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UPC-UNIVERSITAT POLITÈCNICA DE CATALUNYA
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correlated two-photon transitions to excitons in semiconductor quantum wells,” Optics
Express 20, 4470 (2012).

iv



CONTENTS

1 Introduction 1

2 What is Weak Value Amplification? 5

2.1 Introduction to the concepts of weak
measurements and weak values . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Weak Value Amplification (WVA) . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Observing spectral interference in a Michelson interferometer
for all delays 17

3.1 Theoretical description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2 Experimental implementation . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.3 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4 Measurement of extremely small temporal delays 29

4.1 Optical scheme aim at measuring small temporal delays
based on the concept of weak value amplification . . . . . . . . . . . . . . 30

4.1.1 Theoretical description . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2 Experimental implementation . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.3 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.3.1 What can we measure with this scheme? . . . . . . . . . . . . . . . 39

5 Design and demonstration of a new type of highly-sensitive Tunable
Beam Displacer 41

5.1 Description of a highly sensitive tunable beam displacer based on WVA . . 42

5.1.1 Tunable Beam Displacer (TBD) . . . . . . . . . . . . . . . . . . . . 43

5.1.2 A highly-sensitive tunable beam displacer based on WVA . . . . . . 47

5.2 Experimental implementation . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.2.1 The tunable beam displacer . . . . . . . . . . . . . . . . . . . . . . 50

5.2.2 A highly-sensitive tunable beam displacer based on WVA . . . . . . 51

5.3 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53



CONTENTS

6 Enhancing the sensitivity of Fiber Bragg Grating temperature sensors 57
6.1 A brief summary on fiber Bragg gratings (FBG) . . . . . . . . . . . . . . . 58
6.2 A scheme for measuring temperature based on FBGs via weak value ampli-

fication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.2.1 Theoretical background . . . . . . . . . . . . . . . . . . . . . . . . . 60

6.3 Experimental implementation . . . . . . . . . . . . . . . . . . . . . . . . . 64
6.4 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

7 The true usefulness of weak value amplification: what we can do and
what we cannot 71
7.1 WVA: What is its real value? . . . . . . . . . . . . . . . . . . . . . . . . . 72

7.1.1 An example of the use of the weak value amplification concept: mea-
suring small temporal delays with large
bandwidth pulses . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

7.1.2 View of WVA from quantum estimation theory . . . . . . . . . . . 76
7.2 Some scenarios where might be advantageous using WVA . . . . . . . . . . 81

7.2.1 Scenario I: Detection can only handle a certain photon number . . . 81
7.2.2 Scenario II: Detectors cannot differentiate between two signals in

certain regimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
7.2.3 Enhancement of the Fisher information . . . . . . . . . . . . . . . . 83

8 Summary 87

A Mathematical description of Weak Value Amplification: quantum and
classical views 91
A.1 Strong and weak measurements . . . . . . . . . . . . . . . . . . . . . . . . 91
A.2 From weak measurements to the concept of weak value . . . . . . . . . . . 93
A.3 Real and Imaginary weak values . . . . . . . . . . . . . . . . . . . . . . . . 94
A.4 WVA explained as a classical interference effect . . . . . . . . . . . . . . . 95

A.4.1 Case of a real weak value . . . . . . . . . . . . . . . . . . . . . . . . 95
A.4.2 Case of an imaginary weak value . . . . . . . . . . . . . . . . . . . 96

B Product Theorem for Gaussian Functions 99

C Publications by the author related to this thesis 101

Bibliography



CHAPTER

ONE

INTRODUCTION

“ Caminante, no hay camino, se hace camino al andar. ”
Antonio Machado, 1939

The progress of scientific research, and the successful development and production
of new products and technology, is intimately linked to the continuous improvement in
our ability to measure physical quantities of interest with increasing sensitivity. Physical
theories are tested with even greater precision, opening doors for new knowledge, and new
measuring apparatus with better resolution are engineered.

Experimental science is always looking for the limits to what it can be measured.
Sometimes the limits are fundamental. For instance, it is well known that when using
photons embedded in a single-mode coherent quantum state, an unknown phase ϕ can be
determined with an accuracy

√

〈(∆ϕ)2〉 that goes as
√

〈(∆ϕ)2〉 ∼ 1/
√
N [1]. However,

when using entangled NOON states, the accuracy goes as ∼ 1/N . In both cases, it is
the statistical nature of the light beams used that determine the ultimate limit to the
sensitivity achievable.

In other occasions, the limits might be due to particular characteristics of the detection
system, that effectively limit the sensitivity of the measurement beyond what any more
fundamental limit can restrict. For instance, it might happen that the noise added in the
detection stage (technical noise) makes impossible to distinguish two close values of the
physical quantity of interest. In this case one can look for methods to circumvent the
technical limitation.

In order to pursue this approach, one needs to address what is a measurement and
how it works. Using Quantum Mechanics language, a measurement can be thought as
a process that involves the interaction between two physical subsystems: “the meter”
or device where we will read the what is the state of the system, and “the system” to
be measured. When the two subsystems interact, a correlation between the meter and
the system is generated so that the meter changes according to what is the state of the

1



Introduction

system. An ideal measurement is characterized by a strong interaction, so that the meter
can clearly differentiate between the possible states of the system.

As a result of this, the regime of weak interaction may seem disadvantageous for a mea-
surement, since it is expected to produce an uncertainty in the measurement larger than
the difference between readings of the meter for different states of the system. However,
in 1988 Aharonov, Albert, and Vaidman [2] showed that when the initial and final states
of the system to be measured are selected to be nearly orthogonal, the mean value of the
reading of the measuring device (weak value) can take a large value beyond the meter’s
spectrum of eigenvalues. The effect, generally termed Weak Value Amplification (WVA),
generates a mean value that can lay outside the range of small displacements of the pointer
of the meter caused by each one of the possible states of the system. Unfortunately, this is
also accompanied by a severe depletion of the intensity of the signal detected, due to the
quasi-orthogonality of the input and final states of the system. Therefore the applicability
of this effect is limited by the sensitivity of the detection stage [3].

Shortly after its introduction, it was recognized that WVA can provide a way to enhance
the sensitivity of certain measurements [2]. The key idea is as follows: the value of a
variable of interest is extremely small, and a particular measurement scheme produces
a correspondingly tiny effect on the meter, so small that cannot be detected. However,
in a WVA scheme, the mean value of the reading of the meter can be engineered to be
surprisingly large, making possible its detection. In this way extremely small values of a
long ensemble of physical quantities have been measured along the years.

Although the concept of WVA originates from research on quantum theory, the phe-
nomenon of weak value amplification can be readily understood in terms of constructive
and destructive interference between waves [4]. Indeed, most of the experimental imple-
mentations of the concept, since its first experimental demonstration in 1991 [5], belong
to the last type. The usefulness of weak value amplification for measuring extremely
small quantities has been demonstrated under a great variety of experimental conditions
in numerous scenarios.

In spite of this, there is still an on-going debate about its true nature and whether
is really needed for achieving high sensitivity measurements. This debate continues up
to the present day. On the one hand, some authors claim that from a fundamental per-
spective, the use of weak value amplification is not optimum and cannot overcome certain
fundamental limits. On the other hand, other authors claim that the use of WVA has
been demonstrate to be advantageous in many experiments, showing real unprecedented
improvements in sensitivity. We address this issue in Chapter 7 of this thesis, trying to
reconcile both visions.

This is the scientific area of my PhD Thesis research work, carried out as a result of a
collaboration between ICFO - Institute of Photonic Sciences, from Universitat Politècnica
de Catalunya (Barcelona, Spain) and Universidad de los Andes (Bogotá, Colombia).

Three are the main goals of this thesis:

• To apply the concept of weak value amplification to certain experimental scenarios for
detecting tiny changes of certain physical quantities of interest. More specifically, we
want to measure extremely small temporal delays between two pulses much longer
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that the delay to be measured, and explore how far we can go in this direction.
(Chapter 4).

• To design and implement new devices based on the concept of weak value amplifica-
tion. We demonstrate a compact and tunable beam displacer that does not make use
of beam deflection (Chapter 5), and a temperature sensor with enhanced sensitivity
based on fiber Bragg gratings technology (Chapter 6).

• To analyze from a fundamental point of view the concept of weak value amplification,
to know what it can be done and what it cannot be done. The aim is to reconcile
different visions of the technique, and understanding their rationale.

Let us be more specific. In Chapter 2, we introduce and explain the concept of weak
value amplification (WVA). This is also addressed in Appendix A. Analyzing the notion of a
measurement from a quantum mechanics perspective, we present to the reader the concepts
of strong and weak measurements and the relationship of the latter with the concept of
weak value amplification. For clarity’s sake, we make use of the first demonstration of the
concept as example. Moreover, for the purpose of illustrating its usefulness, we provide
examples of experiments used to measure very small quantities ranging from femtosecond
time delays, nanoradian beam deflections, phase shifts of the order ≈ 10−3, and beam
deflections with sensitivities of the order of angstroms, among others.

In Chapter 3 we present the connection of WVA with the observation of spectral inter-
ference in a Michelson interferometer, regardless of the relationship between the temporal
path difference introduced between the arms of the interferometer and the spectral width
of the light source. The results obtained show that the concept of weak value amplification,
originally born in the realm of quantum optics, can be applied indeed to any system that
shows interference, such as the case of classical optics. So here WVA is a tool to reveal
interference in an scenario where without WVA such interference effect is not observable.

Chapter 4 presents the results of an experimental scheme devised to measure small
temporal delays between pulses much smaller than their pulse width. In particular, we
reported the measurement of delays of tens of fs using a laser pulse hundreds of femtosecond
long. Since this is a proof-of-concept experiment done with the technology available to us
at that moment, we also estimate theoretically the ultimate sensitivity that can be achieved
with the scheme demonstrated. The result is that delays of the order of attoseconds using
femtosecond laser sources can be measured with present day technology. Also as a product
of our experiment, we analyze and perform experiments of weak value amplification in all
possible scenarios, both in the low and high signal regimes. Notice that the usual use of
WVA is in the low-signal regime where the signal measured is severely depleted.

Chapter 5 present an innovative experimental scheme that makes use of the interference
effect present in a WVA scheme to build a highly-sensitive tunable beam displacer that
does not use beam deflection to displace the beam. In this way we can overcome certain
limitations inherent to the use of optical elements to deflect the beam. The experimental
results demonstrate that we are able to shift a Gaussian beam with beam waist 600µm
over an interval of 240µm in steps of 1µm.

Chapter 6 presents a proof-of-principle experiment aimed at increasing the sensitivity
of Fiber Bragg Grating (FBG) temperature sensors. The sensors behave as frequency
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Introduction

filters whose center is determined by its surrounding temperature. By means of a WVA
scheme we were able to measure a temperature-dependent frequency shift that is small
compared to the width of each FBG spectrum. The technique requires only linear optics
elements for its implementation and provides a fourfold increase in sensitivity over the
same FBG system interrogated using standard methods.

Finally, in Chapter 7, we aim at clarifying the puzzle of what the concept of WVA can
offer and what cannot when the goal is to increase the sensitivity of measurements. By
using a specific example and some basic concepts from quantum estimation theory, we find
that while WVA cannot be used to go beyond some fundamental sensitivity limits that
arise from considering the full nature of the quantum states, WVA can notwithstanding
enhance the sensitivity of real and specific detection schemes that are limited by many
other things apart from the quantum nature of the states involved, i.e. technical noise.

So let us begin by introducing and explaining in detail the concept of weak value
amplification, the key concept at the core of this research work.
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CHAPTER

TWO

WHAT IS WEAK VALUE AMPLIFICATION?

“ The difficulty lies not so much in developing new ideas as in escaping

from old ones. ”
John Maynard Keynes, 1936

Weak Value Amplification (WVA) is a technique used in metrology that offers the
possibility to measure tiny changes of a variable of interest when specific technical con-
siderations pose a limit to the sensitivity that can be achieved otherwise. Moreover, most
of the times is straightforward to implement experimentally. It makes use of the weak
coupling existing between a property of a system (the system) and a separate degree of
freedom (the meter). After appropriate pre- and post-selection of the state of the system,
one can measure an anomalously large mean value of the state of the meter (weak value).

At first glance, a measurement based on the weak coupling between two systems or
two degrees of freedom can be thought as seemingly disadvantageous, since it is expected
to produce an uncertainty in the measurement larger than the values that should be
differentiated. However, when appropriate initial and final states of the system to be
measured are selected, for instance by choosing them to be nearly orthogonal, the mean
value of the reading of the measuring system can yield an unexpectedly large value. This
phenomena is generally termed as weak value amplification and has proven to be the
very useful to measure extremely small quantities under a great variety of experimental
conditions.

In this chapter, we introduce the reader to the concept of weak value amplification
measurement using the general context of a quantum measurement. For the sake of clarity,
we make use of a specific case: an optical analog of the widely known Stern-Gerlach
experiment. In Section 2.1, we present the concepts of strong and weak measurements and
in Section 2.2 we introduce the main ideas of weak value amplification (WVA) by reviewing
the first experimental demonstration of this effect, carried out in 1991 [5]. Moreover, we
introduce a more general scheme that goes beyond the weak regime, even though is still
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What is Weak Value Amplification?

based on the main concepts that define weak value amplification. This high signal regime
allows to overcome some of the limitations inherent to working in the weak regime., i.e.,
high losses. Notwithstanding, the weak values obtained might not be so anomalously large

as in the weak scenario. Finally, in Section 2.3 we discuss briefly some relevant experiments
that makes use of real and imaginary weak values.

Since the idea of WVA is the core concept of this thesis, we refer the interested reader
to Appendix A for a more detailed presentation of the mathematical formalism behind the
concepts of weak measurements and weak values.

2.1 Introduction to the concepts of weak

measurements and weak values

In general terms, a measurement is a process that makes use of a measuring apparatus that
assign a number to a property of an object. The measuring device has a needle or pointer
that moves over a scale composed of a discrete set of equally spaced marks by an amount
that is directly related to the magnitude of the object’s property. The measurement
requires that the property of the object is coupled to a certain property of the measuring
apparatus. As an example consider a galvanometer, a device used to measure the electric
current flowing in a circuit. It is composed of a compass that responds to the strength of a
nearby magnetic field. When the galvanometer is connected to the circuit, the deflection of
the needle (measuring apparatus) is proportional to the magnitude of the electric current
flowing through it (object’s property).

In the context of Quantum Mechanics, a measurement turns out to be a more subtle
process. On the one hand, it still involves the interaction of two physical objects: “the
meter” and “the system” to be measured. When the two subsystems interact, a correlation
between the meter and the system is generated so that a property of the meter changes
by an amount related to some observable of the system. On the other hand, the act of
measuring disturbs the quantum state of “the system”, hence there is no information gain
without disturbing its state.

In a measurement, the state of the object is represented mathematically by a quantum
state |Ψ〉, and the observable, what we want to know, is described by an operator Â with
corresponding eigenvalues an and eigenvectors |an〉. According to Quantum Mechanics [6],
from an ideal measurement we expect that: (i) the possible outcomes of the measurement
of the observable A can be only the eigenvalues of the operator Â; (ii) if the system to
be measured is in the state |Ψ〉, the probability of obtaining the particular eigenvalue ai
is given by |〈ai|Ψ〉|2, where the quantity 〈ai|Ψ〉 is in general complex and is known as the
probability amplitude; (iii) after a measurement with result ai, the system is left in the
state |ai〉.

Let us consider the situation where we want to determine the state of polarization of a
Gaussian beam. The beam can be in any of the two orthogonal linear polarizations, that
we refer as horizontal or vertical. To perform the measurement, we make use of an uniaxial
birefringent crystal that couples the position of the beam in the transverse plane (the me-
ter) with its polarization (the system). In an uniaxial crystal, the optics axis corresponds
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2.1 Introduction to the concepts of weak
measurements and weak values

to a direction of propagation inside the crystal where the two orthogonal polarizations see
the same index of refraction. For all other angles, if the beam’s polarization vector is in
the plane formed by the direction of propagation of the beam and the optics axis (princi-
pal plane), the crystal behaves as a material with (extraordinary) index of refraction ne,
whereas if the polarization vector is perpendicular to the principal plane, the light sees a
material with index of refraction no.

(a)

(b)

(c)

Figure 2.1: (a) Position of the output beam for an input beam with horizontal polarization
(90◦). For this polarization state, the output beam is centered in the mark −1. (b) Output
position for an input beam vertically polarized (0◦). In this case, the output beam is
centered in the +1 mark. (c) Expected output beam for an input beam with polarization
between 0◦ and 90◦. The mean value of the intensity distribution lies within the interval
[−1,+1]. In all cases the meter’s reading is indicated by a vertical arrow.

The crystal is prepared in a configuration where a horizontally polarized input beam
propagates along the crystal without any change in its direction while a vertically polarized
beam is transformed in an output beam that is, due to refraction, displaced spatially with
respect to the input beam by a distance that depends on the crystal’s length. Figures 2.1(a)
and 2.1(b) show the output beam position for an input beam horizontally and vertically
polarized, respectively. Fig. 2.1(c) shows the output beam that would be observed for an
input beam with a different polarization from 0◦ and 90◦. In this latter case, the input
beam is split inside the crystal into two linearly polarized components that propagate in
different directions. After a second refraction in the crystal-air interface, the two output
beams are spatially separated and propagate in the same direction as the input beam, but
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What is Weak Value Amplification?

one spatially displaced respect to the other.

To determine the state of polarization of the input beam, the centroid of the intensity
distribution at the output face of the crystal is measured. The centroid (average value)
of the intensity distribution lies in a position within the interval [−1,+1] that is directly
related to the angle of the input beam plane of polarization. When the input beam is
polarized horizontally, the centroid lies in the −1 mark; for a vertically polarized beam it
lies in the +1 mark. For a diagonally polarized beam (45◦) the meter points to the central
position marked with 0.

Polarizer

(a)

Birefringent
crystal

Polarizer

(b)

Figure 2.2: (a) Strong measurement. (b) Weak measurement. In general, the strength of
the coupling between the input beam polarization and the transverse position of the beam
after leaving the crystal is quantified by the separation ∆, and it depends on the amount
of birefringence of the crystal and the crystal’s length.

Regarding the quantum-mechanics mathematical description of the measurement, the
birefringent crystal performs the operation P̂ |Ψ〉, where the polarization operator P̂ is
characterized by the set of eigenvalues {−1,+1}, the set of eigenvectors {|H〉 , |V 〉}, and
is defined by P̂ = |V 〉 〈V | − |H〉 〈H|. Since the input beam state of polarization can be
decomposed as |Ψ〉 = cos θ |V 〉+sin θ |H〉, the system is left in the state P̂ |Ψ〉 = cos θ |V 〉−
sin θ |H〉 after the measurement. To determine the input beam state of polarization, we
measure the mean value of P̂ , 〈P̂ 〉 = cos 2θ, that relates the centroid (mean value) of the
intensity distribution after leaving the crystal with the angle θ that defines the input plane
of polarization. Hence, for a beam initially horizontally polarized, 〈P̂ 〉 = −1 and θ = 90◦.
Similarly, for a beam vertically polarized 〈P̂ 〉 = +1 and θ = 0◦. Furthermore, if the beam
is diagonally polarized, 〈P̂ 〉 = 0 which corresponds to θ = 45◦.

When considering single photons, the measurement described above is consistent with
the definition of an ideal measurement according to Quantum Mechanics [6, 7] only when
the meter’s uncertainty, characterized by the input beam waist σ is smaller than the spatial
separation between the possible outcomes ∆ (i.e. the distance between −1 and +1 marks).
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2.2 Weak Value Amplification (WVA)

In this regime, known as strong measurement, the result is that: (i) the spatial probability
distribution observed after the crystal is composed of sharp peaks centered only on the
possible outcomes of the experiment, in this case {−1,+1}; (ii) the intensity of the peaks
observed provide information about the amount of each polarization component present in
the input beam; (iii) immediately after the measurement, the beam state of polarization
collapses to the state corresponding to the measured value of the observable.

In the opposite regime, termed weak measurement, the short crystal produces a weak
coupling that spatially separates very slightly input photons into two parallel streams with
orthogonal polarizations, hence, at the output we observe a single spatial distribution of
photons centered approximately in the 0 position. Since ∆ is very small compared to
the meter spread σ, the meter’s position provides no information about the input state of
polarization on a single shot measurement. For this reason, the weak regime was considered
as a non-measurement and for decades there was no active research on the topic [8].

Figure 2.2 shows a schematic representation of strong and weak measurements of the
state of polarization of an input Gaussian beam (or photons in a spatial Gaussian distri-
bution) using a birefringent crystal. In the case shown in Fig. 2.2(a), a strong coupling
between the input beam polarization and its transverse position is generated using a long
crystal that produces at the output two well defined peaks centered in the positions −1
and +1, when the input beam is diagonally polarized (45◦). On the contrary, the use of
a short crystal in Fig. 2.2(b) performs a weak measurement that provides a short sep-
aration between orthogonal input polarizations. Notice that in both cases the centroid
(mean value) of the intensity distribution at the output lies in between the marks −1 and
+1. However, since the length of the interval ∆ is determined by the crystal’s length, a
long crystal implements a strong measurement, characterized by σ ≪ ∆, whereas a short
crystal implements a weak measurement where the condition σ ≫ ∆ holds.

2.2 Weak Value Amplification (WVA)

In principle, in the case described in the previous section, the use of a weak measurement
scenario for obtaining information about the input state of polarization may seem disad-
vantageous with respect to choosing a strong measurement, since for a given energy (or
number of photons) the uncertainty of the measurement is larger in the weak measurement
case. However, in 1988 Yakir Aharonov, Lev Vaidman and David Albert [2, 4] came up
with a novel idea that allows to make use of weak measurements to resolve tiny meter
shifts. The key element was the inclusion of a post-selection stage where the final state
of the system is deliberately chosen to be as different as possible to the initial state. As a
result, the post-selection introduces an interference effect that produces an enhancement
of the lateral displacement even with a weak interaction. A clear and useful explanation
of how and why WVA works can be found in [4].

The new scheme, named weak value amplification (WVA), receives its name from the
fact that the meter’s centroid position is shifted by a quantity defined as the weak value

of the observable to be measured that can be so large that it may lie outside the range of
the possible outcomes of the measurement in the strong measurement scenario. Fig. 2.3
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Birefringent
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Birefringent
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Figure 2.3: (a) Weak measurement. The meter’s centroid position is indicated by an arrow.
(b) Weak Value Amplification scheme. The pre- and post-selection polarizers are set to
α = +45◦ and β ≈ −45◦, respectively. Notice that due to the use of the WVA effect, the
meter’s centroid position lies outside the interval [−1,+1]. In both plots the dotted line
corresponds to the input beam spatial profile and the vertical arrow indicates the meter’s
reading.

depicts two weak measurements. In Fig. 2.3(a) the output state of the system is not post-
selected, while in Fig. 2.3(b) the output state is post-selected using a polarizer. Retaking
the polarization measurement example used above, this means that after performing a
suitable polarization post-selection, the output beam centroid may lie outside the interval
[−1,+1] as shown in Fig. 2.3(b). This surprising effect occurs when the post-selection
state is set to be as different as possible to the initial state of the system. However, the
price to pay for this enhancement effect is a reduction in the signal intensity at the output
since both states are chosen to be almost orthogonal.

Mathematically, the weak value of an observable Â is defined by

Aw =
〈Ψf | Â |Ψi〉
〈Ψf |Ψi〉

, (2.1)

where |Ψi〉 and |Ψf〉 correspond to the pre-selected and post-selected states, respectively.
Surprisingly, when the post-selection state is set to be almost orthogonal to the initial
state of the system, that is when 〈Ψf |Ψi〉 ≈ 0, the weak value Aw can be very large while
the intensity of the output signal is severely depleted. In general, the weak value of Â is a
complex number. Depending on the selection of the initial and final states of the system,
the weak value may become either real or imaginary. In fact, the nature of this value
determines in which domain appears the weak value amplification effect. For a real value,
the effect is observed in the same domain as the polarization dependent shift. Conversely,
for an imaginary weak value, the amplification appears in the conjugate domain.

To illustrate in further detail this, consider a situation where we want to measure a
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temporal delay between two light pulses that is small compared to the pulse duration of
each pulse. To determine the delay magnitude we can perform a measurement either in
the time or the frequency domain. As it will be shown in Chapter 4, in order to generate
an imaginary weak value the system is initially prepared in a state of left-handed circular
polarization given by |L〉 = (|H〉 − i |V 〉)/

√
2. After the weak measurement, the system

is post-selected in a state of the form (|H〉 + exp iΓ |V 〉)/
√
2, that can become close to

orthogonal to the pre-selection state by choosing an appropriate value of the parameter Γ.

Another example is the use of a real weak value to determine the magnitude of a very
small frequency shift between two overlapping spectra by measuring the weak value ampli-
fication effect that is observed as a shift in the central frequency of the output spectrum.
This scenario is further discussed in Chapter 6, where we make use of a real weak value to
enhance the sensitivity of temperature measurements performed by Fiber Bragg Gratings
(FBG). The gratings, behave as frequency filters whose center is determined by its sur-
rounding temperature. In this case, we aim to measure a polarization dependent frequency
shift that is small compared to each FBG spectrum. Since the weak measurement and the
detection are both performed in the frequency domain, we make use of a real weak value,
generated using linear polarization states, that produces a weak value amplification effect
that is observed in the same domain as the weak measurement.

Even from its origin, the concept of WVA has been very controversial [9, 10]. However,
two years after Aharonov’s et al. WVA paper, a first experimental demonstration of
the measurement of a weak value was carried out by Ritchie and collaborators [5] that
confirmed its validity. In their implementation, a birefringent crystal was used to perform
the weak measurement shown in Fig. 2.3(a) and two polarizers were located before and
after the weak measurement to pre-select and post-select the input and output states of
polarization.

In the experiment, schematically represented in Fig. 2.3(b), a X-cut 331µm thick crys-
talline quartz plate was used to generate the polarization dependent beam displacement.
The crystal was configured to generate a beam displacement of ∆ = 0.64µm while the
input beam waist was set to σ = 55µm in order to fulfill the weak measurement condition
σ ≫ ∆.

To generate the desired weak value amplification effect, the pre-selection and post-
selection polarizers were set to be nearly orthogonal so that the first polarizer was set to
α = π/4 and the second polarizer to β = α+π/2+ǫ, where ǫ = 2.2×10−2 corresponds to a
difference of only 1.26◦. For this particular selection of pre- and post-selection polarization
states, the weak value turns out to be real. Taking into account that the weak measurement
couples polarization and position, the meter shift is observed in the position domain.
From the experimental results is obtained that the output beam centroid is shifted by
Aw = 11.9µm, a displacement approximately 20 times larger than the initial displacement
∆ at the expense of a significant reduction in the output beam intensity of three orders of
magnitude.

Since the weak value amplification process is always accompanied by losses of the
detected signal, there is a trade-off between the amplification factor and the amount of
losses that can be tolerated to keep a good signal-to-noise ratio. Fig. 2.4(a) shows the
theoretical amplification factor, defined as the ratio between the meter’s centroid shift and
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Figure 2.4: (a) Amplification factor as a function of the post-selection angle β. (b) Inser-
tion loss as a function of the post-selection angle β. φ = 0◦: blue solid line; φ = 1.15◦

green dashed line. The dot in both plots indicate the amplification factor A ≈ 21 and the
insertion L ≈ 32 dB reported by Ritchie and collaborators.

the polarization dependent displacement ∆, and Fig. 2.4(b) the corresponding insertion
loss L, according to Ritchie’s experimental values, as a function of the post-selection angle
β for a pre-selection angle α = π/4. The insertion loss defined as −10 log[Pout/Pin], where
Pin (Pout) corresponds to the input beam (output) power.

It is important to notice that the amplification factor strongly depends on the relative
phase (φ) that may appear between the two components orthogonally polarized and on
the strength of the weak interaction proportional to the ratio ∆/σ. As a reference, the
solid and dotted lines in Fig. 2.4 illustrate the cases φ = 0◦ (solid line) and φ = 1.15◦

(dashed line), respectively. From the plot is clear the need to match the phase between
the two different polarizations; in Rithchie’s experiment this phase is set to φ = 5× 2π by
rotating the crystal 30◦ along its optical axis. Notice that Fig. 2.4(a) predicts a maximum
amplification factor of ≈ 45 that could not be reached in the experiment due to technical
limitations. However, the enhancement given by the weak value amplification scheme
made the initial displacement ∆ = 0.64µm measurable despite the limited resolution on
the detection stage given by the separation between detector steps of 1.4µm.

Measurements in the high-signal regime

While the WVA scheme has proven to be successful in the low-signal regime, where the
retrieval of information comes with a severe loss penalty, there are still situations where
is not possible to enhance the signal to-noise ratio of the measurement for example by
increasing the intensity of the input signal. Moreover, since the measured value of the
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Figure 2.5: Fractional loss ∆P/Pin as a function of the spatial shift ∆. α = β = 45◦

and σ = 10µm. Blue solid line: φ = 0◦; Green dashed line: φ = 0.1◦; Red dotted line:
φ = 0.2◦; Black dot-dashed line: φ = 0.3◦.

weak value is the result of an interference phenomenon, the weak interference might be
noticeable even in a regime of small losses, where the specific value of weak mean value
might not convey any relevant information about the system or the measuring device.

Hence, it is possible to obtain relevant information about the weak interaction in a
high-signal regime where the signal is not depleted, and the specific result of the weak
value does not convey any relevant information. In this scenario the information about
the weak interaction is not present in the meter’s centroid position but in its intensity. In
order to retrieve the information about the value of ∆ we can measure the fractional loss
defined as ∆P/Pin, where ∆P = Pout − Pin [11].

As an example, Fig. 2.5 shows the value of the fractional loss, ∆P/Pin, as a function
of the spatial shift ∆ for α = β = 45◦ and φ = 0◦, 0.1◦, 0.2◦, 0.3◦. In all cases, since
the pre-selection and post-selection states are chosen to be equal, the total losses of the
system are below 3 dB, which is significantly less than the loss found in the usual regime
of weak amplification, where losses can easily reach tens of dB for large values of the weak
value amplification. Moreover, in all cases shown in Fig. 2.5, the meter’s centroid lie in
the 0 mark and the usual WVA scheme does not provide any relevant information.

The maximum sensitivity of the scheme proposed is obtained for parallel pre-selection
and post-selection states and φ = 0◦. By choosing other values for these angles, one can
decrease the fractional loss, making its detection easier. However, this would decrease
the sensitivity, making the distinction between different spatial shifts ∆ more difficult.
Note that here we are assuming that there are not other sources of polarization-dependent
losses.
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2.3 Applications

After Ritchie’s demonstration, it was soon suggested that the concept of WVA may find
application in metrology. In fact, the experiment not only validated the concept but it
also demonstrated that a large weak value can be used to enable the sensitive estima-
tion of extremely small quantities characterized by small polarization dependent shifts.
Afterwards, these ideas were extended to measure other physical quantities by making a
suitable selection of the physical nature of the meter and the system, and its coupling.
Table 2.1 provides a brief summary of different physical quantities where tiny changes have
been measured by making use of a WVA scheme. The table shows the physical observable
measured and its magnitude.

Observable Results

Beam displacement Measure the Spin Hall Effect of Light (SHEL) in an air-glass
interface. An enhancement of the original displacement by four
orders of magnitude, corresponding to a sensitivity of ≈ 1Å is
reported [3].

Beam displacement Report a method for determining the the number of graphene
layers on a sample by measuring beam displacements due to
SHEL.[12].

Mirror angular deflection By using a WVA scheme in conjunction with a lock-in amplifier
an angular deflection of a mirror of 400±200 frad was measured.
The angular deflection is generated using a piezo actuator with
a linear travel of 14± 7 fm [13].

Optical activity Reported the measurement of circular birefringence of ∆n ≈
1 × 10−9 with a relative error of less than 1% by measuring
beam deflections of ∆θ ≈ 1× 10−9 rad [14].

Phase shifts Reported measurements of phase shifts of the order of ≈ 10−3

with a precision of ≈ 10−4. The experimental results compares
favorably with respect to other techniques that make use of
N00N and squeezed states of light [15].

Frequency shifts Using an optical deflection experiment based on a Sagnac in-
terferometer they were able to measure a change in optical fre-
quency of 129± 7 kHz/

√
Hz [16].

Speed By using non-Fourier limited pulses and a WVA scheme, ve-
locity as small as 400 fm/s where reported by measuring the
induced time shift of the non-Fourier limited pulses [17].

Temperature Temperature measurements with 0.2mK sensitivity over a range
of 20mK by sensing nanoradian deviations of a laser beam [18].

Table 2.1: Examples of experiments that make use of the concept of WVA scheme to
measure extremely small changes of variables of interest.

Even though the concept of weak measurements originates from research on quantum
theory, the phenomenon of weak value amplification can be readily understood in terms
of constructive and destructive interference between probability amplitudes in a quantum
mechanics context [4], or in terms of interference of classical waves [11, 19]. Indeed,
most of the experimental implementations of the concept belong to the last type. The
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usefulness of weak value amplification for measuring extremely small quantities has been
demonstrated under a great variety of experimental conditions to measure very small
transverse displacements of optical beams [5, 3], beam deflection [12, 13, 14, 19, 20, 21,
22, 23, 24, 25, 26], angular shifts [27], temporal shifts [28, 29, 30], phase shifts [15, 31, 32],
frequency shifts [16], velocity measurements [17] and temperature differences [18, 33].

What is next?

Weak Value Amplification (WVA) is a concept that has been used under a great variety
of experimental conditions to measure tiny changes of a variable of interest. We have
presented in this Chapter what it is and have shown a list of experiments that use the
concept. In the following chapters we will present the result of various experiments per-
formed during this PhD Thesis aimed at applying the concept of WVA discussed here.
The goal is to offer new ways that can improve current technologies when measuring tiny
changes of physical quantities of interest. We will apply this concept to measuring small
time delays, we will build a new type of beam displacer with no moving parts, and enhance
the sensitivity of temperature sensors based on Fiber Bragg Gratings.

In addition to all these particular experiments carried out during the PhD Thesis, we
are also interested in analyzing and evaluating the true usefulness of WVA. Therefore we
will join the on-going debate about its nature in order to determine its true usefulness for
achieving high sensitivity measurements with respect to other experimental techniques.

More specifically, Chapter 2 presents the connection of WVA to the observation of
spectral interference in a Michelson interferometer, regardless of the relationship between
the temporal path difference introduced between the arms of the interferometer and the
spectral width of the light source. Chapter 3 shows the results of an experimental scheme
to measure small temporal delays between pulses much smaller than the pulse width.
Chapter 4 presents an experimental scheme that allows to generate a highly-sensitive
tunable beam displacer that can outperform the limitations imposed by the use of movable
optical elements. Chapter 5 presents an experiment aimed at increasing the sensitivity of
Fiber Bragg Grating (FBG) sensors. Chapter 6 addresses the question of whether or not
the use of the WVA improves the sensitivity of certain detection schemes. By making use
of some basic concepts from quantum estimation theory, it is shown that WVA might be
useful for detection schemes that are limited by technical noise.

Main publication by the author related to the contents of this

J. P. Torres, G. Puentes, N. Hermosa, and L. J. Salazar-Serrano, “Weak interference
in the high-signal regime”, Optics Express 20, 18869 (2012).
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CHAPTER

THREE

OBSERVING SPECTRAL INTERFERENCE IN A

MICHELSON INTERFEROMETER FOR ALL DELAYS

“ The important thing is not to stop questioning. Curiosity has its own

reason for existing. One cannot help but be in awe when he contemplates

the mysteries of eternity, of life, of the marvelous structure of reality. ”
Albert Einstein, 1955

Interference is a fundamental concept in any theory based on waves, such as classical
electromagnetism or quantum theory. The specific experimental arrangement required for
the observation of interference depends on the characteristics of the light source, i.e., its
spatio-temporal profile and its degree of coherence. For example, for first-order coherent
light in a Michelson interferometer and temporal delays shorter than the pulse width, in-
terference manifests as a delay-dependent change of the intensity at the output port of
the interferometer. For longer temporal delays, interference manifest as spectral interfer-
ence for a given temporal delay. The observation of spectral interference was denoted by
Mandel [34, 35] as the Alford-Gold effect [36] and it is well-known in optics [37].

In this chapter we demonstrate experimentally that it is possible to observe spectral
interference in a Michelson interferometer, regardless of the relationship between the tem-
poral path difference introduced between the arms of the interferometer and the spectral
width of the input pulse. The interference is revealed as a reshaping of the input spectrum
that is accomplished by introducing the polarization degree of freedom into a Michelson
interferometer. This scenario corresponds precisely to the conditions of a typical weak
value amplification configuration [2, 4, 38, 39] that although was originally conceived in
the framework of a quantum formalism, it is essentially based on the phenomena of inter-
ference and can thus be applied to any scenario with waves [15, 19, 28, 30, 32].

This chapter is organized as follows. Section 3.1 provides the theoretical background
that allows to study the phenomena of interference in a Michelson-Morley interferometer
for different regimes of operation where the optical path difference is made shorter or
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for all delays
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Figure 3.1: Typical interference patterns that can be observed in a Michelson interferome-
ter, in the time and frequency domains. In (a) we depict the interferometric configuration
considered. (b) and (d) show the intensity measured as a function of a temporal delay T .
(c) and (e) show the intensity as a function of frequency for a given value of T . (b) and
(c) correspond to the case T ≪ τ , while (d) and (e) correspond to the case, T ≫ τ . BS:
beam splitter, PD: Photodetector.

longer than the duration of an input pulse. Section 3.2 describes the experimental setup
implemented. In Section 3.3 the results obtained are presented and discussed.

3.1 Theoretical description

For the sake of clarity, let us start by describing temporal and spectral interference in
a typical Michelson interferometer, without considering polarization. Later on, we will
describe the effects that the introduction of the polarization degree of freedom has on the
observation of spectral interference.

Consider the situation depicted in Fig. 3.1(a). A first-order coherent input pulse with
amplitude E0, central frequency ν0, input polarization êin, and temporal duration τ (full
width at half maximum) described by

Ein(t) = E0 exp
[

−2 ln 2 t2/τ 2 + i 2πν0t
]

êin , (3.1)

enters a Michelson interferometer where is divided in two beams by a beam splitter (BS).
Each of the new pulses follows a different path and after reflection in a mirror the two
pulses recombine at the BS. By changing the position of one of the mirrors, a temporal
delay T is generated between the two pulses. The intensity measured by a slow detector
at the output port of the interferometer as a function of T can be written as

I(T ) =
I0
2

[

1 + exp
(

− ln 2 T 2/τ 2
)

cos (2πν0T )
]

, (3.2)
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where I0 = |E0|2. Two interesting cases can be distinguished from Eq. (3.2): i) when
T ≪ τ , so that the two pulses traveling the different paths overlap in time, and ii) when
T ≫ τ , the two pulses do not overlap. In the first case, the output intensity as a function
of T reduces to

IT≪τ (T ) =
I0
2
[1 + cos(2πν0T )] , (3.3)

while in the case T ≫ τ , Eq. (3.2) becomes

IT≫τ (T ) =
I0
2
. (3.4)

These results are very well known in optics. They indicate the observation of interference
in the temporal domain for the case T ≪ τ and its absence for T ≫ τ . The two situations
are illustrated in Fig. 3.1(b) and Fig. 3.1(d).

