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Executive summary
This thesis presents a conceptual, analytical and numerical framework for modeling
deterioration of engineered systems oriented to the evaluation of reliability and optimal
maintenance policies, referred to as the Lévy-based framework. The framework is formally supported on the theory of Lévy process and its extension the Non-Homogeneous
(NH) Lévy process.
This framework arises from the need of proposing stochastic models for deteriorating
systems that account for complex engineering situations, such as the effect of multiple
sources of degradation, in order to perform accurate time-dependent reliability estimations and the evaluation of optimal maintenance policies on these systems.
The proposed Lévy-based framework is developed on the three stages (disciplines)
present in the decision-making problem of the operation of engineered systems: degradation modeling, reliability analysis and maintenance. Specifically:
 Degradation modeling: The framework develops three deterioration models
with increasing complexity: the Lévy deterioration model, the NH deterioration
model, and the Generalized NH Lévy deterioration model, which comprises other
three models. For this purpose, general modeling assumptions, and conditions
for defining shock-based, progressive and combined degradation are provided.
Analytical expressions for the mean and central moments of these deterioration
models and their characteristic exponent or function are obtained.
 Reliability analysis: The framework provides analytical and numerical methodologies for evaluating important reliability quantities, such as the reliability function, the probability density and moments of lifetime, probability of failure and
density of deterioration, and for sample paths simulation.
 Maintenance: The Lévy-based framework also provides numerical methods to
find the optimal age-replacement maintenance policy for systems with Lévy or
NH Lévy deterioration.

The deterioration models considered in the Lévy-based framework include as particular cases several models applied extensively in the literature in multiple engineering
disciplines: the compound Poisson process, the NH compound Poisson process, the

v

gamma process, the extended gamma process, the inverse Gaussian process, and deterministic drift. Moreover, the Lévy-based framework allows the combination of any
of these models and their reliability estimation without additional difficulty, avoiding
the computational issues present with the traditional approach with convolutions, and
multiple infinite sums and integrals. Moreover, with the tools provided, it is possible to
compare different models in terms of their simulated sample paths, moments of deterioration, reliability quantities, and optimal maintenance policy. The results not only
demonstrates the versatility and usefulness of the proposed framework in an engineering context, but also provides further insight into the nature of the Lévy and NH Lévy
process.
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Generalized NH Lévy deterioration models D of section 6.3. . . . .

45
46

58

58

83

84
89

92

NH
. . . 101
the
. . . 102

Calibrated parameters of the progressive models: stationary GP, stationary IGP, and EGP-Dilog in terms of the mean deterioration rate A,
the inspection time tm , and the coefficient of variation at tm , COV (Xtm ) 127
Second and third central moments of the progressive models: stationary
GP, stationary IGP, EGP-Dilog in terms of the mean deterioration rate
A, the inspection time tm , and the coefficient of variation at tm , COV (Xtm )127

xvii

LIST OF TABLES

9.1
9.2

Commonly used distributions for shock sizes Yi with the expressions for
their characteristic function φY (ω) and mean E[Y ]. . . . . . . . . . . . . 146
Commonly used distributions for shock sizes Yi with the expressions for
their second E[Y 2 ] and third moments E[Y 3 ] . . . . . . . . . . . . . . . . 147

xviii

Chapter 1

Introduction
1.1

Overview

Engineered systems are the physical products (artifacts) designed and constructed to
accomplish a specific function during a specified period of time. During their operation,
engineered systems are subjected to phenomena that diminish their capacity to accomplish the intended function. These phenomena are called in general degradation, and
eventually lead the system to fail. Within this context, reliability is the likelihood that
the engineered system will perform as expected during a predefined time window. As
an engineering discipline, reliability analysis provides methods and models that support
decisions during all the stages of the life-cycle of an engineered system.
In recent years, degradation modeling has been at the core of the reliability analysis
of engineered systems. It has been preferred over classical statistical-based approaches
because it gives a better understanding of the causes of failure. One of the approaches,
called in this thesis the stochastic-based approach for degradation, consists in modeling
the system’s condition as a stochastic process with certain properties describing two
basic mechanisms of degradation: progressive and shock-based. The latter describes
the effect of sudden changes and/or extreme events, like earthquakes on infrastructure
systems, or over-currents on electronic devices. The former consists in almost continuous (graceful) processes modeling phenomena like corrosion of metals, or fatigue of
materials. In general, an engineered system or component during its life-cycle can be
subject to multiple sources of degradation from both kinds of mechanisms. Therefore,
a general stochastic process modeling degradation should include the combined effect
of such mechanisms.
The purpose of this work is to develop a conceptual, analytical and numerical framework for the analysis of engineered systems under the effect of multiple sources of degradation, in terms of the evaluation of their reliability and optimal maintenance policies,
under the stochastic-based approach. This thesis responds to the needs for a comprehensive stochastic model for degradation that allows the accurate reliability computation and optimal maintenance policies for complex engineering situations. Specifically,
the proposed framework uses the Lévy process and the Non-Homogeneous (NH) Lévy
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process as models sufficiently versatile and general to manage these complexities.
Recent efforts towards the inclusion of both degradation mechanisms (shock-based
and progressive) can be found in (2), (3), (4), and (5); the common characteristic
of these models is that progressive degradation is modeled as a deterministic function.
Other models consider the gamma process (for progressive degradation) and a particular
case of compound Poisson processes (for shock-based) (6), (7). Other works have
considered the particular case of stationary NH Levy processes, i.e., Lévy processes, as
models for deterioration (8), (9), (10), (11). The cited models have demonstrated its
applicability in many practical situations; however, they still lack of sufficient generality,
and some of them only provide analytical results but not numerical methods for the
reliability estimation.
One of the results of this thesis is that many of these stochastic models are particular cases of a more general one: the Non-Homogeneous (NH) Lévy process. Besides
providing a detailed study of this process, this thesis applies it to define conceptually both kind of degradation mechanisms, shock-based and progressive; moreover, it
provides accurate numerical algorithms for multiple purposes: reliability estimation,
sample paths simulation, and optimal maintenance policies for complex engineering
situations, i.e., engineered systems under multiple sources of degradation.

1.2

Research problem

Engineered systems or components are the intended change that humans seek in their
environment to fulfill their needs and goals. However, engineering not only concerns
the constructed engineered product — opposite to the common conception of engineering just as a “making things” discipline (12)—, but it must be better understood as a
decision-making discipline (1), necessary in all the stages during the life-cycle of the engineered product, since its conception, design and construction, until its operation and
eventual reconstruction. Engineering encompasses the methods (empirical, scientific,
heuristic), models (mathematical, physical, linguistic), and knowledge supporting this
whole process of transforming the environment for benefit of the humankind. Moreover,
engineering activity and methods must take into account the uncertain nature of this
whole process, due to the intrinsic random nature of the environment and its interaction with the system (aleatory uncertainty), or lack of knowledge of these processes
(epistemic uncertainty). And finally, the decisions and activities in engineering must
consider the limited resources (temporal, economic, social, political) within those are
constrained (13).
One of the concepts and methods supporting the modern conception of engineering is that of reliability. Reliability is the study of how things fail or the likelihood
of the engineered system to function as expected. Reliability analysis can be seen
both as a purpose and a method for the optimal design and operation of engineered
systems. For instance, it is the basis for operational decisions like life-cycle cost analysis (infrastructure systems (14), (4), (1)), survival analysis and maintenance planning
via optimization (infrastructure, electro-mechanical components (15), (16), (17)), or
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availability (2), among others.
On the other hand, models in engineering transcends the mere objective of giving
explanations of the world. That is the role of science. Engineering models have a
different purpose; that of providing for a mental framework for decision-making in the
engineering activity, more linked to prediction than to explanation (18), (19). They are
not only defined by the design, i.e., the intended function of the engineered system as
a physical object with a purpose, but also they are determined by the operational decisions, the random nature of the phenomena, and the constraints (temporal, economic,
social, etc.) of the engineering activity.
Within this engineering perspective, models for degradation of engineered systems
need to be context-oriented or in other terms purpose-oriented. And for the purpose
of the optimal operation of these systems, degradation models need to be a convenient
tool for time-dependent reliability analysis. Degradation models are predictive, as they
explicitly describe the mechanisms leading to failure by means of models for the system’s
(physical) condition indicator (e.g., capacity/resistance, stiffness, ductility, etc.). But
also, degradation models need to provide numerical tools for the reliability estimation,
in sometimes poorly understood situations with few or non-dependable data, and with
constraints in terms of computational time.
One of the degradation modeling approaches that offers a convenient balance between predictive power and computational efficiency is the stochastic-based approach.
This consists in defining appropriate stochastic processes for the system’s condition or
deterioration of the engineered system. The particular stochastic processes suitable
to model degradation depend on two basic degradation mechanisms: shock-based and
progressive. Usually, these processes are formulated in distinct mathematical terms.
Shock-based are described by two stochastic processes: shock sizes and inter-arrival
times, and reliability computation tends to be difficult in most of the cases; as opposite, the progressive models such as the Gaussian process, the gamma process or the
inverse Gaussian process, are directly defined by their probability law, which provides
closed-form expressions for the reliability. However, when trying to combine different
progressive processes, the difficulties again arise. Because of these differences, the formulation of a stochastic model that includes both degradation mechanisms is difficult
and has led to propose only particular models or that the reliability estimation becomes
complex.
The research problem developed in this thesis consists in providing a conceptual, analytical and numerical framework for modeling the time-evolution
of engineered systems subject to multiple sources of degradation (including
the combination of shock-based and progressive models), with the purpose
of the evaluation of their reliability and optimal maintenance policies.
As noted previously, the complexity of this problem arises both, on the probabilistic
description of such general processes, and also on the lack of dependable data for an
adequate calibration of the deterioration model. Therefore, the reliability estimation
may turn complex or non-dependable, with the consequences that this implies in op-
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erational decisions, maintenance, and costs. In summary, the need for such a general
framework of this research project is justified by three key aspects, belonging to three
different stages in the decision-making approach to engineered systems:
 Degradation modeling: There is a need for stochastic degradation models that
account for multiple degradation mechanisms and/or that may be calibrated to
reproduce statistical characteristics of degradation data.
 Reliability analysis: There is a need for efficient and accurate numerical methods for the time-dependent reliability estimation of engineered systems under
multiple sources of degradation.
 Maintenance: There is a need for efficient and accurate numerical methods
for evaluating optimal maintenance policies of engineered systems under multiple
sources of degradation.

As it will be clear along this document, the Lévy and NH Lévy processes offer
the appropriate mathematical formalism to develop the mentioned framework, with
the adequate balance between generality in degradation modeling, and accuracy and
efficiency in the estimation of reliability and optimal maintenance.
Finally, it is important to mention that in this thesis the term system refers to
a wide range of physical objects (e.g., devices, components, structures, infrastructure
systems) prone to a reliability study. Although the inner structure of the engineered
system is not analyzed in this dissertation, the models and theory developed here can
be applied to this general definition of system.

1.3

Objectives

The general objective of this thesis is to develop a conceptual, analytical and numerical
framework via Lévy processes for modeling deterioration of engineered systems subject
to multiple sources of degradation that allows the evaluation of reliability and optimal
maintenance policies.

The specific objectives are:
1. Review the existing stochastic models for degradation of engineered systems, in
terms of the degradation mechanisms that they model and the methods for their
reliability estimation.
2. Review the fundamentals of the theory of Lévy processes that will support the
framework.
3. Propose a stochastic model, based on Lévy processes, for the deterioration of
engineered systems subject to multiple sources of degradation, that allows the
accurate and efficient numerical reliability estimation.
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4. Propose extensions of the initial model, to account for more general cases of
degradation and applications, and that still provide an accurate and efficient
reliability estimation.
5. Develop the age-replacement maintenance model for the proposed deterioration
models by providing numerical algorithms for finding their optimal solutions.
6. To compare different deterioration models, in terms of their mean and moments
of deterioration over time, reliability estimation, and optimal replacement policy,
with the use of the proposed analytical and numerical framework.

1.4

Scope of study

This thesis is oriented towards the modeling for supporting decision-making in engineered systems, specifically, degradation modeling oriented for reliability analysis and
maintenance planning. Therefore, this thesis scopes mainly three disciplines, related
to the three stages in the decision-making process mentioned in section 1.2:
Degradation modeling
The main objective of this thesis is to propose a model for the deterioration of
engineered systems. And as explained earlier, the selected approach is the stochasticbased one. This approach is less oriented to the description of the actual, real physical
mechanisms of degradation, but more for proposing convenient stochastic models that
reproduce general characteristics of degradation. However, this thesis also intents to
bring closer the stochastic-based approach to the physics-based approach, by looking for
a general stochastic formulation that allows the inclusion of several sources of degradation in the form of shocks and progressive, and that reproduce more general statistical
properties of the resulting physical deterioration. All these aspects are accomplished
with the degradation framework proposed in this thesis, based on the theory of Lévy
processes.
Reliability engineering
As stated, the research problem seeks for convenient stochastic models for degradation that allow the reliability analysis of complex engineering situations. This thesis
makes important contributions (theoretical and numerical) to the reliability engineering
discipline, and specifically, to the time-dependent reliability analysis of such complex
situations, i.e., engineered systems under multiple sources of degradation.
Maintenance modeling
This is the last stage considered in the decision-making purpose in this thesis. The
scope of this dissertation about this point is that of providing for numerical methods for
finding the optimal solution of a well known maintenance model: the age-replacement
model. The novelty of the contribution is that to provide for such solutions for the
case of deterioration as a NH Lévy process, which can afford for situations of multiple
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sources of degradation.
On the other hand, the research problem in this thesis is formulated generally
enough so that it impacts several other engineering disciplines interested in performing operational decisions on physical objects with purpose (i.e., engineered systems).
Specifically:
Civil engineering / Infrastructure management
Engineered systems in civil engineering, in the context of this thesis, can refer to
components and structural elements, to infrastructures, and infrastructures systems;
hence, this thesis encompasses degradation modeling and reliability estimation of such
physical objects, with the purpose of its optimal operation and maintenance planning.
However, it is important to mention that the network nature of these physical objects
(specially for infrastructure systems) is not considered in this thesis, thus, the proposed approach fits better for systems such as components or structures. Nevertheless,
the results of this thesis can provide a first insight into these infrastructure/networked
systems. For instance, one of the applications showed in this thesis is to a elasticperfectly-plastic single degree of freedom system subject to a mainshock and its aftershocks sequence, and the analysis of the failure probability over time (chapter 6).
Mechanical and electronic engineering
Engineered systems in these disciplines comprehends mechanical components and/or
electro-mechanical devices. Reliability analysis is also fundamental in these areas, and
specifically, the degradation modeling approach has gained attention since the last century, replacing the classical statistical-based approach (i.e., survival analysis).
Finally, this dissertation scopes the mathematical discipline of probability and
stochastic processes. Explicitly,
Applied probability and stochastic processes
The proposed stochastic degradation framework in this work is supported on the
theory of stochastic processes, specifically, on the Lévy and Non-Homogeneous (NH)
Lévy processes. In the development of this framework, an extensive review and study
of these processes is performed in terms of: (1) their mathematical properties and
fundamental theorems and concepts, such as, the Lévy-Kintchine formula, the Lévy
measure, the drift, the characteristic function and exponent, etc., and (2) the inversion
formula for the characteristic function, in order to obtain the probability distribution
of these processes. During this study, two important results are obtained that may
be important in the context of applied stochastic processes, and degradation modeling
in reliability engineering: (1) the discovery and development of a Lévy process with
interesting properties, called the Extended gamma process - Dilog (EGP-Dilog), and (2)
the development of accurate numerical methods to simulate these processes, explicitly,
to compute their probability distribution and simulate sample paths.
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Thesis outline

The research problem of this thesis, presented in section 1.2, is approached by proposing
the Lévy-based framework, which is developed on the three stages in the decisionmaking process mentioned in section 1.2: degradation modeling, reliability analysis
and maintenance. Figure 1.1 shows the general structure of the Lévy-based framework,
how the different stages articulate, and how the chapters of this thesis fit into the
framework.
This thesis is organized as follows:
 Chapters 2 and 3 provide the review of basic concepts related to reliability and
the state-of-the-art of the stochastic models for degradation oriented to reliability
estimation. These chapters give the necessary context and justification to propose
the Lévy-based framework.
 Chapter 4 presents the fundamentals of the Lévy framework for the particular
case of Lévy deterioration processes. Here there are provided the initial concepts,
modeling assumptions, analytical expressions and numerical methods for proposing Lévy deterioration models for engineered systems with multiple sources of
degradation, and for the accurate reliability analysis of these systems.
 Chapter 5 develops further the Lévy-based framework in order to include the
Non-Homogeneous (NH) Lévy process as a model for deterioration. The stationary assumption of the deterioration increments is relaxed, but maintaining still
the independence assumption. The result is a more flexible and general model
for modeling deterioration. The numerical methods are also generalized and they
still remain accurate and efficient.
 Chapter 6 provides a further extension of the Lévy-based framework to account
for three Generalized models: (1) NH Lévy deterioration with random initial
deterioration value; (2) deterioration due to different sources of NH Lévy deterioration with different initiation times; and (3) deterioration as in (2) with the
effect of random shocks happening at fixed times. The numerical methods for the
reliability analysis are also extended. An application to an earthquake engineering problem (mainshock and aftershocks sequence with progressive degradation
affecting a structure) is shown, where it is demonstrated the versatility of the
proposed Generalized model, even in complex situations.
 Chapter 7 presents the methods and numerical algorithms for the age-replacement
maintenance model, in order to find its optimal solution, when deterioration follows a NH Lévy process. The results are applied to compare different progressive
deterioration models in terms of moments of deterioration, reliability quantities
and optimal age-replacement policy, finding important differences.
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DEGRADATION MODELING
Chapters 4, 5, 6
NH Lévy
Lévy deterioration deterioration
Chapter 4
Chapter 5

Multiple sources of degradation
Shock-based , Progressive, Combined

Generalized
NH Lévy
deterioration
Chapter 6

Mixed Lévy models
(Fitting)

The Lévy-Khintchine formula

Characteristic exponent Yt (w)
Characteristic function fDt (w)

Moments of deterioration
E[Dt]
m2(t) m3(t)

RELIABILITY ESTIMATION
Chapters 4, 5, 6
• The inversion formula
• Numerical aproximations
- Discretization: h
- Truncation : M

Reliability function
Lifetime density, deterioration density
Probability of failure

Sample paths simulation
Mean time to failure
Moments of lifetime

MAINTENANCE
Chapter 7
• Gauss-Legendre quadrature
• Numerical aproximations
- Discretization: h
- Truncation : M

Optimal age-replacement policy
- Optimal replacement age a*
- Optimal expected cost rate K*

Figure 1.1: Structure of the Lévy-based framework proposed in this thesis with its three
constitutive stages: Degradation modeling, reliability analysis and maintenance, and the
chapters where each one is developed.
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Chapter 2

Reliability and deterioration
2.1

Chapter overview and objectives

For the development of the proposed research problem in this thesis (section 1.2), this
chapter introduces the key concept of reliability and reviews the main methods for
its evaluation, making emphasis on the stochastic-based method which is the selected
approach in this thesis. Specifically,
 The concept of reliability is introduced and its importance for supporting operational decisions in engineered systems is clearly stated (section 2.2).
 The concepts of system’s condition is introduced, which lead to the different
methods for evaluating reliability (sections 2.3 and 2.4).
 The stochastic-based method for reliability estimation is explained in detail, by
defining the deterioration process and obtaining the other reliability quantities of
interest (section 2.5).

In summary, this chapter introduces the necessary concepts, definitions and methods
for the problem of reliability evaluation, which is one of the key objectives of the research
problem in this thesis.

2.2

Reliability: definition and importance

The central concept behind the modern understanding of engineering is that of decision
making. Decision making is taking to be “the process of choosing between alternative
courses of action; this means, selecting between available options defined according to
a set of restrictions (e.g., technical, economic, social) to optimally assign the resources
available” (1). Supporting this definition is the concept of the engineering method,
which is what differentiates engineering from other professions. According to Koen, it
is “the strategy for causing the best change in a poorly understood situation within
the available resources” (13). Therefore, the engineering activity identifies not only the
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final product, e.g., the building, the road, the device, in brief the engineered system,
that is the intended change, but also all the actions and decisions involved in the design,
construction, operation, maintenance, and the eventual reconstruction or replacement
of the system, into what is known as the system life-cycle.
Within this context, the concept of reliability analysis is understood as the quantitative study of the system’s ability to perform as expected during a predefined time
window. Any engineered system is designed and built to accomplish a specific function
during a specified time window (the time mission tm of the system). After construction, and during the system operation, this ability to “perform as expected” diminishes
because of usage and the interaction with the environment that reduce the physical
properties of the system, in a process known as degradation. Eventually, degradation
conducts the system into a failure state where the intended function of the system
cannot be accomplished. However, degradation is not predictable nor controlled, thus,
uncertainty is a key element into this analysis, and is immersed in all the stages of the
life-cycle, included design and construction. Therefore, the quantitative description of
reliability is founded on the mathematical theory of probability, and is more exactly
defined as (1):
The probability that the system’s lifetime exceeds a specific period of time
(e.g., its mission time),
where the system’s lifetime, L, is defined as the time from construction until failure,
and is clearly a random variable. Thus, reliability can be expressed mathematically as:
R(tm ) = P(L > tm )

(2.1)

where R(tm ) is the system’s reliability for a time mission tm , and P denotes the probability measure.
Reliability analysis is essential during all the stages of the life-cycle of the system,
and transversal to all the engineering disciplines. It is the basis to support operational
decisions like life-cycle cost analysis in infrastructure systems (14), (16), (4); survival
analysis and maintenance planning in infrastructure, mechanical and electronic systems
(15), (16), (17); estimation of the availability and costs of operation, inspections and
maintenance actions in electro-mechanical systems, among others, (20), (2). Chapter 7
develops the age-replacement model where it will be clear the role of reliability analysis
in this context.

2.3

System’s condition and reliability

For a comprehensive study of reliability and the causes leading to failure, it is convenient
to introduce the concept of performance or condition of the engineered system. This
can be related to any physical quantity (or a vector of physical quantities) of the
system, such as a mechanical property like the structural capacity/resistance, stiffness,
or residual ductility to collapse (in infrastructures, or mechanical components, (4), (6));
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it can be defined as a composite index like the pavement condition index for roads (21);
or it can be any other indicator describing the functionality of the system. In this
thesis it is considered a one dimensional (1d) random performance indicator denoted
by Vt . Thus, it is a time-dependent indicator, and will be called as at now the system’s
condition at t.

Vt

System’s performance over time

v0
System’s condition

Degradation
(Loading, external hazards,
environmental factors)

Maintenance
(Preventive)

Maintenance
(Replacement)

k*
t=0

Time mission tm

Failure due to
extreme events

Time ( t )

Lifetime L
- Planning/Design
- Construction

- Operation (e.g., Maintenance)

- Replacement

Figure 2.1: Sample path of the performance indicator (system’s condition) Vt over time
t, and actions involved during the life-cycle of an engineered system.

Therefore, without maintenance or recovery, the system’s condition Vt decreases
with time due to degradation. Failure occurs when Vt falls bellow a predefined threshold
k ∗ , that represents a safety or limit state. Figure 2.1 shows a typical sample path of Vt
over time, during the life-cycle of the system. It is clear how the history of Vt determines
all the decisions involved in the engineering project, from its design and construction,
until its failure and eventual reconstruction.
Hence, in terms of the system’s condition indicator, reliability can be defined alternatively as (1):
The probability that the system’s condition indicator remains above a predefined threshold within a specific period of time,
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which in mathematical terms can be expressed as:
R(tm ) = P(Vtm > k ∗ ).

(2.2)

This definition can be applied in cases that no maintenance is performed, and the
system’s condition Vt is monotone decreasing with t. This is the case in chapters 4, 5,
6 in this thesis, but is relaxed in chapter 7.
Finally, it is convenient to make the mission time tm in equation 2.2 variable. This
allows to define other quantities of interest such as the lifetime distribution, mean time
to failure, among others, which will be introduced later in section 2.5.2. Hence, the
time-dependent reliability or reliability function, R(t), is defined by:
R(t) = P(Vt > k ∗ ).

2.4

(2.3)

Reliability methods

Reliability methods are the mathematical approaches for evaluating the reliability of an
engineered system. One way of classifying them is by the level of accuracy and detail
of the mechanisms causing failure, which defines three kind of methods or models (22):
 Statistical-based lifetime methods or black-box models.
 Stochastic-based or grey-box models.
 Physics-based or white-box models.

The focus of this thesis is on the second class: the stochastic-based approach modeling which is presented in section 2.5 and explored in detail in chapter 3. A brief
description of the other methods follows.

2.4.1

Statistical-based lifetime models

This approach is also known as survival analysis, and it is used in many disciplines such
as statistics, engineering, and in medical and biological sciences. Based on historical
data, it evaluates directly the reliability via, e.g., the hazard rate or a lifetime distribution model, and does not account for the mechanisms leading to failure. The problem
then consists in finding the best probabilistic model that fits the data. Commonly used
lifetime distributions are the exponential, Weibull, lognormal or gamma. The method
requires extensive historical failure data for a dependable statistical fitting. It can be
seen as a black-box model, where reliability is computed via equation 2.1.

2.4.2

Physics-based models

This approach is also known as physics of failure for electronic and mechanical components (23), and can be seen as a white-box model (22). It consists in the identification
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and description of the physical processes causing the degradation of the system. In
infrastructure problems it may include phenomena such as corrosion, fatigue, creep,
mechanical overload, wear, among others. These models are based on physical laws,
which may be, for example, at the microscopic scale, and in the form of differential
equations with time (24). Based on this description of the problem, it is possible to
formulate a mathematical model for the system’s condition Vt over time, which can
be deterministic in the case that all variables, parameters, and processes are known
accurately, or random, if any of these elements are uncertain. This last situation is
clearly the most common case in engineering. Thus, reliability can be computed with
equation 2.2, and in most of the cases via Monte Carlo simulations.
The physics-based methods have several advantages over the statistical-based methods. For instance, it allows extrapolation with more confidence, reduces the need for
large historical condition data, and increases predictive power. However, they can be
complex, as multiple equations, variables and parameters need to be included. For
example, detailed measurements and monitoring of these variables and parameters are
required, which in most of the cases is not possible; and finally, the computational cost
increases exponentially as more random variables and parameters are included (the
curse of dimensionality).

2.4.3

Stochastic-based models

The stochastic-based method for reliability analysis models the system’s capacity Vt as
a stochastic process,
V := {Vt }t≥0 ,

(2.4)

with certain properties describing general aspects of degradation. The stochastic-based
approach does not give a detailed description of the physics behind degradation, reason
why this approach is also known as a grey-box degradation model (22). One of the
most important advantages is that the reliability estimation, using equation 2.2, is
more efficient as it usually involves explicit numerical solutions. Next section gives
more details about this model, which constitutes the approach followed in this thesis.

2.5

Deterioration and reliability in the stochastic-based
approach

Under the stochastic approach, it is very common to define a random quantity called
deterioration. This will be very useful in the development of the Lévy-based framework
in this thesis.

2.5.1

The deterioration process

Define a random quantity that measures the decrease in the system’s condition Vt by
time t from a reference value v0 . In this thesis, this quantity is called the accumulated
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deterioration or just the deterioration at time t, Dt , defined by (see figure 2.2):
Dt := v0 − Vt .

(2.5)

From this definition, it is clear that deterioration Dt is of the same nature of the
system’s condition (e.g., ductility, loss in stiffness, loss in PCI, etc.). However, in other
situations deterioration is defined without reference of any system’s condition, like for
example fatigue (25) or crack size (26) in materials, or increment in operational current
in lasers (27), (28), quantities defined as indexes of deterioration. In this thesis, it will
be called the deterioration process as the stochastic process of the random variable of
deterioration:
D := {Dt }t≥0

(2.6)

(a)
Vt

(b)
Dt

System’s condition process

v0

Deterioration process

z
Dt

Dt
k*

t

Time(t)

t

Time(t)

Lifetime L

Lifetime L

Figure 2.2: (a) System’s condition process V , and (b) deterioration process D defined
from V .

2.5.2

Reliability quantities

Failure occurs when deterioration overpasses the deterministic threshold z = v0 − k ∗
with k ∗ the limit state for the system’s condition V . Therefore, the reliability function
R(t) in equation 2.3 can be expressed in terms of the deterioration process D, and is
given by:
R(t, z) = P(Vt > k ∗ ) = P(Dt ≤ z),

(2.7)

where the dependence on the failure threshold z is made explicit, and maintenance is
not considered, thus D is monotonically increasing.
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The reliability at time t is equal to the distribution Dt , i.e., P(Dt ≤ z). From it
other quantities of interest can be obtained, which in this thesis are called the reliability
quantities. For instance, the probability that the system has failed by time t can be
computed as:
Pf (t, z) = P(L ≤ t) = 1 − P(L > t) = 1 − R(t, z).

(2.8)

The probability density function of the deterioration Dt can be obtained by differentiating its CDF with respect to z, which in terms of R(t, z) is:
∂
∂
P(Dt ≤ z) =
R(t, z).
(2.9)
∂z
∂z
The density fL (t, z) of the lifetime L is the negative of the derivative of R(t, z) with
respect to t:
fD (z, t) =

∂
R(t, z),
(2.10)
∂t
if such derivative exists, and any of the `-moments (` ≥ 1) of the lifetime L can be
obtained by:
Z ∞
fL (t, z)t` dt,
(2.11)
E[L` ] =
fL (t, z) = −

0

if the integral converges.

2.6

Conclusion

The concept of reliability analysis was introduced in this chapter. Moreover, the different methods for reliability evaluation were presented, with emphasis on the stochasticbased method, which is the approach followed in this research project. In particular,
 The concept and importance of reliability as a tool for supporting operational decisions were stated in section 2.2. The particular application on the maintenance
problem is explained and fully developed later in chapter 7.
 The different methods for evaluating reliability were introduced, demonstrating
the importance and convenience of stating the problem in terms of a system’s
condition indicator V (sections 2.3 and 2.4).
 The stochastic-based approach for reliability estimation is further developed, by
means of the stochastic process of deterioration D. The other reliability quantities
of interest are deduced based on this approach (section 2.5).

In order for developing the Lévy-based framework, which follows the stochasticbased approach for reliability, chapter 3 reviews the different stochastic models for
degradation, that constitute the state-of-the-art of the research problem.
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Chapter 3

Common deterioration models
via stochastic processes
3.1

Chapter overview and objectives

Chapter 2 presented the stochastic-based method for reliability, which is the approach
followed in this thesis for the research problem. This method consists in defining
deterioration as an increasing stochastic process D := {Dt }t≥0 , and defining failure
as the first passage time of D over a threshold z. This chapter reviews the existing
deterioration models as stochastic processes and their formulation for the reliability,
highlighting their main issues. Specifically,
 The degradation mechanisms are presented, as a way to classify different stochastic models to reproduce certain characteristics of degradation. These are shockbased, progressive, and combined 3.2.
 The main stochastic processes for shock-based degradation and progressive are
presented, emphasizing their properties, formulations for the reliability and main
issues (sections 3.3 and 3.4).
 The main models for combined degradation are presented, highlighting their issues
in the reliability formulation (section 3.5).

In summary, the chapter presents the state-of-the-art of the stochastic models for
degradation, and demonstrates the need to propose new and more general models,
that also provide easy-to-evaluate expressions for the reliability and related quantities.
These tasks are solved with the Lévy-based framework and the different deterioration
models proposed in subsequent chapters.

3.2

Degradation mechanisms

The properties required for a stochastic process suitable to model deterioration are
determined basically by two primary degradation classes or degradation mechanisms,

17

3. COMMON DETERIORATION MODELS VIA STOCHASTIC
PROCESSES

namely:
1. Shock-based degradation, which are sudden changes in the system’s condition
at discrete times, due to extreme events (such as earthquakes or hurricanes). In
this thesis the study of shock-based degradation is centered on the case of cumulative shock degradation where each shock accumulates damage on the system
(29), (30).
2. Progressive degradation, due to processes such as corrosion, fatigue or wearout,
consisting in the continuous removal of the system condition over time (31), (32),
(4), (1).
In general, an engineered system or component during its life-cycle can be subject
to multiple sources of degradation from both kinds of mechanisms: shock-based and
progressive. This is known as combined degradation mechanisms. Therefore, a
general stochastic process for deterioration should include the effect of such mechanism
(2), (33). Next sections focus on presenting the most common stochastic processes that
model each type of degradation mechanism, and the issues in their reliability analysis.

3.3

Models for shock-based degradation

In this section the notation, concepts and the most commonly used stochastic models
for shock-based degradation are introduced, making emphasis on their main issues.

3.3.1

Formulation

Shock-based degradation describes the effect of sudden events that remove finite amounts
of the system’s condition Vt in the form of jumps or shocks at discrete points in time.
Set Ti the random variable of the arrival time of the ith shock, and ∆Ti := Ti − Ti−1 the
random variable of the inter-arrival time between the (i − 1)th and ith shocks, for i ≥ 1.
Additionally, each ith shock deteriorates the system by a random amount Yi , called in
this thesis the shock size. Thus, total deterioration St in a (cumulative) shock-based
model can be expressed as (34), (4), (6), (29), (35), (36), (see figure 3.1):
St =

Nt
X

Yi ,

(3.1)

i=1

where Nt represents the number of shocks that have occurred by time t, with {Nt }t≥0
being a counting process. Hence, the system’s capacity by time t, equation 2.5, is given
by:
Vt = v0 − St = v0 −
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XNt
i=1

Yi .

