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Generation and transfer of entanglement in noisy solid-state hybrid quantum

systems

by Angela Viviana Gómez Azuero

This thesis dissertation concerns the entanglement generation in solid state systems under differ-

ent scenarios and models. During the most part of the work we will present a set of theoretical

and experimental proposals in order to generate entangled states of solid-state quantum bits

(qubits) across a wide range of distances. Our main results can be summarized as follows: First,

we investigate the direct magnetic dipolar coupling between spin systems (nitrogen-vacancy cen-

ters in diamond, NVs) separated by short distances (nm), to demonstrate that it is feasible to

generate entangled states in such situations. Following this, we then proceed to consider qubits

with longer separations where magnetic dipolar interactions are no more longer sizeable and

thus we propose to combine the diamond defect systems with other quantum devices such as

superconductor qubits or resonators. In this new framework we achieve a coherent coupling be-

tween single and spin ensembles of NVs separated by ≈ µm. Furthermore, we show that highly

correlated microwave photons generated by superconducting circuits can be used to transfer

entanglement to separate qubits or ensemble of qubits which could be composed of: magnetic

molecules, NV centers in diamond or superconducting qubits. By using an appropriate master

equation for quantum systems in contact with multiple reservoirs we quantify the entanglement

transfer from the quantum microwave radiation to the matter subsystems, discussing also recent

experimental values guaranteeing the successful transfer of quantum correlations. Finally, by ex-

ploiting hidden dynamical symmetries (Lie algebras) in the microwave/qubit Lindblad equation

we provide an analytical solution to the dissipative dynamics, that not only confirms previously

obtained numerical results, but that could also extend them to related different experimental

setups.
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Chapter 1

Introduction

The quantum entanglement, is considered to be one of the most non-classical manifestation of

the quantum formalism. Schrödinger and Einstein recognized this property as ”spooky” action

at a distance which implies the existence of global states of composite systems which cannot

be written as a product of the states of the individual parts. Remarkably, the quantum entan-

glement has been an essential ingredient that has allowed a deeper understanding of quantum

mechanics, has given us new insights for understanding many physical phenomena including

superradiance [1], superconductivity [2] and quantum phase transitions [3–5]. Aditionally, its

applications have allowed the development of new fields of research, as quantum information

and quantum computation.

The possibility of implementing experimentally entangled states has resulted in interesting pro-

posals such as quantum teleportation [6, 7], quantum cryptography [8, 9], quantum computa-

tion [10, 11], among others. From another perspective, the entanglement plays a fundamental

role in the physics of many body systems, in particular in critical phenomena like quantum

phase transitions. At the present, it is an open issue to achieve the efficient generation, charac-

terization and quantification of entangled states of bipartite and multipartite systems both for

pure states as well as for statistical mixed states. While important insights have been gained on

these issues in the context of bipartite two level systems (qubits), a less understanding has been

gained until recently to higher dimensional entanglement, such as the structure of entangled

states in higher dimensional composed Hilbert spaces.

For infinite dimensional Hilbert space systems, quite remarkable have been the advances in

the so-called Gaussian states. Though, in these systems the entanglement can arise between

degrees of freedom with continuous spectra, there is a wide framework for the study of the

structure and non-local correlations in these systems [12]. On other hand, is of great relevance

the current advances about the generation in different laboratory setups of two mode and

broadband coherent squeezed Gaussian states with high degree of control [13–15].

1



Abbreviations 2

In this framework, our investigation has been oriented along parallel lines between the theo-

retical and structural aspects of the entanglement generation itself, as well as assessing some

experimental proposals based on our analytical and numerical results. Concretely, we have been

interested on one hand in how to produce entanglement in bipartite solid state systems of two

and higher dimensions in a wide range of separations between constituents qubits, and on the

other hand in how to optimally quantify this entanglement including the environment noisy

effects.

This PhD Dissertation collects our contributions to the understanding, quantification, pro-

duction and implementation of entangled states in solid-state based qubit systems and qubit

ensembles. We have used the combination of different systems, a research field termed as hy-

brid quantum systems to explore within them the entanglement phenomena. A central leading

role in this Thesis is played by the nitrogen-vacancy (NV) centers, important physical systems

for emergent quantum technologies, including quantum metrology, information processing and

communications, as well as for nanotechnologies and biological applications. The NV centers

are formed by a substitutional impurity of nitrogen (N) adjacent to a carbon vacancy (V) in a

crystalline diamond matrix. These centers have an optical active electronic transition at 638nm

in the visible range simultaneously possessing a ground state with a spin-1 or triplet state.

In this way the spin of a NV center can be controlled, written an read by both visible and

microwave photons. These systems have been central characters in various room temperature

demonstrations of quantum registers and quantum logic elements. The recently new explored

hybrid systems, that combine the spin properties of solid-state qubits such as NV centers inter-

acting with quantum circuits or superconducting (SC) circuits, are a powerful resource to get

entangled states in a controllable way with extremely good coherence times [16, 17]. In par-

ticular, we propose several schemes based on cavity quantum electrodynamics in the microwave

regime combined with matter subsystems and discuss the preservation in time of their unique

quantum coherence properties.

We extend our scope to systems that combine several NV centers in diamond, SC qubits and

magnetic molecules with squeezed microwave photons to assess the phenomena of entanglement

generation by including solid-state noise effects. We explore and discuss the effective entangle-

ment transfer from continuous radiation states to discrete systems such as qubits or ensembles of

qubits in two cases: First we consider a pulsed two-mode microwave squeezed state impinging

upon two pairs of electronic/nuclear spins surrounded by a noisy spin environment in a dia-

mond matrix. Second, we propose a scheme with a continuous broadband squeezed microwave

radiation to dissipatively interface radiation-matter systems. Additional decoherence effects

are included in this part by considering the matter subsystems in contact with thermal baths.

Analytical and numerical results provide restrictions to the experimental parameters where this

procedure could be feasible. Additionally, we propose a quantum circuit setup to test the gen-

eration of entanglement between two NV centers spaced by µm, by considering that each NV
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center interacts with a flux qubit in the recently introduced ultrastrong regime to indirectly

couple the spin centers.

This Dissertation is organized as follows:

Chapter 2 contains a first approach to generate entanglement in bipartite systems consisting of

spins in solids in an external magnetic field. We consider the direct magnetic dipolar interaction

as a mediator for generating non-classical correlations in the system. We examine the conditions

to get maximally entangled states for spins separated by a few nm. We use the concurrence

as a measure of entanglement and show the dependence of this quantity with the magnetic

field, temperature and dipolar strength in the attractive system of NV centers in diamond. In

this work we discuss the main conditions for entangling NV centers impurities embedded in

diamond. The bipartite entanglement of two NV centers is analyzed in terms of its dependence

on the field strength and its direction, the distance between centers and temperature.

Due to the strong dependence of the dipolar coupling, and consequently of the so produced

entanglement, with distance as we show in Chapter 2, in order to reach an enough degree

of scalability other experimental procedures to obtain entangled states for larger distances are

required. As a first step, we propose to combine different solid state based systems, which

are known as hybrid quantum systems. Thus, Chapter 3 is devoted to introduce the main

ingredients for our analysis about hybrid systems: the used qubits, resonant cavities, quantum

circuits (as the Josephson parametric amplifiers) and how to obtain and quantify quantum

entangled states in this scenario. In particular, impurities in solids and SC circuits which have

similar energy transitions (GHz) are studied. A great deal of interest has recently arisen in solid-

state based quantum information systems supporting the combination of crystalline defects, SC

circuits and magnetic molecule nanoassemblies. A common feature of all these platforms is the

fact that they are closely resonant in the microwave regime, placing new demands on appropriate

quantum interfaces in this sector of the electromagnetic spectrum. Therefore, in this chapter

we study experimental parameters to control and assemble the selected systems, as realistic

platforms for the controlled preparation of highly entangled quantum states. We use the strong

coupling between a spin associated to a NV center and SC flux qubits to produce an effective

coupling between distant NV systems, initially uncorrelated.

Some of the studied quantum circuits presented in Chapter 3 have a peculiar feature: these cir-

cuits, known as Josephson parametric amplifiers, emit a non-classical highly correlated radiation

in the microwave sector of the electromagnetic spectrum. Recently, it has been demonstrated

that a Josephson parametric amplifier produces an output which turns out to be a microwave

highly correlated (entangled) two field mode state, reaching in some cases of a single output

line a power gain up to 12 dB. Additionally, in the case of two separate output transmission line

setups, it has been possible to get pairs of entangled microwave photons with gains up to nearly

9.8 dB [13, 18]. Therefore, in Chapter 4, we propose a scheme that combines the NV-spins with

a pulsed two-mode squeezed microwave radiation field as generated by a Josephson parametric
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amplifier, in order to get highly correlated states between the spins. The transfer of entan-

glement from continuous variables systems (CV) to discrete quantum systems (qubits) [19, 20]

offers a very robust alternative for entanglement creation over long distances (≈cm). Addi-

tionally, non-Markovian dissipation baths, as composed by nuclear spins, have been modeled

to calibrate the effects of the most prominent decoherence environment effects on the entangle-

ment transfer from microwaves to spatially separated NV centers. Furthermore, we address the

issue of assessing the possibility of entanglement transfer from pulsed squeezed microwave light

to two nuclear spins closely linked to different NV centers. In some cases, we show analytical

results for the density matrix describing the dynamics of the distant spins, even in the presence

of a noise environment. Effects of the main amplifier parameters, as well as different coupling

constants, have been addressed.

In Chapter 5, we extend the previous results to the case of continuous squeezed broadband

microwave states combined with spatially separated bipartite solid state systems consisting of

either two single qubits or two qubit ensembles. By using an appropriate multi-bath Lindblad

equation formalism we show that, even in the stationary regime, it is possible to get robust

entangled matter states. We focus on the range of experimental bounds of parameters where

this process is feasible in both transient and stationary states. Decoherence effects on the

entanglement transfer are included by considering thermal baths. Both analytical results as

well as numerical simulations are discussed in order to fix the limitations on the entanglement

transfer imposed by natural noisy solid-state environments [21].

Finally, in Chapter 6 we generalize the numerical solution to the master equation previously

presented in Chapter 5, by addressing its analytical solution exploiting hidden symmetries in

the open quantum dynamics by writing/solving the full master equation in terms of a set of

Lindblad super-operators which act as multi-generators of a closed Lie algebra. In this way

we provide additional analytical tools for exploring microwave-qubit dissipative entanglement

transfer setups.



Chapter 2

Quantum entanglement in

dipole-dipole coupled solid-state spin

systems

It is a central concern of quantum information theory (QIT) the different aspects orbiting

around the concept of entanglement. There are still open questions not only from the theoretical

side of the characterization/measurement of such quantum non-local correlations but also from

the robustness of experimental implementations of entangled states in a very wide range of

possible quantum hardware systems. One of the simplest conceivable quantum systems in

which entanglement can naturally arise is that formed by a bipartite two-level system. A

promising candidate for this quantum realization is a pair of electronic and nuclear spins in

a solid-state environment. In this chapter we show that quantum entanglement can emerge

in distant electronic spins by exploiting the magnetic dipolar coupling for spins separated by

a few nanometers. We characterize the amount of entanglement in terms of the concurrence,

a well established entanglement measure that can be computed by standard techniques [22].

The conditions for entanglement development and the dependence of the concurrence on the

external magnetic field, temperature and dipolar coupling have been considered. Additionally,

we have calculated the quantum discord [23] to quantify other quantum correlations besides

entanglement and we discuss some differences respect to the calculations obtained with the

concurrence itself. Results are presented for spins in solids, more concretely for atomic impurities

and/or defects. Carbon materials [24, 25], particularly diamond [26, 27], are suitable for

hosting robust solid-state quantum applications due to long coherence times in a wide range

of temperatures (electron spin ∼ 1ms and nuclear spin ∼ 1s) [28]. In particular, we address

the issue of pointing out the optimal conditions for inducing quantum entanglement between

electronic spins of separate NV colour centers in diamond crystals and discuss the realistic

experimental requirements for such generation of entanglement in such solid-state systems.

5



Chapter 2. Quantum entanglement in dipole-dipole coupled solid-state spin systems 6

2.1 Introduction

From a phenomenological point of view, the phenomenon of entanglement appears when two

physical systems interact directly or through a third part or mediator and in this process some

correlations of a pure quantum nature are generated between the two main parts. These non-

classical correlations may persist even when the direct interaction is switched off and the two

systems are spatially separated. The entanglement can also be created without direct interaction

between the subsystems, via the so called entanglement swapping [29, 30]. If we measure a

local observable on the first system, its state collapses in an eigenstate of that observable.

Surprisingly, also the state of the second system, wherever it is (in the ideal case of vanishing

environmental decoherence), is modified instantly. Responsible for this ”strange” action at a

distance is the non-classical and non-local quantum correlations known as entanglement [31].

The quantum entanglement has been widely used for fundamental tests of quantum mechanics.

Several experiments have demonstrated entanglement of optical photons [32, 33], spins in solid-

state systems [32, 34] and atomic systems [35, 36]. Recently violation of a Bell inequality

has been shown using entangled electron spins separated by up to 1.3 km [37]. Quantum

entanglement at room temperature conditions in a macroscopic solid-sate spin ensemble has

been also reported [37, 38].

Some of the most common applications of entangled states are in quantum technologies such

as: quantum cryptography, quantum computation and quantum information. However, entan-

glement is not the only type of correlation useful for quantum technology. Recently, it was

found that there are some quantum correlations other than entanglement that also offer some

advantages, for example, quantum non-locality without entanglement [39, 40].

In particular, for a bipartite quantum state, it is important to know whether it is entangled,

separable, classically correlated, or quantum correlated; and much effort has been invested in

quantifying the entanglement and the quantum correlations themselves. Now, the amount of

entanglement of a two-qubit system is well known that can be quantified by the concurrence

[22] while in order to quantify other quantum correlations, beyond entanglement itself, some

other less explored identifiers such as the quantum discord [23] are emerging.

In this chapter we are going to address the quantum entanglement of a bipartite system: two

spins 1/2 interacting via an anisotropic magnetic dipolar interaction. The chapter will be struc-

tured as follows. We start in section 2.2 by giving an exact definition of the system of interest

and all the elements that led to the dipolar Hamiltonian. In section 2.3 we discuss the conditions

for reaching a maximum of concurrence. We study the dependence of the entanglement as a

function of the temperature and an applied magnetic field. Moreover, we present results for the

quantum discord of the two-spin system using the results of Ollivier and Zurek [23]. In section

2.4 we discuss and compare the results presented in 2.3. Finally, in section 2.5 we will present



Chapter 2. Quantum entanglement in dipole-dipole coupled solid-state spin systems 7

B(a) (b)

nm

Dipolar coupling

Figure 2.1: (a) Schematic setup. An isotopically substrate with electronic and nuclear spins
in an external magnetic field. (b) A pair of qubits closely separated (d ≈ nm) present a dipolar
interaction. (c) Zeeman energy levels produced by the interaction between the electronic spins
and the associated magnetic field. The energy transition are defined between the ground |g〉 and
the first |e〉 excited state.

an application of the previous results to a recent feasible solid-state physical system: two color

centers or NV centers in diamond.

2.2 Hamiltonian of a dipolar coupled spin system

We start by describing the main aspects of the system under study. We assume N spins of

species S coupled by anisotropic dipolar interactions and subjected to an external magnetic

field, see Fig. 2.1. The total Hamiltonian of this interacting system can be written as [41],

Ĥ = Ĥz + Ĥdd, (2.1)

where the Hamiltonian Ĥz describes the Zeeman interaction between the spins and the external

magnetic field. We assume a very large field Bz applied along the z axis, leading to Zeeman

splittings ωs,k = γs,kBz, where γs,k is the gyromagnetic ratio of the spin k of species S, Fig. 2.1(c).

Ĥz =

N∑
k=1

ωs,kŜ
z
k , (2.2)

the operators Ŝzk represent angular spin momentum operators on the z−axes for the k spin.

Dipolar interactions between pairs of spins are included in the Hamiltonian Ĥdd,

Ĥdd =
∑
j<k

γjγk
1

r3
jk

[Ŝj · Ŝk − 3(Ŝj · n̂)(Ŝk · n̂)], (2.3)
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or equivalently

Ĥdd =
∑
j<k

γjγk
r3
jk

{(
1− 3 cos2 θjk

) [
Ŝzj Ŝ

z
k −

1

4
(Ŝ+
j Ŝ
−
k + Ŝ−j Ŝ

+
k )

]
− 3

4
sin 2θjk

[
e−iφjk(Ŝzj Ŝ

+
k +

Ŝ+
j Ŝ

z
k) + eiφjk

(
Ŝzj Ŝ

−
k + Ŝ−j Ŝ

z
k

)]
− 3

4
sin2 θjk

[
e−2iφjk Ŝ+

j Ŝ
+
k + e2iφjk Ŝ−j Ŝ

−
k

]}
, (2.4)

where rjk, θjk and φjk are the spherical coordinates of the vector ~rjk connecting the j-th and the

k−th spin in a coordinate system with the z−axis along the external magnetic field, Ŝ+
j , Ŝ+

k and

Ŝ−j ,Ŝ−k are the raising and lowering spin angular momentum operators of the j−th and k−th

spin respectively. From these last expressions it turns evident the anisotropic features associated

with the dipole-dipole interactions. We can describe the system with a density matrix,

ρ̂ =
1

Z
exp

(
− Ĥ

kBT

)
, (2.5)

where Z = Tr
{

exp
(
−Ĥ/kBT

)}
is the partition function, kB is the Boltzmann constant, and

T is the temperature. For a two spin system, the partition function Z in Eq. (2.5) is,

Z = Tr

{
e
− Ĥ
kBT

}
= 〈1| e−

Ĥ
kBT |1〉+ 〈2| e−

Ĥ
kBT |2〉+ 〈3| e−

Ĥ
kBT |3〉+ 〈4| e−

Ĥ
kBT |4〉

= e
− E1
kBT + e

− E2
kBT + e

− E3
kBT + e

− E4
kBT , (2.6)

where |1〉, |2〉, |3〉 and |4〉 are the eigenvectors of Ĥ and represent linear combinations of the

basis vectors {|i, j〉}, with i, j = ±.

If we assume a high external magnetic field, some terms of the Hamiltonian Eq. (2.3) precess very

fast around the direction of the field and consequently they vanish in average. In this situation is

legitimate to approximate the dipolar Hamiltonian Ĥdd with a secular approximation Ĥdd ≈ Ĥs,

Ĥs =
γ2

r3
12

(1− 3 cos2 θ)

[
Ŝz1 Ŝ

z
2 −

1

4

(
Ŝ+

1 Ŝ
−
2 + Ŝ−1 Ŝ

+
2

)]
. (2.7)

In the following sections we will use these different forms of the dipole-dipole Hamiltonian to

investigate in detail the entanglement generation between pairs of spins in two cases: for the

complete Hamiltonian and for the secular approximation. Furthermore, we will study other

measures for quantum correlations beyond entanglement and address the sensitivity of these

results over variations of the magnetic field and the distance between spins.

2.3 Quantum correlations

The study of correlations in quantum systems cannot be explained by classical theories. Quan-

tum correlations appears when at least two physical systems interact directly or trough a third
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mediator generating a dependent state on the properties of each other. This correlation can be

understood as an apparent ability of objects to instantaneously know the state of the other part,

even when they are separated by large distances, a non-local phenomenon which is known as

quantum entanglement. The research on entangled systems has allowed to reveal fundamental

quantum properties such as non-locality which is an essential difference between quantum and

classical physics [42]. Moreover, entangled states display strong correlations not possible in

classical physics, and indeed they can violate Bell’s inequalities [43, 44]. On the other hand,

the correlations between quantum objects and their environment can explain the emergence of

”classical reality” from the underlying quantum world [45].

The study and experimental implementation of quantum correlations have allowed to open the

door to novel communication and computational protocols: quantum computation [10, 11],

quantum teleportation [6, 7], quantum dense coding [46, 47], etc. In the field of condensed

matter physics the entanglement is essential in characterizing and simulating quantum matter

systems. However, more recent researches have shown that entanglement does not account for

all quantum correlations and the new concept of quantum discord have emerged as a central

concept in QIT [23]. In a similar way the role of discord in quantum science and technology is

other important topic in science.

In this section we present two measures for quantum correlations. The Wootters concurrence

for two-qubit entangled states [23] and the quantum discord for catching other non-classical

correlations beside entanglement [23].

2.3.1 Measures of entanglement: Concurrence

In this section, we give a brief outline of the concurrence as a measure of entanglement, and

its expression for quantifying quantum correlations for both pure and mixed states. Let us first

consider a pure state |Φ〉 of a pair of qubits. The concurrence C (Φ) of this state is defined to

be C (Φ) =
∣∣∣〈Φ ∣∣∣Φ̃〉∣∣∣, where the tilde represents the ”spin-flip” operation

∣∣∣Φ̃〉 = (σ̂y ⊗ σ̂y) |Φ∗〉.
Here |Φ∗〉 is the complex conjugate of |Φ〉 in the standard basis {|++〉 , |+−〉 , |−+〉 , |−−〉}, and

σ̂y is the Pauli operator,

σ̂y =

(
0 −i
i 0

)
. (2.8)

When we apply a spin-flip rotation to a pure product state, it takes the state of each qubit to the

orthogonal state, that is a diametrically opposite point on the Bloch sphere. The concurrence

of a pure product state is therefore null. On the other hand, a completely entangled state is

invariant by the spin flip (except possibly by a phase factor), so that for such states C takes the

value one, which is its maximum possible value. Therefore the concurrence is a measure of the

amount of entanglement for two qubits varying in the range 0 ≤ C ≤ 1. In the case of mixed

states, the two-qubit quantum state must be represented not by a ket but by a density operator
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ρ̂. This operator ρ̂ can be decomposed into a mixture of a set of pure states |ψi〉 as,

ρ̂ =
∑
i

pi |ψi〉 〈ψi| , (2.9)

where {|ψi〉} are distinct normalized (not necessary orthogonal) two qubit pure states. In this

case, the state ρ̂ is entangled if it cannot be represented as a mixture of separable pure states.

In this way, we can define the concurrence of the mixed state ρ̂ of two qubits as,

C(ρ̂) = max {0, λ1 − λ2 − λ3 − λ4} , (2.10)

where the λi(i = 1, 2, 3, 4) are the square roots of the eigenvalues of the product ρ̂ ˆ̃ρ in descending

order. Here ˆ̃ρ is the result of applying the spin-flip operation to the density matrix ρ̂,

ˆ̃ρ = (σ̂y ⊗ σ̂y)ˆ̄ρ(σ̂y ⊗ σ̂y), (2.11)

with ˆ̄ρ the conjugate density matrix in the standard basis and again σ̂y is the Pauli matrix.

Alternatively, we can say that the λi are the singular values of the symmetric matrix [22],

Aij =
√
rirj 〈Ψi| Ψ̃j

〉
, (2.12)

the terms |Ψi〉′ s are the eigenvectors of ρ̂ and the r′is are the corresponding eigenvalues. The∣∣∣Ψ̃〉 state is

(σ̂y ⊗ σ̂y) |Ψ∗〉 , (2.13)

and |Ψ∗〉 is the complex conjugate of |Ψ〉 . One can see that Eq. (2.10) reduces to the pure state

formula C (Φ) =
∣∣∣〈Φ ∣∣∣Φ̃〉∣∣∣ when ρ̂ is the pure state |Φ〉 〈Φ|. So far we have reviewed the way

to evaluate the concurrence as a measure of entanglement for two spins-1/2 in pure as well as

in mixed states. In the following section we will discuss the dependence of concurrence with

magnetic field and dipolar interaction for two spin systems.

2.3.2 Quantum Discord

According to the classical physics, the correlation between two random variables X and Y is

measured using the mutual information of them,

J(X : Y ) = H(X)−H(X |Y ) , (2.14)

where H(X) is the Shannon entropy which describes the degree of ignorance about a random

variable X,

H(X) = −
∑
x

px log px, (2.15)
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with px the probability of the random variable X taking the value x [23]. The term H(X |Y )

in Eq. (2.14) is the conditional entropy of X given Y . Using H(X |Y ) = H(X,Y ) − H(Y ),

equation Eq. (2.14) can be written as,

I(X : Y ) = H(X) +H(Y )−H(X,Y ), (2.16)

where I is another classically equivalent expression for the mutual information. In the quantum

context, every term in I is similar to the classical one; nevertheless, probability distributions

must be replaced for their associated density matrices ρ̂S , ρ̂A and ρ̂S,A and the classical Shannon

entropy gets replaced by the Von Neumann entropy,

I(S : A) = H(S) +H(A)−H(S,A), (2.17)

In Eq. (2.17) the term H(S) +H(A) represents separated uncertainty about S, A respectively

and H(S,A) the composite system uncertainty, which is described by density matrix ρ̂S,A.

Now, in the quantum case, the J term is not so similar to the classical one because conditional

entropy H(S |A) requires to specify the state of S given the state of A. In quantum theory, this

is ambiguous until states set belonging to A are measured. In this case, the measures are defined

as a set of one-dimensional projectors
{

ΠA
j

}
, where j represents different set of measurements.

The state associated to S after measuring ΠA
j is,

ρs|ΠAj =
ΠA
j ρS,AΠA

j

TrS,AΠA
j ρS,A

, (2.18)

with probability pj = TrS,AΠA
j ρS,A. In this case, the entropy will be,

H(S
∣∣{ΠA

j

}
) =

∑
j

pjH(ρS|ΠAj ). (2.19)

Because of this, the J quantum case would be written as,

J(S : A){ΠAj } = H(S)−H(S
∣∣{ΠA

j

}
). (2.20)

This result includes all the information won by system S as a consequence of
{

ΠA
j

}
measure-

ment. The expressions Eq. (2.16) and Eq. (2.14) for the mutual information are equivalent in

the classical situation but not in the quantum case. In this way, it appears the quantum discord

as the difference between these two quantities [23],

δ(S : A){ΠAj } = I(S : A)− J(S : A){ΠAj }
= H(A)−H(S,A) +H(S

∣∣{ΠA
j

}
), (2.21)

it depends both on ρ̂S,A and on the projectors
∏A
j . The quantum discord is asymmetric under
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(a) (b)

C C

Figure 2.2: Concurrence between two closely separated interacting spins. (a) Concurrence as
a function of the external magnetic field β and the polar angle θ with d = 2 and φ = 0. (b)
Concurrence as a function of the external magnetic field β and the azimuthal angle φ with d = 2
and θ = π/2.

the exchange S −→ A since the definition of the conditional entropy involves a measurement

on one end that allows the observer to infer the state S. We shall usually be concerned with

the set
∏A
j that minimizes the discord given a certain ρ̂S,A. Minimizing the discord over the

possible measurements on A corresponds to finding the measurements that disturbs least the

overall quantum state and that, at the same time, allows to extract the largest information

about S. The quantum discord introduced by Olliver and Zurek [23], measures the amount of

quantumness in the state. In Eq. (2.21) I(S : A) represents the total information (correlation)

whereas J(S : A) is the information gained about S as a result of a measurement on A. If

δ(S : A) = 0, we can conclude that the measurement has extracted all the information about

the correlation between A and S; on the other hand, a non-zero δ(S : A) implies that the

information cannot be extracted by local measurements and the subsystem A gets disturbed in

the process, a phenomenon not expected in classical information theory.

2.4 Results and discussions

In this section, we present results for the pairwise correlations due to the dipolar coupling

between closely separated spin qubits. The magnetic field Bz and dipolar coupling strength will

be measured in units of KBT , as the dimensionless parameters,

βk =
γs,kBz
kBT

, (2.22)

djk =
γjγk
r3
jkkBT

. (2.23)
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Figure 2.3: Concurrence between two single spins as a function of the external magnetic field β
and the distance or dipolar interaction (d ∝ 1/r3

12) with the azimuthal angle φ = 2π for different
values of the polar angle. (a) θ = 0◦, (b)θ = 20◦,(c)θ = 40◦,(d)θ = 60◦,(e)θ = 80◦,(f)θ = 90◦.
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Figure 2.4: Quantum discord between two single spins as a function of the external magnetic field
β and the distance or dipolar interaction (d ∝ 1/r3

12) with the azimuthal angle φ = 2π for different
values of the polar angle. (a) θ = 0◦, (b)θ = 20◦,(c)θ = 40◦,(d)θ = 60◦,(e)θ = 80◦,(f)θ = 90◦.
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Figure 2.5: Concurrence between two single spins with secular approximation as a function
of the external magnetic field β and the distance or dipolar interaction (d ∝ 1/r3

12) with the
azimuthal angle φ = 2π for different values of the polar angle. (a) θ = 0◦, (b)θ = 20◦,(c)θ =
40◦,(d)θ = 60◦,(e)θ = 80◦,(f)θ = 90◦.
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Figure 2.6: Quantum discord with secular approximation between two single spins as a function
of the external magnetic field β and the distance or dipolar interaction (d ∝ 1/r3

12) with the
azimuthal angle φ = 2π for different values of the polar angle. (a) θ = 0◦, (b)θ = 20◦,(c)θ =
40◦,(d)θ = 60◦,(e)θ = 80◦,(f)θ = 90◦.
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Figure 2.7: Concurrence between two single spins with the secular approximation as a function
of the external magnetic field β and the distance or dipolar interaction (d ∝ 1/r3

12) with the
azimuthal angle φ = 2π for different values of the polar angle close to the θm. (a) θ = 50◦,
(b)θ = 54◦,(c)θ = 56.4◦,(d)θ = 56.6◦,(e)θ = 56.8◦,(f)θ = 60◦.
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Figure 2.8: Quantum discord with secular approximation between two single spins as a function
of the external magnetic field β and the distance or dipolar interaction (d ∝ 1/r3

12) with the
azimuthal angle φ = 2π for different values of the polar angle close to θm. (a) θ = 50◦, (b)θ =
54◦,(c)θ = 56.4◦,(d)θ = 56.6◦,(e)θ = 56.8◦,(f)θ = 60◦.
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In the following results we restrict ourselves to the case of two symmetric spins, i.e. β1 = β2 = β,

with d12 = d. We have now all the elements to evaluate the concurrence and quantum discord

of a spin pair in an arbitrary pure or mixed quantum state. We first consider fixed values for

φ = 0 and d = 2 and evaluate the concurrence as a function of β and the polar angle θ12 = θ.

The results are shown in Fig. 2.2(a). At θ = π/2, the system is in the maximum entangled state.