An analogous analysis can be done when the detector in Fig. 3.1(a) is changed by a
spectrometer and the power spectrum S(ν) is considered as a function of the frequency ν.
In this case,

S(ν) =
Sin(ν)

2
[1 + cos (2πν T )] , (3.5)

where

Sin(ν) = S0 exp
[

−(π2τ 2/ ln 2)(ν − ν0)
2
]

, (3.6)

is the input power spectrum with S0 being a constant.
Equation (3.5) indicates that S(ν) corresponds to a reshaping of the input spectrum.

This reshaping can be understood if h(ν) = 1

2
[1 + cos(2πν T )] is considered as a trans-

fer function that describes the effect of the interferometer. The observation of spectral
interference depends on the relationship between the oscillation frequency of the transfer
function, given by 1/T , and the pulse bandwidth, given by 1/τ . Figures 3.1(c) and 3.1(e)
depict the output power spectrum for the regimes T ≪ τ and T ≫ τ , respectively. The
two cases are clearly different. As expected from standard interferometry, when T ≪ τ ,
the output power spectrum is almost identical to the input one, while for T ≫ τ , a clear
reshaping of the input spectrum appears. This last case corresponds to the Alford-Gold
effect and indicates that a Michelson interferometer can be seen as a periodic filter that
produces a modulation of the initial spectrum with a peak separation proportional to
∼ 1/T .

Now let us describe the possible observation of interference effects when adding the
polarization degree of freedom to the Michelson interferometer. For this, consider the
Michelson interferometer depicted in Fig. 3.2 in which four main differences with the
standard Michelson interferometer of Fig. 3.1(a) can be observed:

1. the presence of polarization control elements in the input port of the interferometer

2. the substitution of the beam splitter (BS) by a polarizing beam splitter (PBS)

3. the introduction of a quarter wave plate (QWP) in each arm of the interferometer
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for all delays

Figure 3.2: Experimental scheme. The input pulse polarization state is selected to be left-
circular by using a polarizer, a quarter wave plate (QWP) and a half wave plate (HWP).
A Polarizing beam splitter (PBS) splits the input into two orthogonal linear polarizations
that propagate along different arms of the interferometer. An additional QWP is intro-
duced in each arm to rotate the beam polarization by 90◦ to allow the recombination of
both beams in a single beam by the same PBS. The output beam spectrum is measured
by an optical spectrum analyzer (OSA) connected to a single mode fiber (SM).

4. the presence, in the output port, of a variable polarization analyzer, composed by a
liquid crystal variable retarder (LCVR) and a polarizer at 45◦

The polarizer, half-wave plate and quarter wave plate in the interferometer’s input
port are used to set up the polarization of the input beam. The PBS divides spatially
the two orthogonal polarization components of the input beam and the QWP rotates the
corresponding polarization component by 90◦ after reflection in each mirror. The movable
mirror generates the temporal delay T .

Two beams with orthogonal polarizations do not interfere. However, in the scheme
described here an interference effect can be generated by the polarization control elements
at the output port that generate an additional phase difference, Γ, between the pulses
coming from the two paths of the interferometer. In particular, for a left-handed circularly
polarized input beam (êin = x̂−iŷ), where x̂ denotes horizontal polarization and ŷ vertical
polarization, the output electric field reads

Eout(ν) = E0

√

πτ 2

4 ln 2
exp

{

−[π2τ 2/(2 ln 2)] (ν − ν0)
2
}

×{exp (−i 2πνT ) x̂+ exp [−i (Γ + π/2)] ŷ } . (3.7)
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The power spectrum of the light at the interferometer’s output port is then given by

Sout(ν) =
Sin(ν)

2
[1 + cos (2πν T − Γ− π/2)] . (3.8)

In the same way as in Eq. (3.5), we can identify Eq. (3.8) as a transfer function, H(ν) =
1

2
[1+cos(2πν T −Γ−π/2)], and distinguish again two cases depending on the relationship

between the frequency of oscillation of H(ν) and the width of the input power spectrum.

3.2 Experimental implementation

Figure 3.3 presents the experimental setup used to check that spectral interference can
be observed independently of the value of T . The figure shows the components used and
highlights the different stages used to select the input’s beam initial state of polariza-
tion, to perform a polarization-dependent delay and to select the output’s beam state of
polarization. Notice that the setup is based only on linear optical elements.

In the first stage, highlighted in cyan in Fig. 3.3(d), the output of a passively mode-
locked fiber laser (Calmar Laser - Mendocino), that generates pulses with a temporal
duration τ = 320 fs, repetition rate of 20MHz and central frequency ν0 = 193.5THz
(1550 nm), is collimated to a beam with a Gaussian profile of diameter 1.1mm(1/e2)
using a fixed focus collimation package. Its state of polarization is prepared to be left-
handed circular polarization, i.e., êin = (x̂−i ŷ)/

√
2, by using the combination of polarizer

POL1, half-wave plate HWP1 and quarter-wave plate QWP1 (Fig. 3.3(c)).

Afterwards, in the stage highlighted in orange in Fig. 3.3(d), a polarization-dependent
delay is implemented. A polarizing beam splitter PBS1 splits the input beam into two
beams with orthogonal linear polarizations that propagate along different arms of the
interferometer. Two quarter-wave plates, QWP2 and QWP3, are introduced in each arm
of the interferometer to rotate the beam polarization by 90◦ and allow the recombination
of both beams in a single beam by the same PBS after reflection in mirrors M2 and M3,
respectively. Mirror M3 is mounted on a translation stage (TSTG) that allows to change
its position, and thus the difference in path between the two arms of the interferometer,
namely the distance between PBS1 and mirror M2 and PBS1 and mirror M3. Notice that
the output beam is composed of two pulses with orthogonal polarizations that are delayed
in time by T . We used an OWIS DIGI-MIC translation stage that provides a 25mm travel
with a minimal step of 1µm. With this characteristics, a minimum delay of 6.6 fs and a
maximum delay of 166 ps can be generated.

In the last stage, highlighted in magenta in Fig. 3.3(d), the state of polarization of the
output beam is selected. Once the output beam is reflected in mirrors M4 and M5, its
state of polarization is selected using the liquid crystal variable retarder LCVR (Thorlabs
LCC1223-C) followed by polarizer POL2 that is rotated at +45◦. The LCVR is thermally
stabilized using a Peltier cell connected to a temperature controller. After polarizer POL2,
the output beam is focused into a single mode fiber (SM) and its spectrum is measured
with an optical spectrum analyzer (OSA) (Yokogawa - AQ6370).
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Figure 3.3: (a) Experimental setup (top view). (b) Optical beam layout. The input pulse
of duration τ (FWHM) and the output beam, composed of two pulses delayed by T with
orthogonal polarizations are indicated. The delay between pulses is introduced by moving
a mirror in one of the arms of the interferometer (indicated by the dashed regions) using a
translation stage. In the experiment, the delay T is scanned over the interval [−12τ,+12τ ].
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Figure 3.3: (c) Detail of the components used. M: Mirror, HWP: Half-Wave Plate, QWP:
Quarter-Wave Plate, PBS: Polarizing Beam Splitter, POL: Polarizer, TSTG: Translation
Stage, LCVR: Liquid Crystal Variable Retarder. (d) Stages used to: i) select the initial
state of polarization (cyan), ii) perform a polarization-dependent delay (orange), iii) select
the final state of polarization (magenta). The input port, translation stage and output
port, are colored in red, yellow and green respectively.
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3.3 Experimental results

We present in the first column of Figs. 3.4 and 3.5 various transfer functions (dotted lines)
generated by using different values of Γ and T in Eq. (3.8), and the measured power
spectrum of the pulsed laser (solid line). We observe that for the case T ≫ τ (Fig. 3.4)
various oscillations of the transfer function fit inside the initial spectrum bandwidth. For
T ≪ τ (Fig. 3.5) this is not the case, and H(ν) is now a very broad cosine function.

Notwithstanding, in both regimes the delay Γ modifies the transfer function. In the
regime T ≫ τ the effect of Γ is to reshape the input spectrum so that a periodic intensity
pattern appears, while in the regime T ≪ τ , the effect is to shift the positions of the peaks
of the output spectrum.

It is important to notice that for all regimes the reshaping of the spectrum is the
result of an interference effect and therefore indicates that spectral interference can be ob-
served in a Michelson interferometer, independently of the temporal path difference under
consideration, when the polarization degree of freedom is considered in the interferometer.

The second column of Figs. 3.4 and 3.5 shows the experimental results for T ≫ τ and
T ≪ τ , respectively. A reshaping of the spectrum is clearly observed in both cases. For
the case of T ≫ τ , a clear modulation of the spectrum with spacing between peaks equal
to 1/T is observed, which corresponds to the Alford-Gold effect. For the regime T ≪ τ ,
H(ν) is a broad cosine function. In this regime two situations can be distinguished, both
accompanied by different amount of losses. In one case the reshaping corresponds to a
modulation of the initial spectrum Fig. 3.5(f), while in the other the transfer function
can present a positive slope, as in Fig. 3.5(c) or negative, as in Fig. 3.5(g). When H(ν)
multiplies the input spectrum, the result is a non-symmetric output spectrum, as observed
in Figs. 3.5(d) and 3.5(h) respectively.

In general, the reshaping of the spectrum translates into a measurable shift of the
mean frequency of the output power spectrum when compared with the central frequency
of the input pulse (Figs. 3.5(d) and 3.5(h)). Furthermore, although this behavior is well
explained in terms of classical optics, it can also be presented under the formalism of a weak
value amplification scheme, where the frequency serves as the meter and the polarization
as the system [15, 17, 28, 30, 32]. This result shows that spectral interference can also
be observed in the regime of small optical path differences (T ≪ τ) and complements the
observation of the Alford-Gold effect, which reveals interference in the frequency domain
in the opposite regime, T ≫ τ .

The observation of spectral interference, regardless the temporal path difference, was
made possible by introducing the polarization variable in a Michelson interferometer in an
experimental scheme similar to the ones used in a weak measurement scenario. In the case
T ≫ τ , a clear modulation of the frequency spectrum with frequency 1/T (see Figs. 3.4(b),
(d), (f) and (h)) appears, whereas in the regime T ≪ τ , interference manifests as either
a modulation of the input spectrum (Fig. 3.5(f)) or as a shift of the central frequency
(Figs. 3.5(b), (d) and (h)). Similar effects, as considered here, can be observed when
short or long temporal delays in the Michelson interferometer are substituted by weakly
or strongly misaligned beams in a Sagnac interferometer [40].
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Figure 3.4: Spectral interference in the regime T ≫ τ . First column depicts the exper-
imental input spectrum, Sin(ν), of a pulsed laser with a temporal duration τ = 320 fs
centered in ν0 = 193.5THz (solid line) and the theoretical transfer function, H(ν), (dot-
ted line) for Γ = 26.55◦ and different time delays: T = 1453 fs in (a), T = 2120 fs in (c),
T = 2786 fs in (e) and T = 4120 fs in (g). Second column shows the experimental output
spectrum that can be obtained by evaluating Sout(ν) = H(ν)Sin(ν). As a reference, the
vertical dashed line indicates the central frequency, ν0, of the input spectrum.
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Figure 3.5: Spectral interference in the regime T ≪ τ . First column depicts the experimen-
tal input spectrum, Sin(ν) , of a pulsed laser with a temporal duration τ = 320 fs centered
in ν0 = 193.5THz (solid line) and the theoretical transfer function, H(ν), (dotted line)
for a fixed delay of T = 53.7 fs and Γ = 98.5◦ in (a), Γ = 273.1◦ in (c), Γ = 231.2◦ in (e),
and Γ = 198.9◦ in (g). Second column shows the experimental output spectrum that can
be obtained by evaluating Sout(ν) = H(ν)Sin(ν). The vertical dashed line indicates the
central frequency of the input spectrum. Notice that the vertical axis in the right column
has been rescaled since the output intensity changes dramatically with different values of
Γ.
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3.3 Experimental results

Conclusions

In this chapter, we have shown the experimental observation of spectral interference in
a Michelson interferometer, regardless of the relationship between the temporal path dif-
ference introduced between the arms of the interferometer and the spectral width of the
input pulse. This observation is possible by introducing the polarization degree of freedom
into a Michelson interferometer using a typical weak value amplification scenario.

The results obtained show that a concept originally born in the realm of quantum optics
(weak value amplification) can be applied indeed to any system that shows interference,
such as the case of classical optics. In a sense, the work presented here can thus be included
in a broader research effort that shows that certain features of quantum systems can also
be used to characterize beams containing many photons, i.e., intense beams that can be
coherent or not. For example in [41, 42] the authors make use of a Bell’s like inequality to
characterize the coherence properties of a beam. Non-quantum entanglement, or insepara-
bility between degrees of freedom has also been considered [43, 44] as a fundamental tool
to address and shed new light into certain characteristics of classical fields, by applying
analysis and techniques usually restricted to entanglement in a quantum scenario.

Main publication by the author related to the contents of this
chapter

L. J. Salazar-Serrano, A. Valencia, and J. P. Torres, “Observation of spectral interfer-
ence for any path difference in an interferometer”, Optics Letters 39, 4478 (2014).
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CHAPTER

FOUR

MEASUREMENT OF EXTREMELY SMALL

TEMPORAL DELAYS

“ When I am working on a problem I never think about beauty. I only

think about how to solve the problem. But when I have finished, if the

solution is not beautiful, I know it is wrong.

”
Buckminster Fuller , 1983

The measurement of the temporal delay that exists between two optical pulses is essen-
tial in many applications in metrology. For instance, it is the basis of some protocols aimed
at accurate distance measurements and timing synchronization [45, 46], where the capa-
bility of discriminating between small temporal delays with a reference pulse is needed.
Diverse optical schemes for measuring subpicosecond temporal delays have been demon-
strated. This is the case, for instance, of systems based on the use of ultrafast nonlinear
processes such as second harmonic generation [47, 48] or two-photon absorption [49].

In another context, the well-known Hong-Ou-Mandel effect makes use of quantum
interference to measure subpicosecond temporal delays between photons [50], which was
used by Steinberg et al. [51] for measuring very small single-photon tunneling times. Since
this technique is based on measuring two-photon coincidences, it generally restrict the
number of photons of the signal. However, quantum-inspired interferometers [52] might
broaden the applicability of quantum concepts to other scenarios.

In this chapter, we demonstrate experimentally a scheme to measure extremely small
temporal delays between pulses, delays much smaller than the width of the pulses, based
on an interference effect generated with weak value amplification. A sub-pulse-width
temporal delay between two femtosecond pulses induces a measurable shift of the central
frequency of a certain combination of the two pulses. The amount of frequency shift, and
the accompanying losses of the measurement, can be tailored by post-selecting different
states of polarization. Our scheme requires only spectrum measurements and linear optics
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elements, hence greatly facilitating its implementation. Thus it appears as a promising
technique for measuring small and rapidly varying temporal delays.

This chapter is organized as follows. Section 4.1 presents the scheme used to measure
small delays based on weak value amplification and provides the main theoretical back-
ground. Section 4.2 presents the experimental setup implemented and in Section 4.3 we
discuss the results obtained.

4.1 Optical scheme aim at measuring small temporal

delays based on the concept of weak value

amplification

When two similar optical pulses with temporal width τ , and time delay T ≫ τ between
them, recombine, a modulation of the spectral density appears [34, 35, 36], which allows
measuring the time difference T . This is true even if the optical path difference is larger
than the coherence length of the pulses [37]. However, for small values of T (T ≪ τ),
inspection of the spectral density reveals no interference effects, even though interference
manifest now in the temporal domain as a periodic change of the output intensity as
function of the delay.

Here we demonstrate experimentally a scheme to measure small temporal delays T be-
tween optical pulses, delays much smaller than the pulse width τ , based on an interference
effect in the frequency domain which produces a measurable shift of the central frequency
of a combination of the pulses [28]. The scheme makes use of linear optics elements only
and works in both the high and low signal regimes. It allows the measurement of tempo-
ral delays between optical pulses up to the attosecond timescale [29]. This phenomenon,
which is inspired by the concepts of quantum weak measurement and weak value ampli-
fication [2, 4, 38, 53], produces interference effects in the regime T ≪ τ , which allows
to unveil the value of T . Techniques for measuring small phase shifts using weak value
amplification have also been proposed [28, 29, 32].

Brunner and Simon [28] showed that the introduction of a small temporal delay between
the two components (horizontal and vertical) of a circularly-polarized pulse, can yield
a large central frequency shift after recombining the pulses and projecting them into a
polarization state nearly orthogonal to the input state. However, the near orthogonality
of the input and output polarization states introduces heavy losses. Nevertheless, the weak
value amplification can also be used when the input and output polarization states have a
relatively large overlap, hence away from the usual weak value amplification regime [11],
allowing for the observation of significant frequency shifts without heavy losses.

The weak value amplification scheme proposed is composed of the three stages shown
in Fig. 4.1. In the first stage (pre-selection), a light source that generates pulses of duration
τ , centered in ν0, is polarized with circular polarization by using a linear polarizer and
a quarter-wave plate. In the second stage (weak measurement), a weak measurement is
implemented by using a Michelson-Morley interferometer that performs a polarization -
dependent delay that fulfills the weak measurement condition since T ≪ τ . In the third
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4.1 Optical scheme aim at measuring small temporal delays
based on the concept of weak value amplification

Figure 4.1: Weak value amplification scheme. In this case we make use of an imaginary
weak value to retrieve information of the time difference T = T1 − T2.

and last stage (post-selection), the output beam’s polarization stage is again selected
using a variable retarder followed by a polarizer. From the post-selection, the beams with
horizontal and vertical polarizations interfere and a reshaping of the spectrum is observed.
By measuring ∆f , the difference between the centroid of the output spectrum and the
input beam central frequency ν0, information about the temporal delay T generated with
the interferometer is retrieved.

4.1.1 Theoretical description

Consider the weak value amplification scheme shown in Fig. (4.1) composed of pre-selection,
weak measurement and post-selection. A pulsed laser generate pulses with spectral den-
sity given by Sin(ν) = 2 ǫ0c|Ein(ν)|2, where Ein(ν) is the electric field, ν designates the
frequency, ǫ0 is the vacuum permittivity and c is the velocity of light.

The input optical pulse state of polarization is pre-selected to be left-handed circularly
polarized, with polarization vector êin = (x̂ − iŷ)/

√
2, by using a polarizer, a half-wave

plate and a quarter-wave plate. For an input optical pulse with a Gaussian spectrum, i.e.,
Sin(ν) ∝ exp[−π2τ 2(ν − ν0)

2/ ln 2], where τ is the pulse temporal width (FWHM), the
input electric field reads (in the time domain) after pre-selection as

Ein(t) = E0 exp
[

−2 ln 2 t2/2 τ 2 + i2πν0t
]

êin . (4.1)

A weak measurement is realized by means of a polarization-dependent temporal delay
implemented using a Michelson interferometer configuration. A polarizing beam splitter
(PBS) divides the input pulse into two orthogonally linearly polarized components with
horizontal (x̂) and vertical (ŷ) polarizations, which propagate along the two arms of a
Michelson interferometer. By changing the length of each arm, d1 and d2, we introduce
different time delays T1 = 2 d1/c and T2 = 2 d2/c for each polarization component. The
two delayed pulses recombine at the same PBS.

In the post-selection stage, the outgoing pulse is projected into a state of polarization
given by the polarization vector Eout = (x̂ + exp(iΓ)ŷ)/

√
2, where Γ determines the final

state of polarization of the output pulse. For Γ = −π/2, the input and output polarization
states coincide, while for Γ = π/2, they are orthogonal. After post-selection, the electric
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Measurement of extremely small temporal delays

Figure 4.2: Experimental scheme. State pre-selection: The polarization of the input optical
pulse is selected by using a polarizer, half-wave plate and quarter-wave plate. Weak
coupling: A Michelson-Morley interferometer, composed of a Polarizing Beam Splitter
(PBS), two quarter-wave and two mirrors, divides the input pulse into two pulses, with
equal power and with orthogonal polarizations, that travel through different paths of the
interferometer. A movable mirror mounted on a translation stage in one of the paths
allows changing the temporal delay. State post-selection: The two pulses recombine in the
PBS, and they are projected into a particular state of polarization with a liquid crystal
variable retarder (LCVR) and a polarizer. The output beam is finally focused in a single
mode fiber (SM) and its spectrum is measured with an Optical Spectrum Analyzer (OSA).

field of the output signal writes

Eout(ν) =
Ein(ν)

2
[exp (i2πνT1)− i exp (i2πνT2 − iΓ)] êout . (4.2)

Equation (4.2) shows that the post-selection polarization angle (Γ) determines for which
frequencies the interference between signals coming from the horizontally and vertically
polarized pulses, delayed by T = T1 − T2, is constructive or destructive. The output
spectral density is given by

Sout(ν) =
Sin(ν)

2
[1 + cos (2πνT − Γ− π/2)] , (4.3)

where Sin(ν) is the input laser spectrum.
In order to characterize the output spectrum, we measure as a function of the post-

selection angle Γ, the central frequency shift ∆f =
∫

dν ν [Sout(ν)− Sin(ν)] and the in-
sertion loss L = −10 log Pout/Pin, with Pin,out being the input (output) power Pin,out =
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∫

dν Sin,out(ν) of the pulse. From Eq. (4.3), the central frequency shift ∆f of the output
pulse can be easily calculated and yields

∆f = − ln 2

π

(

T

τ 2

)

γ sin
(

2πν0T − Γ− π/2
)

1 + γ cos
(

2πν0T − Γ− π/2
) , (4.4)

where γ = exp[− ln 2 T 2/τ 2] quantifies the degree of overlap between the pulses T with
respect to the input pulse duration τ . Note that for a weak coupling regime of operation,
γ ≈ 1. The frequency shift given by Eq. (4.4) is accompanied by insertion losses which
write

L = −10 log

[

1

2
(1 + γ cos (2πν0T − Γ− π/2))

]

. (4.5)

In general, to keep a good signal-to-noise ratio in the detection stage there is a trade-
off between the frequency shift observable for a specific value of the time delay and the
amount of losses that can be tolerated, given by Eq. (4.4) and Eq. (4.5), respectively.

4.2 Experimental implementation

The experimental implementation of the scheme used to measure small temporal delays
between optical pulses is shown in Fig. 4.3. The scheme is implemented using only linear
optics elements and requires only spectral measurements, hence making its implementation
practical.

A femtosecond fiber laser (Calmar Laser - Mendocino) centered at 1549 nm, generates
pulses of temporal width 320 fs (bandwidth 11 nm), average power 3mW and repetition
rate 20MHz. The spectral density measured shows characteristic high-frequency small
wrinkles due to cavity effects in the laser system.

The state of polarization of the pulses is selected to be circular by using a polarizer
followed by a half-wave plate and quarter-wave plate. The light pulses enter the Michelson-
Morley interferometer, composed of a Polarizing Beam Splitter (PBS), two quarter-wave
plates (QWP) and two mirrors, that generate a polarization-dependent delay. The PBS
divides the input pulse into two pulses, with equal power and with orthogonal polarizations,
that travel through different paths of the interferometer, and also recombines the two pulses
after reflection.

One of the mirrors is mounted on a translation stage (TSTG) that moves the mirror
along the beam’s trajectory and generates the difference in optical path. The TSTG used
is an OWIS DIGI-MIC that provides a minimal step of 1µm, which corresponds in time
to a delay of ≈ 7 fs. Notice that even though the TSTG could only provide micrometer
size steps, the weak value condition is easily satisfied since the laser pulse duration 320 fs
is significantly higher than the polarization-dependent delay that is given in multiples of
≈ 7 fs.

After the weak measurement, the output beam state of polarization is projected into a
particular state of polarization with a liquid crystal variable retarder (LCVR) (Thorlabs
- LCC1113-C) followed by a polarizer. Since the relation between post-selection angle
and the LCVR voltage is non-linear and highly temperature dependent, an additional
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(a)

(b)

Figure 4.3: (a) Experimental setup. (b) Optical beam layout. The input pulse of duration
τ (FWHM) and the output beam, composed of two pulses delayed by T with orthogonal
polarizations are indicated. The delay between pulses is introduced by moving a mirror
in one of the arms of the interferometer using a translation stage as in the experiment
described in Chapter 3. However, in this case, the delay T is scanned over the interval
[−15µm,+15µm], which guarantees the weak interaction condition.
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Figure 4.3: (c) Detail of the components used. M: mirror, HWP: Half-Wave Plate, QWP:
Quarter-Wave Plate, PBS: Polarizing Beam Splitter, POL: Polarizer, TSTG: Translation
Stage, LCVR: Liquid Crystal Variable Retarder. (d) Stages used to: i) select the initial
state of polarization (cyan), ii) perform a polarization-dependent delay (orange), iii) select
the final state of polarization (magenta). The input port, translation stage and output
port, are colored in red, yellow and green respectively.
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temperature controller based on a Peltier cell was used. The output beam is finally focused
in a single mode fiber (SM) and its spectrum is measured with an Optical Spectrum
Analyzer (Yokogawa - AQ6370) that provides a resolution of 0.02 nm. Each spectrum is
obtained after averaging five data sets in the interval [191.5THz, 195.5THz].

4.3 Experimental results

Recently, it has been demonstrated that high precision phase estimation based on weak
measurements can be achieved even using commercial light-emitting diodes [15]. Indeed,
Li et al. [32] showed that the scheme proposed by Brunner and Simon also works with
large-bandwidth incoherent light. On the one hand, the use of white light allows to obtain
in a straightforward manner a light source with an enormous bandwidth, which allows to
measure very small phase differences. On the other hand, many applications make use
of high-repetition femtosecond sources that allows to perform multiple measurements in
millisecond or microsecond time intervals [46], allowing the measurement of time-varying
phase differences in this time scale. This is the scenario that we consider here.

Figures 4.4 and 4.5 show measurements of the spectral changes in the regime T ≪ τ ,
when one makes use of the idea of weak value amplification. The plots show the shift of
the central frequency of the spectrum for two different temporal delays: T = 53 fs and
T = 22 fs. Panel (a) in Fig. 4.4 shows the measured frequency shift and panel (b) plots the
measured insertion loss for T = 53 fs (similarly panels (a) and (b) in Fig. 4.5 for T = 22 fs).
The dotted lines are best theoretical fits using the measured input spectrum in Eq. (4.2).
All other plots in Figs.4 4.4 and 4.5 show measured spectral densities of the output signal
for some selected cases and the corresponding theoretical predictions when the measured
input spectral density is used in Eq. (4.2).

Inspection of Figs. 4.4 and 4.5 allow to highlight two working regimes, corresponding
to the presence of high or low losses. For Γ = −3π/2+2πν0T , there is no central frequency
shift and losses are maximum. The output spectral density features a double-peak spectral
density. For small angle deviations around this value, central frequency shifts of the spec-
tral density up to hundreds of gigahertz are clearly observable. However, insertion losses
are also the highest in this regime, measuring values over 60 dB. This regime corresponds
to the case usually studied in weak value amplification where the input and output polar-
ization states are nearly orthogonal [28]. The applicability of the weak value amplification
in this high-amplification regime is limited to cases where the energy of the input signal
can be increased, since the intensity of the detected signal is severely decreased [3].

Nevertheless, we demonstrate here that even in the regime where the input and out-
put polarization states have a significant overlap, hence featuring smaller insertion losses,
weak value amplification remains useful. Even though the frequency shifts measured in
this regime are generally smaller, reaching only few tens of GHz instead of hundreds of
GHz, losses do not exceed a few dB. For Γ = −π/2 + 2πν0T , there is no shift of the
central frequency again. The pre- and post-selected polarizations are almost equal, hence
introducing almost no losses. The spectral density of the output pulse is almost equal
to the input spectral density. For small angle deviations around this value, the temporal
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Figure 4.4: Measurement of the central frequency shift induced by weak value amplification
for a delay of T = 53 fs between pulses with orthogonal polarizations. Measured frequency
shift (a) and insertion loss (b) as a function of the post-selection angle Γ. Dots (with
error bars) are experimental results, and the dotted lines are best theoretical fits using the
measured input spectrum in Eq. (4.2). The best fits are obtained for T = 53 fs in (a) and
(b). Panels (c), (e) and (g) (measured) and (d), (f) and (h) (theory) shows the spectral
density for some selected cases, as indicated by the corresponding labels in (a) and (b).
To help the eye, the central frequency of the input pulse (ν0 = 193.44THz) is represented
by a dashed line in all plots. The experiment is performed at a temperature of 34.1◦C.
Error bars in all plots assume that temperature variations during the experiment are in
the range of ±1◦C, which translates in random changes of the angle of post-selection Γ.
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Figure 4.5: Measurement of the central frequency shift induced by weak value amplification
for a delay of T = 22 fs between pulses with orthogonal polarizations. Measured frequency
shift (a) and insertion loss (b) as a function of the post-selection angle Γ. Dots (with
error bars) are experimental results, and the dotted lines are best theoretical fits using the
measured input spectrum in Eq. (4.2). The best fits are obtained for T = 22 fs in (a) and
(b). Panels (c), (e) and (g) (measured) and (d), (f) and (h) (theory) shows the spectral
density for some selected cases, as indicated by the corresponding labels in (a) and (b).
To help the eye, the central frequency of the input pulse (ν0 = 193.44THz) is represented
by a dashed line in all plots. The experiment is performed at a temperature of 34.1◦C.
Error bars in all plots assume that temperature variations during the experiment are in
the range of ±1◦C, which translates in random changes of the angle of post-selection Γ.
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Figure 4.6: Feasibility of the measurement of attosecond temporal delays with femtosecond
pulses. Polarization dependent frequency shift induced by a T = 10 as time delay of pulses
of duration τ = 10 fs. Panel (a). Low-loss regime. Panel (b). High-loss regime. The solid
blue line corresponds to the frequency shift and the green dashed line to the insertion
losses. Notice the different scales in the x and y axis in (a) and (b).

delay produce small shifts of the central frequency, which vary almost linearly with respect
to the post-selection angle. Importantly, these frequency shifts are accompanied by small
insertion losses.

4.3.1 What can we measure with this scheme?

The results presented here naturally raise the question of what are the ultimate limits of
the scheme, in terms of central frequency shifts and losses. Brunner et al. [28] and Strubi
et al. [29] have estimated theoretically that weak value amplification of temporally delayed
optical pulses could allow the measurement of attosecond temporal delays. Indeed, Xu. et
al. [15] have demonstrated the measurement of phase differences as small as ∆ϕ ∼ 10−3,
which corresponds to an optical path delay difference of d = λ/(2π) ∆ϕ ∼ 130 pm, by
using a large bandwidth LED source. In principle, one can always make use of white
light sources with bandwidths in excess of 100 nm, as the ones use in Optical Coherence
Tomography for submicron resolution [54], to enhance the frequency shift detected.

Figure 4.4 shows the frequency shift and the insertion loss expected, as a function of the
post-selection state of polarization, when a temporal delay of T = 10 as is introduced be-
tween two optical pulses with Gaussian shape and duration τ = 10 fs (FWHM). Fig. 4.6(a)
depicts the low-loss regime, where smaller frequency shifts can be observed in exchange
for much lower losses. In the case shown, frequency shifts up to 100GHz, corresponding to
0.8 nm, are generated with losses below 12 dB. Most spectrometers, as the one used in our
experiments, can reach resolutions of up to 0.02 nm, rendering measurable these frequency
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shifts. In the high-loss regime, shown in Fig. 4.6(b), one can observe greater frequency
shifts, as high as ∼ 20THz (∼ 160 nm). Unfortunately, its measurement is also accompa-
nied by higher losses, over 60 dB. The existence of the low-loss working regime, somehow
not so extensively considered as the high-loss regime, can thus enhance the applicability
of the weak value amplification idea, as demonstrated here.

Conclusion

In this chapter we have demonstrated a spectral interference effect between two optical
pulses with a temporal delay much smaller than the pulse duration, inspired from the
concepts of weak measurements and weak value amplification. In particular, we have
demonstrated a shift of the central frequency of two slightly delayed femtosecond pulses
which can be used to reveal the value of the temporal delay itself. Importantly, the central
frequency shifts can be observed even in a regime, not so-often considered, where insertion
losses are small, which broadens the applicability of the method demonstrated.

Our scheme is implemented by using only linear optics elements and requires spectral
measurements, hence making its implementation practical. The ultimate sensitivity of
our scheme can provide observable frequency shifts for temporal delays of the order of
attoseconds using femtosecond laser sources. Our scheme thus appears as a promising
method for measuring small and rapidly varying temporal delays.

Main publication by the author related to the contents of this
chapter

L. J. Salazar-Serrano, D. Janner, N. Brunner, V. Pruneri, and J. P. Torres, “Measure-
ment of sub-pulse-width temporal delays via spectral interference induced by weak value
amplification”, Physical Review A 89, 012126 (2014).

40



CHAPTER

FIVE

DESIGN AND DEMONSTRATION OF A NEW TYPE

OF HIGHLY-SENSITIVE TUNABLE BEAM DISPLACER

“ To invent, you need a good imagination and a pile of junk. ”
Thomas A. Edison, 1955

A polarization beam displacer (BD) is a device that splits an input polarized beam
into two spatially separated beams that propagate parallel with orthogonal polarizations.
Most commercially available BDs are made of birefringent crystals, where the propagation
direction of an ordinary (horizontal) polarized beam is unchanged, whereas the extraordi-
nary (vertical) component deviates inside the crystal. A BD can also be used to displace
spatially the position of a single optical beam, for example by using an input beam with
vertical polarization at the input [55].

The resulting beam separation is specific for each material and its maximum value
depends on the amount of birefringence of the material and on the crystal length, which
is typically on the order of centimeters, limiting the maximum separation achievable to a
few millimeters.

Most of the times there are other requirements that a good BD should fulfill, even
though these conditions heavily depends on the particular application under consideration.
For instance, adding tunability to the spatial displacement is desired in some applications
where a small lateral displacement is required to be used as a reference to perform high
resolution measurements [56]. In other applications, achromaticity of the displacement
should be preserved [57]. Many applications require that a previous displacement should
be reversed [58, 59]. Nowadays, new techniques are being explored to generate beam
displacements as required for any specific scenario [60, 61].

To the best of our knowledge, a scan of the position of a single beam can be implemented
either by using an arrange of moving mirrors [60, 62], a plane-parallel plate or a tunable
beam displacer (TBD) [63]. For all the devices mentioned, the beam shift results from the
mechanical rotation of an optical element. This condition imposes a technical limitation
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on the sensitivity of the beam displacer since it directly relates to which sensitivity we can
achieve when performing the rotation. For the sake of example, in a plane-parallel plate
displacer one can obtain a typical beam shift of ≈ 12.5µm/deg, where the proportionality
factor depends on the thickness of the plate and its index of refraction. For a TBD, the
proportionality factor is ≈ 5mm/deg which is determined mainly by the distance from
the mirrors to the PBS.

In this chapter we introduce and demonstrate a new type of highly-sensitive tunable
beam displacer that can outperform the limitations imposed by the use of movable optical
elements that use deflection to displace the beam. The scheme, based on the concept of
weak value amplification [2, 4], allows to convert two beams with orthogonal polarizations
that slightly overlap in space into a single beam whose center can be tuned by only
modifying the linear polarization of the output beam. The scheme presented turns to be
advantageous with respect to other alternatives based on reflections or/and refractions
induced by the rotation of a specific optical elements because the ultimate sensitivity is
determined by the step size of the rotation stage used to rotate the post-selection polarizer
which can be very small.

The chapter is organized as follows. In Section 5.1 we present the main idea behind
the scheme to implement a highly sensitive tunable beam displacer based on weak value
amplification. This first section is divided in two parts: in the first part, the heart of
the device, the tunable beam displacer (TBD), is described and in the second part the
theoretical background is introduced, and where some results are discussed. In Section 5.2,
the experimental implementation is described and in Section 5.3, the experimental results
are presented and discussed.

5.1 Description of a highly sensitive tunable beam

displacer based on WVA

In chapter 4, we presented a scheme that can be used to measure a delay T between
two overlapping pulses of duration τ . When the weak measurement condition is satisfied
(i.e. when T ≪ τ) interference effects appear that give rise to a reshaping of the spectral
density. Information about the time delay can be retrieved by measuring the shift of the
frequency centroid of the output beam with respect to the central frequency of the optical
source.

The same principle can be applied in the spatial domain if the Gaussian pulses in time
are now replaced by beams with a Gaussian spatial profile. As a consequence, the weak
measurement condition is now reformulated as ∆x ≪ w, where ∆x is a displacement in the
x-direction between two beams with orthogonal polarizations and w is the input’s beam
width. Similarly, in the weak value amplification scheme the polarization-dependent delay
is now replaced by a polarization-dependent displacement.

Figure 5.1 presents a weak value amplification scheme where two polarizers are used
to select the initial and final states of polarization before and after the weak interaction,
respectively, and the weak interaction is generated by a device that couples the spatial
and the polarization degrees of freedom of the input beam.
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Figure 5.1: Weak value amplification scheme. In this case we make use of a real weak
value to reshape the output’s beam cross section.

Up to now, most of the weak value based applications have been proposed to enhance
a tiny polarization dependent effect [13, 14, 30]. All of them work in the regime where the
pre-selection and post-selection states are chosen to be nearly orthogonal and therefore the
novelty of the application is the large amplification factor. In sharp contrast we make use
of the de-amplification effect that is also present in the weak value amplification scheme
when the pre-selection and post-selection are chosen to be nearly parallel [11]. The new
scheme gives rise to a tunable beam displacement with sub-micrometric resolution that
achieve such displacement without using any mechanical element.

In practice, the weak interaction is implemented by a tunable beam displacer which is
a device that divides an initially polarized beam into two parallel beams whose separation
can be tuned continuously. The two output beams are linearly polarized with either vertical
or horizontal polarization and no optical path difference is introduced between them.

5.1.1 Tunable Beam Displacer (TBD)

A polarization beam displacer is a device that splits an input polarized beam into two spa-
tially separated beams that propagate parallel with orthogonal polarizations [55]. Com-
mercially available beam displacers are made of birefringent materials like Calcite crystal,
Barium Borate (α− BBO) crystal, Rutile crystal or Yttrium Vanadate (YVO4) among
others.

