) numerical model.
In this case, the FE analysis is useful because the change of the length and velocity
of the cylinder can be seen as a function of the time; therefore, the engineering model
can be compared with more details.
The FE model was performed using 2D axis-symmetric ANSYS/AUTODYN. A cylinder of diameter 8.5 mm and length 25.4 mm was modeled, using 6063-T6 aluminum
as a testing material. This material was chosen because it has been fully characterized
by Seidt et al. [16]. The material parameters of the simulation were configured using
a Linear EOS and a Johnson-Cook constitutive relation and failure model, and they
are shown in Table 2.2.
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The cylinder was modeled using a Lagrangian grid of 0.35 mm. It was selected to
minimize the hourglass energy and contact energy among elements at levels lower
than 5% of the total energy balance (See Appendix 1.2 for more details). Additionally,
geometric erosion of 10 was set up to avoid energy problems in the simulations at high
velocity impacts. Friction between the bodies was omitted.
Figure 2.8 and Figure 2.9 show the results of some FE analysis of the Taylor model,
using the material properties of the 6063-T6 Al alloy (Table 2.2). At low-impact
velocities (Figure 2.8 ), the cylinder suffered mushroom deformation due to the impact, which was called Mode I deformation in the proposed engineering model. At
high-impact velocities (Figure 2.9), the cylinder suffered high plastic deformation and
failure, especially at the beginning of the impact event. Notice that the cylinder tried
to flow over the rigid wall, which was called Mode II deformation in the proposed
engineering model. Therefore, those results show that the assumption of two modes
of deformation of the cylinders at different velocities is in good agreement with the
simulation results (results of FE simulations at other initial velocities for this material
are shown in the Appendix 3.4).
Table 2.2.: Constitutive and failure parameter for the 6063-T6 Aluminum alloy [16].
Linear EOS
ρ [Kg/m ] K [GP a] G [GP a] Tmelt [◦ K] CP [J/kg K]
2700
67.549
25.9
888
895
JC Strength Model
σ0 [M P a] BJC [M P a] nJC
CJC
˙0 [s−1 ] mJC
261.17
126.76
0.3 0.0125
1
1.1
JC Failure Model
D1JC D2JC D3JC
D4JC
D5JC
0.2632 1.042 -2.312 0.04424
2.6
3

After simulations, the engineering model was numerically solved using the methodology
explained in the subsection 2.4.1. Table 2.3 shows the material parameters for the
6063-T6 aluminum used for the engineering model. The material parameters ρ, E,
and Y0 were taken for the Seidt et al. results [16], and BT and nT were adjusted to the
FE simulation results using a genetic-algorithm optimization process, as explained in
the section 2.4.
Figure 2.10 and Figure 2.11 show the comparison in the evolution of the projectile
length and rear speed, using the engineering model (solid lines) and the FE model
(marker lines) approaches. Notice that the engineering model results show a good
agreement with the FE results at different velocities (V0 ), which shows the reliability
of the engineering model to predict the length and deceleration of the cylinder in
the Taylor event. It needs to be noted that the simulations were performed using a
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t = 0 µs
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Figure 2.8.: Results of FE analysis of the Taylor model, using a cylinder of 6063-T6
Al at V0 = 200 m/s. Color-scale represents the Von-Mises stress.
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t = 0 µs
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Figure 2.9.: Results of FE analysis of the Taylor model, using a cylinder of 6063-T6
Al at V0 = 400 m/s. Color-scale represents the Von-Mises stress.
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complete material formulation, including a equation of state (EOS), a strength model,
and failure model; in contrast, a velocity-dependent constitutive relation was only used
for the engineering model. It shows that, even with the simplification of the material,
the engineering model can predict some variables of the impact problem. However,
the engineering model has limitations, in particular in the cases of high strain-rates
and high deformation. This is because the engineering model is not able to predict
the radial deformation and then the final shape of the cylinder. This can be noticed in
Figure 2.12, which show a comparison of the final cylinder geometry after the impact
between the two models for an initial velocity V0 = 300 m/s. It shows that the final
length (lf ) and the undeformed length (xf ) are well predicted; however, the final
conical shape of the projectile cannot be obtained. This is due the limitation of the
engineering model as a one-dimensional approach, ignoring the radial movements of
the material. Therefore, the model can be used to predict the change of length and
the deceleration of the cylinder, but not the final conical shape of the cylinder.
Table 2.3.: Parameters of the engineering model for the 6063-T6 aluminum.
ρ [Kg/m3 ] E [GP a] Y0 [M P a] BT [M P a] nT [-] Vr [m/s]
2700
69
261
8.25
0.1
1

Projectile length [mm]

25

20
V0 = 100 m/s

15

200 m/s
300 m/s
400 m/s
500 m/s
Model

10

5

0

0.5

1

1.5

2
2.5
Time [s]

3

3.5

4

4.5
−5

x 10

Figure 2.10.: Comparison of the evolution of the projectile length from the engineering model and the FE model approaches at different velocities V0 .
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Projectile tail velocity [m/s]

600
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300 m/s
400 m/s
500 m/s
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100
0
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0.5

1
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Figure 2.11.: Comparison of the evolution of the projectile rear’s speed from the
engineering model and the FE model approaches at different velocities V0 .

Simulation
Model

Figure 2.12.: Comparison of the final cylinder geometry between the engineering
model and the FE model, at V0 = 300 m/s.

2.5.2. Comparison with experimental data
The engineering model was compared with the experimental results of the Taylor tests,
performed on different kind of materials: copper, aluminum, and steel alloys. They
were taken from [17, 73]. Table 2.4, Table 2.5, and Table 2.6 show the experimental
data extracted from OFE copper, 6061-T6 Al, and 4340 steel cylinders after the Taylor
test.
Using these experimental data and material parameters ρ, E, and Y0 , taken from references [17, 73], the engineering model parameters BT and nT were calibrated using a
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Table 2.4.: Experimental data for oxygen-free electronic (OFE) copper cylinders after
Taylor tests [17].
L0 /D0
1.5
1.5
2
2
2
3
3
4
4
5
5
7.5
7.5

V0 [m/s] lf [mm] xf [mm]
168
9.1
3.8
191
8.9
4.1
161
12.4
5.5
169
12.1
5.5
215
10.8
4.7
162
18.3
7.8
200
16.9
6.2
170
24.3
10.3
175
23.6
9.3
182
28.1
8.3
200
27.4
10.4
153
47.3
22.1
156
47.3
21.4

L0 /D0
7.5
7.5
7.5
10
10
10
10
10
10
10
10
10
10

V0 [m/s] lf [mm] xf [mm]
180
42.8
17.1
188
41.9
16
189
41.7
16.3
123
66.4
32.5
127
66.6
33.3
156
62.3
28
158
61
25.3
166
60.6
27.1
168
58.8
24.8
170
58.5
24.7
176
58.7
24.5
176
58.3
24.3
184
57.9
23.6

genetic-algorithm optimization process, as explained in the section 2.4. The parameters found are shown in Table 2.7 for each material.
The engineering model was solved with the parameters of Table 2.7 for each material,
and the results were compared with the experimental data. Figure 2.13 and Figure 2.14
show comparison plots of the calculated dimensions and the measured dimensions in
the Taylor cylinder for each material, respectively. The comparison was made over the
final length and the final undeformed rod length of the cylinders after the Taylor tests.
In these comparison plots, a good agreement between the calculated and measured
dimension can be seen. It shows a good performance of the engineering model to
predict the final length of a Taylor cylinder, using these testing materials at the range
of velocities of these tests.

2.6. Engineering model applied to 6063-T4 Al Taylor
cylinders
In this section, the engineering model previously developed is used to to study the
impact of aluminum Taylor cylinders. First, chemical and mechanical characterization
of the material was carried out. After that, some Taylor tests were performed using
conventional Taylor cylinders. Using this experimental data, the engineering model was
set up. Further, FE simulation of the Taylor test were modeled. Finally, experimental
data was compared with FE simulation results and with the engineering model results.
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Table 2.5.: Experimental data for aluminum alloy 6061-T6 cylinders after Taylor tests
[17].
L0 /D0
1.5
1.5
1.5
2
2
2
2
2
3
3
4
4

V0 [m/s] lf [mm] xf [mm]
227
10.2
5.2
235
9.9
4.4
339
8.3
2.8
212
13.6
6.5
224
13.3
6.2
240
12.9
5.7
263
12.5
5.6
328
11.4
4.8
248
19.4
8.3
279
18.5
7.4
226
26.5
13
231
25.9
11.8

L0 /D0
4
5
5
5
7.5
7.5
7.5
7.5
10
10
10

V0 [m/s] lf [mm] xf [mm]
282
24.6
10.4
170
34.8
18.3
244
32.7
15.1
295
29.9
12.2
236
49.5
24.1
242
48.5
22
251
48.5
22.4
276
46.4
20
235
66.5
33.5
256
63.8
28.7
271
63
28.2

Table 2.6.: Experimental data for 4340 low strength steel cylinders after Taylor tests
[17].
L0 /D0
1.5
2
2
2
3.33
3.33
5

V0 [m/s] lf [mm] xf [mm]
285
9.2
3.2
234
13.1
5.6
275
12.4
5.2
302
12
5.2
170
23.4
11.2
215
22.4
10
181
34.6
15.5

L0 /D0
5
5
5
5
7.5
10
10

V0 [m/s] lf [mm] xf [mm]
183
34.7
15.3
224
33
11.9
234
33.1
13.3
270
31.3
11.8
242
47.8
17.5
215
65.7
24.1
240
64.4
23.2

2.6.1. Chemical and mechanical characterization
Aluminum material was chemically and mechanically characterized before Taylor tests.
Chemical characterization was made using the Optical Emission Spectroscopy (OES)
technique according to the ASTM E1251-11 standard [74]. The results of the chemical
characterization of the material is shown in Table 2.8. According to the ASM Handbooks [49], this material can be designated as 6063-T4 aluminum alloys. Values of
density (ρ) and Poisson’s ration (ν) were taken from the ASM Handbooks.
Mechanical characterization was performed under both quasi-static and dynamic conditions. Quasi-static tests were performed in a Universal Instron testing machine
according to the ASTM E8-04 standard [75]. Figure 2.15 shows the true strain vs.
true stress curve for this aluminum alloy in quasi-static conditions (Q.S.).
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Table 2.7.: Parameter for the constitutive equation of the engineering model.
ρ [Kg/m3 ] E [GP a] Y0 [M P a] BT [M P a] nT [-] Vr [m/s]
8950
117
180
8
2.36
1
2700
69
315
5.1
0.88
1
7860
190
830
7.7
1.60
1

Material
OFE Cu
6061-T6 Al
4343 Steel
80

Calculated dimensions [mm]

70

Final length
Final undeformed rod length

60
50
40
30
20
10
0

0

10

20

30
40
50
Measured dimensions [mm]

60

70

80

Figure 2.13.: Plots of calculated dimensions versus measured dimensions of OFE
copper Taylor cylinders.
Dynamic tests were performed on a conventional Split-Hopkinson Pressure Bar (SHPB)
apparatus (see chapter on fundamental concepts, Chapter 8, subsection 8.3.2, for more
details about this technique). Specimens of 16.4 mm diameter and 8.2 mm length were
designed for the test. The striker in the SHPB machine was launched at 30m/s, obtaining an average strain rate of 1547s−1 on the specimen. Figure 2.15 shows the true strain
vs. true stress curve for this aluminum alloy in dynamic conditions (ε̇ = 1547 s−1 ).
Notice that this material is strain dependent and also strain-rate sensitive due to
the changes between the quasi-static and dynamic curves. Therefore, their plastic
behavior can be well represented using visco-plastic constitutive relations, as in the
Cowper-Symmonds (CS) and Johnson-Cook (JC) constitutive models (see chapter on
fundamental concepts, Chapter 8, subsection 8.1.4, for more details about constitutive
models). Therefore, using the true strain vs. true stress curves, the aluminum alloy
parameters were calibrated to a linear elastic JC plastic model. For the elastic modulus
(E) and yield stress in quasi-static conditions (Y0 ), the elastic portion of the Q.S.
curve was taken. Then, E was calculated as the slope of the linear curve, and Y0 was
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(b)
Figure 2.14.: Plots of calculated dimensions versus measured dimensions of (a) 6061T6 Al Taylor cylinders and (b) 4340 steel Taylor cylinders.
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calculated using the 0.2% strain offset criterion [75]. On the other side, for adjusting the
JC parameters, only the plastic portions of the curve data were taken. Therefore, the
data were adjusted to the JC equation using the curve fitting toolbox from MATLAB
[76].
Table 2.9 shows the model parameters that were adjusted to this material. Also,
Figure 2.15 shows the comparisons among the experimental data and the JC approximation (dotted lines).
Table 2.8.: Chemical composition of the studied Al alloy.
Al
98.35

Si
0.38

Fe
0.40

Cu
0.05

Mn
0.06

Mg
0.54

Other
Balance

350

True stress [MPa]

300
250
200
150

εɺ = 1547 s −1

100

Q.S. ( ∼ εɺ = 10−3 s −1 )
JC approximation

50
0

0

0.02

0.04

0.06 0.08
0.1
0.12
True strain [mm/mm]

0.14

0.16

0.18

Figure 2.15.: True strain vs. true stress curve for the 6063-T4 Al material at two
different strain rates.
Table 2.9.: Adjusted material parameters of the aluminum alloy: density, elastic parameters, and Johnson-Cook parameters.

6063-T4 Al
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ρ
[kg/m3 ]
2700

JC parameters
E
ν
Y0
[GP a] [-] [M P a]
65.74 0.33 147.4

BJC
nJC
[M P a] [-]
269.6 0.48

CJC
ε˙0
[-]
[s−1 ]
0.013
1

2.6 Engineering model applied to 6063-T4 Al Taylor cylinders
Taylor test

Taylor tests were performed using blunt-nosed cylinders and a Taylor apparatus. More
details about the set-up and characteristics of this device can be found in the chapter
on fundamental concepts at the end of this document (see Chapter 8, subsection 8.3.3).
Cylinders were turned and polished from cold rolled bars. After that, the dimensions
of each cylinder were measured using a digital caliper with a resolution of 0.01 mm.
Table 2.10 shows the initial diameter (D0 ) and initial length (L0 ) for each specimen.
Taking into account the experimental work done by Whiffin [55], it is known that
shape factors for projectiles have no marked effect on the values of dynamic strength
of the material. Due to this fact, the choose of geometrical parameters for the Taylor
cylinders was based in previous experimental work, where mostly an aspect ratio (L/D)
of 3 has been used [55, 59, 17].

Table 2.10.: Taylor cylinders before and after the impact test.
Specimen
(a)
(b)
(c)
(d)

D0
[mm]
8.52
8.57
8.52
8.53

L0
V0
lf
[mm] [m/s] [mm]
25.42 78.49 24.81
25.46 122.98 23.81
25.56 176.31 22.53
25.47 202.28 21.82

xf
[mm]
17.5
13.75
10.9
9.4

A cannon (6 m long) was used to launch the cylinders, and they were impacted over a
35 HRC steel plate, fixed to the frame of the system. IR-Led sensors were placed at
the end of the cannon to measure the velocity of the cylinders previous to the impact
(V0 ). Table 2.10 also shows the V0 measurements for each test. Figure 2.17 shows the
impact of a the Taylor cylinder during the test, captured by the high-speed camera.
Figure 2.16 shows the final shape of aluminum cylinders after the Taylor test. Using
the final cylinder, the final dimensions (total length (lf ) and undeformed part length
(xf )) were measured using a digital caliper with a resolution of 0.01 mm. The last
columns of Table 2.10 shows those measurements for each specimen.
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(a)

(b)

(c)

(d)

Figure 2.16.: 6063-T4 Al cylinder after Taylor tests at different initial velocities: (a)
78.49, (b) 122.98, (c) 176.31, and (d) 202.28 m/s.
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Figure 2.17.: Evolution of a cylinder in the Taylor test. Specimen made from 6063T4 Al alloy. Images captured at 142,857 frames per second.
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2.6.2. FE simulations
The FE models of each cylinder were programmed using 2D axis-symmetric ANSYS/AUTODYN. The material’s parameters of the simulation were configured using
the parameters shown in Table 2.9. Additionally, a Lagrangian grid of 0.35 mm (see
Appendix 1.2 for more information about the grid selection) and an erosion control
with a geometric strain of 10 was used. Friction between the cylinder and rigid plate
was omitted.
Figure 2.18 shows the final shape of the aluminum cylinders after FE analysis, using
the same initial conditions of the experimental data (initial dimensions and initial
velocity (V0 ) from Table 2.10).

(a)

(b)

(c)

(d)

Figure 2.18.: 6063-T4 Al cylinder after FE analysis of the Taylor test at different
initial velocities: (a) 78.49, (b) 122.98, (c) 176.31, and (d) 202.28 m/s.

2.6.3. Comparison among the experimental data, FE model, and
engineering model
Before comparisons, it is necessary to find the parameters BT and nT for the 6063-T4
aluminum material. It is done using the experimental data and material parameters
ρ, E, and Y0 , taken from references (see Table 2.9) and from the Q.S. tests, and
calibrating BT and nT through a genetic-algorithm optimization process, as explained
in the section 2.4. The parameters found by this process are shown in Table 2.11.
After that, the engineering model was solved using the parameters from Table 2.11,
and the results were compared with the experimental data and with the FE model
results.
Table 2.12 shows the results for the final length (lf ) and final undeformed rod length
(xf ) after each Taylor test (see Table 2.10), which were predicted by the FE simulation
(superscript sim) and by the engineering model (superscript mod). In the table, %dif
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represents the percentage difference among the experimental and the predicted values.
Additionally, Figure 2.19 shows a comparison plot of the calculated dimensions and
the measured dimensions in the Taylor cylinder.
The FE model results (asterisk and plus sign markers in Figure 2.19) show a good
agreement with the experimental data. Notice in Table 2.12 that all %dif measurements were below 5%. This shows that the mechanical characterization was successfully achieved using the linear elastic and Johnson-Cook constitutive relation for
numerical simulations.
Now, analyzing the engineering model results (the circles and diamonds markers in
Figure 2.19), the predictions of the model (lf and xf ) show some agreement when
compared with the FE results and the experimental data, especially lf predictions.
The predictions of xf seem to be better at lower velocities, and they tend to increase
at higher velocities. This is assumed as a limitation of the engineering model, taking
into account that constant plastic velocity was posed. This statement is not completely
true, particularly at high velocity impacts [68]. Additionally, it was shown that the
engineering model is not able to predict the final shape of the projectile due to the
uni-dimensional assumptions. For this reason, it was concluded that the engineering
model could be used for predicting lf at high velocities.
Table 2.11.: Engineering model parameters for the studied materials.
Material
6063-T4 Aluminum

ρ
[Kg/m3 ]
2700

E
[GP a]
65.74

Y0
[M P a]
147.4

BT
nT
Vr
[M P a] [-] [m/s]
0.664 0.98
1

Table 2.12.: Predicted dimensions of the Taylor cylinders after the impact test, using
the FE model (superscript sim) and engineering model (superscript mod) results.
n

o

n

o

%dif lfsim
[%]
0.69
0.01
1.05
1.28

Specimen
(a)
(b)
(c)
(d)

lf
[mm]
24.81
23.81
22.53
21.82

xf
[mm]
17.5
13.75
10.9
9.4

lfsim
[mm]
24.64
23.812
22.570
22.10

Specimen
(a)
(b)
(c)
(d)

lf
[mm]
24.81
23.81
22.53
21.82

xf
[mm]
17.5
13.75
10.9
9.4

lfmod %dif lfmod
[mm]
[%]
24.42
1.57
23.34
1.97
21.85
4.21
20.96
3.94

n

o

n

o

xfsim %dif xfsim
[mm]
[%]
17.86
2.06
14.35
4.36
10.55
3.21
8.90
5.32
xfmod %dif lfmod
[mm]
[%]
18.91
5.55
16.25
11.69
13.68
22.88
12.57
29.20
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Figure 2.19.: Plot of calculated dimensions versus measured dimensions of 6063-T4
aluminum Taylor cylinders, using the FE model and the engineering model results.

2.6.4. Further comparisons
To verify the engineering model for 6063-T4 aluminum cylinders at other cylindrical
geometries and at higher impact velocities, comparisons were made only between the
model results and FE simulation result, due to the lack of experimental data at higher
velocities. However, in this case, the final total length lf was only compared because
the undeformed xf measurements covered almost all the specimen lengths at high velocities and their predictive abilities were not strong enough (as shown in the previews
subsection).
Cylinder with aspect ratios (L0 /D0 ) of 2, 5, 7, and 10 were analyzed, as seen in
Table 2.13. Additionally, a range of velocities from 100 to 700 m/s was also analyzed
for each cylinder. A diameter of D0 = 8 mm was held constant for all cylinders.
First, FE models for each cylinder was programmed using 2D axis-symmetric ANSYS/
AUTODYN. The material parameters of the simulation were configured using the parameters shown in Table 2.9. For each simulation, the same conditions were held, as
explained in subsection 2.6.2. After simulation, the final total length (lfsim ) was measured for each case, and results are shown in Table 2.13. Results of the FE simulations
for this material are shown in Appendix 3.5.
At the same time, the engineering model was performed for each studied case. The material parameters shown in Table 2.11 were used to solve the engineering model. After
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modeling, the final total length (lfmodel ) was also measured, as shown in Table 2.13.
Figure 2.20 shows a comparison plot between the results of the FE models and the
engineering model. Notice the good agreement between results. It shows that the
engineering model can be used as a method to measure the final length of the Taylor
cylinder.
Table 2.13.: Results of Taylor cylinders with different aspect ratios at different velocities. D0 = 8 mm was constant in all models.
Spec.
1a
1b
1c
1d
2a
2b
2c
2d

L0 /D0
[mm]
2
2
2
2
5
5
5
5

V0
[m/s]
100
300
500
700
100
300
500
700

lfsim lfmodel
[mm] [mm]
15.18 15.05
11.79 10.90
6.99
6.77
3.87
3.97
37.88 37.62
28.66 27.26
17.79 16.85
10.42 9.94

L0 /D0
Spec. [mm]
3a
7
3b
7
3c
7
3d
7
4a
10
4b
10
4c
10
4d
10

V0
[m/s]
100
300
500
700
100
300
500
700

lfsim lfmodel
[mm] [mm]
52.99 52.67
39.79 38.16
24.76 23.59
14.29 13.90
75.66 75.24
55.43 54.52
35.12 33.69
20.16 19.83

2.7. Discussion of the chapter
Some discussion about the engineering model, developed in this chapter, is formulated
below.
First, the use of a velocity-dependent constitutive relation for the material of the
cylinder is very useful in penetration problems because it directly relates the material
stress with the instantaneous velocity of the projectile. It has only been used by
Jones et al. [66], and the other approaches used simple constitutive relations, such
as perfectly-plastic relations. However, the disadvantage of this velocity-dependent
relation is that some post-test Taylor results need to be used to calibrate the parameters
of the model.
Second, the use of two different models of deformation is also a novel approach to use
in this kind of problem. As was shown in the literature review, most of the previous
research has focused on the low-velocity impacts. However, high-deformation velocities can be achieved during penetration events, which gives the current engineering
model a more realistic understanding of the impact process. Therefore, the use of
two models of deformation is a significant improvement for this kind of problem. The
limitation of this approach is that the exact transitional velocity is unknown. In this
research, transitional velocity was calculated using the White formulation [60], but it
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Figure 2.20.: Plot of calculated lf by the engineering model versus calculated lf by
numerical simulations of 6063-T4 Al Taylor cylinders.
is an approximation derived from perfectly-plastic materials. For other materials, this
transitional velocity could be more complex, and further research needs to focus on
this point.
According to the results and comparison presented in this chapter, the engineering
model of the Taylor cylinder accurately predicts the change in the total length the
projectile in a good range of low and medium velocities. However, this model is not
able to predict the final shape of the cylinder. Additionally, large errors were found in
predicting the plastic interface at high-velocity impacts.
Although the change of length in Taylor cylinders was verified using FE numerical
simulations for low and medium impact velocities (up to 700 m/s), it is expected
that predictions are not good enough at higher velocities, particularly because the
material would start to suffer fracture and other damage mechanisms. In this way, the
engineering model approach have the limitation only for predicting change of lengths
for projectiles at medium velocities. The numerical value of this limit is difficult to
formulate because it depends directly to the nature of the material tested. However,
for metallic materials, velocities below 1000 m/s can be assumed.
Finally, it is important to mention the the effect of the thermal softening, effect that is
well-known in metal-mechanical processes [43]. Those effects were not included in the
current engineering model; as a result, prediction could be affected due to the fact of
the lack of thermal softening in the model. However, two important facts can be used
to justify the thermal independence of the proposed engineering models. First, the
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thermal softening rate exhibits a decreasing tendency with the increase of strain-rate
for different ranges of temperature gradient in aluminum alloys, as discussed by Bobbili
et al. [77] and Chen et al. [78]. It means that thermal effects are less important at high
strain-rates; and strain-rates are considerably high during the impact events. Second,
for aluminum impacted at medium velocities (approximately 500 m/s), an increasing
of 100°C can be estimated due to the plastic work generated during the penetration
process [59]. Taking into account this range of temperature change, it can be seen
from experimental strain-stress curves that plastic flow remains essentially constant
for aluminum alloys [79]. Substantial decrease in the flow stress can occurs at over
260°C, for example in the 6061 Al alloy [59]. Therefore, it can be assumed that at low
and medium velocities the slightly changes of temperature does not affect the behavior
of the material, and thus, does not have a strong influence in the prediction from
the engineering model. However, at higher velocities, it is necessary to have a better
understanding of the changes of temperature due to the impact, in order to include
the thermal effects in the engineering model.
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3. Further applications of the
engineering model for deformable
projectiles
3.1. Introduction
In this chapter, the engineering model for Taylor analysis is extended to other applications. First, the engineering model is corrected to involve other projectile geometries,
such as conical-nosed and spherical-nosed projectiles. After that, the engineering model
is used to characterize two other metallic materials: brass and steel alloys.

3.2. Taylor analysis applied to non-blunt-nosed rods
Traditional Taylor analyses have been focused on impact cylinders with a blunt nose.
However, different noses affect the behavior of a projectile, principally its mass change
and its deceleration. These variables require consideration when a penetration study
is developed. To overcome the nose effect, the conservation laws using the integral
approach (see chapter on fundamental concepts, Chapter 8, section 8.1.1, for more
details about this formulation) can be formulated in terms of a control volume V.
Consider a rod with a generic non-blunt nose, as shown in Figure 3.1(a). In this figure,
y (x) is a function of the penetration nose geometry. When this rod impacts a rigid
wall, two cases could be analyzed: 1) before the nose is completely deformed and 2)
after the nose is completely deformed, which means that the plastic wave has traveled
further than the nose geometry. In the first case, a volume control analysis must be
performed instead of a length analysis because the cross-sectional area of the nose is
not constant. In the second case, the plastic wave has reached the cylindrical section
of the rod; thus, after this point, a traditional Taylor analysis can be performed. In
this section, only the first is analyzed, which is schematically shown in Figure 3.1(b).
For convenience, it can be divided into the undeformed section (Figure 3.1(c)) and the
elastic-plastic interface (Figure 3.1(d)), separately.
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Figure 3.1.: Rod with a generic non-blunt nose: (a) Scheme of the initial rod, (b)
scheme of an intermediate stage of deformation of the rod, (c) undeformed section
of the rod, and (d) elastic-plastic interface of the rod.
The cylinder deformation process is considered uni-dimensional, neglecting body forces,
and a constant material density is assumed. Thus, mass conservation and momentum
equations for the undeformed section can be expressed as follows:

dV
= − (cp + Vx ) A ,
dt

(3.1)

dVx
= −σd A ,
dt

(3.2)

ρV

where V is the volume of the undeformed section, and A is the cross-section area of a
specific position on the nose (other variables were defined in the section 2.3).
For the elastic-plastic interface region, the mass and momentum conservation can be
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expressed as follows:

(cp + Vx ) A0 = (cp + up ) A∗ ,

(3.3)

ρ (Vx − up ) (cp + Vx ) A = σd A − σA∗ ,

(3.4)

where A∗ is the cross-section area of the nose of the rod after the impact (other
variables were defined in section 2.3). As in the previous model, up can be taken as
zero, assuming that the material after deformation is completely resting.

3.2.1. Conical-nosed rods
L0

K0

L0

k
r

R0 , ρ , σ d

(a)

(b)

Figure 3.2.: Scheme of a rod with a conical nose: (a) initial state, and (b) intermediate state.
Consider the geometry of a conical nose rod, as shown in Figure 3.2(a), where L0 and
K0 are the initial lengths of the cylindrical and conical sections, respectively, and R0
is the initial radius of the cylindrical part. In an intermediate stage (Figure 3.2(b)),
where the cone has lost some tip, the conical length is expressed by k and the deformed
radius by r. Then, the instantaneous volume of rod V can by calculated as follows:

V = πR02 L0 + V c ,

(3.5)

where Vc is the instantaneous volume of conical part, which can be calculated as
follows:

Vc =

π 2
π
π
π (K0 − k)3
R0 K0 − r2 (K0 − k) = R02 K0 − R02
.
3
3
3
3
K0 2

(3.6)
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After some simplifications, Vc and V are simplified to:

Vc =

πR02

"

k3
k2
+
k−
K0 3K0 2

V = πR02 L0 + πR02

#

"

(3.7)

,

k3
k2
+
k−
K0 3K20

#

.

(3.8)

Additionally, the cross-section area of the nose after the impact A can be calculated
as follows:

A = πr =
2

πR02

k
1−
K0

!2

.

(3.9)

Now, differentiating V (Equation 3.5) with respect to time, and using Equation 3.9 for
simplifying, it is found:
"

#

dV
2k
k 2 dk
dk
= πR02 1 −
+ 2
=A .
dt
K0 K0 dt
dt

(3.10)

Replacing V and dV/dt from Equation 3.8 and Equation 3.10 in conservation equations
(Equation 3.1 and Equation 3.2), the system is completed. For solving this system, the
same assumptions of the engineering model for blunt-noses (see section 2.4) were made,
including the velocity-dependent material behavior σd = σ = −σ0 − BT (Vx /Vr )nT (see
Equation 2.23) and two deformation modes for the cylinder.
Mode I
The mushroom mode of deformation is used, when the instantaneous velocity Vx is
below β (see Equation 2.25). The mass and momentum equations to the undeformed
part of the conical-nosed rod are deduced, replacing Equation 3.8 and Equation 3.10
in Equation 3.1 and Equation 3.2:
dk
= − (cp + Vx ) ,
dt
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V x + cp
dVx
−σd (1 − k/K0 )2

 1+
=
2
k
k
dt
c0
ρL0 + ρk 1 − K0 + 3K0 2



,

(3.12)

where all the parameters have been previously discussed, and cp can be found after
combining Equation 3.3 and Equation 3.4, and solving the following equation:

c2p + Vx .cp +

σd
=0.
ρ

(3.13)

Mode II

The flow mode of deformation is used, when the instantaneous velocity Vx is above
β (see Equation 2.25), and cp can be assumed as zero. Therefore, the mass and momentum equations to the undeformed part of the conical-nosed rod are reduced from
Equation 3.11 and Equation 3.12:

dk
= −Vx ,
dt

(3.14)



−σd (1 − k/K0 )2
dVx
Vx

 1+
=
2
dt
c0
L0 + ρk 1 − Kk0 + 3Kk 0 2



.

(3.15)
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START

ρ , E , Y0 , BT , nT
V0 , L0 , A0

<

>

Vx > β
Eq.(2.25)

Step

MODE I
Eq.(2.23)

Eq.(3.11)

Eq.(3.12)

Eq.(3.13)

MODE II
Eq.(2.23)
Eq.(3.14)

Eq.(3.15)

NO

Vx < 0 or l c < 0

Vx ( t ) , lc ( t ) , l f , h f
END

Figure 3.3.: Model solution algorithm for the conical-nosed Taylor engineering model.
3.2.1.1. Model solution
To solve the system of equations for the conical-nosed rod, the same solution methodology used for blunt-nosed cylinders (see subsection 2.4.1) is applied. However, in this
case, the equations involved in the non-linear differential system are Equation 2.23 and
Equation 3.11 to Equation 3.15 (see Figure 3.3). Geometrical (L0 , A0 , and K0 ), material (ρ, Y0 , ρ, and E) and numerical (BT and nT ) parameters must be included to solve
the model. In this case, a numerical solution from the blunt-nosed cylinders (as was
described in subsection 2.4.2) is firstly needed to determine the material parameters.
3.2.1.2. Comparison with FE simulations
The engineering model for conical-nosed rods was compared with a Finite Element (FE)
model. The FE model was performed using 2D axisymmetric ANSYS/AUTODYN.
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The conical-nosed rods were modeled using 6063-T4 aluminum as a testing material.
The material parameters of the simulation were configured using a Linear EOS and
a Johnson-Cook constitutive relation, and the parameters are shown in Table 2.9.
Additionally, a Lagrangian grid of 0.35 mm and an erosion control with geometric
strain of 10 were used. Friction between the bodies was omitted. The engineering
model was configured using the parameters of the material shown in Table 2.11.
The first comparison was related to the strategy of some authors who have specified
that is possible to approximate conical-nosed rods using blunt-nosed cylinders. For
this reason, the deceleration of a 60° conical-nosed rod (Figure 3.4a) was compared
with blunt-nosed cylinder (Figure 3.4b). Each rod was solved using the engineering
model methodology, with an initial length and diameter of 25.4 mm and 8.5 mm, at
V0 = 400 m/s. Results of this comparison are shown in Figure 3.5, where solid-line
represents the results of the conical-nosed model and the dash-dot-line is the bluntnosed cylinder model. Notice that the behavior of each rod is completely different.
However, this is because to the mass of the conical-nosed rod is less than the bluntnosed one (see Figure 3.4). Therefore, a shorter blunt-nosed cylinder was modeled to
balance the initial mass of the conical one (using a initial length of 20.53 mm), which is
also shown in Figure 3.5 (dash-line). However, the deceleration of this shorter cylinder
is also different from the conical rod, even though they have the same initial mass.
25.4 mm

m p = 3.15 g

25.4 mm

20.53 mm

m p = 3.89 g

m p = 3.15 g

60°

(a)

(b)

(c)

Figure 3.4.: Different rod geometries for first comparisons: (a) 60° conical-nosed rod,
(b) blunt-nosed cylinder with same length of the conical one, and (c) blunt-nosed
cylinder with same mass of the conical one.
As a comparison with the engineering model results, a FE simulation of the 60° conicalnosed rod was performed, which is shown as plus signs in Figure 3.5. Notice that the FE
analysis shows a better agreement with the engineering model results using a conicalnosed approach; and although they are not perfectly equal, the tendency is similar
and more reliable than when assuming the use of a blunt-nosed cylinder. Therefore,
the assumption of using blunt-nosed cylinders as conical-nosed rods is not valid in this
type of impact problem.
The next comparison was made among different conical-nose geometries. In this case,
8.5 mm diameter, 25.4 mm long rods were modeled at V0 = 300 m/s with a bluntnosed cylinder and 40°, 60°, and 90° conical noses (see Figure 3.6). For each rod, the
engineering model approach and FE model results were compared. Figure 3.7 and
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Figure 3.5.: Comparison of the deceleration among different blunt-nosed and conicalnosed rods at V0 = 400 m/s, using the engineering model and FE results.

Figure 3.8 show the results of these comparisons. In the solution, an inflection point
can be noticed for the engineering model results, which is related to the change the
deformation mode, as explained in the previous chapter (see section 2.4). Notice that
a good consensus is reached when the engineering model and FE model results are
compared.

25.4 mm

25.4 mm

β
(a)

(b)

Figure 3.6.: Different rod geometries for second comparisons using same rod length:
(a) blunt-nosed cylinder and (b) conical-nosed rod with conical angle β (40°, 60°,
and 90°).
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Figure 3.7.: Comparison of the change of length among different conical-nosed geometries of rods at V0 = 300 m/s, using the engineering model (solid lines) and FE
results (markers).
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Figure 3.8.: Comparison of the deceleration among different conical-nosed geometries
of rods at V0 = 300 m/s, using the engineering model (solid lines) and FE results
(markers).

81

Chapter 3

Further applications of the engineering model for deformable projectiles

A final comparison was made for a 90° conical-nosed, 8.5 mm diameter, 25.4 mm long
rods, at different initial velocities. Figure 3.9 and Figure 3.10 show the comparison of
the change of rod length and the deceleration between the engineering model and FE
model results. It can be seen that the modeling at low velocities is accurately predicted
by the engineering model; however, at higher velocities, some disagreements between
the two models are apparent. At high velocities, the rod starts to deform in terms of
flow, as in Mode II; therefore, the disagreements could be related to the assumptions
and simplifications of the engineering model, especially with the transitional velocity
assumption (which was defined by β in Equation 2.25). However, those differences were
less than 10% (in the range of the studied velocities), which is considered acceptable
for the purpose of this research.

30
28

Projectile lenght [ mm ]

26

V0 = 100 m / s

V0 = 400 m / s

V0 = 200 m / s
V0 = 300 m / s

V0 = 500 m / s
Eng. Model
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14
12
10
8
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Time [ µ s ]

40
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Figure 3.9.: Comparison of the change of length of 90° conical-nosed rods at different
initial velocities, using the engineering model and FE results.

3.2.2. Spherical-nosed rods
Consider the geometry of a spherical-nosed rod, as shown in Figure 3.11(a), where L0
and R0 are the initial lengths of the cylindrical section and the radius of the spherical
nose. In an intermediate stage (Figure 3.11(b)), where the nose has lost some tip, nose
length is expressed by r. Then, the instantaneous volume of rod V can be calculated
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Figure 3.10.: Comparison of the deceleration of 90° conical-nosed rods at different
initial velocities, using the engineering model and FE results.
as follows:

V = πR02 L0 + Ve ,

(3.16)

where Ve is the instantaneous volume of the remaining spherical part, which can be
calculated as follows:

Ve =

2π 3 π
R − (R0 − r)2 (2Ro + r) .
3 0 3

(3.17)

After some algebraic manipulations, Vc and V are simplified:

Ve =

i
πh 2
3R0 r − r3 ,
3

V = πR02 L0 +

i
πh 2
3R0 r − r3 .
3

(3.18)

(3.19)
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L0

R0

L0

r

R0 , ρ , σ d

(a)

(b)

Figure 3.11.: Scheme of a rod with spherical nose: (a) initial state and (b) intermediate state.
Additionally, the cross-section area of the nose after the impact A can be calculated
as follows:




A = π R02 − r2 .

(3.20)

Now, differentiating V (Equation 3.19) with respect to time and using Equation 3.20
for simplifying, it is found:
h
i dr
dr
dV̄
= π R02 − r2
=A .
dt
dt
dt

(3.21)

Replacing V and dV/dt from Equation 3.19 and Equation 3.21 in conservation equations (Equation 3.1 and Equation 3.2), the system is completed. Therefore, assuming
the same assumptions of the engineering model for blunt-noses (see section 2.4) in
developing this model. The velocity-dependent material behavior σd = σ = −σ0 −
BT (Vx /Vr )nT (see Equation 2.23) and two deformation modes on the cylinder are included.
Mode I
The mushroom mode of deformation is used when instantaneous velocity Vx is below
β (see Equation 2.25). The mass and momentum equations for the undeformed part
of the spherical-nosed rod are deduced, replacing Equation 3.19 and Equation 3.21 in
Equation 3.1 and Equation 3.2:
dr
= − (cp + Vx ) ,
dt

84

(3.22)

3.2 Taylor analysis applied to non-blunt-nosed rods



dVx
−3σd (R02 − r2 )
Vx + cp
=
1+
2
2
3
dt
3ρR0 L0 + ρ (3R0 r − r )
c0



,

(3.23)

where all the parameters have been previously discussed, and cp can be found after
combining Equation 3.3 and Equation 3.4, and sol
Now, differentiating V (Equation 3.19) with respect to time and using Equation 3.20
for simplifying, it is found:ving with the following equation:

c2p + Vx .cp +

σd
=0.
ρ

(3.24)

Mode II

The flow mode of deformation is used when instantaneous velocity Vx is above β (see
Equation 2.25), and cp can be assumed as zero. Therefore, the mass and momentum equations for the undeformed part of the spherical-nosed rod are reduced from
Equation 3.22 and Equation 3.23:

dr
= −Vx ,
dt

(3.25)



Vx
dVx
−3σd (R02 − r2 )
= 2
1+
2
3
dt
R0 L0 + ρ (3R0 r − r )
c0



.

(3.26)

85

Chapter 3

Further applications of the engineering model for deformable projectiles
START

ρ , E , Y0 , BT , nT
V0 , L0 , A0

<

>

Vx > β
Eq.(2.25)

Step

MODE I
Eq.(2.23)

Eq.(3.22)

Eq.(3.23)

Eq.(3.24)

MODE II
Eq.(2.23)
Eq.(3.25)

Eq.(3.26)

NO

Vx < 0 or l c < 0

Vx ( t ) , lc ( t ) , l f , h f
END

Figure 3.12.: Model solution algorithm for the spherical-nosed Taylor engineering
model.

3.2.2.1. Model solution

To solve the system of equations for the spherical-nosed rod, the same solution methodology used for blunt-nosed cylinders (see subsection 2.4.1) is applied. However, in this
case, the equations involved in the non-linear differential system are Equation 2.23
and Equation 3.22 to Equation 3.26 (see Figure 3.3). Geometrical (L0 , A0 , and Ro ),
material (ρ, Y0 , ρ, and E), and numerical (BT and nT ) parameters must be included to
solve the model. Again, a numerical solution from blunt-nosed cylinders (as described
in subsection 2.4.2) is firstly needed to determine the material parameters.
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3.2.2.2. Comparison with FE simulations
The engineering model for spherical-nosed rods was compared with a FE model. The
FE model was performed using 2D axis-symmetric ANSYS/AUTODYN. As in the
previous case of the conical-nosed rods, the spherical-nosed rods were modeled using
6063-T6 aluminum as a testing material. The material parameters of the simulation
were configured using a Linear EOS and a Johnson-Cook constitutive relation, and the
parameters are shown in Table 2.9. Additionally, a Lagrangian grid of 0.35 mm and an
erosion control with geometric strain of 10 were used. Friction between the bodies was
omitted. The engineering model was configured using the parameters of the material
shown in Table 2.11.
The comparisons were made for a spherical-nosed, 8.5 mm diameter, 25.4 mm long
rods at different initial velocities. Figure 3.13 and Figure 3.14 show the comparison in
the change of length and deceleration between the engineering model and FE model
results. As in the conical-nosed model, accurate predictions can be reached at low
velocities by the engineering model; however, at high velocities, results show some
disagreements between the two models. However, those differences are less than 8%
(in the range of the studied velocities), which is considered acceptable for the purpose
of this research.
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Figure 3.13.: Comparison of the change of length of spherical-nosed rods at different
initial velocities, using the engineering model and FE results.
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Figure 3.14.: Comparison of the deceleration of spherical-nosed rods at different initial velocities, using the engineering model and FE results.

3.3. Dynamic characterization of two other metallic
materials
In this section, two other metallic materials are characterized and analyzed using the
engineering model. First, chemical and mechanical characterizations of the materials were carried out. After that, some Taylor tests were performed using blunt-nosed
cylinders.Using this experimental data, the engineering model was set up for each material. Further, FE simulations of the Taylor test were modeled. Finally, experimental
data were compared with both FE simulation results and with the engineering model
results for each material.

3.3.1. Chemical and Mechanical characterizations
The material from the cylinder specimens were chemically and mechanically characterized before the Taylor tests.
The chemical characterization were made using the Optical Emission Spectroscopy
(OES) technique according to ASTM E415-14 and ASTM E478-08 standards [80,
81]. The results of the chemical characterizations of the two materials are shown
in Table 3.1. According to the ASM Handbooks [82, 49], those materials can be designated as SAE 40 brass and AISI/SAE 1018 steel alloys.
The mechanical characterization were performed under both quasi-static and dynamic
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conditions. Quasi-static tests were performed in a Universal Instron testing machine
according to the ASTM E8-04 standard [75]. Figure 3.15 shows the true stress vs. true
strain curves for the brass alloy in quasi-static conditions (Q.S.)
Dynamic tests were performed on a conventional Split-Hopkinson Pressure Bar (SHPB)
apparatus (See chapter on fundamental concepts, Chapter 8, subsection 8.3.2 for more
details about this technique). Specimens of 16.4 mm diameter and 8.2 mm length
were designed for the test. th striker in the SHPB machine was launched at different
velocities to reach different strain-rates (10 m/s, 20 m/s and 25 m/s). Figure 3.15 and
Figure 3.16 show the true stress vs. true strain curves in dynamic conditions for brass
and steel materials, respectively.
From Figure 3.15 and Figure 3.16, notice that these materials are strain dependent
and also strain-rate sensitive due to the changes between the quasi-static and dynamic
curves. Therefore, their plastic behavior can be well represented using visco-plastic
constitutive relations, such as the Cowper-Symmonds (CS) and Johnson-Cook (JC)
constitutive models (see chapter on fundamental concepts, Chapter 8, subsection 8.1.4
for more details about constitutive models). Using the true stress vs. true strain curves,
both quasi-static and dynamic, the behavior of the brass was better fitted to the CS
model; for this reason, brass material parameters were calibrated to a linear elastic CS
plastic model. On the other hand, the behavior of the steel was better fitted to the
CS model; as a result steel material parameters were calibrated to a linear elastic JC
plastic model. For the elastic modulus (E) and yield stress in quasi-static conditions
(Y0 ), the elastic portion of the Q.S. curve was taken. Then, E was calculated as the
slope of the linear curve, and Y0 was calculated using the 0.2% strain offset criterion
[30]. On the other side, for adjusting the CS and JC parameters, only the plastic
portion of the curve data were taken. Therefore, data were adjusted to the CS or
JC equations using the curve fitting toolbox from MATLAB [76]. Table 3.2 shows
the different model parameters adjusted to each material. Values of density (ρ) and
Poisson’s ration (ν) were taken from the ASM Handbooks [82, 49] for each material.
Figure 3.15, and Figure 3.16 also show comparisons among the experimental data and
the CS and JC approximation (dotted lines).
Table 3.1.: Chemical composition of the studied metalic materials.
Cu
98.35

Sn
3.158

Zn
3.902

Pb
7.513

C
0.1673

Fe
0.039

Brass
Ni
S
0.087 0.031

Mn
0.3934

Steel
S
0.0206

P
0.013

As
0.013

Sb
0.189

Ag
0.016

Other
Balance

Fe
Balance
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Figure 3.15.: True stress vs. true strain curve for the brass SAE40 material at different strain rates.
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Figure 3.16.: True stress vs. true strain curve for the AISI/SAE 1018 steel material
at different strain rates.
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Table 3.2.: Mechanical characterization of the aluminum alloy: density, elastic parameters, and Johnson-Cook parameters

SAE40 Brass

ρ
[kg/m3 ]
8990

ρ
[kg/m3 ]
SAE 1018 Steel
7760

CS
E
[GP a]
95.00

parameters
ν
Y0
[-] [M P a]
0.33 121.5

JC parameters
E
ν
Y0
[GP a] [-] [M P a]
204.50 0.3 349.6

BCS
nCS DCS qCS
[M P a] [-] [s−1 ] [-]
619.4 0.87 605 5.1

BJC
nJC
[M P a] [-]
1100 0.19

CJC
[-]
0.14

ε˙0
[s−1 ]
764

Taylor tests
Taylor tests were performed using blunt-nosed cylinders of each studied material. More
details about the set-up and characteristics of the Taylor test can be found in the chapter on fundamental concepts at the end of this document (see Chapter 8, subsection
8.3.3).
Cylinders were turned and polished from cold rolled bars. After that, the dimensions
of each cylinder were measured using a digital caliper of resolution 0.01 mm. Table 3.3
shows the initial diameter (D0 ) and initial length (L0 ) for each specimen.
Table 3.3.: Taylor cylinders before and after the impact test.
Material
Brass
Brass
Brass
Brass
Steel
Steel
Steel
Steel

Specimen
(a)
(b)
(c)
(d)
(a)
(b)
(c)
(d)

D0
[mm]
8.48
8.41
8.36
8.4
9.56
9.56
9.56
9.55

L0
V0
lf
[mm] [m/s] [mm]
25.36 136.69 22.2
25.4 154.51 21.68
25.36 168.87 20.93
25.45 175.45 20.86
30.34 138.59 28.45
30.44 156.05 27.95
30.36 183.26 27.52
30.38 192.19 27.05

xf
[mm]
7.1
6.3
5.6
5.05
16.9
16
14.85
14.8

A cannon (6 m long) was used to launch the cylinders, and they were impacted over
a 35 HRC steel plate, fixed to the frame of the system. IR-Led sensors were placed at
the end of the cannon to measure the velocity of the cylinders previous to the impact
(V0 ). The Table 3.3 also shows V0 measurements for each specimen.
Figure 3.17 and Figure 3.18 show the final shape of cylinders after Taylor tests for
the brass and steel alloys, respectively. Using the final shape, the final dimensions
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of the cylinders (total length (lf ) and undeformed part length (xf )) were measured
using a digital caliper of resolution 0.01 mm. Last columns of Table 3.3 show those
measurements for each specimen.
Figure 3.19 shows a sequence of images of the Taylor test for the specimen (b) of the
brass alloy (Table 3.3), captured by a high-speed camera at 190,000 fps.

(a)

(b)

(c)

(d)

Figure 3.17.: SAE40 brass cylinder after Taylor tests at different initial velocities:
(a) 136.69, (b) 154.51, (c) 168.87, and (d) 175.45 m/s.

3.3.2. FE simulations
The FE models of each cylinder were programmed using 2D axis-symmetric ANSYS/AUTODYN. The material parameters of the simulation for each material were
configured using the parameters shown in Table 3.2. Additionally, a Lagrangian grid
of 0.35 mm and an erosion control with geometric strain of 10 were used. Friction
between the cylinder and rigid plate was omitted.
Figure 3.20 and Figure 3.21 show the final shape of the cylinders after FE analyses
for the brass, and steel alloys, respectively, using the same initial conditions of the
experimental data.

3.3.3. Comparison among the experimental data, FE model, and
engineering model
Before comparisons, it is necessary to find the parameters BT and nT were adjusted
for the studied materials. It was done using the experimental data and material parameters ρ, E, and Y0 taken from references (see Table 3.2), and BT and nT through
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(a)

(b)

(c)

(d)

Figure 3.18.: AISI/SAE 1018 steel cylinder after Taylor tests at different initial velocities: (a) 138.59, (b) 156.05, (c) 183.26, and (d) 192.19 m/s.
a genetic-algorithm optimization process, as explained in subsection 2.4.2 (Also, see
Appendix 1.3 for more details). The parameters used and found in this process for
each material are shown in Table 3.4.
Thus, the engineering model was solved with the parameters in Table 3.4 for each
material, and the results were compared with the experimental data and with the FE
model results. Figure 3.22 and Figure 3.23 show comparison plots of the calculated
dimensions and the measured dimensions in the Taylor cylinder for each material,
respectively. The comparison was made over the final length (lf ) and the final undeformed rod length (xf ) of the cylinders after the Taylor tests. Those figures show
a good agreement among the experimental and FE model results (asterisk and plus
sign markers). This shows that the mechanical characterizations for each material
were successfully achieved, using Cowper-Symmonds and Johnson-Cook constitutive
relations.
Comparing the engineering model results for the brass alloy (Figure 3.22), it can be
seen that the lf is accurately predicted by the model (circle markers). However, the
prediction of xf (diamond markers) shows some disagreement. It could be due to the
nature of the brass alloy and its way of deforming, which is too complex to model with
the engineering model.
Now, comparing the engineering model results for the steel alloy (Figure 3.23), the
predictions of the model (lf and xf ) are better than the previous material predictions,
especially the xf , which fitted well with the experimental and FE results.
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Figure 3.19.: Evolution of a cylinder in the Taylor test. Specimen (b) of the brass
alloy. Images captured at 190,000 fps.
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(a)

(b)

(c)

(d)

Figure 3.20.: SAE40 brass cylinder after FE analysis of the Taylor tests at different
initial velocities: (a) 136.69, (b) 154.51, (c) 168.87, and (d) 175.45 m/s.
Table 3.4.: Engineering model parameters for the three studied materials.
Material
ρ [Kg/m3 ] E [GP a] Y0 [M P a] BT [M P a]
SAE 40 Brass
8990
95
121.5
4.15 × 10−5
7760
204.50
349.6
77
ANSI/SAE 1018 Steel

nT [-]
3.498
0.160
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Figure 3.23.: Plot of calculated dimensions versus measured dimensions of
ANSI/SAE 1018 steel cylinders, using the engineering model and FE model results.
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(a)

(b)

(c)

(d)

Figure 3.21.: AISI/SAE 1018 steel cylinder after FE analysis of the Taylor tests at
different initial velocities: (a) 138.59, (b) 156.05, (c) 183.26, and (d) 192.19 m/s.

3.4. Discussion of the chapter
In this chapter, two important points about the engineering model developed in the
previous chapter were studied.
First, the use of the conservation laws in a general way is a more generic approach
to model Taylor cylinders due to the fact that it can be used for modeling other
kinds of geometry noses. In the present formulation, conical and spherical noses were
formulated. It was shown that consideration of blunt-noses for impact cylinders is not
the best way to approach real impact problems, taking into account that real projectiles
have different kinds of nose geometries. The results obtained with the engineering
model were good, when compared with FE simulations. However, It should be noted
that the time for solving the problem by engineering mode is considerable lower than by
FE simulations. It gives some advantages to the engineering model, particularly when
optimization processes are required, for example, in armor designing. The limitation
of this model, as explained in the previous chapter is that only the change of the total
length of the projectile can be predicted; therefore, the final shape cannot be perfectly
predicted.
Second, the study of the engineering model was extended to other projectile materials.
This was done to validate the reliability of the engineering model for different metallic
materials. Good results were obtained when it was compared with FE simulations and
experimental results. Nonetheless, it should be noted that the model should be tested
using other kind of materials, such as polymers and ceramics, because it is not clear
that the same constitutive equations can be extended to those kind of materials. As a
plus, it should be mentioned that most of the projectiles in the militarily industry are
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Figure 3.22.: Plot of calculated dimensions versus measured dimensions of SAE 40
brass cylinders, using the engineering model and FE model results.
made from metals; for this reason, the research only focused in this kinds of materials.
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Conclusions of Part I
An engineering model was formulated to predict the final length of Taylor cylinders.
The proposed model was a general version of the Taylor; Wilkins, and Guinan; White,
and Walker; and Anderson approaches. Additionally, a novel constitutive material
model was defined, which was based on non-linear velocity-dependent stress. This
relation is very useful for penetration-impact problems. The engineering model was
verified and validated using FE simulations, Taylor tests, and previous experimental
data.
According to the results obtained, it can be concluded that the engineering model
for Taylor cylinders can predict the change of length and deceleration of cylinders.
However, some experiments are necessary to calibrate the constitutive material model.
The engineering model was verified and validated by different methods:
• Verified by FE numerical results using 6063-T6 aluminum cylinders in the range
of 100 m/s to 500 m/s.
• Verified using experimental data of OFE copper, 6061-T6 aluminum cylinders,
and 4043 steel cylinders in a range of 150 m/s to 250 m/s.
• Verified and validated by FE numerical results and experimental data using 6063T4 aluminum cylinders in a range of 100 m/s to 800 m/s.
However, the engineering model cannot predict the final shape of the cylinder because
the model was only developed using uni-dimensional assumptions. Therefore, radial
displacements cannot be calculate during the impact event. Despite the disadvantages,
the model can be corrected to model different geometry noses of a projectile. In this
research, the response of the model to conical and spherical nosed projectiles was
studied, using 6063-T4 aluminum rods in the range of 100 m/s to 500 m/s. Those
results were verified by FE numerical results.
Finally, two other metallic materials were also studied: SAE 40 brass and AISE/SAE
1018 steel. The engineering model was verified and validated for these materials, using
blunt-nosed cylinders in the range of 100 m/s to 200 m/s. Results of the model were
in accordance with results of experimental tests and FE numerical simulations.
Although this analysis was made using different materials, all of them were ductilemetallic materials. It could be important to expand the study to other kinds of materials, such as polymers and ceramics, especially ceramics due to their brittle nature.
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Additionally, thermal interaction and thermal softening could be included in future
work due to the importance of the temperature parameter in the behavior of materials
at high velocities.
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4. Engineering model of penetration
for def. targets impacted by rigid
rods
4.1. Introduction
Theory of rod penetration in targets can be studied according to the impact velocity
of the projectile [83]. Experiments have shown that with impact velocity increases,
rods change from rigid to deformed, then to semi-fluid, and to quasi-fluid state at last
[3]. Figure 4.1 shows this concept using a Penetration depth vs. Impact velocity plot
[1].

