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Miguel Ángel Martı́n Contreras
All Rights Reserved
c

To my beloved wife, Nydia.

I believe that the Universe is an
evolution
I believe that evolution proceeds
toward spirit
I believe that spirit is fully
realized in a form of personality
I believe that the supremely
personal is the Universal Christ
Pierre Teilhard de Chardin
How I believe, 1969

Acknowledgments
Firstly I want to express my sincere gratitude to my advisor Prof. Dr.
Rolando Roldán for giving me this incredible opportunity to study at Universidad de los Andes, where I learnt a lot and grown as a person and as a
physicist. For his patience, motivation and immense knowledge. His guidance helped me in all the time of research and writing of this dissertation.
Thanks also for the beautiful gift of his friendship and for the continuous
support on my PhD studies and all the related projects.
My sincere thanks also goes to Nelson Braga, my co-advisor, for taking
a chance on this incredible project. For providing me a big opportunity to
join the amazing strings group at Universidade Federal do Rio de Janeiro,
where I spent almost one year. He taught me the importance of the details,
big and small ones, on the research process. Without his precious support
and guidance it would not be possible to conduct this work. I will miss the
nice cups of coffee, all the hours of discussions on his office and on Skype,
and the nice times that we spend, together with Saulo, talking about physics
and life. I have really enjoyed doing physics with him and at the same time I
learned lots of invaluable lessons of how to be a good researcher. Often times
the process was hard but always fun.
It was a nice experience to collaborate with Saulo Diles, and to share
numerous illuminating discussions with the faculty, postdocs and graduate
students in the Instituto de fı́sica at the UFRJ. I really learnt a lot. Muito
obrigado!
I want to thank all my office and classmates, Adriana, Santiago, William,
Fabian, Fernando and Alex who have accompanied me through these years.
They always have been there whenever I wanted a distraction from my work
or just a cup of coffee. Also thanks to all the graduate students and the
faculty in the Department of Physics for making this experience more easygoing.
v

Furthermore, thanks to my wonderful parents, Barbie and Don Angelito,
who always encouraged me to be curious, and gave me the best heritage
ever: my education. For his unconditional support along my entire academic
career. To my sisters who always cheer me up with their smiles and jokes,
specially you my dear Lorena.
To my spiritual family: my dearest Franciscan secular brothers and sisters, Adriana, Steffania, Chris, Gloria Patricia, Diana, Anita, Eduardo, Nidia, Danny and Clau, for their devotional prayers. To my second mom,
Idahar Escalante OFS, for all of her support and concern about my studies.
Thanks for your spiritual support.
To my beautiful wife Nydia and my little son Mickey Jr. None of this
work would have been accomplished without their smiling faces and gentleness cares. They endured through the frustration and late nights of endless
work. Their unconditional love and support proved invaluable during my
great physics challenge.
Last but not the least, I would like to thank God for giving me all of these
blessings. Every day in my life is a continuous search of His divine presence
in the entire nature surrounds me. This is physics for me.

vi

Abstract
In its beginnings, string theory was expected to be a possible model for strong
interactions. But it was eclipsed by the greatest QCD outcomes, making
it to be forgotten as fundamental theory for such interactions. Nowadays,
with the development of the so-called gravity/gauge duality, string theory
recovers its original motivation of becoming a tool to explore the strong
interactions at their non-perturbative region even at extreme scenarios as
the finite temperature and chemical potential. These scenarios are observed
at particle accelerators and stars nuclei. Duality itself suggests that the
gravitational dual of QCD should exist. The real problem is how to find it.
One of the most successful approaches to gravity/gauge duality is the
AdS/CFT Correspondence by J. Maldacena. This correspondence sets an
equivalence between a conformal field theory at 4-dimensions, N =4 Super
Yang Mills theory, with a type IIB string theory at 10 dimensions. Although QCD is not conformal, since it has a specific running coupling constant with energy. It is possible to consider that, for low energies, QCD has
common properties with a conformal field theory. This statement inspired
the top/down models, as the D3/D7, the D3/D5 or the Klebanov-Strassler,
that achieved big success describing the quark gluon plasma (QGP) phenomenology observed at the Relativistic Heavy Ion Collider in Brookhaven.
The most important results modeled by these approximations were the photon/dilepton emission rate, the jet quenching or the energy loss by an energetic parton crossing the colored medium. All of these results are summarized
at the so-called gravity/fluid duality developed for heavy ion collisions. But
these effective models were not so good to describe radial heavy meson spectrum since they do not have an inherit energy scale that fixes the Regge
slope and intercept for such spectrum. In this line, a better addressing to
this problem is done in the D8/D̄8 Witten–Sakai–Sugimoto model where an
energy scale is introduced by considering a chiral symmetry breaking in the
vii

brane configuration.
In order to address a better dual model of QCD, the next logical step is
to break the conformal symmetry and then try to look out for more realistic models. Following this idea, there appeared the bottom/up realizations
that consider the introduction of a spatial cutoff that induces a conformal
symmetry soft breaking. If the symmetry breaking process is done by a hard
cutoff, slicing AdS space, the model is called hard wall. If the cutoff is a wellbehaved function that fades smoothly in the AdS geometry, then the model is
called soft wall. These approximations are categorized as AdS/QCD models.
AdS/QCD models have modeled the phenomenology of light-mesons in
quite good agreement with experiments, as in the case of ρ mesons. But
they are not so good approximations in the case of heavy mesons, where the
calculated decay constants behave contrariwise to the experimental results.
These models have not been used in the QGP description neither, due to
the difficulty that appears when the medium properties are translated into
gravity. It is not clear what is the proper mapping that connects both sides
of the duality.
Motivated by these challenges, the research line developed in this dissertation will take two roads. First, the photon emission rate and the electrical
conductivity of the QGP will be calculated at finite temperature and finite
chemical potential using AdS/QCD approximations. To do so, we supposed
the medium properties to be encoded in the energy momentum tensor of the
geometric background. The results obtained in the hard wall and soft wall
models are in consistency with the observed phenomenology and they are
also in agreement with other holographic results, as the D3/D7 or the Sakai
Sugimoto models, suggesting the universality of AdS/CFT conjecture as tool
to explore QCD.
Second, by changing the position of the conformal boundary, new extensions to the AdS/QCD models can be constructed in order to calculate
mass spectra and decay constants of vector heavy mesons organized in Regge
trajectories, as the J/ψ and the Υ mesons. The obtained results proved to
be in good agreement with the observed phenomenology, giving a decreasing decay constant spectrum for increasing meson mass. Experimentally, the
results showed a total quadratic error near to 20% in each heavy meson trajectory. In the thermal sector, the proposed model was able to reproduce the
melting process of charmonium and bottomonium vector states. No holographic model was able to do it before. Usual soft and hard wall model, and
the top/down approaches described the behavior of the lightest meson in the
viii

spectrum, but they could not reproduce the entire thermal behavior for the
excited states.
Finally, we give some comments about the possible application of the
developed tools to describe other heavy meson systems, as the scalar or the
high spin sectors and the possibility to extend these ideas to holographic
nuclear matter.
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Chapter 1
Introduction
One of the most successful and important ideas in string theory was the
AdS/CFT correspondence formulated by J. Maldacena in 1998 [1]. What
makes this idea so revolutionary is that it gives a tool that allows theoretical
physicist to access the realm of non-perturbative physics through the gravitational one, which by means of the standard QFT tools is too difficult. In
other words, the correspondence establishes a duality between a conformal
field theory and gravity under some specific circumstances that will be explained later in this chapter. That is why the AdS/CFT correspondence is
also called a realization of the gravity/gauge duality.
A first approach to the gravity/gauge duality can be extracted from the
black hole physics. In the eighties Hawking, Page and others could calculated
the entropy associated to a black hole [2–6]. These works demonstrated that
the entropy inside the black hole is proportional to the event horizon area
instead of the volume, as one would expect from classical statistical mechanics
in a flat background. The fact that in gravitational systems the entropy scales
with the area implies the available information enclosed in a volume can be
read off from its boundary, similarly as in an optical hologram. This idea is
called the holographic principle and was stated by L. Susskind in 1995 [7].
Since the very first days of the correspondence up to now, the conjecture
has been used in many non-perturbative problems such as type II superconductors, grapheme phenomenology, condensed matter, quantum hall effect,
information theory and specially non-perturbative QCD, returning string theory to its original motivation: to be the theory of strong interactions.
The main success of the duality related to QCD comes with the theoretical modeling of the quark gluon plasma (QGP) produced in RHIC and
1

LCH [8–11]. From the perturbative QCD models, the QGP was expected to
be a weakly interacting gas but experimental results from heavy ion collisions at Brookhaven proved that it behaves as a nearly perfect fluid, which
in essential is nonperturbative. Experimental physicists characterized almost
all the physical properties of QGP. These properties were completely unexpected from the QCD theory. For example, they observed that any hadronic
particle that came into the plasma ball losses some of its energy, causing the
appearance of lighter particles (hadronization) going out the ball. This phenomenon was called jet-quenching. Only with the AdS/CFT correspondence
was possible to explore analytically all of this new phenomenology leading to
the so called gravity/fluid duality [12].
In the sixties, a bunch of resonances (particles) was observed with the
newborn particle accelerator technology. Science historians said that one
new particle per day was observed in those days. In contrast to such experimental success, there was no theory capable to explain those particles.
Many approximations were formulated in order to do so. One of these ideas
was the Regge theory, which said that all the particles and their excitations,
characterized by their angular momentum J and masses M , can be organized
in trajectories in the plane (M 2 , J). For the lowest excited states of some
light mesons, the trajectories were in accordance with experiments [13].
But another challenge about strong interactions and amplitudes at high
energy appeared. Consider an elastic scattering process with incoming particles of momenta p1 , p2 and spin S1 , S2 , and outgoing particles with momenta
p3 , p4 and spin S3 , S4 . The Mandelstam variables of the process are given by
s = − (p1 + p2 )2
t = − (p2 + p3 )2
u = − (p1 + p3 )2 ,
P
where they obey the identity s + t + u = i m2i , with mi the mass of
each particle. These particles (that can be mesons) transform in the adjoint
of SU(3) if we consider three flavors. The scattering amplitude A (s, t) will
be proportional to the group theory factor tr (λ1 λ2 λ3 λ4 ), where λi are the
flavor group matrices. Since this factor is invariant under cyclical index
permutation, Bose–Einstein statistics requires that the amplitude should be
symmetric under any cyclical index permutation in the momenta variables.
This implies that A (s, t) is symmetrical under the exchange of t and s, or in
2

other words, the t channel amplitude and the s one are equivalent. This is
the so called duality hypothesis [14].
This duality hypothesis was successfully proven by a model proposed
by G. Veneziano in 1968. He simply postulated a formula for the scattering
amplitude in terms of the Euler Beta function and the Regge linear trajectory
α (s) = α0 + α0 s given by the expression
A (s, t) = B (−α (s) , −α (t)) .
The quantities α0 and α0 are known as the Regge intercept and the Regge
slope respectively. These parameters are important because they give taxonomical ordering to the observed resonances spectra. For each family of
particles there exists a trajectory α (t) = α0 t + α0 . This behavior is observed
in the excited states of some mesons, as for example in the case of J/ψ states
or the Υ states [15].
Using the asymptotic form of the Beta function for large arguments it is
possible to write the Veneziano amplitude as t or s poles only:
∞
X
1
(α (s) + 1) (α (s) + 2) . . . (α (s) + i)
A (s, t) =
i!
α (t) − i
i=0
∞
X
(α (t) + 1) , (α (t) + 2) . . . (α (t) + j)
1
=
,
j!
α
(s)
−
j
j=0

where it is necessary to suppose that both linear trajectories α (t) and α (s)
lead to the same poles in both expansions showed above.
At the same time, SLAC did high energy electron – proton collisions in
order to study the proton inner structure. The results revealed that protons
(and hadrons) are made by pointlike spin 21 particles that carry fractional
electric charge. These pointlike particles were called partons, because they
are part of the proton. These partons are bounded to exist inside hadrons
only. When experiments reach enough energy, the hadron splits into these
partons that form other bounded states (other hadrons). As a consequence,
the complete hadron scattering cross section can be written as an incoherent
sum of the cross sections of the constituents inside the hadron with other
scattered particles, implying that these partons are almost free (quasi free
bounded particles) at high energies but, in some sense, hidden in the (not so
much) low energy sector. This behavior is called asymptotic freedom. In this
sense, physicists said that partons are confined inside the hadron.
3

In the case of Venenziano Amplitude, it is possible to show that the
amplitude carries information about confined partons. Looking carefully the
expression for the amplitude one arrives to the conclusion that the Euler
Beta function arises naturally when one is trying to describe the dynamics
of 1-dimensional (stringy) objects. In the context of strong interactions,
these stringy objects are mesons, composed by Feynman partons joined by
an energy flux tube. When the meson is broken by a scattering process into
its constituents, the flux tube also breaks creating another parton pair on the
ends of the broken tube, in a similar way as in a magnet. These new tubes
are product mesons that emerge from the collision. In this limit, Veneziano
Amplitude was in agreement with experiments.
In the case of high energy limit, Veneziano Amplitude tends to the asymptotic Regge Amplitude A (t, s) ∝ sα(t) + tα(s) . In the case of fixed t, the
amplitude is valid for regions of the complex plane that are not so close to
the positive real s axis, which is precisely the region of interest because all
the resonances live there.
Another problem arises when one is dealing with the unitarity of Veneziano
amplitude. In four dimensions, the model is filled with ghost particles. Only
if the dimension is allowed to be 26, these ghost fields disappear.
The high dimensionality problem, together with the wrong high energy
behavior, were the reasons considered to dismiss the dual hypothesis: hadrons
couldn’t be modeled as relativistic strings. The original motivation for dual
models disappeared. Then, the turn to play in scene was for the Feynman’s
partons and Gellmann’s quarks (that are essentially the same object) leading
to the modern quantum chromodynamics as the model for strong interactions.
And what happened to Veneziano amplitude? In the early seventies a
new possibility of studying these Veneziano models emerged. With the realization that Veneziano amplitude was related to a stringy object moving in
26 dimensions the string theory was born. String theorists realized that the
amplitude is indeed the scattering amplitude (vertex operator) for bosonic
closed strings. But the surprises in the Veneziano model were just beginning.
Another fascinating feature was that the Veneziano model was endowed with
a natural high spin structure, inherited by the Regge theory. This spin structure arises also in the quantum gravity theory. Remember that in general
relativity, the gravitational field is spin two (graviton). Then, Veneziano amplitude could be (related to) the Quantum Theory of Gravity, one important
step in the theoretical unification process of all the fundamental interactions.
In this direction, AdS/CFT correspondence has proved that spacetime is an
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emergent property of fields “living” on the five-dimensional background in
which our universe is settled down [16]
Up to this point, a global motivation for the use of AdS/CFT correspondence as a possible tool for non-perturbative QCD has been done, but
without making any formal development. In the next chapters the connection
between QCD and gravity will be explored in more detail using the so-called
AdS/QCD models. But first, it is necessary to follow the path that leads
Maldacena to the AdS/CFT conjecture.
In the next sections a formal construction of the duality will be done,
following the Maldacena’s formulation. The first step is to define how the
physics on the bulk is really the same physics at the boundary of a given space
time. This is obtained by the implementation of a holographic dictionary.
Once you have the dictionary, it is possible to do applications. The next goal
is to implement the same idea but in the case of finite temperature or finite
potential. This is accomplished thanks to the extension of the black hole
concept studied in general relativity to AdS geometry. In holographic terms,
speaking about temperature is quite similar to speak about of black holes.
So, let us go then!
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Chapter 2
AdS/CFT Correspondence
2.1

Introduction

Gravity/gauge duality is maybe one of the most important developments
of the latest times in string theory. From its very beginning, dual models
have been applied in many areas different from high energy physics or black
hole physics up to superconductivity and condensed matter. Any branch of
Physics that exhibits phase transitions or non-pertubative behavior can be
modeled using dual models [17].
The central idea of gravity/gauge duality is the geometrical connection
existing between any gravity theory (superstrings, for example) in d + 2
dimensions to a QFT living in d + 1 dimensions. In fact, we could say that
we can extract information about QFT from spacetime, and viceversa. This
is just a conjecture, and it still needs to be proven. Once we have established
the connection, the next step is writing of a proper dictionary, allowing us
to switch between Gravity and QFT.
AdS/CFT Correspondence [1] is the most relevant realization of the gravity/gauge duality, but is not the only successful one. Some examples of this
kind of duality are the Klebanov–Strassler duality [8] or the NS5–branes/LST
[18]. In all the three cases mentioned above, the bulk is a non–compact manifold endowed with gravity, such that the dual gauge theory is encoded in its
asymptotic behavior.
The conjecture foundations are grounded on the string theory, quantum
field theory and black hole physics. Thus, in order to explore the main ideas
of the correspondence we will review the basic ideas from these subjects in
7

order to construct the correspondence machinery, translated into the WittenKlebanov or field/operator relation that connects the physics on the bulk with
the physics on the boundary. In this chapter we will do a review of the main
ideas of the conjecture.

2.2
2.2.1

Conceptual Framework for the AdS/CFT
Duality
String Theory Fundamentals

String theory can be motivated in different forms, but it is more instructive to
start from the relation between strings and strong interactions. Experimentally, as we discussed before, hadronic resonances were organized according
to their masses and angular momenta as linear Regge trajectories M 2 ∼ J.
If we consider a flux tube, essentially a relativistic string, joining the
quarks inside the meson, we can describe such linear trajectories. In fact, if
this open string, with length L and tension T , is considered rotating around
its center of mass, we can construct linear Regge trajectories related to the
string. Let us define the mass of the string as M ∼ T L. If the string has a
linear momentum P , the angular momentum is defined as J ∼ P L. Since our
string is relativistic, P ∼ M 1 . This lead us to the expected result: J ∼ M L
or, in terms of the string tension, M 2 ∼ T J. Thus we have demonstrated
that stringy objects and strong interactions have common grounds. Later we
will see that the common ground is the gravity/gauge duality.
A question should be made at this point. What is string theory? We will
said that, unlike the quantum field theory which describes the dynamics of
point-particles, string theory is a quantum theory of interacting, relativistic
one-dimensional objects.
These objects are characterized by the string tension T and by a dimensionless coupling constant gs , that controls the strength of string interactions.
It is customary to write the string tension in terms of a fundamental length
scale ls , called string length, as
T =
1

1
.
2πα0

Assuming natural units.
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(2.1)

Typically α0 = ls2 is the Regge slope. We will describe the conceptual steps
involved in the definition of the theory. In the first quantization formulation,
we consider the dynamics of a string propagating in a fixed spacetime. In such
conditions arise two kinds of strings: open strings with fixed endpoints and
closed strings with no endpoints. An open string represents gauge bosons.
Actually, the string ends define a U(1) gauge theory via the Chan–Paton
charge factors [19]. A closed string represents a graviton, and also defines
a gravity theory on the target space. An open string propagates through
spacetime, just as closed strings, but an open string must have its endpoints
on an object,the so-called D-brane.
These basic objects in string theory are extended along the fundamental
length ls . Therefore, the theory is non-local, implying that interaction do not
occur at specific spacetime points but in regions. These regions are described
by vertex operators.
The rotation degree of freedom in the strings gives rise to the Regge trajectories, which agree with experimental phenomenology. Nowadays, we said
that a meson is regarded as a quark–antiquark pair joined by a string. The
energy of this configuration grows linearly with the length, causing confinement.
A string moving in a background (or target space) will sweep out a twodimensional worldsheet. Following classical mechanics, where the point-like
particle action is defined by means of the line element of the particle’s trajectory, we postulate that the action that governs the dynamics of a string is
simply the area of this worldsheet.
Z
SNG = −T

dA.

(2.2)

This is a natural generalization of the action for a relativistic particle,
which is simply the length of its wordline. In order to write down the string
action explicitly, we parametrize the worldsheet with local coordinates σ α
with α = 0, 1. For fixed worldsheet time, σ 0 = constant, the coordinate
σ 1 parametrizes the length of the string. Let xM , with m = 0, . . . , d − 1,
be spacetime coordinates. The trajectory of the string is then described by
specifying xm as a function of σ α . In terms of these functions, the twodimensional metric gαβ induce on the string worldsheet has components
gαβ = ∂α xm ∂β xn gmn ,
9

(2.3)

where gmn is the d-dimensional target spacetime metric. If xm are Cartesian coordinates in flat spacetime, then gmn = ηmn = diag(− + . . . +). In
this conformal frame, the action is written as
Z
p
(2.4)
SNG = −T d2 σ −det g.
This action is the so-called Nambu–Goto string action [14].
The string motion induces an embedding Σ of the worldsheet onto the
target spacetime given by the map Σ : σ α → X M (σ α ). We are always free to
choose this embedding. This freedom is called reparametrization invariance.
In order to construct quantum states of a single string, we need to quantize
the Nambu–Goto action. It turns out that the quantization imposes strong
constrains on the target spacetime that we started with: not all spacetime
geometries allow consistent string propagation. For example, suppose that
we start with d-dimensional Minskowski spacetime. Then a consistent string
theory would exist only for d = 26. Otherwise the spacetime Lorentz group
becomes anomalous at quantum level and the theory contains negative norm
states, i.e., tachyonic states. This kind of models have bosonic states only.
Physically, different vibration modes of the spectrum of the two-dimensional
worldsheet theory correspond to different vibration modes of the string. From
the spacetime point of view, each of these modes appears as a particle with
a given mass and spin. This spectrum typically contains a finite number of
massless modes and infinite tower of massive modes with masses of the order
Ms ∼ ls−1 .
A crucial fact about closed string theory is that one of the massless state
is a particle of spin two, the graviton. This particle describes small fluctuations of the spacetime metric, implying that for the fixed spacetime that we
started with is actually dynamical. This is the reason why string theory is,
in particular, a theory of quantum gravity. In fact, since the propagation of
closed string states requires quantum consistency, we arrive to the fact that
these states obey Einstein equations in such limit. Thus, we conclude that ls
is not a hadronic scale, but a gravitational one, related to the Planck scale
lP .
In general, we can construct other string theories by adding degrees of
freedom to the string worldsheet. Therefore, a possibility to avoid this tachyonic problem is considering fermionic degrees of freedom introduced as superpartners of the old bosonic ones, causing that the new string theory becomes
supersymmetric. This generalization of the bosonic string theory is called
10

superstring theory [14]. Under these new conditions, the target spacetime is
reduced to d = 10-dimensional space. This does not imply that the extra
dimensions have the same meaning as the usual four in the Minkoswki space.
In fact, these extra dimensions define a configuration space.
In the case of the original construction of the AdS/CFT correspondence
by Maldacena, the string theory that plays an interest role here is type IIB
superstring theory. This theory can be obtained by adding two-dimensional
worldsheet fermions to the action (2.4). Although we will be interested in
eventually breaking supersymmetry, in order to obtain a dual description of
QCD, it will be important that the underlying theory be supersymmetric.
This will guarantee the stability of our construction. The massles spectrum
of type IIB superstring theory includes, in addition to graviton, two scalars
Φ and C, a number of antisymmetric tensor fields, and various fermionic
partners, as it is required by supersymmetry. Φ is normally called the dilaton
field.
Up to now, we have discussed free strings. Let us do the next logical step:
interactions.
Interactions can be introduced geometrically by postulating that two
strings can join together and that one string can split into two. Contrary to
QFT, where interaction between point-particles occurs in a spacetime point,
the vertex, in string theory we cannot apply the same. String interactions
are described by vertex operators, which are related to the geometrical region
where interactions occurred.
The strength vertex operator is proportional to the string coupling constant gs . Physical observables like scattering amplitudes can be found by
summing over string propagations (including all possible splitting and joining processes) between initial and final states. After fixing all the gauge
symmetries on the string worldsheets, including reparametrization invariance and Weyl scaling, such a sum is reduced to a sum over topologies of
two-dimensional Riemmann surfaces, with contributions from manifolds with
h holes weighted by a factor gs2h−2 . The number of holes is related to the
Euler characteristic of the target manifold via the genus of the surface.
For example, a closed string splitting into two closed ones is represented
by a worldsheet with a form of a pair of pants. A loop in this perturbative expansion is obtained with two triple vertices, producing a surface with
genus one. Higher order terms in the perturbation expansion implies a higher
genus in the equivalent class of all the Riemmann surfaces describing the process. The genus gives the information of the number of string loops in the
11

expansion.
In general, a closed string amplitude A can be written as
A=

∞
X

gs2h−2 Fh (α0 ),

(2.5)

h=0

where the coefficient Fh (α0 ) is the so–called α0 -perturbative expansion.
At low energies E ≤ M , one can integrate out the massive string modes
and obtain a low energy effective theory for massless modes. Since the massless spectrum of a closed string always contains a graviton, to second order
in derivatives, the low energy effective action has the form of the Einstein
gravity coupled to other (massless) matter fields, i.e.,
Z
√
1
dD x −gR + . . .,
(2.6)
S2 =
16πGD
where dots stand for additional terms, associated to the rest of massless
modes. For type IIB superstring theory, the full low energy action at the level
of two derivatives is given by the so-called type IIB supergravity, a supersymmetric generalization of (2.6) with d = 10. The higher order corrections
to (2.6) take the form of a double expansion: in powers of α0 E integrating
out the massive stringy modes, and in powers of the string coupling gs from
loop corrections.
We conclude this subsection by making two important comments. First,
notice that the 10-dimensional Newton’s constant GD in type IIB supergravity can be expressed in terms of the string coupling and the string length by
means of
16πG10 = (2π)7 gs2 ls8 .

(2.7)

The dependence on ls follows from dimensional analysis, since d dimensionsional Newton’s constant has dimension of (length)d−2 . The dependence
on gs follows from considering two–to–two string scattering [20]. The leading
string theory diagram is proportional to gs2 and Gd , implying the requirement that the two amplitudes yield the same result at energies lower than
the string scale GD ∝ gs2 .
Second, the string coupling constant gs is not a free parameter, but it is
given by the expectation value of the dilaton field Φ as gs = eΦ . As a result,
gs may actually run over spacetime coordinates. In these circumstances, we
may nevertheless still speak of the string coupling constant, meaning the
12

asymptotic value of the dilaton at infinity, gs = e Φ|∞ , to be defined as a fixed
point.

2.2.2

Large N Gauge Theories as String Theories

One of the most interesting research topics in the last three decades was the
connection between gauge theories and string theory.
In fact, it was observed that hadrons described by the SU(3) QCD theory
share similar properties with relativistic strings, but not for all the energies.
While the gauge theory description was useful for studying the high–energy
behavior of strong interactions, it is very difficult to use it to approach low
energy issues such as confinement and chiral symmetry breaking, reachable
by lattice methods only.
In the last few decades, many examples of the phenomenon generally
known as duality have been discovered. In these examples, a single theory
has two different descriptions, such that the case when one description is
weakly coupled the other is strongly coupled and viceversa. We may hope
that the QCD dual should be more appropriate to address the low–energy
realm, where the gauge theory description is non-perturbative.
There are several indications that this dual theory could be a string theory. As we discussed before, QCD has string-like objects in it, which are
Wilson lines defined by the gauge invariant object
 I

µ
ψ̄ (0) Pexp i Aµ dx ψ (x) .
(2.8)
These gauge invariant objects represent flux tubes joining quarks and
antiquarks. These flux tubes behaves as stringy objects in many ways. Also,
there have been many attempts to write a stringy model describing this
phenomenology. In this lead, the most direct indication from gauge theory
that it could be described by a string theory comes from the ’t Hooft large
N limit [21].
In four dimensions, Yang–Mills theories have no dimensionless parameters, since the gauge coupling is dimensionally mapped into the QCD scale
ΛQCD , but, including an additional parameter as the integer number N of
SU(N ). At large N , gauge theories simplify and have a perturbation expansion in terms of 1/N .
In an asymptotically free theory, as pure YM, it is natural to scale gY M
so that ΛQCD remains constant at large N limit. In this case, the running of
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gY M is given by the equation
µ


dgY M
11 g 2
= − N Y M2 + O gY5 M .
dµ
3
16π

(2.9)

Leading terms are of the same order for large N if we consider N → ∞
while λ ≡ gY2 M N is fixed. This is the so–called ’t Hooft limit. This limit is
also valid if there is matter in the adjoint representation [22].
Let us study the dynamics of a large N SY theory. To do so, we will start
from the pure YM lagrangian
L=−

1
gY2 M

Tr [Fµν F µν ] = −

N
Tr [Fµν F µν ] ,
λ

(2.10)

where we have introduced the ’t Hooft coupling. The non-abelian field
strength is given by
Fµν = ∂µ Aν − ∂ν Aµ + [Aµ , Aν ] .