Therefore, with the θ value obtained from Fig. 2.2(a) and d = 2 we evaluate the concurrence as

a function of β and φ12 = φ Fig. 2.2(b). In this case the entanglement reaches maximum values

for φ = 0, φ = π
2 , φ = π.

In order to understand these results, and the anisotropy effects of the dipolar entanglement, in

Fig. 2.3 and Fig. 2.4 we have fixed d = 2 and φ = 2π and varied θ between 0 and π/2 and

calculated the concurrence and quantum discord, respectively.

Although the variations of the concurrence and discord are qualitatively similar, we emphasize

the following differences. At low magnetic fields or high temperatures β → 0, the concurrence

is zero even if the dipolar interaction takes high values Fig. 2.3. However, under the same

conditions, we can see a non zero quantum discord for β → 0 Fig. 2.4, a result which shows a

quantitatively different result for quantum correlations and indicate that even at high tempera-

tures we can obtain quantum correlations not captured by the entanglement. On other hand, if

we increase the magnetic field (low temperature β � 1) concurrence and quantum discord have

similar behaviors. We note that even with a weak dipolar coupling we can find non-zero quan-

tum correlations. However, if we continue increasing the magnetic field the concurrence reaches

a maximum value and then it starts to decrease. To explore this behavior consider separately

the terms of the Hamiltonian Eq. (2.1). If we consider in the Hamiltonian only the term Ĥz and

evaluate the concurrence and quantum discord we have zero correlations for all magnetic field

values. A similar situation occurs for Ĥz = 0 and Ĥdd 6= 0. Now, if we consider both terms,

while magnetic field is increased, the contribution of the term Ĥz increases, until that for some

value Bz = Bz,max the interaction energy between spins and magnetic field is of the same order

of magnitude than the dipolar interaction energy, and in this case the concurrence and quantum

discord reach maximum values. If we continue still increasing Bz > Bz,max, the term Ĥdd will be

lesser than the term Ĥz and Ĥ ≈ Ĥz, and we recover the situation of separable and uncorrelated

quantum states. The results show two mechanism to exploit the quantum correlations present

in spins systems: first we can reduce the temperature and generate entanglement even if the

dipolar interaction is weak or we can take advantage of the dipolar interaction and generate

quantum correlations even in high temperature environments.

We would now like to investigate if the previous results change if instead of consider the complete

dipolar Hamiltonian Eq. (2.4) we consider the secular approximation Eq. (2.7). The responses of

concurrence and quantum discord to the secular approximation are shown in Fig. 2.5 and Fig. 2.6

for φ = 2π. For sufficiently small magnetic fields and θ, similar results are obtained respect to

the non-secular approximation situation 2.3 and Fig. 2.4. However, for θ = π/3, 4π/9, π/2 a
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Figure 2.9: Concurrence between two single spins as a function of the magnetic field β and the
dipolar interaction d with θ = π/2 and φ = 2π. (a) Concurrence considering secular approxima-
tion. (b)Concurrence without secular approximation. (c)Concurrence vs. magnetic field: The
solid black line is with d = 10, the green d = 6, the blue circles with d = 4 and the red square
with d = 2.

significant difference is obtained. For small magnetic fields, even with small dipolar interaction,

we have non-zero correlations. In addition, we have explored the range of parameters θ where

we have a notable variation in the concurrence and quantum discord. In Fig. 2.5 and Fig. 2.6

we can observe that the correlations are approximately zero until a critical θ is reached. We

have noted that the change occurs for θ close to the so-called ”magic angle” θm = cos−1
√

1
3

(θ ≈ 54.7◦) for which the secular dipolar approximation Hamiltonian vanishes. In Fig. 2.7 and

Fig. 2.8 we present the results for the correlations as a function of the magnetic field and dipolar

interaction with φ = 2π and θ close to the magic angle. The results confirm that the quantum

correlations develop for θ ≥ θm.

In summary, we have studied the concurrence and quantum discord for spin systems and their

dependence with the magnetic field, the anisotropy and distance between pair of spins of the

dipole-dipole Hamiltonian. We have compared the differences in the correlations with the secular

approximation and the results are presented in Fig. 2.9(a) and Fig. 2.9(b). Besides that, in

Fig. 2.9(c) we have considered points of Fig. 2.9(b) for the dipolar interaction and plot the

concurrence as a function of the magnetic field.

2.5 Experimental realization: quantum correlations of two NV

centers

In order to apply the formalism presented in the last sections to recent experimental architec-

tures, we are going to model the spin ensemble of Fig.2.1 as a set of NV centers in diamond

coupled in pairs with dipolar interactions.

Diamond has been studied for many decades by their attractive record of extremes, including

ultra-hardness, higher thermal conductivity than any other material and transparency to ul-

traviolet light. In addition, diamond has recently become much more attractive for solid-state
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Figure 2.10: Concurrence between two closely separated interacting spins. (a) Concurrence as a
function of β1 and the dipolar interaction d with β2 = 0.72, θ = π/2 and φ = 0. (b) Concurrence
as a function of the dipolar interaction d with β2 = 0.72, θ = π/2 and φ = 0 for selected values of
β1 of Fig. 2.10(a). The blue line correspond to β1 = 2.0, the red line β1 = 1.5 and the black line
β1 = 1.0

quantum electronics [48, 49]. As with semiconductors in conventional electronics, the key to

making diamond functional for quantum electronics is doping it with impurities or to generate

in a controllable way point defects, especially for producing NV defect centers. Electrons orbit

in the vacancy and around the adjacent four atoms and carry a spin that quantum applications

can exploit [48].

In this section we explore the long-range anisotropic magnetic dipolar interaction between in-

dividually addressable single electron spins associated with separate colour centers in diamond.

Specifically, we study the strong dependence of the NV entanglement with the distance and

external magnetic field.

For modeling this system we consider the following Hamiltonian:

ĤNV = DŜ2
z + µBge ~B · Ŝ, (2.24)

where D is the zero-field splitting, µB is the Bohr magneton, ge the g-factor of the electron, ~B

the external magnetic field and Ŝ the spin operator for the electrons. If the magnetic field is

applied in the ẑ direction, the Hamiltonian would be:

ĤNV = DŜ2
z + ω0BŜz, (2.25)

with ω0 = µBgeB. If the two NV centers have axes of quantization in different directions ω0A

6= ω0B, where ω0A and ω0B are the energy splitting between the two lowest energy NV-spin

levels [49]. Additionally, we have considered the term Eq. (2.3) and used the concurrence C to

compute the entanglement between the NV-spins, which depends of the following parameters:
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β1, β2, d, θ and ϕ. In this case we have β1 = ω0A
kBT

, β2 = ω0B
kBT

. If the separation between the spins

is r12 = 10 nm and B = 83 G then β1 = 0.72, β2 = 0.70 and d = 0.000001 [28]. Therefore in

thermal equilibrium the concurrence of the two NV centers is vanishing. In Fig.2.9(a) we show

the concurrence for β2 = 0.72, θ = π/2, ϕ = 0 varying β1 and d. Note how the entanglement

is zero until a limit value of distance d and magnetic field β1. This is best seen in Fig.2.9(b)

where we have fixed β1 = 1.0, 1.5, 2.0 of Fig.2.9(a).

2.6 Conclusions

In the first part of this chapter, a mechanism has been shown to generate entangled states

between closely linked spins in solids. The results obtained are highly dependent on the dipolar

interaction between the spins as well as of the external magnetic field. Thus, the system becomes

entangled when the Zeeman energy of the spins, due to their interaction with the external

magnetic field, is of the same order that the dipolar interaction energy. Additionally, the

results show that if we continue increasing the magnetic field, the Zeeman energy has a greater

contribution to the system and the spin system tends to end in a separable state. Therefore,

the results presented allow to obtain the parameter region where we could obtain maximally

entangled states.

Following these results, we extend the study of the quantum correlations beyond the entangle-

ment itself and present results for the quantum discord and its dependence with the dipolar

interaction and magnetic field. Our results show that the quantum discord in this system ex-

hibits a qualitatively similar behavior to the concurrence. However, we note some differences:

the quantum discord is non zero even in the limit β → 0 and d → 0, besides for some value of

the polar angle between the two particles, the concurrence is smaller compared in magnitude

with the quantum discord.

In the final part, we have also discussed recent results concerning the concurrence for a system

of NV centers in diamond. The dipolar interaction between the NV centers and the action

of an external magnetic field can be driving the generation of entangled states for NV center

separated at short distances. If we consider greater separations between the particles, higher

external magnetic fields are required in order to evidence quantum correlations in the system.

The results presented in this chapter show that entanglement appears in the course of increasing

the dipolar coupling constant. Thus, if we increase considerably the distance between the spins,

the magnetic dipolar interaction vanishes and so the concurrence C → 0. In the next chapter

we will present an alternative proposal for entangling spins in solids which include to combine

the spins with other devices. We will show how to increase within this new scheme the distance

range between particles and we will estimate the degree of correlation in the so called hybrid

systems.
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Hybrid quantum systems

In chapter 2 we investigate the dipole entanglement of interacting spins 1/2 in an external

magnetic field. The results showed a strong dependence with the distance between spins. In

this chapter we report entanglement of two electron spin qubits in diamond for long distances

(≈ µm). We establish this entanglement using a protocol based on the generation of correlations

trough of a mediator. This scheme imply the combination of different systems in a hybrid

system. Quantum systems which combine atoms, nuclear/electron spins, and solid-state devices

(hybrid quantum systems, HQS), are ideally suited to maintain long coherence times [50, 51],

strong coupling to electromagnetic fields [52, 53], high scalability and controllability [54].

The main interest in exploring these hybrid quantum systems is to exploit the advantages and

strengths of different matter systems in order to better harness new phenomena that could

eventually span novel quantum technologies. In this chapter we describe condensed matter

systems with accessible degrees of freedom in resonance with microwave radiation, specifically

HQS [55, 56] that combine superconducting (SC) circuits with nuclear and electronic spins. We

briefly review the formalism for characterizing microwave photon quantum states and discuss

some basic elements for interfacing them with quantum circuits such as transmission lines,

Josephson mixers and Josephson parametric amplifiers [13, 57]. Besides that, we propose some

general mechanisms for using HQS to generate entanglement between initially uncorrelated spins

in solids.

3.1 Introduction

The field of QIP requires the most advanced experimental demonstrations of different types of

qubits and a controllable manipulation of their coherent quantum properties. Among the most

successful qubit systems are included: trapped ions, atoms, spins and solid-state qubits [58–60].

On the other hand, the idea of combining different matter subsystems which would inherit the

advantages of each individual system is currently pursued worldwide by several groups [61–64].

20
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An essential element to perform successful quantum applications with HQS is to profit from

the significantly high coupling strength between the two or more involved physical subsystems

because the time taken to transfer the quantum information between the subsystems decreases

as their coupling strength increase [65].

Motivated by recent advancements in the microwave spectral domain, in this work we have

studied HQS which typically have resonances in the gigahertz (GHz) electromagnetic sector.

Concretely, we have explored two types of schemes. One of them consists of a spin ensemble (or

separated single spins) magnetically coupled to SC flux qubits [64, 66, 67]. The other one in-

volves spins in solids coupled to non-linear, one dimensional metamaterials, known as Josephson

parametric amplifiers (JPA), with strong nonlinearities or photon-photon interactions.

HQS involving SC flux qubits and NVs in diamond are particularly attractive because they

allow the realization of fast processing protocols with long storage times [68]. NVs in diamond

share many of the desirable properties of atoms, such as extremely long coherence times and

narrow-band optical transitions [69], but at the same time the integration with solid-state

systems can be relatively easy, as it eliminates the need for complicated architectures. The

advantage of using spin ensembles and the SC flux qubits [64, 67] is that SC flux qubits can

couple directly and more strongly with the spin ensemble due to the persistent current of the

flux qubit around 300 nA ≈ 900 nA [65, 70]. Therefore this system requires a much smaller

number of NVs to realize a strong coupling regime, and the sample occupies only a surface area

of tens of micro-meter square [68].

In the growing field of microwave quantum optics, the Josephson junctions embedded in a

transmission line or JPA, with photon-photon interactions activated by strong pump tones

allow the generation of microwave, path and frequency, entanglement in the form of two-mode

squeezed propagating microwave states [13, 15, 71]. Furthermore, the bipartite entanglement

of the emitted light modes has applications for entanglement generation in solid state systems

[21], quantum teleportation, interferometry [72], high-fidelity qubit readout [73], among others.

In this chapter, we study HQS consisting of SC circuits, NV centers in diamond and JPA

circuits. We begin in section 3.2 with a brief overview of different physical two-level systems

(qubits) in the microwave range. We then discuss in section 3.3 possible cavities which can

be tuned in resonance with these qubits. In section 3.4 we introduce the characteristics of the

JPA consisting of resonators and superconductor coplanar waveguides. We focus on the JPAs

as squeezing sources of two-mode and broadband states. Finally, in section 3.5 we highlight a

theoretical model for generating entanglement within these HQS.
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Figure 3.1: (a) Structure of nitrogen-vacancy (NV) center. The single substitutional nitrogen
atom (N) is accompanied by a vacancy (V) at the nearest neighbour carbon atoms (C). (b) Energy
level diagram of an NV centre. Allowed optical transitions between ground (3A) and excited (3E)
electronic states sublevels. Additionally, the ground state is split in the crystal field into a single
state (ms = 0) and a doublet (ms ± 1) separated by 2.88 GHz.

3.2 Systems used as qubits

The term qubit or quantum bit denotes a physical system which can be represented by a general

quantum state residing in a two-dimensional Hilbert space as a superposition α |0〉 + β |1〉,
where α,β are complex numbers which satisfy the normalization condition, |α|2 + |β|2 = 1. The

quantum bits are basic elements in QIP as they are the building blocks of quantum technologies

such as cryptographic protocols, quantum algorithms and quantum computers. Here we present

some condensed matter or solid state physical systems that usually are used as qubits that

operate in the microwave range: spins in solids (NV centers in diamond) and SC qubits.

3.2.1 Spins in solids

Spins are promising natural candidates for quantum technologies. In general, two kinds of spins

are used in quantum computation: electron spins and nuclear spins. Both types can interact

with external magnetic fields, but each one has its own advantages and disadvantages. Whereas

nuclear spins are naturally decoupled from their environment thus reaching long coherence

times while electron spins are strongly coupled to electromagnetic fields and can be more easily

controlled in experiments.

In this work, we focus on electron and nuclear spins in solids. Typically, these kind of spins

can be found into semiconductor quantum dots and atomic impurities. Quantum dots are small

nanostructures where electrons are trapped in a potential well and have discrete energy levels

[74–76]. Impurity spins can behave as qubits and can be used to store or process quantum

information. For example, phosphorous impurities in silicon and nitrogen-vacancy color centers

in diamond possess good coherence properties, which facilitate long storage times.
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We are interested in the NV center in diamond, which consists of a substitutional nitrogen (N)

atom at a lattice site neighboring carbon atom and one vacancy (V), see Fig. 3.1(a). In such

defect centers, both electron and nuclear spins can be used as qubits in quantum technologies

[27, 28]. The NV center has a ground state (a spin-1 orbital singlet) and a excited state (a

spin-1 orbital doublet), between which optical transitions can occur, Fig. 3.1(b). Owing to the

fine structure of the diamond, in the absence of a magnetic field the ground state is split into a

doublet sublevel ms = ±1 and a third sublevel ms = 0, with a resonance transition frequency

of roughly 2.88 GHz, which nicely matches the frequency regime of SC qubits. By using both

the laser and the microwave fields, one can implement manipulation, storage and readout of

the quantum information encoded in the sublevels [77, 78]. Furthermore, coherence times

can be enhanced, if one applies appropriate sequence of laser pulses and microwave fields, or

transfer quantum information from electron spins to nuclear spins by using tailored hyperfine

interactions [26, 79]. In addition, because NV centers couple to both optical and microwave

fields, they can be used as a quantum interface between optical and solid state systems [49].

3.2.2 Superconducting qubits

For an integrated circuit to behave quantum mechanically, one of the essential requirements is to

moderate the dissipation. More specifically, all metallic parts need to be made of a material with

zero resistance in order to preserve the quantum coherences. Low temperature superconductors

such as aluminium or niobium are ideal for this proposal [80]. SC qubits are macroscopic circuits

operating at temperatures of tens of mK. Although not microscopic in size, they can still behave

quantum mechanically, allowing the observation of quantum coherence on macroscopic scales.

The main element of the SC qubits is a nonlinear circuit in order to break the degeneracy of

the energy level spacing, allowing dynamics of the system to be restricted to only two states.

Compared with classical circuits formed by LC normal harmonic oscillators, in SC qubits the

energy-level separation becomes nonuniform by introducing a nonlinearity via Josephson junc-

tions. This property allows one to encode a qubit in the lowest to levels of a SC circuit [81–83].

A Josephson junction is made by sandwiching a thin layer of a isolating or non-superconducting

material between two layers of superconducting material. In a Josephson junction, the non-

superconducting barrier is on the order of 30 Å if the barrier is insulator, and of microns if is

a metal. Until a critical current is reached, supercurrent can flow across the barrier; electron

pairs can tunnel across the barrier without any resistance. However, when the critical current

is exceeded a finite voltage will develop across the junction. This in turn causes a lowering of

the junction critical current, causing even more normal current to flow and the development of

a larger AC voltage.

The SC qubits have two dominant energy scales: The Josephson coupling energy EJ and the

electrostatic Coulomb energy EC . According to their topology and physical parameters the SC
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Figure 3.2: (a) Equivalent circuit for an LC resonator consisting on an inductor in parallel with
a capacitor in an external potential. (b) Equivalent circuit for a transmission line, which consists
of an array of coupled LC resonators. (c) Picture of a coplanar waveguide, the left and right
superconducting planes are grounded to a fixed potential while the charge and electromagnetic
waves run through the middle section.

qubits can be divided into three kinds: charge qubits, flux qubits and phase qubits. In the

following we present the basic characteristics of each one of them.

1. Charge qubits: They consist of a superconducting island that is connected to a charge

reservoir (ground) through a tunnelling element, such as a Josephson junction. In these

systems single Cooper-pairs may tunnel one by one onto the island [84].

2. Flux qubits: These systems consist of a micrometer-sized loop with three or four Josephson

junctions. The SC flux qubits form superpositions of persistent currents of hundred of

nano-Amperes, flowing clockwise and anticlockwise through micrometer-sized SC loops

[85, 86].

3. Phase qubits: They consist of a single junction on one side of a loop. EJ/EC > 1 [87].

4. Transmon: This qubit is a modified type of a charge qubit. It involves an additional con-

nection of the two superconductors via a large capacitance. The transmon qubit reduces

the charge dispersion, therefore are less sensitive to environmental noise [88, 89].

3.3 Cavity quantum electrodynamics in the microwave range

The interaction of matter and light is one of the essential process occurring in nature, and its

most elementary form is realized when a single matter system interacts with a single photon.

This regimen has been a focus of research in quantum optics during the last several years [90]

and has generated the field of cavity quantum electrodynamics [91]. Many types of cavity

systems have been used to couple qubits to electromagnetic fields. The conventional optical

cavity consists of two separated parallel mirrors and is known as the Fabry-Perot cavity. In
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such cavity, a standing electromagnetic field can exist for long times and interact wit atoms or

spins in the cavity [92].

In the field of SC circuits we need to replace the optic cavities by other resonators, such as

coplanar waveguide (CPW), transmission lines and LC resonators, which operate in the mi-

crowave regimen. In these kind of cavities photons are injected from one end and move towards

the other end of the device. In the next we will describe the essential characteristics of such

cavities.

3.3.1 Microwave photons

The bosonic excitations that characterize the microwave cavities result in the process of en-

ergy quantization of such cavities. We will start with the simplest microwave cavity: the LC

resonator.

A SC-LC resonator is characterized by: (a) a capacitor C, (b) an inductor L which is in parallel

with C (c) an external voltage source and (d) a capacitor that couples it to the resonator Cg,

Fig. 3.2(a) [55]. Classically this resonator behaves like a harmonic oscillator, with energy

E =
1

2C
q2 +

1

2L
φ2, (3.1)

where φ is the magnetic flux and q the charge variable which represents the canonically conjugate

momenta of φ,

[φi, qj ] = i~δij . (3.2)

In this case the flux and charge variables (or current and voltage), oscillate at the frequency

ωLC =
1√
LC

. (3.3)

According to quantum theory this system should be quantized in a such a way that it provides

a discrete but infinite set of stationary states with energy

En = ~ω
(
n+

1

2

)
, (3.4)

with n ∈ {0, 1, 2, 3...}. The Eq. 3.4 implies that the LC circuit exchange energy with the

environment and other circuits in quanta of ~ω.

In practice, the circuit Fig. 3.2(a) may be fabricated using planar components with lateral

dimensions around 10µm of size, giving values of L and C approximately 0.1 nH and 1 pF,

respectively, and yielding resonance frequencies on the order of ω/2π ≈ 16GHz. If the mate-

rial used in the setup is aluminium, a good superconductor material with a transition critical
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Figure 3.3: (a) Josephson parametric amplifier circuit diagram. (b) Schematic principle of the
operating principle of a Josephson parametric amplifier.

temperature of 1.1 K and a superconducting gap ∆/e ≈ 200µV, dissipation from the braking

of the Cooper pairs will begin at frequencies greater than 2∆/h ≈ 100GHz [93].

The procedure to quantize the LC resonators can be extended to all other linear circuits such

as cables or waveguides. In all these cases, the elementary bosonic excitations will be identified

as microwave photons.

3.3.2 Transmission line

A transmission line circuit consists of a SC cable that transports quanta of microwave energy. An

example of these circuits are the coaxial cables, with SC lines printed on a chip on top of a ground

plane [14]. The equivalent circuit describing those systems is an array of coupled LC-resonators,

Fig. 3.2(b). In these circuits, the capacitors represent the electric energy that is stored between

the cable and the ground plane that surrounds it, while the inductors represent the natural

impedance of the cables towards changes in the current. Experimentally, a transmission line

can be fabricated with two strips of SC material, one sitting above and one below the substrate.

The field moves in between both lines, confined in the substrate.

3.3.3 Coplanar waveguide

The coplanar waguide, consists of a thin superconducting line surrounded by larger planes that

are connected to ground or some fixed potential, Fig. 3.2(c). In this case the electromagnetic

field runs outside and inside the substrate, and this, together with the larger size of the ground

planes seems to isolate better propagating waves from the external environment [94].
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3.4 Josephson parametric amplifiers

The recent advancements in the SC microwave circuits have motivated the development of

parametric amplifiers operating in the ultralow noise regime. These devices have potential

applications for amplifying the readout of SC qubits. The main advantage of such systems

known as Josephson Parametric Amplifiers (JPA) with respect to other near quantum models

is their range of operation which is in the microwave or GHZ spectral region.

The JPA operates near the quantum limit and is phase preserving, which implies the presence

of entanglement between the amplified signal and an ”idler” signal in a two-mode squeezed

state [95, 96]. This fact has motivated an alternative viewpoint on the JPA: besides using the

device to amplify a signal of interest, one can also view it as a broadband source of non-classical

radiation [97]. The successful generation and detection of squeezed electromagnetic radiation at

microwave frequencies open the door to explore new quantum phenomena, some of which may

be technologically useful. Additionally, propagating photons are ideal carriers for distributing

entanglement between distant matter systems and can be used as quantum information carriers.

In this section we present the basic experimental elements of the JPA amplifiers, the experimen-

tal values for their operation and two possible applications in order to produce highly entangled

squeezed states.

3.4.1 Experimental setup

A typical JPA consists of a superconducting microwave resonator, Fig. 3.2(a) in a coplanar

waveguide (CPW) geometry. By short-circuiting the microwave resonator on one side to the

ground plane via a direct current superconducting quantum interference device (dc-SQUID),

the resonant frequency can be tuned by an external magnetic flux, see Fig. 3.3(a). The word

SQUID means Superconducting Quantum Interference Device. These systems consisting on

two Josephson Junctions in parallel are extremely sensitive to the total amount of magnetic flux

trapped in the loop’s area.

Usually the JPAs are fabricated on a substrate of thermally oxidized silicon with thickness

of 300µm. The resonator and the pump line are patterned into a Nb film obtained with the

sputtering technique which has a thickness of 50nm. The dc-SQUID consists of aluminium and

is fabricated using shadow evaporation. The size of the dc-SQUID loop is 4.2 × 2.4µm2. The

crucial element in a JPA is a circuit whose resonant frequency can be varied with time. If a

system’s parameter oscillates at twice the resonance frequency, energy can be pumped into or

out of the mode, realizing an amplification. This time dependence is often generated through a

nonlinear inductor or capacitance (Josephson Junction). More concretely, if the JPA resonant

frequency is f0 and the incident signal has a f0 − ∆f frequency with an ac flux (microwave

pump tone) at frequency 2f0, the signal is amplified by the signal gain G and reflected back
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Figure 3.4: (a) A Josephson mixer (entangler) transforms incoming quantum vacuum noise on
modes a and b into entangled states. In order to demonstrate entanglement at the output of
the ”entangler”, a second, identical mixer named ”analyzer” is placed in series and pumped by
the same tone with a phase difference ∆φ (b) Protocol of the scattering coefficient measurement
by a vector network analyzer connected between the a,b input and the a,b output ports. (c)

Experimental results for the transmission measurements of |ta→a|2 as a function of phase difference
∆ϕ between both pump signal.The gain of the analyzer is set to GA = cosh2rA = 10. Each color
in the graph represent different gain for the entangler GE = 0.2, 0.8, 1.8, 3.2, 7.2, 9.8 dB. The
experimental results allow obtain α = 0.33± 0.05, β = 0.36± 0.05. Extracted from [13]

out of the signal port. Because of the material’s nonlinearity, the pump and the signal mix

together. This mixing amplifies the signal and creates an idler mode with frequency f0 + ∆f ,

Fig. 3.3(b). If the incoming signal is a vacuum state, this process is analogue to the parametric

down conversion in optics, where a pump photon is split into a signal and an idler photon. In

the microwave case it exists a strong quantum correlation between the signal and idler photon

modes, which results in a squeezed state.

To produce squeezed microwave states with the JPA a cryogenic setup is required. The usual

temperatures of operation are T ≈ 50mK. The import port has a broadband precision of 50

Ohm load, which is at a temperature of 50mK and, thus, serves as a vacuum reference state

[15]. The circuit LC parameters in the Josephson junctions are Cc = 10fF , Cr = 7.0pF ,

Lr = 100pH, Fig.3.3(a), giving a resonance f0 = ω0/2π = 6.0GHz [97].

In what follows we are going to present two experimental realizations of the JPA: first, the

Josephson mixers, which allow the production of spatially separated two-mode squeezed mi-

crowave light propagating on spatially separated transmission lines; second, Josephson travel-

ing Wave Parametric Amplifiers (JTWPAs) which serve as broadband sources of non-classical

microwave radiation [98].

3.4.2 Two-mode squeezed states

In this section we describe an experiment with Josephson mixers that allows to entangle and to

disentangle EPR states of microwave radiation. The Josephson mixers are SC circuits coupling

two SC resonators at distinct frequencies fa and fb via a pump at their sum frequencies fP =
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fa + fb, Fig. 3.4(a). In the experimental setup a first mixer called the entangler is driven by a

pump tone while its two input ports are terminated by cold loads enduring that only vacuum

quantum noise enters the device. The reached temperature in the cold port is of 90mK [13].

The output ports of the entangler fed the input ports of a second mixer called the analyzer. The

role of the analyzer is to recombine and disentangle the two microwave fields before sending

them to a microwave amplifier. If a phase difference exists between both pumps, the noise at the

output of the analyzer exhibits interference fringes which pass under the level of the amplified

vacuum, the measurement of the noise at the output of the analyzer allows to quantify the

entanglement between the two input fields.

Mathematically, each mixer performs a reversible transform of the wave function of the field via

the unitary two-mode squeezed operator:

S = exp
(
reiϕP â†b̂† − re−iϕP âb̂

)
, (3.5)

where reiϕP is the complex squeezing parameter, ϕP is the phase of the pump and a, b the

field operators of the two modes. The power gain G of this system is given by G = cosh2r =

(Pth +P )2/(Pth−P )2, where P is the pump power and Pth is a threshold power. If we turn on

the pump, the vacuum state at the input is converted into a two-mode squeezed vacuum state

such as

|Sq〉 = S |0〉a |0〉b = cosh(r)−1 ×
∑
n

tanh(r)n |n〉a |n〉b . (3.6)

This state can be understood as the superposition of twin photons in the modes a and b prop-

agating in spatially separated transmission lines.

One of the main potential applications of the two-mode microwave squeezed states is in the

entanglement generation [21]. This protocol implies the control of the squeezing parameter r of

the entangled microwaves. Experimentally, the scattering matrix of the two mixers associated

to the output modes can be measured directly. For each value of the pump powers, it is thus

possible to determine the values of the squeezing parameter r. To calculate the scattering

coefficients of the full circuit we have the following scattering relations between the input and

output fields

aout = Ŝ†ainŜ = cosh(r)ain + eiϕP sinh(r)b†in, (3.7)

b†out = Ŝ†binŜ = cosh(r)b†in + e−iϕP sinh(r)ain, (3.8)

Therefore, the a output mode is given by

aout,A = ta→aain,E + tb→ab
†
in,E +

√
α cosh rAath + ei∆ϕ

√
β sinh rAb

th
in, (3.9)

where

ta→a =
√
ᾱ cosh rE cosh rA + ei∆ϕ

√
β̄ sinh rE sinh rA, (3.10)



Chapter 3. Hybrid quantum systems 30

Z Z Z

X X

Z Z Z

X X

Z

X X

Pump direction

in
pu

t

ou
tp

ut

Josephson junction

x = 0 x = z

Figure 3.5: Schematic setup of a Josephson traveling wave parametric amplifier. A set of
identical coupled Josephson junctions extending from x = 0 to x = z.

tb→a =
√
ᾱ sinh rE cosh rA + ei∆ϕ

√
β̄ cosh rE sinh rA (3.11)

where rE , rA are the squeezing parameters in the entangler and analyzer, respectively, while

ᾱ = 1−α and β̄ = 1− β, with α, β represent the losses between the load noise and the mixers,

Fig. 3.4(b). ∆ϕ is the phase difference between the two pumps of the mixers, ∆ϕ = δωt with

the detuning δω/2π = 0.3 Hz [13]. The terms ta→a, tb→a are transmission coefficients which

can be measured with a non-linear four-port vector network analyzer as a function of the phase

difference for various values of gains cosh2rE,A. In Fig. 3.4(c) we show the experimental results

of [13], for the transmission coefficient ta→a for different pump powers (gain), with these results

we can extract the information about the squeezing parameter r.