In these devices, due to the intrinsic birefringence of the material, the propagation di-
rection of the ordinary polarized beam is unchanged whereas the extraordinary component
deviates inside the crystal [64]. The resulting beam separation is specific for each material
and its maximum value depends on the crystal length, which is typically on the order of
centimeters, limiting the maximum separation achievable to a few millimeters. To get an
idea of the capabilities of current technologies, the model BD40 of Thorlabs, provides a
4mm displacement for λ = 1550 nm. Similarly, Altechna offers a broad variety of beam
displacements made of Calcite or YVO4, that generate beam displacements over a range
of 1mm to 3mm.

Apart from a spatial separation, standard beam displacers also introduce a temporal
delay between the beams with orthogonal polarization, which may be detrimental in some
applications. Notwithstanding, a tunable beam displacer divides an initially polarized
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beam into two parallel beams whose separation can be continuously tuned. The two
output beams are linearly polarized with either vertical or horizontal polarization and no
optical path difference is introduced between them.

We have developed a device that is based on the “adjustable Wollaston like prism”
described by Feldman et al. [65] with the difference that our device does not use quarter
wave-plates that limit the spatial quality of the beam output and the wavelength range of
operation. The geometry of our implementation of a TBD is shown in Fig. 5.2 (a).

PBS

(a)

M

M

L

PBS

θ>0º

V H

Figure 5.2: (a) Basic scheme of our TBD. Two mirrors (M) are positioned at a distance
L from a PBS and fixed to a L-shaped platform that is free to rotate an angle θ with
respect to the PBS center. (b) The orthogonally polarized output beams spatially overlap
(θ = 0◦). In (c) we consider the case θ > 0◦, dH > 0 and dV < 0, whereas (d) corresponds
to a case with θ < 0◦, dH < 0 and dV > 0. (e) and (f) present two limiting cases: θ ≫ 0◦

and θ ≪ 0◦, respectively, where the beam with vertical polarization is no longer reflected
on the PBS and thus dV is no longer defined.

Two mirrors are fixed to a L-shaped platform that is free to rotate an angle θ with
respect to the polarizing beam splitter (PBS) center. The mirrors are positioned equidis-
tant at a distance L with respect to the PBS. When the angle θ is different from zero,
the input beam splits into two parallel propagating beams with orthogonal polarizations
separated by a distance proportional to the rotation angle. If the input beam polarization
is horizontal or vertical, a single beam is obtained at the output. The wavelength depen-
dence of the device as well as the maximum separation between the beams achievable are
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mainly limited by the PBS characteristics.

When θ = 0◦, as shown in Fig. 5.2 (b), the two output beams with orthogonal polar-
izations propagate collinearly superimposed on each other. On the other hand, when the
platform is rotated, the beams with orthogonal polarizations no longer overlap in space
and emerge at the output separated by a distance that depends on the angle θ, L, the
size of the PBS and the beam diameter. In Fig. 5.2 (c), dH and dV correspond to the
beam separations for the horizontal and vertical output components, measured with re-
spect to the central position of the beams, when the platform is not rotated. When θ > 0◦,
anti-clockwise rotation as shown in Fig. 5.2 (c), the beam with horizontal polarization is
separated by a distance dH > 0 with respect to the reference position, whereas for the
beam with vertical position dV < 0. In contrast, when the platform is rotated in the
opposite direction, θ < 0◦, clockwise rotation as shown in Fig. 5.2 (d), the polarization of
the output beams are reversed and thus the sign of dH and dV . Figs. 5.2 (e) and 5.2 (f)
illustrate the limiting cases where the angle θ is such that the beam with vertical polariza-
tion is no longer reflected by the PBS and thus it is not collinear to its output pair with
horizontal polarization.

It would be desirable to obtain an analytical expression that would relate the beam
displacement with θ, L, the size of the PBS and the input beam diameter. Even though,
the geometry of the TBD is simple, such an analytical expression for the displacement is
not straightforward because the relationship between the angle θ and the orientation of
the mirrors is not easily manageable. Fortunately, since the device can be modeled only
by consecutive reflections on the mirrors and the PBS (refractions on the PBS can be
neglected due to the fact that all the beams impinging and emerging from the PBS are
perpendicular to its surface), a numerical model is at hand. We developed a ray tracing
model in which reflections are calculated according to the law of reflection considering the
position where a beam hits the mirror. In addition, the PBS is modeled as a two sided
mirror in which the vertical polarization reflects two times and the horizontal component
is only transmitted.

The solid and dashed lines in Fig. 5.3 show the beam displacements for the output
beams with horizontal dH (solid) and vertical dV (dashed) polarizations obtained with our
ray tracing model as a function of θ for two different values of L: Fig. 5.3 (a) corresponds
to L = 6.5 cm and Fig. 5.3 (b) to L = 10 cm. For completeness, experimental results
for dH and dV in the interval −1.5◦ ≤ θ ≤ +1.5◦ are also shown as circles and triangles,
respectively. The experimental results and the predictions from the ray tracing model are
in excellent agreement in the region where two parallel beams with orthogonal polarizations
are obtained at the output.

In all cases, it is observed a central region where the separation between the beams
varies linearly with the angle θ. Beyond this region, our model is not valid: dV presents a
discontinuity that corresponds to values of θ in which the vertical component is no longer
reflected on the PBS and thus the output beams with vertical and horizontal polarizations
do not propagate collinearly (see Figs. 5.2 (e) and 5.2 (f)). The maximum separation,
shown as horizontal dashed lines in Figs. 5.3 (a) and 5.3 (b), is limited by the PBS size.
As L increases, the sensitivity of the tunability of the device improves, which is revealed
by noticing that for both polarizations, the slope of the beam displacement in Fig. 5.3 (b)
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Figure 5.3: Comparison between theoretical and experimental results. The expected dis-
placements from the ray tracing model for dH (blue solid line) and dV (dashed green
line) are shown as a function of the rotation angle θ. Experimental results are presented
as circles for dH and as triangles for dV . (a) and (b) correspond to configurations with
L = 6.5 cm and L = 10 cm, respectively. The PBS is 1 cm wide. Horizontal dashed line:
maximum separation, as determined by the PBS size. Error bars indicate an input beam
diameter of 3mm.

is steeper than the corresponding slope in Fig. 5.3 (a).

Our ray tracing model also reveals a useful feature of the TBD: The temporal delay
between the orthogonally polarized beams, arising from the optical path difference, is zero.
At first sight, since the beams impinge on different regions of the mirrors and PBS, one
expects that they travel a different optical path; however, our ray tracing model reveals
that this is not the case. Interestingly, this feature is valid for any value of θ, and adds a
unique feature to our TBD with respect to other beam displacers.
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5.1.2 A highly-sensitive tunable beam displacer based on WVA

A beam displacement can be generated using either a set of mirrors that are arranged
in a configuration that allows to change the position of the output beam when one or
various mirrors are rotated, a transparent plane-parallel plate of certain thickness such as
a tweaker plate, a thin film polarizer, or a plate beam splitter or a tunable beam displacer.

To get an idea of the displacements that can be achieved using commercial devices,
Thorlabs offers a tweaker plate, model XYT-A, which is a 2.5mm thick plane-parallel
plate. Similarly, II-VI UK LTD offers thin film polarizers made of either ZnSe or Ge
that can be used to split or combine an input beam into two components with orthogonal
polarizations. The polarizer is oriented at Brewster’s angle with respect to the input beam
so that the vertical polarization is highly reflected whereas the horizontal is transmitted. In
addition, Edmund optics offers a plate beam splitter, model #49-684, that is a 3mm thick
N-BK7 splitter that transmits 70% of the input power and operates in the visible regime.
All the devices mentioned allow to generate sub-mm level precision beam displacements.

Regarding transparent plane-parallel plates, the beam displacement is proportional to
the plate thickness, index of refraction and the rotation angle. This is because the plate
of certain thickness is rotated with respect to an axis parallel to the surfaces that offsets
the position of the input beam after consecutive refractions in the air-plate and plate-air
interfaces.

In contrast, for the TBD presented in Section 5.1.1, two mirrors fixed to a platform
are rotated with respect to a polarizing beam splitter (PBS). When the angle is different
from zero, the input beam splits into two parallel propagating beams with orthogonal
polarizations separated by a distance proportional to the rotation angle. If the input
beam polarization is horizontal or vertical, a single beam is obtained at the output.

For all the cases mentioned above the beam shift results from the mechanical rotation
of an optical element. This condition imposes a technical limitation on the sensitivity
of the beam displacer since it directly relates to which sensitivity we can achieve when
performing the rotation. In a plane-parallel plate displacer one can obtain a typical beam
shift of ≈ 12.5µm/deg, where the proportionality factor depends on the thickness of the
plate and its index of refraction. For a TBD, the proportionality factor is ≈ 5mm/deg
which depends mainly on the distance from the mirrors to the PBS.

The experimental scheme presented in Fig. 5.4(a) introduces a new type of highly-
sensitive tunable beam displacer that can outperform the limitations imposed by the use
of deflection to displace the beam. In our scheme, we do not make use of the tunable
reflections or/and refractions induced by the rotation of a specific optical element. Instead,
we make use of the concept of weak value amplification [2, 4], that allows to convert two
beams with orthogonal polarizations that slightly overlap in space into a single beam whose
center can be tuned by only modifying the linear polarization of the output beam.

Consider an input beam that propagates in the ẑ direction with a Gaussian-like beam
shape of width w (at 1/e2). By using a polarizer rotated at an angle α = +45◦, the initial
polarization is set to êin = (x̂ + ŷ)/

√
2, by POL1, where x̂ and ŷ denote the horizontal

and vertical transverse directions, respectively. After the pre-selection stage, the shape in
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Figure 5.4: (a) Experimental scheme. Input and output polarizers, POL1 and POL2,
control the corresponding polarizations. A polarization-dependent beam displacement is
introduced by the tunable beam displacer. POL1 and POL2: polarizers, PBS: polarizing
beam splitters; M: Mirrors. (b) Beam displacement before traversing the second polarizer
for the horizontal (solid line) and vertical (dashed line) components of the optical beam a
function of the rotation angle θ. The shaded region indicates the region where the beams
with orthogonal polarizations still overlap.

the transverse plane (x, y) of the input electric field is given by

Ein(x, y) = E0 exp
[

−(x2 + y2)/2w2
]

êin , (5.1)

where E0 is the peak amplitude and w is the 1/e beam width.
In a second stage, the TBD is set to an angle θ. The TBD splits the input beam into

two parallel beams with orthogonal polarizations. The output beams are shifted a distance
+∆x for the component with horizontal polarization and −∆x for the component with
vertical polarization with respect to the direction of the output beam when θ = 0◦.

The TBD is set to operate in the shaded region shown in Fig. 5.4(b), where the two
output beams with orthogonal polarizations still overlap. i.e., the distance between the
two beam centroids 2∆x is small compared with the input’s beam diameter w. Since the
spatial shape of the beam in the x and y coordinates are independent, and the displacement
is only considered along the x direction, for the sake of simplicity we will be looking only
at the beam shape along the x direction. After this stage, the field reads

Eweak(x) =
E0√
2

{

cos β exp
[

−(x−∆x)2/2w2 + i φ
]

x̂

+ sin β exp
[

−(x+∆x)2/2w2
]

ŷ
}

, (5.2)
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where φ takes into account any optical path difference that can be introduced mainly due
to misalignment.

In the last stage, the output beam state of polarization is projected in the state êout =
cos β x̂+ sin β ŷ by using the polarizer POL2 that is rotated at an angle β with respect to
the horizontal axis. The amplitude of the output beam writes

Eout(x) =
E0√
2

{

cos β exp
[

−(x−∆x)2/2w2 + i φ
]

+ sin β exp
[

−(x+∆x)2/2w2
]

}

êout . (5.3)

The intensity of the output beam, given by Iout(x) = 2 ǫ0c|Eout(x)|2, writes

Iout(x) =
I0
2

{

cos2 β exp
[

−(x−∆x)2/w2
]

+ sin2 β exp
[

−(x+∆x)2/w2
]

+ exp
[

−∆x2/w2
]

sin 2β exp
[

−x2/w2
]

cosφ
}

, (5.4)

after using the Product Theorem for Gaussian Functions presented in Appendix B. Note
that the factor exp [−∆x2/w2] in the last line of Eq. (5.4) carries information about the
degree of spatial overlap between the output pulses, or in other words, the strength of the
weak coupling between polarization and beam position.
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Figure 5.5: Beam profile after traversing the second polarizer for three different output
polarizations (β = 30◦, β = 45◦ and β = 60◦). The insets shows more clearly the small
beam displacements for different post-selections of the output state of polarization.

Figure 5.5 plots the beam intensity given by Eq. (5.4) for three different angles: β = 30◦,
β = 45◦ and β = 60◦. An angle β = 45◦ corresponds to choosing the polarization of the
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output beam equal to the polarization of the input beam. Inspection of Fig. 5.5 shows that
Iout(x) corresponds to a single peaked Gaussian-like distribution whose center is slightly
shifted with respect to the input beam centroid by an amount smaller than ∆x, far less
than the beam width. We also observe that this small shift is polarization-dependent, i.e.,
it depends on the value of the angle β.

This effect can be easily visualized by calculating the beam’s centroid by replacing
Eq. (5.4) in the expression 〈x〉 =

∫

x Iout(x) dx/
∫

Iout(x) dx. We also calculate the inser-
tion loss (expressed in decibels) L = −10 log10[Pout/Pin] where Pin and Pout designate the
input and output power of the beams, respectively. By making use of Eq. (5.4), we obtain
that the centroid of the output beam reads

〈x〉 = cos 2β

1 + γ sin 2β cosφ
∆x , (5.5)

where γ = exp (−∆x2/w2) is close to unity since ∆x ≪ w. Similarly, the insertion loss is
given by

L = −10 log10

[

1

2
(1 + γ sin 2β cosφ)

]

. (5.6)

Figures 5.6(a) and 5.6(b) show the position of the beam centroid and the insertion loss
as a function of the post-selection angle β of POL2. The displacements ±∆x for each
polarization are indicated by horizontal dashed lines. Eq. (5.5) shows that the beam
centroid 〈x〉 is related to the polarization-dependent displacement ∆x by a relationship
of the form 〈x〉 = A · ∆x, where A is the amplification factor given in Eq. (5.5). Most
applications of the weak value amplification concept (see, for instance, [38] and [39] for
two recent reviews about this topic) are interested in a regime where A ≫ 1. However
this is not the only regime where weak value amplification can be of interest [11]. Here,
on the contrary, we are interested in the regime A ≪ 1, where beam displacements much
smaller than the beam width of the input beam are observed.

In this regime, close to β = 45◦ (input and output polarizations are similar) the position
of the centroid of the output beam varies almost linearly with respect to the post-selection
angle over the range −∆x ≤ 〈x〉 ≤ +∆x (see Fig. 5.6(a)), and the insertion loss is small for
the same interval (see Fig. 5.6 (b)), making the weak value amplification scheme described
in Fig. 5.4(a) suitable for implementing a low-loss highly sensitive tunable beam displacer
where the spatial shift is controlled by projection into a given polarization state, with no
optical elements that deflect the beam.

5.2 Experimental implementation

5.2.1 The tunable beam displacer

To corroborate the TBD theoretical model described in section 5.1.1, we implemented
the experimental setup shown in Fig. 5.2(a). A He-Ne (Thorlabs HNL020R-EC) laser
was used to generate the input beam with a Gaussian spatial profile (beam diameter:
3mm). The beam is subsequently polarized at 45◦ by using a polarizer (Melles Griot
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Figure 5.6: (a) Lateral displacement of the centroid of the output beam as a function
of the polarization of selected, given by the post-selection angle β. As a reference, the
displacements ±∆x for the polarization dependent shift are indicated by horizontal dashed
lines. (b) Insertion loss as a function of the post-selection angle β. Data: ∆x = 120µm,
γ = 0.9 and φ = 0◦.

03PT0101/C). The beam impinges on a 1.0 cm PBS, antireflection coated for 633 nm, and
the two orthogonal polarization components separated by the PBS are then reflected by
aluminium mirrors (diameter 2.54 cm) placed on the L-shaped platform that is allowed to
rotate at specific values of θ by using a manual rotational stage. At the output, the beam
position is recorded by a camera and the centroid of the different images, dH and dV , is
measured.

For initial alignment, θ is set to zero and the angle for each mirror is set such that each
beam reflected onto the mirrors propagates towards the PBS center and only one beam is
seen in the camera. The centroid of this image sets the reference to measure afterwards
dH and dV .

5.2.2 A highly-sensitive tunable beam displacer based on WVA

In order to demonstrate the feasibility of the scheme for a highly-sensitive tunable beam
displacer presented in Section 5.1.2, we have implemented the set-up shown in Fig. 5.4(a).
The input beam with Gaussian spatial profile is generated using a He-Ne laser (Thorlabs
HRP005S) and the input beam is Gaussian with a beam waist of ∼ 600µm (1/e2). Two
Glan-Thomson polarizers (Melles Griot 03PT0101/C) are used to select the initial and
final states of polarization before and after the TBD. The initial state of polarization is
selected by rotating the first polarizer at +45◦, and the output polarization is selected
by rotating the second polarizer an angle β with respect to the horizontal direction. The
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(a) (b)

Figure 5.7: (a) Image corresponding to the implementation of the tunable beam displacer.
(b) Optical beam layout.

experimental implementation is shown in Fig. 5.8.

The TBD, implemented with the components M3, M4, PBS1 and RSTG in Fig. 5.8(c),
and highlighted in orange in Fig. 5.8(d), is composed of two aluminum mirrors, positioned
equidistantly from a 1.0 cm polarizing beam splitter (PBS), and fixed to a L-shaped plat-
form that is free to rotate an angle θ with respect to the PBS center. For a given angle,
the separation between the two output beams depends on θ, the distance from the mirrors
to the PBS, and the sizes of the input beam and the PBS. In the setup, the distance from
each mirror to the PBS is set to 7 cm and the platform is rotated with a custom made
motorized rotation stage.

The output beam shape is detected by a CCD camera (Santa Barbara Instruments
ST-1603ME) with 1530 × 1020 pixels (9µm pixel size). With the data measured, the
corresponding centroid position is calculated using a simple MATLAB routine. To avoid
CCD saturation, neutral density absorptive filters (Thorlabs - Serie NE-A) are used.

Before running the experiment an initial alignment is carried out without using the
output polarizer. This preparation consists of two steps. Firstly, the input beam enters the
TBD, θ is set to zero and the angle for each mirror is set such that each beam reflected on
the mirrors propagates towards the PBS center and only one beam is seen in the camera.
The centroid of this image sets the reference point from which the new beam’s centroid
position, 〈x〉, will be measured. Secondly, the L-shaped plaque is rotated by an angle
θ to define the small initial displacement, ∆x, between the components with orthogonal
polarization. For our experiment, ∆x = 120µm, which yields γ = exp[−(∆x)2/w2] equal
to 0.96. Once the reference centroid is defined, the output polarizer POL2 is introduced.
A set of images are recorded for different values of β, and their corresponding centroids
are calculated.
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(a)

(b)

Figure 5.8: (a) Experimental setup. (b) Optical beam layout.

5.3 Experimental results

The experimental results are presented as dots in Fig. 5.9. Fig. 5.9(a) depicts the measured
beam displacement 〈x〉 as a function of the output polarizer angle (β). The error bars take
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Figure 5.8: (c) Detail of the components used. PBS: Polarizing Beam Splitter, POL:
Polarizer, RSTG: Rotating Stage, M: Mirror. (d) Stages used to: i) select the initial state
of polarization (cyan), ii) perform the weak measurement (orange), iii) select the final
state of polarization (magenta).
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into account the uncertainty introduced by the CCD camera pixel size of 9µm. The solid
line in Fig. 5.9(a) corresponds to the best data fit using Eq.(5.3) where φ is the fitting
parameter. From the best fit we obtain φ = 54◦, which corresponds to a difference in
optical path of ∼ 0.094µm, mainly due to misalignment.

In the region 0◦ ≤ β ≤ 90◦ we observe that the beam’s centroid varies almost linearly
with respect to the output polarizer angle. In this interval, the best fit gives 〈x〉 =
−2.32 β + 114.24 µm, which demonstrates a region of operation that goes approximately
between −120µm to +120µm, in agreement with the initial displacement of ∆x = 120µm.

(a)

2

1

0

0 15 30 60 75 90

(b)

Figure 5.9: (a) Measurement (dots) of the beam’s centroid position (left axis), amplifi-
cation factor A (right axis), and fit (solid line) following Eq. (5.3), as a function of the
post-selection angle β. (b) Measured insertion loss (dots) and fit (solid line) obtained from
Eq. (5.4) as a function of β.

The sensitivity of the shift is limited by the angular resolution achievable when selecting
the output polarization. As an example, if a manual rotation mount with resolution of
10 arcmin is used to select the output polarization, a minimum beam displacement step of
380nm can be obtained without using opto-mechanical components.

In Fig. 5.9(b) we show the measured (dots) and theoretical (solid line) insertion loss,
given by Eq. (5.4) for φ = 54◦ and γ = 0.96. The maximum insertion loss in this region is
∼ 3 dB.

Interestingly, the relationship between the beam’s centroid shift and the output po-
larization is almost linear, and the sensitivity of the beam displacement is limited by the
sensitivity available for selecting the output polarization. From the measurements, we
were able to shift the centroid of a Gaussian beam with a beam waist of ∼ 600µm, over
an approximate interval that goes from −120µm to +120µm in steps of less than ∼ 1µm.
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Conclusions

In this chapter we have introduced and demonstrated a new kind of tunable beam dis-
placer (TBD) that allows to transform an input polarized beam into two parallel beams
spatially separated by a tunable distance. The device is very attractive for applications
where temporal compensation is not available since it does not introduce a temporal delay
between the output beams. In addition, the maximum beam separation and the spectral
characteristics are determined mainly by the polarizing beam splitter used in its imple-
mentation.

Thereafter, we use the TBD to implement a polarization-dependent beam displacer
that, in conjunction with pre-selection and post-selection polarization stages which consti-
tute a weak value amplification scheme, allows to design a highly sensitive beam displacer.
The centroid of a Gaussian beam can be shifted a distance much smaller than its beam
width without the need to use the deflection of optical elements. The beam’s centroid
position can be displaced by controlling the polarization in the post-selection stage. The
dependence between the centroid’s position and the angle of polarization is almost linear.
From the experimental results we were able to shift the centroid of a Gaussian beam with
a beam waist of ∼ 600µm, over the interval −120µm to +120µm in steps of less than
∼ 1µm by rotating the post-selection polarizer between 0◦ and 90◦.

Main publications by the author related to the contents of this
chapter

L. J. Salazar-Serrano, D. A. Guzmán, A. Valencia, and J. P. Torres, “Demonstration
of a highly-sensitive tunable beam displacer with no use of beam deflection based on the
concept of weak value amplification”, Optics Express 23, 10097 (2015).

L. J. Salazar-Serrano, A. Valencia, and J. P. Torres, “Tunable beam displacer”, Review
of Scientific Instruments 86, 033109 (2015).
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CHAPTER

SIX

ENHANCING THE SENSITIVITY OF FIBER BRAGG

GRATING TEMPERATURE SENSORS

“ Science is, on the whole, an informal activity, a life of shirt sleeves and

coffee served in beakers. ”
Sir George Porter, 1968

A Fiber Bragg Grating (FBG) used as a sensor can be readily understood as an optical
bandpass filter whose central frequency depends on the value of a certain variable, maybe
temperature or strain. FBG sensors have attracted great interest in the past three decades
due to its intrinsic characteristics such as immunity to electromagnetic interference, small
size, lightweight and its multiplexing capability.

There is a large variety of interrogation schemes available to retrieve the value of
the variable of interest, such as those based on interferometric methods, tunable-filters,
tunable-light-sources or using other FBGs such as tilted fiber gratings, to name a few [66].
Current technologies can offer a sensitivity of ∼ 0.01 nm/◦C for temperature measure-
ments. From the detection point of view achieving such resolution translates into in-
creasing the complexity of the interrogation scheme, becoming at the same time more
expensive.

This explain the interest in looking for new methods and techniques to enhance the
sensitivity of FBG-based systems. For instance, one option could be to develop new
methods that could increase the shift of the central frequency of the filter for a given change
of temperature or strain. In an alternative scenario, this could also be used for measuring
even tinier temperature or strain changes that would produce in this way measurable
frequency changes using present-day detection schemes.

In this chapter we present a proof-of-concept experiment aimed at increasing the sen-
sitivity of FBG sensors by making use of a weak value amplification scheme. The system
developed makes use of a broad-band light source, two FBGs at slightly different tem-
peratures, and an optical spectrum analyzer (OSA), all of them interconnected by optical
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circulators and optical fibers. The technique requires only linear optics elements for its
implementation, and appears as a promising method for increasing the sensitivity than
state-of the-art sensors can currently provide. From the experimental results, the scheme
implemented is able to generate a shift of the centroid of the spectrum of a pulse of ∼ 0.035
nm/◦C, a nearly fourfold increase in sensitivity over the same FBG system interrogated
using standard methods.

This chapter is organized as follows. Section 6.1 provides a brief introduction to FBGs,
where the working principle is discussed and the standard interrogation scheme used to
measure temperatures is presented. In Section 6.2 the scheme based on weak value am-
plification that allows to enhance the sensitivity of temperature sensors based on FBGs is
described. In Section 6.3 the experimental implementation is presented and in Section 6.4
experimental results are discussed.

6.1 A brief summary on fiber Bragg gratings (FBG)

Fiber Bragg Gratings (FBG) constitute nowadays a key ingredient of many devices used
in communication and sensing applications [67]. They can easily be integrated in all-fiber
systems, their dielectric nature make them non-conducting, immune to electromagnetic
interference, chemically inert and current technology allows to tailor the properties of
FBGs to adapt to the specific requirements of each application [68, 69, 70].

An FBG, shown in Fig. 6.1(a), is an optical component fabricated from a single mode
fiber whose core has been modified by introducing a periodic modulation of the effective
refractive index of refraction by exposing the core of the fiber to a periodic pattern of
intense ultraviolet light. This modulation is referred as grating. Each plane with a change
in index of refraction acts as a partially reflective mirror that generates a region that
scatters the light that is guided along the core of the fiber. At each plane, light is reflected
and transmitted. All the reflected components may interfere constructively or destructively
depending on the relation between the light’s wavelength and the grating period. For
the case of constructive interference the relation is termed as Bragg condition and the
wavelength at which the reflected components combine to yield one large reflection is
called the Bragg wavelength, λB.

In general, when considering a given wavelength, the Bragg condition is satisfied by
setting the grating period (Λ) to approximately half the light’s wavelength. As a result the
FBG is transparent to components with wavelengths other than the Bragg wavelength.
Interestingly the grating period can be changed physically by expanding or contracting the
fiber’s material by subjecting it to some strain or by changing its surrounding temperature.
This feature is what allows the measurement of temperature or strain using FBGs by
monitoring the central wavelength of the reflected signal.

Figure 6.1(b) shows a standard procedure used to measure temperatures using a FBG.
It makes use of a circulator, a three-port optical component that allows light to travel
in only one direction by interconnecting port 1 with port 2 and port 2 with port 3, with
considerably low losses. When light enters port 1, it goes to port 2 where the FBG filters
the signal spectrally and reflects back a portion that exits at port 3. The output can be
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Figure 6.1: (a) Fiber Bragg Grating structure and spectral response when light with a
broad spectrum is coupled into the fiber. (b) An standard scheme used to interrogate a
FBG using a circulator. The central wavelength of the reflected signal varies with respect
to temperature.

monitored using an optical spectrum analyzer.
For current commercial configurations aimed at measuring temperatures where the

FBG is isolated from any source of strain, the position of the centroid of the spectrum of
the reflected light varies linearly with respect to the temperature with a sensitivity ranging
from 0.008 nm/◦C to 0.014 nm/◦C determined by the material of the fiber. As a result
spectrum analyzers with high resolution are required to measure temperatures changes
below one degree centigrade.

6.2 A scheme for measuring temperature based on

FBGs via weak value amplification

As presented in Chapter 2 and in Appendix A, weak value amplification (WVA) is a signal
enhancement technique that is used in metrology applications to measure tiny changes
of a variable that cannot be detected otherwise because of technical limitations, i.e., the
insufficient sensitivity of the detection system. Here we are interested in measuring the
difference in central frequency, and thus the difference in temperature, between the spectra
coming from two FBGs that are almost overlapping.

The weak value amplification scheme is composed of three steps: pre-selection of po-
larization, weak coupling and post-selection of polarization (Fig. 6.2). In the first stage a
light source that generates a beam with a broad spectrum, centered in ν0, is polarized at
+45◦ by using a linear polarizer. In the second stage, a weak interaction is implemented
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Figure 6.2: Weak value amplification scheme. In this case we make use of a real weak
value to measure a temperature dependent frequency shift ∆ν = ν1 − ν2.

by a device that generates a polarization dependent frequency shift by filtering the input’s
beam spectrum. The component with vertical polarization is filtered spectrally using a
FBG of bandwidth B that is centered in +νV , whereas the component with horizontal
polarization is centered in +νH . Since the difference ∆ = νH − νV is smaller than the
FBG bandwidth B, the interaction is termed as “weak interaction”. In the last stage, the
output polarization is again selected using a linear polarizer rotated at an angle β, that is
chosen to be near −45◦.

Due to the post-selection, the beams with horizontal and vertical polarizations interfere.
The centroid of the output spectrum (〈ν〉) is displaced with respect to ν0 by an amount
A ·∆, where A is an amplification factor that depends on β, the overlap ratio ∆/B and
the optical path difference that may be introduced between components with orthogonal
polarizations in the weak interaction stage. Even though A can be very large, its value
is limited because the intensity of the signal at the output is severely reduced since the
pre-selection and post-selection polarizers are set to be nearly orthogonal.

6.2.1 Theoretical background

Consider the experimental scheme depicted in Fig. 6.3 that performs the three steps of a
weak value amplification scheme described above.

In the first step, the initial state of polarization of a broad-band light source, centered
in ν0, is pre-selected to be linear using polarizer POL1 rotated at +45◦ with respect to
the vertical. To perform a weak interaction, the beam is first divided into two orthogonal
components with the polarizing beam splitter PBS1. The vertical and horizontal polariza-
tions are filtered using the FBGs connected to circulators CIRC1 and CIRC2, respectively.
As a result, the spectrum of each component is filtered according to the scheme presented
in Fig. 6.1(b).

Since the two FBGs have identical period, the spectrum of each component has ap-
proximately the same bandwidth, B, whereas its central frequency is slightly different
according to the surrounding temperature of each FBG. Finally, the output of each cir-
culator is combined in a single beam using PBS2. After PBS2 the electric field in the
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Figure 6.3: Experimental scheme. FBG1 and FBG2: Fiber Bragg Gratings; POL1 and
POL2: polarizers; PBS1 and PBS2: polarizing beam splitters; LCVR: Liquid-crystal vari-
able retarder; OSA: Optical Spectrum Analyzer; CIRC1x and CIRC2: optical circulators.

frequency domain reads

Eout(ν) =
E0√
2

{

exp

[

−(ν − ν0 − ν1)
2

2B2

]

x̂

+ exp

[

−(ν − ν0 − ν2)
2

2B2
+ i(2πντ + δ)

]

ŷ

}

, (6.1)

where x̂ and ŷ, designate horizontal and vertical polarizations respectively, τ takes into
account the optical path difference present in the experimental setup, FBG1 is centered
in ν1 and FBG2 in ν2, and B is the bandwidth of the output signal of each FBG. In both
cases the shift with respect to the central frequency ν0 is small compared to the pulse
bandwidth (i.e. B ≫ ν1 − ν0 or B ≫ ν2 − ν0).

Finally, δ = φ − Γ, where φ denotes a phase due to the birefringence induced from
bends and twists in circulators and single-mode fibers and Γ is a phase introduced with
a Liquid Crystal Variable Retarder (LCVR) to compensate the unwanted phase φ [71].
Inspection of Eq. (6.1) shows clearly the coupling between the shift of the centroid of the
spectrum of each pulse, ν1 and ν2, and its polarization, a key element of the WVA scheme.

After the weak interaction, the weak value amplification effect is introduced by pro-
jecting the recombined signal into a polarization state êout = cos βx̂ + sin βŷ with the
help of the second polarizer POL2. By making use of the Product Theorem for Gaussian
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Functions presented in Appendix B to calculate the power spectrum after post-selection
from Eq. (6.1), we obtain

Sout(ν) =
S0

2

{

cos2 β exp

[

−(ν − ν0 − ν1)
2

B2

]

+ sin2 β exp

[

−(ν − ν0 − ν2)
2

B2

]

(6.2)

+γν sin 2β exp

[

−(ν − ν0 − ν+)
2

B2

]

cos(2πντ + δ)

}

,

where ν+ = (ν1 + ν2)/2, ν− = (ν1 − ν2)/2 and γν = exp(−ν2
−/B

2). After post-selection,
the beams reflected from each FBG interfere [72]. As a result, there is a reshaping of the
output spectrum. Both FBG can show slightly different spectral responses due to errors
in the fabrication process.

We keep one of the FBGs at a constant temperature T2, and measure its reflectivity
spectrum to be centered at ν0

2 . The other FBG is used to measure a variable temperature
T1, and the centroid of the spectrum of the reflected signal is assumed to change linearly
with temperature as

ν1(T1) = ν0
1 + κ(T1 − T2) . (6.3)

The centroid of the spectrum at the output port of the interferometer is obtained after
replacing Eq. (6.3) in the expression 〈ν〉 =

∫

dν νS(ν)/
∫

dν S(ν). In the weak coupling
regime, the temporal delay τ in the interferometer is much smaller than the pulse duration
T , and the frequency shifts ν1(T1) and ν0

2 are small compared to the bandwidth B. In this
scenario, the centroid of the spectrum writes

〈ν〉 = ν0 + ν+ +A ν− − B , (6.4)

where

A =
cos 2β

1 + γνγτ sin 2β cos δ
, (6.5)

is the amplification factor, γτ = exp(−πτ 2B2), and the last term in Eq. (6.4) is given by

B =
πγνγττB

2 sin 2β sin δ

1 + γνγτ sin 2β cos δ
. (6.6)

We take as reference for the measurements ν0
2 , which is measured for an angle β = −90◦.

One can easily find from Eqs. (6.3) and (6.4) that the shift of the centroid 〈∆ν〉 = 〈ν〉 −
ν0 − ν0

2 is

〈∆ν〉 = κ

2
(A+ 1)(T1 − T2) + (A+ 1)

(

ν0
1 − ν0

2

2

)

. (6.7)

The shift of the centroid of the spectrum is proportional to the difference in temperature
between the FBGs. If we project into a polarization state that selects only the signal
coming from the FBG with a variable temperature (β = 0◦), then A = 1 and the constant
of proportionality turns out to be κ, which is determined by the response of the FBG to
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Figure 6.4: (a) Theoretical amplification factor as a function of the post-selection angle β
for different values of γνγτ cos δ: 0.9999 (blue continuous line), 0.999 (green dashed-line)
and 0.99 (red dotted-line). (b) Theoretical shift of the centroid of the output spectrum as
a function of the temperature difference T1−T2 for three different post-selection polariza-
tions, and thus amplification factors. β = 0◦ and A = 1 (blue continuous line), β = −42.8◦

and A = 25 (green dashed line), and β = −44.02◦ and A = 50 (red dotted line).

changing temperatures. However, when we project into different polarization states, κ is
multiplied by the amplification factor A that can be much larger than one.

As it can be seen in Eq. (6.5), the closer is the value of the factor γνγτ cos δ to 1, the
larger is the value of the amplification factor. Inspection of Fig. 6.4(a) shows that an am-
plification factor of up to nearly 80 can be achieved for γνγτ cos δ = 0.9999. Larger values
of the amplification factor can indeed be obtained. However, in practice, its maximum
value is limited by different experimental factors. On the one hand, it strongly depends
on the overlap factor ∆/B implicit in γν, the optical path difference between components
of orthogonal polarizations in the weak coupling stage and how well the phase introduced
by the single-mode fibers φ is compensated by the variable retarder (LCVR).

From Eq. (6.5), we obtain that the maximum amplification factor that can be achieved
for an uncompensated phase is

Amax = (1− cos2 δ)−1/2, (6.8)

which is obtained for the post-selection angle −π/4◦ ± βmax +
1

2
arcsin(cos δ). The largest

enhancement is obtained when φ = Γ.
On the other hand, in any weak value amplification scenario there is attenuation of the

amplitude of the output signal. For low amplification factors, this attenuation can be sim-
ilarly small. However, a large amplification factor is accompanied by a large attenuation,
since the input and post-selected polarization are nearly orthogonal. The amplification
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factor achievable is thus limited by the Signal-to-Noise ratio available at the detection
stage.

Figure 6.4(b) shows the expected shift of the centroid of the spectrum as a function
of the temperature difference, for three different output polarization projections that cor-
responds to three values of the amplification factor. Notice the large enhancement of
wavelength shift that can be achieved for a given temperature difference when different
output polarization states are selected.

6.3 Experimental implementation

Figure 6.5 depicts the experimental scheme implemented. A laser generates pulses with
central frequency ν0 (central wavelength: 1549 nm) that are linearly polarized at +45◦ by
using a half-wave-plate (HWP1) followed by a linear polarizer (POL1). This constitute
the pre-selection stage. The laser is a femtosecond fiber laser (Calmar Laser - Mendocino)
that generates 320 fs pulses (bandwidth: 11 nm) with a Gaussian-like spectrum, average
power 3mW and repetition rate 20MHz. The Fiber Bragg Gratings where fabricated in
the iTEAM Institute at the Universidad Politècnica de Valencia.

The two orthogonal polarizations (H and V ) are divided by a polarizing beam splitter
(PBS1) and follow different paths. The signal in each path is connected to FBGs (FBG1

and FBG2) by means of circulators (CIRC1 and CIRC2). The signal traversing each arm
of the interferometer is focused into a single-mode (SM) fiber that is connected to the
first port the circulator. The second port is connected to the FBG that filters out the
input signal with an efficiency of 14%, and leaves the FBG with a Gaussian-like spectrum,
2.5 nm wide Full Width at Half Maximum (FWHM), centered at ≈ 1551 nm.

Each FBG is embedded into an oven that is set to a different temperature, T1 and T2.
The FBG acts as a filter whose central frequency is determined by the temperatures of
the corresponding oven. If the bandwidth of the input pulse is larger than the bandwidth
of the FBG, the effect of a temperature difference is to generate two similar pulses with
orthogonal polarizations and different central frequencies. The third port of each circulator
is connected to a collimator lens that launches the output beams towards a second PBS
(PBS2), that combines the two pulses into a single beam.

Before reaching (PBS2), and due to polarization changes introduced by the circulators
and FBGs, the state of polarization of each pulse is rectified after leaving the circulators
using polarization controllers (PCO1 and PCO2). In this way, we assure that before
recombining again the two pulses in PBS2, the pulse that traversed FBG1 is horizontally
polarized and its central frequency is ν1, whereas the pulse that traversed FBG2 is vertically
polarized and is spectrum is centered at ν2. In all cases, we are interested in detecting
small temperature changes, so that the frequency shift ν1 − ν2 is smaller than the FBG
bandwidth B. To compensate the phase introduced due to birefringence in the circulators
and Single-Mode (SM) fibers, a Liquid Crystal Variable Retarder (LCVR) (Thorlabs -
LCC1113-C) is added after PBS2.