(3.2)

3.3 Models for shock-based degradation

St
z
Yk

Sk

Y2

Time (t)

Y1
DT1

DT2

...

DTk

Tk
Lifetime L
Figure 3.1: Cumulative degradation caused by shocks

3.3.2

Dependent models

A general cumulative shock model may consider dependency among the arrival times
Ti (or equivalently the inter-arrival times ∆Ti ) and the shock sizes Yi . Some examples
of these cases are: the arrival of aftershocks after a major earthquake which depends
on the magnitude of the mainshock and thus, is correlated with its damage, i.e., Y1 ,
(37), (38); all state-dependent shock models for which the damage of subsequent shocks
depends upon the cumulated damage, i.e., Yk depends on Y1 + · · · + Yk−1 (39), (40); or
the case where the damage Yk depends on the previous inter-arrival time ∆Tk−1 , like in
the δ-shock model (41), (42). The reliability estimation of these models is numerically
expensive, and requires the evaluation of expressions in terms of infinite sums and
convolution integrals (35).

3.3.3

Independent models

A common assumption is that the set of inter-arrival times {∆Ti }i≥1 and shock sizes
{Yi }i≥1 are mutually independent, and that the random variables ∆Ti are independent
among them, as well as the Yi (4). This can be the case of earthquakes with large
inter-arrival times, whose occurrences and magnitudes are not correlated. To this class
belongs: the Compound Poisson Process (CPP), the Renewal Process shock model,
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and the Phase-type (PH) shock model (1), (30).
In the following sections, the expression for the reliability function of the general independent model is deduced, and then each particular model is discussed. It is assumed
inhere that the distributions, FYi and F∆Ti , of each shock size Yi and inter-arrival time
∆Ti are known.
Reliability analysis
Set z = v0 − k ∗ the failure threshold. Then, the reliability function in equation 2.7
can be expressed as:

R(t, z) = P(St < z) = P

X
Nt
i=1


Yi < z .

(3.3)

Conditioning out the number of shocks, and with the assumption of independence
between ∆Ti and Yi ’s, for all i ≥ 1, equation 3.3 can be written as:
R(t, z) = P (Nt = 0) +
= P (Nt = 0) +

X∞
k=1
X∞
k=1

P

X

k
i=1


Yi < z P(Nt = k)

Pk (z)P (Nt = k) ,

(3.4)

where Pk (z) is the probability of survival until the k th shock (for a failure threshold
th
z) which
Pk is given by the distribution of the cumulated damage until the k shock,
Sk = i=1 Yi (figure 3.1):
X

k
Pk (z) = P
Yi < z = P (Sk < z) = FSk (z),
(3.5)
i=1

Note also that the term P(Nt = k) is the probability of having exactly k shocks by
time t, which is given by:
P(Nt = k) = P (Tk < t) − P (Tk+1 < t) = FTk (t) − FTk+1 (t).

(3.6)

The distributions FSk (x) and FTk (t) are computed as the k-fold convolution of the
distributions of the shock sizes Yi and inter-arrival time ∆Ti , respectively:
FSk = F∆Y1 ∗ F∆Y2 ∗ · · · ∗ F∆Yk

(3.7)

FTk = F∆T1 ∗ F∆T2 ∗ · · · ∗ F∆Tk ,

(3.8)

or equivalently, the distribution of Sk (Tk ) is the 2-fold convolution of the distributions
of Yk (∆Tk ) and the damage (time) until the (k − 1)th shock Sk−1 (Tk−1 ):
Z ∞
FSk (y) =
FSk−1 (y − x)dFYk (x)
(3.9)
0
Z ∞
FTk (t) =
FTk−1 (t − τ )dF∆Tk (τ ).
(3.10)
0
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Expressions 3.7 and 3.8 can be analytically evaluated only for some special distributions, which are closed to convolutions, such as the normal, exponential, gamma, or
Phase-Type (43), (6), (30). However, even for these cases, the reliability computation
requires the evaluation of infinite number of these convolutions, necessary to develop
the infinite series in equation 3.4. This is clearly a very complex analytical and numerical task. Hence, the typical solution is based on Monte Carlo simulations which can
also be numerically expensive.
The compound Poisson process (CPP)
Suppose that the shock sizes Yi are iid, and that the inter-arrival times ∆Ti are
independent and identically distributed (iid ) exponential with rate λ. Therefore, the
arrival of shocks constitute a Poisson Process (PP) and the shock-based deterioration
process Dt , as described in equation 3.1, forms a Compound Poisson Process (CPP).
In this case, the term P(Nt = k) in 3.4 takes the very well known expression:
(λt)k
.
(3.11)
k!
In case that the process of shock arrivals follows a Non-Homogeneous Poisson
R t Process (NHPP), with time-dependent rate λ(t) and mean value function Λ(t) = 0 λ(s)ds,
P(Nt = k) is given by:
P (Nt = k) = e−λt

Λ(t)k
.
(3.12)
k!
The resulting shock-based process with shock sizes Yi iid, and arrival of shocks as a
NHPP, is called in this thesis a Non-Homogeneous Compound Poisson Process (NHCPP).
It has been applied to model aftershock sequences (6), (37) and crack growth (44),
among others.
With the expressions 3.11 or 3.12 for P(Nt = k), the convolutions in equation 3.8
are not necessary to evaluate. However, the convolutions in equation 3.7 are still a
problem, required to calculate the distribution of the cumulated damage FSk . Both
models, CPP and NHCPP, will be further investigated as part of the Lévy and NH
Lévy deterioration models proposed in this thesis in chapters 4 and 5.
P(Nt = k) = e−Λ(t)

The renewal process (RP) shock model
This models assumes that the inter-arrival times ∆Ti and shock sizes Yi are iid
but not necessarily distributed exponential. In other words, {∆Ti } and {Yi } constitute
renewal processes (1). The same difficulty arises in this model with respect to the
convolutions.
The Phase-type (PH) shock model
This model was proposed by Riascos-Ochoa, et al. in (30). It assumes that each
inter-arrival time ∆Ti is distributed Phase-type (PH) aswell as each shock size Yi .
The distributions are not necessarily identical, so this model is more general than
the RP shock model. The advantage of the PH shock model is that convolutions are
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not necessary to compute because PH distributions are closed under them. Moreover,
closed-form expressions for the reliability function 3.4 and lifetime density are available,
and are relatively easy to compute. Finally, the other major advantage of this model is
that PH distributions are dense in the set of distributions with positive support (45),
(46). Therefore, it is possible to find PH distributions as close as desired to any positive
distribution or to empirical data. For this purpose a wide set of fitting algorithms have
been proposed (47), (48), (49), (50), (51). PH distributions can be included into the
Lévy-based framework (see Appendix A), further analyzed into that context (section
4.5), and applied in an earthquake engineering problem (chapter 6).

3.3.4

Issues in shock-based models

Two main problems arise in the reliability analysis of the previous shock-based models:
1. find the appropriate probabilistic model for the random variables: inter-arrival
times ∆Ti and shock sizes Yi ; and
2. numerically compute the reliability function R(t, z), from which the rest of reliability quantities are deduced.
The first problem can be addressed by identifying and modeling the physical phenomena. This information combined with field data can be used to fit probabilistic
models; although in general, in many engineered systems (e.g., large civil infrastructure systems) there is a significant lack of dependable degradation data. The second
problem is the complexity associated with the numerical computations of the distributions of the variables Sk and Tk , i.e., the convolutions in equations 3.7 and 3.8.

3.4

Models for progressive degradation

Recall from section 3.2 that progressive degradation mechanisms constitute those processes that reduce (almost) continuously the system’s condition Vt over time. This section presents the main stochastic processes modeling progressive deterioration, which
are: the random variable (RV) model, the gamma process (GP) and the inverse Gaussian processes (IGP). In many works the Gaussian process is also applied, but in this
thesis this is not considered as a convenient stochastic progressive model because it does
not have the property of monotone increasing sample paths. This is a fundamental requirement for the deterioration models proposed in this thesis when no maintenance is
considered.
In the sequel, a progressive deterioration process in general will be denoted as
P := {Pt }t≥0 , and Z := {Zt }t≥0 if it is a GP or an IGP.

3.4.1

Random variable (RV) model

A very popular approach for progressive degradation assumes that the functional form
with time of the deterioration is known, but the parameters are uncertain (random).
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These parameters may represent physical properties of the process (e.g., material characteristics, geometry, environmental conditions, etc.). These models are known as
random variable (RV) models in the civil engineering literature, and their solution conveys to a parameter estimation problem or to an statistical regression to obtain the
probability distributions of these parameters. Thus, the deterioration Pt of such a RV
model is given by:
Pt = Υp (t),

(3.13)

which is a deterministic function on t and p, increasing in t, and that may take any
functional form depending on the physics of the process or on empirical formulas. The
random vector parameter p contains all those random quantities.
Progressive degradation as a RV model can be handled also in terms of a deterioration rate δp (t) for t ≥ 0. Thus, the deterioration process at time t can be expressed
as:
t

Z
Pt =

δp (t)dτ.

(3.14)

0

RV models are not strictly stochastic processes. As was pointed out by Pandey
and van Noortwijk (31), the sample paths of these RV models are curves whose future
behavior can be predicted beforehand with a single inspection at any time. That is,
the temporal variability of these models is lost. In this sense the stochastic process
approach is more useful, among which are the gamma process and the inverse Gaussian
process.

3.4.2

The gamma process

The gamma process has been widely and successfully applied in many engineering
disciplines as a model for degradation since the works of Abdel-Hammed (52), Çinlar
(53), (54) and Dykstra et al. (55), and more recently, van Noortwijk in e.g., (32),
among others (22), (56), (31).
The usual definition of a (non-stationary) gamma process Z = {Zt }t≥0 with shape
function Λ(t) > 0 and scale parameter β > 0 (denoted as Γ(Λ(t), β)) is (see van
Noortwijk (32)):
1. Z0 = 0 with probability one.
2. Zτ − Zt ∼ Ga(Λ(τ ) − Λ(t), β) for all τ > t ≥ 0, with Ga the gamma distribution.
3. Zt has independent increments.
Conditions (1) and (2) provide the probability density of a GP:
P(Zt ∈ dx) =

β Λ(t) Λ(t)−1
x
exp(−βx)dx,
Γ(Λ(t))
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R∞
where Γ(a) = 0 z a−1 e−z dz is the gamma function for a > 0.
The mean E[Zt ], second central moment (variance) µ2,t , and third central moment
µ3,t of a GP are given by:
Λ(t)
Λ(t)
2Λ(t)
,
µ2,t = 2 ,
µ3,t =
.
(3.16)
β
β
β2
The reliability function R(t, z) is obtained by integrating 3.15:
Z ∞
Γ(Λ(t), βz)
P(Zt ∈ dx) = 1 −
R(t, z) = 1 −
.
(3.17)
Γ(Λ(t))
z
R∞
where Γ(a, x) = x z a−1 e−z dz is the incomplete gamma function for x ≥ 0 and a > 0.
The amenability of the gamma process is that it accounts for temporal variability
and also can resemble any functional form for its deterioration trend E[Pt ] by varying the
shape function Λ(t). Morevoer, equation 3.17 provides an easy-to-evaluate expression
for the reliability function. Figure 3.2 shows typical sample paths of a GP with shape
function Λ(t) = 0.02t2 and scale parameter β = 1/2. Note that the mean of this process
is E[Zt ] = 0.5t.
E[Zt ] =

GP: Γ(0.02t2, 1/2)

Zt

100

50

0

0

20

t

40

60

Figure 3.2: Sample paths of a gamma process Γ(0.02t2 , 1/2).

3.4.3

The inverse Gaussian process

Recently, the inverse Gaussian process (IGP) has gained attention as an alternative
model due to its closed-form expressions for the reliability quantities (as with the GP)
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(57), (58), (59). The usual definition of an IGP Z with mean function Λ(t) and scale
parameter η (denoted IGP(Λ(t), η)) is:
1. Z0 = 0 a.s.
2. The increments of Zt are independent
3. The increments are distributed Inverse Gaussian: Zτ −Zt ∼ IG(Λ(τ )−Λ(t), η(Λ(τ )−
Λ(t))2 ) for all t, τ such that 0 < t ≤ τ .
Recall that the density of an Inverse Gaussian distribution IG(µ, θ) with mean µ
and variance µ3 /θ is defined by:
r


θ
θ(x − µ)2
fIG (x; µ, θ) =
,
x ≥ 0.
(3.18)
exp −
2πx3
2µ2 x
which provide also a easy-to-evaluate formula for the reliability function R(t, z).
The mean E[Zt ], second central moment (variance) µ2,t , and third central moment
µ3,t of an IGP are given by:
E[Zt ] =

Λ(t)
,

µ2,t =

Λ(t)
,
η

µ3,t =

3Λ(t)
.
η2

(3.19)

Figure 3.3 shows typical sample paths of an IGP as IGP (0.04t2 , 1/2). Note that
the mean of this process is also E[Zt ] = 0.5t, as for the GP in figure 3.2.

3.4.4

Issues in progressive models

At first sight, the reliability computation of these models are relatively easy compared
with the shock-based models. This is so if each process is taken in isolation. However,
it may be situations in which different progressive deterioration models may be present
and must be combined in one progressive model. For instance, the sum of a deterministic process and a GP or IGP, or the sum of a GP and an IGP. For these cases
the probabilistic description becomes extremely complicated, because, convolutions are
involved again.

3.5

Models for combined degradation

Recall that a combined degradation process must account for the effect of both, shockbased and progressive degradation. In (3) and (4) a mathematical framework that
includes both mechanisms is proposed in the form of a cumulative shock model (with
arbitrary distributions for inter-arrival times and shock’s sizes) plus a deterministic
function Υp (t) for progressive degradation:
Kt =

XNt
i=1

Yi + Υp (t).
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IGP: IGP(0.04t2, 1/2)
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Figure 3.3: Sample paths of an inverse Gaussian process IGP (0.04t2 , 1/2).

The main problem with this formulation is that the mathematical expressions obtained
for the reliability quantities cannot be solved numerically, as convolutions and multiple improper integrals are involved. Therefore, Monte Carlo simulations are employed
for the analysis of these models. In (2) a more tractable expression for the mean of
the lifetime L is obtained, considering a linear deterministic model for progressive deterioration and a cumulative shock model with occurrences as a PP and shock sizes
distributed arbitrarily. In (5) a similar model is proposed with linear progressive degradation and shocks as CPP, but considering dependence between the capacity thresholds
and shocks. Finally, in (6), deterioration is a combination of a gamma process and a
shock-based model with occurrences following a PP and shock magnitudes distributed
gamma (and exponential as an special case). Easy-to-evaluate solutions were obtained
for the probability of failure (and consequently, the reliability function).
It is clear that still few models have been proposed for combined degradation mechanisms. In fact, there are no references that account for combinations of a GP and
a CPP with shock sizes different of gamma, a GP with any NHCPP, or the combination of an IGP with any CPP or NHCPP. The difficulties arise in the convolutions
present in their reliability estimation. This is in fact the main difficulty for the research
problem in this dissertation, that will be overcome with the Lévy-based framework for
degradation modeling and reliability analysis in following chapters.
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3.6

Conclusion

This chapter presented the state-of-the-art of the stochastic models for degradation,
their main properties, and issues in the reliability estimation. Specifically,
 The importance of the classification of the stochastic models as belonging to three
classes of degradation mechanisms: shock-based, progressive, and combined, was
clearly demonstrated.
 The differences in properties and mathematical formulation of the stochastic processes for each degradation mechanisms was illustrated, and the main issues in
the reliability estimation, e.g., convolutions and multiple integrals (sections 3.3
and 3.4).
 The main models for combined degradation was presented, demonstrating that
still few models have been proposed (section 3.5).

Following chapters will provide the solutions to many of these issues, by modeling
deterioration as Lévy or Non-Homogeneous Lévy processes.
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Chapter 4

Basics of the Lévy-based
framework: deterioration as a
Lévy process
4.1

Chapter overview and objectives

From the overview of the deterioration models in chapter 3, it is clear that a need
still exists for proposing stochastic processes for combined degradation mechanisms
that include other cases different from the previously presented. It is then necessary a
flexible mathematical framework that allows the combination of various shock processes
(i.e., with several shock size distributions), different progressive degradation models
(e.g., deterministic function, gamma process, and inverse Gaussian process), and the
superposition of any of these models to account for situations with multiple sources
of degradation, including combined degradation mechanisms. More importantly, this
framework should provide easy-to-evaluate expressions for the reliability quantities that
solves the numerical issues presented in their computation (e.g., convolutions, infinite
integrals and sums), bringing an alternative different from Monte Carlo simulations.
The purpose of this research project is to address these issues by proposing the
Lévy-based framework for modeling deterioration and for the evaluation of reliability
and optimal maintenance policies. This chapter introduces the concepts, analytical
expressions, and numerical methods that constitute this framework, for the particular
case of deterioration as a Lévy process (the so-called Lévy deterioration model ) and its
reliability analysis. Specifically, the objectives of this chapter are:
 Introduce the basic concepts and elements of Lévy processes which will support
the development of the Lévy-based framework in the rest of the thesis (section
4.3).
 Propose the modeling assumptions of the framework for the case of Lévy deterioration (sections 4.2 4.4).

29
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 Provide the conditions for a Lévy process to model any of the degradation mechanisms (shock-based, progressive and combined), and in general to model multiple
sources of degradation.
 Identify which particular processes described in chapter 3 are particular cases of
the proposed Lévy deterioration models, describe them in terms of the mathematical formalism of Lévy processes, and evaluate how they are generalized.
 Propose a method for fitting Lévy deterioration models to deterioration data (i.e.,
calibration), by means of their deterioration moments.
 Provide an analytical and numerical methodology to evaluate important reliability
quantities, such as the reliability function, lifetime density and its moments, and
sample paths simulation, for general Lévy deterioration processes.
 Compare different Lévy deterioration models in terms of deterioration moments,
computed reliability quantities, and simulated sample paths.
 Validate the proposed methodology and framework by comparing the numerical
results of the reliability quantities with existing expressions for particular models.

In simple terms, a Lévy process is a Markovian process with independent and stationary increments. Therefore, under this category belongs some of the deterioration
models presented in previous chapter: the CPP for shock-based degradation, and the
stationary GP, stationary IGP, or linear deterministic for progressive. However, most
of the approaches for degradation modeling do not take advantage of the mathematical
formalism behind the Lévy process (e.g., Lévy measure, characteristic function, etc.).
The works of Çinlar (53), (54), Abdel-Hameed (8), (9), and Yang and Klutke (10),
are some exceptions, and provided the first insights into this approach. In spite of the
interesting analytical results of these works, a need still exist to apply the Lévy formalism for the problem of combined degradation, multiple sources of degradation, and for
proposing numerical methods for evaluating reliability and maintenance policies. This
chapters provides an initial solution to this problem, inspired in these previous works,
and constitute the basis for the generalizations presented in following chapters.

4.2

Description of the deteriorating system and reliability

This section provides the general assumptions and definitions of the deteriorating system on which the Lévy deterioration models (presented in this chapter) and the NH
Lévy deterioration models (in chapter 5) are supported. Some of these assumptions
will be relaxed in chapter 6, section 6.2, to formulate the Generalized NH Lévy models.
In the rest of this thesis all stochastic processes and random quantities are defined
on a filtered probability space (Ω, F, F, P). Hence, the general assumptions of the
deteriorating system are:
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1. The condition of the deteriorating system is modeled as a 1 dimensional (1d), nonnegative, stochastic process V := {Vt }t≥0 , with deterministic initial condition V0
(i.e., when the system is new).
2. The system condition decreases over time due to accumulated degradation, according to a 1d stochastic process D := {Dt }t≥0 called the deterioration process,
with D0 = 0 almost surely (a.s.), and defined as:
Dt = V0 − Vt .

(4.1)

3. The system fails at the first time when the condition Vt falls bellow a predefined
(deterministic) threshold k ∗ (with 0 ≤ k ∗ < V0 ) that represents a safety or limit
state; or equivalently, at the first time when the deterioration Dt overpass the
deterministic threshold z = V0 − k ∗ .
4. No maintenance actions are performed, therefore, the sample paths of V are
monotone decreasing a.s., and the sample paths of D are monotone increasing
a.s..
As in section 2.3, the system lifetime L is the first passage time of the process V to
reach the threshold k ∗ . With z = V0 − k ∗ as the amount of deterioration necessary for
the system to fail since t = 0, the time-dependent reliability function, R(t, z), is given
by:
R(t, z) = P(L > t) = P(Vt > k ∗ ) = P(Dt ≤ z).

(4.2)

where it was applied the monotonicity of V (and D).
The other quantities of interest, e.g., the probability of failure by time t, Pf (t, z),
the density fD (z, t) of the deterioration Dt , the density f (t, z) of the lifetime L, and
the `-moments of the lifetime, E[L` ], can be obtained from equation 4.2 as was done in
section 2.5.2.

4.3

Basic notions of Lévy processes

This section presents the basic theory of Lévy processes taking values on Rd . Important
concepts explained in this section are: the characteristic function and characteristic
exponent of a Lévy process, the decomposition of a Lévy process, the Lévy measure,
and the Lévy - Kintchine formula. Furthermore, closed-form expressions for the mean
and ` central moments (` = 2, 3) of a Lévy process as functions of time t are provided.
For more details see (60), (61) and (62).

4.3.1

Definition of a Lévy process

Lévy processes are continuous-time stochastic processes with independent and stationary increments and with right-continuous sample paths having left limits. Formally, a
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Lévy process is defined as follows (62):
Given a filtered probability space (Ω, F, F, P), an adapted process X := {Xt }t≥0
with X0 = 0 a.s. is a Lévy process if:
1. X has increments independent of the past; that is, Xt − Xs is s-independent of
Fs , 0 ≤ s < t < ∞;
2. X has stationary increments; that is, Xt − Xs has the same distribution as Xt−s ,
0 ≤ s < t < ∞; and
3. X is continuous in probability; that is, limt→s P (Xt ∈ ·) = P (Xs ∈ ·).

4.3.2

Characteristic function and Characteristic exponent

Most of the results for Lévy processes and for the Lévy-based framework proposed in
this thesis are expressed in terms of the characteristic function and the characteristic
exponent of the Lévy process X.
The characteristic function φXt (ω) of the r.v. Xt is defined by the following transformation (63), in terms of the probability density P (Xt ∈ dx):
h
i Z
ihω,Xt i
φXt (ω) := E e
=

eihω,xi P (Xt ∈ dx),

(4.3)

Rd

√
where i = −1 is the imaginary unit, ω ∈ Rd is the transformed variable, and h·, ·i is the
inner product in Rd . Note that the characteristic function contains all the probabilistic
information of Xt . Some useful properties related to characteristic functions are:
1. The characteristic function φXt (ω) uniquely determines the probability distribution P(Xt ∈ ·) and viceversa. This is known as the inversion formula, which is
explained in section 4.7.1.
2. The characteristic function φXt (·) is uniformly continuous in Rd .
3. The characteristic function satisfies:
|φXt (ω)| ≤ 1,

for ω ∈ Rd

and φXt (0) = 1.

(4.4)

4. If a random variable Xt is given by a linear combination of two independent ran{1}
{2}
{1}
{2}
dom variables Xt and Xt , i.e., Xt = α1 Xt + α2 Xt , with α1 , α2 constants,
its characteristic function is given by:
φXt (ω) = φX {1} (α1 ω) φX {2} (α2 ω).
t
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t

(4.5)
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If X = {Xt }t≥0 is a Lévy process, the characteristic function of Xt has a special
form. Note that Xn = X1 +(X2 −X1 )+· · ·+(Xn −Xn−1 ) and the increments Xj −Xj−1
(j = 2, . . . , n) are independent between them and equally distributed to X1 . Hence,
the distribution of Xn is obtained by the n-th convolution of the distribution of X1 .
Its characteristic function can be expressed as (60):
φXn (ω) = (φX1 (ω))n .

(4.6)

In general, equation (4.6) holds for any t ≥ 0, i.e:
φXt (ω) = (φX1 (ω))t .

(4.7)

In fact, Xt can be divided in an infinite number of independent and identical distributed increments as well as X1 , which means that their distributions are infinite
divisible. In particular, the characteristic function φX1 (ω) of the infinitely divisible
r.v. X1 can be expressed as (60), (61):
φX1 (ω) = e−Ψ(ω) ,

(4.8)

where Ψ(·) is a function from Rd to C, and it is called the characteristic exponent of the
distribution P(X1 ∈ ·). Therefore, from equations (4.7) and (4.8), the characteristic
function of Xt has the form:
φXt (ω) = e−tΨ(ω) ,

(4.9)

The function Ψ(ω) is also known as the characteristic exponent of the Lévy process X.

4.3.3

The Lévy - Kintchine formula

The expression for the characteristic exponent Ψ(ω) of a Lévy process is given by the
Lévy - Kintchine formula (60):
1
Ψ(ω) = −ihω, γi + Q(ω) +
2

Z



ihω,xi

1−e

Rd



+ ihω, xi1|x|<1 Π(dx),

(4.10)

where γ is a vector in Rd ; Q(ω) is a quadratic form on Rd , which means that it can be
expressed as Q(ω) = hω, Aωi, with A a symmetric nonnegative-definite d × d matrix
(61); and Π is a measure on Rd − {0}, known as the Lévy measure, and satisfies:
Z
(1 ∧ |x|2 )Π(dx) < ∞,
(4.11)
Rd

Hence, a Lévy process X is uniquely determined by its characteristic triplet (γ, Q, Π).
An important property of the characteristic exponent Ψ(ω) of a Lévy process is
that:
Ψ(0) = 0,
(4.12)
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which can be deduced from equation (4.10) and the fact that Q(0) = h0, A0i = 0, or
from Property 3 in section 4.3.2 and equation (4.8), i.e., φXt (0) = e−Ψ(0) = 1, if only if
Ψ(0) = 0.

4.3.4

Decomposition of a Lévy process

From (4.10) it can be shown that a Lévy process is a superposition of three independent
processes (60), (61):
{1}

Xt = Xt

{2}

+ Xt

{3}

+ Xt

.

(4.13)

This formulation is known as the Lévy-Ito decomposition theorem and consists of three
{1}
parts. The first term is a deterministic (linear) process: Xt = γt. The second term
is a Gaussian process X {2} with zero mean, covariance matrix A, and having positive
and negative increments and continuous sample paths (e.g., a Brownian motion but in
multiple dimensions). The third part is a pure-jump process X {3} , determined by the
Lévy measure Π, and is equal to the jump process ∆X of X. The condition (4.11)
for the Lévy measure Π is necessary to guarantee that the jump process ∆Xt does not
diverge.

4.3.5

Interpretation and classification of the Lévy measure Π

In the proposed Lévy-based framework, the Lévy measure Π plays an important role.
An useful interpretation is as follows (10), (60): denote Nt (B) as the number of shocks
with sizes in a set B in Rd that occur until time t; note that Nt (B) is a random variable.
Therefore, the Lévy measure evaluated at the set B is equal to the expected value of
the number of jumps until time t = 1 with sizes in B:
Π(B) = E [N1 (B)] .

(4.14)

Due to the stationary property of Lévy processes, the expected number of shocks Nt (B)
until arbitrary time t is:
E [Nt (B)] = Π(B)t.

(4.15)

It is said that the Lévy measure is finite if the number of jumps occurring in the
time interval [0, 1] (or in any finite time interval) is finite; and infinite if it is not. In
the former case the jump process X {3} is a Compound Poisson Process (CPP).

4.3.6

Mean and central moments of a Lévy process

From the characteristic function φX (ω) of a random variable X its `-moments can be
obtained as follows (see, e.g., (64)):
(n)

E [X n ] = (−i)n φX (0),

34

(4.16)

4.4 Degradation modeling via Lévy processes

(n)

where φX (0) denotes the ` derivative of φX (ω) evaluated at ω = 0. Therefore, it is
possible to obtain expressions for the moments of the Lévy process X for each t ≥ 0,
by replacing equation (4.9) into (4.16):
E [Xtn ] = (−i)n

dn −tΨ(ω)
e
dω n

.

(4.17)

ω=0

Differentiating (4.17) for n = 1 and using Ψ(0) = 0 from (4.12), the mean of Xt
takes the form:
E[Xt ] = i e−tΨ(0) Ψ0 (0) t = i Ψ0 (0) t,

(4.18)

where Ψ0 (0) denotes the derivative of Ψ(ω) at ω = 0. In the same way, the `-central
moments µn (t) = E [(Xt − E(Xt ))n ] of Xt can be obtained from equation (4.17). The
expressions for n = 2, 3 are :
µ2 (t) = Ψ(2) (0) t
(3)

µ3 (t) = −iΨ

(0) t

(4.19)
(4.20)

It is clear from (4.18), (4.19) and (4.20) that the mean of Xt , its variance µ2 (t) and
third central moment µ3 (t) vary linearly with time. These results are important for
modeling degradation and are used in section 4.5 to compare different Lévy deterioration models.

4.4

Degradation modeling via Lévy processes

This section presents the Lévy-based framework for modeling deterioration as a Lévy
process. First, the basic assumptions are provided and discussed in terms of their
applicability; then, the mathematical formulation for the degradation mechanisms of
interest is developed.

4.4.1

Assumptions

The Lévy-based framework for modeling deterioration as a Lévy process is supported
on the following assumptions:
1. Deterioration is a 1-dimensional (1D) stochastic process X = {Xt }t≥0 , with X0 =
0 a.s., and with monotone increasing sample paths a.s..
2. The deterioration process X has independent increments.
3. The deterioration process X has stationary increments.
4. The mean of Xt is finite for all 0 ≤ t < ∞.
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5. Multiple sources of degradation (i.e., different shock and/or progressive processes)
act independently and its deterioration X is the sum of the constitutive deterioration processes.

The condition of monotone increasing sample paths in assumption (1) comes from
the assumption (4) in section 4.2 about no maintenance. Moreover, assumptions (1),
(2), and (3) allow modelling deterioration as a 1D increasing Lévy process, also known
as a subordinator (section 4.4.2); assumption (4) contains the physical requirement
that the deterioration process must be finite in any finite time; and assumption (5)
assures that deterioration from multiple sources is still a subordinator. In the rest of
this chapter a deterioration process D satisfying these assumptions is named a Lévy
deterioration process and is denoted as X to emphasis this fact.
Some of these assumptions have been applied in previous works. For instance, van
Noortwijk, et al. in (65), considers the case in which the only information available
about the system condition is the amount of degradation per unit time over a finite or
infinite time horizon. Therefore, there is no way to know how the cumulated degradation was reached. It follows that the deterioration increments are exchangeable, in
other words, it does not matter the order in which they appear. As a consequence,
the expected deterioration is linear in time. In fact, independence in the increments is
a special case of exchangeability. Hence, by assuming independence and stationarity
(i.e., a Lévy process) the exchangeability property can be modeled, as well as the linear
behavior of the expected deterioration with time (equation 4.18). Other examples are
provided by Iervolino et al. in (6) and (7). They showed that the independence in damage increments is satisfied in some structures by defining the kinematic ductility as an
index of the structure seismic capacity. In (6) the stationarity property holds by assuming earthquakes arrivals as a homogeneous Poisson process and the aging (progressive)
deterioration as a stationary gamma process. Both, shock-based and progressive deterioration processes are increasing and act independently on the structure. Chapter
6 applies the Lévy-based framework to a similar situation of a structure subject to a
mainshock/aftershocks deterioration and progressive deterioration.
Also, it is important to identify deterioration processes that do not satisfy some
of the assumptions. For instance, the stationarity property (3) is not achieved in agedependent processes, i.e., processes for which the probability law of deterioration in
a time interval depends not only on the length of the interval but also on the initial
time. This is the case of aftershock sequences after a mainshock, whose arrival rate is
nonlinear (i.e., non-stationary) (7). By relaxing the stationarity condition, the proposed
Lévy deterioration processes are generalized to Non-Homogeneous (NH) Lévy processes,
which will be addressed in chapter 5. Finally, state-dependent processes does not
satisfy the independence property (2). This is the case in which the probability law of
deterioration at time t depends explicitly on the system condition Vt at time t. For this
case the probabilistic description becomes very complex and only particular models can
be solved (66), (67).
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4.4.2

Increasing Lévy processes: Subordinators

Formally, subordinators are processes that take values in R+ := [0, ∞) with monotone
increasing sample paths (60). Therefore, the Gaussian (Brownian) component X {2} in
equation (4.13) must be zero; i.e., Q = 0. In addition, the Lévy measure Π has support
on R+ (i.e., the process has no negative jumps). Then:
Z
(1 ∧ x) Π(dx) < ∞,
(4.21)
(0,∞)

P
which is necessary for the sum of jumps s≤t ∆Xs to be finite. This condition also
implies that the Lévy measure density Π(dx) is o(1/|x|2 ) as x → 0. In addition, the
term ihω, xi1|x|<1 = iωx1|x|<1 in the integral in equation (4.10) can be integrated and
included as part of the deterministic term −ihω, γi = −iωγ thanks to the condition
(4.21). This defines the drift coefficient of the subordinator (or just the drift in (61))
as (60):
Z
v=γ−
x Π(dx),
(4.22)
(0,1)

that satisfies v ≥ 0. Thus, the characteristic exponent Ψ(ω) in (4.10) can be expressed
as:
Z
Ψ(ω) = −ivω +
(1 − eiωx ) Π(dx), ω ∈ R.
(4.23)
(0,∞)
{3}

In summary, a subordinator X has the general form Xt = vt + Xt , it is uniquely
determined by (v, Π) (with v ≥ 0 and Π with support on R+ ), and has characteristic
exponent given by the Lévy-Kintchine formula for subordinators, equation 4.23.
To show the versatility of the Lévy-based framework, the next sections present
how it can be used to describe the two main degradation mechanisms: shock-based and
progressive. Also a general formulation to construct models that describe the combined
effect of both degradation mechanisms is presented.