3.4.3 Broadband squeezed states

In the last section we discussed the two-mode entanglement generation using the Josephson

mixers. We show mathematical expressions for the power gain, and scattering coefficients which

allow to obtain the squeezing parameter, a very useful parameter looking for applications based

on reservoir engineering and entanglement generation in solid states systems [21]. In this section

we show the inherent properties of the JTWPAs and their potential applications for dissipative

quantum state preparation. The emitted radiation of a JTWPA generates a broadband squeezed

microwave state which can be used to a dissipative conversion of quantum systems placed at the

source’s output into entangled states [97]. This contrasts the classical amplifier mode operation,

where the systems of interest are located at the amplifier’s input, and do not see the nonclassical

radiation emitted by the device.

The circuit that represents the JTWPA is shown in Fig.3.5. It consists of a series of identical

coupled Josephson junctions with Josephson energies EJ and junction capacitances CJ . Each
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junction is coupled to the ground by a passive, dissipationless element with impedance Z(ω).

Realistic JTWPAs have several thousand junctions with a unit cell distance much smaller than

the relevant wavelengths [99], thus it is possible to model the JTWPA as a continuous system.

To formally describe the system, the standard conjugate variables φ̂ and q̂ are required. In

this case the position-dependent flux φ̂(x) in the Schrödinger picture with a JTWPA section

extending from x = 0 to x = z can be expanded in terms of a set of left and right modes

φ̂(x) =
∑
ν=L,R

∫ ∞
0

dω

√
~

2c(x)
gνω(x)âνω, (3.12)

where [
âνω, â

†
µω′

]
= δνµδ(ω − ω′), (3.13)

and the mode functions are given by

gνω(x) =

√
1

2πηω(x)ν(x)
e±ikω(x)x, (3.14)

where +(−) correspond to ν = R(ν = L), kω(x) = ηω(x)ω/ν(x) is the wavevector, with ηω(x)

the refractive index, and ν(x) = 1/
√
c(x)l(x). The variables c(x) and l(x) represent the ground

capacitance per unit cell and the linear inductance of the system, respectively. The dispersion

relation of the system is

kω(x) =


√
−iωz−1(ω)l(x)

1−ω2/ω2
P

for 0 < x < z

ω
ν(x) otherwise

(3.15)

where z−1(ω) = Z−1(ω)/a is the ground admittance per unit cell in the JTWPA section.

There are two quantities to be determined in order to fully describe the system: the scattering

coefficients and the power gain. In the Heisenberg picture the output fields can be found as

âoutR,ω = Û †âRωÛ , (3.16)

where Û is the evolution operator. To determine explicitly the âoutR,ω coefficient we require the

evolution operator and consequently the Hamiltonian of the system, which in the continuum

limit reads as

Ĥ = Ĥ0 + Ĥ1, (3.17)

where Ĥ0 is a linear contribution and Ĥ1 is a nonlinear contribution due to the Josephson

junction potential. The linear Hamiltonian is

Ĥ0 =
∑
ν=L,R

∫ ∞
0

dω~ωâ†ν,ωaν,ω. (3.18)
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If the system is pumped with a strong right moving classical field centered at a frequency Ωp

with wavevector kp, and replacing âR,ω → âRω + b(ω), with b(ω) a complex function centered

at ΩP . The fields, âν,ω, are assumed to be sufficiently weak so that we can drop in Ĥ1 terms

that are smaller than second order in the pump. Dropping fast rotating terms this leads to an

approximate Hamiltonian

Ĥ1 = ĤCPM + ĤSQ, (3.19)

where

ĤCPM = − ~
2π

∫ ∞
0

dωdω′dΩdΩ′
√
kωkω′β(Ω)β(Ω′)Φ(ω, ω′,Ω,Ω′)â†R,ωâR,ω′ +H.c., (3.20)

describes cross-phase modulation due to the pump, and

ĤCPM = − ~
2π

∫ ∞
0

dωdω′dΩdΩ′
√
kωkω′β(Ω)β(Ω′)Φ(ω,Ω, ω′,Ω′)â†R,ωâ

†
R,ω′ +H.c., (3.21)

denotes the broadband squeezing. The dynamics of the classical pump is governed by a classical

Hamiltonian which includes self-phase modulation. The phase matching function is

Φ(ω1, ω2, ω3, ω4) =

∫ z

0
dxe−i[kω1 (x)−kω1 (x)+kω1 (x)−kω4 (x)], (3.22)

and β(Ω) is a dimensionless pump amplitude. Treating Ĥ1 as a perturbation and in the inter-

action picture with respect to Ĥ0, the time evolution operator is

Û(t0, t1) = Te−
i
~
∫ t1
t0
dtĤ1(t), (3.23)

with Ĥ1(t) = exp
[
iĤ0t

]
Ĥ1 exp

[
−iĤ0t

]
and T is the time-ordering operator. To simplify the

problem, an alternative way to proceed is treating Ĥ1 as a perturbation to first order and in

this case the time-ordering in Û(t0, t1) can be dropped. Additionally, taking the initial and final

times to t0 = −∞ and t1 =∞, the time integral gives rise to delta functions in frequency space,

yielding to an approximate evolution operator or scattering matrix as

Û = e−
i
~ K̂1 , (3.24)

where

K̂1 = K̂CPM + K̂SQ. (3.25)

In the case of a monochromatic pump, taking b(ω)→ bpδ(ω − Ωp)

K̂CPM = −2~z
∫ ∞

0
dω |β|2 kωâ†RωâRω, (3.26)

K̂SQ = −~
∫ ∞

0
dωλ(ω)Φ [−∆kL(ω)] â†Rωâ

†
R(2ΩP−ω) +H.c., (3.27)
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where

λ(ω) = β2
√
kωk(2ΩP−ω), (3.28)

∆kL(ω) = 2kp − k1ω − k(2ΩP−ω), (3.29)

the term ∆kL(ω) quantifies a phase-mismatch due to the linear dispersion in the JTWPA section.

Now we can determine the output fields

âoutR,ω = Û †âRωÛ , (3.30)

therefore

âoutR,ω = ei[2|β|
2kω+∆k(ω)/2]z ×

[
u(ω, z)âR,ω + iν(ω, z)â†R(2ΩP−ω)

]
, (3.31)

where the functions u(ω, z) and ν(ω, z) are given by

u(ω, z) = cosh [g(ω)z]− i∆k(ω)

2g(ω)
sinh [g (ω) z] , (3.32)

ν(ω, z) =
λ(ω)

g(ω)
sinh [g(ω)z] , (3.33)

and the term g(ω) is

g(ω) =

√
|λ(ω)|2 −

(
∆k(ω)

2

)2

, (3.34)

where |u(ω, z)|2 − |ν(ω, z)|2 = 1, and

∆k(ω) = ∆kL(ω) + 2 |β|2 (kp − k2ΩP−ω − kω) (3.35)

is the phase mismatch including a nonlinear correction due to the cross and self phase modulation

of the pump [97].

Once we have calculated the scattering output coefficient for the system, it is possible to eval-

uate the generalized expressions for the gain and squeezing parameters as obtained in section

3.4.2. For the JTWPA the amplitude gain is given by G(ω, z) = |u(ω, z)|2, while the squeezing

parameter can be determined as

MR(ω, z) =

∫ ∞
0

dω′
{〈
âoutRωâ

out
Rω′
〉
−
〈
âoutRω

〉 〈
âoutRω′

〉}
, (3.36)

where the squeezing in the JTWPA output field is manifested in correlations between frequencies

ω and 2Ωp − ω, symmetric around the pump frequency. The above results allow determine the

squeezing parameter in terms of the measured scattering coefficients similar to the two-mode

squeezing case.
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3.5 Superconducting circuits

Among the many different approaches to QIP a common characteristic is found, the generation

of quantum correlations, such as entanglement, for different distance ranges. One of the most

promising candidates in that respect has been the NV center in diamond, because their long

coherence times and the possibility of quantum control even at room temperature [100]. At short

distances (r ≈ nm), a strong dipolar coupling JNV between the NV spins allows to entangle and

individually address electron spins associated with separate colour centers. However, one of the

greatest requirements in quantum information technologies is a scalable and easily integrable

quantum system. This condition implies the generation and control of quantum entanglement

over distance ranges r > nm. As a consequence of the strong distance dependence of the

coupling JNV , in NV quantum systems separated more than a few nm a new protocol to induce

quantum correlations is needed.

In this section we propose to use flux qubits to coherently coupling two NV centers separated

by a distance of µm. As we mentioned before, it is very useful when dealing with HQS to use

spins and SC qubits because they can be integrated into a small chip without appealing to

complicated architectures.

There are two ways to couple the NV spins with SC qubits: (a) we have a direct coupling

between the spins and the SC wire via electromagnetic fields, (b) a quantum cavity such as an

LC resonator or CPW resonator, can be employed as an intermediary to link the spins and SC

qubits. Previous works have shown coherent magnetic coupling between single NV centers and

three-junction flux qubit by profiting the similar energy splittings of both systems [64]. Besides

that, direct-coupling between spins and the SC flux qubit has been realized very recently [65].

In this last experiment, a sample of diamond containing ∼ 3 × 107 NV centers was glued on

top of the SC circuit which consisted of a flux qubit. From the spectroscopic measurements a

vacuum Rabi splitting was observed and the coupling strength between the two systems reached

a value of 70 MHz, which is in the strong-coupling regime. In what follows we are going to

use this strong coupling regime to generate correlations in systems that under typical natural

conditions should remain uncorrelated.

3.5.1 NV-SC qubit Hamiltonian

Let us start by describing the system of interest: isotopically pure diamond crystals, doped with

nitrogen-vacancy color centers, are located in the proximity of separate flux qubits, Fig.3.6. The

two persistent current quantum states of the flux qubits induce a state-dependent interaction

with the electronic spin of each NV center. The distance between the SC qubits is r ≈ µm,

therefore there is not a direct sizeable dipolar coupling between the NV centers, JNV ≈ 0. The
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NV center

MHz

KHz

FLux qubit

NV center

'Spin up'

'Spin down'

'Spin up'

'Spin down'

Figure 3.6: Schematic setup of two flux qubits coupled magnetically to separate NV centers in
diamond.

Hamiltonian for the system is then

Ĥ =

2∑
j=1

Ĥ
(e)
j + Ĥ

(q)
j + Ĥ

(q−q)
12 + Ĥ

(q−e)
j , (3.37)

where

Ĥ
(e)
j = Dj

(
(Ŝzj )2 − 1

3
Ŝ2
j

)
+ geµBB · Ŝj , (3.38)

Ĥ
(q)
j = εσ̂zj , (3.39)

Ĥ
(q−q)
12 = Jqσ̂

z
1σ̂

z
2 + Jq(σ̂

+
1 σ̂
−
2 + σ̂−1 σ̂

+
2 ), (3.40)

Ĥ
(q−e)
j = g(Ŝ+

1 σ̂
−
1 + Ŝ−1 σ̂

+
1 ) + g(Ŝ+

2 σ̂
−
2 + Ŝ−2 σ̂

+
2 ), (3.41)

where Ŝj , σ̂j are the electronic and SC qubit spin operators, respectively, and Ŝ±j = Ŝxj ± Ŝ±y ,

σ̂±j = σ̂xj ± σ̂±y the usual ladder operators. Here, Dj stands for the zero-field splitting of the

electronic NV ground state, B is an external magnetic field, µB is the Bohr magneton, and ge

is the electron g-factor. The electron-SC qubit interaction is quantified by the g constant while

the qubit-qubit interaction is denoted by Jq [64, 101].

3.5.2 Effective Hamiltonian

In 3.6, we represent schematically the process leading to effective NV-NV interactions. The

magnetic field associated with the flux qubits enables a magnetic dipole coupling to the electron

spin associated with each NV centers, which are in turn allowed to indirectly coupling distinct

NV-NV centers. Therefore, one may use the flux qubits as a bus to mediate the NV coupling.

In order to estimate this coupling strength we are going to present a technique to eliminate the
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fast degrees of freedom known as adiabatic elimination and to obtain a SC-qubit independent

Hamiltonian [101].

To start with, we shall assume that the Hamiltonian Eq. 3.37 is of the form Ĥ = Ĥ0 + λV,

where λV is a weak perturbation of the unperturbed Hamiltonian Ĥ0 = ĤA + ĤB. Here ĤA

and ĤB describe ”slow” and ”fast” degrees of freedom

ĤA |αβ〉 = Eα |αβ〉 , (3.42)

ĤB |αβ〉 = Eβ |αβ〉 , (3.43)

where |Eα − Eα′ | �
∣∣Eβ − Eβ′∣∣. Accordingly, the frequencies associated with the β → β′

transitions, ωββ′ = Eβ −Eβ′ , are much larger than those of α→ α′, ωαα′ = Eα−Eα′ , and they

can be adiabatically eliminated. By performing a canonical transformation Û = eŜ , Ŝ† = −Ŝ,

one can construct an effective Hamiltonian Ĥeff = Û †ĤÛ that involves the slow degrees of

freedom, PβĤeffPβ′ = Ĥβ
effδββ′ , where Pβ =

∑
α |αβ〉 〈αβ|. The canonical transformation

Ŝ, and the effective Hamiltonian Ĥeff , can be constructed to any order of the perturbation

parameter λ. To second order, one finds the following expression

〈α| Ĥβ
eff

∣∣α′〉 = (Eα + Eβ) δα,α′ + 〈αβ|λV
∣∣α′β〉+

1

2

∑
α′′β′′

〈αβ|λV
∣∣∣α′′β′′〉

〈
α
′′
β′′
∣∣∣λV ∣∣α′β〉( 1

ωαα′′ + ωββ′′
+

1

ωββ′′ + ωα′α′′

)
. (3.44)

Since we have fast and slow components ωββ′′ > ωαα′′ , we may expand
(
ωαα′′ + ωββ′′

)−1 ≈
ω−1
ββ′′

(
1− ωαα′′/ωββ′′

)
in Eq. 3.44, which allow us to get an effective Hamiltonian that only acts

on the slow degrees of freedom.

Now, we are going to apply the above formalism to the NV’s-flux qubits system. Therefore, the

first step is identify the fast and slow degrees of freedom and the ĤA, ĤB, V operators

ĤA = Ĥ
(e)
j , (3.45)

ĤB =
2∑
j=1

Ĥ
(q)
j + Ĥ

(q−q)
j , (3.46)

V = Ĥ
(e−q)
j . (3.47)

In this case we solve the problem using perturbation theory to second order. With this method

we find an effective Hamiltonian that only depends on the electron operators.

〈α| Ĥβ
eff

∣∣α′〉 = (Eα +Eβ)δαα′ + 〈αβ|λV
∣∣α′β〉+

∑
α′′β′′

〈αβ|λV
∣∣∣α′′β′′〉 〈α′′β′′|λV |α′β〉

ωββ′′
, (3.48)
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In the last equation the β index indicates the base state for the Hamiltonian ĤB, and the β′′

index indicate the first excited states. To find the β and β′′ states we must diagonalize the ĤB

Hamiltonian. We write the ĤB Hamiltonian in the basis

|1/2, 1/2〉 , |1/2,−1/2〉 , |−1/2, 1/2〉 , |−1/2,−1/2〉 , (3.49)

and find that the β′′ states are:

β′′ = |ψ1〉 , |ψ2〉 , (3.50)

|ψ1〉 =
1√
2

[|1/2,−1/2〉 − |−1/2, 1/2〉] , (3.51)

|ψ2〉 =
1√
2

[|1/2,−1/2〉+ |−1/2, 1/2〉] , (3.52)

and the base state

β = |−1/2− 1/2〉 . (3.53)

Now, we can calculate the effective Hamiltonian

〈α| Ĥβ
eff

∣∣α′〉 = (Eα +Eβ)δαα′ + 〈αβ|λV
∣∣α′β〉+

∑
α′′β′′

〈αβ|λV
∣∣∣α′′β′′〉 〈α′′β′′|λV |α′β〉

ωββ′′
, (3.54)

In this case if the perturbation is V = Ĥ
(q−e)
j the second term in Eq. 3.54 is

〈−1/2− 1/2|
∑
k

Ĥ
(q−e)
k |−1/2− 1/2〉 , (3.55)

and replacing Ĥ
(q−e)
k we obtain

〈α,−1/2− 1/2| g(Ŝ+
1 σ̂
−
1 + Ŝ−1 σ̂

+
1 ) + g(Ŝ+

2 σ̂
−
2 + Ŝ−2 σ̂

+
2 )
∣∣α′,−1/2− 1/2

〉
= 0. (3.56)

The other term of Ĥβ
eff that we need to calculate is

∑
α′′β′′

〈αβ|λV
∣∣∣α′′β′′〉 〈α′′β′′|λV |α′β〉

ωββ′′
, (3.57)

Therefore, replacing in Eq. 3.57 β, β′′ and V , we obtain two terms

1

ω(β,ψ1)
[〈α,−1/2− 1/2|]

∑
j

Ĥ
(e−q)
j

∣∣∣α′′ψ1

〉 〈
α′′ψ1

∣∣∑
k

Ĥ
(e−q)
k

[∣∣α′ − 1/2− 1/2
〉]
, (3.58)

1

ω(β,ψ2)
[〈α,−1/2− 1/2|]

∑
j

Ĥ
(e−q)
j

∣∣∣α′′ψ2

〉 〈
α′′ψ2

∣∣∑
k

Ĥ
(e−q)
k

[∣∣α′ − 1/2− 1/2
〉]
, (3.59)
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or equivalently term 1:

=
g2

2ω(β,ψ1)
〈α| Ŝ+

1 Ŝ
−
1 − Ŝ+

1 Ŝ
−
2 − Ŝ+

2 Ŝ
−
1 + Ŝ+

2 Ŝ
−
2

∣∣α′〉 , (3.60)

term2:

=
g2

2ω(β,ψ2)
〈α| Ŝ+

1 Ŝ
−
1 + Ŝ+

1 Ŝ
−
2 + Ŝ+

2 Ŝ
−
1 + Ŝ+

2 Ŝ
−
2

∣∣α′〉 , (3.61)

In this case

ω(β,ψ1) = Jq + 2ε, (3.62)

ω(β,ψ2) = Jq − 2ε, (3.63)

Therefore

∑
α′′β′′

〈αβ|λV
∣∣∣α′′β′′〉 〈α′′β′′|λV |α′β〉

ωββ′′
= g2 〈α| Ŝ

+
1 Ŝ
−
1 − Ŝ+

1 Ŝ
−
2 − Ŝ+

2 Ŝ
−
1 + Ŝ+

2 Ŝ
−
2

2(Jq + 2ε)
+

Ŝ+
1 Ŝ
−
1 + Ŝ+

1 Ŝ
−
2 + Ŝ+

2 Ŝ
−
1 + Ŝ+

2 Ŝ
−
2

2(Jq − 2ε)

∣∣α′〉 . (3.64)

Finally, the flip-flop terms such as Ŝ±j Ŝ
±
k between the electronic spins, which are responsible for

the spin excitation exchanges and related to the correlation between these spins, can be ignored.

Thus, we get

Ĥeff =
g2

ε2
Jq(Ŝ

+
1 Ŝ
−
2 + Ŝ−1 Ŝ

+
2 ) +

∑
j

Dj(Ŝ
z
j )2. (3.65)

The Eq. 3.65 allows us to obtain an estimation of the order of magnitude of the coupling between

the electronic spins, for which we require to examine some experimental parameters for a typical

system. For a flux qubit of size L = 1µm and critical current Ip = 500nA, the coupling constant

g with the NV center is given by g ' γeµ0Ip/(
√

22πr), where µ0 is the vacuum permeability

and r the NV-flux-qubit distance. By setting r = 15nm and Ip = 500nA, we get g/2π ' 100

kHz [102]. The other parameters that we need are the qubit-qubit coupling Jq and their energy

splitting ε. Experimentally, it is found that the coupling strength is Jq ∼ 0.4GHz and ε = 3GHz

[103]. The above values allow to evaluate the effective coupling between the NVs Jeff = g2

ε2
Jq,

Jeff = 0.4Hz.

The result obtained for Jeff shows that the flux qubit effectively can be used as a data bus for

producing any observable coherent coupling between the NVs. Until now, all the results have

been obtained considering single NV centers. However, in order to increase the Jeff we can

consider an ensemble of colour centers instead of a single NV-spin and to take advantage of the

relation g′ =
√
Ng, where g′ is the coupling NV-qubit for the ensemble while g is the single NV

case coupling. With this consideration the Jeff ≈ 4 MHz for an ensemble of 107 colour centers

[64].
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3.6 Conclusions

In conclusion, in the first part of this chapter we discussed qubit systems in the microwave

regime which can be coupled to transmission lines and coplanar waveguides tuned in resonance

with the qubits. Basic characteristics of both systems were presented in order to show the

potential applications of such systems in quantum technologies as quantum information pro-

cessing or entanglement generation. Besides that, we have shown some elements which leave to

a quantization procedure in the microwave cavities.

Following this, we studied the Josephson Parametric Amplifiers, whose main elements are the

non linear inductance or Josephson Junctions. We have shown the experimental requirements

for building these circuits. Additionally, we discussed the characteristics that allow to use these

devices as a two-mode and broadband squeezed sources of nonclassical radiation. Recent values

for the pump frequencies, scattering matrices of the transmission coefficients and gain were

reported.

Finally, we proposed the combination of SC flux qubits with NV centers in diamond, which can

be coupled magnetically, to generate an effective coupling between distant spin-NV centers. A

single NV can be effectively coupled to a flux qubit by driving the flux qubit with an intense

classical microwave field even if both systems are far off resonance. This coupling and the direct

interaction between the flux qubits act as a data bus between the NV spins. We calculated

an effective Hamiltonian for the centers which allows to extract the information about the

indirect NV coupling. The results evidence that within this technique is possible an exchange

of spin excitations in the NVs system and to determine possible experimental factors that may

contribute to the increase of such interactions. In particular we have shown how the result

changes if we consider a spin ensemble instead of single spins.

The scheme presented in this chapter can be applied to other hybrid electron-nuclear systems

that operate in similar microwave energy ranges. In this way, in the next chapter we will

consider an alternative hybrid system which allows the inclusion of nuclear spins. These systems

are prominent candidates for quantum engineering because of their weak interaction with the

environment that leads to long coherence times even under noisy spin environments.
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Cross-entangling between nuclear

and electronic spins of separate NV

centers in a noisy spin environment

In Chapter 3, we investigated promising systems in the microwave regime which can allow high

level of control even at macroscopic scales. In this context, we demonstrate an effective coupling

between the electronic spins of distant NV centers using two SC flux qubits as a data bus to

improve the coherent coupling. In this Chapter we are going to explore HQS that combine

NV centers with quantum microwave circuits. The basic idea, is to use the continuous variable

entanglement produced by a Josephson parametric amplifier for entangling distant electronic

and nuclear spins of NV centers. As already mentioned NV defect centers in diamond are strong

candidates to generate entangled states in solid-state environments even at room temperature.

Quantum correlations in spatially separated NV systems, for distances between NVs ranging

from a few nanometers to a few kilometers, have been recently reported. In the present chapter

we consider the entanglement transfer from two-mode microwave squeezed (entangled) photons,

which are in resonance with the two lowest NV electron spin states, to initially unentangled NV

centers. We first demonstrate that the entanglement transfer process from quantum microwaves

to isolated NV electron spins is feasible. We then proceed to extend the previous results to more

realistic scenarios where 13C nuclear spin baths surrounding each NV are included, quantifying

the entanglement transfer efficiency and robustness under the effects of dephasing/dissipation

noisy nuclear baths. Finally, we address the issue of assessing the possibility of entanglement

transfer from the squeezed microwave light to two remote nuclear spins closely linked to different

NV centers.

40
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4.1 Introduction

Recently a great deal of interest has arisen in quantum systems operating in the microwave sector

of the electromagnetic spectrum since they provide new opportunities for exploring fundamental

aspects of quantum physics as well as possible applications in the field of quantum information

and computation. Important steps in profiting microwave active quantum architectures include

superconducting (SC) circuits [82, 104–107] and the manipulation of nuclear and electronic

spins in solids [108–113]. A promising idea pursued by several groups is to combine different

matter subsystems in a hybrid quantum system to take advantage of the scalability, flexibility

and large coupling to microwave fields of some of them, for instance SC circuits, and to exploit

large coherence times of other subsystems, such as solid-state spin systems, for storing quantum

information in stable quantum registers [55, 56]. From this perspective, nuclear spins prove

more suitable than electronic spins. However, the direct control of spatially distant nuclear

spins is challenging due to the weak coupling between themselves. Thus, the search for nuclear

long-range entangling mechanisms which allow for opportunities to overcome those limitations

are of great interest.

An excellent platform for undertaking that search is provided by nitrogen-vacancy (NV) cen-

ters in diamond. A single NV center is a well characterized defect in diamond consisting of

a substitutional nitrogen atom next to a carbon vacancy in an adjacent lattice site [114]. It

has been demonstrated the selective addressing and controlling of a single NV, even at room

temperature, and how their constituent electronic and nuclear spins can be effectively manipu-

lated and potentially coupled together [26, 115]. On the other hand, the dipolar and hyperfine

interactions between the electronic and nuclear spins in NV centers have been extensively stud-

ied. Individual control and readout of nuclear spin qubits coupled to the electronic spin has

been demonstrated [116]. Besides that, the control of two nuclear spins on an individual basis,

generates entanglement of two 13C nuclear spins at the first coordination shell of the vacancy

[34] and mediate the entanglement between multiple photons [117].

Numerous quantum information protocols with NV centers have been previously discussed in

the literature. The quantum dynamics of distant 13C nuclear spins has been probed using a weak

coupling with the electronic spin in NV centers [118]. Furthermore, the initialization of electron

and nuclear spin qubits [119], the transfer of quantum states [119, 120] and the generation of

controlled quantum gate between distant nitrogen nuclear spins [121] represent a step forward

for building a quantum repeater network for long distances. An important issue in the field of

quantum information is the generation of entangled states in a scalable way. The combination of

radiation excitation from different wavelength sectors of the electromagnetic spectrum (optical,

microwave and radio-frequency) has allowed to engineer protocols for reaching entanglement

between electron spins in two separate NVs [28], the electron spin of a single NV and its

neighbor nitrogen nucleus [122] or the NV electron and a closely placed 13C nucleus [34].
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Moreover, other proposals show protocols to generate spin-photon entangled states between the

ground state spin of a single NV center and the polarization of an emitted optical photon [32],

heralded entanglement between solid-state qubits using optical photons [123] and entanglement

between NV electron spins separated up to 1.3 Km have been reported [37].

In the present work we present a theoretical proposal based on NV defect centers in diamond

to reach entanglement between distant electron and/of nuclear spins mediated by a quantum

(squeezed) microwave field (QMF) as provided by a two-mode Josephson mixer [13], see Fig. 4.1.

The NV center has an electronic spin S = 1 mostly localized at the defect bond. However, about

11% of its electron spin density is distributed over the nearest neighbor carbon atoms and as a

result substantial hyperfine and dipolar couplings with neighboring carbon nuclear spins (13C)

are sizeable [34]. On the other hand, a diluted network of spin-1/2 13C-nuclei forms a mesoscopic

spin bath for a NV center. Under these conditions, we demonstrate that it is feasible the transfer

of entanglement from the QMF to a pair of distant NVs (both electronic and nuclear spins) in

such a noisy solid-state environment. First, we propose to entangle the electronic spins with

a third party or mediator: If the electronic spins are strongly coupled to their nearest nuclear

spins, the hyperfine interaction between them allows an effective entanglement transfer to the

nuclear spins.

Previous related works have proposed the use of NV centers as hybrid quantum systems [64, 65,

124, 125] in which electron spins provide high fidelity control and readout while nuclear spins,

with ultra-long coherence times, support robust quantum registers. Also, the entanglement

transfer from continuous variables to discrete spin systems has been considered from different

approaches [19–21, 126]. By contrast with most of previous studies, our present approach not

only propose the entanglement generation between NV electronic spins but, most importantly,

it also predicts the entanglement transfer to distant nuclear spins in noisy spin environments.

The chapter is organized as follows: In Sect. 4.2 we address the entanglement transfer from

a two-mode entangled QMF to the electronic NV-spins in noisy environments associated with

nuclear spin baths. In Sect. 4.3 we extend previous results to the coupled electron-nuclear

NV-spins by discussing three different scenarios: two distant NV electron spins, two nuclear

spins and one non-local electron-nucleus spin pair. A relevant result of this analysis is the

identification of regimes for which maximum entanglement is obtained in noisy environments.

In Sect. 4.4, we report numerical results for the time dependent entanglement generation and

the identification of optimal parameters for maximum entanglement transfer under nuclear spin

bath effects. Finally, in Sect. 4.5 we draw our conclusions and discuss some possible outlooks.
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A B

NVNV

Diamond substrate Diamond substrate

JPA

(a)

(b)

JPA

Figure 4.1: (a) Two distant single NV centers, each one embedded in its own nuclear spin bath,
in different branches of a parametric Josephson amplifier producing highly entangled microwave
photons. (b) Schematics of (a) where ei, νi denote the electronic and nuclear spins of the individual
NV center in branch i (i = A,B).

4.2 QMF power entangling over two distant electron-electron

spins in noisy NVs

The physics contained in the full system displayed in Fig. 4.1 is quite rich and it is therefore

instructive to consider a limiting case before analyzing the full cross-entangling processes in the

composite multi-bath environment. In the following, we derive and discuss separately results for

the uncoupled electron-nucleus NV system, for short ei-νi system, i = A,B, because of its high

relevance for the existing theoretical and experimental literature.Thus, we start by considering

the simplest scenario where we disregard the effects of the closest nuclear spin (see Fig. 4.1-(b)):

a two-arm device where in each path, A and B, we place a single NV-electron driven by an

entangled QMF in presence of a diluted 13C nuclear noisy bath. In each path a microwave

cavity enhances the NV-microwave field coupling strength. The subsystems labeled by A and B

are assumed to be identical. We assume that a magnetic field is applied along the z axis, leading

to a Zeeman splitting between the electronic sub-levels with spin z-component ms = ±1 [127].

In this way, the QMF should be quasi-resonant with the single ms = 0-ms = −1 transition

which will be described as an effective 1/2-spin.