The output is finally focused on a single-mode fiber connected to an optical spectrum
analyzer (Yokogawa - AQ6370). The output spectrum measured is composed of 1000
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(a)

(b)

Figure 6.5: (a). Experimental setup. (b). Optical beam layout. The input and output
beams are indicated by green and yellow beams, respectively. The input and output beams
of circulator 1 (2) are indicated by blue (yellow) lines. Its corresponding polarizations are
also indicated.
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Figure 6.5: (c). Detail of the components used. HWP: half-wave plate, PBS: polarizing
beam splitter, POL: polarizer, PCO: polarization controller, TSTG: translation stage,
LCVR: liquid crystal variable retarder. (d). Stages used to: i) select the initial state of
polarization (cyan), ii) perform the weak measurement (orange), iii) select the final state
of polarization (magenta). The input port and output ports, are colored in red and green
respectively.

points in a range of 14 nm around 1551 nm, which corresponds to a resolution of 14 pm.
The estimation of the centroid of the signal was done in a time of 2 s, which included
acquisition of data, saving and processing. This is in no way a fundamental limit for the
measurement time. Faster detection, by reducing the bandwidth, and faster electronic
processing can substantially reduce the overall time needed for a measurement.
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6.4 Experimental results

For the sake of example, Fig. 6.6 shows the spectra of the signals reflected from FBG1

(β = −90◦) and FBG2 (β = 0◦). Figure 6.6(a) corresponds to the signal reflected from
FBG2 at a fixed temperature, while Fig. 6.6(b) corresponds to the reflection from FBG1 at
different temperatures. The spectrum of the signal reflected from each FBG is composed
of a principal lobe ∼ 2.5 nm wide (FWHM), and a side lobe with smaller amplitude that
appear as a result of the high contrast in index of refraction in the gratings.

(a) (b)

Figure 6.6: (a) Spectrum of the signal reflected from FBG2 at a fixed temperature (β =
−90◦). (b) Spectrum of measured from FBG1 at different temperatures (β = 0◦). Dashed
lines: transmission function of the super-Gaussian filter used to get rid of the unwanted
side lobes present in the signal.

Figure 6.6(b) also illustrates the difficulties regarding the detection process. Even
though the three spectra correspond to a considerably large scan in temperature, ranging
from 0.7◦C to 11◦C, they overlap almost completely and make necessary a detection scheme
that can resolve sub-nm displacements in wavelength.

Figure 6.7(a) presents the measured shift of the centroid of the output spectrum for
T1 − T2 = 11◦C and different post-selection angles (dots). For small angle deviations
around β = −45◦, shifts of the centroid of the spectrum up to ±0.6 nm are observed.
This corresponds to a three-fold enhancement with respect to the initial shift of 0.19 nm
given by the FBGs with no weak amplification scheme. The solid line indicates the best
theoretical fit obtained using Eq. (6.7). Fig. 6.7(b) shows some selected spectra measured
after performing the super-Gaussian filtering. In general, there is a trade-off between the
centroid shift observable for a specific temperature difference and the amount of losses
that can be tolerated to keep a good SNR.

Since our scheme relies on the measurement of the centroid of a Gaussian-like spectra
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(a) (b)

Figure 6.7: (a) Shift of the centroid of the spectrum for T1−T2 = 11◦C and different post-
selection angles (dots) in the interval −90◦ ≤ β ≤ 0◦. (b) Output spectrum measured for
some selected cases: β = −40◦ (I), β = −35◦ (II), β = −25◦ (III) and β = 0◦ (IV).

given a post-selection, the presence of non-negligible side lobes can alter the measurements.
To avoid this effect, each measured spectrum is filtered numerically using a super-Gaussian
filter indicated by the dashed line in Fig. 6.6. From the measurements performed, the side
lobes become relevant with respect to the main lobe of the output spectrum for post-
selection angles within the interval −50◦ ≤ β ≤ −40◦. For this reason, a maximum
amplification factor of ≈ 4 is obtained for such angles.

Figure 6.8 is the main result of this chapter. It shows the measured variation of
the centroid position of the output spectra as a function of the temperature difference
for a given post-selection. Circles indicate the case when the output signal is projected
into a polarization state with β = −40◦, so that the output spectrum centroid drifts ∼
0.035nm/◦C (solid line). For the sake of comparison, asterisks show the case where no weak
amplification is used (β = 0◦), generating a spectrum centroid variation of ∼ 0.009nm/◦C
(dashed line). The use of the WVA provides a four-fold enhancement of the sensitivity.

The existence of a temperature-dependent group delay between two orthogonal po-
larizations used to interrogate the FBGs is the key enabling element in WVA. Here we
chose to generate the group delay by illuminating two FBGs embedded in a Mach-Zehnder
interferometer. Environmental perturbations may affect the measurement, since any mea-
surement based on interferometers requires a precise control. Therefore, in terms of appli-
cations, the present scheme is intended for short-range applications like health applications
and metrology. However, for an out-of-the-lab implementation of the technique, we are
exploring more simple schemes using tailored FBGs that will allow an all-fiber solution
to generate two orthogonally-polarized reflected signals with a measurable temperature-
dependent delay.
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Figure 6.8: Variation of the centroid of the output spectra as a function of the temperature
difference for a fixed post-selection angle. The case β = 0◦ (asterisks) illustrates the
situation where no WVA scheme is used. The case β = −40◦ (circles) shows the case
where the centroid shift is enhanced by a factor of ≈ 4 by means of the the WVA scheme.

Conclusions

In this chapter, we have demonstrated that WVA can be used to enhance the sensitivity
of sensors based on Fiber Bragg Gratings. Without a WVA scheme, the shift of the
spectrum of the signal reflected by a FBG due to temperature changes was measured to be
∼ 0.009 nm/◦C. With a weak amplification scheme, we measured a change of 0.035 nm/◦C,
a fourfold increase.

The proposed scheme is compatible with wavelength division multiplexing (WDM)
and time division multiplexing (TDM) being possible to obtain a quasi-distributed mea-
surement. Besides, WVA is compatible with the use of other schemes that enhance the
sensitivity of FBGs sensors, such as the use of extrinsic FBG structures. In this way, WVA
can multiply the resolution gained with the help of the extrinsic FBG structures.

In scenarios where the measurable shift of the spectrum is limited by the detection
stage, but the decrease of signal energy that accompanies still keeps the signal-to-noise
ratio at an usable level, weak value amplification is a promising scheme to enhance the
capabilities of FBG-based sensor systems.

We should notice that while we consider a temperature sensor, other characteristics
as well, such as strain can also be considered as targets. In this respect, the method
is general and can be applied to measuring all kinds of physical parameters, provided
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they could generate a measurable change of the response of FBGs when interrogated by
appropriate light beams.

Main publications by the author related to the contents of this
chapter

L. J. Salazar-Serrano, D. Barrera, W. Amaya, S. Sales, V. Pruneri, J. Capmany, and J.
P. Torres, “Enhancement of the sensitivity of a temperature sensor based on fiber Bragg
gratings via weak value amplification”, Optics Letters 40, 3962 (2015).
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CHAPTER

SEVEN

THE TRUE USEFULNESS OF WEAK VALUE

AMPLIFICATION: WHAT WE CAN DO AND WHAT

WE CANNOT

“ In theory, there is no difference between theory and practice. But, in

practice, there is. ”
Jan L. A. van de Snepscheut , 1984

Weak Value Amplification (WVA) [2] is a concept that has been extensively used in
a myriad of applications with the aim of rendering measurable tiny changes of a variable
of interest. In spite of this, there is still an on-going debate about its true nature and
whether is really needed for achieving high sensitivity. Here we aim at helping to clarify
the puzzle, using a specific example and some basic concepts from quantum estimation
theory, highlighting what the use of the WVA concept can offer and what it can not. While
WVA cannot be used to go beyond some fundamental sensitivity limits that arise from
considering the full nature of the quantum states, WVA can notwithstanding enhance the
sensitivity of real and specific detection schemes that are limited by many other things
apart from the quantum nature of the states involved, i.e. technical noise. Importantly, it
can do that in a straightforward and easily accessible manner.

As shown in the previous chapters with numerous examples, the WVA concept has
been used under a great variety of experimental conditions to reveal tiny changes of a
variable of interest. In all the cases presented, a priori sensitivity limits were not due to
the quantum nature of the light used (photon statistics), but instead to the insufficient res-
olution of the detection system, what might be termed generally as technical noise. WVA
was a feasible choice to go beyond this limitation. In spite of this extensive evidence, “its
interpretation has historically been a subject of confusion” [38]. For instance, while some
authors [39] show that “weak-value-amplification techniques (which only use a small frac-
tion of the photons) compare favorably with standard techniques (which use all of them)”,
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others [73] claim that WVA “does not offer any fundamental metrological advantage”, or
that WVA [74] “does not perform better than standard statistical techniques for the tasks
of single parameter estimation and signal detection”. However, these conclusions are criti-
cized by some authors based on the idea that “the assumptions in their statistical analysis
are irrelevant for realistic experimental situations” [75]. This can explain why recently
some papers have appeared [39, 76] with the aim at re-evaluating and re-considering in a
more general context what WVA can offer for metrology.

In this chapter we analyze from a new perspective, in terms of the concept of quantum
trace distance, and by means of a particular example, but representative of a wide class
of WVA experimental implementations, the pros and cons of using WVA, quantifying
how much can be gained under appropriate circumstances. In other words, we will see,
with an approach centered on how different quantum states are distinguished in specific
experimental implementations, why some authors can say that WVA offers no advantage
in metrology. At the same time we will put numbers to the idea that WVA can be judged
’handy’ [76] in certain cases.

The approach used here is slightly different from what other analysis of WVA do, where
most of the times the tool used to estimate its usefulness is the Fisher information and
the related Cramér-Rao bound. The Fisher information requires to know the probability
distribution of possible experimental outcomes for a given value of the variable of interest.
Therefore, it can look for sensitivity bounds for measurements by including technical char-

acteristics of specific detection schemes [39]. Therefore we offer a very basic and physical
understanding of how WVA works, based on the idea of how WVA schemes transform very
close quantum states.

The chapter is organized as follows. In Section 7.1 we consider the question of what
is the real usefulness of detection schemes based on WVA by means of a representative
example. From these results, in Section 7.2, we discuss the advantages and disadvantages
of using WVA in terms of the concept of trace distance. Subsequently, we compare our
results with respect to other approaches based on the evaluation of the Fisher information
and the related Cramér-Rao bound. In the last section, some final remarks are made.

7.1 WVA: What is its real value?

There are two sides to consider when analyzing in which sense WVA can be useful. On
the one hand, WVA measures specific information of a quantum state state obtained after
transformations that in most cases make use of unitary operations. Therefore, it cannot
modify the statistics of photons involved. Basic quantum estimation theory states that
the post-selection of an appropriate output state obtained after unitary transformations,
the basic element where WVA is embedded, cannot be better than the use of the input
state [77]. Moreover, WVA uses some selected, useful but partial, information about the
quantum state that cannot be better that considering the full state. Indeed, due to the
unitarian nature of the operations involved in the overall transformation where WVA is
embedded, it should be equally good any transformation of the input state than performing
no transformation at all. In other words, when considering only the quantum nature of
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the light used, WVA cannot be expected to enhance the precision of measurements [78].
On the other hand, a more general analysis that goes beyond only considering the quan-

tum nature of the light, shows that WVA can be useful when certain technical limitations
are considered (for instance, consider the examples presented in references [39, 75]). In
this sense, it might increase the ultimate resolution of the detection system by effectively
lowering the value of the smallest quantity that can detected. In most scenarios, although
not always [11], the signal detected is severely depleted, due to the quasi-orthogonality of
the input and output states selected. However, in many applications, limitations are not
related to the low intensity of the signal [3], but to the smallest change that the detector
can measure irrespectively of the intensity level of the signal.

7.1.1 An example of the use of the weak value amplification

concept: measuring small temporal delays with large
bandwidth pulses

Measuring tiny quantities is essentially equivalent to distinguishing between nearly parallel
quantum states. The concept of trace distance provides a clear and direct measure of the
degree of distinguishability of two quantum states. Indeed, the trace distance gives us the
minimum probability of error of distinguishing two quantum states that can be achieved
under the best detection system one can imagine [1].

For the sake of example, consider the specific weak amplification scheme [28] depicted in
Fig. 7.1 that aims at measuring very small temporal delays τ , or correspondingly tiny phase
changes [29], with the help of optical pulses of much larger duration. The scheme has been
recently demonstrated experimentally [15, 30] and is described in more detail in chapter 4.
We consider this specific case because it contains the main ingredients of a typical WVA
scheme and it allows to derive analytical expressions of all quantities involved, which
facilitates the analysis of main results. Moreover, the scheme makes use of linear optics
elements only and also works with large-bandwidth partially-coherent light [32]. More
importantly, even though the scheme is aimed at measuring ultra-small temporal delays,
it is representative of a long list of fundamentally equivalent WVA schemes. The use of
a specific experimental configuration where WVA has demonstrated its practical utility
in the lab, providing an enhancement in sensitivity, can help to identify more clearly the
role of important concepts of our discussion such as quantum distance or technical noise.
However, some of our conclusions might not apply to all WVA schemes without further
consideration.

As mentioned in chapter 2, a WVA scheme requires three main ingredients: (i) the
consideration of two subsystems (here two degrees of freedom: the polarization and the
spectrum of an optical pulse) that are weakly coupled (here we make use of a polarization-
dependent temporal delay that is introduced with the help of a Michelson interferometer);
(ii) the pre-selection of the input state of both subsystems; and (iii) the post-selection of
the state in one of the subsystems (the state of polarization) and the measurement of the
state of the remaining subsystem (the spectrum of the pulse). With appropriate pre- and
post-selection of the polarization of the output light, tiny changes of the temporal delay
τ can cause anomalously large changes of its spectrum, rendering in principle detectable
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Figure 7.1: Weak value amplification scheme aimed at detecting extremely small temporal
delays. The input pulse polarization state is selected to be left-circular by using a polar-
izer, a quarter-wave plate (QWP) and a half-wave plate (HWP). A first polarizing beam
splitter (PBS1) splits the input into two orthogonal linear polarizations that propagate
along different arms of the interferometer. An additional QWP is introduced in each arm
so that after traversing the QWP twice, before and after reflection in the mirrors, the
beam polarization is rotated by 90◦ to allow the recombination of both beams, delayed
by a temporal delay τ , in a single beam by the same PBS. After PBS1, the output po-
larization state is selected with a liquid crystal variable retarder (LCVR) followed by a
second polarizing beam splitter (PBS2). The variable retarder is used to set the param-
eter θ experimentally. Finally, the spectrum of each output beam is measured using an
optical spectrum analyzer (OSA). (x̂,ŷ) and (û,v̂) correspond to two sets of orthogonal
polarizations.

very small temporal delays.

Let us be more specific about how all these ingredients are realized in the scheme de-
picted in Fig. 7.1. Notice that parts of what it follows might have been already commented
in Chapter 4, however we include them also here for the sake of convenience, for making
the discussion as simple to follow as possible. An input coherent laser beam (mean number
of photons, N) shows circular polarization, êi = (x̂− iŷ) /

√
2, and a Gaussian shape with

temporal width T0 (Full-width-half maximum, τ ≪ T0). The normalized temporal and
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Figure 7.2: Spectrum of Φu(Ω) measured at the corresponding output port of PBS2. (a)
Spectral shape of the mode functions for τ = 0 (solid blue line) and τ = 100 as (dashed
green line). In the upper panel, the post-selection angle θ is 97.2◦, so as to fulfill the
condition ω0τ − Γ = π. In the lower panel, the angle θ is 96.7◦. (b) Shift of the centroid
of the spectrum of the output pulse after projection into the polarization state û in PBS2,
as a function of the post-selection angle θ. Green solid line: τ = 10 as; Dotted red line:
τ = 50 as, and dashed blue line: τ = 100 as. Label I corresponds to θ = 96.7◦ (mode for
τ = 100 as shown in the lower panel of (a)). Label II corresponds to θ = 97.2◦, where
the condition ω0τ − Γ = π is fulfilled (mode for τ = 100 as shown in the upper panel of
(a)). It yields the minimum mode overlap between states with τ = 0 and τ 6= 0. Data:
λ0 = 1.5µm and T0 = 100 fs.

spectral shapes of the pulse read

Ψ(t) =

(

4 ln 2

πT 2
0

)1/4

exp

(

−2 ln 2

T 2
0

t2
)

, (7.1)

Φ(Ω) =

(

T 2
0

4π ln 2

)1/4

exp

(

− T 2
0

8 ln 2
Ω2

)

, (7.2)

where t is time, Ω is the angular frequency deviation from the central angular frequency ω0

and Φ(Ω) = (2π)−1/2
∫

dtΨ(t) exp(iΩt). The input beam is divided into the two arms of a
Michelson interferometer with the help of a polarizing beam splitter (PBS1). Light beams
with orthogonal polarizations traversing each arm of the interferometer are delayed τ0 and
τ0+τ , respectively, which constitute the weak coupling between the two degrees of freedom.
After recombination of the two orthogonal signals in the same PBS1, the combination of
a liquid-crystal variable retarder (LCVR) and a second polarizing beam splitter (PBS2)
performs the post-selection of the polarization of the output state, projecting the incoming
signal into the polarization states û = (x̂ + exp(iθ)ŷ) /

√
2 and v̂ = (x̂− exp(iθ)ŷ) /

√
2.
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The spectral shape of the signals in the two output ports write (not normalized)

Φu(Ω) =
Φ(Ω)

2
exp [i(ω0 + Ω)τ0] {1 + exp [i(ω0 + Ω)τ − iΓ]} (7.3)

Φv(Ω) =
Φ(Ω)

2
exp [i (ω0 + Ω) τ0] {1− exp [i(ω0 + Ω)τ − iΓ]} , (7.4)

where τ0 and τ0 + τ are the delays and Γ = π/2 + θ.
After the signal projection performed after PBS2, the WVA scheme distinguishes dif-

ferent states, corresponding to different values of the temporal delay τ , by measuring
the spectrum of the outgoing signal in the selected output port. The different spectra
obtained for delays τ = 0 and τ = 100 as, for two different polarization projections,
are shown in Fig. 7.2(a) and Fig. 7.2(b). To characterize different modes one can mea-
sure the centroid shift of the spectrum of the signal in one output port as a function
of the delay τ . If we consider the signal Φu(Ω), the shift of the centroid is given by
∆f = (2π)−1

∫

dΩΩ |Φu(Ω)|2/
∫

dΩ |Φu(Ω)|2. Fig. 7.2(b) shows the centroid shift of the
output signal Φu(Ω) for τ 6= 0, which reads

∆f = −τ ln 2

πT 2
0

γ sin (ω0τ − Γ)

1 + γ cos (ω0τ − Γ)
, (7.5)

where

γ = exp

(

− ln 2
τ 2

T 2
0

)

. (7.6)

The differential power between both signals (with τ = 0 and τ 6= 0) reads

Pout(τ)− Pout(τ = 0)

Pi

=
1

2
[cos Γ− cos (ω0τ − Γ)] . (7.7)

When there is no polarization-dependent time delay (τ = 0), the centroid of the spec-
trum of the output signal is the same than the centroid of the input laser beam, i.e., there
is no shift of the centroid (∆f = 0). However, the presence of a small τ can produce a
large and measurable shift of the centroid of the spectrum of the signal.

7.1.2 View of WVA from quantum estimation theory

Detecting the presence (τ 6= 0) or absence (τ = 0) of a temporal delay between the two
coherent orthogonally-polarized beams after recombination in PBS1, but before traversing
PBS2, is equivalent to detecting which of the two quantum states,

|Φ0〉 = |Φτ0(Ω)〉x|Φτ0(Ω)〉y , (7.8)

or
|Φ1〉 = |Φτ0(Ω)〉x|Φτ0+τ (Ω)〉y , (7.9)

is the output quantum state which describes the coherent pulse leaving PBS1. (x, y)
designates the corresponding polarizations. The spectral shape (mode function) Φ writes
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Φτ0+τ (Ω) = Φ(Ω) exp [i(ω0 + Ω)(τ0 + τ)] , (7.10)

where Φ(Ω) is the spectral shape of the input coherent laser signal.
The minimum probability of error that can be made when distinguishing between two

quantum states is related to the trace distance between the states [79]. For two pure
states, Φ0 and Φ1, the (minimum) probability of error is [1, 80, 81]

Perror =
1

2

(

1−
√

1− |〈Φ0|Φ1〉|2
)

. (7.11)

For Φ0 = Φ1, Perror = 0.5. On the contrary, to be successful in distinguishing two quantum
states with low probability of error (Perror ∼ 0) requires |〈Φ0|Φ1〉| ∼ 0, i.e., the two states
should be close to orthogonal.

The coherent broadband states considered here can be generally described as single-
mode quantum states where the mode is the corresponding spectral shape of the light
pulse. Let us consider two single-mode coherent beams

|α〉 = exp

(

−|α|2
2

) ∞
∑

n=0

αn
(

A†
)n

n!
|0〉 ,

|β〉 = exp

(

−|β|2
2

) ∞
∑

n=0

βn
(

B†
)n

n!
|0〉 , (7.12)

where A and B are the two modes

A† =

∫

dΩF (Ω)a†(Ω) ,

B† =

∫

dΩG(Ω)a†(Ω) , (7.13)

and |α|2 and |β|2 are the mean number of photons in modes A and B, respectively. The
mode functions F and G are assumed to be normalized, i.e.,

∫

dΩ|F (Ω)|2 =
∫

dΩ|G(Ω)|2 =
1. The overlap between the quantum states, |〈β|α〉|2, reads

|〈β|α〉|2 = exp
(

−|α|2 − |β|2 + ραβ∗ + ρ∗α∗β
)

, (7.14)

where we introduce the mode overlap ρ that reads

ρ =

∫

dΩF (Ω) [G(Ω)]∗ . (7.15)

In order to obtain Eq. (7.14) we have made use of 〈0|Bn
[

A†
]m |0〉 = n!ρnδnm. For

ρ = 1 (coherent beams in the same mode but with possibly different mean photon num-
bers) we recover the well-known formula for single-mode coherent beams [82]: |〈β|α〉|2 =
exp (−|α− β|2). Making use of Eqs. (7.9), (7.14) and (7.15) we obtain

|〈Φ0|Φ1〉|2 = |〈Φ(τ0)|Φ(τ0)〉x|2|〈Φ(τ0)|Φ(τ0 + τ)〉y|2

= exp [−N (1− γ cosω0τ)] , (7.16)
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Figure 7.3: Mode overlap and insertion loss as a function of the post-selection angle.
Mode overlap ρ of the mode functions corresponding to the quantum states with τ = 0
and τ = 100 as, as a function of the post-selection angle θ (solid blue line). The insertion
loss, given by 10 log10 Pout/Pi is indicated by the dotted green line. The minimum mode
overlap, and maximum insertion loss, corresponds to the post-selection angle θ that fulfills
the condition ω0τ − Γ = π, which corresponds to θ = 97.2◦. Data: λ0 = 1.5µm, T0 = 100
fs.

In the WVA scheme considered here, the signal after PBS2 is projected into the orthogonal
polarization states û and v̂, and as a result the signals in both output ports are given by
Eqs. (7.3) and (7.4). Making use of Eqs. (7.3), (7.4) and (7.15) we obtains that the mode
overlap (for Φu) reads

ρ =
1 + cos Γ + γ cosω0τ + γ cos(ω0τ − Γ)

2 [1 + cos Γ]1/2 [1 + γ cos(ω0τ − Γ)]1/2

− i [sin Γ + γ sinω0τ + γ sin(ω0τ − Γ)]

2 [1 + cos Γ]1/2 [1 + γ cos(ω0τ − Γ)]1/2
, (7.17)

For τ = 0, and therefore γ = 1, we obtain ρ = 1. Fig. 7.3 shows the mode overlap of the
signal in the corresponding output port for a delay of τ = 100 as. The mode overlap has a
minimum for ω0τ−Γ = π, where the two mode functions becomes easily distinguishable, as
shown in Fig. 7.2. The effect of the polarization projection, a key ingredient of the WVA
scheme, can be understood as a change of the mode overlap (mode distinguishability)
between states with different delay τ .

However, an enhanced mode distinguishability in this output port is accompanied by
a corresponding increase of the insertion loss, as it can be seen in Fig. 7.3. The insertion
loss, Pout(τ)/Pi = 1/2 [1 + γ cos(ω0τ − Γ)], is the largest when the modes are close to
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orthogonal (ρ ∼ 0). The quantum overlap between the states reads

|〈Φu(τ0)|Φu(τ0 + τ)〉|2 = |〈Φv(τ0)|Φv(τ0 + τ)〉|2

= exp

[

−N

2
(1− γ cosω0τ)

]

, (7.18)

so

|〈Φ0|Φ1〉|2 = |〈Φu(τ0)|Φu(τ0 + τ)〉u|2|〈Φv(τ0)|Φv(τ0 + τ)〉v|2

= exp [−N (1− γ cosω0τ)] , (7.19)

which is the same result (see Eq. (7.16)) obtained for the signal after PBS1, but before
PBS2. Both effects indeed compensate, as it should be, since the trace distance between
quantum states is preserved under unitary transformations.

We can also see the previous results from a slightly different perspective making use of
quantum estimation theory (see chapter 4 in [1]). The WVA scheme considered throughout
can be thought as a way of estimating the value of the single parameter τ with the help
of a light pulse in a coherent state |α〉. Since the quantum state is pure, the lower bound
to the variance of an unbiased estimate of the parameter τ variance reads

Var (τ̂ ) ≥ 1

4

[

〈∂α
∂τ

|∂α
∂τ

〉 −
∣

∣

∣

∣

〈α|∂α
∂τ

〉
∣

∣

∣

∣

2
]−1

. (7.20)

For a coherent product state of the form |α〉 =
∏

i |αi〉, where the index i refers to different
frequency modes, we obtain that Q =

∑

i Qi, where Q = 〈∂α/∂τ |∂α/∂τ〉 − |〈α|∂α/∂τ〉|2
and Qi = 〈∂αi/∂τ |∂αi/∂τ〉 − |〈αi|∂αi/∂τ〉|2. If αi = βi exp(iϕi), where |βi|2 is the mean
number of photons in frequency mode i and only ϕi depends on the parameter τ as
ϕi = (ω0 + Ωi)τ , we obtain that |∂αi/∂τ〉 = i (∂ϕi/∂τ)αia

†
i |αi〉, where a†i is the creation

operator of the corresponding frequency mode. Making use of Eq. (7.9), we obtains that
here the lower bound reads

Var (τ̂ ) ≥ 1

2N (ω2
0 +B2)

, (7.21)

where B =
√
2 ln 2/T0 is the rms bandwidth in angular frequency of the pulse. In all cases

of interest B ≪ ω0. This limit is a fundamental limit that set a bound to the minimum
variance that any measurement can achieve. It is unchanged by unitary transformations
and only depends on the quantum state considered.

Inspection of Eqs. (7.16) and (7.19) seems to indicate that a measurement after projec-
tion in any basis, the core element where it is embedded the weak amplification scheme,
provides no fundamental advantage in metrology. The fact that there might be no funda-
mental advantage in quantum noise limited measurements for WVA, under certain general
conditions, has been pointed out previously [83], even though they also stated that alter-
native assumptions can also change its conclusions. Moreover, it is important to notice
that this lack of enhancement of sensitivity is related to the fact that alternative schemes
to WVA that use other characteristics of the quantum state at hand can offer better sen-
sitivity (for instance, see an example in [84]). Notice that the result obtained implies that
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the only relevant factor limiting the sensitivity of detection is the quantum nature of the
light used (a coherent state in our case). We are implicitly assuming that a) we have full
access to all relevant characteristics of the output signals; and b) detectors are ideal, and
can detect any change, as small as it might be, if enough signal power is used. If this is
the case, weak value amplification provides no enhancement of the sensitivity.
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Figure 7.4: Reduction of the probability of error using a weak value amplification scheme.
(a) Minimum probability of error as a function of the photon number N that enters
the interferometer. The two points highlighted corresponds to N = 106, which yields
Perror = 1.3× 10−1, and N = 107, which yields Perror = 9.3× 10−5. (b) Number of photons
(Nout) after projection in the polarization state û = (x̂+ ŷ exp(iθ)) /

√
2, as a function of

the angle θ. The input number of photons is N = 107. The dot corresponds to the point
Nout = 106 and θ = 53.2◦. Pulse width: T0=1 ps; temporal delay: τ= 1 as.

However, these assumptions can be far from truth in many realistic experimental situ-
ations. In the laboratory, the quantum nature of light is an important factor, but not the
only one, limiting the capacity to measure tiny changes of variables of interest. On the
one hand, most of the times we detect only certain characteristic of the output signals,
probably the most relevant, but this is still partial information about the quantum state.
On the other hand, detectors are not ideal and noteworthy limitations to its performance
can appear. To name a few, they might no longer work properly above a certain photon
number input, electronics and signal processing of data can limit the resolution beyond
what is allowed by the specific quantum nature of light, conditions in the laboratory can
change randomly effectively reducing the sensitivity achievable in the experiment. Surely,
all of these are technical rather than fundamental limitations, but in many situations the
ultimate limit might be technical rather than fundamental. In this scenario, we show below
that weak value amplification can be a valuable and an easy option to overcome all of these
technical limitations, as it has been demonstrated in numerous experiments.
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7.2 Advantages of using WVA

The question if WVA can be turned useful for metrology applications when considering
that the amount of data is finite has been at the center of the discussion about the true

utility of WVA schemes. In [83] they noticed that their conclusions might not hold in
this case, while in [74] they claim that WVA is sub-optimal for any amount of data. The
advantage of using WVA under the restriction of finite data is pointed out by [75] as one
of its main characteristics, and its technical advantages are also discussed in [39]. Here we
quantify, making use of the concept of trace distance, how much can be gained using WVA
in the implementation of WVA considered versus not using any projection at all. Again, it
is important to notice that we are comparing two approaches (projection vs not projection)
for a certain measurement that refers to partial information available about the quantum
states. Therefore our results might not contradict claims about the existence, maybe in
principle, of other experimental approaches that can equal, or even improve, what WVA
can achieve.

7.2.1 Detection limited by photon number

Let us suppose that we have at hand light detectors that cannot be used with more than N0

photons. Fig. 7.4(a) shows the minimum probability of error as a function of the number
of photons (N) entering the interferometer. For N = N0 = 106, inspection of the figure
shows that the probability of error is Perror = 1.3× 10−1. This is the best we can do with
this experimental scheme and these particular detectors without resorting to weak value
amplification.

However, if we project the output signal from the interferometer into a specific polar-
ization state, and increase the flux of photons, we can decrease the probability of error,
without necessarily going to a regime of high depletion of the signal [11]. For instance,
with θ = 53.2◦, and a flux of photons of N = 107, so that after projection Nout = N0 = 106

photons reach the detector, the probability of error is decreased to Perror = 9.3 × 10−5,
effectively enhancing the sensitivity of the experimental scheme (see Fig. 7.4(b)). The
probability of error can be further decreased, also for other projections, at the expense of
further increasing the input signal N .

In general, the overlap between the states, independent of any projection, is

|〈Φ0|Φ1〉|2 = exp [−N (1− γ cosω0τ)] , (7.22)

where N is the number of input photons. If the detectors cannot handle more than N0

photons, without a WVA scheme the input signal is limited by N < N0 , so that the
minimum overlap achievable is

|〈Φ0|Φ1〉|2 = exp [−N0 (1− γ cosω0τ)] , (7.23)

that sets a lower bound to the minimum probability of error that can be achieved in this
type of measurements.

Notwithstanding, by making use of a WVA scheme, we can select a post-selection angle
Γ and increase the input photon flux so that N0 photons reach the detector. In this case
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we need to enhance the input number of photons to be

N =
2N0

1 + γ cos(ω0τ − Γ)
. (7.24)

The new quantum overlap, still taking into account that only N0 can be handled by the
detectors, is

|〈Φ0|Φ1〉|2 = exp

[

−2N0 (1− γ cosω0τ)

1 + γ cos (ω0τ − Γ)

]

. (7.25)

This shows that when the number of photons that the detection scheme can handle is lim-
ited, projection into a particular polarization state, at the expense of increasing the signal
level, can be advantageous since the minimum probability of error achievable is decreased.
From a quantum estimation point of view, WVA decreases the minimum probability of
error reachable, since the projection makes possible to use the maximum number of pho-
tons available (N0) with a corresponding decrease in mode overlap. Notice that the effect
of using different polarization projections can be beautifully understood as reshaping of
the balance between signal level and mode overlap.

7.2.2 Detector cannot differentiate between two signals

)

0
0

Figure 7.5: Effective mode overlap. For ρ > 0.9 the detection system cannot distinguish
the states of interest. Data: a = 0.9 and n = 100.

All experimental configurations show a limit on the amount of signal they can handle
and how much sensitivity they can offer. On each specific experimental implementation,
one or the other can be the main limiting factor that determines the tiniest change of
a variable that can be measured. In many cases of interest, where the amount of signal
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can be safely increased, technical characteristics of the measuring apparatus establish a
lower bound on the level of resolution achievable in the experiment. As a typical example,
the experimental arrangement used in [30] to demonstrate the WVA scheme considered
throughout this paper, it could no detect shifts of the centroid of any spectral distribution
below δλ ∼ 0.01 nm due to technical limitations of the equipment available. On practical
terms, one can increase the signal to obtain a better resolution for δλ ≥ 0.01 nm, while
this was not feasible for δλ ≤ 0.01 nm.

To be more specific, let us consider that specific experimental conditions makes hard,
even impossible, to detect very similar modes, i.e., with mode overlap ρ ∼ 1. We can
represent this by assuming that there is an effective mode overlap (ρeff) which takes into
account all relevant experimental limitations of a specific set-up, given by

ρ =⇒ ρeff = 1− (1− ρ) exp
[

−
(ρ

a

)n]

. (7.26)

Fig. 7.5 shows an example where we assume that detected signals corresponding to ρ > 0.9
cannot be safely distinguished due to technical restrictions of the detection system. For
ρ > 0.9, ρeff = 1, so the detection system cannot distinguish the states of interest even by
increasing the level of the signal. On the contrary, for smaller values of ρ, accessible making
use of a weak amplification scheme, this limitation does not exist since the detection system
can resolve this modes when enough signal is present.

7.2.3 Enhancement of the Fisher information

Up to now, we have used the concept of trace distance to look for the minimum probability
of error achievable in any measurement when using a given quantum state. In doing that,
we only considered how the quantum state changes for different values of the variable
to be measured, without any consideration of how this quantum state is going to be
detected. If we would like to include in the analysis additional characteristics of the
detection scheme, one can use the concept of Fisher information, that requires to consider
the probability distribution of possible experimental outcomes for a given value of the
variable of interest. In this approach, one chooses different probability distributions to
describe formally characteristics of specific detection scheme [39].

Let us assume that to estimate the value of the delay τ , we measure the shift of the
centroid (∆f) of the spectrum Φu(Ω), given by Eq. (7.4). A particular detection scheme
will obtain a set of results {(∆f)i}, i = 1..M for a given delay τ . M is the number
of photons detected. The Fisher information I(τ) provides a bound of Var (τ̂) for any
unbiased estimator when the probability distribution p({(∆f)i} |τ) of obtaining the set
{(∆f)i}, for a given τ , is known.

In general, to determine the value of a parameter of interest τ , we perform repeated
measurements to estimate its value. From the measurements we obtain a distribution of
outcomes {x} which can be characterized by a probability distribution p(x|τ) that depends
on the value of τ . The variance of any unbiased estimator that makes use of the ensemble
{x} is bounded from below by Var(τ̂) ≥ 1/I(τ), where the Fisher information I(τ) reads
I(τ) = −

∫

dx p(x|τ)∂2
τ p(x|τ). When the Fisher function can be written as I[η(τ)], where η
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is the variable that we measure, the Fisher information can be written as I(τ) = I(η)
(

∂η
∂τ

)2
.

If we assume that the probability distribution p({(∆f)i} |τ) is Gaussian, with mean value
∆f given by Eq. (7.5) and variance σ2, determined by the errors inherent to the detection
process, the Fisher information reads

I(τ) =
N

σ2

[

∂∆f

∂τ

]2

, (7.27)

where
∂∆f

∂τ
=

γB2 [B2τ 2 sinφ− ω0τ (γ + cosφ)− sin φ (1 + γ cosφ)]

2π (1 + γ cosφ)2
(7.28)

and φ = ω0τ − Γ.
For φ = 0, i.e., the angle of post-selection is θ = −π/2 + ω0τ , the flux of photons

detected isN = (N0/2) (1 + γ) and the Fisher information is

I0 =
N0

2
(1 + γ)× γ2B4(ω0τ)

2

4π2σ2(1 + γ)2
=

γ2B4(ω0τ)
2

8π2σ2(1 + γ)
. (7.29)

Notice that θ = −π/2 corresponds to considering equal input and output polarization
state, i.e., no weak value amplification scheme.

For φ = π, where the angle of post-selection is θ = π/2 + ω0τ , the flux of photons
detected is N = (N0/2) (1− γ), and we have

Iπ =
N0

2
(1− γ)× γ2B4(ω0τ)

2

4π2σ2(1− γ)2
=

γ2B4(ω0τ)
2

8π2σ2(1− γ)
, (7.30)

where θ = π/2 corresponds to considering an output polarization state orthogonal to the
input polarization state i.e., when the effect of weak value amplification is most dramatic,
as it can be easily observed in the upper panel of Fig. 7.2(a).

The Fisher bound for Φ = π is a factor Iπ/I0 = (1+γ)/(1−γ) larger than the bound for
Φ = 0, so WVA achieves enhancement of the Fisher information. This Fisher information
enhancement effect, which does not happen always, has been observed for certain WVA
schemes [17, 39]. We should note that the enhancement of the Fisher information obtained
comes from comparing two different and specific measurements, the results of projecting
the signal that bears the sought-after information in different states in each case. Since we
are not considering more general measurements to obtain the optimum measurement that
maximize the Fisher information, it might be possible that other measurement schemes
could further increase the Fisher information.