4.4.3

Shock-based Lévy deterioration: Compound Poisson Processes
(CPP)

Shock-based degradation is caused by discrete events in time that removes finite amounts
of the condition to the system (section 3.3). In the proposed Lévy-based framework
with Lévy deterioration, a subordinator S models a shock-based deterioration process
if the following conditions are satisfied:
1. The process X {1} is zero (equation 4.13), i.e., the drift term v = 0. Therefore, S
is a jump-process X {3} .
2. The Lévy measure ΠS of the process S has support on R+ and is finite.
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The second condition makes the process S a compound Poisson process (CPP) with
positive jumps (section 3.3.3) and can be written as:
{3}

St = Xt

=

X

∆Sτ =

τ ≤t

XNt
i=1

Yi ,

(4.24)

where Nt is the number of shocks until time t, which follows a Poisson process with rate
λ, and the sequence {Yi }i≥1 corresponds to the shock sizes (according to the definition
in section 3.3.3), which are iid with distribution H(·) supported on R+ . Therefore, the
Lévy measure is given by (10), (60):
ΠS (dx) = λH(dx).

(4.25)

Note that ΠS is finite because H(·) is a probability distribution (i.e., H(R+ ) = 1),
therefore, ΠS (R+ ) = λH(R+ ) = λ. Figure 4.1 plots the Lévy measure density ΠS (dx),
for a CPP with Poisson rate λ = 0.2 and shock sizes distributed exponential with rate
β = 1/20. Note that ΠS (dx) = λH(dx) = λh(x)dx with h(x) = βe−βx the density of
the exponential distribution.
0.03

Π(dx)
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Figure 4.1: Lévy measure density, ΠS (dx)/dx = λh(x), for a shock-based Lévy deterioration process with Poisson rate λ = 0.2 and shock sizes Yi ∼ exp(β = 1/20).

Therefore, the characteristic exponent ΨS of the subordinator S is given by:

Z
1−e

ΨS (ω) = λ

iωx



Z
H(dx) = λ

(0,∞)

H(dx) −
(0,∞)
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Z

iωx

e
(0,∞)

H(dx)

(4.26)
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The first integral is equal to H(R+ ) = 1 and the second integral corresponds to the
characteristic function φY (ω) of the shock sizes Yi (section 4.3.2). Then:
ΨS (ω) = λ (1 − φY (ω))

(4.27)

and therefore, the characteristic function of St becomes:
φSt (ω) = e−λt(1−φY (ω)) .

(4.28)

The mean and `-central moments (` = 2, 3) of St are given by equations 4.18, 4.19 and
4.20:
E[St ] = λ(−i)φ0Y (0) t = λ E[Y ] t
(`)

µ`,S (t) = λ(−i)` φY (0) t = λ E[Y ` ] t.

(4.29)
(4.30)

The last equalities in both equations come from equation 4.16. These corresponds to
Wald’s equation (68). Note that the mean, the second and the third central moments
increase linearly with time. Section 4.5 presents the evaluation and comparison of these
expressions for several Yi distributions. In particular, for the CPP model in figure 4.1
the mean is E[St ] = λt/β = 2t.

4.4.4

Progressive Lévy deterioration

The subordinator P for modeling progressive deterioration can be constructed as:
{1}

 A linear deterministic (LD) process Xt

= vt, with v > 0.

 A pure-jump process Z with infinite and positive Lévy measure, i.e., ΠZ (R) =
ΠZ (R+ ) = ∞.
 As the sum of both kind of processes, being independent between them;

thus,
Pt = vt + Zt ,

(4.31)

with the additional condition (4.21). Note that the term Zt in equation 4.31 describes
a pure-jump process with infinite number of small jumps in any finite time interval
(section 4.3.5). This property is adequate to model the ‘continuous’ removal of the
system condition in progressive degradation, as defined in section 3.2. Therefore, the
characteristic exponent ΨP of the progressive deterioration P is given by equation
(4.23):
ΨP (ω) = −ivω + ΨZ (ω),
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where,
Z
ΨZ (ω) :=

(1 − eiωx ) ΠZ (dx)

(4.33)

(0,∞)

is the characteristic exponent of the jump process Z. This integral cannot be split into
two terms (as in equation
4.27 for the CPP) due to the infinite value of both terms (in
R
particular, note that (0,∞)ΠZ (dx) = ∞). Therefore, the mean an `-central moments
(` = 2, 3) have the general form:
(`)

E[Pt ] = v t + i Ψ0Z (0) t

µ`,P (t) = −ΨZ (0)(−i)` t.

(4.34)

which clearly depend on the specific Lévy measure.
Examples of Lévy processes with infinite Lévy measure are the stationary gamma
process and the stationary inverse Gaussian process (section 3.4).
4.4.4.1

The stationary gamma process

Recall from section 3.4 that a gamma process Z defined as Z = Γ(Λ(t), β) has independent and non-negative increments, with Λ(t) > 0 the shape function and β > 0
the scale parameter. The particular case of a stationary gamma process has a shape
function linear with time, i.e., Λ(t) = λt, with λ > 0, which implies that it has stationary increments. Therefore, this process constitutes an increasing Lévy process or
subordinator. In this chapter this process is referred simply as GP but keep in mind
that it is the particular case of the general gamma process.
It can be shown (60) that the GP Γ(λt, β) is a pure-jump process with Lévy measure
density:
ΠZ (dx) = λx−1 e−βx dx.

(4.35)

Note that ΠZ is an infinite positive measure and satisfies the requirement (4.21) for
a subordinator. Figure 4.2 plots ΠZ (dx) for a stationary GP with shape function
λt = 0.2t and scale parameter β = 1/10. Compare this with the Lévy measure density
ΠS (dx) in figure 4.1 for the CPP model: although both models have the same mean
deterioration E[St ] = E[St ] = 2t (see equation 4.38 for the GP), it is clear that as x
approaches 0, the Lévy measure density for the GP tends to ∞, indicating the infinite
number of small jumps arriving at any time.
The characteristic exponent ΨZ (ω) and function φZt (ω) are given, respectively, by
evaluating equations (4.33) and (4.9):

ΨZ (ω) = Ψp (ω) = λ ln (1 − iω/β) ,
−λt

φZt (ω) = e−tΨZ (ω) = (1 − iω/β)
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Figure 4.2: Lévy measure densities, ΠZ (dx)/dx, for two progressive models: stationary
GP as Γ(0.2t, 1/10) and stationary IGP as IGP(2t, 1/10).

and the mean and `-central moments (` = 2, 3) are given by equations (4.18), (4.19)
and (4.20):
E[Zt ] = λ t/β,

µ`,Z (t) = (` − 1)!λ t/β ` .

(4.38)

Note that these expressions are proportional to t.

4.4.4.2

The stationary inverse Gaussian process

Recall from section 3.4 that an inverse Gaussian process Z defined as IGP(Λ(t), η)
has independent and non-negative increments, with mean function Λ(t) > 0 and scale
parameter η > 0. If the mean function is linear with time, Λ(t) = λt, the inverse Gaussian process is stationary and is an increasing Lévy process or subordinator, explicitly
a pure-jump subordinator. In this chapter it is referred as an IGP.
It can be shown (57), (58) that the Lévy measure of Z is given by:
r
ΠZ (dx) =

1
λ
2
e− 2 λη x dx.
3
2πx

(4.39)

Figure 4.2 plots the density ΠZ (dx) for the stationary IGP as IGP(2t, 1/10). Note the
infinity activity of the Lévy measure near x = 0, as with the stationary GP, which is
characteristic of a progressive Lévy deterioration process.
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The characteristic exponent and function of the IGP are given by:
hp
i
ΨZ (ω) = λ
η 2 − 2iηω − η ,
h√
i
−λt
η 2 −2iηω−η
φZ (ω) = e
,

(4.40)
(4.41)

and the moments of Zt by:
E[Zt ] = λ t,

µ2,Z (t) = λ t/η,

µ3,Z (t) = 3λ t/η 2 .

(4.42)

which vary linearly with t as with the GP.
4.4.4.3

A final comment about the Lévy measure of progressive deterioration models

As defined in section 4.4.4 what characterizes a progressive deterioration model is its
infinitely frequent jumps with small sizes, evidenced in the Lévy measure density approaching to infinity as the jump sizes x approach to 0 (figure 4.2). However, it is also
evident that jumps with large sizes can also happen. For instance, for the GP and IGP
models in figure 4.2 jump sizes between 5 and 20 are not negligible and contribute to
the process.
Therefore, for a Lévy process resembling more accurately a progressive deterioration, it might be convenient to define a cut-off size xc representing the limit of the so
called ‘small’-size of jumps, above which there are no jumps. Hence, only jump sizes
below xc are allowed, which can be obtained by making the Lévy measure equal to 0
for x > xc . Explicitly, if ΠZ is the Lévy measure of a stationary GP or IGP, define a
new process with Lévy measure Π̃Z given by:
Π̃Z (dx) = ΠZ (dx)1(0,xc ] ,

(4.43)

where 1A is the indicator function of the set A. This new process is clearly different to
a stationary GP or IGP. The complete development of this new process as a progressive
deterioration model is not explored in this thesis and is proposed as further work.

4.4.5

Multiple sources of deterioration with Lévy processes

This section applies the assumption (5) in section 4.4.1 to develop the model for several
sources of degradation. First, the combination of any two Lévy deterioration models
is formulated and then the model for combined degradation, i.e., the combination of
shock-based and progressive deterioration is developed.
4.4.5.1

General formulation

To start, suppose two deterioration processes affecting the system, described by the
subordinators X {1} and X {2} . The processes X {1} and X {2} can represent any shockbased or progressive deterioration models. To account for its combined effect by using
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the Lévy-based framework, both processes should be independent (assumption (5) in
section 4.4.1). Although this condition is not general and might not be satisfied in some
cases, it is a convenient approximation to the general problem (2), (4), (6). Hence, the
total deterioration Xt is obtained by the sum, which is also an increasing Lévy process:
{1}

Xt = Xt

{2}

+ Xt

.

(4.44)

By property (4) in section 4.3.2 and the expression 4.9, the characteristic function
of the total deterioration is given by the product of the characteristic functions of the
constitutive processes X {1} and X {2} . Namely,

φXt (ω) = φX {1} (ω) φX {2} (ω)
t

(4.45)

t

= e−tΨ1 (ω) e−tΨ2 (ω) = e−t(Ψ1 (ω)+Ψ2 (ω)) = e−tΨ(ω) .

(4.46)

The characteristic exponent of the total deterioration Xt , is given by the sum of the
characteristic exponents, Ψ1 (ω) and Ψ2 (ω), of the processes X {1} and X {2} :

Ψ(ω) = Ψ1 (ω) + Ψ2 (ω).

(4.47)

Furthermore, from equations 4.18, 4.19, and 4.20 the mean and `-central moments
(` = 2, 3) of Xt are given by the sum of the corresponding means and `-central moments
{1}
{2}
of Xt and Xt :
{1}

E[Xt ] = E[Xt

{2}

] + E[Xt

]

µ` (t) = µ`,X {1} (t) + µ`,X {2} (t).

(4.48)

Finally, it is easy to show that if X {1} and X {2} are constituted by jump processes
with Lévy measures Π1 and Π2 , respectively, the Lévy measure Π of X is given by their
sum:

Π(dx) = Π1 (dx) + Π2 (dx).
4.4.5.2

(4.49)

Combined degradation

The Lévy-framework for combined
PNt degradation is developed in this section. Suppose
a shock-based process St =
i=1 Yi with shock arrival rate λ (section 4.4.3) and a
progressive process Pt = vt + Zt (section 4.4.4). Recall that Yi is the ith shock size
with distribution H(·) (i = 1, 2, . . .) and characteristic function φY (ω); Zt is a jump
process representing the progressive random deterioration with infinite Lévy measure
ΠZ and characteristic exponent ΨZ (ω); and v is the linear deterministic drift. Hence,
the combined deterioration process K is given by:
Kt = St + Pt =

XNt
i=1
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Let ΨS (ω) and ΨP (ω) be the characteristic exponents of the processes S and P ,
respectively, which are given by equations 4.27 and 4.32. By assuming independence
between these two processes and by equation 4.47 the characteristic exponent ΨK (ω)
of the combined process K is given by:
ΨK (ω) = ΨS (ω) + ΨP (ω) = λ(1 − φY (ω)) + (−ivω + ΨZ (ω)).
The characteristic function φKt (ω) is given by the product of the characteristic functions:
φKt (ω) = e−λt(1−φY (ω)) eivtω−tΨZ (ω) ,

(4.51)

and the mean and `-central moments (` = 2, 3) of Kt are given by the sum of the
corresponding means and `-central moments for each mechanism:
E[Kt ] = E[St ] + E[Pt ] = λ E[Y ] t + vt + iΨ0Z (0) t
µ` (t) = µ`,S (t) + µ`,P (t) = λ E[Y ` ] t −

(`)
ΨZ (0)(−i)` t,

(4.52)
(4.53)

where equations 4.29, 4.30 and 4.34 have been applied.
Finally, by equation 4.49 the Lévy measure ΠK of the combined process K is given
by:
ΠK (dx) = ΠS (dx) + ΠP (dx) = λH(dx) + ΠZ (dx).

(4.54)

where ΠS and ΠZ are the Lévy measures of the shock-based and progressive processes,
respectively.
Tables 4.1 and 4.2 review the expressions for the characteristic exponent, mean,
and second and third central moment of deterioration of the Lévy deterioration models
presented in this section.

4.5

Comparison of models by the deterioration moments

This section provides further insight into Lévy deterioration processes by comparing
some of them in terms of their central deterioration moments, µ2 (t) and µ3 (t). In
general the expressions of these quantities are provided in table 4.2.
For shock-based (CPP) models S, these quantities require the expressions for the
mean, second and third moments of the shock sizes Yi (see table 4.2). These expressions are provided in Appendix A for several commonly used distributions for shock
sizes. In this section the following distributions were analyzed: Dirac delta δ(y) (with
mean y), Exponential exp(β) (rate β), Uniform U (y − a, y + a) (with mean y, and
a < y), Log-Normal LN (µ, σ), and Phase-type (PH) distribution with representation
P H(τ , T). Recently in (30), Riascos-Ochoa et al. have shown that PH distributions
offer a general and versatile alternative to model shock-based degradation because of
their matrix-analytic property and denseness in the set of positive distributions (45). In
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Table 4.1: Characteristic exponent ΨX (ω) for several Lévy deterioration models X.

Lévy Deterioration Model:
Xt

ΨX (ω)

Shock-based: St

ΨS (ω)
λt (1 − φY (ω))

CPP
Progressive: Pt

ΨP (ω)

Linear Deterministic: v t

−ivω

Pure Jump: Zt

ΨZ (ω)

GP: Γ(λt, β)

λt ln (1 − iω/β)
hp
i
λt
η 2 − 2iηω − η

IGP: IGP(λt, η)

−ivtω + ΨZ (ω)

General: v t + Zt
Combined: Kt

ΨK (ω)
ΨS (ω) − ivω + ΨZ (ω)

General: St + v t + Zt
Multiple sources of deterioration: Xt
{1}

Xt

ΨX (ω)

{n}

ΨX {1} (ω) + . . . + ΨX {n} (ω)

+ . . . + Xt

the proposed Lévy-based framework this distribution is easily accommodated because
the characteristic function and moments have closed-form expressions (see Appendix
A). In all the shock-based models the shock arrival (Poisson) rate is λ.
The progressive deterioration processes studied are: Linear deterministic (LD) with
drift v, and the stationary gamma process (GP) as Z = Γ(λg t, βg ). The combined
degradation models are: the LD model combined with each CPP model and the GP
combined with each CPP.
The parameters of the different Lévy models are defined in order to have the same
mean deterioration E[Xt ]. This allows to compare different deterioration processes with
identical trends by their second and third central moments. For the CPP models it is
defined the same mean y = E[Y ] for all the Yi distributions considered; hence, E[St ] =
λty. For the GP model Z, the rate λg and scale parameter βg are defined such that
the mean deterioration equals that of the CPP models: E[Zt ] = λg t/βg = λty = E[St ].
The same applies for the LD model, therefore, the drift is defined as v = λy. With
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Table 4.2: Mean E[Xt ] and ` central moments µ`,X (t) (` = 2, 3) for several Lévy deterioration models X

Lévy
Deterioration
Model: Xt

E[Xt ]

µ`,X (t)

Shock-based: St

E[St ]

µ`,S (t)

λt E[Y ]

λt E[Y ` ]

E[Pt ]

µ`,P (t)

vt

0

Pure Jump: Zt

E[Zt ]

µ`,Z (t)

GP: Γ(λt, β)

λt
β

(` − 1) βλt`

IGP: IGP(λt, η)

λt

`! 2ηλt
`−1

v t + E[Zt ]

µ`,Z (t)

E[Kt ]

µ`,K (t)

E[St ] + v t + E[Zt ]

µ`,S (t) + µ`,Z (t)

E[Xt ]

µ`,X (t)

CPP
Progressive: Pt
Linear Deterministic: v t

General: v t + Zt
Combined: Kt
General: St + v t + Zt
Multiple sources of deterioration: Xt
{1}

Xt

{n}

+ . . . + Xt

{1}

E[Xt

{n}

] + . . . + E[Xt

]

µ`,X {1} (t)+· · ·+µ`,X {n} (t)

these definitions the mean deterioration is equal for all the models: E[Xt ] = λty.
Since the second and third-central moments are proportional to time, the quantities
µ2 (t)/t and µ3 (t)/t are constants that represent the increasing rates of the moments
with time. By plotting these rates for each Lévy deterioration model as ordered pairs
(µ2 (t)/t, µ3 (t)/t) in a plane, it is possible to visualize them and identify the feasible
moments for each model (figure 4.3). From table 4.2 and the tables from Appendix A,
it is clear that a natural dimension for the rate µ2 (t)/t is λy 2 in all the models, and for
µ3 (t)/t it is λy 3 . These are the dimensions used for plotting the rates in figure 4.3.
Now, the accessible region for the central moments of the CPP models in figure
4.3 depends on the particular Yi -distribution and the feasible values of E[Y 2 ] and
E[Y 3 ]. It can be demonstrated (69) that these values satisfy E[Y 3 ] ≥ E[Y 2 ]2 /E[Y ]
and E[Y 2 ] > E[Y ]2 for nondegenerate distributions with support on [0, ∞) and finite
moments. This defines the shadowed region at right in figure 4.3 which represents
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the accessible region of moments for any CPP model with shock sizes Yi with positive
support. Moreover, as the set of PH distributions is dense in this set of positive distributions (see e.g., (30), (45)), the shadowed region is also feasible for the CPP model
with Yi distributed PH (denoted as CPP-PH). The degenerate cases lie on the vertical
line µ2 (t)/t = λE[Y ]2 = λy 2 , with Yi ∼ δ(y) (CPP-Delta) as the dot in the lower limit
of the region. The nondegenerate case CPP with Yi distributed Exponential (CPPExp) is the interior point with coordinates (2λy 2 , 6λy 3 ). Note that the cases CPP
with Yi distributed Uniform (CPP-Unif) and Log-Normal (CPP-LN) are 1-dimensional
curves because both distributions have two parameters, one of which fixes the mean y,
and the other determines different second and third moments (the parameter a in the
Uniform distribution and σ (or equivalently cov(Y )) in the Log-Normal). Finally, the
progressive model LD is the point at the origin, and the GP model follows the cuadratic
curve in figure 4.3.

Combined Degradation

8λ y3

Shocks-based
(CPP-PH)

7c y3

+C

PP

PP-PH

LN
PCP

N

CP
P

2λ y3
c y3

-L

LD

3c y3

+C

4λ y3

GP + C

PP

-PH

5c y3

-E
xp

6λ y3

CPP-Exp

if

GP

Un
P-

LD

CP

CPP-Delta

λ y2

2λ y2

3λ y2

Figure 4.3: Feasible second and third central moments (in terms of their temporal rates
µ2 (t)/t and µ3 (t)/t) for several Lévy deterioration models in tables 1 and 2, and mixed
Lévy models (section 4.6.1) with common mean deterioration E[Xt ] = λyt. The axis are
in natural units of λy 2 and λy 3 , with λ the Poisson rate of the shock arrivals in the CPP’s
models, and y the mean shock size.
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4.6

Mixed Lévy models and application to data fitting

This section proposes a method to define new Lévy deterioration models from the
basic models of section 4.5. The result is that the region of feasible moments of these
mixed Lévy models can be increased which provides greater flexibility for modeling
deterioration. Moreover, based on these mixed Lévy models, a method for fitting Lévy
models to deterioration data is proposed.

4.6.1

Mixed Lévy models

Set n independent Lévy deterioration processes X {j} , j = 1, . . . , n, with closed-form
expressions for their characteristic exponents, Ψj (ω). A new Lévy model X can be
defined with characteristic exponent Ψ(ω) as a linear combination of the characteristic
exponents of the models X {j} . Explicitly,
Ψ(ω) =

n
X

αj Ψj (ω),

(4.55)

j=1

where αj ≥ 0, j = 1, . . . , n, are called the superposition coefficients. Name the process
X such defined a mixed Lévy deterioration model. It is clear that the Lévy process
from two sources of deterioration, defined in section 4.4.5 as the sum of two Lévy
deterioration models, i.e., X {1} + X {2} , is a particular case of a mixed Lévy model
with, superposition coefficients α1 = α2 = 1.
Now, the mean and `-central moments (` = 2, 3) are given by the linear combination
of the corresponding means and `-central moments of the constitutive processes:
E[Xt ] =

n
X

{j}

αj E[Xt ]

µ` (t) =

j=1

n
X

αj µ`,X {j} (t),

(4.56)

j=1

which implies that different values of these quantities can be obtained by varying the
superposition coefficients αj . Therefore, the region of feasible moments of the basic
Lévy deterioration models in section 4.5 can be increased by defining mixed Lévy
models with different superposition coefficients.
To illustrate, consider the mixture X of any two processes X {1} and X {2} studied in
section 4.5 whose moments are plotted in figure 4.3. Suppose that both processes have
{1}
{2}
same mean: E[Xt ] = E[Xt ] = At. The interest is to define mixed Lévy processes
Xt with that same mean E[Xt ] = At. Hence, the superposition coefficients must satisfy:
α1 + α2 = 1,

(4.57)

as it is clear from equations (4.56). Hence, the expressions 4.55 and 4.56 for the
characteristic exponent Ψ(ω) and the second and third central moments of Xt , µ2 (t)
and µ3 (t), are obtained by the convex mixture of the corresponding expressions of the
{1}
{2}
original processes Xt and Xt .
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In figure 4.3 some mixed processes are represented as straight dashed lines joining
the corresponding points of the original processes. Explicitly, figure 4.3 shows the
mixture of two CPP models: CPP-LN and CPP-Exp; the mixtures of the progressive
model GP with the CPP-Delta and CPP-PH; and the mixture of the LD with the
CPP-PH. As shown in figure 4.3 the mixed Lévy models extend the region of feasible
moments to include the shadowed region at left, obtained by the convex hull of the
points representing the basic Lévy model.

4.6.2

Data fitting with mixed Lévy models

The flexibility of the mixed Lévy models can be helpful as an approach for fitting Lévy
deterioration models to deterioration data. In most of the cases there is no knowledge
of the explicit deterioration processes affecting the system, due to lack of information
about the physics of the phenomena, the external conditions, or the system itself, or
because the combination of all of these factors. Instead, deterioration data at several
times may be available. The idea is then to define mixed Lévy models that approximate
the actual deterioration by fitting its moments with equations (4.56). It is important
to say that the applicability of this method depends on the linear behavior of the mean
and second and third central moments of the deterioration data with time, in order to
approximate the actual deterioration to a Lévy deterioration model.
An initial proposal consists on the following steps:
1. Select n basic Lévy deterioration models X {j} (e.g., from tables 1 and 2), with
mean and second central moment (variance) rates equal to the sample mean and
variance rates of the deterioration data, i.e., A = E[Xt ]/t and B = µ2 (t)/t. The
central moments µj3 (t) of the Lévy models X {j} may differ.
2. Define a mixed Lévy model X from the models X {j} , with positive superposition
coefficients αj (equation 4.55).
3. Find the superposition coefficients αj that minimize the absolute error of the
P
third central moment rate nj=1 αj µj3 (t)/t with respect to the sample third central
moment rate C = µ3 (t)/t. Explicitly,
minimize
α1 ,...,αn

subject to

Xn
j=1
Xn
j=1

αj ≥ 0,

αj µj3 (t)/t − µ3 (t)/t

αj = 1

(4.58)

j = 1, . . . , n.

Applications and extensions of this fitting method are proposed as future work of
this thesis and can be found in future papers from the author (70).
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4.7

Reliability analysis in the Lévy-based framework

This section presents the methodology to compute the reliability quantities (reliability function, lifetime density and its moments) and sample paths in the Lévy-based
framework. The methodology comprises analytical expressions, numerical methods and
algorithms for that purpose. This methodology constitutes the basis for the reliability
estimation in all the models presented in this thesis: the Lévy deterioration models
in this chapter, and the NH Lévy and Generalized NH Lévy deterioration models in
following chapters.

4.7.1

Inversion formula

Denote D = {Dt }t≥0 a deterioration process. In order to derive the probability distribution P(Dt ∈ ·) of such process, and other key reliability quantities it is necessary to
invert equation 4.3 to obtain P(Dt ∈ ·) from the characteristic function φDt (ω) of Dt .
Following (64), for the random variable Dt :

P(Dt ∈ (a, z)) +

1
1
[P(Dt = a) + P(Dt = z)] =
2
2πi

Z

∞

−∞

e−iωa − e−iωz
φDt (ω)dω,
ω
(4.59)

with a < z:
In cases like the CPP with shock sizes following discrete distributions, the distribution P(Dt ∈ ·) is discontinuous in the points (atoms) of the distribution. In the rest of
values the distribution is continuous. If a and z are not atoms, P(Dt = a) = P(Dt =
z) = 0, and P(Dt ∈ (a, z)) = P(Dt ∈ (a, z]), then:
P(Dt ∈ (a, z]) =

1
2πi

Z

∞

e−iωa − e−iωz
φDt (ω)dω.
ω

−∞

(4.60)

From this expression the cumulative distribution function P(Dt ≤ z) = P(Dt ∈
(−∞, z]) can be obtained (71):
Z

1
1
P(Dt ≤ z) = −
2 2πi

∞

−∞

e−iωz
φDt (ω)dω,
ω

(4.61)

which will be referred in this thesis as the inversion formula for the distribution P(Dt ≤
z).

4.7.2

Expressions for the reliability quantities

The last equation corresponds to the reliability function R(t, z) in equation 4.2 with
z = V0 − k ∗ ; explicitly:
R(t, z) =

1
1
−
2 2πi

Z

∞

−∞
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e−iωz
φDt (ω)dω.
ω

(4.62)
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The other reliability quantities, e.g., the probability of failure by time t, Pf (t, z),
density fD (z, t) of the deterioration, and density fL (t, z) of the lifetime L, are obtained
by replacing into the corresponding equations 2.8, 2.9 and 2.10:
∞

e−iωz
φDt (ω)dω
ω
−∞
Z ∞ −iωz

e
1 ∂
∂
R(t, z) = −
φDt (ω)dω
fD (z, t) =
∂z
2πi ∂z
ω
−∞
Z ∞
1
e−iωz φDt (ω)dω
=
2πi −∞
Z ∞ −iωz

∂
1 ∂
e
fL (t, z) = − R(t, z) =
φDt (ω)dω
∂t
2πi ∂t −∞ ω

Z ∞ −iωz 
e
∂
1
φD (ω) dω,
=
2πi −∞ ω
∂t t
1
1
Pf (t, z) = +
2 2πi

Z

(4.63)

(4.64)

(4.65)

To interchange the derivatives and integrals in equations 4.64 and 4.65, the continuity
of the integrand with z in 4.64, and the continuity of φDt (ω) and its partial derivative
∂
∂t φDt (ω) with respect to t in a vicinity of t in 4.65 were applied, (72). This is satisfied
in all the Lévy deterioration models in this chapter and the NH Lévy deterioration
models in chapter 5 for all t, and for the Generalized NH Lévy models in chapter 6 for
an appropriate choice of the time interval.

4.7.3

Numerical solution

The expressions 4.62, 4.63, 4.64, and 4.65 are evaluated numerically by approximating
the improper integrals. The proposed method consists in the discretization and truncation of these integrals to approximate them by finite sums (73). In the literature there
are several rules of discretization out of which simpler ones such as the trapezoidal rule
(74), (75), (73), (76) have shown to be accurate and efficient. Therefore, the expression
for the reliability function 4.62 can be approximated by (74):

R(t, z) ≈ R(t, z; h) :=

∞
1
1 X e−iz(m−1/2)h
−
φDt ((m − 1/2)h),
2 2πi m=−∞ (m − 1/2)

(4.66)

where h > 0 is the discretization step size. It is necessary to truncate the infinite sum
in 4.67 at a maximum/minimum index ±M ; then:

R(t, z) ≈ R(t, z; h, M ) :=

M
1
1 X e−iz(m−1/2)h
−
φDt ((m − 1/2)h).
2 2πi
(m − 1/2)
m=−M
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The same rules are applied for Pf (t, z), fD (z, t), and fL (t, z) in equations 4.63, 4.64,
and 4.65:
Pf (t, z) ≈ Pf (t, z; h, M ) :=

M
1
1 X e−iz(m−1/2)h
+
φDt ((m − 1/2)h)
2 2πi
(m − 1/2)

(4.68)

m=−M

fD (z, t) ≈ fD (z, t; h, M ) :=

1
2πi

M
X

e−iz(m−1/2)h φDt ((m − 1/2)h)

(4.69)

m=−M



M
1 X e−iz(m−1/2)h ∂
φD ((m − 1/2)h) . (4.70)
fL (t, z) ≈ fL (t, z; h, M ) := −
2πi
(m − 1/2)
∂t t
m=−M

Note that expressions 4.67, 4.68, 4.69, and 4.70 are relatively easy to evaluate. They
just involve sums of 2M + 1 terms, each one depending on the characteristic exponent
Ψ(ω). The computations involve arithmetic operations with complex numbers, which
can be efficiently implemented in software like MATLAB®. Clearly, the computations
require the discretization step size h and the truncation level h. Following sections
deduce formulas for them which make the computation of the reliability quantities by
4.67, 4.68, 4.69, and 4.70 efficient and accurate. The analysis is done first for the Lévy
deterioration models, and in subsequent chapters for the other models.

4.7.4

Criteria for Lévy deterioration processes

The following are the rules for adequately select the discretization step size h and
truncation level M for the numerical approximations 4.67, 4.68, 4.69, and 4.70, for a
deterioration process D as a Lévy deterioration process X.
Selecting the discretization step size h
The discretization step size must be chosen in order to capture the main changes
of the integrands in 4.62, 4.63, 4.64, and 4.65. Note that all exhibit an oscillatory
behavior, due to the term e−iωz . In some cases the characteristic function φXt (ω) has
also that behavior.
This can be observed by writing the characteristic exponent Ψ(ω) of X in terms of
its Taylor expansion. This gives, for φXt (ω),
φXt (ω) = e−tΨ(ω)
 

1 (2)
1 (3)
2
3
= exp −t Ψ(0) + Ψ(0)ω + Ψ (0)ω + Ψ (0)ω + · · ·
2
6


µ2 (t) 2
µ3 (t) 3
= exp iE[Xt ]ω −
ω −i
ω + ··· ,
2
6

(4.71)

where it was used Ψ(0) = 0 and expressions 4.18, 4.19, and 4.20 for the mean and
central moments of Xt .
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It is clear that the characteristic function has a main component in frequency given
by E[Xt ]/2π. Hence, the main frequency for the integrand in (4.62) is (E[Xt ] + z)/2π.
Therefore, the discretization step size h is taken as a fraction of the associated period
of the main frequency, that is:
h = h(z, t; r) = r

2π
2π
=r
,
z + E[Xt ]
z + tΨ0 (0)i

(4.72)

with 0 < r < 1, which can be decreased or increased in order to have a better accuracy
or efficiency, respectively. Good results are obtained with r = 1/20 in the numerical
examples in section 4.8.
Note that the formula 4.72 depends on the time t and the deterioration level z where
the reliability quantities are computed. Note also that the dependence on t comes from
the mean deterioration at t: E[Xt ] = tΨ0 (0)i. Recall that expressions of this quantity
can be found in table 4.2 for several Lévy deterioration models. Finally, the formula
4.72 for h is applied for all the numerical approximations R(t, z; h, M ), Pf (t, z; h, M ),
fD (z, t; h, M ), and fL (t, z; h, M ) in 4.67, 4.68, 4.69, and 4.70.
Selecting the truncation level M
Note that the general form of the terms in the summations in 4.67, 4.68, 4.69, and
gm (z,t)
4.70 is (m−1/2)
. In all the expressions |gm (z, t)| is bounded by 1, hence, the terms
decrease at least at a rate 1/m. The numerical experiments in this chapter show that
good approximations are obtained with (see section 4.9):
M ≈ 104

(4.73)

In chapter 5 a deeper analysis of the truncation level is done for the general case of
a Non-Homogeneous Lévy deterioration process.