(2.11)

We could add some gauge invariant interaction terms to (2.10), but the
analysis would be the same as in the free case. Therefore, we will fix our
attention in the later one. Applications with interaction terms are considered
in [23].
In the limit of large N with constant λ we could expect that the term in
front of the Lagrangian diverges, but in fact this is not true since the number
of components also goes to infinity. The diagrammatic of this theory can be
written in terms of the double line notation [21], where an adjoint field Aa is
represented as a bifundamental field Aij . Propagators are defined as objects
scaling as λ/N , while the interaction vertices are given by N/λ. Additional
powers of N come from the sum over the indices in the loops, which gives a
factor of N for each loop in the diagram.
These facts implies that any Feynman diagram of adjoint fields may be
viewed as a network of double lines. Notice that, following this ideas, a
power expansion in N implies a sum over different Feynman topologies, i.e.,
generates a diagrammatic.
In these double line diagrams, we can view them as forming the edges in a
simplistic decomposition of a given surface, where each single line loop is the
perimeter of a face in such decomposition. The resulting surface is oriented
since all the lines have orientation. Compactifying the space by adding a
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point at infinity become these diagrams into a compact, closed and oriented
Riemmann surface.
In geometric language, each of these Riemmann surfaces with V vertices,
E propagators and F loops come with a coefficient with the form
N V −E+F λE−V = N χ λE−V ,

(2.12)

where χ is the Euler characteristic of the Riemmann surface corresponding
to the diagram. For closed oriented surfaces we have χ = 2 − 2h. Therefore, the perturbative expansion of any diagram may be written as a double
expansion

log Z =

∞
X
h=0

N 2−2h

∞
X

ch,i λi =

i=0

∞
X

N 2−2h fh (λ),

(2.13)

h=0

where fh (λ) is the sum of the Feynman diagrams that can be drawn
in a given surface of genus h. In large N we see that any computation
will be dominated by a surface of maximal χ or minimal genus, which are
isomorphic to a sphere. These diagrams are called planar diagrams, an have
a contribution of N 2 , while other diagrams will be suppressed by powers of
1/N 2 .
The form of the expansion (2.13) is the same as the one that we find in
the perturbative theory for closed strings (2.5) if we do the identification
gs =

1
g (λ) ,
N

(2.14)

with g (λ) a function that does not change the form of the expansion
(2.13) but preserves the conformal behavior of the model.
Notice that we do not see any strings in the expansion really, but just
surfaces with holes in them. However, we can hope that in the full non–
perturbative picture of the field theory, the holes will close transform Feynman diagrams into Riemmann surfaces.
The analogy of (2.13) with perturbative string theory is one of the strongest
motivations for believing that field theories and string theories are related.
In fact, we observed that this relation becomes more evident in the large N
expansion, where the string dual is perturbative.
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2.2.3

D-branes

Beyond the perturbative part discussed before, string theory has a nonperturbative sector, connecting it with gauge theories.
Pertubatively, string theory is a theory of strings. Non-pertubatively,
the theory also contains a variety of higher-dimensional solitonic objects. A
particularly important class of these solitons are D-branes.
Let us consider a superstring theory in a 10-dimensional flat Minkowski
space time, labeled by time t ≡ x0 and spatial coordinates x1 , ≤, x9 . A
Dp-brane is then a topological defect occupying a p-dimensional subspace
where closed strings can break. When closed strings break, they become
open strings. The end points of these open strings can move freely along the
directions of a brane, but cannot leave the brane by moving in the transverse
directions. A D-brane is a dynamical object which can move around in the
target space. Thus a Dp-brane sweeps out a p + 1 dimensional worldvolume
in spacetime. D0-branes are particle-like objects, D1-branes are string-like
objects, D2-branes are membrane-like objects, and so on.
In the AdS/CFT context, the most important solitons are the Dp-branes,
which are extended objects living in p + 1 dimensions. According to the
Chan–Paton formalism, we can say that Dp-branes are surfaces where open
strings can end and deposit momentum.
Introducing D-branes add an entirely new sector to the theory of closed
strings, consisting of open strings, whose endpoints must satisfy the boundary condition that they lie on the D-brane. Recall that in the case of closed
strings, we started with fixed spacetime and discovered, after quantization,
that the close string spectrum corresponds to dynamical fluctuations of the
spacetime. An analogous situation holds for open strings on a D-brane. Suppose we start with Dp-brane extending in xµ = (x0 , x1 , . . . , xp ) directions,
with transverse directions given by y i = (xp+1 , . . . , x9 ), i = 1, . . . , 9 − p.
Then, after quantization, we obtain an open string spectrum which can be
identified with fluctuations of the D-brane, i.e., the brane becomes a dynamical object. More explicitly, the open string spectrum consists of a finite
number of massles modes and infinite tower of massive modes with masses
of order Ms ∼ 1/ls . For a single Dp-brane, the massless spectrum includes
an abelian gauge field Aµ (x), µ = 0, 1, . . . , p and 9 − p scalar fields φi (x),
i = 1, . . . , 9−p. Since these fields are supported on the D-brane, they depend
only on the coordinates along the worldvolume but not on the transverse ones.
The 9 − p scalar excitations φi describe fluctuations of the D-brane in
16

transverse directions y i , including deformations of the brane shape and linear
motions. They are the exact equivalent of the familiar collective coordinates
for a domain wall or cosmic string in a quantum field theory. The presence
of U(1) gauge field Aµ (x) as part of collective excitations, however, has
no counterpart in typical solitons of quantum field theory and lies at the
origin of many fascinating properties of D-branes, which ultimately leads to
gauge/string duality.
By the worldsheet duality, D-branes are also sources of closed strings. In
particular, for supersymmetric strings, they can carry R–R charges. Putting
N Dp-branes on top of each other will result on a (p + 1)-dimensional hyperplane that carries exactly N units of the (p + 1)-form charge.
Dp-branes are obtained by quantizing the open string at its ends by imposing Dirichlet boundary conditions. In addition, they can be understood as
objects charged under the antisymmetric tensor fields Aµ1 ...µp+1 in superstring
theory. This objects couple to the Dp-brane in the following form
Z
Aµ1 ...µp →
dxµ1 . . . dxµp+1 Aµ1 ...µp+1 ,
(2.15)
Mp+1

with Mp+1 the worldvolume of the Dp-brane. Thus, we conclude that
Dp-branes are dynamical objects, moving and getting excited in the target
space. Schematically, the Dp-branes action can be written in terms of the
p + 1-volume swept by their movement
Z
SDp = −TDp
dp+1 x [. . .],
(2.16)
where [. . .] represents a possible forms to parametrize the worldvolume,
which in general, depends on the field content. TDp is the Dp-brane tension,
which is related to the string coupling gs and the string ls as
TDp =

1
.
(2π) gs lsp+1
p

(2.17)

Notice that TDp ∝ gs , implying the non-perturbative nature of the Dpbranes as solitonic objects in string theory.
Another striking new feature of D-branes which has no parallel in field
theory arises when we consider multiple D-branes close to each other. In
addition to the degrees of freedom of each D-brane, now there are new sectors corresponding to open strings stretched between different branes. For
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example, consider two parallel branes separated from each other by distance
r. There are two possible types of open strings, depending on which brane
their endpoints are located:
• Strings that begin and end at the same D-brane. This open string corresponds to massles gauge vectors. For each brane we have two massless
field A1µ1 and A2µ2 , where upper index denotes where the string begins
and the lower index denotes where the string ends.
• Strings that connects two different D-branes. This open string corresponds to a gauge vectors which have a mass given in terms of the string
tension times the distance between the branes, i.e., m = TF r = r/2πα0 .
This gauge vectors become massless when the distance between the Dbranes are zero. Open strings between branes give rise to two gauge
fields A1µ2 and A2µ1 .
All of these fields corresponds to the field spectrum of non-abelian U(2)
gauge group. Similarly, we find the 9 − p massless scalar fields also become
2×2 matrices φia
b , which can be considered as living in the adjoint representation of the U(2) gauge group. For Nc parallel coinciding branes, we
find U(Nc ) non-abelian gauge fields with 9 − p scalar fields in the adjoint
representation of U(Nc ).
The low–energy dynamics of Nc coinciding D-branes can be obtained from
the low-energy effective action for the massless modes Aµ and φi , which in
turn can be determined from integrating out the massive open string modes.
As we might anticipated, given that the massless spectrum of the theory
contains a U(Nc ) non-abelian gauge field, the low energy theory is a nonabelian gauge theory. To be more specific, let us consider, for example, Nc
D3-branes in Type IIB theory.
In this case the massless spectrum include a gauge field Aµ , six scalar
fields φi i = 1, . . . , 6 and four Weyl (Chiral) fermions, all of which are in
the adjoint representation of U(Nc ) and can be written as Nc × Nc matrices.
At order two in derivatives, the low energy effective theory for these modes
turns out to be precisely the N =4 super Yang-Mills theory with gauge group
U(Nc ) in (3 + 1) dimensions, whose bosonic part of the Lagrangian can be
written as


 i j 2
1 µν
1
1
i µ i
,
(2.18)
L = 2 Tr − F Fµν − Dµ φ D φ − φ , φ
gY M
4
2
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with the Yang-Mills coupling constant given by
gY2 M = 2πgs .

(2.19)

Notice that the equation (2.18) is the (bosonic part of the) most general
renormalizable Lagrangian consistent with N = 4 global symmetry. Due to
large number of supersymmetries, the theory has many nice properties including that the Beta function vanishes exactly. Hence, the coupling constant
is scale–independent and the theory is conformally invariant.
Notice that the full system also contains closed strings modes (i.e., graviton) which propagate in the 10-dimensional spacetime bulk. On the other
hand, the effective action of the full theory contains interactions between
closed and open strings. The strength of the closed string modes interaction
with other ones is controlled by Newton’s constant G, so the dimensionless
coupling constant at an energy E is G E 8 . This vanishes at low energies
and, in this limit, closed strings become non-interacting, which is essentially
the statement that gravity is infrared-free. Interactions between closed and
open strings are also controlled by the same parameter, since gravity couples
universally to all forms of matter. Therefore at low energies the interacting
sector reduces to an SU(Nc ) N = 4 SYM theory in four dimensions.
For a single Dp-brane, it turns out that a subset of α0 corrections can
be summed exactly into the so-called Dirac-Born-Infeld (DBI) action, which
can be written in flat spacetime as
Z
q
p+1
(2.20)
SDBI = −TDp d x −det (gµν + 2π ls2 Fµν ),
where the Dp-tension is given by
TDp =

1
,
(2π) gs lsp+1
p

(2.21)

and gµν denotes the induced metric on the brane, which can be written
more explicitly as
gµν = ηµν + 2πls2

2

∂µ φi ∂ν φi .

(2.22)

The first term in (2.22) comes from the flat spacetime metric along the
worldvolume directions and the second term arises from fluctuations in the
transverse directions. The φi are the coordinates that parametrize the embedding of the brane.
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Let us expand the square root in the DBI action (2.20) in powers of Fµν
and ∂µ φ. The quadratic terms obtained in this expansion are


1
1
1
(2)
µν
i µ i
Fµν F + ∂µ φ ∂ φ + . . . ,
(2.23)
SDBI = − 2
gYM 4
2
which is just the ordinary action of a gauge field and 9 − p scalar fields.
In (2.23), the Yang–Mills coupling gYM can be related to the string coupling
and length as
gYM = 2 (2π)p−2 lsp−3 gs .

(2.24)

Thus, we have discovered one of the most important characteristics of Dpbranes, that they contain a gauge theory living in their worldvolume. In the
case of a single Dp-brane, the gauge group is U(1). However, if we consider
a stack of coincident parallel Dp-branes the gauge group gets promoted to
U(N ). The non-diagonal elements of these fields correspond to excitations
connecting different branes, whereas the diagonal ones are excitations on a
single brane. Actually, the U(1) component of the U(N ) gauge theory can
be decoupled from the SU(N ) fields. Therefore, we conclude that a stack of
N Dp-branes realizes a SU(N ) gauge theory in p + 1 dimensions.
The DBI action (2.20) is exact to all orders in powers of F and ∂φi .
However, corrections containing derivatives of F and derivatives of ∂φi are
also allowed.
When the worldvolume is not excited, the DBI action becomes the natural
generalization of the Nambu–Goto action for an extended object along p
spatial directions.
As an example, let us consider the D3-brane case in ten dimensions. This
object arises as solution of a 10-dimensional supergravity. This solution corresponds to a stack of N coincident D3-branes. The exact metric for this
solution takes the form




ds2 = H −1/2 −dt2 + dx21 + dx22 + dx23 + H 1/2 dr2 + r2 dΩ25 ,

(2.25)

with dΩ25 is 5-sphere S5 and H is the warp factor defined as
H (r) = 1 +
with L a geometric constant defined as
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R4
,
R4

(2.26)

R4 = 4π gs N ls4 .

(2.27)

The geometry of this solution is asymptotically flat, i.e., equivalent to
the 10-dimensional Minkowski spacetime at r → ∞. In the limit r → 0,
appears a throat. In this limit the warp factor is reduced to R4 /r4 . Thus,
the D3-metric is simplified as
!
3
2
X
R2
r
dx2i + 2 dr2 + R2 dΩ25 .
ds2 = 2 −dt2 +
(2.28)
R
r
i=1
Let us do the suitable change of variable r = R/z. Therefore, the line
element given above is reduced to
!
3
2
X
R
dx2i + dz 2 + R2 dΩ25 .
ds2 = 2 −dt2 +
(2.29)
z
i=1
This line element is precisely the AdS5 × S5 metric, with R the radius of
both factor spaces. In the next paragraphs we will do some comments about
the AdS space.
It is believed that the extremal p-brane and the Dp-brane are two different
descriptions of the same object [20]. The D-brane uses the string worldsheet,
defining a good description for the string perturbative sector. When there
are N D-branes on top of each other, the effective loop expansion parameter
for the open strings is gs N rather that gs , since each open string ends on the
D-branes, carrying a Chan–Paton factor N as well as the string coupling gs .
Therefore, the D-brane description is good when gs N  1. This fact plays
an important part in the construction of the AdS/CFT correspondence.
The D-branes have brought a completely new perspective on gauge theories. The geometric realization of the gauge symmetry that they provide
allows to perform a series of transformations which lead to discover new
unexpected properties of gauge theories.

2.2.4

Anti-de-Sitter space

General Properties
As we learn in the last section, Anti-de-Sitter space emerges naturally from
the D-branes. An enormous consequence will be that, when we construct the
correspondence, the natural picture will be this geometry.
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AdS geometry is the most symmetric space that can be constructed with
a negative curvature, i.e., it is a maximally symmetric space. In the case of
positive curvature, the maximally symmetric space is a sphere. AdS spaces
are classified as hyperbolic spaces and define the equivalence class H.
Let us start with the Euclidean hyperbolic space embedded in a higher
dimensional space, defined as
(
x21 −

d
X

)
x2i = R2

⊂ Rd .

(2.30)

i=2

However, it is more useful to embed hyperbolic space in Minkowski space,
since it is natural to introduce Lorentz invariance on such frame. Instead,
we define the hyperbolic d-dimensional space to be the locus
(
Hd =

2
−Xd+1
+

d
X

)
Xi2 = −R2

⊂ Rd,1 ,

(2.31)

i=1

with the metric given by
2
ds2 = −dXd+1
+

d
X

dXi2 .

(2.32)

i=1

The hyperbolic manifold defined in (2.31) has two disconnected branches
with Xd+1 ≥ 1 and Xd+1 ≤ −1. Let us focus on the connected subspace with
Xd+1 ≥ 1. The analysis done here will apply for the other subspace.
Notice that the induced metric on Hd preserves manifestly the SO(d, 1)
symmetry of the ambient (target) Minkowski space. In fact, a given point can
be mapped to any other by an SO(d, 1) transformation, making this space
homogeneous.
Therefore, we choose the set of global coordinates to parametrize the
space as

xd+1 = R cosh ρ,
xi = R sinh ρ Ωi ,
where

Pd

i=1

Ω2i = 1. Thus, the induced metric is
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(2.33)
(2.34)

ds2 = R2

2

dρ2 + sinh ρ

d
X

!

= R2 dρ2 + sinh2 ρ dΩ2p ,

dΩ2i

(2.35)

i=1

where Ω2p is the metric of the Sp .
Let us map the infinity to a finite coordinate by conformally compactifying
dρ
the space. To do so, we define dΘ = sinh
. The compact metric is given by
ρ


Θ 2
2
2
2
ds = R dΘ + tan dΩp cosh2 ρ.
(2.36)
2
This space is called Poincarè disk and it is topologically a sphere with
boundary given by ∂H = Sd−1 . The distance from some point inside to the
boundary is infinite.
Let us do now a phenomenological jump. Starting from the hyperbolic
manifolds on Minkowski space, we construct the Anti-de-Sitter space as a
Lorentzian manifold, AdSp+2 . In this case the signature is defined through
the embedding into the space Rp+1,2 with metric
ηmn = diag (− +
. . + +} −) .
| + .{z

(2.37)

p+1

This space is represented as a 2-fold hyperboloid
−

X02

−

2
Xp+2

+

p+1
X

Xi2 = −R2 .

(2.38)

i=1

With the signature defined above, the flat (p + 2)-dimensional metric is
then
2

ds =

−dX02

−

2
dXp+2

+

p+1
X

dXi2 .

(2.39)

i=1

Therefore, the AdS space is defined as the locus


ηmn X m X n = −R2 ⊂ Rp+1,2 .

(2.40)

By construction, the space has the isometry SO(p + 1, 2), and it is homogeneous and isotropic.
Let us define the global coordinates as
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X0 = R cosh ρ cos τ,
Xi = R sinh ρ Ωi ,
Xp+2 = R cosh ρ sin τ,

(2.41)
(2.42)
(2.43)

P
2
where p+1
i=1 Ωi = 1. Substituting this set of coordinates into (2.39) we
obtain the metric


ds2 = R2 − cosh2 ρ dτ 2 + dρ2 + sinh2 ρ dΩ2p ,

(2.44)

where the Sp has inherited the SO(p + 1) symmetry. Also observe that
this metric has a visible SO(2) isometry under which τ goes to τ +a. However
τ is supposed to be the time direction.
By taking 0 ≤ ρ and 0 ≤ τ ≤ 2π the global coordinates cover the entire
hyperboloid. That is why this set of coordinates (τ, ρ, Ωi ) is called global
coordinates of AdS.
In the region near ρ = 0, the space time looks like S1 ×Rp+1 , with S1 to be
timelike in the τ direction. In order to obtain a causal space, we unwrap the
circle S1 , obtaining the universal covering of the hyperboloid without closed
timelike curves. This universal covering space is referred as AdSp+2 .
The isometry group of AdSp+2 is SO(p + 1, 2), and it has the maximal
compact subgroup structure defined by S0(2) ×SO(p + 1). The SO(2) represents the constant translation in the τ direction and the SO(p + 1) gives the
rotations in Sp .
The causal structure of AdS is studied using a coordinate θ related do ρ
by tan θ = sinh ρ with 0 ≤ θ ≤ π/2, obtaining the following metric

R2
−dτ 2 + dθ2 + sin2 θ dΩ2p .
(2.45)
2
cos θ
The causal structure of AdS does not change by conformal transformations on the metric, therefore we can multiply by R−2 cos2 θ reducing the
metric to the Einstein static space
ds2 =

ds2 = −dτ 2 + dθ2 + sin2 θ dΩ2p .

(2.46)

Thus, AdSp+2 can be conformally mapped to one half of the Einstein
static universe. The region with θ = 0 is the projective boundary, with
topology Sp . In general, we will say that if any space can be conformally
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compactified into a region which has the same boundary structure as one
half of the Einstein static universe, this space is called asymptotically AdS.
On the other hand, we see that the boundary extends in the timelike
direction τ . So, imposing the boundary condition θ = π/2 fixes the boundary
as R×Sp and makes the Cauchy problem well–posed on AdS. Remember that
the projective boundary is not defined univocally.
This implies that the boundary of a conformally compactified AdSp+2 ,
is identical to the conformal compactification of the (p + 1)-dimensional
Minkowski space. This plays an important role in the hole picture of the
AdS/CFT correspondence.
In addition to the global coordinates (2.41), there is another chart useful
to describe the AdS space. Let us pick out X p+1 from among the X i . This
will break the SO(p + 1) symmetry in the Sp . We will impose the following
chart
R m
x ,
z
R
=
.
z
= v,

Xµ =
Xp+2 + Xp+1
−Xp+2 + Xp+1

(2.47)
(2.48)
(2.49)

where v is a coordinate that sets the boundary locus. This choice rewrites
the 2-fold hyperboloid as
R
R2
v − 2 ηmn xm xn = −R2 .
z
z
Therefore, the metric in this coordinates is given by

(2.50)


R2
2
m
n
dz
+
η
dx
dx
.
(2.51)
mn
z2
This metric is called the Poincarè patch, and one half of the AdS space.
Notice that at z → ∞ the Killing vector ∂/∂t becomes null, defining a
Poincarè horizon that sets the conformal boundary at z = 0. The global
constant R is the AdS radius. In general, since the conformal boundary is
singular, we need to introduce a regularization scheme to define quantities
on the AdS boundary.
The Poincarè patch comes as a solution of the gravity action
ds2 =
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1
I=
16πGN

Z


√ 
dd+1 x −g R − 2Λ + c1 R2 + c2 R3 . . . ,

(2.52)

where ci are constants, R is curvature scalar and Λ is the cosmological
constant. Notice that if we fix c1 = c2 = . . . ci = 0, we reduce the action to
the Hilbert–Einstein one but with cosmological constant. In this case, the
equations of motion read
1
gmn R = −Λ gmn .
2
And therefore, the curvature scalar is
Rmn −

(2.53)

d+1
Λ.
(2.54)
d−1
If we insert the curvature scalar into the equations of motion, we will
arrive to the Einstein space metric
R = g mn Rmn = 2

2
Λ gmn .
(2.55)
d−1
If we calculate the Ricci tensor by brute force using the formal geometrical
definition we obtain
Rmn = −

d
gmn .
(2.56)
R2
Thus, we obtain, by inserting this Ricci tensor in the Einstein equations
of motion, the cosmological constant as
Rmn =

d (d − 1)
,
(2.57)
2 R2
which is negative. Finally, the curvature scalar in this Poincarè chart is
given by
Λ=−

d (d − 1)
.
(2.58)
R2
In this dissertation we will interested on gauge theories living in 3+1
dimensions, which corresponds to choose d = 4 in the formulae defined above.
In this case, the geometry is AdS5 .
R=−
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As a final comment, let us see how to obtain the projective boundary in
the Poincarè patch. From the 2-fold hyperboloid (2.38), we can reach the
boundary by rescaling Xi = λ X̃i , with λ ∈ R. Then, the 2-fold hyperboloid
becomes
R2
.
λ2
If we take λ → ∞, the boundary can be set as
n
o
m n
ηmn X̃ X̃ = 0
n
o
' Rp,1 .
X̃ ∼ λX̃
ηmn X̃ m X̃ n = −

(2.59)

(2.60)

This relation can be understood as follows: the boundary of AdS is defined
by a set of lightrays in Rp+1,2 modulo the rescaling. This is the usual choice
as conformal boundary in most of the AdS/CFT applications.
P
2
If we choose a different parametrization by imposing p+1
i=1 Xi = 1, we
will arrive to
2
X02 + Xp+2
= 1,

(2.61)

implying that the conformal boundary is S1 ×Sp . This case appears when
we are considering finite temperature case, where the Sp is unwrapped.

2.3
2.3.1

AdS/CFT Correspondence in a Nutshell
Motivation

Gauge/gravity duality is one of the most far reaching and important ideas
that has emerged in recent years. On the one hand, it opens a window to
the strong coupling dynamics of gauge theories. In the other, it provides a
qualitatively new paradigm for gravitational physics: spacetime is a living
being, that can be reconstructed from gauge theory data. Under this last
sentence would lie the key to finally connect the fundamental interactions in
one single theory. Increasing amounts of evidence for gauge/gravity dualities
have been accumulated in last years, particular in the context of AdS/CFT
Correspondence.
The AdS/CFT Correspondence is the conjectured duality existing between the N = 4 Super Yang Mills Theory in d + 1 dimensions with the
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Type IIB Supergravity living in d + 2 dimensions. In this dissertation, we
will give some of the basic (and introductory) ideas to construct and use
the AdS/CFT Correspondence as starting point to do calculations in non–
perturbative QCD. For more complete reviews about the Correspondence,
check [1, 8, 22, 23].
The path to walk will be the following: first we will give a motivation
(not so rigorous) of why two different theories should be dual. We will do
a symmetry and degrees of freedom counting on both theories and show
how the coupling constants are related. Evidently, the symmetries of both
theories must be the same, but these conditions are not sufficient to prove
the validity of the conjecture, but give us a hint that there must be a hidden
nature behind this by hand matching of parameters. In fact, as we will
see, the functional generating of both theories agree in the boundary (the so
called dictionary). This is a highly non-trivial statement. Finally, we will
show how to compute using the dictionary and how to extend this results to
finite temperature physics.

2.3.2

Building up the Correspondence

Let us consider a stack of Nc Dp-branes living in 10-dimensional Minkoswski
spacetime. These Dp-branes sourced a type IIB supergravity solution in the
following form
" p
# 

1/2

7−p −1/2 X
 2

R7−p
R
2
2
r + r2 dΩ28−p .
dxi + 1 − 7−p
dSDp = 1 − 7−p
r
r
i=0
(2.62)
Since Dp-branes are solitonic objects in which strings can end, and recalling these objects carry energy, mass and charge, they can curve the spacetime
around them. The curvature produced by the Dp-branes is proportional to
the string coupling
R7−p
= 4π gs Nc .
(2.63)
ls7−p
Then, we can obtain two possible gravitational descriptions. If we take
gs Nc  1, the string energy scale is high enough to consider string–like
interactions. In this limit, Dp-branes are viewed as topological defects in
which open strings can end. So, if we take energies smaller than the string
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energy scale (ls → 0), the massive states in the open string spectrum are not
accessible, obtaining massless (and bounded) SU(Nc ) Yang-Mills fields only.
Furthermore, the interactions between closed strings, mediated by the 10dimensional Newton constant GN ∼ gs2 ls8 , vanish at low energies. Therefore
closed strings decouples from the Dp-brane action:
Z
SDp ∼ −TDp

p+1

d

Z
p
1
2
µν
0
µν
x −det (η + α F ) ∼ − p−1
dp+1 x Fµν
2
gs

(2.64)

In the opposite case, gs Nc  1, the backreaction of the Dp-branes is not
negligible, so it becomes a determinant part of the dynamics. This is equivalent to have physics in the scale of strings, then the dynamics is governed
by the string field theory. At this level, we are in a geometric picture, where
the branes now become a geometrical defect: in the transverse 9 − p directions appear a throat due to the gravitational effect of the Dp-branes. Far
away from this, the geometry is M10 . Inside the throat, lies a horizon with
radius R at infinity. The Dp-branes inside the throat are surrounded by S2
spheres that acquire the same radius of the horizon as an asymptotic limit.
The near-horizon geometry can be read directly from the metric (2.62) just
by taking the limit r  R
dSg2s Nc 1 =

2
r2 d+1 µ ν
2 dr
η
dx
dx
+
R
+ R2 dΩ28−p ,
µν
2
r } | {z }
|R
{z
8−p
AdSp+2

(2.65)

S

so the 10-dimensional spacetime discomposes into AdSp+2 × S8−p . In
this limit, any finite energy excitation is red–shifted. As a consequence, an
observer at infinity can see only two type of finite energy excitations coming
from the horizon due to type IIB strings in the near geometry, and low energy
excitations far from the branes due to the closed strings. The type IIB strings
excitations never escapes to infinity, and the closed strings excitations never
reach the horizon.
In both limits we have closed strings described by the same theory in flat
space in one side. In the other we have SU(Nc ) for the gs Nc  1 limit and
Type IIB strings in AdSp+2 × S8−p for the gs Nc  1. Since the decouple
objects must be the same, we can say that SU(Nc ) gauge theory and type
IIB superstrings are the same object. To prove (in a heuristic way) the last
conjecture we have to review the symmetries and degrees of freedom of both
29

objects and we have to prove that the coupling constants of both descriptions
are related. This will be the work of the next sections.