There is no contradiction between the facts that the minimum probability of error,
obtained by making use of the concept of trace distance, is not enhanced by WVA, while
at the same time there can be enhancement of the Fisher information with a particular
measurement setup. By selecting a particular probability distribution to evaluate the
Fisher information, we include information about the detection scheme. In our case, we
estimate the value of τ by measuring the τ -dependent shift of the centroid of the spectrum
of the signal in one output port after PBS2, which is only part of all the information
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available, given by the full signal in Eqs. (7.3) and (7.4). We also assumed a Gaussian
probability distribution with a constant variance σ2 independent of τ . The minimum
probability of error that was obtained making use of the trace distance depends on the
full information available (the quantum state) before any particular detection. An unitary
transformation, as the one where WVA is embedded, does not modify the bound. On the
contrary, the Fisher information, by using a particular probability distribution to describe
the possible outcomes in an particular experiment, selects certain aspects of the quantum
state to be measured (partial information), and this bound can change in a WVA scheme,
although the bound should be obviously always above the one determined by the minimum
probability of error. In this restrictive scenario, the use of certain polarization projections
can be preferable.

The existence and nature of these different bounds might possibly explain certain
confusion about the capabilities of WVA, whether WVA is considered to provide any
metrological advantage or not. On the one hand, if we consider the trace distance, or the
quantum Cramér-Rao inequality, without any consideration about how the quantum states
are detected, post-selection inherent in WVA does not lower the minimum probability of
error achievable, so from this point of view WVA offers no metrological advantage. On
the other hand, in certain scenarios, the Fisher information, when it takes into account
information about the detection scheme, can be enhanced due to post-selection. In this
sense, one can think of WVA as an advantageous way to optimize a particular detection
scheme.

Conclusions

WVA is embedded into measurement schemes that makes use of linear optics unitary
transformations. Therefore, if the only limitations in a measurement are due to the quan-
tum nature (intrinsic statistics) of the light, for instance, the presence of Shot noise in
the case of coherent beams, WVA does not offer any advantage regarding any decrease of
the minimum probability of error achievable. This is shown by making use of the trace
distance between quantum states, which set sensitivity bounds that are independent of any
particular post-selection. However, notice that this implicitly assume that full information
about the quantum states used can be made available, and detectors are ideal, so they
can detect any change of the variable of interest, as small as it might be, provided there
is enough signal power. For instance, here we decided to measure the centroid shift of the
spectral shape (specific information) in a given projection (we neglected all information
concerning the other orthogonal projection. Therefore WVA cannot do better than using
the full information contained in the quantum state.

Nevertheless, these assumptions are in many situations of interest far from true. These
limitations, sometimes refereed as technical noise, even though not fundamental (one can
always imagine using a better detector or a different detection scheme) are nonetheless
important, since they limit the accuracy of specific detection systems at hand. In these
scenarios, the importance of weak value amplification is that by decreasing the mode
overlap associated with the states to be measured and possibly increasing the intensity of
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the signal, the weak value amplification scheme allows, in principle, to distinguish them
with lower probability of error.

We have explored some of these scenarios from an quantum estimation theory point of
view. For instance, we have seen that when the number of photons usable in the measure-
ment is limited, the minimum probability of error achievable can be effectively decreased
with weak value amplification. We have also analyzed how weak value amplification can
differentiate between in practice-indistinguishable states by decreasing the mode overlap
between its corresponding mode functions.

Finally we have discussed how the confusion about the usefulness of weak value am-
plification can possibly derive from considering different bounds related to how much
sensitivity can, in principle, be achieved when estimating a certain variable of interest.
One might possibly say that the advantages of WVA have nothing to do with fundamental

limits and should not be viewed as addressing fundamental questions of quantum mechan-

ics [85]. However, from a practical rather than fundamental point of view, the use of WVA
can be advantageous in experiments where sensitivity is limited by experimental (tech-
nical), rather than fundamental, uncertainties. In any case, if a certain measurement is
optimum depends on its capability to effectively reach any bound that might exist.

Main publication by the author related to the contents of this

chapter

J. P. Torres, and L. J. Salazar-Serrano, “Weak value amplification: a view from quan-
tum estimation theory that highlights what it is and what isn’t”, Scientific Reports 6,
19702 (2016).
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CHAPTER

EIGHT

SUMMARY

In each previous chapter we included a section of conclusions devoted to summarize the
main results of the piece of research discussed there. This final chapter is a brief section
of overall conclusions. The aim is to summarize what are the main contributions of our
research from a more general perspective.

Weak Value Amplification (WVA) is a concept that has been widely considered, and
used in experiments, since first introduced by Aharonov, Albert and Vaidman in 1988 [2].
In 1991 the first experimental realization of the idea was done by Ritchie, Story and
Hulet [5]. Over the next years, numerous experiments have made use, and still continue
to use, the concept of WVA to measure tiny changes of a variable of interest. However,
and somehow surprisingly, there is still and on-going debate about the true usefulness of
the method for metrology, with papers highlighting its importance [39], and some others
diminishing it [74].

In this thesis we have contributed to this field in three different aspects:

• First, we have applied the concept of WVA to enhance the sensitivity of experimental
set-ups in two new scenarios: to measure extremely small temporal delays and to
enhance the sensitivity of temperature sensors based on Fiber Bragg Gratings.

In the first scenario, we have implemented a WVA scheme aimed at measuring a
temporal delay between two optical pulses that is very small compared to the pulses
duration [30]. Specifically, we have presented experiments in which we were able to
measure a small delay (∼ 20 fs between two pulses of duration ∼ 300 fs) applying a
new method.

By measuring the spectrum of the output signal, a reshaping of the input spectrum is
observed in which the shift of the central frequency reveals the value of the temporal
delay itself.

Importantly, we have found that the central frequency shifts can be observed even in
a regime, not so-often considered, where insertion losses are small, which broadens
the applicability of the method demonstrated. The experimental scheme is imple-
mented by using only linear optics elements and requires spectral measurements,
hence making its implementation practical.
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Moreover, we estimate that the ultimate sensitivity of the scheme implemented can
provide observable frequency shifts for temporal delays of the order of attoseconds
using femtosecond laser sources. The scheme developed thus appears as a promising
method for measuring small and rapidly varying temporal delays.

In the second scenario, we have demonstrated that WVA can be used to enhance
the sensitivity of sensors based on the use of Fiber Bragg Gratings [33]. With the
proposed scheme, we were able to improve the sensitivity of a standard measuring
methods. Even though we have demonstrated its feasibility to measure tempera-
tures, the scheme is general and can be applied to measuring all kinds of physical
parameters, provided they could generate a measurable change of the response of
FBGs when interrogated by appropriate light beams.

With the scheme implemented, we have been able to reach a sensitivity of 0.035 nm/◦C,
a fourfold increase with respect to the use of the same FBG technologies, that of-
fers ∼ 0.009 nm/◦C. From our results we have found that in scenarios where the
measurable shift of the spectrum is limited by the detection stage, but the decrease
of signal energy that accompanies still keeps the signal-to-noise ratio at an usable
level, weak value amplification is a promising scheme to enhance the capabilities of
FBG-based sensor systems.

• We have also proposed and demonstrated a new device: a highly sensitive beam
displacer [26] based on the concept of WVA that allows to displace the centroid of
a Gaussian beam a distance much smaller than its beam width without the need
to use movable optical elements. The beam’s centroid position can be displaced by
controlling the linear polarization in a post-selection stage where the dependence
between the centroid’s position and the angle of polarization is almost linear. From
the experimental results we were able to shift the centroid of a Gaussian beam
with a beam waist of ∼ 600µm, over the interval −120µm to +120µm in steps of
less than ∼ 1µm by rotating the post-selection polarizer between 0◦ and 90◦. The
scheme presented turns to be advantageous with respect to other alternatives based
on reflections or/and refractions induced by the rotation of a specific optical elements
because the ultimate sensitivity is determined by the step size of the rotation stage
used to rotate the post-selection polarizer which can be very small.

• Finally, we have determined in what sense WVA can be useful, when its use might
be considered advantageous [86]. In this respect, we have joined the on-going debate
regarding the true nature of WVA schemes and its true usefulness for achieving high
sensitivity measurements with respect to other experimental techniques.

We have introduced a new perspective to the issue by using the concept of quantum
trace distance, that allows us to determine the pros and cons of using WVA by
quantifying how much can be gained under appropriate circumstances. In particular,
we have found that even though basic quantum estimation theory states that the
post-selection of an appropriate output state obtained after unitary transformations
cannot be better than the use of the input state [77], and thus WVA cannot be
expected to enhance the precision of measurements [78], the concept of WVA can
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be useful when certain technical limitations are considered. In this respect, it might
increase the ultimate resolution of the detection system by effectively lowering the
value of the smallest quantity that can be detected.

When using a WVA is inevitable that the signal detected is severely depleted, due to
the quasi-orthogonality of the input and output states selected. However, in many
applications, limitations are not related to the low intensity of the signal [3], but
to the smallest change that the detector can measure irrespectively of the intensity
level of the signal. These limitations, sometimes refereed as technical noise, even
though not fundamental (one can always imagine using a better detector or a dif-
ferent detection scheme) are nonetheless important, since they limit the accuracy
of specific detection systems at hand. In these scenarios, the importance of weak
value amplification is that by decreasing the mode overlap associated with the states
to be measured and possibly increasing the intensity of the signal, the weak value
amplification scheme allows, in principle, to distinguish them with lower probability
of error.

As a result, we have found that from a practical rather than fundamental point of

view, the use of WVA can be advantageous in experiments where sensitivity is limited
by experimental (technical), rather than fundamental, uncertainties. In any case, if
a certain measurement is optimum depends on its capability to effectively reach any
bound that might exist.
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APPENDIX

A

MATHEMATICAL DESCRIPTION OF WEAK VALUE

AMPLIFICATION: QUANTUM AND CLASSICAL

VIEWS

In this appendix we provide a more mathematical description of several concepts that are
core ideas in this thesis: the concepts of weak measurement, weak value amplification and
weak value. We do this from both quantum and classical perspectives.

A.1 Strong and weak measurements

A measurement is a physical process that involves the interaction of two subsystems. One
is referred as the meter, that is the subsystem that will tell us the state of the other
subsystem, referred as the system, and whose state we want to measure. When the two
subsystems interact, a correlation between the meter and the system is generated, so that
a property of the meter changes depending on what it is the state of the system.

Generally speaking, the interaction between the meter and the system, the measure-
ment process, can be described by a Hamiltonian of the form

Ĥ(t) = −g q̂Â , (A.1)

where q̂ is the quantum observable corresponding to the meter, Â is an operator with
eigenvalues an and eigenstates |an〉 that describe the physical observable of the system to
be measured, and g is a parameter that defines the strength of the interaction.

Before the measurement, the global system (meter and system) is prepared in a joint
state

|Ξin〉 = |Ψi〉 |Φi〉 , (A.2)

that is separable. The meter is prepared in the state |Φi〉 described by a Gaussian function
with spread σq in the q representation, i.e.,

|Φi〉 =
∫

dq exp

(

− q2

2σ2
q

)

|q〉 . (A.3)
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The initial quantum state of the system |Ψin〉 can be expanded in terms of the eigenstates
of the observable Â, that is

|Ψi〉 =
∑

n

αn |an〉 . (A.4)

When the measurement is performed, the two subsystems interact and the whole system
evolves to the entangled state |Ξout〉 that reads

|Ξout〉 = exp

(

− i

~

∫

dt Ĥ(t)

)

|Φi〉 |Ψi〉

= exp
(

iǫq̂Â
)

|Φi〉 |Ψi〉 , (A.5)

where ǫ = gT/~ and T is the interaction time. The quantum state after the interaction,
given by Eq. A.5, can be written as

|Ξout〉 =
∑

n

αn

∫

dq exp

(

− q2

2σ2
q

)

exp (iǫqan) |an〉 |q〉 . (A.6)

A quantum state in the q-representation is generally written as

|Φ〉 =
∫

ddq F (q) |q〉 .

If we define

|q〉 = (2π)−1/2

∫

dp exp (−ipx) |p〉

F (q) = (2π)−1/2

∫

dpG(p) exp (ipx) |p〉 , (A.7)

the quantum state in the p-representation reads as

|Φ〉 =
∫

dpG(p) |p〉 .

Making use of these results, the quantum state given by Eq. (A.6) reads in the p-representation
as

|Ξout〉 =
∑

n

αn

∫

dp exp

[

−(p− ǫan)
2

2σ2
p

]

|an〉 |p〉 , (A.8)

where σp = 1/σq. Inspection of Eq. (A.8) shows that after the interaction the meter and
the system are left in an entangled state.

The probability to measure a certain value p of the meter is

P (p) =
∑

n

|αn|2 exp
[

−(p− ǫan)
2

σ2
p

]

, (A.9)

that is a superposition of Gaussian functions of width σp that are centered in the positions
determined by ǫan. As a result, the meter’s final position is correlated to the different
outcomes (eigenvalues) of the observable Â.
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p0

p

(a)

p0

p

(b)

Figure A.1: (a) Strong measurement. The uncertainty σp is small compared to the sepa-
ration between the possible outcomes {−1,+1}. (b) Weak measurement. The large un-
certainty σp makes impossible to differentiate the possible outcomes since the probability
distribution observed is a single peak (dashed line).

Depending on the relation between the spacing between adjacent outcomes and the
meter’s uncertainty σp, two different regimes of operation are considered. If σp is small
compared to the spacing between adjacent outcomes, the measurement is termed as a
strong measurement since the distribution in Eq. (A.9) is composed of widely separated
peaks as shown in Fig. A.1(a). On the contrary, if σp is larger that the spacing between
possible outcomes, the interaction is referred as weak measurement and the probability
distribution becomes a single broad peak like the one shown in Fig. A.1(b).

In the case of a weak measurement, shown in Fig. A.1(b), the meter’s uncertainty σp

is much larger than the spread of the values ǫan. In this regime, the eigenvalues of the
observable are not resolved by the measuring device since the probability distribution of
Eq. (A.9) corresponds to a single broad Gaussian that is centered in the mean value of
Â given by 〈Â〉 =

∑

n |αn|2 an. Therefore, a single measurement does not provide any

valuable information about the possible outcomes an since σp ≫ 〈Â〉. However, in situa-
tions where the measurement can be performed a large number of times, the probability
distribution can be reconstructed and the quantity 〈Â〉 can be estimated to an accuracy
that depends on the number of realizations.

A.2 From weak measurements to the concept of weak

value

While the weakness of the coupling between meter and system can be seen at first sight as
disadvantageous in a measurement, Aharonov, Albert, and Vaidman [2] showed that when
appropriate initial and final states of the system are selected (pre- and post-selection), the
value of the meter can be shifted by an unexpectedly large amount. It was soon suggested
that these ideas may find application in metrology [38, 53].

To illustrate this new idea, consider the state given by Eq. A.5. If we consider a weak
interaction and expand the exponential to first order in ǫ, we obtain

|Ξout〉 = |Φi〉 |Ψi〉+ iǫq̂Â |Φi〉 |Ψi〉 . (A.10)
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If we project the state of the system into the final state |Ψf〉 (post-selection), the quantum
state of the meter after projection of the state of the system reads

|Φout〉 = 〈Ψf |Ψi〉 {|Φi〉+ iǫAw q̂ |Φi〉} , (A.11)

where

Aw =
〈Ψf | Â |Ψi〉
〈Ψf |Ψi〉

(A.12)

is the so-called weak value of Â. Notice that the weak value Aw is in general a complex
number.

To first order, we can rewrite Eq. (A.11) as

|Φout〉 = 〈Ψf |Ψi〉 exp (iǫAwq̂) |Φi〉 . (A.13)

For the sake of simplicity, we assume that the weak value is real. In this case, in the
p-representation, the probability to obtain a certain p value is now

P (p) =
1

(πσ2
p)

1/4
exp

[

−(p− ǫAw)
2

σ2
p

]

, (A.14)

so the centroid of the probability distribution that describes the possible outcomes of the
meter is now shifted to ǫAw.

This is an important result since the weak value can become arbitrarily large, as we
will see, when the initial and final quantum states |Ψi〉 and |Ψf〉 are almost orthogonal.
As a result, Eq. (A.14) states the meter’s position may lie outside the range of the observ-
able’s eigenvalues. In this way the shift of the centroid can be extremely large, what is
sometimes termed as Weak Value Amplification. This has been demonstrated to be very
useful in metrology since it enables the measurement of extremely small physical quantities
characterized by the parameter ǫ.

A.3 Real and Imaginary weak values

Given a specific interaction, the selection of the initial and final states of the quantum
system defines the nature of the weak value, and determines in which domain the weak

value amplification effect can be observed. In particular, for the interaction defined by the
Hamiltonian in Eq. (A.1), a real weak value yields an amplification effect observed in the
p-domain. This situation is clearly seen from Eq. (A.14), where the meter’s centroid of p
possible p values is amplified from ǫ to ǫAw by a factor Re[Aw].

Conversely, for an imaginary weak value, the amplification effect is observed in the
q-domain. In this case, the state of the meter is

|Φout〉 ∼
∫

dq exp

(

− q2

2σ2
q

)

(1 + ǫIm[Aw]q) |q〉 . (A.15)

The centroid of the possible q-values of the meter is ǫσ2
q Im[Aw].
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A.4 WVA explained as a classical interference effect

To illustrate both cases with an example, let us consider the observable

Â = |H 〉〈H| − |V 〉〈 V | =
(

1 0
0 −1

)

, (A.16)

where |H〉 and |V 〉 denote states of horizontal and vertical polarization.
To generate a real weak value we require states of linear polarization to perform the

pre-selection and post-selection operations. That is, we pre-select the system in the state
|Ψi〉 = (|H〉 + |V 〉)/

√
2, and after the weak interaction we post-select it in the state

|Ψf〉 = cos(3π/2 + ζ) |H〉 + sin(π/2 + ζ) |V 〉, where ζ = 0 corresponds to the case where
both polarization states are orthogonal. Following Eq. (A.12), we obtain that the weak
value of Â is a real quantity given by

Aw = cot(ζ) ≈ 1

ζ
. (A.17)

In contrast, to generate an imaginary weak value we make use of states of circular polar-
ization given by |Ψi〉 = (|H〉 + exp(−iπ/2) |V 〉)/

√
2 for pre-selection, which corresponds

to a state of left-handed circular polarization, and |Ψf〉 = (|H〉 + exp(iΓ) |V 〉)/
√
2 for

the post-selection. In the particular case where the post-selection angle Γ is given by
Γ = π/2 + ζ , where ζ = 0 corresponds to a state of right-handed circular polarization (a
state orthogonal to the input state), the weak value reads

Aw = i cot(ζ/2) ≈ 2i

ζ
, (A.18)

which is an imaginary quantity.

A.4 WVA explained as a classical interference effect

Although the concept of weak value amplification originates from research on quantum
theory, the phenomenon of weak value amplification can be readily understood in terms
of constructive and destructive interference between probability amplitudes in a quantum
mechanics context [4], or in terms of interference of classical waves [11, 19]. Indeed, most
of the experimental implementations of the concept, since its first demonstration in 1991
by Ritchie and colleagues [5], belong to the last type.

A.4.1 Case of a real weak value

To illustrate the concept of WVA from a classical interference point of view, we will
analyze first the demonstration of the concept of weak value amplification from 1991,
which corresponds to the example of real weak value discussed in Chapter 2.

Let us consider a polarized input optical beam (input polarization êin = (x̂+ ŷ)/
√
2

Ein = E0 exp

[

− x2

2w2

](

x̂+ ŷ√
2

)

, (A.19)
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where w is the beam waist and x̂, ŷ designate horizontal and vertical polarizations, respec-
tively. The beam enters a medium where is subjected to a polarization dependent spatial
displacement ∆ (coupling of polarization and location of the beam). After the interaction,
the electric field writes

Eout =
E0√
2

{

exp

[

−(x−∆)2

2w2

]

x̂+ exp

[

−(x+∆)2

2w2

]

ŷ

}

. (A.20)

After projection of the optical signal into a polarization state êout = cosα x̂+ sinα ŷ, the
amplitude A of the optical beam writes

A =
E0√
2

{

cosα exp

[

−(x−∆)2

2w2

]

+ sinα exp

[

−(x+∆)2

2w2

]}

. (A.21)

From Eq. (A.21), the centroid of the intensity distribution of the beam is

〈x〉 =
∫

dxx |A|2
∫

dx |A|2 =

(

cos 2α

1 + γ sin 2α

)

∆ , (A.22)

where

γ = exp

(

−∆2

w2

)

, (A.23)

which is close to 1 since ∆ ≪ w in a weak interaction regime.
If we select α = −π/2 + ζ , being ζ small, we obtain

cos 2α = sin 2ζ ∼ 2ζ

sin 2α = − cos 2ζ ∼ −1 + 2ζ2 , (A.24)

where ζ = 0 corresponds to an output polarization that is orthogonal to the input polar-
ization. The location of the centroid of the intensity distribution is

〈x〉 =
(

2 sin ζ cos ζ

1− γ cos2 ζ + γ sin2 ζ

)

∆ . (A.25)

Considering that γ ∼ 1 in the weak regime, we obtain

〈x〉 = ∆
1

tan ζ
= Aw∆ ∼ ∆

ζ
. (A.26)

A.4.2 Case of an imaginary weak value

Let us consider the experiment performed in 2008 by Hosten and Kwiat [3], where a
polarization-dependent displacement of the order of one angstrom was measured in the
direction perpendicular to a refractive index gradient.

In the experiment, an input optical beam horizontally polarized, given by

Ein = E0 exp

[

−p2w2

2

]

(

R̂+ L̂√
2

)

, (A.27)
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where p is the transverse wavenumber in one dimension, w is the beam waist, R̂ = (x̂ +
iŷ)/

√
2 designates right-handed circular polarization and L̂ = (x̂ − iŷ)/

√
2 designates

left-handed circular polarization, refracts in the interface between two dielectric media.
The gradient in index of refraction produces a polarization dependent p-dependent phase
shift. After the interaction, the electric field writes

Eout =
E0√
2

{

exp

[

−p2w2

2
− ipδ

]

R̂+ exp

[

−p2w2

2
+ ipδ

]

L̂

}

. (A.28)

After post-selecting the optical signal into a polarization state given by êout = (exp(−iζ) R̂+
exp(iζ) L̂)/

√
2i, the amplitude A of the output optical beam becomes

A = E0 exp

(

−p2w2

2

)

sin (pδ + ζ) . (A.29)

The centroid of the intensity distribution in the p-domain is

〈p〉 =
∫

dp p |A|2
∫

dp |A|2 =
(2δζ)/w2

ζ2 + δ2/w2
=

2δ

w2ζ

1

1 + δ2/(wζ)2
. (A.30)

If δ ≪ ζw, we have

〈p〉 = 2δ

w2ζ
, (A.31)

which corresponds to the case of an imaginary weak value.
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APPENDIX

B

PRODUCT THEOREM FOR GAUSSIAN FUNCTIONS

In this appendix we present a result that is widely used in this thesis to derive many of the
expressions that we have obtained. For instance, the derivation of Eq. (5.4) and Eq. (6.3)
have made use of the result discussed here. This is the product theorem for Gaussian
functions [87] that states that the product of two Gaussian functions is also a Gaussian
function. The peak amplitude, centroid and width of the new Gaussian function depends
on the peak amplitude, centroid and width of each one of the original Gaussian functions.

Let us be more specific. Let us consider two Gaussian function of the variable x:

G1(x) = A1 exp

[

−(x− µ1)
2

2σ2
1

]

G2(x) = A2 exp

[

−(x− µ2)
2

2σ2
2

]

(B.1)

where µi (i = 1, 2) corresponds to the centroid of each Gaussian function, σi are the widths
and Ai are the corresponding peak amplitudes

The product G1(x)G2(x) of the functions can be written as a new Gaussian function
G3(x) that reads as

G3(x) = A1A2 exp

[

− (µ1 − µ2)
2

2(σ2
1 + σ2

2)

]

exp

[

−(x− µ)2

2σ2

]

. (B.2)

The theorem shows that the centroid of the new Gaussian function is

µ =
µ1σ

2
1 + µ2σ

2
2

σ2
1 + σ2

2

, (B.3)

its width is

σ2 =
σ2
1σ

2
2

σ2
1 + σ2

2

, (B.4)

and its peak amplitude is reduced to

A0 = A1A2 exp

[

− (µ1 − µ2)
2

2(σ2
1 + σ2

2)

]

. (B.5)
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Figure B.1: (a) Product of Gaussian functions with different widths. G1(x) (continuous
blue line) is a Gaussian function centered at µ1 = 1, with width σ1 = 3 and peak amplitude
A1 = 1. G2(x) (green dashed line) is centered at µ1 = 4, its width is σ2 = 2 and its peak
amplitude is A2 = 0.9. The product (red dotted line) is a narrower Gaussian function with
height 0.63, width σ̃ = 1.7, centered at µ̃ = 3.1. (b) Product of two Gaussian functions
with equal widths σ1 = σ2 = 2. Since G1(x) (continuous blue line) is centered at µ1 = 4
and G2(x) (green dashed line) is centered at µ1 = 1, one obtains that the centroid of the
product is µ̃ = (µ1 + µ2)/2 = 2.5. The Gaussian with is reduced by a factor of

√
2 and

the height is 0.51.

When the two Gaussian functions have the same width (σ1 = σ2 = σ) but are centered in
different locations, Eqs. (B.3), (B.4) and (B.5) simplify to

µ =
µ1 + µ2

2
(B.6)

σ2 =
σ2

2
(B.7)

A0 = A1A2 exp

[

−(µ1 − µ2)
2

4σ2

]

, (B.8)

respectively. To visualize these results, Fig. B.1 shows two representative cases where two
Gaussian functions are multiplied. In both cases the result is a Gaussian function that is
narrower than both original functions and centered in between the two original centroids,
µ1 and µ2.
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Weak value amplification: a view 
from quantum estimation theory 
that highlights what it is and  
what isn’t
Juan P. Torres1,2 & Luis José Salazar-Serrano1,3

Weak value amplification (WVA) is a concept that has been extensively used in a myriad of applications 
with the aim of rendering measurable tiny changes of a variable of interest. In spite of this, there is still 
an on-going debate about its true nature and whether is really needed for achieving high sensitivity. 
Here we aim at helping to clarify the puzzle, using a specific example and some basic concepts from 
quantum estimation theory, highlighting what the use of the WVA concept can offer and what it can 
not. While WVA cannot be used to go beyond some fundamental sensitivity limits that arise from 
considering the full nature of the quantum states, WVA can notwithstanding enhance the sensitivity 
of real and specific detection schemes that are limited by many other things apart from the quantum 
nature of the states involved, i.e. technical noise. Importantly, it can do that in a straightforward and 
easily accessible manner.

Weak value amplification (WVA)1 is a concept that has been used under a great variety of experimental condi-
tions2–8 to reveal tiny changes of a variable of interest. In all those cases, a priori sensitivity limits were not due to 
the quantum nature of the light used (photon statistics), but instead to the insufficient resolution of the detection 
system, what might be termed generally as technical noise. WVA was a feasible choice to go beyond this limitation. 
In spite of this extensive evidence, “its interpretation has historically been a subject of confusion”9. For instance, 
while some authors10 show that “weak-value-amplification techniques (which only use a small fraction of the 
photons) compare favorably with standard techniques (which use all of them)”, others11 claim that WVA “does 
not offer any fundamental metrological advantage”, or that WVA12 “does not perform better than standard sta-
tistical techniques for the tasks of single parameter estimation and signal detection”. However, these conclusions 
are criticized by some authors based on the idea that “the assumptions in their statistical analysis are irrelevant 
for realistic experimental situations”13. This can explain why recently some papers have appeared10,14 with the 
aim at re-evaluating and re-considering in a more general context what WVA can offer for metrology. Here we 
analyze from a new perspective (in terms of the quantum concept of trace distance), and by means of a particular 
example, but representative of a wide class of WVA experimental implementations, the pros and cons of using 
WVA, quantifying how much can be gained under appropriate circumstances. In other words, we will see, with an 
approach centered on how different quantum states are distinguished in specific experimental implementations, 
why some authors can say that WVA offers no advantage in metrology. At the same time we will put numbers to 
the idea that WVA can be judged ‘handy’14 in certain cases.

We use some simple, but fundamental, results from quantum estimation theory15 to show that there are two 
sides to consider when analyzing in which sense WVA can be useful. On the one hand, WVA measures specific 
information of a quantum state state obtained after transformations that in most cases make use of unitary oper-
ations. Therefore, it cannot modify the statistics of photons involved. Basic quantum estimation theory states that 
the post-selection of an appropriate output state obtained after unitary transformations, the basic element where 
WVA is embedded, cannot be better than the use of the input state16. Moreover, WVA uses some selected, useful 
but partial, information about the quantum state that cannot be better that considering the full state. Indeed, 
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due to the unitarian nature of the operations involved in the overall transformation where WVA is embedded, it 
should be equally good any transformation of the input state than performing no transformation at all. In other 
words, when considering only the quantum nature of the light used, WVA cannot be expected to enhance the 
precision of measurements17.

On the other hand, a more general analysis that goes beyond only considering the quantum nature of the light, 
shows that WVA can be useful when certain technical limitations are considered (for instance, consider the exam-
ples presented in10,13). In this sense, it might increase the ultimate resolution of the detection system by effectively 
lowering the value of the smallest quantity that can detected. In most scenarios, although not always18, the signal 
detected is severely depleted, due to the quasi-orthogonality of the input and output states selected. However, in 
many applications, limitations are not related to the low intensity of the signal2, but to the smallest change that the 
detector can measure irrespectively of the intensity level of the signal.

A potential advantage of our approach is that we make use of the concept of trace distance, a clear and direct 
measure of the degree of distinguishability of two quantum states. Indeed, the trace distance gives us the min-
imum probability of error of distinguishing two quantum states that can be achieved under the best detection 
system one can imagine15. Measuring tiny quantities is essentially equivalent to distinguishing between nearly 
parallel quantum states. Therefore we offer a very basic and physical understanding of how WVA works, based on 
the idea of how WVA schemes transform very close quantum states, which can be useful to the general physics 
reader.

The approach used here is slightly different from what other analysis of WVA do, where most of the times 
the tool used to estimate its usefulness is the Fisher information and the related Cramér-Rao bound. The Fisher 
information requires to know the probability distribution of possible experimental outcomes for a given value 
of the variable of interest. Therefore, it can look for sensitivity bounds for measurements by including technical 
characteristics of specific detection schemes10. A brief comparison between both approaches will be done towards 
the end of this paper.

Some words of caution will be useful here. Firstly, for the sake of clarity, we make use of a specific WVA 
scheme aimed at measuring ultra-small temporal delays19 that has been recently demonstrated experimentally8,20. 
However, the scheme considered here is representative of a long list of fundamentally equivalent WVA schemes. 
Therefore, some of our conclusions might not apply to all WVA schemes without further consideration. We note 
that the use of a specific experimental configuration where WVA has demonstrated its practical utility in the lab, 
providing an enhancement in sensitivity, can help the general reader to identify more clearly the role of important 
concepts of our discussion such as quantum distance or technical noise.

Secondly, the concept of weak value amplification is presented for the most part in the framework of Quantum 
theory, where it was born. It can be readily understood in terms of constructive and destructive interference 
between probability amplitudes21. Interference is a fundamental concept in any theory based on waves, such as 
classical electromagnetism. Therefore, the concept of weak value amplification can also be described in many 
scenarios in terms of interference of classical waves22. Indeed, most of the experimental implementations of the 
concept, since its first demonstration in 199123, belong to this type and can be understood without resorting to a 
quantum theory formalism.

An example of the application of the weak value amplification concept: measuring 
small temporal delays with large bandwidth pulses
For the sake of example, we consider a specific weak amplification scheme19, depicted in Fig. 1, which has been 
recently demonstrated experimentally8,20. It aims at measuring very small temporal delays τ, or correspond-
ingly tiny phase changes24, with the help of optical pulses of much larger duration. We consider this specific case 
because it contains the main ingredients of a typical WVA scheme, explained below, and it allows to derive ana-
lytical expressions of all quantities involved, which facilitates the analysis of main results. Moreover, the scheme 
makes use of linear optics elements only and also works with large-bandwidth partially-coherent light25.

In general, a WVA scheme requires three main ingredients: a) the consideration of two subsystems (here two 
degrees of freedom: the polarisation and the spectrum of an optical pulse) that are weakly coupled (here we make 
use of a polarisation-dependent temporal delay that is introduced with the help of a Michelson interferometer); 
b) the pre-selection of the input state of both subsystems; and c) the post-selection of the state in one of the sub-
systems (the state of polarisation) and the measurement of the state of the remaining subsystem (the spectrum 
of the pulse). With appropriate pre- and post-selection of the polarisation of the output light, tiny changes of the 
temporal delay τ can cause anomalously large changes of its spectrum, rendering in principle detectable very 
small temporal delays.

Let us be more specific about how all these ingredients are realized in the scheme depicted in Fig. 1. An input 
coherent laser beam (mean number of photons, N) shows circular polarization, = / ( − )ˆ ˆx iye 1 2in , and a 
Gaussian shape with temporal width T0 (Full-width-half maximum, τ ≪  T0). The normalized temporal and spec-
tral shapes of the pulse read

π
Ψ( ) =















−




 ( )

/

t
T T

t4 ln 2 exp 2 ln 2
10

2

1 4

0
2

2

π
Φ(Ω) =















− Ω





,

( )

/
T T

4 ln 2
exp

8 ln 2 2
0
2 1 4

0
2

2



www.nature.com/scientificreports/

3Scientific RepoRts | 6:19702 | DOI: 10.1038/srep19702

where t is time, Ω  is the angular frequency deviation from the central angular frequency ω0 and 
∫πΦ(Ω) = ( ) Ψ( ) ( Ω )− / dt t i t2 exp1 2 . The input beam is divided into the two arms of a Michelson interferometer 

with the help of a polarising beam splitter (PBS1). Light beams with orthogonal polarisations traversing each arm 
of the interferometer are delayed τ0 and τ0 +  τ, respectively, which constitute the weak coupling between the two 
degrees of freedom. After recombination of the two orthogonal signals in the same PBS1, the combination of a 
liquid-crystal variable retarder (LCVR) and a second polarising beam splitter (PBS2) performs the post-selection 
of the polarisation of the output state, projecting the incoming signal into the polarisation states 

θ= / + ( )ˆ ˆ ˆu x y i1 2 [ exp ] and θ= / − ( )ˆ ˆ ˆv x y i1 2 [ exp ]. The spectral shape of the signals in the two output 
ports write (not normalized)

ω τ ω τΦ (Ω) =
Φ(Ω)

( + Ω) + ( + Ω) − Γ ( )i i i
2

exp[ ]{1 exp[ ]} 3u 0 0 0

ω τ ω τΦ (Ω) =
Φ(Ω)

( + Ω) − ( + Ω) − Γ , ( )i i i
2

exp[ ]{1 exp[ ]} 4v 0 0 0

where τ0 and τ0 +  τ are the delays and Γ  =  π/2 +  θ.

Figure 1. Weak value amplification scheme aimed at detecting extremely small temporal delays. The input 
pulse polarisation state is selected to be left-circular by using a polariser, a quarter-wave plate (QWP) and a half-
wave plate (HWP). A first polarising beam splitter (PBS1) splits the input into two orthogonal linear 
polarisations that propagate along different arms of the interferometer. An additional QWP is introduced in 
each arm so that after traversing the QWP twice, before and after reflection in the mirrors, the beam 
polarisation is rotated by 90° to allow the recombination of both beams, delayed by a temporal delay τ, in a 
single beam by the same PBS. After PBS1, the output polarisation state is selected with a liquid crystal variable 
retarder (LCVR) followed by a second polarising beam splitter (PBS2). The variable retarder is used to set the 
parameter θ experimentally. Finally, the spectrum of each output beam is measured using an optical spectrum 
analyzer (OSA). (x̂, ŷ) and (û, v̂) correspond to two sets of orthogonal polarisations.



www.nature.com/scientificreports/

4Scientific RepoRts | 6:19702 | DOI: 10.1038/srep19702

After the signal projection performed after PBS2, the WVA scheme distinguishes different states, correspond-
ing to different values of the temporal delay τ, by measuring the spectrum of the outgoing signal in the selected 
output port. The different spectra obtained for delays τ =  0 and τ =  100 as, for two different polarization projec-
tions, are shown in Fig. 2(a,b). To characterize different modes one can measure the centroid shift of the spectrum 
of the signal in one output port as a function of the delay τ. If we consider the signal Φ u(Ω ), the shift of the cen-
troid is given by ∫ ∫π Φ∆ = ( ) Ω (Ω) Ω/ Φ (Ω) Ω−f d d2 u u

1 2 2 . Figure 2(c) shows the centroid shift of the output 
signal Φ u(Ω ) for τ ≠ 0, which reads

τ
π

γ ω τ
γ ω τ

∆ = −
( − Γ)

+ ( − Γ)
,

( )
f

T
ln 2 sin

1 cos 50
2

0

0
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.

( )T
exp ln 2

6

2
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The differential power between both signals (with τ =  0 and τ ≠ 0) reads

τ τ
ω τ

( ) − ( = )
= Γ − ( − Γ) .
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P P

P
0 1

2
[cos cos ]

7
out out
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0

When there is no polarisation-dependent time delay (τ =  0), the centroid of the spectrum of the output signal 
is the same than the centroid of the input laser beam, i.e., there is no shift of the centroid (Δ f =  0). However, the 
presence of a small τ can produce a large and measurable shift of the centroid of the spectrum of the signal.

Results
View of weak value amplification from quantum estimation theory. Detecting the presence (τ ≠ 0) 
or absence (τ =  0) of a temporal delay between the two coherent orthogonally-polarised beams after recombina-
tion in PBS1, but before traversing PBS2, is equivalent to detecting which of the two quantum states,

|Φ 〉 = |Φ (Ω)〉 |Φ (Ω)〉 ( )τ τ 8x y0 0 0

or

|Φ 〉 = |Φ (Ω)〉 |Φ (Ω)〉 ( )τ τ τ+ 9x y1 0 0

is the output quantum state which describes the coherent pulse leaving PBS1. (x, y) designates the corresponding 
polarisations. The spectral shape (mode function) Φ  writes

Figure 2. Spectrum of Φu(Ω) measured at the corresponding output port of PBS2. (a,b) Spectral shape of the 
mode functions for τ =  0 (solid blue line) and τ =  100 as (dashed green line). In (a) the post-selection angle θ is 
97.2°, so as to fulfil the condition ω0τ −  Γ  =  π. In (b) the angle θ is 96.7°. (c) Shift of the centroid of the spectrum 
of the output pulse after projection into the polarisation state û in PBS2, as a function of the post-selection angle 
θ. Green solid line: τ =  10 as; Dotted red line: τ =  50 as, and dashed blue line: τ =  100 as. Label I corresponds to 
θ =  96.7° [mode for τ =  100 as shown in (b)]. Label II corresponds to θ =  97.2°, where the condition ω0τ −  Γ  =  π 
is fulfiled [mode for τ =  100 shown in (a)]. It yields the minimum mode overlap between states with τ =  0 and 
τ ≠ 0. Data: λ0 =  1.5 μm and T0 =  100 fs.
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ω τ τΦ (Ω) = Φ(Ω) ( + Ω)( + ) , ( )τ τ+ iexp[ ] 100 00

where Φ (Ω ) is the spectral shape of the input coherent laser signal.
The minimum probability of error that can be made when distinguishing between two quantum states is 

related to the trace distance between the states26. For two pure states, Φ 0 and Φ 1, the (minimum) probability of 
error is15,27,28

= ( − − |〈Φ |Φ | ). ( )P 1
2

1 1 11error 0 1
2

For Φ 0 =  Φ 1, Perror =  0.5. On the contrary, to be successful in distinguishing two quantum states with low prob-
ability of error (Perror ~ 0) requires Φ Φ ∼ 00 1 , i.e., the two states should be close to orthogonal.