4.7.5

Numerical computation of the moments of lifetime

The moments E[Ln ] of the lifetime L can be approximated by numerically integrating
equation (2.11). The procedure consists of two steps:
1. Define a time increment ∆t > 0 and the set of times t1 , t2 , ..., tN with ti = ti−1 +∆t
and t0 = 0 at which the density fL (t, z) of the lifetime is evaluated by using the
approximation f (t, z; h, M ) from equation (4.70). The final time tN and the
increment ∆t are set in order to have the trapezoidal approximation
Z ∞
tn − t0
fL (t, z)dt ≈ Fz (∆t, tN ) :=
[fL (t0 , z) + 2fL (t1 , z) + 2fL (t2 , z) + · · ·
2N
0
+ 2fL (tN −1 , z) + fL (tN , z)]
(4.74)
close to 1 with an absolute error |1 − Fz (∆t, tN )| less than a predefined error .
The examples in section 4.9 show good results with  = 10−4 .
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2. Approximate the moments E[Ln ] by applying the trapezoidal rule to the integral
(2.11):
E[Ln ] ≈

tN − t0 n
[t0 fL (t0 , z) + 2tn1 fL (t1 , z) + 2tn2 fL (t2 , z) + · · ·
2N
+ 2tnN −1 fL (tN −1 , z) + tnN fL (tN , z)].

(4.75)

This procedure is applied for all the deterioration models proposed in this thesis:
Lévy, NH Lévy, and Generalized NH Lévy.

4.7.6

Construction of sample paths by using simulation

Sample paths of different Lévy deterioration processes can be simulated from its probability distribution P(Xt ∈ ·) using, for example, the increment-sampling method described in (32). Thus, considering that Lévy processes have independent and identically
distributed increments (iid ), the procedure consists of three steps:
1. Define a time increment ∆t > 0 and the set of times t1 , t2 , ..., tn with ti = ti−1 +∆t
and t0 = 0 at which damage increments X̂i = (Xti − Xti−1 ) will be evaluated.
Note that each X̂i is iid to Xt1 − Xt0 = Xt1 = X∆t .
2. The cumulative distribution function (CDF) of X∆t , given by P(X∆t ≤ x) =
R(∆t, x), is numerically computed with equation (4.67) for fixed t = ∆t and
several values of x.
3. An inverse transform sampling is applied to generate the n random increments X̂i
from the CDF. The sample path is constructed as a series of successive increments
X̂i occurring at times ti .

4.8

Illustrative examples: sample paths

This section shows simulated sample paths of several Lévy deterioration models, explicitly, various shock-based, progressive (GP) and combined deterioration processes. This
is done using the method described in section 4.7.6 with a time increment ∆t = 0.1;
the truncation level in equations 4.67 and 4.70 is M = 104 ; and the discretization
h = h(z, t; r) is taken as described in equation 4.72 with r = 1/20.

4.8.1

Example 1: progressive degradation

Consider two systems subjected to progressive deterioration as gamma processes given
by Z {1} = Γ(t, 1/2) and Z {2} = Γ(0.2t, 1/10), respectively. Note that, according to the
{1}
{2}
expressions in table 4.2, the mean deterioration for both models is E[Zt ] = E[Zt ] =
2t.
The sample paths of both processes are shown in figure 4.4. The mean of the deterioration process is indicated with a dashed line and, as expected, in both cases the
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sample paths are distributed around it. Note that they have sections of ’continuous’ increasing deterioration (the small-jumps contribution in the Lévy measure) and sections
with visible jumps (the big-jumps contribution in the Lévy measure).
(b)
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Figure 4.4: Sample paths of progressive deterioration models described by gamma processes: (a) Process Z {1} = Γ(t, 1/2) and (b) Process Z {2} = Γ(0.2t, 1/10). The mean
{1}
{1}
deterioration in both models is E[Zt ] = E[Zt ] = 2t.

4.8.2

Example 2: shock-based degradation

This example shows several realizations of two shock-based models: 1) CPP-Delta S {1}
with shock sizes Yi ∼ δ(y = 10), and 2) CPP-Exp S {2} with Yi ∼ exp(β) and rate
β = 1/10. In both cases the rate of shocks occurrence is λ = 0.2. As in the previous
{1}
{2}
example both models have the same mean deterioration E[St ] = E[St ] = 2t.
The sample paths are shown in figure 4.5. It can be observed that while the CPPDelta model has always shocks with identical sizes, i.e., y = 10, shocks in the CPP-Exp
model have different sizes. As expected, in both cases the sample paths are distributed
around the dashed line that represents the mean. Note that the dispersion around
the mean is greater for the CPP-Exp model, which is explained from the fact that its
second central moment, µ2 (t) = 2ωty 2 = 40t, is larger than the one for the CPP-Delta
model, µ2 (t) = ωty 2 = 20t (see Appendix A and figure 4.3).

4.8.3

Example 3: combined degradation

This last example depicts several sample paths of two combined deterioration processes.
The first process K {1} is a combination of a CPP model with shock sizes distributed
uniformly between 8 and 12 (i.e., mean E[Y ] = y = 10 and a = 2 in Appendix A)
and a linear deterministic (LD) model with drift v = 2. The second process K {2}
is constituted by a progressive degradation given by the GP Z {1} = Γ(t, 1/2) from
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Figure 4.5: Sample paths for: (a) CPP-Delta model S {1} with shock sizes Yi ∼ δ(y = 10),
and (b) CPP-Exp model S {2} with Yi ∼ exp(β = 1/10). The Poisson rate is λ = 0.2.

Example 1 and the CPP-Exp model S {2} presented in Example 2. The Poisson rate
for the CPP models is λ = 0.2.
Several realizations of K {1} and K {2} are shown in figure 4.6. It is clear that
the sample paths are composed by sections of progressive (graceful) deterioration and
jumps due to the shock deterioration. For K {1} the linear behavior of the progressive
contribution is adequately reproduced. For K {2} the progressive part is more random
due to the nature of the gamma process. Finally, note that for both processes the mean
{1}
{2}
deterioration is E[Kt ] = E[Kt ] = 4t, represented by the dashed lines around which
the sample paths are distributed.
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Figure 4.6: Sample paths for two combined degradation models: (a) K {1} as a linear
deterministic model (with drift v = 2) plus a CPP model with Yi ∼ U (10 − 2, 10 + 2), and
(b) K {2} as a GP Γ(t, 1/2) plus a CPP model with Yi ∼ Exp(β = 1/10). The Poisson rate
is λ = 0.2.
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4.9

Illustrative examples: Lifetime density, moments and
validation

This section shows a validation of the numerical methods proposed in section 4.7 by
comparing the calculated densities of the lifetime L and its moments E[Ln ] with available expressions for particular cases. The equations applied are 4.70 and 4.75. In all
the numerical experiments the truncation level in equations 4.67 and 4.70 is M = 104 ,
and the discretization step size h = h(z, t; r) given by the formula 4.72 with r = 1/20.
Consider first a system that deteriorates with failure threshold z = 99 (in units of
deterioration) with the following Lévy deterioration models X:
1. CPP-Delta: A CPP model with shock sizes Yi ∼ δ(y = 20).
2. CPP-Exp: A CPP model with Yi ∼ exp(β = 1/20).
3. CPP-U: A CPP model with Yi ∼ U (a = 0, b = 40).
4. CPP-LN: A CPP model with Yi ∼ LN (µ, σ) with parameters such that the mean
of shock sizes is E[Y ] = 20 and coefficient of variation cov(Y ) = 2.
5. GP: Given by Γ(0.1t, 1/20).

The rate of each CPP model is λ = 0.1. Table 4.3 shows the characteristic exponents,
means and second central moments of deterioration for these models, deduced from
Appendix A and section 4.4.4.1 for the GP. Note that the mean deterioration for all
the models is E[Xt ] = 2t.
Figure 4.7(a) sketches f (t, x) and table 4.4 shows the lifetime moments E[L` ] (` =
1, 2, 3) for the models selected. The time increment is ∆t = 1, with different values of
the final time tN , with their corresponding error |1 − Fx (∆t, tN )| (section 4.7.5). First
to note, although the mean deterioration in all the models is the same, i.e. E[Xt ] = 2t,
the lifetime distribution and their moments vary. The reason is that the variances
of the deterioration µ2 (t) for each process are different, as can be seen in table 4.3:
µ2 (t) = 40t, (160/3)t, 80t, 120t for the CPP-Delta (and GP model), CPP-U, CPP-Exp,
and CPP-LN, respectively. Note in figure 4.7(a) and table 4.4 that the processes follow
this same order according to the mean E[L] or variance E[L2 ] of the lifetime L. In
conclusion, the processes with greater variances produce greater means and variances in
their lifetime.
In addition, the results for the GP model, the CPP-Delta and the CPP-Exp models
were compared with available expressions for the lifetime density (see (32) for the GP
model):
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Table 4.3: Lévy deterioration models X from the example in section 4.9, with their
characteristic exponents, mean and second central moments. The Poisson rate for the
CPP models is λ = 0.1

Lévy Model

Parameters

ΨX (ω)

E [Xt ]

µ2,X (t)

y = 20


λ 1 − eiωy

λyt = 2t

λy 2 t = 40t

CPP-Delta:
Yi ∼ δ(y)
CPP-Exp:


λ 1−

β = 1/20

1
1−iω/β



λ
t
β

λ β22 t = 80t

= 2t

Yi ∼ exp(β)
CPP-U:

y = 20

Yi ∼ U (y−a, y+a)

a = 20

CPP-LN:
Yi ∼ LN (µ, σ)
GP:
Γ(λt, β)


λ 1−

eiω(y+a) −eiω(y−a)
iω2a

y = 20
cov(Y ) = 2


λ 1 − φLN
Y (ω)

λ = 0.1
β = 1/20

λ ln(1 − iω/β)



a2
)t
3

λyt = 2t

λ(y 2 +

λyt = 2t

λy 2 cov(Y )2 + 1
= 120 t

λ
t
β

λ
t
β2

= 2t

=

160
t
3



= 40t

Table 4.4: Numerically computed moments of the lifetime L with the method in section
4.7.5. The percentage errors for the GP, CPP-Delta and CPP-Exp take as reference the
values obtained from the theoretical expressions (4.76).

Lévy model

GP

CPP-Delta

CPP-U

CPP-Exp

CPP-LN

Time increment: ∆t
Final time: tN

1.0
300

1.0
300

1.0
400

1.0
400

1.0
500

Error  = |1 − Fx (∆t, tN )|
of the trapezoidal approximation
Fx (∆t, tN ) in (4.74)

10−6

10−6

10−5

10−4

10−5

E[L]
% Error E[L]

54.99
10−6 %

49.99
10−3 %

59.16
—-

59.50
10−4 %

74.75
—

E[L2 ]
%Error E[L2 ]

3517
10−6 %

3000
10−3 %

3903
—-

4630
10−5 %

7421
—-

E[L3 ]
%Error E[L3 ]

252490
10−6 %

299980
10−3 %

321940
—-

436910
10−4 %

906330
—-

f

GP

λg
(t, x) =
Γ(λg t)

Z

∞



log(x) − Γ0 (λg t)/Γ(λg t) xλg t−1 e−x dx,

xβg
∞
X

"
f

Exp

(t, x) = −λe

f δ (t, x) = λe−λt

−λt

k=1
bx/yc
(λt)

bx/yc!

,

γ(k, βx) (λt)k
(k − 1)! k!
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#

k
−1 −1 ,
λt
(4.76)

4.9 Illustrative examples: Lifetime density, moments and validation

Figure 4.7: Densities fL (t, z) of the lifetime L of a system with threshold level z = 99 for
several Lévy deterioration models: (a) each CPP and the GP in table 4.3. (b) Combined
degradation: the GP with each CPP. The CPP Poisson rate is λ = 0.1 in all cases.

with b·c the integer part function, Γ(x) the Gamma function and γ(k, βx) the lower
incomplete gamma function. The plots obtained for the GP, CPP-Delta and CPP-
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4. BASICS OF THE LÉVY-BASED FRAMEWORK: DETERIORATION
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Exp models in figure 4.7(a) match exactly with those obtained from the expressions
4.76. Furthermore, table 4.4 shows errors around 10−3 % or less for the lifetime moments E[Ln ] (n = 1, 2, 3) compared with the values computed from expressions 4.76.
This demonstrates the accuracy of the proposed numerical methods for the reliability
estimation of Lévy degradation models.
Finally, figure 4.7(b) shows the densities for the combined cases; thus each CPP
model is combined with the progressive gamma degradation Γ(λg = 0.1, βg = 1/20).
It can be observed that the combined models lead to smaller failure times, which is
expected since two sources of degradation are added.

4.10

Conclusion

This chapter introduced the basics of the Lévy-based framework, with respect to the
reliability estimation of systems with multiple sources of degradation. The chapter
focused on the case of deterioration as a Lévy processes. Specifically:
 The basic concepts and elements of Lévy processes were introduced in section 4.3.
 The modeling assumptions of the Lévy framework with Lévy deterioration were
clearly stated in sections 4.2 and 4.4.1.
 Conditions for a Lévy process to model any of the degradation mechanisms (shockbased, progressive and combined) were provided through the Lévy measure (finite
or infinite) and the presence of the deterministic drift v, and to model multiple
sources of degradation (section 4.4).
 Particular cases of the proposed Lévy deterioration model are: the CPP, the lineal
deterministic process, the stationary GP, and the stationary IGP. The framework
not only include these cases, but allows the combination of any of these models.
 The method of mixed Lévy models provided a means to define new Lévy degradation models from the basic ones, resulting in greater flexibility in modeling
moments of deterioration. The method can be a starting point to propose a
statistical method to fit Lévy processes to deterioration data (sections 4.5 and
4.6.1).
 An analytical and numerical methodology was proposed to evaluate important
reliability quantities (e.g, the reliability function, lifetime density and its moments), and for sample paths simulation, for general Lévy deterioration processes
4.7. This is based in the inversion formula 4.61, and numerical approximations
of discretization and truncation equations 4.67, 4.70.
 Different Lévy deterioration models in the three degradation mechanisms were
compared in terms of their deterioration moments, computed reliability quantities, and simulated sample paths.
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 The analytical and numerical methodology for the reliability estimation was validated by comparing the numerical results for the lifetime density and moments
with existing expressions for particular models: the stationary GP, and the CPP
with shocks distributed Exponential and Delta. Relative errors less than 10−3 %
were obtained.

In summary, this chapter provided the definitions, concepts, analytical expressions,
and numerical methods that constitute the Lévy-based framework. They were applied
for the specific case of Lévy deterioration, which resulted in a versatile model to study
engineered systems with multiple sources of degradation and the accurate estimation of
important reliability quantities. Figure 4.8 illustrates all these elements constituting the
Lévy-based framework, which provide also the basis for the generalizations presented
in following chapters.
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DEGRADATION MODELING
Lévy deterioration models
Xt
Multiple sources of degradation
Shock-based , Progressive, Combined
(Lévy measure P, drift v, The LévyKhintchine formula)

Mixed Lévy models
Fitting
(Superposition coefficiens)

Characteristic exponent Y(w)
Characteristic function fXt (w)

Moments of deterioration
E[Xt]
m2(t) m3(t)

RELIABILITY ESTIMATION
The inversion formula
Numerical aproximations
Discretization: h
Truncation : M

Reliability function
Lifetime density, deterioration density
Probability of failure

Sample paths simulation
Mean time to failure
Moments of lifetime

Figure 4.8: Review of the Lévy-based framework with deterioration as a Lévy process
and its reliability analysis.
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Chapter 5

Deterioration as a
Non-Homogeneous (NH) Lévy
process
5.1

Chapter overview and objectives

The Lévy-based framework developed for the case of Lévy deterioration models in
chapter 4 demonstrated the convenience of such processes to account for the effect
of different types of degradation mechanisms (i.e., shock-based, progressive and their
combination) on engineered systems and for the efficient computation of the reliability
quantities. The main assumptions are that the increments of the deterioration process
are independent, stationary and monotone increasing a.s.. This chapter develops the
Lévy-based framework for deterioration as a Non-Homogeneous (NH) Lévy process that
is obtained by relaxing the assumption of stationary increments. The chapter not only
shows the advantages of this generalization with respect to deterioration modeling (e.g.,
nonlinear mean and central moments of deterioration, age-dependent deterioration,
etc.), but also provides additional insight into the NH Levy process. Specifically, the
objectives of this chapter are:
 Introduce the basic concepts and elements of Non-Homogeneous (NH) Lévy processes (section 5.2).
 Explain the two classes of NH Lévy processes: NH Lévy processes that can be
expressed as time-changed Lévy processes, and those that cannot (section 5.2.8).
 Propose the assumptions to model deterioration and multiple sources of deterioration as NH Lévy processes, and develop the concepts for these cases (section
5.2.1).
 Provide further analysis of the methodology to evaluate reliability presented in
section 4.7 with respect to its application to NH Lévy deterioration models (section 5.4).
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 Develop the NH Lévy deterioration model for shock-based degradation, and explain how it generalizes the CPP model of chapter 4 with two additional models:
the NHCPP (as a Time-changed Lévy process) and the Extended CPP (which
in general is not a Time-changed Lévy process), and illustrate these models with
examples showing the computed lifetime densities, moments and sample paths
simulation (section 5.5).
 Develop the NH Lévy deterioration model for progressive degradation, and explain and illustrate the gamma process and inverse Gaussian process, with their
computed lifetime densities, and sample paths simulation (section 5.6).
 Introduce the extended gamma process (EGP) as a more general model for progressive deterioration, and present a particular case not previously reported,
which is referred in this thesis as the EGP-Dilog process (section 5.6.4). The
properties of this new process in terms of degradation modeling are illustrated
and compared with those of GP and IGP (section 5.6.5).
 Show a validation of the numerical methodology for the reliability estimation and
sample paths (section 5.6.5).
 Develop and illustrate the NH Lévy deterioration model for combined degradation
(section 5.7).

The Lévy and NH Lévy deterioration models presented in this and the previous
chapters are the “building blocks” for the more complex models presented in chapter
6, and for the age-replacement maintenance model in chapter 7.

5.2

Basic concepts of Non-Homogeneous (NH) Lévy processes

This section presents the definition and basic concepts for studying NH Lévy processes.
These include the characteristic function, characteristic exponent, and the NH Lévy
measure associated to a NH Lévy process. Clearly these are generalizations of the
same concepts presented in chapter 4. In addition, other two important concepts are
introduced: the characteristic of the increments, and the local characteristics. Finally,
the special case of time-changed Lévy process is presented.

5.2.1

Definition

Consider a filtered probability space (Ω, F, F, P), and an adapted process X = {Xt }t≥0
that takes values on Rd , with X0 = 0 almost surely (a.s.), and with right-continuous
sample paths and left limits. It is said that X is a Non-Homogeneous (NH) Lévy process
(also called an additive process) if (9), (61), (77):
1. X has increments independent of the past; i.e., Xt − Xs is s-independent of Fs ,
for all s, t such that 0 ≤ s < t < ∞;
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2. X is continuous in probability; that is, limt→s P(Xt ∈ ·) = P(Xs ∈ ·).
Note that the condition of stationary increments of a Lévy process has been relaxed
(section 4.3). In other words, the distribution of Xt − Xs , for a NH Lévy process X,
may not be equal to the distribution of Xt−s , and can depend on both the initial time
s and the final time t (61), (77).
In (9), Abdel-Hameed defines the NH Levy process slightly differently. However, the
process so defined is a special case of the definition given above. This case is developed
in section 5.2.8. The Non-Homogeneous Compound Poisson Process (NHCPP), the
gamma process (GP) and the inverse Gaussian process (IGP), as presented in section
3.4 (that is, in the general non-stationary case), can all be developed using the AbdelHameed definition. However, other NH Lévy processes that have not been enough
studied, which in this thesis are called the extended compound Poisson process (ECPP)
and the extended gamma process (EGP), cannot be obtained using the Abdel-Hameed
definition. These processes are presented in sections 5.5.3 and 5.6.3, respectively. It
is shown that these processes provide greater flexibility and generality in modeling
degradation.

5.2.2

Characteristic function and characteristic exponent

The independence property of the increments of the NH Lévy process X implies that
the distribution of Xt , for all t ≥ 0, is infinitely divisible (Theorem 9.1 in (61)). As
a consequence, the characteristic function φXt (ω) of the r.v. Xt takes the special form
(61), (60):
φXt (ω) = e−Ψt (ω) .

(5.1)

For fixed t ≥ 0, Ψt (·) is a function from Rd to C, and for each ω ∈ Rd , Ψt (ω) varies
continuously with t. The function Ψt (·) is called the characteristic exponent of the
infinitely divisible distribution P(Xt ∈ ·) of Xt . In here it is called the NH characteristic
exponent of the NH Lévy process X. It completely determines the probability law of
Xt . Its expression is given by the time-dependent version of the Lévy-Kintchine formula
4.10 of section 4.3.3 (61), (77):
1
Ψt (ω) = −ihΓ(t), ωi + hω, At ωi +
2

Z



Rd


1 − eihω,xi + ihω, xi1|x|<1 Πt (dx).

(5.2)

Hence, a NH Lévy process X is determined uniquely by a set of characteristics
(Γ(t), At , Πt )t≥0 (or set of global characteristics), where:
1. Γ(t) is a continuous function from R+ (the time domine) to Rd and with Γ(0) = 0.
2. At is a symmetric nonnegative-definite d × d matrix for each t ≥ 0, varies continuously with t, and A0 = 0.
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3. Πt is a measure defined on Rd − {0} for each t ≥ 0, varies continuously with t,
and satisfies Πs (B) ≤ Πt (B) for all s, t such that 0 ≤ s ≤ t and all measurable
sets B in Rd . Furthermore, Π0 = 0 and:
Z

(1 ∧ |x|2 )Πt (dx) < ∞,

for all

t ≥ 0.

(5.3)

Rd

The continuity in time for the characteristics (Γ(t), At , Πt )t≥0 is required to assure
the continuity in probability for X (condition 2 in section 5.2.1) .
If X is a Lévy process, the NH characteristic exponent Ψt (ω) and the characteristics
are linear in time. Explicitly:
Ψt (ω) = tΨ(ω),


(Γ(t), At , Πt ) = γt, σ 2 t, νt ,

(5.4)

where Ψ(ω) is the characteristic exponent of the Lévy process as defined in section
4.3.2, and the set (γ, σ 2 , ν) is the characteristic triplet of the Lévy process as defined
in section 4.3.3. Recall that the drift γ is a vector in Rd ; σ 2 a symmetric nonnegativedefinite d×d matrix; and the Lévy measure ν is a measure defined on Rd −{0} satisfying
(5.3).

5.2.3

The NH Lévy measure

In this thesis the measure Πt is called the NH Lévy measure of the NH Lévy process
X. As with the Lévy measure Π in chapter 4, the NH Lévy measure Πt is related with
∆X, the process of the jumps of X, i.e., ∆Xt = Xt − Xt− . It can be shown that the
set of times when jumps happen is countable. Define Nt (B) as the r.v. of the number
of jumps of X with sizes ∆X in the measurable set B ∈ Rd during the time interval
[0, t). It can be shown that Πt (B), the NH Lévy measure evaluated at the set B, is
equal to the expectation of Nt (B). Explicitly,
Πt (B) = E [Nt (B)] .

(5.5)

Hence, the condition Πs (B) ≤ Πt (B) for all s, t such that 0 ≤ s ≤ t assures the
intuitive fact that Nt (B) is non-decreasing in time. Besides, the Lévy measure is finite
if Πt (Rd ) < ∞, meaning that the number of jumps occurring in any finite time interval
[0, t] is finite. If Πt is infinite there are infinitely many jumps. To have a convergent
process the sizes of these infinitely small jumps tend to 0, in the way expressed in
condition (5.3).

5.2.4

The Lévy-Itô Decomposition Theorem

A NH Lévy process Xt can be expressed as the sum of three independent processes:
X = X {1} + X {2} + X {3} .
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The process X {1} is the deterministic (and continuous) component of X given by,
{1}
Xt = Γ(t); X {2} is the zero-mean Gaussian component (also continuous) with timedependent covariance matrix At ; and X {3} is the non-continuous component that determines the jumps of X through the Lévy measure Πt .

5.2.5

Mean and central moments of a NH Lévy process

The moments of the r.v. Xt can be obtained from its characteristic function φXt (ω) via
the formula 4.16:
(n)

E[Xtn ] = (−i)n φXt (0).

(5.7)

From equations 5.1 and 5.7, the mean E [Xt ] and the `-central moments µ` (t) =
E[(Xt − E(Xt ))` ] (` = 2, 3) of the NH Lévy process at t ≥ 0, Xt , can be deduced:
E[Xt ] = i Ψ0t (0)

(2)

µ2 (t) = Ψt (0)

(3)

µ3 (t) = −i Ψt (0).

(5.8)

It is clear that nonlinear trends and central moments can be obtained for a general NH
Lévy process, depending on the functional relation of Ψt (ω) with time t. This is one
of the advantages of a NH Lévy process over a Lévy process, for which only a linear
behavior can be reproduced.

5.2.6

Characteristics of the increments

Recall that the distribution of the increment of a NH Lévy process X during any time
interval is infinitely divisible, therefore, a characteristic exponent can be associated to
it.
Define Xt − Xs , 0 ≤ s < t, as the r.v. of the increment of X in the time interval
[s, t). Its characteristic exponent and function are given by (77), (61):
φs,t (ω) = e−(Ψt (ω)−Ψs (ω)) .

Ψs,t (ω) = Ψt (ω) − Ψs (ω)

(5.9)

The global characteristics of Xt − Xs are given by:
(Γ(t) − Γ(s), At − As , Πt − Πs ),

(5.10)

and the mean and ` central moments (` = 2, 3) by:
E[Xt − Xs ] = E[Xt ] − E[Xs ]

5.2.7

µ` (s, t) = µ` (t) − µ` (s).

(5.11)

Local characteristics

From previous sections it is clear that the global characteristics (Γ(t), At , Πt ) contain
the information of the changes (in law) of the NH Lévy process X during the time interval [0, t). In some cases it is more convenient to describe the process X in terms of its
infinitesimal (local ) changes with time, which by integration give the global behavior.
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For this purpose this section introduces the set of local characteristics (γ(t), σt2 , νt )t≥0 .
These can be interpreted as the time-derivatives or temporal rates of the global characteristics.
Following Cont et al. (77), the local characteristics can be defined from the global
characteristics through the following relationships:
Z t
Z t
Z t
2
νs (B)ds,
(5.12)
σt (s)ds,
Πt (B) =
γ(s)ds,
At =
Γ(t) =
0

0

0

where:
 γ(t) is a deterministic function on Rd with finite variation.

RT
 σt is a symmetric d × d matrix for each t, continuous in t, and verifies: 0 σt2 dt <
∞.
Rt R
 (νt )t≥0 is a family of Lévy measures that satisfies: 0 dt Rd (1 ∧ |x|2 )νt (dx) < ∞,
for all measurable set B ∈ Rd .
The function γ(t) can be interpreted as the rate of the deterministic process X {1} ;
Rt
{1}
that is, Xt = 0 γ(s)ds. In the context of degradation it is commonly known as
the rate of the progressive (deterministic) deterioration (4), (78), and has units of
deterioration per time; the matrix σt2 is the diffusion coefficient of the Gaussian process
X {2} ; and the local Lévy measure νt (B) evaluated at the set B can be interpreted as the
rate of arrival of the jumps of X with jump sizes in B at time t. By equation (5.4), for
a Lévy process X its characteristic triplet (γ, σ 2 , ν) is equal to its local characteristics,
and they are independent of time.

5.2.8

A special case: the Time-changed Lévy process

This section presents a special case of NH Lévy processes, called NH Lévy process by
Abdel-Hameed in (9), but it is only a particular case. In fact the NHCPP, the GP and
the IGP are some examples. This special case is presented when the NH Lévy process
X can be expressed as:
for all t ≥ 0,

Xt = YΛ(t) ,

(5.13)

where Y is a Lévy process, and Λ(t) is a continuous, positive, and strictly increasing
function. That is, X can be obtained by transforming the time variable t of Y to Λ(t).
Thus, in this thesis such NH Lévy process is called a Time-changed Lévy process.
The characteristic function φXt (ω) and exponent Ψt (ω) of Xt in terms of the characteristic function φYt (ω) and exponent Ψ(ω) of Yt , for all t ≥ 0, are given by:
φXt (ω) = φYΛ(t) (ω) = e−Λ(t)Ψ(ω) ,
Ψt (ω) = Λ(t)Ψ(ω).
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Consequently, the characteristics (Γ(t), At , Πt ) of X can be expressed in terms of
the characteristic triplet (γ, σ 2 , ν) of Y :
(Γ(t), At , Πt ) = (γΛ(t), σ 2 Λ(t), νΛ(t)).

(5.16)

Finally, by replacing (5.15) into (5.8):
E[Xt ] = iΛ(t)Ψ0 (0)

µ2 (t) = Λ(t)Ψ(2) (0)

µ3 (t) = −iΛ(t)Ψ(3) (0),

(5.17)

In other words, the functional dependence on time for the mean and `-central moments
(` = 2, 3) of the r.v. Xt is proportional to the function Λ(t).
Figure 5.1 shows the classification of NH Lévy processes and the particular processes belonging to each class showing only those suitable to model deterioration, i.e.,
increasing NH Lévy processes. These processes will be explained in following sections.

Non Homogeneous Lévy
- Extended CPP
- Extended GP
EGP-Dilog

Time-changed Lévy
- Deterministic
Process (DP)
- CPP
- GP
- IGP

Lévy
- Linear Deterministic
(LD)
- CPP
- Stationary - GP
- Stationary - IGP

Figure 5.1: Classification of NH Lévy processes and examples of processes for each class:
the class of Lévy processes, Time-changed Lévy, and non Time-changed Lévy.

5.3

Degradation modeling via NH Lévy processes

This section provides the assumptions and basic concepts to model deterioration as a
NH Lévy processes. The rest of conditions for modeling shock-based, progressive and
combined degradation mechanisms are presented in sections 5.5, 5.6 and 5.7, respectively. In section 5.4 the numerical methods for the reliability estimation are discussed.

5.3.1

Assumptions

In addition to the general assumptions of the deteriorating system in section 4.2, applied
for both the Lévy and NH Lévy deterioration models, the following are the specific
assumptions for the NH Lévy deterioration models:
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1. Deterioration is a 1-dimensional (1D) stochastic process X = {Xt }t≥0 , with X0 =
0 a.s., and with monotone increasing sample paths a.s..
2. The deterioration process X has independent increments.
3. The mean of Xt is finite for all 0 ≤ t < ∞.
4. Multiple sources of degradation act independently and its deterioration X is the
sum of the constitutive deterioration processes.
These are the same assumptions established for the Lévy degradation framework
(section 4.4.1), except for the stationary property of the increments, which has been
relaxed. Assumptions (1) and (2) make the deterioration process X an increasing
NH Lévy process or NH subordinator ; assumption (3) contains the physical requirement that the deterioration process does not explode to infinity in any finite time; and
assumption (4) assures that the deterioration from multiple sources is still a NH subordinator. Hence, a deterioration process D satisfying the previous assumptions will
be called a NH L’evy deterioration process and denoted as X to emphasize this fact.
By relaxing the stationary property, the framework allows modeling age-dependent
deterioration processes, that is, processes which may depend explicitly on time. This is
the case, for instance, of aftershock sequences after a mainshock, whose arrival rate is
time-dependent (37), (79)). Section 5.5 and chapter 6 present an application of the NH
Lévy framework to this problem. Although the assumption of independence still does
not allow modeling more general cases, like state-dependent processes, the proposed NH
Lévy deterioration models and the Generalized NH Lévy models presented in chapter
6 are as far as it can be achieved with this assumption. Still the reliability estimation
can be done efficiently even in complex situations of multiple sources of degradation.