2.3.3

Matching Degrees of Freedom

Since AdS is identified as the gravity dual of a field theory with conformal
invariance, we would expect that the number of degrees of freedom are equal
in both objects. To prove this, let us consider a generic QFT.
In order to regulate the theory we need to put UV and IR regulators.
Suppose that we place the system into a box with spatial size L, and we will
introduce a lattice spacing , similar as the one used in the Kadanoff–Wilson
regularization scheme. L acts as an IR regulator while  is a UV cutoff.
In a d+1-dimensional space, the system has Ld /d number of cells. Let us
define the central charge of the QFT cQFT as the number of degrees of freedom
per lattice position. Therefore, the total number of degrees of freedom is
NQFT

 d
L
cQFT .
=


(2.66)

If our QFT is N = 4 SYM theory, the fields are described by Nc × Nc
matrices living in the adjoint representation. For large Nc , the independent
components are near to Nc2 . Thus, the central charge in this case scales as
cQFT ∼ Nc2 .
In the gravity side, according to the Hawking–Bekenstein relation [24], the
number of degrees of freedom can be read off from the black hole entropy,
which is the maximum bound in a curved space. Thus we have
NAdS =

A∂AdS
,
4 GN

(2.67)

with A∂AdS the area of the conformal boundary in the Poincarè patch.
This area can be evaluated by integrating the AdS5 volumeform at some
z =  → 0. Therefore,
Z
A∂AdS =

d

d x
Rd

√

 d
R
−g =
Ld ,


(2.68)

where we have regularized the infinidiagrammaticte integral by considering a spatial box with side L as we did in the QFT case.
Finally, the number of degrees of freedom of the AdS space is given by
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NAdS

1
=
4

 d  d
L
R
,

lP

(2.69)

where we have replace the Newton’s constant in terms of the Planck length
scale lp . If we compare the number of degrees of freedom obtained for both
descriptions, we arrive to the conclusion that they scale in the same form
with the regulators. Therefore, we identify the central charge as
1
4

 d
R
= cQFT ,
lp

(2.70)

giving us the matching condition between gravity and gauge theory. Notice that a theory is semiclassical when the coefficient that multiplies the
action is large, implying that the path integral in the generating functional is
dominated by a saddle point. Since the AdS space contains a factor Rd /GN ,
we conclude that the classical gravity is reliable if
 d
R
 1.
lp

(2.71)

This happens when AdS radius is large (in Planck units). Since the scalar
curvature goes as 1/R2 , the curvature is also small. Then, as a conclusion, a
QFT has a description in terms of a classical gravity when its central charge
is large, or equivalently, when there is a large number of degrees of freedom
per unit of volume. This is consistent with the large Nc limit
.

2.3.4

Matching Parameters

As we said in the previous section, in order to prove the conjecture we have
to prove that the couplings of both representations are related. The SYM
theory has two dimensionless parameters: the coupling gY M and the number
of colors Nc . In the case of the type IIB string theory, we have two parameters
again: the string coupling gs and the radius R/ls of the S8−p sphere.
In a heuristic way, we can say that Dp-branes act as sources of oriented
open strings (type IIB)2 . So each end of the open strings carries a Chan-Paton
factor Q. For Nc coincident branes, these factors creates the U(Nc ) structure
2

For simplicity we are in the decoupling limit.
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in the massless modes of the strings. These fields live in the p + 1-directions
transverse to the string. This is the key point to connect the couplings of
both theories.
Furthermore, the interaction of the Dp-branes in the gs Nc  1 limit is
represented by a N = 1 multiplet of massless states of a super Yang Mills
theory. For a given Feynman diagram, the corresponding open string diagram
will have boundaries, which come from a natural orientation of the string.
The different boundaries have labels i = 1, . . . , Nc equal to the label of the
Dp-brane. Thus, the open string diagram has an appearance identical to the
Feynman diagram of the SYM in the ’t Hooft double line representation for
U(Nc ).
2
Nc , any expanIn terms of the ’t Hooft parameter defined before, λ = gYM
sion of a given diagrammatic in the limit of large Nc (which is equivalent to
gs → 0) will lead to a suppression of Feynman diagrams with a factor 1/Nc ,
giving us a separation between planar (λ Nc ) and non-planar (λ2 ) diagrammatic. The later is highly suppressed. This in terms of string perturbation
theory implies that any Riemmann surface with a genus h > 0 will be suppressed, i.e., only spheres contributes to the expansion of any amplitude A
A=

X

N 2−2h

X

ch,n λn .

(2.72)

n=0

h=0

Then a gauge theory can be written in terms of a string description, so
the couplings must be related. In our case, however, the zero–mass particles
are confined strictly to the p-dimensional world volume of the coincident
Dp-branes. Hence the theory is naturally 10-dimensional SYM reduced to p
dimensions, and this is exactly the SYM theory mentioned above. The SYM
coupling gY M is essentially the open string coupling constant.
In order to find out the relation between the couplings, we will start from
the Dirac-Born-Infeld action for Dp-branes
Z
SDBI = −Tp Tr

d

p+1


q
x det [Gµν + 2 π gs Fµν ] ,

(2.73)

where Tp is the tension of the Dp-brane, given in terms of the string length
and coupling by [19]
Tp =

2π
.
(2 π ls )p+1 gs
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(2.74)

Recall that Fµν is treated as a Nc × Nc matrix, but the determinant
refers only to the (p + 1) × (p + 1) index structure on the indices µ ν. The
interpretation of the determinant in this case is via the symmetrized trace.
However, in the calculation needed here, only an expansion to second order
is required, and no ambiguity exists.
From the perspective of the 4-dimensional field theory, Nc is the number
of color charges of the gauge group U(Nc ). From the perspective of Type IIB
string theory on AdSp+2 × S8−p , Nc is the flux through S8−p [20].
Reordering the action (2.73) and using the logarithmic expansion of the
determinant up to second order
#
" ∞
∞
X (−1)i
X
1
Tr (A)i ,
(2.75)
−
det (1 + A) =
k!
i
i=1
k=0
we find the following expression
Z
SDBI = −Tp

"
#
q
2 2

)
(2
π
l
s
2
dp+1 x det (Gµν ) 1 +
Tr Fµν
.
4

(2.76)

On the other hand, for a SYM theory, the 10-dimensional action is written
as [25].


Z
1
µν
µ
10
(2.77)
S = d x Tr − 2 Fµν F − i ψ̄ Γ Dµ ψ ,
4 gY M
where Fµν is the field strength related to the bosonic part, ψ is the
fermionic part and Γµ are the 32 × 32 gamma matrices in 10 dimensions.
Comparing (2.77) and (2.76) for the bosonic part we find the relation between the couplings constants
gY2 M = 4 π gs (2 π ls )p−3 =

λ
Nc

(2.78)

Then, as a conclusion, we conjecture that type IIB quantum string theory
on AdSp+2 compactified on S 9−p is identically equivalent to the quantum field
theory in a 4-dimensional spacetime.
From the limit gs Nc  1 we can obtain the relation between the curvature
radius of the S8−p spheres and the SYM coupling. Using the expression (2.78)
and the relation for the radius of the AdS throat (2.63) we obtain
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R7−p
2
7−p = 4π gY M Nc = 4 π λ.
ls

(2.79)

The first relation (2.78) demonstrates that weak gY M implies weak gs ,
but from the second one (2.79), this limit is difficult to achieve, since weak
gY M implies high curvature, so we are in a strings approximation, which is
difficult to treat. A correct conjecture implying both expressions suggest that
in weak gY M we should have large λ. This later conditions may be necessary
but not sufficient: it must be supplemented by the requirement that gs → 0,
which then implies Nc → ∞. This is to insure that non-perturbative degrees
of freedom, such as Dp-branes, remain heavy and they do not need to be
included in the effective description.
This means that for a fixed size AdSp+2 × S8−p geometry (i.e. for λ fixed),
the string loop expansion corresponds precisely to the 1/Nc expansion in the
gauge theory. Quantum gravity corrections on the string side are suppressed
then by powers of 1/Nc . In particular, the classical limit on the string side
corresponds to the planar limit of the gauge theory.

2.3.5

Matching Symmetries

Let us compare global symmetries. For simplicity let us fix p = 3. Type IIB
theory has an isometry group SO(2, 4) × SO(6), with the last SO(6) being
the isometry group of the S5 sphere. Actually, because spinors are involved,
the relevant groups for AdS5 and the sphere, S5 are the covering groups
SU(4) of SO(6) and (2, 2) of SO(2, 4), so we have SU(2, 2) × SU(4). But
the 32 Majorana spinor supercharges of the type IIB theory (which are all
preserved in this background) transform under this symmetry in such a way
that, in fact, the full invariance is given by the Lie-supergroup SU(2, 2|4).
Now we should try to understand that this is also the relevant invariance
to consider for the SYM. Recall that the SO(4, 2) or SU(2, 2) part is realized
as a conformal invariance [26]. Indeed the SYM is known to have vanishing beta function and be conformally invariant. The SO(6) (or SU(4)) is a
group representation for the R-symmetry of SYM. In fact, let us consider
briefly the field content of SYM [25]: in ten dimensions, N = 1 pure Super
Yang-Mills contains the gauge field potentials Aµ with µ = 0, 1, . . . , 9 giving
eigth bosonic physical degrees of freedom, all in the adjoint representation of
U(Nc ). Further, we have the 8-dimensional Majorana-Weyl gluinos λα with
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α = 1, . . . , 8, also in the adjoint representation. The theory has sixteen Majorana supercharges Qα with α = 1, . . . , 16. Under dimensional reduction,
the gluon fields turn into two gauge fields and a remaining of six scalar fields,
φ1 , . . . , φ6 . The gluino fields turn into 4 · 2 Weyl spinors in four dimensions,
λA
α with α = 1, 2, A = 1, 2, 3, 4. A N = 1 description in four dimensions
put one of these spinors, together with the gauge field, into a superfield,
and the remaining three spinors, each combined with a pair of scalars, give
three scalar chiral superfields. The sixteen supercharges turn into four sets of
A
complex Majoranas QA
α , Q̄α̇ with α = 1, 2, A = 1, 2, 3, 4 transforming under
the R-symmetry group SU(4), and the φi transform under the fundamental
representation of SO(6) or the antisymmetric rank two tensor under SU(4).
So SO(6) (or SU(4)) is indeed present.

2.3.6

Field/Operator Correspondence

In the last subsections we have (intuitively) formulated the correspondence
just by checking symmetries, degrees of freedom and adjusting parameters.
Now we have to conjecture the main idea of the AdS/CFT Correspondence:
The field/operator duality, known also as the Klebanov–Witten relation [8,
22].
Remember we find that the gauge theory coupling gY M is related to the
string coupling gs , In string theory, gs is related to the dilaton field by the
relation gs = e−Φ∞ , where Φ|∞ is the value of the dilation field on the
boundary. This suggests that deforming the gauge theory by changing the
value of a coupling constant corresponds to changing the value of a string
field at the boundary [22]. A natural deformation of the gauge theory action
is the inclusion of Schwinger sources
Z
S→S+

dp+1 x φ (x) O (x),

(2.80)

where O is a gauge invariant local operator and φ (x) is a source. It is
then possible to expect that, to such operators, it must correspond a dual
string field Φ (x, r), such that its value at the boundary may be regarded
as a source for the above operator. A natural conjecture is then that the
generating functionals on the boundary and the bulk must be the same
i

he

R
∂ AdSp+2

dp+1 x O(x) φ0 (x)

i|CF T = ei Sp+2 [φ(x,z)] |φ→φ0 ; z→0 .
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(2.81)

Witten in 1997 [22] was the first to note this. This expression (2.81)
defines how the bulk physics is projected to the conformal boundary, and it
is translated into the gauge theory physics. The set of relations like this one,
connecting the gravity and gauge sides is called the holographic dictionary.
The left side of (2.81) encodes the physical information of the gauge theory
on boundary; any field living in the boundary act as a Schwinger source for
any field living in the bulk. The duality establishes that these sourced fields
in the bulk must be dual to string operators, generated by the geometry inside
the bulk (right hand side of (2.81). The calculations on the right hand side
are, in general, not easy to compute, but they are dramatically simplified in
the large Nc limit, in which the dictionary reduces to Saddle point expression
ZString ' eSSUGRA ,

(2.82)

where SSUGRA is the on-shell supergravity action. This is the practical
rule to do calculations. Using functional standard techniques, from the supergravity on-shell action we obtain

hO (x1 ) O (x2 ) ...O (xn )iCFT =

on-shell
[φ0 , ...]
δ n SSUGRA
δφ0 (x1 ) ...φ0 (xn )

.

(2.83)

Sources=0

Expression (2.83) tells us how to connect fields in both sides. For example,
the dilaton field is related with the string coupling. For each possible supergravity action, a dictionary can be constructed. This is the path followed,
for example, in AdS/QCD models [27].

2.3.7

Finite Temperature Physics in the AdS/CFT

The idea of finite temperature AdS/CFT is motivated by the hot QCD results
in heavy ion collisions and heavy quark Physics. If we consider the extremal
case, N = 4 SYM and QCD are very different theories: QCD is a confining
theory with a dynamical scale near to the 175 MeV (transition temperature
from confined to deconfined matter), whereas N = 4 SYM is a conformal
theory with no scales. Besides, N = 4 SYM is a supersymmetric invariant
theory, whilst QCD not. Another feature is the appearance of the Quark
Gluon Plasma (QGP) near to the 180 MeV. Despite of finite temperature
interactions breaks down conformal and supersymmetry invariance, one could
expect that N = 4 SYM and QGP must share some properties.
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In the previous sections we discussed how to construct the extremal (T =
0) correspondence by taking the decoupling limit of extremal Dp-branes.
Adding temperature means adding energy but no charge to the system, so
it is natural to do a decoupling limit of non-extremal Dp-branes. So the net
effect is just the introduction of black hole metric inside the AdSp+2 × S8−p
spacetime
!
p
2
X
R2
r
2
2
2
dxi + 2 dr2 + R2 dΩ28−p ,
(2.84)
dS = 2 −f dt +
R
r f
i=1
where the warp factor is given by
r04
(2.85)
r4
and r0 is a constant with dimensions of length related to temperature.
Thus, we conclude that the dual description of finite-temperature N =4
SYM theory consists of type IIB strings in a black hole, or more precisely,
a black brane background. The Hawking temperature of the black brane
horizon is interpreted as the temperature of the dual CFT. The simplest way
to calculate it is to demand that the Euclidean continuation of the metric
(2.84),
f (r) = 1 −


r2 
R2
2
i
dr2 ,
(2.86)
f
(r)
dτ
+
dx
dx
+
i
R2
r2 f (r)
obtained as usual by the replacement of t → −iτ is free of conical singularities. Since the Euclidean time (τ ) direction becomes to zero size at
r = r0 , we must require that τ be periodically identified with appropriate
period β = 1/T . The reason for this choice is that, at finite temperature T ,
we are interested in calculating the partition function Tre−H/T , where H is
the Hamiltonian of the theory. In a path integral formulation, for example, it
is easy to see that the trace may be implemented by periodically identifying
the Euclidean time with the period precisely β = 1/T .
It is useful to calculate β for a more general class of metrics of the form
dSE2 =

1
dr2 ,
(2.87)
h (r)
where we assume that f (r) and h (r) have a first-order root at the horizon
r = r0 , whereas g (r) is non-vanishing there. The metric (2.84) is in this class.
Expanding (2.87) near to r = r0 we find


dS 2 = g (r) f (r) dτ 2 + dxi dxi +
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dS 2 = ρ (r) dθ2 + dρ2 + g (r0 ) dxi dxi

(2.88)

where the new variables ρ (r) and θ (τ ) are defined as
r
ρ (r) = 2
θ (τ ) =

r − r0
h0 (r0 )

τp
g (r0 ) f 0 (r0 ) h0 (r0 )
2

(2.89)
(2.90)

The first two terms in the metric (2.88) describe a plane in polar coordinates, so in order to avoid a conical singularity at ρ = 0 we must require θ
to have period 2π. From (2.89) we infer that τ must have period
β=

4π
1
=p
.
T
g (r0 ) f 0 (r0 ) h0 (r0 )

(2.91)

Thus, for the metric (2.84) this yields
πR2
β=
.
r0

(2.92)

The metric (2.84) coincides with (2.65) for large values of r. Remember
that r is related to the energy scale in the gauge theory. Thus, by means
of (2.84), we see that the UV physics is not affected by the addition of
temperature. In the IR case, the metric (2.84) looks like quite different from
(2.65). The geometry (2.84) posses a finite and regular horizon at r = r0 .
In the case of the entropy density, following [28], we found that for a
N = 4 SYM at strong coupling in the limit λ → ∞, using a supergravity
description, the entropy density in the p directions parallel to the Dp-brane
is
π 2 p−1 p
N
T .
(2.93)
2 c
If we fix p = 3 in order to mimic QCD, we found a well–known result
from lattice calculations: s ∝ Nc2 T 3 . Equation (2.93) is a result that could be
anticipated. The Nc dependence is due to the fact that the number of degrees
of freedom in a SU(Nc ) theory grows as Nc2 . The temperature behavior is
due to dimensional analysis, since temperature is the only scale in N = 4
sSUGRA =

38

SYM theory. When we compare with the results obtained for a zero coupling
(N = 4 SYM free gas), we obtain a 3/4 factor
3
sN =4 SYM
(2.94)
4
This result is also obtained in the thermodynamical context of QCD,
when we consider hard–loop–expansion [29].
sSU GRA =

2.4
2.4.1

Geometrical Approximation to the Conjecture
AdS/CFT and Geometry

In the gravity/gauge duality we link gravity in a weakly curved AdS5 × S 5
with a CFT in 3 + 1 dimensions, which lives in the conformal boundary
of AdS space. AdS/CFT Correspondence has a strong/weak duality too,
which relates supergravity backgrounds at strong coupling with CFT at weak
coupling. Thanks to this, it has been possible to construct toy models for
thermal (non perturbative) QCD, as for example, the dual models of QGP
using Dp/Dq branes as gravitational backgrounds.
The idea behind the AdS/CFT Correspondence is the geometrical connection between the isomeries of AdS and the conformal group. To be more
precise, since AdS is a maximally symmetric space, its isomeries are holomorphic to the Poincare Group. This implies that, at inner level, AdS and any
CFT are essentially the same thing. The statement of the correspondence is
ZString [φ, M] = ZCF T [φ0 , O; ∂ M, η] ,

(2.95)

where M is the bulk manifold where the gravity lives, φ is a bulk field with
φ0 as the value at the conformal boundary ∂M. The conformal boundary
carries a metric in a fixed conformal class η. The conjecture establishes that
φ0 acts as a Schwinger source for any CFT operator O living on ∂ M. This
is the essence of the correspondence.
Some remarks. The conjecture in principle can be made with any background M that satisfies strings equation of motion and has the pair (∂ M , η).
Since the solution is not unique, i.e., all the charts over M are not trivial,
the correlation functions are dependent on the choice of coordinates. As a
conclusion, it is possible to obtain different holographies according to the
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choice of chart. For example, in the Maldacena’s original proposal, the AdS
space is covered partially with a Poincarè chart AdS5 that picks up one of the
two folds of the hyperbolic space, fixing a conformal boundary at the origin
of the radial coordinate of AdS5 . This conformal boundary has a topology of
R1,3 . Choices of different charts on Anti de Sitter space lead to boundaries as
R4 , S1 × S3 , S1 × R3 or S × H [30]. All of these topologies are diffeomorphical
between each other. This fact has deeper implications in the foundations of
the correspondence, because different charts could lead to different dualities.
The utility of the correspondence comes in the calculation procedure,
encoded in the holographic dictionary, which is the relation between the bulk
and the boundary physics. Since the AdS radius and the string length are
free parameters, it is possible to take a low energy limit in (2.95) in order to
reduce the string generating functional to a supergravity one,
WCF T [φ0 , O; ∂ M, η] = −ln ZCF T [φ0 , O; ∂ M, η]
X
=
ZSUGRA [φ, Mi ]
i


+O

1
N




+O

1
√
λ


,

(2.96)

where the sum on the supergravity action takes into account the chart
dependence. The supergravity description is valid only for the large Nc and
large ’t Hooft coupling λ. Note that the supergravity action could carry
divergences due to infinite volume or IR behavior. These divergenes must be
renormalized [31] and could lead to anomalies.

2.4.2

Geometry and Holography

Geometrically speaking, the correspondence is build up using the complex geometry language. Consider a open n + 1-dimensional manifold endowed with
a metric g represented by (M, g). This manifold M will be the configuration
space for the possible physical states on the bulk. Along with this manifold, we define a closed n + 1-dimensional manifold (M̃ , g̃) with no empty
n-dimensional boundary ∂ M̃ , such that M ⊂ M̃ . A complete Riemmann
metric g on M is called conformally compact 3 if exists a function f ∈ Ω0 (M̃ )
on M̃ such that
3

Conformally compact is equivalent to Penrose compact.
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g̃ = f 2 g,

(2.97)

with f −1 (0) = ∂ M̃ and df is not zero on ∂ M̃ . Such a function is called a
defining function [32]. The metric g̃ is called compactification of the metric
g. The compactification defines an induced metric η = g̃|∂ M̃ on ∂ M̃ .
There are many defining functions, and hence many conformal compactifications of a given metric g, then the choice of η is not unique. This problem
can be avoided using the conformal class [η] (called conformal infinity) of η
on ∂ M̃ defined by conformal transformations of η. Recall that [η] is uniquely
determined by the pair (M, g). Physically, the choice of [η] implies that the
causal structure of the spacetime is conserved under conformal transformations. The pair (∂ M̃ , η) with η ∈ [η], defines the conformal boundary, where
the CFT operators live.
Since the symmetries of M and ∂ M̃ must be the same4 , the moduli space
of ∂ M̃ , M∂ M̃ is defined by M∂ M̃ = Teich(M )/MCG(M ), since both manifolds must have the same conformal structure because they are diffeomorphic. Following the discussions above, the entire moduli space of M , M, is
restricted by the choice of a conformal class [η], thus not all the metrics g
on M will contribute to the partition function on the bulk. The restricted
moduli space of M , M(∂ M̃ ,[η]) , is defined as the set of all the conformally
compact metrics g on M [33].
Under these ideas, the AdS/CFT correspondence can be summarized
saying that given any bulk data (M, g), it is possible to construct (or obtain) boundary (∂ M̃ , [η]) by means of the conformal compactification scheme
(2.97), i.e,
Boundary

Bulk
z  }|
{
{ z X }|
Z ∂ M̃ , [η] =
Z (g, M ) . .

(2.98)

g∈M(∂ M̃ ,[η])

Following physical arguments from string theory, M must be 10-dimensional.
Thus, in order to have a conformal boundary as R(1,3) , M has to be decomposed into M = H5 ×X 5 , with X 5 a compact space, such that in the compactification limit M ∼ R2,4 ⊂ H5 , as in the AdS/CFT correspondence, in which
M is factored as AdS5 × S5 . The metrics g that satisfies these conditions are
the so called asymptotically hyperbolic Einstein metrics.
4

Both manifolds must have the same causal structure.
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2.4.3

Geodesic Compactifications

Any compactification (2.97) with a defining function given by fg = Distg (x, M )
is called geodesic [32, 33]. These compactifications are useful for computational purposes. In fact, given a conformal infinity [η] of (M, g) there exists a
unique geodesic defining function f[ η] that has η ∈ [η] as a boundary metric.
Following the Gauss lemma, the compactification g̃ can be expanded into
g̃ = dr2 + gf ,

(2.99)

where gf is a family of metrics on ∂ M̃ . The Fefferman–Graham expansion
[34] of g is a truncated Taylor-type expansion of the family of metrics gf , that
depends on the dimensionality of M . The exact form of the series depends
on whether n is even or odd. In a general case, the series can be written as

gf = g(0) + r g(1) + r2 g(2) + . . . + rn g(n) + terms depending of even or odd n,
(2.100)
where η := g(0) and the coefficients gk , with 1 < k < n, are locally fixed by
the curvature of η and its covariant derivatives. The extra terms depending
on the even–odd character of n are calculated from the Einstein equations
for η.
The g(n) term is a little more complex. For even dimensions, g(n) is transverse traceless, but is determined by global properties of M . In odd dimensions, g(n) is not traceless but is still determined by global aspects of M . The
term g(n) corresponds to the stress–energy tensor of the CFT living in ∂ M̃ .
Mathematically, these expansions can be obtained by compactifying the
Einstein equations and taking Lie derivatives of g̃ with fg = 0:
g(k) =

1 (k)
L ˜ g̃.
g
k! ∇f

(2.101)

If the metric is Hölder, all the expansions hold up to an order m + α, with
α the Hölder exponent.
As a conclusion, knowing g(0) and g(n) allows to construct the bulk metric
field g from the expansion (2.100). The real problem here is to know the
convergence of the series and how its inclusion may introduce anomalies [25].
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2.4.4

General Decomposition of M

Until now, all of the approaches to the conjecture were classical, i.e, real
manifolds only. A quantum approach (thinking on strings instead of supergravity) requires a more general factorization M = X × Y , where X ∈ H
and Y is a 5-dimensional Calabi–Yau manifold. The Calabi-Yau manifold
can be justified on the grounds that classical mechanics requires a simplectic
structure while quantum mechanics requires complex structure to improve
unitarity. The main problem with these structures lies on the construction
of Calabi-Yau metrics. This problem can be partially avoided by considering
Y as a 5-dimensional Sasaki-Einstein manifold [35].