The coherent broadband states considered here can be generally described as single-mode quantum states 
where the mode is the corresponding spectral shape of the light pulse. Let us consider two single-mode coherent 
beams
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where A and B are the two modes

∫
∫

= Ω (Ω) (Ω)

= Ω (Ω) (Ω), ( )

† †

† †

A d F a

B d G a 13

and |α|2 and |β|2 are the mean number of photons in modes A and B, respectively. The mode functions F and G 
are assumed to be normalized, i.e., ∫ ∫Ω (Ω) = Ω (Ω) =d F d G 12 2 . The overlap between the quantum states, 
β α 2, reads

β α α β ραβ ρ α β= (− − + + ), ( )⁎ ⁎ ⁎exp 142 2 2

where we introduce the mode overlap ρ that reads

∫ρ = Ω (Ω) (Ω) . ( )
⁎d F G[ ] 15

In order to obtain Eq. (14) we have made use of ρ δ= !†B A n0 [ ] 0n m n
nm. For ρ =  1 (coherent beams in the 

same mode but with possibly different mean photon numbers) we recover the well-known formula for 
single-mode coherent beams29: β α α β|〈 | | = (−| − | )exp2 2 .

Making use of Eqs. (10), (14) and (15) we obtain

τ τ τ τ τ

γ ω τ

〈Φ |Φ = |〈Φ( )|Φ( ) | |〈Φ( )|Φ( + ) |

= − ( − ) . ( )Nexp[ 1 cos ] 16
x y0 1

2
0 0

2
0 0

2

0

In the WVA scheme considered here, the signal after PBS2 is projected into the orthogonal polarisation states 
û and v̂, and as a result the signals in both output ports are given by Eqs. (3) and (4). Making use of Eqs. (3), (4) 
and (15) one obtains that the mode overlap (for Φ u) reads

ρ
γ ω τ γ ω τ γ ω τ γ ω τ

γ ω τ
=

+ Γ + + ( − Γ) − Γ + + ( − Γ)

+ Γ + ( − Γ)
.

( )/ /

i1 cos cos cos [sin sin sin ]
2[1 cos ] [1 cos ] 17

0 0 0 0
1 2

0
1 2

For τ =  0, and therefore γ =  1, we obtain ρ =  1. Figure 3 shows the mode overlap of the signal in the corre-
sponding output port for a delay of τ =  100 as. The mode overlap has a minimum for ω0τ −  Γ  =  π, where the two 
mode functions becomes easily distinguishable, as shown in Fig. 2(a). The effect of the polarisation projection, a 
key ingredient of the WVA scheme, can be understood as a change of the mode overlap (mode distinguishability) 
between states with different delay τ.

However, an enhanced mode distinguishability in this output port is accompanied by a corresponding 
increase of the insertion loss, as it can be seen in Fig. 3. The insertion loss, Pout(τ)/Pin =  1/2[1 +  γcos(ω0τ −  Γ )], is 
the largest when the modes are close to orthogonal (ρ ~ 0). The quantum overlap between the states reads

τ τ τ τ τ τ

γ ω τ

Φ ( ) Φ ( + ) = Φ ( ) Φ ( + )

=





− ( − )






,
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Nexp
2

1 cos
18
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2
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τ τ τ τ τ τ
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2
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2
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which is the same result [see Eq. (16)] obtained for the signal after PBS1, but before PBS2. Both effects indeed 
compensate, as it should be, since the trace distance between quantum states is preserved under unitary 
transformations.

We can also see the previous results from a slightly different perspective making use of quantum estimation 
theory (see chapter 4 in15). The WVA scheme considered throughout can be thought as a way of estimating the 
value of the single parameter τ with the help of a light pulse in a coherent state α . Since the quantum state is 
pure, the lower bound to the variance of an unbiased estimate of the parameter τ variance reads

τ
α
τ
α
τ

α
α
τ

( ) ≥








∂
∂
∂
∂

−
∂
∂








.

( )

−

ˆVar 1
4 20

2 1

For a coherent product state of the form α α= ∏i i , where the index i refers to different  
f requency modes,  one obtains that Q  =   ∑ iQi,  where α τ α τ α α τ= ∂ /∂ ∂ /∂ − ∂ /∂Q 2  and 

α τ α τ α α τ= ∂ /∂ ∂ /∂ − ∂ /∂Qi i i i i
2. If αi =  βiexp(iϕi), where |βi|2 is the mean number of photons in fre-

quency mode i  and only ϕ i depends on the parameter τ  as ϕ i =   (ω0 +   Ω  i)τ , one obtains that 
α τ ϕ τ α α∂ /∂ = (∂ /∂ ) †i ai i i i i , where †ai  is the creation operator of the corresponding frequency mode. Making 

use of Eq. (9), one obtains that here the lower bound reads

τ
ω

( ) ≥
( + )

,
( )

ˆ
N B

Var 1
2 210

2 2

where = /B T2 ln 2 0 is the rms bandwidth in angular frequency of the pulse. In all cases of interest B ≪  ω0. 
This limit is a fundamental limit that set a bound to the minimum variance that any measurement can achieve. It 
is unchanged by unitary transformations and only depends on the quantum state considered.

Inspection of Eqs. (16) and (19) seems to indicate that a measurement after projection in any basis, the core 
element where it is embedded the weak amplification scheme, provides no fundamental advantage in metrol-
ogy. The fact that there might be no fundamental advantage in quantum noise limited measurements for WVA, 
under certain general conditions, has been pointed out previously30, even though they also stated that alternative 
assumptions can also change its conclusions. Moreover, it is important to notice that this lack of enhancement of 
sensitivity is related to the fact that alternative schemes to WVA that use other characteristics of the quantum state 
at hand can offer better sensitivity (for instance, see an example in31). Notice that the result obtained implies that 
the only relevant factor limiting the sensitivity of detection is the quantum nature of the light used (a coherent 
state in our case). We are implicitly assuming that a) we have full access to all relevant characteristics of the output 
signals; and b) detectors are ideal, and can detect any change, as small as it might be, if enough signal power is 
used. If this is the case, weak value amplification provides no enhancement of the sensitivity.

Figure 3. Mode overlap and insertion loss as a function of the post-selection angle. Mode overlap ρ of the 
mode functions corresponding to the quantum states with τ =  0 and τ =  100 as, as a function of the post-
selection angle θ (solid blue line). The insertion loss, given by /P P10 log10 out in is indicated by the dotted green 
line. The minimum mode overlap, and maximum insertion loss, corresponds to the post-selection angle θ that 
fulfils the condition ω0τ −  Γ  =  π, which corresponds to θ =  97.2°. Data: λ0 =  1.5 μm, T0 =  100 fs.
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However, these assumptions can be far from truth in many realistic experimental situations. In the laboratory, 
the quantum nature of light is an important factor, but not the only one, limiting the capacity to measure tiny 
changes of variables of interest. On the one hand, most of the times we detect only certain characteristic of the 
output signals, probably the most relevant, but this is still partial information about the quantum state. On the 
other hand, detectors are not ideal and noteworthy limitations to its performance can appear. To name a few, they 
might no longer work properly above a certain photon number input, electronics and signal processing of data 
can limit the resolution beyond what is allowed by the specific quantum nature of light, conditions in the labo-
ratory can change randomly effectively reducing the sensitivity achievable in the experiment. Surely, all of these 
are technical rather than fundamental limitations, but in many situations the ultimate limit might be technical 
rather than fundamental. In this scenario, we show below that weak value amplification can be a valuable and an 
easy option to overcome all of these technical limitations, as it has been demonstrated in numerous experiments.

Discussion
Advantages of using weak value amplification (I): when the detector cannot work above a cer-
tain photon number. The question if WVA can be turned useful for metrology applications when consider-
ing that the amount of data is finite has been at the center of the discussion about the true utility of WVA schemes. 
In30 they noticed that their conclusions might not hold in this case, while in12 they claim that WVA is sub-optimal 
for any amount of data. The advantage of using WVA under the restriction of finite data is pointed out by13 as one 
of its main characteristics, and its technical advantages are also discussed in10. Here we quantify, making use of 
the concept of trace distance, how much can be gained using WVA in the implementation of WVA considered 
versus not using any projection at all. Again, it is important to notice that we are comparing two approaches 
(projection vs not projection) for a certain measurement that refers to partial information available about the 
quantum states. Therefore our results might not contradict claims about the existence, maybe in principle, of 
other experimental approaches that can equal, or even improve, what WVA can achieve.

Let us suppose that we have at hand light detectors that cannot be used with more than N0 photons. Figure 4(a) 
shows the minimum probability of error as a function of the number of photons (N) entering the interferometer. 
For N =  N0 =  106, inspection of the figure shows that the probability of error is Perror =  1.3 ×  10−1. This is the best 
we can do with this experimental scheme and these particular detectors without resorting to weak value ampli-
fication. However, if we project the output signal from the interferometer into a specific polarisation state, and 
increase the flux of photons, we can decrease the probability of error, without necessarily going to a regime of 
high depletion of the signal18. For instance, with θ =  53.2°, and a flux of photons of N =  107, so that after projection 
Nout =  N0 =  106 photons reach the detector, the probability of error is decreased to Perror =  9.3 ×  10−5, effectively 
enhancing the sensitivity of the experimental scheme (see Fig. 4(b)). The probability of error can be further 
decreased, also for other projections, at the expense of further increasing the input signal N.

In general, the overlap between the states, independent of any projection, is

γ ω τ|〈Φ |Φ | = − ( − ) , ( )Nexp[ 1 cos ] 220 1
2

0

where N is the number of input photons. If the detectors cannot handle more than N0 photons, without a WVA 
scheme the input signal is limited by N <  N0, so that the minimum overlap achievable is

Figure 4. Reduction of the probability of error using a weak value amplification scheme. (a) Minimum 
probability of error as a function of the photon number N that leaves the interferometer. The two points highlighted 
corresponds to N =  106, which yields Perror =  1.3 ×  10−1, and N =  107, which yields Perror =  9.3 ×  10−5. (b) Number of 
photons (Nout) after projection in the polarisation state θ= / + ( )ˆ ˆ ˆu x y i1 2 [ exp ], as a function of the angle θ. The 
input number of photons is N =  107. The dot corresponds to the point Nout =  106 and θ =  53.2°. Pulse width: T0 =  1 ps; 
temporal delay: τ =  1 as.
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γ ω τ|〈Φ |Φ | = − ( − ) , ( )Nexp[ 1 cos ] 230 1
2

0 0

that sets a lower bound to the minimum probability of error that can be achieved in this type of measurements. 
However, by making use of a WVA scheme, we can select a post-selection angle Γ  and increase the input photon 
flux so that N0 photons reach the detector. In this case we need to enhance the input number of photons to be

γ ω τ
=

+ ( − Γ)
.

( )
N N2

1 cos 24
0

0

The new quantum overlap, still taking into account that only N0 can be handled by the detectors, is

γ ω τ
γ ω τ

Φ Φ =




−

( − )
+ ( − Γ)





. ( )

N
exp

2 1 cos
1 cos 25

0 1
2 0 0

0

This shows that when the number of photons that the detection scheme can handle is limited, projection into a 
particular polarization state, at the expense of increasing the signal level, can be advantageous since the minimum 
probability of error achievable is decreased. From a quantum estimation point of view, WVA decreases the mini-
mum probability of error reachable, since the projection makes possible to use the maximum number of photons 
available (N0) with a corresponding decrease in mode overlap. Notice that the effect of using different polarization 
projections can be beautifully understood as reshaping of the balance between signal level and mode overlap.

Advantages of using weak value amplification (II): when the detector cannot differentiate 
between two signals. All experimental configurations show a limit on the amount of signal they can han-
dle and how much sensitivity they can offer. On each specific experimental implementation, one or the other can 
be the main limiting factor that determines the tiniest change of a variable that can be measured. In many cases of 
interest, where the amount of signal can be safely increased, technical characteristics of the measuring apparatus 
establish a lower bound on the level of resolution achievable in the experiment. As a typical example, the exper-
imental arrangement used in20 to demonstrate the WVA scheme considered throughout this paper, it could no 
detect shifts of the centroid of any spectral distribution below δλ ~ 0.01 nm. On practical terms, one can increase 
the signal to obtain a better resolution for δλ ≥  0.01 nm, while this was not feasible for δλ ≤  0.01 nm.

To be more specific, let us consider that specific experimental conditions makes hard, even impossible, to 
detect very similar modes, i.e., with mode overlap ρ ~ 1. We can represent this by assuming that there is an effec-
tive mode overlap (ρeff) which takes into account all relevant experimental limitations of a specific set-up, given by

ρ ρ ρ ρ
⇒ = − ( − )






−











.

( )a
1 1 exp

26

n

eff

Figure 5 shows an example where we assume that detected signals corresponding to ρ >  0.9 cannot be safely 
distinguished due to technical restrictions of the detection system. For ρ >  0.9, ρeff =  1, so the detection system 
cannot distinguish the states of interest even by increasing the level of the signal. On the contrary, for smaller val-
ues of ρ, accessible making use of a weak amplification scheme, this limitation does not exist since the detection 
system can resolve this modes when enough signal is present.

Figure 5. Effective mode overlap. For ρ >  0.9 the detection system cannot distinguish the states of interest. 
Data: a =  0.9 and n =  100.
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Advantages of using weak value amplification (III): enhancement of the Fisher informa-
tion. Up to now, we have used the concept of trace distance to look for the minimum probability of error 
achievable in any measurement when using a given quantum state. In doing that, we only considered how the 
quantum state changes for different values of the variable to be measured, without any consideration of how this 
quantum state is going to be detected. If we would like to include in the analysis additional characteristics of 
the detection scheme, one can use the concept of Fisher information, that requires to consider the probability 
distribution of possible experimental outcomes for a given value of the variable of interest. In this approach, one 
chooses different probability distributions to describe formally characteristics of specific detection scheme10.

Let us assume that to estimate the value of the delay τ, we measure the shift of the centroid (Δ f) of the spec-
trum Φ u(Ω ), given by Eq. (4). A particular detection scheme will obtain a set of results {(Δ f)i}, i =  1..M for a given 
delay τ. M is the number of photons detected. The Fisher information I(τ) provides a bound of τ( )ˆVar  for any 
unbiased estimator when the probability distribution p({(Δ f)i}|τ) of obtaining the set {(Δ f)i}, for a given τ, is 
known.

In general, to determine the value of a parameter of interest τ, we perform repeated measurements to estimate 
its value. From the measurements we obtain a distribution of outcomes {x} which can be characterized by a prob-
ability distribution p(x|τ) that depends on the value of τ. The variance of any unbiased estimator that makes use 
of the ensemble {x} is bounded from below by τ τ( ) ≥ / ( )ˆ IVar 1 , where the Fisher information I(τ) reads 

∫τ τ τ( ) = − ( )∂ ( )τI dxp x p x2 . When the Fisher function can be written as I[η(τ)], where η is the variable that we 
measure, the Fisher information can be written as ( )τ η( ) = ( ) η

τ
∂
∂

I I
2
. If we assume that the probability distribu-

tion p({(Δ f)i}|τ) is Gaussian, with mean value Δ f given by Eq. (5) and variance σ2, determined by the errors 
inherent to the detection process, the Fisher information reads

τ
σ τ

( ) =
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∂




 ( )

I N f
272

2

where
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and φ =  ω0τ −  Γ .
For φ =  0, i.e., the angle of post-selection is θ =  − π/2 +  ω0τ, the flux of photons detected is N =  (N0/2)(1 +  γ) 

and the Fisher information is
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Notice that θ =  − π/2 corresponds to considering equal input and output polarization state, i.e., no weak value 
amplification scheme. For φ =  π, where the angle of post-selection is θ =  π/2 +  ω0τ, the flux of photons detected 
is N =  (N0/2)(1 −  γ), and we have

γ
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where θ =  π/2 corresponds to considering an output polarisation state orthogonal to the input polarisation 
state i.e., when the effect of weak value amplification is most dramatic, as it can be easily observed in Fig. 2(a). 
The Fisher bound for Φ  =  π is a factor Iπ/I0 =  (1 +  γ)/(1 −  γ) larger than the bound for Φ  =  0, so WVA achieves 
enhancement of the Fisher information. This Fisher information enhancement effect, which does not happen 
always, has been observed for certain WVA schemes10,32. We should note that the enhancement of the Fisher 
information obtained comes from comparing two different and specific measurements, the results of projecting 
the signal that bears the sought-after information in different states in each case. Since we are not considering 
more general measurements to obtain the optimum measurement that maximize the Fisher information, it might 
be possible that other measurement schemes could further increase the Fisher information.

There is no contradiction between the facts that the minimum probability of error, obtained by making use 
of the concept of trace distance, is not enhanced by WVA, while at the same time there can be enhancement of 
the Fisher information with a particular measurement setup. By selecting a particular probability distribution to 
evaluate the Fisher information, we include information about the detection scheme. In our case, we estimate the 
value of τ by measuring the τ-dependent shift of the centroid of the spectrum of the signal in one output port 
after PBS2, which is only part of all the information available, given by the full signal in Eqs. (3) and (4). We also 
assumed a Gaussian probability distribution with a constant variance σ2 independent of τ. The minimum prob-
ability of error that was obtained making use of the trace distance depends on the full information available (the 
quantum state) before any particular detection. An unitary transformation, as the one where WVA is embedded, 
does not modify the bound. On the contrary, the Fisher information, by using a particular probability distribution 
to describe the possible outcomes in an particular experiment, selects certain aspects of the quantum state to be 
measured (partial information), and this bound can change in a WVA scheme, although the bound should be 
obviously always above the one determined by the minimum probability of error. In this restrictive scenario, the 
use of certain polarization projections can be preferable.



www.nature.com/scientificreports/

1 0Scientific RepoRts | 6:19702 | DOI: 10.1038/srep19702

The existence and nature of these different bounds might possibly explain certain confusion about the capa-
bilities of WVA, whether WVA is considered to provide any metrological advantage or not. On the one hand, if 
we consider the trace distance, or the quantum Cramér-Rao inequality, without any consideration about how 
the quantum states are detected, post-selection inherent in WVA does not lower the minimum probability of 
error achievable, so from this point of view WVA offers no metrological advantage. On the other hand, in cer-
tain scenarios, the Fisher information, when it takes into account information about the detection scheme, can 
be enhanced due to post-selection. In this sense, one can think of WVA as an advantageous way to optimize a 
particular detection scheme.

Conclusions
WVA is embedded into measurement schemes that makes use of linear optics unitary transformations. Therefore, 
if the only limitations in a measurement are due to the quantum nature (intrinsic statistics) of the light, for 
instance, the presence of shot noise in the case of coherent beams, WVA does not offer any advantage regarding 
any decrease of the minimum probability of error achievable. This is shown by making use of the trace dis-
tance between quantum states, which set sensitivity bounds that are independent of any particular post-selection. 
However, notice that this implicitly assume that full information about the quantum states used can be made 
available, and detectors are ideal, so they can detect any change of the variable of interest, as small as it might be, 
provided there is enough signal power. For instance, here we decided to measure the centroid shift of the spectral 
shape (specific information) in a given projection (we neglected all information concerning the other orthogonal 
projection. Therefore WVA cannot do better than using the full information contained in the quantum state.

Nevertheless, these assumptions are in many situations of interest far from true. These limitations, sometimes 
refereed as technical noise, even though not fundamental (one can always imagine using a better detector or a 
different detection scheme) are nonetheless important, since they limit the accuracy of specific detection systems 
at hand. In these scenarios, the importance of weak value amplification is that by decreasing the mode overlap 
associated with the states to be measured and possibly increasing the intensity of the signal, the weak value ampli-
fication scheme allows, in principle, to distinguish them with lower probability of error.

We have explored some of these scenarios from an quantum estimation theory point of view. For instance, 
we have seen that when the number of photons usable in the measurement is limited, the minimum probability 
of error achievable can be effectively decreased with weak value amplification. We have also analyzed how weak 
value amplification can differentiate between in practice-indistinguishable states by decreasing the mode overlap 
between its corresponding mode functions.

Finally we have discussed how the confusion about the usefulness of weak value amplification can possibly 
derive from considering different bounds related to how much sensitivity can, in principle, be achieved when 
estimating a certain variable of interest. One might possibly say that the advantages of WVA have nothing to do 
with fundamental limits and should not be viewed as addressing fundamental questions of quantum mechanics33. 
However, from a practical rather than fundamental point of view, the use of WVA can be advantageous in exper-
iments where sensitivity is limited by experimental (technical), rather than fundamental, uncertainties. In any 
case, if a certain measurement is optimum depends on its capability to effectively reach any bound that might 
exist.
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We present a proof-of-concept experiment aimed at increas-
ing the sensitivity of Fiber-Bragg-gratings temperature sen-
sors by making use of a weak-value-amplification scheme.
The technique requires only linear optics elements for its
implementation and appears as a promising method for
increasing the sensitivity than state-of the-art sensors can
currently provide. The device implemented here is able
to generate a shift of the centroid of the spectrum of a pulse
of ∼0.035 nm∕°C, a nearly fourfold increase in sensitivity
over the same fiber-Bragg-grating system interrogated using
standard methods. © 2015 Optical Society of America

OCIS codes: (140.3490) Lasers, distributed-feedback; (120.6780)

Temperature; (060.2370) Fiber optics sensors; (120.3180)

Interferometry.

http://dx.doi.org/10.1364/OL.40.003962

Fiber Bragg Gratings (FBG) constitute nowadays a key ingre-
dient of many devices used in communication and sensing ap-
plications [1]. They can easily be integrated in all-fiber systems,
their dielectric nature make them nonconducting and immune
to electromagnetic interference, and current technology allows
to tailor the properties of FBGs to adapt to the specific require-
ments of each application.

When considering a FBG as a sensor, it can be understood as
a bandpass filter whose central frequency depends on the value
of a variable (temperature or strain). Thus the achievement of
increasingly higher sensitivity in FBG-based systems implies
the development of new techniques to enhance the shift of
the central frequency of the filter for a given change of temper-
ature or strain.

Here, we consider the use of a technique generally referred
as weak-value amplification (WVA), a concept first introduced
by Aharonov et al. [2]. It is a signal-enhancement (amplifica-
tion) technique that is used in metrology applications to

measure tiny changes of a variable that cannot be detected
otherwise because of technical limitations, i.e., the insufficient
sensitivity of the detection system. It makes use of the weak
coupling that is introduced between two degrees of freedom
of a system. Here, the weak coupling takes place between
the shift of the centroid of the spectrum of a pulse and its
polarization.

The concept of weak-value amplification can be readily
understood in terms of constructive and destructive interfer-
ence between probability amplitudes in a quantum mechanics
context [3], or in terms of interference of classical waves [4,5].
Indeed, most of the experimental implementations of the con-
cept, since its first demonstration in 1991 [6], belong to the last
type. In this scenario, the usefulness of weak-value amplifica-
tion for measuring extremely small quantities has been demon-
strated under a great variety of experimental conditions [7–11].

The use of FBGs as temperature sensors has been considered
[12,13]. Recently the WVA concept was applied to the dem-
onstration of a laser-based thermostat, based on the measure-
ment of the temperature-induced deviation of a laser when
traversing a fluid with a high thermo-optic coefficient [14].
In this Letter, we show the usefulness of this technique when
applied to temperature sensing based on the use of FBGs. We
should notice that while we consider a temperature sensor,
other characteristics as well, such as strain can also be consid-
ered as targets. In this respect, the method is general and can be
applied to measuring all kinds of physical parameters, provided
they could generate a measurable change of the response of
FBGs when interrogated by appropriate light beams.

The system considered makes use of a broad-band light
source, two FBGs at slightly different temperatures, and an op-
tical spectrum analyzer (OSA), all of them interconnected by
optical circulators and optical fibers. The FBG reflects only a
small portion of the input spectrum centered at a certain value
determined by the combination of the temperature and strain
to which the device is subjected. For configurations where the
FBG is isolated from any source of strain, the position of the
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centroid of the spectrum of the reflected light varies linearly
with respect to the temperature with a sensitivity ranging from
0.008 nm/°C to 0.014 nm/°C determined by the material of
the fiber. As a result, spectrum analyzers with high resolution
are required to measure temperatures changes below 1 degree
centigrade. Here we demonstrate a system that can reach a sen-
sitivity of up to ∼0.035 nm∕°C whenWVA is used, to be com-
pared with a sensitivity of ∼0.009 nm∕°C that we measure
without the use of WVA. This enhancement allows to measure
smaller temperature difference given a specific sensitivity of
the OSA.

Figure 1(a) depicts the experimental scheme implemented.
A laser generates pulses with central frequency ν0 (central wave-
length: 1549 nm) that are linearly polarized at �45° by using
a linear polarizer (POL1). This constitutes the pre-selection
stage. The laser is a femtosecond fiber laser (Calmar Laser–
Mendocino) that generates 320 fs pulses (bandwidth: 11 nm)
with a Gaussian-like spectrum, average power 3 mW and
repetition rate 20 MHz.

The two orthogonal polarizations (H and V ) are divided by
a polarizing beam splitter (PBS1) and follow different paths.
The signal in each path is connected to FBGs (FBG1 and
FBG2) by means of circulators (CIRC1 and CIRC2). The signal
traversing each arm of the interferometer is focused into a
single-mode (SM) fiber that is connected to the first port
the circulator. The second port is connected to the FBG that
filters out the input signal with an efficiency of 14%, and leaves

the FBG with a Gaussian-like spectrum, 2.5 nm wide full width
at half-maximum (FWHM), centered at ≈1551 nm.

Each FBG is embedded into an oven that is set to a different
temperature, T 1 and T 2. The FBG acts as a filter whose central
frequency is determined by the temperatures of the correspond-
ing oven. If the bandwidth of the input pulse is larger than the
bandwidth of the FBG, the effect of a temperature difference is
to generate two similar pulses with orthogonal polarizations and
different central frequencies. The third port of each circulator is
connected to a collimator lens that launches the output beams
toward a second PBS (PBS2), that combines the two pulses into
a single beam.

Before reaching (PBS2), and due to polarization changes in-
troduced by the circulators and FBGs, the state of polarization
of each pulse is rectified after leaving the circulators using
polarization controllers. In this way, we assure that before
recombining again the two pulses in PBS2, the pulse that trav-
ersed FBG1 is horizontally polarized, and its central frequency
is ν1, whereas the pulse that traversed FBG2 is vertically polar-
ized and its spectrum is centered at ν2. In all cases, we are
interested in detecting small temperature changes, so that
the frequency shift ν1 − ν2 is smaller than the FBG bandwidth
(B). To compensate the phase introduced due to birefringence
in the circulators and single-mode (SM) fibers, a liquid crystal
variable retarder (LCVR) (Thorlabs–LCC1113-C) is added
after PBS2.

After PBS2, the electric field in the frequency domain reads

E�ν� � E0ffiffiffi
2

p
�
x̂ exp

�
−
�ν − ν0 − ν1�2

2B2

�

� ŷ exp
�
−
�ν − ν0 − ν2�2

2B2 � i�2πντ� δ�
��

(1)

where x̂ and ŷ designate horizontal and vertical polarization,
respectively, τ takes into account the optical path difference
present in the experimental setup, and B2 � ln 2∕π2T 2, with
T being the temporal duration (full width half-maximum) of
the pulses reflected from the FBGs. δ � ϕ − Γ, where ϕ de-
notes a phase due to the birefringence induced from bends
and twists in circulators and single-mode fibers and Γ is a phase
introduced with a liquid crystal variable retarder (LCVR) to
compensate the unwanted phase ϕ. Inspection of Eq. (1) shows
clearly the coupling between the shift of the centroid of the
spectrum of each pulse, ν1 and ν2, and its polarization, a
key element of the WVA scheme.

The weak value amplification effect is introduced by projec-
ting the recombined signal into a polarization state eout �
cos βx̂ � sin βŷ with the help of a second polarizer (POL2)
that is rotated using a motorized rotation stage. This is the
post-selection stage. After the post-selection, the output beam
is collimated with a SM fiber connected to an optical spectrum
analyzer (OSA).

The power spectrum (S) measured with the OSA, after post-
selection, reads

S�ν�� S0
2
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cos2β exp
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−
�ν−ν0 −ν1�2

B2

�

� sin2β exp

�
−
�ν−ν0 −ν2�2
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�
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−
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Fig. 1. (a) Experimental scheme: FBG1 and FBG2, fiber Bragg gra-
tings; POL1 and POL2, polarizers; PBS1 and PBS2, polarizing beam
splitters; LCVR, liquid-crystal variable retarder; OSA, optical spec-
trum analyzer; CIRC1 and CIRC2, optical circulators. (b) Theoretical
shift of the centroid of the output spectrum as a function of the tem-
perature difference T 1 − T 2 for three different post-selection
polarizations, and thus amplification factors. β � 0° and A � 1 (blue
continuous line), β � −42.8° and A � 25 (red dashed line), and β �
−44.02° andA � 50 (black dotted line). (c) Theoretical amplification
factor as a function of the post-selection angle β for different values of
γνγτ cos δ: 0.9999 (continuous line), 0.999 (dashed-line), and 0.99
(dotted-line).
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where ν� � �ν1 � ν2�∕2, ν− � �ν1 − ν2�∕2, and γν �
exp�−ν2−∕B2�. After post-selection, the beams reflected from
each FBG interfere [15]. As a result, there is a reshaping of
the output spectrum.

Both FBG can show slightly different spectral responses due
to errors in the fabrication process. We keep one of the FBGs at
a constant temperature T 2, and measure its reflectivity spec-
trum to be centered at ν02. The other FBG is used to measure
a variable temperature T 1, and the centroid of the spectrum
of the reflected signal is assumed to change linearly with
temperature as

ν1�T 1� � ν01 � κ�T 1 − T 2�: (3)

The centroid of the spectrum at the output port of the inter-
ferometer is hνi � R

νS�ν�dν∕ R S�ν�dν, where S is measured
with the OSA. In the weak coupling regime, the temporal delay
τ in the interferometer is much smaller than the pulse duration
T , and the frequency shifts ν1�T 1� and ν02 are small compared
to the bandwidth B. In this scenario, the centroid of the
spectrum writes

hνi � ν0 � ν� �Aν− − B; (4)

where

A � cos 2β

1� γνγτ sin 2β cos δ
; (5)

is the amplification factor, γτ � exp�−πτ2B2�, and the last term
in Eq. (4) is given by

B � πγνγττB2 sin 2β sin δ

1� γνγτ sin 2β cos δ
: (6)

We take as reference for the measurements ν02, which is mea-
sured for an angle β � −90°. One can easily find from Eqs. (3)
and (4) that the shift of the centroid hΔνi � hνi − ν0 − ν02 is

hΔνi � κ

2
�A� 1��T 1 − T 2� � �A� 1�

�
ν01 − ν

0
2

2

�
: (7)

The shift of the centroid of the spectrum is proportional to the
difference in temperature between the FBGs. If we project into
a polarization state that selects only the signal coming from the
FBG with a variable temperature (β � 0°), then A � 1, and
the constant of proportionality turns out to be κ, which is de-
termined by the response of the FBG to changing temperatures.
However, when we project into different polarization states, κ is
multiplied by the amplification factor A that can be much
larger than one. Figure 1(b) shows the shift of the centroid
of the spectrum, expressed in terms of wavelength shift, for
three values of the amplification factor that corresponds to
three different output polarization projections. Notice the large
enhancement of wavelength shift that can be achieved for a
given temperature difference T 1 − T 2 when different output
polarization states are selected.

The amplification factor can be very large. As it can be seen
in Eq. (5), the closer is the value of the factor γνγτ cos δ to 1,
the larger is the value of the amplification factor. Inspection of
Fig. 1(c) shows that an amplification factor of up to nearly 80
can be achieved for γνγτ cos δ � 0.9999. Larger values of the
amplification factor can indeed be obtained. However, in
practice, its maximum value is limited by different experimen-
tal factors. On the one hand, it strongly depends on how
well the phase introduced by the single-mode fibers ϕ is

compensated by the variable retarder (LCVR), as shown in
Fig. 1(c). From Eq. (5), we obtain that the maximum ampli-
fication factor that can be achieved for an uncompensated
phase is Amax � �1 − cos2 δ�−1∕2, which is obtained for the
post-selection angle −π∕4°� βmax � 1

2 arcsin�cos δ�. The larg-
est enhancement is obtained when ϕ � Γ. On the other hand,
in any weak value amplification scenario, there is attenuation of
the amplitude of the output signal. For low amplification fac-
tors, this attenuation can be similarly small. However, a large
amplification factor is accompanied by a large attenuation,
since the input and post-selected polarization are nearly
orthogonal. The amplification factor achievable is thus limited
by the signal-to-noise ratio available at the detection stage.

Figure 2 depicts the spectra of the signals reflected from
FBG1 (β � −90°) and FBG2 (β � 0°). Figure 2(a) corresponds
to the signal reflected from FBG2 at a fixed temperature, while
Fig. 2(b) corresponds to the reflection from FBG1 at different
temperatures. The spectrum of the signal reflected from each
FBG is composed of a principal lobe ∼2.5 nm wide (FWHM),
and a side lobe with smaller amplitude that appear as a result of
the high contrast in index of refraction in the gratings. Since
our scheme relies on the measurement of the centroid of a
Gaussian-like spectra given a post-selection, the presence of
non-negligible side lobes can alter the measurements. To avoid
this effect, each measured spectrum is filtered numerically using
a super-Gaussian filter indicated by the dashed line in Fig. 2.

To measure the spectrum, the OSA measured 1000 points
in a range of 14 nm around 1551 nm, measuring thus the spec-
trum with a 14-pm resolution. The estimation of the centroid
of the signal was done in a time of 2 s, which included acquis-
ition of data, saving, and processing. This is in no way a fun-
damental limit for the measurement time. Faster detection, by
reducing the bandwidth, and faster electronic processing can
substantially reduce the overall time needed for a measurement.

Figure 3(a) presents the measured shift of the centroid of the
output spectrum for T 1 − T 2 � 11°C and different post-selec-
tion angles (dots). For small angle deviations around β � −45°,
shifts of the centroid of the spectrum up to �0.6 nm are
observed. This corresponds to a three-fold enhancement with
respect to the initial shift of 0.19 nm given by the FBGs with
no weak amplification scheme. The solid line indicates the best
theoretical fit obtained using Eq. (7). Figure 3(b) shows some
selected spectra measured after performing the super-Gaussian
filtering. In general, there is a trade-off between the centroid
shift observable for a specific temperature difference and the
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Fig. 2. (a) Spectrum of the signal reflected from FBG2 at a fixed
temperature (β � −90°), and (b) from FBG1 at different temperatures
(β � 0°). Dashed lines: transmission function of the super-Gaussian
filter used to get rid of the unwanted side lobes present in the signal.
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amount of losses that can be tolerated to keep a good SNR. In
our scheme, the side lobes become relevant with respect to the
main lobe of the output spectrum for post-selection angles
within the interval −50° ≤ β ≤ −40°. For this reason, a maxi-
mum amplification factor of ≈4 is obtained for such angles.

Figure 4 shows the measured variation of the centroid
position of the output spectra as a function of the temperature
difference for a given post-selection. Circles indicate the case
when the output signal is projected into a polarization state
with β � −40°, so that the output spectrum centroid drifts
∼0.035 nm∕°C (solid line). For the sake of comparison,
asterisks show the case where no weak amplification is used
(β � 0°), generating a spectrum centroid variation of
∼0.009 nm∕°C (dashed line). The use of the WVA provides
a four-fold enhancement of the sensitivity.

The existence of a temperature-dependent group delay
between two orthogonal polarizations used to interrogate the
FBGs is the key enabling element in WVA. Here we chose to
generate the group delay by illuminating two FBGs embedded
in a Mach–Zehnder interferometer. Environmental perturba-
tions may affect the measurement, since any measurement

based on interferometers requires a precise control. Therefore,
in terms of applications, the present scheme is intended for
short-range applications like health applications and metrology.
However, for an out-of-the-lab implementation of the tech-
nique, we are exploring more simple schemes using tailored
FBGs that will allow an all-fiber solution to generate two
orthogonally polarized reflected signals with a measurable
temperature-dependent delay.

In conclusion, we have demonstrated that WVA can be used
to enhance the sensitivity of sensors based on fiber Bragg
gratings. The shift of the spectrum of the signal reflected
by a FBG due to temperature changes was measured to be
∼0.009 nm∕°C. With a weak amplification scheme, we
measured a change of 0.035 nm/°C, a fourfold increase.
The proposed scheme is compatible with wavelength-division
multiplexing (WDM) and time-division multiplexing (TDM)
being possible to obtain a quasi-distributed measurement.
Besides, WVA is compatible with the use of other schemes that
enhance the sensitivity of FBGs sensors, such as the use of ex-
trinsic FBG structures. In this way, WVA can multiply the res-
olution gained with the help of the extrinsic FBG structures.
Therefore, in scenarios where the measurable shift of the spec-
trum is limited by the detection stage, but the decrease of signal
energy that accompanies still keeps the signal-to-noise ratio at
an usable level, weak value amplification is a promising scheme
to enhance the capabilities of FBG-based sensor systems.
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Abstract: We report the implementation of a highly sensitive tunable
beam displacer based on the concept of weak value amplification, that
allows to displace the centroid of a Gaussian beam a distance much smaller
than its beam width without the need to deflect the direction of propagation
of the input beam with movable optical elements. The beam’s centroid
position can be displaced by controlling the linear polarization of the output
beam, and the dependence between the centroid’s position and the angle of
polarization is linear.

© 2015 Optical Society of America
OCIS codes: (230.0230) Optical devices; (260.3160) Interference; (260.5430) Polarization.
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1. Introduction

A polarization beam displacer (BD) is a device that splits an input polarized beam into two
spatially separated beams that propagate parallel with orthogonal polarizations. Commercially
available BDs are made of birefringent materials like Calcite crystal, Barium Borate (α −BBO)
crystal, Rutile crystal or Yttrium Vanadate (YVO4) among others. In these devices, due to the
intrinsic birefringence of the material, the propagation direction of the ordinary polarized beam
is unchanged whereas the extraordinary component deviates inside the crystal [1]. The beam
separation is fixed and its maximum value depends on the crystal material and length.