5.3.2

NH subordinators: characteristic exponent and characteristics

Being X a NH subordinator its Gaussian component X {2} must be zero, i.e., At = 0
for all t ≥ 0 in (5.2), and the NH Lévy measure Πt is supported on R+ , and satisfies:
Z
(1 ∧ |x|) Πt (dx) < ∞,
for all t ≥ 0.
(5.18)
Rd

The NH characteristic exponent Ψt (ω) of X is given by:
Z
Ψt (ω) = −iΥ(t)ω +
(1 − eiωx ) Πt (dx),

ω ∈ R,

(5.19)

(0,∞)

where,
Z
Υ(t) = Γ(t) −

x Πt (dx),

(5.20)

(0,1)

is a deterministic and continuous function, called the drift of the NH subordinator,
satisfies Υ(t) ≥ 0 for all t ≥ 0, and represents the deterministic (and continuous) part
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of the NH subordinator X. In this chapter Υ(t) is referred as the Deterministic Process
(DP). Clearly, it generalizes the linear drift vt of a Lévy deterioration process in chapter
4. Hence, Xt can be expressed as:
Xt = Υ(t) +

X

∆Xs ,

(5.21)

s≤t

P

where s≤t ∆Xs is the sum of the jumps of X until time t. It represents the noncontinuous part of X and it is well-defined thanks to the condition (5.18). Therefore,
the characteristic pair (or characteristics) (Υ(t), Πt ) defines the NH subordinator Xt ,
for all t ≥ 0.
Finally, the local characteristics (υ(t), νt ) of the NH subordinator Xt can be defined, where υ(t) is referred here as the deterministic rate, it is non-negative, has finite
variation, and satisfies:
Z t
Υ(t) =
υ(s)ds,
(5.22)
0

and νt is the local Lévy measure, defined in (5.12), and satisfies:
Z t Z
ds
(1 ∧ |x|)νs (dx) < ∞,
0

(5.23)

Rd

for all t ≥ 0, and all measurable sets B ∈ Rd .

5.3.3

Multiple sources of degradation

Now, suppose two NH Lévy deterioration processes X {1} and X {2} acting independently
on a system. From assumption (4) in section 5.3.1, the total deterioration is modeled
as the sum of both processes:
{1}

Xt = Xt
X {1}

{2}

+ Xt

.

(5.24)

X {2} ,

Because of the independence of
and
it is easy to show that the characteristic
{1}
{2}
exponent Ψt of X is given by the sum of the characteristic exponents Ψt and Ψt of
{1}
{2}
X
and X :
{1}

{2}

Ψt (ω) = Ψt (ω) + Ψt (ω),

(5.25)

and the characteristics (global and local) are given by the sum of the constitutive
characteristics, as well as the mean and `th central deterioration moments (` = 2, 3):


{1}
{2}
(Υ(t), Πt ) = Υ{1} (t) + Υ{2} (t), Πt + Πt
,


{1}
{2}
(υ(t), νt ) = υ {1} (t) + υ {2} (t), νt + νt
,
E[Xt ] = E[X {1} ] + E[X {2} ],
µn,X (t) = µn,X {1} (t) + µn,X {2} (t).
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5.4

Reliability analysis for NH Lévy deterioration

This section discusses and proposes some generalizations to the methodology for reliability analysis presented in section 4.7 for the particular case of NH Lévy deterioration.

5.4.1

Expressions for the reliability quantities

The formulas in section 4.7.2 can be applied for the case a NH Lévy deterioration
process X. Recalling that its characteristic function is φXt = e−Ψt (ω) , the analytical
expressions for the reliability function R(t, x) and lifetime density fL (t, x) are:
Z ∞ −iωz
1
e
1
R(t, z) = −
e−Ψt (ω) dω.
2 2πi −∞ ω

Z ∞ −iωz 
e
1
∂
fL (t, z) = −
Ψt (ω) e−Ψt (ω) dω.
2πi −∞ ω
∂t

(5.28)
(5.29)

The interchange of the derivative and the integral in equation 4.65 to obtain fL (t, z)
in equation 5.29 is justified by the continuity with t of φXt (ω) = e−Ψt (ω) and its time∂
derivative ∂t
Ψt (ω) for all t ≥ 0, due to the continuity of the characteristic exponent
Ψt (ω) (section 5.2.2).
Finally, the moments of the lifetime E[Ln ] are approximated by numerically integrating equation 2.11. The procedure is the same presented in chapter 4, section
4.7.5.

5.4.2

Numerical solution

The improper integrals in (5.28) and (5.29) are solved numerically by the same rules of
discretization and truncation applied for the Lévy deterioration models (section 4.7.3):
R(t, z) ≈ R(t, z; h, M ) :=

M
1
1 X e−iz(m−1/2)h −Ψt ((m−1/2)h)
−
e
2 2πi
(m − 1/2)

(5.30)

m=−M

1
f (t, z) ≈ f (t, z; h, M ) := −
2πi

M
X
m=−M

e−iz(m−1/2)h
(m − 1/2)




∂
Ψt ((m − 1/2)h) e−Ψt ((m−1/2)h) .
∂t
(5.31)

5.4.2.1

Selecting the discretization step size h

The analysis of section 4.7.3 can be applied also in the NH Lévy case for the discretization step size h. The formula obtained is the same:
h = h(z, t; r) = r
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2π
,
z + E[Xt ]

(5.32)
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except that the mean deterioration E[Xt ] is not necessarily linear with time. Table
5.2 shows its expressions for the NH Lévy deterioration models presented in following
sections. The formula 5.32 for h is applied for both approximations R(t, z; h, M ) and
f (t, z; h, M ) in 5.30 and 5.31, obtaining also accurate and efficient computations with
r = 1/20.
5.4.2.2

Selecting the truncation level M

This section provides further analysis about the selection of the truncation level M
that complements the analysis done in chapter 4. Two methods are proposed, both
depending on the tail behavior of the characteristic function φXt (ω).
Method 1 This method is based on the results of Chen et al. in (80), and Feng et al.
in (74) about the truncation error in the numerical solution of the inversion formula.
The method is applied when the following is satisfied:
|φXt (ω)| ≤ κ|ω|n exp(−c|ω|ν ),

ω ∈ R,

(5.33)

for some κ > 0, ν ≥ 0, c > 0, and n ≤ 0. The parameter c can be equal to 0 only in the
case n < 0.
Define TM h as an upper bound of the absolute error of the truncation approximation
(5.30), i.e.,
|R(t, z; h, ∞) − R(t, z; h, M )| ≤ TM h .

(5.34)

It can be shown ((80), (74)) that if c = 0 and n < 0 in the inequality 5.33 (i.e.,
polynomial convergence) the upper bound takes the form:


κ 2
1
TM h =
+
(M h)n ,
(5.35)
π |n| M
and for c > 0 and n ≤ 0, (i.e., convergence dominated by the exponential function) it
is given by:
2κ
κ
ν
(M h)n−1 he−c(M h) +
Γ(n/ν, c(M h)ν ).
(5.36)
π
πνcn/ν
R∞
where the incomplete Gamma function is Γ(a, b) = b e−t ta−1 dt.
The truncation level M is then obtained by solving 5.35 or 5.36 with a given truncation error bound TM h and the value of the discretization size h given by 5.32. The
error bound is taken as TM h = 10−7 in the examples with this method.
TM h =

Method 2 Some processes have characteristic functions that do not satisfy equation (5.33). The extreme case is when |φXt (ω)| does not converge to 0 as ω → ±∞
like for NH shock-based processes (section 5.5). However the summation in 5.30 does
converge, and its convergence rate depends mainly on the factor 1/(m − 1/2). This
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long-tail behavior makes the probability distribution P(Xt < z) discontinuous, and in
its discontinuity points the truncation produces the so-called Gibbs phenomenon, consisting in oscillations near these points (75). The truncation level M must be selected
empirically to reduce this effect. In general values of M = 103 or greater gives good
results (75).

5.4.3

Sample paths

In section 4.7.6 an algorithm was presented to simulate sample paths of Lévy deterioration processes. For the general case of NH Lévy deterioration processes the algorithm
changes slightly. Instead of dividing the time range, the deterioration range is divided
in appropriate equally spaced intervals which then define the corresponding set of times.
This is done to avoid small or large values of deterioration increments for numerical
efficiency. The complete procedure is described as follows:
1. Set N the number of deterioration data points to be simulated.
2. Select a maximum value z of the expected total deterioration and set t0 = 0.
Define ∆X = z/N .
3. Find the set of times {tn }n=1,...,N such that the defined time intervals have mean
deterioration equal to ∆X. That is, E[Xtn ] − E[Xtn−1 ] = ∆X = z/N , for n =
1, . . . , N . As E[Xt0 ] = 0 we have E[Xtn ] = nz/N , which is solved for tn .
4. Define ∆Xn as the r.v. of the deterioration increment in the nth time interval
[tn−1 , tn ). From section 5.2.6 its characteristic exponent is Ψtn−1 ,tn (ω) = Ψtn (ω)−
Ψtn−1 (ω).
5. For each time interval define Nx equally spaced values xi at which
p the CDF of
∆Xn will be evaluated, ranging from x1 = 0 to xNx = ∆X + 6 µ2 (tn−1 , tn ),
where µ2 (tn−1 , tn ) is the variance of ∆Xn given by equation (5.11). This value of
xNx is set to assure the complete coverage of the range of the CDF, i.e., from 0
to 1. Good results are obtained with Nx = 200.
6. Calculate the CDF of ∆Xn , given by P(∆Xn < xi ) for each xi , with equation
(5.30) using Ψtn−1 ,tn (ω) as the characteristic exponent.
7. Apply an inverse transform sampling from the CDF of ∆Xn to generate the nth
random increment ∆X̂n .
8. The sample path {X̂tn }n=1,...,N is obtained by summing the random increments
P
generated for each time interval: X̂tn = ni=1 ∆X̂i .

5.5

Shock-based deterioration as a NH Lévy process

This section develops the NH Lévy deterioration models for shock-based degradation.
The main assumption is:
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A shock-based deterioration process S is modeled as a pure-jump NH Lévy
process with finite Lévy measure and with support on R+ for all t ≥ 0.
Two models are presented: the Non-Homogeneous Compound Poisson Process
(NHCPP) and a model that in this thesis is called the Extended Compound Poisson Process (ECPP) which comprises the former. Expressions for the characteristic
exponent and moments of these processes will be described in this section, and simulations of their sample paths and lifetime density are obtained with the numerical
methods presented in section 5.4.

5.5.1

Basics

Because a shock-based deterioration S is a pure-jump NH subordinator, the drift as
defined in equations 5.20 and 5.21 is Υ(t) = 0. Moreover, the Lévy measure ΠSt is
finite, so the process S is constituted by jumps (shocks) that “arrive” finitely often in
any given finite time interval. As the increments of S are independent, the process
{Nt }t≥0 , with Nt being the number of shocks by time t, is a Non-Homogeneous Poisson
Process (NHPP). Hence, St can be written as:

St =

X

∆Sτ =

τ ≤t

Nt
X

Y (Ti ),

(5.37)

i=1

where Ti , i = 1, 2, . . . , Nt , is the arrival time of the ith shock, and Y (τ ) is defined as
the r.v. of the damage (size) of a shock happening at time τ > 0. For S to be of
independent increments, the damage Y (τ ) of a shock happening at a time τ > 0 must
be independent (but not necessarily identically distributed) to the damage Y (s) of a
shock at time s, for any s 6= τ > 0, and independent of the process {Nt }t≥0 . To assure
the stochastic continuity of S (condition 2 in section 5.2.1) the distribution Hτ (·) of
Y (τ ) must vary continuously with τ . Finally, for S to be non-decreasing (i.e., a NH
subordinator), each distribution Hτ (·) must be supported on R+ .
If the NHPP {Nt }t≥0 has rate (intensity) λ(t), its mean value function is:
Z

t

Λ(t) :=

λ(τ )dτ,

(5.38)

0

which is finite for t finite, and gives the expectation of Nt , i.e., E[Nt ] = Λ(t).
Expressions for the characteristic exponent ΨSt (ω) of the process S depend on some
particular assumptions. First, the particular case of Non-Homogeneous Compound
Poisson Processes (NHCPP) is studied. Then, the general case in equation 5.37 is investigated further. This this model will be called here the Extended Compound Poisson
Process (ECPP). In any case, the distribution HY (τ ) of the shock sizes Y (τ ) is supposed
to be known, and varies continuously with τ .
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5.5.2

The NHCPP model

The particular case in which Y (τ ) is identically distributed to Y (s), for any s 6= τ > 0,
defines S as a Non-Homogeneous Compound Poisson Process (NHCPP). Equation 5.37
can be written as:
St =

Nt
X

Y (Ti ) =

i=1

Nt
X

Yi ,

(5.39)

i=1

where the sequence {Yi }i≥1 corresponds to the r.v’s of the damage of each ith shock
and they are iid between them with distribution H(·).
It can be shown that the NH Lévy measure Πt associated to the NHCPP S is given
by (9):
Πt (dx) = Λ(t)H(dx),

(5.40)

and must satisfy condition (5.23).
Note that Πt (dx) has the form given in equation 5.16 which implies that St can be
expressed as St = XΛ(t) , for all t ≥ 0, with X a Lévy process, specifically a Compound
Poisson Process (CPP) with Poisson rate equal to 1 and Lévy measure ν(dx) = H(dx).
In other words, the NHCPP can be expressed as a time-changed CPP (section 5.2.8).
By equation 5.12, it is clear that the local NH Lévy measure νt is given by:
νt (dx) = λ(t)H(dx).

(5.41)

From equation 5.19, the characteristic exponent ΨSt (ω) is given by:
ΨSt (ω)

Z
=

(1 − eiωx ) Λ(t)H(dx) = Λ(t) (1 − φY (ω)) ,

(5.42)

(0,∞)

R
R
taking into account that (0,∞) H(dx) = 1, and that φY (ω) = (0,∞) eiωx H(dx) is the
characteristic function of H(·). According to equations 5.8 or 5.17, the mean and
`-central moments µ`,S (t) (` = 2, 3) of St are given by:
µ`,S (t) = Λ(t)E[Y ` ].

E[St ] = Λ(t)E[Y ],

(5.43)

Note that the time dependence of these expressions is determined by Λ(t). The
particular case of a Lévy process (i.e., a NHCPP with stationary increments) is obtained
by making Λ(t) linear with time, which makes the moments also linear with time. This
is the CPP model in the Lévy degradation framework (section 4.4.3). Notice also that
for the mean deterioration to be finite (condition (3) in the NH Lévy degradation
framework) the mean E[Y ] of the shock sizes must be also finite. As in the Lévy
degradation framework, the characteristic function φY of the shock size Yi is central
for the numerical reliability computation. Expressions for several distributions can be
found in Appendix A.
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5.5.3

General case: the Extended CPP model

Most of the literature in Markovian shock processes and their application to deterioration considers only the NHCPP case (29), (43), (9). However, this is not the most
general NH Lévy process for shock-based degradation as defined in section 5.5.1. This
thesis calls the general model of the NH subordinator S in equation 5.37 as the Extended
CPP (ECPP). Its shock sizes Y (τ ) are independent but not necessarily identically distributed for different arrival times τ ≥ 0; and the distribution Hτ (·) of Y (τ ) is known
and continuous in τ . Note that the NHCPP is a particular case of the ECPP.
The characteristic exponent associated to S is deduced formally in Appendix B.
However, an informal proof is provided here, which gives intuition about this process.
Due to the continuity of the distribution Ht (·) for all t ≥ 0, it is expected that in the
limit as ∆τ → 0 the process {St } during the time interval (τ, τ + ∆τ ), with τ ≥ 0,
behaves as a CPP with Poisson rate λ(τ ) and shock size distribution Hτ . Now, recall
that the local Lévy measure νt associated to S contains information about the local
changes of the jump process S. Hence, it is expected that the local Lévy measure ντ
at time τ be of the form given in equation 5.41 for a NHCPP process, but making
explicitly the dependency on the time τ for both the Poisson rate λ(τ ) and the shock
size distribution Hτ . That is,
ντ (dx) = λ(τ )Hτ (dx),

(5.44)

and must satisfy condition 5.23.
By equation 5.12, the NH (global) Lévy measure is given by:
Z t
Z t
Πt (dx) =
ντ (dx)dτ =
λ(τ )Hτ (dx)dτ.
0

(5.45)

0

Therefore, the characteristic exponent ΨSt (ω) associated to S is given by:
Z
Z
Z t
S
iωx
iωx
Ψt (ω) =
(1 − e )Πt (dx) =
(1 − e )
λ(τ )Hτ (dx)dτ
0
(0,∞)

Z
=

(0,∞)

t


λ(τ ) 1 − φY (τ ) (ω) dτ,

(5.46)

0

where φY (τ ) (ω) is the characteristic function of Y (τ ). Fubbini’s theorem was applied
to interchange the integrals.
The mean and central moments can be obtained by using the equations 5.8 for the
moments, which give:
Z t
Z t
E[St ] =
λ(τ )E[Y (τ )]dτ,
µ`,S (t) =
λ(τ )E[Y ` (τ )]dτ.
(5.47)
0

0

Except for the NHCPP case, the ECPP cannot be expressed as a time-changed
Lévy process (section 5.2.8). Hence, different functional dependence of the mean and
central moments on time can be modeled with a general ECPP. This is illustrated in
Example 2 in section 5.5.5. Example 3 shows how an ECPP can be obtained by the
sum of two NHCPP’s.
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5.5.4

Bounds of the norm of the characteristic function and truncation level

In this section, the bounds of the norm of the characteristic function φSt (ω) of a NH
Lévy shock-based deterioration St , which are needed for the truncation level selection
in formulas 5.30 and 5.31, are deduced.
Note that if S is a NHCPP, its characteristic function φSt (ω) can be obtained from
equation 5.42 and is given by:
φSt (ω) = e−Λ(t)(1−φY (ω)) ,

(5.48)

|φSt (ω)| = e−Λ(t) eΛ(t)φY (ω) = e−Λ(t) eΛ(t)Re(φY (ω)) ,

(5.49)

therefore, its norm is:

with Re(φY (ω)) the real part of the characteristic function of the shock sizes Yi . As
|φY (ω)| ≤ 1 for all ω ∈ R, |Re(φY (ω))| ≤ 1, or −1 ≤ Re(φY (ω)) ≤ 1. Hence,
e−Λ(t) ≤ eΛ(t)Re(φY (ω)) ≤ eΛ(t) ,

(5.50)

which implies that:
e−2Λ(t) ≤ |φSt (ω)| ≤ 1,

for all ω ∈ R.

(5.51)

Equation 5.51 means that the characteristic function φSt (ω) does not converge to
0 as ω → ±∞, thus it can not be expressed as in equation 5.33. This also holds for
the ECPP case that can be easily demonstrated. Therefore, for the truncation level
selection (section 5.4.2.2) Method 2 is applied. With M = 104 accurate and efficient
computations are obtained. Next section shows some illustrative examples with the use
of these numerical rules.

5.5.5

Illustrative examples: Reliability computation and examples

This section shows examples of NH Lévy shock deterioration processes, in terms of
their simulated sample paths and reliability estimation.
Example 1: NHCPP’s with different arrival shock rates: Consider three
systems, each one affected by a shock-based deterioration process S {j} (j = 1, 2, 3).
These are NHCPP’s with shock sizes Yi distributed uniformly between a = 15 and
b = 25, for all time t ≥ 0. That is, Yi ∼ U (a, b) with mean E[Y ] = 20 and characteristic
function (see Appendix A):
φY (ω) = (eiωb − eiωa )/iω(b − a).

(5.52)

Their shocks arrival rates λj (t) are given by:
λ1 (t) =

6
,
200

λ2 (t) =

12
t,
2002
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λ3 (t) = A(t + c)−p .

(5.53)
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Note that the only process which is a CPP (i.e., constant arrival rate) is S {1} . The
process S {2} has an increasing (lineal) rate, and the rate of S {3} follows the modified
Omori’s law which models the arrival of aftershocks after a mainshock ocurrence. With
A = 0.63, p = 0.93, and c = 0.03, the rate λ3 (t) decreases withh time.i
{j}
Using equations 5.38 and 5.43, the deterioration means, E St , can be derived:
h
i
6
{1}
E St
= 20
t,
200
h
i
6
{2}
t2 ,
E St
= 20
2002
h
i

A 
{3}
E St
= 20
(t + c)1−p − c1−p .
1−p

(5.54)
(5.55)
(5.56)

h
i
{j}
Notice that E S200 = 120 for the three processes.
First three figures in figure 5.2 show sample paths for each process generated with
the algorithm in section 5.4.3, and their theoretical mean deterioration. Figure 5.3
shows the lifetime density fL (t, z = 100) when the initial condition is V0 = 100 and the
failure threshold is k ∗ = 0. Note that the sample paths for S {3} increase faster near
t = 0, and then go slowly; this behavior is reflected in the lifetime density, which is
concentrated near t = 0 but also exhibits a long tail that produces a large mean time to
failure: E[L] > 500 days. Instead, the sample paths of S {2} grows quadratically, with
low increase near t = 0 and faster increase from around t = 100; hence, its lifetime
distribution is concentrated at greater times, around its mean E[L] = 186 days and has
a coefficient of variation of 0.22. The intermediate process S {1} has a low mean time
{2}
to failure, E[L] = 179 days, but greater dispersion with respect to St (coefficient of
variation equal to 0.43).
Example 2: A Extended CPP: Consider a shock-based deterioration process
with shock arrival rate λ(t) = λ constant in time. The shocks sizes Y (τ ) depend
on the shock occurrence time τ ≥ 0; suppose they are distributed Exponential with
rate β/(τ + τ0 ), with β > 0 and τ0 > 0. Note that the moments of Y (τ ) also depend
on τ :
S {4}

τ + τ0
β
(τ + τ0 )2
E[Y (τ )2 ] = 2
β2
(τ + τ0 )3
E[Y (τ )3 ] = 6
,
β3

E[Y (τ )] =

(5.57)

The characteristic function φY (τ ) (ω) is given by:
φY (τ ) (ω) =

1
,
1 − iω(τ + τ0 )/β
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Figure 5.2: Paths of the NHCPP models (Example 1) S {j} , j = 1, 2, 3, with shock
sizes Yi ∼ U (15, 25) and rates λj (t) given by (5.53), and the Extended CPP model S {4}
(Example 2).

and by replacing into equation 5.46, the characteristic exponent ΨSt
ΨtS

{4}

(ω) = λt + λi

{4}

β
[ln(1 − iωτ0 /β) − ln(1 − iω(t + τ0 )/β)] .
ω
{4}

From equations 5.47 and 5.57, the moments of deterioration St

λ 
(t + τ0 )2 − τ02
2β

2λ 
3
3
µ2,S {4} (t) =
(t
+
τ
)
−
τ
0
0
3β 2

6λ 
4
4
µ3,S {4} (t) =
(t
+
τ
)
−
τ
.
0
0
4β 3
{4}

E[St ] =

{4}

(ω) of St

is:

(5.59)

are given by:
(5.60)
(5.61)
(5.62)

Note that the moments have different functional dependence on time, opposite to the
NHCPP models.
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Figure 5.3: Lifetime density of the NHCPP models (Example 1) S {j} , j = 1, 2, 3, and
the Extended CPP model S {4} (Example 2).

To compare with the NHCPP models in Example 1, take λ = 6/200, τ0 = 1, and
{4}
β = 5.05. Note that E[S200 ] = 120 as for the processes S {j} , j = 1, 2, 3. Figure 5.2
shows several sample paths of S {4} , and figure 5.3 its lifetime density for V0 = 100 and
k ∗ = 0. The mean time to failure gives E[L] = 202 years and its coefficient of variation
0.34. Note that these values and the lifetime curve are close to those of the NHCPP
model S {2} . In fact, the mean deterioration of both models are similar (quadratic with
time) but differentiate in their second moment (quadratic for S {3} and cubic for S {4} ).
Example 3: Sum of NHCPP’s as a Extended CPP: This last example demonstrates how a Extended CPP can be obtained by NHCPP models. Suppose S {1} and
S {2} two independent NHCPP models with Poisson rates λ1 (t) and λ2 (t), and shock
sizes distributions H1 (·) and H2 (·), respectively. By equations 5.26 and 5.41, the local
Lévy measure νt of the sum process S = S {1} + S {2} is given by:
νt (dx) = λ1 (t)H1 (dx) + λ2 (t)H2 (dx) = λ(t)Ht (dx),

(5.63)

where λ(t) is the Poisson rate associated to S and Ht (·) its shock size distribution.
They are given by:
λ(t) = λ1 (t) + λ2 (t)
λ1 (t)
λ2 (t)
Ht (dx) =
H1 (dx) +
H2 (dx).
λ1 (t) + λ2 (t)
λ1 (t) + λ2 (t)
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Note that if λ1 (t) and λ2 (t) are linearly dependent, the distribution Ht (·) does not
depend on t and the sum process S is a NHCPP. If the Poisson rates are linearly independent, Ht (·) depends explicitly on the time t and the process S cannot be expressed
as a NHCPP.
To conclude this section, tables 5.1 and 5.2 review the general expressions for the
characteristic exponent, mean, and second and third central moment of deterioration,
and truncation level M for the shock-based processes presented in this section, and the
other degradation mechanisms (progressive and combined) in following sections.

5.6

Progressive deterioration as a NH Lévy process

In this section the NH Lévy degradation framework is developed for progressive degradation. The basic assumption is that a progressive deterioration process P as a NH
subordinator can be modeled as:
 A deterministic, continuous and non-negative process Υ(t), for all t ≥ 0, called
the Deterministic Process (DP) (equation 5.20).
 As a pure-jump NH Lévy process Z with infinite Lévy measure ΠZ
t supported on
R+ for all t ≥ 0.
 As the sum of both processes, as long as they are independent.

Thus, in its general form a progressive deterioration process P is given by:
Pt = Υ(t) + Zt .

(5.66)

The
P contribution of the process Z is to the non-continuous part of P , i.e., Zt =
s≤t ∆Ps , and comes in the form of small-sizes jumps occurring infinitely often in
any finite time interval. In other words, the ‘continuous’ removal of the system condition in progressive degradation is modeled by these small and infinitely frequent jumps
along with a continuous deterministic drift given by Υ(t).
The characteristic exponent ΨPt (ω) of P is given in general by equation 5.19 and
its form depends on the particular jump process Z. The gamma process (GP) and the
inverse Gaussian process (IGP), in their general non-stationary form as presented in
section 3.4, are some examples. The following sections introduce these processes under
the NH Lévy formalism and extend their stationary versions presented in chapter 4.
Moreover, section 5.6.3 presents and studies an extension of the GP, reported for the
first time by Çinlar (54), known as the Extended Gamma Process (EGP).

5.6.1

The gamma process

Consider a gamma process (GP) with shape function Λ(t) and scale parameter β, i.e.,
Z = Γ(Λ(t), β) according to the notation in section 3.4. Then, it can be defined by
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Table 5.1: Characteristic exponent ΨX
t (ω) and mean E[Xt ] for several NH Lévy deterioration models X.

NH Lévy Deterioration Model: Xt

ΨX
t (ω)

E[Xt ]

Shock-based: St

ΨSt (ω)

E[St ]

Λ(t) (1 − φY (ω))

NHCPP
Rt

ECPP

0

Λ(t)E[Y ]
Rt


λ(τ ) 1 − φY (τ ) (ω) dτ

0

λ(τ )E[Y (τ )]dτ

ΨP
t (ω)

E[Pt ]

−iΥ(t)ω

Υ(t)

Pure Jump: Zt

ΨZ
t (ω)

E[Zt ]

GP: Γ(Λ(t), β)

Λ(t)
β

IGP: IGP(Λ(t), η)

Λ(t) ln (1 − iω/β)
hp
i
Λ(t)
η 2 − 2iηω − η

EGP: Γ(Λ(t), β(t))

Rt

Progressive: Pt
Deterministic: Υ(t)

EGP-Dilog:


c
0
Γ a ln t+t
t0 , t+t0

0

Λ(t)
Rt

dΛ(τ )
0 β(τ )

dΛ(τ ) ln (1 − iω/β(τ ))




0
+ Li2 iω tc0
a −Li2 iω t+t
c

at/c

−iΥ(t)ω + ΨZ
t (ω)

Υ(t) + E[Zt ]

ΨK
t (ω)

E[Kt ]

General: St + Υ(t) + Zt

ΨSt (ω) − iΥ(t)ω + ΨZ
t (ω)

E[St ] + Υ(t) + E[Zt ]

Multiple sources of deterioration: Xt

ΨX
t (ω)

E[Xt ]

General: Υ(t) + Zt
Combined: Kt

{1}

Xt

{n}

+ . . . + Xt

ΨX
t

{1}

(ω) + . . . +
{n}
ΨtX (ω)

{1}

E[Xt

{n}

] + . . . + E[Xt

]

Z
specifying its NH Lévy measure ΠZ
t or local measure νt (9):
−1 −βx
ΠZ
dx,
t (dx) = Λ(t)x e

νtZ (dx) = λ(t)x−1 e−βx dx,

(5.67)

with λ(t) a positive function satisfying:
Z

t

Λ(t) =

λ(s)ds.
0
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Table 5.2: Central moments µ`,X (t), ` = 2, 3, and truncation level M (necessary for the
numerical solutions in equations (4.67), (4.68), (4.69), and (4.70)) for several NH Lévy
deterioration models X

NH Lévy Deterioration Model: Xt

µ`,X (t)

M

Shock-based: St

µ`,S (t)

MS

Λ(t)E[Y ` ]

104

NHCPP
Rt

ECPP

0

λ(τ )E[Y (τ )` ]dτ

Progressive: Pt

104

µ`,P (t)

MP

0

104

Pure Jump: Zt

µ`,Z (t)

MZ

GP: Γ(Λ(t), β)

(` − 1) Λ(t)
β`

From (5.35)

Λ(t)
`! 2η
`−1

From (5.36)

Deterministic: Υ(t)

IGP: IGP(Λ(t), η)

(` − 1)

EGP: Γ(Λ(t), β(t))
EGP-Dilog:


c
0
Γ a ln t+t
,
t0
t+t0

(`−1)a
`c`

Rt

dΛ(τ )
0 β(τ )`



(t + t0 )` − t`0

104

104

µ`,Z (t)

max (MZ , 104 )

µ`,K (t)

MK

General: St + Υ(t) + Zt

µ`,S (t) + µ`,Z (t)

max (MS , MP )

Multiple sources of deterioration: Xt

µ`,X (t)

M

µ`,X {1} (t) + · · · +
µ`,X {n} (t)

M (t) = maxi Mi

General: Υ(t) + Zt
Combined: Kt

{1}

Xt

{n}

+ . . . + Xt

Z
The characteristic exponent ΨZ
t (ω) is given by replacing Πt (dx) into equation 5.19
and developing the integral:

ΨZ
t (ω)

Z
=

(1 − eiωx ) Λ(t)x−1 e−βx dx = Λ(t) ln (1 − iω/β),

(0,∞)
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which gives the characteristic function,
Z

φZt (ω) = e−Ψt (ω) = (1 − iω/β)−Λ(t) .

(5.70)

From this expression and by applying the inverse formula 5.28 it can be deduced the
probability law of the increments, which results in the Gamma distribution in equation
3.15 from the usual definition.
From equations 5.8 and 5.69, the mean and `-central moments (` = 2, 3) of Zt are:
E[Zt ] =

Λ(t)
β

µ2,Z (t) =

Λ(t)
β2

µ3,Z (t) = 2

Λ(t)
,
β3

(5.71)

which clearly shows that the time-dependence of these quantities is in proportion to
Λ(t). This is a consequence of the fact that the GP belongs to the class of Time-changed
Lévy processes. Observe that the characteristic function ΨZ
t in equation 5.69 has the
form given in 5.15 for a time-changed Lévy process. Specifically, if Z is Γ(Λ(t), β),
define a Lévy process X as Γ(t, β), therefore Zt = XΛ(t) .
Finally, it can be shown that the characteristic function φZt (ω) in equation 5.70
satisfies:
|φZt (ω)| ≤ (ω/β)−2Λ(t) ,
ω ∈ R,
(5.72)
which indicates, by comparing with equation 5.33, that the Method 1 in section 5.4.2.2
is applied for the truncation level selection in the reliability estimation, via equation
5.35 with n = −2Λ(t), κ = β 2Λ(t) , and c = 0.

5.6.2

The inverse Gaussian process

Recall from section 3.4 that the (non-stationary) inverse Gaussian process (IGP) has
been proposed and applied recently as an alternative for modeling progressive deterioration (57), (59), (58). According to the definition given in section 3.4, an IGP has
independent increments, and can, therefore, be modeled as a NH Lévy process.
Thus, set Z as an inverse Gaussian process (IGP) with mean function Λ(t) and
scale parameter η. That is, according to the notation in section 3.4, Z = IGP(Λ(t), η).
The characteristic exponent and function of Z are given by:
hp
i
η 2 − 2iηω − η ,
√
2
φZt (ω) = eηΛ(t) e−Λ(t) η −2iηω
ΨZ
t (ω) = Λ(t)

(5.73)
(5.74)

The moments of Zt are:
E[Zt ] = Λ(t)

µ2,Z (t) =

Λ(t)
η

µ3,Z (t) =

3Λ(t)
.
η2

(5.75)

Finally, note that the characteristic function in (5.74) satisfies:
√

|φZt (ω)| ≤ eηΛ(t) e−Λ(t)
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√
which gives the values n = 0, ν = 1/2, κ = eΛ(t)η , and c = Λ(t) η in equation
5.33. Hence, for the truncation level selection in the reliability estimation, Method 1
es selected via equation 5.36.