Although electronic and nuclear spins are well known for their long coherence times, for NV

centers in diamond a major decoherence source is generated by the coupling between the central
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spin and other spins in the sample, such as electronic nitrogen spins or nuclear carbon spins.

Here, we explore the influence of a 13C spin bath on the entanglement transfer process.

Thus, for the uncoupled the two-arm whole Hamiltonian is

Ĥ =
∑
j=A,B

[ωj
2
σ̂j,z + Ωj â

†
j âj + gj

(
â†j σ̂
−
j + âj σ̂

+
j

)
+ ĤEB,j + ĤB,j

]
(4.1)

The first three terms in Eq.(4.1) correspond to the usual Jaynes-Cummings (JC) Hamiltonian,

where ωj and Ωj denote the electronic spin splitting and microwave cavity frequency, respectively

and gj describe the electron-cavity coupling in arm j. The σ̂j,z operator represents the Pauli spin

matrix for the selected two-level NV transition, while â†j , âj are the creation and annihilation

operators for the QMF mode in arm j. The nuclear bath couples to the NV-electron spin

through the term

ĤEB,j = σ̂z,j

Nj∑
k=1

[A(~rk)τ̂k,z +B(~rk) (τ̂k,xcosφk + τ̂k,ysinφk)]

(4.2)

where τ̂k,x and τ̂k,y denote the Pauli spin operators for the nuclear spin. The unit vector joining

the electron and the k-th nuclear spin ~rk = (rk, θk, φk) is characterized by the polar angle θk

and azimuthal angle φk and Nj is the number of 13C nuclear spin in the j-th diamond lattice.

The large difference between electron and nuclear Zeeman energies leads to ignore flip-flop terms

involving σ̂x and σ̂y operators. The coupling strengths in Eq.(4.2) are

A(~rk) = −µ0

4π

γNV γC
r3
k

[
3cos2(θk)− 1

]
(4.3)

and

B(~rk) = −µ0

4π

γNV γC
r3
k

3cos(θk)sin(θk) (4.4)

where γNV (γC) denotes the gyromagnetic ratio of the NV electron (nuclear) spin and rk is the

distance between the NV and the k-th nucleus in the diluted spin bath.

The local nuclear spin bath Hamiltonian, ĤB,j , is given by:

ĤB,j =
∑
j=A,B

[
ĤN,j + ĤDD,j

]
(4.5)
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where

ĤN,j =

Nj∑
k=1

ωk
2
τ̂k,z (4.6)

and

ĤDD,j =
∑
i<k

Ci,k

(
3τ̂i,z τ̂k,z − −̂→τ i · −̂→τ k

)
(4.7)

with ωk the Zeeman energy splitting for the nuclear bath spins and the intrabath secular dipolar

coupling strengths are given by

Ci,k = −µ0

4π

γ2
C

r3
i,k

[
3cos2(θi,k)− 1

]
(4.8)

and ri,k denotes the distance between nuclei i and k, while θi,k is the polar angle formed by the

unit vector joining these two bath nuclei and the z-direction.

Exact solution of the dynamics for the system described by Eq.(4.1) implies a huge number

of correlations between the central spin, the QMF and the nuclear spin bath. We propose an

alternative solution for the problem: we model the spin 13C bath with a mean field theory,

approximating this bath with a classical noise field acting on the central spin. Therefore, let us

denote by

Ĥ =
∑
j=A,B

[ωj
2
σ̂j,z + Ωj â

†
j âj +Gj(t)

(
â†j σ̂
−
j + âj σ̂

+
j

)
]. (4.9)

the effective Hamiltonian coming from Eq.(4.1). The spin bath terms ĤEB,j , ĤN,j and ĤDD,j

have been approximated as a time dependent electron-cavity coupling Gj(t) implementing a

proposal for a classical field in our work. The long-range character of the dipolar coupling

between 13C nuclear bath spins warrants this approximation. More concretely, such a noise field

is represented by an Ornstein-Uhlenbeck random process, which is Gaussian and stationary. In

order to guarantee these conditions we consider the following elements: First, due to the long-

range character of the dipolar coupling, the NV experiences the action of a large number of

the bath spins with comparable strength, therefore this field can be modeled as a Gaussian

field with zero mean. Second, due to the interaction between a single NV and a 13C (A(~rk) ≈
B(~rk) = 10 KHz− 50 KHz) is small in comparison with the action of hundred of spin bath on

the NV (Ci,k ≈ 2KHz−10KHz) we can assume a small back action and satisfies the stationary

condition. From now, to include the noise environment we consider the case of a stochastic term

added to the constant gj , i.e. Gj(t) = g0,j + gj(t). In the simplest case, when no nuclear bath

is affecting the NV-electron dynamics, we retrieve a coupling term constant Gj(t) = g0,j . The

stochastic term gj(t) is described by an Ornstein-Uhlenbeck stochastic process defined by its
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moments

〈gj(t)〉 = 0 (4.10)

〈
gj(t)gj′(t

′)
〉

= b2je
−|t−t

′|
τj δj,j′ (4.11)

The dispersion bj depends on the coupling between the central spin and the spin bath, while

the correlation decay rate τj is determined by the intra-coupling among nuclear spins of the

j-th bath. For a justification of a similar Hamiltonian in a classical context (no microwave

photons but classical microwave pulses in a rotating frame) and single NV-bath system see

[115, 127, 128].

Now, we proceed to analyze the effect of this noisy environment on the entanglement dynamics

for the NV electronic spins. It is well known that the above Hamiltonian commutes with the

operator associated to the total number of excitations N̂j =
∑

j=A,B

[
âj
†âj +

(
σ̂z,j+1

2

)]
. From

this symmetry it follows that the full spin-QMF Hilbert space can be separated in invariant

sub-spaces of dimension 2 for each arm

Ĥj =
∑
n

⊕Ĥn,j (4.12)

each sub-space spanned by orthonormal bases with n excitations {|(n− 1) +〉 , |(n− 1)−〉} ex-

pressed as:

|(n− 1) +〉 = cos
(αn

2

)
|n− 1, e〉+ sin

(αn
2

)
|n, g〉

|(n− 1)−〉 = − cos
(αn

2

)
|n− 1, e〉+ sin

(αn
2

)
|n, g〉 ,

(4.13)

with tan(αn) = g
√
n

δj
and the detuning is given by δj = ωj − Ωj . This latter symmetry can

also be exploited by associating a su(2)-Lie algebra within each invariant sub-space with n total

excitations as

Ĵx,j =
1

2
√
N̂j

(
â†jσ
−
j + âjσ

+
j

)
, (4.14)

Ĵy,j =
i

2
√
N̂j

(
â†jσ
−
j − âjσ+

j

)
, (4.15)

Ĵz,j =
1

2
σz,j . (4.16)

Therefore, the Hamiltonian for the sub-space with Nj excitations can be written as

Ĥ(t) =
∑
j=A,B

ΩjN̂j + δj Ĵz,j + 2
√
njgj(t)Ĵx,j −

Ωj

2
. (4.17)
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In the interaction picture the Hamiltonian in Eq.(4.17) describes an effective spin in a time-

dependent magnetic field

Ĥj(t) =
∑
j=A,B

~̂
Jj · ~Bj(t), (4.18)

with

~Bj(t) =

(
2

√
N̂jgj(t), 0, δj

)
. (4.19)

From now on we restrict to the resonance case δj = 0 yielding to a time-dependent field in the

x-direction. Under this latter assumption the Hamiltonian commutes with itself at different

times, leading to an exactly solvable evolution operator

Ûj(t) = ei2θj,n(t)Ĵx,j , (4.20)

with

θj,n(t) =
√
n

∫ t

0
dtjg(tj). (4.21)

Note specially that at resonance

|(n− 1) ,+〉 =
1√
2

[|(n− 1) , e〉+ |n, g〉] ,

|(n− 1) ,−〉 =
1√
2

[− |(n− 1) , e〉+ |n, g〉] .

(4.22)

Within the sub-space with Nj excitations it holds that

Ĵx,j |(n− 1) +〉j =
1

2
|(n− 1) +〉j , (4.23)

Ĵx,j |(n− 1)−〉j = −1

2
|(n− 1)−〉j , (4.24)

We consider as initial state two NV electronic spins in their ground states |g〉A, |g〉B and the

field in a two mode squeezed state |r〉

|r〉 =
1

cosh (r)

∞∑
n=0

tanhn(r) |n, n〉A,B , (4.25)

where the state for the radiation can be understood as the superposition of twin photons prop-

agating on spatially separated transmission lines [13]. The parameter r in Eq. (4.25) is the

squeezing value for the field and determines the degree of entanglement of the QMF [12]. The

photon number in modes A and B are indicated with n in Eq. (4.25). Eq.(4.20) acting on the

initial state Eq.(4.25) and properties in Eqs.(4.23)-(4.24), allow us to easily obtain the NV-cavity
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quantum state at time t as

|ψ(t)〉 = ÛA,B(t)rc

∞∑
n=0

rnt |n, g〉A ⊗ |n, g〉B , (4.26)

where we have written rc = 1/cosh(r) and rt =tanh(r). In order to proceed further, individual

terms in Eq.(4.26) can be developed as:

Ûj(t) |n, g〉j = rc

∞∑
n=0

rnt
1√
2

[
ei2
√
njθj,n(t) |(n− 1) +〉+ e−i2

√
njθj,n |(n− 1)−〉

]
j
, (4.27)

with θj,n(t) given by Eq.(4.21). Now we proceed to evaluate the reduced two-spin density

operator. Thus, we obtain (see details in Appendix A for a full density matrix expression ρ̄(t))

ρ̄2e(t) =

∞∑
p=0

∞∑
q=0

〈p, q| ρ̄(t) |p, q〉 , (4.28)

yielding to

ρ̄2e(t) =


ρ1,1(t) 0 0 ρ1,4(t)

0 ρ2,2(t) 0 0

0 0 ρ3,3(t) 0

ρ4,1(t) 0 0 ρ4,4(t)

 , (4.29)

where the bar in ρ̄2e(t) denotes averages over any stochastic term affecting the spin-cavity

coupling term. The non-zero diagonal matrix elements of ρ̄2e(t) are

ρ1,1(t) =
1

r2
c

∞∑
n=0

r2n
t

16

(
2 +

〈
e2iθA,n(t)

〉
+
〈
e−2iθA,n(t)

〉)(
2 +

〈
e2iθB,n(t)

〉
+
〈
e−2iθB,n(t)

〉)
,

ρ2,2(t) =
1

r2
c

∞∑
n=0

r2n
t

16

(
2 +

〈
e2iθA,n(t)

〉
+
〈
e−2iθA,n(t)

〉)(
2−

〈
e2iθB,n(t)

〉
−
〈
e−2iθB,n(t)

〉)
,

ρ3,3(t) =
1

r2
c

∞∑
n=0

r2n
t

16

(
2−

〈
e2iθA,n(t)

〉
−
〈
e−2iθA,n(t)

〉)(
2 +

〈
e2iθB,n(t)

〉
+
〈
e−2iθB,n(t)

〉)
,

ρ4,4(t) =
1

r2
c

∞∑
n=0

r2n
t

16

(
2−

〈
e2iθA,n(t)

〉
−
〈
e−2iθA,n(t)

〉)(
2−

〈
e2iθB,n(t)

〉
−
〈
e−2iθB,n(t)

〉)
,

(4.30)

while the non-diagonal elements are

ρ1,4(t) = ρ∗4,1(t)

=
1

r2
c

∞∑
n=0

r2n+1
t

16

(〈
ei(θ

−
A,n(t))

〉
−
〈
ei(θ

+
A,n(t))

〉
+
〈
e−i(θ

+
A,n(t))

〉
−
〈
e−i(θ

−
A,n(t))

〉)
×
(〈
ei(θ

−
B,n(t))

〉
−
〈
ei(θ

+
B,n(t))

〉
+
〈
e−i(θ

+
B,n(t))

〉
−
〈
e−i(θ

−
B,n(t))

〉)
, (4.31)
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where θ±A,n(t) = θA,n(t) ± θA,n+1(t), θ±B,n(t) = θB,n(t) − θB,n+1(t) and the angular brackets

in terms such as
〈
e−iθs,n(t)

〉
in Eq. (4.30)-(4.31) denote averages over the stochastic process

simulating the nuclear bath noise. Expressions such as
〈
e−i

∫ t
0 gr(t)

〉
can be evaluated in a closed

form with the noise functions given in Eq. (4.10)-(4.11)

〈
e−i

∫ t
0 gr(t)

〉
= e
−b2τ

[
t+τ

(
e−

t
τ −1

)]
, (4.32)

For future use, the noise effects are summarized in the function

R (t, p, b, τ) = e
−p2b2τ2

[
e
−( tτ )+ t

τ
−1

]
, (4.33)

In order to test the validity of the above expressions we have considered the case where the

spin-cavity couplings are constant and identical, i.e. gA(t) = gB(t) = g, thus no-stochastic

average is required. In this limit we have

ρ1,1(t) =
1

r2
c

∞∑
n=0

r2n
t cos4

(√
ng0t

)
, (4.34)

ρ2,2(t) = ρ3,3(t) =
1

r2
c

∞∑
n=0

r2n
t sin2

(√
ng0t

)
cos2

(√
ng0t

)
, (4.35)

ρ4,4(t) =
1

r2
c

∞∑
n=0

r2n
t sin4

(√
ng0t

)
, (4.36)

and the non-diagonal term becomes

ρ1,4(t) = − 1

r2
c

∞∑
n=0

r2n+1
t sin2

(√
n+ 1g0t

)
cos2

(√
ng0t

)
. (4.37)

Expressions given by Eqs. (4.34)-(4.37) agree perfectly with those reported in [126]. Addi-

tionally, the entanglement transferred from the QMF to the pair of spins can be quantified

with the concurrence as C(t) = −2 [ρ1,4(t) + ρ3,3(t)]. Introducing decoherence and dissipation

effects and considering each NV spin coupled to its own spin bath with parameters bj and τj

(j = A,B). Besides, identical deterministic spin-cavity constants strengths, g0,A = g0,B = g,
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Eqs. (4.30)-(4.31) become

ρ1,1(t) =
1

r2
c

∞∑
n=0

r2n
t

4

[
1 + cos

(
2
√
ngt
)
R
(
t, 2
√
n, bA, τA

)] [
1 + cos

(
2
√
ngt
)
R
(
t, 2
√
n, bB, τB

)]
,

ρ2,2(t) =
1

r2
c

∞∑
n=0

r2n
t

4

[
1 + cos

(
2
√
ngt
)
R
(
t, 2
√
n, bA, τA

)] [
1− cos

(
2
√
ngt
)
R
(
t, 2
√
n, bB, τB

)]
,

ρ3,3(t) =
1

r2
c

∞∑
n=0

r2n
t

4

[
1− cos

(
2
√
ngt
)
R
(
t, 2
√
n, bA, τA

)] [
1 + cos

(
2
√
ngt
)
R
(
t, 2
√
n, bB, τB

)]
,

ρ4,4(t) =
1

r2
c

∞∑
n=0

r2n
t

4

[
1− cos

(
2
√
ngt
)
R
(
t, 2
√
n, bA, τA

)] [
1− cos

(
2
√
ngt
)
R
(
t, 2
√
n, bB, τB

)]
,

ρ1,4(t) = ρ∗4,1

= − 1

r2
c

∞∑
n=0

r2n+1
t

4
[sin ((n−) gt)R (t, n−, bA, τA)− sin ((n+) gt)R (t, n+, bA, τA)]

× [sin ((n−) gt)R (t, n−, bB, τB)− sin ((n+) gt)R (t, n+, bB, τB)] , (4.38)

where n± =
√
n ±
√
n+ 1. From Eqs. (4.38) it is straightforward to derive the degree of

entanglement between two electronic spins including the environmental dynamics of nuclear

spin baths surrounding the two central NV systems. To measure the degree of entanglement

contained in the spin quantum state we have used the Wootters concurrence[22].

4.3 QMF power entangling over two distant electron/nuclear

spins in noisy NVs

In the previous section we discussed a simple situation where only the electronic spin of each

NV center have been considered. We are now able to go beyond that simple scenario. More

realistically, each NV center is composed of an electronic spin, ej , coupled via a hyperfine inter-

action to a nearest neighbor nuclear spin νj (j = A,B) which can be that of the substitutional

nitrogen atom itself 14−15N or a 13C atom in the first-shell, see Fig. 4.1-(b). The Hamiltonian

for this system including the nuclear bath within the mean field approximation is

Ĥ = ĤA + ĤB

=
∑
j=A,B

{ωj
2
σ̂j,z + Ωj â

†
j âj +Gj(t)

(
â†j σ̂
−
j + âj σ̂

+
j

)
+ σ̂z,j [A(~rj)τ̂j,z +B(~rj) (τ̂j,xcosφj + τ̂j,ysinφj)]}

(4.39)

where the unit vector joining the electron-nuclear spin pair in the j-th NV is given by ~rj =

(rj , θj , φj) with the polar angle θj and azimuthal angle φj , respectively. Expressions for coeffi-

cients A(~rj) and B(~rj) are the same as those quoted in Eqs. (4.3)- (4.4). Let us now proceed
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to analyze the dynamics of this spin pair system’s entanglement dynamics. Since subsystems

A and B are independent, their respective Hamiltonian operators commute Ĥ = ĤA + ĤB

with
[
ĤA, ĤB

]
= 0. The Hamiltonian in Eq.(4.39) commutes with the total excitation number

operator

N̂ = N̂A + N̂B, (4.40)

N̂j = â†j âj +

(
σ̂j,z + 1

2

)
+

(
τ̂j,z + 1

2

)
; j = A,B (4.41)

Consequently, for each subsystem a sub-space with a well defined number of excitations presents

a closed dynamics which proceeds independently from other sub-spaces with different excitation

number. Let |n, eσντ 〉j denotes a general state for the subsystem j with n = 0, 1, 2, 3, ... photons,

the electron in one of the states |eσ〉j = |eg〉j , |ee〉j with σ̂j,z |eg〉j = − |eg〉j , σ̂j,z |ee〉j = |ee〉j
and the nucleus in state |ντ 〉j = |νg〉j , |νe〉j with τ̂j,z |νg〉j = − |νg〉j , τ̂j,z |νe〉j = |νe〉j . Thus,

the full Hilbert space for each subsystem can be partitioned into independent sub-spaces in the

following way: a one-dimensional subspace corresponding to the state |0, eg, νg〉j with Nj = 0

excitations; a single three dimensional sub-space, with Nj = 1, spanned by the vectors

|1, 1〉j = |0, ee, νg〉j , (4.42)

|1, 2〉j = |1, eg, νg〉j , (4.43)

|1, 3〉j = |0, eg, νe〉j , (4.44)

and finally an infinite number of four dimensional subspaces with Nj ≥ 2 (or equivalently n ≥ 1

given the fact that Nj = nj + 1) spanned by vectors

|N, 1〉j = |n, ee, νg〉j , (4.45)

|N, 2〉j = |n+ 1, eg, νg〉j , (4.46)

|N, 3〉j = |n− 1, ee, νe〉j , (4.47)

|N, 4〉j = |n, eg, νe〉j . (4.48)

We assume an unentangled initial state of the form |ψ(0)〉 = |r〉 ⊗ |eg, νg〉A ⊗ |eg, νg〉B, where

the initial state for the microwave radiation has the same form as in Eq.(4.25). At later times

the system’s state becomes

|ψ(t)〉 = ÛA,B(t)rc

∞∑
n=0

rnt |n, eg, νg〉A ⊗ |n, eg, νg〉B

= rc

∞∑
n=0

rnt

[
ÛA(t) |n, eg, νg〉A

]
⊗
[
ÛB(t) |n, eg, νg〉B

]
,

(4.49)
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The evolution operator is ÛA,B(t) = ÛA(t) ⊗ ÛB(t) because we consider independent subsys-

tems. The total evolution operator ÛA,B is determined by the system’s Hamiltonian given by

Eq. (4.39). Due to the inclusion of the hyperfine interaction between the ej−νj spins we cannot

obtain analytical expressions for the density matrix that characterize the dynamical evolution

of the spin system, therefore we have calculated numerically the density matrix for the system

ρ̄(t) = |ψ(t)〉 〈ψ(t)| and then the reduced density operator ρ̄2Q(t) (16× 16 matrix) tracing over

the states of the field

ρ̄2Q(t) =
∞∑
p=0

∞∑
q=0

〈p, q| ρ̄(t) |p, q〉 , (4.50)

where p and q represent the photon states number in the two branches and the bar in ρ̄2Q(t)

and ρ̄(t) denotes averages over the stochastic term affecting the spin-cavity coupling term.

Before starting to use this formalism, we have compared the numerical results obtained with

Eq. 4.50 in the case where the hyperfine interaction between the ej − νj spins is zero, with the

analytical expressions obtained in sec. 4.2. First, we found numerically the term
〈
|C1,2(t)|2

〉
,

where C1,2(t) is the time dependent coefficient associated to the state Eq. 4.43, then we compare

this solution with the analytical expression〈
|C1,2(t)|2

〉
=

1

2
(1− cos (2gt)R (t, 2, bA, τA)) . (4.51)

The above expression was obtained using the analytical result for the density matrix presented

in appendix A. (Eq. A1). In Fig. 4.2 we present the obtained results. The Figs. 4.2(a)-(c)-(e),

have been realized with a noisy conditions given by bA = 0.3g, gτA = 0.3, and n = 50, 100, 500

numerical realizations, respectively. The Figs. 4.2(b)-(d)-(f) were realized with bA = 0.5g, gτA =

1.0 and n = 50, 100, 500. This results allow determine a minimum number of realizations where

the numerical results converge with the analytical solutions. The next step, was compare the

analytical and numerical density matrix obtained with the Eq. 4.38 and Eq. 4.50, respectively.

The results are present in Fig. 4.3, in this graph we consider n = 500 stochastic realizations

and bA = bB = 0.3g, gτA = gτB = 0.3. Finally, we evalute the concurrence obtained with the

density matrix presented in Fig. 4.3, the results are shown in Fig. 4.4.

Now we are ready to use this formalism, following the procedure described before, to evaluate

the photon induced spin quantum correlations. In the stochastic simulation we have considered

102 − 103 realizations for assuring numerical convergence in the calculation of these averages.

4.3.1 Non-local electron-electron (eA − eB) entanglement

In this section we calculate the entanglement between eA − eB spins under noisy conditions,

including the hyperfine interaction between the nuclear spins associated to each NV center (νA
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Figure 4.2: Comparison between the analytical and numerical solution for the term
〈
|C1,2(t)|2

〉
associated to two electronic spins. The red line corresponds to the analytical solution, the blue
points the numerical solution with the corresponding error bars for different realizations in the
program. (a)-(c)-(e) have been obtained with n = 50, 100, 500 numerical realizations respectively
when the system is in a noisy environment withbA = 0.3g, gτA = 0.3. (b)-(d)-(f) have been
obtained with n = 50, 100, 500 numerical realizations respectively, when the system is a noisy
environment with bA = 0.5g, gτA = 1.0.

and νB). By non-local e − e entanglement we mean the calculation of quantum correlations

between electrons corresponding to two spatially separated NVs. In this situation Eqs. (4.38)

are not more valid, therefore we require to return to Eqs. (4.50) and calculate the reduced

density matrix. Due to the inclusion of the nuclear spin interaction we cannot anymore evaluate

analytically the density matrix entries, therefore we require to evaluate them numerically with

an appropriate average over many realizations of the noise effects. In a four-spin base, ordered

as

{|eg, νg〉 , |eg, νe〉 , |ee, νg〉 , |ee, νe〉}A ⊗ {|eg, νg〉 , |eg, νe〉 , |ee, νg〉 , |ee, νe〉}B , (4.52)
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Figure 4.3: Comparison between the analytical (blue line) and numerical (red line) solutions for
the density matrix entries of two electronic spins as a function of time (in g units), with r = 0.5
and with noisy conditions b = 0.3g, gτ = 0.3. In the numerical calculations we have considered
n = 500 numerical realizations.(a) ρ1,1(t), (b) ρ2,2(t) = ρ3,3(t) =, (c) ρ4,4(t), (d) ρ1,4(t) = ρ∗4,1(t).

we obtain a 16× 16 density matrix. Now it is possible to obtain the two-electron spin reduced

density matrix. In the base ordered as

{|eA,g, eB,g〉 , |eA,g, eB,e〉 , |eA,e, eB,g〉 , |eA,e, eB,e〉} , (4.53)

the e− e reduced matrix reads as

e(t) =


e1,1(t) 0 0 e1,4(t)

0 e2,2(t) 0 0

0 0 e3,3(t) 0

e4,1(t) 0 0 e4,4(t)

 , (4.54)

with

e1,1(t) = ρ1,1(t) + ρ2,2(t) + ρ5,5(t) + ρ6,6(t),

e2,2(t) = ρ3,3(t) + ρ4,4(t) + ρ7,7(t) + ρ8,8(t),

e3,3(t) = ρ9,9(t) + ρ10,10(t) + ρ13,13(t) + ρ14,14(t),

e4,4(t) = ρ11,11(t) + ρ12,12(t) + ρ15,15(t) + ρ16,16(t),

(4.55)
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Figure 4.4: Comparison between the analytical (blue line) and numerical (red line) solutions
for the concurrence between two electronic spins as a function of time (in g units) for r = 0.5 in
a noisy environment with conditions b = 0.3g, gτ = 0.3. In the numerical calculations we have
considered n = 500 numerical realizations.

e1,4(t) = e∗4,1(t)

= ρ1,11(t) + ρ2,12(t) + ρ5,15(t) + ρ6,16(t). (4.56)

Numerical results for different QMF and noise parameters will be discussed in Sect. 4.4.

4.3.2 Non-local electron-nuclear (eA − νB) entanglement

Let us now consider the QMF entangling power over an electron-nuclear spin pair placed in

distant NVs under the effects of separated 13C spin baths. In a base ordered as

{|eA,g, νB,g〉 , |eA,g, νB,e〉 , |eA,e, νB,g〉 , |eA,e, νB,e〉} , (4.57)

the A electron-B nucleus reduced density matrix reads as

q(t) =


q1,1(t) 0 0 q1,4(t)

0 q2,2(t) 0 0

0 0 q3,3(t) 0

q4,1(t) 0 0 q4,4(t)

 , (4.58)
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with

q1,1(t) = ρ1,1(t) + ρ3,3(t) + ρ5,5(t) + ρ7,7(t),

q2,2(t) = ρ2,2(t) + ρ4,4(t) + ρ6,6(t) + ρ8,8(t),

q3,3(t) = ρ9,9(t) + ρ11,11(t) + ρ13,13(t) + ρ15,15(t),

q4,4(t) = ρ10,10(t) + ρ12,12(t) + ρ14,14(t) + ρ16,16(t),

(4.59)

q1,4(t) = q∗4,1(t)

= ρ1,10(t) + ρ3,12(t) + ρ5,14(t) + ρ7,16(t). (4.60)

The specific form for the density matrix elements are presented in Appendix B. In order to

analyze the entanglement transfer from the QMF to the eA − νB system, and in particular in-

vestigate in detail its dependence on the noise source parameters, we have evaluated numerically

Eqs. (4.59)-(4.60) with averages over the noise realizations.

4.3.3 Non-local nuclear-nuclear (νA − νB) entanglement

In the previous section we show the mechanism to generate entangled states between electronic

spins with a correlated field. Now we investigate the most intriguing possibility of a controlled

entanglement generation in a nuclear spin pair in separated NV centers in the diamond lattice.

Due to the weak coupling between the correlated field and the nuclear spins, we will use the

hyperfine interaction between the electronic and nuclear spins as a mediator of the correlation

transfer. First, we obtain the nucleus-nucleus reduced density matrix in a base ordered as

{|νA,g, νB,g〉 , |νA,g, νB,e〉 , |νA,e, νB,g〉 , |νA,e, νB,e〉} yielding to the nucleus-nucleus density matrix

ν(t) =


ν1,1(t) 0 0 ν1,4(t)

0 ν2,2(t) 0 0

0 0 ν3,3(t) 0

ν4,1(t) 0 0 ν4,4(t)

 , (4.61)
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with

ν1,1(t) = ρ1,1(t) + ρ3,3(t) + ρ9,9(t) + ρ11,11(t),

ν2,2(t) = ρ2,2(t) + ρ4,4(t) + ρ10,10(t) + ρ12,12(t),

ν3,3(t) = ρ5,5(t) + ρ7,7(t) + ρ13,13(t) + ρ15,15(t),

ν4,4(t) = ρ6,6(t) + ρ8,8(t) + ρ14,14(t) + ρ16,16(t),

(4.62)

ν1,4(t) = ν∗4,1(t)

= ρ1,6(t) + ρ3,8(t) + ρ9,14(t) + ρ11,16(t), (4.63)

In Appendix B the expressions for Eqs. (4.62)-(4.63) are displayed. We have evaluated numeri-

cally the expressions Eqs. (4.62)-(4.63) for determining each of the density matrix entries.

4.4 Results and discussion

In this section we provide additional analysis of the entanglement transfer in the three bipartite

systems presented before: electron-electron, electron-nucleus and nucleus-nucleus, where each

particle in any case belongs to different NVs. In particular we investigate in detail its dependence

on the noise sources. The experimental values considered in our calculations are: a driven

microwave frequency Ω1 = Ω2 resonant with the electron spin frequencies ω1 = ω2 = (3/5) ×
104g.

As shown in Fig. 4.5, we start by using the formalism presented in Sect. 4.2 where the hyperfine

coupling between the ei − νj (i, j = A,B) spins A(~r) = B(~r) = 0 and we calculate analytically

the concurrence and quantum discord between the eA − eB spin pair. We have plotted two

cases: in Fig. 4.5(a) we evidence the effective entanglement for the eA − eB spins as function

of the squeezing parameter r and time, with symmetric conditions for the two branches, g0,A =

g0,B = g. Furthermore, as the coherent dynamics of the NV centers is strongly influenced by

the coupling with neighboring spins (13C spin bath) the noise effect in entanglement transfer

simulated with the parameters b and τ is shown in Fig. 4.5(b). Comparing the results between

isolated spins Fig. 4.5(a) and the realistic situation including the spin bath Fig. 4.5(b) we observe

a wide region of strong entanglement even with the noisy conditions. As a consequence of the

action of the spin baths a decreasing concurrence for large r values is observed. An appreciable

entanglement is obtained for r ≤ 1.0 in both situations: isolated spins and with a spin bath.