A BD can also be used to displace spatially the position of a single optical beam, for example
by using an input beam with vertical polarization at the input. However, in many applications
is desired to move the position of a single beam over a given interval [2]. To the best of our
knowledge, a scan of the position of a single beam can be implemented either by using an
arrange of moving mirrors [3, 4], a plane-parallel plate or a tunable beam displacer (TBD) [5].

In the first case, a set of mirrors are arranged in a configuration that allows to change the
position of the output beam when one or various mirrors are rotated. In the second case, a
transparent plane-parallel plate of certain thickness such as a tweaker plate [6], a thin film
polarizer [7] or a plate beam splitter [8] is rotated with respect to an axis parallel to the surfaces
to offset the position of the input beam after consecutive refractions in the air-plate and plate-air
interfaces. The beam displacement is proportional to the plate thickness and the rotation angle.
Finally, in a TBD, two mirrors fixed to a platform are rotated with respect to a polarizing beam
splitter (PBS). When the angle is different from zero, the input beam splits into two parallel
propagating beams with orthogonal polarizations separated by a distance proportional to the
rotation angle. If the input beam polarization is horizontal or vertical, a single beam is obtained
at the output.

For all the cases mentioned above the beam shift results from the mechanical rotation of an
optical element. This condition imposes a technical limitation on the sensitivity of the beam dis-
placer since it directly relates to which sensitivity we can achieve when performing the rotation.
In a plane-parallel plate displacer one can obtain a typical beam shift of ≈ 12.5 μm/deg, where
the proportionality factor depends on the thickness of the plate and its index of refraction. For
a TBD, the proportionality factor is ≈ 5mm/deg which depends mainly on the distance from
the mirrors to the PBS.

In this paper we demonstrate an optical device that can outperform the limitations imposed
by the use of movable optical elements. In our scheme, we do not make use of the tunable
reflections or/and refractions induced by the rotation of a specific optical element. Instead, we
make use of the concept of weak value amplification [9, 10], that allows to convert two beams
with orthogonal polarizations that slightly overlap in space into a single beam whose center can
be tuned by only modifying the linear polarization of the output beam.

2. Scheme for a highly sensitive tunable beam displacer

Figure 1(a) shows the general scheme of the beam displacer. It is based on the device described
by Feldman et al. [11] with the difference that our device does not use quarter waveplates that
limit the spatial quality of the beam and the wavelength range of operation. A laser generates
an input Gaussian beam with amplitude Ein(x,y) = E0 exp

[
−(x2 + y2)/(2w2)

]
, where E0 is the

peak amplitude, and w is the 1/e beam width. The polarization of the input beam is selected to
be ein = (x+y)/

√
2, with the help of a polarizer.

A TBD set at an angle θ , splits the input beam into two output beams with orthogonal po-
larizations, where the horizontal component is shifted a small distance +Δx with respect to the
input beam centroid, while the vertical component is shifted a distance −Δx. Figure 1(b) shows
the beam centroid displacement for each polarization as a function of the TBD rotation angle
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Fig. 1. (a) General scheme of the tunable beam displacer. A polarization-dependent beam
displacement is introduced by a TBD set at an angle θ . Input and output polarizers (POL)
control the corresponding polarizations. (b) Beam displacement before traversing the sec-
ond polarizer for the horizontal (solid line) and vertical (dashed line) components of the
optical beam a function of the rotation angle θ . The shaded region indicates the region
where the beams with orthogonal polarizations still overlap.

(θ ). The TBD is set to operate in the shaded region shown in Fig. 1(b), where the two out-
put beams with orthogonal polarizations still overlap. i.e., the distance between the two beam
centroids (2Δx) is small compared to the beam diameter (w).

After recombination of the two orthogonal beams, slightly displaced one with respect to the
other a distance 2Δx, and projection into the polarization state eout = cosβ x+ sinβ y by using
a second polarizer, the amplitude of the output beam writes

Eout(x) = E0
{

cosβ exp
(
−(x−Δx)2/2w2 + iφ

)
+ sinβ exp

(
−(x+Δx)2/2w2)} , (1)

where φ takes into account any optical path difference between the orthogonal polarizations that
could have been introduced, i.e., due to misalignment between the optical beams that leaves the
PBS through different output ports. Since the spatial shape of the beam in the x and y directions
are independent, and the displacement is only considered along the x direction, for the sake of
simplicity we will be looking only at the beam shape along the x direction. The intensity of the
output beam, Iout(x) = |Eout(x)|2 writes

Iout(x) =
I0
2

{
cos2 β exp

(
−(x−Δx)2/w2)+ sin2 β exp

(
−(x+Δx)2/w2)

+sin2β exp
(
−Δx2/w2)exp

(
−x2/w2)cosφ

}
. (2)

Figure 2 shows the output intensity, after traversing the second polarizer, for three different
angles: β = 30◦, β = 45◦ and β = 60◦. An angle β = 45◦ corresponds to choosing the po-
larization of the output beam equal to the polarization of the input beam. Inspection of Fig. 2
shows that Iout(x) corresponds to a single peaked Gaussian-like distribution whose center is
slightly shifted with respect to the input beam centroid by an amount smaller than Δx, far less
than the beam width. We also observe that this small shift is polarization-dependent, i.e., it
depends on the value of the angle β . This effect can be easily visualized by calculating the
beam’s centroid 〈x〉 =

∫
xIout(x)dx/

∫
Iout(x)dx. We also show the insertion loss (expressed in

decibels) L = −10log10[Pout/Pin] where Pin and Pout designate the input and output power of
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Fig. 2. Beam profile after traversing the second polarizer for three different output polar-
izations (β = 30◦, β = 45◦ and β = 60◦). The insets shows more clearly the small beam
displacements for different post-selections of the output state of polarization.

the beams, respectively. The polarization-dependent shift is always associated with a similarly
polarization-dependent insertion loss.

Making use of Eq. (2), the centroid of the output beam can be written as

〈x〉 =
cos2β

1+ γ sin2β cosφ
Δx , (3)

where γ = exp
(
−Δx2/w2

)
is close to unity since Δx � w. Similarly, the insertion loss is given

by

L = −10log10

[
1
2

(1+ γ sin2β cosφ)

]
. (4)

Figures 3(a) and 3(b) show the beam centroid position and the insertion loss as a function of
the output polarizer angle (postselection angle β ). The displacements ±Δx for each polarization
are indicated by horizontal dashed lines.

Equation (3) shows that the beam centroid 〈x〉 is related to the polarization-dependent dis-
placement Δx by a relationship of the form 〈x〉 = A ·Δx, where A = cos2β [1+ γ sin2β cosφ ]−1

is the amplification factor. In a quantum context, this amplification A is equal to the real part
of the weak value of the observable Â = |H〉〈H|− |V 〉〈V | defined by 〈ψi|Â|ψ f 〉/〈ψi|ψ f 〉 where
|ψi〉 = (|H〉+ |V 〉)/

√
2 and |ψ f 〉 = cosβ |H〉+ sinβ |V 〉 are the polarization states before and

after the weak measurement.
Most applications of the weak value amplification concept (see, for instance, [12] and [13]

for two recent reviews) are interested in the regime A 	 1, obtained by setting β = −45◦ + ε ,
with ε small (input and output polarizations quasi orthogonal) which leads to an amplification
factor equal to ∼ 1/ε . However this is not the only regime where weak value amplification can
be of interest [14]. For example in this paper, we are interested in the regime A � 1, where
beam displacements much smaller than the beam width of the input beam are observed. In this
regime, β = 45◦ + ε (input and output polarizations quasi parallel), and the centroid position
of the output beam varies linearly with respect to the postselection angle over the range −Δx ≤
〈x〉 ≤ +Δx [see Fig. 3(a)]. The insertion loss is small in the same interval [see Fig. 3(b)], making
the weak value amplification scheme described in Fig. 1(a) suitable for implementing a low-
loss highly sensitive tunable beam displacer where the spatial shift is controlled by projection
into a given polarization state with no need of using deflecting optical elements.
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Fig. 3. (a) Centroid position as a function of the polarization selected of the output beam,
given by the post-selection angle β . (b) Insertion loss as a function of the post-selection
angle β . Data: Δx = 120 μm, γ = 0.9 and φ = 0◦.

3. Experimental demonstration

In order to demonstrate the feasibility of the tunable beam displacer discussed above, we im-
plement the set-up shown in Fig. 1(a). The input beam is a He-Ne laser (Thorlabs HRP005S)
and the input beam is Gaussian with a beam waist of ∼ 600 μm (1/e2). Two Glan-Thomson po-
larizers (Melles Griot 03PT0101/C) are used to select the initial and final states of polarization
before and after the TBD. The initial state of polarization is selected by rotating the first polar-
izer at +45◦, and the output polarization is selected by rotating the second polarizer an angle β
with respect to the horizontal direction using a custom made rotating stage with resolution of
2arcmin/step.

The TBD is composed of two aluminum mirrors, positioned equidistantly from a 1.0cm
polarizing beam splitter (PBS), and fixed to a L-shaped platform that is free to rotate an angle θ
with respect to the PBS center. For a given angle, the separation between the two output beams
depends on θ , the distance from the mirrors to the PBS, and the sizes of the input beam and the
PBS. In the setup, the distance from each mirror to the PBS is set to 7cm and the platform is
rotated with a motorized rotation stage.

The output beam cross section is detected by a CCD camera (Santa Barbara Instruments ST-
1603ME) with 1530×1020 pixels (9 μm pixel size). With the data measured, the corresponding
centroid position is calculated using a simple MATLAB program. To avoid CCD saturation,
neutral density absorptive filters (Thorlabs - Serie NE-A) are used.

Before running the experiment an initial alignment is carried out without using the output
polarizer. This preparation consists of two steps. Firstly, the input beam enters the TBD, θ is
set to zero and the angle for each mirror is set such that each beam reflected on the mirrors
propagates towards the PBS center and only one beam is seen in the camera. The centroid of
this image sets the reference point from which the new beam’s centroid position, 〈x〉, will be
measured. Secondly, the L-shaped plaque is rotated by an angle θ to define the small initial
displacement, Δx, between the components with orthogonal polarization. For our experiment,
Δx = 120 μm, which yields γ = exp(−Δx2/w2) equal to 0.96. Once the reference centroid is
defined, the output polarizer is introduced. A set of images are recorded for different values of
β , and their corresponding centroids are calculated.

The experimental results are presented as dots in Fig. 4. Figure 4(a) depicts the measured
beam displacement 〈x〉 as a function of the output polarizer angle (β ). The error bars take into
account the uncertainty introduced by the CCD camera pixel size of 9 μm. The solid line corre-
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Fig. 4. (a) Measurement (dots) of the beam’s centroid position as a function of the postse-
lection angle β . The solid line corresponds to a linear fit given by 〈x〉 = −2.45β +113 μm
with correlation coefficient R = 0.998. (b) Measured insertion loss (dots) and theory (solid
line) obtained from Eq. (4) with Φ = 54◦ as fitting parameter.

sponds to a linear fit given by 〈x〉 = −2.45β +113 μm. The correlation coefficient of the linear
fit (R = 0.998) indicates that our device exhibits a linear response over the interval 0◦ ≤ β ≤ 90◦.
The minimum beam shift is limited by the angular resolution achievable when selecting the out-
put polarization. As an example, if a rotation stage with resolution of 10arcmin is used to select
the output polarization, a beam displacement of 400nm can be obtained since the sensitivity of
our device is 40nm/arcmin (2.45 μm/deg). If we compare this result with other commercial
alternatives, such as the Edmund Optics plate beamsplitter #49-684, that provides a sensitivity
of ≈ 360nm/arcmin, or the Thorlabs tweaker plate XYT-A, with sensitivity ≈ 200nm/arcmin,
we observe that our device compares favorably since beam displacements with steps eight and
five times smaller, respectively, can be obtained when using the same rotating stage to rotate the
parallel-plane plate. In Fig. 4(b) we show the measured (dots) and theoretical (solid line) inser-
tion loss, given by Eq. (4) for γ = 0.96 and the fitting parameter φ = 54◦, which corresponds to a
difference in optical path of ∼ 0.094 μm, mainly due to misalignment. The maximum insertion
loss in this region is ∼ 3dB.

4. Conclusions

We have demonstrated a low-loss tunable beam displacer based on the concept of weak value
amplification that allows to displace the centroid of a beam with very high sensitivity. Interest-
ingly, the relationship between the beam’s centroid shift and the output polarization is linear,
and the sensitivity of the beam displacement is limited by the sensitivity available for select-
ing the output polarization. The presented experimental setup allows to shift the centroid of
a Gaussian beam with a beam waist of ∼ 600 μm, over an interval that goes from −120 μm
to +120 μm in steps of 80nm. Interestingly, we achieve the sough-after beam displacement
without the need to deflect the optical beam with movable optical elements.
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We report the implementation of a tunable beam displacer, composed of a polarizing beam splitter
(PBS) and two mirrors, that divides an initially polarized beam into two parallel beams whose separa-
tion can be continuously tuned. The two output beams are linearly polarized with either vertical or hori-
zontal polarization and no optical path difference is introduced between them. The wavelength depen-
dence of the device as well as the maximum separation between the beams achievable is limited mainly
by the PBS characteristics. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4914834]

A polarization beam displacer (BD) is a device that
splits an input polarized beam into two spatially separated
beams that propagate parallel with orthogonal polarizations.1

Commercially available BD are made of birefringent materials
like calcite crystal, barium borate (α − BBO) crystal, rutile
crystal, or yttrium vanadate (YVO4) among others.2 In these
devices, due to the intrinsic birefringence of the material,
the propagation direction of the ordinary polarized beam is
unchanged, whereas the extraordinary component deviates
inside the crystal.3 The resulting beam separation is specific
for each material and its maximum value depends on the
crystal length, which is typically on the order of centimeters,
limiting the maximum separation achievable to a few milli-
meters. Apart from a spatial separation, typical BD also intro-
duces a temporal delay between the beams with orthogonal
polarization, which may be detrimental in some applications.

Beam displacers are ubiquitous in many optical applica-
tions. In some applications, a small lateral displacement is
required as a reference to perform high resolution measure-
ments.4 In others, achromaticity of the displacement should be
preserved,5 whereas in other scenarios, a previous displace-
ment should be reversed.6,7 Nowadays, new techniques are
being explored to generate beam displacements as required in
any specific scenario.8,9

Adding tunability to the spatial separation introduced by
a BD is desired in applications where one needs to maintain
the direction of propagation and control the spatial overlap
between two beams.10,11 To the best of our knowledge, tunable
beam displacers (TBD) are implemented by either using
a tweaker plate (for instance, Thorlabs - XYT-A) or thin
film polarizers (for instance II-VI UK LTD - ZnSe TFP). A
proposal to add tunability to a BD was presented by Feldman
et al.,12 where an adjustable Wollaston prism is implemented.
In this work, we present an implementation of a TBD that
allows to generate a considerably large and controllable beam
separation. Our TBD is based on the device described by
Feldman et al.12 with the difference that our device does not
use quarter waveplates that limit the spatial quality of the
beam and the wavelength range of operation.

The geometry of our implementation of a TBD is shown
in Fig. 1(a). Two mirrors are positioned equidistant at a
distance L from a polarizing beam splitter (PBS) and fixed
to an L-shaped plaque that is free to rotate an angle θ with
respect to the PBS center. When θ = 0◦, as shown in Fig. 1(b),
the two output beams with orthogonal polarizations propagate
collinearly superimposed on each other. On the other hand,
when the platform is rotated, the beams with orthogonal
polarizations no longer overlap in space and emerge at the
output separated by a distance that depends on the angle θ, L,
the size of the PBS, and the beam diameter. In Fig. 1(c), dH

and dV correspond to the beam separations for the horizontal
and vertical output components, measured with respect to the
central position of the beams, when the platform is not rotated.
When θ > 0◦, anti-clockwise rotation as shown in Fig. 1(c), the
beam with horizontal polarization is separated by a distance
dH > 0 with respect to the reference position, whereas for
the beam with vertical position dV < 0. In contrast, when the
platform is rotated in the opposite direction, θ < 0◦, clockwise
rotation as shown in Fig. 1(d), the polarization of the output
beams are reversed and thus the sign of dH and dV . Figs. 1(e)
and 1(f) illustrate the limiting cases where the angle θ is such
that the beam with vertical polarization is no longer reflected
by the PBS and thus, it is not collinear to its output pair with
horizontal polarization.

It would be desirable to obtain an analytical expression
that would relate the beam displacement with θ, L, the size
of the PBS, and the input beam diameter. Even though
the geometry of the TBD is simple, such an analytical
expression for the displacement is not straightforward because
the relationship between the angle θ and the orientation of the
mirrors is not easily manageable. Fortunately, since the device
can be modeled only by consecutive reflections on the mirrors
and the PBS (refractions on the PBS can be neglected due to
the fact that all the beams impinging and emerging from the
PBS are perpendicular to its surface), a numerical model is at
hand. We developed a ray tracing model in which reflections
are calculated according to the law of reflection considering
the position where a beam hits the mirror. In addition, the
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FIG. 1. Panel (a) depicts the geometry of our implementation of a TBD: two mirrors (M) are positioned at a distance L from a PBS and fixed to an L-shaped
platform that is free to rotate an angle θ with respect to the PBS center. In panel (b), the orthogonally polarized output beams spatially overlap (θ = 0◦). In panel
(c), θ > 0◦, dH > 0, and dV < 0, whereas in panel (d), which corresponds to θ < 0◦, dH < 0, and dV > 0. Panels (e) and (f) present two limiting cases: θ >> 0◦

and θ << 0◦, respectively, where the beam with vertical polarization is no longer reflected on the PBS and thus, dV is no longer defined.

PBS is modeled as a two sided mirror in which the vertical
polarization reflects two times and the horizontal component
is only transmitted. The solid and dashed lines in Fig. 2 show
the beam displacements for the output beams with horizontal

FIG. 2. Comparison between theoretical and experimental results. The ex-
pected displacements from the ray tracing model for dH (solid) and dV

(dashed) are shown as a function of the rotation angle θ. Experimental results
are presented as circles for dH and as triangles for dV . Panels (a) and (b)
correspond to configurations with L = 6.5 cm and L = 10 cm, respectively.
The PBS is 1 cm wide. Horizontal dashed line: maximum separation, as deter-
mined by the PBS size. Error bars indicate an input beam diameter of 3 mm.

dH (solid) and vertical dV (dashed) polarizations obtained
with our ray tracing model, as a function of θ. The two figures
correspond to different values of L.

In all cases, it is observed a central region where the
separation between the beams varies linearly with the angle
θ. Beyond this region, our model is not valid: dV presents
a discontinuity that corresponds to values of θ in which the
vertical component is no longer reflected on the PBS and thus,
the output beams with vertical and horizontal polarizations
do not propagate collinearly [see Figs. 1(e) and 1(f)]. The
maximum separation, shown as horizontal dashed lines in
Figs. 2(a) and 2(b), is limited by the PBS size. As L increases,
the sensitivity of the tunability of the device improves, which
is revealed by noticing that for both polarizations, the slope
of the beam displacement in Fig. 2(b) is steeper than the
corresponding slope in Fig. 2(a).

Our ray tracing model also reveals a useful feature of the
TBD: the temporal delay between the orthogonally polarized
beams, arising from the optical path difference, is zero. At
first sight, since the beams impinge on different regions of
the mirrors and PBS, one expects that they travel a different
optical path; however, our ray tracing model reveals that this
is not the case. Interestingly, this feature is valid for any value
of θ and adds a unique feature to our TBD with respect to
other beam displacers.

To corroborate our theoretical model, we implemented
an experimental setup corresponding to Fig. 1(a). As input
beam we used a He-Ne laser with a Gaussian beam profile
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(beam diameter: 0.3 cm) polarized at 45◦ by using a polarizer.
This beam impinges on a 1.0 cm PBS, antireflection coated
for 633 nm, and the two orthogonal polarization components
separated by the PBS are then reflected by aluminium mirrors
(diameter 2.54 cm) placed on the L-shaped platform that is
allowed to rotate at specific values of θ by using a manual
rotational stage. At the output, the beam position is recorded
by a camera and the centroid of the different images define
dH and dV , accordingly.

For initial alignment, θ is set to zero and the angle for
each mirror is set such that each beam reflected on the mirrors
propagates towards the PBS center and only one beam is seen
in the camera. The centroid of this image sets the reference to
measure dH and dV [Fig. 1(b)]. The experimental results for
dH and dV , in the interval −1.5◦ ≤ θ ≤ +1.5◦, are depicted in
Fig. 2(a) for L = 6.5 cm and in Fig. 2(b) for L = 10 cm. The
experimental results and the predictions from the ray tracing
model are in excellent agreement in the region where two
parallel beams with orthogonal polarizations are obtained at
the output.

In conclusion, we have presented a tunable beam disp-
lacer, composed of a PBS, two mirrors, and a rotating
platform, where the mirrors are fixed, that allows to transform
a polarized beam into two parallel beams spatially separated
by a tunable distance. The wavelength dependence of the
device and the range of tunability of the separation are
only limited by the characteristics of PBS and mirrors. In
particular, we obtained experimentally beam displacements
up to 1 cm limited only by the PBS size. An additional
interesting characteristic of the TBD we proposed here is
the absence of a temporal delay between the horizontal and

vertical output beams. This feature is relevant for applications
where temporal compensation is not available.
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Abstract: We study the interference between two parallel-propagating
Gaussian beams, originated from the same source, as their transverse
separation is tuned. The interference pattern as a functionof such separation
lead us to determine the spatial coherence length of the original beam, in
a similar way that a Michelson-Morley interferometer can beemployed to
measure the temporal coherence of a transform limited pulse. Moreover,
performing a Fourier transform of the two-beam transverse plane, we
observe an intensity modulation in the transverse momentumvariable. This
observation resembles the Alford and Gold Effect reported in time and
frequency variables so far.
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1. Introduction

Interference of coherent light occurs if there is a non-random phase difference between two
or more beams. For example, in a Michelson-Morley (MM) or in aMach-Zender (MZ) inter-
ferometer, the two-beam relative phase is introduced by means of a path difference between



the interferometer arms. The variation of this path difference allows to tune the temporal de-
lay between the beams, as shown in Fig. 1(a), resulting in an interference pattern when the
interferometer output intensity is observed as a function of the temporal delay. For these in-
terferometers, the maxima and minima on the intensity appear if the temporal delay is less or
approximately equal to the temporal coherence of the light source, which in turn can be used to
quantify its coherence time if we are dealing with a transform-limited pulse [1]. Furthermore,
it is interesting to notice that interference can be observed as well by performing a spectral
analysis of the output electric field [2]. In this second case, a periodic modulation on the out-
put intensity is obtained as a function of the frequency variable for a fixed temporal delay that
is greater than the coherence time of the source. The latter fact was named as the Alford and
Gold Effect (AGE) by L. Mandel [3], originally measured by W.P. Alford and A. Gold [4], and
expressed in terms of light interference by M. P. Givens [5].The AGE has been observed for
single photons [2] and for a pulsed laser [6] using a MM interferometer.

Apart from the temporal domain, interference can also be observed in the spatial variables.
For example, in the Young’s double-slit experiment, the separation between the two slits must
be less or approximately equal to the spatial coherence length of the light source in order to
observe a bright and dark fringe pattern [1]. Indeed, the fringe visibility of a double-slit inter-
ferometer gives a measure of the degree of spatial coherencefor a finite-size light source [8, 9].
Although the Young’s double-slit experiment is the usual choice to determine the spatial coher-
ence of light, one may think on an alternative approach analogous to the way in which temporal
coherence is quantified via a MM interferometer. In this paper, we achieve this goal by using a
tunable beam displacer (TBD) similar to the one reported in [7]. A TBD is a device that splits
a light beam into two parallel-propagating beams, each one shifted by a tunable transverse dis-
tanced with respect to the incoming beam, as shown in Fig. 1(b). The capability of tuning the
separation between the two beams allows us to observe a spatial interference pattern as a func-
tion of d, and therefore to have an analogous to the MM interference pattern as a function of the
temporal delay. Additionally, by measuring the TBD output intensity at the Fourier plane, we
observe a periodic intensity modulation similar to the temporal AGE with light pulses [5, 6].
The experimental results are in agreement with a direct correspondence between the temporal
and spatial interference patterns measured by means of a MM or a MZ interferometer and a
TBD device, respectively.

TBD
MM
MZ Ein

Etot

T

2d

y

z

(a) (b)

T 2d

Fig. 1. Working principle of (a) a Michelson-Morley (MM) or aMach-Zender (MZ) inter-
ferometer, and (b) a tunable beam displacer (TBD). In (a), anincoming pulse is divided
longitudinally into two pulses, one of them delayed a tunable intervalT with respect to the
other. In (b), the incoming beam is split into two beams that propagate in parallel, each
one shifted by a transverse distanced with respect to the incoming beam. The total tunable
separation between the beams is 2d.

2. Theory

To put on solid ground the analogy between the TBD and the MM interferometer, let us con-
sider the situation depicted in Fig. 1(b), in which a monochromatic, diagonally polarized, well-



collimated Gaussian beam enters to the TBD. The transverse momentum distributionEin(qx,qy)
for this incident beam is given by a Gaussian function centered atq0 = (q0x,q0y),

Ein(qx,qy) ∝ exp

{
−w2

0

4

[
(qx −q0x)

2 +(qy−q0y)
2]

}
, (1)

wherew0 is the beam waist. Then, the transverse componentEin(x,y) of the electric field in
position variables of such a beam, corresponds to the Fourier transform ofEin(qx,qy), and is
equal to

Ein(x,y) = E0exp

(
−x2 + y2

w2
0

)
exp(iq0yy)êD, (2)

with E0 the electric field amplitude,̂eD the polarization vector chosen to be diagonal, and(x,y)
the conjugate vector of the transverse momentum(qx,qy). In the last expression, we have taken
q0x = 0 since we are only interested in fields shifted along they-direction. Note that the factor
exp(iq0y) comes from considering a small beam deviation in they-direction with respect to the
z-axis, which is defined perpendicular to the TBD input plane [10].

At a fixed transverse plane after the TBD, the total electric field Etot(x,y;d) is proportional
to the superposition of two fields shifted by distances+d and−d, respectively. This is

Etot(x,y;d) ∝ Ein(x,y−d)+eiφEin(x,y+d), (3)

whereφ is a relative phase between the two fields that appears due to the working principle of
the TBD. The total intensitỹItot(x,y;d) is then given bỹItot(x,y;d) =‖ Etot(x,y;d) ‖2 .

When one is interested in the temporal coherence and uses a MMinterferometer to mea-
sure it, one must integrate the total intensity with respectto time since the detectors are not fast
enough to resolve the temporal changes on such intensity [11]. Spatially, we proceed in an anal-
ogous fashion by integrating the total intensityĨtot(x,y;d) over the detection areaA. Following
this, the integrated intensityItot(d) reads

Itot(d) ∝
∫

A
dxdỹItot(x,y) =

|E0|2
2

[
1+exp

(
−2d2

w2
0

)
cos(2q0yd+ φ)

]
. (4)

From Eq. (4), one recognizes the usual interference patternof partially coherent beams medi-
ated by the transverse displacementd. In analogy with the temporal interference in a MM inter-
ferometer, the Gaussian factor accompanying the cosine function is proportional to the degree
of spatial coherence of the source [12]. It is then possible to recognize∆yFWHM = w0

√
2ln2 as

the corresponding spatial coherence length. In particular, if d is smaller or approximately equal
to w0, the interference is revealed as an intensity modulation governed by the product of the
cosine function and an envelope given by the Gaussian term. In contrast, ifd is greater than
w0, one gets a constant total intensity equal toI0/2 since the exponential function vanishes. We
represent these behaviors in Figs. 2(a) and 2(b), respectively. A negative distanced in Fig. 2(a)
means that the lower beam after the TBD in Fig. 1(b) has moved to the upper position, and the
contrary for the other outcome of the TBD. The minimum in the same Fig. appears ford = 0
due to internal reflections inside the TBD, which leads toφ = π .

Apart from observing the spatial interference, the TBD alsoallows to measure the spatial
AGE. To observe this formally, one needs to calculate the intensityStot(qx,qy) = E 2

tot(qx,qy) at
the Fourier plane, whereEtot(qx,qy) is the Fourier transform of the total electric field magnitude,

Etot(qx,qy) ∝
∫

dxdy ‖ Etot(x,y;d) ‖ exp(−iqxx− iqyy). (5)



Fig. 2. Theoretical prediction for the interference in position, (a) and (b), and momentum
variables, (d) and (f), of two parallel propagating beams after a tunable beam displacer. For
(a) and (b),q0w0 = 10. In (c) and (e),Sin(qy) is represented as a solid line; as dashed lines,
the term[1+cos(2qyd + π)]/2 is plotted for two different periods,π/d = 1/(0.1w0) and
1/(3w0), respectively.

Since the effects of the TBD will only be observed in they-direction, we takeqx = 0, so that
Stot becomes

Stot(qy) =
Sin(qy)

2
[1+ cos(2qyd+ φ)] , (6)

with Sin(qy) = E 2
in(0,qy), andEin given by Eq. (1).

Observing Eq. (6), one notices again an intensity modulation of Sin(qy) mediated by the
cosine function, but in the conjugate variableqy. In particular, if the period of oscillationπ/d of
the cosine function is greater than the width 1/w0 of Sin(qy) (Fig. 2(c)), there is no modulation,
as depicted in Fig. 2(d). In contrast, ifπ/d < 1/w0 (Fig. 2(e)), there is a modulation of the
incoming beam momentum distribution, as shown in Fig. 2(f).

Concretely, from Figs. 2(d) and 2(f), we can see that asd grows and becomes greater thanw0,
a set of oscillations appear within the Gaussian envelopeSin(qy). This means that even if the
two gaussian beams are far enough from each other in such a waythat there is no interference
pattern in the position variable, they do display an intensity modulation at the Fourier plane,
revealing a spatial analogous to the AGE.



3. Experimental implementation and Results

To test the previous theory, we implemented the experimental setup shown in Fig. 3. Using a
808 nm-CW laser (Thorlabs, CPS808), we preparedEin(x,y) with w0 = (0.87±0.01) mm by
means of a single mode fiber, and set the polarization of the beam to be diagonal by means of a
polarizer (Pol. 1.) The TBD consisted of a polarizing beamsplitter (PBS), two mirrors (M3 and
M4) mounted on a rotational stage, and a polarizer at 45◦ (Pol. 2) to have the two output beams
with the same polarization and intensity, as shown in the inset of Fig. 3. The mirrors M0, M1,
and M2 are placed in order to have both the TBD input and output alongthez-direction.
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Pol. 1

TBD
b

b
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b

b
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f f
Position
plane 1

Position
plane 2

BS
50:50

CCD
camera

Fourier
plane

Diagonal polarization
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Horizontal polarization
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M1 M2

PBS

b

b

M3

M4
b

Pol. 2

Fig. 3. Experimental setup to register the spatial interference of two Gaussian beams at
the position and Fourier planes. Mi , with i = 0,1, ...,4, denote mirrors, Pol. 1 and Pol. 2
polarizers, TBD a tunable beam displacer, PM a power meter, PBS (BS) a polarizing (non-
polarizing) beam splitter, and L af = 75 cm-biconvex lens. Position plane 2 has exactly
the same information as Position plane 1. A detailed sketch of the TBD is shown in the
inset.

In order to observe the total intensity in the position variable and in its conjugate at the
same time, we placed a 50:50 beam splitter and measured in itsreflection the intensity in po-
sition Itot(d), and in its transmission the intensity in momentum,Stot(qy). The measurement in
the position variable was done using a power meter (Coherent, BeamMaster-USB BM-7 Si-
Enhanced), at what we call the Position plane 1. The results of this measurement are shown
in Fig. 4(a) and 4(b), ford . w0 andd > w0, respectively. In Fig. 4(a), a typical interference
pattern is clearly observed as a function of the separationd. By fitting the data to Eq. (4), the
full width at half maximum (FWHM) of the gaussian envelope is(1.12±0.03) mm, indicating
the spatial coherence length of our light source. This result is in agreement with the expected
theoretical value∆yFWHM = w0

√
2ln2= (1.03± 0.01). In sharp contrast, Fig. 4(b) shows no

interference, represented as a flatline. The continuous lines in Fig. 4(a) and 4(b) correspond to
the ones depicted in Fig. 2(a) and 2(b) for the theoretical model, respectively, and demonstrate
that it is possible to observe an interference pattern spatially analogous to the one obtained in a
MM interferometer.

The measurement ofStot(qy) was done using a 2f -system composed by a biconvex lens



of focal length f = 75 cm, and placing a CCD camera (SBIG, ST-1603ME) at the Fourier
plane. The 2f -system transforms the position variables, in what we call Position plane 2, into
the corresponding conjugate ones. In the Fourier plane there is a one-to-one correspondence
betweenqy and they coordinateyFP at the Fourier plane, given byqy = 2πyFP/(λ f ), with λ
denoting the wavelength of the light beam. The experimentalresults are shown in Fig. 4(c) and
4(d) ford < w0 andd > w0, respectively. From Fig. 4(c), it is observed that at the Fourier plane
there is no intensity modulation ford close to zero, retrievingSin(qy), as expected. However,
in Fig. 4(d) there is a modulation ofSin(qy). These observations are analogous to the AGE
reported in temporal variables so far, and exhibit a similarity between the temporal and spatial
degrees of freedom of light. It is interesting to notice thatthe center of both Figs. 4(c) and 4(d)
is (11.96±0.03) mm−1, indicating that this is the value ofq0y in Eq. (2). Physically, this value
is related to a small deviation of the incoming beam with respect toz-axis, given by an angle
θ = q0yλ/2π . Using our measuredq0y, we getθ = (1.528±0.004) mrad.

Fig. 4. Experimental results (circles) for the interference of two parallel-propagating beams
in position and momentum variables. Interference in position as a function of the transverse
displacementd of the beams for (a)d . w0, and (b)d > w0. Interference at the Fourier
plane as a function of the transverse momentumqy when (c) the two beams almost overlap
(d ≈ 0), and (d)d = 2.36 mm. Error bars are completely within the experimental point size.

As complementary measurements, we report in Fig. 5, the intensity at the Fourier plane
Stot(qy) for various separationsd between the beams. From these graphs, one observes how
the modulation ofSin(qy) varies according to the separationd between the beams and sees that
when|d| increases, the number of peaks increases as well.

4. Conclusions

We have performed and observed interference of light in its spatial degree of freedom. This was
done using a tunable beam displacer that allowed us to recreate in the spatial domain an inter-
ferometer analogous to the Michelson-Morley. In this way, we were able to measure the spatial
coherence length of a light beam, and to observe the spatial Alford and Gold effect. Using the
fact that there is a correspondence between the temporal andspatial degrees of freedom of light,



Fig. 5. Experimental results (circles) for the interference at the Fourier plane as the separa-
tion distance between the beams varies. The solid (blue) lines are the theoretical predictions
according to Eq. (6).

our results open the door to new interferential experimentsrecreating the results obtained in the
temporal regime.
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We report the experimental observation of spectral interference in a Michelson interferometer, regardless of the
relationship between the temporal path difference introduced between the arms of the interferometer and the spec-
tral width of the input pulse. This observation is possible by introducing the polarization degree of freedom into a
Michelson interferometer using a typical weak value amplification scenario. © 2014 Optical Society of America
OCIS codes: (260.0260) Physical optics; (260.3160) Interference; (260.5430) Polarization; (320.5550) Pulses;
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Interference is a fundamental concept in any theory
based on waves, such as classical electromagnetism or
quantum theory. The specific experimental arrangement
required for the observation of interference depends on
the characteristics of the light source, that is, its
spatiotemporal profile and its degree of coherence.
For example, for first-order coherent light in a Michelson
interferometer, for temporal delays shorter than the
pulse width, interference manifests as a delay-dependent
change of the intensity at the output port of the interfer-
ometer. For longer temporal delays, interference mani-
fest as spectral interference for a given temporal delay.
The observation of spectral interference was denoted by
Givens [1] and Mandel [2] as the Alford–Gold effect [3],
and it is well known in optics [4].
Here we report the observation of spectral interfer-

ence independently of the temporal regime under consid-
eration. The interference is revealed as a reshaping of
the input spectrum that is accomplished by introducing
the polarization degree of freedom into a Michelson inter-
ferometer. This scenario corresponds precisely to the
conditions of a typical weak value amplification configu-
ration [5–8] that, although originally conceived in the
framework of a quantum formalism, is essentially based
on the phenomena of interference and can thus be ap-
plied to any scenario with waves [9–13].
For the sake of clarity, let us start by describing tem-

poral and spectral interference in a typical Michelson
interferometer without considering polarization. Later
on, we will describe the effects that the introduction of
the polarization degree of freedom has on spectral inter-
ference. Consider the situation depicted in Fig. 1(a). A
first-order coherent input pulse with amplitude E0,
central frequency ν0, input polarization ein, and temporal
duration τ (full width at half-maximum) described by

Ein�t� � E0 exp�−�2 ln 2∕τ2�t2 � i2πν0t�ein; (1)

enters a Michelson interferometer where is divided in
two beams by a beam splitter (BS). Each of the new
pulses follows a different path, and after reflection in
a mirror the two pulses recombine at the BS. By changing

the position of one of the mirrors, a temporal delay (T) is
generated between the two pulses. The intensity
measured by a slow detector at the output port of the
interferometer as a function of T can be written as

I�T� � I0
2
�1� exp�− ln 2T2∕τ2� cos�2πν0T��; (2)

where I0 � jE0j2. Two interesting cases can be distin-
guished: (1) when T ≪ τ, and therefore the two pulses
traveling the different paths overlap in time, and (2) when
T ≫ τ and the two pulses do not overlap. In the first case,
the output intensity as a function of T reduces to

IT≪τ�T� �
I0
2
�1� cos�2πν0T��; (3)

while in the case T ≫ τ, Eq. (2) becomes

IT≫τ�T� �
I0
2
: (4)

Fig. 1. Typical interference patterns that can be observed in a
Michelson interferometer in the time and frequency domains.
(a) depicts the interferometric configuration considered. BS:
beam splitter, PD: photodetector. Panels (b) and (d) show
the intensity measured as a function of a temporal delay T .
Panels (c) and (e) show the intensity as a function of frequency
for a given value of T . Panels (b) and (c) correspond to the case
T ≪ τ, while (d) and (e) correspond to the case T ≫ τ.
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These results are very well known in optics. They in-
dicate the presence of temporal interference for the case
T ≪ τ and its absence for T ≫ τ. The two situations are
illustrated in Figs. 1(b) and 1(d).
An analogous analysis can be done when the detector

in Fig. 1(a) is changed by a spectrometer and the power
spectrum S�ν� as a function of the frequency ν is consid-
ered. In this case,

S�ν� � Sin�ν�
2

�1� cos�2πνT��; (5)

where,

Sin�ν� � S0 exp�−�π2τ2∕ ln 2��ν − ν0�2� (6)

is the input power spectrum with S0 being a constant.
Equation (5) indicates that S�ν� corresponds, in princi-
ple, to a reshaping of the input spectrum. This reshaping
can be understood if h�ν� � �1∕2��1� cos�2πνT�� is con-
sidered as a transfer function that describes the effect of
the interferometer. However, depending on the relation-
ship between the oscillation frequency of the transfer
function, defined by T , and the pulse width, τ, it is indeed
possible to observe or not a reshaping of the input spec-
trum that can be identified with interference.
Figures 1(c) and 1(e) depict the output power spec-

trum for the regime T ≪ τ and T ≫ τ, respectively. The
two cases are clearly different. In principle, when T ≪ τ,
the output power spectrum is modified, notwithstanding
there is no observed reshaping of the output spectrum
since the narrow input spectrum sits right under the
maximum of a broad cosine function. On the other hand,
a clear modulation of the input spectrum appears for
T ≫ τ. This last case corresponds to the Alford–Gold
effect and indicates that a Michelson interferometer
can be seen as a periodic filter that produces a modula-
tion of the initial spectrum with peak separation of 1∕T .
Now let us describe the effects of adding the polariza-

tion degree of freedom to the Michelson interferometer.
For this, consider the situation depicted in Fig. 2 in which
four main differences with the standard Michelson inter-
ferometer of Fig. 1(a) can be observed: (1) the presence
of polarization control elements in the input port of the
interferometer; (2) the substitution of the BS by a PBS;
(3) the introduction of a QWP in each arm of the inter-
ferometer; and (4) the presence, in the output port, of a
variable polarization analyzer, composed of a LCVR and
a polarizer at 45°. The polarizer, HWP, and QWP in the
interferometer’s input port are used to set up the polari-
zation of the input beam. The PBS spatially divides the
two orthogonal polarization components of the input
beam, and the QWP rotates the corresponding polariza-
tion component by 90° after reflection in each mirror.
The movable mirror generates the temporal delay T .
Since two beams with orthogonal polarizations do not

interfere, the interference effect is generated by the
polarization control elements of the output port. The
combination of the LCVR and the polarizer at 45° intro-
duce an additional phase difference, Γ, between the
pulses coming from the two paths of the interferometer
and selects only the component polarized at 45°. In

particular, for a left-handed circularly polarized input
beam, ein � �x − iy�∕

���
2

p
, where x denotes horizontal

polarization and y vertical polarization, the output elec-
tric field reads

Eout�ν� � E0

�������������
πτ2

8 ln 2

s
expf−�π2τ2∕�2 ln 2���ν − ν0�2g

× fexp�−i2πνT� � exp�−i�Γ� π∕2��g�x� y�:
(7)

The power spectrum of the light at the interferometer’s
output port is then given by

Sout�ν� �
Sin�ν�
2

�1� cos�2πνT − Γ − π∕2��: (8)

In the same way as in Eq. (5), it is possible to identify
from Eq. (8) a transfer function, H�ν� � �1∕2��1�
cos�2πνT − Γ − π∕2��, and distinguish two cases depend-
ing on the relationship between the frequency of oscilla-
tion of H�ν� and the width of the input power spectrum.
We present in the first column of Figs. 3 and 4 various
transfer functions (dashed lines) generated by using dif-
ferent values of Γ and T in Eq. (8), and the measured
power spectrum of the pulsed laser (solid line).