Penetration Depth [mm]

25
Low velocity
region
(projectil
undeformed)

2.5
305

Hiper-velocities
region
(Material strength
negligeble)

Transition
region
(projectil
deformes or
fragments)

3.05

Exposive
region
(Material
vaporizes
suddenly)

30.5

Projectile Velocity [km / s]

Figure 4.1.: Penetration depth versus Impact velocity [3, 1].
In this figure, four different region of penetration can be seen. In the first region,
the projectile remains intact at low velocities, which produces a deep crater whose
diameter is only slightly greater than the projectile’s one. In the second region, the
projectile deforms while penetrating the target. As the impact velocity increases, a
point is reached at which the crater depth increases with the velocity. In this point,
the semi-fluid region is reached, where the materials can be modeled as fluids. Over
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this point, the penetration regime is known as hyper-velocities, and they are useful to
study of hyper-high impacts.
In this part of the research, the first penetration region is covered. This process is
known as deformable target impacted by rigid rods (see position 2 in the classification
chart of the Figure 1.2). The study of rigid rod penetration has different applications.
The principal fields of applications are:
• Mechanics of indentation and penetration [84, 83, 39, 41, 85].
• Soil mechanics for modeling various processes (e.g. penetration) in soils and
rocks [86, 87, 88] .
• Geo-mechanical applications: Areas of interpretation of in situ tests (both the
cone penetrometer and the pressuremeter) and also in the prediction of the behavior of piles [89, 90, 91].
• In mechanical characterization [92, 93, 94].
• Nuclear structural engineering and related areas [86, 95].
Mechanics of indentation and penetration of a rigid object into thick targets has been
the subject of interest for many decades to both experimentalist and numerical analyst
[85]. The physical processes happening in the rods are separate from those occurring
in the target, but they are constrained by the requirement that stress needs to be
continuous across the projectile-target boundary and that displacement needs to be
compatible at the boundary. For rigid projectile penetration, satisfying results can be
obtained with Cavity-Expansion Theory and Internal Friction Theory [3].
In this part of the research, the Cavity-Expansion Theory approach was used to develop
an engineering model of penetration for rigid rods penetrating deformable targets.
The model is based on Durban et al. approach [96]; however, in addition, a straindependent constitutive material model, as the Cowper-Symmonds and the JohnsonCook relations, was added to the formulation.
The chapter is outlined as follows First, a chronologically literature review of the most
common models used to study this kind of penetration problems is made, focusing
on the cavity-expansion theory. After that, the Spherical Cavity-Expansion theory is
reviewed, using Durban et al.’s approach [96]. Next, an engineering model of penetration is proposed. This model will be based on the spherical cavity-expansion theory
for a strain-rate dependent material. The model is then compared and validated with
some FE numerical simulations and with previous penetration results. Finally, the
engineering model of penetration is applied to study the 6063-T4 aluminum material.
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4.2. Literature review
During the penetration process, the motion of the rigid rod is opposed by a force Fx
called penetration resistance. Applying Newton’s law, the motion of the projectile is
governed by:

mp

dVx
= −Fx ,
dt

(4.1)

and

Vx =

dxp
,
dt

(4.2)

where mp and Vx are the mass and instantaneous velocity of the rod, and xp is the
coordinate in the direction of the penetration depth. Initial conditions of this problem
are: Vx (t = 0) = V0 and xp (t = 0) = 0.
A common approach dating back several hundred years is based on making simple
assumptions on the force opposing the motion of the projectile. The simplest steady
penetration equations are the Poncelet (Equation 4.3) and Resal (Equation 4.4) assumptions, where the penetration resistance is a function of velocity (AP , BR and CP
are empirical constants) [97].

FP oncelet = AP + CP Vx2 ,

(4.3)

FResal = BR Vx + CP Vx2 .

(4.4)

Although the previous models showed good agreement with most of the penetration
impact events for metallic targets, they are fully empirical and the plastic behavior of
the medium was not well understood.
More recently, approaches for calculating Fx have assumed that the pressure during
the penetration process is constant over all the cavity wall.
Forrestal et al. [4] used this approach to calculate the force for different geometries of
rods, as seen in Figure 4.2. Due to the lack of detailed data of frictional force, it was
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assumed that the tangential stress on the nose (σt ) is proportional to the normal or
radial stress (σr ):

σr = µσt ,

(4.5)

where µ is the sliding-frictional coefficient.

a

a

a

a

θ

φ
s

ϕ

Figure 4.2.: Rod geometries studied by Forrestal et al.[4]: (a) spherical nose, (b)
ogival nose, and (c) conical nose.
Therefore, assuming a spherical expansion of the cavity wall, the force of the cavity
against the movement of the rod, for spherical nose rods, is given as follows
ˆ

π/2

Fx = πa

h

i

σr sin2φ + 2µsin2 φ dφ ;

2
0

(4.6)

for ogival nose rods, is given as follows
ˆ

π/2

Fx = 2πs

2

σr
θ0



sinθ −





s−a
(cosθ + µsinθ) dθ ;
s

(4.7)

and for conical-nose rods, is given as follows:

Fx = πa2 σr (Vx ) (1 + µ/tanϕ) ,
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where all parameters involved (in the previous three equations) are shown in the
Figure 4.2.
Jones et al. [5, 6] formulated an equation to calculate Fx force on the wall of a general
nose geometry for axis-symmetric rods, as seen in Figure 4.3. In this figure, y = y(x)
is the shape function of an axis-symmetric nose with0 ≤ x ≤ a; this shape function
needs to be nose-pointed y(0) = 0, and the shape function must satisfy the condition
y0 (x) > 0, and has a base radius of y(a) = a.
y

( b, a )

Ff

σr

y ( x)

x

Figure 4.3.: Planar cross-section of the nose of an axisymmetric rod used by Jones
et al.[5, 6].
Using those geometrical conditions, F is given by:
ˆa
Fx = 2π

(y(x)y 0 (x) σr + y (x) Ff ) dx ,

(4.9)

0

where σr is the radial stress and Ff is the frictional force on the cavity wall. Using
Coulomb’s relation:

σr = µFf ,

(4.10)

Equation 4.9 is reduced to:
ˆa
Fx = 2π

σr (yy 0 + µy) dx .

(4.11)

0

In the previous equations, which are related to calculate Fx (Equation 4.6, Equation 4.7,
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Equation 4.8, or Equation 4.11), it is necessary to know the radial stress σr on the cavity wall. If it is assumed that the radial stress is constant over all the cavity wall and
equal to the pressure on the rod nose (pc ), this stress can be calculated using the
Cavity-Expansion Theory.
Bishop et al. [98] were the pioneers of Cavity-Expansion pressure calculations. They
began the study of plasticity in ductile materials for quasi-static conditions. In their
study, an approximate formulation was made to calculate the load required to force a
cylindrical punch deep into a semi-infinite block of ductile material. Due to the fact
that a full theoretical solution of the equations, determining the strains round the head
of the punch, is very complex, only two problems were solved:
• Spherical Cavity-Expansion (SCE): Starting with a small hollow sphere in the
body of an infinite block of ductile material to determine the pressure ps that
will enlarge the spherical hole indefinitely.
• Cylindrical Cavity-Expansion (CCE): Starting with a cylindrical hole of infinite
length to find the pressure pc that will enlarge the hole indefinitely.
They also assumed that the true stress flow in compression σi , above the yield stress
Y , is given by Equation 4.1, where  is the equivalent strain.

σi = Y + f () .

(4.12)

For this material behavior, pressures ps and pc were calculated as:

2Y
ps =
3

E
1 + ln
(1 + ν) Y

!!

ˆc
+2

(

f 2 ln
a

r
1/3

(r3 − a3 )

!)

dr
,
r

(4.13)

√
!!
!)
ˆc (
Y
3E
2
2
r
dr
pc = √ 1 + ln
+√
f √ ln √ 2
, (4.14)
2
2 ((1 + ν) Y )
r
3
3
3
r −a
a

where E and ν are the elastic modulus and the Poisson’s ratio of the material, a is
the radius of the hole and c is the radius of the plastic region around the hole. If it
is assumed that the material is perfectly-plastic (f () = 0 in Equation 4.12), integral
terms in Equation 4.13 and Equation 4.14 must be omitted.
Hopkins [27]studied the spherically-symmetric cavity formation under conditions of
large elastic-plastic deformations for quasi-static and dynamic motion. His most re-
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markable approach was the calculation of ps for a perfectly-plastic (with a constant
dynamic yield stress Yd ), incompressible material at dynamic conditions:

ps =





2E
2Yd
1 + ln
3
3Yd



3
+ ρ(aä + ȧ2 ) ,
2

(4.15)

˙ represents the time derivative; thus, ȧ and ä are the velocity and acceleration
where 
of the spherical radius. Also, Hopkins proposed the differential equation for a perfectlyplastic compressible material; however, an explicit relation was not presented.
Knowles and Jakub [99] studied spherically symmetric motions of an elastic solid containing a spherical cavity and subjected to large strains (e.g. rubber-like materials).
A perfectly plastic medium was described by a general strain energy function. Thus,
two special cases were solved: Mooney and Non-Hookean materials. For those special
cases, values of the static stress and dynamic stress at the cavity wall for various values
of the dimensionless equilibrium radius were tabulated.
Durban and Baruch [100, 86] solved the non-linear problem of a spherical cavity surrounded by an infinite elasto-plastic medium, and subjected to uniform and quasi-static
radial loads. The governing non-linear equations have been solved, in terms of closed
integrals, for internal or external pressure conditions.
Using the Hopkins approach, Forrestal and Luk [7] developed an analytical model
for the elastic-plastic response of a compressible material from the uniform expansion
of a spherically symmetric cavity. Their formulation was based on the equations of
momentum and mass conservation in Eulerian coordinates. Additionally, the medium
was described by a perfectly plastic behavior, and the plastic region was defined with
a linear pressure-volumetric strain relation:

ρ0
P=K 1−
ρ

!

=

1
(σr + 2σθ ) ,
3

(4.16)

and the Tresca yield criterion:

σ r − σ θ = Yd ,

(4.17)

where P is hydrostatic pressure, K is bulk modulus, ρ0 and ρ are the densities in undeformed and deformed configurations, and σr and σθ are the radial and hoop components
of Cauchy stress, and they are taken positive in compression.
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They found an approximate solution of the non-linear problem assuming incompressible material for the elastic region; although they also proposed full non-linear solution
using a numerical method to solve the differential equations. At the end, the solution for the spherical cavity pressure can be simplified by Equation 4.18, where As
is expressed by Equation 4.19 and Cs needs to be adjusted to a fit cavity-expansion
results.

ps = As + ρCs Vx2 ,

E
2Yd
1 + ln
As =
3
(1 − ν) Yd

(4.18)

!!

.

(4.19)

Using the same conditions, Forrestal [101] found a solution for the cylindrical cavity pressure, which can be simplified by Equation 4.20, where Ac is expressed by
Equation 4.21 and Cc needs to be adjusted to fit cavity expansion-results.

pc = Ac + ρCc Vx2 ,

Yd
6E
Ac =
1 + ln
2
(5 − 4ν) Yd

(4.20)

!!

.

(4.21)

Cylindrical and spherical cavity-expansion approximations were used to develop a penetration model for a rigid rod with spherical, ogival and conical noses that penetrated
elastic-perfectly plastic targets. Results of model were compared with penetration
data and results from Lagrangian and Eulerian wave-codes [4, 102]. Predictions were
in good agreement with the measured final depths of penetration for aluminum targets
at velocities between 400 m/s and 1400 m/s.
Continuing with the Forrestal work, Luk et al. [103, 50] developed the dynamic expansion of spherical cavities for elastic-plastic, incompressible and compressible materials
with power-law strain hardening relation. The modified Ludik equation was used to
describe the power-law the plastic behavior:

σ=
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(

Y

E 



E
Y

n

σ≤Y ,
σ>Y ,

(4.22)
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where n is the strain-hardening exponent.
A closed-form solution was found for the incompressible material, and a numerical
solution was proposed for the compressible case. Both solutions can be adjusted to
the Equation 4.18. However, for the incompressible problem, As is given by:



2E
1+I
3Y

2Y
As =
3

n !

2E
1− 3Y

ˆ

,

where I =
0

(− ln x)n
dx .
1−x

(4.23)

For the compressible case, As and Cs must be adjusted to fit cavity-expansion results.
Thus, a penetration model was numerical programmed, and results were compared
with penetration data. Predictions were in good agreement with the final penetration
depths for aluminum targets measured at velocities between 300 m/s and 1000 m/s.
After that, Warren and Forrestal [18] solved the dynamic spherical cavity-expansion
problem for an elastic-plastic material with constitutive model that includes the effect
of strain hardening and strain-rate sensitivity. For a state of uni-axial stress, the
stress-strain relation was assumed as:

σ=

(

Y



E
Yd

E  
σ ≤ Yd ,
m
˙
+ α ˙o
σ > Yd ,

n



˙
Yd = Y + α
˙o

m

(4.24)

(4.25)

,

where Yd is the dynamic yield stress, m is the strain-rate sensitivity exponent, ˙o is a
reference strain rate, and α is a curve fitting parameter.
A closed-form solution was found for an incompressible material, which is expressed
by:




2Y 
2E
1 +
ps =

3
3Y

n

2E
1− 3Y

ˆ
0









(− ln x)n 
3
2α
2ȧ
dx
+ ρ aä + ȧ2 +

1−x
2
3Y m a˙o

m

. (4.26)

The first term of Equation 4.26 corresponds to the strain hardening component of the
solution; the second term corresponds to the inertial part of the solution; and the last
term accounts for the strain-rate effects.
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For the compressible problem, a numerical solution was proposed. In this case, a
spherical expansion solution can be adjusted to:

ps = A s +

q

ρY Bs Vx + ρCs Vx2 .

(4.27)

where As , Bs and Cs must be adjusted to fit cavity expansion-results.
To compute the structural and component responses of a projectile due to three dimensional penetration events, Warren and Tabara [104, 19] implemented the spherical
cavity-expansion analysis in a transient-dynamics finite-element code called PRONTO
3D. The sample demonstrated good agreement between experimental and analytical
results. After that, Brown et al. [105] implemented the spherical cavity-expansion
problem in a numerical solver as a third-party library, which can be used in explicit
codes like ABAQUS.
Chen and Li [40, 41] used Forrestal et al.’s approach to study the perforation of thick
plates by rigid projectiles with various geometrical characteristics. They added plugging formation and movement for blunt-nosed projectiles to their model, obtaining a
simple and explicit formula to predict the ballistic limit and residual velocity for the
perforation of thick metallic plates, which agrees with available experimental results
with satisfactory accuracy.
Teland and Moxnes [106] compared penetration results among analytical results of the
cavity-expansion theory and numerical simulations results, using two different nose
geometries of projectiles (spherical and conical noses) and two different target materials
(steel and concrete). Some agreements were achieved among the results, especially
in the first stage of penetration (cratering phase). However, in the second phase
(tunneling phase), the results suddenly diverge.
The previous analysis were developed mainly for ductile targets. However, cavityexpansion theory has also been extensively used in brittle materials (e.g. ceramics,
glasses and soils).
Forestal and Lancope [107] developed a model of spherical cavity-expansion for an
elastic-cracked-plastic medium on the quasi-static conditions. In their work, the plastic
region was described by a linear pressure-volumetric strain relation:

σr − σθ = λP +

(3 − λ)
Y ,
3

(4.28)

where λ defines the pressure-dependent shear strength and is less than 1 (λ < 1), and
P is the hydrostatic pressure defined by Equation 4.16. Additionally, it was assumed
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that σθ = −T at the cracked-elastic interface, where T is the tensile strength of the
material; and that the material in the cracked region is taken as linear elastic with
σθ = 0. Thus, the pressure to open a spherical cavity was calculated as follows:
"

 αλ

Y 2 c
Rt =
λ α a

#

(3 − λ)
−
,
3

(4.29)

where the parameters α and β are given as follow:

α=

6
,
3 + 2λ

β=

9 (1 − ν) Y
2
E

(4.30)





Y
2T

1/2

;

(4.31)

and the relation (c/a) is given as follows:
 3

a
c

" #αλ/3 




β (1 − 2ν) 
1
=β+
(3 − λ) − (3 + 2λ)
λE
β

.

(4.32)

The solution is simplified when the stress at the cavity surface Rt < Y ; thus, the material does not reach its shear strength. For this case, the medium has a cracked region
bounded by an elastic one, and the pressure to open a spherical cavity is simplified to
the equation:

Rt = 2T

E
9 (1 − ν) T

!2/3

.

(4.33)

This work was continued by Satapathy and Bless [108, 109, 110], who extensively
studied the spherical cavity-expansion of brittle materials. In their analysis, an elasticcracked-comminuted medium at quasi-static and dynamic conditions was analyzed,
using a two-curve pressure–shear behavior of the material (like the Johnson-Holquist
constitutive relation). At the end, closed-form solutions were proposed, and results
were compared with experimental penetration data for AD995 Alumina targets.
Durban and Fleck [111] also studied the spherical cavity-expansion on brittle materials at quasi-static conditions, but using a Ducker-Prager constitutive yield criterion.
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Some special cases of materials were studied, such as the associative flow rule, elasticperfectly-plastic behavior, and Mohr-Coulomb solids. Their model was numerically
solved, and different parameters of the models were studied.
Shaw [85] studied the penetration of rigid objects into semi-infinite compressible solids
for penetrators with arbitrary nose geometries. Using Smoothed-Particle Hydrodynamics simulations, he calculated the resistive force of the target through the spherical
Cavity-Expansion Theory. The effect of friction at the object-target interface was also
studied.

4.2.1. Summary of the Literature review
• Penetration of undeformed projectiles into soft targets is valid at low and medium
penetration velocities.
• Deceleration of the rigid projectile penetrating targets can be calculated using
an analytical expression, e.g., the Newton’s second law. Deceleration forces can
also be calculated using analytical relations, like the one proposed by Jones et
al. (Equation 4.11).
• Cavity pressure on the target can be calculated using the spherical cavity-expansion
theory.

4.3. Spherical Cavity-Expansion (SCE) formulation
4.3.1. Conservation laws in spherical coordinates
In this section, the conservation laws for the expansion of a spherical cavity into a
deformable target are formulated. The conservation laws are expressed in the differential approach, which general formulation can be seen in the chapter on fundamental
concepts at the end of this document (see Chapter 8, subsection 8.1.1); however, the
equations are reformulated using spherical coordinates.
Equations of momentum and mass conservation, in spherical coordinates, are expressed
by (ignoring the spin interactions):
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ρ̇
+ ˙r + 2˙θ = 0 ,
ρ

(4.34)

∂σr
σr − σθ
+2
= −ρυ̇ ,
∂r
r

(4.35)

4.3 Spherical Cavity-Expansion (SCE) formulation
˙ represents the time derivative; υ is the radial particle velocity (positive outwhere 
ward); ρ is the material density; r and θ are the radial and hoop strain; and σr ,
σθ , and σφ are the radial, hoop and meridional components of Cauchy stress taken
positive in compression. Additionally, θ = φ , σθ = σφ from symmetry.

4.3.2. Material response
First, the effective stress σe and plastic potential % are defined as follow:

σe = τ + ψσh ,

(4.36)

% = τ + ςσh ,

(4.37)

1/2



is Mises’s effective stress, σh the hydrostatic stress, and paramwhere τ = 32 S · ·S
eters ψ and ς represent the plastic pressure sensitivity.
Additionally, the total strain-rate D in the material can be expressed as follows:

D = DE + DP ,

(4.38)

where DE are the elastic strain-rates, and DP are the elastic strain-rates.
Based on the elasto-plastic flow theory formulation in the hypoelastic form developed
by Durban et al. [100, 111, 96], DE and DP are given as follow:


ν
1
D =
σ̌ −
σ̌ · ·I I
2G
1+ν
E

σe
D = ˙pl
%
P

"



−1/2 

3
S · ·S
2

(4.39)

,



#

3
1
S + ςI ,
2
3

(4.40)

where G = E/ (1 + ν) is the shear modulus, ν is Poisson’s ratio, I is an identity matrix,
S = σ − σh are the deviatoric stresses, pl is the effective plastic-strain, and σ̌ is the
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Jaumann rate of the Cauchy stress defined as follows:

σ̌ = σ̇ + σ · w − w · σ ,

(4.41)

where σ is Cauchy stress, and w is the spin tensor, which can be assumed as 0 for solid
material flow.
Assuming that the material is hydrostatic-pressure independent (ψ = ς = 0 in Equation 4.36
and Equation 4.37), the total strain-rate is reduced to the next equation:
1+ν
3ν
3S
D=
σ̌ − σ̇h I + ˙pl
E
E
2τ

!

(4.42)

.

Using the next two equations as definitions for τ and σh in spherical coordinates

τ = σθ − σr ,

σh =

(4.43)

1
(σr + 2σθ ) ;
3

(4.44)

the first two components of Equation 4.42 are expressed by the equations:

˙r =





,

(4.45)





.

(4.46)

1+ν
3ν
3
σ̇r − σ̇h + ˙pl
(σ − σh )
E
E
2τ

1+ν
3ν
3
˙θ =
σ̇θ − σ̇h + ˙pl
(σ − σh )
E
E
2τ

After some algebraic manipulations, Equation 4.45 and Equation 4.46 simplify to the
equations:

˙r =
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1
2ν
σ̇r − σ̇θ − ˙pl ,
E
E

(4.47)

4.3 Spherical Cavity-Expansion (SCE) formulation

1−ν
1
ν
σ̇θ + ˙pl .
˙θ = − σ̇r +
E
E
2

(4.48)

Equation 4.47 and Equation 4.48 are called compatibility equations, which are used
for modeling the material response.
To complete the formulation, a constitutive relation must be formulated for the material plastic flow. This relation must be a relation between the effective plastic strain
and the effective stress, e.g. pl (σe ) or σe (pl ). Some authors have used simple constitutive relations as the perfectly-plastic material σe = Yd , where Yd is the dynamic yield
stress of the material [7, 102]; others have used strain-hardening relations σe = knpl
[103, 8], and also σe = f (pl , ˙pl ) have been used [18]. In this research, more common
constitutive equations were used, such as the Cowper-Symonds or the Johnson-Cook
relationships.

4.3.3. Different cases of the SCE theory
4.3.3.1. Compressible-dynamical solution
ξw
Elastic

Elasto-plastic

Cavity

Stress free surface

ξi

ξ=1
ξ

Figure 4.4.: Schematic representation of material field in spherical cavity-expansion.
In the scheme, ξ is the non-dimensional radial coordinate.
Consider a compressible material under dynamical conditions. The expansion cavity
problem can be divided in three regions: undisturbed, elastic, and elasto-plastic, as
seen in Figure 4.4. In this figure, ξ = r/a is the non-dimensional radial coordinate
[96]; ξ = 1 is the cavity wall; ξi is the unknown elastic-plastic interface where the
plastic yields occurs, which depends on the cavity-expansion velocity and the material
constitutive relation; and ξw is the rigid-elastic wave front, which can be calculated
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using the elastic modulus E, Poisson’s ratio ν, the reference material density (ρ0 ), and
the cavity-expansion velocity (ȧ) [7, 96]:

ξw =

v
u
1u
t

ȧ

(1 − ν) E
.
(1 + ν) (1 − 2ν) ρ0

(4.49)

In this case, it is assumed that the only independent variable is the non-dimensional
radial coordinate ξ = r/a. Thus, the time derivative is transformed by the similarity
relation [111]:




d
ṙ
d
ȧ d
ȧ
d
= ξ˙ =
−ξ
= (V − ξ)
,
dt
dξ
a
a dξ
a
dξ

(4.50)

where V = ṙ/ȧ is the non-dimensional radial velocity and ȧ the cavity-expansion
velocity.
Using Equation 4.50’s definition, Equation 4.34, Equation 4.35, Equation 4.36,
Equation 4.47 and Equation 4.48 are transformed to:
"

d
ρ
(V − ξ)
ln
dξ
ρ0

!#

+

dV
V
+2 =0,
dξ
ξ

(4.51)

!

Σ
dV
dΣr
ρ
− 2 = Ȧ2
(V − ξ)
,
dξ
ξ
ρ0
dξ

(4.52)

Σ = Σ θ + Σr ,

(4.53)

dV
d
= (V − ξ)
(Σr − 2νΣθ − pl ) ,
dξ
dξ

(4.54)



1
V
d
= (V − ξ)
−νΣr + (1 − ν) Σθ + pl
ξ
dξ
2
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,

(4.55)

4.3 Spherical Cavity-Expansion (SCE) formulation
where (Σ, Σr , Σθ ) = (σe , σr , σθ ) /E are the non-dimensional stresses, ρ0 is material
density in the undeformed field, and Ȧ is the non-dimensional cavity-expansion velocity
defined by:

ȧ
Ȧ = q
.
E/ρ0

(4.56)

The five governing equations (Equation 4.51, Equation 4.52, Equation 4.53,
Equation 4.54 and Equation 4.55), determine five of the six unknown parameters of
the system. (Σ, Σr , Σθ , pl , V and ρ).
To complete the engineering model of penetration, an additional constitutive relation (σe (pl )) must be formulated for the plastic region of the material. Therefore,
the spherical cavity is divided into two deformation regions, according to the nondimensionalized radial coordinate ξ. The elasto-plastic region is bordered by the cavity
and elastic plastic interface ξi ; the elastic region is bordered by ξi and ξw .
In the elasto-plastic region 1 ≤ ξ ≤ ξi , the Mises material deforms following the
complete strain-displacement equations. First, the non-dimensional radial velocity
is found subtracting Equation 4.55 from Equation 4.54, integrating it and using the
conditions that V and Σ vanish at ξ → ∞; thus, we obtain:


V = ξ 1 − e−Φ



3
with Φ = (1 + ν) Σ + pl .
2

(4.57)

Additionally, replacing Equation 4.54 and Equation 4.55 in Equation 4.51, integrating
it and using ρ = ρ0 when Σr = Σθ = 0 [8], the following is obtained:

ρ = ρ0 e−Θ

with Θ = (1 − 2ν) (3Σr + 2Σ) .

(4.58)

Now, replacing Equation 4.57 in Equation 4.55:

1 0
1
0
0
(1 − 2ν) Σr + (1 − ν) Σ + pl =
1 − eΦ ;
2
ξ

(4.59)

and using Equation 4.54, Equation 4.57 and Equation 4.58, in the momentum conser-
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vation Equation 4.52, it is obtanied the next equation:

0

Σr − 2



Σ
0
0
0
= Ȧ2 ξ 2 (1 − 2ν) Σr − 2νΣ − pl e−Θ−2Φ ,
ξ

(4.60)

where Φ and Θ are given by Equation 4.61 and Equation 4.57, and superposed prime
denotes differentiation with respect to ξ.
Equation 4.59 and Equation 4.60 are the governing equations for the stress components
(Σ and Σr ) in the elastic-plastic region. The boundary conditions for this system are:
continuity of the radial stress and plastic yield at the elastic/plastic interface (ξ = ξi )
and a continuous velocity on the cavity wall (V (ξ = ξi ) = 1).
In the elastic region ξi ≤ ξ ≤ ξw , the plastic strain and plastic strain rate are zero
0
(pl ≡ 0 and pl ≡ 0). Therefore, Equation 4.57, Equation 4.59 and Equation 4.60 are
simplified to:


V = ξ 1 − e−Φ



0

with Φ = (1 + ν) (Σθ − Σr ) ,

0

−νΣr + (1 − ν) Σθ =

0

Σr − 2


1
1 − e(1+ν)(Σθ −Σr ) ,
ξ


 0
Σθ − Σr
0
= Ȧ2 ξ 2 Σr − 2νΣθ e(1+4ν)Σr −2(2−ν)Σθ ,
ξ

(4.61)

(4.62)

(4.63)

where Equation 4.53 was used.
One approximation for Equation 4.62 and Equation 4.63 is to assume that as ξ increases, ξ 3 >> 1 (linearization of the system). Thus, these equations are reduced
to:

0

0

νΣr + (1 − ν) Σθ = −

0

Σr − 2
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(1 + ν)
(Σθ − Σr ) ,
ξ

 0

Σθ − Σr
0
= Ȧ2 ξ 2 Σr − 2νΣθ .
ξ

(4.64)

(4.65)

4.3 Spherical Cavity-Expansion (SCE) formulation
Equation 4.62 and Equation 4.63 (or Equation 4.64 and Equation 4.65, if the linear
approximation is assumed) are the governing equations for the stress components (ξr
and ξθ ) in the elastic region. The boundary conditions for this system are: stress free
conditions (Σr = Σθ = 0) as ξ → ∞, and continuity of the radial stress and plastic
yield at the elastic/plastic interface (ξ = ξi ).

4.3.3.2. Incompressible-dynamical solution
For an incompressible material, the same conditions of the compressible-dynamical
solution can be applied ; however, some simplifications could be made to obtain an
analytical solution.
First, the mass conservation Equation 4.51 is reduced to:

V
dV
+2 =0.
dξ
ξ

(4.66)

This equation has the known solution (using the wall condition V (ξ = 1) = 1):

V =

1
.
ξ2

(4.67)

Using this solution, momentum conservation (Equation 4.52) is reduced to:
Σ
dΣr
ξ3 − 1
− 2 = 2Ȧ2
dξ
ξ
ξ5

!

,

(4.68)

and the compatibility equations (Equation 4.54 and Equation 4.55) are combined and
reduced to (using ν = 1/2):
dΣ dpl
2
+
=
.
dξ
dξ
ξ − ξ4

(4.69)

Equation 4.68 and Equation 4.69 are the governing equations for the stress components
(Σ and Σr ) and represent the behavior of the material in the elasto-plastic region
(1 ≤ ξ ≤ ξi ), as seen in Figure 4.4.
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In the elastic field ξi ≤ ξ ≤ ∞, where plastic strain is zero (pl ≡ 0), solutions of
Equation 4.68 and Equation 4.69 using a stress-free condition, as ξ → ∞, are:
2
ξ3
Σ = ln 3
3
ξ −1

4
Σr = −
3

ˆ∞
ξ

!

(4.70)

,

!

1
1
x3
dx
− 2Ȧ2
− 4
ln 3
x −1 x
ξ 4ξ

!

.

(4.71)

One approximation for Equation 4.70 and Equation 4.71 is assuming that as ξ increases, ξ 3  1. Thus, the previous equations are reduced to:
Σ=

2
,
3ξ 3

(4.72)

4
1
1
Σr = − 3 − 2Ȧ2
− 4
9ξ
ξ 4ξ

!

(4.73)

.

This system can be analytically solved, e.g., assuming an elastic perfectly-plastic material (Σ = Yd /E = Σ0 ). Therefore, Equation 5.16 is transformed to:
dΣr
Σ0
ξ3 − 1
−2
= 2Ȧ2
dξ
ξ
ξ5

!

(4.74)

,

which analytical solution, using the boundary condition Σr (ξ = 1) = −ps /E, is given
by:
ps
2Ȧ2
Σr (ξ) = − + 2Σ0 ln (ξ) +
E
ξ

!

1
3Ȧ2
−1 +
,
4ξ 3
2

(4.75)

where ps is the pressure at the cavity wall.
Solution of Equation 4.75 is obtained using Equation 4.73 as a boundary condition,
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and the condition Σ (ξ = ξi ) = Σ0 :




2
2
ps = Yd 1 + ln
3
3Σ0



+

3ρ 2
ȧ .
2

(4.76)

This is the same result found by Hopkins [27] for the same perfecly-plastic solid.

4.3.3.3. Incompressible Quasi-Static solution

Elastic

Elasto-plastic

Cavity

Stress free surface

r=c

r=a
r

Figure 4.5.: Schematic representation of material field in spherical cavity-expansion
for quasi-static media.
Due to the incompressible behavior and quasi-static conditions, Equation 4.34,
Equation 4.35, Equation 4.47 and Equation 4.48 are simplified to:

r + 2θ = 0 ,

(4.77)

σr − σθ
∂σr
+2
=0,
∂r
r

(4.78)

r =

1
2ν
σr − σθ − pl ,
E
E

(4.79)

123

Chapter 4

Engineering model of penetration for def. targets impacted by rigid rods

1−ν
1
ν
σθ + pl .
θ = − σr +
E
E
2

(4.80)

The solution is divided into two regions: elastic and elasto-plastic, as seen in Figure 4.5.
For elastic region (c < r < ∞), assuming a linear elastic material and small strain,
strain- displacement relations are given by:

r =

du
dr

and θ = φ =

u
,
r

(4.81)

where u is the particle displacement. Replacing them in Equation 4.77 and solving it,
the solution is given by the equation:

u (r) =

k
,
r2

when r > c .

(4.82)

Additionally, pl = 0 in the elastic region; therefore, Equation 4.47 and Equation 4.48
are reduced to:

r =

1
2ν
du
σr − σθ =
,
E
E
dr

(4.83)

1−ν
u
ν
σθ = .
θ = − σr +
E
E
r

(4.84)

Solving for σr and σθ , it is found that:
"

#

du
E
u
(1 − ν)
,
σr =
+ 2ν
(1 + ν) (1 − 2ν)
dr
r
"

#

E
du u
σθ =
ν
+
.
(1 + ν) (1 − 2ν) dr
r
124

(4.85)

(4.86)

4.3 Spherical Cavity-Expansion (SCE) formulation
Using Equation 4.36 and Equation 4.43, we can calculate:
du
E
u−r
σθ − σr =
r (ν + 1)
dr

!

= σe .

(4.87)

Replacing Equation 4.82 in Equation 4.87, and using the boundary condition σe (r = c) =
σc , the following integration constant is found:

k2 =

σc (1 + ν) c3
.
3E

(4.88)

Finally, assuming ν = 0.5 for the incompressible material, the particle displacement
and radial stress at the elastic medium are reduced to:
σ c c3
u (r) =
,
2E r3

σr (r) =

when r > c ,

−2σc c3
,
3 r3

(4.89)

when r > c .

(4.90)

For the elasto-plastic region (a < r < c), the following logarithmic strain- displacement
definitions are used:
du
r = ln 1 −
dr

!



u
and θ = ln 1 −
r



.

(4.91)

Replacing them in Equation 4.77, we can find that:
!



du
u
ln 1 −
+ ln 1 −
dr
r

2

=0,

(4.92)

which can be simplified as:
du
1−
dr

!

u
1−
r

2

=1.

(4.93)
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Analytical solution of this equation, using the boundary condition of the elastic-plastic
interface Equation 4.89 (u (c) = σe (c) c/2E), is given by:

u3 − 3ru2 + 3r2 u =

3c3 σc 3c3
−
2 E
4



σc
E

2

+

c3
8



σc
E

3

.

(4.94)

Furthermore, momentum equation can be modified using Equation 4.36 and Equation 4.43
(with ψ = 0) as:
∂σr
σe
−2 =0.
∂r
r

(4.95)

Now, integration Equation 4.47 and Equation 4.48 and solving then for σr and σθ , we
find that:

σr =

E
E
[(1 − ν) r + 2νθ ] +
pl ,
(1 + ν) (1 − 2ν)
(1 + ν)

(4.96)

σθ =

E
E
[νr + θ ] −
pl .
(1 + ν) (1 − 2ν)
2 (1 + ν)

(4.97)

Using Equation 4.36 and Equation 4.43 (with ψ = 0) , the following calculated:

σθ − σr =

E
3E
(θ − r ) −
pl = σe .
(1 + ν)
2 (1 + ν)

(4.98)

Replacing Equation 4.91 in Equation 4.98, and assuming ν = 0.5 for the incompressible
material, this equation is reduced to:
2E
1 − du/dr
σθ − σr = −
ln
3
1 − u/r

!

− Epl = σe .

(4.99)

Then, Equation 4.94 can be replaced in Equation 4.99, and the system of equations
(Equation 4.95, Equation 4.99) can be solved, using the elastic results at the elasticplastic interface as a boundary condition (Equation 4.89 and Equation 4.90), and the

126

4.3 Spherical Cavity-Expansion (SCE) formulation
conditions in the cavity wall u (a) = a and σr (r = a) = ps . However, a constitutive
model must be formulated (e.g. σe (pl )) for the plastic branch of the material.
For example, assuming an elastic perfectly-plastic material (σe = −Yd ), momentum
equation (Equation 4.95) is reduced to:

∂σr
Yd
+2 =0,
∂r
r

(4.100)

whose analytical solution is:

σr =

 

2Yd
c
+ 2Yd ln
3
r

;

(4.101)

and applying the boundary conditions σr (r = c) = 2Yd /3 (from Equation 4.90), and
σr (r = a) = Ps (from the cavity wall), we obtain:

Ps =

 

2Yd
c
+ 2Y ln
3
a

(4.102)

.

c/a ratio it is found by Equation 4.94, using u (a) = a; then, we obtain:

3Yd 3Yd2
Yd3
a3
=
−
+
.
c3
2E
4E 2 8E 3

(4.103)

Replacing Equation 4.103 inEquation 4.102, and ignoring the higher order term Y /E,
the cavity pressure for an incompressible material under quasi-static conditions is:



2Yd 2
2E
+ Yd ln
ps =
3
3
3Yd



.

(4.104)

This is the same result found by Bishop [98] for the same material conditions.
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4.3.3.4. Compressible Quasi-Static solution
In this case, Equation 4.34, Equation 4.35, Equation 4.47 and Equation 4.48 are simplified to:

d
ρ
ln
dt
ρ0

!

+ ˙r + 2˙θ = 0 ,

(4.105)

σr − σθ
∂σr
+2
=0,
∂r
r

(4.106)

1
2ν
σr − σθ − pl ,
E
E

(4.107)

ν
1−ν
1
θ = − σr +
σθ + pl .
E
E
2

(4.108)

r =

For elastic region (c < r < ∞), assuming a linear elastic material and small strain,
strain-displacement relations are given by:

r =

du
dr

and θ = φ =

u
.
r

(4.109)

Combining Equation 4.107 and Equation 4.108, the equations for σr and σθ are found
as follow:
"

#

E
du
u
σr =
(1 − ν)
+ 2ν
,
(1 + ν) (1 − 2ν)
dr
r
"

#

E
du u
σθ =
ν
+
.
(1 + ν) (1 − 2ν) dr
r
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(4.110)

(4.111)

4.3 Spherical Cavity-Expansion (SCE) formulation
Replacing in Equation 4.106, it is found that:

d2 u 2 du
u
−2 2 =0,
+
2
dt
r dt
r

(4.112)

whose solution is given by the equation:

u (r) = k2 r +

k3
,
r2

when r > c .

(4.113)

Using the boundary condition u (r → ∞) = 0; then, k2 = 0. Additionally, the other
boundary condition σe (r = c) = σc can be used to solve k3 (as seen in Equation 4.88).
Therefore, solution in the elastic field is given by:

u (r) =

σr =

σc (1 + ν) c3
,
3E
r2

−2σc c3
,
3 r3

when r > c ,

(4.114)

when r > c .

(4.115)

For the elasto-plastic region (a < r < c), the logarithmic strain-displacement definitions are used as follows:

du
r = ln 1 −
dr

!



u
and θ = ln 1 −
r



;

(4.116)

3E
pl = σe .
2 (1 + ν)

(4.117)

and it had been previously found that:

−E
σθ − σr =
(1 + ν)

1 − du/dr
1 − u/r

!

−

First, replacing Equation 4.107 and Equation 4.108 in Equation 4.105 and integrating
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then, it is found that:

ρ
ln
ρ0

!

=1−

(1 − 2ν)
(1 − 2ν)
(σr + 2σθ ) = 1 −
(3σr + 2σe ) .
E
E

(4.118)

Approximation of this equation is be given by the next relation:
ρ0
σr 2σe
=1−
−
,
ρ
K
3K

(4.119)

where K = E/3 (1 − 2ν) is the bulk modulus.

Next, replacing Equation 4.116 again in Equation 4.105 and integrating it, it is found
that:
1 d
ρ0
= 2 (r − u)3 ,
ρ
3r dr

(4.120)

and combining Equation 4.119 and Equation 4.120:

σr 2σe
(r − u)2
du
−
=
1−
1−
2
K
3K
r
dr

!

.

(4.121)

Then, Equation 4.117 can be replaced in Equation 4.106, and this system of equations
can be solved using the elastic results at the elastic-plastic interface as boundary
conditions (Equation 4.114 and Equation 4.115), and the conditions in the cavity wall
u (a) = a and σr (r = a) = Ps . However, a constitutive model must be formulated (e.g.
σe (pl )) for the plastic branch of the material.
For example, assuming an elastic perfectly-plastic material (σe = −Yd ), momentum
equation (Equation 4.106) is reduced to:

∂σr
Yd
+2 =0,
∂r
r

(4.122)

whose analytical solution, applying the boundary conditions σr (r = c) = 2Yd /3 (from
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Equation 4.115), and σr (r = a) = Ps (from the cavity wall):
 

c
2Yd
ps =
+ 2Y ln
3
a

(4.123)

,

is obtained
Additionally, solution of Equation 4.121 is given by the relation:
"

2Yd (1 − 2ν) 6Yd (1 − 2ν) c
+
ln
1+
E
E
a

# 
3

a
c

=

3Yd (1 − ν)
.
E

(4.124)

Second and third left term of Equation 4.124 can be ignored for some materials (ductile
materials). Then, replacing Equation 4.124 in Equation 4.123, the cavity pressure for
a compressible material under quasi-static conditions is:
E
2Yd 2
+ Yd ln
ps =
3
3
3Yd (1 − ν)

!

.

(4.125)

Note that for ν = 0.5, Equation 4.125 reduced to the incompressible solution
Equation 4.104.

4.4. Formulation of the engineering model of
penetration
In the previous section, the equations of the SCE theory were formulated and analyzed for different scenarios. In this section, an engineering model of penetration is
going to be formulated using SCE theory and two common plasticity models: CowperSymmonds and Johnson-Cook constitutive models (see chapter on fundamental concepts, Chapter 8, subsection 8.1.4, for more details about constitutive models).

4.4.1. Projectile deceleration
Consider the penetration of an axis-symmetrical rigid-rod of mass mp into a lowstrength target, as shown in Figure 4.6. In this figure, y (x) is the shape function of
an axi-symmetric nose of the rod, L0 is the cylindrical rod length; a is the rod radius;

131

Chapter 4

Engineering model of penetration for def. targets impacted by rigid rods

xp

L0
y ( x)

Target

Projectile
Vx

a

Figure 4.6.: Generic nose diagram, axis-symmetrical rigid-rod penetrating a soft
target.
Vx is the rod velocity; β is the meridional angle; and xp is the rod penetration depth
into the target.
According to the Newton’s second law, the motion equation of the rigid-rod is given
by:

mp

dVx
d 2 xp
= mp 2 = −Fx ,
dt
dt

(4.126)

where Fx is the resisting force produced by the target material onto the projectile,
which can be calculated by a balance of forces on the spherical cavity wall in the
following way [5, 6]:
ˆ
Fx = 2π

xp

(yy0 ps + yf ) dx ,

(4.127)

0

where ps is the cavity pressure, f is the frictional force. Assuming proportionality
between the radial and tangential stresses on the cavity wall, the frictional force can
be calculated using Coulomb’s relation [4]:

f = µps ,

(4.128)

where µ is the dynamic sliding-friction coefficient, which was assumed negligible beyond
the nose at xp ≥ a.

In this analysis, the cavity pressure ps must be determined to solve the penetration
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problem. In the next subsection, ps is predicted using the spherical cavity-expansion
theory.

4.4.2. SCE theory in penetration problems
In a previous subsection (see subsubsection 4.3.3.1), it was shown that the dynamic
behavior of a compressible elasto-plastic material can be predicted by solving the
non-linear differential equation system comprised by Equation 4.51, Equation 4.52,
Equation 4.53, Equation 4.54 and Equation 4.55. These five governing equations determine five of the six unknown parameters of the system (Σ, Σr , Σθ , V , pl and ρ).
To complete the formulation, an additional constitutive relation σe (pl ) must be formulated for the plastic flow of the material. Therefore, the spherical cavity is divided
into two regions (as seen in Figure 4.4).
In the elastic region ξi ≤ ξ ≤ ξw , the plastic strain and plastic strain rate are zero (pl ≡
0
0 and pl ≡ 0). Therefore, the system is simplified to three equations: Equation 4.61,
Equation 4.62 and Equation 4.63, or to Equation 4.64 and Equation 4.65, if linear
approximations are assumed.
In the elasto-plastic region 1 ≤ ξ ≤ ξi , the system can be combined to reduce
one variable, and to simplify it into four equations: Equation 4.57, Equation 4.58,
Equation 4.59 and Equation 4.60. Combining those equations with the constitutive
relation for the plastic flow, the solution of the cavity problem is completed.

4.4.3. Model solution
The solution of the penetration model consists of three different sub-processes. The
first sub-process is the solution of the cavity-expansion problem for the target material (see Figure 4.7(a)). The second sub-process is related to expressing the cavityexpansion as a function of the expansion velocity (see Figure 4.7(b)). Finally, in the
third sub-process, projectile deceleration equation is solved (see Figure 4.8).
When the cavity-expansion problem is solved, the cavity pressure ps is found for the
target material. The inputs for this problem are the material properties (ρ, E, ν, and
Y0 ) and the constitutive relation σe (pl , ˙pl )) and geometrical parameters (a, ȧ). Notice
that the problem is solved for a given cavity radius a and expansion velocity ȧ. Cavity
radius is constant during the event because the projectile is not changing its nose shape
(it is rigid), and the expansion velocity is assumed as constant for the solution. First,
a guess value ξi is selected, and the elastic region (ξi ≤ ξ ≤ ξw ) is solved, using the
boundary conditions Σ (ξw ) = Σr (ξw ) = 0 and the yield criterion Σ (ξi ) = Y0 . After
the elastic region is solved, Σr (ξi ) and V (ξi ) are known. These values are taken as
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boundary conditions for the elasto-plastic region, assuming continuity in the elasticplastic interface. After that, the elasto-plastic region (1 ≤ ξ ≤ ξi ) is solved, using
a constitutive relation for the plastic flow of the material (e.g. Cowper-Symmonds,
0
Johnson-Cook relations, or any other constitutive relation pl (Σ)). When the cavity
condition at the cavity surface V (ξ = 1) = 1 is satisfied, right values of Σr (ξ = 1) and
Σ (ξ = 1) are obtained, corresponding to the chosen value of ξi . Finally, the value of
ps is found using the boundary solution:

Ps = ps /E = Σr (ξ = 1) .

(4.129)

where Ps is the non-dimensional cavity pressure.
In the second sub-process, the cavity-expansion solution must be solved for a range
of non-dimensional expansion velocities ȧ, as seen in the loop process of diagram in
Figure 4.7(b). Usually, this range of ȧ is selected especifically to the impact velocities
covered during some penetration experiments. After the loop process, and according
to some previous available studies that suggest a dependence of ps on powers of ȧ
[8, 18], the cavity pressure ps can be approximated using a power function of ȧ,

ps = ac + cc ȧ2 + dc ȧ3 + fc ȧnc , or

(4.130)

Ps = Ac + Cc Ȧ2 + Dc Ȧ3 + Fc Ȧnc ,

(4.131)

where ac is a coefficient related with the quasi-static solution, because it does not
depend on the velocity; cc is the coefficient related to the inertial movements; and dc , fc
and nc are the coefficients and exponent related to the strain hardening and the strainrate contribution. Additionally, Ps = ps /E is the non-dimensional cavity pressure;
therefore, (Ac , Cc , Dc , Fc ) = (ac , cc , dc , fc ) /E are the non-dimensional coefficients.
In the third sub-process, deceleration of the projectile and the final penetration depth
dp is predicted. Therefore, Equation 4.130 is replaced in Equation 4.127, but first the
expansion velocity ȧ and the projectile velocity Vx must be related by:

ȧ = Vx cosφ ,

134

(4.132)

4.5 Comparison with previous results
where φ and xp are geometrically coupled by:

cosφ = 1 −

xp
.
a

(4.133)

The engineering model of penetration is completed with the inputs of the penetration process (mp , a, V0 , and µ), and solving Equation 4.126. Then, the position and
deceleration of the projectile can be found during the penetration event (Figure 4.8).
Annex A2.1 shows the numerical program developed using MATLAB/SIMULINK to
solve the cavity-expansion problem and to solve the penetration problem.

4.5. Comparison with previous results
In this section, the solution methodology for the engineering model of penetration is
compared with previous analytical solutions. In particular, solution of the SCE problem was compared for two kind of material constitutive relations: elastic-perfectly plastic, strain-hardening material, and power-law relations. Additionally, the engineering
model methodology is solved for two different compressible, elasto-plastic aluminum alloys. The particular constitutive relations used and studied were: the modified Ludwik
relation, and the Cowper-Symonds model.
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1. START

ρ , E , ν , Y0 , σ e ( ε pl )
a, aɺ

Guess

ξi

ξi ≤ ξ ≤ ξ w

Elastic region
Eq.(4.61) Eq.(4.62)

Eq.(4.63)

Σ (ξ = ξ w ) = Σ r (ξ = ξ w ) = 0

2. START

Σ (ξ = ξi ) = Y0

aɺ

V (ξ = ξi )
1*N2

Σ r (ξ = ξi )
+ ∆aɺ
1 ≤ ξ ≤ ξi

Elasto-Plastic region
Eq.(4.57)

Eq.(4.58) Eq.(4.59)
Eq.(4.60)
ε pl' ( Σ )

aɺ ≤ aɺmax

*N 1

NO

V (ξ = 1) = 1

Ps = ps / E = Ac + Cc Aɺ 2 + Dc Aɺ 3 + Fc Aɺ nc
END 2.

Σ (ξ ) , Σ r (ξ ) , ρ (ξ ) , V (ξ )

ps / E = Σr (ξ = 1)
END 1.
'
*N1: Constitutive relation ε pl ( Σ ) in terms of the studied variables.

*N2: Process for calculating ps , as shown on the left side of the figure.

Figure 4.7.: Model solution algorithm of the engineering model of penetration. (a)
1st sub-process, to find ps at a given ȧ; and (b) 2nd sub-process: to find a function
of ps as a function of ȧ.
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3. START

Ps = ps / E = Ac + Cc Aɺ 2 + Dc Aɺ 3 + Fc Aɺ nc

Eq.(4.131)

Eq.(4.132)

ps (Vx

Eq.(4.126)

)

Eq.(4.127)

m p , a, V0 , µ

Eq.(4.128)

Vx ( t ) , x p ( t ) , d p
END 3.

Figure 4.8.: Model solution algorithm of the engineering model of penetration. 3rd
sub-process, to find deceleration and penetration of the projectile.

4.5.1. Comparison with the Forrestal et al. SCE solution
Forrestal et al. [7] formulated the solution of SCE field for an elastic-perfectly plastic
material, using the constitutive equation:

Σ = Yd /E = Ȳ ,

(4.134)

where Yd is the dynamic yield stress of the material, and E is the material elastic
modulus.
They solved this system for a 6061-T6 aluminum, which parameters are shown in
Table 4.1, and the pressure at the spherical cavity wall (Ps = ps /E) was plotted versus
a non-dimensional cavity-expansion velocity, as seen in Figure 4.9.
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Table 4.1.: Parameters used in Forrestal SCE model [7].
6061-T6 Al

ρ [Kg/m3 ] E [GP a] ν [-] Yd [M P a]
2700
68.9
0.33
300

As comparison, the proposed solution methodology was adjusted to this material
0
conditions. First, it is noticed from Equation 4.134 that Σ = 0. Replacing it in
Equation 4.59 and Equation 4.60 , we found that:

1
1 0
0
(1 − 2ν) Σr + pl =
1 − eΦ ,
2
ξ


(4.135)



1 0
2
0
Σr − Ȳ = Ȧ2 ξ 2 (1 − 2ν) Σr + pl e−Θ−2Φ ,
ξ
2
0



(4.136)


where Φ = (1 + ν) Σr + 23 pl and Θ = (1 − 2ν) 3Σr + 2Ȳ .
0

Solving for pl in Equation 4.135:

0

0

pl = −2 (1 − 2ν) Σr +


2
1 − eΦ .
ξ

(4.137)

Using Equation 4.137 as the constitutive equation, the first two processes of the proposed methodology (subsection 4.4.3) were applied to this problem (see Figure 4.7).
Figure 4.9 shows the results of ps from the engineering model (Asterisk markers) at
different non-dimensional cavity-expansion velocities. Notice that the solution of the
engineering model agrees well with the full-nonlinear solution proposed by Forrestal et
al. Therefore, it shows that the engineering model can be used to model this kind of
behavior (elastic-perfectly plastic materials).
4.5.1.1. Comparison with Masri and Durban SCE solution
Masri and Durban [8] formulated the solution of SCE for an elastic, strain-hardening
material, using the power-law constitutive equation:

pl = kΣn .
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Figure 4.9.: Cavity pressure versus non-dimensional cavity-expansion velocity for
6061-T6 Al: Comparison between Forrestal et al. results and engineering model
solution [7].
They solved this system for different kinds of materials, which parameters are shown
in Table 4.2. Also, the pressure at the spherical cavity wall (Ps ) was plotted versus a
non-dimensional cavity-expansion velocity, as seen in Figure 4.10.
Table 4.2.: Parameters used in Masri and Durban SCE model [8].
Titanium B120VCA
Stainless steel
Steel D6AC
Aluminum7075-T6

ρ [Kg/m3 ] E [GP a]
4400
106
7800
206
7800
213
2700
72.4

ν [-]
0.333
0.3
0.27
0.32

k [-]
2.4 x 1029
5.78 x 104
2.52 x 1055
3.94 x 1021

n [-]
16.5
3
28
10.9

As comparison, the proposed methodology of solution was adjusted to this material
conditions. In this case, the derivative of Equation 4.138 with respect to ξ was first
calculated:.
0

0

pl = knΣn−1 Σ .

(4.139)

Using Equation 4.139 as the constitutive equation, the first two processes of the proposed methodology (subsection 4.4.3) were applied to this problem (see Figure 4.7).
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Figure 4.10 shows the results of ps from the engineering model (markers on the plot)
for all the materials (Table 4.2), and at different non-dimensional cavity-expansion
velocities. Again, notice that the solution of the engineering model agrees well with
the solution proposed by Masri and Durban for all the materials. Therefore, it shows
that the engineering model can be used to model this kind of behavior (elastic, strainhardening materials).
0.14
Masri: Titanium
Masri: Stainless steel
Masri: Steel
Masri: Aluminum
Model solutions

0.12

ps / E

0.1
0.08
0.06
0.04
0.02
0

0.05

0.1

0.15

(ρ / E)

0.2
0.5

0.25

0.3

aɺ

Figure 4.10.: Cavity pressure versus non-dimensional cavity-expansion velocity for
different materials: Comparison between Masri and Durban results and engineering
model solution [8].

4.5.2. Results of SCE model for 7075-T6 aluminum alloys and
comparison with FE models
Consider a rigid sphere penetrating a soft target, as seen in Figure 4.11. In this figure,
a is the radius of the projectile with mass mp , β and xp are the meridional angle and
penetration depth target, respectively.
For the hemispherical nose of the sphere, L = a and y (x) =
ignoring frictional forces, Equation 4.127 is transformed in:

q

a2 − (a − x)2 ; thus,

ˆxp
F = 2π

ps (a − x) dx ,
0
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xp

Target
Projectile
a
Vx

y ( x ) = a2 − ( a − x )

2

β

Figure 4.11.: Scheme of sphere as rigid projectile when penetrates a soft target.
Therefore, to solve the penetration problem, the pressure at the cavity wall ps must
be determined, using the spherical cavity-expansion theory.
First, it is necessary to formulate a constitutive relation for the target material; for
this example, the modified Ludwik relation is used:

σe = Y + Bnpl .