2.5

Issues inside the Correspondence

As it was said above, the central idea for the construction of the conjecture
is the existence of a conformal infinity [η] that fixes a conformal boundary
∂ M̃ . This process is highly depending on the convergence of the Fefferman–
Graham expansion (2.100), which could introduce undesirable anomalies, due
to the holographic renormalization. But this is not the only problem.
In a phenomenological approximation, gravity/gauge duality suggests
that any quantum field theory must have a string dual. The large N and large
λ limits restrict the possible dual models to the AdS/CFT correspondence,
which is no realistic: our observable world has scale dependence. Leaving
aside the limits, to obtain a non-conformal holography would imply the naive
idea of taking a different background from type IIB supergravity.
Advances in this scenario were given by Skenderis and Taylor with their
precision holography [36]. The idea is to categorize all the possible X manifolds in the decomposition M = X × Y into spaces that are asymptotically
AdS and those whose not. Asymptotically AdS spaces are related to the
usual AdSn+2 × S8−n through a Weyl transformation. This transformation
redefines the coupling constant of the QFT on the conformal boundary including an energy scale with no trivial running. As a conclusion from [36],
only on asymptotically AdS spaces it is possible to do non-conformal holography. This implies that holographic extensions only can be made on AdS-like
spaces. The so called bottom up models (as the hard wall model [37], soft
wall model [38] and the extended version of these models [39]) use this idea:
it is possible to deform AdS background introducing a brane or some extra
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fields that couple with gravity. The effect of this insertions are, essentially,
the appearance of an energy scale.
Another issue arises when index theory comes to play. Following [32,
35], the conjecture is build up in conformal boundaries, where the index of
any pseudodifferential operator is well defined. When closed and compact
manifolds are considered, index theorem fails. This problem leads to the
consideration of the definition and the role of the boundary in AdS/CFT
correspondence [33].
AdS/CFT correspondence is strongly related to the concept of conformal
boundary. The construction of this boundary is fully dependent on the chosen
charts. Thus, the holographic dictionary (2.83) is not univocally defined.
The usual chart used to do holography is the Poincarè chart. Non-conformal
extensions are made relaxing the conformal symmetry of AdS5 × S5 , crating
backgrounds similar to the Poincarè chart.
The choice of a Calabi-Yau (or a Sasaki–Einstein) manifold as the compact space in the factorization AdS5 × Y 5 , besides the relaxation of the large
N and large λ limits could lead to string/QFT duality.
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Chapter 3
AdS/QCD models and Heavy
Mesons
3.1

Introduction

Research on the heavy meson sector plays the essential role in understanding
the vacuum properties of the nonperturbative QCD [40].
In particular, analysis of the variation of the parameters of the heavy
quarkonia, namely bottomonium and charmonium states in hadronic medium
with respect to the temperature can give information about the QCD vacuum
and transition to the quark gluon plasma phase.
Determination of the hadronic properties of the vector mesons in hot
and dense QCD medium has become one of the most important research
subject in the last twenty years both theoretically and experimentally [29].
J/ψ suppression effect [41] due to color screening can be considered as an
important evidence for QGP formation [42]. This suppression effect has been
observed experimentally at CERN and BNL [43]
.
Properties of heavy mesons in vacuum have been investigated widely in
the literature using the nonperturbative approaches like QCD sum rules [44],
non-relativistic potential models [45], lattice theory, heavy quark effective [46]
theory and chiral perturbation theory. QCD sum rules, which are based on
the operator product expansion (OPE), QCD Lagrangian and quark-hadron
duality are the most informative, applicable and predictive non-holographic
model in hadron physics, altogether with heavy quark effective theory and
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vector meson dominance models.
In the case of holographic approaches, the problem of meson description
in the light sector was studied in the context of top–down models as the
Dp/Dq brane set up [47,48], or the bottom up AdS/QCD hard wall [49]1 and
soft wall models [38], where the idea of Regge trajectories for the mesonic
taxonomy is studied. In the case of the heavy mesons, there is a lack of
holographic description of the spectra, since many model adjust the first
state only [51], but fail constructing the entire trajectory. In this line is
constructed this dissertation: how to create a better holographic model to
describe heavy meson phenomenology [52].
In this chapter we will review the particle physics phenomenology behind
the AdS/QCD models and how they are used to calculate masses and decay
constants for heavy vector mesons.

3.2

Heavy Meson Phenomenology

In this section we will do a small theoretical approximation to the problem
of calculating the heavy meson spectra, Regge trajectories and the decay
constants in a non-holographic approach.
In order to do easier the comparison with experimental data, we will
summarize the experimental results for heavy vector quarkonium listed in [15]
in the table 3.1.

3.2.1

Quarkonium Spectrum

In 1974, a vector state of mass 3.1 GeV decaying into e+ e− and µ+ ν − was
observed at Brookhaven and SLAC at the same time [40]. Soon it was established that the observed particle was a bound state of a heavy quark–
antiquark QQ̄ pair. This resonance was named as J/ψ. This particle is an
s-wave, J = 1, bound state of charm quarks.
An analogous bound state was observed in the bb̄ system. This particle was called Υ meson, and it was discovered at Fermilab in 1977. Many
subsequent levels of these QQ̄ systems have been observed since then.
1

In fact this paper by Son et. al. is the first application to light vector mesons of the
hard wall, but the first work using hard wall was done in the context of scalar glueballs in
2002 by H. Boschi-Filho and N. R. F. Braga [50].
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cc̄ states
1S
2S
3S
4S
4S∗
bb̄
1S
2S
3S
4S

Mass (MeV)
3096.916±0.011
3686.109±0.012
4039±1
4191±5
4421±4
Mass (MeV)
9460.3±0.26
10023.26±0.32
10355.2±0.5
10579.4±1.2

ΓV →ee− (keV)
5.547±0.14
2.359±0.04
0.86±0.07
0.48±0.22
0.58±0.07
ΓV →ee− (keV)
1.340±0.018
0.612±0.011
0.443±0.008
0.272±0.029

Decay constant fn (MeV)
416.16±5.25
296.08±2.51
187.13±7.61
142.41±32.63
160.78±9.70
Decay constant fn (MeV)
714.99±2.40
497.37±2.23
430.11±1.94
340.65±9.08

Table 3.1: Summary of experimental results for heavy vector quarkonium
states listed in [15]. Notice also that according to [53], the 4S state could
be ψ(4415) instead of ψ(4160). Decay constants were calculated using the
expression (3.43).
Later in 1979, it was observed that the J/ψ had a decay width of 88
MeV, narrower than the ones expected for hadrons with such high mass.
Theoretical works [54] provided an explanation suggesting that heavy quark
bound states should be narrow due to the asymptotic freedom. This sets an
analogy with QED bound states studied in positronium systems.
In fact, heavy quarks can be considered as non-relativistic, so they are
suitable candidates to Schrödinger–like analysis. To see this, consider the
typical velocity v given by the strong coupling αs evaluated at the scale of
the typical size of the bounded state. We observe that

v ∼ αs 1/r2 .

(3.1)

Since r ∼ 1/mQ v, the velocity is larger that αs (1/r2 ). Then, higher
order corrections to the non-relativistic approximation are more important
than other perturbative corrections. Detailed analysis suggests that for charmonium v 2 = 0.23 c2 and for bottomonium v 2 = 0.08 c2 .
This analog model with positronium has given rise to the potential nonrelativistic models, where photons are replaced by gluons and the fine structure constant is changed by the strong coupling. But even in this approximation, the interaction energy E is such a substantial fraction of the total
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that the energy levels can be considered as representing different particles
with masses given by
M = mQ1 + mQ2 +

E
,
c2

(3.2)

where E is model dependent.
In the case of quarkonium, the strong force is the one that bounds the
quarks together inside the meson. But a low energies, we do not now how
this interaction works since perturbative expansions break up. In a similar
way as electrostatic has the Coulomb potential, strong interactions would
have a similar expression, unknown now. But we have some nice educated
guesses, using Coulomb potential as model.
In QCD, short–distance behavior is dominated by one–gluon exchange,
similar as QED with photons. Since photons and gluons are both massless
spin 1 particles, interactions should be similar, at least at some levels. For
example, the main difference would lie on the color form factors, related to the
strong coupling, which in essence, are far different from the electromagnetic
ones. In strong case, gluons have self–interacting terms absent in the photon
case.
Thus, at short range we expect Coulombian behavior, since these selfinteractions are suppressed. Then, the fine structure of quarkonium is expected to be equivalent to the positronium one.
On the other hand, at large distances we have to account for quark confinement, thus the potential must increase without limit. The precise form
of the potential is unknown. The best estimates come from the lattice gauge
theory and holography. We could even take a harmonic oscillator, linear or
logarithmic behaviors to model the confining part of the potential. The real
fact is that these approximations differ slightly, since they match experimental data reasonably well. For our purposes we will choose
4 αs (1/r2 )
+
α0 r
,
V (r) = −
|{z}
3
r
|
{z
} large distances

(3.3)

short distances

where α0 is the string tension, 4/3 is a color factor depending on the
color state of the interacting quarks in a singlet. This potential is called the
Cornell potential.
Another useful potential is the Richardson potential given by
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States
J/ψ
ψ0
Υ(1S)
Υ(2S)
Υ(3S)

Mass (GeV)
3.10
3.68
9.46
10.02
10.36

∆ E (GeV)
0.64
0.05
1.10
0.54
0.20

∆ M (GeV)
0.02
0.03
0.06
-0.06
-0.07

Radius (fm)
0.25
0.25
0.14
0.28
0.39

Table 3.2: Vector quarkonium spectroscopy calculated with Cornell√ nonrelativistic potential model with mc = 1.27 GeV, mb = 4.18 GeV, α0 =
0.445 GeV and α = π/12 as input parameters [55].

2

V (r) = −




64 π
1

F
 q 2 ln 1 +
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q2



,

(3.4)



ΛQCD

where F {. . .} denotes a Fourier transform.
This potential model is successful in describing the spectra of charmonium
and bottomonium states.
The eigenvalues of the Schrödinger equation written with this potential
give us the possible mass spectrum for the heavy quarkonium system



1
2
∇ + V (r) Φi (r) = Mi Φi (r)
2 mQ −
mQ

(3.5)

with Φi the radial eigenfunctions and Mi are the eigenvalues , i.e., bound
state masses.
The squared average bound state radii are given by
hri2 i

Z
=

3

2

2

Z

d r r |Φi (r)|

3

2

d r |Φi (r)|

−1
.

(3.6)

To obtain an educated approximation to quarkonium spectrum, we will
consider the semiclassical solution obtained by regarding the uncertainly principle, the Cornell potential and the energy for the QQ̄ system
E (r) = 2mQ +

1
mQ r2
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+ V (r) .

(3.7)

If we minimize the energy with respect to r, we will obtain for charmonium
ground state (mc = 1.27 GeV) [15]
r0 ' 0.44 fm,
M0 = E (r0 ) ' 3.1 GeV.

(3.8)
(3.9)

In the case of bottomonium ground state (mb = 4.18 GeV) [15] we have
r0 ' 0.33 fm,
M0 = E (r0 ) ' 9.6 GeV.

(3.10)
(3.11)

Let us recall that r0 stands for the QQ̄ separation distance, twice the
radius. In the table 3.2 we summarize the theoretical results for quarkonium
vector states using the Cornell potential model. If we compare against experimental results [15], we observe that these results are in fine agreement. In
fact, in the row labeled ∆ M we write the differences between experimental
and calculated values. The r0 row gives the QQ̄ separation on each system
in question. The √
input parameters in all of these results are mc = 1.27 GeV,
mb = 4.18 GeV, α0 = 0.445 GeV and α = π/12.
As a conclusion from table 3.2, we observe that J/ψ and Υ(1S) are very
tightly bounded and very small spatial size, implying that in collisions, we
require hard probes in order to break the binding, for example, a hard gluon
constituent of any hadron, not with the hadron itself viewed as whole.
From the Bjorken scaling, we can construct the gluon momentum distribution g (x), with x the scaling variable given by x = kh /ph , with kh the
gluon and ph the hadron momenta. For mesons we can find that at large
momentum
g (x) ∼ (1 − xx )3 ,

(3.12)

therefore the average momentum of a hadronic gluon is given by
1
(3.13)
hkih = hph i.
5
Translating this into temperature, thermal hadrons in confined matter
have hph i ∼ 3 T , with T < Tc . The temperature Tc is the confinement phase
transition temperature, which is near to 175 MeV [29]. Thus, for the gluons
we have
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3
T ≤ 0.1 GeV,
(3.14)
5
then, the gluon momentum is too low (0.1 GeV  0.6 GeV) to allow J/ψ
dissociation.
In the case of deconfined thermal gluons in quark gluon plasma, momentum is near to 3 T , for T > Tc , providing enough energy to overcome the J/ψ
binding. Therefore we will expect that any thermal deconfined medium can
lead to J/ψ dissociation. This behavior is a characteristic signature of quark
gluon plasma formation [42].
hkih =

3.2.2

Regge Trajectories

The topic of Regge trajectories was an active area of research in the sixties.
But now it is resurging in the frame of gravity/gauge duality as a connection
between strong interactions and gravity.
A Regge trajectory is a graph of the total quantum number J versus the
mass squared M 2 over a set of particles of fixed principal quantum number n
and isospin I. A given meson family can be classified as a ground state (the
lowest mass in the spectrum) and its rotational excitations. This implies that
all hadrons are self-generating particles. This is the bootstrap hypothesis.
Scattering processes are usually analyzed by the method of partial-waves
[56]. In this approach, the wave function far from the interaction region has
the form
~

eik·~r
,
(3.15)
ψ (~r) ' e + f (k, cos θ)
r
where θ is the angle between the wave vector ~k and the position ~r. The
function f (k, cos θ) is the form factor. In the case of bound states, the plane
wave term is absent.
We can write the form factor as an expansion of partial–waves as
i~k·~
r

2



f k , cos θ =

∞
X


(−)l (2l + 1) al k 2 Pl (cos θ),

(3.16)

l=0

with the expansion coefficient given by
Z
 1 1

2
al k =
f k 2 , cos θ Pl (cos θ) d cos θ,
2 −1
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(3.17)

where l is the orbital angular momentum quantum number and Pl is the
Legendre polynomial of order l. In Regge theory, we complexify the angular
momentum J and impose that the simple poles of al (k 2 ) in the J-complex
plane are resonances or bound states. Such collection of states defines a
Regge trajectory.
Studying the analyticity of al [57] lead us to do the following educated
assumption: in order to have a linear trajectory we need Re l ≥ −1/2, implying that the scattering amplitude f has only simple poles on the components
al (k 2 )

al k 2 '

β (k 2 )
,
l − α (k 2 )

(3.18)

with β (k 2 ) the Regge residue and α (k 2 ) the position of the simple pole,
i.e., the Regge trajectory.
Let us study this by considering the simplest case: the scattering of two
spinless particles with the differential cross section given by
dσ
= |f (E, z)|2 ,
(3.19)
dΩ
where we have written the form factor as a function of energy and z =
cos θ. Let us turn to the complexification of the angular momentum J. To
do this we will write the scattering amplitude, with complex J, using the
Watson–Sommerfeld transform
I
1
π
f (E, z) =
dJ
(2J + 1) a (E, J) Pj (z),
(3.20)
2π i C
sin πJ
where C is a contour enclosing the positive integers.
Let us suppose also that C is deformed away from Re J, such that we
enclose a set of singularities, i.e., perforations in the Cauchy domain of the
complex integral. Thus, using the residue theorem we find that the amplitude
is written as
f (E, z) =

β (E) Pα(E) (−z)
+ ...
sin (π α (E))

(3.21)

The Regge–pole expansion (3.21) reveals itself physically in the direct
channel as a resonance and in a crossed channel as an exchanged particle.
We will focus on the former case.
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Trajectory
N
∆
Λ
Σ
Σ∗
π
ρ
K
K∗

N
3
3
3
3
2
3
4
4
4

α0 (GeV−2 )
0.99
0.92
0.94
1.1
0.91
0.72
0.84
0.69
0.86

J0
-0.34
0.07
-0.64
-1.2
-0.24
-0.05
0.54
-0.22
0.29

Table 3.3: Compilation of trajectories labeled by the slopes α0 , intercepts
J0 and hadronic ground states [40].
Suppose that at some energy ER , the real part of the pole position α is
equal to a positive integer l, i.e., Re α (ER ) = l. Then, we can write the
Breit–Wigner formula from (3.21) as
al =

Γ/2
1
β
'
,
π (α (E) − l) (α (E) + l + 1)
E − ER + iΓ/2

(3.22)

where we have used the identity
Z

1

dz Pl (z) Pα (−z) =
−1

2
sin (πα)
,
π (l − α) (l + α + 1)

(3.23)

if Re α (ER )  Im α (ER ) is satisfied.
A physical resonance appears if α (E) passes near a positive integer, and
if the Regge pole moves, increasing J in the complex J-plane as we increase
the energy. This generates a tower of high-spin states.
Parity, due to the exchange degeneracy, dictates that there be two units
of angular momentum between points in a given trajectory. Therefore, a
Regge pole gives rise to a Regge trajectory in the angular momentum plane.
A plot of the angular momentum versus squared–mass for the states on
any meson or baryon trajectory reveals the linear behavior
J = α (E) ' α0 m2 + J0 .
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(3.24)

This linearity observed in trajectories is interpreted as a consequence of
QCD, since hadrons undergoing highly excited rotational motion come to
approach color–flux tubes, where it becomes possible to relate the angular
momentum of rotation to the energy contained in the gluon colored field.
Table 3.3 has a summary of some Regge trajectories for selected hadronic
states.
Regge trajectories can be also expressed in terms of Mandelstam variables
as J = α (t), with t the center of mass energy of the quark–antiquark pair
defined as t ≡ (pq̄ + pq )2 . Generally, Regge poles appears in this channel [14].
For purpose of plotting, we will use J = α (M 2 ), as we do in table 3.3. The
condition α (t) < 0 does not correspond to any physical state because angular
momentum l cannot be negative.
Further theoretical studies in the frame of pQCD demonstrate that Regge
trajectories are non–linear by analysing high–energy elastic scattering with
mesonic exchange in the case of both fixed and running coupling constants.
On the experimental side, works as [58] have affirmed the existence of
non–linear Pomeron trajectories from data coming from ISR experiments at
CERN. In this cited work, authors found a Pomeron trajectory given by
αPomeron = 1.10 + 0.25 t + α00 t2 ,

(3.25)

with α00 a constant. This kind of trajectories can be fitted by using
phenomenological string models in a non–holographic frame [59]. In the
holographic context, recent works in this line are [60–62].

3.2.3

Quarkonium and Heavy Quark Effective Theory

Heavy meson decay constants are one of the most important objects that
can be studied with models as the heavy quark effective field theory or the
vector meson dominance, since these objectes can tell us information about
the weak decays of these particles into leptons.
The theory describing the quarks interaction is the quantum chromodynamics (QCD), which is formulated by the following lagrangian


1
A µν
/ − mq q + Q̄ iD
/ − mQ Q + Counterterms,
+ q̄ iD
LQCD = − GA
µν G
4
(3.26)
where q is the light quark triplet and Q are the heavy quark flavors,
mq is the light quark matrix, mQ is the heavy quark matrix mass. Here,
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A
Dµ = ∂µ + igs AA
is the SU(3) color covariant derivative and GA
µ T
µν is the
gluon field strength tensor,
A
A
ABC B C
GA
Aµ Aν ,
µν = ∂µ Aν − ∂ν Aµ − gs f

(3.27)


with the structure constants f ABC defined by the Lie algebra T A , T B =
i f ABC T C . The renormalization counterterms are calculated at order gs2 , in
a similar manner as in QED.
In the context of heavy quark effective theory (HQET), the light quarks u,
d and s, having masses mq smaller than the scale of non-perturbative strong
dynamics, can be taken out from the QCD lagrangian by fixing mq → 0. In
this case, QCD has an SU(3)L ×SU(3)R chiral symmetry, which is used to
predict hadronic properties of systems containing these light flavors.
For quarks with massess mQ large enough compared with the scale of
non-perturbative strong dynamics, we can fix the mQ → ∞ limit. In this
case, QCD has the so–called spin-flavor heavy quark symmetry.
The QCD lagrangian (3.26) describes the strong interactions of light
quarks and gluons at energies below the dynamical non-perturbative generated energy scale ΛQCD . In this frame a meson, made up of a quark–antiquark
pair, is bounded by the non-perturbative gluon dynamics. If quarks are light,
the typical size of the mesonic system is near to Λ−1
QCD .
In the case of the QQ̄ mesons, the typical size is almost near to Λ−1
QCD
again. In such cases, the momentum transfer arises from the non-perturbative
region of QCD, and it is of the order of ΛQCD . As a consequence, the meson
velocity is not affected by strong interactions.
In the limit of mQ → ∞, the heavy quark inside the meson has a constant
in time 4-velocity v. Thus, the heavy quark behaves like a static external
source. Therefore we observe that the heavy quark mass is completely irrelevant. Thus, we conclude that all heavy quarks interact in the same way
inside heavy mesons. This is the heavy quark symmetry. Therefore, the
only strong interaction of a heavy quark is with gluons, since there is no Q̄Q
term in the lagrangian (3.26) in the limit mQ → ∞. This agree with the
Schrödinger–like potential, where we supposed flux dynamics to mimic the
gluon behavior.
The QCD lagrangian (3.26) does not have manifest heavy quark symmetry
when we fix mQ → ∞. It is convenient to introduce an effective field theory
QCD with the heavy quark symmetry manifest on it. This theory is the
HQET and describes the dynamics of hadrons made of heavy quarks. This
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description is valid at momenta smaller than the heavy quark masses. The
main idea is that in the Lagrangian only appears powers of 1/mq explicitly.
Let us consider a heavy quark with mass mQ and velocity v, interacting
with external fields. The on–shell momentum is given by p = mQ v, whereas
the off–shell momentum of a heavy quark is p = mQ v + k. For heavy quarks
inside hadrons, k ∼ ΛQCD .
The Dirac propagator for the quarks is written as
i

p2

p/ + mQ
1 + v/
1
k
=i
+
.
2
− mQ + i
2 v · k + i mQ 2v · k + i

(3.28)

In the heavy quark limit, the last term is suppressed. Notice the direct
velocity dependence. This fact suggests to us to introduce velocity-dependent
fields Qv (x) in terms of the original quark fields Q in (3.26) as
Q (x) = e−imQ v·x [Qv (x) + Qv (x)] ,

(3.29)

where Qv , Qv are chiral projectors of the velocity v. At tree level, the
effective lagrangian is written as
Leff =

Nf
X

(i)
Q̄(i)
v (i v · D) Qv ,

(3.30)

i=1

where Nf is the number of heavy quark flavors and all the heavy quarks
have the same 4-velocity v. Notice that the effective lagrangian (3.30) does
not depend on masses or spins of heavy quarks. Also, this lagrangian has
a manifest U(2 Nf ) spin-flavor-symmetry, where the Nf heavy quark fields
transform under the fundamental representation of such group.
Beyond tree level, there is no simple connetion between the effective heavy
quark fields Qv in (3.30) with the quark field in the QCD Lagrangian (3.26).
The effective theory is constructed by supposing that on–shell Green functions in both approximations are equal at order 1/mQ .
In HQET, hadron states are labeled by the 4-velocity v and the residual
off–shell 4-momentum k, satisfying the condition v · k = 0. Therefore, for
any hadronic state H (v, k) the normalization is written as


h H (v 0 , k 0 )| H (v, k)i = 2 v 0 δv v0 (2π)3 δ 3 ~k − ~k 0 .
(3.31)
This normalization differs from the full one in QCD [29] by the 1/mQ
√
corrections and the normalization factor mQ . In general,
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|H (p)iQCD =

√




1
mQ |H (v, k)iHQET + O
.
mQ

(3.32)

Likewise, Dirac spinors u (p, s) are normalized as
ū (v, k, s) γ µ u (v, k, s) = 2 (v µ + k µ ) ,
where the spinors in both models differ by a factor of
u (p, s) =

√

(3.33)
√
mQ as follows

mQ u (v, k, s) .

(3.34)

The split between the 4-velocity v and the residual momentum k is arbitrary, and obeys reparametrization invariance, since we can rescale k in
amounts of ΛQCD . In general, initial and final states in hadronic processes
can be considered with k = 0.
Now that we have set the frame to work with heavy vector mesons, we
will focus on the decay constants calculations.

3.2.4

Heavy Vector Mesonic Decay Constants

Mesonic decay constants are defined as semileptonic decay amplitudes of
mesons. These amplitudes are constructed in terms of effective models, as
the HQET model.
In general, the decay constants for a heavy vector meson state |H (p, )i
with mass mH is given by
h 0| Q̄ e γ µ Q |H (p, )i = FV µ ,
| {z }

(3.35)

µ
Jem

where FV has dimension two and  is the polarization vector of the meson.
The vector current can be written in terms of the HQET fields as
Q̄ e γ µ Q = Q̄v e γ µ Qv ,

(3.36)

where αs (mQ ) and 1/mQ corrections to this match condition can be included. For our purposes we will keep with the leading order terms only.
The matrix elements necessary to compute decay constants are written
in HQET as
h 0| Q̄v e γ µ Qv |H (v)i,
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(3.37)

where we have fixed the zero residual momentum gauge.
Let us define the hadronic field in HQET as HvQ , defined as the field that
annihilates the mesons and transforms as a bilinear under Lorentz transformations
0

HvQ0 (x0 ) = D (Λ) HvQ (x) D (Λ)−1 ,

(3.38)

with v 0 = Λ v and x0 = Λ x are Lorentz transformations and D (Λ) is the
Lorentz transformation matrix for spinors.
The current must have a single HvQ field, since the matrix element (3.37)
has a single initial heavy meson state. Therefore, we will suggests the following ansatz for the current as
a
Tr γ µ HvQ ,
(3.39)
2
where a is a normalization constant to be fixed later. This constant is
independent from the heavy quark mass. Thus, the decay constant definition
is written as
Q̄v e γ µ Qv =

h 0| Q̄ e γ µ Q |H (v, )i = a µ .

(3.40)

If we compare this expression with (3.35) and using pµ = mH v µ , we will
obtain a value for a as
√
F H = a mH .

(3.41)
√
The mH factor appears as consequence of the difference between the
normalization states. We will redefine the decay constant FV in terms of the
vector meson mass and decay constant fV , with units of energy, as
h 0| Q̄ e γ µ Q |H (v, )i = mH fV µ .

(3.42)

This will be our formal definition of the heavy vector decay constants.
Experimentally, the decay constants are read from the semileptonic decay
rates of heavy vector mesons going into e+ e− . A possibility could be using
the Van Royen–Weisskopf formula, but theoretical resuts [63] proved that
this formula is not so accurate. Instead, we will apply the expression for a
vector meson decaying into a pair e+ e− given by [64]
ΓV →e+ e− =

4π αem 2 2
f c ,
3 mV V v
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(3.43)

where cv is the electromagnetic charge of the heavy quark inside the meson
(cc = 2/3 e and cb = −1/3 e for c and b quarks respectively) and αem is the
fine structure constant.
Decay constants for heavy vector quarkonium calculated with the expression (3.43) are summarized in the table 3.1.

3.3

AdS/QCD Models

AdS/QCD models are a form to approach QCD at low energies starting
from a 5-dimensional gravitational backgrounds with a suitable field content,
which is considered dual to QCD with Nc fixed to three.
This AdS/QCD proposal is different from the large Nc –QCD models
(where the SU(3) group is graded to be SU(Nc )) obtained from modifications of N = 4 Super Yang–Mills theory or by adding other solitons to the
Type IIB background, as in the case of adding flavors where a set of Nf
D-branes is included. This large Nc –QCD-like models try to mimic the low
energy properties of real QCD with those of a conformal theory [65].
The former approximation is called bottom–up since we are fixing gravity
in order to acquire gauge theory data. The later is called top–down, since
we are deforming a specific gauge dual in order to make it match with the
expect properties of QCD.
At large Nc –QCD, some characteristic of mesons are modified. For example, mesonic decay widhts scale as 1/Nc at the ’t Hooft limit, implying
that mesons are narrow states [66]. This is observed in the fact that Regge
trajectories and decay constants are not well fitted in this models. In large
Nc –QCD, 2-point functions are written as [47]
h0| O (k) O (−k) |0i =

∞
X
n=1

Fn2
,
k 2 + m2n + i

(3.44)

where O creates a nth–meson of mass mn according to h 0| O |ni = Fn ,
with Fn defined as the decay constants with units of GeV2 .
The expression (3.44) must be infinite since the 2-point function itself
diverges logarithmically for large k 2 [67].
However, at high excitation radial number n, where n ∼ Nc , decay widths
become large. The infinite tower of masses appearing in large Nc limit have
similar features with the Kaluza–Klein decomposition, which are useful to
describe mesons, as in the D3/D7 case [66].
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3.3.1

Holography and Confinement

By construction, AdS space is conformally invariant. Therefore, no fundamental or dynamical energy scale can be associated to such geometry. In
large Nc –QCD context, this just implies that the β–functions of both large
Nc SYM, which is conformal, and QCD share similar properties. But this
approximation fails when we try to go to a more realistic limit as Nc → 3 [68].
Thus, we need to jump to next logical step: break conformal invariance.
Breaking conformal invariance implies the appearance of an energy scale
[69], and therefore, confinement can be introduced, by reducing the effective
range of the gauge theory. Breaking conformal symmetry is translated into
confinement.
Since pure AdS space on the gravity side encodes conformal symmetry on
the gauge side, the simplest solution is to modify the AdS geometry in some
sense. Recall that QCD becomes almost conformal for high energies, so we
should recover AdS space in the limit z → 0. This is the spirit behind the
AdS/QCD formulation.
In this dissertation we will review the most representative AdS/QCD
models, namely, the hard wall and soft wall models. Another interesting approaches are the light-front holography [70], the V-QCD model [71],
the improved holographic QCD [72], generalized soft wall [73], the no-wall
model [74] and the dynamical soft wall [75]. In the next chapters we will discuss other approximations developed in the context of heavy vector meson
phenomenology.