We observe that for the case T ≫ τ (Fig. 3) various os-
cillations of the transfer function fit inside the initial
spectrum bandwidth. For T ≪ τ (Fig. 4) this is not the
case, and H�ν� is now a very broad cosine function. In
both regimes the delay Γ modifies the transfer function.
However, in the regime T ≫ τ, the effect of Γ is to shift
the positions of the peaks of the output spectrum,
whereas in the regime T ≪ τ, the effect is to differently

Fig. 2. Experimental setup: a fiber-coupled laser generates
pulses of duration τ � 320 fs, centered in 1550 nm (ν0 �
193.5 THz). The input pulse polarization state is selected to
be left-circular by using a polarizer, a quarter-wave plate
(QWP) and a half-wave plate (HWP). A polarizing beam splitter
(PBS) splits the input into two orthogonal linear polarizations
that propagate along different arms of the interferometer. An
additional QWP is introduced in each arm to rotate the beam
polarization by 90° to allow the recombination of both beams
in a single beam by the same PBS. After the PBS, the output
polarization state is selected with a liquid crystal variable
retarder (LCVR) followed by a polarizer at 45°. Finally, the out-
put beam is coupled to a single-mode (SM) fiber, and its spec-
trum is measured using an optical spectrum analyzer (OSA).
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reshape the input spectrum. It is important to notice that
for all regimes the reshaping of the spectrum is the result
of an interference effect and therefore indicates that
spectral interference can be observed in a Michelson
interferometer, independently of the temporal path
difference under consideration, when the polarization
degree of freedom is considered in the interferometer.
To check experimentally that spectral interference can

be observed independently of the value of T , the setup of
Fig. 2, based only on linear optical elements, was imple-
mented. An input pulse (Calmar Laser, Mendocino) with
a temporal duration τ � 320 fs, repetition rate of 20 MHz,
and central frequency ν0 � 193.5 THz (1550 nm) is
prepared with left-handed circular polarization, ein �
�x − iy�∕

���
2

p
, by using the combination of a polarizer,

HWP, and QWP. The PBS splits the input beam into
two beams with orthogonal polarizations, and, as men-
tioned before, each polarization component is rotated
by 90° by using the QWP and the corresponding a mirror.
The movable mirror, mounted on a translation stage,
allows us to change the temporal delay T between pulses
with orthogonal polarizations. The PBS recombines the
two reflected beams in a single beam that emerges from
the PBS, passes through the LCVR followed by a

polarizer rotated at �45°, and is finally focused into a
single-mode fiber, and its spectrum is measured with
an OSA (Yokogawa - AQ6370).

The second columns of Figs. 3 and 4 shows the exper-
imental results for T ≫ τ and T ≪ τ, respectively. A
reshaping of the spectrum is clearly observed in both
cases. For the case of T ≫ τ, a clear modulation of the
spectrum with spacing between peaks equal to 1∕T is
observed, which corresponds to the Alford–Gold effect.
For the regime T ≪ τ, H�ν� is a broad cosine function. In
this regime two situations can be distinguished, both
accompanied by different amount of losses. In one case
the reshaping corresponds to a modulation of the initial
spectrum Fig. 4(f), while in the other the transfer func-
tion can present a positive slope, as in Fig. 4(c), or neg-
ative, as in Fig. 4(g). When H�ν� multiplies the input
spectrum, the result is a nonsymmetric output spectrum,
as observed in Figs. 4(d) and 4(h).

In general, the reshaping of the spectrum translates
into a measurable shift of the mean frequency of the
output power spectrum when compared with the central
frequency of the input pulse [Figs. 4(d) and 4(h)].
Furthermore, although this behavior is well explained

Fig. 3. Spectral interference in the regime T ≫ τ. The first col-
umn depicts the experimental input spectrum, Sin�ν�, of a
pulsed laser with a temporal duration τ � 320 fs centered in
ν0 � 193.5 THz (solid line) and the theoretical transfer func-
tion, H�ν� (dashed line). As a reference, the vertical dashed
line indicates the central frequency, v0, of the input spectrum.
The second column shows the experimental output spectrum
that can be obtained by evaluating Sout�ν� � H�ν�Sin�ν�.
(a) and (b) Time delay T � 1453 fs, (c) and (d) T � 2120 fs,
(e) and (f) T � 2786 fs, and (g) and (h) T � 4120 fs. In all cases
Γ � 26.55°.

Fig. 4. Spectral interference in the regime T ≪ τ. The first
column depicts the experimental input spectrum, Sin�ν�, of a
pulsed laser with a temporal duration τ � 320 fs centered in
ν0 � 193.5 THz (solid line) and the theoretical transfer func-
tion, H�ν�, (dashed line) for a fixed delay of T � 53.7 fs. The
vertical dashed line in the first column indicates the central
frequency of the input spectrum. The second column shows the
experimental output spectrum that can be obtained by evaluat-
ing Sout�ν� � H�ν�Sin�ν�. (a) and (b) Γ � 98.5°, (c) and (d)
Γ � 273.1°, (e) and (f) Γ � 231.2°, and (g) and (h) Γ � 198.9°.
Notice that the vertical axis in the right column has been
rescaled, since the output intensity changes dramatically with
different values of Γ.
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in terms of classical optics, it can also be presented under
the formalism of a weak value amplification scheme,
where the frequency serves as the meter and the polari-
zation as the system [9–13].
In conclusion, we have shown that spectral interfer-

ence can also be observed in the regime of small optical
path differences (T ≪ τ). This result complements the
observation of the Alford–Gold effect, which reveals
interference in the frequency domain in the opposite
regime, T ≫ τ. The observation of spectral interference,
regardless the temporal path difference, was made
possible by introducing the polarization variable in a
Michelson interferometer in an experimental scheme
similar to the ones used in a weak measurement
scenario. In the case T ≫ τ, a clear modulation of the
frequency spectrum with frequency 1∕T [see Figs. 3(b),
3(d), 3(f), and 3(h)] appears, whereas in the regime
T ≪ τ, interference manifests as either a modulation of
the input spectrum [Fig. 4(f)] or as a shift of the central
frequency [Figs. 4(b), 4(d), and 4(h)]. Similar effects can
be observed as considered here when short or long
temporal delays in the Michelson interferometer are
substituted by weakly or strongly misaligned beams in
a Sagnac interferometer [14].
The results presented here show that a concept origi-

nally born in the realm of quantum optics (weak value
amplification) can be applied indeed to any system that
shows interference, such as the case of classical optics.
In a sense, the work presented here can thus be included
in the broader research effort that has recently unveiled
that some tools used to characterize certain features of
quantum systems, can also be used to characterize beams
containing many photons, namely, intense beams that
can be coherent or not. For example, in [15,16] the au-
thors make use of a Bell’s-like inequality to characterize
the coherence properties of a beam. Nonquantum entan-
glement, or inseparability between degrees of freedom,
has also been considered [17,18] as a fundamental
tool to address and shed new light into certain character-
istics of classical fields, by applying analysis and tech-
niques usually restricted to entanglement in a quantum
scenario.
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We demonstrate experimentally a scheme to measure small temporal delays, much smaller than the pulse
width, between optical pulses. Specifically, we observe an interference effect, based on the concepts of quantum
weak measurements and weak value amplification, through which a sub-pulse-width temporal delay between two
femtosecond pulses induces a measurable shift of the central frequency of the pulse. The amount of frequency shift,
and the accompanying losses of the measurement, can be tailored by postselecting different states of polarization.
Our scheme requires only spectrum measurements and linear optics elements, hence greatly facilitating its
implementation. Thus it appears to be a promising technique for measuring small and rapidly varying temporal
delays.

DOI: 10.1103/PhysRevA.89.012126 PACS number(s): 06.20.−f, 03.67.−a, 42.50.Dv, 42.50.St

The measurement of temporal delays between optical
pulses is essential in metrology, for instance, for accurate
distance measurements and for timing synchronization [1,2],
where the capability of discriminating between small temporal
delays with a reference pulse is needed. Diverse optical
schemes for measuring subpicosecond temporal delays have
been demonstrated. This is the case, for instance, of schemes
based on the use of ultrafast nonlinear processes such as second
harmonic generation [3,4] or two-photon absorption [5].

In another context, the well-known Hong-Ou-Mandel effect
makes use of quantum interference to measure subpicosecond
temporal delays between photons [6], which was used by
Steinberg et al. [7] for measuring very small single-photon
tunneling times. Since this technique is based on measuring
two-photon coincidences, it generally restricts the number of
photons of the signal. However, quantum-inspired interferom-
eters [8] might broaden the applicability of quantum concepts
to other scenarios.

When two similar optical pulses with temporal width τ ,
and time delay T � τ between them, recombine, a modu-
lation of the spectral density appears [9–11], which allows
measurement of the time difference T . This is true even if the
optical path difference is larger than the coherence length of the
pulses [12]. However, for small values of T (T � τ ), inspec-
tion of the spectral density reveals no interference effects, even
though interference manifest now in the temporal domain as a
periodic change of the output intensity as function of the delay.

Here we demonstrate experimentally a scheme to measure
small temporal delays T between optical pulses, much smaller
than the pulse width τ , based on an interference effect in
the frequency domain which produces a measurable shift of
the central frequency of the pulse [13]. The scheme makes
use of linear optics elements only and works in both the
high- and low-signal regimes. It allows the measurement of
temporal delays between optical pulses up to the attosecond
timescale [14]. This phenomenon, which is inspired by the
concepts of quantum weak measurements and weak value

amplification [15–18], produces interference effects in the
regime T � τ , which allows us to deduce the value of T .

Although the concept of weak measurements originates
from research on quantum theory, the phenomenon of
weak value amplification can be readily understood in
terms of constructive and destructive interference between
waves [16,19,20]. In a weak measurement scenario, a system
is weakly coupled to a pointer (the measuring device). While
the weakness of the coupling can be seen as a disadvantage
at first sight, Aharonov and colleagues [15] showed that
when appropriate initial and final states of the system are
selected (i.e., pre- and postselection), the pointer is shifted
by an unexpectedly large amount. It was soon suggested
that these ideas may find application in metrology [17,18].
This phenomenon, termed weak value amplification, has
been demonstrated experimentally [21–23] and has been used
for measurements of very small transverse displacements of
optical beams [24,25], as well as for frequency [26] and
velocity measurements [27]. Techniques for measuring small
phase shifts have also been proposed [13,14,28].

Here, the weak coupling is realized by means of a
polarization-dependent temporal delay implemented in a
Michelson interferometer configuration (see Fig. 1). Brunner
and Simon [13] showed that the introduction of a small
temporal delay between the two components (horizontal and
vertical) of a circularly polarized pulse can yield a large central
frequency shift after recombining the pulses and projecting
them into a polarization state nearly orthogonal to the input
state. However, the near orthogonality of the input and output
polarization states introduces heavy losses. Nevertheless, the
weak value amplification can also be used when the input and
output polarization states have a relatively large overlap, hence
away from the usual weak value amplification regime [20],
allowing for the observation of significant frequency shifts
without heavy losses, as we will demonstrate here.

Recently, it has been demonstrated that high-precision
phase estimation based on weak measurements can be achieved

1050-2947/2014/89(1)/012126(5) 012126-1 ©2014 American Physical Society
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FIG. 1. (Color online) Schematic of the experimental setup. State
preselection: The polarization of the input optical pulse is selected
by using λ/2 and λ/4 wave plates (not shown). Weak coupling: A
Michelson-Morley interferometer, composed of a polarizing beam
splitter (PBS), two λ/4 wave plates (QWP), and two mirrors, divides
the input pulse into two pulses, with equal power and with orthogonal
polarizations, that travel through different paths of the interferometer.
Each mirror is mounted in a translation stage that allows changing
the temporal delay in each path. State postselection: The two pulses
recombine in the PBS, and they are projected into a particular state
of polarization with a electrically controlled liquid crystal variable
retarder (LCVR) and a polarizer. The output beam is finally focused
in a single-mode fiber (SM) and its spectrum is measured with an
optical spectrum analyzer (OSA).

even using commercial light-emitting diodes [29]. Indeed, Li
et al. [28] showed that the scheme proposed by Brunner and
Simon also works with large-bandwidth incoherent light. On
the one hand, the use of white light allows us to obtain in
a straightforward manner a light source with an enormous
bandwidth, which allows us to measure very small phase
differences. On the other hand, many applications make use of
high-repetition femtosecond sources that allow us to perform
multiple measurements in millisecond or microsecond time
intervals [2], allowing the measurement of time-varying phase
differences in this time scale. This is the scenario that we
consider here.

We make use of a femtosecond fiber laser (Calmar laser,
Mendocino) centered at 1549 nm (temporal width: 320 fs;
average power: 3 mW; repetition rate: 20 MHz). The spectral
density measured shows characteristic high-frequency small
wrinkles due to cavity effects in the laser system. The
spectral density is Sin(ν) = 1/2 ε0c|Ein(ν)|2, where Ein(ν) is
the electric field, ν designates the frequency, ε0 is the vacuum
permittivity, and c is the velocity of light. The input optical
pulse is preselected to be left-handed circularly polarized,
with polarization vector ein = (x − iy)/

√
2. A polarizing beam

splitter (PBS) divides the input pulse into two orthogonally
linearly polarized components with horizontal (x) and vertical
(y) polarizations, which propagate along the two arms of a
Michelson interferometer. By changing the length of each arm,

d1 and d2, we introduce different time delays T1 = 2d1/c and
T2 = 2d2/c for each polarization component. The two delayed
pulses recombine at the same PBS. Finally, in the postselection
stage, the outgoing pulse is projected into a state of polarization
given by the polarization vector eout = [x + exp(i�)y]/

√
2,

where � determines the final state of polarization of the output
pulse. For � = −π/2, the input and output polarization states
coincide, while for � = π/2, they are orthogonal. The polar-
ization of the output beam is postselected with a liquid crystal
variable retarder (LCVR) (Thorlabs, LCC1113-C) followed by
a polarizer. The relation between postselection angle and the
LCVR voltage is nonlinear and highly temperature dependent.
For this reason, an additional temperature controller is used.
After the polarization postselection, the electric field of the
output signal writes

Eout(ω) = Ein(ω)

2
[exp(iωT1) − i exp(iωT2 − i�)], (1)

where ω = 2πν. Equation (1) shows that the postselection
polarization state (�) determines for which frequencies the
interference between signals coming from the horizontally
and vertically polarized pulses, delayed by T = T1 − T2, is
constructive or destructive.

We measure the output spectral density, which is given by

Sout(ν) = Sin(ν)

2
[1 + cos(2πνT − � − π/2)], (2)

where Sin(ν) is the laser spectrum. In order to charac-
terize the output spectrum, we measure as a function
of the postselection angle �, the central frequency shift
	f = ∫

dν ν[Sout(ν) − Sin(ν)], and the insertion loss L =
−10 log10 Fout/Fin, with Fin,out being the input (output) energy
Fin,out = ∫ ∞

−∞ Sin,out(ν)dν of the pulse. The optical spectrum
analyzer (Yokogawa, AQ6370) has a resolution of 0.02 nm.
Each spectrum is obtained after averaging five data sets in the
interval [191.5,195.5 THz].

Figure 2 shows measurements of the spectral changes in
the regime T � τ , when one makes use of the idea of weak
value amplification. It shows the shift of the central frequency
of the spectrum for two different temporal delays: T = 53 fs
and T = 22 fs. Figure 2(a) shows the measured frequency shift
and Fig. 2(b) plots the measured insertion loss for T = 53 fs
[similarly Figs. 2(i) and 2(j) for T = 22 fs]. The dotted lines
are best theoretical fits using the measured input spectrum
in Eq. (2). All other plots in Fig. 2 show measured spectral
densities of the output signal for some selected cases, and
the corresponding theoretical predictions when the measured
input spectral density is used in Eq. (2).

Inspection of Fig. 2 highlights two working regimes,
corresponding to the presence of high or low losses. For
� = −3π/2 + 2πν0T , there is no central frequency shift and
losses are maximum. The output spectral density features
a double-peak spectral density. For small angle deviations
around this value, central frequency shifts of the spectral
density up to hundreds of gigahertz are clearly observable.
However, insertion losses are also the highest in this regime,
measuring values over 60 dB. This regime corresponds to
the case usually studied in weak value amplification where the
input and output polarization states are nearly orthogonal [13].
The applicability of the weak value amplification in this
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FIG. 2. (Color online) Measurement of the central frequency shift induced by weak value amplification. Measured frequency shift (a) and
insertion loss (b) as a function of the postselection angle �. Dots (with error bars) are experimental results, and the dotted lines are best
theoretical fits using the measured input spectrum in Eq. (2). The best fits are obtained for T = 53 fs in panels (a) and (b) and T = 22 fs in
panels (i) and (j). For T = 53 fs, panels (c), (e), and (g) (measured) and (d), (f), and (h) (theory) show the spectral density for some selected
cases, as indicated by the corresponding labels in panels (a) and (b). For T = 22 fs, panels (k), (m), and (o) (measured) and (l), (n), and (p)
(theory) show the spectral density for some selected cases, as indicated by the corresponding labels in panels (i) and (j). To help the eye, the
central frequency of the input pulse (ν0 = 193.44 THz) is represented by a dashed line in all plots. The experiment is performed at a temperature
of 34.1 ◦C. Error bars in all plots assume that temperature variations during the experiment are in the range of ±1 ◦C, which translates in
random changes of the angle of postselection �.

high-amplification regime is limited to cases where the energy
of the input signal can be increased, since the intensity of the
detected signal is severely decreased [24].

Nevertheless, we demonstrate here that even in the regime
where the input and output polarization states have a signifi-
cant overlap—hence featuring smaller insertion losses—weak
value amplification remains useful. Even though the frequency
shifts measured in this regime are generally smaller—reaching
only few tens of gigahertz instead of hundreds of gigahertz—
losses do not exceed a few decibels. For � = −π/2 + 2πν0T ,
there is no shift of the central frequency again. The pre- and
postselected polarizations are almost equal, hence introducing
almost no losses. The spectral density of the output pulse
is almost equal to the input spectral density. For small angle
deviations around this value, the temporal delay produce small
shifts of the central frequency, which vary almost linearly with
respect to the postselection angle. Importantly, these frequency
shifts are accompanied by small insertion losses.

In general, there is a trade-off between the frequency shift
observable for a specific value of the time delay and the amount
of losses that can be tolerated to keep a good signal-to-noise
ratio. The existence of the low-loss working regime, somehow
not so extensively considered as the high-loss regime, can thus
enhance the applicability of the weak value amplification idea,
as demonstrated here.

The results presented here naturally raise the question
of what are the ultimate limits of the scheme, in terms of

central frequency shifts and losses. Brunner et al. [13] and
Strubi et al. [14] have estimated theoretically that weak value
amplification of temporally delayed optical pulses could allow
the measurement of attosecond temporal delays. Indeed, Xu
et al. [29] have demonstrated the measurement of phase
differences as small as 	ϕ ∼ 10−3, which correspond to an
optical path delay difference of d = λ/(2π ) 	ϕ ∼ 130 pm, by
using a large bandwidth light-emitting diode (LED) source. In
principle, one can always make use of white light sources
with bandwidths in excess of 100 nm, as the ones use in
optical coherence tomography for submicron resolution [30],
to enhance the frequency shift detected.

Let us consider as example an input optical pulse with a
Gaussian spectrum, i.e., Sin(ν) ∝ exp[−π2τ 2(ν − ν0)2/ ln 2],
where τ is the pulse temporal width (FWHM). The central
frequency shift 	f of the output pulse can be easily calculated
and yields

	f = − ln 2

π

(
T

τ 2

)
γ sin(2πν0T − � − π/2)

1 + γ cos(2πν0T − � − π/2)
, (3)

where γ = exp[−ln2 T 2/τ 2]. The frequency shift given by
Eq. (3) is accompanied by insertion losses which write

L = −10 log
[

1
2 (1 + γ cos(2πν0T − � − π/2))

]
. (4)

Figure 3 shows the frequency shift expected, as a function of
the postselection state of polarization, when a 10 as temporal
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FIG. 3. (Color online) Feasibility of the measurement of attosecond temporal delays with femtosecond pulses. Polarization-dependent
frequency shift induced by a T = 10 as time delay of pulses of duration τ = 10 fs. (a) Low-loss and (b) high-loss regime. The solid line (blue
[gray]) corresponds to the frequency shift and the dashed (green [gray]) line to the insertion losses. Notice the different scales in the x and y

axes in panels (a) and (b).

delay is introduced between two optical pulse with duration
τ = 10 fs.

Figure 3(a) depicts the low-loss regime, where smaller
frequency shifts can be observed in exchange for much lower
losses. In the case shown, frequency shifts up to 100 GHz, cor-
responding to 0.8 nm, are generated with losses below 12 dB.
Most spectrometers, as the one used in our experiments, can
reach resolutions of up to 0.02 nm, rendering measurable
these frequency shifts. In the high-loss regime, shown in
Fig. 3(a), one can observe greater frequency shifts, as high
as ∼20 THz (∼160 nm). Unfortunately, its measurement is
also accompanied by higher losses, more than 60 dB.

In conclusion, we have demonstrated a spectral interference
effect between two optical pulses with a temporal delay
much smaller than the pulse duration, inspired from the
concepts of weak measurements and weak value amplification.
In particular, we have demonstrated a shift of the central
frequency of two slightly delayed femtosecond pulses, which
can be used to reveal the value of the temporal delay itself.
Importantly, the central frequency shifts can be observed even

in a regime, not often considered, where insertion losses
are small, which broadens the applicability of the method
demonstrated.

Our scheme is implemented by using only linear optics
elements and requires spectral measurements, hence making
its implementation practical. The ultimate sensitivity of our
scheme can provide observable frequency shifts for temporal
delays of the order of attoseconds using femtosecond laser
sources. Our scheme thus appears as a promising method for
measuring small and rapidly varying temporal delays.
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Abstract: Weak amplification is a signal enhancement technique which is
used to measure tiny changes that otherwise cannot be determined because
of technical limitations. It is based on: a) the existence of a weak interaction
which couples a property of a system (the system) with a separate degree
of freedom (the pointer), and b) the measurement of an anomalously large
mean value of the pointer state (weak mean value), after appropriate pre-
and post-selection of the state of the system. Unfortunately, the weak
amplification process is generally accompanied by severe losses of the
detected signal, which limits its applicability. However, we will show here
that since weak amplification is essentially the result of an interference
phenomena, it should be possible to use the degree of interference (weak
interference) to get relevant information about the physical system under
study in a more general scenario, where the signal is not severely depleted
(high-signal regime).
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1. Introduction

Weak amplification is a concept first introduced by Aharonov, Albert, and Vaidman [1], which
describes a situation where two subsystems interact, even though through a weakly coupling
process. Generally, the weak amplification idea is presented in the general framework of Quan-
tum Mechanics, where one of the subsystems is assumed to be the measuring device, whose
aim is to unveil the value of a property that characterizes the other interacting subsystem (the
system).

The fact that the coupling is weak can be seemingly disadvantageous, since it is expected
to produce an uncertainty in the measurement larger than the values that should be differen-
tiated. However, when appropriate initial and final states of the system to be measured are
selected, for instance by choosing them to be nearly orthogonal, the mean value of the read-
ing of the measuring system (weak mean value) can yield an unexpectedly large value (weak
amplification). Surprisingly, this value can lay outside the range of small displacements of the
measurement pointer caused by each one of the possible states of the system. Unfortunately,
this is also accompanied by a severe depletion of the intensity of the signal detected, due to
the quasi-orthogonality of the input and final states of the system. This prevents the applica-
bility of the weak measurement concept to experiments which are already limited by a low
signal-to-noise ratio [2], since the intensity of the detected signal is severely decreased.

For instance, when considering the refraction of a light beam in a thin birefringent crystal,
the two orthogonal linear polarizations components of the optical beam are displaced a small
distance Δ compared with the beam waist [3]. For a given initial |Ψin〉 and final |Ψout〉 states of
the polarization of the system, so that 〈Ψout |Ψin〉 ∼ ε (ε is small), the mean value of the shift
of the position of the light beam is 〈x〉/Δ = ℜ(〈A〉w), where the weak value 〈A〉w is defined as

〈A〉w =
〈Ψout |A|Ψin〉
〈Ψout |Ψin〉

∼ 1
ε
. (1)

In this example, the power of the output signal (Pout) is severely reduced, i.e., Pout/Pin ∼ ε2. The
signal enhancement of the position of the beam due to weak amplification can thus be observed
only if the input signal intensity (Pin) can be enhanced.

Most experimental realizations of weak amplification up to date take place in this context.
This is the case for experiments that use the polarization of a light beam to reveal extremely
small spatial displacements [2, 3], and for experiments that make use of the two counter-
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Fig. 1. Weak amplification of the displacement Δ as a function of the output polarization
of the system (angle α). The phase difference is θ = 0.01o. We consider displacements
Δ = Δ1 = −Δ2 = 10 nm, and the beam waist is w0 = 10μm.

propagating paths in a Sagnac interferometer to detect tiny beam deflections [4], or tiny fre-
quency shifts [5]. Interestingly, weak measurements can have a wider range of applicability
than originally conceived, appearing naturally in the context of optical telecom networks [6],
and the description of the response function of a system [7].

Even though the idea of weak amplification was born in the context of Quantum Mechanics,
and is generally formulated in the language of Quantum Mechanics, it can be understood as
the consequence of the constructive and destructive interference between the complex ampli-
tudes of different pointer states [8]. Each of these correspond to the nearly equal readings of the
measuring device for each value of the state of the system. The concept behind weak amplifica-
tion, can thus be applied to any physical wave phenomena and explained in classical terms as a
wave interference process [9]. Notwithstanding, certain experiments which deal with quantum
concepts such as entanglement [10] and the violation of Leggett-Garg inequalities [11] still
require a full quantum formalism for its description.

Here we will show that since the measured value of the weak mean value is the result of
an interference phenomenon, the weak interference might be noticeable even in the regime
of small losses, where the specific value of weak mean value might not convey any relevant
information about the system or the measuring device. This can open new applications based
on weak interference, especially for interactions where it is not possible to enhance the signal-
to-noise ratio of the measurement. For example, when the intensity of the input signal cannot
be increased.

2. Weak interference: general scenario

For the sake of simplicity, let us consider a simple case which shows the full potential of
the scheme considered here. A linearly polarized input light beam with polarization |Ψin〉 =
1/

√
2 [|H〉+ |V 〉] and spatial shape Φ(x) propagates in a medium that couples the polarization

and spatial degrees of freedom, thereby generating a polarization-dependent displacement of
the photons, Δ1 and Δ2. The input state of the system (polarization) and the measuring device
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Fig. 2. Signal loss as a function of the angle α of the polarization of the output state. The
phase difference is θ = 0.01o, Δ1 = −Δ2 = 10 nm and w0 = 10μm.

(position of the beam) can be written, up to a normalization constant, as

|in〉 = |Ψin〉⊗
∫

dxΦ(x)|x〉. (2)

The global state of the system and measuring device after the interaction writes [3]

|out〉 =

∫
dx{Φ(x−Δ1)|H〉+Φ(x−Δ2)exp(iϕ) |V 〉} |x〉, (3)

where ϕ stands for any polarization-dependent phase difference that can occur during the in-
teraction. Finally, before being detected, the photons are projected into the polarization state
|Ψout〉 = cosα|H〉+ exp(iξ )sinα|V 〉. The intensity distribution of the output light beam can
now be written as

I(x) = |cosα Φ(x−Δ1)+ sinα Φ(x−Δ2)exp(iθ)|2 , (4)

with θ = ϕ −ξ .
Let us assume that the light beam is Gaussian with beam waist w0. Making use of the

product theorem for Gaussian integrals [12], the mean value of the position of the beam,
〈x〉 =

∫
dxxI(x)/

∫
dxI(x) reads

〈x〉 =
Δ+

2
+

Δ−
2

cos2α
1+ γ sin2α cosθ

, (5)

where

γ = exp

[
− (Δ1 −Δ2)

2

4w2
0

]
, (6)

Δ+ = Δ1 +Δ2 and Δ− = Δ1 −Δ2. In all cases, Δ1,Δ2 � w0, so γ ∼ 1.
Inspection of Eq. (5) shows that the value of Δ+ can not be amplified with the present scheme.

In many experiments [2,3], Δ1 = −Δ2, so Δ+ = 0, and as a consequence the weak measurement

#167795 - $15.00 USD Received 1 May 2012; revised 17 Jun 2012; accepted 18 Jun 2012; published 2 Aug 2012
(C) 2012 OSA 13 August 2012 / Vol. 20,  No. 17 / OPTICS EXPRESS  18872



Angle θ (degrees)

L
os

s
(d

B
)

−90 −60 −30 0 30 60 90
−50

−40

−30

−20

−10

0

Fig. 3. Signal loss as a function of the angle θ . The beam waist is w0 = 10μm. Red solid
line: α = 45o; Blue dashed line: α = 0o; Black dotted line: α = −30o; Green dotted dashed
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amplifies all the relevant information. Therefore, the weak amplification happens for Δ−, with
an amplification factor A that reads

A =
cos2α

1+ γ sin2α cosθ
. (7)

Figure 1 shows the amplification factor for θ = 0.01o. The maximum amplification takes
place for the angle α0 = −1/2 sin−1 (γ cosθ), where the factor reaches the value of Amax =(
1− γ2 cos2 θ

)−1/2
.

The loss of the system is given by

Pout

Pin
=

1
2

[1+ γ cosθ sin2α] , (8)

where Pin,out is the total input and output power of the optical beam, when integrated over all
space. Figure 2 shows the loss in the measurement expressed in dB, as 10 log(Pout/Pin). Even
though the enhancement of Δ can be a large staggering value for angles close to −45o (Fig. 1
shows an enhancement close to 103), this is unfortunately accompanied by a severe loss penalty
close to 70 dB (Fig. 2). For instance, if the goal of the experiment is to attain a signal-to-noise
ratio of 10 dB at the measurement stage, the input signal has to be correspondingly increased
70 dB above this level.

As it can be seen in Eq. (7), the level of weak amplification achievable depends on the value
of θ , which should be chosen close to zero in order to achieve the maximum amplification. This
angle can be modified by choosing the appropriate value ξ of the polarization of the output
state of the system. The power of the output signal also depends on this angle. Figure 3 shows
the signal loss for a few selected angles: α = −45o, −30o, 0o and 45o. In all cases, the loss
goes from log [(1+ sin2α)/2] for θ = 0, to −3 dB for θ = ±π/2, which corresponds to post-
selecting polarizations cosα|H〉+sinα|V 〉 and cosα|H〉+ isinα|V 〉, respectively. Importantly,
the dependence of the losses on the polarization selected at the output for α 	= 0o,90o is a
consequence of the interference effect which is the essence of the weak measurement concept
[8].

#167795 - $15.00 USD Received 1 May 2012; revised 17 Jun 2012; accepted 18 Jun 2012; published 2 Aug 2012
(C) 2012 OSA 13 August 2012 / Vol. 20,  No. 17 / OPTICS EXPRESS  18873



Spatial shift Δ (nm)

F
ra

ct
io

n
al

lo
ss

(
Δ

P
/
P

in
)

5 10 15 20 25 30 35 40
10

−7

10
−6

10
−5

10
−4

Fig. 4. Fractional loss ΔP/P as a function of the spatial shift Δ. α = 45o and w0 = 10μm.
Red solid line: θ = 0o; Blue dashed line: θ = 0.1o; Black dotted line: θ = 0.2o; Green
dot-dashed line: θ = 0.3o.

3. Weak measurement in a high-signal regime

In the low-signal regime, when the input and output polarization states are quasi-orthogonal,
the retrieval of information about the value of Δ comes with a severe loss penalty. But since the
weak measurement is an interference phenomenon, we should be able, in principle, to observe
interference also in the high-signal regime. In order to get information about the value of Δ, we
can measure the fractional loss ΔP/Pin, where ΔP = Pout −Pin. One obtains that

ΔP
Pin

=
1
2

[γ cosθ sin2α −1] . (9)

Figure 4 shows the value of ΔP/P as a function of the spatial shift Δ for α = 45o and θ = 0, 0.1o,
0.2o and 0.3o. The dependence of the fractional loss on Δ comes from the relationship between
γ and δ , as given in Eq. (6). Notice that in all cases, the total losses of the system are below
3 dB, which is significantly below the loss found in the usual regime of weak amplification,
where losses can easily reach tens of dB for large amplifications. Moreover, in all cases shown
in Fig. 4, the mean value of the beam position is 〈x〉 = 0, so the weak value concept does not
convey any relevant information here.

The important point here is that by measuring the fractional loss, one can determine the value
of the displacement Δ. The maximum sensitivity of the scheme proposed is obtained for α = 45o

and θ = 0o. By choosing other values for these angles, one can decrease the fractional loss,
making its detection easier. However, this would decrease the sensitivity, making the distinction
between different spatial shifts Δ more difficult. Note that here we are assuming that there are
not other sources of polarization-dependent losses.

What is, in general, the minimum fractional loss measurable? In [13, 14], a high-frequency
detection scheme for the detection of Raman gain in Stimulated Raman Scattering process was
able to detect a fractional loss of the order of ΔP/P < 10−7. The key point is to modulate the
input signal at MHz rates to remove the low-frequency laser noise, implementing a detection
scheme that is effectively shot-noise limited. In this way, one can increase the signal-to-noise
ratio in a weak interference configuration, where the sensitivity is now limited by the presence
of shot noise [15, 16].
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4. Conclusions

In conclusion, we have shown that since the idea of weak amplification can be explained as
an interference phenomenon, it is possible to obtain relevant information about the weak inter-
action of the physical system under study even in a regime where the signal is not depleted,
and the specific result of the weak mean value does not convey any relevant information. We
demonstrate that we can measure tiny quantities generated during a weak interaction by detect-
ing a measurable interference effect in the high-signal regime, as opposed to the usual case of
weak amplification, which suffers from severe losses. Therefore, this widens the applicability
of the weak interference concept, allowing its use in a broader range of systems.

In experiments that deal with the detection of single photons in a quantum scenario [10, 11],
the concepts discussed here should apply as well, as reflected by the fact that we use a full
quantum formalism in our analysis, even when a classical formalism would work in certain
cases. We should remark that we refer to the high-signal regime as the one with low losses, no
low flux rate of photons. The quantity to be measured is now the number of photons detected
as a function of the spatial shift (see Fig. 4), instead of the more usual parameters measured in
a weak amplification scheme, such as the Stokes parameter [10], or spatial [3] and frequency
displacements [5]. The usefulness of the approach considered in this type of experiments will
depend on the flux rate of photons generated, and the capability to generate changes of power
above the noise level of the experiment.

Finally, we should mention that even though we have discussed our ideas in the context of
the specific case of polarization-dependent spatial shifts of optical beams, the main conclusions
applies also to other systems, as well as to other degrees of freedom, i.e., frequency. Our scheme
would also apply to systems in a higher-dimensional space, so that the total input state writes

|in〉 =
1√
n

n

∑
i=1

|ui〉⊗
∫

dxΦ(x)|x〉, (10)

where |ui〉 is a base of the N-dimensional space.
An example of this kind of interaction, where our system could be implemented, is the ro-

tational Doppler frequency shift imparted to a beam with orbital angular momentum (OAM)
when it traverses a rotating optical device which introduces a time-varying OAM-dependent
phase shift, such as a rotating Dove prism. In this case, the spatial and frequency degrees of
freedom are coupled [17, 18], so that the state of the light beam after traversing the rotating
Dove prism is

|out〉 = ∑
m

∫
dωΦ(ω +2mΩ)|m〉|ω〉 (11)

Now, the interaction introduces frequency shifts Δm = 2mΩ, where m is the OAM mode index.
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