This value corresponds to a gain GE =cosh2[r] = 2.38 dB, therefore the required squeezing for
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Figure 4.5: eA− eB concurrence (panels (a) and (b)) and quantum discord (panels (c) and (d))
as a function of the QMF squeezing parameter r and dimensionless time gt. No nuclear spin bath
effects in panels (a) and (c) while nuclear spin effects are displayed in panels (b) and (d) with
gτA = gτB = 0.5. In all plots the static QMF-spin coupling strength is g0,A = g0,B = g.
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Figure 4.6: eA − eB concurrence (dashed lines) and quantum discord (continuous lines) with
symmetric conditions as a function of gt for a selected QMF squeezing parameter r = 0.87,
marked with red dashed lines in Fig. 4.5. Blue lines correspond to no nuclear spin bath effects
(Fig. 4.5-(a,c)) while red lines represent results with nuclear spin bath effects (Fig. 4.5-(b,d)) as
characterized by b = 0.5g and gτ = 0.5.

the microwaves to obtain maximum entangled values is in the range of the reported experimental

values [129].

The results reported allow to determine the optimal region for achieving entanglement in pres-

ence of a spin bath. In order to gain insight in the quantum correlations beyond entanglement,

we have also calculated the quantum discord [23] as a function of r and time gt between eA−eB
spin pairs as depicted in Fig. 4.5(c) no spin bath, and in Fig. 4.5(d) in presence of spin baths.

Comparing the results between concurrence and quantum discord we can note similar behav-

iors, however the quantum discord persists for longer times while the concurrence falls to zero

and vanish in the same period of time. A more detailed comparison between concurrence and
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Figure 4.7: eA − eB concurrence with asymmetric conditions in the baths as a function of gt
for a selected squeezing parameter r = 0.87. The red line corresponds to no spin bath, the red
line corresponds to a symmetric spin bath characterized by bA = bB = 0.4g and gτA = gτB = 0.4.
The blue line correspond to an asymmetric spin bath where bA = 0.8g, gτA = 0.8,bB = 0, B = 0
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Figure 4.8: eA − eB maximum concurrence of distant NV with symmetric conditions, g0,A =
g0,B = g, as a function of τ (fixed b = 0.5g, red dashed line and lower horizontal axis) and as a
function of b (fixed gτ = 0.5, blue symbols and upper horizontal axis).

quantum discord is presented in Fig. 4.6 where we have selected r = 0.87 values from Fig. 4.5

(dashed lines).

In the above results, we have considered symmetric conditions in the two JPA branches. Now,

we deal with the eA − eB entanglement under different noise conditions. All the results were

obtained with a QMF squeezing parameter of r = 0.87. In Fig. 4.7 the red line corresponds to

isolated electronic spins, the green line is for a symmetric noise gτA = gτB = 0.4, bA = bB = 0.4g

while the blue line corresponds to an asymmetric case with gτA = 0.8, bA = 0.8g, bB = 0,

gτB = 0. This last situation implies noise in only one branch, as a limiting case of asymmetry.

The results bring out that even for the case in which the spin bath only affects one subsystem

the entanglement between the two electronic spins is influenced by that noise.

The inclusion of a spin bath, Fig. 4.5(b), considerable changes are found in the maximum

reached entanglement, as depicted in Fig. 4.8. For a time interval gt = 6 and spin- bath coupling

b = 0.5g we show the change in the maximum concurrence as a function of the coherent time gτ
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Figure 4.9: Concurrence of different spin pairs in separate NVs as a function of the QMF
squeezing parameter r and dimensionless time gt. Panels (a) and (b) denote eA − eB , panels (c)
and (d) represent eB − νA (or equivalently eA− νB), panels (e) and (f) correspond to νA− νB . In
all plots the static QMF-spin coupling strength is fixed to g0,A = g0,B = g. No nuclear bath effects
yield to results in (a), (c) and (e). Nuclear bath effects with bA = bB = 0.5g and gτA = gτB = 0.5
in plots (b), (d) and (f).
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Figure 4.10: Concurrence for distant NV spins as a function of dimensionless time gt, symmetric
case g0,A = g0,B = g, for a selected QMF squeezing parameter r = 0.87 (marked by dashed red
lines in Fig. 4.9-(b),(d),(f)). The continuous blue line represents the eA−eB spin pair, the dashed
red line eA − νB (or (eB − νA)) and the black dashed line νA − νB .

(dashed red line). The effect of the hyperfine coupling spin-bath in the maximum concurrence is

illustrated with a fixed value gτ = 0.5 and varying b (blue circles). For small b and τ parameters

we note how the hyperfine coupling between the central spin and the bath dominates and produce

a higher decrease in the concurrence. But, by increasing the noise we note how the intra-bath

coupling results in the dominant decoherence factor.

Next, we include the effect of the hyperfine coupling and considered A(~r) = B(~r) ≈ 2g. We have
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Figure 4.11: eA− eB concurrence as a function of dimensionless time gt, symmetric case g0,A =
g0,B = g and QMF squeezing parameter r = 0.87, for selected values of the hyperfine interaction
between ej − νj in the local j-th NV. Solid lines represent the numerical solution: the small blue
line corresponds to A(~r) = B(~r) = 0.1g , the red medium line is for A(~r) = B(~r) = g while the
black large line for A(~r) = B(~r) = 2g. The dashed line represents the exact analytical solution for
the case where no hyperfine interaction. (a) No nuclear spin baths. (b) Nuclear spin baths with
symmetric noise parameters b = 0.5g and gτ = 0.5.

evaluated numerically the expressions Eqs. (4.55)-(4.56), Eqs. (4.59)-(4.60) and Eqs. (4.62)-

(4.63) with averages over the coefficients that determine the density matrix entries. In the

simulation we have considered 102 − 103 stochastic realizations for determining the averages

over nuclear noises.

For isolated spin systems the time dependent concurrence is presented in Fig. 4.9(a), Fig. 4.9(c)

and Fig. 4.9(e): for eA − eB, eA − νB and νA − νB, respectively. The bath effects on the

entanglement transfer is illustrated in Fig. 4.9(b), Fig. 4.9(d) and Fig. 4.9(f) where the noise

parameters are b = 0.5g and gτ = 0.5. For the electronic spins the maximum entanglement

is achieved for small squeezing value r even when including the hyperfine interaction with the

nearest-neighbor nuclear spin. The coupling with the bath changes slightly the optimal region

for obtaining entanglement but small r values are again needed. The dynamics for nuclear spins

or the combination of electronic and nuclear spins allows to characterize the strength of the

entanglement in terms of the squeezing microwave parameter. The results obtained show that

for these systems the amount of squeezing in the microwaves required to produce entanglement

is greater compared with the electron pair situation. Furthermore, we observe that the bath
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Figure 4.12: eA − eB concurrence C and Fourier transform of C as a function of dimensionless
time gt, symmetric case g0,A = g0,B = g, for selected values of the and QMF squeezing parameter.
In Figures (a)-(c)-(e) we present the concurrence for r = 0.5, r = 0.87 and r = 1.5, respectively.In
Figures (b)-(d)-(f) we present the Fourier transform of C for r = 0.5, r = 0.87 and r = 1.5,
respectively.

effect is larger in the entanglement between electronic spins, an effect that is evidenced more

clearly in Fig. 4.10 where we have selected r = 0.87 of Fig. 4.9 (dashed red lines) and evaluate the

concurrence as a function of time. The blue continuous line represents the eA−eB entanglement

while the medium dashed red line the eA− νB case and the small dashed black line the νA− νB
spin pair.

The effect of the hyperfine coupling between the ei − νj spin is illustrated in Fig. 4.11 where

we compare the exact analytical solution (dashed line) without hyperfine interaction with the

numerical solution for A(~r) = B(~r) = 0.1g, A(~r) = B(~r) = g and A(~r) = B(~r) = 2g. In

Fig. 4.11(a) no spin bath included and Fig. 4.11(b) symmetric noise conditions given by bA =

bB = 0.5g and gτA = gτB = 0.5. The results evidence that if we reduce the hyperfine coupling

between the ej−νj spins the numerical solutions go identical to the analytical results, validating

the above results.
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Figure 4.13: νA − νB concurrence C and Fourier transform of C as a function of dimensionless
time gt, symmetric case g0,A = g0,B = g, for selected values of the and QMF squeezing parameter.
In Figures (a)-(c)-(e) we present the concurrence for r = 0.5, r = 0.87 and r = 1.5, respectively.In
Figures (b)-(d)-(f) we present the Fourier transform of C for r = 0.5, r = 0.87 and r = 1.5,
respectively.

Now, we want highlight two elements of the presented results: first, we note that the nuclear

entanglement persists for longer times compared with the electron entanglement even under

noise environments. Second, in Figs. 4.9-4.9 we observe very definite frequencies for the en-

tanglement evolution in each system: ej − ej , νj − νj and ej − νj . Therefore, we calculate the

Fourier transform of the concurrence in order to determine relevant frequencies in the system’s

entanglement dynamics. In Fig. 4.12(a)-(c)-(e) and Fig. 4.13(a)-(c)-(e) we show results for the

concurrence as a function of the dimensionless time for selected QMF squeezing parameter,

while in 4.12(b)-(d)-(f) and Fig. 4.13(b)-(d)-(f) we present the Fourier transform of the con-

currence as a function of the frequency ω in g units. We note that the central frequency in

the Fourier transform does not change with the squeezing of the microwaves. Besides that, in

the nuclear entanglement we have a greater spectrum of relevant frequencies compared with the

ej − ej entanglement where the frequency appears as a more defined peak. The noise effects in

the Fourier transform are shown for ej − ej and νj − νj in Fig. 4.14 and Fig. 4.15, respectively.
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Figure 4.14: eA − eB Fourier transform of the concurrence as a function of dimensionless time
gt, symmetric case g0,A = g0,B = g and squeezing parameter r = 0.87, for selected values of the
noise conditions. (a) no spin bath. (b) b = 0.2g and gτ = 0.2. (c) b = 0.2g and gτ = 0.4. (d)
b = 0.4g and gτ = 0.2.

There, we consider a QMF squeezing parameter of r = 0.87. The noise conditions for both

plots are Fig. 4.14(a)-Fig. 4.15(a) no spin bath, Fig. 4.14(a)-Fig. 4.15(a) b = 0.2g, gτ = 0.2,

Fig. 4.14(a)-Fig. 4.15(a) b = 0.2g, gτ = 0.4 and Fig. 4.14(a)-Fig. 4.15(a) b = 0.4g, gτ = 0.2.

The results for the entanglement Fourier transform with noise conditions bring out that the

main frequency does not change even with increasing noise strengths.

Finally, we present how to change the position of the peaks in the frequency scale (ωp) of the

Fourier transforms for ej − ej (Fig. 4.16(a)) and νj − νj (Fig. 4.16(b)) by varying the hyperfine

coupling A(~r) = B(~r) = I. The results show a high dependence with the hyperfine coupling,

and additionally they recover the expected result for the case uncoupled case of A(~r) = B(~r) = 0

where ωp = 2.

4.5 Conclusions

In summary, we have derived analytical expressions for the density matrix describing the dy-

namics of distant electronic spins interacting with a two mode squeezed state in a noisy envi-

ronment. We have characterized the dynamical entanglement in terms of the concurrence for

the two spins approximating the effect of the nuclear baths, with a mean-field theory, as an

Ornstein-Uhlenbeck noise process. From our analytical and numerical results, we conclude that
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Figure 4.15: νA − νB Fourier transform of the concurrence as a function of dimensionless time
gt, symmetric case g0,A = g0,B = g and squeezing parameter r = 0.87, for selected values of the
noise conditions. (a) no spin bath. (b) b = 0.2g and gτ = 0.2. (c) b = 0.2g and gτ = 0.4. (d)
b = 0.4g and gτ = 0.2.

a squeezed microwave field produced by a JPA can be efficiently employed to induce entangle-

ment in initially uncorrelated spin systems even when embedded in a noisy environment. We

performed numerical simulations with the same initial states by varying the QMF and noise

parameters, and obtained qualitatively similar results.

While the maximum entanglement is achieved for high squeezing values for the isolated electronic

spins, this scheme evidences how the inclusion of noise change the optimal r values to obtain

maximum entanglement. In a realistic scenario, we have also included the hyperfine interaction

between the nearest-neighbor 14N or 13C nuclear spin and the electronic NV-spin. In this

situation the analytical expressions are not more valid, then a numerical solution was realized.

We extend our calculations to nuclear spins and electron-nucleus entanglement. Our result

probes that even for nuclear spins which do not directly interact with the entangled microwave

field, it is still possible an effective transfer of correlations mediated by the hyperfine electron-

nuclear interaction. Besides that, for the nuclear systems the entanglement persists under

the effect of spin bath environments that produce decoherence/dissipation. While maximum

entanglement is reached for low squeezing values in the case of electronic spins, highly entangled

states for the microwaves are required to entangle NV linked nuclear spins in spin baths.

A shifting in the squeezing value for obtaining maximum entanglement was shown for the

electronic spins in presence of a nuclear spin bath, while for entangling nuclear spins themselves
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Figure 4.16: eA− eB concurrence as a function of dimensionless time gt, symmetric case g0,A =
g0,B = g and QMF squeezing parameter r = 0.87, for selected values of the hyperfine interaction
between ej − νj in the local j-th NV. Solid lines represent the numerical solution: the small blue
line corresponds to I = 0.1g , the red medium line is for I = 1g while the black large line for
I = 2g. The dashed line represents the exact analytical solution for the case where no hyperfine
interaction. (a) No nuclear spin baths. (b) Nuclear spin baths with symmetric noise parameters
b = 0.5g and gτ = 0.5.

this value remains constant. Moreover, this scheme shows the required values for squeezing

in the studied systems and the limiting values for getting entangled states in the presence of

dissipative non-Markovian spin baths.

Finally, we show that other quantum correlations besides entanglement persist even in noisy

environments, and the effects of the nuclear spin baths are small on other correlations beyond

entanglement.



Chapter 5

Entangled microwaves as a resource

for entangling spatially separate

solid-state qubits

Quantum correlations present in a broadband two-line squeezed (see Chapter 3) microwave

state can induce entanglement in a spatially separated bipartite system consisting of either two

single qubits or two qubit ensembles. By using an appropriate master equation for a bipartite

quantum system in contact with two separate but entangled baths, the generating entangle-

ment process in spatially separated quantum systems is thoroughly characterized. Decoherence

thermal effects on the entanglement transfer are also discussed. Our results provide evidence

that this entanglement transfer by dissipation is feasible yielding to a steady-state amount of

entanglement in the bipartite quantum system which can be optimized for a wide range of re-

alistic physical systems that include state-of-the-art experiments with NV centers in diamond,

SC qubits or even magnetic molecules embedded in a crystalline matrix.

5.1 Introduction

A great deal of interest have recently arisen of solid-state quantum information hybrid systems

based on the combination of crystalline defects, superconducting circuits and magnetic molecule

nanoassemblies. A common feature of all these platforms is the fact that they become resonant

in the microwave regime placing new demands on appropriate quantum interfaces in this sector

of the electromagnetic spectrum. The controlled preparation of highly entangled quantum

states in realistic solid-state systems and the preservation in time of their unique coherence

properties have been some of the major central goals in the search of scalable quantum hardware

in view of quantum information protocol implementations with obvious interests in practical

67
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applications as well as in performing fundamental tests of quantum physics. In particular, several

schemes based on cavity quantum electrodynamics have been proposed for testing entanglement

properties in a very successful way. Recently new explored physical systems, hybrid system,

that combine the spin properties of solid-state qubits in QED circuits or superconducting (SC)

circuits are a powerful resource to get entangled states in a controllable way with extremely

good coherence times [14, 16].

By the combination of radiation excitation from different wavelength sectors of the electromag-

netic spectrum (optical, microwave and radio-frequency), several protocols have been proposed

for reaching entanglement between the electron spins of two separate NVs, or the electron spin

of a single NV and its neighbor nitrogen nucleus, or the NV electron and a closely placed 13C

nucleus. For NVs separated by a distance on the order of tens of nanometers the direct spin-spin

magnetic dipolar coupling could lead to the creation of EPR states [28]. Some more recent work

demonstrated the entanglement generation between two NVs separated by a distance on the

order of three meters by using protocols based on creation of spin-photon entanglement and

subsequent joint measurement of photons [123]. One attractive approach to hybrid systems

involves the integration of SC resonators and electron spin ensembles such as NV centers in

diamond. These systems exploit the long coherence times of the NV spin in diamond jointly

with the promise of high scalability and robust control of SC circuits [64, 65, 124, 125].

Experimentally, the strong coupling between a spin ensemble and a superconducting resonator

has been demonstrated in a classical regime [55, 130, 131], where the resonator and spin en-

semble are modeled like harmonic oscillator driven by a classical microwave field, and recent

experimental realizations in this field show quantum excitation even at a single level. In addi-

tion, the strong coupling in these hybrid systems has allowed to transfer the state between the

NV ensemble and a SC-resonator [132] while some other works show an improvement in the

coherence times in that transfer to a flux qubit (FQ) [65]. Recently, it has been demonstrated

that by injecting input vacuum noise to a Josephson parametric amplifier, the output turns out

to be a microwave highly correlated (entangled) two field mode state [133]. Additionally, in

the case of two separate output transmission line setups, it has been possible to get pairs of

entangled microwave photons with gains up to nearly 9.8 dB [71, 134].

However, the possibility of transferring entanglement from continuous variables systems (CV)

to discrete quantum systems (qubits) [19, 20] offers a very robust alternative for entanglement

creation over long distances. In this chapter, we propose a scheme to exploit the quantum

correlations in two-line-squeezed-microwave-states (TLSMS) as a resource to generate solid-

state entangled states of two single distant qubits as well as for two qubit ensembles kept

separated. We will build a master equation formalism to analyze the dynamics of the matter

subsystems in both the transient and stationary regimes, and provide numerical support for

the feasibility of the transfer of quantum correlations from entangled microwaves to initially

uncoupled matter subsystems. We will extend some previous results [135] for the case of qubits
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interacting with a thermal bath [136, 137], but now that approach is applied to the case of two

distant but entangled baths representing the broadband TLSMS. In the following we present

our recent published paper where we show all the obtained results.
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I. INTRODUCTION

The generation and preservation of entanglement is one of
the basic ingredients in many scalable quantum information
protocols. Quantum cryptography [1,2], quantum communi-
cation [3], quantum repeaters, and certain models of quantum
computation [4–6] demand preexisting entangled states, either
at short distances or at long separations. If we focus on the
establishment of pairwise entanglement, there exist three basic
approaches: (i) an interaction in some past moment [7], (ii)
a joint measurement with an entangled state as an outcome
[8], or (iii) an interaction with a third party or mediator,
such as phonons [9] or photons [10–13], which often can be
reinterpreted as (ii) once the mediator is traced out.

We have cited some examples of atomic and molecular
physics experiments where all these ideas have been put
into practice. However, in recent years the field of solid-
state quantum information processing has reached a status
in which many of those entanglement protocols can be
competitively reproduced, with similar goals and rapidly
improving performance, using semiconductor quantum dots
[14], nitrogen vacancy (NV) centers in diamond [15–17],
superconducting qubits [18–20], surface plasmon polaritons
[21], or superconducting microwave photons [22–26], to name
a few possibilities. In this context, a remarkable idea is the
hybridization of different technologies in a single setup, thus
synthesizing the best of each. One attractive example is the
integration of superconducting resonators with NV centers
in diamond. These systems exploit the long coherence times
of the NV spin in diamond jointly with the promise of
high scalability and robust control of SC circuits [27–30].
Experimentally, the strong coupling between a spin ensemble
and a superconducting resonator has been demonstrated in
the linear or Gaussian regime [31–33], where the resonator
and spin ensemble are both modeled as interacting harmonic
oscillators. In addition, the strong coupling in this hybrid

*av.gomez176@uniandes.edu.co

systems has made it possible to transfer the state between
the NV ensemble and a superconducting resonator [34] while
some other works show an improvement in the coherence times
and the transfer of single excitations with a flux qubit [35].

A wealth of studies have clarified the transfer of entan-
glement from infinite-dimensional field systems to discrete
matter systems, especially those involving driven cavities with
embedded qubits [36,37]. A first proposal was limited to
considering the unitary evolution of a separate microcavity
plus a single qubit, with the radiation fields in a highly
squeezed pure state [38]. Shortly afterwards, a highlighted
scenario where two remote single-mode cavities containing a
single qubit each was proposed to reach maximally entangled
two-qubit states in both transient and steady-state regimes
[39] by driving the cavities with highly entangled broadband
two-mode Gaussian fields which act as local environments for
each qubit. A standard formalism of second-order perturbation
theory (Born-Markov approximation) makes it possible to
determine the sufficient and necessary conditions to reach
a successful entanglement transfer from a highly mixed
but entangled broadband multimode reservoir to a spatially
separate qubit pair [40]. Finally, pure and mixed entangled
fields have also been proposed to quantum correlate pairs of
other initially uncorrelated subsystems [41], especially when
a mechanism for the replication over many matter subsystem
pairs can be identified [42]. All of these protocols for the con-
trolled manipulation of the entanglement distribution represent
important steps towards the engineering of quantum networks.
Motivated by this joint progress from both the theoretical
and the experimental advances, in this work we study the
transfer of entanglement from a continuous, broadband, two-
line squeezed microwave field (TLSMF) as generated by
Josephson parametric amplifiers (JPAs) [43], onto a bipartite
system consisting of two qubits or two spin ensembles—either
which can be made of NV centers, molecular magnets [44],
or superconducting qubits—roughly as sketched in Fig. 1. By
contrast with previously described protocols, here we propose
a new scheme for gene-rating entanglement between spatially
remote qubit systems exploiting a setup which accommodates

2469-9926/2016/93(6)/062336(13) 062336-1 ©2016 American Physical Society
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FIG. 1. System. Two spatially separated qubits (or two-qubit
ensembles) in different branches coupled with entangled microwaves
generated by a parametric Josephson amplifier.

the peculiarities of circuit-QED and of the novel field of
propagating quantum microwaves, without resorting to embed
the qubits in a microcavity but leaving them to couple directly
with the TLSMF which is being continuously replenished.
Moreover, we allow the qubit subsystems to be in contact with
local environments which provide fully incoherent processes
(thermal decoherence) which compete with the quantum
coherent generating processes as represented by the TLSMF.
In this way, we provide quantitative evidence for limitations
on the entanglement transfer as caused by ubiquitous thermal
events, a shortcoming of previous studies [39,40]. We thus
study the pure TLSMF entanglement transfer power as well
as its limitations set by additional couplings to thermal baths,
extending earlier results for quantum systems in contact with
several bath fields [45,46], using Markovian master equations.

The paper is organized as follows. Section II describes the
general formalism for addressing the entanglement driving by
two dissipative entangled baths as represented by TLSMF.
The case of a matter subsystem corresponding to two single
separate qubits is developed in Sec. III, while Sec. IV is devoted
to two distant qubit ensembles. The solutions discussed in
those sections encompass both resonant and nonresonant cases
between central microwave frequency and matter. Further
decoherence effects on the qubit pair or qubit ensembles are
considered in Sec. V. Realistic solid-state implementations
are explored in Sec. VI, where experimental parameters
appropriate to NV centers in diamond, superconducting qubits,
and magnetic molecules are considered. Finally, Sec. VII
summarizes our main conclusions, while technical details are
relegated to the appendixes.

II. BIPARTITE QUANTUM SYSTEM IN CONTACT WITH
TWO SEPARATE BATHS

We start by putting on theoretical ground the formalism
yielding to the master equation describing the generation of
quantum correlations on a quantum matter bipartite system by
driving from two separate entangled (microwave) reservoirs.
In this section we limit ourselves to the effects of the TLSMF
on the matter subsystem. Other couplings of the matter
with additional reservoirs providing extra matter decoherence
channels are discussed below; see Sec. V. Here we follow

and extend to squeezed reservoirs previous results from
[45,46], which have been already applied to a quantum system
coupled to two thermal reservoirs at different temperatures.
We consider a composed quantum system, including the
baths, formed by two spatially separated lines or branches,
as depicted in Fig. 1. In each branch a part of a multisqueezed
microwave field interacts locally with a quantum system of
interest. Thus, the full Hamiltonian reads as

Ĥ =
2∑

j=1

Ĥj =
2∑

j=1

(Q̂j + R̂j + V̂j ), (1)

where for arm j , Q̂j , R̂j , and V̂j denote the partial Hamil-
tonians for the quantum or matter system itself, the free
microwave radiation field, and the matter-radiation interaction
terms, respectively. Notice that [Ĥ1,Ĥ2] = 0.

The aim is to find the equation of motion for the quantum
system reduced density operator, ρ̂(t), from the unitary
evolution of the full supersystem density operator γ̂ (t). To
proceed further we express the full dynamics in the interaction
picture given by the transformation

Û †(t) = Û
†
1 (t)Û †

2 (t) =
2∏

j=1

ei(Q̂j +R̂j )t , (2)

such that an interaction picture operator ÔI (t) is connected
with its Schrödinger version ÔS by ÔI (t) = Û †(t)ÔSÛ (t).
The full supersystem (bipartite quantum system + reservoirs)
density operator satisfies the Liouville-Von Neumann equation
(� = 1)

dγ̂I (t)

dt
= −i[V̂I (t),γ̂I (t)], (3)

with V̂I (t) = V̂1,I (t) + V̂2,I (t). We assume that the coupling
strength between the central quantum matter system and the
microwave reservoirs is weak enough to express γ̂ (t) as

γ̂I (t) = ρ̂I (t) ⊗ ρ̂B
1,2, (4)

where the baths are described by a stationary correlated
(nonseparable) density matrix ρ̂B

1,2. Thus, up to second order
in the matter-radiation interaction strength, we obtain [45,46]

dρ̂I (t)

dt
= (−i)2

∫ t

0
dt1TrR

{[
V̂I (t),

[
V̂I (t1),ρ̂I (t1) ⊗ ρ̂B

1,2

]]}
,

(5)
where TrR{· · · } denotes the partial trace over the squeezed
microwave radiation reservoirs.

According to [24] the broadband TLSMF produced by a
JPA (see Fig. 1) can be described by |Sq〉 = Ŝ|{0}1〉 ⊗ |{0}2〉
[47], where the two-arm multimode vacuum state is denoted
as |{0}1〉 ⊗ |{0}2〉, in such a way that the stationary entangled
baths are described by a nonseparable density operator of the
form

ρ̂B
1,2 = Ŝ|{0}1〉 ⊗ |{0}2〉〈{0}2| ⊗ 〈{0}1|Ŝ†, (6)

indicating that in the arm j a broadband multimode distribution
centered on frequency ωLj is found. The multimode squeezing
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operator is given by

Ŝ = exp

{∑
n,m

s(ωn,ωm)[â†
1(ωL1 + ωn)â†

2(ωL2 − ωm)

− â1(ωL1 + ωn)â2(ωL2 − ωm)]

}
, (7)

where â1(ωL1 + ωn) and â2(ωL2 − ωn) denote the photon an-
nihilation operators for mode n of arms j = 1,2, respectively.
Although microwaves over a broadband continuum of modes
are assumed, the mode indexes n,m in Eq. (7) are represented
by discrete labels for simplicity. In Eq. (7), s(ωn,ωm) = sn,m

are associated with the function (taken as real) of squeezing
parameters between mode ωL1 + ωn in path 1 and mode
ωL2 − ωm in path 2. The multimode entangled state given by
Eq. (6) describes two spatially separated but highly entangled
baths that we use as a resource for entangling the matter
subsystems themselves.