(4.141)

In this specific case, an Aluminum 7075-T6 target material was chosen, which properties are shown in Table 4.3.
Table 4.3.: Material properties for 7075-T6 aluminum.
ρ [Kg/m3 ] E [GP a] ν [-] Y [M P a] B [M P a] n [−]
2700
72.4
0.32
601
765
0.09174
Solving for pl :


1
pl =
B̄


1/n 

1/n

Σ − Ā

(4.142)

,



where Σ, Ā, B̄ = (σe , A, B) /E are the non-dimensional stresses; and differentiating
Equation 4.142 with respect to ξ:

0

pl =



1 1
n B̄

1/n 

Σ − Ā

(1−n)/n

0

Σ ,

(4.143)
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Using Equation 4.143 as the constitutive equation, the solution of the SCE model was
performed, applying the methodology explained in subsection 4.4.3 and structured in
Figure 4.7. After carrying out these two processes, non-dimensional pressure at the
cavity wall Ps is calculated as Σr (ξ = 1) = Ps = ps /E. Figure 4.12 (circle markers)
shows Ps results at different expansion velocities Ȧ, for 7075-T6 aluminum.
0.07
Exact solution
Polynomial aproximation

0.065

ps / E

0.06
0.055
0.05
0.045
0.04

0

0.02

0.04

0.06

0.08

0.1

Aɺ

Figure 4.12.: Variation of cavitation pressure with the non-dimensional cavityexpansion velocity for 7075-T6 aluminum. Markers represent the exact solution;
whereas, solid line represent the polynomial approximation (Equation 4.144).
After that, Ps results were adjusted using Equation 4.130:

Ps =

ps
= 0.0496 + 1.144Ȧ2 − 06202Ȧ3 .
E

(4.144)

Notice that the last term of Equation 4.130 is not placed in Equation 4.144 because
the modified Ludwik constitutive relation is not strain-rate dependent. Prediction
of Equation 4.144 is also shown in Figure 4.12 (solid line). Notice that polynomial
approximation agrees well with the exact cavity pressure solution (circle markers).
Using Equation 4.144, the engineering model of penetration was completed replacing
Equation 4.144 into Equation 4.140, as shown in Figure 4.8. Results of the engineering
model are shown in Figure 4.13 as lines (solid line at V0 = 250 m/s, and dot-line at
V0 = 250 m/s)
To compare and verify the predictions of the engineering model, a 2D axis-symmetric
computational FE model of the penetration problem was also solved using ANSYS/
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Figure 4.13.: Comparison between the engineering model of penetration and FE
computational simulation results for penetration of a steel sphere into an aluminum
target. Two initial velocities of the sphere 250 m/s and 500 m/s.
AUTODYN. Lagrangian mesh was used and optimized in order to minimize the hourglass energy and contact energy among elements to less than 5% of the total energy
balance [112]. The target was modeled as a semi-infinite aluminum solid, and the
sphere was modeled using a M300 steel alloy with φ = 4mm. The material parameters
used in the FE simulation are shown in Table 4.3 and Table 4.4 for the Al target and
the Steel sphere, respectively. Friction between bodies was neglected.
Figure 4.14 shows a sequence of the FE simulation using a sphere at V0 = 500 m/s.
Notice that the propagation of the stresses shows a spherical pattern, which confirms
the assumption of spherical symmetry field around the cavity-expansion. Results of
other FE simulations are shown in Appendix A2.2.
Table 4.4.: Material properties for M300 maraging steel.
ρ [Kg/m3 ] E [GP a] ν [-]
2700
189
0.3
Comparison between engineering model of penetration and FE simulations are shown
in Figure 4.13 at two different initial sphere velocities (250 m/s and 500 m/s). In
this figure, markers represent the results of the computational simulations, whereas
lines represent the prediction of the engineering model. Good agreement between the
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t  1 s

t  3 s

t  5 s

t  10  s

Mises stress [MPa]

0.600

0.756

0.912

1.068

1.224

1.380

Figure 4.14.: Results of simulation sequence of a Steel sphere penetrating an Al 7075T6 target, at V0 = 500 m/s. Color scale represents Von-Mises stresses (in MPa).
engineering model and the computational model, both in penetration profile and final
penetration, can be observed, which means that the engineering model can be used to
predict the penetration depth in this kind of materials.

4.5.3. Results of SCE model - CS relation for 6061-T651
Aluminum alloy and comparisons with experimental data
Consider the penetration of a spherical-nosed rigid-rod with mass mp into a lowstrength target, as shown in Figure 4.15. In this figure, L0 is the rod length; a is
the nose radius; Vx is the rod velocity; β is the meridional angle; and xp is penetration
depth of the rod into the target.
As in the previous
case, the hemispherical nose of the projectile has a shape function
q
given by y = a2 − (a − x)2 ; thus, ignoring frictional forces, the deceleration force is
also given by Equation 4.140.
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xp

L0

Target
Projectile

y

a

Vx

β

x

Figure 4.15.: Spherical-nosed projectile penetrating a soft target diagram.
In this specific case, a 6061-T651 aluminum target material was chosen, which is characterized as a compressible, elastic-plastic material with Cowper-Symonds constitutive
relation, which is given by:



σe = Y0 +

Bcs nplcs



˙pl
1+
Dcs



1/qcs !

,

(4.145)

where Y0 is the yield stress at zero plastic strain, Bcs is the strain hardening coefficient,
ncs is the strain-hardening exponent, and Dcs , qcs are the strain rate constants.
Three different cases derived from the CS model for the target material were studied: strain dependent (SD) material; strain-rate sensitive (SS); and coupled straindependent and strain-rate sensitive (CS). These cases are presented in the next subsections.

4.5.3.1. Strain dependent model (SD)
In this case, Equation 4.145 is simplified to the next equation:


σe = Y0 + Bcs nplcs



(4.146)

,

and solving it for ep , it was found:

pl =

1
B̄cs

!1/ncs



Σ − Ȳ0

1/ncs

,

(4.147)
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where Σ, Ȳ0 , B̄cs = (σe , Y0 , Bcs ) /E are the non-dimensional stresses. Additionally, it
is necessary to find the derivative Equation 4.147 with respect to ξ:

1
1
pl =
ncs B̄cs
0

!1/ncs



Σ − Ȳ0

1/1−ncs

0

Σ .

(4.148)

Using Equation 4.148, the solution of the SCE model was performed, applying the
methodology explained in subsection 4.4.3 and structured in Figure 4.7.

4.5.3.2. Strain rate sensitive model (SS)
In this case, Equation 4.145 is simplified to:

σ e = Y0



ε̇pl
1+
Dcs

1/qcs !

(4.149)

.

From Equation 4.50, Equation 4.149 can be rewritten as follows:



0


ȧ
Σ = Ȳ0 1 +
(V − ξ) pl
a
Dcs




!1/qcs 


,

(4.150)

0

where Σ, Ȳ0 = (σe , Y0 ) /E are the non-dimensional stresses, and solving if for pl , it
is found:
!qcs

Σ
aDcs
pl =
−1
ȧ (V − ) Ȳ0
0

.

(4.151)

Using Equation 4.151, the solution of the SCE model was performed, applying the
methodology explained in subsection 4.4.3 and structured in Figure 4.7.
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4.5.3.3. Strain dependent and strain-rate sensitive model (CS)
In this case, Equation 4.145 is not simplified, but it can be rewritten using
Equation 4.50 as:



Σ = Ȳ0 + B̄cs nplcs








0


ȧ
1 +
(V − ξ) pl
a
Dcs

!1/qcs 


,

(4.152)

where Σ, Ȳ0 , B̄cs = (σe , Y0 , Bcs ) /E are the non-dimensional stresses, and solving it
0
for pl , it is found:
!qcs

aDcs
Σ
pl =
−1
ȧ (V − ξ) Ȳ0 + B̄cs nplcs
0

.

(4.153)

Using Equation 4.153, the solution of the SCE model was performed, applying the
methodology explained in subsection 4.4.3 and structured in the Figure 4.7.
Table 4.5.: Material properties and CS parameters for Aluminum 6061-T651 [18].
Elastic properties
Cowper-Symonds parameters
ρ [kg/m3 ] E [M P a]
ν
A [M P a] Bcs [M P a] ncs Dcs [s−1 ] qcs
2710
68.9
0.33
276
140
0.18
80000
1.1
Table 4.5 shows the elastic and CS parameters of the 6061-T651 Al alloy, which were
used to find the cavity-expansion pressure for each case. They were adjuted from
Warren and Forrestal [18], who characterized the 6061-T651 Al alloy using a quasistatic tension test and Compression Split-Hopkinson pressure bar tests.
Figure 4.16 and Figure 4.17 show the radial profiles of stresses in two different dynamic
cavity-expansions (Ȧ = 0.05 and Ȧ = 0.1) for the Al 6061-T651 (Table 4.5), and using
the three cases studied of the Cowper-Symonds model. Notice that elastic behavior
is similar using the different models; however, the plastic behavior is significantly
different. Using the SD model, non-dimensional stresses are lower; whereas, with the
CS model, they are higher. It is because the CS model has the influence of the strain
and strain-rate on the material strength.
With these results, non-dimensional cavitation pressure Pc = pc /E was calculated
from Equation 4.129. Figure 4.18 (markers) shows the pressure in the cavity wall at
different expansion velocities for 6061-T651 Al using the three cases from the CowperSymonds strength model (circles markers for SD, square markers for SS and diamond
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Figure 4.16.: Radial profiles of stresses in dynamic expansion (Ȧ = 0.05) for a Mises
solid with CS constitutive relation. Results are for 6061-T651 Al.
markers for CS model ). Notice again, that higher pressures are reached with the CS
model.
Cavity-expansion results of Figure 4.18 were also adjusted using power functions (solid
lines), as shown in Equation 4.131. SD model was adjusted using Equation 4.154;
whereas, SS model was adjusted using the Equation 4.155. Notice that the third
component in Equation 4.155 is a power of the qcs parameter. Therefore, CS model is
a combination of Equation 4.154 and Equation 4.155; for this reason, CS model was
adjusted using Equation 4.156.

Ps = Ac1 + Cc1 Ȧ2 + Dc1 Ȧ3 ,

(4.154)

Ps = Ac2 + Cc2 Ȧ2 + Fc2 Ȧ1/q ,

(4.155)

Ps = Ac3 + Cc3 Ȧ2 + Dc3 Ȧ3 + Fc3 Ȧ1/q .

(4.156)

Table 4.6 shows the coefficient adjusted to each power function for calculating Ps .
Additionally, Figure 4.18 shows the prediction of the power function approximation,
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Figure 4.17.: Radial profiles of stresses in dynamic expansion (Ȧ = 0.1) for a Mises
solid with CS constitutive relation. Results are for 6061-T651 Al.
which agrees well with the exact cavity pressure solutions.
Table 4.6.: Coefficient adjusted to each power function
Equation 4.155, Equation 4.156) for Pc approximations.
Case 1: SD model
Case 2: SS model
Case 3: CS model

(Equation 4.154,

Ac
Cc
Dc
Fc
0.0496 1.144 -0.6202
0.0288 1.0509
0.0589
0.043 0.4556 2.4256 0.1003

Further, using Equation 4.154, Equation 4.155 or Equation 4.156, the penetration
equation can be solved (as seen in Figure 4.8). Results of the penetration-enginnering
model are shown in Figure 4.20 as lines (SD model: solid line, SS model: dashed line,
and CS model: dash-dot line). As we can see, CS model prediction represents lower
penetration due to the synergy of the strain and strain-rate mechanisms when the
target material is deforming.
To compare and verify the previous predictions of the engineering model, a 2D axisymmetric computational model of the penetration problem was also solved using
ANSYS/AUTODYN. Those models were solved for each case of the Cowper-Symonds
model (e.i. SD, SS, and CS cases). Therefore, only the applicable parameters for each
model were selected, for example, the SS model was only programmed with A, D and q
parameters and the others were set to zero. Target was modeled as semi-infinite using
the CS properties shown in Table 4.5. Projectile was modeled as an elastic material,
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Figure 4.18.: Variation of cavitation pressure Ps with expansion velocity m Al 6061T651 Al. The different markers represent the exact solution for the three CowperSymonds model cases; whereas, lines represent the power function approximation.
using a M300 maraging steel (Table 4.4).
The type of CPU used for performing numerical simulations was an Intel Xeon E5-2630
@2.30GHz and 32GB RAM.
Table 4.7.: Material properties for M300 maraging steel [19].
ρ [kg/m3 ] E [GP a] ν
8000
189
0.30
To validate both the engineering model and the finite element simulation, experimental
results from Forrestal et al. [4, 50] were used. In those experiments, M300 maraging
steel, spherical-nosed projectiles with a nominal mass of 24g, nose radius a = 3.55mm,
and length L0 = 71.11mm (see Figure 4.15) were used to impact 6061-T651 aluminum
semi-infinite targets. Properties of M300 steel were extracted from [19], as shown in
Table 4.7.
Figure 4.19 shows a sequence of the simulation using the CS model and the projectile
at initial velocity of V0 = 250 m/s. Color scales represents the Von-Mises stresses
over the target. Notice that the propagation of the stresses shows a spherical pattern, which confirms the assumption of spherical symmetry field around the cavityexpansion. Other FE simulation results are shown in Appendix A2.3.
Figure 4.20 shows the comparison between the engineering model and simulations at
an initial projectile velocity of 250 m/s. In this figure, markers represent the results
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of the computational simulations, whereas lines represent the prediction of the engineering model of penetration. Good agreement between the engineering model and
the computational model can be seen, both in penetration profile and final penetration, which means that the engineering model can be used to predict the behavior
of strain dependent and strain-rate sensitive materials. Taking into account that the
time-consumption of the engineering model solution is around 5 s, this is an effective
method compared with the computational simulation, which takes around 6 min to
achieve the solution. This advantage can be used for quick predictions in simple impact
events and also for optimization of target materials.

Finally, models are verified using experimental data from Forrestal et al. [4, 50]
as can be seen in Figure 4.21. In this figure, dimensionless depth of penetration
(xp / (L0 + 2a/3)) is plotted as a function of initial projectile velocity (V0 ). Both engineering and computational model predictions show good agreement below velocities of
800 m/s. However, these models under-predict the penetration depth above 800 m/s.

Rajendran and Seidt et al. [113, 16] studied the influence high strain rate behavior
of different materials including aluminum targets. In those studies, thermal softening
is taken into account for high velocity penetration events due to the high temperature contact materials can reach at that point. Because of engineering model and
computational model developed in the current paper are not thermal sensitive, depth
penetration results are not well predicted at high velocity, as seen in the result comparison above 800 m/s in Figure 4.21.
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Figure 4.19.: Results of simulation sequence of M300 projectile penetration at
250 m/s into Al 6061-T651 target. Target was modeled using complete CowperSymonds strength model. Color scale represents Von-Mises stresses (in MPa). Projectile was omitted in image sequence (except in the first one).
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Figure 4.20.: Comparison between the engineering model and computational simulation of penetration of projectile on Al Target at initial velocity of 250 m/s.
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Figure 4.21.: Scaled depth of penetration vs. striker velocity. Comparison among experimental data, FE computational model and Cowper-Symonds engineering model
results.

153

Chapter 4

Engineering model of penetration for def. targets impacted by rigid rods

4.6. Engineering model of penetration applied to
6063-T4 aluminum Targets
In this section, the studied aluminum material (6063-T4 Al alloy), which was characterized and analyzed in the previous chapter (See Chapter 2, Section 2.6) for Taylor
cylinders, is used to study the penetration of rigid projectiles into this Al alloy. First
the cavity-expansion problem for this material was solved. After that, FE simulations of the penetration experiments were performed. Finally, experimental data is
compared with FE simulation results and with the engineering model results.

4.6.1. Cavity-expansion solution
The 6063-T4 Aluminum target material was chemically and mechanically characterized
in the Chapter 2 (See Chapter 2, Section 2.6). According to those results, plastic flow
of this material was adjusted to the Johnson-Cook (JC) constitutive relation, which is
given by:


n

σe = Y0 + Bjc pljc



1 + Cjc ln

˙pl
˙0



(4.157)

,

where Y0 is the yield stress at zero plastic strain, Bjc is the strain hardening coefficient, njc is the strain-hardening exponent, and Cjc , ˙0 are the strain rate constants.
Calibrated JC parameters are shown in Table 4.8.
Table 4.8.: Mechanical characterization of the aluminum alloy: density, elastic parameters and Johnson-Cook parameters

6063-T4 Al

ρ
[kg/m3 ]
2700

JC parameters
E
ν
Y0
[GP a] [-] [M P a]
65.74 0.33 147.4

Bjc
njc
[M P a] [-]
269.6 0.48

Cjc
ε˙0
[-]
[s−1 ]
0.013
1

Following Equation 4.50, Equation 4.157 can be rewritten as:



Σ = Ȳ0 +

154

n
B̄jc pljc



0


ȧ
1 + Cjc ln
(V − ξ) pl
a
˙0

!!

,

(4.158)
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where Σ, Ȳ0 , B̄jc = (σe , Y0 , Bjc ) /E are the non-dimensional stresses. Solving for
0
pl :

"

1
a˙0
exp
pl =
ȧ (V − ξ)
Cjc
0

!#

Σ
n −1
Ȳ0 + B̄jc pljc

(4.159)

.

Using Equation 4.159, the solution of the SCE model was performed, applying the
methodology explained in subsection 4.4.3 and structured in Figure 4.7.

Figure 4.22 and Figure 4.23 show the radial profiles of stresses in two different dynamic
cavity-expansions (Ȧ = 0.05 and Ȧ = 0.1) for the 6063-T4 Al target (Table 4.8).
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Figure 4.22.: Radial profiles of stresses in dynamic expansion (Ȧ = 0.05) for a Mises
solid with JC constitutive relation. Results are for 6063-T4 Al.
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Figure 4.23.: Radial profiles of stresses in dynamic expansion (Ȧ = 0.1) for a Mises
solid with JC constitutive relation. Results are for 6063-T4 Al.
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Figure 4.24.: Variation of cavity pressure ps with the non-dimensional expansion velocity Ȧ, and using a semi-infinite target (ξback → ∞).
Figure 4.24 shows the results of the numerical solution for non-dimensional cavity
pressure Ps (diamond markets) at different non-dimensional expansion velocities (Ȧ),
and using a semi-infinite target (ξback → ∞). Notice that the numerical solution can
be adjusted in a good manner (solid line) using the power function (Equation 4.160).
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Table 4.9.: Adjusted parameters for ps approximation (Equation 4.131).
Ac

Cc

Dc

Fc

nc

0.0099

1.2238

-0.2279

0.0084

0.0240

Parameters used for this adjustment are shown in Table 4.9.

Ps = Ac + Cc Ȧ2 + Dc Ȧ3 + Fc Ȧnc ,

(4.160)
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Figure 4.25.: Comparison of the penetration depth between engineering model results
and FE simulation results.

4.6.2. Penetration in semi-infinite targets
Using cavity-expansion results of Equation 4.160 and Table 4.9, penetration model can
be solved (as seen in Figure 4.8). Therefore, penetration experiments were configured
using 10.3 mm diameter, steel spheres impacting the studied target, as was shown in the
Figure 4.11. Results of the engineering model of penetration are shown in Figure 4.25
as solid lines at two penetration velocities.
To compare and verify the predictions of the engineering model, a 2D axis-symmetric
computational FE model of the penetration problem was also solved using ANSYS/
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AUTODYN. Lagrangian mesh was used and optimized in order to minimize the hourglass energy and contact energy among elements to less than 5% of the total energy
balance [112]. The target was modeled as a semi-infinite aluminum material, and the
sphere was modeled using a steel alloy with φ = 10.3 mm. The material parameters
used in the FE simulation are shown in Table 4.8 and Table 4.4 for the Al target and
the Steel sphere, respectively. Friction between bodies was neglected (Results of the
FE simulations are shown in Appendix A2.4).
Figure 4.25 shows the comparison between engineering penetration model and simulations at an initial projectile velocity at two penetration velocities. In this figure,
segmented-lines represent the results of the computational simulations, whereas solidlines represent the prediction of the engineering model. Good agreement between the
engineering model and the computational model can be seen, both in the penetration
profile and the final penetration, which means that the engineering model can be used
to predict the penetration behavior of this type of Al targets.

4.6.3. Penetration in Finite targets
Finite targets are those for which the existence of a free rear surface has an effect on
the interaction between the projectile and target element [83]. Penetration results of
SCE models for semi-infinite targets can also be applied to the finite target domain.
However, modifications may be required to account for the absence of stress at the
rear of the target [108].
In this subsection, the engineering model of penetration, using the Spherical CavityExpansion Theory, is re-formulated to account for the target thickness. The engineering model was numerically solved and the predicted depth of penetration was compared with results of computational simulations performed in ANSYS/AUTODYN.
Additionally, engineering and computational models were validated using experimental penetration tests.
A finite target, as the one shown in Figure 4.26, was assumed, where h is the target
thickness, xp is the penetration depth, and xback is the movement of back surface of
the target (bulging). Friction between the projectile and target was omitted.
Using the non-dimensional radial coordinate ξ = r/a, ξ = 1 will be the cavity wall,
and ξback will be the radial coordinate of the back surface:

ξback =
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h + a + xback − xp
.
a

(4.161)
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In this case, the cavity pressure Pc can be approximated as:

ps /E



=Ac 1 +

1
ξback − 1

+ Dc Ȧ3 + Fc Ȧnc ,

!3 

 + Cc Ȧ2



1
1+
1 − 2ν



1
ξback − 1

!!

(4.162)

where ν is the Poisson’s ratio. Coefficients and exponents for Equation 4.162 were
shown in Table 4.9. Notice in this equation that Ps depends on the back surface
position (ξback ). When the target is thick enough (ξback → ∞), the solution is reduced
to a semi-infinite cavity pressure solution (Equation 4.131).
Furthermore, using Equation 4.162, the penetration model can be solved (as seen in
Figure 4.8), and the position of the sphere can be predicted. Results of the engineering model of penetration are shown in Figure 4.27 as solid lines, for initial projectile
velocities of 250 m/s, and at different target thicknesses.
Target
Elastic

Elasto-plastic
Projectile

ξi

r = a;

ξ back

ξ =1

V0

xp

x back
h

Figure 4.26.: Diagram of a penetration problem in a finite target using the Spherical
Cavity-Expansion theory.
To validate the model results, some experimental data was collected. A diagram of
the experimental set-up is shown in Figure 4.28. In this case, the φ 10.3 mm steel
sphere was launched over coupons of three different thicknesses (6.35 mm, 9.57 mm
and 12.7 mm) at velocities up to 250 m/s. A specific support was designed to reduce
the influence of plate bending during the impact.. IR-Led sensors were placed before
and after the target coupons to measure the velocity of the projectile. Additionally,
a CORDIN 535 high speed camera was placed perpendicular to the target surface to
capture the penetration event.
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Figure 4.27.: Comparison of the penetration depth among experimental test, engineering model and FE numerical model. Different target thicknesses are also compared. Initial velocity of the sphere: V0 ≈ 243 m/s.
Figure 4.29 shows the sequence of the penetration event captured by the high speed
camera. It represents the impact of the steel sphere at V0 = 250 m/s. Similar penetration experiments were performed at V0 = 150 m/s. From these images, position
of the sphere was extracted during the penetration event (For more details about the
image editing and handling, see Appendix A2.5) This position is shown as markers in
the Figure 4.27. Other images captured by the high-speed camera are shown in the
Appendix A2.6.
Target
Solenoid valve

Support

Projectile
Cannon

Velocity sensor,
1st set

Velocity sensor,
2nd set

Figure 4.28.: Scheme of the experimental set-up for the penetration tests.
Additionally, 2D axis-symmetric computational model of the penetration problem was
also programmed using ANSYS/AUTODYN, to compare and verify the predictions of
the engineering model. The target material was also modeled using the elastic and
Johnson-Cook parameters of the Al alloy (Table 4.8). Body Lagrangian meshes were
optimized to minimize the hourglass energy and contact energy among elements (less
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Figure 4.29.: Sequence of the penetration event of the steel sphere impacting the Al
6063-T4 coupon at V0 = 250 m/s. Images taken by a high speed camera at 197, 531
frames per second.
than 5% of the total energy balance). In the end, a mesh of 0.25 mm element size with
an adaptive mesh refinement on the impact zone was selected. Friction between the
bodies was omitted. The position of the sphere was extracted during the penetration
event from the simulation results, . This position is shown as dot-lines in Figure 4.27.
Figure 4.30 shows a sequence of the penetration event modeled by the FE computational model. It represents the impact of the steel sphere impacting the 12.7 mm
thick Al target at V0 = 243.9 m/s. Similar simulations and penetration experiments
were performed for the other coupon thicknesses, which final results are shown in the
Appendix A2.4.
All the penetration results are summarized in Table 4.10. None of the coupons were
perforated by the impact. The final penetration depth was measured in each model:
the experimental values measured after the penetration tests (xef ), the final penetration
predicted by the engineering model (xm
f ), and the final penetration predicted by the FE
c
computation model (xf ). According to these results, it was found that the penetration
depth was well predicted by both engineering and computational models. Additionally,
the penetration depth during the event was compared among the different models. This
comparison is shown in Figure 4.27 for tests 1, 3 and 6 (Figure 4.24). Experimental
data points were extracted from high speed images. Once again, good agreement was
reached among the different models.
According to these results, it was found that penetration resistance is reduced (higher
penetration depth) when the target thickness is thinner using almost the same impact
energy (initial projectile velocity). This is because the cavity pressure is lower when
the target is thinner, which is clearly shown in Eq.(Equation 4.162).
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Figure 4.30.: Results of FE simulation sequence of the rigid steel sphere impacting
a 12.7 mm thick Al 6063-T4 coupon at V0 = 243.9 m/s. Color scale represents
Von-Mises stresses (in MPa).

4.7. Discussion of the chapter
Some discussion about the engineering model of penetration, developed in this chapter,
is presented below.
First, the use of spherical cavity-expansion theory for modeling the behavior of targets
has been extensively discussed. In this study, a strain-dependent constitutive relation to the material was added , which was also studied previously by Warren et al.
[18]. However, the proposed methodology of solution is completely different because
the cavity is not expanded in this kind of problems; it is only moving into the target
because the projectile is rigid and it does not suffer shape changes. A complete study
about the cavity stability and steady cavity assumptions for rigid projectile penetrations was developed by the authors, and it can be seen in Appendix A4.6. Therefore,
it was found that the cavity-expansion approach can be used to solve this kind of
penetration problems. This claim was validated and verified during this chapter using different data extracted from FE numerical simulations and experimental data of
impact results, obtaining good results when penetration depth into the target is compared. Additionally, in this research, common constitutive plastic relations were used,
such as Cowper-Symonds and Johnson-Cook equations, which are well known, and the
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Table 4.10.: Results of final penetration depth for each coupon thickness (h), and at
two initial projectile velocities (V0 ). Final penetration depth according to experic
mental tests (xef ), engineering model (xm
f ), and FE computational model (xf ).
Test
1
2
3
4
5
6

h [mm] V0 [m/s] xef [mm] xm
xcf [mm]
f [mm]
6.35
241.00
4.55
4.39
4.34
6.35
158.73
2.65
2.53
2.52
9.53
245.40
3.39
3.37
3.47
9.53
158.73
1.98
2.03
2.16
12.70
243.90
3.09
3.17
3.19
12.70
147.93
1.72
1.81
1.92

parameters of these equations can be easily found in bibliography for many materials.
The limitation we found in this analysis is that the engineering model of penetration
was formulated for monolithic and ductile materials. It has been found that other
kind of materials can also be modeled; however, some modifications to the formulation must be done to include brittle effects, for example. Additionally, it was shown
that the penetration model can be applied to finite targets; however, when the target
thickness is thin enough, a model failure must be included to the formulation; otherwise, penetration depth predictions are not going to be reliable. Additionally, consider
the limitation of the thermal effects which were neither included in the formulation
of this penetration engineering model. However, the discussion given in the previous
part about this topic (see Discussion in Chapter 4, Section 4.7) is also relevant here.
Therefore, it can be assumed that at low and medium velocities the slightly changes
of temperature do not affect the behavior of the material, and thus, they do not have
a strong influence in the prediction of the penetration engineering model.
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5.1. Material model for clay at high strain rates
5.1.1. Introduction
Modeling clay is a thixotropic material (a material which has the property of being
time-dependent shear thinning) made from inert mineral oils, fillers and waxes [114],
which is commonly used as a recording medium of back-face deformation of soft and
hard body armors in back-face signature (BFS) tests [115]. Simple modeling clay, such
as Roma Plastilina No.1, is used in blunt trauma research, and in many countries, it
is a standard backing material for body-armor testing since it provides some benefits
in relatively low-velocity impacts compared to other backing materials [116]. Hence,
comprehension of the mechanical response and penetration mechanics of modeling clay
is fundamental for the analysis of ballistic body-armor tests.
Despite the fact that modeling clay has been used for this purpose for nearly 25 years
[117], there are no available material models that describe its behavior at the strain
rates characteristic to such tests. Some approximations of its behavior are only limited
to low strain rates [118, 119, 120, 121], and others use only simple empirical relations
[114, 116] or constitutive models [122, 123, 124]. Consequently, there is no sufficient
clarity about the mechanical behavior of modeling clay at high strain rates. This is a
significant limitation for body-armor designers as they cannot evaluate the BFS of a
given concept using finite-element explicit computational codes.
One of the difficulties for modeling clay is its thixotropic behavior [125], with its
viscosity depending on time, strain rate and temperature [114, 116]. An additional
difficulty is the lack of a standard test method to characterize this kind of soft materials
due to its low elastic modulus, which impedes the use of contact devices for measuring
its dynamic mechanical properties [126].
In this section, a two-step methodology is presented to calibrate parameters of a
Cowper-Symonds material model [127] for modeling clay at high strain rates. First, a
technique to characterize soft materials at high strain rates is designed based on the
Dynamic Indentation test and high-speed images. Second, an engineering model of

165

Chapter 5

Further applications of the engineering model for def. targets

penetration, based on both the spherical cavity-expansion theory [128, 27] and on the
Tate penetration equation [30, 31], is formulated. The material parameters are calibrated by an inverse technique employing the experimental data and the engineering
model. Finally, these parameters, and the ones found by a traditional direct method
using quasi-static uniaxial compression tests, were used in numerical finite-element
(FE) models to compare their solutions with experimental data.

5.1.2. Theoretical background
In this subsection, theoretical background of penetration modeling is introduced since
it is important for the development of the spherical cavity-expansion-Tate engineering model of the penetration process. First, a phenomenological description of phenomenology of target-penetration events is presented, based on Backman and Goldsmith [83]. After that, the Cowper-Symonds (CS) constitutive model is described.
Then, an elasto-plastic spherical cavity-expansion theory is formulated using the CS
model. Finally, an engineering model for penetration application of rigid projectile on
soft targets is proposed.

5.1.2.1. Penetration regimes
The phenomenology of the target in a penetration event can be divided in four regimes
depending of the penetration velocity (Vp ), according to Backman and Goldsmith [83]:
(1) elastic deformations in the target at extremely low Vp , where the target is deformed
but recovers its shape; (2) plastic deformation, when ȧ is high enough to achieve pressures on the impact surface above the compression yield stress of the material (σy ),
and the target experiences a variety of phenomena including propagation of elastic,
plastic, and/or hydrodynamic waves as well as frictional heating
q that producesqlocal
and global deformations; (3) a hydrodynamic regime, when σy /ρ < Vp < K/ρ
(where ρ is the material density and K is the bulk modulus), and the material can be
modeled as a fluid; and (4) hyper-velocity impacts, at sufficiently high impact velocities, demonstrating decrease of compressibility of the solid, shock waves, comminution,
phase changes, vaporization, or even impact explosions of the target material.
Most of the penetration models are focused on the second and third regimes since they
involve medium and high penetration velocities [30, 31]. However, special care should
be taken with soft materials due to their low bulk modulus, as they can easily progress
into the fourth penetration regime.
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5.1.2.2. Cowper-Symonds plasticity material model
The plastic flow behavior of the material should be reflected in a constitutive model.
The Cowper-Symonds (CS) plasticity constitutive model that is typically used for
super-plastic forming analysis [127] was selected because it depends on plastic strain
(εpl ) and a plastic strain rate (ε̇pl ):


σe = Y0 +

Bcs nplcs





ε̇pl
1+
Dcs

1/qcs !

.

(5.1)

In this model, σe is the effective flow stress, Y0 is the yield stress at zero plastic strain,
B is the strain-hardening coefficient, n is the strain-hardening exponent, and D and q
are strain-rate-hardening parameters. It is important to mention that B and n in the
Cowper-Symonds model are not included in the current characterization analysis, as
the clay’s flow behavior is shear thinning, which can be described as a Reiner-Rivlin
fluid [129]. Therefore, the CS model is reduced to:

σe = Y0



˙pl
1+
Dcs

1/qcs !

.

(5.2)

5.1.2.3. Spherical cavity-expansion theory
In a previous chapter (section 4.3), the problem of the spherical cavity-expansion in a
compressible, elastic-viscoplastic Cowper-Symonds field was solved. The system was
numerically solved; and after this solution, the cavity pressure was found, and it was
used to model penetration problems (subsection 4.4.3). In the current formulation,
the spherical cavity-expansion problem was reduced assuming modeling clay as an
incompressible material, both in the elastic and the plastic branch. In the elastic
branch, plasticine is incompressible due to its high Poisson’s ratio (ν = 0.43) [122, 130].
In the plastic branch, Green [131] claimed that plastic compressibility in plasticine is
negligible if all air bubbles are removed by working the material. It was proven by Feng
et al. [132] using SEM images of deformed plasticine specimens. By the incompressible
assumption, the system can be analytically solved.
Using these considerations (spherical symmetry and incompressibility), mass and momentum conservation equations in spherical coordinates were reduced to the following
one-dimensional problem [96]:

ε̇r + 2ε̇θ = 0 ,

(5.3)
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∂σr
σr − σθ
+2
= ρυ̇ ,
∂r
r

(5.4)

where r is an Eulerian radial coordinate, ε̇r = ∂υ/∂r is the radial strain rate; ε˙θ = υ/r
is the hoop strain rate; υ = ṙ is the radial material velocity (it was taken positive
outward); ρ is the material density; and σr , σθ , σφ are the radial, hoop and meridional
components of Cauchy stress tensor taken positive in compression, respectively, and
σθ = σφ from symmetry [7].
The material response is modeled as a J2 Mises solid [8], where effective stress σe is
given by:

σe = σθ − σr .

(5.5)

Assuming the Mises flow theory in the absence of material spin [8, 133, 111], the
strain-rates and material velocity are related by:

ε̇r =

dυ
σ̇r 2ν σ̇θ
−
− ε̇pl =
,
E
E
dr

ε̇θ = −

ν σ̇r (1 − ν) σ̇θ ε̇pl
υ
+
+
= .
E
E
2
r

(5.6)

(5.7)

It is assumed that the only independent variable is the non-dimensional radial coordinate ξ = r/a, where a is the cavity radius (See Figure 4.4). Thus, the time derivative
is transformed with the similarity relation [111]:




d
d
ṙ
ȧ d
ȧ
d
= ξ˙ =
−ξ
= (V − ξ)
,
dt
dξ
a
a dξ
a
dξ

(5.8)

where V = ṙ/ȧ is the non-dimensional radial velocity and ȧ is the cavity-expansion
velocity. Using Equation 5.8, Equation 5.3), Equation 5.4, Equation 5.5, Equation 5.6
and Equation 5.7 transform to:
dV
V
+2 =0,
dξ
ξ
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dΣr
Σ
dV
− 2 = Ȧ2 (V − ξ)
,
dξ
ξ
dξ

(5.10)

Σe = Σθ − Σr ,

(5.11)

dV
d
= (V − ξ)
(Σr − 2νΣθ − εpl ) ,
dξ
dξ

(5.12)



d
1
V
= (V − ξ)
−νΣr + (1 − ν) Σθ + εpl
ξ
dξ
2



,

(5.13)

where (Σ, Σr , Σθ ) = (σe , σr , σθ ) /E are the non-dimensional stresses, and Ȧ is the nondimensional cavity-expansion velocity, defined by:

ȧ
Ȧ = q
.
E/ρ0

(5.14)

The mass conservation (Equation 5.9) has the known solution (using the wall condition
V (ξ = 1) = 1):

V =

1
.
ξ2

(5.15)

Using this solution (Equation 5.15), momentum-conservation (Equation 5.10) is reduced to:

dΣr
Σ
ξ3 − 1
− 2 = 2Ȧ2
dξ
ξ
ξ5

!

,

(5.16)

and the strain-rates material velocity relations (Equation 5.12 and Equation 5.13) are
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reduced to (using ν = 1/2):
2
dΣ dεpl
+
=
.
dξ
dξ
ξ − ξ4

(5.17)

Equation 5.16 and Equation 5.17 are the governing equations for the stress components
(Σ and Σr ) and represent the behavior of the elasto-plastic material. To complete the
solution, the cavity model is divided into two parts: an elastic region, and an elastoplastic region (Figure 4.4). After solving for the last region, pressure for the cavity
wall is obtained. The formulation for each region is explained as follows.
Elastic region In the elastic field ξi ≤ ξ ≤ ∞, where plastic strain is zero (εpl ≡ 0),
solutions of equations (Equation 5.16) and (Equation 5.17), using a stress-free condition as ξ → ∞, are:
ξ3
2
Σ = ln 3
3
ξ −1

4
Σr = −
3

ˆ∞
ξ

!

(5.18)

,

!

dx
1
x3
1
− 2Ȧ2
− 4
ln 3
x −1 x
ξ 4ξ

!

.

(5.19)

One approximation for Equation 5.18 and Equation 5.19 is to assume that as ξ increases, ξ 3  1 (See reference [96] for more details). Then, the previous equations are
reduced to:

Σ=

2
,
3ξ 3

4
1
1
Σr = − 3 − 2Ȧ2
− 4
9ξ
ξ 4ξ

(5.20)

!

.

(5.21)

Elasto-plastic region For the elasto-plastic region 1 ≤ ξ ≤ ξi , plastic flow can be expressed using the Cowper-Symonds (CS) model (Equation 5.2). First, it is necessary to
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find an expression for ε̇pl in terms of the working variables. Then, using Equation 5.11
and ν = 1/2 in Equation 5.6:

ε̇pl = −

dυ
− Σ̇ .
dr

(5.22)

The behavior of the adjacent plastic layer is dominated by the plastic part of the
constitutive relation; then, Σ̇ = 0. Additionally, Luk et al. [103] showed that εpl = εr
for an incompressible material. Then, using Equation 5.15, Equation 5.22 is reduced
to:
 

 

ȧ dV
ȧ 1
dυ
=−
=2
ε̇pl = −
.
dr
a dξ
a ξ3

(5.23)

Replacing this solution in Equation 5.2 in terms of ξ and Σ, the following is found:


2ȧ 1
Σ = Σ0 1 +
aDcs ξ 3

!1/qcs 


(5.24)

,

where Σ0 = Y0 /E is the non-dimensional yield stress at zero plastic strain. After that,
replacing Equation 5.24 in Equation 5.16, a differential equation for Σr is obtained:


dΣr 2 
2ȧ 1
− Σ0 1 +
dξ
ξ
aD ξ 3

!1/q 


ξ3 − 1
ξ5

= 2Ȧ

2

!

(5.25)

.

Equation 5.25 can be solved analytically using the boundary condition Σr (ξ = 1) =
−ps /E:
2

ps
3Ȧ
2Ȧ2
Σr (ξ) = − + 2Σ0 ln (ξ) +
+
E
2
ξ

!

1
−1
4ξ 3


2q
2ȧ
+ Σ0
3
aDcs

1/qcs

1−

1
ξ 3/qcs

!

, (5.26)

where ps is the pressure at the cavity wall.

171

Chapter 5

Further applications of the engineering model for def. targets

The exact solution of Equation 5.26 can be obtained numerically using refeq:18 when
ξ = ξi as a boundary condition. However, an approximate solution was found using Equation 5.20 and Equation 5.21, and the elastic-plastic limit: Σ (ξ = ξi ) = Σ0 .
Therefore, it was found that ξi3 = 2/3Σ, and:




ps
2
2
= Σ0 1 + ln
E
3
3Σ0



+

3ρ 2
ȧ
2E


2
2q
+ Σ0
3
aDcs

1/qcs



3Σ0
1 −
2

!1/qcs 

 ȧ1/qcs

. (5.27)

This solution for cavity-expansion pressure (Equation 5.27) consists of a quasi-static
term, an inertial term and a strain-rate term. Warren and Forrestal [18] obtained
a similar analytical solution for a strain-rate-sensitive material. As it was discussed
in their paper, the strain-rate term includes the cavity radius a, which affects the
assumption of the similarity transformation; however, a constant a can be considered
for penetration events that involve a spherical-nosed rigid penetrator (as the case of
the current analysis). It is due to the fact that the projectile nose does not change its
shape during the penetration process. Finally, this solution can be simplified as:
ρ
ps = As + Cs ȧ2 + Fs ȧ1/qcs ,
2

(5.28)

where As is related to the quasi-static solution, because it does not depend on the
velocity; Cs is the inertial term, and Fs is the strain-rate-hardening contribution.
Corrections at higher velocities Due to the fact that modeling clay has a low compression yield stress and a low modulus, it can be assumed that at a critical limit
velocity (vl ), the material can reach the fourth penetration regime (hyper-velocities),
as discussed in subsubsection 5.1.2.1. For this application, the limit velocity was calculated using the upper limit of the hydrodynamic regime, as follows:

vl =

s

K
.
ρ

(5.29)

Then, it is necessary to correct the model (Equation 5.28) for velocities greater than vl
in order to take into account hyper-velocities effects. One way to do this is to consider
that clay begins to behave as a fluid; then, hydrodynamic conditions are achieved, and
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the Tate model can be applied [30, 31]. Therefore, equation (Equation 5.28) reduces
to:
ρ
ps = As + ȧ2 ,
2

ȧ > vl .

(5.30)

Thus, at low velocities (ȧ < vl ), Equation 5.28 is applied to calculate pc ; otherwise,
Equation 5.30 is used. Notice that in Equation 5.30, the strain-rate hardening term
(Fs ) is no longer used because, at this point, the material no longer hardens with
strain-rate changes (like a fluid).

5.1.2.4. Engineering model of penetration
The engineering model of penetration for a rigid rod penetrating a soft target was developed in subsection 4.4.1. In that formulation, ps can be calculated using Equation 5.28
at low velocities (ȧ < vl ), and using Equation 5.30 at high velocities (ȧ > vl ).

5.1.3. Experimental Procedure and Results
5.1.3.1. Material
The oil-based modeling clay used in this work is a commercially available soft Roma
Plastilina No. 1 (RP) color gray-green provided by Sculpture House (USA). Prior to
experimentation, the material was heated to 50◦ C over 2 hours and manually homogenized to remove air gaps. After that, the material was held in a standard laboratory
atmosphere (temperature 22 ± 2◦ C; relative humidity 50 ± 10%) for over 88 hours. The
density of the material was determined with a displacement method in oil, obtaining
a value of ρ = 1529 ± 5 kg/m3 .
5.1.3.2. Uniaxial compression tests
Compression tests were carried out to characterize the RP at quasi-static (QS) conditions. They were performed following the recommendations made by Sofuoglu [119]
and Bermudez [134]. The specimens were in the form of a right circular cylinder
25.4 mm diameter 25.4 mm height. An Instron Universal Testing Machine was used
at three different cross-head speeds (Vch ): 10, 100, and 500 mm/min, maintaining a
constant temperature during the compression test at 22+0.0
−1.0 °C.
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Figure 5.1.: Quasi-static true stress vs. true strain flow curves for Roma Plastilina
No. 1 at three different compression speeds.
Figure 5.1 shows the flow curves for RP clay obtained using the standard compression
test. The strain rate during the test can be calculated using the following relation
[119]:

ε̇ =

Vch
,
H0 exp(ε)

(5.31)

where H0 is the initial length of the specimen and ε is the true strain during the
event. Notice in equation (Equation 5.31) that, even though Vch is constant during
the compression test, the strain rate is changing. Therefore, a characteristic strainrate is reported for the event. Thus, the strain-rates during the compression tests were
4.35 x 10−3 , 4.35 x 10−2 and 2.17 x 10−1 s−1 for the three Vch speeds, respectively.
The material parameters under QS conditions for the CS constitutive model were obtained from these quasi-static flow curves by curve fitting. They are summarized in
Table 5.1. It is important to state that given the quasi-static state of the experiments and the small range of strain rates (4.35 x 10−3 to 2.17 x 10−1 s−1 ), the material
parameters are not suitable for higher strain-rate ranges. Additionally, since the material parameters were determined independently, possible interactions among them are
neglected.
5.1.3.3. Coefficient of friction
The coefficient of friction between the clay and the penetrator is an important parameter of the engineering model; for this reason, a methodology is proposed to measure
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Table 5.1.: Cowper-Symonds materials parameters of RP clay from quasi-static tests.
Elastic Modulus Cowper-Symonds parameters
(E)
(Y0 )
(Dcs )
(qcs )
1.73 MPa
0.08 MPa 0.9192 s−1 9.034
this coefficient using the engineering model at QS conditions. It is based on the quasistatic punch test, where a target of the RP clay is penetrated by a hemi-spherical
punch, as can be seen in Figure 5.2.
The test was performed with the Instron Universal Testing Machine, with the punch
fixed to the machine’s cross-head, and using a constant speed Vch of 10 mm/min. The
force measured by the machine (Fm ) was recorded during the test.
The force Fm recorded by the Instron machine is presented in Figure 5.3 (continuous
light lines). Two different penetration tests (T1 and T2) were performed using the
same punch conditions, as can be seen in the figure. Fm was compared with the force
calculated using the quasi-static part of the engineering model with the QS material
properties of RP clay (Table 5.1), since the punch test was performed at constant and
quasi-static penetration conditions.
The value of the coefficient of friction µ is fitted to obtain good agreement between
the force magnitude measured and calculated. Thus, the engineering model was numerically solved using different values of µ, as shown in Figure 5.3. Notice that when
the extreme values of µ = 0 or µ = 0.5 are used (segmented lines), the force is not well
predicted. A better prediction is achieved using a value of µ = 0.149 (continuous bold
line). Therefore, a value of the coefficient of friction between the materials of 0.149
was used for this study.
5.1.3.4. Dynamic indentation test
Based on the Tirupataiah and Sundararajan technique [93], a Dynamic Indentation
(DI) test was performed as characterization of the modeling clay at high strain rates.
In this test, a flat and semi-infinite test sample is impacted by a projectile at a range
of impact velocities. For this purpose, an air gun with compressed air stored at the
required pressure in a gas reservoir was used (see Figure 5.4). A fast-acting solenoid
valve was used to release the air in the gun. This gun is capable of propelling a
8.41 mm diameter, 6.62 g, spherical-nosed, 6061-T4 aluminum projectile to velocities
as high as 150 m/s. The velocity of the projectile could be altered by changing the
air pressure. Two photo-diode sensors were placed at the end of the gun barrel to
measure the penetrator’s initial velocity. The sensors were separated by a distance of
40 mm and connected to a digital timer. The timer measured the travel time of the
projectile between the sensors; thus, the initial velocity of the projectile was calculated.
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Figure 5.2.: Scheme of quasi-static punch test to determine coefficient of friction.
Additionally, penetration was recorded with a high-speed digital camera, which is
capable of capturing up to 16 pictures during an event at high speed. Thus, penetration
phenomena at different initial velocities were recorded with a speed in the range of
4, 000 to 7, 000 frames per second (f ps).
Before each DI test, the RP clay was conditioned on a rigid cylindrical container with
diameter of 152 mm and length of 400 mm. After that, the clay was prepared to
obtain a smooth and even impact surface with respect to the container edges. This
surface, flushed with the edges of the container, was the reference level to measure the
indentation depth.
The DI test was performed at four different initial penetration velocities: 20.84 m/s,
32.03 m/s, 40.84 m/s and 43.44 m/s, which covered a characteristic strain-rate range
from 2.48x103 s−1 to 5.16x103 s−1 . Higher velocities could not be used because the
projectile penetrates completely; in this case, it is impossible to acquire its position
from the images. Thereby, only the final total penetration of the projectile into the
clay was measured. The characteristic strain-rates εch
˙ in the test were calculated using
the following equation [135]:

ε̇ch =

V0
,
2a

where V0 is the initial penetration velocity, and a is the projectile’s radius.
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Figure 5.3.: Comparison between measured and calculated forces using different values of µ.
The penetration sequence of the projectile at V0 = 40.84 m/s penetrating the RP clay
is shown Figure 5.5; similar sequences were recorded for others initial velocities.
The images were scaled using the reference length scale in the photo. This scale was
placed at the same focus and depth as the projectile to avoid scaling errors. With
these images, the position of the projectile with time was extracted, following the rear
of the projectile on each image. Time intervals between images were calculated using
the camera’s speed, and thus, the projectile’s profile during its penetration into clay
was obtained.
5.1.3.5. Characterization method using Genetic Algorithms.
First, the complete engineering model of penetration was programmed in MATLAB/
SIMULINK, using all the differential equations described in subsection 4.4.1 and
subsubsection 5.1.2.3. Therefore, it can be numerically solved, and the penetration
depth can be found. The calculated penetration depth (xcp ) can be expressed as a
function of geometrical (mp , a), material (ρ, E, Y0 , Dcs , qcs ) and experimental parameters (µ, V0 ):

xcp = f (mp , a, ρ, E, Yo , Dcs , qcs , µ, V0 ) ,

(5.33)

where the geometrical and experimental parameters are known.

177

Chapter 5

Further applications of the engineering model for def. targets
Clay
target

Speed
sensors
Projectile

Air gun
Valve

Compressed
air

High-speed
camera

Figure 5.4.: Schematic view of dynamic indentation test setup.

To identify the material constitutive parameters of the RP clay, an inverse analysis
was implemented, where the difference between the experimental data from the DI
c
test (xm
p ), and the penetration results mathematically calculated (xp ) was minimized
using the Euclidean metric error(xp ) [71]:

error (xp ) =

v
u d 
uX
t
xm
p

i=1

− xcp

2

,

(5.34)

where d is the length of the array containing experimental data from a particular penetration test. Minimization of (Equation 5.34) was also implemented in the MATLAB
using the Genetic Algorithm Toolbox [15], and the configuration parameters shown in
Table 5.2.
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Figure 5.5.: High-speed sequence of penetration event at 40.84 m/s. Images taken
at 5468 frames per second.

After the minimization analysis, a new set of material parameters was determined.
They were called dynamic parameters (D.P.) since they were extracted using the DI
tests. Table 5.3 shows 10 runs of the Genetic Algorithm minimization analysis, showing
repeatability of the optimization process. The DI parameters were taken as the average
of the 10 runs.
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Table 5.2.: GA toolbox parameters for the minimization analysis [15].
Parameter
Value
Initial population size
50
Creation function
Uniform
Scaling function
Proportional
Selection
Roulette
Reproduction
1 elite count
Crossover fraction
0.5
Mutation
Uniform
Mutation rate
0.2
Crossover
Heuristic
Migration
Forward

Table 5.3.: Dynamic parameters (D.P.) of Roma Plastilina No. 1 determined with
DI test and inverse method. In the table, C.I. stands for confidence interval.
Run
1
2
3
4
5
6
7
8
9
10
Mean
St. Dev.
Upper 95% C.I.
Lower 95% C.I.
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E [M P a] Y0 [M P a] Dcs [s−1 ]
11.83
11.89
11.32
11.42
11.88
11.47
11.95
10.93
11.98
11.70
11.64
0.34
11.882
11.392

0.153
0.153
0.153
0.153
0.153
0.153
0.153
0.152
0.153
0.153
0.153
<0.001
0.1531
0.1527

0.172
0.197
0.180
0.184
0.197
0.174
0.163
0.181
0.168
0.199
0.181
0.013
0.1904
0.1714

qcs [-]
6.99
7.00
7.00
6.99
6.99
7.00
6.99
6.97
7.00
7.00
6.99
<0.01
6.998
6.985

5.1 Material model for clay at high strain rates
Table 5.4.: Aluminum parameters for simulation model of the projectile [20].
Density
(ρ)
2710 kg/m3

Elastic modulus
(E)
69 GP a

Poisson ratio
(ν)
0.33

5.1.3.6. Finite-element model
Explicit simulations were used to compare and verify the obtained results. Thus, the
dynamical indentation test was implemented on ANSYS (AUTODYN) explicit software, using axial symmetry. The projectile was modeled as linear-elastic aluminum
material (Table 5.4) and meshed reasonably fine to maintain a node spacing on the
surface finer than that on the surface of the modeling clay to promote a proper distribution of contact forces. Moreover, the RP clay was modeled as a mesh-free body
using a Smoothed-Particle-Hydrodynamic (SPH) solver with a particle size of 0.2 mm,
and with the Cowper-Symonds Strength model and both sets of material parameters:
those found by QS tests and those found by the inverse problem. The initial velocity
of the projectile (V0 ) was set equal to the velocity measured in the experimental test.
Friction between the modeled bodies was configured using the value of µ = 0.149,
as discussed in subsubsection 5.1.3.3. Figure 5.6 shows a sequence of the simulated
process for the DI test, for the projectile velocity V0 = 40.84 m/s.

5.1.4. Results
5.1.4.1. Comparison between quasi-static and dynamic parameters.
Figure 5.7 and Figure 5.8 show the comparison of the penetration depth predictions of
the engineering model at different initial velocities for both sets of parameters: using
the quasi-static parameters (Q-S.P.) (dash-dot line), and using the dynamic parameters
(D.P.) (solid line). Additionally, these figures also show the penetration depth results
of the FE model using Q-S.P. (dotted line), and the D.P. (dashed line).
When Q-S.P. are used, the model deviates sharply from the experimental data in the
initial phase of the impact event, and the final penetration is over-predicted by both
engineering and FE models. Thus, it is clear that these parameters are not suitable to
represent the behavior of clay at high strain rates. On the other hand, the penetration
is well predicted when the D.P. are used in the engineering and FE models and, hence,
they can adequately predict the high-strain performance of the clay.
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Figure 5.6.: Results of simulation sequence for DI test. Projectile velocity 40.84 m/s.
Clay was modeled using the D.P. found in the optimization process (Table 5.3). The
color scale represents Von-Mises stress (in MPa) in clay.
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5.1.4.2. Results for higher velocities
Only the final penetration depth was measured as was explained in subsubsection 5.1.3.4
for higher velocities. Figure 5.9 compares predictions of the total penetration obtained
by models with the experimental data. First, the penetration was calculated using
the engineering model with the Q-S.P. (dash-dot line); the same over-prediction was
found. After that, the engineering model with the D.P. and without the compressibility correction was employed (solid red line); it means, Equation 5.28 was only used to
calculate the pressure on the cavity wall. Similar to the results shown in Figure 5.7
and Figure 5.8, there is good agreement between the experimental data and the simulation results using D.P. at low velocities. However, velocities above 50 m/s, without
the compressibility correction, under-predicted the total penetration. This can be explained by the effect of hydrodynamic regime in clay, which starts to behave as a fluid
at high velocities. As a result, the material does not harden anymore, and only the
inertial effects define the target’s response. For this reason, the penetration model
with rate-strain hardening is only valid up to this velocity level.
In contrast, the engineering model with the D.P. and compressibility correction (solid
black line) demonstrates good agreement with the experimental results, as shown
in the figure. It is remarked that the compressibility correction was made using
Equation 5.28 and Equation 5.30 to calculate the pressure on the cavity wall (as explained in section 5.1.2.3).
Results of some FE simulations using the D.P. are also shown in Figure 5.9 (diamond
markers). They are also in good agreement with the experimental points, validating
suitability of the D.P. found for analysis of such high-rate behavior of the clay.