3.3.2

Hard Wall Model

Hard wall model is a phenomenological approach to QCD. This model consists on extracting properties of QCD using 5–dimensional field theories in
AdS spacetime. The first approximations can be summarized in [50, 52, 76].
This approach is based on the idea of starting from QCD phenomenology
to construct the 5-dimensional gravity dual rather than deforming SYM theory to obtain QCD. Confinement is introduced by placing a hard cutoff on
the AdS space. This breaks explicitly the isometry of AdS. Recall that the
fifth dimension in AdS foliates the geometry creating a sequence of copies of
the Minkowski space M4 labeled by an energy scale E ∼ 1/z.
In the case of large Nc –QCD, it is known from the operator-productexpansion that the vector-vector current correlator for large Euclidean mo60

mentum, p  ΛQCD , is given in the chiral limit by [77]



µ2
γ
δ
2 Nc Nf
2
ΠV p = p
ln 2 + 4 + 6 + . . . ,
12 π 2
p
p
p

(3.45)

where γ is a coefficient related to the gluon condensate h 0| Gµν |0 i and δ is
related to QCD vaccum h 0| q̄q |0i. Also, these coefficients are momenum independent. From (3.45) we conclude that QCD behaves as a near-conformal
theory in the UV limit, where the conformal symmetry is broken by condensates, i.e., conformal anomaly [78]. This also reflects the fact that large
Nc –QCD has a pole structure, corresponding to colorless states, i.e., mesons,
as we postulate in (3.44). Conformal breaking implies confinement but not
in a geometric form. This is the main difference with the hard wall.
Geometrical Setup
Let us specialize on the heavy vector meson sector. The geometrical setup is
defined by a U(1) gauge symmetry in the 5-dimensional bulk. Since we are
working on the classical sector, the theory is anomaly free. The action for
this Abelian gauge theory is given by action
Z
√
1
(3.46)
IHW = − 2 d5 x −g Fmn F nm ,
4 g5
where Fmn = ∂m An − ∂n Am . This gauge field lives in the background
defined by a deformation of the Poincare patch

R2
2
µ
ν
dz
+
η
dx
dx
Θ (zΛ − z) ,
(3.47)
µν
z2
where Θ(z) is the Heaviside step function and zΛ > 0 is the hard cutoff
where the space ends, i.e, zΛ is like a brane. The hard cutoff is defined in
terms of the dynamical non–perturbative scale ΛQCD as zΛ = Λ−1
QCD .
The gauge coupling g5 is fixed by the QCD operator-product-expansion
for the 2-point function constructed from the conserved currents. By virtue
of the Klebanov–Witten relation
ds2 =

WBndry [Aµ (x)] = WBulk [Am (x, z → 0)] .

(3.48)

The OPE object should match the 2-point holographic function. Meson
masses appears as poles and decay constants as residues in the holographic
pole expansion of the 2-point function.
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At the conformal boundary, with locus at z → 0, we have to impose
gauge invariant boundary conditions. For the normalizable modes, dual to
meson states, we will impose that they should vanish at the conformal boundary. As usual, the gauge invariance in the 5-dimensional theory corresponds
to conservation of the global symmetry current in the 4-dimensional gauge
theory.
Hard wall model is mathematically equivalent to the infinite square well in
quantum theory. In such a model, bound states, equivalent to the eigenstates,
appears due to the boundary condition on the wall. In the hard wall case,
confinement is achieved by imposing a Dirichlet condition at zΛ , implying
the emergence of a discrete mass tower, which give us the mesonic mass
spectrum. In this sense, hard wall model is like a bag model, where the bag
constant is just zΛ .
Notice that in the neighborhood of z = 0, the action becomes divergent,
implying that a proper renormalization scheme should be introduced. Therefore, we will introduce a regulator z =  such that  → 0. When we evaluate
the action we will follow the holographic renormalization [79] procedure.
As a phenomenological model, the hard wall was successful in describing a
number of QCD properties, such as form factors, effective coupling constants,
and correlation functions. However, it failed to accurately model meson mass
spectra and decay constants. Regge trajectories calculated in this scheme
produces a mass spectrum exhibiting the scaling mn ∼ n instead the expected
m2n ∼ n behavior. Recall that the Regge behavior implies a rotating flux tube,
so
semiclassical quantization [56], we require
R following the Bohr–Sommerfeld
p dx ∼ n, implying m2n ∼ n. In this form we expect to recover the Regge
trajectory.
In the case of the decay constants, the expected decreasing behavior with
the excitation number n is not observed. In fact, in this model decay constant
are increasing with n.
We shall return to these points in the next paragraphs.
Holographic 2-point Function
In order to obtain the mass spectrum and the decay constants we need to
compute the 2-point function. To do that, we need to obtain the equations
of motion, to solve them and to calculated the effective on–shell boundary
action in order to use the Witten–Klebanov formula.
From the action (3.46) we obtain the equations of motion
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√

1
√ ∂m −g g mp g nr Fpr = 0.
−g

(3.49)

Replacing the metric coefficients we arrive to the equation for the z component as
η µν ∂µ ∂ν Az − ∂z (∂σ Aσ ) = 0.

(3.50)

Imposing the gauge fixing Az = 0 will imply that the longitudinal components of the gauge field vanish according to ∂µ Aµ = 0. Using this gauge
fixing we write the equations for the Minkowskian transversal components µ
as


1
∂z Aµ + η σρ ∂σ ∂ρ Aµ = 0.
(3.51)
z ∂z
z
Transforming to Fourier space, the equations reduce to


1
∂z Aµ (k, z) + k 2 Aµ (k, z) = 0,
z ∂z
z

(3.52)

where Aµ (k, z) is the Fourier transform of the gauge field. Let us introduce the bulk–to–boundary propagator V (k, z) as
Aµ (k, z) = V (k, z) A0µ (k) ,

(3.53)

with A0µ (k) is the Schwinger source of the electromagnetic vector current
Jµ = eq̄ γµ q. In order to satisfy the Klebanov–Witten formula, we impose
V (k, z → 0) = 1. Now, we have all the ingredients to calculate the on–shell
boundary action. Then, integrating by parts the action (3.46) we have

IOn–Shell

Z
 √

√

1
= − 2 d5 x ∂m −g An F mn − ∂m −g F mn An
2 g5
Z
√

1
= − 2 d5 x ∂m −g An F mn .
(3.54)
2 g5

Applying the Gauss theorem on a hypersurface with normal unitary vector
in z-direction, and substituting the metric coefficients we arrive to the on–
shell boundary action
63

Bndry
IOn-Shell

1
=− 2
2 g5

Z

d4 k

1 µν 0
η Aµ (k) A0ν (−k) V (k, z) ∂z V (−k, z)
z

,
z=

(3.55)
where we have introduced the Fourier transformed bulk–to–boundary
propagator V (k, z).
The current-current correlator is calculated as

Z



dx eik·x h 0| Jµem (x) Jνem (0) |0 i = kµ kν − k 2 ηµν Π k 2 .

(3.56)

Then, the holographic 2-point function Π (−q 2 ), calculated from the Klebanov–
Witten formula is given by

1 ∂z V (k, z)
Π k2 = − 2 2
k g5
z

,

(3.57)

z=

where we have imposed the Dirichlet boundary condition V (k, ) = 1.
If we consider the large k limit we can expand the 2-point function as


1
Π −k 2 = − 2 ln k 2 + O k 4 .
2 g5

(3.58)

On the other hand, the OPE expansion calculated in QCD for the large
k limit [80] gives

Nc
ΠQCD k 2 = −
ln k 2 + . . .
24 π 2

(3.59)

Since both theories should have the same large k behavior, we can read,
by comparing term by term, the form of the coupling g5
g52 =

12π 2
.
Nc

This completes the definition of the action given in (3.46).
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(3.60)

Mass Spectrum and Decay Constants
Mesons in this model correspond to the normalizable modes of the 5-dimensional
gauge field. These modes satisfy the linearized equation (3.52) and also decrease sufficiently rapidly near the conformal boundary. Therefore we have
a finite action.
The boundary condition at the hard wall give rise to discrete tower of
eigenvalues, corresponding to the squared meson masses, kn2 = m2n . The
derivative of the mode near the conformal boundary gives the decay constants.
The eigenmode equation for the normalizable modes φn (z) for an arbitrary component of Aµ can be obtained from (3.52) by imposing k 2 = m2n ,
which gives


1
∂z φn (z) + m2n φn (z) = 0,
(3.61)
z ∂z
z
with the normalization condition
Z zΛ
1
dz φn (z) φm (z) = δmn .
(3.62)
z
0
√
Let us do the transformation φn (z) = z Φn (z) that gives a Schrödinger–
like equation
− Φ00n + U (z) Φn = m2n Φn ,

(3.63)

with the potential given by U (z) = 3/4z 2 . This equation is exactly
solvable in terms of Bessel functions
Φn (z) = Bn

√

z J1 (mn z) .

(3.64)

With the normalization condition given above we can calculate the value
of the constant An
2

Z

|Bn |

zΛ

dz z J1 (mn z) J1 (mn z) = |An |2

0

zΛ2 |J0 (mn )|2
= 1.
2

Therefore the normalizable modes are
√
2
φn (z) =
z J1 (mn z) ,
zΛ |J0 (mn zΛ )|
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(3.65)

(3.66)

where we have obtained the relation mn zΛ ≡ α0,n , with α0,n the zeroes
of J0 , from the Dirichlet boundary condition. Therefore, the meson masses
are given by
α0,n
.
(3.67)
zΛ
Notice that the mass spectrum is highly non-linear since the Bessel zeroes
α0,n are also non-linear. Therefore, we do not obtain a linear Regge trajectory.
In order to calculate the mass spectrum, we use the lightest vector meson in
the trajectory to set the value of zΛ . The numerical results of these fits are
summarized in the table 3.4.
In order to calculate the decay constants, we will construct the Green
function associated to the mode equation (3.61), which is written as
mn =

∞
X
φn (z) φn (z 0 )
.
G (k, z, z ) =
k 2 − m2n + i
n=0
0

(3.68)

In terms of this Green function the bulk to boundary propagator is written
as


1
V (k, z) = − 0 ∂z0 G (k, z, z 0 )
z


=
z 0 =

∞
X
φn (z) ∂z φn (z)
.
2 − m2 + i
k
n
n=0

(3.69)

Thus, we arrive to the holographic 2-point function (3.45)
∞

1 X [∂z φn () /]2
.
Π k2 = 2
g5 n=0 m2n (k 2 − m2n + i)

(3.70)

Comparing with the QCD pole expansion of the 2-point function given
by

ΠQCD k

2



=

∞
X
n=0

∞

X
Fn2
fn2
=
,
m2n (k 2 − m2n + i) n=0 k 2 − m2n + i

we read the decay constants for the vector mesons as

2
1 ∂z φn ()
2
fn = 2
.
g5
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(3.71)

(3.72)

States
J/ψ
ψ0
ψ (3S)
Υ (1S)
Υ (2S)
Υ (3S)

n
1
2
3
1
2
3

mn (MeV)
3096∗
7107.1
11141.6
9640∗
21715.6
34042.8

∆ mn (MeV)
0
3421
7102
0
11692.2
23707.6

fn (MeV)
558.9
851.7
1067.5
1705.5
2602.2
3261.9

Table 3.4: Summary of results for heavy vector quarkonia in the hard wall
model, with zΛc = 776.7 MeV−1 and zΛb = 254.2 MeV−1 for charmonium and
bottomonium respectively obtained from equations (3.67) and (3.72). The
value ∆ mn stands for the difference with the experimental data reported in
table 3.1. The values for the J/Ψ and Ψ0 masses is reported in [81].
[81] Now, let us evaluate the decay constants with the expression for the
normalizable modes that we found in (3.66). To do this, we will calculate the
derivative of the modes using the Bessel function properties
√
2
J0 (mn z) .
∂z φn (z) =
zΛ J1 (α0,n )

(3.73)

In the limit z →  the J0 function is normalized to 1. Therefore, we
obtain
√
2
fn =
.
g5 zΛ |J1 (α0,n )|

(3.74)

If we evaluate the J1 function at the zeroes αn,0 of J0 , we obtain increasing
decay constants fn with the excitation number, which is not in agreement
with the experimental phenomenology.
The fits for masses and decay constants from experimantal data [15],
using equations (3.67) and (3.72) is summarized in the table 3.4. The fits for
charmonium first two masses are also reported in [81]. There is no previous
report of the higher radial states of charmonium and bottomonium in the
literature.
From table 3.4 we conclude that hard wall model does not come out as a
good model to calculate decay constants.
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3.3.3

Soft Wall Model

In the hard wall model developed above we do an explicitly break of the
conformal invariance. This breaking is translated into the appearance of the
discrete spectrum of eigenvalues, related to the meson masses, which does
not grow linearly. Also we learned that decay constants do not follow the
expected phenomenological behavior.
The issue with the non-linearity of the Regge trajectory can be solved if we
introduce a different conformal breaking scheme. Observing the Schrödingerlike model obtained in the hard wall case, we can infer that, thanks to the
Sturn–Liouville theory [82], changing the form of the confining potential U (z)
will modify the eigenvalue spectrum, and therefore, we are affecting the form
of the mass spectrum.
From the 2-dimensional harmonic oscillator physics we observe that eigenvaule spectrum behaves as λn ∼ n2 with a potential of the form
U (z) = k z 2 +

l2 − 1/4
,
z2

(3.75)

with l the angular momentum. Thus, we need to modify the confining
potential in a similar form.
To achieve this, we will introduce a soft cutoff c that will break softly the
conformal invariance of AdS space in the action
ISW

1
=− 2
4g5

Z

√
2
d5 x −g e−cz Fmn F mn ,

(3.76)

with Fmn an Abelian field strength that will mimic the meson physical
behavior.
In supergravity this kind of action appears naturally in the RR-background
with static dilaton Φ
√

√


1
mn
−g (R − Λ) + d x −g e
− 2 Fmn F + . . . ,
I = d xe
4 g5
(3.77)
in the usual gravitational static background defined by the Poincaré patch
Z

d

−2Φ

Z

ds2 =

d

−Φ




R2
2
µ
ν
dz
+
η
dx
dx
.
µν
z2
68

(3.78)

We will choose the positive dilaton profile Φ (z) = c z 2 since it does not introduces any k = 0 divergence in the holographic large k expansion [83]. Also
notice that the positive dilaton modifies the equations of motion, changing
meson mass spectra and decay constants. Another extra feature of this dilaton choice is that it really introduces linear Regge trajectories. For simplicity
we will choose c = Λ2QCD . This model was introduced in [38].
Soft wall model induces a natural energy running of the coupling g5 ,
which is not achieved in the hard wall approach. In string theory, the string
coupling, indentified holographically with the inverse of the gauge coupling,
scales with the dilaton as [14]
λ = gs Nc ∼ eΦ(z) .

(3.79)

By defining the t’ Hooft coupling in this form, we incorporate a renormalization flux that can be matched with QCD by imposing that both schemes
should converge to the same fixed point at UV.
Mass Spectrum and Decay Constants
The masses and decay constants in the soft wall approach are obtained with
a similar procedure as the one followed in the hard wall: first we need to construct the equations of motion, second we need the boundary on–shell action
to construct the 2-point function and finally we construct the normalizable
modes to read the masses and decays.
From the action (3.76) we obtain the equation of motion by means of the
usual canonical procedure
h√
i
1
2
√ ∂m
−g e−c z g mr g np Frp = 0
−g

(3.80)

As we found in the hard wall model, the equation for z gives us the condition ∂m Am = 0 when we impose the gauge fixing Az = 0. The transversal
components of the gauge field are written as
!
2
2
e−c z
e−c z σρ
∂z
∂z Aµ +
η ∂σ ∂ρ Aµ = 0.
(3.81)
z
z
The on–shell boundary action in Fourier space obtained from (3.76) is
written as
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2

e−c z µν 0
,
η Aµ (k) A0ν (−k) V (k, z) ∂z V (−k, z)
dk
z
z=
(3.82)
where we have introduced the bulk–to–boundary propagator V (k, z) as

On–Shell
IBndry

1
=− 2
2 g5

Z

4

Aµ (k, z) = V (k, z) A0µ (k) ,

(3.83)

with A0µ (k) the Schwinger source of the quark electromagnetic current
Jµem = eq̄ γµ q.
The 2-point function is obtained as the second functional derivative of
the on–shell boundary action as
Z



dx eik·x h 0| Jµem (x) Jνem (0) |0 i = kµ kν − k 2 ηµν Π k 2 ,

(3.84)

with
2

1 e−c z
Π k2 = − 2 2
V (k, z) ∂z V (k, z)
k g5 z

.

(3.85)

z=

Now we need to compute the normalizable modes in order to construct
the 2-point function.
The normalizable eigen modes ψn (z) are obtained from the mode equation
"
#
2
−c z 2
e−c z
2 e
∂z
∂z ψn (z) + mn
ψn (z) = 0,
(3.86)
z
z
with the normalization condition
Z
0

∞

2

e−c z
dz
ψn (z) ψm (z) = δmn .
z

(3.87)

Following the same procedure as in the hard wall, we do the transformation
ψn (z) = e−c z

2 /2

√

z Ψn (z)

in order to obtain a Schrödinger–like mode equation with form
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(3.88)

− Ψ00n + U (z) Ψn = m2n Ψn ,

(3.89)

with a confining potential given by
3
.
(3.90)
4z 2
Notice that this potential is equivalent to the 2-dimensional harmonic
potential in polar coordinates (3.75) with the choice l = 1.
This mode equation has analytic solutions in terms of Lagrange polynomials for the normalizable modes as
U (z) = c2 z 2 +

s
ψn (z) =


n!
c z 2 L1n c z 2 .
(2n + 1)!

(3.91)

The eigenvalue spectrum of the mode equation (3.89) gives the vector
masses as
m2n = 4c (n + 1) ,

(3.92)

with n ∈ Z+ ∪ {0}. This corresponds to a linear Regge trajectory.
This formulation can be extended easily to other spin S meson states. In
fact, we can prove that general solutions and mass spectra take the form [84]
s


2n!
cS z S+1 LSn c z 2 ,
(n + S)!


S+1
.
= 4c n +
2

ψn,S (z) =

(3.93)

m2n,S

(3.94)

Notice that equations (3.93) and (3.94) reduces to the vector case, (3.91)
and (3.92), when we fix S = 1.
In order to construct the Regge trajectory, we fix the first state, n = 0, to
be the lightest meson in the trajectory. This first state also fixes the slope.
Table 3.5 summarizes the results for the vector heavy quarkonium masses
calculated in the soft wall model.
As we did in the hard wall, in the soft wall we can construct the Green
function from the normalizable modes ψn (z)
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States
J/ψ
ψ0
ψ (3S)
Υ (1S)
Υ (2S)
Υ (3S)

n
0
1
2
0
1
2

mn (MeV)
3096∗
4378.4
5362.4
9460∗
13378.5
16385.2

∆ mn (MeV)
0
692.3
1323.4
0
3354.7
6030

fn (MeV)
348.4
348.4
348.4
1064.6
1064.6
1064.6

Table 3.5: Summary of the soft wall model results for the heavy vector
mesons of charmonium and bottomonium using equations (3.92) and (3.98).
In charmonium case we use the slope cc = 1548 MeV2 and in the case of
bottomonium we use cb = 4730 MeV2 . The row ∆ mn is the comparison with
the experimental values reported in table 3.1. These values for the masses in
the charmonium case are reported in [51].

G (k, z, z 0 ) =

∞
X
ψn (z) ψn (z 0 )
,
2 − m2 + i
k
n
n=0

(3.95)

in order to obtain the 2-point pole expansion
Π k

2



2
∞
1 X e−c z [ψn (z) ∂z ψn (z) /z]2
= 2
g5 n=0
m2n (k 2 − m2n + i)

.

(3.96)

z=

And finally, the decay constants are given by
fn2


2 
e−c z ψn (z) ∂z ψn (z)
= 2 2
g5 mn
z

.

(3.97)

z=

If we replace the normalizable modes (3.91) into the decay constant expression (3.97) we will obtain the soft wall model decay constants
fn2 =

2c
,
g52

(3.98)

which are degenerate for each meson family labeled by the cutoff c. The
results for the soft wall model decays for heavy vector quarkonium are summarized in table 3.5.
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Notice that the results meson spectra and decay trajectories are flavordependent on the slope c. This is contrary to the Regge theory, since we
expect that the slope α0 should be the same for all the mesons, since it carries
information about the strong interactions. The flavor-dependent parameter
should be the intercept J0 which has no equivalent in the soft wall. Some
recent works [85, 86] suggest that for high-spin states, the soft wall cutoff
should be universal. The main problem lies in the low spin region. In chapter
4 we will address this issue.

3.3.4

Emergence of the Veneziano Model in the AdS/QCD
Soft Wall

An interesting feature hidden in the soft wall model is the Veneziano–like
behavior explored in [87]. This idea comes in a natural way if we consider how
the soft wall model has the stringy behavior in its inner structure, since soft
wall reproduces linear Regge trajectories. Thus, a Veneziano–like structure
is expected. Let us see how this works.
As we mention in the introduction, Veneziano amplitudes are the formulae for the low energy scattering of mesons. In general, we can write the
Veneziano amplitude as an Euler–beta function
A (s, t) = B (−α (s) , α (t)) =

Γ (−α (s)) Γ (−α (t))
,
Γ (−α (s) − α (t))

(3.99)

with permutations of the Mandelstam variables s, t and u, satisfying
s + t + u = 4 m2v , with mV the mass of any vector meson. Let us focus
on the chiral limit mv = 0. Therefore, following the Adler self–consistency
condition [88], implying the disappearance of the amplitude at vanishing
momentum, we arrive to the condition J0 = 1/2 given by the pole Γ (0) in
the denominator of (3.99). Thus, at the t = 0 limit the Veneziano amplitude
reduces to

Γ 21 − α0 s
A (s, t = 0) =
,
(3.100)
Γ (−α0 s)
where we have supposed a linear trajectory J = α0 s + J0 , with α0 the
string tension.
In the Veneziano model, the poles of the amplitude are states with increasing angular momentum α (s) = J. In fact, a similar relation appears in
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the soft wall model. The general mass relation (3.94) has this structure.
Holographically, we can recover this structure. For example, for the vector
mesons we proved that the on–shell boundary action in Fourier space has the
form

On-Shell
IBndry

1
=− 2
2 g5

Z

2

d4 k

e−c z µν
η Aµ (k, z) ∂z Aν (−k, z)
z

,

(3.101)

z=

where the soft cutoff c is providing a mass scale that defines the trajectory.
If we introduce the bulk–to–boundary propagator, as we did before, into the
equations of motion (3.81) and dropping off the Schwinger sources we arrive
to the bulk–to–boundary V (k, z) equation of motion
#
"
2
−c z 2
e−c z
2 e
∂z V (k, z) + k
V (k, z) = 0,
(3.102)
∂z
z
z
with the Dirichlet boundary condition V (k, ) = 1.
Solving (3.102) analytically we obtain

  2

k2
k
2
V (k, z) = Γ 1 −
U − , 0, c z ,
4c
4c

(3.103)

where U is the Tricomi confluent hypergeometric function, which can be
expanded in the limit z → 0 [89] as


k2
Γ 1 − 4c

2 4

c
z
+
O
c
z
V (k, z → 0) = 1 − 2
.
(3.104)
2
Γ − 4k c
Finally, using the Klebanov–Witten relation and differentiating twice with
respect to the Schwinger sources we arrive to the holographic expression for
the Veneziano amplitude in the chiral limit


2
Γ 21 − 4k c
A (s, t = 0) =
(3.105)
2 ,
Γ − 4k c
which is identical to (3.100) if we do the identification of the Maldelstam
variable as s = k 2 and the string tension as α0 = 1/4 c.
This amplitude has poles located at
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k 2 = 4 c (n + 1) ,

(3.106)

with n ∈ Z+ ∪ {0}. These poles correspond to physical masses. Notice
that this spectrum is the same as (3.92) obtained for vector mesons.
This is a small proof that scratches the hidden nature of the AdS/QCD
approximations as possible models for describing low energy strong interactions. This could be a small motivation to continue on this research line,
since it could provide us with a fundamental explanation of these low energy strong force. In fact, recent interpretations of the AdS/CFT correspondence [16] suggest the possibility of deeper insights of how the spacetime
emerges from gauge theory data, implying that the converse may be also
true, i.e., non-perturbative gauge theories can be emergent objects arising
from gravity.

3.3.5

Some Remarks

Both models, hard wall and soft wall, can be written in a single action principle as follows
IAdS/QCD

1
=− 2
4 g5

Z

d5 x

√

−g e−Φ(z) Fmn F mn .

(3.107)

The identification Φ (z) = 0 gives us the hard wall and Φ (z) = cz 2 gives
the soft wall. Recall that the coupling g5 is the same in both approximations.
Despite the fact that the original idea of the AdS/QCD hard wall and soft
wall models was the conformal symmetry breaking, this is not achieved in
essence, since all the objects are calculated in the conformal boundary, where
the geometric background is the same as the one in pure AdS, and therefore
all the non-conformal information is lost. In this sense, these models are not
conformal.
For example, in the case of the hard wall, slicing the AdS space just reduces the conformal group by excluding the conformal special transformation,
but still holds the scaling transformation g ∼ eΩ g, taking eΩ(z) = Θ (zΛ − z).
According to [36], non-conformal holography is possible when the dual
non-conformal gravity is AdS-like, i.e., if there exist a conformal transformation between AdS and the non-conformal gravity. This idea is explored in
the chapter 4.
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Another issue arises when we consider the 2-point function that we have
calculated in AdS/QCD models. This correlators are calculated in a deep
UV domain, where QCD is weakly coupled. This implies that, according to
AdS/CFT correspondence, its gravity dual should be non-perturbative, since
the conformal boundary lies at UV region of AdS. For these reason, validity
of the semiclassical approximation becomes questionable.
A possibility could be changing the conformal boundary to another locus,
breaking the conformal invariance explicitly and ensuring that our approximation is still non-perturbative on the new boundary. This will be explored
in the next chapters.
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Chapter 4
Extensions to the AdS/QCD
models for Heavy Mesons
Devil lives in the details.
Prof. Dr. Nelson R. F Braga
UFRJ-IF

4.1

Introduction

In the last chapter we have discussed the main features of the AdS /QCD hard
wall and soft wall models. We also proved that these models, despite the big
success in the light meson description, do not provide satisfactory methods to
approach the heavy meson problem. For example, in [51, 73, 83, 86, 90] there
is exposed different possibilities to extend the usual soft wall or hard wall to
describe heavy meson masses. But these approximations in essential are no
good since in all of them it is assumed a linear Regge trajectory labeled by
integer radial numbers. As we proved in the last chapter, this hypothesis is
not consistent with the observed available data [15].
Non conformal extensions for the holographic meson phenomenology have
been explored in the works [91, 92] where authors worked on the SakaiSugimoto background, which is essentially non-conformal by construction.
They explode the chiral symmetry breaking present in the background to
model an extra energy scale.
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Therefore, in a close look, all these extensions can be categorized into
non-conformal models constructed using precision holography [36], where a
strong conjecture is made: all the possible non conformal extensions of the
Maldacena’s original model [1] have to be conformally AdS, i.e., can be transformed conformally to a AdS geometry times a compact manifold, that can be
Sasaki, Einstein or even Kahler, depending on the classical, spin or quantum
nature.
For example, the most general form to extend the AdS/CFT Conjecture
is by including 1/Nc corrections. These corrections could lead to the inclusion
of a gauge coupling running. The Nc = 3 QCD theory is a fixed point in the
renormalization group induced in this case [79, 93].
Another possibility can be achieved just by considering geometrical perturbations that deviates from the AdS space. Changing geometry implies
conformal symmetry breaking, causing that a running with the energy appears [72, 94]. This case is explored in the usual AdS/QCD models or the
Sakai–Sugimoto approximation.
The stringy behavior exhibited by mesonic/baryonic excitations is also
another source for many of these models mentioned above. But, this behavior
is the special case of a bigger class of models inspired on the bootstrapping
approaches created in the sixties. For example using strings to model mesons,
baryons and glueballs in confining backgrounds [95–97]. These states are
created by the holographic extension of the associated vertex operators to the
usual 4-dimensional conformal boundary. This holographic inspired hadrons
(HISH) approach has a big success represented the experimental data. It can
reproduce the Regge trajectories (linear and non-linear) for light mesons and
baryons [98].
The models mentioned have the same conformal structure, in the sense
that all of them have the same conformal boundary. As we said before, the
fact that the conformal boundary is mapped into the M4 is a consequence
that AdS space and any CFT have the same symmetries. But, relaxing
the locus of the conformal boundary will imply the emergence of an energy
scale. Recall that radial coordinate z induces a foliation in the AdS space
in the similar way as the lattice spacing does in the Heisenberg theory. In
such case, when the lattice spacing is coarse grained conformally induces
a renormalization flux defined by a succession of lattices labeled by a grid
parameter. This is characteristic in Kadanoff–Wilson renormalization scheme
[99].
The latter also happens in the AdS geometry: z coordinate induces a
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renormalization flux from the IR to the UV fixed point. In the case of a nonconformal model there should be a minimal energy scale that plays the role
of a fixed point, say some z0 , such that the geometry should end smoothly
there. For example, when we are considering confining theories, the mass
gap usually has a mass of the order of z0 ∼ 1/m; or in the case of the finite
temperature, the energy scale is fixed by the temperature through the event
horizon T ∼ 1/z0 . But in these cases, the QFT mapping is made with the
conformal boundary.
Recently, a different proposal to approach the n-point functions in holography has been developed, the so–called AdS bootstrap [100]. This proposal
is inspired in the Regge-like theories that were used as models for mesons in
the sixties. This model can be used to calculate meson spectra for heavy and
light cases. In the near future this research will be conduced.
In this chapter we will discuss the effects of considering a boundary1
placed at finite z0 . This boundary will be modeled as a wall (a brane) with
Dirichlet boundary conditions: a D–Wall [101]. At this z0 we will compute all
the bulk to boundary propagators supposing that the AdS patch is smoothly
finished there. First, we will considerer the T = 0 case and then we will
focus on the finite temperature extension. The findings of this research are
summarized in the works [39, 102, 103].