The microwave reservoirs are described by local Hamilto-
nians in each arm such as

R̂ =
2∑

j=1

R̂j =
2∑

j=1

∑
n

[ωLj − (−1)jωn]â†
n,j ân,j . (8)

In the last equation we have explicitly written ân,1 and ân,2

in place of â1(ωL1 + ωn) and â2(ωL2 − ωn), respectively, a
double notation that we take as equivalent in the following.
Additionally, the matter Hamiltonian can be written as

Q̂ =
2∑

j=1

Q̂j =
2∑

j=1

ωj q̂
+
j q̂−

j , (9)

where q̂±
j denote single excitation operators for the mat-

ter subsystem in branch j and the commutation relation
[q̂+

j q̂−
j ,q̂±

j ′ ] = ±q̂±
j δj,j ′ should hold. The specific physical

meaning of ωj and q̂±
j in Eq. (9) are discussed below for

different cases. Finally, the matter-radiation interaction term
in arm j becomes

V̂ =
2∑

j=1

V̂j =
2∑

j=1

∑
n

gn,j (q̂+
j ân,j + q̂−

j â
†
n,j ), (10)

where gn,j = gj [ωLj − (−1)jωn] is the coupling strength
between matter subsystem and mode n in branch j . Therefore,
the interaction picture expression for the matter-radiation
coupling Hamiltonian takes the form

V̂I (t) =
∑

n

g1(ωL1 + ωn)(q̂+
1 ân,1e

i(ω1−ωL1−ωn)t

+ q̂−
1 â

†
n,1e

−i(ω1−ωL1−ωn)t )

+
∑

n

g2(ωL2 − ωn)(q̂+
2 ân,2e

i(ω2−ωL2+ωn)t

+ q̂−
2 â

†
n,2e

−i(ω2−ωL2+ωn)t ). (11)

By inserting Eq. (11) into Eq. (5), expressions involving bath
operators such as TrR1,R2{ρ̂B

1,2â
±
n,kâ

±
m,j } = 〈â±

n,k â±
m,j 〉 (j,k =

1,2) should be evaluated, which for the entangled bath density
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FIG. 2. Microwave squeezing strength s(ω,ω′) described by a
double Gaussian function of two arm frequencies ω and ω′ (in ωL

units, ωL1 = ωL2 = ωL) with �ω+ = 0.09ωL and �ω− = 0.02ωL.

operator given by Eq. (6) leads to

〈â±
n,k â±

m,j 〉=〈{0}1| ⊗ 〈{0}2| Ŝ† â±
n,k â±

m,j Ŝ |{0}1〉⊗ |{0}2〉. (12)

The squeezing function sn,m in Eq. (7) is assumed to be
Gaussian [48], i.e.,

sn,m = s̃

(
2

π�ω−�ω+

)
e−( ωn−ωm

�ω− )2
e−( ωn+ωm

�ω+ )2
, (13)

where �ω− is associated with the width of the two-bath
correlations as determined by the JPA pump duration, while
�ω+ corresponds to the spectral width of the two arms
coherence (see Fig. 2). A special situation occurs when the
two-bath correlations are perfect, i.e., �ω− → 0, transforming
the first Gaussian in Eq. (13) in a δ function, yielding to
sn,m = δn,msn with

sn = s0e
−( 2ωn

�ω+ )2
(14)

being s0 the maximum squeezing between microwaves at
central frequencies ωL1 and ωL2. The reservoir correlations
are then given by the expressions (see the Appendix)

〈â†
n,1âm,1〉 = 〈â†

n,2âm,2〉 = δn,msinh2(rn),

〈â†
n,1â

†
m,2〉 = 〈ân,1âm,2〉 = δn,msinh(rn)cosh(rn),

〈ân,1â
†
m,1〉 = 〈ân,2â

†
m,2〉 = δn,mcosh2(rn). (15)

In the following, we assume that the frequency detunings
(�j = ωj − ωLj ) between quantum matter (ωj ) and central
microwave distribution (ωLj ) satisfy the condition �1 =
−�2 = �, although nonspecific relation between ω1 and ω2 is
required. Arbitrary detuning effects are discussed elsewhere.
Within the Wigner-Weisskopf approach, Eq. (5) yields to a
master equation in Lindblad form as

dρ̂

dt
= L̂MW ρ̂(t) = [L̂1 + L̂2 + L̂1,2]ρ̂(t), (16)

where the MW label in the Lindbladian L̂MW reinforces the
idea of just taking into account TLSMF effects for the moment.
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The local TLSMF terms are given by (j = 1,2)

L̂j ρ̂(t) = �j (�){cosh2[s(�)][2q̂−
j ρ̂(t)q̂+

j − q̂+
j q̂−

j ρ̂(t)

− ρ̂(t)q̂+
j q̂−

j ] + sinh2[s(�)][2q̂+
j ρ̂(t)q̂−

j

− q̂−
j q̂+

j ρ̂(t) − ρ̂(t)q̂−
j q̂+

j ]}, (17)

where, according to Eq. (14), s(�) = s0e
−( 2�

�ω+ )
2

, and the
effective local matter-radiation coupling becomes given by

�j (�) =
∑

n

|gj [ωLj − (−1)jωn]|2δ(ωn − �). (18)

Furthermore, the cross or nonlocal TLSMF Lindblad term in
Eq. (16) reads as

L̂1,2ρ̂(t) = �1,2(�)sinh[2s(�)]{[2q̂+
2 ρ̂(t)q̂+

1 − ρ̂(t)q̂+
1 q̂+

2

− q̂+
1 q̂+

2 ρ̂(t)] + [2q̂+
1 ρ̂(t)q̂+

2 − ρ̂(t)q̂+
2 q̂+

1

− q̂+
2 q̂+

1 ρ̂(t)] + H.c.}, (19)

where the effective nonlocal matter-bath coupling constant in
Eq. (19) is given by

�1,2(�) =
∑

n

g1(ωL1 + ωn)g2(ωL2 − ωn)δ(ωn − �) (20)

and H.c. denotes the Hermitian conjugate terms. Lindblad
terms such as L̂j in Eq. (17) denote the dissipative coupling of
microwaves in line j with its respective matter subsystem.
These local dissipative terms have similar forms as the
coupling of a single matter piece with a single thermal bath,
thus producing a null result for entanglement. Indeed, the
most interesting dissipative term is the nonlocal Lindblad term
L̂1,2 in Eq. (19), which is the responsible for entangling the
two matter subsystems. In the next two sections we apply
this formalism to different physical systems, specifically those
formed by two individual separate qubits, as well as to different
ensembles of qubits interacting with entangled microwave
photons.

III. BIPARTITE QUANTUM SYSTEM: A SOLID-STATE
QUBIT PAIR

The first setup under consideration is a hybrid combination
of two separate single qubits, interacting with a broadband
TLSMF. The solid-state qubits could be individual NV centers,
magnetic nanomolecules or superconducting qubits, while the
entangled microwave fields can be generated in a variety of
ways from JPA devices. The qubits are represented by Pauli
operators σ̂j,z and σ̂±

j , with splitting energies ωj (j = 1,2).
The qubit-radiation interaction strength is given by gn,j =
gj [ωLj − (−1)jωn] for the qubit in the transmission line
j coupled to mode n. In order to quantify the entangling
power of the microwave entangled reservoirs acting on the
noninteracting qubit pair, we start by writing down solutions
to the master equation given in Eq. (16) with Lindblad terms
as in Eqs. (17) and (19), with the substitutions q̂+

j → σ̂+
j and

q̂−
j → σ̂−

j . The effect of the squeezing between the baths on
the qubit pair evolution is evident in the crossed Lindblad term
L̂1,2, where the presence of simultaneous two-qubit excitation
operators σ̂+

1 and σ̂+
2 (or their Hermitian conjugates) occurs. In

a two-qubit base ordered as {| + ,+〉,| + ,−〉,| − ,+〉,| − ,−〉}

the two-qubit density operator ρ̂(t) has the form

ρ̂(t) =

⎛
⎜⎝

ρ1,1(t) 0 0 ρ1,4(t)
0 ρ2,2(t) 0 0
0 0 ρ3,3(t) 0

ρ4,1(t) 0 0 ρ4,4(t)

⎞
⎟⎠, (21)

which is very convenient to evaluate entanglement measures
such as the logarithmic negativity or concurrence [49,50].
Though for a qubit pair these two measures are equivalent,
in this paper we focus on the concurrence (C). The initial two-
qubit density operator corresponds to ρ̂(0) = | − ,−〉〈−, − |;
i.e., the qubit pair is in its ground state. We have solved
analytically the master equation for the qubits in the stationary
regimen and evaluated consequently the concurrence.

The stationary solution for the density matrix ρ̂ss can
be found analytically, which for the density matrix given in
Eq. (21), yields ρss

2,2 = ρss
3,3 and

Css = 2Max
{
0,|ρss

1,4| − ρss
2,2

}
= Max

{
0 ,

2γ tanh[2s(�)] − (γ 2 − 1)sinh2[2s(�)]

(γ 2 + 1) + (γ 2 − 1)cosh[4s(�)]

}
,

(22)

where γ = (γ1 + γ2)/2, with γj = �j/� (from now on we
shall simply denote � = �1,2). Note that the steady-state
two-qubit reduced density matrix, and consequently Css , does
not depend separately on the individual dissipation rates
γj but only on their average value γ . Additionally, it is
straightforward to verify that by putting s0 = 0 in Eq. (22), i.e.,
nonsqueezed microwave baths, each qubit is directly coupled
to a local vacuum or zero-temperature reservoir with no
crossed arm couplings, producing a long-time diagonal density
operator with ρss

1,1 = ρss
2,2 = ρss

3,3 = ρss
1,4 = 0 and ρss

4,4 = 1, cor-
responding to a vanishing qubit pair entanglement, Css = 0.

The result expressed by Eq. (22) holds whenever γ � 1;
otherwise, the Lindblad master equation given by the set of
Eqs. (16), (17) and (19) does not possess steady-state solutions.
The simplicity of this result allows us to obtain an analytical
expression for the borderline in the parameter plane [γ,s(�)],

sinh[4s(�)] = 4γ

γ 2 − 1
, (23)

as shown by the yellow line in Fig. 3(a), separating regions
of zero steady-state concurrence from regions of finite steady-
state entanglement. As depicted in Fig. 3(a), if the microwave
squeezing parameter s(�) increases, the steady-state concur-
rence is also increased, but in order to reach this steady-state
value, a longer time is required. For the special case γ = 1, i.e.,
identical local average and nonlocal cross-dissipation rates,
we found Css = tanh[2s(�)], indicating that for a near reso-
nance condition, � ≈ 0, and large microwave squeezing, r �
1, the stationary concurrence gets saturated to its maximum
value, Css → 1, which corresponds to the qubit pair state ap-
proaching the pure Bell state |
ss〉 ≈ 1√

2
(| + ,+〉 − | − ,−〉).

The two-qubit concurrence time evolution, C(t), is depicted
in Fig. 3(b) for some selected values of the squeezing
parameter s(�) and local dissipation γ terms, as marked by
symbols in Fig. 3(a). Although the precise time evolution of
C(t) does depend on the individual values of γj , from now
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FIG. 3. Two-qubit concurrence C. (a) Steady-state Css as a
function of the microwave squeezing parameter s(�) and γ =
(γ1 + γ2)/2; the solid (yellow) line corresponds to Eq. (23).
(b) Time-dependent C(t) for selected parameters as marked by similar
symbols in (a) for two initially unentangled qubits.

on we restrict ourselves to illustrating results only for the
symmetric case, i.e., γ1 = γ2. In all cases the concurrence
starts growing linearly in time, i.e., C(t) ∼ t , at short times. For
the special line γ = 1 in Fig. 3(a) the steady-state concurrence
value, Css , requires longer times to be reached as the squeezing
parameter s(�) gets larger.

Next we discuss the two-qubit entanglement generation
process from an unentangled initial two-qubit state, by
considering separately the effects of the microwave resonance
squeezing strength s0 and the detuning between central
microwave frequency and qubit splitting, �. In Fig. 4(a),
the steady-state concurrence Css for γ = 1 is plotted as a
function of the resonance squeezing strength s0 and the central
microwave frequency-qubit detuning, �. The time dependence
of C(t) is shown in Fig. 4(b) for the zero-detuning case, i.e.,
� = 0, as a function of the squeezing parameter s0 [green
points in Fig. 4(a)], while in Fig. 4(c) C(t) is shown for the
special microwave squeezing amount s0 = 1 as a function
of the detuning � [black points in Fig. 4(a)]. In Fig. 4(c)
a two-time entanglement evolution is also evident: a fast
entanglement generation at short times with C(t) ∼ t followed
by a slower time evolution towards the saturation value, a clear
behavior especially seen near resonance.

FIG. 4. Concurrence for two initially unentangled qubits for
γ = 1. (a) Steady-state Css as a function of the resonance squeezing
strength s0 and the central microwave frequency-qubit detuning, �.
(b) Time-dependent C(t) at zero detuning, � = 0 [green points in
(a)]. (c) Time-dependent C(t) at fixed maximum squeezing s0 = 1
[black points in (a)].

In order to further explore the entanglement generation
process, we now consider some points in the parameter space
[see Fig. 3(a)] outside the special γ = 1 line. The two-qubit
time-dependent concurrence C(t) is depicted in Fig. 5 for
symmetric local dissipation rates larger than the nonlocal or
cross-dissipation rate, i.e., γ = 1.1. Figure 5(a) shows results
of C(t) at resonance � = 0 as a function of the squeezing
parameter s0, where it is clear that C(t) goes rapidly to
its steady-state value for a microwave squeezing s0 ≈ 0.5.
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FIG. 5. Time-dependent two-qubit entanglement generation,
C(t), for initially unentangled qubits with symmetric local dissipation
rates larger than the cross-dissipation rate, γ = 1.1. (a) Resonance,
� = 0; (b) fixed maximum squeezing parameter s0 = 1.5.

However, at variance with the time evolution behavior for
γ = 1 [see Fig. 4(b)] for which the larger s0, the larger is
the steady-state entanglement generation, now for γ = 1.1
there is only a transient generation of C(t) with a vanishing
steady-state limit, as shown in Fig. 3(a). An interesting
behavior is uncovered by the plot in Fig. 5(b): By starting
with a high microwave entanglement as corresponds to
s0 = 1.5 and the resonance condition � = 0, the two-qubit
concurrence remains stuck to zero [both transient and steady-
state values vanish; see Fig. 3(a)]; however, by detuning the
qubit-microwave interaction, i.e., letting � > 0, the effective
squeezing parameter decreases s(�) < s0, allowing for the
generation of two-qubit entanglement, as can also been seen
as a process where one starts at a point above the yellow line
in Fig. 3(a) and, by varying enough the detuning, one crosses
the yellow line to the zone of the parameter space where
a steady-state entanglement is allowed. Thus, this behavior
could mitigate the necessity of a special γ value to generate a
finite two-qubit entanglement.

The crucial result of this section is that effectively it is
possible to entangle distant qubits initially prepared in a

separable state by using two entangled broadband microwave
baths.

IV. BIPARTITE QUANTUM SYSTEM: TWO
NONINTERACTING QUBIT ENSEMBLES

In the preceding section we showed that a finite amount of
entanglement of two initially separated qubits can be generated
from two highly correlated microwave baths. However, this
transfer process is strongly limited by the coupling strength
between the qubits and the microwave radiation. In order to
increase the matter-radiation coupling, we propose to replace
the system of two single qubits with two spin ensembles. In
this way the matter-radiation coupling increases

as g ∼ ge

√
N , where ge is the coupling of a single qubit

with the microwave photons, yielding to an absolute increase
of both local and nonlocal dissipation rates �j and �. An
immediate positive consequence of this enhancement is to cut
down the rise time of the entanglement generation to reach the
steady-state final value for two spin ensembles.

Assuming that each spin ensemble has a low polarization,
i.e., they remain close to its global ground state, we can
introduce collective bosonic operators associated with each
qubit ensemble b̂j ,b̂

†
j , j = 1,2 [51]. Thus, now we consider

a central quantum system formed by two independent single-
mode boson fields, each of them coupled to a different reservoir
of microwave radiation, but, as before, these microwave
reservoirs still stay in a broadband squeezed multimode state.
The master equation for the spin ensembles has the same
structure as for single qubits, given by Eq. (16), with the
Lindblad terms as given in Eqs. (17) and (19) but now with the
replacements q̂+

j → b̂
†
j and q̂−

j → b̂j (j = 1,2).
We study the dynamics of a subsystem composed of two

initially noninteracting spin ensembles coupled to a broadband
TLSMF from a JPA. We are interested in the time evolution
of the degree of entanglement of the spin ensembles, having
initially zero excitations, i.e., ρ̂(0) = |0,0〉〈0,0|, once they
have interacted with the entangled microwaves. The state
for the pair of spin ensembles is entirely specified by its
covariance matrix, which is a real, symmetric, and positive
matrix [49,52,53],

σ̂ (t) =

⎛
⎜⎝

σxx σxpx
σxy σxpy

σxpx
σpxpx

σypx
σpxpy

σxy σypx
σyy σypy

σxpy
σpxpy

σypy
σpypy

⎞
⎟⎠. (24)

The entries of the last matrix, σαβ , with α,β = x,y,px,py , are
given by

σαβ = 1
2 〈α̂β̂ + β̂α̂〉 − 〈α̂〉 〈β̂〉 , (25)

and they are computed from the canonical boson spin ensemble
operators as

x̂j = (b̂j + b̂
†
j )√

2
, p̂j = (b̂j − b̂

†
j )

i
√

2
, (26)

with (x̂1,p̂1) = (x̂,p̂x) and (x̂2,p̂2) = (ŷ,p̂y).
The entanglement of a two-mode Gaussian state is mea-

sured by the logarithmic negativity EN , which has a closed
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FIG. 6. Logarithmic negativity, EN , for two spin ensembles.
(a) Steady-state Ess

N as a function of the microwave squeezing
parameter s(�) and γ ; the solid (yellow) line corresponds to Eq. (34).
(b) Time-dependent EN (t) for selected parameters as marked by
similar symbols in (a) for two initially unentangled spin ensembles.

expression given by

EN = Max{0, − log2 2ν̃−}. (27)

Here ν̃− represents the smallest of the two symplectic eigen-
values of the partial transpose σ̃ of the two-mode covariance
matrix σ̂ . Writing the matrix σ̂ in terms of 2 × 2 blocks,

σ ≡
(

Â Ĉ

ĈT B̂

)
, (28)

the logarithmic negativity in Eq. (27) reads as

EN (t) = Max

{
0, − 1

2
log2[4G(σ (t))]

}
, (29)

G(σ ) = 1

2
(det A + det B) − det C

−
{[

1

2
(det A + det B) − det C

]2

− det σ

}1/2

. (30)

As in the previous section, for two-qubit ensembles a well-
behaved steady-state solution of the Lindblad equation only
exists for γ � 1. Thus, in the stationary regime (t → ∞) the

only nonzero entries of the covariance matrix in Eq. (24) are

σxx = σyy = 1
2 cosh[2s(�)] = σpxpx

= σpypy
, (31)

σxy = − 1

2γ
sinh[2s(�)] = −σpxpy

, (32)

yielding to the following close expression for the steady-state
logarithmic negativity,

Ess
N = Max

{
0, log2

{
γ

γ cosh[2s(�)] − sinh[2s(�)]

}}
, (33)

a result plotted in Fig. 6(a), where the borderline separating
finite from zero Ess

N regions (solid yellow line) is now given
by

sinh[2s(�)] = 2γ

γ 2 − 1
. (34)

An immediate comparison of this last result with that expressed
by Eq. (23) for the two-qubit case leads us to conclude that the
generation of steady-state entanglement between two-qubit
ensembles is allowed in a wider region of the parameter
space [γ,s(�)] than for a single-qubit pair. In other words,
there are parameter points for which two-qubit steady-state
entanglement never exists but, for the same parameter set, two-
qubit ensembles can indeed get entangled. For selected points
marked in Fig. 6(a) the ensembles entanglement evolution
EN (t) is plotted in Fig. 6(b), where it can be seen that for any
parameter set, EN (t) ∼ t with a single time constant.

The behavior of EN , both steady-state and time-dependent,
as a function separately of the maximum microwave squeezing
parameter s0 and detuning �, for γ = 1, is shown in Fig. 7.
Obviously, at resonance Ess

N grows boundless as a function
of s0 [see Fig. 7(a)], however, with a fast degrading as the
resonance condition is lost. For the time-dependent behavior,
we found a single time-entanglement generation for any
resonance detuning [see Figs. 7(b)–7(c)].

Entanglement generation results for dissipation rates out-
side the special line γ = 1 in Fig. 6(a) show a similar behavior
as that reported in Sec. III for a qubit pair. Again notice that
by increasing the detuning � one can cross the yellow line in
Fig. 6(a), from above to below, allowing the qubit ensembles
to become entangled at nonresonance conditions as shown in
Figs. 8(a) and 8(b).

V. THERMAL DECOHERENCE EFFECTS

The open quantum aspects of the results discussed so
far have been limited to the TLSMF entangled reservoirs
action upon the matter systems. However, the matter qubits
in realistic solid-state setups are also exposed to other
interactions with different degrees of freedom within the
material or with additional external radiation fields which
yield to a matter entanglement decreasing, though the rate
of the entanglement generation by the TLSMF reservoirs
themselves remain unaltered. Therefore, it is necessary to
quantify the effects of realistic decoherence processes in the
present systems of interest: NV centers, magnetic molecules,
and superconducting qubits. We concentrate on amplitude
damping processes associated with thermal excitations as they
constitute the main source of quantum correlation losses in
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FIG. 7. Logarithmic negativity for two initially uncoupled qubit
ensembles for γ = 1. (a) Steady-state Ess

N as a function of the
maximum squeezing strength s0 and the central microwave frequency-
qubit detuning, �. (b) Time-dependent EN (t) at resonance, � = 0
[green points in (a)]. (c) Time-dependent EN (t) at fixed maximum
squeezing s0 = 1.5 [black points in (a)].

condensed-matter qubit systems [54]. However, if we focus on
a specific solid-state realization a more detailed decoherence
modeling might be required. Neighboring spins for NV centers
[55], thermal fluctuations of dipolar interactions for magnetic
molecules [56], and changes in the magnetic flux or external
currents for superconducting qubits [57] are some particular
examples of decoherence processes in different condensed-
matter systems. If we include the thermal excitations, the full

FIG. 8. Time-dependent logarithmic negativity, EN (t), for ini-
tially unentangled qubit ensembles with symmetric local dissipation
rates larger than the cross-dissipation rate, γ = 1.1. (a) Resonance,
� = 0; (b) fixed maximum squeezing parameter s0 = 1.5.

master equation takes the form

dρ̂

dt
= L̂MW ρ̂(t) + L̂Dρ̂(t), (35)

where L̂MW is given by Eqs. (16)–(19) and L̂D in Eq. (35)
represents the decoherence Lindbladian term associated with
amplitude or thermal damping processes as given by

L̂Dρ̂(t) =
∑
j=1,2

�th
j {(nj + 1)[2q̂−

j ρ̂(t)q̂+
j − q̂+

j q̂−
j ρ̂(t)

− ρ̂(t)q̂+
j q̂−

j ] + nj [2q̂+
j ρ̂(t)q̂−

j − q̂−
j q̂+

j ρ̂(t)

− ρ̂(t)q̂−
j q̂+

j ]}, (36)

where nj = (e
ωj

KB Tj − 1)
−1

denotes the Bose-Einstein occupa-
tion number for frequency ωj of a thermal bath at temperature
Tj (KB is the Boltzmann constant) and �th

j represents a
Weisskopf-Wigner effective thermal decay rate, for each j =
1,2 matter subsystem. Notice that the decoherence/thermal
Lindbladian L̂D in Eq. (36) has the same structure as the
sum of local Lindbladians for the TLSMF case as given by
Eq. (17). Thus, we can conclude that the presence of incoherent
thermal processes affecting the spin-qubit systems will leave
unaffected the nonlocal entangling TLSMF Lindblad term in
Eq. (19). However, a stronger competition between entangling
and nonentangling terms is now expected.
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We concentrate upon discussing decoherence effects just
for the steady-state entanglement behavior. For the two
separate qubit case the borderline separating the entangled
from unentangled steady-state regions can now be written as
(�th

1 = �th
2 = �th and n1 = n2 = n),

6∑
i=0

pi(γ,γth,n)xi = 0, (37)

with x = exp{2s(�)} and γth = �th/�1,2. The explicit forms
of functions pi(γ,γth,n) are given in Appendix B, where it is
easily confirmed that in case of γth = 0 it follows that p1 =
p3 = p5 = 0, retrieving the expression previously given in
Eq. (23). For qubit ensembles in the presence of thermal effects
the region in the s(�) − γ parameter plane of finite steady-
state logarithmic negativity, EN , is now given by the following
inequalities:

p−(γ,γth,n) � exp{s(�)} � p+(γ,γth,n), (38)

with

p±(γ,γth,n) =
√

γ − 2nγth ± √
1 + 4nγth(nγth − γ )

γ − 1
. (39)

Notice that when nγth → 0 the borderline separating entangled
from unentangled zones is given by

exp{s(�)} =
√

γ + 1

γ − 1
, (40)

which yields directly to Eq. (34).
Thermal decoherence effects on the TLSMF mediated

entanglement generation for both cases, a qubit pair and
multiqubit ensembles, are depicted in Figs. 9(a) and 9(b) for
γth = 0.7 and n = 0.1. First, by comparing the color scales in
Figs. 9(a) and 9(b) with the corresponding scales in Figs. 3
and 6, we find that the maximum entanglement amount is
reduced roughly one order of magnitude with respect to the
pure TLSMF case. Second, a reduction of the entanglement
zone when thermal effects are incorporated is also observed in
both cases [the solid yellow lines correspond to the borderline
separating the steady-state entangled-unentangled regions in
the s(�) − γ parameter plane]. For the sake of comparison
we also display with dashed yellow lines the γth = 0 results
as previously plotted in Figs. 3(a) and 6(a). For additional
information we also plot, as white dotted lines, in Figs. 9(a)
and 9(b) the borders of the steady-state finite entanglement
regions for a higher-temperature situation, i.e., γth = 0.7 and
n = 0.16. Notice that for low microwave squeezing values,
small s(�), the steady-state entanglement disappears quickly
as the crossed squeezing term �1,2 in Eq. (20) decreases or,
equivalently, when γ values increase. Furthermore, it is evident
that thermal decoherence effects impose, as a requirement for
generating steady-state entanglement, a minimum amount of
microwave squeezing s(�). Notice also that a maximum value
of γ (or equivalently a minimum value of cross TLSMF rate
�1,2) as determined by each temperature, is required to achieve
steady-state entanglement. These extreme values [s∗(�),γ ∗]
are represented in Fig. 9 with solid circles for qubit pairs and
open circles for qubit ensembles. The dependence of these
extreme values for a range of temperatures is depicted in

FIG. 9. Steady-state entanglement in the TLSMF parameter
space {s(�),γ }: (a) two-qubit concurrence Css and (b) two multispin
logarithmic negativity, Ess

N . For panels (a) and (b) lines represent the
border separating entangled from unentangled states: dashed (yellow)
lines denote pure TLSMF entanglement transfer, i.e., γth = 0.0; solid
(yellow) lines correspond to thermal coupling γth = 0.7 and mean
thermal excitation number n = 0.1, while dotted (white) lines denote
a higher-temperature case with γth = 0.7 and n = 0.16. Circles in
the figures, with coordinates {s∗(�),γ ∗}, represent the maximum γ

values, and corresponding squeezing s(�), to reach entangled states
(see also Fig. 10).

Fig. 10, where the area of the circles is proportional to the
average number of excitations n. Evidently, the larger the
temperature a higher minimum value of cross TLSMF �1,2 is
required. The maximum value of concurrence for a qubit pair
as a function of temperature (n) is shown in the inset of Fig. 10.
Since the logarithmic negativity for the multiqubit systems
is not bounded, a similar graph cannot be built for different
temperatures. By including other sources of dissipation the
long-time entanglement is further degraded; nevertheless,
the qualitative behavior described previously is still observed.
The optimal values of �1,2 and s(�) can be controlled to reach
a significant amount of entanglement.

All the main results described for the γth = 0 situation
survive well if decoherence towards thermal environments is
on the same order of magnitude as the cross TLSMF �1,2

value and low-enough temperatures. According to these results
we conclude that thermal decoherence effects limit both the
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,

FIG. 10. Extreme values s∗(�) and γ ∗−1 ∼ �1,2 (see also Fig. 9)
to obtain stationary entangled states for qubit pairs (solid circles)
and qubit ensembles (open circles) for a thermal coupling γth = 0.7
as the temperature is varied, producing mean excitation thermal
numbers ranging from n = 0.05 to n = 0.19. The area of each circle
is proportional to n. (Inset) Maxima of steady-state concurrence for
a qubit pair system as a function of n (or temperature): red squares
represent no thermal bath γth = 0, open black circles γth = 0.1, and
solid blue circles γth = 0.3

maximum amount of entanglement for the two cases consid-
ered as wells as the region in the s(�) − γ parameter space
where a stationary entanglement can be reached. However,
the existence of finite steady-state entanglement generated by
TLSMF can survive the attack of thermal effects. Therefore,
the entanglement transfer from entangled microwaves to solid-
state qubits pairs or multiqubit ensembles is a reliable and
robust process even in the presence of noisy environments.

VI. EXPERIMENTAL IMPLEMENTATION

We have explained two theoretical protocols to transfer
quantum correlations from a squeezed bath to two initially
uncoupled systems, either qubits or ensembles that behave
like effective harmonic oscillators. We now discuss how these
ideas can be adapted to a setup where the entangling bath
is squeezed microwave radiation generated and propagating
through a superconducting device.

JPAs [43] are superconducting devices that, by combining
an external driving with some incoming radiation, can produce
huge signal gains with the addition of very minimal, quantum
limited noise. At the same time that they amplify the radiation,
these devices are also capable of producing very large amounts
of squeezing, either on some income field or in pure vacuum.
From early implementations with about 50% noise reduction
[58,59], state-of-the-art implementations now reach values
of 10 dB squeezing in an input vacuum state [60], figures
that improve every year. When operated in the frequency
downconversion regime, JPA generates pairs of correlated
photons in a two-mode squeezed state such as the one used
in this work [22]. Alternatively to ordinary JPAs, we also find
other Josephson devices in the literature which are specifically
tuned for two-mode squeezing generation and which hold a
greater potential for large squeezing values [24,26], already
facilitating values of 12-dB two-mode squeezing [26].

Let us first discuss the situation in which the TLSMF cou-
ples to an ensemble of NV centers. The advantage of using spin
ensembles composed by NV centers is the similar energy with
the squeezed microwaves generated in quantum circuits. Each
NV center has a S = 1 ground state, with zero-field splitting
� = 2π × 2.87 GHz between the ms = 0 and the ms = ±1
states. By the application of an external magnetic field, one can
isolate two spin transitions of this triplet due to the fact that the
zero-field spin splitting � sets a preferred axis of quantization
to be along the axis of the nitrogen-vacancy bond and model
the NV like two qubits. For the coupling between the NV spin
ensemble and the microwave field we have taken experimental
reported parameters where for N = 3 × 107 color centers
g ≈ 2π × 35 MHz [29]. In order to quantify the entanglement
between the ensembles once they have interacted with the
correlated baths, we calculated the logarithmic negativity in
Sec. IV and we show the optimal parameter of squeezing
of the microwaves s0 required. In Figs. 6 to 8 we can
note that appreciable entanglement is obtained for s0 � 0.5
in both regimes, time depending and stationary. This value
corresponds to a gain GE = cosh2[s0] = 1.27 dB; therefore,
the required squeezing for the microwaves to obtain maximum
entangled values is in the range of the reported experimental
values. The other essential parameter in that process is the �,
where � ∼ g2. For the case of a spin ensemble, g ≈ 2π ×
35 MHz, and the results show that with this parameter we can
obtain significant values of entanglement between the two spin
ensembles. In the stationary regime the Ess

N function reaches
the value 5 for s0 = 1.5. The other experimental setup that
we propose consists of two single qubits which are spatially
separated and coupled to different transmission line modes.
As we have seen above, a good qubit-radiation coupling is
essential for a successful transfer of correlations, which may
condition the implementation. If those qubits are NV centers,
the typical coupling to the microwaves will be rather small,
about 100 Hz for a bare line, or slightly larger, ∼ 0.1 MHz,
for more sophisticated coupling mechanisms [61,62], but
always on the borderline and dominated by other dephasing
or dissipation mechanisms. One interesting alternative is to
rely on molecular magnets: Still in the range of microwaves,
these macromolecules host ions with large magnetic moments
and they can be placed cleverly for enhanced coupling
with the radiation. For example, for molecules of Fe8 the
relation g/ω is three orders of magnitude greater than for
NV centers [44]. Finally, the simplest route would be to
use our protocol to entangle ordinary superconducting qubits.
In QED circuit experiments strong coupling of microwave
photons confined in a transmission line cavity with single
superconducting qubits has already been demonstrated, with
coupling strengths between matter and radiation reaching
values of up to g = 105 MHz [63], while thermal decay effects
in such low-temperature setups are so weak that effects in such
low-temperature setups are so weak that our results shown in
Figs. 9 and 10 are indeed relevant.