5.6.3

The extended gamma process

Çinlar in (54) was the first to propose a generalization of the GP, which he called
Local Gamma Process. In this thesis this process is referred to as the Extended Gamma
Process (Extended GP) as in (55) and (15).
Following Çinlar (54), set Λ(t) as an increasing and continuous function from (0, ∞)
to [0, ∞]; and β(t) a finite function from (0, ∞) to [0, ∞] such that:
Z
1
dΛ(s) < ∞.
(5.77)
(0,t] β(s)
It can be shown that the process Z with characteristic function,
φt (ω) = exp(−Ψt (ω)),

(5.78)

and,
Z
dΛ(s) ln(1 − iω/β(s))

Ψt (ω) =

(5.79)

(0,t]

is a stochastically continuous process with independent increments and with Z0 = 0
a.s., i.e., Z is a NH Lévy process. Then, the process Z is called Extended GP (EGP)
with shape function Λ(t) and scale function β(t), and denoted as Γ(Λ(t), β(t)).
In fact, the process Z is a pure-jump NH Lévy process with NH Lévy measure:
Z
Πt (dx) =
dΛ(s)x−1 e−β(s) dx,
(5.80)
(0,t]

and because Λ(s) is positive and increasing, Z is a NH subordinator. It can be shown
that condition 5.77 is equivalent to the requirement 5.18 for the convergence of the
jumps of a subordinator.
From equation 5.80 it is clear that the local Lévy measure is given by:
νt (dx) = λ(t)x−1 e−β(t) dx,

(5.81)

with λ(t) defined in 5.68 as in the GP. It is interesting to note that the local Lévy
measure of an EGP can be obtained from that of the NHGP by making the scale
parameter β depending on time t in equation 5.67. Recall that a similar interpretation
was done when obtaining the local Lévy measure of an Extended CPP from that of
a NHCPP in section 5.5.3; that is, by making the distribution of shock sizes H(dx)
depending on time.
Finally, from equations 5.8 and 5.79, the moments of the process Z are given by:
Z t
Z t
Z t
λ(s)
λ(s)
λ(s)
E[Zt ] =
ds µ2,Z (t) =
ds µ3,Z (t) = 2
ds,
(5.82)
2 (s)
3 (s)
β(s)
β
β
0
0
0
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Note that the GP is a particular case of an EGP obtained with constant shape
function β(t) = β. In fact the GP is the only EGP with deterioration following a
gamma distribution.

5.6.4

The EGP-Dilog process

In previous works (15), (54), and (55) the examples of EGP are limited to the GP; the
reason for this is the difficulty in obtaining closed form expressions for the characteristic
exponent (i.e., equation 5.79) and the probability law of deterioration. In this section
an EGP that has a closed-form expression for its characteristic exponent is presented; it
is based on the dilogarithm function (81). This new process (not previously reported,
to the extend of the author’s knowledge) has interesting properties and provides an
alternative option for degradation modeling different to the GP or the IGP. In here
this process is named the EGP-Dilog.
Define an EGP as Γ(Λ(t), β(t)) with shape function Λ(t) and scale function β(t)
given by:
Λ(t) = a [ln(t + t0 ) − ln(t0 )] ,

β(t) = c/(t + t0 ),

(5.83)

with a, b > 0 and t0 > 0. Hence, λ(t) can be defined as:
λ(t) =

a
t + t0

(5.84)

Observe that for t < ∞, the condition given by equation 5.77 is satisfied; i.e.,
Z
Z
Z
1
1
s + t0 a
at
dΛ(s) =
λ(s)ds =
< ∞.
(5.85)
ds =
c s + t0
c
(0,t] β(s)
(0,t] β(s)
(0,t]
The moments of Z are obtained from 5.82:
at
c
a
µ2,Z (t) = 2
2c
2a
µ3,Z (t) = 3
3c
E[Zt ] =



(t + t0 )2 − t20


(t + t0 )3 − t30 .

(5.86)

a
ln(1 − iω(s + t0 )/c)ds.
s + t0

(5.87)

From equation 5.79:
Z
Ψt (ω) =
0

t

By making the substitution u = iω(s + t0 )/c, Ψt (ω), the characteristic exponent can
be expressed in terms of the following complex integral,
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Z

iω(t+t0 )/c

ln(1 − u)
du
u

Ψt (ω) = a
iωt0 /c

(5.88)

= a [−Li2 (iω(t + t0 )/c) + Li2 (iωt0 /c)] ,

(5.89)

with Li2 (z) the dilogarithm function defined by (81):
u

Z
Li2 (z) = −
0

ln(1 − u)
du.
u

(5.90)

Hence, the characteristic function becomes:
φZt (ω) = ea[Li2 (iω(t+t0 )/c)−Li2 (iωt0 /c)] .

(5.91)

The case with t0 = 0 is a limiting case and is also well defined. In this case,
λ(t) = a/t and β = c/t, which defines Z as Γ(a ln(t), c/t). The expressions for the
moments in equation 5.86 take the form:
E[Zt ] =

at
c

µ2,Z (t) =

a 2
t
2c2

µ3,Z (t) =

2a 3
t
3c3

(5.92)

and the characteristic function in 5.88 is given by:
Ψt (ω) = −aLi2 (iωt/c),

(5.93)

since Li2 (0) = 0.
Notice that the characteristic function φZt (ω) in equation 5.91 cannot be expressed
as in equation 5.33. Therefore, for the reliability estimation for this process via equations 5.30 and 5.31, a truncation level M = 104 is selected (i.e., Method 2 in section
5.4.2.2). The function dilog in MATLAB® is used to evaluate the dilogarithm function Li2 in equation 5.91.
In conclusion, the EGP-Dilog is an alternative model for progressive degradation
with different properties than the GP and IGP models. Specifically, for the GP and IGP
models, if their deterioration means are linear, also are their second and third central
moments. However, for an EGP-Dilog process, its mean, second, and third central
moments have different functional dependence with time: linear, cuadratic, and cubic,
respectively (equations 5.86). In practice, this kind of behavior has been found in the
sample moments of laser deterioration data (27), (28). The application and fitting of
the EGP-Dilog to this problem is mentioned as a suggested future work in this thesis.
Finally, tables 5.1 and 5.2 review the expressions for the characteristic exponent,
mean, and second and third central moment of deterioration, and truncation level M
for the progressive processes presented in this section.
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5.6.5

Illustrative example of NH Lévy progressive deterioration and
validation

The objective of this example is to compare four different progressive deterioration
processes Z {j} , j = 1, · · · , 4 in terms of their simulated sample paths, and mean and
central moments of deterioration over time. In addition, the example demonstrates the
accuracy of the numerical methods presented in section 5.4.
Table 5.3 shows the definition and moments in function of time (in years) of the
{j}
progressive deterioration models considered. Note that for all models E[Z50 ] = 100.
In figure 5.4 some simulated sample paths for each model are presented; they were
obtained by using the procedure explained in section 5.4.3 with N = 20 and z = 110.
Besides, figure 5.5 plots the mean and second and third central moments from the
theoretical expressions in table 5.3 and their estimators at the times tn defined in step
(3) in section 5.4.3 obtained from 2000 simulated sample paths for each model. Note
the matching of the theoretical curves and the estimated moments in all the models.
This demonstrates the accuracy of the proposed numerical methods in section 5.4.
Table 5.3: Examples of progressive NH Lévy deterioration models with their mean and
second and third central moments.

Progressive Model
Z {1}
Z {2}
Z {3}
Z {4}

GP: Γ(0.02t2 , 1/2)
IGP: IGP(0.04t2 , 1/2)
Stationary GP: Γ(t, 1/2)
EGP-Dilog: Γ(16 ln(t), 8/t)

h
i
{j}
E Zt

µ2,Z {j} (t)

µ3,Z {j} (t)

0.04t2
0.04t2
2t
2t

0.08t2
0.08t2
4t
0.125t2

0.32t2
0.48t2
16t
0.0208t3

Besides, from figure 5.5 and table 5.3, it is clear that the processes GP Z {1} , and
IGP Z {2} have same mean and second central moment of deterioration in function of
time. However, they differ in their third central moment: for the IGP model is 32 times
the expression for the GP model. In general, this is satisfied for all the IGP and GP
models with same mean and second central moment over time. In contrast, the EGPDilog has different functional expressions with time for their moments while the rest
of the models has the same dependence, e.g., quadratic for the GP and IGP models
and linear for the stationary GP model. This demonstrates that the EGP-Dilog can be
an alternative option for modeling progressive degradation processes having moments
with different functional dependence on time.
Chapter 7 will provide a more complete discussion of the differences of these progressive models. Specifically, it will be demonstrated that the differences in the deterioration moments significantly affect the characteristics of the lifetime (i.e., mean and
coefficient of variation) and the optimal replacement policy.
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NHGP:rGP(0.02t2,r1/2)
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0
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20
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Figure 5.4: Simulated sample paths of the progressive deterioration models Z {j} in table
5.3.

5.7

Combined deterioration as a NH Lévy process

This section develops the NH Lévy degradation framework to model combined degradation. The assumption is:
A combined deterioration process K is the independent sum of two shockbased and progressive deterioration NH Lévy processes.
Hence, if S is a shock-based NH Lévy process (equation 5.37) and P a progressive
NH Lévy process (equation 5.66), being both independent, the combined NH Lévy
process K is given by:
Kt = St + Pt =

Nt
X

Y (Ti ) + Υ(t) + Zt .

(5.94)

i=1
K
From section 5.3.3 the characteristic exponent ΨK
t (ω), NH Lévy measure Πt , mean
and ` central moments of deterioration Kt (` = 2, 3) are given by the sum of those of
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Figure 5.5: Theoretical mean and nth central moments (n = 2, 3), and their estimators
from the simulated sample paths of the progressive deterioration models Z {j} in table 5.3.

the shock-based deterioration St and the progressive deterioration Pt . Their explicit
expressions depend on the particular processes St and Pt (see tables 5.1 and 5.2).
Example: Consider the shock-based process S {2} of Example 1 in section 5.5.5
and three progressive deterioration processes P {j} , j = 1, . . . , 3. The three combined
processes K {j} defined by:
K {j} = S {2} + P {j}

(5.95)

are studied.
Table 5.4 shows the definitions of P {j} . The parameters are selected to have the
{j}
same mean deterioration for all t ≥ 0, i.e., E[Pt ] =
q 0.5t; and the same coefficient of
{j}

{j}

variation of the deterioration at t = 100, cov100 = µ2,P {j} (100)/E[P100 ] = 1. Table
5.4 also shows the characteristic exponents, mean and second and third central moments
of the combined processes K {j} .
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Table 5.4: Progressive NH Lévy deterioration models P {j} and Combined NH Lévy
deterioration models K {j} , with their characteristic functions, mean and second and third
central moments.

ΨtP

Progressive Model

ΨtK

{j}

as

(ω)

{2}

{1}

K {1}
K {2}

(ω)
ΨtS (ω) + ΨP
t
{2}
{2}
(ω)
ΨtS (ω) + ΨP
t

K {3}

ΨtS

{2}

(ω) + ΨP
t

{3}



λ1 = 0.01, β = 0.02
λ1 t ln 1 − iω
β
hp
i
λ2 = 0.5, η = 0.02
λ2 t
η 2 − 2iηω − η

P {2} : IGP as IGP(λ2 t, η)
P {3} :
EGP-Dilog
Γ(a ln(t), c/t)

Parameters

(ω)



P {1} : GP as Γ(λ1 t, β)

Combined
Model

{j}

(ω)

−aLi2 (iωt/c)

a = 0.5, c = 1

h
i
{j}
E Kt

µ2,K {j} (t)

µ3,K {j} (t)

0.003t2 + 0.5t
0.003t2 + 0.5t

0.06125t2 +25t
0.06125t2 +25t
0.06125t2 +
0.25t2

1.275t2 +2500t
1.275t2 +3750t
1.275t2 +
0.333t3

0.003t2 + 0.5t

From Example 1 in section 5.5, for the NHCPP S {2} , ΨSt
6
eiω(b) −eiω(a)
2
, with a = 15, b = 25.
2002 t , and φY (ω) =
iω(b−a)

{2}

(ω) = Λ(t) (1 − φY (ω)) with Λ(t) =

Figure 5.6 depicts the lifetime densities for a deteriorating system with initial system
condition V0 = 0 and failure threshold k ∗ = 0. Notice that the lifetime densities for
the combined processes K {j} are located to the left of that of the shock-based S {2} , as
expected, because we are adding two sources of degradation and the lifetime decreases.
The combined processes K {1} and K {2} give the same MTTF: E[L] = 125 days, and
their densities are similar. This can be explained because the constitutive progressive
processes P {1} (GP) and P {2} (IGP) were fitted to have the same deterioration mean
and second central moment for all times t ≥ 0 (table 5.4). Besides, the process K {3}
has a MTTF equal to E[L] = 130 days, and its lifetime density is flatter. Recall that
its constitutive progressive process P {3} is an EGP-Dilog with second central moment
greater than that of P {1} and P {2} for times t > 100. Hence, it is expected that the
lifetime has also greater variance.

5.8

Conclusion

This chapter developed further the Lévy-based framework, with respect to the reliability estimation of systems with multiple sources of degradation, by considering the case
of Non-Homogeneous Lévy process as a model for deterioration. This model provided
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Figure 5.6: Lifetime density for the combined models K {j} , j = 1, 2, 3 in table 5.4.

more flexibility in modeling degradation, and the proposed methodology for reliability estimation still allowed the accurate and efficient computation of the reliability
quantities. In addition, the chapter provided more insight of the NH Lévy process.
Specifically:
 Basic concepts of Non-Homogeneous (NH) Lévy processes were presented in section 5.2, such as the NH Lévy measure, the deterministic drift, characteristics
and local characteristics.
 Two classes of NH Lévy processes were clearly presented: time-changed Lévy
processes, and not time-changed Lévy processes (section 5.2.8).
 The modeling assumptions for deterioration and multiple sources of deterioration as NH Lévy processes (i.e., NH subordinators) were presented, including the
general expressions for their NH Lévy measure, characteristics and local characteristics (section 5.2.1).
 The methodology for the reliability evaluation and the numerical methods was
studied. Specifically, the truncation rule was further developed, and a new algorithm for sample paths simulation for NH Lévy deterioration models was proposed
(section 5.4).
 The assumptions for NH Lévy shock-based deterioration and its mathematical
development were presented. The models NHCPP (as a Time-changed Lévy)
and the Extended CPP (in general a no Time-changed Lévy) were introduced,
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being generalization of the CPP model in chapter 4, and illustrated with examples
showing the computed lifetime densities, moments and sample paths simulation
(section 5.5).
 The assumptions for NH Lévy progressive deterioration and its mathematical
development were presented. The gamma process and inverse Gaussian process
were presented and compared in terms of their lifetime densities, and sample
paths (section 5.6, 5.6.5). These processes belong to the class of Time-changed
Lévy processes.
 The Extended gamma process (EGP) was presented and studied, being a more
general case of a GP, as it is not necessarily a Time-changed Lévy process. In
particular, a new process was presented, not previously reported in the literature,
called the EGP-Dilog process. The differences with the GP and IGP models,
and its potential applicability to progressive degradation, were mentioned and
illustrated with some examples (section 5.6.5).
 The illustrative example in section 5.6.5 also provided a numerical validation of
the proposed methodology for the reliability estimation and sample paths.
 The assumptions for combined degradation as a NH Lévy process were stated.
Several examples illustrate this case (section 5.7).

The NH Lévy deterioration models presented in this chapter, and the concepts
and methods developed, add more tools to the Lévy-based framework, with respect
to degradation modeling and reliability analysis. The NH Lévy deterioration models
constitute the “building blocks” for the more complex models which will be presented
in chapter 6, and for the maintenance problem in chapter 7.
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Chapter 6

Generalized NH Lévy
deterioration and applications to
earthquake engineering
6.1

Chapter overview and objectives

Chapters 4 and 5 demonstrated that the Lévy process and the Non-Homogeneous Lévy
process, respectively, constitute a convenient alternative for the efficient reliability estimation of complex engineering situations, such as the effect of deterioration from
multiple sources, in the form of shock-based, progressive or combined degradation mechanisms. Despite this flexibility, these models cannot account for some other situations
which are also common in engineering.
For instance, the randomness present in the process of construction or manufacturing of the system (e.g., an infrastructure, a mechanical component, an electronic
device, etc.) may provide the system a random initial condition V0 , or equivalently, a
random initial deterioration D0 (section 4.2). As defined in chapters 4 and 5, the Lévy
and NH Lévy deterioration process require that the deterioration at t = 0 be equal to 0
deterministically. Therefore, the situation described above cannot be modeled with the
proposed Lévy or NH Lévy deterioration models. A second situation is when different
deterioration processes affect a system but with different initiation times. This is the
case, for instance, of corrosion on Reinforced Concrete (RC) structures that initiates
at a time te after the construction: other types of deterioration processes may affect
the system while corrosion starts, as fatigue due to usage or earthquakes. The Lévy
and NH Lévy deterioration models assume that the different processes starts affecting
the system at the same time, that is, at t = 0. These considerations indicate that
generalizations of these models are required.
This chapter presents three generalizations of the Lévy and NH Lévy deterioration
models of chapters 4 and 5, called the Generalized NH Lévy models. In addition, an
application of these models to an earthquake engineering problem is shown. Specifically,
this chapter:
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 Extends the assumptions presented in section 4.2 which were the basis for the
Lévy and the NH Lévy models (section 6.2). These new assumptions are more
general and provide the basis for defining the Generalized NH Lévy models.
 Presents the three Generalized NH Lévy deterioration models: Model 1 allows
modeling deterioration as a NH Lévy process with random initial deterioration;
Model 2 applies when different sources of degradation affect the system at different
initiation times; and Model 3, which comprises the other two, includes to the
Model 2 the effect of random shocks happening at fixed times. The details of the
numerical methods for the reliability quantities are also provided (section 6.3).
 Applies the Generalized NH Lévy models to a problem in earthquake engineering
where a structure is subject to different sources of deterioration (shock-based and
progressive) with different initiation times (section 6.4).
 Develops a new model for shock sizes (i.e., shocks with probability of no damage)
and presents a calibration schema for shock sizes (i.e., PH-type fitting) which are
applied in the earthquake engineering problem.

6.2

Description of the deteriorating system and reliability

This section presents the general assumptions of the deteriorating system to formulate
the Generalized NH Lévy models. These generalize the assumptions presented in section
4.2 for the Lévy and NH Lévy models. The assumptions are:
1. System construction/manufacturing happens at a time tc ∈ R.
2. The condition of the system is modeled as a 1 dimensional (1d), non-negative,
stochastic process V := {Vt }t≥tc , with initial condition Vtc that can be random
(i.e., when the system is new).
3. The intended (designed) initial condition is vtc , which is deterministic and not
necessarily equal to the actual (manufactured) initial condition Vtc .
4. The system condition decreases over time due to accumulated degradation, according to a 1d stochastic process D := {Dt }t≥tc called the deterioration process,
and defined as:
Dt = vtc − Vt .

(6.1)

5. The system fails the first time when the condition V falls bellow a predefined
deterministic threshold k ∗ (with 0 ≤ k ∗ < V0 ) that represents a safety or limit
state; or equivalently, the first time the deterioration D overpass the deterministic
threshold z = vtc − k ∗ .
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6. No maintenance actions are performed, therefore, the sample paths of V are
monotone decreasing a.s., and the sample paths of D are monotone increasing
a.s..
The models reviewed in chapter 3 and the proposed Lévy and NH Lévy deterioration
models in chapters 4 and 5 take the construction time tc = 0. But as it will be clear in
sections 6.3 and 6.4, in some situations it will be very useful that tc takes a different
value as assumption (1) indicates, and that the condition and deterioration processes, V
and D, start from t = tc . Now, by setting a random initial condition Vtc in assumption
(2), the effect of the randomness present in the process of construction/manufacturing
of the system can be modeled. Assumption (3) defines vtc as the intended initial
condition of the system, which can be different to the resulting initial condition V0 , due
to the aleatory nature of the construction process. The definition of the deterioration
process D by equation 6.1 in assumption (4), allows that the failure threshold z for the
deterioration process D be deterministic (assumption (5)). This definition simplifies
the mathematical expressions for the reliability quantities in terms of the deterioration
process D (equation 6.2). Finally, assumption (6) considers the case of no maintenance.
As in section 2.3, the reliability function R(t, x) is given by:
R(t, z) = P(Lz > t) = P(Vt > k ∗ ) = P(Dt ≤ z).

(6.2)

where it was applied the monotonicity of V (and D).

6.3

Generalizations of the NH Lévy deterioration models

This section presents the three extensions of the Lévy and NH Lévy deterioration
models, namely:
1. Generalized model 1. Models deterioration as a NH Lévy process with random
initial deterioration.
2. Generalized model 2. Considers the deterioration due to multiple NH Lévy deterioration processes with different initiation times.
3. Generalized model 3. Studies deterioration due to multiple NH Lévy deterioration
processes with different initiation times, and due to random shocks happening at
fixed deterministic times. This model comprises the previous two.
Figure 6.1 shows the relationship of these generalized models with the Lévy and
NH Lévy models. Notice that the Lévy and NH Lévy models are the building blocks
for the generalized models. This allows that the characteristic function φDt (omega) of
a generalized model D can be expressed in terms of that of a NH Lévy process, and
thus, that the numerical reliability estimation be still efficient. Figure 6.2 illustrates
some sample paths of the deterioration D for each generalized model. The details will
be clear in the following sections.
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Generalized Model 3
Generalized Model 2

Generalized Model 1

NH Lévy
- Extended CPP
- Extended GP
EGP-Dilog

Time-changed Lévy
- Deterministic
Process (DP)
- CPP
- GP
- IGP

Lévy
- Linear Deterministic (LD)
- CPP
- Stationary - GP
- Stationary - IGP

Figure 6.1: Classification of the NH Lévy based stochastic processes modeling deterioration

6.3.1

Comments on the reliability estimation

For the reliability estimation of the Generalized modes, it is applied the same methodology presented in section 4.7. Recall that this methodology starts from an expression of
the characteristic function φDt (ω) of the deterioration process D. Next, the reliability
quantities, i.e., R(t, z), f (t, z), fD (z, t), fL (t, z) are expressed in terms of φDt (ω) via de
inversion formula. Finally, the analytical expressions are approximated by discretizing
and truncating the improper integrals. The discretization step size h is given by:
h = h(z, t; r) = r

2π
.
z + E[Dt ]

(6.3)

which depends on the mean deterioration E[Dt ] at time t. The truncation level M
is selected according to the tail behavior of the characteristic function φDt (ω) which
depends on the specific model for D. Tables 6.1 and 6.2 show the characteristic function
φDt (ω), mean, and central moments of deterioration, and truncation level M for the
Generalized models presented in this chapter.

6.3.2

Generalized model 1

Consider a case in which the construction time is taken as tc = 0. The model considers
the effect of the uncertainties present in the construction/manufacturing process of
the system, manifested in unit-to-unit variability or within-unit variability. Hence, the
model considers a random initial condition V0 (27). Therefore, the initial deterioration
D0 is also random and it is related to the initial condition V0 by (equation 6.1):
D0 = v0 − V 0 ,
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Figure 6.2: Illustration of some sample paths of the Generalized NH Lévy deterioration
models
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with V0∗ the intended (deterministic) initial condition.
Note that the condition in previous chapters regarding the non-randomness of the
construction process is reproduced with V0 = v0 , that gives a zero value of the initial
deterioration: D0 = 0. Note also that D0 can take negative values in equation 6.4, which
may seem counterintuitive. This happens if V0 > v0 , meaning that the construction
process imbued the system with an initial condition greater than the initially designed
value v0 . Negative deterioration values have all sense as deterioration D has been
defined as a measure of the decreasing of the condition V from the reference condition
v0 , and not from the actual initial condition V0 (by equation 6.1).
The Generalized model 1 consists in defining the deterioration process D as:
Dt = D0 + Xt ,

(6.5)

for all t ≥ 0, where X is a NH Lévy deterioration process and D0 is the random initial
deterioration and is independent of X. Recall that for a NH Lévy process, X0 = 0.
With this assumption the characteristic function of Dt is given by:
X (ω)

φDt (ω) = φD0 (ω)φXt (ω) = φD0 (ω)e−Ψt

,

(6.6)

where φD0 (ω) is the characteristic function of the initial deterioration D0 , and φDt (ω) =
X
e−Ψt (ω) (ΨX
t (ω)) is the characteristic function (exponent) of the NH Lévy deterioration
X.
The numerical solution of the reliability quantities in performed as explained in
section 6.3.1. The mean deterioration E[Dt ] is given by:
E[Dt ] = E[D0 ] + E[Xt ],

(6.7)

and for the truncation level M it is used that of the NH Lévy process X, according
to table 5.2. The second and third central moments of Dt are given by the sum of
those of D0 and Xt because these are independent r.v.’s. Table 6.1 and 6.2 review the
expressions of the characteristic function, mean and central moments.

6.3.3

Generalized model 2

During its life-cycle an engineered system may be subject to different sources of degradation that not necessarily initiate at the same time. For instance, it is well known
that the corrosion on Reinforced Concrete (RC) structures initiates at a time te after
the construction time tc which is usually known as the time to corrosion initiation (1),
(24). However, between t = tc and t = te other sources of degradation may affect
the structure; for example, fatigue or creep. Another example is a structure subject
to a mainshock/aftershocks sequence which happens several years after the structure
construction. The reliability estimation depends on the degree of deterioration of the
structure just before the event, originated, for instance, by a progressive degradation
process present since the structure construction. Clearly, two deterioration processes
(the mainshock/aftershock event and the progressive degradation) affects the structure,
with different initiation times.
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Table 6.1: Characteristic function φDt (ω) and mean E[Dt ] for the Generalized NH Lévy
deterioration models D of section 6.3.

Generalized NH Lévy
Deterioration Model: Dt

φDt (ω)

E[Dt ]

Generalized Model 1
Dt = D0 + Xt

X

φD0 (ω)e−Ψt

(ω)

E[D0 ] + E[Xt ]

Generalized Model 2

Dt =

n
X

{i}
Xt−si 1{t≥si }

exp −

i=1

n
X

!
{i}
Ψt−si (ω)1{t≥si }

{i}

E[Xt−si ]1{t≥si }

i=1

i=1

Generalized Model 3
Pn
{i}
Dt = i=1 Xt−si 1{t≥si }
Pm
+ j=1 Yj 1{t≥τj }

n
X


 P
{i}
n
exp − i=1 Ψt−si (ω)1{t≥si }
Qm
× j=1 φYj (ω)1{t≥τj }

Pn
{i}
i=1 E[Xt−si ]1{t≥si } +
P
m
j=1 E[Yj ]1{t≥τj }

Suppose first that the deterioration at construction is zero: Dtc = 0, and that
n different sources of degradation starts affecting the system at different initiation
times si , such that tc ≤ s1 ≤ s2 ≤ . . . ≤ sn , with i = 1, . . . , n the index of each
deterioration process (figure 6.2(b)). Suppose now that each one of these are modeled
as a NH Lévy deterioration process X {i} , independent of the others. Therefore, a
particular deterioration process X {i} starts contributing to the total deterioration Dt
only if t ≥ si , and its contribution is modeled by adding it to the previous deterioration
processes. Define the deterioration process D = {Dt }t≥tc by:

{1}

{2}

{n}

Dt = Xt−s1 1{t≥s1 } + Xt−s2 1{t≥s2 } + · · · + Xt−sn 1{t≥sn } =

n
X
i=1

where 1A is the indicator function of the set A.
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{i}

Xt−si 1{t≥si } ,

(6.8)
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Table 6.2: Central moments µ`,D (t) (` = 2, 3) and truncation levels M for the Generalized
NH Lévy deterioration models D of section 6.3.

Generalized NH Lévy
Deterioration Model: Dt

µ`,D (t)

M

µ`,D0 + µ`,X (t)

That of Xt

Generalized Model 1
Dt = D0 + Xt

Generalized Model 2

Dt =

n
X

{i}

Xt−si 1{t≥si }

n
X

M (t) = max Mi

µ`,X {i} (t − si )1{t≥si }

si ≤t

i=1

i=1

Generalized Model 3
Pn
{i}
Dt = i=1 Xt−si 1{t≥si }
Pm
+ j=1 Yj 1{t≥τj }

Pn

µ`,X {i} (t − si )1{t≥si }
i=1 P
m
j=1 µ`,Yj 1{t≥τj }

+

M (t) = max Mi
si ≤t

It is easy to show that the characteristic function φDt (ω) can be expressed as:


1,
tc ≤ t < s1





s1 ≤ t < s2
 φXt−s1 (ω),
φDt (ω) = φXt−s1 (ω) φXt−s2 (ω),
(6.9)
s2 ≤ t < s3



···




φXt−s1 (ω) φXt−s2 (ω) · · · φXt−sn (ω), t ≥ sn ,
which can be expressed compactly as:
φDt (ω) =

n
Y

φXt−si (ω)1{t≥si } .

(6.10)

i=1
{i}

If Ψt (ω) is the characteristic exponent of the ith NH Lévy deterioration process
{i}
at t, Xt , equation 6.10 takes the form:
!
n
n
X
Y
{i}
{i}
−Ψt−s (ω)1{t≥si }
i
e
= exp −
Ψt−si (ω)1{t≥si } .
(6.11)
φDt (ω) =
i=1

i=1
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This implies that D is of independent increments. That is, a characteristic exponent
ΨD
t (ω) can be associated to the process D given by:
ΨD
t (ω)

=

n
X

{i}

Ψt−si (ω)1{t≥si } .

(6.12)

i=1

However, it is important to notice that the process D is not a NH Lévy process
as defined in section 5.2.1. The deterioration D0 at t = 0 is not necessarily equal to
0, because the initiation times si can be less than 0. However, it is still stochastically
continuous, because the characteristic exponent ΨD
t (ω) is continuous in t. This is so
{i}
because each Ψt−si (ω) is equal to zero at its initiation time t = si .
By replacing φDt (ω) in equation 6.11 into equations 4.67, 4.68, 4.69, and 4.70 the
numerical approximations for the reliability quantities can be obtained. For the discretization step size h the formula 6.3 is applied with the expression for the mean of
deterioration E[Dt ] given in table 6.1 which is easily deduced from equation 6.11. Also,
the `th -central moments (` = 2, 3) of D are shown in table 6.2. Finally, the truncation
level M is selected depending on the evaluation time t, and is taken as the maximum
of the truncation levels Mi associated to the NH Lévy processes X {i} with initiation
times si before t. That is,
M = M (t) = max Mi .
si ≤t

6.3.4

(6.13)

Generalized model 3

A final extension consists of including into the Generalized model 2 (equation 6.8)
shocks with random sizes that happen at fixed points in time. Suppose there are m
shocks and each j th shock (j = 1, . . . , m) has a random size Yj and a deterministic
arrival time τj . Suppose also that τj < τk for all j < k (figure 6.2(c)). Clearly, the
Generalized model 1 in section 6.3.2 is a particular case of this model with only one
shock (m = 1) arriving at τ1 = 0 and with random shock size Y1 equal to the initial
random deterioration D0 . Other situations in which this model can be applied are
when shocks have arrived in the past for which their arrival times are known exactly a
posteriori but the information about the damage caused is uncertain and can be only
evaluated probabilistically. The reliability estimation at the present time certainly
depends on these past shocks.
For this new model, Dt takes the form:
{1}

{n}

Dt = Xt−s1 1{t≥s1 } + · · · + Xt−sn 1{t≥sn } + Y1 1{t≥τ1 } + · · · + Ym 1{t≥τm }
n
m
X
X
{i}
=
Xt−si 1{t≥si } +
Yj 1{t≥τj } .
(6.14)
i=1

j=1

Assuming that shock sizes {Yj }j=1,...,m are mutually independent and to the NH
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Lévy processes X {i} , the characteristic function of Dt can be easily obtained:
φDt (ω) = exp −

n
X

!
{i}
Ψt−si (ω)1{t≥si }

i=1

m
Y

φYj (ω)

1{t≥τj }

.

(6.15)

j=1

Tables 6.1 and 6.2 show the mean of deterioration and the truncation levels M
for these generalized NH Lévy deterioration models. Along with tables 5.1 and 5.2
they provide the tools for the numerical reliability estimation of the examples shown
in section 6.4. Figure 6.1 reviews all the deterioration models presented in this thesis:
the NH Lévy (including the Lévy process, and the Time-changed Lévy process), and
the three Generalized NH Lévy models.

6.4

An earthquake engineering application

This section shows an application of the Generalized models to earthquake engineering. The purpose of this exercise is to evaluate the reliability of a structure subject
to the combined effect of a mainshock with its sequence of aftershocks and with the
effect of progressive degradation. First, assumptions of the structural system and its
deterioration are stated; then the model of the maishock/aftershocks deterioration is
explored and solved as a Generalized NH Lévy deterioration model 1 (section 6.3.2);
afterwards, the effect of progressive deterioration is included with the use of the Generalized NH Lévy deterioration model 3. Finally, the probability of failure is computed
and compared for all the models.