4.2

Soft Wall Model Extension: extra D–Wall

First attempts to move the conformal boundary in order to calculate masses
and decay constants were done by [104]. In this work authors extended the
usual procedure to calculate the conformal bulk-to-boundary propagator to
an insertion of a hard cutoff in the UV region of AdS, but without taking into
account the behavior of such a boundary. The decay constants obtained there
were in agreement were the observed phenomenology, but the holographic
procedure was wrong since the Green function calculated there does not obey
the boundary conditions required.
The correct behavior is considered when the bulk-to boundary propagator
is redefined to be smoothly vanishing at the D-wall z0 . Let us recall that decay
constants and mass spectra are defined as quantities obtained from the pole
1

This boundary is different, conformally speaking, from the usual z → 0 one since it
is not conformal. In fact, we are doing an explicit conformal symmetry breaking. That is
why a new scale emerges.
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expansion of the semi-leptonic weak decays of any given meson. For example,
vector meson dominance procedure [40, 105] gives a definition of the decay
constants in terms of the semileptonic decay amplitude. In general, from the
LSZ expansion of Π (q 2 ), decays appear as residues and masses are the poles
of the 2-point function
Π q

2



=

∞
X
n=1

fn2
.
q 2 − m2n + i

(4.1)

Holographically, decay constants are calculated from the bulk to boundary
propagator V (q, z) [38, 49], constructed from the bulk action. Let us prove
this.
Consider a massless vector field Am living on the AdS5 . This field will be
the source of the heavy quarkonium states at the D-wall. The action for this
field is given by
Z
√
1
2 2
I = − 2 d5 x −q e−κ z Fmn F mn ,
(4.2)
4g5
where the κ scale is a confining parameter, quite different from defined
in the soft wall model in the sense that it partialy sets the Regge slope for
the mesonic spectrum trajectory. The complete slope is given in terms of the
D–wall locus z0 also.
The coupling constant g5 gives the right units in the action and also
carries information about the degrees of freedom in the model. Later we will
discuss how to define it in terms of QCD.
The geometry background is defined by the Poincarè Patch coordinates

R2
2
µ
ν
dz
+
η
dx
dx
Θ (z − z0 ) ,
(4.3)
µν
z2
where Θ (x) is the step function and z0 is the position of the wall and the
place where the patch ends smoothly.
The equations of motion for this action are obtained by doing variations
on (4.2)
dS 2 =

1
δI = − 2
2 g5

Z n h
i
i
o
h√
√
2 2
2 2
−g e−κ z F mn δAn − ∂m
−g eκ z F mn δAn = 0,
∂m
(4.4)

which yields to
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h√
i
1
2 2
√ ∂m
−g e−κ z F mn = 0.
−g

(4.5)

Putting these equations of motion into the bulk action it is possible to
construct the on-shell action

IOn-Shell

R
=− 2
2g5

Z

(
d5 x ∂ z

"

#

2 z2

e−κ
z

"

An ∂z An + η µν ∂ν

#)

2 z2

e−κ
z

A n ∂µ A n

.

(4.6)
At this stage, we will impose the gauge fixing Az = 0, leaving us with the
transverse components of Am 2 . Using the Gauss theorem we arrive to the
boundary action given by
Bndry
IOn-Shell

R
=− 2
2g5

Z

2 z2

e−κ
dx
z
4

Aµ ∂z Aµ

.

(4.7)

z=z0

This choice of boundary reduces AdS5 to the region [z0 , ∞) in the zcoordinate, breaking the conformal symmetry explicitly. Thus, z0 is promoted to be a second energy scale that will be related to the energy of the
QCD process at case. For our applications, this scale fixes the first state in
the mass spectrum, i.e., it has information about quark–antiquark binding
energy in the meson.
From equation (4.7), using the AdS/CFT prescription, we can calculate
the 2-point function, and then a pole expansion. In order to do so, we need
to explore the solutions of the equations of motion.

4.2.1

Equations of Motion

Let us evaluate (4.5) in the proposed ansatz Az = 0, observing that for vector
mesons the mass spectrum is defined as qn2 = m2n for any n ∈ Z. Thus, the
e.o.m. are reduced to
#
"
−κ2 z 2
e
2
2
∂z Aµ = 0,
(4.8)
2Aν − eκ z ∂z
z
2

The gauge fixing Az = 0 is translated into the transversal condition ∂µ Aµ = 0.
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where the D’Alembertian operator in four dimensions is defined as usual
2 = η µν ∂µ ∂ν .
Let us decompose the vector field into a Fourier expansion given by
Z
1
ν
µ
d4 q e−iqν x Vµ (z, q)
(4.9)
Aµ (z, x ) =
2
(2π)
where the field Vµ can be considered as the object that describes the
meson physics projected on the boundary.
Thus, we define the bulk to boundary propagator for this field Vµ as
Vµ (z, q) = vµ0 (q) V (z)

(4.10)

where vµ0 is the Schwinger source of the bosonic operators and V is the
bulk to boundary propagator defined with boundary condition at the D–wall
V (z = z0 , q) = 1.

(4.11)

Then, the equations of motion for the bulk to boundary propagator are
reduced to
#
"
−κ2 z 2
qn2 −κ2 z2
e
∂z Vn (z) + e
Vn (z) = 0.
(4.12)
∂z
z
z
Now we will follow the same path as we did in the soft wall and the hard
wall model: we will try to construct the 2-point function. We will follow two
possible descriptions to do this: a mode decomposition for the Green function
from 4.5 and the direct calculation of the bulk to boundary propagator [106].

4.2.2

Mode Expansion for the Equations of Motion

The vector modes are obtained from the Kaluza Klein decomposition of the
vector field. From the equations of motion (4.8) we obtain the mode equation
"
#
2 2
e−κ z
q2
2 2
∂z φn (z) + n e−κ z φn (z) = 0,
(4.13)
∂z
z
z
P
where we have supposed the KK decomposition Aµ (z, q) = n Vµ (q) φ (z)
in Fourier
space. Now let us do a Laguerre transformation in Φ (z) =
√
κ2 z 2
z φ (z) into the e.o.m above. Thus, we obtain the following equation,
e
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− Φ00n + U (z) Φn = qn2 Φn .

(4.14)

With the holographic effective potential U (z) = κ4 z 2 −3/4z 2 . The modes
obey the following boundary conditions φn (z0 ) = 0 and φ (z → ∞) = 0. In
terms of these modes the Green function for the Schroedinger–like equation
is
G (z, z 0 ; q) =

X Φ† (z, q) Φn (z 0 , −q)
n
.
qn2 − m2n
n

(4.15)

The bulk to boundary propagator then is defined as [22]
2 2

e−κ z
∂z0 G (z, z,0 ; q) .
V (z, q) = lim
z 0 →z0
z
The next step is the calculation of the 2-point function.

4.2.3

(4.16)

Holographic 2-point function

Holographically, the 2-point function is defined from the on-shell boundary
action through the Witten–Klebanov conjecture. To do so let us introduce
the bulk-to-boundary propagator into the action

Bndry
IOn-Shell

R
=− 2
2g5

Z

2 z2

d4 q e−κ
(2π)2 z

vµ0 (q) vν0 (−q) η µν V (z, q) ∂z V (z, −q)

.
z=z0

(4.17)
Taking the second functional derivative with respect of the boundary
fields of the on-shell boundary action we arrive to the expression dual to the
correlator of the electromagnetic currents in the meson weak decay, obtaining
the 2-point function as
"
#
−κ2 z 2
2

e
R
V (z, q) ∂z V (z, −q)
.
(4.18)
Π q2 = − 2 2
g5 q
z
z=z0

In terms of the Green function expansion we have
2 2

R X
1
e−2κ z
Π q2 = − 2
∂z φ (z, q) ∂z φ† (z, q)
g5 n qn2 (qn2 − m2n + i) z
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. (4.19)
z=z0

In order to solve (4.18) and (4.19) it is necessary to know the dynamical
behavior of V (z, q) or a proper representation of it in terms of the modes
defined in (4.14). These two paths define two ways to approach the decay
constant and mass spectrum calculations. These ideas will be exposed in the
next paragraphs.

4.2.4

First approximation: using the bulk to boundary
propagator

The dynamical behavior of V (z, q) is given by the equations of motion
#
"
2 2
q2
e−κ z
2 2
∂z V (z, q) + n e−κ z V (z, q) = 0.
(4.20)
∂z
z
z
Particular solutions to (4.20) are the Tricomi functions U (a, b, z). In
terms of these solutions the bulk to boundary propagator V (z, q) is defined
as

 2
q
2 2
U − 4κ
,
0,
κ
z
2
.
(4.21)
V (z, q) =  2
q
2
2
U − 4κ2 , 0, κ z0
Using this solution we can calculate the 2-point function as


q2
−κ2 z02
2 2
U 1 − 4κ2 , 1, κ z0

R2 e

 2
Π q2 = − 2
,
q
2 g5
2
2
U − , 0, κ z
4κ2

(4.22)

0

where we have used the Tricomi function derivative relation [89]
∂x U (a, b, x) = −a U (1 + a, 1 + b, x) .

(4.23)

The next step is to do a pole expansion of the last result in order to
obtain the decay constants and the mass spectrum. To do so, let us call the
adimensional variable
q2
q̃ 2 = 2 ,
(4.24)
4κ
such that Π (q 2 ) is now written as
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2 2

R e−κ z0 U (1 − q̃ 2 , 1, κ2 z02 )
.
(4.25)
Π q̃ 2 = −
2g52
U (−q̃ 2 , 0, κ2 z02 )
Our hypothesis now is that this form of the 2-point function can be expressed approximately as a pole expansion of the form

 X
Π q̃ 2 =
poles

q̃ 2

Rn
,
− χn + i

(4.26)

with Rn are the residues and χn the zeroes of Π (q̃ 2 ). To obtain the poles,
we look out for the zeroes of U (−q̃ 2 , 0, κ2 z02 ), which are depending on the
choice of the energy scales κ and z0 .
Since the poles are the meson masses (resonances), the zeroes χn =
χn (κ, z0 ) define the mass spectrum as
m2n = 4κ2 χn (κ, z0 ) ,

(4.27)

with n ∈ Z+ . Notice that the first consequence of introducing an extra
scale is that the masses are not indexed by integers. It is done by the Tricomi
function zeroes. Also notice that the masses do not come from the eigenvalues
of the equation (4.20). This behavior was obtained in the hard wall model,
where the masses are given by the zeroes of the Bessel function Jν (Mν z).
Once we have obtained the zeroes of U (−q̃ 2 , 0, κ2 z02 ) for a fixed value of
the parameter κ2 z02 , we can calculate the residues of the 2-point function as
Rn =

lim
2

−q̃ →χn



−q̃ 2 + χn Π q̃ 2

(4.28)

As in the case of the zeroes χn of the Tricomi function, the residues Rn is
dependent of κ2 z02 . Then the decay constants can be determined as follows

fn2 = 4κ2 Rn κ2 z02 .

(4.29)

Then, in order to do numerical analysis, we need to fix the value of κ2 z02 ,
then to calculate the zeroes of U (−q̃ 2 , 0, κ2 z02 ) = 0, and finally, we calculate
the mass spectrum (4.28) and the decay constants (4.29).

4.2.5

Second approximation: normalizable mode solutions

The normalizable modes are constructed from the equations of motion [107]
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"
∂z

#

2 z2

e−κ
z

∂z φn (z) +

qn2 −κ2 z2
e
φn (z) = 0,
z

(4.30)

subjected to the boundary conditions

φn (z0 , q) = 0
φn (z → ∞, q) = 0.

(4.31)
(4.32)

A particular solution for the e. o. m. can be written in terms of the
Tricomi function


qn2
2 2
φn (z, q) = αn U − 2 , 0, κ z .
(4.33)
4κ
From the boundary conditions, we conclude that the zeroes of the Tricomi
function define a set of eigenvalues χn (κ, z0 ) = qn2 /4κ2 connected to the mass
spectrum, thus we obtain
m2n = 4κ2 χn (κ, z0 ) .

(4.34)

From the normalization condition for the normalizable modes φn
Z

∞

z0

2 2

2
eκ z
αn U −χn , 0, κ2 z 2
=1
dz
z

(4.35)

We read the value of the αn :
αn−2

Z

∞

(κ, z0 ) =
z0

2 2

2
eκ z
dz
αn U −χn , 0, κ2 z 2 .
z

(4.36)

Now that we have defined the normalizable mode solutions φn , we need
to relate them to the bulk to boundary propagator. This relation is given by
(4.15). This procedure defines a holographic recipe that can be summarized
as follows:
1. Write the Green function given by (4.15).
2. Calculate the bulk-to boundary propagator given by (4.16).
3. Construct the Π (q 2 ) function following the expression (4.19).
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Green function calculation to the 2-point function
The eigenproblem defined by the equation (4.30) can be summarized as
φ (z, q) = αn U −χn , 0, κ2 z 2
m2n = 4κ2 χn (κ, z0 ) .



(4.37)
(4.38)

Then, using the expression (4.15)
G (z, z 0 ; q) =

∞
X
αn2 U (χn , 0, κ2 z 2 ) U (−χn , 0, κ2 z 2 )
.
2 − m2 + i
q
n
n=0

(4.39)

Thus, the bulk to boundary propagator (4.16) is written as
∞
X


2κ2 αn2 χn
V (z, q) = −
U 1 − χn , 1, κ2 z02 U −χn , 0, κ2 z 2 . (4.40)
2
2
q − mn + i
n=0

The 2-point function can be now calculated using the expression (4.19)
as
Π q

2



∞
2 2 2
1 X 2
2
−κ2 z02 [U (1 − χn , 1, κ z0 )]
α R κ χn e
.
= 2
g5 n=0 n
q 2 − m2n + i

(4.41)

Decay constants can be read from the expression given above,
fn2 =

2 z2
0

αn2 R κ2 χn e−κ
g52


2
U 1 − χn , 1, κ2 z02 .

(4.42)

With these results, (4.38) and (4.42), we can obtain the numerical results
of our model and test it against the experimental results. The only remaining
thing to do is the computation of g5 .

4.2.6

Large q 2 expansion of the 2-point function

The calculation of the holographic value of g5 is done through the large q 2
expansion of the 2-point function (4.25) obtained from the bulk to boundary
propagator (4.21).
At large q 2 and κ → 0 we can derive the following identities
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q2
1
2 2


U − 2 , 0, κ z0
=
(4.43)
q2
4κ
Γ 1 − 4κ
2





q2
q2
1
2 2
2 2
 ln κ z0 + Ψ 1 − 2 +
U 1 − 2 , 1, κ z0
= − 
q2
4κ
4κ
Γ 1 − 4κ2
2γE ] ,

(4.44)

with Ψ (x) is the digamma function and γE is the usual Euler–Mascheroni
constant. With these identities the 2-point function Π (q 2 ) is

Π q

2



2 z2
0

R e−κ
=
2g52







q2
−Ψ 1 − 2 + 2γE + O ln κ2 z02 .
4κ

(4.45)

Digamma function Ψ (x) has the following asymptotic expansion [89]
∞

X B2n
1
−
,
Ψ (1 + x) = log x +
2x n=1 2n x2n

(4.46)

where B2n are the Bernoulli numbers. Using the variable change x =
−q /4κ2 we can write the digamma function as
2





1/6
1/z0
q2
2κ2
+
= log − 2 + 2 −
.
4κ
q
2 (−q 2 /4κ2 )2 4 (−q 2 /4κ2 )4
(4.47)


q4
The last term in brackets is of order O − 42 κ4 . Then, the holographic

q2
Ψ 1− 2
4κ




2-point function Π (q 2 ) in this limit, large q 2 and κ → 0, takes the form






R
2κ2
q2
q4
2
Π q = 2 − log − 2 − 2 + O − 2 4
.
(4.48)
2g5
4κ
q
4κ
Using QCD sum rules [46], the 2-point function Π in QCD can be written
as
ΠQCD q

2



Nc Nf
=−
log
24π 2
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µ
q2


+ ...

(4.49)

where µ is some energy scale in QCD. Then comparing (4.48) and (4.49)
we obtain the value of g5 , which is the same value calcualted for the hard
wall and the soft wall model:
Nc Nf
1
=
.
2
g5
12π 2 R

(4.50)

This result is expected since the backgrounds for the three models differ
by conformal transformations.
Let us do a few comments about the results. Note that g52 is defined
implicitly as function of z0 since it comes from the asymptotics of (4.25).
Thus, we can infer that g5 is running under a flux induced by the functional
behavior of the z-coordinate [101, 108, 109].

4.2.7

Numerical Results for charmonium and bottomonium mesons

Decay constants are calculated from the experimental decay widths of the
quarkonium vector mesons going into leptons through weak interactions.
These experimental values are read from [15].
The expression for the heavy vector meson decays is given by [63]
fV2 =

3 m2v ΓV →e+ e−
,
2 c
4π αem
v

(4.51)

where αem is the fine structure constant and cv is constant defined by the
square of the electromagnetic charge of the heavy quark inside the vector
meson.
In table 4.1 we summarize the experimental values of the masses, widths
and the associated decay constants with the corresponding uncertainties for
the charmonium and bottomonium vector. This table also shows that the
decay constants decrease monotonically with the radial excitation level. In
the same table we have included an experimental hypothesis [53], where the
charmonium 4S state could be ψ(4415) instead of ψ(4160).
In order to do the numerical calculations, we have to fix the parameters κ
and z0 . From the construction of our model, the D–wall at z0 should be the
same parameter for both heavy mesons, since it defines the boundary where
the particle lives. Then, κ should be flavor dependent parameter, contrary as
in the soft wall model. Then, we will have the same z0 for both charmonium
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Charmonium
1S
2S
3S
4S
4S ∗
Bottomonium
1S
2S
3S
4S

mn (MeV)
3096.916±0.011
3686.109±0.012
4039±1
4191±5
4421±4
mn (MeV)
9460.3±0.26
10023.26±0.32
10355.2±0.5
10579.4±1.2

ΓV →ee− (keV)
5.547±0.14
2.359±0.04
0.86±0.07
0.48±0.22
0.58±0.07
ΓV →ee− (keV)
1.340±0.018
0.612±0.011
0.443±0.008
0.272±0.029

fn (MeV)
416.16±5.25
296.08±2.51
187.13±7.61
142.41±32.63
160.78±9.70
fn (MeV)
714.99±2.40
497.37±2.23
430.11±1.94
340.65±9.08

Table 4.1: Experimental values for the charmonium and bottomonium vector
meson spectra calculated from [15].
and bottomonium heavy vector mesons and a κv parameter for each one,
defining the Regge slope for the meson trajectories.
The results for both heavy vector mesons using our model are shown in
the table 4.2. The choice of parameters is presented in the first two columns.
Note that our model fits better with the charmonium 4S ∗ than the 4S reported by [15]. We conclude, as a holographic prediction, that the 4S state
should be characterized by the resonance 4S ∗ .
Numerically, a interesting way to characterize the predictability of the
model developed here is defining the rms error for the estimation of N quantities with a model containing Np parameters as
v
u
2
N 
u
X
1
δOi
t
,
(4.52)
δrms =
N − Np i
Oi
where Oi is the average experimental value and δOi is statistical deviation
calculated from the model. Considering the sixteen results given in table 4.2
obtained using three parameters, we obtain the rms error for our analysis is
δRMS = 30%.

(4.53)

It is also interesting to comment the universality of the approximation
done. The fact that z0 is the same for both models can be considering as
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Charmonium
1S
2S
3S
4S∗
Bottomonium
1S
2S
3S
4S

κ (MeV)
1200

z0 (GeV−1 )
0.08

κ (MeV)
3400

z0 (GeV−1 )
0.08

mn (MeV)
2410.6 (22%)
3408.7 (7.5%)
4174.3 (3.3%)
4819.5 (9.0%)
mn (MeV)
7011.4 (25.9%)
9883.1 (1.4%)
12077.6 (16.6%)
13923.0 (31.6%)

fn (MeV)
258.9 (37.7%)
251.7 (14.9%)
245.9 (31.4%)
241.0 (49.9%)
fn (MeV)
628.1 (18.6%)
574.5 (15.5%)
539.1 (25.3%)
512.9 (50.6%)

Table 4.2: Holographic fits obtained for the charmonium and bottomonium
vector meson states. These results are reported in [39].

an underlying feature of a bigger nature hidden in the bottom–up models.
The stringy nature, manifested by the Regge trajectory obeyed by the vector
mesonic states, is just a heritage from the fact that confinement can be
modeled by a string attached to both quarks. The universality could be
tested if the model exposed here is also valid for light vector mesons, such
as ρ meson trajectory. The problem we have to face here is the lack of
experimental data in this trajectory. We can just compare against lattice
models.
Numerical results exposed here are in agreement with non-holographic
approaches, as the one followed in [110], or fits done using Schroedingerlike [45] or Cornell-like potentials [111]. Notice that our results modeling
sixteen observed quantities are generated in a three-dimensional parameter
space. This is an enormous advantage in order to extend the predictivity
and universality of the model to other different spin states, as for examples
scalar resonances and glueballs. Other holographic extensions based on the
soft wall have a high dimensional parameter space almost equal to the number of observables (i.e. [51]), limiting the model power to fit a single meson
trajectory.
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4.3

Hard Wall Extension: Bulk mass approach
with extra D–wall

Let us construct a different approximation to the calculation of the heavy vector meson mass spectrum. Now we construct a model considering to place a
D–wall at z0 , a Neumann boundary condition at infinity, and the inclusion of
a bulk mass term into the action. This model is inspired in the experimental
heavy meson phenomenology. We can say that Regge trajectories for heavy
mesons have two intrinsic energy scales. One associated with the slope of the
trajectory (energy levels in the QQ̄ potential) and the other related with the
intercept with the mass axis in the m2n , n-plane. This intercept carries information about the rest mass of the heavy constituent quarks in the meson. A
careful inspection of the vector heavy quarkonium states [15] shows that the
mass gaps m2n+1 − m2n are much smaller than the mass squared of the first
excited state m21 , supporting this hypothesis.
With these motivations we suggest the following action for this model as:
1
I=− 2
g5

Z



√
1
1 2
µν
m n
d x −g Fµν F + M (z) gmn A A ,
4
2
5

(4.54)

with Am (z, x) = (Az , Aµ ) is a U (1) gauge field, M 2 is the bulk mass,
which is a function of z coordinate only, defined as follows
a4 z 4
.
(4.55)
R2
This action lives in the Poincarè patch sliced at z0 and ∞, defined by the
line element
M 2 (z) =


R2  2
dz + ηµν dxµ dxν Θ (z − z0 )
(4.56)
2
z
We will set a as a mass scale that plays the role of introducing the heavy
quark mass into the model. This form for the mass term implies that at
high enough z values, the massive vector field has a very large mass, suppressing the low energy behavior. This is consistent with the heavy quark
approximation [46]. In other words, (4.55) induces a dynamical cutoff, which
is different as the dilatonic one. The difference is based on the fact that
usual soft wall model can not be mapped conformally to this bulk mass cutoff model. Always appears an extra term depending on M that breaks the
dS 2 =
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conformal invariance3 . In this sense we claim that this bulk-mass extension
is a non-conformal holographic realization.
A possible issue arises here. In the conformal holography case, where
the mass scale a is fixed to be zero, the action (4.54) is gauge invariant and
(classical) anomaly free. Then, choosing a static gauge Az = 0 leave us
with the transversal components only. These components act as Schwinger
sources for the n-point correlators of the electromagnetic boundary currents
Jµem . In the case at hand, the presence of the mass breaks explicitly the
conformal symmetry leading to conformal anomalies. But we can still impose
the condition Az = 0 assuming that the solutions obtained for the vector
field satisfy such imposition. It is a straightforward calculation to prove
this statement since that the transverse modes can be decomposed from the
equations of motion by taking the covariant derivative in (4.57). Then, Am is
not gauge invariant, in the Maxwell sense. It is sufficient to achieve Lorentz
covariance.
The D-wall at z0 defines the second energy scale through the boundary
conditions in a similar way as the quantum mechanical square well does. This
scale fixes the energy of the process and also, as in the soft wall with extra
D-wall, contributes to the mass spectrum. We will explain this fact later.
In order to obtain the mass spectrum and the decay constants for heavy
vector mesons we will compute holographically the 2-point function for the
boundary on–shell action constructed from (4.54).

4.3.1

Equations of motion

By doing variations on the action (4.54) we obtain the following equations

√
1
√
∂m −g g mr g np Frp − M 2 (z) g nm Am = 0,
−g

(4.57)

Which corresponds to the Proca equations in AdS background.
Expanding the equations by components we obtain for the z-component
R2
[2Az − ∂z (∂µ Aµ )] − M 2 (z) Az = 0.
2
z
3

(4.58)

In reference [73], a no–wall extension, i.e. the dilaton is taken to be zero, is developed
using a positive bulk mass. Author had proven that this realization is conformally mapped
to the usual soft wall.
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Let us do the gauge fixing Az = 0. Then, equation for z-components
reduces to the transversal condition ∂µ Aµ = 0. As a consequence, the equations for the minkowskian components simplify to


1
µ
(4.59)
∂z A + 2Aµ − M 2 (z) g µν Aν = 0.
z ∂z
z
P
We will expand the massive vector field as Aµ (z, x) = n φn (x) V (z, x)
with 2φn = q 2 φn and V is defined in terms of the bulk to boundary propagator V and the Schwinger source v. Then the equations reduce to



z ∂z z −1 ∂z V + q 2 − a4 z 2 V = 0.