VII. CONCLUSIONS

Summing up, in this work we have proposed a hybrid
system in order to study the dynamics of quantum correlations
transferred to initially uncoupled single or spin ensembles
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from a squeezed microwave field generated by JPA devices
combining recent advances on parametric amplifiers with
NV centers and other solid-state spin systems which share
similar energy scales to that of controlled microwave radiation
fields. For the case of spin ensembles we evidence a notable
value for the entanglement without requiring high values for
the squeezing parameter of microwaves r; this facilitates the
possible experimental implementation. Even more interesting
is the possibility of getting entanglement even in the stationary
regimen. The experimental values for coupling between spin
ensembles and microwaves show that this proposal would
serve for obtain highly entangled states. In the case of the
qubits it is of great interest to control single quantum particles
and reach entanglement among them. The results show that if
we combine the squeezed microwaves with single-molecule
magnets or superconducting qubits it is possible to reach
non-negligible spin entanglement values. We have established
the robustness of TLSMF entanglement transfer processes
under thermal dissipative conditions.
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APPENDIX A: BROADBAND SQUEEZING
TRANSFORMATIONS

To proceed further, it is important to realize that reservoir
boson operators are transformed by the action of the squeezing
operator Ŝ [see Eq. (7)] as

Ŝ†ân,j Ŝ =
∑
m

[
A(1)

n,mâm,j + A(2)
n,mâ

†
m,j̄

]
,

(A1)
Ŝ†â†

n,j̄
Ŝ =

∑
m

[
A(1)

n,mâ
†
m,j̄

+ A(2)
n,mâm,j

]
,

j,j̄ = 1,2, with j + j̄ = 3. In Eq. (A1) the expressions for
A

(j )
n,m are given by

A(1)
n,m = δn,m + 1

2!

∑
p

rn,prm,p

+ 1

4!

∑
p,q,r

rn,prq,prq,r rm,r + · · ·,

A(2)
n,m = rn,m + 1

3!

∑
p,q

rn,prq,prq,m

+ 1

5!

∑
p,q,r,s

rn,prq,prq,r rs,rRs,m + · · ·. (A2)

On inserting Eqs. (A1) into Eq. (12) it follows that the only
different-from-zero partial traces over the reservoir degrees of
freedom correspond to

〈â†
n,1âm,1〉 = 〈â†

n,2âm,2〉 =
∑

p

A(2)
n,pA(2)

m,p,

〈â†
n,1â

†
m,2〉 = 〈ân,1âm,2〉 =

∑
p

A(1)
n,pA(2)

m,p,

〈ân,1â
†
m,1〉 = 〈ân,2â

†
m,2〉 =

∑
p

A(1)
n,pA(1)

m,p. (A3)

On inserting Eq. (14), valid for a perfect correlated two-bath
system, into Eq. (A2), we arrive to the simple expressions

A(1)
n,m = δn,mcosh(rn),

A(2)
n,m = δn,msinh(rn). (A4)

On substituting Eqs. (A4) into Eqs. (A1) we obtain Eqs. (15).

APPENDIX B: COMPETITION BETWEEN SQUEEZING
AND THERMAL EFFECTS

Here we proceed to give the explicit form for the steady-
state two-qubit concurrence Css . It is given by

Css = 1

4

6∑
i=0

pi(γ,γth,n)xi

6∑
i=0

qi(γ,γth,n)xi

, (B1)

with x = exp{2s(�)} and the explicit forms of functions
pi(γ,γth,n) and qi(γ,γth,n) are

p0(γ,γth,n) = p6(γ,γth,n) = −γ (γ 2 − 1),

p1(γ,γth,n) = p5(γ,γth,n) = 2γth(1 + 2n)(1 − 3γ 2),

p2(γ,γth,n) = −γ − 8γ 2 + γ 3 − 16γ γth + 8γ 2γth − 8γ 2
th

− 8γ γ 2
th − 48γ γ 2

thn(n + 1),

p4(γ,γth,n) = −γ + 8γ 2 + γ 3 + 16γ γth + 8γ 2γth

+ 8γ 2
th−8γ γ 2

th − 48γ γ 2
thn(n + 1),

p3(γ,γth,n) = −4γth[1 + γ 2 − 4γ γth + 2(1 + γ 2)n

− 8γthn(γth − γ + 3γthn + 2γthn
2)], (B2)

and

q0(γ,γth,n) = q6(γ,γth,n) = γ (γ 2 − 1),

q1(γ,γth,n) = q5(γ,γth,n) = γ [1 + 3γ 2 + 12γ 2
th(1 + 2n)2],

q2(γ,γth,n) = q4(γ,γth,n) = −γ − 8γ 2 + γ 3 − 16γ γth

+ 8γ 2γth − 8γ 2
th − 8γ γ 2

th − 48γ γ 2
thn(n + 1),

q3(γ,γth,n) = 16γth[(1 + 2n)(1 + 3γ 2) + 2γ 2
th(1 + 6n

+ 12n2 + 8n3)]. (B3)
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Chapter 6

Squeezed microwave driving:

underlying Lie algebra of the

Lindblad equation

Quantum physical systems are always coupled to an environment which influences their dy-

namics. Therefore, it is essential to study effective analytical solution methods for the system’s

dynamics under decoherence and dissipation effects. In this chapter we generalize the numerical

solution to the master equation previously presented in Chapter 5, by addressing its analytical

solution exploiting hidden symmetries in the open quantum dynamics by writing/solving the

full Lindblad master equation in terms of a set of superoperators which act as generators of

closed Lie algebras. Specifically, we have found a Lie so(3,2) dynamical algebra underlying the

Lindblad equation for the two-branch squeezed microwave driving of spatially separated NV

ensembles. Apart from the interest in providing analytical tools for dissipative quantum engi-

neering itself, we show how to recover most of previous results in an analytical way as well as

how potential extensions could be envisioned for different time dependent broadband squeezed

states.

6.1 Introduction

Properties of physical systems of interest for QIP such as non-locality, entanglement, and co-

herence are severely limited by the system-environment interaction. This active field of research

corresponds to what is now known as open quantum systems [138–140]. Thus, a main objec-

tive for characterizing a system is to describe their non-unitary dynamics as a result of such

interactions. The usual approach to solve these problems is to use Lindblad or master equa-

tions (ME) for the system’s density operator [141]. These Lindblad-ME generally describe

83
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Figure 6.1: Two spatially separated NV centers in different branches coupled with entangled
microwaves generated by a parametric Josephson amplifier.

Markovian evolutions although some extensions to non-Markovian situations have also been

addressed [137, 142–144].

Many physical problems in various fields such as quantum optics [90], quantum computation

[145] and quantum information theory [146, 147] are related to solving Lindblad-ME [141].

Therefore, a great deal of interest concerns about the methods for solving them. Several groups

have shown different approaches for solving the system’s dissipative dynamics either exactly or

approximately [148–150].

One of the most usually used solving methods, is to resort to the Liouville space approach, in

which the ME takes the form of a Scrodinger equation. In some simple cases the time evolution

of the density operator can be decomposed using the generators of su(2) and su(1,1) Lie algebras

in the Liouville space [148]. However, for other problems such as typical optical problems, where

a single mode radiation field is confined in a cavity at finite temperature with an arbitrary initial

state, it’s not so easy to find the dynamical Lie algebra and to apply this operational method.

However, in [151] we can find a technique based on superoperators which can be applied to any

initial state. The disadvantage of this last proposal, is that it does not allow to determine the

specific symmetric structure in the problem. A generalized solution based on superoperators

and quantum transformation theory is presented in [150, 152]. With this proposal the ME is

solved with superoperator generators of su(1,1) and su(2) once a symmetry SU(1,1) or SU(2)

has been identified.
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In this chapter, we study an open quantum system composed of two separate NV spin ensembles,

which are fed continuously by two separate microwave squeezed baths as already presented in

chapter 5, see Fig. 6.1. Previously, we showed an alternative method based on the covariance

matrix to obtain information of the reduced density matrix associated to the NV spin ensemble.

The main obstacle to determine exactly the analytical density matrix for the NV system is

the high number of degrees of freedom involved in the system. For one, the Hilbert space of

both the squeezed radiation and NV ensembles is infinitely dimensional, thus including high n

Fock states for any numerical solution. Second, the presence of a dissipative bath requires a

Lindblad-ME instead of a Schrodinger equation. These two conditions imply that the density

matrix that should be determined has an infinite set of elements to be determined. A key to

determine the solution is to use the superoperator formalism, which provides a density operator

in closed form. This could be used to evaluate correlations in the systems and entanglement

measurements, such as the logarithmic negativity [153]. Here, we present a formal solution to

the Lindblad master equation for a density matrix associated to boson states.

The chapter is organized as follows: In sect. 6.2, we describe the main characteristics of the

physical system of interest and we show the general formalism for addressing the entanglement

driven by two dissipative entangled baths as represented by TLSMF. We rewrite the ME already

obtained in chapter 5 in terms of superoperators and identify the hidden symmetries (Lie algebra

structure) of the problem. In sect. 6.3 a formal solution is presented, first in a simplified case

and then in sect. 6.4 we include all the elements and present the general solution of the problem.

A summary of the main conclusions are finally dealt in sect. 6.5.

6.2 Superoperator formalism

In chapter 5, we presented the Lindblad master equation for a system formed by two spatially

separated lines or branches as depicted in Fig. 6.1. In each branch a part of a multi-squeezed

microwave field interacts locally with a quantum system of interest. Here, we present a method

to solve the master equation presented in Chapter 5 with superoperator generators and Lie

algebra disentanglement techniques. We follow and extend previous results from [21, 136, 137].

We are going to start with the master equation obtained in Chapter 5

dρ̂

dt
= L̂MW ρ̂(t) =

[
L̂1 + L̂2 + L̂1,2

]
ρ̂(t). (6.1)

With local TLSMF term and the cross or non-local TLSMF Lindblad terms in Eq. (6.1) given

by (j = 1, 2)

L̂j ρ̂(t) = Γj(∆)
{

cosh2[s(∆)]
[
2q̂−j ρ̂(t)q̂+

j − q̂+
j q̂
−
j ρ̂(t)− ρ̂(t)q̂+

j q̂
−
j

]
+

sinh2[s(∆)])
[
2q̂+
j ρ̂(t)q̂−j − q̂−j q̂+

j ρ̂(t)− ρ̂(t) q̂−j q̂
+
j

]}
, (6.2)
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L̂1,2ρ̂(t) = Γ1,2(∆)sinh[2s(∆)]
{[

2q̂+
2 ρ̂(t)q̂+

1 − ρ̂(t)q̂+
1 q̂

+
2 − q̂+

1 q̂
+
2 ρ̂(t)

]
+[

2q̂+
1 ρ̂(t)q̂+

2 − ρ̂(t)q̂+
2 q̂

+
1 − q̂+

2 q̂
+
1 ρ̂(t) ] +H.C.

}
, (6.3)

where the effective local matter-radiation coupling is given by

Γj(∆) =
∑
n

∣∣gj(ωLj − (−1)jωn)
∣∣2 δ(ωn −∆), (6.4)

and the effective non-local matter-bath coupling constant in Eq. (6.3) is given by

Γ1,2(∆) =
∑
n

g1(ωL1 + ωn)g2(ωL2 − ωn)δ(ωn −∆).

For the sake of simplicity, let us start by considering Γ1(∆) = Γ2(∆) = Γ and Γ12(∆) = uΓ with

0 ≤ u ≤ 1. Note that putting u = 0, each mode in the central bosonic system can be considered

to be in contact with a thermal bath if we perform the substitution cosh2 [s (∆)] = N + 1 and

sinh2 [s (∆)] = N , where N = 1
eβω−1

is the Bose-Einstein factor. Clearly, this Lindbladian yields

to thermalization but is unable of producing entanglement.

To start with the solving process of the Lindblad-ME, we note that the equation given by Eq. 6.1

can also be written as a linear combination of super-operators in the following form

dρ̂(t)

dt
= −ωN̂ ρ̂(t) + 2ρ̂(t)

−2Γ [cosh[2s (∆)]− u sinh[2s (∆)]] Ê0ρ̂(t)− 2Γ [cosh[2s (∆)] + u sinh[2s (∆)]] F̂0ρ̂(t)

+Γ
[
2 sinh2[s (∆)]− u sinh[2s (∆)]

]
Ê+ρ̂(t)− Γ

[
2 sinh2[s (∆)] + u sinh[2s (∆)]

]
F̂+ρ̂(t)

+Γ
[
2 cosh2[s (∆)]− u sinh[2s (∆)]

]
Ê−ρ̂(t)− Γ

[
2 cosh2[s (∆)] + u sinh[2s (∆)]

]
F̂−ρ̂(t),

(6.5)

where the operators in Eq. 6.5 are given by

N̂ ρ̂(t) = i
[
q̂†1q̂1 + q̂†2q̂2, ρ̂(t)

]
, (6.6)

Ê0ρ̂(t) =
1

4

((
q̂†1q̂1 + q̂†2q̂2

)
ρ̂(t) + ρ̂(t)

(
q̂†1q̂1 + q̂†2q̂2

)
+ 2ρ̂(t)+ (6.7)

q̂†1ρ̂(t)q̂†2 + q̂1ρ̂(t)q̂2 + q̂†2ρ̂(t)q̂†1 + q̂2ρ̂(t
)
q̂1),

Ê+ρ̂(t) =
1

2

(
q̂†1ρ̂(t)q̂1 + q̂†1q̂

†
2ρ̂(t) + ρ̂(t)q̂2q̂1 + q̂†2ρ̂(t)q̂2

)
, (6.8)

Ê−ρ̂(t) =
1

2

(
q̂1ρ̂(t)q̂†1 + q̂1q̂2ρ̂(t) + ρ̂(t)q̂†2q̂

†
1 + q̂2ρ̂(t)q̂†2

)
, (6.9)
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F̂0ρ̂(t) =
1

4

((
q̂†1q̂1 + q̂†2q̂2

)
ρ̂(t) + ρ̂(t)

(
q̂†1q̂1 + q̂†2q̂2

)
+ 2ρ̂(t) (6.10)

−q̂†1ρ̂(t)q̂†2 − q̂1ρ̂(t)q̂2 − q̂†2ρ̂(t)q̂†1 − q̂2ρ̂(t
)
q̂1),

F̂+ρ̂(t) =
1

2

(
−q̂†1ρ̂(t)q̂1 + q̂†1q̂

†
2ρ̂(t) + ρ̂(t)q̂2q̂1 − q̂†2ρ̂(t)q̂2

)
, (6.11)

F̂−ρ̂(t) =
1

2

(
−q̂1ρ̂(t)q̂†1 + q̂1q̂2ρ̂(t) + ρ̂(t)q̂†2q̂

†
1 − q̂2ρ̂(t)q̂†2

)
. (6.12)

If we additionally define the following super-operators Ĵ0,Ĵ+ and Ĵ−, we obtain a closed set,

under commutation, of operators. The Ĵ±, Ĵ0 operators are defined as

Ĵ0ρ̂(t) =
i

2

(
q̂†1ρ̂(t)q̂†2 − q̂1ρ̂(t)q̂2 + q̂†2ρ̂(t)q̂†1 − q̂2ρ̂(t)q̂1

)
, (6.13)

Ĵ+ρ̂(t) =
i

2

(
q̂†1ρ̂(t)q̂†2 − q̂1ρ̂(t)q̂2 + q̂†2ρ̂(t)q̂†1 − q̂2ρ̂(t)q̂1

)
, (6.14)

Ĵ−ρ̂(t) =
i

2

(
q̂†1ρ̂(t)q̂†2 − q̂1ρ̂(t)q̂2 + q̂†2ρ̂(t)q̂†1 − q̂2ρ̂(t)q̂1

)
. (6.15)

The set of superoperators presented in Eq. 6.6-6.15:
{
N̂ , Ê0, Ê+, Ê−, F̂0, F̂+, F̂−, Ĵ0, Ĵ+, Ĵ−

}
acts as a set of generators of a Lie algebra characterized by the following commutation relations[

Ê+, Ê−
]

= −2Ê0, (6.16)

[
Ê0, Ê±

]
= ±Ê±, (6.17)[

F̂+, F̂−
]

= −2F̂0, (6.18)[
F̂0, F̂±

]
= ±F̂±, (6.19)[

Ê{0,±}, F̂{0,±}
]

= 0, (6.20)[
Ĵ+, Ĵ−

]
= −2

(
Ê0 + F̂0

)
, (6.21)[

Ĵ0, Ĵ±
]

= ±
(
Ê± − F̂±

)
, (6.22)[

Ĵ0, Ê±
]

= −
[
Ĵ0, F̂±

]
= ±1

2
Ĵ±, (6.23)[

Ĵ0, Ê0

]
= −

[
Ĵ0, F̂0

]
=

1

4
N̂ , (6.24)[

Ĵ±, Ê±
]

=
[
Ĵ±, F̂±

]
= 0, (6.25)[

Ĵ±, Ê∓
]

=
[
Ĵ∓, F̂±

]
= −1

2
N̂ ∓ Ĵ0, (6.26)[

Ĵ±, Ê0

]
=
[
Ĵ±, F̂0

]
= ∓Ĵ±, (6.27)[

N̂ , Ê±
]

=
[
N̂ , F̂±

]
= Ĵ±, (6.28)
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[
N̂ , Ê0

]
= −

[
N̂ , F̂0

]
= Ĵ0, (6.29)[

N̂ , Ĵ±
]

= −2
(
Ê± + F̂±

)
, (6.30)[

N̂ , Ĵ0

]
= −2

(
Ê0 − F̂0

)
. (6.31)

Therefore, this set of superoperators closes in the recognizable so(3, 2) (or the Sitter) Lie algebra.

In the following, we will present an operator disentangled closed form of Eq. 6.5, and its formal

solution. It is important to remark that this technique have been applied since many year ago

to the solution of linear differential equations in the form dU/dt = h(t)U [154, 155]. In this

case, the equations can be represented by a finite product of exponential operators: U(t) =

exp[g1(t)H1]exp[g2(t)H2]...exp[gn(t)Hn] where gi(t) are scalar functions and Hi are constant

operators. The number, n, of terms in this expansion is equal to the dimension of the Lie

algebra generated by H(t). In that follows, we will present all the relations for superoperators,

replacing q̂+
j → b̂+j and q̂−j → b̂−j , because we will restrict ourselves to considering only NV spin

ensembles, see chapter 5.

6.3 Solution of the Lindblad-ME: first approximation

In this section, we are going to present a formal solution to the master equation Eq. 6.1, which

in a simplified form read as

ρ̇(t) = L̂ [ρ̂(t)] , (6.32)

As a consequence of the fact that L̂ is time independent (see Eqs. 6.2-6.3), the formal solution

of Eq. 6.32 can be written as

ρ̂(t) = eL̂t [ρ̂(0)] . (6.33)

According to Eq. 6.33, we can see that the density operator ρ̂(t) has an explicit expression if the

Lindbladian L̂ can be expressed as a combination of superoperator generators of some closed

Lie algebra. In our problem this condition is given by Eq. 6.5.

It is easily seen that if we replace the Lindblad terms in the superoperator form in Eq. 6.33, we

obtain

ρ(t) = e2Γt
{
ef+(t)F̂+ee+(t)Ê+

}
.
{
ef0(t)F̂0ee0(t)Ê0

}
.
{
ef−(t)F̂−ee−(t)Ê−

}
ρ(0), (6.34)

where f±(t),f0(t),e±(t),e0(t), are time dependent functions that determine the full dynamics

of the system as it will be calculated later. For simplicity, now we consider the system in the

interaction picture as in chapter 5. In this formalism, this condition implies to take N̂ = 0. If

the initial state is chosen as

ρ(0) = |00〉 〈00| , (6.35)



Chapter 6. Approach to master equation with superoperators 89

the first term in Eq. 6.34 becomes{
ef−(t)F̂−ee−(t)Ê−

}
|00〉 〈00| . (6.36)

First, we evaluate {
ee−(t)Ê−

}
|00〉 〈00| =

∞∑
n=0

(e−(t))n

n!
Ên− |00〉 〈00| , (6.37)

If we replace Eq. 6.9 in Eq. 6.37, with the replacements q̂+
j → b̂+j and q̂−j → b̂−j , the first term

in Eq. 6.37 with n = 0, then reads as

(e−(t))0

0!
Ê0
− |00〉 〈00| = |00〉 〈00| . (6.38)

We notice that any other term in the sum with n 6= 0 produces a vanishing term. For example,

if n = 1

e−(t)

1!
Ê1
− |00〉 〈00| = e−(t)

2

(
b̂1 |00〉 〈00| b̂†1 + b̂1b̂2 |00〉 〈00|+ |00〉 〈00| b̂†2b̂†1 + b̂2 |00〉 〈00| b̂†2

)
= 0,

(6.39)

Therefore, {
ee−(t)Ê−

}
|00〉 〈00| = |00〉 〈00| , (6.40)

In a similar way {
ef−(t)F̂−

}
|00〉 〈00| = |00〉 〈00| . (6.41)

Now, the second and third terms of Eq. 6.34 can be carried out using the above considerations

ρ(t) = e2Γt
{
ef+(t)F̂+ee+(t)Ê+

}
.
{
ef0(t)F̂0ee0(t)Ê0

}
|00〉 〈00| . (6.42)

After some calculations, we have determined the analytical expression for the time dependent

density matrix, yielding to

ρ̂(t) =
e2Γt

F (s(∆),Γ, t)G(s(∆)
×
∞∑
n=0

∞∑
m=0

1

n!m!

(
e+(t)− f+(t)

2

)n(e+(t) + f+(t)

2

)m
n∑
j=0

m∑
k=0

(
n

j

)(
m

k

)
× b̂†(n−j+m−k)

1 b̂
†(j+m−k)
2 ρ̂(0)b̂

(n−j+k)
1 b̂

(j+k)
2 , (6.43)

where the terms F (s(∆),Γ, t) and G(s(∆),Γ, t) are given by

F (s(∆),Γ, t) = [cosh (Γt) + (cosh(2s(∆))− u sinh (2s(∆))) sinh(Γt)] , (6.44)

G(s(∆),Γ, t) = [cosh (Γt) + (cosh(2s(∆)) + u sinh (2s(∆))) sinh(Γt)] , (6.45)
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Figure 6.2: Second order correlations between two NV spin ensembles as a function of the
squeezing parameter s∆ = s0 (resonance) and time in Γ units. In all the results we have considered

Γ1 = Γ2 = Γ12. (a) Local correlations
〈
b̂+1 b̂1

〉
, for the spin operator for the branch 1. (b) Local

correlations
〈
b̂+2 b̂2

〉
, for the spin operator for the branch 2. (c) Non-local correlations

〈
b̂1b̂2

〉
, for

the spin operator for the branches 1 and 2. All the results are with u = 1.

and the time dependent functions e+(t),f+(t) have the following forms

e+(t) =
sinh (Γt)

[
2 sinh2 (s(∆))− u sinh(2s(∆))

]
cosh(Γt) + [cosh (2s(∆))− u sinh(2s(∆))] sinh(Γt)

, (6.46)

f+(t) = − sinh (Γt)
[
2 sinh2 (s(∆)) + u sinh(2s(∆))

]
cosh(Γt) + [cosh (2s(∆)) + u sinh(2s(∆))] sinh(Γt)

. (6.47)

In order to validate the above expression for the density matrix, we need to verify a basic

requirement: Tr {ρ̂(t)} should be 1 for all time t, the normalization condition. Then, recalling

Eq. 6.43 and tracing over the basis of coherent states (the trace is an invariant under changes

of representation), one has

Tr {ρ̂(t)} = π−2

∫
d2α

∫
d2βf (s(∆),Γ, t)

∞∑
n=0

∞∑
m=0

Anm

n∑
j=0

m∑
k=0

Bnm
jk (6.48)

〈αβ| b̂†(n−j+m−k)
1 b̂

†(j+m−k)
2 ρ̂(0)b̂

(n−j+k)
1 b̂

(j+k)
2 |αβ〉 ,

where

f (s(∆),Γ, t) =
e2Γt

F (s(∆),Γ, t)G(s(∆),Γ, t)
, (6.49)

Anm =
1

n!m!

(
e+ − f+

2

)n(e+ + f+

2

)m
, (6.50)

Bnm
jk =

(
n

j

)(
m

k

)
. (6.51)

According to Eq. 6.35, the initial state is

ρ̂(0) = |00〉 〈00| , (6.52)
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Figure 6.3: Second order non-local correlations between two NV spin ensembles (
〈
b̂1b̂2

〉
) as a

function of the squeezing parameter s∆ = s0 (resonance) and time in Γ units. In all the results
we have considered Γ1 = Γ2 = Γ12. (a) u = 1. (b) u = 0.5. (c) u = 0.

Thus, we obtain

Tr {ρ̂(t)} = π−2

∫
d2α

∫
d2βf (s(∆),Γ, t)

∞∑
n=0

∞∑
m=0

Anm

n∑
j=0

m∑
k=0

Bnm
jk (6.53)

α∗(n−j+m−k)β∗(j+m−k)α(n−j+k)β(j+k) 〈αβ| 00〉 〈00 |αβ〉 ,

With the expression for a coherent state |α〉 in terms of the number state |n〉, we get

〈αβ| 00〉 = e−|α|
2/2e−|β|

2/2, (6.54)

Now, the term for the Tr {ρ̂(t)} can be rewritten as

Tr {ρ̂(t)} = π−2

∫
d2α

∫
d2βf (s(∆),Γ, t)

∞∑
n=0

∞∑
m=0

Anm

n∑
j=0

m∑
k=0

Bnm
jk

α∗(n−j+m−k)β∗(j+m−k)α(n−j+k)β(j+k)e−|α|
2−|β|2 . (6.55)

By performing first the sums and then the integrals over the complex numbers α, β, we obtain

Tr {ρ̂(t)} = π−2

∫
d2α

∫
d2βf (s(∆),Γ, t) e

−|α|2+
(
e+(t)−f+(t)

2

)
|α|2

e
−|β|2+

(
e+(t)−f+(t)

2

)
|α|2

e

(
e+(t)+f+(t)

2

)
αβ
e

(
e+(t)+f+(t)

2

)
α∗β∗

= 1.

This result probes that we have successfully found a valid solution for the density matrix at any

time of the Lindblad equation. Now, in order to obtain information of the entanglement between

the NV spin ensembles and compare that with the previous results presented in the chapter 5,

we have evaluated the local correlations to first order
〈
b̂j

〉
with j = 1, 2, the local correlations

to second order
〈
b̂†j b̂j

〉
and the cross correlations to second order

〈
b̂ib̂j

〉
with i 6= j. The results

for the first order correlations give us zero for all times, while for the second order correlations

the results are presented in Fig. 6.2. It can be seen that the behavior for the average number of
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photons in the two modes
〈
b̂+1 b̂1

〉
and

〈
b̂+2 b̂2

〉
is totally symmetric Fig. 6.2(a) and Fig. 6.2(b).

Additionally, the non-local correlation
〈
b̂1b̂2

〉
6= 0 evidences an amount of entanglement present

in the separate NV spin ensembles [156].

According to the results presented in Fig. 6.2, the entanglement in the spin system depends

strongly on the non-local correlations. In order to validate this affirmation we have varied the

u parameter, Fig. 6.4. The results show that when the u parameter goes to zero the correlation

vanishes for all time and this implies non entanglement in the system.

Finally, in this section we will consider the stationary regime. In this case the time dependent

coefficients e+(t) and f+(t) are

e+(t) =

[
2 sinh2 (s(∆))− u sinh(2s(∆))

]
1 + [cosh (2s(∆))− u sinh(2s(∆))]

(6.56)

f+(t) = −
[
2 sinh2 (s(∆)) + u sinh(2s(∆))

]
1 + [cosh (2s(∆)) + u sinh(2s(∆))]

(6.57)

In summary, in this section we have provided a scheme for determining analytically the density

matrix of a bosonic system in both the transient and stationary states. The results allow us to

find a hidden so(3,2) Lie algebra structure in the dissipative composed system. Additionally, the

results for the correlations between the bosonic operators are in agreement with those obtained

in Chapter 5 validating the numerical and analytical results. In what follows we will consider a

more general situation where the unitary term N̂ 6= 0 as corresponds to go beyond an interaction

picture framework.

6.4 Solution of the Lindblad-ME: general case

In this section, we will generalize the process shown in sec. 6.3 to solve the Lindblad-ME. Here,

based in the superoperator formalism we have obtained the density operator for any time t with

the unitary term N̂ 6= 0 included, which reads

ρ̂(t) =
[
(1− f3(t))2 − f5(t)2 − f9(t)2 − f12(t)2

] ∞∑
n=0

∞∑
m=0

1

n!

1

m!

×
n∑
j=0

(
n

j

)
[f3(t) + f9(t)]n−j [f3(t)− f9(t)]j

m∑
k=0

(
m

k

)
[f12(t) + if5(t)]m−k [f12(t)− if5(t)]k

× b̂†n−j+m−k1 b̂† j+m−k2 |0, 0〉〈0, 0| b̂j+k2 b̂n−j+k1 , (6.58)

where the time dependent functions f3(t), f5(t), f9(t), f12(t) determine the systems’s dynam-

ics. To verify the obtained result we can use again the coherent state representation to easily

demonstrate that Tr{ρ̂(t)} = 1, as it should be in any case.
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According to Eq. 6.58, the density matrix will be totally determined if we know explicitly the

expression for the time dependent functions f3(t), f5(t), f9(t), f12(t). To find these functions we

have defined combinations of the functions in the following form

f3(t) =
x(t) + y(t)

2
(6.59)

f12(t) =
x(t)− y(t)

2
(6.60)

f5(t) =
z(t) + r(t)

2
(6.61)

f9(t) =
z(t)− r(t)

2
(6.62)

Now, we will define the following variables for the branch j in the JPA set up, with j = 1, 2,

gj = Γj

cj = cosh (s0,j)

sj = sinh (s0,j)

cj(2) = cosh (2s0,j)

sj(2) = sinh (2s0,j)

om = ω (6.63)

where we have considered resonance, therefore s(∆) in the above expressions reduces to s0, j.