5.2. Discussion of the chapter
In the formulation of the methodology presented in this chapter, there are some important points that must be further evaluated.
First, concerning the measured level of the coefficient of friction µ. The technique
proposed is valid for constant and quasi-static conditions; therefore, µ should be valid
for this regime. However, the same value is used for high strain rates. Some researchers
tried to calculate the dynamic coefficient of friction. Sufuoglu et al. [136] performed a
ring-compression test for black plasticine, and using generic friction calibration curves,
it was possible to find a value of 0.15 < µ < 0.4. However, Mandic and Stefanovic
[137] argued those results since, according to them, generic frictional calibration curves
cannot be used for all types of materials. Therefore, they constructed new frictional
calibration curves for green plasticine. With those curves, the values of friction could
be greater than previous ones. Obviously, they depend on the type of clay used by
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researchers. Another value -µ = 0.15- was found by Andrade [138] for three different
types of clay, using a compression test and a cylindrical expansion model. Additionally,
Aydin [139] used a constant value of µ = 0.2 in an extrusion process with plasticine,
and Ogasawara [140] µ = 0.15 in an indentation process. With these references, and
taking into account the difficulties of measurement, it is possible to assume the constant
value found trough the method described in this paper, since it does not differ much
from the literature data.
Another important point is the use of the spherical cavity-expansion theory in the
formulation. Some researchers showed that the use of this approach is more suitable to
model long penetration events. However, a cylindrical penetration problem is adequate
for sharp penetrators such as conical or ogival-nosed projectiles, because they force the
radial displacement of normal material to the penetration direction. In our case, the
use of spherical cavity-expansion is more suitable due to the geometry of the nose,
which produces movements of spherical waves into the material. It is clearly shown in
the results of simulations (see Figure 5.6).
Based on the engineering model proposed, Teland [106] showed that it was impossible
to find an analytical theory for a penetration process that covers a broad range of
velocities. Still, he suggested that by using spherical dynamic models for the first part
of the cratering phase, and a hydrodynamic theory with a decreased drag coefficient
for the tunneling phase, it was possible to obtain a reliable modeling scheme. In this
paper, the same methodology was proposed, and the model was divided into two;
it was justified by the description by Backman and Goldsmith [83], as explained in
Section subsubsection 5.1.2.1. Additionally, it is possible to calculate a value of vl with
equation Equation 5.29. Assuming the isotropic clay with E = 1.73 M P a) (Table 5.1)
and ν = 0.43 [130], it was found that vl = 51.45 m/s. This value corresponds quite
well with the transitional velocity found in experimental data and penetration models,
as seen in Figure 5.9.
Finally, due to the thixotropic behavior of this kind of soft materials, it is impossible to
propose a general constitutive relation that can be applied to a wide range of loading
conditions. Therefore, our formulation is only valid for the range of strain-rates studied
and at constant temperature of 22◦ C, as demonstrated by the good agreement between
the model and the experimental results.
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Figure 5.7.: Comparison of the results obtained with engineering model of penetration and numerical simulations with experimental data: (a) 20.85 m/s; (b) 32.03
m/s.
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Figure 5.8.: Comparison of the results obtained with engineering model of penetration and numerical simulations with experimental data: (a) 40.84 m/s; (b) 43.44
m/s.
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Figure 5.9.: Comparison of measured and predicted final penetration depth at different initial velocities.
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Conclusions of Part II
An engineering model of penetration to predict the final penetration depth when a soft
target is impacted by a rigid projectile was formulated. The proposed model was based
on the spherical cavity-expansion theory using the Durban et al. approach. The input
given by the present model is the fact that common constitutive equation models, such
as the Cowper-Symonds or the Johnson-Cook relations, were used; which reduced the
experimentation; particularly the dynamic characterization of the materials because
parameters of those models could be found in many references for different kinds of
materials.
First, the cavity-expansion problem was solved and verified using previous available
data from other researches:
• Verified using elastic, perfectly-plastic, 6061-T6 aluminum.
• Verified using three elastic, strain-dependent materials: titanium B120VCA,
Stainless Steel, D6AC steel and 7076-T6 aluminum.
After that, the engineering model of penetration was solved using a novel methodology programmed in MATLAB/SIMULINK, and the model results were verified and
validated using FE simulations, penetration experiments and previous experimental
data.
According to the results obtained, we can concluded that the engineering model can
predict the projectile deceleration and penetration depth into the semi-infinite and
finite targets. The engineering model of penetration was verified and validated by
different methods:
• Verified and validated by FE numerical simulations and experimental data using
semi-infinite, strain dependent, 7075-T6 aluminum targets in the range of 250
m/s to 500 m/s.
• Verified and validated by FE numerical simulations and experimental data using
semi-infinite, Cowper-Symonds, 6061-T651 aluminum targets in the range of 250
m/s to 500 m/s.
• Verified and validated by FE numerical simulations and experimental data using
semi-infinite and finite, Johnson-Cook, 6063-T4 aluminum targets in the range
of 150 m/s to 250 m/s.
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Some limitations of the model include the fact that the deceleration function of the
projectile must be formulated using some simplified models, where the frictional forces
are unknown. Additionally, the model does not take into account a failure mechanism
into the target. Therefore, some errors can occur, especially when finite targets are
modeled, which also limits the use of the model mainly for ductile materials.
Despite the fact that the model was also applied to materials other than metals (Roma
Plastilina No.1), it could be important to expand the study to other kind of materials, such as polymers and ceramics, especially the latter due to their brittle nature,
including the failure mechanism of the target. Also, thermal interaction and thermal
softening could be included in future works due to the importance of the temperature
parameter in the behavior of materials at high velocities.
Finally, the engineering model of penetration can be used as an inverse problem to
characterize the dynamic properties of the materials. Although, only simple relations
are to be used (as the simplified version of the Cowper-Symonds equation), it is a
useful tool due to its simplicity and faster solution of the inverse problem. In this case,
the model used to characterize semi-infinite, strain-rate dependent, Roma Plastilina
No.1 targets in the range of 10 m/s to 160 m/s.
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6. General engineering model of
penetration
6.1. Introduction
Material response properties under impact conditions are complex. It has been estimated in a recent report of the National Materials Advisory Board that typical maximum pressures and maximum strain-rates during penetration may lie in the ranges
5 − 50 GP a and 104 − 106 s−1 , respectively. The higher values are associated with
the earliest times after impact and with shock waves, but pressures and strain-rates,
aided by the presence of nearby free surfaces, quickly decay toward the lower values for
the bulk of the process [14]. When those high values of pressure are generated during
impact, it is expected that both projectile and the target suffer plastic deformation.
Therefore, it is necessary to consider both, materials (projectile and target) and their
interaction, to model the penetration event (see position 2 in the classification chart
of Figure 1.2).
In this part of the research, models developed in the previous chapters (Part I, Chapter
2 and Part II, Chapter 4) are combined to model a general penetration event, when
both materials suffer plastic deformation.
The chapter is outlined as next: First, it is made a chronologically literature review
of some penetration analytical models already developed. After that, an engineering
model of penetration is formulated using the Taylor approach for the projectile, and the
spherical cavity-expansion approach for the target. Finally, the engineering model of
penetration is applied to study the 6063-T4 aluminum material, comparing the model
results with FE numerical simulations and experimental data.

6.2. Literature review
Many works have been devoted to mathematical models and algorithms describing
impact and penetration regimes for several physical and geometrical properties of projectile and target. However, although this subject has at least an ancient history, no
finally completed penetration theory has yet been developed. This is due not only to
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the complexity of the processes, but also to permanent improvement and new design
of projectiles and targets. Mainly, there are three types of penetration description:
empirical dependence, semi-analytical relations based on relatively simple models of
the related processes, and computer codes based on the general theory of continuous
media and some empirical constants. Still, many aspects of this complicated process
have not been adequately studied. Besides, the presence of empirical values which
can vary with changing armor and projectile parameters is a weakness of the existing
theoretical descriptions [42].
Empirical models are correlations that can be extremely useful for predicting specific
cases and other that lie within the same general data set; that is, for data interpolations
or even for small extrapolations. There are many dependent variables of possible
interest, and even more independent variables that may influence the outcome of a
given encounter. Some of the possibilities are shown in Table 6.1.
Table 6.1.: Variables for dimensional Analysis in empirical models [14].
Independent variables
Physical characteristics
L0
Initial length
D
Diameter
Kinematic characteristics
V0
Initial velocity
α
Angle of yaw
Material characteristics
Y0
Yield stress
σU T
Ultimate stress
σe = f () Constitutive relation
Dependent variables
xp
Penetration depth
VL
Limit velocity
VR
Residual velocity
LR
Residual length

m0
t

Initial mass
Target thickness

θ

Angle of striking trajectory

ρ
HR
KIC

Density
Hardness
Fracture toughness

mR
θR
V̄H

Residual mass
Angle of residual trajectory
Hole volume

There have been many attempts to make empirical correlations of penetration data
[83]. Typical cases are listed below:

deMarre :
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m0 VL2 = CDβ tα ,

(6.1)

6.2 Literature review

deMarre :

Thor :

m0 VL
t sec θ
=C
3
D
D

!α

(6.2)

,

V0 − VR = Ctα mβ V0γ ,

(6.3)

where α, β, γ and C are empirical, best fit parameters.
However, it can be noticed that none of the three cases cited contains information
on material properties. Therefore, every change in material requires a new set of
coefficients. In fact, none is even given in non-dimensional form, so that the range of
applicability in each case is unduly restrictive. Recently an attempt has been made
by Bruchey to include more variables than has been customary in the past [14]. The
non-dimensional form chosen by him for data correlation is given as follows:
t sec θ
ρp VL2 L0
=C
ep D
D

!α 

ep
et

β

ρp
ρt

!γ

,

(6.4)

where ep and et represent measures of the energy per unit volume that can be absorbed
in the penetrator and target materials before rupture occurs; and both have the form:
e = 0.5 (Y0 + σU T ) U T .
In the other hand, the goal for any analytical or engineering model is to construct
a system of equations with enough detail to be physically realistic but at the same
time simple enough for rapid computation. Based on the experimental observations,
it suggested that high speed long rod penetration could be divided into four phases
below [9].
(1) Transient phase: After the initial impact very high pressure occurs at the interface
of projectile and target; there is no rarefaction wave from free surface and only the
materials very close to the interface are affected; this phase lasts only a little while
and depth of penetration is negligibly small.
(2) Primary phase (shown in Figure 6.1): The interface pressure and penetration velocity are steady, and this phase is usually called “quasi steady-state penetration”;
projectile continues to deform, erode and lose mass and a thin layer of materials at the
interface behaves like fluid as it further penetrates the target. This phase contributes
much to the total depth of penetration.
(3) Phase three: The eroded rod material and the residual rod continue to penetrate
target (usually called “secondary penetration”); on the other hand, target material
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has acquired kinetic energy during penetration which results in further deformation
(usually called “after-flow”). In this phase, the interface pressure and penetration
velocity decrease rapidly.
(4) Recovery phase: This phase is the elastic rebound of the target material, which is
very small.

Figure 6.1.: Schematic diagram of a long rod penetrating a semi-infinite target [9].
In the above-mentioned four phases, the contribution of transient phase and recovery
phase is negligibly small and can be ignored. Primary phase or quasi-steady penetration is what most researchers pay attention, and it can be analyzed by eroding rod
models.
The eroding rod model in its simplest form was given independently by Alekseevskii
[29] and Tate [30, 31].
Tate [30] introduced a modified hydrodynamic theory to predict the deceleration on
long rod after striking a target. When the shock waves, generated after impact event,
are weakened due the interactions with release waves near to the crater of impact, one
would expect that an almost steady state is set up in which the crater is being deepened
at constant speed. Then, hydrodynamic analogy can be applied, taking into account
that pressures at the bottom of the crater are well beyond the yield strength of all
materials. In the hydrodynamic regimen the velocity falls off as the pressure increases
according to Bernoulli equation until a material comes to rest at the stagnation point
(e.g., at the bottom of the crater). Balancing pressures in the rod and target material
on the stagnation point, the next equation is obtained:
1
1
ρp (Vx − Vt )2 + Yp = ρt Vt2 + Rt ,
2
2
196

(6.5)
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where ρ is material density (p indicates projectile and t the target), Vx is velocity of the
non-deformed part of the rod and Vt is the velocity of penetration of the interface, and
Yp and Rt are the pressure at which the rod and target begin to flow hydro-dynamically.
Yp is associated with the Hugoniot elastic limit of material and can be determined from
shock wave data. Due of the inertia of the surrounding material, it is to be expected
that Rt is greater than Yp even when rod and target were from same material.
Alekseevskii [29] developed a similar approach using the Vitman and Stepanov theory
of state of stress at the critical point of a metal capable of plastic deformation. His
theory involves the same variables of modified Bernoulli equation; thus, he achieved
the same results of Equation 6.5. Alekseevskii called Yp as the dynamical yield point
of the projectile material and Rt as the dynamic hardness of the target. Additionally,
he introduced non-dimensional variables into the equation to simplify the differential
equations of the system, and another constant: the specific work of volume displacement, which means the ratio of the energy expended in forming the cavity in the target
to the volume of the cavity.
Tate - Alekseevskii (A-T) theory uses Equation 6.5 and the mass and momentum conversations equations of the non-deformed part of the rod (Equation 6.6 and Equation 6.7)
to obtain the velocity of penetration Vt ; moreover, the depth of penetration xp is calculated by Equation 6.8.
dxc
= − (Vx − Vt ) ,
dt

(6.6)

dVx
= −Yp ,
dt

(6.7)

ρ p xc

dxp
= Vt .
dt

(6.8)

The A-T model assumes that the materials of both projectile and target near the interface behave as fluid in steady flow while the rear of the projectile remains rigid. Furthermore, the transition from rigid to fluid is ignored, then the left side of Equation 6.5
holds for the rod and the right side for the target with the equality holding because
stresses must match at the interface. Inherent in the model is the assumption that
both penetrator and target may be approximated as rigid/plastic materials.
After it, Tate [31] advanced in his theory assuming different conditions of Yp and Rt . A
critical velocity (Vc ) is achieved when pressure of rod is equal at maximum dynamical
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pressure in the target, according to the equation:

Vc =

2 (Rt − Yp )
ρp

!1/2

(6.9)

.

When Yp < Rt , the rod ceases to penetrate the target which thus begins to behave as
a rigid body when the instantaneous velocity of rod (Vx ) fall below Vc . Then, the final
length of non-deformed rod (lf ) can be calculated depending of the initial velocity of
the rod (V0 ), according to the next equations:.
!

Vc < V0 ;

(6.10)

!

Vc > V0 ;

(6.11)

Yp − Rt
lf
= exp
,
lc
Yp

lf
−ρp V02
= exp
,
L0
2Yp

where L0 and lc are the initial rod length and the length of rod when Vx reaches the
value of Vc . Equation 6.11 is a similar assumption that Taylor developed when studied
the plastic deformation problem in impact events.
When Yp > Rt , the rod ceases to deform and proceeds to penetrate as a rigid body
when the instantaneous velocity of rod (Vx ) fall below Vc . Also, it was shown that the
volume of the crater (V̄cr ) is proportional to the kinetic energy of the projectile:

V̄cr =

k
πL0 rp2 ρp V02 ,
2

(6.12)

where rp is the rod radius and k is a constant. If V̄cr has a constant shape; then, it
can be calculated as a cylinder with radiusrc . It has been proposed that k = 0.95 and
rc2 = 2rp2 ; therefore, Equation 6.12 can be expressed as follows:

rc
rp

!2

=

(ρp V02 /Rt )
,
(xp /L0 )

(6.13)

where some geometrical parameter of the impact event (as radius and penetration
depth xp ) were related with variables as velocity of impact, density and strength of
materials.
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The A-T model predict the penetration, penetration velocity, rod velocity, and rod
length of long rod penetrators and similar projectiles impacting targets. Typically,
these equations are solved by straightforward numerical integration techniques or by
using the exact solution developed by Walters and Segletes [10]. However, due to
the non-linear nature of the equations, the penetration was obtained implicitly as
a function of time, so that an explicit functional dependence of the penetration on
material properties was not obtained. Walter and Williams [11] obtains the velocities,
length, and penetration as an explicit function of time by employing a perturbation
solution of the non-dimensional Alekseevski–Tate equations.
Wright [10] reviewed the T-A equation, starting of the conservation laws of the continuum: conservation of mass, momentum and energy; it is known as the eroding rod
model. The system is divided in three parts (as is shown in Figure 6.2): the rod (R),
the eroded rod (S) and the Target (T). It is assumed that the material both in penetrator an target behaves as an ideal rigid/perfectly plastic solid. The region R is assumed
to be rigid and non-deformed. In the region S, which is assumed to be constant in size
and shape to be in a state of steady flow, the material begins to flow plastically at
the R-S boundary and then undergo very large deformations before debris exit with
constant cross sectional ares Ad and velocity vd . For each region, conservation laws are
applied, taking account that the energy equation in R cannot bring information due
the rigid behave of this part.
For region T, also the conservation laws of the continuum are applied but it is necessary
to know the sectional area on the target (At ) and la force delivered to the target (Fx ).
Some empirical expressions have been developed for Fx ; most used expression relates
the force Fx with the area At and the velocity of penetration (Vt ) through the next
differential equation




Fx = At a + bVt + cV̇t ,

(6.14)

where a, b and c can be calculated with some analytical approximations. Additionally,
it was assumed some special cases; for example, it can be used Bernulli equation due the
conditions of quasi-steady state around a stagnation point. With this simplification, it
can be obtained an analytical expression for the residual characteristics of the projectile
and target, and also the deep of the hole after impact.
Awerbuch [32] developed a mathematical model which describes the mechanism of
normal penetration of metallic targets taking into account the plugging as failure mode.
The model uses a second law of Newton to balance the movement of the projectile with
the forces in the impact event. The forces that are involved in the analysis are: resisting
inertial force (F i), compression forces (F c) and resisting sharing force (F s). Friction
forces are neglected due the short time experimented in the event and the thin film
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Figure 6.2.: Schematic diagram of quasi-steady penetration process, according to the
eroding rod model [10].
of fluid produced by the heat generated that reduces the friction forces. The model
depends of two empirical parameters: the width of the plug (b) and the diameter of the
hole after perforation (d). The model is divided in two stages. The particle velocity
due to elastic stress wave propagation in the target is neglected in this analysis. The
effect of the propagation of the plastic stress wave is also neglected since it can be
assumed that its velocity would be smaller than the velocity of the projectile for most
target materials.
The first stage is the initial impact event and only take account the F i and F c. Additionally, the mass of the projectile is assuming to be not constant due the adding mass
elements of the target. These mass elements are assuming to have the same instantaneous speed of the projectile. A expression of velocity is obtained, and represent the
final velocity in this first stage.
The second stage is the plug formation an ejection of the target plate. Then the F s
is the only force that must be take into account and no change in the projectile’s
mass. The impulsive momentum equation is used to express the final velocity of the
projectile. However, a pattern of velocity respect to the spatial coordinate must be
assuming to complete the impulsive momentum equation. Then, a linear relationship
between the instantaneous velocity and the distance is assuming to simplify the model.
Awerbuch and Bodner [11] complemented the previous model, adding a third stage
at the analysis, achieving a new model enables fairly accurate predictions of post
perforation velocities, contact times, and force-time histories. A scheme of the stages
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of the process is shown in Figure 6.3.

Figure 6.3.: Schematics of the stages of the perforation process according to the
model of Awerbuch and Bodner [11].
The first stage has the same considerations and the same interpretation of the previous
model. But the new model is not assuming the linearity relationship between the
velocity and distance. Then, the time in each stage is obtained according to the next
equation:
ˆx
t=
0

1
dx .
V (x)

(6.15)

The second stage is a transition stage where the plug is already formed and is transported along the plate thickness. Then, all forces (F i, F c and F s) are influenced the
process and the mass of the projectile is assuming to be incremented.
The last third stage is only the evacuation of the plug away from the plate. Then the
F s is the only force take into account and the projectile is assuming as a rigid body (no
more mass is added). For the model, some empirical parameters must be measured:
the entrance and exit diameters (D1) and (D3), the plug width (d) and a distance
“e”; that is the radial width of the shear zone of the target plate. This distance “e”
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can be calculated analytically but it not has a great significance into results of the
model. Additionally, the area of second stage is necessary for the analysis, but it can
be calculated using a diameter D2 as the average of D1 and D3.
In addition, Awerbuch and Bodner [12] performed experimental analysis of their model
(Figure 6.4), using different conditions of testing: three different rifles, four projectiles
types and a variety of steels and aluminum alloys as target plates. High speed photograph were taken to analyze the sequence of impact event.

Figure 6.4.: Scheme of the experimental analysis conducted by Awerbuch and Bodner
[12].
Yossifon et al. [39] examined two different analytical solutions for penetration of a
rigid projectile into an elastic-plastic target of finite thickness. One solution developed
by Yarin et al. [141] satisfies the balance of linear momentum point wise in target
region while approximating the boundary and continuity conditions only along the
symmetry axis. The second solution developed by Roisman [142, 143], satisfies the
balance of linear momentum only along a finite number of instantaneous streamlines,
but it satisfies the boundary conditions exactly at each intersection of the streamlines
with the boundary. The first solution is valid only for normal penetration whereas the
second solution has been generalized for oblique penetration. The physical implications
of these approximations were investigated by comparing the results with numerical
solutions of the exact formulation of the penetration problem using the hydro-code
Autodyn2D.
With the increase of plate thickness, the local effect becomes more and more important,
accompanied by a reduced effect of structural response on the plate perforation. The
perforation of a thick plate is controlled by both the penetration process when the
processing zone in front of the projectile nose has not reached the rear free surface and
the final perforation process when a failure mechanism is initiated in the target in front
of the projectile nose. Failure mechanisms responsible for the final perforation depend
on projectile nose shape, impact velocity, target property, target thickness and size.
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A final failure mechanism, which could be ductile hole enlargement for sharp nose,
plugging for blunt-nosed projectile or fragment for high impact velocity and brittle
target, will be responsible for the final perforation of a target plate [41].
Dikshit et al.[144] studied the influence of steel target plate hardness on its ballistic resistance. The effect of hardness of a plate on ballistic performance depends on whether
the stress state is predominantly plane strain or plane stress. Under plane strain conditions (thicker plates), increasing the hardness of the plate increases the resistance
to penetration. This increased resistance is due to the increased energy dissipated in
the plastic zone formed in the plate around the projectile with increasing hardness
(strength) and also due to the increase in the extent of deformation of the projectile
with increasing hardness of the plate. Under plane stress conditions (thinner plates)
as the hardness of the plate increases, the resistance to penetration also increases. But
beyond a hardness of HV440 or so, any further increase in the hardness of the plate
actually decreases its resistance to penetration due to the onset of adiabatic shear band
induced plugging. Thus, under plane stress conditions, the resistance of the plate to
ballistic penetration is maximum at intermediate hardness levels.
Chen and Li [40, 41]developed a two-stage model, i.e., penetration/indention and shear
plugging, based on the dynamic cavity-expansion and rigid-plastic analysis, to study
the perforation of thick plates by hard projectiles with arbitrary nose shapes, e.g.
conical, ogival, blunt and other more complicated noses. It is also applicable to oblique
perforation at small initial obliquity (i.e. β<50°). However, the present model still
needs to be further developed so that it can be applicable to yaw impact, oblique
impact at large obliquity and impact with ricochet. Analytical formulae are given to
predict the ballistic performance of perforation of thick plate targets. It unifies several
well-known theoretical models on perforation. If the thickness of the target plate is so
large that the projectile stops and embeds in the target medium, the problem can be
treated as a pure penetration process. Theoretically, pure penetration only corresponds
to the case that the plastic zone ahead of the penetrating projectile does not reach the
rear surface of the plate, i.e. “constrained” plastic flow. However, it may sometimes
be applicable to the case when rear bulging (unconstrained plastic flow) is formed, i.e.,
the plastic zone ahead of the projectile reaches the rear surface of the plate.
Walters and Seglets [145, 146] proposed an analytical solution to the long rod penetration equations for long rod penetration derived by Tate. The general case was solved
as well as two special cases in which some of the target and penetrator parameters
(e.g., density and/or strength) are equal. This analytical solution allows a faster and
easier solution of the penetration equations. Additionally, they proposed a modification to the original model to permit the computation of residual rod erosion and
residual penetration, which offer additional information about the penetration process, not available in the original penetration equations formulated by Tate. However,
the solution was not expressed in terms of the primitive variables that appear in the
original equations, but rather in terms of an oblique transformation variable that was
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presented without explanation; thus, Seglets and Walters [147, 148] improved to the
solution approach offering an more efficient solution. They expressed the solution in
terms of rod velocity, rather than the canonical function-of-time solution, expressing
the general-case solution for penetration and implicit time in terms of a series of Bessel
functions.. This work offers enhanced appreciation and understanding of the original
effort, as well as extensions to the original work [145, 146].
Anderson et al. [35] used the results of numerical simulations to compare and contrast in detail with the predictions of the Tate model. They found that the modified
Bernoulli equation, i.e. the Tate model, presents a reasonably accurate picture of the
time history of long-rod penetration when steady-state conditions prevail. However,
Tate model does not account for the transient phase at the beginning of penetration,
where the high pressure gives the crater floor a high initial impulse resulting in a higher
rate of penetration than predicted by the steady-state model; additionally, there are
also two discrepancies near the end of the penetration event. The Tate model predicts
that the rear of the projectile decelerates too late and too rapidly at the very end of
penetration; and it predicts that the projectile is nearly fully eroded. It is due the
remaining length of projectile becomes quite short, most of the tail of the projectile
enters this region, and the projectile no longer behaves like a rigid eroding rod (as
Tate model assumes). The projectile deceleration becomes much more complicated,
and in fact most of the projectile "tail" material identified with this plastic zone region
survives (as opposed to erodes) during the final stages of penetration.
Anderson et al. [36] performed a parametric study using the Tate model to show that
the total depth of penetration is sensitive to the value of Rt . A combined experimental
and computatíonal study showed that the target resistance value actually varies considerably during penetration. Thus, the target resistance Rt used in the Tate model
must be considered to be an integrated or average value in order for the model to give
the correct depth of penetration.
According to Anderson et al. [37, 149], penetration by a high-velocity long rod has been
usefully described as occurring in four stages or phases: the initial transient (or shock)
phase, the steady-state (or primary) phase, Phase three (deceleration with secondary,
or after-flow, penetration) and the elastic recovery phase. The elastic recovery phase
represents the elastic rebound of the crater at the end of penetration; however, the
physical effect of elastic recovery is little interest in penetration problems.
During the shock phase of penetration (or phase 1), referred to as the transient phase
in which wave effects dominate the physics and mechanics of penetration, there is
an initial rapid increase in the penetration velocity as rarefaction waves from the free
lateral surface of the projectile and the top surface of the target release the "geometric"
confinement of impact. The stress release waves allow radial motion of target material,
thus releasing confinement and allowing easier penetration; hence, the rapid increase
in penetration velocity. The transient phase is very short and its duration depends on
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geometric and material parameters, and not the impact velocity. For these reasons,
transient phase contributes very little to the total penetration.
The quasi-steady phase (or phase 2) takes the longer time of the penetration event
and persists until rod length becomes small or, in some cases, until the projectile is
totally eroded. During this phase, the material properties can be consider constants;
then, hydrodynamic effects can be applied (Tate assumption).
The residual penetration (or phase 3) is the penetration that occurs after the steadystate phase; they also refer to this phase of penetration as the cavitation phase. It
contributes significantly to the total penetration at the higher impact velocities (above
1500m/s); however, it is difficult to investigate experimentally because it is transient
and because more than one mechanism may be involved. Anderson and Orphal [149]
used numerical simulation to investigate this phase. They found that for smaller aspect
ratios, the shock phase (Phase 1) of penetration transitions into phase 3 without any
steady-state (Phase 2). The onset of Phase 3 penetration was defined as the time at
which the projectile tail begins to undergo rapid deceleration, and it was shown that,
for this particularly case of study, this occurs when there is 1.25 diameters (1.25D) of
projectile remaining, independent of the impact velocity.
Also, Littlefield et al. [150] studied the effects of the proximity of target lateral boundaries on the penetration spherical-nose projectiles into semi-infinite targets. Experiments and computations were compared and a analytical model was proposed using
the Tate equation and the cylindrical cavity-expansion theory to calculate Rt . It was
found that the penetration is increased when the lateral dimensions of the target are
added to the impact problem; therefore, the radial confinement plays an important
role in the total penetration process. Also, the analytical value of Rt must be reduced
according to the radial confinement, making it constant when the lateral boundaries
are infinite (>20 projectile diameters according to the experimental setup used), and
reducing it when the lateral boundaries are significant small. Additionally, Anderson
et al. [151] found that at low impact velocities, the penetration is a strong function
of the lateral boundaries, but it becomes less and less sensitive as the impact velocity
increases.
Walker and Anderson [38] developed a engineering model, where the axial momentum
equation was explicitly integrated along the center-line of the projectile and target to
provide the equation of motion. The model requires the initial interface velocity–which
can be found, for example, from the shock jump conditions-and material properties
of the projectile and target to compute the time history of penetration. After some
assumptions and simplifications, the integral of the axial momentum equation is expressed as follows:
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1
7
= ρp (Vx − Vt )2 −
ρt Vt2 + ln (α) Rt , (6.16)
2
3

where L and s are the total length and the extent of the plastic flow length in the
projectile, respectively; a is the crater radius; and α is a dimensionless extend of the
plastic flow field in the target (usually calculated by the cavity-expansion theory), as
seen in the Figure 6.5. Other parameters have been defined previously. Equation 6.16
can simplify to A-T equation (Equation 6.5) using some assumptions. To complete
the model, the other two equations involved are
dL
= − (Vx − Vt ) , and
dt

dVx
1 ds
Vx − Vt
ρp (L − s)
= −σp 1 +
+
dt
c0
c0 dt

(6.17)

!

,

(6.18)

where c0 is the elastic wave speed in the material. Using Equation 6.16, Equation 6.17,
Equation 6.18, and the constitutive relations for projectile and target, the system can
be solved for different penetration cases.
One of the limitations of this model for deformable projectiles is that the crater of the
target a changes during the penetration. In this case, it was handled using experimental
data of penetration experiments at different impact velocities in metallic materials,
where it was found that the crater radius can be approximated by a quadratic fit in
terms of the impact velocity. Therefore, experimental data from previous penetration
tests (using the right materials) are necessary to solve the model.

6.2.1. Summary of the Literature review
• There are many analytical expression to model the impact penetration problem
of a simple projectile and a target.
• Alekseevskii-Tate equation is still one of the most used relations for modeling
impact penetration problem due to its simplicity.
• Walker and Anderson model is one of the most recent and approved models to
predict the behavior of projectile and target in a penetration event.
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Figure 6.5.: Walker and Anderson model: (a) projectile parameters, and (b) target
parameters.

6.3. Some modification to the conservation laws
In this section, the general conservation laws, that were formulated previously for the
projectile (Part I, Chapter 3) and for the target (Part II, Chapter 5), are modified to
include the interaction of both surfaces.
Consider the scheme of a general penetration process (Figure 6.6), where both, projectile and target, are suffering plastic deformation due to the impact. In the scheme,
R is the rear part of the projectile; S is the stationary deformed material; and T is the
target. Additionally, Vx represents the instantaneous velocity of the projectile, Vt is
the instantaneous penetration velocity into the target, and ȧ is the cavity-expansion
velocity. It has been shown that S is constant in size and shape during most of the
penetration process [10, 11]. As discussed in those references, this S region only could
change during the beginning and the end of the penetration process; however, these
periods are short enough to despise changes of S for analytical purposes. Thus, in this
research, the analysis is focused in R and T regions.

6.3.1. Projectile
In the previous chapter (see Part I, Chapter 3, section 3.2), the movement of a rod
was analyzed using the conservation equations. It was defined that the conservation
equations (mass and momentum) of the rod, with a generic nose, were given as follow:
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Figure 6.6.: Schematic view of a general penetration process, where three important
regions are marked: T: Target, R: projectile, and S: stationary deformed material.

dV
= − (cp + Vx ) A when Vx ≤ β,
dt


dV
Vx
A when Vx > β;
= −Vx 1 +
dt
c0





dVx
Vx
ρV
= σd 1 +
A,
dt
c0

(6.19)

(6.20)

where V is the volume of the undeformed section; and A is the cross-section area of
a specific position on the nose; β 2 = |Y0 | /ρ; and σd is the dynamic yield stress of the
material, which is given as follows:

σd (Vx ) = −Y0 − BT



Vx
Vr

nT

.

(6.21)

Now, taking into account the scheme of the projectile in a penetration process
(Figure 6.7(a)), Equation 6.19 and Equation 6.20 can be modified to include the penetration velocity (Vt ). As a result, the projectile equations are transformed to the next
equations:
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dV
= (−cp − Vx + Vt ) A when Vx ≤ β,
dt
dV
= (−Vx + Vt ) A when Vx > β;
dt



(6.22)



Vx − Vt
dVx
= −σd 1 +
A.
ρp V
dt
c0

(6.23)

Therefore, Equation 6.22 and Equation 6.23, coupled with Equation 6.21, are used to
model the movement of the projectile during the penetration process.
For a blunt-nosed cylinder, conservation equations can be reduced (see Part I, Chapter
2, section 2.4) to the next equations

dlc
= −cp − Vx + Vt
dt
dlc
= −Vx + Vt
dt

when Vx ≤ β,
(6.24)

when Vx > β;



dVx
−σd
Vx − Vt
=
1+
dt
ρ p xc
c0



(6.25)

.

where lc = xc + h, dh/dt = cp .
And, for a spherical-nosed rod, conservation equations can be reduced (see Part I,
Chapter 3, subsection 3.2.2) to the next equations

dr
= −cp − Vx + Vt
dt
dr
= −Vx + Vt
dt

when Vx ≤ β,
(6.26)

when Vx > β;



Vx − Vt
3σd (R02 − r2 )
dVx
= 2
1+
2
3
dt
R0 L0 + ρ (3R0 r − r )
c0



.

(6.27)

209

Chapter 6

General engineering model of penetration

Keep in mind, that for the spherical-nosed rod case, the previous equations only apply
for the nose geometry. As soon as the deformation reaches the radius of the nose, the
equations of the blunt-nosed cylinder begin to apply to the system.

6.3.2. Target
In the previous chapter (see Part II, Chapter 4, section 4.4), cavity-expansion theory
was used to calculate the pressure on the cavity wall pc of the target as a function of
the cavity-expansion velocity ȧ, and assuming a is constant because the shape of the
projectile does not change (rigid projectile). Therefore, pc was given as follows

ps (a, ȧ) = ac + cc ȧ2 + dc ȧ3 + fc ȧnc ,

(6.28)

where ȧ and the projectile velocity Vx were related using the equation

ȧ = Vx cosφ ;

(6.29)

and φ was the penetration angle which is in the interval of 0 ≤ φ ≤ 90.

However, when both projectile and target suffer deformation, a changes during the
penetration process, as seen in Figure 6.7(c) . Therefore, the cavity pressure pc can be
approximated using a power function of a and ȧ. This is done using the equation:

ps (a, ȧ) = ac + bc a + cc ȧ + dc ȧ + fc ȧ
2

3

nc

+ gc

 mc

1
a

,

(6.30)

where ac , bc , cc , dc , fc , and gc are the coefficients, and nc and mc are exponents after
the data adjustment.
In this case, ȧ is related with the penetration velocity Vt because it is the current
velocity that is pushing the cavity. Therefore, Equation 6.29 transforms to the next
equation:

ȧ = Vt cosφ .

(6.31)

Equation 6.30 and Equation 6.31 are used to model the resistance of the target during
the penetration process.
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6.3.3. Interface
Consider the non-stationary region S shown in the Figure 6.7(b). Using the LagrangeCauchy integral for a non-stationary motion of an ideal fluid [152], the motion of the
material in S is given as follows:

ρ

dϕ ρv 2
+
+ p = f (t) ,
dt
2

(6.32)

where ρ, v, and p are the density, velocity and pressure of the material in a specific
point of the medium, and ϕ is the potential of the velocities of the rotational perturbed
motion.
Using Equation 6.32, the function f for the point 0 (Figure 6.7(b)) is expressed as
follows:
ρp (Vx − Vt )2
+ σd ,
2

(6.33)

which is the pressure on the undeformed section of the projectile.
Now, for the point A (Figure 6.7(b)),Equation 6.32 is expressed as follows:
ρt d (aVt ) ρt Vt2
+
+ ps ,
2 dt
2

(6.34)

where the potential was defined by ϕ = 0.5a(t)Vt (t) for penetration into elastic-plastic
targets [153].
Therefore, the balanced relation for the region S is given as follows:
ρt d (aVt ) ρt Vt2
ρp
+
+ ps =
(Vx − Vt )2 + σd .
2 dt
2
2

(6.35)

If this region (S) reaches an early stagnation point during the penetration process, as
was discussed by Wright [10], one would expect that the transitional region is almost in
steady state [30]. Therefore, d (aVp ) /dt = 0, and Equation 6.35 reduced to the known
Tate-Alekseevskii relation
ρt 2
ρp
Vt + ps =
(Vx − Vt )2 + σd .
2
2

(6.36)
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Continuing with the Equation 6.35, and expanding the derivative of the product, the
next equation is obtained

ρt da
ρt dVt ρt Vt2
ρp
Vt + a
+
+ ps =
(Vx − Vt )2 + σd .
2 dt
2 dt
2
2

(6.37)

Equation 6.37 can be studied for two different cases: when projectile and target are
made from the same material (ρp = ρt ), or when they are not (ρp 6= ρt ).
6.3.3.1. Case 1: ρp = ρt
Solving Vt from Equation 6.37, the next relation is obtained

Vt = 

1
2Vx +

da
dt



h

i

(6.38)

Vx2 − Υ ,

where
ρt dVt
2
ps − σd + a
Υ =
ρt
2 dt

!

.
2

2

If Vx ≥ Υ , then the projectile penetrates the target. However, as soon as Vx < Υ ,
the projectile does not continue to penetrate the target, and it only deforms as a
deformable projectile impacting a rigid wall (see Chapter 2).
6.3.3.2. Case 2: ρp 6= ρt
Solving Vt from Equation 6.37, the next relation is obtained




da
κ
1 
Vt =
+ κ0.5 Vx2 +
Vx + κ
1−κ
dt
4
where
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da
dt

!2

0.5 
+ Υ 


,

(6.39)
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ρt
,
κ=
ρp

and

!

2
ρt dVt
Υ =
ps − σ d + a
(1 − κ) .
ρt
2 dt

Equation 6.38 or Equation 6.39 couple the projectile and the target equations in the
engineering model of penetration.
lc

T
a(t)

R

rR

Vx

a(t)

Vx

0

(a)

S

(b)

A

Vt

aɺ

(c)

Figure 6.7.: Analysis of each region in a general penetration process: (a) R: undeformed section of the projectile, (b) stationary deformed material, and (c) deformed
target.

6.3.4. Cavity radius
During the penetration process, the cavity radius a(t) is changing. This parameter is important to determine the cavity pressure on the target (See Equation 6.30).
However, this is one of the most challenging parameter to obtain analytically, as was
discussed by Walker and Anderson [38]. Most of the penetration models use empirical
relations to find the final cavity radius as a function of the impact velocity. However,
in the current case, it is necessary to know the cavity radius as a function of time
(a(t))during the penetration event. Therefore, in this model, the calculation is done
in two steps.
First, the theoretical final cavity radius (af ) can be calculated, using the analytical
expression formulated by Tate [31], as follows:


af
rR

2

=

(ρp V02 /ps )
,
(kc dp /L0 )

(6.40)
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where, rR is the initial radius of the projectile, V0 is the initial velocity of the projectile,
L0 is the initial length of the projectile, dp is the penetration depth into the target,
and ps is the cavity pressure, which is calculated using Equation 6.30 at the initial
conditions ps (rR , V0 ). In this case, a new parameter kc was added to the equation,
taking into account the nose of the projectile (kc = 1 for blunt-nosed, kc = 0.5 for
spherical-nosed, and kc = sin2 φ for conical-nosed projectiles [11]). Therefore, to calculate af , at least one point from experimental data (or numerical simulation) must
be known (because it is necessary to know at least one dp datum).
Second, it is necessary to know the cavity radius as a function of the time during the
penetration event. This can be done relating the initial and the final radius of the
cavity by an increasing function. Held [154] proposed a root-square function to relate
the cavity radius with the time for the penetration of shaped-charge jets. Walker and
Anderson [38] assumed that the cavity radius tends to increase quickly during the first
part of the penetration event. Therefore, the final cavity radius af was only used for
their penetration model, which was obtained by experimental data. This assumption
was verified, in this research, by numerical simulations, and it was found that a (t)
tends to be constant during most of the process after af is reached. Therefore, an
exponential increasing function can be proposed to calculate the cavity radius as a
function of time, as follows:

a (t) = af − (af − rR ) exp(−t/kt ) ,

(6.41)

where af is calculated by Equation 6.40, and kt is a coefficient to adjust the time of
the penetration process. Typically, this time is very short; according to numerical
simulations, kt = 100 µs. The general plot of this equation is placed in Figure 6.8.
Notice that when t = 0, cavity radius is equal to the radius of the projectile (a(0) = rR );
and when t → ∞ , cavity radius tends to be af . This increasing function was verified
using FE simulations of the penetration process, as shown in Annex A3.3.

6.4. Formulation of the engineering model of
penetration
6.4.1. Model solution
The solution of the cavity problem consists of two parts. First, the cavity problem is
solved for an specific cavity radius (a), and at a specific cavity-expansion velocity (ȧ),
as shown in the Figure 6.9(a). The value of ps is found using the boundary solution,
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a (t )
af

rR

t

Figure 6.8.: General plot of the exponential increasing function Equation 6.41.

as follows:

ps /E = Σr (ξ = 1) .

(6.42)

This process was extensively explained in the previous chapter (See Chapter 4, section
4.4). The same solution procedure is performed changing the value of a and ȧ, as
shown in the nested loop process in Figure 6.9(b). At the end of this process, the
cavity pressure ps can be approximated using a power function of a and ȧ, given by
Equation 6.30.
Annex A3.1 shows the numerical program developed using MATLAB/SIMULINK
to solve the cavity-expansion problem at different cavities radii and different cavityexpansion velocities.
After the solution of the cavity-expansion problem is obtained, the engineering model
of penetration can be solved. It is completed with the geometrical parameters (L0 , rR )
and material properties (ρp , E, Y0 , BT , np ) of the projectile. Then, the deceleration of
the projectile, final projectile length (lf ), and final penetration depth into the target
(dp ) can be found (Figure 6.10).
Annex A3.2 shows the numerical program developed using MATLAB/SIMULINK to
solve the penetration problem.
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1. START

ρ , E , ν , Y0 , σ e ( ε pl )
a, aɺ

Guess

ξi

ξi ≤ ξ ≤ ξ w

Elastic region
Eq.(4.61) Eq.(4.62)

Eq.(4.63)

Σ (ξ = ξ w ) = Σ r (ξ = ξ w ) = 0
Σ (ξ = ξi ) = Y0

2. START
a

V (ξ = ξi )
Σ r (ξ = ξi )
1 ≤ ξ ≤ ξi

Elasto-Plastic region
Eq.(4.57)

aɺ

Eq.(4.58) Eq.(4.59)
Eq.(4.60)

ε 'pl ( Σ )

*N 1

+ ∆aɺ

1*N2

+ ∆a
NO

V (ξ = 1) = 1

aɺ ≤ aɺmax

Σ (ξ ) , Σ r (ξ ) , ρ (ξ ) , V (ξ )

a ≤ amax

ps / E = Σr (ξ = 1)

ps / E = f ( a, aɺ )

END 1.

END 2.

(a)

(b)

'
*N1: Constitutive relation ε pl ( Σ ) in terms of the studied variables.

*N2: Process for calculating ps , are shown on the left side of the figure.

Figure 6.9.: Model solution algorithm of the cavity-expansion solution for a given
Target: (a) to find pc at a given a and ȧ, and (b) to find pc as a function of a and ȧ.
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START

V0
Projectile

Target

ρ p ,E,Y0 ,BT ,nT

ac ,bc ,cc ,d c , f c ,g c

L0 ,a0

mc ,nc , ρt

Eq.(6.30)

Eq.(6.31)

Eq.(6.21)
Eq.(6.22)

Eq.(6.23)

Eq.(6.38) or Eq.(6.39)
Eq.(6.40)

Eq.(6.41)

lc ( t ) ,Vx ( t ) ,V p ( t ) ,l f ,d p
END

Figure 6.10.: Model solution algorithm of the engineering model of penetration. The
process is model to find lf and dp at a given V0 .

6.5. Preliminary solution of cavity-expansion problem
In this section, the solution methodology for the spherical cavity-expansion problem
(Figure 6.9) is solved for two materials, which were previously characterized. In particular, solution of the SCE problem was applied at two different constitutive relations:
Johnson-Cook and Cowper-Symonds equations (See chapter on fundamental concepts,
Chapter 8, subsection 8.1.4, for more details about constitutive relations).
6.5.0.1. 6063-T6 Aluminum
In the previous chapter (Chapter 2, section 2.5.1), the 6063-T6 aluminum alloy was
studied. This material was characterized using the Johnson-Cook constitutive equation, where effective stresses σe are related with the plastic strain pl and plastic strain-
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rates pl by the relation:




σe = 261 + 1260.3
(1 + 0.0125ln (˙pl )) in [M P a].
pl

(6.43)

Using this relation, the cavity-expansion problem for different cavity radius (a) and
at different expansion velocities (ȧ) can be solved, as discussed in the methodology
shown in Figure 6.9. Solution of this problem, in the interval of a = [1 mm, 30 mm]
and ȧ = [1 m/s, 1000 m/s], is shown in the Figure 6.11 as solid circle markers.
After that, pc was adjusted to a power function of a and ȧ, using the curve-fitting
toolbox of MATLAB [76]. For this curve-fitting, a non-linear least squares method
was used, choosing a trust-region algorithm for the optimization process. After the
adjustment, the next function was obtained as follows:

ps (a, ȧ) =7.829 × 108 − 1.438 × 109 a + 3441ȧ2 − 0.3616ȧ3
 0.5114
9 0.01994
6 1
,
+ 0.9532 × 10 ȧ
+ 1.402 × 10
a

(6.44)

where the regression coefficient of the adjustment was higher than 0.99 (good regression
correlation) . After obtaining the ps approximation, it was verified plotting over the
cavity-expansion results, as shown in Figure 6.11. Notice that approximation given by
Equation 6.44 is a good representation of the solution of the exact cavity-expansion
problem. Therefore, Equation 6.44 can be used to model the penetration process.
6.5.0.2. 6061-T651 Aluminum
In the previous chapter (Chapter 4, subsection 4.5.3), the 6061-T651 aluminum alloy
was studied. This material was characterized using the Cowper-Symonds constitutive
equation, where effective stresses σe are related with the plastic strain pl and plastic
strain-rates pl by the relation:


σe = 278 +

1400.18
pl





˙pl
1+
8000

1/1.1 !

in [M P a] .

(6.45)

As in the previews subsection, the cavity-expansion problem for different cavity radius
(a = [1 mm, 30 mm]) and at different expansion velocities (ȧ = [1 m/s, 1000 m/s)
can be solved, as discussed in the methodology shown in the Figure 6.9. Solution of
this problem is shown in the Figure 6.12 as solid circle markers.
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Figure 6.11.: Result of the cavity-expansion problem for the 2024-T351 Al alloy.
Markers represents the exact solution of the problem, and the surface is the approximation given by the Equation 6.44.
After that, ps was adjusted to a power function of a and ȧ, using the curve-fitting
toolbox of MATLAB [76] as explained before. As a result, the next function was
found:

ps (a, ȧ) = 1.352 × 109 + 3380ȧ2 − 0.3539ȧ3 + 18320ȧ0.9 + 18320

 0.9

1
a

, (6.46)

where the regression coefficient of the adjustment was higher than 0.99. After obtaining
the ps approximation, it was verified plotting over the cavity-expansion results, as
shown in Figure 6.12. In this particular case, it was found that parameter fc =gc and
nc =mc to find a better surface adjustment of data. Therefore, Equation 6.30 could be
simplified for Cowper-Symonds materials, as follows:

ps (a, ȧ) = ac + bc a + cc ȧ + dc ȧ + fc
2

3

 nc
ȧ

a

.

(6.47)

This simplification could be given due to the fact Cowper-Symonds constitutive equa-
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tion do not involve logarithmic calculations related to the strain-rates (as the JohnsonCook equation does). Therefore, approximations are simpler in this case.
As in the previous case, the approximation given by Equation 6.46 is a good representation of the solution of the exact cavity-expansion problem. Therefore, Equation 6.46
can be used to model the penetration process.

Cavity pressure ps [GPa]
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250
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0.015

0.02

0.025

0.03

Cavity radius a [m/s]

Figure 6.12.: Result of the cavity-expansion problem for the 6061-T651 Al alloy.
Markers represent the exact solution of the problem, and the surface is the approximation given by the Equation 6.46.

6.6. Engineering model of penetration applied to
projectiles and targets of 6063-T4 aluminum
6.6.1. Penetration experiments
Penetration experiments were performed using the 6063-T4 Al alloys, both for projectiles and targets. A scheme of the experimental set-up is shown in Figure 6.13. In this
case, spherical-nosed projectiles, approximately 50 mm long and 10.3 mm in diameter,
were launched over semi-infinite targets, which were cut from 150 mm diameter bars.
The projectile was launched using an air cannon, which can propel these projectiles
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Table 6.2.: Measurementes of the 10.3 mm, 6064-T4 Al projectiles before the impact
event, and their impact velocities V0 reached in the air-cannon.
Specimen
1
2
3
4
5
6
7
8

test L0 [mm] mp [g]
21
49.92
10.82
19
49.92
10.84
23
49.98
10.81
27
49.91
10.82
05
49.95
10.80
26
49.86
10.82
12
49.92
10.85
02
49.89
10.89

V0 [m/s]
120.0
132.7
146.3
150.7
153.8
159.6
163.0
168.5

at velocities up to 170 m/s. IR-Led sensors were placed before and after the target
coupons to measure the velocity of the projectile. Additionally, a CORDIN 535 high
speed camera was placed perpendicular to the target surface to capture the penetration
event.
Table 6.2 shows the configuration of eight different projectiles impacting the target
at different impact velocities V0 . Figure 6.14 shows a penetration sequence captured
by the high-speed camera during the impact event. Additionally, Annex 3.4 shows
pictures of the final state for target and projectile after impact tests.
After the completion of testing, the final projectile length lf and the final penetration
depth dp into the target were measured using a digital caliper of resolution 0.01 mm.
Also, the final cavity radius af was measured using radial gauges by 0.5mm of precision.
Measurements are placed in Table 6.3 and Table 6.4.

Target
Solenoid valve

Projectile
Cannon

Velocity sensor

Figure 6.13.: Scheme of the experimental set-up for the penetration tests.
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Figure 6.14.: Sequence of penetration event of projectiles and targets made from Al
6063-T4 Al alloy at Vp = 157.7 m/s. Images taken by a high speed camera at 105263
frames per second.

6.6.2. Solution of the engineering model of penetration
6.6.2.1. Projectile
In a previous chapter (Chapter 2, subsection 2.6.3), the 6063-T4 aluminum alloy was
studied for Taylor cylinders. At that part, the dynamic yield stress of this material
was calibrated using the following constitutive equation:

σd = 147.4 + 0.664Vx0.98 in [M P a] .

(6.48)

Therefore, Equation 6.48 is used to model the behavior of the projectile in the penetration process.
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Figure 6.15.: Result of the cavity-expansion problem for the 6063-T4 Al alloy. Markers represents the exact solution of the problem, and the surface is the approximation
given by the Equation 6.50.
6.6.2.2. Target
In a previous chapter (Chapter 4, subsection 4.6.3), the 6063-T4 aluminum alloy was
studied. At this part, the material was first characterized using the Johnson-Cook
constitutive equation, where effective stresses σe are related with the plastic strain pl
and plastic strain-rates ˙pl by the relation:




σe = 147 + 2690.48
(1 + 0.013ln (˙pl )) in [M P a] .
pl

(6.49)

Using this relation, the cavity-expansion problem for different cavity radius (a) and
at different expansion velocities (ȧ) can be solved, as discussed in the methodology
shown in Figure 6.9. Solution of this problem, in the interval of a = [1 mm, 30 mm]
and ȧ = [1 m/s, 1000 m/s], is shown in Figure 6.15 as solid circle markers.
As it was explained in the previous solution (see section 6.5), ps was adjusted to a
power function of a and ȧ, using the curve-fitting toolbox of MATLAB [76]. After the
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adjustment, the following function was obtained:
ps (a, ȧ) =5.553 × 108 − 1.439 × 107 a + 3473ȧ2 − 0.3957ȧ3
 0.04749
9 0.03947
9 1
+ 0.2253 × 10 ȧ
+ 0.1652 × 10
,
a

(6.50)

where the regression coefficient of the adjustment was higher than 0.99. After obtaining
the ps approximation, it was then verified plotting over the cavity-expansion results,
as shown in Figure 6.15. Notice that approximation given by Equation 6.50 is a good
representation of the solution of the exact cavity-expansion problem. As a result,
Equation 6.46 can be used to model the behavior of the target during the penetration
process.
6.6.2.3. Cavity radius
Final cavity-radius (af ) was calculated using Equation 6.40, where ps (rR , V0 ) from
Equation 6.50 was used into the calculus.
Figure 6.16 and Table 6.3 show af predictions for all penetration tests (see Table 6.2).
It can be seen that af prediction reached a maximum value, and after that it started to
decrease (see solid-line in Figure 6.16). This trend is not possible in actual penetration
events because, as known [155], the higher the energy of the impact, the bigger the
cavity radius. Analyzing Equation 6.40, it is noticed that ps is velocity-dependent
(because the material is strain-rate sensitive). Therefore, this parameter tends to be
higher than the kinematic term in the numerator (ρp V02 ) at high velocities. For this
reason, the cavity prediction starts to decrease at a certain point. This issue is assumed
as a limitation of the Equation 6.40. Consequently, for high impact velocities, it is not
recommended the use of this equation for af predictions. For the purpose of the current
research, a tendency function was used for calculating af at high penetration velocities
(see segmented-line in Figure 6.16).
Finally, using these values of af , the cavity radius as a function of time can be predicted
using the Equation 6.41.
6.6.2.4. Penetration process
The penetration process was configured for a spherical-nosed projectile and a semiinfinite target made from 6063-T4 Al alloy. The projectile lengths and their initial
velocities V0 were configured to the values of the penetration experiments, as shown in
Table 6.2. Then, using Equation 6.49 and Equation 6.50 in the methodology explained
in Figure 6.10, the penetration event was solved. At the end of the process, final
projectile length and final penetration depth into the target were reported.
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Figure 6.16.: Prediction of final cavity radius (af ) using Equation 6.40. Dot-points
represent exact solution, Solid-line represents data adjustment, and Segmented-line
represents actual tendency of data.

6.6.3. Finite-element penetration models
Finite-element (FE) models were used to validate the results of the engineering model
of penetration. For this purpose, 2D axis-symmetric computational models were solved
by ANSYS/AUTODYN using a Lagrangian mesh (see Figure 6.17). The target was
configured as a 50 mm x 50 mm semi-infinite material. Transmit boundary conditions
were applied to the outer border to simulate the material as semi-infinite. The projectile was modeled as a spherical-nosed cylinder, L0 initial length and rR initial radius,
impacting the target at V0 initial velocity. The mesh was optimized to minimize the
hourglass energy and contact energy among elements to less than 5% of the total energy balance [112]. The initial measurements of the projectile were configured to the
values of the penetration experiments, as shown in Table 6.2. Material of the bodies
were configured using an elasto-plastic behavior given by the JC constitutive relation:
Equation 6.49.
The type of CPU used for performing numerical simulations was an Intel Xeon E5-2630
@2.30GHz and 32GB RAM.
At the end of the simulations, final cavity radius, final projectile length and final
penetration depth into the target were reported. In Annex A3.5, the final state of the
projectile and target after the simulation of the penetration events are shown.
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Target

Transmit
boundary

Projectile

L0
V0
a
Figure 6.17.: Scheme of the FE penetration models.