(4.60)

A general solution for the equations (4.60) in terms of the Tricomi and
associated Laguerre functions in the Fourier space can be written as
− 12 a2 z 2

V (z, q) = e




A (q) U




q2
−1
2 2
2 2
. (4.61)
− 2 , 0, a z + B (q) Lq2 /4a2 a z
4a

The solution is subjected to the boundary conditions
V (z0 , q) = 1
∂z V (z → ∞, q) = 0.

(4.62)
(4.63)

By virtue to the Neumann boundary condition and the fact that the
associated Laguerre polynomials diverge at infinity we fix B = 0. Thus, the
bulk to boundary propagator is written as
 2

q
− 21 a2 z 2
2 2
e
U − 4a2 , 0, a z
 2
.
(4.64)
V (z, q) =
q
− 12 a2 z02
2
2
U − 4a2 , 0, a z0
e
Once we have the solution for the bulk to boundary propagator, we need
to find the expression for the 2-point function.

4.3.2

Holographic 2-point

From the action (4.54), using equations (4.57) and applying the Gauss theorem, we arrive to the on-shell boundary action
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Bndry
IOn–Shell

R
=− 2
2g5

Z

d4 x

1
Aµ ∂z Aµ
z

(4.65)
z=z0

Introducing the bulk to boundary propagator, defined in same way as
(4.10), the on–shell action is written in Fourier space as
Bndry
IOn-Shell

R
=− 2
2g5

Z

d4 q 1 0
vµ (q) vν0 (−q) η µν V (z, q) ∂z V (z, −q)
2
z
(2π)

.
z=z0

(4.66)
In order to arrive to the holographic 2-point function we have to use the
Klebanov–Witten functional conjecture, that holds for massless fields, due to
gauge invariance [23]. In the case of massive fields, where gauge invariance is
not fulfilled, we have to reduce this condition to Lorentz invariance, satisfied
by these fields. This is suggested by the fact that electrical charge conservation is realized by the Lorentz invariance in the Maxwell equations [112].
Thus, we can compute the 2-point function for the electromagnetic currents
Jµem from the Klebanov–Witten relation as [113]
Z



µ
d4 x e−iqµ x h0| Jµem (x) Jνem (0) |0i = qµ qν − ηµν q 2 Π q 2 .

(4.67)

where,
Π q

2





R 1
V (z, q) ∂z V (z, −q)
.
=− 2 2
g5 q z
z→z0

(4.68)

Inserting the bulk to boundary propagator (4.64) into the 2-point function
calculated above we find
 2



q
q2
q2
2
2 2
2 2
−a
U
−
,
0,
a
z
+
U
1
−
,
1,
a
z

0
0
4a2
2
4a2
R
 2

Π q2 = 2 2
.
(4.69)
g5 q
U − q , 0, a2 z 2
4a2

0

The mass spectrum is associated to the poles in the 2-point function. In
order to do this calculation we need the compute the zeroes of the denominator


q2
2 2
U − 2 , 0, a z0 = 0,
(4.70)
4a
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where the zeroes of the Tricomi function are defined as χn = −qn2 /4a2 .
The physical masses are given by the on-shell mass condition qn2 = m2n . Then,
the mass spectrum is given by
m2n = 4a2 χ (a, z0 ) .

(4.71)

Notice that, in the case of the hard wall model, the mass spectrum depends on the hard wall position zΛ only. In this new approximation, meson
masses depend on the position of the D–wall at z0 and the bulk mass scale
a. In general these masses do not grow linearly with the radial number n, as
it happens in the normal soft wall model.
Decay constants are read from residues Rn (a, z0 ) on the pole expansion
(4.26) of the holographic 2-point function (4.69). In this case we obtain,
fn2 =

a2
Rn (a, z0 ) .
g52

(4.72)

Notice that the mass spectrum (4.71) and the decay constants (4.72) are
functions of the energy scales z0 and a. In the next section, we will discuss
the numerical results of this approximation.

4.3.3

Numerical Results for Charmonium and Bottomonium States

Decay constants are calculated from the experimental decay widths and
masses of the quarkonium vector mesons going into leptons through weak
interactions. These experimental values are read from [15], and are summarized in the table 4.3.
In order to do the numerical approximation we need to set the numerical
value of the parameters a and z0 . As we discussed before, the D–wall position
z0 is a unflavored parameter related to the color interaction of the quarks in
the mesons. The scale a will be fixed as flavor dependent, since it carries
information of the Regge trajectory for a given spectrum of mesons. The
results and the parameters are showed in the table 4.4.
As a measure of the predictivity of the model proposed here, we calculate
the rms error (4.52) for estimating 10 masses with 3 parameters,
δRMS = 6.1%.
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(4.73)

Charmonium states
1S
2S
3S
4S ∗
Bottomonium states
1S
2S
3S
5S
6S

Mass (MeV)
3096.916±0.011
3686.109±0.012
4039±1
4421±4
Mass (MeV)
9460.3±0.26
10023.26±0.32
10355.2±0.5
10860 ±11
11019 ± 8

Table 4.3: Experimental values for the charmonium and bottomonium vector
meson masses from [15].

Charmonium
1S
2S
3S
4S
Bottomonium
1S
2S
3S
4S
5S
6S

a (GeV)
0.74

z0 (GeV−1 )
4.0

a (GeV)
1.350

z0 (GeV−1 )
4.0

Mass (MeV)
3075.5 (0.68%)
3664.5 (0.58%)
4118.2 (1.20%)
4502.5 (1.84%)
Mass (MeV)
8662.37 (8.43%)
9625.72 (3.96%)
10383.5 (0.27%)
11033.6 (4.28%)
11613.7 (6.94%)
12143.2 (10.2%)

Table 4.4: Holographic fits obtained for the charmonium and bottomonium
vector meson states. These results are reported in [102].
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Charmonium states
5S
6S
7S
8S

Mass (MeV) [114]
4780
5090
5440
5910

mn (MeV)
4842.3 (1.30%)
5150.4 (1.18%)
5150.4 (1.18%)
5699.3 (3.56%)

Table 4.5: Possible higher charmonium radial vector excitations in [114] compared with the holographic results using ac = 0.74 GeV and 1/z0 = 0.25 GeV.
Note that in this approximation, the holographic results are in good
agreement with the experimental data. Spectra obtained from Cornell or
Schrödinger-like potentials have integer-indexed masses obtained from the
eigenvalues of the differential operators inside the equations of motion in
such models [40, 110].
It is interesting to mention that although the experimental data available
for charmonium at present time are conclusive only for the masses of the first
four vector states, there is also some indication from experimental data on
e+ e− annihilation process analyzed by the BaBar collaboration [115], that
exist more excited states in the charmonium spectrum, specifically states 5S
up to 8S. In the table 4.5 we present a comparison of these states with
holographic results using the parameters in the table 4.4. Notice again the
remarkable agreement in our results.
On the other hand, the results for the decay constants are not so good.
This is expected by the absence of an exponential factor weighing the 2-point
function, as in the soft wall model and its extension. As an hypothesis, this
behavior will be compensated by considering the running with the energy of
the coupling g5 [93, 116].

4.3.4

Universality of the models

One important question arising with the application of holographic models to
heavy meson phenomenology is the universality. From the Regge theory, we
learn that the slope has a universal (i.e. flavor independency) behavior for all
the mesonic states, since this parameter has information about interaction
strength.
In the case of regular soft wall model [38] or in the light front [70] and
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improved holographic QCD [72] applications, the soft cutoff 4 c is considered universal since it defines the Regge slope of the trajectory. Also in the
modified [74] or dynamical version [75] of the regular soft wall model, an
important condition imposed ab initio is that soft cutoff, for higher values
of the radial excitation parameter n, should match the Regge soft cutoff c.
This is imposed because, as we mentioned earlier, for low values of the radial
excitation parameter the regular soft wall model does not fit the spectrum
but, it is expected that for higher values this must be accomplished.
In the new models developed here using D-walls or a finite bulk mass,
fixing the D–wall locus at the same place for both models tests the universality character between them. In order to discuss the universality with other
soft wall–like models we have to study the behavior of the zeroes of the Tricomi function, χn (z0 , κ). When the holographic wall matches the conformal
boundary, i.e., z0 → 0, the zeroes tend to the positive integers spectrum
αz0 κ2q n + b (κq , z0 ), as we can see from the asymptotic expressions for the
Tricomi function [89]. Thus, the regular cutoff can be recovered up to a
multiplicative factor
c = αzq0 κ2q ,

(4.74)

with αzq0 a real number apearing from the expansion at z0 , carrying information of the quark–antiquark interacion 5 . Then, we can say that our
model can be categorized under this universality class.

4.4

Finite temperature extension

The study of finite temperature and density heavy quarkonium systems has
big theoretical interest, specially due to the experimental evidence of the behavior of these particles in accelerator like the RHIC [43, 117]. The intrinsic
properties of hot and dense matter have bring an observation window for
understanding strongly – coupled systems. In general, the non-perturbative
problem is very challenging, and nowadays there is no satisfactory theoretical and systematic tool to approach it. The same problem scales at finite
temperature and chemical potential.
4
5

√
In our case, κ has units of c, since the dilaton is defined as c z 2 .
The string tension in the original Regge or Veneziano model.
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In this section we will elaborate the finite temperature extension for the
model developed in the section 4.2. To do so, we will discuss first the thermodynamics of this model, then we will construct the finite temperature
extension and finally we will apply it to the calculation of the thermal behavior of heavy quarkonium. The original discussion of the gravity/gauge at
finite temperature was discussed originally in [25]

4.4.1

Thermodynamics at the D-wall

Let us start with a short discussion of the thermal background that we will
use in the finite temperature extension.
As usual, we will consider the thermal gauge theory living on a flat space
with R3 spatial dimensions with time coordinate compactified on a circle
S 1 [118]. On the gravity side, this thermal field theory is identified with the
Euclidean AdS Schwarzschild background [4]


dz 2
R2
2
2
Θ (z − z0 ) ,
dS = 2 f (z) dt̃ + d~x +
z
f (z)
2

(4.75)

where z0 is the locus of the boundary at the D-wall. The blackening factor
is given by the expression
f (z) = 1 −

z4
.
zh4

(4.76)

At z = zh there is an event horizon related to the Hawking temperature,
that holographically is defined as the temperature of the thermal theory.
In order to study the physics of the metric (4.75) we introduce the radial
variable ρ as [119]

z = zh


ρ2
1 − 2 f (z0 ) .
R

(4.77)

Under this transformation the Euclidean metric (4.75) is written as


4ρ2 f (z0 ) 2
2
2
2
dS = h
dt̃ + d~x .
i2 zh f (z0 ) dρ +
R2
ρ2
2
zh 1 − R2 f (z0 )
2

R3
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(4.78)

The radial coordinate ρ is a measure of the distance from the horizon
at zh . Then, near to the horizon, i.e. lowest order in ρ, the metric (4.78)
becomes
dS 2 = f (z0 ) dρ2 +


4ρ2 f (z0 ) 2 R2 2
4
d
t̃
+
d~
x
+
O
ρ
.
zh2
zh2

(4.79)

Regularity at the horizon is achieved only if t̃ is periodic [3], implying
that we are avoiding conical singularities. Thus, in the near horizon metric
(4.79) we can do the identification
p
2 f (z0 )
φ=
t̃.
(4.80)
zh
Then, we can transform to polar coordinates the near horizon metric as
dS 2 = dρ2 + ρ2 dφ2 +

R2 2
d~x .
zh2

(4.81)

Since t̃ is compact, we observe that φ ∼ φ+2π if we want to avoid a conical
singularity at ρ = 0. For t̃ this gives a periodicity condition ∆φ = 2π. Thus,
the period β is [24]
β = ∆t̃ = π zh

p
f (z0 ).

(4.82)

From thermal quantum field theory, we know that this period is related
to the inverse of the temperature T of the gauge theory living at the D–wall.
Thus, we conclude
1
p
.
(4.83)
π zh f (z0 )
Therefore we may identify the Euclidean AdS–Schwarzschild geometry
ended at the z0 wall as the thermal field theory living at such wall.
On the other hand, let us explore the D–wall geometry in order to study
the thermal behavior of the boundary [120]. To do so, we fix z = z0 in the
metric background (4.75) obtaining
T =


R2 
f (z0 ) dt̃2 + d~x2 .
(4.84)
2
z0
Looking closely, we could said that (4.84) apparently breaks Lorentz invariance, since time and spatial components have different scales [121]. This
2
dSBndry
=
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can be avoided redefining the time coordinate as τ =
the space Euclidean
2
dSBndry
=


R2
2
2
dτ
+
d~
x
.
z02

p

f (z0 ) t̃, becoming

(4.85)

In this space, the period τ is a free parameter that can be fixed to the
period of the gravity dual β. Thus we conclude that the period of the compact
time τ is given by
∆τ ≡ β = πzh

p
1
f (zh ) = .
T

(4.86)

Then, we conclude that the AdS–Schwarzschild geometry with a wall at
z0 is the gravitational dual of the thermal theory living on such wall [25].

4.4.2

Hawking–Page Transition for this Background

Let us consider the free energies of the geometries defined in the last section,
the AdS-Schwarzschild background and the thermal AdS with D–wall, in
order to study the stability of these geometries under temperature and the
confined/deconfined phase transition for these systems [122]. We will do a
similar analysis as the one performed in [123].
In pure AdS spacetime, without any geometric cutoff or hard scale, the
thermal space is stable only for T = 0 [25]. When temperature is raised,
black hole solution is preferred over the thermal one. The presence of a hard
cutoff or a dilaton in the background increases the critical temperature, as
was proven in [123]. The presence of an extra wall should do the same.
In quantum field theory context, the geometric thermal/black hole transition is interpreted as confined/deconfined phase transition. A complete study
of the confining properties of the dual theories in presence of a UV cutoff implies the understanding of the behavior of Wilson lines in such scenarios [25].
The vacuum expectation of the line should be null in a confining background
due to the infinite energy necessary to perturb the system. In the finite volume background, as the black hole one, vacuum expectation of the Wilson
line is different from zero, meaning that the cost of energy in perturbing the
system is finite. This fact indicates that the system is deconfined [23]. In
the D3 systems a similar probe to study stability by adding extra degrees
of freedom inserting D7 branes to the geometry. This increases the critical
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temperature and induces a first order transition controlled by the quark mass
as parameter [124].
AdS-BH and the thermal AdS, studied in [25, 123], are conformally isomorphic to the geometry generated by the D–wall extensions, thus we can
consider that the last ones are also solutions of the corresponding Einstein
equations [125]. Let us calculate the free energies in each solution. It is
not necessary to consider, together with the gravitational part, the action
for light mesons since the contributions coming from it are suppressed by
1/Nc [81].
The Hilbert–Einstein action for these backgrounds is written as
IHE

1
=
2 α2

Z

5

√

−κ2 z 2

d x −g e



12
R+ 2 ,
R

(4.87)

where α is the gravitational coupling that scales as gs . For these AdS–
like backgrounds, where the static dilaton does not affect the gravitational
dynamics, the Ricci scalar is R = −20/R2 .
The thermal AdS with D–wall space is defined as the compact time version
of the zero temperature metric, S 1 × R4 , defined in (4.3)
2
dSTh
=


R2
2
2
2
d
t̃
+
d~
x
+
dz
z2

(4.88)

The gravitational on-shell action for the above metric is
Th
IOn–Shell

4 R3
= 2
α

2 2

e−κ z
.
dt̃ dz d x
z5

Z

3

(4.89)

Then, the free energy per unit of volume is given by
ΩTh

4 R3 β
=
α2

Z

2 2

zh

dz
z0

e−κ z
z5

(4.90)

where the spatial integration was done in a unitary volume box.
In the case of the AdS-black hole geometry, the free energy in the euclidian
space is
ΩAdS–BH

4R3 β 0
=
α2
103

Z

zh

z0

2 2

e−κ z
dz
z5

(4.91)

Figure 4.1: Difference between action densities of thermal AdS and black
hole AdS as a function of the temperature for the soft wall model with extra
wall.
As we comment before, the periodicity
pin the time direction is the same
0
in both geometries. Thus β = β = π zh f (z0 ). The difference in the free
energy is calculated as
∆Ω = ΩAdS–BH − ΩTh .

(4.92)

When ∆Ω is positive (negative), thermal (black hole) solution is preferred
over the other, making it stable. The critical temperature, where the phase
transition from the thermal to the black hole solution occurs, is calculated
when the free energy difference is identically zero [3, 4].
Numerically, using the z0 parameter reported in table 4.2 together with
mass scale κ for the ρ meson, the phase transition occurs at a temperature of
0.191 GeV. The plot of the free energy difference, with this parameter choice,
is showed in the figure 4.1.
Notice also that the critical temperature is strongly dependent on the
choice of parameters of our model. This is translated into the flavor dependence of the temperature, via the mass scale κ, which is expected since not
all the mesons, light and heavy, melt at the same temperature [126]. This
process is intrinsically constrained by the quark mass, which is represented,
at least in a phenomenological level, with this mass parameter. In the case of
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the heavy vector mesons, the dissociating temperature is expected to be near
of 420 MeV [127]. This temperature is not critical one, since it is calculated
from the melting of the light degrees of freedom.
In the context of the QCD holographic dual, the thermal space is dual to
the confined phase and the black hole background is dual to the deconfined
phase. Thus, we can said that the confined/deconfined phase transition occurs at a temperature of 191 MeV, which is consistent for the values expected
in other holographic (non-holographic) models [128] for the lightest degrees
of freedom. Thus we can infer that the critical temperature for the heaviest
quarks should be bigger [127], in agreement with phenomenology.
In the thermal analysis of the heavy quarkonium we will assume that the
system will be always above the critical temperature, thus our background
will be defined by the metric (4.75).

4.4.3

Thermal Extension of the Extra D–Wall Model

Now we will extend the extremal temperature model developed in the section 4.2 to study the properties of the thermal heavy quarkonium, which
are encoded in the thermal spectral function. Other approximations in
this direction studying baryons spectra at finite temperature are given in
[51, 126, 127, 129–133]. But, a complete and detailed analysis of the thermal
sector of the vector states of charmonium and bottomonium, as the one done
in this dissertation, is not present in the literature. Actually, there is no
holographic prediction for the melting temperatures of other heavy vector
mesons states different from 1S.
Let us consider the action for the soft wall model with extra D–wall
defined in the section 4.2
Z
√
1
2 2
(4.93)
I = − 2 d5 x −g e−κ z Fmn F mn ,
4g5
with Fmn = ∂m An − ∂n Am and Am (z, x) is a U (1) field. The equations
of motion for this action are
h√
i
1
2 2
√
∂z
−g e−κ z F mn = 0.
−g

(4.94)

For the system of our interest, we will suppose that the heavy mesons are
just above the critical temperature, so the black hole geometry will be stable
at this scenario. Another consequence is that all the calculations necessary
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to obtain the heavy meson thermal properties will be done in this phase.
Thus, our thermal medium will be given by the metric (4.75).
As usual we will take the static gauge fixing Az = 0, leaving us with the
spatial–time transversal components ∂µ Aµ = 0, whose equations of motion
are
i
h√
1
2 2
2 2
√
−g e−κ z g zz g µν ∂z Aν + e−κ z g µν g ρσ ∂ρ ∂σ Aσ = 0.
∂z
−g

(4.95)

Due to the presence of the black hole, the Lorentz invariance is broken,
so time and spatial components scale in a different way. The difference is,
nevertheless, not qualitative but quantitative.
On the other hand, since the physical degrees of freedom for the massive
vector fields have three polarizations, we can choose to eliminate one of the
four components, say the time component, by imposing ∂µ Aµ = 0 . This
is consistent with our previous gauge fixing choice, Az = 0 . Thus, we will
focus on the spatial components.
In order to obtain explicitly the equations of motion for the spatial components of the vector field, we will decompose it in a Fourier integral
Z
d4 q −iq0 t+i~k·~x
Ai (x, z) =
e
Ai (z, q0 , ~q)
(4.96)
(2π)4
From the metric (4.75) we can calculate the D’Alembertian operator in
Fourier space as
g µν ∂µ ∂ν = −

q02
+ ~q 2 .
f (z)

(4.97)

Finally, using (4.96) and (4.97) we can write the equation of motion for
the transversal components as
"
∂z

2 z2

e−κ
z

#

2 z2

e−κ
f (z) ∂z A (z, q0 , ~q) +
z




q02
2
− ~q A (z, q0 , ~q) = 0. (4.98)
f (z)

where we have used Ai ≡ A (q 0 , ~q, z) due to the residual SO(3) rotational
symmetry. In order to define the mass in this approximation we will take
~q = 0, which implies that ∂i A (q 0 , z) = 0. In this dissertation we will focus
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on the behavior of the spectral function and we will try to extract from it the
thermal information of the quarkonium states. If we want to see the thermal
mass explicitly, we can use the Breit–Wigner form to adjust the spectral
function and read from it the mass [127]. Now we will discuss how to obtain
the spectral function holographically.

4.4.4

Holographic Thermal Retarded Green Function

As we saw in the last paragraphs, the gravity dual of a quantum field theory
at finite temperature is obtained by considering a black-brane or black hole
solutions in AdS-like background. Since black branes are objects that radiate,
we can associated to them a temperature, the Hawking temperature, which
is also the same temperature on the boundary. We also have discussed the
dynamical behavior and prove that the background undergoes a first order
phase transition from a thermal sliced AdS spacetime into an AdS black hole
geometry. Now we will discuss how to compute thermal observables in such
spaces.
Thermal Green Functions in Flat Space
In order to study the finite temperature observables given by any quantum
field theory, we can take two possible approximations, the imaginary time
and the Schwinger–Keldysh or real time formalism. In the next paragraphs
we will say some general aspects of both approaches.
The main objective in a thermal quantum field theory is to compute
ensemble averages. These ensembles are labeled by the Hamiltonian. The
computation is based on the analogy between the time evolution operator and
the exp (−β H) in the partition functions, if we identify usual Minkowskian
time t with the temperature β. We do this through time compactification
i t ∼ β along some complex curve C.
For simplicity, let us consider a scalar field operator φ̂ (x) in the Heisenberg picture. The dynamics of this field is govern by a Hamiltonian operator
H. Thermal Green functions are defined in terms of the time evolution of
φ̂ (x) = φ̂ (t, ~x) given by
φ̂ (t, ~x) = exp (β H) φ̂ (0, ~x) exp (−β H) ,

(4.99)

where, by the compactification scheme, t ∈ C. Then, the thermal n-point
Green function is defined as
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GC (x1 , . . . , xn ) = h T φ̂ (x1 ) . . . φ̂ (xn )iβ ,

(4.100)

where the super index C denotes that the compactification β is taking
along that curve, obtaining complex times; and h. . .iβ denotes the thermal
average defined in terms of the Hamiltonian representation as


Exp (−β H)
O ,
(4.101)
hOiβ = Tr
Tr Exp (−β H)
In general, ordering the complex times is achieved by defining a homotopy
class along monoparametrical curves C on the complex plane written in the
form t = γ (τ ), with τ ∈ R. This is achieved by the complex time ordering
operator T . In order to guaranteed that all the possible Green functions be
analytic with respect to their times, we need to impose that
− β ≤ Im (t − t0 ) ≤ β

(4.102)

The way as we define the curves or contours fix the thermal approximation. If we define t = −iτ with τ ∈ [0, β] leads to the imaginary time
formalism. However, this formalism is not useful for describing the transport
properties in thermal systems, such as the quark gluon plasma. In such cases,
a curve with a large time projected on the real axis is necessary. This kind
of approaches are defined by the real time or Schwinger–Keldysh formalism.
The imaginary time formalism is straightforward to derive any thermal
quantity by considering C going from 0 to −iβ along the imaginary time
axis. The Euclidean time is introduced as τ = i t and it is compactified
on a circle τ ∈ [0, β]. Bosonic and fermionic degrees of freedom satisfy
periodic or anti-periodic boundary conditions respectively. This implies, after
Fourier transforming, the frequencies in the circle are quantized for bosons
and fermions. These quantized frequencies are the Matsubara frequencies.
Once the Feynman rules for the T = 0 theory are known, it is straightforward
to establish the set of rules for the diagrams in the thermal Green function
GE calculation in Euclidian spacetime. This calculation is achieved by means
of perturbation methods. Basically, all the time integrals are changed by
sums over the Matsubara frequencies. If the correlations function GE are
fully known, the retarded thermal Green function is obtained by analytic
continuation [118]:

GR q 0 , ~q = GE (i (ω + i) , ~q) .
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(4.103)

But, in most of the applications, the Euclidian correlators are known
from Matsubara frequencies or numerically only, causing that the analytical
continuation becomes difficult. The real time formalism allow us to calculate
the retarder Green function directly, avoiding these complications. Let us
now focus on this formalism.
Schwinger–Keldysh formalism is very useful for describing transport processes or linear response theory, since it allows to include deviations from the
equilibrium [134] . To do so, let us consider a curve C running on the real
axis up to the upper complex plane. This curve will be parameterized by a
free parameter σ ∈ [0, ∞].
Suppose now that the thermal fields are dynamically govern by a lagrangian L living in a d-dimensional space:
Z
Z
h
i
I = dt dd−1 x L φ̂ (t, ~x) , ∂ φ̂ (t, ~x) , . . . ,
(4.104)
C

The generating functional for such theory is written as,


Z
Z
h i Z
h
i

d−1
,
Z Jˆ = Dφ̂ exp iI − i dt
d x φ̂ (t, ~x) Jˆ (t, ~x) − φ̂ t̃, ~x Jˆ t̃, ~x
σ

(4.105)
With t̃ = t − iσ the compactification and J the Schwinger currents. The
variations of Z with respect of the sources J give us the Schwinger–Keldysh
propagator as
h i
2
δ
ln
Z
Jˆ
1
.
(4.106)
i Gαβ (x − y) = 2
i δ Jˆα (x) δ Jˆβ (x)
By components, and applying the path ordering along C, the propagator
(4.106) is written as

i G11 (x) = hT φ̂ (t, ~x) φ (0)i,
i G12 (x) = hφ̂ (t − iσ, ~x) , φ̂ (0)i,

i G12 (x) = hφ̂ (0) φ̂ (t, ~x)i,
i G22 (x) = hT̃ φ̂ (t − iσ, ~x) φ̂ (0)i,
(4.107)

with T̃ denotes reversed time ordering. The advanced or retarded Green
functions can be obtained from the components of the Schwinger–Keldysh
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propagator. In Fourier space, after transforming, we have GA (q) = G∗R (q),
thus the components of (4.106) are

G11 (q) = Re GR (q) + i coth

ωβ
2


Im GR (q) ,

2 i exp [− (β − σ) ω]
Im GR (ω) ,
1 − exp (−β ω)
2 i exp (−σ ω)
G21 (k) =
Im GR (ω) ,
1 − exp (−β ω)


βω
Im GR (q) ,
G22 (k) = −Re GR (q) + i coth
2
G12 (q) =

(4.108)
(4.109)
(4.110)
(4.111)

where ω = q0 . If we choose σ = β/2 we will obtain a symmetric Gab
propagator, i.e., G12 = G21 .
Notice also that the symmetric case defined by σ = β/2 appears naturally
in the black hole formulation, which is the base of the holographic calculation
of the thermal Green functions.
In our case at hand, where the heavy vector mesons are decaying into
lepton modes, the thermal retarded Green function is defined as
Z
GR (q0 , ~q) = −i
d4 x eiq·x Θ (t) h[Jiem (x) Jiem (0)]iβ ,
(4.112)
where Jiem are the transversal components of the electromagnetic current
J = Q̄ γ µ Q defined by q µ Jµem = 0. Since we are considering only the
case ~q = 0, we rescrict to the sparial components of J em . We will define
GR (q0 ) ≡ GR (q0 , ~q).
The spectral density function, that carries the information of the mass
spectrum thermal behavior, is defined as


ρ (q0 ) ≡ ρ q0 , ~0 = −Im GR (q0 ) .
(4.113)
µ

Thus, our holographic calculation reduces to obtain the imaginary part
of the thermal Retarded Green function.
Holographic Setup
Now we will focus on the calculation of the thermal Green function in the
spirit of the gravity/gauge duality. To do so, we will suppose that the thermal
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generating functional (4.105) of the heavy vector electromagnetic currents
Jµem can be represented by the effective action (4.93) obtained by integrating
over a bulk gauge field An at the D–wall at z0 , in the thermal background
defined in (4.75).
Then, in order to compute the retarded Green function, we need to evaluate the on–shell action at the wall z0 . Integrating by parts the action (4.93)
and imposing the on-shell condition we obtain
Z
h√
i
1
2 2
dz d4 x ∂m
(4.114)
−g e−κ z An F mn .
IOn–shell = − 2
2g5
Using the gauge fixing Az = 0 and the Gauss theorem along a normal
vector in the z-direction, we arrive to the boundary on–shell action
Bndry
IOn–shell

Z

1
=− 2
2g5

h√
i
2 2
−g e−κ z g zz g µν η µν Aµ (x, z) ∂z Aν (x, z)

d4 x

.
z=z0

(4.115)
A few comments at this step should be done. First notice that g5 is the
same as the one defined in the section4.2.6. And second, we will suppose
that g5 does not undergo an energy running due to the thermal bath, so the
coupling g5 is the same for all the temperatures [135]. This supposition is
important since the height of the peaks in the spectral function is proportional
to the decay constants. Thus, for simplicity in our approximation, the decay
constants inherits thermal information through the bulk geometry only [136,
137].
Let us do the Fourier transform of the boundary on–shell (4.115) and
introduce the bulk to boundary propagator as
Aµ (q0 , z) = vµ0 (q0 ) V (q0 , z) .