Additionally, we have included a more general situation where the squeezing parameters in both

branches are different s0,1 6= s0,2. The differential equations that must satisfy the functions

x(t), y(t), z(t) and r(t) are (with initial conditions x(0) = y(0) = z(0) = r(0) = 0)

dx(t)

dt
=

1

2

(
r(t)2 + z(t)2

)(
c2

1g1 + c2
2g2 +

1

2
u
√

g1g2 (s1(2) + s2(2))

)
+ x(t)(z(t)− r(t))

(
c2

1g1 − c2
2g2

)
+ x(t)2

(
c2

1g1 + c2
2g2 −

1

2
u
√

g1g2(s1(2) + s2(2))

)
− 1

2
(z(t)− r(t))(c1(2)g1 − c2(2)g2)

− x(t)
(
c1(2)g1 + c2(2)g2 − u

√
g1g2(s1(2) + s2(2))

)
+ om(r(t) + z(t))

− 1

2
u
√

g1g2(s1(2) + s2(2)) + g1s2
1 + g2s2

2, (6.64)
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dy(t)

dt
=

1

2

(
r(t)2 + z(t)2

)(
c2

1g1 + c2
2g2 −

1

2
u
√

g1g2 (s1(2) + s2(2))

)
+ y(t)(z(t)− r(t))

(
c2

1g1 − c2
2g2

)
+ y(t)2

(
c2

1g1 + c2
2g2 +

1

2
u
√

g1g2(s1(2) + s2(2))

)
− 1

2
(z(t)− r(t))(c1(2)g1 − c2(2)g2)

− y(t)
(
c1(2)g1 + c2(2)g2 + u

√
g1g2(s1(2) + s2(2))

)
− om(r(t) + z(t))

+
1

2
u
√

g1g2(s1(2) + s2(2)) + g1s2
1 + g2s2

2, (6.65)

dz(t)

dt
=

(
c2

1g1 − c2
2g2

)
(x(t)y(t)− r(t)z(t))

+
1

2

(
z(t)2 − r(t)2

) (
c2

1g1 − c2
2g2

)
+ z(t) (x(t) + y(t))

(
c2

1g1 + c2
2g2

)
− 1

2
(x(t) + y(t)) (c2(2)g1 − c2(2)g2)

− z(t)(c1(2)g1 + c2(2)g2)

− 1

2
u
√

g1g1(s1(2) + s2(2))z(t)(x(t)− y(t))

− om (x(t)− y(t))

+ g1s2
1 − g2s2

2, (6.66)

dr(t)

dt
= −

(
c2

1g1 − c2
2g2

)
(x(t)y(t)− r(t)z(t))

+
1

2

(
z(t)2 − r(t)2

) (
c2

1g1 − c2
2g2

)
+ r(t) (x(t) + y(t))

(
c2

1g1 + c2
2g2

)
+

1

2
(x(t) + y(t)) (c1(2)g1 − c2(2)g2)

− r(t)(c1(2)g1 + c2(2)g2)

− 1

2
u
√

g1g2(s1(2) + s2(2))r(t)(x(t)− y(t))

− om (x(t)− y(t))

− g1s2
1 + g2s2

2, (6.67)
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Eq. 6.64-6.67 can be solved numerically as a function of time. Additionally, we can find analyt-

ically their stationary solutions considering t→∞, in this case d x
dt = d y

dt = d z
dt = d r

dt = 0.

xss =
t1 − t2
t3 − t4

, (6.68)

yss =
t1 − t5
t3 − t4

, (6.69)

zss = − t6
t3 − t4

, (6.70)

rss =
t7

t3 − t4
, (6.71)

where

t1 = sinh2 (s0,1 − s0,2)
[
sinh2 (s0,1 + s0,2)− 1− ω2

]
(6.72)

t2 = sinh (s0,1 + s0,2)
[
ω2sinh (s0,1 + s0,2)− 2cosh (s0,1 − s0,2)

]
(6.73)

t3 = sinh2 (s0,1 − s0,2) cosh2 (s0,1 + s0,2) (6.74)

t4 = 4 [cosh (s0,1) cosh (s0,2)]
[
ω2 (cosh (s0,1) cosh (s0,2)) + cosh (s0,1 − s0,2)

]
(6.75)

t5 = sinh (s0,1 + s0,2)
[
ω2sinh (s0,1 + s0,2) + 2cosh (s0,1 − s0,2)

]
(6.76)

t6 = 2sinh (s0,1 + s0,2)
[(
ω2 + 1

)
sinh (s0,1 − s0,2) + ωcosh (s0,1 − s0,2)

]
(6.77)

t7 = 2sinh (s0,1 + s0,2)
[(
ω2 + 1

)
sinh (s0,1 − s0,2)− ωcosh (s0,1 − s0,2)

]
(6.78)

The above results were obtained considering Γ1 = Γ2 = 1 and u = 1. Eqs. 6.68-6.71 adopt a

very simplified form in the case s0,1 = s0,2.

The solution of the master equation in terms of the f3(t), f5(t), f9(t), f12(t) functions allow

to find a simplified expression for quantifying the system’s entanglement. We have used the

logarithmic negativity to measure the entanglement in this system, which reads as [152]

N = max

(
0,
−f3 +

√
f2

5 + f2
9 + f2

12

1 + f3 −
√
f2

5 + f2
9 + f2

12

)
(6.79)

We have plotted the logarithmic negativity in the stationary state under symmetric conditions

(s0,1 = s0,2) as a function of the squeezing parameter s(∆) and γ (these variables have the same
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Figure 6.4: Analytical solution for the steady-state logarithmic negativity between two qubit
ensembles as a function of the microwave squeezing parameter and γ.

meaning as in Chapter 5), the results are shown in Fig. 6.4. We can note that these results

coincide with those obtained in Chapter 5 for the entanglement between the spin ensembles.

However, here we present extended results including the forbidden region of 0 ≤ γ ≤ 1. We

can note that for γ ≤ 1 we obtain a bright zone which imply infinite stationary entanglement.

The analytical results obtained allow to determine that in this region of γ parameters, although

the density matrix solution still satisfies the normalization condition Trρ(t) = 1, some diagonal

elements take values greater than one while others get negative values. Thus, this method

compared with the numerical one as that presented in Chapter 5, allows us to clearly identify why

the physical meaningful solutions do not exist in the region of parameters γ ≤ 1, a conclusion

that remains unexplained by resorting exclusively on a numerical approach.

6.5 Conclusions

We have derived a Lindblad or master equation for two spatially separated NV spin ensembles

driven by squeezed microwave states. This equation has been written in terms of superoperators

with a well defined closed set of commutation relations, i.e. we have found the appropriate

dynamical Lie algebra of the dissipative quantum system. The benefit of this approach is that

it produces ordinary differential equations which allow to determine analytical expressions for

density matrices with high degrees of freedom. The solution of the master equation obtained in
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this way can be used to calculate conventional entanglement measures, such as the logarithmic

negativity, through the local and non-local correlations between the operators. In the first part,

we considered the simple case with N̂ = 0 as it corresponds to an interaction picture treatment.

This assumption yields to simplified expressions for the transient and stationary regimes. Even

in the general case where N̂ 6= 0 a formal solution for the density matrix was found. The results

with these assumptions were presented for non-symmetric situations where the squeezing in the

two JPA branches are different, allowing to extend previous numerical results to more general

situations. Finally, the superoperator technique evidenced a symmetric structure in the system

of NVs spin ensembles coupled to the squeezed microwaves, thus the hidden so(3,2) Lie algebra

made it easy the solution of the otherwise rather involved dissipative problem.



Chapter 7

Conclusions

The importance of generating entangled states in quantum information and quantum optics

fields is motivated not only by their peculiar properties as we mentioned in the text, but also

by the ability to produce, control and detect such states with remarkably accuracy in realistic

experimental settings. The main scope of this Dissertation has been centered on the theoretical

side of such investigations. However, our results can also provide some experimental insights

and prescriptions that contribute to the entangled state engineering with several applications to

diverse fields such as quantum computation, quantum information, quantum optics, among oth-

ers. We provided advances that concern with the generation and quantification of the bipartite

entanglement in solid state systems including typical decoherence elements as the temperature

and spin baths.

In this final chapter, we are going to summarize our main results and our main contributions to

the study of the generation of entanglement in dissipative quantum hybrid systems. We consid-

ered two different approaches: (i) a direct interaction in some moment, particularly magnetic

dipolar interaction as a entanglement generator (ii) an interaction with a third mediator, which

can be traced out to analyze the system’s dynamics of interest.

In the first part we proposed the generation of entanglement in bipartite systems consisting of

spins in solids in an external magnetic field using the direct magnetic dipolar interaction as

a mediator for getting non-classical correlations in the system. We obtained that the system

becomes entangled when the Zeeman energy of the spins with the magnetic field are of the order

of the magnetic dipolar interaction. We observed that entanglement appears with an increasing

dipolar coupling, thus this method is strongly dependent on the distance separating the spins.

The numerical results for the entanglement evidence a dependence with the orientation of the

magnetic field relative to the vector ~r that connects the spins. Additionally, we calculate

numerically the quantum discord in the two spin system. Surprisingly, with small dipolar

interaction and small magnetic fields some quantum correlations besides entanglement were

found. These results evidence that even for moderate large distances between the particles the

98
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dipolar interaction allows to generate non-classical correlations which persist in a wide range of

parameters.

Subsequently, we introduced the hybrid quantum systems which include: impurity in solids,

superconducting qubits, parametric amplifiers and cavities. One of the advantages of using

these combined systems is the relatively easy of control and strong coupling reached. We show

that integrating spins and SC circuits we can use the best of the two worlds: rapid operation

of the SC circuits and long coherence times of the electronic (τe ≈ms) and nuclear (τn ≈s) NV

spins, as well as scalability. Besides that, we propose a scheme for coherently coupling electronic

spins of distant NV centers initially uncorrelated. The main feature of this proposal is to use

SC flux qubits strongly coupled such an intermediary to link spins of distant NV centers. The

SC flux qubits couple naturally to the magnetic moment of the surrounding spins and can be

adiabatically eliminated form the physical picture, leading to an effective Hamiltonian which

contain information of an effective indirect coupling between the spins.

In the field of the SC circuits we concentrate in the Josephson parametric amplifier (JPA). These

devices are analogous to the one-dimensional non-linear crystals in optics. The development

of the JPA has been motivated by its potential use as amplifiers for readout SC qubits. Early

experimental realizations have shown an impressive performance in the generation of highly

entangled radiation in the GHz range. Thus, besides of using these devices to amplify a signal

of interest, one can view it as a source of nonclassical radiation. In Chapter 4 we proposed to use

a pulsed two-mode squeezed microwave state generated by a JPA for entangling the electronic

and nuclear spins of distant NV centers, and at the same time including the natural spin bath in

which they are embedded as a classical Ornstein-Uhlenbeck noise process. We derived analytical

expressions for the density matrix describing the dynamics of distant electronic spins interacting

with microwave light in a noisy environment. We quantified the entanglement in terms of the

concurrence for the two spins. From our analytical and numerical results, we concluded that

a squeezed microwave field, as produced by a parametric amplifier, can be efficiently employed

to induce entanglement in initially uncorrelated spin systems even when they are embedded

in a solid-state noisy environment. We performed numerical simulations with the same initial

states by varying the squeezing and noise parameters, and obtained qualitatively similar results.

While for the microwave Gaussian states impinging upon electronic spins the entanglement

increases with increasing the squeezing parameter r, we found other optimal r values to obtaining

maximum entanglement of nuclear spins strongly linked to NVs. In a realistic scenario, we have

included the hyperfine interaction between the 14N or 13C nearest-neighbor spins with the NV

electronic spin. In this situation the analytical expressions are not more valid then a numerical

solution was realized. We probed our numerical method contrasting it with the analytical

results in the case where no hyperfine coupling is present and determined that an appropriate

number of realizations in the range of 102 − 103, are sufficient for getting converging results.

We extended our calculations to nuclear spins and electron-nucleus entanglement. Our results
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probe that even for nuclear spins which do not interact directly with the entangled microwave

field, it is still possible an effective transfer of correlations mediated by the hyperfine electron-

nuclear interaction. Besides, for the nuclear systems the entanglement persist in spin baths

environments that produce decoherence. In order to complete our analysis we calculated the

Fourier transform of the concurrence to localize relevant frequencies in the dissipative system’s

dynamics. We found a strong dependence of such resonant frequencies with the hyperfine

coupling while the variation of the microwave squeezing or the spin bath parameters have not

strong effects on the results.

After that, we extended the previous results to the case of continuous squeezed broadband

microwave state combined with spatially separated bipartite solid state systems consisting of

either two single qubits or two qubit ensembles. By using an appropriate multi-bath Lindblad

equation formalism we showed that, even in the stationary regime, it is possible to get entangled

matter states. We focused on the range of experimental bounds of parameters where this

process is feasible in both transient and stationary states with realistic experimental parameters.

We presented different control parameters in the system in order to reach high entanglement

in the matter subsystems. Particularly, we analyzed the effect of the detuning between the

radiation and the qubits central frequencies, the squeezing in the microwaves, the coupling

radiation-matter strength and the radiation spectral width. We proposed several mechanisms

for increasing the coupling in the system. Decoherence effects on the entanglement transfer are

included by considering thermal baths. We show the robustness of the results under this bath

condition and our results evidence that even with thermal noise it is still feasible to apply our

technique. We complemented our analytical results, as well as numerical simulations, with an

experimental proposal which include NV centers in diamond, SC qubits and magnetic molecules.

Recent experimental results in the field of the parametric amplifiers validate our proposal and

open the possibility of practical implementations.

In the final chapter we generalized the numerical solution to the master equation previously pre-

sented, by addressing its analytical solution exploiting hidden symmetries in the open quantum

dynamics by writing/solving the full master equation in terms of a set of Lindblad super-

operators which act as multi-generators of closed Lie algebras. We found that our system is

characterized by a so(3,2) Lie algebra, a structure which allowed to find analytical results for

the logarithmic negativity as a quantifier of bipartite entanglement in bosonic systems.
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Appendix A

Two NV full density matrix

Here we summarize some important intermediate steps to reach the analytical expression for

the reduced two NV density matrix. The density operator at time t becomes

r2
c ρ̄(t) = |g, 0〉AA 〈g, 0| ⊗ |g, 0〉BB 〈g, 0|+

+
1

2

∞∑
n=1

rnt

[〈
e−iθA,n(t)

〉
|g, 0〉AA 〈(n− 1) +|+

〈
eiθA,n(t)

〉
|g, 0〉AA 〈(n− 1)−|

]
⊗

⊗
[〈
e−iθB,n(t)

〉
|g, 0〉BB 〈(n− 1) +|+

〈
eiθB,n(t)

〉
|g, 0〉BB 〈(n− 1)−|

]
+

+
1

2

∞∑
n=1

rnt

[〈
eiθA,n(t)

〉
|(n− 1) +〉AA 〈g, 0|+

〈
e−iθA,n(t)

〉
|(n− 1)−〉AA 〈g, 0|

]
⊗

⊗
[〈
eiθB,n(t)

〉
|(n− 1) +〉BB 〈g, 0|+

〈
e−iθB,n(t)

〉
|(n− 1)−〉BB 〈g, 0|

]
+

1

4

∞∑
n=1

∞∑
m=1

rn+m
t

[〈
ei(θA,n(t)−θA,m(t))

〉
|(n− 1) +〉AA 〈(m− 1) ,+| +

+
〈
ei(θA,n(t)+θA,m(t))

〉
|(n− 1) +〉AA 〈(m− 1) ,−|+

+
〈
e−i(θA,n(t)+θA,m(t))

〉
|(n− 1)−〉AA 〈(m− 1) ,+|+

+
〈
e−i(θA,n(t)−θA,m(t))

〉
|(n− 1)−〉AA 〈(m− 1) ,−|

]
⊗[〈

ei(θB,n(t)−θB,m(t))
〉
|(n− 1) +〉BB 〈(m− 1) ,+| +

+
〈
ei(θB,n(t)+θB,m(t))

〉
|(n− 1) +〉BB 〈(m− 1) ,−|+

+
〈
e−i(θB,n(t)+θB,m(t))

〉
|(n− 1)−〉BB 〈(m− 1) ,+|+

+
〈
e−i(θB,n(t)−θB,m(t))

〉
|(n− 1)−〉BB 〈(m− 1) ,−|

]
. (A.1)
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The following expressions are valuable for that purpose:

∞∑
p=0

〈p| |(n− 1) +〉 〈(m− 1) +| |p〉 =
1

2
[δn,m (|g〉 〈g|+ |e〉 〈e|) + δn−1,m |e〉 〈g|+ δn,m−1 |g〉 〈e|]

∞∑
p=0

〈p| |(n− 1) +〉 〈(m− 1)−| |p〉 =
1

2
[δn,m (|g〉 〈g| − |e〉 〈e|) + δn−1,m |e〉 〈g| − δn,m−1 |g〉 〈e|]

∞∑
p=0

〈p| |(n− 1)−〉 〈(m− 1) +| |p〉 =
1

2
[δn,m (|g〉 〈g| − |e〉 〈e|)− δn−1,m |e〉 〈g|+ δn,m−1 |g〉 〈e|]

∞∑
p=0

〈p| |(n− 1)−〉 〈(m− 1)−| |p〉 =
1

2
[δn,m (|g〉 〈g|+ |e〉 〈e|)− δn−1,m |e〉 〈g|+ δn,m−1 |g〉 〈e|] .

(A.2)



Appendix B

Time dependent coefficients

In this section we provide the elements of the reduced 16× 16 density matrix for the electronic

and nuclear spins in a noisy environment. In the main text we present simplified analytical

expression for two electronic spins when no hyperfine coupling with the proximal nuclear spin.

However a numerical solution is needed if we include this interaction and the spin 13C bath.

We start defining the systems’s state at time t as

|ψ(t)〉 = ÛA,B(t)
∞∑
n=0

αn |n, eg, νg〉A ⊗ |n, eg, νg〉B (B.1)

=
∞∑
n=0

αn

[
ÛA(t) |n, eg, νg〉A

]
⊗
[
ÛB(t) |n, eg, νg〉B

]
= α0 |n, eg, νg〉A ⊗ |n, eg, νg〉B + α1

[
3∑
i=1

C1,i(t) |1, i〉
]
A

⊗
[

3∑
i=1

C1,j(t) |1, j〉
]
B

+

∞∑
N=2

αN

[
4∑
i=1

CN,i(t) |N, i〉
]
A

⊗
[

4∑
j=1

CN,j(t) |N, j〉
]
B

where

|αN | =
tanh(r)N

cosh(r)
. (B.2)

The terms C1,i(t), C1,j(t) (where i and j can take values 1, 2, 3) are the coefficients at time t

in the expansion for the state in the sub-space with N = 1 excitations in the branches A and

B, respectively. The coefficients CN,i(t) and CN,j(t) (where i and j in this case can take values

1, 2, 3, 4) allow determine the state at time t in the four dimensional subspaces with N ≥ 2.

Now, we can proceed to evaluate the density matrix as ρ̂(t) = |ψ(t)〉 〈ψ(t)| and the reduced

density matrix tracing over the state of the field

ρ̄2Q(t) =
∞∑
p=0

∞∑
q=0

〈p, q| ρ̄(t) |p, q〉 , (B.3)
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with p and q the photon number in the two branches. The bar in ρ̄2Q(t) and ρ̄(t) represent

stochastic terms due to the noise spin bath. The diagonal elements obtained for the density

matrix are given by

ρ1,1 = |α0|2 + |α1|2
〈
|C1,2(t)|2

〉
A

〈
|C1,2(t)|2

〉
B

+
∞∑
N=2

|αN |2
〈
|CN,2(t)|2

〉
A

〈
|CN,2(t)|2

〉
B

ρ2,2 = |α1|2
〈
|C1,2(t)|2

〉
A

〈
|C1,3(t)|2

〉
B

+

∞∑
N=2

|αN |2
〈
|CN,2(t)|2

〉
A

〈
|CN,4(t)|2

〉
B

ρ3,3 = |α1|2
〈
|C1,2(t)|2

〉
A

〈
|C1,1(t)|2

〉
B

+
∞∑
N=2

|αN |2
〈
|CN,2(t)|2

〉
A

〈
|CN,1(t)|2

〉
B

ρ4,4 =
∞∑
N=2

|αN |2
〈
|CN,2(t)|2

〉
A

〈
|CN,3(t)|2

〉
B

ρ5,5 = |α1|2
〈
|C1,3(t)|2

〉
A

〈
|C1,2(t)|2

〉
B

+

∞∑
N=2

|αN |2
〈
|CN,4(t)|2

〉
A

〈
|CN,2(t)|2

〉
B

ρ6,6 = |α1|2
〈
|C1,3(t)|2

〉
A

〈
|C1,3(t)|2

〉
B

+
∞∑
N=2

|αN |2
〈
|CN,4(t)|2

〉
A

〈
|CN,4(t)|2

〉
B

ρ7,7 = |α1|2
〈
|C1,3(t)|2

〉
A

〈
|C1,1(t)|2

〉
B

+
∞∑
N=2

|αN |2
〈
|CN,4(t)|2

〉
A

〈
|CN,1(t)|2

〉
B

ρ8,8 =

∞∑
N=2

|αN |2
〈
|CN,4(t)|2

〉
A

〈
|CN,3(t)|2

〉
B

ρ9,9 = |α1|2
〈
|C1,1(t)|2

〉
A

〈
|C1,2(t)|2

〉
B

+
∞∑
N=2

|αN |2
〈
|CN,1(t)|2

〉
A

〈
|CN,2(t)|2

〉
B

ρ10,10 = |α1|2
〈
|C1,1(t)|2

〉
A

〈
|C1,3(t)|2

〉
B

+
∞∑
N=2

|αN |2
〈
|CN,1(t)|2

〉
A

〈
|CN,4(t)|2

〉
B

ρ11,11 = |α1|2
〈
|C1,1(t)|2

〉
A

〈
|C1,1(t)|2

〉
B

+

∞∑
N=2

|αN |2
〈
|CN,1(t)|2

〉
A

〈
|CN,1(t)|2

〉
B

ρ12,12 =
∞∑
N=2

|αN |2
〈
|CN,1(t)|2

〉
A

〈
|CN,3(t)|2

〉
B

ρ13,13 =
∞∑
N=2

|αN |2
〈
|CN,3(t)|2

〉
A

〈
|CN,2(t)|2

〉
B

ρ14,14 =

∞∑
N=2

|αN |2
〈
|CN,3(t)|2

〉
A

〈
|CN,4(t)|2

〉
B

ρ15,15 =

∞∑
N=2

|αN |2
〈
|CN,3(t)|2

〉
A

〈
|CN,1(t)|2

〉
B

ρ16,16 =
∞∑
N=2

|αN |2
〈
|CN,3(t)|2

〉
A

〈
|CN,3(t)|2

〉
B

(B.4)

where N vary between 0 and the photon number state in the field. In our simulation we have

considered N = 85 and we have probed the essential conditions for a density matrix. The
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results yield to Tr {ρ̄2Q(t)} = 1 as it should be. The stochastic realizations in the coefficients

〈...〉 take into account many realizations in the systems when we include the noise parameters.

In our calculation we have evaluated the average taking approximately 500 realizations in the

coefficients average. Symmetric conditions have been considered in the two branches. Non-

diagonal elements in the density matrix are:

ρ1,6 = α0α
∗
1 〈C1,3(t)〉A 〈C1,3(t)

∗〉
B

+

∞∑
N=1

αNα
∗
N′

〈
CN,2(t)C

∗
N′,4(t)

〉
A

〈
CN,2(t)C

∗
N′,4(t)

〉
B

ρ1,7 = α0α
∗
1 〈C1,3(t)〉A 〈C1,1(t)

∗〉
B

+

∞∑
N=1

αNα
∗
N′

〈
CN,2(t)C

∗
N′,4(t)

〉
A

〈
CN,2(t)C

∗
N′,1(t)

〉
B

ρ1,10 = α0α
∗
1 〈C1,1(t)〉A 〈C1,3(t)

∗〉
B

+

∞∑
N=1

αNα
∗
N′

〈
CN,2(t)C

∗
N′,1(t)

〉
A

〈
CN,2(t)C

∗
N′,4(t)

〉
B

ρ1,11 = α0α
∗
1 〈C1,1(t)〉A 〈C1,1(t)

∗〉
B

+

∞∑
N=1

αNα
∗
N′

〈
CN,2(t)C

∗
N′,1(t)

〉
A

〈
CN,2(t)C

∗
N′,1(t)

〉
B

ρ1,16 =

∞∑
N=0

αNα
∗
N+2

〈
CN,2(t)C

∗
N+2,3(t)

〉
A

〈
CN,2(t)C

∗
N+2,3(t)

〉
B

ρ2,3 = |α1|2
〈
|C1,2(t)|2

〉
A

〈C1,3(t)C1,1(t)
∗〉

B
+

∞∑
N=2

|αN |2
〈
|CN,2(t)|2

〉
A

〈
CN,4(t)C

∗
N,1(t)

〉
B

ρ2,8 = α1α
∗
2 〈C1,2(t)C2,4(t)

∗〉
A
〈C1,3(t)C2,3(t)

∗〉
B

+

∞∑
N=2

αNα
∗
N′

〈
CN,2(t)C

∗
N′,4(t)

〉
A

〈
CN,4(t)C

∗
N′,3(t)

〉
B

ρ2,12 = α1α
∗
2 〈C1,2(t)C2,1(t)

∗〉
A
〈C1,3(t)C2,3(t)

∗〉
B

+

∞∑
N=2

αNα
∗
N′

〈
CN,2(t)C

∗
N′,1(t)

〉
A

〈
CN,4(t)C

∗
N′,3(t)

〉
B

ρ3,8 =

∞∑
N=1

αNα
∗
N′

〈
CN,2(t)C

∗
N′,4(t)

〉
A

〈
CN,1(t)C

∗
N′,3(t)

〉
B

ρ3,12 =

∞∑
N=1

αNα
∗
N′

〈
CN,2(t)C

∗
N′,1(t)

〉
A

〈
CN,1(t)C

∗
N′,3(t)

〉
B

ρ5,9 = |α1|2 〈C1,3(t)C1,1(t)
∗〉

A

〈
|C1,2(t)|2

〉
B

+

∞∑
N=2

|αN |2
〈
CN,4(t)C

∗
N,1(t)

〉
A

〈
|CN,2(t)|2

〉
B

ρ5,14 = α1α
∗
2 〈C1,3(t)C2,3(t)

∗〉
A
〈C1,2(t)C2,4(t)

∗〉
B

+

∞∑
N=2

αNα
∗
N′

〈
CN,4(t)C

∗
N′,3(t)

〉
A

〈
CN,2(t)C

∗
N′,4(t)

〉
B

ρ5,15 = α1α
∗
2 〈C1,3(t)C2,3(t)

∗〉
A
〈C1,2(t)C2,1(t)

∗〉
B

+

∞∑
N=2

αNα
∗
N′

〈
CN,4(t)C

∗
N′,3(t)

〉
A

〈
CN,2(t)C

∗
N′,1(t)

〉
B

ρ6,7 = |α1|2
〈
|C1,3(t)|2

〉
A

〈C1,3(t)C1,1(t)
∗〉

B
+

∞∑
N=2

|αN |2
〈
|CN,4(t)|2

〉
A

〈
CN,4(t)C

∗
N,1(t)

〉
B

ρ6,10 =

∞∑
N=2

|αN |2
〈
CN,4(t)C

∗
N,1(t)

〉
A

〈
|CN,4(t)|2

〉
B

ρ6,11 =

∞∑
N=2

|αN |2
〈
CN,4(t)C

∗
N,1(t)

〉
A

〈
CN,4(t)C

∗
N,1(t)

〉
B

ρ6,16 = α1α
∗
2

〈
C1,3(t)C

∗
2,3(t)

〉
A

〈
C1,3(t)C

∗
2,3(t)

〉
B

+

∞∑
N=2

αNα
∗
N′

〈
CN,4(t)C

∗
N′,3(t)

〉
A

〈
CN,4(t)C

∗
N′,3(t)

〉
B



Appendix 118

ρ7,10 = |α1|2
〈
C1,3(t)C

∗
1,1(t)

〉
A

〈
C1,1(t)C

∗
1,3(t)

〉
B

+
∞∑
N=2

|αN |2
〈
CN,4(t)C

∗
N,1(t)

〉
A

〈
CN,1(t)C

∗
N,4(t)

〉
B

ρ7,11 = |α1|2
〈
C1,3(t)C

∗
1,1(t)

〉
A

〈
|C1,1(t)|2

〉
B

+

∞∑
N=2

|αN |2
〈
CN,4(t)C

∗
N,1(t)

〉
A

〈
|CN,1(t)|2

〉
B

ρ7,16 = α1α
∗
2

〈
C1,3(t)C

∗
2,3(t)

〉
A

〈
C1,1(t)C

∗
2,3(t)

〉
B

+
∞∑
N=2

αNα
∗
N′
〈
CN,4(t)C

∗
N′,3(t)

〉
A

〈
CN,1(t)C

∗
N′,3(t)

〉
B

ρ8,12 =
∞∑
N=2

|αN |2
〈
CN,4(t)C

∗
N,1(t)

〉
A

〈
|CN,3(t)|2

〉
B

ρ9,14 =

∞∑
N=1

αNα
∗
N′
〈
CN,1(t)C

∗
N′,3(t)

〉
A

〈
CN,2(t)C

∗
N′,4(t)

〉
B

ρ9,15 =
∞∑
N=1

αNα
∗
N′
〈
CN,1(t)C

∗
N′,3(t)

〉
A

〈
CN,2(t)C

∗
N′,1(t)

〉
B

ρ10,11 = |α1|2
〈
C1,3(t)C

∗
1,1(t)

〉
A

〈
C1,1(t)C

∗
1,3(t)

〉
B

+
∞∑
N=2

|αN |2
〈
CN,4(t)C

∗
N,1(t)

〉
A

〈
CN,1(t)C

∗
N,4(t)

〉
B

ρ10,16 = α1α
∗
2

〈
C1,1(t)C

∗
2,3(t)

〉
A

〈
C1,3(t)C

∗
2,3(t)

〉
B

+

∞∑
N=2

αNα
∗
N′
〈
CN,1(t)C

∗
N′,3(t)

〉
A

〈
CN,4(t)C

∗
N′,3(t)

〉
B

ρ11,16 =
∞∑
N=1

αNα
∗
N′
〈
CN,1(t)C

∗
N′,3(t)

〉
A

〈
CN,1(t)C

∗
N′,3(t)

〉
B

ρ14,15 =
∞∑
N=2

|αN |2
〈
|CN,3(t)|2

〉
A

〈
CN,4(t)C

∗
N,1(t)

〉
B

(B.5)

Where in B.5 N ′ = N + 1 and ρij = ρ∗ji
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