6.6.4. Comparisons among experimental data, FE model, and
engineering model
In the Table 6.3 and Table 6.4, it shows the experimental measurements af , lf and
dp for each penetration test (see Table 6.2). Predicted values by the FE simulation
(superscript sim) and by the engineering model (superscript mod) are also shown. In
these tables, %dif represents the percentage difference among the experimental and
the predicted values.
Table 6.3.: Measured final crater radius af penetration tests; and predicted values by
FE simulation (superscript sim) and engineering model (superscript mod).
Specimen
1
2
3
4
5
6
7
8

Test
21
19
23
27
05
26
12
02

af
[mm]
7
7.5
8
8
8
8.5
8.5
9

n

afsim %dif afsim
[mm]
[%]
6.81
2.71
7.42
1.07
7.89
1.38
8.05
0.63
8.11
1.37
8.42
0.94
8.45
0.59
8.76
2.67

o

n

afmod %dif afmod
[mm]
[%]
6.77
3.23
7.38
1.54
7.93
0.87
8.16
2.00
8.22
2.84
8.42
0.91
8.51
0.05
8.58
4.60

o

Predictions of af (Table 6.3 and Figure 6.18) seems to be in agreement with the ex-
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Table 6.4.: Measured final projectile length lf and final penetration depth into the
target dp after penetration test; and predicted values by FE simulation (superscript
sim) and engineering model (superscript mod).
Specimen
1
2
3
4
5
6
7
8

Specimen
1
2
3
4
5
6
7
8

n

o

n

o

Test
21
19
23
27
05
26
12
02

lf
[mm]
45.77
44.95
43.41
43.26
43.22
43.21
43.04
42.81

lfsim %dif lfsim
[mm]
[%]
45.98
0.46
45.05
0.22
44.71
2.99
44.42
2.8
44.31
2.43
43.89
1.55
43.77
1.70
43.07
0.61

Test
21
19
23
27
05
26
12
02

dp
[mm]
0.37
0.38
0.40
0.40
0.41
0.42
0.43
0.45

dpsim %dif dpsim
[mm]
[%]
0.31
16.22
0.33
13.16
0.36
10.00
0.37
7.5
0.38
7.32
0.40
4.76
0.41
4.65
0.45
<0.01

n

o

n

o

lfmod %dif lfmod
[mm]
[%]
45.86
0.20
44.89
0.13
44.65
2.86
43.76
1.27
43.65
0.90
43.60
0.88
43.43
0.91
42.98
0.4

dpmod %dif dpmod
[mm]
[%]
0.29
21.62
0.30
21.05
0.33
17.50
0.35
12.50
0.37
9.76
0.38
9.52
0.41
4.65
0.42
6.67

perimental results; particularly, predictions were better by the FE simulations due to
the fact errors were less that 3%. FE simulations involved more geometrical parameters of the penetration process than the engineering model; and for this reason, it was
expected a better prediction of the FE models. Nevertheless, the engineering model
predictions were also good (errors were less than 5%), taking into account that af was
predicted using an empirical equation (Equation 6.40). Finally, it should be noticed
that the radial gauge, which was used for cavity measurements, were a coarse precision
(0.5 mm); thus, this could affect the comparison with the model predictions.
According to the results shown in Table 6.4 and Figure 6.19, it can be seen that lf
values were good predicted, having been predicted both by the FE numerical model
and by the engineering model. This can be concluded due to the fact comparison
errors were lower than 3%, when models were compared with the experimental data.
In some way, those results are duplicating the predictions that were found with the
Taylor Test (Chapter 2, section 2.6). In result, the agreement of lf predictions with
the experimental data was expected.
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Figure 6.18.: Plot of calculated over measured crater radius af by FE simulation and
engineering model (Table 6.3).
Moving on to dp predictions (Table 6.4 and Figure 6.20), it can be seen that FE numerical results showed more adequate predictions than the engineering model results.
Disagreement in the predictions by the engineering model were particularly higher at
lower velocities. However, at higher velocities, differences with experimental data seem
to reduce in both models. Therefore, it could be expected that at higher velocities the
dp predictions are going to be in better agreement with the experimental results. Those
errors are due to the fact that the beginning of the penetration event is not a stable
process, as discussed by Anderson et al. [36]. Therefore, if the penetration process is
short, as in the case of impacts at lower velocities, it can be difficult to predict the
penetration depth into the target because the engineering model does not take into
account those instability effects.

6.6.5. Further comparisons
To verify the engineering model of penetration at higher velocities, comparisons of
af , lf , and dc were only done between the model results and the FE numerical model
result, due to the lack of experimental data at those velocities.
In this case, spherical-nosed projectile, 50mm long and 10.3mm in diameter, and semiinfinite targets were modeled using the 6063-T4 Al material.
Therefore,
Equation 6.48 and Equation 6.50 were used to solve the engineering model, and the
JC constitutive relation Equation 6.49 was applied to the FE numerical model.
Figure 6.22 shows the simulation sequence for the penetration event at V0 = 500 m/s.
Results of the FE simulation model at other velocities are shown in the Annex A3.5.
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Figure 6.19.: Plot of calculated over measured final projectile length lf by FE simulation and engineering model (Table 6.4).
Table 6.5 and Figure 6.21 show the comparison between the predicted dimensions by
the FE model and by the engineering model results. It can be seen that results are
comparable with each other, especially at low and medium velocities. Predictions of
the engineering model seem to differ from the FE results at high velocities. It could
be related with the af calculation, which was involved in the engineering model. As it
was explained before (see subsubsection 6.6.2.3), af obtained by Equation 6.40 was not
reliable at high velocities. Despite these differences, it can be argued that engineering
model’s solution involved lower time than the FE models. As a reference, Table 6.6
shows the time spent (in seconds) by both models (FE simulation and engineering
model) to get the final solution. Clearly, the difference in time can be noticed when
both models are compared. Therefore, and despite the limitation of the engineering
models, they could be effectively used to optimize processes in penetration events,
when a big number of simulations should be modeled for a specific system (projectile
and target).

6.7. Discussion of the chapter
The proposed engineering model of penetration was a merge of the other two models
formulated in the previous chapters; therefore, it includes the change of length of the
projectile and the penetration depth into the target. As it is a combination of two
models, this model has the same limitations explained in the previous and respective
chapters. However, it seems to work well when it is solved for the studied aluminum
material.
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Figure 6.20.: Plot of calculated over measured penetration depth into the target dp
by FE simulation and engineering model (Table 6.4).
The engineering model of penetration includes an equation for the eroding region
between the projectile and the target. This eroding region is governed by the LagrangeCauchy integral for a non-stationary motion of an ideal fluid. This equation is a general
relation of the the Alekseevskii-Tate equation, which has been extensively used in
penetration problems, and it has been verified by different scenarios. Therefore, the
use of this relation (Lagrange-Cauchy integral) for the eroding area could be properly
applied to penetration problems.
Most of the models have the limitation of the cavity radius prediction. In this research,
it was not the exception. It is because most of the engineering models are formulated
using uni-dimensional considerations; therefore, predictions of final shapes are not possible with these methodologies. Most of the authors have only used empirical relations
based on the final cavity volume to predict the cavity-radius; and this methodology
was also used in this research to predict the final cavity radius. Additionally, the cavity
radius does not dramatically change in the range of velocities studied; thus, the the
assumption of exponential growth can be justified. However, it was noticed that the
equation for the cavity predictions is not good enough at high velocities, which is a
limitation on the use of this methodology for its calculation.
Finally, it was noticed that spent time consuming by engineering models to get the
solutions is quite lower than the FE models. As a result, they can be used for optimization process in the design of armor systems, or for calibration the dynamic parameter
of material using impact experiments.
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Table 6.5.: Predicted dimensions of the final projectile length lf and final penetration
depth into the target dp , using FE model (superscript sim) and engineering model
(superscript mod) results.
afsim lfsim dpsim time sim
Test V0 [m/s] [mm] [mm] [mm]
[s]
1
250
9.55 38.96 0.72
5700
2
500
9.77 25.97 2.41
6320
3
800
10.02 17.74 6.26
7680
mod
mod
mod
af
lf
dp
time mod
Test V0 [m/s]
[mm]
[mm] [mm]
[s]
1
250
9.88
38.20 0.55
15
2
500
10.42
23.65 2.26
21
3
800
9.53 (10.42)* 11.05 5.84
30

*Calculation using Equation 6.40 was 9.53 mm; however, a value of 10.42 mm was taken because it
is not real that the cavity radius is shorter at higher velocities.

Table 6.6.: Time spent to get the final solution by the FE simulation model (superscript sim) and by the engineering model (superscript mod).
Test
1
2
3

time sim
V0 [m/s]
[s]
250
5700
500
6320
800
7680

time mod
[s]
15
21
30
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Figure 6.21.: Comparison of the change of length of projectiles at different initial
velocities, using the engineering model of penetration and FE numerical results.
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Figure 6.22.: Results of the simulation sequence for spherical-nosed nosed projectile
impacting the semi-infinite target at V0 = 500 m/s. Material for the projectile and
target was modeled using the Johnson-Cook relation for the 6063-T4 Al alloy. Color
scale represents Von-Mises stresses (in M P a).
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Conclusions of Part III
In this part, an engineering model of penetration was formulated when a deformable
projectile impacts a deformable target. This model can be used to predict the change
of length of a projectile, the final cavity radius of the target, and the final penetration
depth into the target. The proposed model was a merge of the other two models formulated previously, including an eroding region between the projectile and the target.
The penetration engineering model was solved using a novel methodology programmed
into MATLAB/SIMULINK, and the model results were verified and validated using
FE simulations and penetration experiments.
The spherical cavity-expansion problem can be solved for different ranges of cavityradius and cavity-expansion velocities, and thus, it is possible to express the pressure at
the cavity wall as a function of the cavity-radius and the cavity-expansion velocities.
It simplifies the calculus of the engineering model. Therefore, the cavity-expansion
problem was solved by two kind of constitutive models:
• Using elastic, Cowper-Symonds, 6063-T6 aluminum.
• Using elastic, Johnson-Cook, 6061-T651 aluminum.
After that, the engineering model of penetration was verified and validated using semiinfinite, elastic, Johnson-Cook 6063-T4 targets. According to the results obtained, it
can be concluded that the engineering model of penetration can predict cavity radius,
the projectile final length and penetration depth into these targets in the range of 100
m/s to 800 m/s. The predictions should be extended to other ductile materials and
to finite-targets. One limitations of this formulation is that some experimental data
is necessary to set up the equation of the change of radios in the projectile, which is
important to the performance of the engineering model of penetration. Additionally,
long penetration depths were not achieved because it was not possible to perform the
experiments at higher velocities due to the limitations of the test equipment. As a
result, it could be important to validate the predictions of the engineering model at
higher velocities.
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7.1. Conclusions
The recent development of the local armor industry in Colombia has increased the
interest in the study of penetration dynamics problems. These kinds of problems have
two important aspects that were analyzed by this research.The first aspect was the
dynamic characterization of materials, which was overcome using techniques such as
Split-Hopkinson Pressure bar apparatus and an air-cannon used to perform Taylor
tests and impact experiments. The second one was the understanding of the behavior of materials at high-strain rates due to impact events. This was overcome using
engineering models and Finite-Element models.
This research was focused on developing engineering models to understand the behavior of materials during the penetration process. Those engineering models were based
on conservation equations and some particular assumptions to simplify the mathematical problem. Additionally, the engineering models were solved using numerical
methods that can be easily programmed in mathematical software. In this research,
MATLAB/SIMULINK was used because this is a common software for modeling and
simulating dynamic systems.
To understand the penetration dynamics problem, the study was divided into three
different cases: first, the study of deformable projectiles impacting rigid targets; second, the study of deformable projectiles impacted by rigid projectiles; and, finally, the
combination of both models, which is the study of deformable projectiles impacting
a deformable targets. These three cases were divided in three different parts in this
document.
In the first part, an engineering model was formulated to predict the final length of
Taylor cylinders. In this model, a novel constitutive material model was defined, which
was based in a non-linear velocity stress dependence. This relation is very useful for
penetration-impact problems. The engineering model was verified and validated using
FE simulations, Taylor tests and previous experimental data. According to the results
obtained, it can be concluded that the engineering model for Taylor cylinders could
predict the change of length and deceleration of cylinders. However, some experiments
are necessary to calibrate the constitutive material model. The engineering model was
verified and validated by different methods:
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• Verified by FE numerical results using 6063-T6 aluminum cylinders in the range
of 100 m/s to 500 m/s.
• Verified using experimental data of OFE copper, 6061-T6 aluminum cylinders
and 4043 steel cylinders in a range of 150 m/s to 250 m/s.
• Verified and validated by FE numerical results and experimental data using 6063T4 aluminum cylinder in a range of 100 m/s to 800 m/s.
However, the engineering model cannot predict the final shape of the cylinder because
it was only developed using uni-dimensional assumptions. Therefore, radial displacements are not able to calculate during the impact event. Despite that disadvantages,
the model can be corrected to model different geometry noses of the projectile. In
this research, it was studied the response of the model to conical and spherical nosed
projectiles, using the 6063-T6 aluminum rods in the range of 100 m/s to 500 m/s.
Those results were verified by FE numerical results.
The second part formulated a engineering model of penetration to predict the final
penetration depth when a soft target is impacted by a rigid projectile. The proposed
model was based on the spherical cavity-expansion theory, and including a strain-rate
sensitive constitutive solid. According to the results obtained, it could be concluded
that the engineering model of penetration could predict the projectile deceleration and
penetration depth into the semi-infinite and finite targets. The penetration engineering
model was verified and validated by different methods:
• Verified and validated by FE numerical simulations and experimental data using
semi-infinite, strain dependent, 7075-T6 aluminum targets in the range of 250
m/s to 500 m/s.
• Verified and validated by FE numerical simulations and experimental data using
semi-infinite, Cowper-Symonds, 6061-T651 aluminum targets in the range of 250
m/s to 500 m/s.
• Verified and validated by FE numerical simulations and experimental data using
semi-infinite and finite, Jonhson-Cook, 6063-T4 aluminum targets in the range
of 150 m/s to 250 m/s.
Additionally, it was shown that the engineering model of penetration can be used as a
inverse problem for the dynamic characterization of materials. In this case, the model
was used to characterize semi-infinite, strain-rate dependent, Roma Plastilina No. 1
targets in the range of 10 m/s to 160 m/s.
In the third part, an engineering model of penetration was formulated to predict the
change of the length of a projectile and the final penetration depth into the target
when a deformable projectile impacts a deformable target. This engineering model
of penetration was verified and validated for a semi-infinite, elastic, Johnson-Cook
6063-T4 aluminum targets. According to the results obtained, it could be concluded
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that the engineering model of penetration could predict the projectile final length and
penetration depth into these targets in the range of 100 m/s to 800 m/s.

7.2. Future work
The current study can be extended by performing the following research activities:
1. Extending the use to other materials and constitutive models
In the application field, it is necessary to test different kinds of materials, including polymers and ceramics. Therefore, the engineering model of penetration
could be modified using specific assumptions for those kinds of materials. Sometimes, it involves a complete reformulation of the main equations; therefore, it is
necessary to carefully review and formulate of all the equations, including those
in the engineering model of penetration. Additionally, models were tested using
simple or common constitutive equations, like the power-law, Cowper-Symonds,
or Johnson-Cook relations. It could be important to extend the study to other
materials’ formulation, which could include more complex behavior of the materials.
2. Including failure models in the analysis
The analysis was made assuming Von-Mises solids, which are particularly useful to model ductile materials. However, when finite-targets are modeled, it is
important to include a failure model in the analysis to predict the perforation
of the finite target. To do that, it is important to include some simple failure
models, or more complex relations, although it could increase the difficulty of
the numerical model of the model.
3. Including thermal effects in the engineering models
During the development of the engineering models, the thermal effects were not
taken into account on the analysis. Because the test was performed at low- and
medium-impact velocities, the thermal effects were not represented in the experiments, and for this reason, they did not affect the predictions of the engineering
model. However, if the models are going to be tested at higher velocities, thermal effects must be considered in the analysis. In order to include the thermal
effects, some considerations must be taken into the models.
4. Extending the experimental test to higher velocities
In the current research, materials were tested at low- and medium-impact velocities due to the limitation of the experimental equipment. It could be important
to perform impact tests at higher velocities using more robust impact equipment. Currently, some gas-gun systems can be able to propel projectiles up to
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1, 000 m/s. However, specific considerations must be taken into account to redesign the current machines in the laboratory. Using experimental data at higher
velocities, the engineering model of penetration can be validated in a bigger range
of velocities and, thus, at higher strain-rates.
5. Verifying by numerical models using different software
During this research, the FE numerical model was performed to verify the behavior of the penetration models. The FE analysis was made using the software
ANSYS/AUTODYN. However, it could be important to verify the response of
this software using other explicit codes, like LS-Dyna, ABACUS, COMSOL, etc.
It could be useful to give more robustness to the comparisons proposed in this
research.
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8. Fundamental Concepts
This chapter is concerned with establishing some basic principles that are used in the
development of this document. It includes: conservation laws, material response, state
equation, constitutive equations, dynamic characterization of materials, and preliminary concepts of physical phenomenon of impact.

8.1. Material response
A solid body is composed of a great number of elements. Therefore, the response of
the body is the results of the interaction of those components with the environment.
This approach could be impractical in most engineering applications due to the infinite
number of components and interaction among the solid body. For this reason, it has
been accepted to treat the body as a continuum, where an idealized continuous material
is representative in an averaged sense of the real body [156].
This sub-chapter summarized some of the most fundamental aspects of continuum
mechanics applied to describing the material response at high strain rates.

8.1.1. Conservation Laws
Though the number of impact penetration dynamic problems is almost limitless, the
physical principles or laws of physical governing these events are the same: mass,
momentum, and energy of the system must always be conserved. The relationships
governing these three entities are known as the conservation equations. These equations are the bases for the prediction of the response of a system subjected to different
loads, whether that prediction be a simple closed-form analytical solution or a complex
numerical analysis [1, 157, 158].
8.1.1.1. Differential approach
Consider a control volume with sides ∆x , ∆y and ∆z , as can be seen in Figure 8.1.
The change in mass within the control volume is equated to the mass flowing into
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the volume minus the mass flowing out of the volume. After some simple manipulations (complete formulation can be seen in [159, 160, 161, 157, 1]), the equation for
conservation of mass, or often called the continuity equation, is given by (in vector
notation):
∂ρ v y


∆y  ∆x∆z
 ρ vy +
∂
x


∂ρ vz


 ρ vz + ∂x ∆z  ∆x∆y



∂ρ vx


 ρ v y + ∂x ∆x  ∆y ∆z



∆z

ρ vx ∆x∆z

∆y

∆x

ρ vz ∆x∆y ∆z

ρ v y ∆y ∆z

Figure 8.1.: Schematic of a control volume V for mass flux.

∂ρ ~
+ ∇ · (ρ~v ) = 0 ,
∂t

(8.1)

where ρ is density, ~v is the flux velocity, the subscript i is the designation of the
~ is the divergence.
coordinate system, and ∇
Now, applying the Newton’s second law into the arbitrary control volume V , the
momentum conservation can be expressed as [159, 160, 161, 157, 162]:

ρ

∂~v
~ v = ρ~b + ∇
~ ktk ,
+ ρ~v .∇~
∂t

where ~b is a vector of body forces and ktk is the Cauchy stress tensor.

(8.2)

For the energy conservation equation, the first law of thermodynamics can be used,
which states that the rate of change of the energy of the system (e) is equal to the
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heat supplied (Q) minus the work done by the system W .

∂
∂t

ˆ
ρedV =
V

dQ dW
−
.
dt
dt

(8.3)

Ignoring the term dQ/dt due to the system could not generate heat since the beginning,
and defining the work by the external body forces and boundaries as:

dW
=−
dt

ˆ
V

ˆ
ρ~b~v dV −

S

(8.4)

ρ ktk ~v dS .

Replacing Equation 8.3 in Equation 8.3, and doing some mathematical simplifications,
the energy conservation equation is achieved:

ρ

∂e
~ = ρ~b.~v + ∇
~ (ktk .~v ) .
+ ρ~v .∇e
∂t

(8.5)

8.1.1.2. Integral approach
The conservation laws in integral form may be expressed using continuum mechanics,
as can be seen in [10]. Any conservation law for a closed arbitrarily moving region in
space, simply states that the time rate of accumulation of a conserved quantity (f )
within the region in question, is equal to the flux of the quantity transported across
the boundary, plus the source of supply, (g), at the boundary, plus the source of supply
(h) deposited directly in the interior of the region.

d
dt

ˆ

˛
f dV̄ =

˛
f (G − ~u~n) ds +

ˆ
gds +

hdV .

(8.6)

In Equation 8.6, f , g and h may have any tensor character, G is the speed of the
surface in the direction of the outward normal, ~u is the velocity of the medium and ~n
is the outward normal of the surface.
Then, the terms f , g and h can be identified for the three balance laws as follows:
ˆ
˛
d
Mass :
ρdV = ρ (G − ~u~n) ds ,
(8.7)
dt
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´
¸
Momentum¸ : dtd ρ~udV´= ρ~u (G − ~u~n) ds
+ ktk ~nds + ρ kbk dV̄ ,
Energy :

(8.8)

´




¸ 
ρ e + 12 ~u.~u dV = ρ e + 12 ~u.~u (G − ~u~n) ds
´
+ (~u. ktk − q̇) ~nds + (r − ρ~u. kbk) dV ,
d
dt¸

(8.9)

where ρ is density, ρ~u is the momentum, ktk is the Cauchy stress tensor, kbk is the
body force tensor (per unit mass), e is the internal energy (per mass unit), q̇ is the
heat flux , and r is the energy sources and sinks (per volume unit).

8.1.2. Yield condition
When stressed beyond a critical stress, ductile materials such as metals and alloys
display a nonlinear plastic response. This critical stress is called the yield stress,
which is the stress in uni-axial tension, or compression, required to cause a small, yet
finite, permanent strain that is not recovered after unloading. However, in multi-axle
state of stress, it is better to define a yield surface, which defines the multi-axle state
of stress at the threshold of plasticity deformation [158].
It is very important to adopt a proper yield criterion because the results of modeling
may be significantly affected by the choice of different yield criteria. Great efforts have
been devoted to the formulation of yield criteria. Many different yield criteria have
been proposed during the past 100 years. Among them, the Tresca criterion and the
von Mises criterion are two representative criteria which can be used for materials that
have identical strength in tension and compression [163].
The Tresca criterion is based on the (τmax ) into the material; therefore, when the
maximum shear stress reaches a specific value and above (Cτ ), material will yield.
Mathematical, it can be expressed in the form:

τmax = Cτ .

(8.10)

In terms of principal stresses (σ1 , σ2 , σ3 ), Equation 8.10 can be represented by:

σ1 − σ3 = Y ,
where Y is the uni-axial material strength before yielding.
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The Von Mises criterion is based on the octahedral shear stress (τ8 ). The mathematical
modeling formula for the yield condition is:

τ 8 = Cτ .

(8.12)

In terms of principal stress, Equation 8.12 can be represented by:

σ12 + σ22 + σ32 − σ1 σ2 − σ1 σ3 − σ2 σ3 = σy2 .

(8.13)

8.1.3. Equation of state
The conservation equations are referred to as the field equations, but they are not
enough for describing the physics of the problem because they do not include the
particular material properties. Therefore, this formulation can be complemented using
two specific relations: equation of state and constitutive equations. In this section, it
is discussed the equation of state. Constitutive equations are introduced in the next
section.
It is known that the stress tensor for solid bodies can be separated into an uniform
hydrostatic pressure and a stress deviatoric tensor associated with the resistance of
the material to shear distortion. Hydrostatic behavior is characterized by an equation
of state (EOS), which relates the pressure, density (or specific volume), and internal
energy (or temperature) of the material. Theoretically, EOS can be determined from
the thermodynamic properties of the material and ideally should not require dynamic
data. In practice however, the way to establish an EOS is to perform well-characterized
dynamic experiments.
Neglecting viscosity, heat and heat conduction effects, there is a definite state of thermodynamic equilibrium at each point in a material defined the by the hydrostatic
pressure (P), the specific volume (Vs ), the instantaneous density (ρ), the initial density (ρ0 ), the specific internal energy (e), the specific entropy (Se ), the specific enthalpy
(i), and the temperature (T ). Additionally, it is known from thermodynamics that only
two of the parameters P, T , Vs , e and Se are independent. Therefore, EOS can be just
defined by the relationship between pressure, specific volume and the internal energy
(e.g. P = P(Vs , e)) [164].
The most common equation of state in solids is the linear polynomial EOS, in which the
hydrostatic pressure into the solid is a polynomial function of the material compression
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ratio (µcr ) and the internal energy:

P = C1 µcr + C2 µ2cr + C3 µ3cr + (C4 + C5 µcr ) p0 e ,

(8.14)

where µcr = ρ/ρ0 − 1, and C3 = C5 = 0 when µ < 0 (material in tension). If
C2 = C3 = C4 = C5 = 0 in Equation 8.14, the new EOS is:
P = Kµcr ,

(8.15)

where K is the bulk modulus and can be used to a linear, energy independent EOS.
There are more complex and elaborated EOS like the Mie-Gruneisen EOS and the
shock EOS (also known as Rankine-Hugoniot). However, they will be not considered in
this research. For more information about them, it can be consulted [165, 166, 156, 1].

8.1.4. Constitutive equations
The deviatoric response of a continuum subjected to some arbitrary thermo-mechanical
loading is determined in by the material’s constitutive properties [156]. Deviatoric
constitutive behavior is described with the generic equation:

σi = σi (, ,
˙ P, T, ...) ,

(8.16)

where σi is the flow stress,  and ˙ are the equivalent strain and strain-rate, P is the
hydrostatic pressure and T is the temperature. Other possible parameters can also be
added to the equation.
With more than 80000 engineering materials used in various possible environmental
conditions and temperatures, it is impossible to derive universal constitutive models
applicable to them all; even restricting the discussion on metals and alloys, it is still
very broad [167].
Compared with plastic deformation under quasi-static loading conditions, which can
be treated as an isothermal process, high strain rate deformation process is essentially
adiabatic, where some of the heat generated by the plastic deformation cannot conduct
and radiate. Thus, the adiabatic temperature rise is produced within the specimen.
This temperature rise has a significant effect on the constitutive behavior of metals at
high rates of loading, causing thermal softening phenomenon. Apparently the strain
rate, strain hardening, and adiabatic temperature rise effects on the plastic deformation
of metals are coupled during the high strain rate process.
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Perfectly plastic behavior which is sometimes applied when maximum expected strains
are close to the initial yield strain or when first occurrence of plastic zones shall terminate the calculation. It is just expressing by:

σi = Y,

(8.17)

where Y is the yield stress in the material.
For sufficiently large strains, the simplest empirical equation frequently used in the
literature is the simple power law proposed by Ludwik, which equation is given by:

σi = Bn ,

(8.18)

where B is strain hardening coefficient and n is the strain hardening exponent. A
non-hardening material corresponds to n = 0; then, B = Y representing a perfect
plastic behavior.
When the material is assumed to be rigid/plastic having a distinct initial yield stress
Y , the simple power law Equation 8.18 needs to be suitably modified. One such
modification, sometimes used in the solution of special problems, is:

σi = Y + Bn .

(8.19)

In some cases, the elastic/plastic analysis can be considerably simplified by using a
stress–strain relation that corresponds to the Ludwik curve with its initial part replaced
by a chord of slope equal to E. The stress–strain law is then given by the pair of
equations:

σi =

(

E ,
 ≤ Y /E ,
n
Y (E/Y ) ,  > Y /E .

(8.20)

The rate of straining has a profound influence on the yield strength of metals, particularly at elevated temperatures. The mechanical response of materials to high strain
rates and temperatures is generally established on the basis of uniaxial stress–strain
curves obtained under constant values of the strain rate and temperature. For a given
temperature, the combined effects of  and strain rate ˙ can be expressed by the em-
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pirical equation:

σi = Bn ˙m ,

(8.21)

where the parameters m is the strain-rate sensitivity exponent. Based on this model,
Cheong [168] developed a constitutive equation model in order to optimize the complex
super-plasticity forming process taking account the temperature of the material T :
σi =

(

Bn , T ≤ 0.4Tmelt ,
Bn ˙m , T > 0.4Tmelt .

(8.22)

8.1.4.1. Cowper-Symonds constitutive model
The Cowper-Symonds strength constitutive mode is typically used for super-plastic
forming analysis and to describe material behavior at different strain-rates [169, 170].
It accounts simultaneously for plastic strain (pl ) and a plastic strain-rate (˙pl ), given
by the following equation:


σi = Y0 +

Bcs nplcs





˙pl
1+
Dcs

1/qcs !

,

(8.23)

where Y0 is the yield stress at zero plastic strain, Bcs is the strain hardening coefficient,
ncs is the strain-hardening exponent, and Dcs , qcs are the strain-rate constants for a
particular material.
8.1.4.2. Johnson Cook constitutive model
According to Johnson Cook model, flow stress σi is expressed as [43]:


n

σi = Y0 + Bjc pljc





1 + Cjc ln ˙∗pl (1 − T ∗mjc ) ,

(8.24)

where Y0 is the yield stress at reference temperature and reference strain-rate, Bjc is
the coefficient of strain hardening, njc is the strain hardening exponent, pl is the plastic strain, ˙∗pl = ˙pl /˙o is the dimensionless plastic strain-rate with ˙0 being a reference
strain-rate , Cjc and mjc are the material constants that represent the coefficient of
strain rate hardening and thermal softening exponent, respectively. T ∗ is the homologous temperature and expressed as: T ∗ = (T − TA ) / (Tmelt − TA ), where TA is the
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room or reference temperature and Tmelt the melting temperature. The five parameters allow for a description of strain hardening as well as strain rate and temperature
dependency.

8.1.4.3. Jonhson-Holmquist constitutive model
Johnson and Holmquist developed a phenomenological model to define elastic limit
behavior of brittle materials such ceramics and glass. This model includes pressuredependent strength, damage and strain-rate effects.

8.2. Hydrocodes
Hydrocodes are a category of computational continuum mechanics, which were created
to study the behavior at very fast and very intensive loading on materials and structures [171]. In this sense, moderns hydrocodes are used to vary wide kind of problems:
impact dynamics (ballistic, collision, crash-worthy vehicles, aircrafts), explosive loading, standard of construction for pressure vessels, sport design, and space collisions
(design of space structures, interaction of bodies at high velocities).
In order that hydrocodes can properly work, it is necessary to formulate all the continuum equations, compatible and constitutive equations of the real problem. Sometimes,
it is necessary to simplify the system to have a better understanding of the results.
Additionally, it is required to input the material’s behavior at high loading rates,
something not generally available save for handful materials. Therefore, hydrocodes
requires a knowledge of numerical methods in the code, to be sure, they require a keen
understanding of the physics of the problem being addressed.
After the mathematical formulation, the mathematical system must be transformed
into an algebraic equation to be solved. It is achieved by a spatial discretization of
the problem. Most common technique used on this part are: Lagrangian or Eulerian
meshes.
Most structural dynamics codes are Lagrangian. They consists of discretization using
fixed elements of mass, it means the grid is embedded with the material. In contrast a
purely Eulerian mesh consist of a fixed grid which is established and mass flows through
the grid. Both approaches have advantages and disadvantages. Although Lagrangian
has more real sense, the mesh deforms with the material during the simulations, which
can bring high distorted elements and energy problem. Eulerian are better for high
deforming materials, as fluids, but it is necessary to determine material transport
through the grid.
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As all hydrocodes use an explicit method to advance solution time, very small time
steps are required for stable solution. This in turn requires long computational times
even on the faster computer at considerable cost [112].
The hourglass energy is a summation of numerical energy associated with the hourglass
control mechanism in the hydrocodes. The presence of significant hourglass energy
indicates that the model could have an instability. As a rule of thumb, hourglass
energy should be minimized, usually with 1% to 5% of the total energy [112].

8.3. Dynamic characterization of materials
The dynamic behavior of materials is processes that occur when bodies are subjected
to rapidly changing loads (high strain rates) and can differ from those that occur under static or quasi-static applications (low strain rates). In quasi static deformations,
the body is in static equilibrium where any element in the body has a zero net force
acting on it. Whereas, in deformations due very high rate one portion of the body is
stressed while the other portion has not applied stress yet. Then, stress has to travel
through the body at specified velocities. Thus, dynamic deformations often involve
wave propagation. Dynamic events require special study because inertia and inner
kinetics of materials become an important factor. In this subchapter, it will be introduced two techniques that are important to take account the dynamic characterization
of materials: the Split Hopkinson Pressure Bar (SHPB) and the Taylor test, by first
introducing some general concepts of wave propagation theory.

8.3.1. Elastic wave propagation
Under the assumption that the stress is uniform across the cross section of the bar, and
neglecting the effects of lateral inertia, it can be shown that the governing equation of
motion for the bar reduces to the following form [54, 172, 173, 174]:
2
∂ 2 ux
2 ∂ ux
=
c
,
0
∂t2
∂x2

(8.25)
q

where ux is the uniaxial displacement, and c0 = E/ρ represents the velocity of the
wave into the solid , and E and ρ are the elastic modulus and density of material.
Equation 8.25 represents a non-dispersive wave, it means, waves propagate without
deformation. The solution of Equation 8.25 is given by :
ux = f (x − c0 t) + g (x + c0 t) ,
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which represent two superposed waves traveling in the positive and negative x-direction,
respectively. This is applicable to semi-infinite cylindrical bars.
Let just consider the propagation of an uni-dimensional pulse ux = f (x − c0 t) in an
elastic bar σ = E = Edux /dx. Then, the particle velocity on the bar (vx ) is given by:

vx = dux /dt = −c0 f 0 (x − c0 t) .

(8.27)

This can be expressed in terms of the stress (using the Hooke’s law in compression),
since:

σ = −Edux /dx = −Ef 0 (x − c0 t) .

(8.28)

Then, combining the previous equations, it is obtained:

vx =

c0
σ = −co  ,
E

⇒

σ = ρc0 vx .

(8.29)

8.3.1.1. Reflection and transmission of wave in rods
σt
σi

σr

ρ1 , A1 , E1

ρ 2 , A2 , E2

Figure 8.2.: Incident reflected and transmitted waves at the junction between two
rods.
When two semi-infinite rods are in contact (Figure 8.2), and a propagating longitudinal
(incident) stress wave σi is traveling for the first bar, the wave will produce a reflected
wave σr and a transmitted wave σt , when it reaches the interface of the bars. The
signs of stresses in Figure 8.2 were set in such a manner that medium the first bar has
a higher impedance than medium B. Transmission and reflected waves can be modeled
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by applying the principles of equilibrium and continuity of velocity at the junction
[175]:
A1 (σi + σr ) = A2 σt ,
vi + vr = vt ,

(8.30)

Also, it is necessary to know the relation between uni-axial stress and wave velocities.
It is possible to use the conservation of momentum relationship in the rod [54]:

F dt = d (mvx ) σ,

⇒

σAdt = ρAvx dx,

⇒

σ=ρ

dx
vx ,
dt

⇒ σ = ρc0 vx .

(8.31)

Notice that Equation 8.31 is the same result that was found previously in Equation 8.29.
Using Equation 8.30 and Equation 8.31, it can be demonstrated that transmitted and
reflected waves can be related with incident wave as [176]:

σr =

1−T
σi
1+T

and σt =

2 A1
σi ,
1 + T A2

where T =

ρ1 c01 A1
.
ρ2 c02

(8.32)

For free surfaces, ρ2 c02 = 0; therefore, Equation 8.32 reduced to:
σr
= −1 and
σi

σt
=0.
σi

(8.33)

The previews analysis means that, when a compressive wave encounters a free surface,
it reflects back as a tensile wave and vice verse, with the same magnitude.
8.3.1.2. Longitudinal co-linear impact of two rods
When a cylindrical bar is impacted by a cylindrical projectile of length L, a rectangular
pulse of 2L propagates through the bar if the bar and projectile are of the same
material (and they are in perfectly aligned), as shown in the Figure 8.3 [54, 177].
The impact produces compressive waves at velocity c0 into projectile and target. As
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ρ0 , A0
V0

L
c0

c0

c0

Λ = 2L

Figure 8.3.: Cylindrical projectile impacting cylindrical bar.
the compressive wave reaches the free end of the projectile, it reflects back; and this
determines the length of pulse into target Λ = 2L. From the conservation of linear
momentum of impact:

hbeforei ρ0 A0 LV0 = hafteri ρ0 A0 Λvx = 2ρ0 A0 Lvx

⇒

vx = V0 /2 ,

(8.34)

where vx is the particle velocity after impact. Substituting Equation 8.34 in Equation 8.31,
it can defined the stress generated by the impact at velocity V0 as:
1
σ = ρc0 vx = ρc0 V0 .
2

(8.35)

8.3.2. Split-Hopkinson Pressure Bar (SHPB) or Kolsky Technique
Classical SHPB or Kolsky apparatus is used to conduct dynamical material characterization at strain rates ranging from 102 s−1 to 104 s−1 . It is used under compressive
stress, principally.
The SHPB apparatus consist of an air gun system, a set of bars (striker, input, and
output bars), a specimen cylinder, signal amplification and conditioning system, and
electronic acquisition system (Figure 8.4). The air gun system is designed to launch
the striker bar. The set of bars must be made of the same material and same crosssectional diameter. The specimen is placed in between the input and output bar,
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Striker bar

Output bar
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Velocity sensor
Data
acquisition

Strain gage
bridge
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bridge

Signal
Amplification
system

Oscilloscope
PC

Figure 8.4.: Schematic of a typical compressive split-Hopkinson bar apparatus.
The principle of the method is that an elastic striker is accelerated by compressed gas
to impact an elastic incident bar. The resulting stress wave passes down the incident
bar, with part of the wave being reflected at the specimen and part being transmitted
into the transmitted bar. Strain gauges mounted on the incident and transmitted bar
record the wave shapes, which are analyzed to obtain a dynamic stress strain curve for
the test material by assuming that the theory of one-dimensional wave propagation
holds [178].
ls

Input bar

Output bar

ϵi
ϵr

ϵt
v1

v2

F1

F2

Figure 8.5.: Traditional 1D Hopkinson bar analysis.
The velocities of the face of each of the bars in contact with the specimen are calculated

254

8.3 Dynamic characterization of materials
using Equation 8.29 as (see Figure 8.5):
v1 = vi − vr = c0 (i − r ) ,
v2 = vt = c0 t ,

(8.36)

where subscript 1 refers to interface 1 and subscript 2 refers to interface 2, i the
incident strain, r the reflected strain, and t the transmitted strain. Therefore, using
Equation 8.35, the stresses on the bar interfaces are:
σ1 = σi − (−σr ) = E (i + r ) ,
σ2 = σt = Et .

(8.37)

Now, the normal forces on the bar interfaces are calculated:
F1 = σ1 A0 = E0 A0 (i + r ) ,
F2 = σ2 A0 = E0 A0 t ,

(8.38)

where A0 is the cross-sectional area of the bars.
Neglecting the stress wave propagation effect in the specimen, the average strain rate
of the specimen is:

˙ =

v1 − v2
,
Ls

(8.39)

and using Equation 8.36, the previous equation is reduced to:
˙ =

C0
(i − r − t ) .
Ls

(8.40)

The engineering stress in the specimen is averaged as:

σ=

1
A0
(F1 + F2 ) =
E0 (i + r + t ) ,
2As
2As

(8.41)

where Ls and As are the specimen length and cross-sectional area.
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Finally, under dynamic stress equilibrium i + r = t ; therefore, Equation 8.40 and
Equation 8.41 are reduced to:
˙ =

−2C0
r ,
Ls

(8.42)

σ=

A0
E0 t .
As

(8.43)

Equation 8.42 represents the average strain rates in the specimen, and Equation 8.43
represents the engineering stress in the specimen. Equation 8.42, engineering strain in
the specimen is found as:

=

−2C0 t
∫ r dt .
Ls 0

(8.44)

8.3.3. Taylor Test
With material strength models becoming more complex, there is a need for simpler
and more cost-efficient ways of obtaining material constants. One such way is by using
the Taylor impact test. The Taylor test was developed by G.I. Taylor and co-workers
during the 1930 as a method of estimating the dynamic strength of ductile materials
in compression [2, 179]. Taylor impact tests may provide some hints on the quality of
rate-dependent material relations and on the range of some constitutive parameters at
strain rates of the order of 104 –105 s−1 . The test involves launching a circular cylinder
of the material of interest, at predetermined velocities, at a hardened, essentially rigid,
target. The impacted end usually sustains a large amount of plastic deformation. The
shape and extent of the plastic deformation has been used to estimate the dynamic
material properties of the cylinder material [73]. Recently, the Taylor test has also been
used to evaluate material strength models. The computational results of hydrocodes
using these models can be compared to the results of a Taylor test to evaluate the
effectiveness of the model’s form and the accuracy of its coefficients.
The Taylor tests apparatus consist of an air gun system (air cannon), a projectile know
as the Taylor specimen, a rigid surface (target), and electronic acquisition system in
order to measure the velocity and deformed shape of projectile (See Figure 8.6). The
cannon is designed in order to launch the specimen. It is simply a gun barrel attached
to a high pressure tank or vessel. A high speed opening response valve should be
assembly between barrel and pressure tank to ensure the velocity of projectile. The
gas gun system could used compressed air, helium or nitrogen as the pressurizing gas
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Figure 8.6.: Schematic drawing of Taylor test equipment.

[53, 180, 181]. To ensure that it undergoes no permanent deformation upon impact,
high strength steel was used as target plate, cover by rigid chamber. The impact face of
the plate was ground to a smooth finish. It was also lubricated to help reduce friction
during impact. Also, high-speed CCD camera capable of acquiring images at a frame
rate of 2 million frames per second can be used to photographically record the event
and of the transient deformation [181].
To construct a model of the impact event, Taylor made three assumptions in his analysis: the material stress-strain relationship is rigid perfectly-plastic, radial inertia effects
can be neglected, and a condition of uni-axial stress exists across the elastic/plastic
interface [2]. At impact, a wave of compressive stress will be generated at the front
face. If the velocity of the projectile is sufficiently high, the stress wave will separate
into two components. The first, or leading, component is an elastic compressive wave,
moving through the material at the speed of sound. The amplitude of the stress level
behind the compressive wave front is below the yield strength of the material. The second component, a plastic compressive wave, will follow the elastic compressive wave
at a greatly reduced velocity. At the plastic front the stress level exceeds the yield
strength of the material. The high compressive stress causes severe deformation to
occur in the form of radial motion outward away from the specimen axis, accompanied
by axial shortening of the specimen. In the next chapter is going to introduce more
details about the mathematical model of the Taylor test.
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8.4. Dynamic parameters calibration
As can be seen, each experimental model needs the identification of different parameters which must be determinate on experimental test as a function of strain rates
and temperature. SHPB and Taylor tests are the most widely experiment used for
this identification. The predictability of the constitutive equation is also quantified by
employing standard statistical parameters such as correlation coefficient and average
absolute error. Least square statistical method is the most widely used method which
provides information on the strength of linear relationship between observed and the
computed values [182].
Sedighi et al. [183] used an optimization method with Levenberg–Marquardt algorithm
as inverse approach method, in order to identify parameters of JC and ZA models for
high strain rate deformation. Experimental data was based in SHPB tests of 1018 and
4340 steels. Comparison of the results obtained using presented algorithm to those
using the least squares method shows that the present algorithm was increased the
quality of identification and lowered the calculation cost by at least 40%.
Hernandez et al. [184] proposed a novel technique for dynamic characterization of
metals using the Taylor test. In this paper, the silhouette of the Taylor specimen’s
final shape is expressed as a vector of its geometrical moments and used as input parameter. The inverse characterization problem is reduced to an optimization problem
where the optimum material parameters for the Cowper–Symonds material model are
determined. The optimization process is performed by a range adaptation real-coded
genetic algorithm.

8.4.1. Genetic Algorithms
Genetic algorithms (GA) are numerical optimization algorithms inspired by both natural selection and natural genetics [185]. The method is a general one, capable of being
applied to an externally wide range of problems.
The GA repeatedly modifies a population of individuals solutions. At each step, the
genetic algorithm selects individuals at random from the current population to be
parents and uses them produce the children for the next generation. Over successive
generations, the population evolves toward an optimal solution [15].
The genetic algorithm uses three main types of rules at each step to create the next
generation from the current population:
• Selection rules select the individuals, called parents, that contribute to the population at the next generation.
• Crossover rules combine two parents to form children for the next generation.
• Mutation rules apply random changes to individual parents to form children.
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8.5. Physical phenomenon of impact
Historically, the impact phenomenon has been mainly of concern to the military, either
for defensive or offensive purposes to develop armor or ammunition. Armor is generally
defined as a defensive covering designed to provide protection from a specific form of
attack. Humans throughout history have used various types of materials (leather,
steel, bronze, ballistic cloth and ceramics) to protect from injury in combat and other
dangerous situations. Nowadays, military applications demand extreme reliability of
the armor products, therefore, it is essential to understand the material behavior under
intense short duration impact loadings [172].
During an impact event, the target response is a combination of global and local
reaction.
In global reactions, the response of a facing material to projectile impact may be
regarded in two ways [186]. In the first, the material is subjected to axis-symmetric
stresses waves emanating from the impact zone and traveling to the back surface.
This concept is known as “stress-wave response” and is suitable for studying the early
response of the armor and projectile. The other concept is to consider that the facing
material acts as a plate in which the stress field is represented by resultant shearing
forces and by resultant radial and circumferential components of bending moments.
This “structural response” concept is suitable for studying response after the stresswave front has made many transits through the facing material.
Local response refers to the behavior of the target within close proximity to the projectile contact point. The projectile velocity and his tip geometry are the main factors
that could modify the final failure shape of the target, although the materials properties (target and projectile) also play an important role on it.
The relative contribution from the global or local reactions are generally determined by
a multitude of factors including, but not limited to, strike velocity, projectile properties,
target size and boundary conditions [187]. Typically, strike velocity is considered to
be the most significant factor to determine the transition between locally dominated
and globally dominated response.
Therefore, impact loads can be classified into three categories according to their velocity of application: low, high and hyper velocity impact. The reason for this classification is that energy transfer between projectile and target, energy dissipation and
damage propagation mechanisms undergo drastic changes as the velocity of the projectile increases [173]. In low velocity impact, the support conditions are crucial as the
stress waves generated outward from the impact point have time to reach the edges of
the structural element, causing a full vibration response. On the other hand, in high
velocity, the response of the structural element is governed by the ‘local’ behavior of
the material in the neighborhood of the impacted zone, the impact response of the
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element being generally independent of its support conditions. Hyper velocity impact involves projectiles moving at extremely high velocities such that the local target
materials behave like fluids and the stress induced by the impact is many times the
material strength. Ballistic impacts are mostly associated with projectiles of high energy in a regime of high velocity (100 m/s to 1000 m/s). Ballistic resistance is defined
as the measure of the potential of a protection system component to defeat an impacting projectile or fragment. Ballistic systems are protective coverings to prevent the
damage made by projectiles impacting at high speed. Ballistic protection systems are
classified into body (personal) armor, light (vehicular and aircraft) armor and heavy
(tank) armor [54].
Penetration mechanisms are very different from one type of material to another, all of
which, to different degrees, serves to protect some vital target [13]. Some failure modes
are depicted in Figure 8.7. The target may deform without fracture; penetration on
axis may occur, followed by radial fracture of the target to allow projectile passage;
shear failure can occur in the plate along an approximately cylindrical surface through
the thickness of the plate such that a plug is pushed out ahead of the projectile;
spallation (dynamic tensile fracture) can result at the rear surface of the target after
impact on the front surface, caused by reflection of high intensity, short duration
compressive stress pulses being reflected at the free surface of the body; or, penetration
may occur by hydrodynamic flow of the target material. It has been generally noted in
ballistic experiments that plugs tend to form in hard thick plates, dishing and petalling
occur in thin ductile plates and ductile hole enlargement and spalling occur in softer
thick plates [26].
Long rod penetrators intended to pierce a target by depositing large amounts of kinetic energy in a concentrated region. Typical striking velocities lie in the range of
approximately 1 − 3 km/s. Although a modern penetrator is a machined metal part
of some complexity, since it must be fitted with various appurtenances to achieve efficient launch and flight, it may be idealized as a right circular cylinder with a ratio of
original length to diameter, L0 /D, greater than some arbitrary number, say ten. The
penetrator is intended to fly and to strike its target end on. When the target thickness
is greater than a few penetrator diameters, the mechanism of penetration is a complex
process in which a cavity is made in the target and the end of the penetrator erodes
away. Some of the principal features of impact are shown in Figure 8.8 [14].

260

8.5 Physical phenomenon of impact

Perforation Non-perforation
Plugging

Piercing

Petalling
Scabbing

Scab

Spalling
(brittle)
Spall ring

Figure 8.7.: Target failure modes [13].
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Figure 8.8.: Principal features of long rod penetration [14].
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A1.1 Taylor engineering model
In this section, it is shown the programming of the Taylor engineering model implemented in Matlab and Simulink.
Matlab Function
%% x : vector of dimensions four where important parameters of the engineering model
are placed.
function data = taylor_fun(x)
%% Function parameters of the Constitutive model
B = x(1);
n = x(2);
V0 = x(3);
rel = x(4)
%% Material parameters; they can change depending of the material.
Y0 = 400e6;
Em = 69e9;
v_r = 1;
rho = 2700;
%% Geometrical constants of the projectile
r0 = 10e-3;
L0 = rel*r0*2;
%% Taylor model Simulink
options = simset(’SrcWorkspace’,’current’);
sim(’Impacto_taylor_Vel_dependent’,[],options)
%% Extract data
data = [tout yout(:,1) yout(:,2) yout(:,3) yout(:,4) yout(:,5)];
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Simulink functions
%%Eq.1
function Dx = fcn(c,v)
%#codegen
Dx = -(c+v);
%% Eq.2
function Dv = fcn(Dx,Yp,rho,Em,x)
%#codegen
c0 = (Em/rho)^0.5;
Dv = (-Yp)/(rho*x)*(1-Dx/c0);
%%Eq.3
function [r,c,beta] = fcn(r0,rho,Yp,v)
%#codegen
beta = (Yp/rho)^0.5;
if beta > v
c = (-v+(v^2+4*Yp/rho)^0.5)/2;
else
c = 0;
end
e = v/(c+v);
A0 = pi()*r0^2;
A = A0/(1-e);
r = (A/pi())^0.5;
%%Eq.4
function Yp = fcn(Y0,B,n,v_r,v)
B = B*1e6;
Yp = Y0+B*(v/v_r)^n;
%%Eq.6
function De2 = fcn(h,s,t)
%#codegen
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if t == 0
De2 = 1;
else
De2 = s/(h*t);
end
%%Eq.6
function vc = fcn(v)
%#eml
eml.extrinsic(’set_param’)
vc = v;
if v < 0.1
vc = 0;
set_param(’Impacto_taylor_Vel_dependent’, ’SimulationCommand’, ’stop’)
end
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Table 8.1.: Different studied meshes and results.
Mesh
1
2
3
4
5
6
7

Size [mm]
1.5
1.00
0.50
0.35
0.25
0.20
0.15

time [s] time diff. [%] lf [mm] lf
25
0
36.72
62
148
36.27
108
332
36.02
146
484
35.93
192
668
35.89
295
1080
35.87
480
1820
35.86

diff. [%]
2.40
1.14
0.45
0.20
0.08
0.03
0.00

HourGlass energy [%] Factor
4705.2
4732.60
1323.0
1386.14
295.5
403.94
130.7
276.92
77.0
269.07
50.9
345.89
37.7
517.66

A1.2 Mesh study in a Taylor test

In this section, it is shown a study of a mesh in explicit Finite-Element simulations
using Ansys/ AUTODYN.
First, a 8 mm diameter, 38 mm length, cylinder geometry was chosen. I was model
using 7 different mesh sizes, as seen in the first two columns of the Table 8.1. Material
of the cylinder was filled with the properties shown in the Table 2.2. Additionally, a
initial velocity of V0 = 100 m/s was set up for the simulation.
In the Table 8.1, it is also shown some results of the simulation process using different
meshes. It was placed, the total time of the simulation process, the final length of
the cylinder after simulation (lf ), and the Energy of HourGlass in the process. In
order to normalize the simulation time and lf for each case, the time was normalized
using the minimun time, which was achived with the Mesh 1. In the same way, lf was
normalized using the result of the finest mesh (Mesh 7) because it is assumed it is the
best prediction.
In order to have a decision creteria, the three porcentajes: time difference time, lf
difference and HourGlass enery were added. It is shown in the last column of the
Table 8.1. Additionally, Figure 8.10 shows a graphical comparison of the criteria factor
for the different meshes. Notice that the factor is so high in the Mesh 1 because the
HourGlass errors were the highest mainly. In the other way, the Mesh 7 was not
the one with the lowest factor because the time of simulations were also the highest.
Therefore, according with this methodology, a suitable mesh for working with this
simulation processes is using a mesh size between the Mesh 4 and Mesh 5.
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Figure 8.10.: Decision criteria for different meshes in a Taylor cylinder.

A1.3 Genetic Algorithm optimization process
Genetic Algorithm optimization process was used for finding the material parameters
BT and nT of the Equation 2.23 in the Engineering model. The GA optimization
toolbox of MatLab was used to perform this optimization process (See [15] for more
details).
Two different approaches were taken: using FE data, or using experimental data. Next
there are shown both approaches.