6.4.1

Description of the deteriorating structure

Suppose that a structure is built in a highly corrosive environment. During 20 years it
is subject to corrosion degradation; this process is called P . At 20 years it is subject
to a major earthquake event and a series of aftershocks that cause the structure to
deteriorate further. The objective is to evaluate the density fD (x, t) of the structural
deterioration Dt at several times t and the probability Pf (t, z) that the structure (with
a failure threshold z) has failed at time t ≥ 0 after the mainshock.
The structural condition V is defined following the approximation of Iervolino et
al. in (6), (7), and (79). They use the kinematic ductility µ as an energy-based index
of the structure seismic capacity V in a simple elastic-perfectly-plastic single degree
of freedom (EPP-SDOF) system. The deterioration Dt is defined as the fraction of
the accumulated plastic displacement at time t over the displacement associated to
the ductility capacity µ0 . Therefore, failure occurs when Dt reaches the value z = 1.
Furthermore, define ME as the magnitude of the generating mainshock and RE its
distance to the structure. For an EPP-SDOF structure and with the ductility loss as
the deterioration index, the damage of each shock (the mainshock and each aftershock)
and the progressive degradation are mutually independent conditional on ME and RE .
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Hence, the deterioration process D has independent increments and can be modeled as
the Generalized model 3 (equation 6.14):
Dt = Pt+s + YE +

Nt
X

for t ≥ 0.

YA,i ,

(6.16)

i=1

P t
where YE is the damage caused by the mainshock, N
i=1 YA,i the damage of the aftershocks sequence, and P the progressive deterioration with s = 20 × 365 days the time
between the construction and the mainshock ocurrence. The progressive process P is
calibrated in order that the structure deterioration (in the mean) reaches the failure
threshold z = 1 after 50 years of its construction if no mainshock/aftershocks happen.
Figure 6.3 shows each process and its combination, with time taken in days.
First, the effect of the mainshock/aftershocks deterioration is considered (e.g., the
shock-based degradation) and then the progressive degradation process is included.

6.4.2

Shock-based degradation

Consider only the effect of the mainshock and its aftershocks sequence. Hence, the
total damage Dt at time t is:
D t = YE +

Nt
X

YA,i ,

(6.17)

i=1

where YE and YA,i are the damage increments (proportional to the increments in plastic
displacement) due to the mainshock and the ith aftershock, respectively. Nt is the
number of aftershocks until time t > 0 and their occurrence follows a Non-Homogeneous
Poisson Process (NHPP) with rate given by the modified Omori formula (79), (37):
λ(t) =

10a+b(ME −mmin )
,
(t + c)p

(6.18)

where ME = 6.0 is the magnitude of the mainshock, mmin = 4.5 is a minimum magnitude of interest, a = −1.66 and b = 0.96 are from the Gutenberg-Richter relationship,
and c = 0.03 and p = 0.93 are from the modified Omori law. These values were taken
from (7).
For an EPP-SDOF structure, the terms in equation 6.17 are mutually independent
given the magnitude ME of the mainshock and its distance RE to the structure. If the
aftershock damages YA,i are equally distributed (which holds for the conditions exposed
P t
in (79)), the term Xt = N
i=1 YA,i is a NH Lévy process, specifically it is a NHCPP.
Therefore, the deterioration Dt in equation 6.17 takes the form of equation 6.5 and
constitutes a NH Lévy process with random initial deterioration D0 = YE . Hence,
from 5.1, 5.42, and 6.6 the characteristic function of the deterioration process Dt is:
φDt (ω) = φYE (ω)e−Λ(t)(1−φYA (ω)) ,
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6. GENERALIZED NH LÉVY DETERIORATION AND
APPLICATIONS TO EARTHQUAKE ENGINEERING

Figure 6.3: A sample path of the structure deterioration: (a) Progressive (DP) Zt from
equation (6.26) and (b) Progressive (DP) and mainshock-aftershock deterioration Dt from
equation (6.16).
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with Λ(t) the mean value function of the shock arrival process given by:
Z t

10a+b(ME −mmin ) − 10a 1−p
Λ(t) =
λ(s)ds =
c
− (t + c)1−p ,
p−1
0

(6.20)

and φYE (ω) and φYA (ω) the characteristic functions of the mainshock and aftershock
deterioration. Their expressions depend on a deeper analysis on the nature of the shocks
from earthquakes and their interaction with the structure, presented in the following
sections.
6.4.2.1

Not damaging shocks

It is common the situation of an arriving shock (the mainshock or an aftershock) with
a probability P0 > 0 of no damage on the system. This situation happens when the
shock intensity is lower than yielding the system. This section deduces the characteristic
function of the shock deterioration Yi with this property of no damage.
It is easy to show that the distribution of such shock size Yi is:
(
P0 ,
y=0
HY (y) = P(Yi ≤ y) =
(6.21)
P0 + (1 − P0 )HY d (y), y > 0,
where P0 is the probability that the shock does not cause damage; HY d (·) denotes
the distribution of Yid which is the size of the ith shock given that it is a damaging
shock. Note also that if P0 = 0, HY (y) = HY d (y), that is, the shock damage distribution is equal to that of a damaging shock. Therefore, by applying equation 4.3, the
characteristic function of each Yi is given in terms of the characteristic function of Yid
as:
Z
Z
iωy
φY (ω) :=
e
P(Y ∈ dy) =
eiωy (P0 δ(y)dy + (1 − P0 )HY d (dy))
(6.22)
R

R

= P0 + (1 − P0 )φY d (ω).

(6.23)

The mean and central moments of Yi are expressed in terms of those of Yid . Tables 9.1
and 9.2 in Appendix A.
6.4.2.2

Shock size calibration and expression for its characteristic function

For the problem of interest, denote as P0E and P0A the probabilities (conditional on ME
and RE ) for a non-damaging mainshock or aftershock, respectively. Take P0E = 0.05
and P0A = 0.5. Therefore, the characteristic functions of YE and YA are given by:

φYE (ω) = φY d (ω) 1 − P0E + P0E
(6.24)
E

φYA (ω) = φY d (ω) 1 − P0A + P0A ,
(6.25)
A

which come from equation 6.23, where φY d (ω) and φY d (ω) are the characteristic funcE
A
tions of the damage of a mainshock and an aftershock, respectively, conditioned on that
they are damaging.
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The distributions of YEd and YAd can be obtained via structural analysis (e.g., ground
motion prediction equations and incremental dynamic analysis) as in (7), (79), or can be
modeled as known distributions with parameters given a priori or fitted from empirical
or numerically-generated data of shock damage. In any case, the actual distributions
of YEd and YAd must be approximated by any of the distributions in table 9.1, which
posses closed-form expressions for their characteristic functions.
Therefore, suppose that the actual shock deterioration, when damaging, is distributed Log-Normal (LN) for both the mainshock and any aftershock; i.e., take YEd ∼
LN with mean µY E = 0.5 and coefficient of variation covY E = 0.8; and YAd ∼ LN with
mean µY A = 0.3 and coefficient of variation covY A = 0.8. Although an expression for
the characteristic function of a LN variable is available in table 9.1, it is only accurate
for coefficients of variation smaller than 1. Hence, three different classes of distributions
were fitted to the reference LN distributions: Phase type (PH), Inverse Gaussian (IG)
and Gamma (G), for which there are closed-form expressions for their characteristic
functions in table 9.1. These distributions have been applied successfully in the context
of shock-based deterioration and seismic reliability in recent papers (30), (6), (7), and
(79). Hence, three models are studied as approximations to the reference LN distributions: (1) (PH, PH): YEd ∼ PH, YAd ∼ PH, (2) (IG, IG): YEd ∼ IG, YAd ∼ IG, and (3) (G,
G): YEd ∼ G, YAd ∼ G.
The parameters for the IG and G distributions are calibrated to have the same mean
and coefficients of variation of the original LN distributions. For the PH distribution
a Maximum-likelihood-based algorithm was applied to fit numerically-generated data
from the LN distributions of YEd and YAd to hyper-Erlang (HE) distributions with 10
phases (see (30), (51)). The results of the probability densities of the fitting distributions of YEd and YAd are shown in figure 6.4. Observe that the PH and IG distributions
fitted similarly and better than the G distribution, for both datasets.
6.4.2.3

Results: density of the deterioration Dt

The density fD (x, t) of deterioration Dt is evaluated from equations 4.69 and 6.19
for the three cases (PH,PH), (IG, IG) and (G,G). As the results obtained for the case
(IG,IG) are similar to those of (PH,PH), only the cases (PH,PH) and (G,G) are plotted
in figure 6.5, for several values of time t in days.
First, it is important to mention that for each time t there is a mass probability
concentrated at y = 0 in the density plots in figure 6.5, which corresponds to the probability that the mainshock and the arrived aftershocks until time t have not damaged the
system. For t = 0 this probability is PE0 = 0.05 which corresponds to the probability
of a not damaging mainshock. Therefore, the densities for t = 0 in figure 6.5 are the
same as the densities of YEd (PH and G) in figure 6.4 but multiplied by (1 − PE0 ) = 0.95.
Secondly, note that the density curves evolve towards greater values of deterioration
and are more disperse as time increases. Observe that for lower values of t the change
is faster than for greater values, being most evident in the first day (from t = 0 days to
t = 1 day) and least evident from t = 80 days to t = 150 days. This is evidence of the
dependence of the aftershock arrival rate λ(t) with the inverse of the time in equation
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Figure 6.4: Fitted PH-type (PH) (Hyper-Erlang with 10 phases), Inverse Gaussian (IG)
and Gamma (G) distributions to the artificially generated dataset from Lognormal (LN):
(a) for the mainshock damage YEd , and (b) for an aftershock damage YAd , given that they
are damaging.
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6.18. Finally, note that for greater times the differences between the densities in figure 6.4(a) and 6.4(b) are less notorious, indicating that as more aftershocks arrive the
differences in the deterioration for the models (PH,PH) and (G,G) are less significant.
This result is expected as a consequence of the central limit theorem applied to the
sum of the aftershocks sizes YiA .

6.4.3

Shock-based and progressive degradation

Consider now the effect of the progressive deterioration P , modeled as a NH Lévy
process. Two different models for P are studied: a deterministic process (DP) Υ(·) and
a gamma process (GP) Z, both with deterioration means given by:
E[Pu ] = cu2 ,

(6.26)

with u the time since the structure construction measured in days, and c = 1/(50 ×
365)2 . This implies that the structure deterioration (in the mean) reaches the failure
threshold z = 1 after 50 years of its construction if no mainshock/aftershocks happen.
Hence, the DP is Υ(u) = cu2 , and the GP Z is defined with shape function given
by:
ΛZ (u) = cu2 ,
(6.27)
and scale parameter β = 1 in order to have the coefficient of variation of the GP
deterioration equal to 1, 50 years after the construction.
The combined deterioration Dt , including the independent effects of the progressive
and mainshock/aftershocks deterioration, is given by equation 6.16. This is the Generalized model 3 because there are two NH Lévy deterioration
processes with different
P t
Y
starting
at t = 0; and (2)
initiation times: (1) the aftershocks deterioration N
i=1 A,i
the progressive deterioration Pt+s starting at t = −s; and a shock with known arrival
time at t = 0 corresponding to the mainshock with random size YE . Therefore, due to
the independence of each of process in equation 6.16, the characteristic function of Dt ,
for t ≥ 0, is given by:

φDt (ω) = φYE (ω) exp −Λ(t) (1 − φYA (ω)) − ΨPt+s (ω) ,
(6.28)
which has the form of equation 6.15. ΨPt+s (ω) is the characteristic function of the
progressive process, whose explicit expression can be found in table 5.1 for the DP and
GP models. Finally, the model (PH,PH) is assumed for the mainshock/aftershocks
deterioration YE , YA,i .
6.4.3.1

Results: density of the deterioration Dt

Figure 6.6 shows the densities of the combined deterioration Dt with progressive models
DP or GP, and for several times t in days. For the case with DP, it can be observed that
the curves are almost zero for damage values in the interval [0, 0.16), for all times t . At
y = 0.16 (approx.) the curves jump and drop sharply and start growing gradually for
y > 0.16. This behaviour occurs because the progressive deterioration is deterministic
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Figure 6.5: Densities of deterioration Dt for several times t in days: (a) For mainshock
damage YEd and aftershock damage YAd distributed Phase-type (PH), (b) for YEd and YAd
distributed Gamma.
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6. GENERALIZED NH LÉVY DETERIORATION AND
APPLICATIONS TO EARTHQUAKE ENGINEERING

and its value at t = 0 is Z0 = (0 + 20 × 365)2 /(50 × 365)2 = 0.16 with probability
one. Hence, the combined deterioration Dt is greater or equal to 0.16 for all times
t ≥ 0; no values less than 0.16 are possible. In fact, there is a point mass probability
at y = 0.16 for all t ≥ 0, which corresponds to the event that the arrived mainshock
and aftershocks until t have not damaged the system. It is worth noting that the
proposed numerical algorithms for the density of Dt reproduce this non-continuous and
degenerate behaviour. Instead, for the GP case there is no point mass probability and
all damage values are possible at any time t ≥ 0, as can be observed in figure 6.6(b).
6.4.3.2

Probability of failure

The interest now is to evaluate the probability Pf (t, 1), that is, the probability that
the structure has failed at time t given that the failure threshold is z = 1. This is
computed from equation 2.8 using the numerical approximation for R(t, z), for several
times t (i.e., from t = 0 days to t = tf = 30 years ≈ 10950 days). Six different
deterioration models were considered: only mainshock/aftershocks deterioration with
the models (PH,PH), (IG,IG) and (G,G) (section 6.4.2), only progressive deterioration
following the GP of section 6.4.3 and two combined deterioration models with the model
(PH,PH) for the mainshock/aftershocks deterioration and the DP or the NHGP model
for the progressive deterioration.
Figure 6.7(a) and 6.7(b) shows Pf (t, 1) with t in logarithmic and linear scale, respectively. Note that in figure 6.7(a) the models (PH,PH) and (IG,IG) give almost identical
results, but the models (PH,PH) and (G,G) give small differences of around 0.025 in
Pf (t, 1) for t between 10−1 days and 10 days. Similar differences were found by Iervolino
et al. in (7) when comparing the (G,G) model with the reference model solved by Monte
Carlo. In figure 6.7(a) it is clear that the differences diminish as time increases, giving
similar results in figure 6.7(b) for the plotted time scale, i.e., t ≈ 500 days and greater.
This is in accordance with the results in section 6.4.2 in the sense that the differences
in deterioration (and in the probability of failure) between the mainshock/aftershocks
models reduce as time increases and more aftershocks arrive (central limit theorem).
In conclusion, at least for the modeled situation (one mainshock/aftershocks), almost
similar results were found for the three models (PH,PH), (G,G), and (IG,IG). However, in other situations, like the effect of several mainshock/aftershocks clusters on the
long-term reliability estimation in (79) significant differences between the (IG,IG) and
(G,G) models are reported.
For the combined deterioration and the mainshock/aftershocks deterioration it is
clear (in both figures) the fast increment in Pf (t, 1) before t = 103 days and then the
steady increase until t = 104 days. This is because the mainshock/aftershocks deterioration is more significant in the days after the mainshock. Instead, the probability
of failure for the progressive model GP is almost stable between t = 0 and t = 103
(Pf (t) ≈ 0.04) and rises significantly between t = 103 and t = 104 . This is evidence of
the quadratic nature of the mean of the GP model with time, and its long-term effect.
Moreover, it is evident that both combined deterioration models give greater values
of Pf (t, 1) than the shock deterioration and the GP separately, as expected (around
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Density of Dt

y

Figure 6.6: pdf of the combined deterioration Dt from equation (6.16) for several times
t in days with mainshock damage YEd and aftershock damage YAd distributed Phase-type
(PH): (a) with progressive model DP and (b) with progressive model NHGP.
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Figure 6.7: Probability of failure Pf (t) for different deterioration models: (a) time in
logarithmic scale (b) time in linear scale.
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8% and 15% more). Finally, it is interesting to note that the combined process with
DP gives around 4% more probability of failure than the combined process with GP
for times greater than 1000 days. This is because the DP process reaches the value
Pf (t) = 1 faster than the GP: note that at time tf = 30 years ≈ 10950 days, Pf (tf ) = 1
for the DP, while Pf (tf , 1) = 0.6 for the GP; hence, it is expected that the Pf (t, 1) plot
for the DP (and its combination with the shock-based process) be above the plot for
the GP (and its combination).

6.5

Conclusion

The Generalized NH Lévy deterioration models presented in this chapter provided a
further extension of the Lévy and NH Lévy deterioration models in chapters 4 and 5. In
addition, the models and the methodology for the reliability estimation were illustrated
with an application in earthquake engineering. Specifically:
 The general assumptions for the deteriorating system (section 6.2) extended the
previous ones applied for the Lévy and NH Lévy models (section 4.2, 4.7, 5.4) to
include more general cases of deterioration processes like the Generalized models
proposed.
 The Generalized NH Lévy models presented in section 6.3 comprised: (1) the
Generalised model 1, defined as a NH Lévy deterioration process with random
initial deterioration value; this process can model the effect of the randomness
in the manufacturing (construction) process of the system; (2) the Generalized
model 2, applied when different sources of (NH Lévy) degradation affect the
system at different (deterministic) initiation times; and (3) the Generalized model
3, that comprises the other two by including to the Generalized model 2 the
effect of random shocks happening at fixed times. The details of the numerical
methods, i.e., the discretization step size h and truncantion levels M , required for
the reliability calculation of these models, were also provided and demonstrated
to be efficient, accurate and easy to implement.
 The earthquake engineering problem in section 6.4, about a structure subject to
a mainshock followed by a series of aftershocks and a progressive degradation
process, was successfully described in terms of the density fD (x, t) of the deterioration Dt , and the probability of failure by time t, Pf (t, z). Under the assumptions
stated by Iervolino, et al. in several papers (6), (7), and (79), the independence
assumption of the different sources of deterioration is satisfied. Therefore, the
Generalized models 1 and 3 were found to be adequate approximations for the
problem, and allowed the efficient evaluation of the reliability quantities by the
numerical methods presented. As with the Lévy and NH Lévy deterioration models, the Generalized models also allow the inclusion of shock sizes distributions
with any of the distributions in table 9.1 and not only the Gamma and Inverse
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Gaussian distributions used in (6), (7), and (79). Also it is possible to include
several progressive degradation models additional to the GP, like a deterministic
process Υ(t), the IGP or the EGP. Regarding the shock-based degradation in
the earthquake engineering problem, the results obtained were similar to those
reported in (7) for a similar problem, in the sense that no major differences are
found in the probability of failure for the different mainshock and aftershocks
size distributions, i.e., (PH,PH), (G,G) and (IG,IG), fitted to the reference LN
distribution.
 Other results worth mentioning are: (1) The case of a shock size Y with probability of no deterioration whose characteristic function was deduced in section
6.4.2.1, and applied in the earthquake engineering application; (2) an example of
how to calibrate the shock size distribution by fitting an empirical distribution
(LN) to three different distributions: PH, G, and IG. The example demonstrated
the versatility and convenience of the Phase-Type (PH) distribution because it
can reproduce any positive distribution with fitting methods well established (see
e.g., (30)), and its characteristic function has closed form.

In conclusion, the Generalized NH Lévy deterioration models demonstrated their
flexibility to solve more complex engineering situations than the achieved with the
models in previous chapters. Although the application was focused in an earthquake
engineering context, the proposed models and the methodology for the reliability estimation are enough general to be applied to a wide range of situations where reliability
estimation is fundamental, e.g., in mechanical engineering, electronic engineering, materials engineering, etc.
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Chapter 7

Age-replacement maintenance
model with NH Lévy degradation
7.1

Chapter overview and objectives

Previous chapters provided the fundamentals, methodologies and numerical algorithms
for deterioration modeling and reliability analysis that constitute the first two stages of
the overall Lévy-based framework. This chapter focuses on the next stage in the lifecycle analysis of engineering systems, which is maintenance. Specifically, the chapter
studies the age-replacement model. Two main objectives are pursued: (1) to develop
the age-replacement model for systems that fails due to deterioration as a NH Lévy
process; and (2) to compare different NH Lévy deterioration models in terms of their
reliability quantities and optimal maintenance policy. The specific objectives of this
chapter are:
 Introduces the age-replacement model for maintenance, the existence of an optimal replacement age α∗ and expected cost rate K ∗ , and the numerical method
proposed and applied in the chapter for finding the optimal solution (section 7.2).
 Develop the age-replacement model and its optimization for a system that fails
due to degradation as a NH Lévy deterioration process. Formulas and numerical
methods are deduced and proposed for this task, applied for three different cases:
deterioration as a Lévy process, deterioration as a time-changed Lévy process,
and the general NH Lévy deterioration (section 7.3).
 Propose a calibration scheme to find the parameters of NH Lévy progressive
models in a hypothetical practical situation with deterioration data, and with
the objective to compare different models (section 7.4).
 Compare three NH Lévy progressive deterioration models: a stationary GP, a
stationary IGP, and an EGP-Dilog, in terms of their central moments of deterioration, characteristics of their lifetime (i.e., mean and coefficient of variation),
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and optimal age-replacement policy (i.e., optimal replacement age and expected
cost rate).
In summary, the chapter provides numerical tools for the optimal age-replacement
policy for deterioration as a NH Lévy process, which are also efficient and easy to implement. Furthermore, the comparisons between the NH Lévy progressive models give
more insight into their nature, and emphasize the importance of a convenient calibration
of the models. In addition, it is the first time, to the extent of the author’s knowledge,
that the GP and IGP models are compared in terms of their lifetime characteristics
and optimal maintenance policy.

7.2
7.2.1

Age-replacement model
Basics

One of the basic maintenance strategies is the age replacement model (17), (82), (1).
It assumes that the actual system deterioration cannot be observed — that is, no
inspections or monitoring are performed—, but the distribution of the lifetime L of the
un-maintained system is known. The model consists in replacing the system at failure
or at determined age α, whichever occurs first (Figure 7.1). If replacing is at α it is
preventive maintenance, intended to improve the system condition V avoiding future
costs due to failure. If replacing is at failure it is called corrective maintenance, usually
more expensive than preventive maintenance due to costs associated to the failure itself
and to eventual downtime of the system. If C1 is the preventive maintenance cost and
C2 is the corrective maintenance cost, then, C1 ≤ C2 (Figure 7.1).
Now, assume that each maintenance action, wether preventive or corrective, brings
the system to a condition as good as new. Moreover, assume that the new system
behaves statistically identical and independent to the original and that replacements
are instantaneous. Finally, let F the lifetime distribution of the un-maintained system
with finite mean, i.e., E[L] < ∞. Therefore, the sequence of replacement times constitute a renewal process; each cycle begins with a replacement and ends with the next
replacement.
The interest is to minimize the expected cost per unit time (or expected cost rate)
for an infinite time horizon, given by:
K(α) = lim

t→∞

E[C(t; α)
,
t

(7.1)

where C(t; α) is the cost incurred in the interval (0, t], given the planned replacement
age α. From the theory of renewal processes, K(α) can be expressed as:
K(α) =

Expected cost in a cycle
.
Expected length of a cycle
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(7.2)

7.2 Age-replacement model

Vt
System’s condition

v0

Replacement
before failure (at
a)

k*

X

Cash flow

L1

X

L2

Replacement at
failure (before 2a)

a

a

X

L3

Minimum
operation
threshold

Time

a
C1

C1

Time

C2

Figure 7.1: Age-replacement policy (adapted from (1)).

Now, a planned replacement happens if L > α and a corrective one if L ≤ α. Then,
the expected cost in a cycle is:
C1 P(L > α) + C2 P(L ≤ α) = C1 F (α) + C2 F (α),
and the expected length of a cycle is:
Z α
Z
udF (u) =
αF (α) +
0

(7.3)

α

F (u)du,

(7.4)

0

which gives for the long run expected cost rate:
K(α) =

C1 F (α) + C2 F (α)
Rα
.
0 F (u)du

(7.5)

A policy with replacements only at failure is obtained with α = ∞. For this case note
that equation 7.5 gives for the long run expected cost rate:
K(α) =

7.2.2

C2
.
E[L]

(7.6)

Optimal maintenance policy

The objective is to find the replacement age α∗ that minimizes K(α) given by 7.5.
Several cases can be identified for this problem, which depend on the nature of the
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failure rate:
h(t) = f (t)/F (t),

(7.7)

of the lifetime L (f is the lifetime density).
First, suppose that h(t) is continuous and strictly increasing, then:
C2
 If h(∞) = limt→∞ h(t) > E[L](C
, there exists a finite and unique α∗ that
2 −C1 )
∗
minimizes 7.5. Such α satisfies:

h(α∗ )

Z

α∗

F (u)du − F (α∗ ) =

0

C1
,
C2 − C1

(7.8)

which gives the corresponding optimal expected cost rate:
K ∗ := K(α∗ ) = (C2 − C1 )h(α∗ ).

(7.9)

C2
 If h(∞) ≤ E[L](C
, then α∗ = ∞ meaning that replacements are made at
2 −C1 )
failure, with optimal expected cost rate K ∗ given by equation 7.6.

Now, if h(t) is non-increasing a new component has more change to fail than a used
one, and the optimal replacement age is α∗ = ∞.

7.2.3

Numerical solution

Finding the optimal maintenance policy requires to solve the algebraic equation given
by 7.9 for α∗ . Written as a root-finding problem, equation 7.9 can be expressed as:
Z α
C1
h(α)
= 0,
(7.10)
F (u)du − F (α) −
C2 − C1
0
or in terms of the distribution F and density f of the lifetime, as:
Z α
C1
g(α) := f (α)
F (u)du − F (α)F (α) −
F (α) = 0,
C
2 − C1
0

(7.11)

that is, the problem consists in finding the root of the function g defined in equation
7.11.
In general, this task must be performed numerically with the use of root-finding
algorithms. The method implemented in this chapter is the bisection method, which
resulted the most convenient among other methods (e.g., Newton’s, false position,
secant) for the problem of comparing several NH Lévy deterioration models, among
a wide range of parameters (e.g., costs C1 , C2 , mean and moments of deterioration,
mean and coefficient of variation of lifetime), in terms of their optimal age-replacement
policies. Specifically, the bisection method was selected because it is globally convergent
even in cases with g highly changing (i.e., high derivative g 0 ), presented for small
coefficient of variation of the lifetime L. Moreover, the method does not require the
expression for the derivative of g, needed in the Newton’s method.
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The bisection method requires two points a and b with g(a) and g(b) of opposite
1
sign as inputs of the algorithm (83). It is selected a = 0, thus, g(0) = − C2C−C
as
1
can be easily deduced from 7.11, which has negative sign. The point b is found by
sequentially evaluating g at the points bn = 2n E[L], n = 0, 1, · · · , until the first one
with positive sign is found, which is selected as the point b. The bisection method can
then be applied which consists in repeatedly halving subintervals of [a, b], and at each
step, locating the half containing α∗ , the solution to g(α) = 0 (83). At each i-step, g
is evaluated at the midpoint αi of each subinterval. The algorithm stops at the first
n-step when the following condition is met:
αn − αn−1
< ,
(7.12)
αn
with  a tolerance error. Then, the root is approximated by the last midpoint: α∗ = αn .
In the numerical solution of the examples in this section  = 10−4 .

7.3

Age-replacement model with deterioration as a NH
Lévy process

The objective of this section is to develop the age-replacement model and its optimization for a system that fails due to degradation as a NH Lévy deterioration process X.
Specifically, the function g in equation 7.11 is expressed in terms of the characteristic
exponent Ψt (ω) of X. Some comments on the numerical approximations are also made.
The methodology proposed can be applied in general for any NH Lévy process and it is
illustrated in section 7.4 for three NH Lévy progressive processes: the stationary GP,
the stationary IGP, and the EGP-Dilog.
Suppose a deteriorating system as described in section 4.2, with failure threshold
z, and with deterioration as a NH Lévy deterioration process X as defined in section
5.3.1. Therefore, its reliability function R(t, z) and lifetime density f (t, z) (denoted in
this section as f (t)) are given by equations 5.28 and 5.29. From these expressions the
distribution of the lifetime F , its complementary distribution F , and lifetime density
f (t) can be obtained, which are needed in equations 7.5 and 7.11 for the optimal
replacement policy:
1
1
F (α) = R(t, z) = −
2 2πi

Z

∞

−∞

e−iωz −Ψα (ω)
e
dω
ω

Z ∞ −iωz
1
1
e
F (t) = 1 − F (α) = +
e−Ψα (ω) dω
2 2πi −∞ ω

Z ∞ −iωz 
1
e
∂
f (t) = −
Ψα (ω) e−Ψα (ω) dω.
2πi −∞ ω
∂α

(7.13)
(7.14)
(7.15)

These expressions must be computed numerically with the discretization and truncation
rules of section 5.4.2 (e.g., equations 5.30 and 5.31), for each α = αn in the bisection
method (section 7.2.3).
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Equation 7.11 also requires an expression for
grating 7.13:
Z
0

α

Rα
0

F (u)du, which is deduced by inte-


Z ∞ −iωz
1
e
1
−Ψu (ω)
F (u)du =
−
e
dω du
2 2πi −∞ ω
0

Z α Z ∞ −iωz
1
e
1
−Ψu (ω)
e
dω du
= α−
2
2πi 0
ω
−∞
Z ∞ −iωz Z α
e
1
1
e−Ψu (ω) du dω,
= α−
2
2πi −∞ ω
0
Z

α

(7.16)
(7.17)
(7.18)

where the interchange of the integrals can be done due to the continuity of the integrand
in ω and u.
To develop further the expression 7.18, it is needed to consider particular cases of
the NH Lévy process X and its characteristic exponent Ψt (ω).

7.3.1

Case I: Lévy deterioration process

If X is a Lévy deterioration process, its (NH) characteristic exponent is given by
Ψt (ω) = tΨ(ω) (equation 5.4), where Ψ(ω) is the characteristic
exponent of the Lévy
R α −Ψ (ω)
u
du in equation 7.18
process as defined in chapter 4. Therefore, the integral 0 e
can be developed:

Z

α

e

−Ψu (ω)

0

e−uΨ(ω)
du =
e
du = −
Ψ(ω)
0
i
h
1
=
1 − e−αΨ(ω) ,
Ψ(ω)
Z

α

α

−uΨ(ω)

(7.19)
0

(7.20)

which gives for equation 7.18:
Z
0

α

1
1
F (u)du = α −
2
2πi

Z

∞

−∞

i
e−iωz 1 h
1 − e−αΨ(ω) dω
ω Ψ(ω)

(7.21)

that is evaluated numerically by the discretization and truncation approximations:

Z

α

0

M
h
i
1
1 X e−iz(m−1/2)h
1
F (u)du ≈ α −
1 − e−αΨ((m−1/2)h)
2
2πi
(m − 1/2) Ψ((m − 1/2)h)
m=−M

(7.22)

7.3.2

Case II: Time-changed Lévy process

For a NH Lévy deterioration process X as a Time-changed Lévy process, the characteristic exponent takes the form Ψt (ω) = Λ(t)Ψ(ω), where Ψ(ω) is the characteristic
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exponent of Ra Lévy process (equation 5.15). Clearly, finding an analytical solution to
α
the integral 0 e−Ψu (ω) du in equation 7.18 depends on the functional expression of Λ(t).
For instance, if Λ(t) is linear the process X is a Lévy process, and the integral is given
by equation 7.22. If Λ(t) = ct2 , c > 0, the integral takes the form:
√
Z α
Z α
p

π
−cu2 Ψ(ω)
−Ψu (ω)
e
du = p
e
du =
erf
cΨ(ω)α ,
(7.23)
2 cΨ(ω)
0
0
where erf(·) is the error function (84). Therefore, equation 7.18 takes the form:
Z
0

α

1
1
F (u)du = α −
2
2πi

Z

∞

−∞

√
 p

e−iωz
π
p
erf α cΨ(ω) dω,
ω 2 cΨ(ω)

(7.24)

which can be evaluated with the discretization and truncation approximation:
Z
0

α

√
M
 p

π
1
1 X e−iz(m−1/2)h
p
F (u)du ≈ α−
erf α cΨ((m − 1/2)h) .
2
2πi
(m − 1/2) 2 cΨ((m − 1/2)h)
m=−M

(7.25)

7.3.3

Case III: General NH Lévy process

Rα
In general the integral 0 e−Ψu (ω) du cannot be solved analytically; for instance, when X
is an Extended gamma
R α process (EGP). For these cases the strategy adopted is to solve
directly the integral 0 F (u)du in 7.18 by numerical methods. The selected method is
the Gauss-Legendre quadrature (83). This consists in approximating the integral by a
weighted sum:
Z

α

F (u)du ≈
0

nQ
X

wj F (uj ),

(7.26)

j=1

where wj are the weights, uj ∈ (0, α) are known as the quadrature points, related with
the roots of the Legendre polynomials, and nQ is the number of those points for the
approximation. The quadrature points uj are not equally spaced in the interval (0, α)
like in other methods (e.g., the trapezoidal rule or the Simpsons rule), giving much
accurate results for same nQ .
The weights wj and quadrature points uj depend on the interval of integration
[0, α], and the number of points nQ , and not on the integrand. The weights and points
were evaluated with the package GaussQuad in MATLAB®.

7.4

Comparison between progressive NH Lévy models

In this section three NH Lévy progressive deterioration models are compared: a stationary GP (sections 4.4.4.1, 5.6.1), a stationary IGP (sections 4.4.4.2, 5.6.2), and an EGPDilog (section 5.6.3), in terms of their central moments of deterioration, characteristics
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of their lifetime (i.e., mean and coefficient of variation), and optimal age-replacement
policy (i.e., optimal replacement age and expected cost rate). In this last case, the influence of the preventive and corrective costs, C1 and C2 , is also studied. The results give
more insight into the nature of these processes, and complement the results presented
in section 5.6.5 about the deterioration mean and moments, and sample paths.