Using FE data
Matlab Function for the optimization process
%%%%%%%%%%%%%%%%%%%%%%%%%%
%% GA process
options = gaoptimset(options,’EliteCount’, 1);
options = gaoptimset(options,’CrossoverFraction’, 0.5);
options = gaoptimset(options,’CreationFcn’, @gacreationuniform);
options = gaoptimset(options,’FitnessScalingFcn’, @fitscalingprop);
options = gaoptimset(options,’SelectionFcn’, @selectionroulette);
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options = gaoptimset(options,’CrossoverFcn’, { @crossoverheuristic [0.02] });
options = gaoptimset(options,’MutationFcn’, { @mutationuniform [0.2] });
[x,fval,exitflag,output,population,score] = ...
ga(@taylor_opt1,2,[],[],[],[],lb,ub,[],[],options);
%%%%%%%%%%%%%%%%%%%%%%%%%%
function fit = taylor_opt1(x)
%% Function parameters of the Constitutive model
B = x(1);
n = x(2);
%% Conditions
% ’vect_prueba’ : Variable which is saved in the work space.
% Evolution of the cylinder length extracted from the FE results
% are organized as Column vector.
vect_prueba = evalin(’base’, ’vect_prueba’);
% Input the relation L0/D0
rel = 3;
% The initial velocity, the same of the simulation
V0 = 200;
%% run model
try
% run the Engineering model function
data = taylor_fun([B n V0 rel]);
%% extract point and error calculus
value = data(:,2);
fila_v = size(value,1);
fila_p = size(vect_prueba,1);
%% Conditional process for checking the length the vectors
if fila_v<fila_p
value(fila_v+1:fila_p,1) = value(fila_v,1);
end
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%% Error calculus
error = Error_calc(vect_prueba,value);
%% fitness calculus
val = 0.05;
fit = -val/(val+error);
catch er
fit = 0;
end

Using experimental data
Due to after the Taylor test only two postmorten measurements can be taken of the
Taylor cylinder, those measured dimensions must be used for the GA optimization
process. Those dimensions are the final length and the final undeformed length of the
cylinder.
Matlab Function for the optimization process
%%%%%%%%%%%%%%%%%%%%%%%%%%
%% GA process
options = gaoptimset(options,’EliteCount’, 1);
options = gaoptimset(options,’CrossoverFraction’, 0.5);
options = gaoptimset(options,’CreationFcn’, @gacreationuniform);
options = gaoptimset(options,’FitnessScalingFcn’, @fitscalingprop);
options = gaoptimset(options,’SelectionFcn’, @selectionroulette);
options = gaoptimset(options,’CrossoverFcn’, { @crossoverheuristic [0.02] });
options = gaoptimset(options,’MutationFcn’, { @mutationuniform [0.2] });
[x,fval,exitflag,output,population,score] = ...
ga(@taylor_opt,2,[],[],[],[],lb,ub,[],[],options);
%%%%%%%%%%%%%%%%%%%%%%%%%%
function fit = taylor_opt(x)
%% Function parameters of the Constitutive model
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B = x(1);
n = x(2);
%% Conditions
% ’Variables’ : Variable which is saved in the work space.
% Experimental data that it is used in the optimization process.
% It is organized as:
% 1° column : relation L0/D0
%2° column : initial velocity [m/s]
%3° column: final length [mm]
%4° column: final undeformed rod lenght [mm]
variables = evalin(’base’, ’variables’);
fil = size(variables,1);
error = 0;
for i=1:fil
rel = variables(i,1);
V0 = variables(i,2);
lf = variables(i,3);
hf = lf-variables(i,4);
%% run model
try
% run the Engineering model function
data1 = taylor_fun([B n V0 rel]);
%% extract important data
fila = size(data1,1);
data = [yout(fila,1)*1000 yout(fila,3)*1000]
%%error calculus
error = error + abs(data(1,1)-lf)/lf+abs(data(1,2)-hf)/hf;
catch er
error = 100;
end
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%% fitness calculus
val = 1;
fit = -val/(val+error);
end
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A1.4 Taylor results of computational models for
6063-T6 Al alloy

(a)

(b)

(d)

(c)

(f)

Figure 8.11.: Final shape of Taylor cylinders after FE analysis, using a cylinder of
6063-T6 at different velocities: (a) 100 m/s, (b) 200 m/s , (c) 300 m/s, (d) 400 m/s,
(e) 500 m/s.
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A1.5 Taylor results of computational models for
6061-T4 Al alloy

(a)

(b)

(c)

(d)

Figure 8.12.: Final shape of Taylor cylinders with a relation L/D = 2 after FE
analysis (Table 2.13), using a cylinder of 6063-T4 at different velocities: (a) 100 m/s,
(b) 300 m/s , (c) 500 m/s, and (d) 700 m/s.
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(a)

(b)

(c)

(d)

Figure 8.13.: Final shape of Taylor cylinders with a relation L/D = 5 after FE
analysis (Table 2.13), using a cylinder of 6063-T4 at different velocities: (a) 100 m/s,
(b) 300 m/s , (c) 500 m/s, and (d) 700 m/s.
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(a)

(b)

(c)

(d)

Figure 8.14.: Final shape of Taylor cylinders with a relation L/D = 7 after FE
analysis (Table 2.13), using a cylinder of 6063-T4 at different velocities: (a) 100 m/s,
(b) 300 m/s , (c) 500 m/s, and (d) 700 m/s.
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(a)

(b)

(c)

(d)

Figure 8.15.: Final shape of Taylor cylinders with a relation L/D = 10 after FE
analysis (Table 2.13), using a cylinder of 6063-T4 at different velocities: (a) 100 m/s,
(b) 300 m/s , (c) 500 m/s, and (d) 700 m/s.
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A2.1 Penetration engineering model
In this section, it is shown the programming of the penetration engineering model
implemented in Matlab and Simulink.
Matlab function for the solution of the Cavity-Expansion Problem
%% Variables of the system
a = 6e-3; %cavity radius
mu = 0; %Frictional coefficient
%Material properties; in this case, for steel alloy
% Elastic material properties
nu = 0.3;
rho = 7896;
Em = 200e9
% Plastic material properties: Johnson-Cook parameters
A = 350e6;
B = 275e6;
n = 0.36;
C = 0.022;
Ap = A/Em;
Bp = B/Em;
%% Loop for solution at different expansion velocities From 1 m/s to 1000 m/s
fil = 1;
vel = 1;
while vel < 1000
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if vel <= 9
vel = vel + 1;
else
if vel <= 99
vel = vel + 20;
else vel = vel + 100;
end
end
%%Bisection methodology to find the elastic-plastic interface
count2 = 0;
flag2 = 0;
% Preliminary calculus
m = vel/(Em/rho)^0.5;
t_final = 10;
sig_0 = Ap;
if fil == 1
t_interf2 = t_final;
else
t_interf2 = M_data(fil-1,5);
end
t_interf1 = 1;
while flag2 == 0
t_interf = (t_interf1+t_interf2)/2;
%% Solution of the elastic region using the linearity approximation
eps_i = t_interf;
M = ((1+nu)*(1-2*nu)/(1-nu)*m^2)^0.5;
C_m = (1/eps_i^3-M^2/eps_i)^(-1)*sig_0;
B_m = 2/3*(1+nu)/(1-2*nu)*C_m*M^3;
sig_re = -2*C_m/(3*eps_i^3)-(2*nu*M^2)/(1-2*nu)*C_m/eps_i+B_m;
M_data(fil,1:3) = [vel m sig_re];
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sig_r0 = sig_re;
%% Solution of the plastic region using elastic solution as boundary condition
% Step of the numerical solution according to the expansion velocity
if t_interf <=1
step_m = 0.0001;
else
if t_interf <= 10
step_m = 0.001;
else
step_m = 0.01;
end
end
% Numerical solution using Simulink
sig_0 = Ap;
t_final2 = 2*t_interf-1;
set_param(’Masri_JC_pl’,’MaxStep’,’step_m’)
set_param(’Masri_JC_pl’,’StartTime’,’t_interf’)
set_param(’Masri_JC_pl’,’StopTime’,’t_final2’)
sim(’Masri_JC_pl’);
row = size(out_time,1);
t_stop = out_time(row,1);
val_V = out_V(row,1);
stop = 0;
if (t_stop < t_final2);
stop = 5;
end
if stop == 5;
t_interf2 = t_interf;
t_interf = t_interf1;
else
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t_interf1 = t_interf;
t_interf = t_interf2;
end
if and(and(val_V<1,val_V > 0.99),stop == 0);
flag2 = 1;
end
M_data(fil,4:5) = [out_sigr(row,1) t_interf];
count2 = count2+1;
if count2 == 30 flag2 = 1;
end
end
fil = fil + 1;
end
Simulink functions for Figure 8.16
%% Eq.1
function [Dsig_r,Dsig, ep_p,V, exponen] = fcn(sig_r,nu,m,C,a,vel,Ap,Bp,n,eps,sig,ep)
%#codegen
tetha = (1-2*nu)*(3*sig_r+2*sig);
gama = (1+nu)*sig+3/2*ep;
V = eps*(1-exp(-gama));
if ep < 0;
ep = 0;
end
ep_p0 = 1;
exponen = ep^n;
cond = sig/(Ap+Bp*exponen)-1;
if cond > 0
ep_p = -ep_p0*(a/(vel*(V-eps))*exp(1/C*cond));
else
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cond = 0;
ep_p = 0;
end
Dsig_r = -((2*sig/eps-m^2*eps^2*...
(2*nu/(1-nu)*(1-exp(gama))/eps+(1-2*nu)/(1-nu)*(-ep_p))*exp(-tetha-2*gama))/...
(1-m^2*eps^2*(1-2*nu)*(1+nu)/(1-nu)*exp(-tetha-2*gama)));
Dsig = -(((1-exp(gama))/eps +(1-2*nu)*(Dsig_r) +(ep_p)/2)/(1-nu));
%% Eq.2
function ep_corr = fcn(V,ep)
%#eml
eml.extrinsic(’set_param’)
ep_corr = ep;
if V > 1
set_param(’Masri_JC_pl’, ’SimulationCommand’, ’stop’)
set = 1;
end
if ep < 0
ep_corr = 0;
end
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Figure 8.16.: Solution of the Cavity-expansion problem programed in MatlabSimulink
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Matlab Solution for the penetration model
% Penetration solution for initial velocities from 100 to 1000 m/s
for V0 = 100:100:100
sim(’Position_calc’)
row = size(yout(:,1),1);
vel_mat(fil,1) = V0;
vel_mat(fil,2) = yout(row,1);
fil = fil+1;
end
Simulink functions for Figure 8.17
%%Eq.1
function [v_integ,xps] = fcn(xp,a,mu,a_s,b_s,c_s,d_s,f_s,g_s,m_s, n_s,V_p)
%#codegen
xps = xp;
if xp == 0;
xps = 1e-12;
end
if xp > a
xps = a;
end
v_integ = [xps a mu a_s b_s c_s d_s f_s g_s m_s n_s V_p];
%% Eq.2
function DVs = fcn(Integ,m_p)
%#codegen
DVs = -2*pi*Integ/m_p;
%%Eq.3
function v_corr = fcn(v)
%#eml
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eml.extrinsic(’set_param’)
v_corr = v;
if v < 0 v_corr = 0;
set_param(’Position_calc’, ’SimulationCommand’, ’stop’)
end
%% Interpreted Matlab Fcn
fun_Int_eval(@Int_press,u(1),u(2),u(3),u(4),u(5),u(6),u(7),u(8),u(9),u(10),u(11),u(12))
%%fun_Int_eval function
function V_int = fun_Int_eval(fun,xps,a,mu,a_s,b_s,c_s,d_s,f_s,g_s, m_s, n_s,
V_p)
options = odeset(’AbsTol’,1e-12,’RelTol’,1e-12);
[t I] = ode45(fun,[0 xps],[0 a mu a_s b_s c_s d_s f_s g_s m_s n_s V_p],options);
row = size(I,1);
V_int = I(row,1);
%%Int_press function
function dI = Int_press(t,x)
% a mu a_s c_s d_s f_s m_s n_s V_p
a = x(2);
mu = x(3);
a_s = x(4);
b_s = x(5);
c_s = x(6);
d_s = x(7);
f_s = x(8);
g_s = x(9);
m_s = x(10);
n_s = x(11);
V_p = x(12);
P_c = a_s + b_s * a + c_s*V_p^2*(1-t/a)^2 + d_s*(V_p*(1-t/a))^3 + f_s*(V_p*(1t/a))^n_s + g_s*(1/a)^m_s;
Area = ((a-t)+mu*(a^2-(a-t)^2)^0.5);
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dI = [P_c*Area; 0 ; 0; 0; 0; 0; 0; 0; 0; 0; 0 ; 0 ];

Figure 8.17.: Penetration model programed in Matlab-Simulink
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A2.2 Results of AUTODYN simulations for 7075-T6 Al
alloy

(a)

(b)

Figure 8.18.: Final state of penetration event of a rigid sphere impacting a semiinfinite 7075-T6 Al target (see subsection 4.5.2) at: (a) V0 = 250 m/s, and (b)
V0 = 500 m/s.
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A2.3 Results of AUTODYN simulations for 6061-T651
Al alloy

(a)

(b)

(c)

Figure 8.19.: Final state of penetration event of a rigid, spherical-nosed projectile
impacting a semi-infinite 6061-T651 Al target (see subsection 4.5.3 and Figure 4.20)
at V0 = 250 m/s. In each case, the target was model using a case of the CowperSymonds model: (a) Strain-dependent, (b) Strain-rate sensitive, and (c) complete
Cowper-Symond formulation.
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(a)

(b)

(c)

Figure 8.20.: Final state of penetration event of a rigid, spherical-nosed projectile
impacting a semi-infinite 6061-T651 Al target, using the complete Cowper-Symond
formulation (see Figure 4.21). Projectile at different initial velocities: (a) V0 =
250 m/s, (b) V0 = 450 m/s, and (c) V0 = 600 m/s.
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(a)

(b)

(c)

Figure 8.21.: Final state of penetration event of a rigid, spherical-nosed projectile
impacting a semi-infinite 6061-T651 Al target, using the complete Cowper-Symond
formulation (see Figure 4.21). Projectile at different initial velocities: (a) V0 =
800 m/s, (b) V0 = 1000 m/s, and (c) V0 = 1200 m/s.
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A2.4 Results of AUTODYN simulations for 6063-T4 Al
alloy

(a)

(b)

Figure 8.22.: Final state of penetration event of a rigid, spherical-nosed projectile
impacting semi-infinite 6063-T4 Al targets (see Figure 4.25) at different initial velocities: (a) V0 = 150 m/s, and (b) V0 = 250 m/s.
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(a)

(b)

(c)

(d)

Figure 8.23.: Final state of penetration event of a rigid, spherical-nosed projectile
impacting finite 6063-T4 Al targets (see Table 4.10). Different target thicknesses
were analyzed: (a) 9.53mm thick at V0 = 150m/s, (b) 9.53mm thick at V0 = 250m/s,
(c) 6.35 mm thick at V0 = 150 m/s, and (c) 6.35 mm thick at V0 = 250 m/s.
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(a)

(b)

Figure 8.24.: Final state of penetration event of a rigid, spherical-nosed projectile
impacting finite 6063-T4 Al targets (see Table 4.10). Different target thicknesses
were analyzed: (a) 12.7 mm thick at V0 = 150 m/s, and (b) 12.7 mm thick at
V0 = 250 m/s.
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A2.5 Image editing
Using the high-speed camera, penetration events were captured. These images were
editing and handling to extract the position of the projectile during the penetration
process. Image editing was performed using the image tools in the Software Matlab.
First, the images were imported to Matlab and transformed to gray scale. After that,
each image was cropped to a specific interested box; and finally, the contrast and
brights of each image were adjusted. Next, it is shown the Matlab code:
%% Program to edit images of high-speed camera
Name = ’frameH_00.jpg’; %Name of picture
am = imread(Name); %Read the image
amg = rgb2gray(am); %image to gray scale %
amg2 = imrotate(amg,-2); %Rotates the images if necessary
amg3 = imcrop(amg,[70 270 450 400]); %Crop the image to a specific box
A = imadjust(amg3); %Adjust contrast
imshow(A) %Show the image
clear Name am amg amg2 amg3 A
%%% end of the program
After each image was edited, they were scaled using the scale ruler placed at the same
focus of the projectile movement. The number of pixels between two consecutive mark
of the scale (1 mm) was manually counted (see white circle in the Figure 8.25), and it
was used to scale the image. Finally, the position of the rear part the projectile was
placed for each image, as seen in the Figure 8.25.

Figure 8.25.: High-speed image of a penetration process.
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A2.6 Images captured from the high-speed camera of
the rigid sphere impacting finite 6063-T4 Al targets
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Figure 8.26.: Penetartion test over the 6063-T4 Al semi-infinite target (See
Table 4.10). Images captured by the high speed camera at 231884 frames per second
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Figure 8.27.: Penetration test 1 over the 6063-T4 Al finite target (See Table 4.10).
Images captured by the high speed camera at 197531 frames per second
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Figure 8.28.: Penetration test 3 over the 6063-T4 Al finite Target (See Table 4.10).
Images captured by the high speed camera at 197531 frames per second
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Figure 8.29.: Penetration test 5 over the 6063-T4 Al finite Target (See Table 4.10).
Images captured by the high speed camera at 47904 frames per second
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A2.7 Results of penetration tests

Test # 1

Test # 2

Test # 3

Test # 4

Test # 5

Test # 6

Table 8.2.: 6063-T4 Al finite-targets after penetration tests (see Table 4.10).
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A3.1 Solution of the cavity-expansion problem using
Matlab-Simulink
%%%Matlab function for the solution of the Cavity-Expansion Problem
clear Matrix
line = 1;
%% Loop process to vary the cavity radius a; in this case, a = [1:1:30] in mm.
for a = 1e-3:1e-3:30e-3
clear M_data
% Material properties; in this case, for Aluminum alloy
% Elastic material properties
nu = 1/3; %Poisson’s Ratios
rho = 2700 %reference density
Em = 65.74e9; %Elastic modulus
% Plastic material properties: Johnson-Cook parameters
A = 147.4e6
B = 269.6e6
n = 0.48;
C = 0.013;
Ap = A/Em;
Bp = B/Em;
%% Loop for solution at different expansion velocities From 1 m/s to 1000 m/s
fil = 1;
vel = 1;
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while vel < 1000
if vel <= 9
vel = vel + 1;
else
if vel <= 99
vel = vel + 20;
else vel = vel + 100;
end
end
%%Bisection methodology to find the elastic-plastic interface
count2 = 0;
flag2 = 0;
%% Preliminary calculus
m = vel/(Em/rho)^0.5;
t_final = 10;
sig_0 = Ap;
if fil == 1
t_interf2 = t_final;
else
t_interf2 = M_data(fil-1,5);
end
t_interf1 = 1;
while flag2 == 0
interf = (t_interf1+t_interf2)/2;
%% Solution of the elastic region using the linearity approximation
eps_i = t_interf;
M = ((1+nu)*(1-2*nu)/(1-nu)*m^2)^0.5;
C_m = (1/eps_i^3-M^2/eps_i)^(-1)*sig_0;
B_m = 2/3*(1+nu)/(1-2*nu)*C_m*M^3;
sig_re = -2*C_m/(3*eps_i^3)-(2*nu*M^2)/(1-2*nu)*C_m/eps_i+B_m;
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M_data(fil,1:3) = [vel m sig_re];
sig_r0 = sig_re;
%% Solution of the plastic region using elastic solution as boundary condition
% Step of the numerical solution according to the expansion velocity
if t_interf <=1
step_m = 0.0001;
else
if t_interf <= 10
step_m = 0.001;
else
step_m = 0.01;
end
end
% Numerical solution using Simulink
sig_0 = Ap;
t_final2 = 2*t_interf-1;
set_param(’Masri_JC_pl’,’MaxStep’,’step_m’)
set_param(’Masri_JC_pl’,’StartTime’,’t_interf’)
set_param(’Masri_JC_pl’,’StopTime’,’t_final2’)
sim(’Masri_JC_pl’);
row = size(out_time,1);
t_stop = out_time(row,1);
val_V = out_V(row,1);
stop = 0;
if (t_stop < t_final2);
stop = 5;
end
if stop == 5;
t_interf2 = t_interf;
t_interf = t_interf1;
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else
t_interf1 = t_interf;
t_interf = t_interf2;
end
if and(and(val_V<1,val_V > 0.99),stop == 0);
flag2 = 1;
end
M_data(fil,4:5) = [out_sigr(row,1) t_interf];
count2 = count2+1;
if count2 == 30 flag2 = 1;
end
end
fil = fil + 1;
end
Matrix{line} = M_data;
line = line + 1;
end
%%% End of the program
Simulink functions for Figure 8.30
%% Eq.1
function [Dsig_r,Dsig, ep_p,V, exponen] = fcn(sig_r,nu,m,C,a,vel,Ap,Bp,n,eps,sig,ep)
%#codegen
tetha = (1-2*nu)*(3*sig_r+2*sig);
gama = (1+nu)*sig+3/2*ep;
V = eps*(1-exp(-gama));
if ep < 0;
ep = 0;
end
ep_p0 = 1;
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exponen = ep^n;
cond = sig/(Ap+Bp*exponen)-1;
if cond > 0
ep_p = -ep_p0*(a/(vel*(V-eps))*exp(1/C*cond));
else
cond = 0;
ep_p = 0;
end
Dsig_r = -((2*sig/eps-m^2*eps^2*...
(2*nu/(1-nu)*(1-exp(gama))/eps+(1-2*nu)/(1-nu)*(-ep_p))*exp(-tetha-2*gama))/...
(1-m^2*eps^2*(1-2*nu)*(1+nu)/(1-nu)*exp(-tetha-2*gama)));
Dsig = -(((1-exp(gama))/eps +(1-2*nu)*(Dsig_r) +(ep_p)/2)/(1-nu));
%% Eq.2
function ep_corr = fcn(V,ep)
%#eml
eml.extrinsic(’set_param’)
ep_corr = ep;
if V > 1
set_param(’Masri_JC_pl’, ’SimulationCommand’, ’stop’)
set = 1;
end
if ep < 0
ep_corr = 0;
end
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Figure 8.30.: Solution of the Cavity-expansion problem programed in MatlabSimulink
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A3.2 Solution of the penetration engineering model
using Matlab-Simulink
%%%% Penetration process
%% Projectile properties
r_R = 10.3e-3/2; %initial radius
L0 = 50e-3; %initial length
rho_p = 2700; %Projectile density
Ep = 65.74e9; % Elastic modulus
Y0 = 147.4e6; %Taylor modified model
Bt = 0.664; % Taylor modified model
nt = 0.98; % Taylor modified model
V0 = 250; %Initial projectile velocity
cs = (Ep/rho_p)^0.5; %sound speed
%% Target properties
rho_t = 2700; %target density
a_c = 5.553e8; % Cavity expansion parameter
b_c = -1.438e7; % Cavity expansion parameter
c_c = 3473; % Cavity expansion parameter
d_c = -0.3957; % Cavity expansion parameter
f_c = 0.2259e9; % Cavity expansion parameter
g_c = 0.1652e9; % Cavity expansion parameter
m_c = 0.04749; % Cavity expansion parameter
n_c = 0.03947; % Cavity expansion parameter
%% Preliminary Calculus
fun = @(x,n_c) (cos(x)).^n_c;
int_nc = integral(@(x)fun(x,n_c),0,pi()/2);
a0 = r_R;
p_c = a_c+b_c*a0+c_c*pi()/4*V0^2+d_c*2/3*V0^3+...
f_c*int_nc*(V0)^n_c+g_c*(1/a0)^m_c;
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t = 0.05;
a_f = (rho_p*V0^2/p_c)*r_R/t; %Theoretical final radius of projectile
%% Simulink process
set_param(’Position_complete’,’MaxStep’,0.001)
set_param(’Position_complete’,’StopTime’,1)
sim(’Position_complete’);
%% clear variables
clear a0 L0 rho_p Ep Y0 Bt nt V0 cs r_R
clear rho_t a_c b_c c_c d_c f_c g_c m_c n_c
%%% End of the program
Simulink functions for Figure 8.31
%% Eq.1
function Yp = fcn(V_x,t,V0,Y0,Bt,nt)
if V_x<0
V_x = V0;
end
Yp = (Y0+Bt*V_x^(nt));
%% Eq.2
function Dx = fcn(Vt,Vx)
%#eml
Dx = -Vx + Vt;
%% Eq.3
function DVx = fcn(x,Yp,cs,rho_p,Vt,Vx)
%#eml
DVx = (-Yp)/(rho_p*x+(Vx-Vt)/cs);
%% Eq.4
function [p_c, a, Da] = fcn(r_R,a_f,a_c,b_c,c_c,d_c,f_c,g_c,m_c,n_c,int_nc,t,Vt)
V0 = 200;
if t < 1e-9
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Vt = V0;
end
k = 1e5;
a = a_f-(a_f-r_R)*exp(-k*t);
Da = k*r_R*exp(-k*t);
p_c = a_c+b_c*a+c_c*pi()/4*Vt^2+d_c*2/3*Vt^3+...
f_c*int_nc*(Vt)^n_c+g_c*(1/a)^m_c;
if p_c < a_c
p_c = a_c;
end
%%Eq.5
function Vt = fcn(V0,t,Vx,Yp,rho_p,rho_t,p_c,a,Da,DVt)
%#eml
if t < 1e-9
Vt = V0;
DVt = 0;
else
if rho_p ~= rho_t
kappa = rho_t/rho_p;
Upsilon = (2/rho_t)*(p_c-Yp+rho_t/2*a*DVt)*(1-kappa);
Vt = (1/(1-kappa))*(Vx+kappa*Da+kappa^0.5*(Vx^2+kappa/4*Da^2+...
Upsilon)^0.5);
else
Upsilon = (2/rho_t)*(p_c-Yp);
if Vx^2-Upsilon <= 0
Vt = 0;
else
Vt = 1/(2*Vx+Da)*(Vx^2-Upsilon);
m=1;
end
end
end
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Figure 8.31.: Solution of the penetratin engineering model programed in MatlabSimulink
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A3.3 FE simulations for verification of the increasing
function for the cavity radius
For this purpose, 2D axis-symmetric computational models were solved by ANSYS/AUTODYN
using a Lagrangian mesh. Configuration of the geometry and mess was the same used in
the FE models for penetration events (See subsection 6.6.3). The projectile was modeled as spherical-nosed cylinder, L0 = 50 mm initial length and rR = 5.15 mm initial
radius, impacting the target at V0 = 500 m/s. Material of the bodies were configured
using an elasto-plastic behavior given by the JC constitutive relation: Equation 6.49,
as was used in the penetration tests of the subsection 6.6.1.
Figure 8.33 and Figure 8.34 show the sequence of FE simulation for the penetration
process. At each picture, the radius of the cavity was measured using Auto-CAD
V.2012. The measured cavity-radius was plotted over time for each picture, as seen in
the Figure 8.32.
From the FE simulation, it can be seen that the cavity expands quickly during the first
stage of the penetration process. After the initial stage (< 0.8 µs), the cavity radius
only slightly expands, and most of the penetration process the cavity radius remainds
constant (af ). Additionally, it is noticed that after some time (< 20 µs), the cavity
stoped to expand, and the projectile deforms as impacting a rigid wall.

12
a f = 9.77
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a ( t ) [mm]

8
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Figure 8.32.: Evolution of the cavity radius during the penetration process. Data
were extracted from FE simulations.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 8.33.: Results of the simulation sequence for spherical-nosed nosed projectile
impacting the semi-infinite target at V0 = 500 m/s: (a) 0.2 µs, (b) 0.5 µs, (c) 0.8
µs, (d) 1 µs, (e) 2 µs, (f) 3 µs.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 8.34.: (cont.) Results of the simulation sequence for spherical-nosed nosed
projectile impacting the semi-infinite target at V0 = 500 m/s: (a) 4 µs, (b) 5 µs, (c)
10 µs, (d) 20 µs, (e) 50 µs, (f) 80 µs.
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A3.4 Results of penetration tests

Figure 8.35.: 6063-T4 Al targets after penetration tests (see Table 6.2).
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Figure 8.36.: 6063-T4 Al projectiles after penetration tests (see Table 6.2).
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A3.5 Results of AUTODYN simulations for 6063-T4 Al
alloy

(a)

(b)

(c)

(d)

(e)

(f)

Figure 8.37.: Final state of projectile an target in the penetration event: (a) V0 = 120
m/s at 49 µs , (b) V0 = 133 m/s at 57µs, (c) V0 = 146 m/s at 52 µs, (d) V0 = 150
m/s at 70 µs, (e) V0 = 154 m/s at 100 µs , and (f) V0 = 160 m/s at 100 µs
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(a)

(b)

Figure 8.38.: Final state of projectile and target in the penetration event: (a) V0 =
163 m/s at 49 µs , and (b) V0 = 169 m/s at 57µs.
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A3.5 Further results of AUTODYN simulations for
6063-T4 Al alloy

(a)

(b)

(c)

(d)

(e)

(f)

Figure 8.39.: Final state of projectile an target in the penetration event: (a) V0 = 100
m/s at 49 µs , (b) V0 = 200 m/s at 57µs, (c) V0 = 400 m/s at 52 µs, (d) V0 = 500
m/s at 70 µs, (e) V0 = 600 m/s at 100 µs , and (f) V0 = 800 m/s at 100 µs
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Engineering model for low-velocity impacts of multi-material cylinder on a
rigid boundary
M.F. Buchely1 , A.Maranon1,a , and F. Delvare2
1
2

Structural Integrity Research group. Department of Mechanical Engineering. Universidad de los Andes. Cr 1
Este 19A-40 Bogota, Colombia.
Laboratoire PRISME, ENSI de Bourges 88 Boulevard Lahitolle, 18020 Bourges Cedex, France.

Abstract. Modern ballistic problems involve the impact of multi-material projectiles. In order to
model the impact phenomenon, diﬀerent levels of analysis can be developed: empirical, engineering
and simulation models. Engineering models are important because they allow the understanding of
the physical phenomenon of the impact materials. However, some simpliﬁcations can be assumed
to reduce the number of variables. For example, some engineering models have been developed to
approximate the behavior of single cylinders when impacts a rigid surface. However, the cylinder
deformation depends of its instantaneous velocity. At this work, an analytical model is proposed for
modeling the behavior of a unique cylinder composed of two diﬀerent metals cylinders over a rigid
surface. Material models are assumed as rigid-perfectly plastic. Diﬀerential equation systems are
solved using a numerical Runge-Kutta method. Results are compared with computational simulations
using AUTODYN 2D hydrocode. It was found a good agreement between engineering model and
simulation results. Model is limited by the impact velocity which is transition at the interface point
given by the hydro dynamical pressure proposed by Tate.

1 Introduction
The evolution of armor systems has led the development of diﬀerent types of multi-material projectiles
[1]. Some projectiles are composed by a hard nose and
a heavy body in order to increase the damage over the
armor [2], where the most common materials used are:
lead and aluminum (as body) and steel and tungsten
(as a hard nose) [1].
The material response of projectile is complex; therefore, many simpliﬁcations of the impact system have
been assumed for constructing simple engineering analytical models. Thus, the number of variables is reduced and the physical phenomenon can be understood inside the materials. For example, it is common
to assume a deformable projectile impacting a rigid
wall. Taylor [3] was the ﬁrst person who used this
conﬁguration to study projectile material behavior.
According to Taylor; when a solid cylinder impacts
a rigid wall, it suﬀers elastic and plastic stress inside
the projectile moving as waves. Cylinder deceleration
is due the movements and interactions of waves [3][4].
Taylor reduced this complex behavior to one dimensional problem, where the radial eﬀects are neglected
and dynamical strength stress and density can be assumed constants. Lee-Tupper [5] developed a model
involving the wave movements inside the projectile
and the material strain hardening. Howkyard [6] dea

e-mail: emaranon@uniandes.edu.co

veloped a model using the energy conservation equations over the projectile. Jones [7][8][9] proposed a
three stages model involving new variables as particle velocity, strain hardening, area changes. Jones
model produce good approximations over a wide velocity range; although, it depends of some variables
that can be experimentally measured.
Previous models do not show a good agreement for
high impact velocities. For this reason, White [10]
separated the deformation of cylinders in two modes:
Mode I, as a mushroom deformation for low impact
velocities (the cylinder is deformed but remains coherent); and Mode II, for high velocities (the cylinder
spatters or ﬂows laterally parallel to the target surface like a stream or ﬂuid). Fig.1 shows a scheme of
the two deformation modes. In addition, White assumed a material transitional velocity (β). If impact
velocity is above β, the cylinders deforms as Mode II;
if impact velocity is below β, the cylinders deforms as
Mode I. For an elastic-perfect plastic material model
with constant density, transitional velocity is given by
Eq.1, where Y is the dynamic resistance of the material and ρ is its density. Due the projectile is decelerating across the process, cylinder could suﬀer both
deformation modes over the impact event.

β2 =

Y
ρ

(1)

EPJ Web of Conferences
Assuming initial conditions (v0 , l0 and A0 ) and
material properties (Yb and ρb ); state equations can
be numerically solved to obtain the deceleration and
change of length of projectile.

3 Model approach

Fig. 1. Cylinder impacts a rigid wall at diﬀerent velocities: below (left) and above (right) the transitional velocity, then cylinder can be deformed as Mode I or Mode II
respectively.

In this paper, an engineer/analytical model is approached to study the behavior of multipart cylinder
impacting a rigid wall (See Fig.2). The cylinder is composed of two materials: a hard one on front and a soft
one at the rear part of the projectile. Materials are
modeled as rigid-perfect plastic with a constant density, using the concept of two modes of deformation
and the transitional velocity developed by White [10].

According to White [10], when a cylinder impacts a
rigid surface with a velocity below transitional velocity, it deforms as Mode I (See Fig.1). Then, equations
govern the state of the cylinder can be obtain from the
Taylor model [3]; where the continuity equation in the
system (Eq.2), the mass and momentum equations of
non-deformable part (Eq.3), and the jump conditions
for mass and momentum on the plastic-elastic interface (Eq.4) are speciﬁed.

dxb
= − (vb + cb )
dt

where

dhb
= cb
dt

and ρb xb

dvb
= −Yb
dt

A0 (vb − cb ) = Ab cb and
ρb A0 (vb − cb ) vb = Yb (Ab − A0 )

(2)

(3)

(4)

On the other hand, if the impact velocity is above
transitional velocity, it deforms as Mode II (See Fig.1).
Then, equation govern the state of cylinder can be
obtain from the Wilkins model [4], where the mass
and momentum equations of the non-deformable part
are given by Eq.5.
dlb
= −vb
dt

and ρb lb

dla
= −va
dt

and

dvb
= −Yb
dt

(5)

ρa la

dva
= −Ya + Yb .
dt

(6)

On the other hand, if va < βa (Mode I), continuity
and conservations conservation equations and jump
conditions over the interface, are given by Eq.7, Eq.8
and Eq.9 respectively.
la = xa + ha
dxa
= − (va + ca )
dt

2 Preliminary concepts

lb = xb + hb

Projectile is composed by two cylinders impacting a
rigid wall, as shown in Fig.2. Cylinder “a” can be deformed as Mode I or Mode II depending of his transitional velocity (βa ). State equations can be achieved
at same way to equations for a single cylinder (See
Section 2. If va > βa (Mode II) conservation equations are given by Eq.6.

where

and ρa xa

dha
= ca
dt

(7)

dva
= −Ya + Yb (8)
dt

A0 (va − ca ) = Aa ca and
ρa A0 (va − ca ) va = Ya (Aa − A0 )

(9)

It is assumed that cylinder “b” is always in contact with cylinder “a”. Additionally, it is usual to
use a strength material at front for ballistic applications (a hard nose); therefore, it is also assumed that
βa > βb . At the beginning of the impact, cylinder “b”
is in Mode I because its velocity is zero relative at the
interface (vb − va = 0); thus, continuity and conservations conservation equations and jump conditions
over the interface, are given by Eq.10 and Eq. Eq.11
respectively; where the material velocity behind the
interface is assumed equal to va (see Fig. 3). In contrast, when vb − va > βb , conservation equations for
non-deformed part of “b” are given by Eq.12.
dxb
= − (cb + vb )
dt

and ρb lb

dvb
= −Yb
dt

(10)

(cb + vb ) A0 = (cb + va ) Ab and
ρb (vb − va ) (cb + vb ) A0 = Yb (Ab − A0 )

(11)

dlb
= (va − vb )
dt

(12)

and

ρb lb

dvb
= −Yb
dt
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Table 1. Multi-material cylinder comﬁgurations for checking the model.

Cylinder “b”

Cylinder “a”

Lead
Aluminum

Steel
Steel

Table 2. Materials used for veriﬁng the model and their
properties.

Fig. 2. Impact problem involving a multi-material cylinder against a rigid target: both cylinders in Mode II (right)
and cylinder ”a” in mode I and ”b” in Mode II (left).

Material

Dynamical
Resitance
Y [M P a]

Density
ρ
[kg/m3 ]

Transitional
velocity
β [m/s]

Lead
Aluminum
Steell

68
350
1200

11340
2700
7800

77
360
392

in Table.2. Transitional velocity β was calculated for
each material according to Eq.1.
Diﬀerential equation systems were programmed and
solved using a Runge-Kutta numerical method with
1E-9 time step. Additionally, computational simulations were made using AUTODYN 2D axisymmetric
simulations with an 0.25mm element size. Results were
compared and evaluated for corrections.

Fig. 3. Cylinder “b” at Mode II of deformation.

Fig. 4. Shrinkage of cylinder “a” due the inertial forces of
cylinder “b”

When cylinder “a” stops, the interface acts as a
rigid wall for cylinder “b”. However, rear part of “a”
suﬀers an additional shrinkage due the inertial forces
of “b” (see Fig. 4). Then, mass and momentum conservation equation to the real portion of “a” can be
proposed as:
dla
= c∗a
dt

(13)

Aa (c∗a − vb ) = A0 c∗a and
ρa Aa (vb − c∗a ) vb = Ya (A0 − Aa )

(14)

Finally, when “a” shrinkage stops, cylinder “b” behaviour can be modeled as a single cylinder according
with its velocity (Equations (2), (3), (4) or Equations
(5)).

4 Methodology
The model was veriﬁed using a multi-material cylinder combining two diﬀerent metals, as can be seen in
Table.1. Each cylinder is 7.62 mm in diameter and
24 mm long. Materials used for modelling are shown

5 Results and Discussion
Firstly, single cylinder impacts were modeled in order to verify and to calibrate material properties using
equations 2, 3, 4 or equation 5. Results were compared
with simulation for diﬀerent velocities. As such, comparison was performed for a single cylinder of steel at
diﬀerent velocities (Fig.5).
According to simulation sequence in Fig. 6, cylinder
“b” begins its deformation as Mode I at all cases modeled because vb − va < βb ; whereas, at v0 = 600m/s
cylinder “b” ends its deformation as Mode II. At v0 =
200m/s, aluminum cylinder ends at Mode I; whereas,
lead cylinder ends as Mode II. It is due the higher βb
for aluminum. Cylinder “a” of steel behaves equal to
aluminum cylinder due their similar transitional velocities (See Table.2). Note that in Mode I, cylinders
only change its shape as a mushroom, but it did not
spatter on the rigid wall, as in Mode II.
Figure 7 and 8 compare the length change and velocities of each cylinder for the two conﬁguration. It
can be seen good agreement between simulation and
analytical model, although it is lower at high impact
velocities. Some reasons for the lower agreement at
high velocities are the assumption of a constant dynamical resistance because it has been proven that
it could be very sensitive at diﬀerent velocities, and
even more for aluminum [4]. Additionally, if velocity
is high enough, cylinder “b” penetrates cylinder “a”;

EPJ Web of Conferences

700
Simulation

24

V0 = 200m/s

Simulation V = 600m/s

Simulation V0 = 600m/s

600

0

22

500

Model

V0 = 600m/s

Model

V0 = 400m/s

Model

V0 = 200m/s

Simulation V0 = 400m/s
Simulation V0 = 200m/s

20

Projectile length lb [mm]

Projectile velocity vb [m/s]

Simulation V0 = 400m/s

400

300

200

18

Model

V = 600m/s

Model

V0 = 400m/s

Model

V0 = 200m/s

0

16

14

12

100

0
0

10

0.5

1

1.5

2

2.5

3

Time [s]

3.5

4
x 10

8
0

0.5

1

1.5

2

2.5

Time [s]

−5

3

3.5

4

4.5

5
−5

x 10

Fig. 5. Impact of a single cylinder against a rigid target: (a) Comparison of cylinder velocity change, and (b) Comparison
of cylinder length change between analytical model and simulation at diﬀerent initial velocities.

Fig. 6. Simulation impact sequences of cylinders at V0 = 200m/s and V0 = 600m/s for the two conﬁgurations studied. It
is shown the state at intermediate and ﬁnal arrest time.

thus, model could lost its accuracy. According to Tate
[10] [11], a projectile stops to penetrate a target when
its velocity is lower than a critical velocity (vcrit ). This
velocity can be calculated making zero the velocity of
penetration (U) in the hydrodynamic equation Eq.15;
thus, vcrit can be expressed by Eq.16 (Subscripts were
changed corresponding to current nomenclature).
1
1
Rt + ρt U 2 == Yp + ρp (v − U )2
2
2

vcrit =

2(Ya − Yb )
ρb

(15)

(16)

Then, model shows good agreement at velocities
below vcrit , which it is calculated for materials involved in the multi-material cylinder.

6 Conclusion
An engineering model is proposed for modeling the
behavior of a unique cylinder composed of two diﬀerent metals cylinders when impacts on a rigid surface.
It was found good agreement between model and simulation results; moreover if the impact velocities are
below the critical velocity deduced by Tate theory.
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Abstract The impact of a rigid-rod into a low-strength target is an ubiquitous research problem in many
scientific and engineering fields. Typically, this impact has been modeled by the expansion of a pressurized
spherical cavity in an unbounded elasto-plastic medium. In this paper, an engineering penetration model
was developed using the dynamic spherical cavity expansion theory for an elasto-plastic, compressible, straindependent and strain-rate-sensitive material. The material plastic flow behavior was modeled using the Cowper–
Symonds strength model. The engineering model was numerically solved, and its predictions were compared
with results of computational finite-elements simulations performed in ANSYS/AUTODYN. Additionally,
engineering and computational models were validated with experimental data using spherical-nosed, M300
steel projectiles impacting a semi-infinite Al 6061-T651 plate. Comparisons showed good agreement among
engineering model results, computational model results and experimental data.
1 Introduction
The penetration event of a rigid-rod into a low-strength target has been extensively studied during the last
decades due to its application in a wide range of research fields: mechanics of indentation and penetration
[1,5,30]; soil mechanics [2,35]; prediction of the behavior of piles [19,27,31]; mechanical characterization
of materials [8,32]; and nuclear structural engineering [4], among others. Mathematically, this event has been
modeled by the expansion of a pressurized spherical cavity in an unbounded elasto-plastic medium [25]. This
technique was pioneered by Bishop et al. [3] and Hill [16], who developed a set of equations for the quasi-static
expansion of cylindrical and spherical cavities in order to estimate the force generated during a conical nose
punch. These studies opened new possibilities to study the dynamic expansion of spherical cavities in elastoplastic and perfectly plastic materials [14,15,18]; in strain-hardening materials [12,24]; and more recently,
in pressure-sensitive elasto-plastic, compressible and arbitrary strain-hardening mediums [6,11,26], the later
based on the hypo-elastic theory formulated in [9,10].
Despite the fact that cavity expansion models have been used for studying a wide range of problems, there
are few studies involving strain-hardening and strain-rate-sensitive materials, for example [33,34], which are
relevant to the penetration of low-strength targets impacted at medium and high velocities [1,7,17,21]. To
advance in the study of these kind of materials, the plastic flow behavior of the target can be modeled using a
suitable constitutive model, for instance, the Cowper–Symonds strength constitutive model, which is typically
used for super-plastic forming analysis [7], as it accounts simultaneously for plastic strain ( pl ) and a plastic
strain rate (˙ pl ). This constitutive model is given by the following equation:
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σe = A +

B npl






1+

˙ pl
D

1/q 
,

(1)

where σe is the effective stress, A is the yield stress at zero plastic strain, B is the strain-hardening coefficient,
n is the strain-hardening exponent, and D and q are the strain-rate components.
In this paper, an engineering model based on the spherical cavity expansion theory for the penetration of a
rigid-rod into an elasto-plastic, J2 Mises, compressible, strain-dependent and strain-rate-sensitive material is
developed. The material plastic flow behavior was modeled using the Cowper–Symonds constitutive model.
This model was used to study three different cases for the target material: strain-dependent (SD) material;
strain-rate sensitive (SS); and coupled strain dependent and strain-rate sensitive (CS). Finally, the penetration
model was numerically solved and compared with results of computational finite-element simulations in order
to verify the results. Numerical and computational models were also validated with experimental data obtained
from Forrestal et al. [14,24].
2 Penetration engineering model
Consider the penetration of a spherical-nosed rigid-rod of mass m p into a low-strength target, as shown in
Fig. 1. In this figure, L is the rod length; a is the nose radius; V p is the rod velocity; β is the meridional angle;
and x p is the penetration depth of the rod into the target.
According to the second Newton’s law, the equation of motion of the rigid-rod is given by:
mp

dV p
d2 x p
= m p 2 = −Fx ,
dt
dt

(2)

where Fx is the resisting force produced by the target material onto the projectile, which can be calculated by
a balance of forces on the spherical cavity wall in the following manner [22,23]:
 xp
Fx = 2π
(3)
yy  pc + y f dx,
0

where pc is the cavity pressure, f is the frictional force, y = y(x) is the shape function of an axi-symmetric
penetrator with 0 ≤ x ≤ a, which needs to be nose-pointed y(0) = 0, must satisfy the condition y  > 0, and
has a base radius of y(a) = a [26]. Assuming proportionality between the radial and tangential stresses on the
cavity wall, the frictional force can be calculated using the Coulomb’s relation [14]:
f = μ pc ,

(4)

where μ is the dynamic sliding friction coefficient, which was assumed negligible beyond the nose at x p ≥ a.
For a spherical-nosed projectile y = a 2 − (a − x)2 ; thus, Eq. (3) becomes:

 xp 
Fx = 2π
pc (a − x) + μ a 2 − (a − x)2 dx
(5)
0

where x p ≡ a when x p ≥ a. In this analysis, the cavity pressure pc must be determined for solving the
penetration problem. In the next section, pc is predicted using the spherical cavity expansion theory.

xp

L

Target
Projectile

y
Vp

a

x

Fig. 1 Scheme of spherical-nosed projectile penetrating a soft target

β
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3 Cavity expansion theory
Consider a spherical symmetric cavity expansion of instantaneous radius a, as shown in Fig. 2. In this figure,
ξ = r/a is the nondimensional radial coordinate [11]; ξ = 1 is the cavity wall; ξi is the unknown elasto-plastic
interface where the plastic yields occur, which depends on the cavity expansion velocity and the material
constitutive relation; and ξw is the rigid–elastic wave front, which can be calculated using the elastic modulus
E, the Poisson’s ratio ν, the reference material density (ρ0 ) and the cavity expansion velocity (ȧ) [11,13]:
ξw =

1
ȧ

(1 − ν) E
.
(1 + ν) (1 − 2ν) ρ0

(6)

Using this formulation, the pressure at the cavity surface pc can be approximated as:
σr (r = a) = − pc ,

(7)

where σr is the radial component of the Cauchy stress tensor. Following the Durban et al. formulation [6,9–
11,26], where the material response is modeled as J2 Mises solid and the strain-displacement equations are
formulated using the Mises flow theory in the absence of material spin, the response of the material (radial
velocity, density and stresses) can be predicted solving the next nonlinear differential equation system (see
“Appendix”):
Σ = Σθ − Σr ,

(8)

3
V = ξ 1 − e−Φ with Φ = (1 + ν) Σ + ε pl ,
2
ρ = ρ0 e−Θ with Θ = (1 − 2ν) (3Σr + 2Σ) ,
1 
1


1 − eΦ ,
(1 − 2ν) Σr + (1 − ν) Σ + ε pl =
2
ξ


Σ




Σr − 2 = m 2 ξ 2 (1 − 2ν) Σr − 2νΣ − ε pl e−Θ−2Φ
ξ

(9)
(10)
(11)
(12)

where  pl is the effective plastic strain, (Σ, Σr , Σθ ) = (σe , σr , σθ )/E are the nondimensional stresses, where
the superposed prime denotes differentiation with respect to ξ , and m is the nondimensional cavity expansion
velocity defined by:
ȧ
m=√
.
(13)
E/ρ0
In the previous mathematical model, the following similarity relation was used (see “Appendix”) [10]:


ṙ
d
d
ȧ d
ȧ
d
= ξ̇
=
−ξ
= (V − ξ ) .
(14)
dt
dξ
a
a dξ
a
dξ
The five governing Eqs. (8), (9), (10), (11) and (12) determine five of the six unknown parameters of the
system (Σ, Σr , Σθ , V ,  pl and ρ). In order to complete the formulation, an additional constitutive relation
ξw
Elastic

Elasto-plastic

Cavity

Stress free surface

ξi

ξ=1
ξ

Fig. 2 Schematic representation of material field in spherical cavity expansion. In the scheme, ξ is the nondimensional radial
coordinate
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σe ( pl ) must be posed for the plastic region of the material. Therefore, the spherical cavity is divided into two
regions (Fig. 2) according to the nondimensionalized radial coordinate ξ .

In the elastic region (ξi ≤ ξ ≤ ξw ), the plastic strain and plastic strain rate are zero ( pl ≡ 0 and  pl ≡ 0).
Thus, the system of equations can be simplified as (see “Appendix”):
(1 + ν)
(Σθ − Σr ) ,
ξ
 

Σθ − Σr


= m 2 ξ 2 Σr − 2νΣθ .
Σr − 2
ξ




νΣr + (1 − ν) Σθ = −

(15)
(16)

For the elasto-plastic region (1 ≤ ξ ≤ ξi ), the Cowper–Symonds strength model is used to complete the
formulation (Eq. 1). In this paper, three different cases for the target material were studied: strain-dependent
(SD) material; strain-rate sensitive (SS); and coupled strain dependent and strain-rate sensitive (CS). These
cases are presented in the next subsections.
3.1 Strain-dependent model (SD)
In this case, Eq. (1) is simplified to:



σe = A + B npl ,

and solving for ep :
ε pl

 1/n
1
=
Σ − Ā
B̄

(17)

1/n

,

(18)

where Σ, Ā, B̄ = (σe , A, B)/E are the nondimensional stresses. Additionally, it is necessary to find the
derivative of (18) with respect to ξ :
 
1 1 1/n

1/1−n 
ε pl =
Σ.
(19)
Σ − Ā
n B̄
The target material deforms plastically when Σ − Ā > 0; therefore, its behavior is modeled substituting
(18) and (19) into Eqs. (9), (11) and (12), and solving the system. If not, the material deforms elastically
Σ − Ā < 0, and its behavior is modeled solving Eqs. (15) and (16).
3.2 Strain-rate-sensitive model (SS)
In this case, Eq. (1) is simplified to:


σe = A 1 +



ε̇ pl
D

1/q 
.

(20)

It follows from (14) that Eq. (20) can be rewritten as:
⎛
⎞

 1/q
 pl
ȧ
⎠
Σ = Ā ⎝1 +
(V − ξ )
a
D

(21)


where Σ, Ā = (σe , A) /E are the nondimensional stresses, and solving for  pl :
q

Σ
aD

−1 .
 pl =
ȧ (V − ξ ) Ā

(22)

The effective plastic strain ( pl ) can be numerically found, integrating (22) over ξ in the plastic domain
[1, ξi ] with boundary condition  pl (ξi ) = 0.
The material plastic behavior (when Σ − Ā > 0) is modeled substituting (22) into Eqs. (9), (11) and
(12), and solving the system. As in the previous case, the material elastic behavior (when Σ − Ā < 0) is
modeled solving Eqs. (15) and (16).
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3.3 Strain-dependent and strain-rate-sensitive model (CS)
In this case, Eq. (1) cannot be simplified, but it can be rewritten using (14) as:




⎛



Σ = Ā + B̄ npl ⎝1 +



 pl

ȧ
(V − ξ )
a
D

1/q ⎞
⎠

(23)



where Σ, Ā, B̄ = (σe , A, B)/E are the nondimensional stresses, and solving for  pl :


ε pl

aD
=
ȧ (V − ξ )



q
Σ
−1 .
Ā + B̄ npl

(24)

The effective plastic strain ( pl ) can be numerically found, integrating (24) over ξ in the plastic domain
[1, ξi ] with the boundary condition  pl (ξi ) = 0.



In this case, the yield criterion is given by Σ − Ā + B̄εnpl . Thus, the material deforms plastically



when Σ − Ā + B̄εnpl > 0, and its behavior is modeled substituting (24) into Eqs. (9), (11) and (12).

4 Solution of the system, verification and validation
4.1 Numerical solution
The system of partial nonlinear differential equations presented in the previous section was solved in MATLAB/SIMULINK using the explicit Runge–Kutta (4,5) solver, with a maximum step size of 0.001. The procedure of the solution of the cavity expansion problem consists of selecting a guess value of ξi and solving
the elastic field [Eqs. (15) and (16)], using the boundary conditions Σ (ξ = ξw ) = Σr (ξ = ξw ) ≈ 0, and
the yield condition Σ (ξ = ξi ) = Ā. Thus, the solution for V (εi ) and Σr (εi ) is found at the elasto-plastic
interface. After this, and assuming continuity in the elasto-plastic interface, the elastic solution is used as
boundary condition for the plastic field [Eqs. (9), (11), (12) and the SD, SS or CS constitutive relations]. This
calculation proceeds from ξ = 1 to ξ = ξi . When the cavity condition at the cavity surface V (ξ = 1) = 1
is satisfied, the right values of Σ (ξ = 1) and Σr (ξ = 1) are obtained corresponding to the chosen value
of ξi .
After solving the cavity expansion problem, pc is calculated using Eq. (7) and used to solve the penetration
problem Eq. (2). Friction between bodies was neglected, taking into account the low friction coefficient between
bodies at high velocities (see [14]).

4.2 Computational FE model and experimental data
A 2D axisymmetric computational model of the penetration problem was also solved using ANSYS/AUTODYN
in order to compare and verify the predictions of the engineering model. The Lagrangian mesh was optimized
in order to minimize the hourglass energy and contact energy among elements to less than 5 % of the total
energy balance [20].
For validating both the engineering model and the finite-element simulation, experimental results from
Forrestal et al. [12,14] were used. In those experiments, Maraging M300 steel, spherical-nosed projectiles
with a nominal mass of 24g, nose radius a = 3.55 mm and length L = 71.11 mm (see Fig. 1) were used to
impact 6061-T651 aluminum semi-infinite targets. Warren and Forrestal [33] characterized the target material
using a quasi-static tension test and compression split Hopkinson pressure bar tests. Using these data, the
Cowper–Symonds model parameters were calculated, as shown in Table 1. The properties of M300 steel were
extracted from [34], as shown in Table 2.
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Table 1 Material properties and CS parameters for aluminum 6061-T651 [33]
Elastic properties

Cowper–Symonds parameters

ρ (kg/m3 )

E (MPa)

ν

A (MPa)

B (MPa)

n

D (s−1 )

q

2710

68.9

0.33

276

140

0.18

80000

1.1

Table 2 Material properties for Marginal Steel M300 [34]
ρ (kg/m3 )

E (GPa)

ν

8000

189

0.30

0.02
0.01

SD model
SS model
CS model

Σ

0

Σ

−0.01

ξ = 24.78

r

w

−0.02
−0.03

5

10

15

20

25

ξ

Fig. 3 Radial profiles of stresses in dynamic expansion (m = 0.05) for a Mises solid and CS strain-dependent constitutive model.
Results are for Al 6061-T651
0.04
SD model
SS model
CS model

Σ

0.02
0
−0.02

Σ

ξw = 12.39

r

−0.04
−0.06

2

4

6

8
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12

ξ

Fig. 4 Radial profiles of stresses in dynamic expansion (m = 0.1) for a Mises solid and CS strain-dependent constitutive model.
Results are for Al 6061-T651

5 Results and discussion
5.1 Cavity expansion numerical solution
Figures 3 and 4 show the radial profiles of stresses in two different dynamic cavity expansions (m = 0.05 and
m = 0.1) for the Al 6061-T651 (Table 1), using the three cases studied of the Cowper–Symonds model (see
Sect. 3). Notice that the elastic behavior is similar using the different models; however, the plastic behavior
is significantly different. Using the SD model, the nondimensional stresses are lower, whereas with the CS
model they are higher. It is because the CS model has the influence of the strain and strain rate on the material
strength.
With these results, the nondimensional cavitation pressure Pc = pc/E can be calculated using Eq. (7).
Figure 5 (markers) shows the pressure in the cavity wall at different expansion velocities for Al 6061-T651
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0.045
SD model
SS model
CS model

0.04

Eq.(27)
Eq.(26)

0.035

Pc 0.03
0.025
Eq.(25)

0.02
0.015

0

0.02

0.04

m

0.06

0.08

0.1

Fig. 5 Variation of cavitation pressure Pc with expansion velocity m for Al 7075-T6. The different markers represent the exact
solution for the three Cowper–Symonds model cases (Sect. 3), whereas lines represent the power function approximation
Table 3 Adjusted coefficient to each power function [Eqs. (25), (26), (27)] for Pc approximations

Case 1: SD model
Case 2: SS model
Case 3: CS model

Acs

Ccs

Dcs

Fcs

0.0496
0.0288
0.043

1.144
1.0509
0.4556

−0.6202
–
2.4256

–
0.0589
0.1003

using the three studied cases of the Cowper–Symonds strength model (circle markers for SD, square markers
for SS and diamond markers for CS model ). Notice again, the higher pressures are reached with the CS model.
According to the previous available studies that suggest a dependence of pc on powers of m [26,33], the
cavity expansion results of Fig. 5 can be adjusted using power functions (solid lines). The SD model was
adjusted using Eq. (25), whereas the SS model was adjusted using Eq. (26). Notice that the third component in
(26) is a power of the q parameter. Therefore, the CS model is a combination of (25) and (26); for this reason,
the CS model was adjusted using Eq. (27),
Pc = Acs1 + Ccs1 m 2 + Dcs1 m 3 ,
Pc = Acs2 + Ccs2 m 2 + Fcs2 m 1/q ,
Pc = Acs3 + Ccs3 m 2 + Dcs3 m 3 + Fcs3 m 1/q .

(25)
(26)
(27)

Table 3 shows the adjusted coefficient to each power function for calculation. Notice in Fig. 5 that each
power function approximation agrees well with the exact cavity pressure solutions.
5.2 Cavity expansion numerical solution
In the previous subsection, the pressure cavity wall was calculated using Eq. (25) for the SD model, Eq. (26)
for the SS model or Eq. (27) for the CS model. Therefore, each equation can be substituted in Eq. (5), then in
Eq. (2), and solve the penetration problem. However, it is necessary to relate the cavity velocity (ȧ) with the
projectile velocity (V p ). This is done by the following relation [14,15]:
ȧ = V p cosβ

(28)

where β is the meridional angle of penetration. Additionally, β and x p (penetration depth) are geometrically
related by (see Fig. 1):
xp
cosβ = 1 − .
(29)
a
Now, the differential equation (2) and other involved equations can be numerically solved, and then, the
penetration depth is predicted. Results of the engineering penetration model are shown in Fig. 6 as lines
(SD model: solid line, SS model: dashed line, and CS model: dash-dot line). It is shown that the CS model
prediction represents lower penetration due to the synergy of the strain and strain-rate mechanisms when the
target material is deforming.
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Fig. 6 Comparison between the engineering model and computational simulation of penetration of a projectile on Al target at
initial velocity of 250 m/s
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Fig. 7 Results of simulation sequence of M300 projectile penetration at 250 m/s into Al 6061-T651 target. Target was modeled
using complete Cowper–Symonds strength model. Color scale represents von Mises stresses (in MPa). The projectile was omitted
in image sequence (saving the first one) (color figure online)

Additionally, the computational penetration problem was solved for each case of the Cowper–Symonds
model (see Sect. 3). In this case, it was only selected the applicable parameter for each model, e.g., the SS
model was only programmed with A, D and q parameters, and the others were set to zero. Figure 7 shows a
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Fig. 8 Scaled depth of penetration versus striker velocity. Comparison among experimental data, FE computational model and
Cowper–Symonds engineering model results

sequence of the simulation using the CS model and the projectile at initial velocity of V p0 = 250 m/s. Color
scales represent the von Mises stresses over the target. Notice that the propagation of the stresses shows a
spherical pattern, which confirms the assumption of a spherical symmetry field around the cavity expansion.
Comparison between the engineering penetration model and simulations is shown in Fig. 6 at an initial
velocity of 250 m/s. In this figure, markers represent the results of the computational simulations, whereas lines
represent the prediction of the engineering model. It can be seen the good agreement between the engineering
model and the computational model, both in penetration profile and in final penetration, which means that the
engineering model can be used to predict the behavior of strain-dependent and strain-rate-sensitive materials.
Taking into account that the time-consumption of the engineering model solution is around 5 s, this is an
effective method compared with the computational simulation, which takes around 6 min for achieving the
solution. This advantage can be used for quick predictions in simple impact events and also for the optimization
of target materials.
Finally, the models are verified using experimental data from Forrestal et al. [12,14] as can be seen in
Fig. 8. In this figure, the dimensionless depth of penetration x p /(L + 2a/3) is plotted as a function of initial
projectile velocity (V p0 ). Both engineering and computational model predictions show good agreement below
velocities of 800 m/s. However, these models under-predict the penetration depth above 800 m/s.
Rajendran and Seidt et al. [28,29] studied the influence of high strain-rate behavior of different materials
including aluminum targets. In those studies, thermal softening is taking into account high velocity penetration
events due to the high-temperature contact materials can reach at that point. Because the engineering model
and the computational model developed in the current paper are not thermal sensitive, depth penetration results
are not well predicted at high velocity, as can be seen in the result comparison above 800 m/s in Fig. 8.
6 Conclusions
A dynamical spherical expansion model was formulated and numerically solved for elasto-plastic J2 Mises,
compressible, strain-dependent and strain-rate-sensitive materials. Plasticity was modeled using the Cowper–
Symonds strength model. Using the cavity pressure derived from the expansion model, an engineering penetration model was developed and numerically solved. The prediction of the engineering model was compared
with computational finite-element simulations for a spherical-nosed steel projectile impacting an Al 6061T651 target. Additionally, penetration results were validated using experimental data. Despite its simplicity,
the engineering penetration model predictions are in good agreement with the computational model and the
available experimental data. Taking into account that the engineering model can be solved in short times, it
can be used for optimization problems in rigid-rod penetrating problems.
Appendix: Spherical cavity expansion formulation
Consider a spherical symmetric cavity expansion of instantaneous radius a as can be seen in Fig. 2. The
equations of mass and momentum conservation in spherical Eulerian coordinates (r, θ, φ ) of this deformation
process are given by [11,13,15,26]:
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ρ̇
+ ε̇r + 2ε̇θ = 0,
ρ
∂σr
σr − σθ
+2
= ρ υ̇,
∂r
r

(30)
(31)

where ε̇r = ∂υ/∂r is the radial strain rate; ε̇r = υ/r is the hoop strain rate; υ = ṙ is the radial material
velocity; ρ is the material density; and σr , σθ and σφ are the radial, hoop and meridional components of
Cauchy (σθ = σφ from symmetry); and a superposed dot denotes differentiation with respect to time. The
material response is modeled as J2 Mises solid [10,11,26], whose effective stress (σe ) is given by:
σe = σθ − σr .

(32)

Assuming the Mises flow theory in the absence of material spin [10,26], the strain-displacement equations
are given by:
σ̇r
dυ
2ν σ̇θ
−
− ε̇ pl =
,
E
E
dr
ε̇ pl
υ
ν σ̇r
(1 − ν) σ̇θ
+
+
=
ε̇θ = −
E
E
2
r
ε̇r =

(33)
(34)

where ˙ pl is the effective plastic strain, E is the elastic modulus and ν Poisson’s ratio. It is assumed that
the only independent variable is the nondimensional radial coordinate ξ = r/a. Thus, the time derivative is
transformed by the similarity relation [10]:


d
ṙ
d
ȧ d
ȧ
d
= ξ̇
=
−ξ
= (V − ξ )
(35)
dt
dξ
a
a dξ
a
dξ
where V = ṙ /ȧ is the nondimensional radial velocity and ȧ the cavity expansion velocity. Using (35), Eqs.
(30), (31), (32), (33) and (34) transform to:
Σ = Σ + Σr ,
   θ
V
ρ
d
dV
+ 2 = 0,
ln
+
(V − ξ )
dξ
ρ0
dξ
ξ
 
dΣr
ρ
Σ
dV
− 2 = m2
,
(V − ξ )
dξ
ξ
ρ0
dξ
d
dV
= (V − ξ )
Σr − 2νΣθ − ε pl ,
dξ
dξ


1
d
V
= (V − ξ )
−νΣr + (1 − ν) Σθ + ε pl
ξ
dξ
2

(36)
(37)
(38)
(39)
(40)

where (Σ, Σr , Σθ ) = (σe , σr , σθ )/E are the nondimensional stresses, ρ0 is material density in the undeformed
field, and m is the nondimensional cavity expansion velocity defined by:
m=√

ȧ
.
E/ρ0

(41)

The five governing Eqs. (36), (37), (38), (39) and (40) determine five of the six unknown parameters of the
system (Σ, Σr , Σθ , ε pl , V and ρ).
In order to complete the engineering model, an additional constitutive relation σe ε pl must be posed for
the plastic region of the material. Therefore, the spherical cavity is divided into two regions (Fig. 2) according
to the nondimensionalized radial coordinate ξ . The elasto-plastic region is bordered by the cavity and elastoplastic interface ξi , where the plastic yields occur, and it is explicitly unknown (depends on the cavity expansion
velocity and constitutive relation). The elastic region is bordered by ξi and ξw , where ξw is the rigid–elastic
wave front and can be calculated using the elastic properties of the material [11,14]:
ξw =

1
ȧ

(1 − ν) E
.
(1 + ν) (1 − 2ν) ρ0

(42)
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Elasto-plastic region In the elasto-plastic region 1 ≤ ξ ≤ ξi , the Mises material deforms following the
complete strain-displacement equations. First, the nondimensional radial velocity is found subtracting (40)
from (39), integrating and using the conditions that V and Σ vanish at ξ → ∞[22]; thus, it is obtained:
V = ξ 1 − e−Φ

3
with Φ = (1 + ν) Σ + ε pl .
2

(43)

Also, replacing (39) and (40) in (37), integrating and using ρ = ρ0 when Σr = Σθ = 0 [26], it is obtained:
ρ = ρ0 e−Θ with Θ = (1 − 2ν) (3Σr + 2Σ) .

(44)

Now, replacing (43) in Eq. (40) yields:
1 
1


1 − eΦ ,
(1 − 2ν) Σr + (1 − ν) Σ + ε pl =
2
ξ
and in the momentum conservation Eq. (38) gives:


Σ




Σr − 2 = m 2 ξ 2 (1 − 2ν) Σr − 2νΣ − ε pl e−Θ−2Φ
ξ

(45)

(46)

where Φ and Θ are given by (43) and (44), and superposed prime denotes differentiation with respect to ξ .
Equations (45) and (46) are the governing equation for the stress components (Σ and Σr ) in the elastoplastic region. The boundary conditions for this system are: continuity of the radial stress and plastic yield at
the elasto-plastic interface (ξ = ξi ) and a continuous velocity on the cavity wall (V (ξ = ξi ) = 1).
Elastic region In the elastic region ξi ≤ ξ ≤ ξw , the plastic strain and plastic strain rate are zero ( pl ≡ 0 and

 pl ≡ 0). Therefore, Eqs. (43), (45) and (46) are simplified to:
V = ξ 1 − e−Φ

with Φ = (1 + ν) (Σθ − Σr ) ,

1


νΣr + (1 − ν) Σθ =
1 − e(1+ν)(Σθ −Σr ) ,
ξ
 

Σθ − Σr


= m 2 ξ 2 Σr − 2νΣθ e(1+4ν)Σr −2(2−ν)Σθ
Σr − 2
ξ

(47)
(48)
(49)

where (36) was used.
One approximation for Eqs. (48) and (49) is to assume that as ξ increases, ξ 3 >> 1 (linearization of the
system). Then, these equations reduce to:
(1 + ν)
(Σθ − Σr ) ,
ξ
 

Σθ − Σr


= m 2 ξ 2 Σr − 2νΣθ .
Σr − 2
ξ




νΣr + (1 − ν) Σθ = −

(50)
(51)

Equations (48) and (49) or (50) and (51) (if the linear approximation is assumed) are the governing equations
for the stress components (ξr and ξtheta ) in the elastic region. The boundary conditions for this system are:
stress free conditions (Σr = Σθ = 0) as ξ → ∞, and continuity of the radial stress and plastic yield at the
elasto-plastic interface (ξ = ξi ).
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ABSTRACT
Dynamic characterization of materials is a complex task,
which involves the calibration of some material properties at
high strain rates. Those properties can be used for modeling
dynamic problems, especially for penetration and perforation
events. However, it is necessary to quantify the confidence in
the model predictions in order to know the reliability at which
the models can be used in design and optimization processes.
In this paper a methodology is proposed verifying and
validating the dynamic properties of soft materials for modeling
purposes, specifically for calibrating the Cowper-Symonds
dynamic parameters of the Roma Plastilina No.1 (RP). This
methodology involves a four-steps/procedure, composed of two
different and independent dynamic tests, an engineering model
and full-scale computational simulations.
It was found that the calibrated Cowper-Symonds
parameters are a good representation of the behavior of the RP
at the range of strain rates involved on the experiments.
Therefore, it was concluded that the methodology used in this
paper is a good strategy for obtaining verified and validated
properties of a soft material.
INTRODUCTION
Roma Plastilina No.1 (RP) is a soft material which is made
by oils, mineral fillers and waxes. This kind of material is
commonly used as a backing material of armor systems in
ballistic tests. As a backing, RP suffers an indentation after the
impact, which can be related with the energy absorbed by the
armor, and then, evaluate the armor performance [CTBAM,
2012]. However, the dynamic behavior of RP at medium and
high-strain rates is not well know because RP has a complex

A. Maranon
Structural Integrity Research Group, Mechanical
Engineering Department, Universidad de los
Andes
Bogota, Colombia

rheology behavior (thixotrhopy) and low elastic modulus
[McClay, 1976; Calvit et al., 1968], making this material
difficult to mechanically characterize.
Some researches [Chijiiwa et al., 1980; Huang et al., 2002]
have tried to calibrate the dynamic properties of the RP using
simple constitutive equations like the power-law equation or the
Cowper-Symonds model. However, the characterization process
has been made at low strain rates, which usually is completely
different of the high strain rates behavior.
In a previous research, the authors [Buchely y Maranon,
2013], calibrated the Cowper-Symonds (CS) parameters of the
RP at high strain rates (104 y 105 s-1). In this case a simplified
CS model was used, as shown in this equation:
 
pl
  A 1  
  D


1/ q






 ,



(1)

where σ is the effective stress on the material,  pl is the plastic
strain rate, A is the yield stress of the material at low strainrates, and D and q are the CS parameters of the model.
This research work was made in three steps. In the first
step, Dynamic Indentation tests were performed using an 8.41
mm diameter, 6.62 g, spherical-nosed, aluminum projectile
indenting a semi-infinite test sample of RP. The projectile was
propelled at different velocities (between 15 m/s and 50 m/s).
Additionally, a high-speed camera was used to record the
penetration event. From processing this recording, images were
used to sample the penetration depth as a function of time.
During the second step, a mathematical engineering model
of the dynamic indentation was developed, based on the
spherical cavity expansion theory. Then, using the penetration
profiles extracted from the dynamical indentation test, an

1

Copyright © 2015 by ASME

inverse problem was programmed using MatLab-Simulink
v.2012a in order to find Cowper-Symonds material parameters
of RP. Table 1 shows the CS parameters found after this
process. Notice that the elastic modulus (E) was added to the
calibration process because it was known. The Poisson's ratio
() was taken as 0.49, assuming the material as incompressible.
The third step and last step in this methodology was to
perform an explicit simulations in order to compare and verify
the engineering model results. Thus, the dynamical indentation
test was implemented on 2D axisymmetric ANSYS/AUTODYN
code. RP was model as a mesh free body using SmoothedParticle-Hydrodynamic (SPH) solver, and using material
parameters previously found in the optimization process. After
checking that good agreement was reached among the
engineering model, computational model and experimental data
in the Dynamic Indentation test, it was concluded that those
parameters are a good representation of the RP at high-strain
rate for the Dynamic Indentation test.
However, in order to have a higher reliability that those
parameters can be used in any dynamic process, those
parameters must be validates using an independent dynamic
test. For this reason, in this article will show a fourth step in the
mythology of parameter calibration, to validate the CP
parameters of the RP (from Table 1). It is made using a
experimental data from Taylor tests, and comparing them with
numerical simulations.

it was place a high speed camera, perpendicularly to the rigid
surface, in order to capture the dynamic event.
Testing material were gray-green Roma Plastilina No.1
(RP), manufactured by Sculpture House (USA). Before
experimentation, the material was heated at 50°C. After that, it
was manually homogenized in order to remove its strain story
(due to its thixotropy) and remove air-burbles on the material.
Finally, it was led in an controlled-atmosphere room (50% ±
10% humidity and at 23°C ± 2°C) by 88 h.
After homogenization, the cylinders were made using an
extrusion process with a 10.2mm diameter die. Additionally,
cylinders were cut in 46mm length. Finally, Taylor cylinders of
RP were left in the controlled-atmosphere room by 24 h.
Before Taylor test, cylinders were weighed using a
±0.0001g resolution balance, and their initial length (l0) was
measured using a ±0.01mm caliper. Table 2 shows the measures
taken by each specimen of RP.
After Taylor test, final length ( lf ) and final deformed
length ( xf ) were measured, as schematically shown in Figure 2.
Additionally, the final shape of the cylinders after impact was
recorded using digital images and image processing tools of
MatLab v.2012a

Table 1. Cowper-Symonds parameters of the RP
[Buchely, 2013].
E
[MPa]
11.66



0.49

A
[MPa]
0.153

D
[s-1]
0.180

q
6.99

MATERIALS AND METHODS
Taylor test is a dynamic technique which consist of launch
a cylindrical specimen over a rigid surface. Due to the
perpendicular impact, the specimen is subjected to dynamic
plastic deformation. Depending of the dynamic properties of the
material and the initial velocity of the cylinder, the final shape
of the specimen can change, which is used as a pattern to
calibrate and validate parameters of constitutive models
[Meyers, 1994]. For this reason, Taylor test is commonly
methodology to calibrate plasticity models and to verify the
dynamic behavior of materials.
Figure 1 shows a scheme of the Taylor Test used in this
work. I was assembled an 1.5m long air cannon and a highspeed trigger solenoid valve. At end of the cannon, it is place
IR-LED sets, which were connected to a oscilloscope to
calculate the excitation time between sensor, when cylinder
passes through them. In this way, the initial velocity of the
cylinder can be calculated. Using this system, an uncertainty of
±0.02m/s in de velocity measurements were found. Additionally,

Figure 1. Scheme of the Taylor test experiment.

Table 2. Initial measurements of the Taylor specimens
Initial diameter D0 was 10.2mm for all samples. l0 is
the initial length of the cylinder.
Probeta
No.
1
2
3
4
5
6
7
8

2

Masa
[g]
6.0782
6.1755
6.3161
6.1503
6.2479
6.0470
6.0662
6.0347

l0
[mm]
45.48
46.20
47.26
46.01
46.75
45.24
45.39
45.22
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Figure 2. Scheme of measurements taken on the
Taylor cylinders, before and after the Taylor test.

Figure 3 shows a sequence of images taken by the highspeed camera at 12608 frame per second (fps) of the Taylor
cylinder #7 of RP. It can be noticed that once the material of the
cylinder touched the rigid surface, a plastic deformation wave is
transmitted through the cylinder to its rear part.
Table 3 shows the measurements of final length (lfexp) and
final deformed length (xfexp) taken in the specimens after Taylor
tests, at different initial velocities ( V0 ). Additionally, the Figure
4 shows the shapes of the final cylinders after the test. Notice
that at the higher the initial velocity, the higher the plastic
deformation and the shorter the final length of the cylinder.

Table 3. Measurements of the Taylor cylinders after
the Taylor tests.

To validate the results, final Taylor specimens were
compared with Finite-Element (FE) simulations results. Thus,
the Taylor test was modeled in ANSYS/AUTODYN, using 3D
model and a explicit Lagrangian solver. A quarter of the
cylinder geometry was only modeled, taking advantage of the
axial symmetry of the specimens, to reduce the processing time.
Material of specimens for the simulation were programmed
using the simplified Cowper-Symonds constitutive equation,
and the parameters shown in the Table 1. Rigid surface was
programmed as a linear-elastic material using Steel 4340 with
parameters by default, found in the library of
ANSYS/AUTODYN. Frictions between surfaces was omitted.

Specimen

V0

lfexp

xfexp

 av

#
1
2
3
4
5
6
7
8

[m/s]
7.30
10.70
14.00
17.65
18.73
19.87
21.58
24.39

[mm]
43.77
42.42
40.67
37.26
36.63
34.23
33.04
31.05

[mm]
10.20
20.40
24.10
31.00
31.20
31.40
31.70
29.80

[s-1]
108.72
243.05
422.45
1409.51
1725.00
3510.16
8053.25
9756.08

RESULTS AND DISCUSSION

Figure 3. Sequence of images of the Taylor Test
(Specimen #7) captured by a high-speed Camera at
12608 fps.

Figura 4. Taylor cylinders after the Taylor test at
different initial velocities. Number over the cylinder
represents the reference for each specimen, whose
information is shown in the Table 3.

3
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It can be noticed that three different regions are obtained in
the deformed cylinders (specially at high velocities) after test,
similar to the schematic deformed cylinders showed in the
Figure 2. The first region is the one where the plastic wave
never reached; thus the initial diameter of the specimen is the
same of the final one. The second region is identified as a
smoothed-conical zone, where the plastic wave traveled at
almost constant velocity (Jones, 2000). Finally, the third region
is a small region close to the deformed edge of the cylinder. In
this region, material suffered high plastic deformations, and
radial and longitudinal effects are combined to deform the
material.
Average strain-rate (  av ) on each experiment were
calculated using the equation 2 [Taylor, 1948], and the
calculation of  av are shown in the last column of the Table 3.

 av 

1 V0
2 lf  xf

,

(2)

Table 4 shows the measurements of specimens after the
Taylor test simulations. Initially, the model was only solving
using the CS constitutive equation, without a failure mode.
Final length after simulations are tagged as lfsim in the table.
The percentage of difference between the experimental and
simulation lengths were calculated by:

%dif sim 

lf sim  lf exp
lf exp

.

(3)

It can be notice that there are good agreement between
measurements for the first 5 specimens (differences less than
2%). However, the difference is high at specimen #6, and it is
higher at higher velocities (Specimen #7 and #8).
Studying the plastic deformation and failure of the Taylor
cylinders, it can be seen that at high velocities specimens
suffered cracking in the third deformation zone, which is close
to the impact surface (See Figure 3). Cracking started to
happened in specimen #6, and the higher the velocity, the higher
the cracking. Therefore, it seems to be a different fracture
mechanism between specimens #5 and #6 [White, 1982]. First
is a mushroom deformation for low impact velocities (the
cylinder is deformed but remains coherent); and the second, for
high velocities, the cylinder spatters or flows laterally parallel to
the target surface like a stream or fluid. This phenomenon can
be the reason for the higher % differences in the final length
comparisons; specially, because the simulation was not
programmed with a simulation failure mode. For this reason, it

is important improve the simulation model, adding a failure
criteria in order to better representation of the RP as this strain
rates.
In order to include a failure criteria in the model, the failure
stress (σf) where the material suffer cracking must be known.
This stress can be approximated using propagation wave
theories in solid bars, where stress is a function of the material
velocity [Meyers, 1994]. Thus, σf is calculated by::

f 

1
 C0V0 
2

E
V0
2

,

(4)

where  is the material density, V0 is the velocity, and C0 is the
elastic wave speed on the material, which can be calculated as
C0  E /  .
Using equation 4 and a V0 of 19 m/s (which was selected as
a median velocity between specimen #5 and #6), a failure stress
of  f  1.24MPa was found. Therefore, this stress was taken
as a failure criteria for the RP.
After find a failure criteria, new simulations models were
solved. This time, the same CS constitutive equation was used,
but adding the failure criteria of  f  1.24MPa .
Last two columns of Table 4 show the results of final length
of cylinders after simulation using the failure mode (lfmod), and
the percentage of difference between the experimental and
modified simulations (%difmod), which were also calculated
using the Eq.3. With this new comparison, notice that the
differences for the specimens 1 to 5 are almost the same
between the initial and modified simulations. However, the
differences are less than 2% for the specimens at higher
velocities (#6, #7 and #8), which was a problem with the initial
simulations in the same specimens.
Figure 5 shows a sequence of images taken during the
simulation process for the Taylor cylinder #7. Comparing with
Figure 3, they show some qualitative agreement in the
deformation sequence of the cylinders.
Tabla 4. Comparison between experimental data and
computational simulations of the final length of the
Taylor cylinders after. Suffix "sim": initial simulations;
suffix "mod": modified simulations, including the
failure mode of the material.
Specimen
#
1
2
3
4
5
6
7
8

4

lfexp
[mm]
43.77
42.42
40.67
37.26
36.63
34.23
33.04
31.05

lfsim
[mm]
43.27
41.79
40.11
36.60
36.12
35.72
34.81
33.25

%difsim
[%]
1.14
1.49
1.38
1.77
1.39
4.35
5.36
7.09

lfmod
[mm]
43.21
41.75
40.02
36.57
35.95
34.18
32.46
30.45

%difmod
[%]
1,28
1,58
1,16
1,85
1,86
0,15
1,76
1,93
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Figura 5. Sequence of images taking during the
simulation process of the Taylor Test (Specimen #7)
Color scales represents the Von Mises stresses (in
MPa) into the material.

Finally, the final shape of the cylinders were compared between
the experimental results and the computational simulations
results, which were modeled using the failure model. Those
comparison are shown in the Figure 6. In the right of each
cylinder is shown the final experimental shape, and in the left
side, it is shown the final shape after simulations. Comparing all
cases, it can be notice that deformation patters are similar.
Taking account the experimental errors which were not
controlled during the test, it is concluded that the parameters
models used for simulation are a good representation of the
material at those high-strain rates range.

CONCLUSIONS
The Cowper-Symonds parameter of the Roma Plastilina
No.1 (RP) were validated. It was made using a dynamic Taylor
test, comparing experimental results with computational
simulations.
Therefore, these CP parameters can be used to predict the
dynamic behavior of the RP at high-strain rates by
computational simulations. However, it is required to use a
failure criteria in the computational model to obtain more
reliable simulation results, specially at high velocity events.
In this paper, it was used a failure criteria of maximum
stress, which was calculated using approximation taken from
wave propagation theory on solid bars. Using this failure
criteria, it was obtained good approximation of the final Taylor
cylinder using computational simulations.

Figura 6. Comparison between experimental results
(right) and computational simulations results (left).
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Abstract. Spherical Cavity Expansion Theory has been extensively
used to predict the penetration depth of rigid penetrators into semiinfinite targets. In this theory, the target is subdivided into three different regions: plastic, elastic and stress-free region, all of which are
ahead of the projectile nose. When the target has a finite thickness, a
stress free condition must be imposed on the free surface of the elastic
region. This condition changes the penetration dynamics of the problem; therefore, penetration resistance of the target also changes. In this
paper, an engineering penetration model using the Spherical Cavity
Expansion Theory was formulated to account for the target thickness.
Target material was modeled as an elasto-plastic, compressible, strain
dependent, and strain-rate sensitive material using the Johnson-Cook
strength model. The engineering model was numerically solved and the
predicted depth of penetration was compared with results of computational simulations performed in ANSYS/AUTODYN. Additionally, engineering and computational models were validated using experimental
penetration tests, where M300 steel spheres were impacted on 6.35 mm,
9.53 mm and 12.7 mm thickness coupons made of 6063-T4 aluminum
alloy. A specific assembly of the targets was set in order to reduce the
influence of bending during the impact. Target material was mechanically characterized using quasi-static tension tests, Split-Hopkinson
compression tests and Taylor impact tests. Additionally, the penetration event was captured using a high speed camera. It was found that
target resistance is reduced by the target thickness. A good consensus was reached among engineering models, computational models and
experimental data.

1 Introduction
Analytical models based on the Spherical Cavity Expansion Theory (SCE) have been
extensively used to predict the depth of penetration of rigid penetrators into semiinfinite targets [1–6]. This theory began with the pioneering work from Bishop et al.
[7] and Hill [8]. After them, Hopkins [9] studied the dynamic expansion of spherical
cavities in elastic-plastic materials. Using the Hopkins approach, Forrestal et al. [1,
2, 4] developed an analytical model for the elastic-plastic response of a compressible
a
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Elastic

Elasto-plastic
Projectile

ξi
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ξ =1

Vp

xp

x back
h

Fig. 1. Scheme of a penetration problem in a finite target using the Spherical Cavity Expansion theory.

material and applied it to penetration problems. More recently, dynamic spherical
expansion in a pressure sensitive elasto-plastic medium has been studied by Durban,
Masri and Cohen [5, 6, 10]. Using these approaches, different kind of target materials
have been modeled using the SCE: metal, ceramic, glass, soil and clays materials [3,
11–14]. But mainly all of them have been modeled as semi-infinite mediums.
Finite targets are those for which the existence of a free rear surface has an effect
on the interaction between the projectile and target element [15]. Penetration results
of SCE models for semi-infinite targets can also be applied to the finite target domain.
However, modifications may be required to account for the absence of stress at the
rear of the target [11, 16].
In this paper, an engineering penetration model, using the Spherical Cavity Expansion Theory, was formulated to account for the target thickness. Target material
was modeled as an elasto-plastic, compressible, strain dependent, and strain-rate sensitive material using the Johnson-Cook strength model. The engineering model was
numerically solved and the predicted depth of penetration was compared with results of computational simulations performed in ANSYS/AUTODYN. Additionally,
engineering and computational models were validated using experimental penetration
tests.

2 Engineering model
2.1 Spherical Cavity Expansion (SCE)
Consider a spherical symmetric cavity expansion of instantaneous radius a, as shown
in Figure 1. In this figure, h is the target thickness, Vp is the instantaneous projectile
velocity, xp is the penetration depth, and xback is the movement of back surface of
the target (bulging). Additionally, ξ = r/a is the non-dimensional radial coordinate;
ξ = 1 is the cavity wall; ξi is the elastic-plastic interface where the plastic yields
occurs, and it is explicitly unknown (depends on the cavity expansion velocity and
constitutive relation); and ξback is the is the radial coordinate of the back surface:
ξback =

h + a + xback − xp
.
a

(1)

Following the Durban et al. formulation [10], the material response is modeled
as J2 Mises solid; the strain-displacement equations are modeled using the Mises
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flow theory in the absence of material spin, and the next similarity relation was also
applied:


d
ṙ
ȧ d
ȧ
d
d
= ξ˙
=
−ξ
= (V − ξ)
;
(2)
dt
dξ
a
a dξ
a
dξ
where ȧ is the cavity expansion velocity, and V = ṙ/ȧ is the non-dimensional radial
velocity. Therefore, the response of the material (radial velocity, density and stresses)
can be predicted solving the next non-linear differential equation system (complete
formulation on Masri [5] and Durban [10]):
Σ = Σθ − Σr ;
V = ξ 1 − e−Φ
ρ = ρ0 e−Θ



(3)

3
Φ = (1 + ν) Σ + pl ;
2

with

with Θ = (1 − 2ν) (3Σr + 2Σ) ;


0
0
1 0
1
(1 − 2ν) Σr + (1 − ν) Σ + pl =
1 − eΦ ;
2
ξ


0
0
0
0
Σ
Σr − 2 = M 2 ξ 2 (1 − 2ν) Σr − 2νΣ − pl e−Θ−2Φ ;
ξ

(4)
(5)
(6)
(7)

where (Σ, Σr , Σθ ) = (σe , σr , σθ )/E are the non-dimensional stresses; pl is the effective plastic strain; ν is the Poisson’s ratio; superposed prime denotes differentiation
with respect to ξ; and M is the non-dimensional cavity expansion velocity defined by:
M=p

ȧ
E/ρ0

;

(8)

with E and ρ denoting the Elastic modulus and density of material. The five governing
equations (3), (4), (5), (6) and (7) determine five of the six unknown parameters of
the system (Σ, Σr , Σθ , V and ρ). Therefore, a constitutive relation must be posed
for the plastic branch of the material in order to complete the formulation. In this
model, the simplified Johnson-Cook constitutive relation was used [17]:

 

˙pl
n
σe = A + Bpl 1 + ln
.
(9)
˙0
Using (2), equation (9) is transformed to:
Σ = Ā +

B̄npl



0

1 + ln

pl
ȧ
(V − ξ)
a
˙0

!!

;

(10)


where Σ, Ā, B̄ = (σe , A, B) /E are the non-dimensional stresses, and ˙0 is the
0
effective strain-rate of the quasi-static test. Solving for pl :
!
0
a˙0
Σ
pl =
exp
−1 .
(11)
ȧ (V − ξ)
Ā + B̄npl


When Σ − Ā + B̄npl > 0, the material deforms plastically; therefore, the material response is modeled replacing Eq.(11) and its numerical integration (pl ) in
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equations (4), (6) and (7). When Σ − Ā + B̄npl ≤ 0, the material deforms elasti0

cally. Thus, effective plastic strains are zero (pl = 0 and pl = 0 ) in equations (4),
(6) and (7). The previous system of partial non-linear differential equations ((3), (4),
(5), (6), (7) and (11)) requires a numerical solution because it is nearly impossible
to solve them analytically. The boundary conditions for the system are: a stress free
condition on the free surface of the elastic region (Σr (ξ = ξback ) = 0) and a continuous velocity on the cavity wall (V (ξ = 1) = 1). After solving the system, the pressure
on the cavity wall pc can be found using:
pc /E = −Σr (ξ = 1) .

(12)

2.2 Penetration model
According to Newton’s second law, the movement of a rigid projectile into a soft
material is governed by:
dVp
d2 xp
(13)
= mp 2 = −Fx ;
dt
dt
where mp and Vp are the projectile mass and velocity; xp is the penetration depth
(see Figure 1), and Fx is the force acting on the nose of the projectile. According to
Jones et al. [18, 19], for a spherical-nosed projectile, and assuming Coulomb’s friction,
Fx can be calculated as:

Z a 
q
2
2
Fx = 2π
(14)
pc (a − xp ) + µ a − (a − xp ) dxp ;
mp

0

where µ is the dynamic sliding-friction coefficient, and pc is the cavity pressure, which
is calculated using the SCE theory (Eq.(12)). Additionally, the projectile velocity Vp
and cavity expansion velocity ȧ are related by:
ȧ = Vp cosβ ;

(15)

where β is the penetration angle, which can be found using geometrical parameters
in the penetration event (see Figure 1).

3 Materials and Methods
3.1 Target characterization
Material of the target coupons were chemically and mechanically characterized before penetration tests. Chemical characterization was made using the Optical Emission Spectroscopy (OES) technique. Mechanical characterization was performed under both Quasi-static and Dynamic conditions. Quasi-static tests were performed in
a Universal Instron testing machine according to the ASTM E8 standard. Dynamic
tests were performed on a conventional Split-Hopkinson Pressure Bar (SHPB) apparatus, and using the Taylor test. The SHPB data are processed in order to calculate
the dynamic strain-stress behavior of the material (See reference [20] for more details).
Taylor test consists to launch a cylinder of the testing material over a rigid surface
at different velocities. Using the Taylor approach [21], the dynamic yield stress (Yd )
of the material was calculated at different strain rates as:
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x1

l0

l1

Fig. 2. Scheme of a cylinder before and after the Taylor test.

(l0 − x1 )
Yd
1
=
,
2
ρV0
2 (l0 − l1 ) ln (l0 /x1 )

(16)

where l0 and V0 are the initial length and speed of the cylinder; and l1 and x1 are the
final length and the length of the non-deformed section of the cylinder (see Figure 2).
The average strain-rate (ε̇av ) during the Taylor event was calculated as [21]:
ε̇av =

1 V0
,
2 l0 − x1

(17)

3.2 Numerical solution of the engineering model
The system of partial non-linear differential equations were programmed using MATLAB and SIMULINK software and solved numerically employing the explicit RungeKutta (4,5) solver. For the solution, it was applied a relative tolerance and an absolute
tolerance errors; and a maximum step size of 0.001. The target material was modeled
using the elastic and Johnson-Cook parameters obtained from the material characterization (Section 3.1).
The procedure of the solution for the engineering model consists of selecting a
guess value of ξi and solving the elastic field first (Equations (4), (6) and (7) with
0
pl = 0 and pl = 0), using the boundary conditions (Σr (ξ = ξback ) = 0) and yield
condition Σ (ξ = ξi ) = Ā. Thus, a solution for V (ξi ) and Σr (ξi ) can be found at the
elastic-plastic interface. After that, assuming continuity in the elastic-plastic interface,
the elastic solution is used as boundary condition for the plastic field (Equations (4),
(6), (7) and (11)). This calculation proceeds from ξ = 1 to ξ = ξi . When the cavity
condition at the cavity surface V (ξ = 1) = 1 is satisfied, the right values of Σ (ξ = 1)
and Σr (ξ = 1) are obtained corresponding to the chosen value of ξi . After solution of
the SCE problem, the cavity pressure pc (which exact solution is given by Eq.(12))
can be approximated expanding pc in powers of M :

pc /E =Am

1+



3

1
ξback − 1
q

3 !



+ Cm M 2 1 +

1
1 − 2ν



1
ξback − 1



(18)

+ Dm M + Fm M ;
where Am , Cm , Dm , Fm and q are adjusted parameters. Notice that pc depends on the
back surface position (ξback ). When target is thick enough (ξback → ∞), the solution
is reduced to a semi-infinite cavity pressure solution [5,22]. Now, pc can be replaced
in (14) for completing the engineering model, and then, the penetration depth can be
predicted. Friction between the bodies was omitted.

6

Will be inserted by the editor

Target
Solenoid valve

Support

Projectile
Cannon

Velocity sensor,
1st set

Velocity sensor,
2nd set

Fig. 3. Scheme of the experimental set-up for the penetration tests.

3.3 Finite Elements (FE) computational model
A 2D axisymmetric computational model of the penetration problem was also programmed using ANSYS/AUTODYN, in order to compare and verify the predictions
of the engineering model. The target material was also modeled using the elastic and
Johnson-Cook parameters obtained in the material characterization (Section 3.1).
Body Lagrangian meshes were optimized in order to minimize the hourglass energy
and contact energy among elements (less than 5% of the total energy balance). In
the end, a mesh of 0.25 mm element size with an adaptive mesh refinement on the
impact zone was selected. Also, friction between the bodies was omitted.

3.4 Experimental set-up
A scheme of the experimental set-up is shown in the Figure 3. An air-cannon is used to
launch a φ 10.3 mm steel sphere over aluminum coupons of three different thicknesses
(6.35 mm, 9.57 mm and 12.7 mm) at velocities below 250 m/s. A specific support
was designed in order to reduce the influence of plate bending during the impact.
IR-Led sensors were placed before and after the target coupons in order to measure
the velocity of the projectile. Additionally, a CORDIN 535 high speed camera was
placed perpendicular to the target surface in order to capture the penetration event.

4 Results and Discussion
4.1 Target characterization results
The results of the chemical characterization of the target material are shown in Table
1. According to the ASM Handbook [23], this material can be designated as an aluminum alloy grade 6063. Additionally, Figure 4a shows the true strain - true stress
curves for quasi-static and dynamic conditions of this aluminum alloy. According to
the quasi-static curve, the yield stress of this material is 157.39 M P a, therefore, this
alloy can be designated as a 6063-T4 Al alloy [23]. Additionally, notice that the material is strain dependent, and also strain-rate sensitive due to the changes between
the quasi-static and dynamic curves. Therefore, the plastic behavior of this material
can be well represented using the Johnson-Cook (JC) constitutive model (9). Results
of the Taylor test are shown in the Figure 4b and Table 2. Yd and ε̇av were calculated using equations (16) and (17). Using these curves and the Taylor results, elastic
modulus and JC parameters were adjusted (Table 3). Figure 4a also shows a comparison between the experimental data and the JC approximation model (dotted lines).
Values of ν and ρ were taken from the ASM Handbook [23].
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Table 1. Chemical composition of the aluminum alloy.
Al

Si

Fe

Cu

Mn

Mg

others

98.35

0.38

0.40

0.05

0.06

0.54

Balance

0
300

True stress [MPa]

250
200
150

1

SHPB data, dε/dt = 1547s−1
100

3

4

QS data, dε/dt = 0.001s
Johnson−Cook approximation

50
0

2

−1

0

0.02

0.04

0.06 0.08
0.1
0.12
True strain [mm/mm]

0.14

0.16

0.18

Fig. 4. Mechanical characterization of 6063-T4 Al coupons: (a) True strain-True stress curve
for Quasi-static (QS) and Dynamic (using SHPB) conditions, and (b) Taylor cylinders after
tests at different initial velocities.
Table 2. Results of the Taylor test for aluminum cylinders.
Cylinder
1
2
3
4

l0 [mm]
25,42
25,46
25,56
25,47

V0 [m/s]
68,49
122,98
176,31
202,28

l1 [mm]
24,81
23,81
22,53
21,82

x1 [mm]
16,03
11,33
11,03
12,14

Yd [M P a]
211,40
215,96
239,43
272,25

ε̇av [s−1 ]
3645,48
4351,88
6065,91
7587,47

Table 3. Mechanical characterization of the aluminum alloy: density, elastic parameters and
Johnson-Cook parameters.
ρ [kg/m3 ]

E [GP a]

ν

A [M P a]

B [M P a]

n

C

˙0 [s−1 ]

2700

65.74

0.33

147.39

269.6

0.48

0.013

0.001

4.2 Modeling and experimental results
Figure 5 shows the results of the numerical solution for pc (diamond markets) at
different non-dimensional expansion velocities (M ), and using a semi-infinite target
(ξback → ∞). Notice that the numerical solution can be adjusted in a good manner
(solid line) using the power function (Eq.(18)). Parameters used for this adjustment
are shown in Table 4. Using these parameters and the pc approximation, the penetration depth can be predicted using equations (13) and (14).

Table 4. Adjusted parameters for pc approximation (Eq.(18)).
Am

Cm

Dm

Fm

q

0.0099

1.2238

-0.2279

0.0084

0.0240
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0.032
Numerical solution
Aproximation using Eq.(16)

0.03
0.028
0.026
pc/E 0.024
0.022
0.02
0.018
0.016

0

0.01

0.02

0.03

0.04

0.05
M

0.06

0.07

0.08

0.09

0.1

Fig. 5. Variation of cavity pressure pc with the non-dimensional expansion velocity M , and
using a semi-infinite target (ξback → ∞).
0.0 µ s

0

5.0 µ s

80

15.2 µ s

10.1 µ s

160

20.2 µ s

240

25.3 µ s

320

35.4 µ s

30.4 µ s

400

MPa

Fig. 6. Results of FE simulation sequence of the rigid steel sphere impacting a 12.7 mm
thick Al 6063-T4 coupon at Vp = 243.9 m/s. Color scale represents Von-Mises stresses (in
MPa).

Furthermore, Figure 6 and Figure 7 show a sequence of the penetration event
modeled by the FE computational model and captured with the high speed camera,
respectively. They represent the impact of the steel sphere impacting the 12.7 mm
thick Al target at Vp = 243.9 m/s. Similar simulations and penetration experiments
were performed for the other coupon thicknesses.
All the penetration results are summarized in the Table 5. None of the coupons
were perforated by the impact. The final penetration depth was measured in each
model: the experimental values measured after the penetration tests (xef ), the final
penetration predicted by the engineering model (xm
f ), and the final penetration predicted by the FE computation model (xcf ). According with these results, it is shown
that the penetration depth was well predicted by both engineering and computational
models. Additionally, the penetration depth during the event was compared among
the different models. This comparison is shown in Figure 8 for the tests 1, 3 and 6
(Table 5). Experimental data points were extracted from high speed images. Once
again, a good agreement was reached among the different models.
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Fig. 7. Sequence of penetration event of the steel sphere impacting a 12.7 mm thick Al
6063-T4 coupon at Vp = 243.9 m/s. Images taken by a high speed camera at 197531 frames
per second.
Table 5. Results of final penetration depth for each coupon thickness (h), and at two initial
projectile velocities (Vp ). Final penetration depth according with: experimental tests (xef ),
c
engineering model (xm
f ), and FE computational model (xf ).
Test
1
2
3
4
5
6

h [mm]
6.35
6.35
9.53
9.53
12.70
12.70

Vp [m/s]
241.00
158.73
245.40
158.73
243.90
147.93

xef [mm]
4.55
2.65
3.39
1.98
3.09
1.72

xm
f [mm]
4.39
2.53
3.37
2.03
3.17
1.81

xcf [mm]
4.34
2.52
3.47
2.16
3.19
1.92

According with these results, it is shown that penetration resistance is reduced
(higher penetration depth) when the target thickness is thinner using almost the same
impact energy (initial projectile velocity). This is because the cavity pressure is lower
when the target is thinner, which is clearly shown in the Eq.(18).

5 Conclusions
An engineering penetration model using the Spherical Cavity Expansion Theory was
formulated for an elasto-plastic, compressible, strain dependent, and strain-rate sensitive material (using the Johnson-Cook strength model), which takes account the
target thickness. The engineering model was verified using an FE computational
model, and both models were validated using experimental penetration data. The
penetration tests were performed using steel spheres impacting 6063-T4 Al coupons.
A good agreement was reached among engineering models, computational models and
experimental data. Taking into account that the engineering model solution can be
reached between 10 and 30 seconds of time processing, it is a great advantage over
FE computational models, which took between 5 and 8 minutes using the same processing machine. Therefore, engineering model can be easily programmed for target
optimization problems in impact penetration dynamics.
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5

Penetration depth [mm]

4

3
Engineering model
FE model
Data 12.7 mm
Data 9.53 mm
Data 6.35 mm

2

1

0

0

0.005

0.01

0.015

0.02
0.025
Time [ms]

0.03

0.035

0.04

Fig. 8. Comparison of the penetration depth among experimental test, engineering model
and FE numerical model. Different target thicknesses are also compared. Initial velocity of
the sphere: Vp ≈ 243 m/s
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A B S T R A C T

Modeling clay is a soft malleable material made from oils and waxes. This material is fundamental for
ballistic evaluation of body armors because it is used as backing material in ballistic tests. After a ballistic impact, a back-face indentation is measured to assess performance of the armor. Due to the important
role of modeling clay in this particular application, its mechanical characterization and comprehension
of penetration mechanics are essential for development of new personal protection systems. This paper
presents a two-step computational methodology to calibrate parameters of a Cowper–Symonds material model for modeling clay at characteristic strain rates up to 1.8 × 104 s −1 . In the ﬁrst stage, a highspeed camera is used to record the penetration of a gas-gun launched cylindrical mass with a hemispherical
cap into a block of clay. Image-processing software is used to capture the tail of the projectile as it penetrates into the clay. These data are then used to sample the penetration depth as function of time. In
the second stage, an in-house developed model of penetration, based on both the spherical cavity expansion theory and the Tate penetration equation, is used to determine, by inverse analysis, the parameters
of the Cowper–Symonds clay model. The proposed constitutive relationship for clay and the determined material parameters can be applied accurately to problems involving high strain rates.
© 2015 Elsevier Ltd. All rights reserved.

1. Introduction
Modeling clay is a thixotropic material (a material which has the
property of being time-dependent shear thinning) made from inert
mineral oils, ﬁllers and waxes [1], which is commonly used as a recording medium of back-face deformation of soft and hard body
armors in back-face signature (BFS) tests [2]. Simple modeling clay,
such as Roma Plastilina No.1, is used in blunt trauma research, and
in many countries, it is a standard backing material for bodyarmor testing since it provides some beneﬁts in relatively lowvelocity impacts compared to other backing materials [3]. Hence,
comprehension of the mechanical response and penetration mechanics of modeling clay are fundamental for analysis of ballistic
body-armor tests.
Despite the fact that modeling clay has been used for this purpose
for nearly 25 years [4], there are no available material models that
describe its behavior at the strain rates characteristic to such tests.
Some approximations to its behavior are only limited to low strain
rates. Chijiiwa et al. [5] performed a quasi-static and dynamic
characterization of plasticine at strain-rates up to 10 s1, using
conventional compression tests and drop weight tests. The behavior

* Corresponding author. Structural Integrity Research Group, Mechanical
Engineering Department, Universidad de los Andes, CR 1 ESTE 19A 40, Bogota 111711,
Colombia. Tel.: +5713324322; Fax: +5713324323.
E-mail address: emaranon@uniandes.edu.co (A. Maranon).
http://dx.doi.org/10.1016/j.ijimpeng.2015.11.005
0734-743X/© 2015 Elsevier Ltd. All rights reserved.

of plasticine was adjusted to the Ludwik constitutive relation.
Sofuoglu and Rasty [6,7] performed quasi-static ( 10−3 s −1) compression tests to determine the ﬂow behavior of various types of
plasticine. The effect of strain was only considered, modeling plasticine using the strain dependent power-law equation. Huang et al.
[8] employed an analytical model of a spherical and conical indentation test to determine the behavior of plasticine, which was
described by the Herschel–Bulkley relationship. In this research, effective strain-rates during the test were not calculated. However,
the indentation was performed at low penetration velocities
(0.1–4 mm/s). Eckerson et al. [9] conducted a thermomechanical characterization of plasticine using compression tests at different
compression velocities ( 10−2 s −1 to 10 s −1). In this case, the Norton–
Hoff viscoplastic model was used to approximate the response of
plasticine. More recently, Hernandez et al. [10] performed dynamic
characterization of modeling clay by drop tests at medium strain
rates ( 102 s −1 ), adjusting plasticine behavior to the Ludwik constitutive relation.
At higher strain rates, the behavior of the modeling clay has been
slightly described. Crandall et al. [11,12] measured the Poisson’s ratio
and the elastic modulus of plasticine clay using resonance tests at
frequencies up to 1000 Hz. Some researchers have approximated
the plasticine behavior at high-strain rates using experimental data
and empirical relations (e.g., Munusamy and Barton [13] and Park
et al. [3]). However, those relations cannot be extrapolated. Consequently, there is no suﬃcient clarity about the mechanical behavior
of modeling clay at high strain rates. This is a signiﬁcant limitation
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for body-armor designers as they cannot evaluate the BFS of a given
concept using ﬁnite-element explicit computational codes.
One of the diﬃculties for modeling clay is its thixotropic behavior [14], where its viscosity depends on time, strain rate and
temperature [1,3]. An additional diﬃculty is the lack of a standard
test method to characterize this kind of soft materials due to its low
elastic modulus, which impedes the use of contact devices for measuring its dynamic mechanical properties [15].
In this paper, a two-step methodology is presented to calibrate
parameters of a Cowper–Symonds material model [16] for modeling clay at high strain rates (according to the classiﬁcation given
by Nemat-Nasser [17]). First, a technique to characterize soft materials at high strain rates was designed based on the Dynamic
Indentation test and high-speed images. The test was performed
at constant temperature to avoid the temperature sensitivity of the
modeling clay. Second, an engineering model of penetration, based
on both the spherical cavity expansion theory [18,19] and the Tate
penetration equation [20,21], was formulated. The material parameters were calibrated by an inverse technique employing the
experimental data and the engineering model. Finally, these parameters, and the ones found by traditional quasi-static uni-axial
compression tests, were used in numerical ﬁnite-element (FE) models
in order to compare their solutions with experimental data.
2. Theoretical background
2.1. Penetration regimes
According to Backman and Goldsmith [22], the phenomenology of the target in a penetration event can be divided in four
regimes depending on the penetration velocity (Vp): (1) elastic deformations in the target at extremely low Vp, where the target is
deformed but recovers its shape; (2) plastic deformation, when Vp
is high enough to achieve pressures on the impact surface above
the compression yield stress of the material (σy), and the target experiences a variety of phenomena including propagation of elastic,
plastic, and/or hydrodynamic waves as well as frictional heating that
produces local and global deformations; (3) a hydrodynamic regime,
when σ y ρ < Vp < K ρ (where ρ is the material density and K is
the bulk modulus), and the material can be modeled as a ﬂuid; and
(4) hyper-velocity impacts, at suﬃciently high impact velocities, demonstrating decrease of compressibility of the solid, shock waves,
comminution, phase changes, vaporization, or even impact explosions of the target material.
Most of the penetration models are focused on the second and
third regimes since they involve medium and high penetration velocities [20,21]. However, special care should be taken with soft
materials due to their low bulk modulus, as they can easily progress into the fourth penetration regime.

⎛ ⎛ ε pl ⎞ 1 q ⎞
σ e = Y0 ⎜ 1 + ⎜ ⎟ ⎟ .
⎝ ⎝ D⎠ ⎠

(2)

2.3. Spherical cavity-expansion theory
Spherical cavity-expansion theory has been commonly used to
calculate the pressure on the cavity wall during a penetration process.
It is based on the spherical deformation of the ﬁeld, where spherical symmetry is used to reduce the formulation.
In a previous paper [25], the problem of the spherical cavity expansion in a compressible, elastic-viscoplastic Cowper–Symonds ﬁeld
was solved. The system was numerically solved; and after solution, the cavity pressure was found, and it was used to model
penetration problems. In the current formulation, the spherical cavity
expansion problem was reduced, assuming modeling clay as an incompressible material, both in the elastic and the plastic branch.
In the elastic branch, plasticine is incompressible due to its high
Poissons ratio (ν = 0.43) [11,12]. In the plastic branch, Green [26]
posed that plastic compressibility in plasticine is negligible if all air
bubbles are removed by working the material. This was corroborated by Feng et al. [27] using SEM images of deformed plasticine
specimens. As incompressibility is assumed, the system can be analytically solved.
Using this considerations (spherical symmetry and incompressibility), mass- and momentum-conservation equations in spherical
coordinates were reduced to the following one-dimensional
problem [28]:

εr + 2εθ = 0,

(3)

∂σ r
σ − σθ
+2 r
= ρυ ,
r
∂r

(4)

where r is a Eulerian radial coordinate, εr = ∂υ ∂r is the radial strain
rate; εθ = υ r is the hoop strain rate; υ = r is the radial material velocity (it was taken positive outward); ρ is the material density; and
σr, σθ, σϕ are the radial, hoop and meridional components of Cauchy
stress tensor taken positive in compression, respectively, and σθ = σϕ
from symmetry [29].
The material response is modeled as a J2 Mises solid [30], where
effective stress σe is given by:

σ e = σθ − σ r.

(5)

Assuming the Mises ﬂow theory in the absence of material spin
[30–32], the strain-rates and material velocity are related by:

2.2. Cowper–Symonds plasticity material model
The plastic ﬂow behavior of the material should be reﬂected in
a constitutive model. The Cowper–Symonds (CS) plasticity constitutive model [16] is typically used for super-plastic forming analysis
due to its dependency on plastic strain ( ε pl ) and a plastic strain
rate ( ε pl ):

⎛ ⎛ ε pl ⎞ 1 q ⎞
σ e = (Y0 + Bε npl ) ⎜ 1 + ⎜ ⎟ ⎟ .
⎝ ⎝ D⎠ ⎠

According to Boutelier et al. [23], viscous materials, as modeling clay, are considered as strain independent, like a Reiner-Rivlin
ﬂuid [24]. It means that the state of stress depends only on the velocity gradient. Therefore, a simpliﬁed version of the Cowper–
Symonds model (equation 2) can be used to describe the behavior
of modeling clay at high strain-rates.

(1)

In this model, σe is the effective ﬂow stress, Y0 is the yield stress
at zero plastic strain, B is the strain-hardening coeﬃcient, n is the
strain-hardening exponent, and D and q are strain-rate-hardening
parameters.

εr =

σ r 2νσ θ
dυ
−
− ε pl =
,
E
E
dr

εθ = −

νσ r (1 − ν )σ θ ε pl υ
+
+
= .
E
E
2 r

(6)

(7)

It is assumed that the only independent variable is the
nondimensional radial coordinate ξ = r/a, where a is the cavity radius
(see Fig. 1). Thus, the time derivative is transformed with the similarity relation [32]:

d  d ⎛ r
a ⎞ d a
d
=ξ
= ⎜ −ξ ⎟
= (V − ξ ) ,
⎝
dt
dξ
a
a ⎠ dξ a
dξ

(8)
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3

2.3.1. Elastic region
In the elastic ﬁeld ξi ≤ ξ ≤ ∞, where plastic strain is zero (ε pl ≡ 0) ,
solutions of equations (16) and (17), using a stress-free condition
as ξ → ∞, are:

2 ⎛ ξ3 ⎞
Σ = ln ⎜ 3 ⎟ ,
3 ⎝ ξ − 1⎠

(18)

∞

Σr = −

Fig. 1. Schematic representation of material ﬁeld in spherical cavity expansion.

dV
V
+ 2 = 0,
ξ
dξ

(10)

Σ e = Σθ − Σ r ,

(11)
(12)

1 ⎞
V
d ⎛
= (V − ξ ) ⎜ −νΣ r + (1 − ν ) Σθ + ε pl ⎟ ,
2 ⎠
ξ
dξ ⎝

(13)

where ( Σ , Σ r , Σθ ) = (σ e, σ r , σ θ ) E are the non-dimensional stresses,
and A is the non-dimensional cavity expansion velocity, deﬁned
by:
(14)

The mass conservation (equation (9)) has the known solution
(using the wall condition V (ξ = 1) = 1):

V=

1
.
ξ2

(15)

Using this solution (equation (15)), momentum-conservation
(equation (10)) is reduced to:

dΣ r
Σ
⎛ ξ 3 − 1⎞
− 2 = 2 A 2 ⎜ 5 ⎟ ,
⎝ ξ ⎠
ξ
dξ

(20)

4
1 ⎞
⎛1
− 2 A 2 ⎜ − 4 ⎟ .
⎝ ξ 4ξ ⎠
9ξ 3

(21)

2.3.2. Elasto-plastic region
For the elasto-plastic region 1 ≤ ξ ≤ ξi, plastic ﬂow can be expressed using the Cowper–Symonds (CS) model (equation (2)). First,
it is necessary to ﬁnd an expression for ε pl in terms of the working
variables. Then, using equation (11) and ν = 1/2 in equation (6):

dυ 
− Σ.
dr

(22)

The behavior of the adjacent plastic layer is dominated by the
plastic part of the constitutive relation; then, Σ = 0 . Additionally,
Luk et al. [33] showed that ε pl = ε r for an incompressible material.
Then, using solution (15), equation (22) is reduced to:

ε pl = −

dυ
⎛ a ⎞ dV
⎛ a ⎞ 1
= −⎜ ⎟
= 2⎜ ⎟ 3 .
⎝
⎠
⎝ a⎠ ξ
dr
a dξ

(23)

Replacing this solution in equation (2) in terms of ξ and Σ, it is
found:

⎛ ⎛ 2a 1 ⎞ 1 q ⎞
Σ = Σ0 ⎜1+ ⎜
⎟,
3⎟
⎝ ⎝ aD ξ ⎠ ⎠

(24)

where Σ0 = Y0/E is the nondimensional yield stress at zero plastic
strain. After that, replacing equation (24) in equation (16), a differential equation for Σr is obtained:
1q
dΣ r 2 ⎛ ⎛ 2a 1 ⎞ ⎞
⎛ ξ 3 − 1⎞
− Σ0 ⎜1+ ⎜
= 2 A 2 ⎜ 5 ⎟ .
⎟
3⎟
⎝
⎠
⎝ ξ ⎠
dξ ξ ⎝
aD ξ
⎠

(25)

(16)

and the strain-rates – material velocity relations (equations (12) and
(13)) are reduced to (using ν = 1/2):

2
dΣ dε pl
+
=
.
dξ dξ ξ − ξ 4

Σr = −

ε pl = −

dV
d
= (V − ξ ) ( Σ r − 2νΣθ − ε pl ) ,
dξ
dξ

a
.
E ρ0

2
,
3ξ 3

(9)

dΣ r
Σ
dV
− 2 = A 2 (V − ξ )
,
ξ
dξ
dξ

A =

(19)

One approximation for equations (18) and (19) is assumed that
as ξ increases, ξ 3  1 (see reference [28] for more details). Then, the
previous equations are reduced to:

Σ=
where V = r a is the nondimensional radial velocity and a is the
cavity-expansion velocity. Using equation (8), equations (3), (4), (5),
(6) and (7) transform to:

4
1 ⎞
⎛1
⎛ x 3 ⎞ dx
ln ⎜ 3 ⎟
− 2 A 2 ⎜ − 4 ⎟ .
∫
⎝ ξ 4ξ ⎠
3 ξ ⎝ x − 1⎠ x

Equation (25) can be solved analytically using the boundary condition Σ r (ξ = 1) = − pc E :

Σ r (ξ ) = −

(17)

Equations (16) and (17) are the governing equations for the
stress components (Σ and Σr) and represent the behavior of the
elasto-plastic material. To complete the solution, the cavity model
is divided into two parts: an elastic region, and an elasto-plastic
region (Fig. 1). After solution for the last region, pressure for the
cavity wall is obtained. Next, the formulation for each region is
explained.