7.4.1

Calibration of the parameters

The parameters of the NH Lévy progressive models must be adequately calibrated for
a consistent comparison. The proposed calibration scheme seeks to fit the models by
the moments of deterioration data available at some inspection time. This is different
to the methodology proposed by Pandey, et. al in (31), who fitted the models by the
moments of lifetime data.
Specifically, consider the following practical situation. Suppose a set of similar
components that deteriorate over time; although they are immersed in the same random
environment, the sample paths of the deterioration of these components may differ.
The interest is to model this situation via a NH Lévy progressive processes X. First,
suppose that the mean of deterioration of these components over time (t in days) is
known: E[Xt ] = At, with A the rate of mean deterioration. Set A = 10 and the failure
threshold z = 100. Moreover, the deterioration process of each component is observed
at an inspection time tm , from which an estimate of the coefficient of variation of the
deterioration COV (Xtm ) is obtained. The inspection time is selected as 1/10 times the
lower bound of the mean of lifetime which is: L = z/A = 100/10 = 10 days. That is,
the components (in the mean) fail at no less than 10 days and the inspection time is
tm = 1 day.
Therefore, the NH Lévy models parameters are calibrated in order that they have
the same mean deterioration for all times, E[Xt ] = At, and same coefficient of variation
at tm , COV (Xtm ). The NH Lévy models studied are: the stationary GP as Γ(λ1 t, β),
the stationary IGP as IGP(λ2 t, η), and the EGP-Dilog as Γ(a ln(t), c/t), which all have
linear deterioration mean (sections 5.6.1, 5.6.2, 5.6.3). Several values of COV (Xtm ) are
analyzed: 0.1, 0.2, 0.35, 0.5, 0.65, 0.8, 1, 1.2, 1.35, 1.5, 2. The parameters of each model
are expressed in terms of the mean deterioration rate A, the inspection time tm , and
the coefficient of variation at tm , COV (Xtm ), by using the analytical expressions for
the mean and second central moment of the models in section 5.6. The expressions are
shown in table 7.1.

7.4.2

Comparison in terms of the second and third central moments
of deterioration

For a comprehensive analysis of the differences of the NH Lévy models in terms of their
lifetime properties and optimal replacement policy, it is necessary first to study their
deterioration moments over time. Table 7.2 shows expressions of the `-central moments
(` = 2, 3) of the deterioration Xt , in terms of the mean rate A, time tm , and coefficient
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Table 7.1: Calibrated parameters of the progressive models: stationary GP, stationary
IGP, and EGP-Dilog in terms of the mean deterioration rate A, the inspection time tm ,
and the coefficient of variation at tm , COV (Xtm )

Progressive Model

Parameters

GP: Γ(λ1 t, β)

λ1 =

IGP: IGP(λ2 t, η)

1
COV (Xtm )2 tm

λ2 = A

EGP-Dilog: Γ(a ln(t), c/t)

a=

1
2COV (Xtm )2

β=

1
ACOV (Xtm )2 tm

η=

1
ACOV (Xtm )2 tm

c=

1
2ACOV (Xtm )2

of variation COV (Xtm ), which can be deduced from the expressions in section 5.6 and
table 7.1.

Table 7.2: Second and third central moments of the progressive models: stationary GP,
stationary IGP, EGP-Dilog in terms of the mean deterioration rate A, the inspection time
tm , and the coefficient of variation at tm , COV (Xtm )

Progressive Model

µ2 (t)

µ3 (t)

GP

A2 COV (Xtm )2 tm t

2A3 COV (Xtm )4 t2m t

IGP

A2 COV (Xtm )2 tm t

3A3 COV (Xtm )4 t2m t

EGP-Dilog

A2 COV (Xtm )2 t2

8 3
3 A COV

(Xtm )4 t3

Observe first that for each value of COV (Xtm ), the second central moments for the
GP and IGP models for all times are the same, and increase linearly with time (see
Fig. 7.2). The third central moments are also linear with time, but differ by a factor
of 32 between the IGP and GP. This result was also found in the Non-Homogeneous
GP and IGP models of section 5.6.5. In contrast, the second central moment for the
EGP-Dilog model differs from those of the GP and IGP, showing a quadratic behavior
with time. Only at t = tm the values are the same, which is expected as the models
were calibrated with the same coefficient of variation of deterioration at tm . But after
that time, µ2 (t) for the EGP-Dilog increases faster, which is evident in Fig. 7.2(a).
Finally, the third central moment for the EGP-Dilog increases proportionally to t3 and
faster than for the GP and IGP models.
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Figure 7.2: (a),(b) Second µ2 (t) and (c),(d) third central moments µ3 (t) of the GP,
IGP and EGP-Dilog models with (a),(c) COV (Xtm ) = 0.5 and (b),(d) COV (Xtm ) = 0.5
(A = 10, tm = 1).
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7.4.3

Comparison in terms of the mean and coefficient of variation of
lifetime

Fig. 7.3 shows the mean E[L] and coefficient of variation COV (L) of the lifetime of
the three models GP, IGP and EGP-Dilog, in terms of COV (Xtm ), with the numerical
methods presented in sections 4.7.5 and 5.4. The inspection time is tm = 1.
Comparing first the GP and IGP models, from Fig. 7.3(a),(b) the following can be
inferred:
1. Two degradation models (e.g, the GP and the IGP) with same deterioration mean
E[Xt ] and second central moment µ2 (t) (section 7.4.2) have almost the same mean
lifetime.
2. However, as the variability of these models increases (i.e., greater values of COV (Xtm )),
the differences in their third central moment µ3 (t) affect the lifetime L. The differences are more evident in the coefficient of variation COV (L), but also were
found in the mean lifetime for values of COV (Xtm ) much greater than 2.
3. The IGP model had (slightly) less mean lifetime and coefficient of variation of
lifetime than the GP model. This suggests that among the models with same
mean and second moment of deterioration, those with greater third central moment (or equivalently, with longer tail behavior) tend to fail faster and with less
variability.
With respect to the EGP-Dilog model, from Fig. 7.3(c),(d) the following can be
concluded:
1. Both the mean and coefficient of variation of the lifetime L of the EGP-Dilog
model are higher than for the GP and IGP models. This is attributed to the
higher deterioration variance µ2 (t) of this model (Fig. 7.2(a),(b)).
2. Moreover, for the EGP-Dilog model the mean and coefficient of variation of the
lifetime L increase faster with COV (Xtm ) than for the GP and IGP. It seems
that this is also due to the higher variance µ2 (t) and third central moment µ3 (t).
3. For all the models, as COV (Xtm ) approaches to 0, the mean lifetime approaches
to its lower bound E[L] = L = z/A = 10, and the coefficient of variation to
COV (L) = 0.
In conclusion, although all the three models have same mean deterioration over
time, E[Xt ] = 10t, and same second central moment (or coefficient of variation) at
the inspection point tm , the overall behavior of this quantity over time, µ2 (t), affects
sensibly the lifetime characteristics (i.e., the EGP-Dilog compared with the GP and
IGP). In the case that the second central moments are equal (i.e., the GP and the
IGP), the third central moment µ3 (t) starts influencing. Therefore, for a dependable
deterioration modeling, it is important to know not only the mean deterioration, but
also the second and third central moments, µ2 (t) and µ2 (t), over time. Next section
reaffirms this conclusion in terms of the optimal age-replacement policy.
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Figure 7.3: Mean E[L] and coefficient of variation COV (L) of the lifetime L in terms of
COV (Xtm ) for: (a),(b) GP and IGP; (c), (d) GP, IGP, and EGP-Dilog (z = 100, A = 10,
tm = 1).
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7.4.4

Comparison in terms of the optimal maintenance policy

This section compares the NH Lévy models in terms of the optimal age-replacement
policy and studies the influence of the preventive and corrective costs, C1 and C2 . It
C2
is taken C1 = 1000 and various values of C2 , such that the quotient C
varies from 2
1
to 100 (see (17)). Additionally, A = 10, z = 100, and tm = 1. The numerical methods
applied are those explained in sections 7.2.3 and 7.3.
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Figure 7.4: (a,c) Optimal replacement ages α∗ and (b,d) optimal expected cost rates
K ∗ of the GP, IGP and EGP-Dilog models with COV (Xtm ) = 0.5, 1.0 (a = 100, A = 10,
tm = 1).

Fig. 7.4 shows the optimal replacement ages α∗ and optimal expected cost rates
C2
, for the three models, and for two values of the
as functions of the quotient C
1
coefficient of variation of deterioration at tm : COV (Xtm ) = 0.5 and COV (Xtm ) = 1.0.
The following can be concluded:
K∗

131

7. AGE-REPLACEMENT MAINTENANCE MODEL WITH NH LÉVY
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C2
1. As a general rule, if C
increases, the optimal replacement age α∗ decreases, which
1
is expected because higher corrective costs C2 require more frequent preventive
∗
2
replacements. Now, as C
C1 approaches 1 the optimal replacement age α tends to
∞, indicating that only corrective replacements are performed.
C2
2. For each value of C
, lower replacement ages α∗ have higher expected cost rates
1
∗
K , which is also easy to understand.

3. From lowest to highest expected cost rate (or equivalently, from highest to lowest
age), the order of the models is: GP, IGP, EGP-Dilog. This is satisfied in the
2
case COV (Xtm ) = 0.5 for values of C
C1 > 4, and in the case COV (Xtm ) = 1.0 for
2
values C
C1 > 20.
4. The expected cost rates K ∗ for COV (Xtm ) = 1.0 are approximately twice the
2
costs for COV (Xtm ) = 0.5 for each C
C1 > 10 and each deterioration model (Fig.
7.4(b) and (d)). In other words, greater variance in the deterioration models gives
greater costs.
5. For the EGP-Dilog model, in the case COV (Xtm ) = 1.0, the age α∗ tends to ∞
C2
∗
2
at C
C1 ≈ 10 and lower. Therefore, for these values, K = E[L] (equation 7.6). This
last expression is plotted as the dashed line in Fig. 7.4(d), which fits exactly to
2
the actual K∗ for the mentioned values of C
C1 .
∗
Now, go further into comparing the GP and IGP models. Denote ∆αGP
−IGP and
∗
∗
∆KGP −IGP the percentage differences of the optimal replacement age α and optimal
expected cost rate K ∗ , respectively, for the GP model compared with the IGP model.
Explicitly,

∗
∆αGP
−IGP =

∗ − α∗
αGP
IGP
100%,
∗
αIGP

∗
∆KGP
−IGP =

∗ − K∗
KGP
IGP
100%.
∗
KIGP

(7.27)

Fig. 7.5 shows these percentage differences in terms of COV (Xtm ) and several
2
values of C
C1 . The following can be deduced:
1. In general, the difference in the optimal replacement ages for both models is very
sensitive on both the variance of the deterioration process (related to COV (Xtm ))
2
and the relation of costs C
C1 (figure 7.5(a)). In some cases the replacement age is
higher for the GP than for the IGP, but in others it is the opposite. Nevertheless,
the differences are not so large for values of COV (Xtm ) less than 1.5: between
−7.5% and 7.5%. However, for greater values, the differences increase. For inC2
stance, for COV (Xtm ) = 2.0, the difference is −14% for C
= 100 and 13% for
1
C2
C1 = 2.
2
2. It is interesting to note in figure 7.5(b) that for most of the C
C1 curves (explicitly,
C2
for C
≥ 4), the differences in the optimal expected cost rates K ∗ are negative for
1
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Figure 7.5: Percentage differences of: (a) optimal replacement ages and (b) optimal
expected cost rates, for the GP model compared with the IGP model as functions of
2
COV (Xtm ) and several values of C
C1 (a = 100, A = 10, tm = 1).
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COV (Xtm ) ≤ 1.0. In other words, the costs associated to the GP deterioration
model are less than those of the IGP model.
C2
3. The case with less difference is C
= 2, which takes values between 0% and 3%,
1
C2
and the case with major difference is C
= 100, taking values between −17% and
1
1%.

These results demonstrate that significant differences can be obtained in the optimal ages and expected cost rates between different deterioration models with similar
characteristics, i.e., mean and second central moment of deterioration. In general, the
EGP-Dilog incurred higher costs attributed to greater deterioration and lifetime variances. Different results were also found for the GP and IGP models, e.g., a maximum of
17% of difference in the expected cost rate K ∗ . These differences could have significant
economic implications in practical situations.

7.5

Conclusion

This chapter introduced the age-replacement model for maintenance and developed
the numerical methods for finding its optimal solution when deterioration follows a
NH Lévy process. These methods were applied to compare three NH Lévy progressive
models: the stationary GP, the stationary IGP, and the EGP-Dilog, with important
and novel results. Specifically:
 The optimal solution for the age-replacement model, consisting in solving the
algebraic equation 7.11, was implemented by means of the bisection method,
because it is globally convergent, which resulted convenient for comparing the
NH Lévy models in a wide range of parameters (e.g., preventive and corrective
costs C1 , C2 , mean and coefficient of variation of deterioration at tm , mean and
coefficient of variation of lifetime).
 The inclusion of the NH Lévy deterioration process into the age-replacement
problem was successfully accomplished (section 7.3). Analytical expressions and
numeric approximations for the algebraic equation 7.11, in terms of the characteristic exponent Ψt (ω) of the NH Lévy processes, were deduced for three cases:
Lévy, time-changed Lévy, and general NH Lévy. For this last case the integral
7.18 was numerically approximated with the Gauss-Legendre quadrature which
is more accurate and efficient than other methods for numeric integration. The
numerical methods also included the inversion formulas for the reliability, and
the discretization and truncation rules implemented in previous chapters.
 The calibration scheme in section 7.4 provided a means to calibrate NH Lévy
models by using their deterioration moments. This calibration was applied to
compare three progressive deterioration models: stationary GP, stationary IGP,
and EGP-Dilog.
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 The comparison of the GP and IGP in terms of their lifetime characteristics
and optimal maintenance policy complemented the findings in section 5.6.5. The
comparison demonstrated the importance of the time-dependence of the variance
of deterioration µ2 (t) for a dependable reliability assessment and maintenance
policy. Moreover, the results for the EGP-Dilog model gave more insight into
this new process reported in this thesis. The results demonstrated the significant
influence —not mentioned in the literature— of the third central moment of
deterioration µ3 (t) in the reliability estimation and optimal maintenance policy,
in addition to the variance µ2 (t) and mean E[Xt ].

In other words, this chapter provided a further extension of the Lévy and NH Lévy
frameworks and their numerical methods, to solve the problem of the optimal agereplacement policy. In addition, the results demonstrated that even with an exact
fitting in the mean and variance of the deterioration over time, important differences
can be obtained in the optimal age-replacement policies between different deterioration models (e.g., differences in the optimal expected cost rate K∗ greater than 10%).
This demonstrates that fitting only the mean and variance of the deterioration over
time could incur into non-dependable reliability estimations and into economic losses.
Therefore, for a reliable deterioration modeling, it is also important to know the functional dependence of µ2 (t) and µ3 (t) with time. This issue can be solved with more
inspection points tm and deterioration data from which the time-dependence can be
estimated. If this is not possible, it is suggested that at the inspection point tm not
only the coefficient of variation of deterioration be calibrated, but also the third central
moment.
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Chapter 8

Conclusions
This thesis presented the Lévy-based framework for modeling degradation on engineered systems and for the accurate and efficient reliability estimation and optimal
age-replacement maintenance in situations with multiple sources of degradation. The
framework is supported and developed on the theory of Lévy and NH Lévy processes.
Therefore, it includes as particular cases several deterioration models applied extensively in multiple engineering disciplines: the compound Poisson process, the NH compound Poisson process, the gamma process, the extended gamma process, the inverse
gaussian process, and deterministic drift. Moreover, the Lévy-based framework allowed
the combination of any of these models and their reliability estimation without additional difficulty, avoiding the computational issues present in the traditional approach
with convolutions, and multiple infinite sums and integrals.
The Lévy-based framework is comprised of general modeling assumptions; conditions for defining shock-based, progressive and combined degradation; and analytical
expressions for the mean and central moments of the deterioration and the characteristic exponent. Besides, the framework provides analytical and numerical methodologies for evaluating important reliability quantities, such as the reliability function,
the probability density and moments of lifetime, probability of failure and density of
deterioration, and for sample paths simulation. The numerical methods are based on
the inversion formula applied to the characteristic function of the deterioration process,
and techniques of discretization and truncation of the complex integrals.
The Lévy-based framework also provides numerical methods for the optimal agereplacement maintenance problem for systems with Lévy or NH Lévy deterioration.
With all these tools, the framework allowed the comparison of different models in
terms of their simulated sample paths, moments of deterioration, reliability quantities,
and optimal maintenance policy. The results not only demonstrated the versatility
and usefulness of the proposed framework in an engineering context, but also provided
further insight into the nature of the Lévy and NH Lévy processes.
This thesis accomplished the objectives mentioned in section 1.3. Specifically,
1. The review of the existing stochastic models for degradation of engineered systems demonstrated the need for propose a more general model for the reliability
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estimation of systems with multiple sources of degradation.
2. The review of the basic notions and elements of the theory of Lévy and NonHomogeneous Lévy processes accomplished two objectives: (1) they provided the
mathematical basis for developing the Lévy-based framework, and (2) they provided further insight on the nature and properties of these processes. Specifically
a new NH Lévy process (the EGP-Dilog process) was defined and studied with
use of the tools provided by the Lévy-based framework.
3. The Lévy-based framework applied for Lévy deterioration was developed in chapter 4 and provided an initial approach for modeling degradation of multiple
sources and its effect on the reliability analysis. The Lévy deterioration model is
based on the assumption of independent, stationary, and positive increments of
the deterioration process, which implies that deterioration is an increasing Lévy
process. The proposed methodology for the reliability estimation and the numerical methods were introduced in this chapter, which were accurate and efficient,
and later generalized.
4. The Lévy-based framework applied for NH Lévy deterioration in chapter 5 provided further extensions, by relaxing the stationary assumption of the increments.
The result is that nonlinear mean and deterioration moments can be obtained.
Besides, the study gave more insight into the nature of the NH Lévy process,
making distinction between two classes: processes that cannot be expressed as
a time-changed Lévy process, and those that can be. This led to the discovery
and develop of a new stochastic process, the so-called EGP-Dilog model, with
interesting properties different to the usual GP and IGP processes.
Furthermore, the Generalized NH Lévy models in chapter 6 showed other three
extensions or the previous Lévy and NH Lévy deterioration models, which allowed modeling situations with random initial condition and multiple sources
of degradation with different initiation times. The Lévy-framework with these
Generalized models were applied in an earthquake engineering problem.
5. The Lévy-based framework for the age-replacement maintenance model with deterioration as a Lévy or NH Lévy process was developed in chapter 7. Analytical expressions and numerical approximations for finding the optimal age-replacement
maintenance policy constituted this last module of the Lévy-based framework.
6. Comparison of different Lévy and NH Lévy models (for both, shock-based and
progressive models) were performed along the chapters of this document, in terms
of deterioration moments, simulated sample paths, and reliability quantities. Furthermore, chapter 7 showed a comprehensive comparison of three progressive deterioration models, which to the extent’s of the author knowledge is the first time
that is performed. The models are: the gamma process, the inverse Gaussian
process, and the Extended gamma process - Dilog, in terms of their reliability
quantities, and optimal age-replacement policy. The main result is that the deterioration moments over time affect sensibly the results, in the following order of
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importance: mean deterioration, second moment, and third moment. Moreover,
if the mean and second moment are equal, as happens with the GP and IGP,
differences in the optimal expected cost rate up to 20% can be obtained, which
are not negligible.
The proposed Lévy-based framework, with deterioration as Lévy, NH Lévy, or Generalized NH Lévy accomplished with the research problem mentioned in section 1.2 in
the sense that it constitutes a valuable tool for modeling general and complex engineering situations where degradation is involved, with the purpose of providing for accurate
and efficient reliability estimation and solutions of optimal maintenance policies.
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Chapter 9

Future work
The proposed theory, models and numerical algorithms developed in this thesis, encompassing the Lévy-based framework, can open several promising research directions in the
three disciplines approached: degradation modeling, reliability analysis, and maintenance of complex engineered systems. Suggested future work in terms of improvements,
extensions, and further applications of the proposed framework are presented below.

9.1

Suggested improvements of the Lévy-based framework

Numerical analysis of the discretization and truncation approximations
It is important to study further the errors associated to the numerical approximations
for the reliability quantities of the proposed Lévy-based framework. Specifically:
 Error analysis of the discretization approximations to the reliability quantities:
Empirically, the value r = 1/20 was selected in the discretization step size h
(equations 4.72, 5.32, 6.3) for all the numerical computations in this thesis, which
provided accurate results as demonstrated in the validation examples in sections
4.9 and 5.6.5. However, it is important to perform a most complete error analysis
which, for instance, provides analytic bounds for the absolute error associated to
the discretization, similarly as was done for the truncation error bound ThM in
section 5.4.2.2. Studying such bounds requires a more complex analysis involving
analytic continuations of the characteristic function φXt (ω) (80), (74).
 Error analysis of the truncation approximations associated to shock-based deterioration and the EGP model: Recall from sections 5.5.4 and 5.6.4, that expressions
for the truncation error bound ThM for the shock-based and EGP-Dilog models
were not possible to obtain. The only models for which this was possible were the
GP and the IGP, because of the polynomial and exponential tail behavior of the
characteristic function of these models. Although accurate results were obtained
with a truncation level M = 104 (i.e., Method 2 in section 5.4.2.2), it would be
useful an error analysis that provides bounds of the truncation error, giving a
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method to obtain the truncation level M given the expected accuracy TM h , for
the shock-based and EGP-Dilog models.
Formalization of Lévy fitting methods
The Lévy-based framework presented two approaches for fitting or calibrating NH Lévy
deterioration models: the fitting method with mixed Lévy models, section 4.6.2, and
the calibration schema in section 7.4.1. Both methods are based on the analytical
expressions for the moments of deterioration: mean E[Xt ], and second and third central
moments µ2 (t), µ3 (t). Possible extensions of these approaches are explained below:
 Fitting with mixed Lévy models: The fitting method presented in section 4.6.2
can be extended in multiple ways. For instance, by defining as objective function
the error of the second central moment – if the constitutive models are not initially fitted with this moment; or by including into the decision variables some
parameters of the constitutive Lévy models, such as the arrival rate of shocks, or
mean shock sizes, etc; and finally, it is important to extend the method to the
case of NH Lévy processes.
 Calibration schema for progressive models: The calibration schema proposed in
section 7.4.1 for the progressive models GP, IGP, and EGP-Dilog can be extended
to include the estimate of the third central moment at the inspection time tm and
calibrate the models with that value, in addition to the mean and second central
moment. A mixed Lévy model should be defined for this purpose because the
GP, IGP and EGP-dilog models cannot have same third central moment if they
have been calibrated with same mean and second moment.

The previous can be seen as moment-matching methods. A more general method has
been proposed in the context of financial mathematics, called the generalized method
of moments (85), (77). Another extension is to propose methods based on the whole
deterioration data, for instance, a maximum likelihood estimation. However, as pointed
out by Cont et al. in (77), the problem is that a closed-form expression for the likelihood
function is not always possible for a general Lévy process. The alternative proposed is
to approximate the likelihood function by the Lévy measure and calibrate this instead
(86), (87), (88). All these methods should be explored in the context of the Lévy and
NH Lévy deterioration models presented in this thesis.

9.2

Suggested extensions of the Lévy-based framework

Extension to reliability of multi-component systems
A further extension of the Lévy-based framework should take into account the
inner structure of the deteriorating system. In other words, the application to multicomponent systems. In (11) the approach consists in modeling the components’ deterioration as mutually independent Lévy processes. Therefore, the total deterioration,
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which is a vector constituted by Lévy processes, is a Lévy process in multiple dimensions. Although stated, the cited paper does not develop illustrative examples of the
proposed approach. Future research directions should develop such examples, and also
the case of dependent multi-component systems, which may be affected by common
sources of degradation, for instance, the effect of an earthquake on a structural system.
State-dependent deterioration processes
Recall that the deterioration models constituting the Lévy-based framework are
founded on the independence assumption of their increments. This assumption allowed
to model time-dependent processes – in the general case with non-stationary increments,
as in NH Lévy and Generalized NH Lévy models. However, the independence assumption does not allow to model deterioration processes with probability law depending
on the state of the process, i.e., state-dependent deterioration processes. Examples of
these are the dependent shock-based models in section 3.3.2, or in general, the wider
class of Markovian processes.
A suggested approach, inspired in the proposed method for reliability estimation
in the Lévy-based framework, is to obtain expressions for the characteristic function of
these state-dependent processes and apply the inversion formula and the discretization
and truncation approximations to obtain the probability law of such processes. The
possibility of this approach should be further developed.

9.3

Additional applications of the Lévy-based framework

Application to pipeline corrosion deterioration
An ongoing research by the author and colleagues ((70)) is the application of Lévy
deterioration models to corrosion data of pipelines. The novelty of the approach is
that the proposed model is a mixed Lévy process consisting of a progressive process
(a GP) and a shock-based process which accounts for sudden apparition of defects.
The parameters of the mixed Lévy process are determined through optimization with
a copula joint probability approach.
Application of the EGP-Dilog model to laser deterioration
A short-term goal is the application of the EGP-Dilog model to the laser deterioration data presented in (27) and (28). As explained in section 5.6.4, the EGP-Dilog
model could be a convenient model because the time-dependence of its moments replicate that of the sample moments from the data: lineal mean and quadratic variance.
An estimation approach of the parameters of the EGP-Dilog model that better fit the
mentioned data is needed. Additionally, the resulting model should be compared with
the models proposed in (27) and (28), in terms of goodness of fit and the computed
reliability quantities, e.g., lifetime density, mean time to failure, etc.
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Appendix A: Commonly used
distributions for shock sizes Yi
Table 9.1 shows typical probability distributions for shock sizes Yi that posses closedform expressions for their characteristic function φY (ω). These expressions are necessary to compute the reliability quantities via the inversion formula for shock-based
and combined deterioration processes in the three degradation models proposed in this
thesis: Lévy (chapter 4), NH Lévy (chapter 5) and Generalized NH Lévy (chapter 6).
Table 9.1 also provides the mean E[Y ] of the Yi distributions considered, while table
9.2 provides the second moment E[Y 2 ] and third moment E[Y 3 ]. Recall that these
expressions determine the mean and central moments over time for the shock-based
processes. In particular, they are applied in section 4.5 for the analysis of feasible moments of shock-based Lévy deterioration processes. Finally, the last rows of the tables
consider the case of shocks that have a probability P0 of no damage; when damaging it has size Yid , with characteristic function φY d (ω). This model is applied in the
earthquake engineering application in chapter 6.
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Table 9.1: Commonly used distributions for shock sizes Yi with the expressions for their
characteristic function φY (ω) and mean E[Y ].

Shock size

φY (ω)

E[Y ]

eiωy

y

eiω(y+a) −eiω(y−a)
iω2a

y

1
1−iω/β

y = 1/β

Delta: Yi ∼ δ(y)
Uniform: Yi ∼ U (y − a, y + a)
Exponential: Yi ∼ Exp(β)

φLN
Y (ω)

Log-Normal: Yi ∼ LN (µ, σ)

−τ (T + iωI)−1 t

PH-Type: Yi ∼ P H(τ , T)

α(−iaω)α Γ(−α, −iaω)

Pareto: Yi ∼ P ar(a, α)
Truncated Pareto:
T P ar(a, b, α)

∼

Yi

α
α
α [(−iaω) Γ(−α, −iaω)
1−( a
b)


α
− ab (−ibω)α Γ(−α, −ibω)

∼

Yi

e

Not-damaging shock with probability P0 , damaging-shock size
Yd
φLN
Y (ω) =

P∞

n=0

λ
µ

q
1−

2

1− 2µλiω

/2

(
α−1
α 1−(a/b)
a α−1
1−(a/b)α ,

α 6= 1

ln(b/a)
αa 1−(a/b)
α,

(1 − iω/β)


2

y = −τ T−1 1
(
∞,
α≤1
αa
,
α>1
α−1

−α

Gamma: Yi ∼ G(α, β)
Inverse Gaussian:
IG(µ, λ)

y = eµ+σ

α=1

α/β


P0 + (1 − P0 )φY d (ω)

µ

(1 − P0 )E[Y d ]

2

(iω)n nµ+n2 σ
2
e
n!

, which is not a closed-form and convergent expression.

The following approximation can be used when the coefficient of variation of Y , given by cov(Y ) =

p

eσ2 − 1,

is much less than 1 (cov(Y )  1) (89):
µ

iωe
φLN
Y (ω) ≈ e

−1
σ 2 (ωeµ )2 + 1
iσ 4 (ωeµ )3 −2σ 6 (ωeµ )4 +···
2
2

1 − iσ 2 ωeµ + σ 4 (ωeµ )2 + 32 iσ 6 (ωeµ )3 − 38 σ 8 (ωeµ )4 + · · ·
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Table 9.2: Commonly used distributions for shock sizes Yi with the expressions for their
second E[Y 2 ] and third moments E[Y 3 ] .

Shock size

E[Y 2 ]

E[Y 3 ]

y2

y3

Delta: Yi ∼ δ(y)
Uniform: Yi ∼ U (y − a, y + a)

y2 +

Yi ∼ LN (µ, σ)

y 2 cov(Y )2 + 1



y 3 cov(Y )2 + 1
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αa2
α−2 , α > 2

Yi

∼

(
α−1
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a2 α−2
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Inverse Gaussian:
IG(µ, λ)
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Appendix B: Characteristic
exponent of the Extended
Compound Poisson Process
(ECPP)
Set S a Extended CPP. Recall that it is defined by Equation 5.39:
St =

Nt
X

Y (Ti ),

i=1

where Nt is the number of shocks by time t, following a NHPP with Poisson rate λ(t)
and mean value function Λ(t), and Ti is the arrival time of the ith shock. The following
will be used:
Λ(t)n
P(Nt = n) = e−Λ(t)
.
(9.1)
n!
The characteristic function φSt (ω) of St is given by:
"
φSt (ω) = E[exp (iωSt )] = E exp iω

Nt
X

!#
Y (Ti )

(9.2)

i=1

= E[exp (iωY (T1 )) · · · exp (iωY (TNt ))].

(9.3)

Conditioning on the number of shocks Nt and recalling that St = 0 when Nt = 0, it is
obtained:
φSt (ω) =

∞
X

P(Nt = n) E[exp (iωY (T1 )) · · · exp (iωY (Tn ))]

n=1

+ P(Nt = 0).

(9.4)

It is needed the distributions of the arrival times T1 , T2 , . . . , Tn under the condition
that n events have happened before t. For this, recall that if Nt follows a Poisson
Process (PP), each one of the arrival times, considered as unordered random variables,
are distributed independently and uniformly in (0, t) (90). For the general case of Nt
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following a NHPP, define {Mu }u≥0 as the counting process of a PP with rate 1. Hence,
Nt can be obtained from Mu by a time change, i.e., Nt = MΛ(t) . This implies that
the transformed arrival times U1 = Λ(T1 ), U2 = Λ(T2 ), . . . , Un = Λ(Tn ) correspond
to a PP with rate 1. Therefore, each U1 , U2 , . . . , Un is distributed independently and
uniformly in (0, Λ(t)), under the condition that n events have happened until time t.
Consequently, the original arrival times T1 , T2 , . . . , Tn (considered unordered) are also
independent and identically distributed with density function given by:
fTi (τ ) =

dΛ(τ )
1
fUi (Λ(τ )) = λ(τ )
1
,
dτ
Λ(t) τ ∈(0,t)

(9.5)

)
recalling that λ(t) = dΛ(τ
dτ , Equation 5.38.
Conditioning Equation 9.4 on each Ti and using the fact that the shock sizes Y (Ti )
are independent if the arrival times Ti are taken unordered, the following is deduced:

φSt (ω) =

∞
X

∞

Z
P(Nt = n)

E[exp (iωY (τ ))]fT1 (τ )dτ

(9.6)

0

n=1

Z

∞

···


E[exp (iωY (τ ))]fTn (τ )dτ + P(Nt = 0),

0

φSt (ω) =

∞
X

n

∞

Z

E[exp (iωY (τ ))]fTi (τ )dτ

P(Nt = n)
0

n=1

+ P(Nt = 0).

(9.7)

Note that φY (τ ) (ω) = E[exp (iωY (τ ))] is the characteristic function of the shock size
Y (τ ) happening at time τ and replacing equations (9.1) and (9.5). Hence:
∞
X

n
1
φSt (ω) =
e
φY (τ ) (ω)λ(τ )
dτ + e−Λ(t)
n!
Λ(t)
0
n=1
Z t
n
∞
X
−Λ(t) 1
=
e
φ
(ω)λ(τ )dτ
n! 0 Y (τ )
n=0
Z t

−Λ(t)
=e
exp
φY (τ ) (ω)λ(τ )dτ
0
 Z t

Z t
= exp −
λ(τ )dτ +
φY (τ ) (ω)λ(τ )dτ ,
−Λ(t) Λ(t)

n

0

Z

t

0

which defines the characteristic exponent of St as:
Z t
S
Ψt (ω) =
λ(τ )(1 − φY (τ ) (ω))dτ.
0
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