+

pc
3 A 2 2 A 2 ⎛ 1
⎞
+ 2Σ 0 ln (ξ ) +
+
−1
E
2
ξ ⎜⎝ 4ξ 3 ⎟⎠
1q
2q ⎛ 2a ⎞ ⎛
1 ⎞
Σ 0 ⎜ ⎟ ⎜ 1 − 3/q ⎟ ,
⎝ aD ⎠ ⎝ ξ ⎠
3

(26)

where pc is the pressure at the cavity wall.
The exact solution of equation (26) can be obtained numerically using equation (19) when ξ = ξi as a boundary condition. However,
an approximate solution was found using equations (20) and (21),
and the elastic-plastic limit: Σ (ξ = ξi ) = Σ 0 . Therefore, it was found
that ξi3 = 2 3Σ , and:

4
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pc 2 ⎛
⎛ 2 ⎞ ⎞ 3ρ  2 2q ⎛ 2 ⎞
a +
= Σ 0 ⎜ 1 + ln ⎜
+
Σ0 ⎜ ⎟
⎝ aD ⎠
⎝ 3Σ 0 ⎠⎟ ⎠⎟ 2E
E 3 ⎝
3

1q

⎛ ⎛ 3Σ 0 ⎞ 1 q ⎞ 1 q

⎜⎝ 1 − ⎜⎝ 2 ⎟⎠ ⎟⎠ a . (27)

This solution for cavity-expansion pressure (equation (27)) consists of a quasi-static term, an inertial term and a strain-rate term.
Warren and Forrestal [34] obtained a similar analytical solution for
a strain-rate-sensitive material. As was discussed in their paper, the
strain-rate term includes the cavity radius a, which affects the assumption of the similarity transformation. However, a constant radius
a can be considered for penetration events that involve a sphericalnosed rigid penetrator (as the case of the current analysis). This is
due to the fact that the nose of the projectile does not change its
shape during the penetration process.
Finally, this solution can be simpliﬁed as:

pc = As + C s

ρ 2
a + Fsa 1 q,
2

Fig. 2. Planar cross-section of a spherical-nosed projectile impacting a clay target.

(28)

where As is related with the quasi-static solution, because it does
not depend on the velocity; Cs is the inertial term, and Fs is the strainrate-hardening contribution.
2.3.3. Corrections at higher velocities
Due to the fact that modeling clay has a low compression yield
stress and a low modulus, it can be supposed that at a critical limit
velocity (vl), the material can reach the fourth penetration regime
(hyper-velocities), as was discussed in subsection 2.1. In this paper,
this limit velocity was calculated using the upper limit of the hydrodynamic regime, as follows:

projectile, and y = y(x) is the shape function of an axis-symmetric
penetrator with 0 ≤ x ≤ a [30]. Frictional force was assumed proportional to the radial stresses on the nose of the projectile (it means
equal to the pressure on the cavity wall pc) [37]; it is:

f = μ pc ,

(33)

where μ is the dynamic sliding-friction coeﬃcient. Therefore, replacing equation (33) and employing a hemispherical nose shape

(

function y = a 2 − (a − x )
xp

(29)

Then, it is necessary to correct the model (equation (28)) for velocities greater than vl in order to take into account hyper-velocities
effects. One way to do this is to consider that clay begins to behave
as a ﬂuid; then, hydrodynamic conditions are achieved, and the Tate
model can be applied [20,21]. Therefore, equation (28) reduces to:

ρ
pc = As + a 2,
2

a > vl .

(30)

(

) in equation (32), it is obtained:

)

Fx = 2π ∫ pc (a − x ) + μ a 2 − (a − x ) dx.
0

K
vl =
.
ρ

2

2

(34)

In this equation, pc can be calculated using equation (28) at low
velocities ( a < vl ), and using equation (30) at high velocities ( a > vl ).
The cavity-expansion velocity ( a ) and the projectile velocity (Vp)
are related by (see Fig. 2) [38]:

a = Vp cos φ ,

(35)

where ϕ and xp are geometrically coupled by (see Fig. 2):

cos φ = 1 −

xp
.
a

(36)

Thus, at low velocities ( a < vl ), equation (28) is applied to calculate pc; otherwise, equation (30) is used. Notice that in equation
(30), the strain-rate hardening term (Fs) is no longer used because,
at this point, the material no longer hardens with strain-rate changes
(like a ﬂuid).

The penetration model is completed when Fx (equation (34)) and
all the previous involved relations are replaced in equation (31). Then,
the position and velocity of the projectile can be found during the
penetration event.

2.4. Engineering penetration model

3. Experimental procedure and results

Fig. 2 shows a scheme of a spherical-nosed projectile penetrating a modeling clay target. In the ﬁgure, a is the radius of the
projectile with mass mp; and ϕ and xp are the meridional angle and
penetration depth on the clay, respectively. According to the second
Newton’s law, the movement of the projectile is governed by

3.1. Material

mp

dVp
d2 xp
= mp
= − Fx,
dt
dt 2

(31)

where Vp is the velocity of the projectile, and Fx is the force acting
on its nose. The balance of forces on the cavity wall is given by
[35,36]:

Fx = 2π ∫

xp

0

( yy′pc + yf ) dx,

The oil-based modeling clay used in this work is a commercially available soft Roma Plastilina No. 1 (RP) color gray-green provided
by Sculpture House (USA). Prior to experimentation, the material
was heated to 50 °C over 2 hours and manually homogenized to
remove air gaps. After that, the material was held in a standard laboratory atmosphere (temperature 22 ± 2 °C; relative humidity
50 ± 10%) for over 88 hours.
The density of the material was determined with a displacement method in oil, and a value of ρ = 1529 ± 5 kg m3 was obtained.
3.2. Uniaxial compression tests

(32)

where pc is the pressure of the cavity acting on the nose, f is the
frictional forces (per unit of area) between the target and the

Compression tests were carried out to characterize the RP at
quasi-static (QS) conditions. They were performed following the recommendations made by Sofuoglu and Rasty [7] and Bermudez [39].
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Fig. 3. Quasi-static true stress – true strain ﬂow curves for Roma Plastilina No. 1
at three different compression speeds.

Fig. 4. Scheme of quasi-static punch test to determine coeﬃcient of friction.

The specimens were in the form of a right circular cylinder of diameter 25.4 mm and 25.4 mm in height. An Instron Universal Testing
Machine was used at three different cross-head speeds ( Vch ): 10,
100, and 500 mm/min, maintaining a constant temperature during
the compression test at 22+−01..00 °C .
Fig. 3 shows the ﬂow curves for RP clay obtained using the standard compression test. The strain rate during the test can be
calculated using the following relation [7]:

ε =

Vch
,
H0 exp (ε )

(37)

where Vch is the velocity of cross-head in the testing machine, H0
is the initial length of the specimen and ε is the true strain during
the event. Notice in equation (37) that even though the Vch is constant during the compression test, the strain rate is changing.
Therefore, a characteristic strain-rate is reported for the event. Thus,
the strain-rates during the compression tests were 4.35 × 10−3 ,
4.35 × 10−2 and 2.17 × 10−1 s −1 for the three Vch speeds, respectively.
The material parameters under QS conditions for the CS constitutive model were obtained from these quasi-static ﬂow curves by
curve ﬁtting. They are summarized in Table 1. It is important to state
that given the quasi-static state of the experiments and the small
range of strain rates ( 4.35 × 10−3 to 2.17 × 10−1 s −1 ), the material parameters are not suitable for higher strain-rate ranges. Additionally,
since the material parameters were determined independently, possible interactions among them are neglected.

using a constant speed Vch of 10 mm/min. During the test, the force
measured by the machine (Fm) was recorded.
The force Fm recorded by the Instron machine is presented in Fig. 5
(continuous light lines). Two different penetration tests (T1 and T2)
were performed using the same punch conditions, as can be seen in
the ﬁgure. Fm was compared with the force calculated using the quasistatic part of the engineering model (As in the equation (28)) with
the QS material properties of RP clay (Table 1), since the punch test
was performed at constant and quasi-static penetration conditions.
The value of the coeﬃcient of friction μ is ﬁtted to obtain a good
agreement between the measured and calculated force magnitude.
Thus, the engineering model was numerically solved using different values of μ, as shown in Fig. 5. Notice that when the extreme
values of μ = 0 or μ = 0.5 are used (segmented lines), the force is not
well predicted. A better prediction is achieved using a value of
μ = 0.149 (continuous bold line). Therefore, for this study a value of
the coeﬃcient of friction between the materials was taken as 0.149.
3.4. Dynamic indentation test
Based on the Tirupataiah and Sundararajan technique [40], a
Dynamic Indentation (DI) test was performed as characterization

3.3. Coeﬃcient of friction
The coeﬃcient of friction between the clay and the penetrator
is an important parameter of the engineering model; for this reason,
a methodology is proposed to measure this coeﬃcient using the engineering penetration model at QS conditions. It is based on the
quasi-static punch test, where a target of the RP clay is penetrated
by a hemi-spherical punch, as can be seen in Fig. 4.
The test was performed with the Instron Universal Testing
Machine, with the punch ﬁxed to the machine’s cross-head, and

Table 1
Cowper–Symonds materials parameters of RP clay from quasi-static tests.
Elastic modulus

Cowper–Symonds parameters

(E )

(Y0 )

(D)

(q )

1.73 MPa

0.08 MPa

0.9192 s −1

9.034

Fig. 5. Comparison between measured and calculated forces using different values
of μ.
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Fig. 6. Schematic view of dynamic indentation test setup.

of the modeling clay at high strain rates. In this test, a ﬂat and semiinﬁnite test sample is impacted by a projectile at a range of impact
velocities. For this purpose, an air gun with compressed air stored
at the required pressure in a gas reservoir was used (see Fig. 6). A
fast-acting solenoid valve was used to release the air into the gun.
This gun is capable of propelling a 8.41 mm diameter, 6.62 g,
spherical-nosed, 6061-T4 aluminum projectile to velocities as high
as 150 m/s. The velocity of the projectile could be altered by changing the air pressure. At the end of the gun, two photo-diode sensors
were placed to measure the penetrator’s initial velocity. The sensors
were separated by a distance of 40 mm and connected to a digital
timer. The timer measured the travel time of the projectile between
the sensors; thus, the initial velocity of the projectile was calculated. Additionally, penetration was recorded with a high-speed
digital camera, which is capable to capture up to 16 pictures during
an event at high speed. Thus, penetration phenomena at different
initial velocities were recorded with a speed in the range of 4000
to 7000 frames per second (fps).
Before each DI test, the RP clay was conditioned on a rigid cylindrical container with diameter of 152 mm and length of 400 mm.
After that, the clay was prepared to obtain a smooth and even impact
surface with respect to the container edges. This surface, ﬂush with
the edges of the container, was the reference level to measure the
indentation depth.
The DI test was performed at four different initial penetration
velocities: 20.84 m/s, 32.03 m/s, 40.84 m/s and 43.44 m/s, which
covered a characteristic strain-rate range from 2300 s −1 to 17900 s −1 .
Higher velocities could not be used because the projectile penetrates completely; in this case, it is impossible to acquire its position
from the images. Thereby, only the ﬁnal total penetration of the projectile into the clay was measured.
The characteristic strain-rates εch in the test were calculated using
the following equation [41]:

εch =

V0
,
2a

(38)

where V0 is the initial penetration velocity, and a is the projectile’s radius.
The penetration sequence of the projectile at V0 = 40.84 m s penetrating the RP clay is shown Fig. 7; similar sequences were recorded
for other initial velocities.
The images were scaled using the reference length scale in the
photo. This scale was placed at the same focus and depth as the projectile to avoid scaling errors. With these images, the position of
the projectile with time was extracted, following the rear of the projectile on each image. Time intervals between images were calculated
using the camera’s speed, and thus, the projectile’s proﬁle during
its penetration on clay was obtained.

3.5. Characterization method using genetic algorithms
First, the complete engineering penetration model was programmed in Simulink-Matlab, using all the differential equations
described in subsections 2.3 and 2.4. Therefore, it can be numerically solved, and the penetration depth can be found.
According to the proposed formulation, the calculated penetration depth ( xcp ) can be expressed as function of geometrical (mp, a),
material (ρ, E, Y0, D, q) and experimental parameters (μ, Vp):

xcp = f (mp, a, ρ, E , Yo, D, q, μ , Vp ) ,

(39)

where the geometrical and experimental parameters are known.
To identify the material constitutive parameters of the RP clay,
an inverse analysis was implemented, where the difference between
the experimental data from the DI test ( xm
p ), and mathematically
calculated penetration results ( xcp ) was minimized using the Euclidean metric e(xp) [42]:

e ( xp ) =

d

∑ (x
i =1

m
p

− xcp ) ,
2

(40)

where d is the length of the array containing experimental data from
a particular penetration test. Minimization of equation (40) was also
implemented in the Matlab using the Genetic Algorithm Toolbox
[43], and the conﬁguration parameters are shown in Table 2.
After the minimization analysis, a new set of material parameters was determined. They were called dynamic parameters (D.P.)
since they were extracted using the DI tests. Table 3 shows 10 runs
of the Genetic Algorithm minimization analysis, showing repeatability of the optimization process. The DI parameters were taken
as the average of the 10 runs.
3.6. Finite-element model
Explicit simulations were used to compare and verify the obtained results. Thus, the dynamical indentation test was implemented
Table 2
Parameters of GA toolbox for the minimization analysis [43].
Parameter

Value

Initial population size
Creation function
Scaling function
Selection
Reproduction
Crossover fraction
Mutation
Mutation rate
Crossover
Migration

50
Uniform
Proportional
Roulette
1 elite count
0.5
Uniform
0.2
Heuristic
Forward
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Fig. 7. High-speed sequence of penetration event at 40.84 m/s. Images taken at 5468 fps.

on ANSYS (AUTODYN) explicit software, using axial symmetry. The
projectile was modeled as linear-elastic aluminum material (Table 4)
and meshed reasonably ﬁne to maintain a node spacing on the surface
ﬁner than on the surface of the modeling clay to promote a proper
distribution of contact forces. Moreover, the RP clay was modeled
as a mesh-free body using a Smoothed-Particle-Hydrodynamic (SPH)
solver with a particle size of 0.2 mm, and with the Cowper–
Symonds Strength model and both set of material parameters: found
by QS tests and found by the inverse problem. The initial velocity of
the projectile (V0) was set equal to the velocity measured in the

Table 3
Dynamical parameters (D.P.) of Roma Plastilina No. 1 determined with DI test and
inverse method.
Run

E [MPa]

Y0 [MPa]

D [ s −1 ]

q [−]

1
2
3
4
5
6
7
8
9
10
Mean
St. Dev.
Upper 95% C.I.
Lower 95% C.I.

11.83
11.89
11.32
11.42
11.88
11.47
11.95
10.93
11.98
11.70
11.64
0.34
11.882
11.392

0.153
0.153
0.153
0.153
0.153
0.153
0.153
0.152
0.153
0.153
0.153
< 0.001
0.1531
0.1527

0.172
0.197
0.180
0.184
0.197
0.174
0.163
0.181
0.168
0.199
0.181
0.013
0.1904
0.1714

6.99
7.00
7.00
6.99
6.99
7.00
6.99
6.97
7.00
7.00
6.99
< 0.01
6.998
6.985

C.I., conﬁdence interval.

experimental test. Friction between the modeled bodies was conﬁgured using the value of μ = 0.149, as discussed in Section 3.3. Fig. 8
shows a sequence of the simulated process for the DI test, for the
projectile velocity V0 = 40.84 m/s.
3.7. Comparison between quasi-static and dynamic parameters
Figs. 9 and 10 show the comparison of the penetration depth predictions of the engineering model at different initial velocities for
both set of parameters: using the quasi-static parameters (Q-S.P.)
(dash-dot line), and using the dynamic parameters (D.P.) (solid line).
Additionally, these ﬁgures also show the penetration depth results
of the FE model using Q-S.P. (dotted line) and the D.P. (dashed line).
When the Q-S.P. are used, the model deviates sharply from the
experimental data in the initial phase of the impact event, and the
ﬁnal penetration is over-predicted by both engineering and FE
models. Thus, it is clear that these parameters are not suitable to
represent the behavior of clay at high strain rates. On the other hand,
the penetration is well predicted when the D.P. are used in the engineering and FE models and, hence, they can adequately predict
the high-strain performance of the clay.

Table 4
Parameters of aluminum for simulation model [44].
Density

Elastic modulus

(ρ )

(E )

Poisson ratio

(ν )

2710 kg/m3

69 GPa

0.33

8

M.F. Buchely et al./International Journal of Impact Engineering 90 (2016) 1–11

Fig. 8. Results of simulation sequence for DI test. Projectile velocity 40.84 m/s. Clay was modeled using the D.P. found with the optimization process (Table 3). The color
scale represents Von-Mises stress (in MPa) in the clay.

3.8. Results for higher velocities
For higher velocities, only the ﬁnal penetration depth was measured as was explained in Section 3.4. Fig. 11 compares predictions
of the total penetration obtained by models with the experimental data. First, the penetration was calculated using the engineering
model with the Q-S.P. (dash-dot line); the same over-prediction was
found. After that, the engineering model with the D.P. and without
the hyper-velocity correction was employed (solid red line); it means,
equation (28) was only used to calculate the pressure on the cavity
wall. Similar to the results shown in Figs. 9 and 10, there is a good
agreement between the experimental data and the simulation results
using D.P. at low velocities. However, velocities above 50 m/s, without
the hyper-velocity correction, under-predicted the total penetration. This can be explained by the effect of hydrodynamic regime
in the clay, which starts to behave as a ﬂuid at high velocities. As a
result, the material does not harden anymore, and only the inertial effects deﬁne the target’s response. For this reason, the

penetration model with rate-strain hardening is only valid up to this
velocity level.
In contrast, the engineering model with the D.P. and with the
hyper-velocity correction (solid black line) demonstrates a good
agreement with the experimental results, as can be seen in the ﬁgure.
It is remarked that the hyper-velocity correction was made using
equations (28) and (30) to calculate the pressure on the cavity wall
(as explained in subsection 2.3.3).
Results of some FE simulations using the D.P. are also shown in
Fig. 11 (diamond markers). They are also in good agreement with
the experimental points, validating suitability of the found D.P. for
analysis of such high-rate behavior of the clay.

4. Discussion
In the formulation of the developed engineering model, there
were some important points that must be further evaluated.
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Fig. 9. Comparison with experimental data of the results obtained with engineering model and numerical simulations: (a) 20.85 m/s; (b) 32.03 m/s.

First, about the measured level of the coeﬃcient of friction μ.
The technique proposed is valid for constant and quasi-static conditions; therefore, μ should be valid for this regime. However, the
same value is used for high strain rates. Some researchers tried to
calculate the dynamic coeﬃcient of friction. Sofuoglu et al. [45]
performed a ring-compression test for black plasticine, and using
generic friction calibration curves, it was possible to ﬁnd a value
of 0.15 < μ < 0.4 . However, Mandic and Stefanovic [46] argued those
results since, according to them, generic frictional calibration curves
cannot be used for all types of materials. Therefore, they constructed new frictional calibration curves for green plasticine. With
those curves, the values of friction could be greater than previous
ones. Obviously, they depend on the type of clay used by researchers. Another value -μ = 0.15- was found by Andrade et al. [47] for
three different types of clay, using a compression test and a cylindrical expansion model. Additionally, Aydin et al. [48] used a constant
value of μ = 0.2 in an extrusion process with plasticine, and
Ogasawara et al. [49] μ = 0.15 in an indentation process. With these
references, and taking into account the diﬃculties of measurement, it is possible to assume the constant value found with the
method described in this paper, since it does not differs much from
the literature data.
Another important point is the use of the spherical cavityexpansion theory in the formulation. Some researchers showed that
the use of this approach is more suitable to model long penetration events. However, a cylindrical penetration problem is adequate
for sharp penetrators such as conical or ogival-nosed projectiles,
because they force the radial displacement of material normal to
the penetration direction. In our case, the use of spherical cavity
expansion is more suitable due to the geometry of the nose, which
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Fig. 10. Comparison with experimental data of the results obtained with engineering model and numerical simulations: (a) 40.84 m/s; (b) 43.44 m/s.

produces movements of spherical waves into the material. It is clearly
shown in the results of simulations (see Fig. 8).
Based on the engineering model proposed, Teland and Moxnes
[50] showed that it was impossible to ﬁnd an analytical theory for
a penetration process that covers a broad range of velocities. Still,
he suggested that by using spherical dynamic models for the ﬁrst
part of the cratering phase, and a hydrodynamic theory with a decreased drag coeﬃcient for the tunneling phase, it was possible to
obtain a reliable modeling scheme. In this paper, the same methodology was proposed, and the model was divided into two; it was

Fig. 11. Comparison of measured and predicted ﬁnal penetration depth at different initial velocities.
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justiﬁed by the description by Backman and Goldsmith [22], as
explained in Section 2.1. Additionally, it is possible to calculate a
value of vl using equation (29). Assuming the isotropic clay with
E = 1.73 MPa (Table 1) and ν = 0.43 [12], it was found that
vl = 51.45 m/s. This value correspond quite well with the transitional velocity found in experimental data and penetration models,
as can be seen in Fig. 11.
Comparing the quasi-static parameters and the dynamic parameters (Tables 1 and 3), it can be noticed that they change drastically.
First, elastic modulus E increased from 1.73 MPa to 11.64 MPa. Observing the tress-strain ﬂow curves (Fig. 4), it was noticed that higher
average strain-rate (velocity) led to higher E values; even at this low
range of strain rates. Additionally, Hernandez (hernandez2015) calculated a value of E = 4.94 MPa at medium strain rates ( 102 s −1 ) as
4.94 MPa. Taking into account this tendency, higher E values at higher
strain rates ( < 103 s −1 ) was expected. About the yield stress (Y0), it
also increased from 0.08 MPa to 0.153 MPa. Other researchers have
found similar values; for example, Aydin et al. [48] calculated a value
of Y0 = 0.11 MPa using simulation of the extrusion process in plasticine; and Huang et al. [8] calculated a value of Y0 = 0.18 MPa using
indentation measurements on plasticine. Finally, related with the
strain-rate parameters D and q, it can be seen that they decreased,
showing a reduction of the strain-rate effects at higher strainrates. This was also expected as strain-rate effects tend to disappear
at hyper-velocities, as was mentioned in section 2.3.3.
Finally, due to the thixotropic behavior of this kind of soft materials, it is impossible to propose a general constitutive relation that
can be applied to a wide range of loading conditions. Therefore, our
formulation is only valid for the range of strain-rates studied and
at constant temperature of 22 °C, as was demonstrated by the good
agreement between the model and experimental results.
5. Conclusions
A methodology is proposed to characterize parameters of the
Cowper–Symonds constitutive model for clay at high strain rates.
This method employs a combination of a dynamic indentation
testing, high-speed images and an engineering penetration model.
Using this methodology, the parameters of the Cowper–Symonds
material model for Roma Plastilina at high strain rates were found,
which agree reasonably well with simulations and experiments for
a strain-range from 2300 s −1 to 17900 s −1 .
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Abstract Spherical cavity-expansion is a well-known theory used to develop penetration models
and failure analysis on solids. However, some limitations of this theory have been found, especially
when complex materials have been tried to model. In this paper, steady cavitation assumptions are
studied for strain-rate sensitive solids, in order to apply cavity-expansion results to the penetration
of rigid projectiles. In this way, this paper is the continuation of our previous paper, where an
engineering penetration model was formulated using the dynamic spherical cavity-expansion theory
for an elasto-plastic, compressible, Cowper-Symonds solid. In the present work, the assumption
of self-similarity transformation was studied and veriﬁed for rigid projectile penetration in strainrate sensitive solids. The cavity-expansion problem was studied through ﬁnite-element simulations
performed in ANSYS/AUTODYN for semi-inﬁnite 6061-T651 Al plates. Additionally, engineering
and computational penetration models were compared for diﬀerent M300 steel spheres impacting the
semi-inﬁnite 6061-T651 Al targets. It was found that self-similarity transformation cannot be applied
to strain-rate sensitive solids; however, if the spherical cavity is constant, as in a rigid projectile
penetration event, assumptions of steady stresses are valid, and the self-similarity transformation
can be applied at medium and low penetration velocities.
Keywords Cowper-Symonds model · Penetration mechanics · Rigid-rod penetration · Spherical
cavity-expansion
1 Introduction
Spherical cavity-expansion theory points out the expansion of a spherical cavity into a semi-inﬁnite
medium. Mathematically, it consists of a non-linear system of diﬀerential equations, which includes
the mass and momentum conservation equations of the medium, and the yield criterion and the
strength model of the material. Some authors have formulated steady and similarity solutions to
reduce this system. Hunter and Crozier [10] solved the cavity-expansion formulation when the cavity
is expanded at a constant velocity. They used a similarity solution in which stress, velocity, and
density depend on a single similarity variable η = r/t. In this equation, r is the radial coordinate
measured from the center of the cavity, and t is the time. Further, Forrestal and Luk [8] presented a
solution using a similarity variable ξ = r/ct, where c is the elastic-plastic interface velocity. Fleck et
al. [7] proposed a similarity solution where the cavity radius a serves as a natural measurement of
time. Therefore, they used the similarity variable ξ = R/a, where R = r + u is the Eulerian radial
M.F. Buchely
Structural Integrity Research Group, Mechanical Engineering Department, Universidad de los Andes, CR 1E 19A
40, Bogota DC, 111711, Colombia
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coordinate, and u is the radial displacement. Using this approach, Durban and Fleck [5] applied the
similarity variable ξ = R/a for the dynamic cavity-expansion problem by a similarity relation:
d
d
= ξ˙
=
dt
dξ

(

Ṙ
ȧ
−ξ
a
a

)

d
ȧ
d
= (V − ξ)
;
dξ
a
dξ

(1)

where ȧ is the cavity-expansion velocity and V = Ṙ/ȧ is the non-dimensional radial velocity.
The previous similarity transformations have been successfully used to solve some material models: perfectly plastic materials [8], strain-hardening materials [14], and pressure-dependent materials [5]. Additionally, Cortes [3] and Ortiz and Molinari [16] studied the strain-rate eﬀects in dynamic spherical cavity-expansion for incompressible and elasto-plastic solids. However, when spherical cavity-expansion is used for a compressible and strain-rate material, the strain-rate term introduces a length scale which is the cavity radius; therefore, similarity transformation is not possible
[20].
In our previous article [1], the Durban et al. approach [5, 6, 15] was used to solve the cavityexpansion problem (similarity transformation given by Eq.(1)) and then to predict the penetration
of rigid projectiles into strain-hardening and strain-rate sensitivity aluminum targets. The complete
tensorial material response was modeled using the J2 Mises solid, the Mises ﬂow theory formulation
in the hypoelastic form, and the Cowper-Symonds strength model [4] (See Annex A to more details).
Three diﬀerent solid cases derived from this strength model were studied: (1) strain dependent (SD),
(
)
σe = A + Bϵnpl ;

(2) strain-rate sensitive (SS),

(

σe = A 1 +

(

ϵ̇pl
D

(2)

)1/q )

;

(3)

and (3) the complete Cowper-Symonds (CS) solid,
(

σe = A +

Bϵnpl

)

(

1+

(

ϵ̇pl
D

)1/q )

;

(4)

where σe is the eﬀective stress, ϵpl and ϵ̇pl are the plastic strain and plastic strain-rate; A is the yield
stress at zero plastic strain; B is the strain hardening coeﬃcient; n is the strain-hardening exponent;
and D and q are the strain-rate components.
Despite the fact that, in our previous paper, the cavity-expansion solution was veriﬁed and validated with ﬁnite-element (FE) models and experimental data (Forrestal et al. [9, 14]), it is not clear
why the similarity transformation proposed by Durban could be successfully applied to penetration
problems, taking into account that the material model was strain-rate dependent, as discussed by
Warren and Forrestal [20]. For this reason, in this paper, the cavity-expansion problem is studied in
detail through FE simulations, to analyze the steady assumptions involved in the cavity-expansion
solution. In similar fashion, Rosenberg and Dekel [18] presented a 2D FE investigation of the dynamic
cavitation response of perfectly-plastic materials in the context of long-rod penetration mechanics.
They found that there is an excellent agreement between the numerical results and the analytical
models for compressible solids for both spherical and cylindrical cavities; however, perfectly-plastic
materials do not represent the real plastic behavior of strain-hardening and strain-rate sensitivity
aluminum alloys. More recently, Rodriguez-Martinez et al. [17] subjected that numerical framework
to more complicated material responses (like work hardening and transformation hardening solids),
and up to hyper-velocities. In this case, the studied material models were strain-hardening dependent, although strain-rate independent. In the present work, we analyze, through FE numerical
simulations, the strain-hardening and strain-rate sensitivity Cowper-Symonds strength response of a
medium subjected at medium penetration velocities, which were described in detail in our previous
paper [1].
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2 Materials and Methods
2.1 Materials
The 6061-T651 aluminum alloy was used as a propagation medium and target. It is a compressible,
elastic, strain-hardening and strain-rate sensitive plastic material, which was mechanically characterized by Warren and Forrestal et al. [20] (Table 1).
Table 1 Material properties and CS parameters for Aluminum 6061-T651 [20].
Elastic properties
ρ [kg/m3 ] E [M P a]
ν
2710
68.9
0.33

Cowper-Symonds parameters
A [M P a] B [M P a]
n
D [s−1 ]
276
140
0.18
80000

q
1.1

Additionally, Maraging M300 steel was used for modeling projectile material [21]. Due to its
high resistance against the aluminum during penetration processes, it was modeled as elastic-rigid
material (Table 2).
Table 2 Material properties for Maraging M300 Steel [21].
ρ [kg/m3 ]
8000

E [GP a]
189

ν
0.30

2.2 Finite-Element Models
Finite-element (FE) models were used to study the spherical cavity-expansion applied to penetration problems. For this purpose, 2D axis-symmetric computational models were solved by ANSYS/AUTODYN using a Lagrangian mesh. The mesh was optimized in order to minimize the hourglass energy and contact energy among elements to less than 5% of the total energy balance [11].
Three diﬀerent models were programmed: (1) constant cavity-expansion models, (2) penetration
models at constant penetration-velocity, and (3) penetration models varying the radius of the projectile nose.
2.2.1 Constant Cavity-Expansion Models
Constant cavity-expansion models were studied to check the evolution of the stresses into the material, when an initial cavity with radius a0 expands at constant expansion velocity ȧ. A quarter-hollow
circle with axis-symmetric conditions was used as an expansion medium, using an initial radius
a0 = 1 mm and an outer radius aout = 20 mm (Fig. 1). A Lagrangian mesh was conﬁgured using
200 cells across the radius x 200 cells about the circumference. Additionally, a grade zoning across
the radius was applied with radial increments of 0.1 mm. On the outer radius, a transmit boundary
condition was applied in order to simulate the material as semi-inﬁnite. At the inner radius, a constant radial velocity (ȧ) condition was applied, as seen in the detail A - A of the Fig. 1. Two diﬀerent
expansion velocities were modeled: ȧ = 250 m/s and ȧ = 500 m/s.
The material was analyzed using the three diﬀerent cases of the Cowper-Symonds model: (1) strain
dependent (SD) solid, (2) strain-rate sensitive (SS) solid, and (3) the complete Cowper-Symonds (CS)
solid (see equations (2), (3) and (4)).
In addition, 7 gauge points were placed through the radius in order to measure the stress of the
material at those points. Table 3 lists the position of the gauges in reference to the radius (see Fig.
1).
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A

A

Grade zoning across radius

Fig. 1 Scheme of the FE constant cavity-expansion models.
Table 3 Position of the gauge in the FE model.
Gauge #
Position [mm]

1
1.5

2
3

3
5

4
8

5
12

6
15

7
18

2.2.2 Models at Constant Penetration-Velocity
Penetration models at constant penetration-velocity were studied to compare the results between the
regular expansion problem (previous subsection) and the penetration problem of a hemispheric-nosed
rigid projectile of radius a0 impacting a soft target at a constant velocity Vp (Fig. 2). In this case, a
solid-half sphere of radius a0 = 1 mm was used as projectile. The projectile was set at two diﬀerent
constant velocities (see detail B - B in the Fig. 2): Vp = 250 m/s and Vp = 500 m/s. The target
was conﬁgured using a Lagrangian mesh with the same parameters used in the previous subsection.
Also, 7 gauge points were placed through the radius in the same positions listed in the Table 3.
In this case, the target material was modeled using only the complete Cowper-Symonds (CS)
solid. This is because CS solid represents the general state of the strain-rate sensitive solid, and
therefore, it is more useful in the analysis.

2.2.3 Penetration Models Varying the Radius of the Projectile Nose
Penetration models varying the radius of the projectile nose were studied to verify the results between
the cavity-expansion engineering model (formulated in our previous paper [1]) and FE penetration
simulations of .(Fig. 3). The target was conﬁgured as a quarter-solid circle of radius aout = 20 mm
using a Lagrangian mesh of 0.2 mm. Also, a transmit boundary condition was applied to the outer
border in order to simulate the material as semi-inﬁnite. The projectile was modeled as a solid-half
sphere of four diﬀerent radius: a = 1 mm, a = 2 mm, a = 3 mm, and a = 4 mm, impacting the
target at initial velocity V0 = 500 m/s. Only 1 gauge point was placed in the sphere in order to
check the position of the projectile while penetrated the target.
As in the previous case, the target material was modeled using only the complete Cowper-Symonds
(CS) solid.
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Transmit
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Fig. 2 Scheme of the FE penetration models at constant penetration-velocity.

Transmit
boundary
aout

r=a
V0 = 500 m / s

Gauge
point

Fig. 3 Scheme of the FE penetration models varying the radius of the nose.

3 Results and Discussion
3.1 Solution of the models at Constant Cavity-Expansion
Fig. 4 and Fig. 5 show the FE numerical results for a SD solid and a CS solid at constant expansion
ȧ = 250 m/s, respectively (other graphics of FE results are not shown due the limitation of space
in this paper, but the results are similar). Notice that in both cases, the stresses propagate along
the material, conserving the spherical shape of the expanding cavity. The elastic-plastic interface is
appointed by arrows at the side of each picture. Using those arrows as a reference, the diﬀerences
between the propagation velocities of the plastic stresses are not noted between Fig. 4 and Fig. 5,
although they are diﬀerent due to the diﬀerent nature of each solid in each ﬁgure. For this reason,
Table 4 shows the time necessary to reach the material yield point on each of the seven gauges
through the radial axis of the target. From this table, it can be concluded that plastic propagation
velocities are higher on the CS solid and lower on the SD solid, for both cases of constant expansion
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0.5 µ s

3 µs

7 µs

1µs

Plastic

Elastic

0.1 µ s

10 µ s

[MPa]
0

55.2

110.4

165.6

220.8

276

Fig. 4 Results of the simulation sequence for a cavity, which is expanding in an inﬁnite medium at constant
ȧ = 250 m/s. Material was modeled using the strain-dependent (SD) solid. Color scale represents Von-Mises
stresses (in MPa). Arrow at each picture represents the elastic-plastic interface into the material.
Table 4 Time to reach the material yield point on each gauge
Gauge #
Time for SD at ȧ = 250 m/s
Time for SS at ȧ = 250 m/s
Time for CS at ȧ = 250 m/s
Time for SD at ȧ = 500 m/s
Time for SS at ȧ = 250 m/s
Time for SD at ȧ = 500 m/s

1
0.0926
0.0835
0.0835
0.0844
0.0751
0.0751

2
0.3583
0.3391
0.3391
0.3471
0.3263
0.3263

3
0.8003
1.131
1.1046
0.7330
0.6664
0.6575

4
3.4319
3.3437
3.2909
1.3637
1.7560
1.7269

5
6.8153
6.6348
6.6348
3.4821
3.4745
3.4287

6
9.4637
9.3823
9.3469
4.8342
4.8227
4.7767

7
N/A
N/A
N/A
6.1770
6.1640
6.1141

velocities (ȧ = 250 m/s and ȧ = 500 m/s). This conclusion agrees with results presented by Wu et
al. [22] for dynamic growth of spherical voids in a strain-rate sensitive material.
A detailed analysis of the stress response of each solid, Fig. 6, Fig. 7 and Fig. 8, shows the radial
proﬁle of the non-dimensional Von-Misses (VM) stresses for the SD solid, SS solid, and CS solid,
respectively. They were extracted from the diﬀerent gauge points placed through the radial axis of
the target and normalized according to the non-dimensional variables studied in the cavity-expansion
model (see [1]). Thus, Σ(ξ) = σe (ξ)/E = σe /(ȧtE), and ξ = r/a = r/(ȧt).
Results of Fig. 6, which show the results for the SD solid at two expansion velocities, represent a
steady state of the VM stresses after normalization, even at diﬀerent gauge positions. This means that
at diﬀerent positions along the target, the material response can be represented by a self-similarity
solution (Eq. (1)), as has been discussed extensively in cavity-expansion solutions. However, results
of Fig. 7 and Fig. 8, which show the results for the SS and CS solids at two expansion velocities,
do not represent the same steady solution of the previous SD solid, because the normalized stress
states are diﬀerent at diﬀerent positions along the target (diﬀerent gauge points). This means that
for a compressible and strain-rate sensitivity material, a self-similarity solution cannot be applied,
as was discussed by Warren and Forrestal [20]. However, in the same ﬁgures, the normalized stress
states tend to be constant when ξ increases. This eﬀect was presented by Rodriguez-Martinez et al.
[17], where it was proposed a steady-state limit for the cavity-expansion solution at high velocities,
speciﬁcally at hyper-velocities.
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Fig. 5 Results of the simulation sequence for a cavity, which is expanding in an inﬁnite medium at constant
ȧ = 250 m/s. Medium was modeled using the Cowper-Symonds (CS) solid. Color scale represents Von-Mises
stresses (in MPa). Arrow at each picture represents the elastic-plastic interface into the material.
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It can be concluded that the self-similarity solution (Eq. (1)) can only be applied to the SD solid.
However, for the SS and CS (strain-rate sensitive) solids, there is a steady-state limit where the selfsimilarity solution can be applied, but it does not include the entire domain of the cavity-expansion
solution.
3.2 Solution of Penetration Models at Constant Penetration-Velocity
In this case, the CS solid was analyzed for penetration of a rigid sphere at constant penetrationvelocities. Fig. 9 and Fig. 10 show the FE numerical results at two constant penetration velocities
(Vp = 250 m/s and Vp = 500 m/s). The elastic-plastic interface is also appointed by arrows at
the side of each picture. Using those arrows as a reference, it can be noticed that the cavity is not
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expanding at constant velocity, as in the previous case. Instead, a constant cavity is moving into
the material; therefore, the cavity velocity is diﬀerent at each point of the projectile nose. Taking
into account the spherical nose, the projectile velocity (Vp ) and the cavity-expansion velocity (ȧ) are
related by:
ȧ = Vp cosβ ;

(5)

where β is an angle between 0 and 90 degrees. Therefore, at the tip of the nose (β = 0), ȧ = Vp , and
at the upper part of the nose (β = 90), ȧ = 0. This condition changes all the dynamic response of the
material, and it is completely diﬀerent from the cavity-expansion results presented in the previous
subsection (compare Fig. 5 and Fig. 9).
Whereas, in the cavity-expansion case, stresses expand radially and symmetrically in connection
with the cavity (Fig. 5), in the penetration case, the stresses expand and move with the cavity (Fig.
9), as a consequence of the movement of the projectile. Additionally, plastic stresses seem to move
slower in the penetration case, which is due to the constant cavity radius. In the cavity-expansion
case, the cavity radius was varying; therefore, plastic stresses moved faster on the material.
Moreover, Fig. 11 shows the radial proﬁle of the non-dimensional VM stresses for the CS solid.
They were extracted from the diﬀerent gauge points placed through the radial axis of the target,
and they were normalized in accordance with the non-dimensional variables, as done in the previous
subsection. However, in the penetration case, the radial coordinate is moving with the projectile;
thus, in this case ξ = (r − a)/a = (r − a)/(Vp t).
Notice that the results in Fig. 11 show a steady state of the VM stresses after being normalized,
even at diﬀerent gauges. This result is completely diﬀerent from the one obtained for the same solid in
constant cavity-expansion conditions (see Fig. 8). Therefore, in every step of the penetration process,
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Fig. 9 Results of the simulation sequence for an 1 mm radius sphere penetrating an inﬁnite medium at constant
Vp = 250 m/s. Material was modeled using the Cowper-Symonds (CS) solid. Color scale represents Von-Mises
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steady spherical stress conditions are reached ahead of the projectile nose. In this way, self-similarity
(Eq. (1)) can be applied to solve CS solids (and those that are strain-rate sensitive, in general) for
the speciﬁc case of the penetration of rigid projectiles, mainly because the cavity radius does not
change (because the projectile is rigid) and the cavity is only moving into the material. It needs to
be noted that this assumption is only valid at medium and low penetration velocities, because shock
waves can be generated at higher velocities, as was discussed by Cohen et al. [2], and all dynamic
states of the material will then change.
3.3 Solution of Penetration Models Varying the Radius of the Projectile Nose
In the previous subsection, it was posited that the self-similarity solution given by Eq.(1) can be
applied to strain-rate sensitive solids for penetration events that involve the penetration of a rigid
projectiles at constant penetration velocities. Now, this assumption is veriﬁed by FE numerical
simulations for regular penetration events, which means penetration and deceleration of the projectile.
Fig. 12 shows the FE results for an 3 mm radius sphere penetrating the CS aluminum alloy at
V0 = 500 m/s (FE results for other sphere radii are not shown due to the limitation of space in
this paper, but the results were similar). In this case, a spherical propagation of stresses during the
ﬁrst part of the penetration event occurs, and furthermore, the spherical state of stresses ahead of
the projectile nose decreases due to the deceleration of the projectile. Those changes in the material
inertia are not taken into account by the cavity-expansion model; however, they can be neglected, as
was discussed by Warren and Forrestal [20]. Using the FE results, the position of the sphere during
the penetration event was extracted over time, as seen in Fig. 13 by the markers for each sphere
radius.
At the same time, the engineering penetration model was solved for each sphere using the formulation explained in [1], which includes the equation of the motion of the rigid-rod:
mp

d2 xp
dVp
= mp 2 = −Fx ;
dt
dt

(6)

10

0.5 µ s

3 µs

7 µs

1µs

Plastic

Elastic

0.1 µ s

10 µ s

[MPa]
0

55.2

110.4

165.6

220.8

276

Fig. 10 Results of the simulation sequence for an 1 mm radius sphere penetrating an inﬁnite medium at constant
Vp = 500 m/s. Material was modeled using the Cowper-Symonds (CS) solid. Color scale represents Von-Mises
stresses (in MPa).
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the resisting force produced by the target material onto the projectile Fx (ignoring the frictional
eﬀects) [13,12]:
Fx = 2π

∫

xp
0

pc (a − x)dx ;

(7)

and the cavity pressure pc , which is predicted using the spherical cavity-expansion theory, that can
be adjusted to the relation:
pc /E = Acs + Ccs m2 + Dcs m3 + Fcs m1/q ;
where m is the non-dimensional cavity-expansion velocity given by:

(8)
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Table 5 Adjusted coeﬃcient to the power function (Eq.(8)) for pc approximations.
Sphere radius
1 mm
2 mm
3 mm
4 mm

Acs
0.0196
0.0196
0.0196
0.0196

Ccs
1.1329
1.1311
1.1305
1.1298

Dcs
-0.4012
-0.3892
-0.3773
-0.3509

Fcs
0.3243
0.1819
0.1299
0.1022

ȧ
m= √
.
E/ρ0

(9)

Table 5 shows the adjusted coeﬃcient of the Eq.(8) for the cavity solution of each sphere. These
data were found using the solution methodology explained in [1]. Notice that the ﬁrst three coeﬃcients
do not dramatically change for each sphere. However, the last coeﬃcient, which involves the strainrate sensitivity of the material, change in each case, and it is more sensitive for the penetration
of small spheres than for large spheres. This is due to the fact that small spheres involve higher
strain-rates during the penetration process at the same range of velocities [19].
Penetration comparisons between the engineering model (solid lines) and FE results (markers)
are shown in Fig. 13. It can be seen that there exists a substantial agreement between the two models,
each of which has a diﬀerent cavity radius (nose radius of the projectile), as this has also been found
in other experimental data (see [1]). Therefore, the engineering model using cavity-expansion theory
was veriﬁed for this diﬀerence of cavity radius at medium penetration velocities up to 500 m/s.
4 Conclusions
The spherical cavity-expansion problem was studied using FE numerical simulations. It was found
that self-similarity transformations are only valid for strain-dependent solids because the state of
stresses in this ﬁeld is steady over time. On the other hand, self-similarity transformation cannot be
used in strain-rate sensitive materials for modeling the spherical expansion process on the material.
However, it was found that during penetration events involving rigid projectiles, the dynamic
behavior of the material is diﬀerent from that of the spherical cavity-expansion event. In the penetration process, the cavity remains constant because the rigid projectile does not undergo change,
and it only moves into the ﬁeld due to the movement of the projectile. Therefore, a state of stresses
is placed ahead of the nose of the projectile, and it moves through the material. It was shown that
this state of stresses is nearly steady during the penetration process at medium and low penetration
velocities; therefore, self-similarity transformation can be used in this speciﬁc penetration event, even
for strain-rate sensitive materials.
At the end of the investigation, the engineering model using cavity-expansion theory was veriﬁed
by ﬁnite-element simulations of the penetration process for diﬀerent cavity radii (nose radii of the
projectiles). This was done for a compressible, elasto-plastic, Cowper-Symonds 6061-T651 Al solid
at initial penetration velocities up to 500 m/s.
References
1. Buchely, M., Maranon, A.: An engineering model for the penetration of a rigid-rod into a cowper–symonds
low-strength material. Acta Mech. 226(9), 2999–3010 (2015)
2. Cohen, T., Masri, R., Durban, D.: Shock waves in dynamic cavity expansion. Journal of Applied Mechanics
77(4), 041,009 (2010)
3. Cortes, R.: The growth of microvoids under intense dynamic loading. International journal of solids and
structures 29(11), 1339–1350 (1992)
4. Cowper, G.R., Symonds, P.S.: Strain-hardening and strain-rate eﬀects in the impact loading of cantilever
beams. DTIC Document (1957)
5. Durban, D., Fleck, N.A.: Spherical cavity expansion in a drucker-prager solid. J. Appl. Mech. 64(4), 743–750
(1997)
6. Durban, D., Masri, R.: Dynamic spherical cavity expansion in a pressure sensitive elastoplastic medium. Int.
J. Solids Struct. 41(20), 5697–5716 (2004)

13

Elastic

Cavity

Elasto-plastic
r (ξ )
r=a

(ξ = 1)
ri (ξi )
rw (ξ w )
Fig. 14 Schematic representation of material ﬁeld in spherical cavity expansion. In the scheme, ξ is the nondimensional radial coordinate.
7. Fleck, N., Otoyo, H., Needleman, A.: Indentation of porous solids. International Journal of solids and structures
29(13), 1613–1636 (1992)
8. Forrestal, M.J., Luk, V.K.: Dynamic spherical cavity-expansion in a compressible elastic-plastic solid. J. Appl.
Mech. 55, 755–760 (1988)
9. Forrestal, M.J., Okajima, K., Luk, V.K.: Penetration of 6061-t651 aluminum targets with rigid long rods. J.
Appl. Mech. 55, 755 (1988)
10. Hunter, S., Crozier, R.: Similarity solution for the rapid uniform expansion of a spherical cavity in a compressible elastic-plastic solid. The Quarterly Journal of Mechanics and Applied Mathematics 21(4), 467–486
(1968)
11. Jacob, P., Goulding, L.: An explicit ﬁnite element primer. NAFEMS Ltd, Glasgow (2002)
12. Jones, S.E., Rule, W.K.: On the optimal nose geometry for a rigid penetrator, including the eﬀects of pressuredependent friction. Int. J. Impact Eng. 24(4), 403–415 (2000)
13. Jones, S.E., Rule, W.K., Jerome, D.M., Klug, R.T.: On the optimal nose geometry for a rigid penetrator.
Comput. Mech. 22(5), 413–417 (1998)
14. Luk, V.K., Forrestal, M.J., Amos, D.E.: Dynamic spherical cavity expansion of strain-hardening materials. J.
Appl. Mech. 58, 1 (1991)
15. Masri, R., Durban, D.: Dynamic spherical cavity expansion in an elastoplastic compressible mises solid. J.
Appl. Mech. 72(6), 887–898 (2005)
16. Ortiz, M., Molinari, A.: Eﬀect of strain hardening and rate sensitivity on the dynamic growth of a void in a
plastic material. Journal of applied mechanics 59(1), 48–53 (1992)
17. Rodriguez-Martinez, J., Cohen, T., Zaera, R.: Approaching steady cavitation: The time scale in hypervelocity
cavity expansion in work hardening and transformation hardening solids. International Journal of Impact
Engineering 73, 43–55 (2014)
18. Rosenberg, Z., Dekel, E.: A numerical study of the cavity expansion process and its application to long-rod
penetration mechanics. International Journal of Impact Engineering 35(3), 147–154 (2008)
19. Segletes, S.: Modeling the penetration behavior of rigid spheres into ballistic gelatin. Tech. rep., ARL-TR-4393
(2008)
20. Warren, T., Forrestal, M.: Eﬀects of strain hardening and strain-rate sensitivity on the penetration of aluminum
targets with spherical-nosed rods. Int. J. Solids Struct. 35(28), 3737–3753 (1998)
21. Warren, T., Tabbara, M.: Simulations of the penetration of 6061-t6511 aluminum targets by spherical-nosed
var 4340 steel projectiles. Int. J. Solids Struct. 37(32), 4419–4435 (2000)
22. Wu, X., Ramesh, K., Wright, T.: The dynamic growth of a single void in a viscoplastic material under transient
hydrostatic loading. Journal of the Mechanics and Physics of Solids 51(1), 1–26 (2003)

A Appendix: Spherical Cavity Expansion formulation
Consider a spherical symmetric cavity expansion of instantaneous radius a as shown in the Fig. 14. Equation of
mass and momentum conservation in spherical Eulerian coordinates (r, θ , ϕ ) of this deformation process are given
by [8, 6, 15]:
ρ̇
+ ϵ̇r + 2ϵ̇θ = 0 ,
ρ

(10)

∂σr
σr − σθ
+2
= ρυ̇ ,
(11)
∂r
r
where ϵ̇r = ∂υ/∂r is the radial strain rate; ϵ̇r = υ/r is the hoop strain rate; υ = ṙ is the radial material velocity;
ρ is the material density; and σr , σθ and σϕ are the radial; hoop and meridional components of Cauchy (σθ = σϕ
from symmetry), and a superposed dot denotes diﬀerentiation with respect to time. Material response is modeled
as J2 Mises solid [6, 15, 5], which eﬀective stress (σe ) is given by:
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σe = σθ − σr .

(12)

Assuming the Mises ﬂow theory in the absence of material spin [15, 5], the strain-displacement equations are
given by:
σ̇r
2ν σ̇θ
dυ
−
− ϵ̇pl =
,
E
E
dr

ϵ̇r =

(13)

ϵ̇pl
(1 − ν) σ̇θ
ν σ̇r
υ
+
+
= .
(14)
E
E
2
r
where ϵ̇pl is the eﬀective plastic strain, E is the elastic modulus and ν the Poisson’s ratio.
It is assumed that the only independent variable is the non-dimensional radial coordinate ξ = r/a. Thus, the
time derivative is transformed by the similarity relation [5]:
ϵ̇θ = −

d
d
= ξ˙
=
dt
dξ

(

ṙ
ȧ
−ξ
a
a

)

d
ȧ
d
= (V − ξ)
,
dξ
a
dξ

(15)

where V = ṙ/ȧ is the non-dimensional radial velocity and ȧ the cavity expansion velocity. Using (15), equations
(10), (11), (12), (13) and (14) transform to:
Σ = Σθ + Σr
(V − ξ)

[ (

ρ
d
ln
dξ
ρ0

dΣr
Σ
− 2 = m2
dξ
ξ

)]
(

+

ρ
ρ0

(16)

dV
V
+2 =0,
dξ
ξ

)

(V − ξ)

dV
,
dξ

(18)

dV
d
= (V − ξ)
(Σr − 2νΣθ − ϵpl ) ,
dξ
dξ
V
d
= (V − ξ)
ξ
dξ

(

(17)

−νΣr + (1 − ν) Σθ +

1
ϵpl
2

(19)

)

,

(20)

where (Σ, Σr , Σθ ) = (σe , σr , σθ ) /E are the non-dimensional stresses, ρ0 is material density in the undeformed
ﬁeld, and m is the non-dimensional cavity expansion velocity deﬁned by:
ȧ
m= √
.
E/ρ0

(21)

The ﬁve governing equations (16), (17), (18), (19) and (20) determine ﬁve of the six unknown parameters of
the system (Σ, Σr , Σθ , ϵpl, V and ρ).
In order to complete the engineering model, an additional constitutive relation (σe (ϵpl )) must be posed for
the plastic region of the material. Therefore, the spherical cavity is divided in two regions (Fig. 14) according to
the non-dimensionalized radial coordinate ξ. The elastic-plastic region is bordered by the cavity and elastic plastic
interface ξi , where the plastic yields occurs, and it is explicitly unknown (depends on the cavity expansion velocity
and constitutive relation). The elastic region is border by ξi and ξw , where ξw is the rigid-elastic wave front, and
can be calculated using the elastic properties of the material [6]:
ξw =

1
ȧ

√

(1 − ν) E
.
(1 + ν) (1 − 2ν) ρ0

(22)

Elasto-plastic region. In the elastic-plastic region 1 ≤ ξ ≤ ξi , the Mises material deforms following the complete strain-displacement equations. First, the non-dimensional radial velocity is found subtracting (20) from (19),
integrating and using the conditions that V and Σ vanish at ξ → ∞[22]; thus, it is obtained:

(

)

3
ϵpl .
(23)
2
Also, replacing (19) and (20) in (17), integrating and using ρ = ρ0 when Σr = Σθ = 0 [15], it is obtained:
V = ξ 1 − e−Φ
ρ = ρ0 e−Θ

with

Now, replacing (23) in Eq.(20):
′

with

Φ = (1 + ν) Σ +

Θ = (1 − 2ν) (3Σr + 2Σ) .
′

(1 − 2ν) Σr + (1 − ν) Σ +
and in the momentum conservation Eq.(18):
′

Σr − 2

(

)
1 ′
1(
ϵ =
1 − eΦ ,
2 pl
ξ

′
′
′
Σ
= m2 ξ 2 (1 − 2ν) Σr − 2νΣ − ϵpl
ξ

)

e−Θ−2Φ ,

(24)

(25)

(26)

15
where Φ and Θ are given by (27) and (23), and superposed prime denotes diﬀerentiation with respect to ξ.
Equations (25) and (26) are the governing equation for the stress components (Σ and Σr ) in the elasticplastic region. The boundary conditions for this system are: continuity of the radial stress and plastic yield at the
elastic/plastic interface (ξ = ξi ) and a continuous velocity on the cavity wall (V (ξ = ξi ) = 1).

Elastic region. In the elastic region ξi ≤ ξ ≤ ξw , the plastic strain and plastic strain rate are zero (ϵpl ≡ 0 and
ϵpl ≡ 0). Therefore, equations (23), (25) and (26) are simpliﬁed to:
′

(

V = ξ 1 − e−Φ
′

)

with
′

νΣr + (1 − ν) Σθ =
′

Σr − 2

(

Φ = (1 + ν) (Σθ − Σr ) ,

)
1(
1 − e(1+ν)(Σθ −Σr ) ,
ξ

′
′
Σθ − Σr
= m2 ξ 2 Σr − 2νΣθ
ξ

)

e(1+4ν)Σr −2(2−ν)Σθ ,

(27)
(28)
(29)

where (16) was used.
One approximation for Eq.(28) and (29) is to assume that as ξ increases, ξ 3 >> 1 (linearization of the system).
Then, these equations reduce to:
′

′

νΣr + (1 − ν) Σθ = −
′

Σr − 2

(1 + ν)
(Σθ − Σr ) ,
ξ

(

)
′

′
Σθ − Σr
= m2 ξ 2 Σr − 2νΣθ
ξ

.

(30)
(31)

Equations (refa19) and (29) (or (30) and (31) if the linear approximation is assumed) are the governing equation
for the stress components (ξr and ξtheta ) in the elastic region. The boundary conditions for this system are: stress
free conditions (Σr = Σθ = 0) as ξ → ∞, and continuity of the radial stress and plastic yield at the elastic/plastic
interface (ξ = ξi ).
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