(4.116)

Then, the on–shell boundary action in Fourier space reduces to
Bndry
IOn-shell

Z
=−

z=zh
4

dq

vµ0

(−q0 ) F

µν

(−q0 , q0 , z)

vν0

(q0 )

,

(4.117)

1 √
2 2
−g e−κ z g zz g µν V (−q0 , z) ∂z V (q0 , z) .
2
2g5

(4.118)

z=z0

where we have defined
F (q0 , z) =
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Following the AdS/CFT prescription, we should use the Klebanov–Witten
conjecture to compute the thermal Green function as the second functional
h
derivative of (4.117). Thus, GR (q0 ) ∼ F (−q, z) − F (q, z)|z=z
z=z0 . But, when
R
we evaluate the imaginary part we will arrive to Im G = 0, since V (−q, z) =
V ∗ (q, z) at z0 and zh [138]. This follows from the fact that at these points
the function Im F (q0 , z) is z-independent6 . Then, we need to change our
prescription.
In order to address this fact, we will follow the Minkowski prescription
[11]. Therefore, we will conjecture that the retarded Green function is
GR (q0 ) = −2 F (q0 , z)|z=z0 .

(4.119)

Thus, the thermal Green function is finally calcualted, in terms of the
background coefficients and the bulk to boundary propagator, as
2 2

R
e−κ z0 ∗
[V (q0 , z) ∂z V (q0 , z)]
G (q) = − 2 f (z0 )
g5
z0
R

.

(4.120)

z=z0

Now we will focus on the solution of the modes equation for the bulk to
boundary propagator V (q0 , z):
"
∂z

2 z2

e−κ
z

#

2 2

e−κ z 2
f (z) ∂z V (q0 , z) +
q V (q0 , z) = 0.
z f (z) 0

(4.121)

In the next sections we will solve this equation.

4.4.5

Solutions to the Modes Equation

Let us solve the mode equation (4.121) for the bulk to boundary propagator
V (q0 , z). To do that, we will fix the boundary conditions. First, at the
D–wall, V (q0 , z) should be normalized
V (q0 , z) = 1.

(4.122)

Second, we have to set up the boundary conditions at the event horizon
zh . According to general relativity [139], waves in the proximity of black hole
6

In other words ∂z Im GR (q) = 0 at z0 or zh .
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can travel to the region inside the horizon only, thus we pick the incoming
wave boundary conditions at zh . This condition is written as

−i q0 zh /4
z
.
V (q0 , z) → 1 −
z→zh
zh

(4.123)

We can summarized these conditions in a single ansatz

V (q0 , z) = F (q0 , z)

z
1−
zh

−i q0 zh /4
,

(4.124)

where F (q0 , zh ) = 1. Notice that F is a function that measures the proximity to the black hole horizon.
An extra necessary boundary condition is the Neumann one for the z
derivative of the function F (q0 , z) defined in the horizon. To do this we can
explore two possible forms. One is defining the so-called tortoise coordinate
used in [103, 132]. The other one, that we will follow here is the Taylor
expansion of F (q0 , z) in the region z → z0 . Let us define the variable u =
z/zh , such that, the horizon is located at u = 1. In this coordinates, F (q0 , u)
can be expanded near the horizon as

F (q0 , u) = 1 + a1 (q0 ) (1 − u) + a2 (q0 ) (1 − u)2 + a3 (q0 ) (1 − u)3 + O u4 ,
(4.125)
Notice that we have included the Dirichlet boundary condition of F at
the horizon by saying that a0 should be one. After putting this solution into
(4.121) and taking the limit u → 1 we arrive to the boundary condition
∂z F (q0 , z)|z→zh = −

1 1 + 2κ2 zh2
.
2 zh 1 − i q02zh

(4.126)

Therefore, we arrive to the thermal retarded Green function given by the
expression
2 2
R e−κ zh
q0
R
G (q0 ) = − i 2
(4.127)
2 g5 zh |F (q0 , z0 )|2
Thus, the spectral density function is finally written as
2 2

ρ (q0 ) =

R e−κ zh
q0
.
2
2 g5 zh |F (q0 , z0 )|2
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(4.128)

Now we have to evaluate numerically the spectral function for each heavy
vector meson trajectory. We will do this in the next sections. Notice that the
g5 coupling is independent of the temperature, as first approximation, and it
is defined in the same way as the zero temperature coupling (4.50).

4.4.6

Numerical Results

In this section we will describe the numerical results of (4.128) obtained for
the charmonium and bottomonium vector trajectories. The parameters used
in the fit are same as the zero temperature case, reported in table 4.2. The
spectral function was calculated for several temperatures in order to see the
thermal behavior and the melting process of each meson family.
At zero (or low) temperature, the spectral functions are expected to be
Delta functions placed at the mass poles. This spectrum is discrete with
a finite mass gap, but as the temperature is raised the spectrum becomes
continuum, causing that each peak begins to melt depending on the critical
temperature of each state. In other words, mesons are destabilized and the
spectrum becomes gapless in the high limit temperature. The region where
the mesonic states coexist as melting quasiparticles is called the supercooled
phase.
All of these thermal features are modeled by the analytic structure of the
thermal Green function extended to the complex plane. At high temperatures, the poles of the Green function are located at the real axis separated
by a finite distance. When the temperature is lowered the poles begin to
move closer, tending to the zero masses, appearing definite Delta function
peaks.
In the holographic picture, the poles of the thermal Green function correspond to quasinormal modes of the background, defined by the equation
(4.121). At zero temperature, the spectrum is characterized by the poles and
the residues, which define the masses and the decays constants. At finite
temperature, peaks begin to broad due to the phase transition from the thermal background into the black hole one. This is also observed in the thermal
behavior of meson masses. For sufficiently low temperatures the mass spectrum stabilizes near to the zero temperature value. At temperatures near to
confined/deconfined phase transition, when black hole geometry is preferred
over the thermal AdS, the mass is expected to overcome a small decrease
(first order phase transition), and then, it begins to grow up inducing the
Debye screening, thus implying the formation of a deconfined phase [41].
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Figure 4.2: Charmonium melting process starting with a temperature of 70
MeV with three initial states 1S, 2S and 3S at left upper panel. Each of
the three remaining panels shows the melting temperature of these states.
See [103].
The behavior of the thermal mass can be inferred applying the Breit–Wigner
adjust to the spectral density plots. The behavior of the spectral functions
at finite temperature for the top/down Dp systems is discussed in [140].
In the following paragraphs we will discuss the thermal spectral behavior of the charmonium and bottomonium vector mesons, the thermal mass
behavior and the scaling properties of the calculated spectral densities.
Charmonium Melting Process
The charmonium spectral density is constructed from the parameter choice
done in the table 4.4. The results for the spectral function behavior as
function of the temperature are plotted in figures 4.2 and 4.4, where we are
showing the first three vector states and their melting process.
As we mentioned before, at low temperature the mass spectrum is organized as m2n = 4κ2 χn (κ, z0 ), where χn (κ, z0 ) are the roots of the denominator
115

Figure 4.3: Bottomonium melting process starting at 200 MeV with three
states 1S, 2S and 3S at left upper panel. Each panel shows the melting
temperature for these states. See [103]
in the zero temperature defined by the expression 4.25. In the finite temperature picture, all the peaks are slightly shifted, as can be observed in the 90
MeV and 130 MeV panels, where the J/ψ state has a shift in the peak of
the order of 0.005 MeV. This can be evidenced in the thermal mass variation
plotted in figure 4.6.
The melting process is characterized essentially by the temperature, but
also has a small dependence with the quark mass, just after the phase transition. Thus, mesons made of light quarks will melt at lower temperatures
but will last longer after the phase transition, i.e., longer lifetimes. In the
case of mesons made of heavy quarks, they will have higher melting temperatures but small lifetimes, implying that these states can be suppressed or
screened. On the other hand, exited states are expected to melt first, since
higher states are less stable. Holographically, these higher states are strongly
absorbed into the black hole. In the case of the lighter states, they are not
so sensitive to this, then the masses of these states are slightly shifted by
gravitational effect. This is observed for charmonium spectrum in the figures
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Figure 4.4: Complete Charmnonium melting process starting at T = 70
MeV, where we have three states: 1S, 2S and 3S. At a temperature about
90 MeV the 3S state melts. The 2S state melts down near to 110 MeV and
finally, the 1S, J/ψ resonance, state melts at about 250 MeV. See [103]
4.2 and 4.4.
For example, in the case of the J/ψ meson, the observed melting temperature is around to 260 MeV, that is 1.44 Tc . Remember that Tc was calculated
in the section 4.4.2 as 191 MeV for our model, in agreement with other theoretical results [128]. So, at these temperature we have a decoupled U(1)
charm sector plus light quarks and gluons. This fact can be inferred from the
DC conductivity behavior. From the Kubo formulas it is a straightforward
calculation to see that the conductivity can be written, for our model, as
2

σDC

2

1 e−κ zh
ρ (ω)
= 2
,
= lim
ω→0
ω
g5 zh

(4.129)

where we have defined the adimensional parameter ω = q0 /2π T and by
the fact that at q 0 = 0 limit, the function V 0 obtained as a series expansion in
(z − z0 ) from boundary conditions, should be defined by the only surviving
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finite constant at z = z0 in order to be regular7 . For simplicity, we will fix
this constant to be one.
The increasing of the charm conductivity is a natural signal of the dissociation process of the quarkonium bound stated. In the 300 MeV panel, in figure 4.4 a small trace of this fact can be observed. On the other hand, conductivity is also defined in terms of the thermal mass shift as σ (T ) = mc g (T ),
where mc ∼ ∆m (T ) and g (T ) is the thermal coupling. In our model we fix
this coupling to be the same as the zero temperature one. Then, σ ∼ ∆m (T ).
This suggests that as the thermal shift mass grows with the temperature, the
conductivity is also increased, implying that the medium is charm–rich after
the phase transition at the temperature 1.44 Tc . This entire picture is showed
in the figure 4.4.
Let us consider a different scenario. In a heavy ion collision, in the early
stages of the collision, the deconfinement temperature of light degrees of
freedom is reached. Then we expect that medium is now colored and rich in
partonic population, light quarks and partons can move freely, screening the c
or c̄ quarks, decreasing the interaction between them. Thus, the charmonium
population is expected to be absent in such colored medium. This suppression
mechanism is observed in the quark gluon plasma, where one of the most clear
signal of plasma formation is the J/ψ suppression [41]. Figure 4.4 shows the
complete sequence of the melting process for the charmonium vector states.
Notice that 1S state survives up to the 200–250 MeV region, i.e., 1.1–1.4
Tc . The heaviest states melts before the system reaches Tc . This can be
understood if we consider the charmonium mesons living on a supercooled
phase modeled by the black hole solution [139, 141–143]. In fact, this regime
is unstable according to the stability analysis done in section 4.4.2, but we
can say this super cooled phase is in a crossover region instead of a phase
transition. This kind of thermodynamical behavior is characteristic of black
brane systems [124], where the deconfinement/confinement phase transition
is controlled by an embedding function. The critical point of the phase
transition is reached when the embedding function is reduced to a tip that
touches the black brane horizon at a point (Minkowski embedding).
In the case of AdS/QCD models, such crossover is not observed explicitly
and it is not expected at all. In fact, holographic models where the black hole
background is charged will imply the presence of a crossover region between
7

Non-regular solution in the limit z = z0 and q0 → 0 implies we lose the T = 0 sector
since ρ, as we defined in (4.128), will introduce divergences not expected at T = 0.
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the internal and external horizons [144].
On the other limit, when we allow baryonic charge to be raised, deconfinement in this dense matter is due to Debye screening. Increasing baryonic
charge implies an increment on the color screening effect, due to the light
quarks overpopulation, reflecting an enhancement of the Debye radius, rD .
When rD is bigger than the binding radius rB ∼ hadron size, confining force
can no longer hold quarks together. In such conditions, color interaction is
suppressed inside hadrons, causing deconfinement. In the case of charmonium, this suppression is expected to high densities also, characterizing the
appearance of the QGP state in dense hot matter.
It will be interesting to extend our calculations to the thermal charge
AdS/AdS–RN black hole in order to see how the quark-gluon early scenario
induces quarkonium suppression, as we discussed above. In fact, the temperature dependence on the baryonic charge will allow us to explore dense
matter. This will be done in future works.
Bottomonium spectrum
The case of bottomonium is not so different as the charmonium one. Due
to the higher mass in their states, it is expected that these states may be
suppressed in the in-medium thermal system, as in the quark gluon plasma.
In figures 4.3 and 4.4 we plot the bottomonium melting process, where we
can infer that the melting temperature for the Υ state is near to 600 MeV,
which is in agreement with lattice results [128]. As in the charmonium case,
the states move to the right when temperature is raised. The increase of
the thermal mass is shown in the figure 5.7, demonstrating that the b and b̄
population is increased by temperature.
Thermal Mass Spectrum
The effect of raising temperature is to move the spectral density peaks to a
smaller mass value than the zero case, altogether with the thermal width of
the peak.
The spectral function, in terms of the adimensional parameter ω, can be
written as
ρ (ω) =


a ωb
+ P ω2 ,
2
(ω − ω0 ) + Γ2
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(4.130)

Figure 4.5: Complete Bottomonium melting process starting at 200 MeV
with three states: 1S, 2S and 3S. The states 3S and 2S melt at temperatures
near to 220 MeV and 300 MeV respectively. The 1S, Υ resonance, state melts
at temperature near to 580 MeV. See [103]
where the first term is the so-called Breit-Wigner formula and P (ω 2 ) is
a function representing the light quarks noise in the thermal background.
Generally, P (ω 2 ) is a fourth degree polynomial in ω 2 [145]. From this spectral density it is possible to know the numerical position of the peak, given
by ω (T ), in terms of zero temperature mass ω0 . The width can be also
determined as a function of T from (4.130).The mass shift is defined as
∆ m (T ) = ω (T ) − ω0 .

(4.131)

Thus, we can see the effect of raising temperature: peaks should move to
a smaller value and the peak width also broadens. A complete analysis of the
thermal behavior of the thermal width for some models can be seen in [146].
The behavior of these quantities is depicted in figure 4.6 for charmonium and
figure 5.7 for bottomonium first vector state (1S).
When temperature is raised moving the horizon from zh towards z0 , out
120

Figure 4.6: Relation between the mass shift ∆m2 = (m − m0 )2 and the
width Γ for the holographic J/ψ meson, with mass at zero temperature m0 =
2410.6 MeV (See table 4.4). Left panel shows the plot of ∆m with Γ, which
grows linearly with the temperature. Middle panel shows the plot of ∆m
as function of the temperature demonstrating the Debye mass increasing.
Right panel shows a plot of Γ as function of the temperature, demonstrating
linear increasing with the temperature, expected from the zero temperature
phenomenology [145].

side black hole geometry is reduced, causing that meson modes become unstable, thus induced the melting. On the other hand, when temperatures are
lowered, the outside geometry is increased by moving the horizon zh . This
induces the geometric phase transition to the thermal AdS. Therefore, at
low temperatures ∆m goes to zero, and the thermal mass matches the zero
temperature result [147].
Naively we can say that melting occurs when no peak is distinguished,
above the theorized melting temperature. Qualitatively, the melting temperature is read from (4.130) when we look at which temperature P (ω 2 )
becomes bigger than the Breit–Wigner expression, implying the quarkonium
state melting. For the J/ψ state, the melting temperature is near to 225
MeV (or 1.24 Tc ). This numerical result is consistent with other holographic
approximations [51, 127, 130] or NJL model approach [148]. A summary of
the melting temperatures for different approaches can be found in figure 1,
inside reference [128].
Increasing of ∆ m with temperature implies that screened is increased.
This is expected since the light quarks population is increased also. But the
increase is not monotonic. It is expected that at the hadronization temperature the heavy quarks combine with light ones forming B or D mesons [46].
This process is not reachable from the model developed here. A possible
suggestion implies the study of black hole evaporation in our background,
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Figure 4.7: Relation between the mass shift ∆m2 = (m − m0 )2 and the
width Γ for the holographic Υ meson, with mass at zero temperature m0 =
8662.37 MeV (See table 4.4). Left panel shows the plot of ∆m with Γ, which
grows linearly with the temperature. Middle panel shows the plot of ∆m
as function of the temperature demonstrating the Debye mass increasing.
Right panel shows a plot of Γ as function of the temperature, demonstrating
linear increasing with the temperature, expected from the zero temperature
phenomenology [145].
similar as the one done in [149].
Notice that Breit–Wigner expression in (4.130) is not known in the low
temperature region. This is because there are no numerical results at such
temperature. This supercooled phase becomes unstable and the spectral
function is suppressed by the colored thermal bath. This is translated numerically into the impossibility to suppress noise, i.e., the numerical step
size has not enough resolution to see each peak. It is not surprising since at
zero temperature, the spectral function should be given by a sum of Delta
functions placed on each pole.
Asymptotic behavior of the spectral density
In usual AdS/QCD models, where the conformal boundary of AdS is usually
taken as the holographic boundary, it is expected that the spectral functions
calculated in such backgrounds exhibit conformal behavior at higher values of
ω, i.e., for high values of ω, the spectral function is observed to be constant.
In the case of the soft wall model, reference [51] had proven that the conformal behavior appears for ρ/ω 2 , when the conformal boundary is placed at
z → 0. In the case of our model developed here, it is not expected that the
conformal boundary lies in the same region since we are adding an extra scale
z0 . This, in the deep, implies that the conformal structure changes, as for
example, the appearance of a different fixed point that induces a renormal122

(a) Soft wall model

(b) Soft wall model with D–Wall at z0

Figure 4.8: Asymptotic behavior of the spectral density for high frequencies.
In the panel (a) we have plotted the spectral density for the soft wall model
normalized by the different powers of the frequency ω = 2 qπ0T . Notice that
the expected conformal behavoir, where ρ (ω) is expected to be constant, is
achieved in the third panel, where the density is normalized by ω 2 [51]. In
the panel (b), we plotted the asymptotic behavior for the soft wall model
with D-wall at z0 . The conformal behavior is observed in the middle plot,
where the density is normalized by ω.
ization flux [79]. Figure 4.8 shows the asymptotic behavior of the spectral
density at high frequencies for soft wall and our model, demonstrating that
the conformal behavior in both schemes are different by the introduction of
an extra scale.
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Chapter 5
Quark Gluon Plasma using
AdS/QCD
5.1

Introduction

The primary goal of the Heavy Ion Colliders, like RHIC and LHC is to create
a new state of matter: the quark-gluon plasma (QGP) and study its properties through indirect probes, like photon/dilepton emission, jet quenching,
energy loss by a parton in the medium, the shear viscosity, heavy quarkonium
suppression, entropy density and the bulk viscosity.
The interest in the QGP phase is further increased by the fact that it
is assumed to have played a crucial role in the early universe. As fast as it
was cooled down, all the matter was aggregated forming nuclei, atoms and
then all the big structures that we see today. This phase transition between
deconfined and confined matter may have a lot of information about the
matter thermalization itself, as for example why there is an excess of one
single kind of matter (or antimatter), or how the light elements were form.
In the actual particle accelerators, experimental scientists use the artificial
QGP to address these questions.
Before RHIC results, it was widely believed that the QGP must be a
weakly coupling gas. But the results from PHOENIX collaboration [43, 150–
156] and the experiments at LHC have demonstrated this is not true. Instead,
QGP is near to be a perfect fluid, behaving as a strong coupling system [29].
In this lead, quantum field theory at finite temperature developed analytical
tools, as the hard loop expansion, in order to do a first approximation to the
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problem [157–159]. Another idea was to calculate the QGP properties in a
system that could mimic the observed phenomenology. In this line, the N = 4
SYM theory at finite temperature gave a nice insights to ward a description
of it [160]. But these methods were successful in the leading order case.
Beyond this limit, the non-perturbative calculations on the lattice become
the most important tools to explore the QGP phenomenology. Now, with
the holography proposal, it is possible to explore QGP with easier analytical
tools.
The initial set of heavy ion results from RHIC has provided evidence for
the creation of a new state of thermalized matter at an unprecedented (very
high) energy density, which exhibits almost ideal hydrodynamic behavior.
Important results from the RHIC experiments include:
• Chemical (flavor) and thermal equilibration of all observed hadrons
including multi-strange baryons; only the reaction gg → s̄s is known
to achieve this on the time-scale of the nuclear reaction.
• Strong collective flow, indicating early thermalization (at times less
than 1 fm/c) and a very low viscosity of the produced medium.
• Collective flow patterns related to independently flowing valence quarks,
not hadrons.
• Strong jet quenching (loss of energy by the parton when it goes through
the fire ball), implying a very large parton energy loss in the medium
and a high color opacity of the produced matter.
• Strong suppression of heavy flavor mesons at high transverse momentum, implying a large energy loss of heavy (c and b) quarks in the
medium.
• Direct photon emission at high transverse momentum that remains
unaffected by the medium.
• Charmonium suppression effects that are similar to those observed at
the lower energies in CERN–SPS.
Among the results, three discoveries are the most relevant: the elliptic
flow, the direct photon emission and the jet quenching. In this dissertation
we will discuss the first two.
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According to the prediction of Lattice QCD, QGP is expected to be
formed when the temperature of nuclear matter is raised above a critical
value (Tc ≈ 170 MeV), or equivalently the energy density is raised above 1
GeV/fm3 [65]. Thus, at these conditions, the quarks in the medium are deconfined. But this fact does not imply weak coupling. Instead these quarks
and gluons have hydrodynamical properties, like a liquid with low bulk viscosity [42].
The lattice formulation is inherently Euclidean, which makes it difficult to
compute real-time observables, e.g. transport coefficients. The gravity/gauge
duality is a good tool that does not suffer from this problem. But unfortunately the exact gravity dual of QCD is actually unknown. But, we can use
some of the QCD properties to set a frame were holographic models can be
used.
The first holographic approximations were done considering a N = 4 SYM
equilibrium plasma of fundamental and adjoint matter. This is a toy model,
which is near to the QCD high-energy regime. But unlike QCD, real-time
thermal properties of N =4 SYM theory can be studied analytically since
this theory is dual to a Type II B string theory, according to Maldacena’s
conjecture.
Consequently, in N = 4 SYM theory it is possible to calculate much of the
QGP phenomenology at strong coupling, such as photon/dilepton emission,
etc. In particular, the calculation of thermal spectral functions in strongly
coupled N =4 SYM theory is vastly simpler than the corresponding problem
in strongly coupled QCD. The main limitation in these models rely in the
large Nc and the decoupling N f  Nc limit necessary to give geometrical
consistency to them. These facts do not account for real QCD.
In the case of the the AdS/QCD models, the large Nc or the decoupling
limits are not an essential part since they do not determine the geometrical
behavior. In fact, the underlying hypothesis in these models is that the
AdS geometrical background, with some extra modifications, is dual to the
low energy phenomenology of QCD. This hypothesis has a lot of experimental
support, especially for the fact that these models have in their inner structure
many characteristics of the so-called bootstrap models, as the Regge theory
or the Veneziano model.
In this chapter we will focus on the holographic calculation of some of
the QGP observables as the photon emission rate or the conductivity using
AdS/QCD models and their extensions. But first we will do a short review of
the known properties of QGP and how they were calculated in the holographic
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top/down D3/D7 model.

5.2

QGP Generalities

The basic field theory describing hadrons at high energies is QCD. Extensive
theoretical and experimental efforts are necessary, nevertheless, to establish
links between QCD and Heavy Ion experiments, in the realm of high temperature and high baryonic densities. The investigation of these properties
provides a link between nuclear and particle physics. It also provides an
experimental tool to study many–body systems at high energies beyond the
possibilities of particle physics studies.
In the study of the heavy ion collision physics, the photons emitted by the
QGP are expected to be an important probe of the plasma physics since the
weakness of the electromagnetic coupling constant (which implies negligible
cross-section with the strongly interacting medium) and the finite extension
of the fireball implies that when a photon is produced, it escapes undisturbed, carrying valuable information about the properties of the plasma at
the emission point.
Description of hadronic matter at finite temperature and density is not
an easy task. The main approximations come in extensions of QCD at those
regimes. In the fifties, the very first approximations were done, in which
statistical mechanics played an important role as in the Fermi model. Landau
and other worked in the vision of strong interactions as a resonance gas. In
the sixties, Hagedorn extended this idea into the so called dual bootstrap
model, in which the resonances were made of other resonances. This model
suggested a taxonomy for all the known particle states that led Hagedorn to
realize that there must be a maximum temperature above which the hadronic
matter cannot exist, the Hagedorn temperature TH ≈ 160 MeV. Later this
fact was understood as the existence of a confined phase called hadronic, and
TH was interpreted as the phase transition temperature between this state
and the deconfined one. Then, the research on the properties of hadronic
matter turns on into the understanding of the thermodynamical properties.
This leads to the bag models, which were also useful for the early diagnosis
of nuclear matter.
In the early seventies, when QCD was established as a model for strong
interactions, the study of hadronic matter was refreshed with new ideas.
Based on asymptotic freedom, it was suggested that the high temperature or
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density matter should be close to an ideal gas at such conditions. This comes
from the fact that dense matter constituents are almost close to each other;
thus, due to asymptotic freedom their interaction should be weak. Nowadays
we know that this deconfined matter behaves as perfect liquid instead of a
gas.
In the high temperature/density regime, where the QCD coupling constant αs (T ) is perturbatively small, the so-called hard thermal loop resummed perturbation theory [161] provides a quantitative approach to QCD
thermodynamics. Nonetheless, in a broad temperature range around the
QCD phase transition, perturbative methods become uncertain. Nonperturbative lattice calculations give the only known technique for the determination of thermodynamic properties of QCD matter at such conditions. These
properties can be sumarized into the QCD equation of state.
Lattice calculations of the QCD equation of state said that at high enough
temperatures the thermodynamics of the QGP becomes conformal. This
suggest the use of conformal theories as tools to do insights into the plasma.
In this direction fits the gravity/gauge duality with QGP description.
The restoration of the spontaneously broken chiral symmetry is due to
the disappearance of the vacuum quark condensate at high temperature. As
a result, the dynamical masses of the light quarks u and d (also s) of order
300 MeV (500 MeV) are reduced to the much smaller current masses of order
5–10 MeV (100 MeV) believed to be generated by the interaction with the
Higgs field. It should be noted, however, that the interaction of the quarks
with the thermal medium induces a new type of dynamical mass of the order
of the temperature scale, which does not violate chiral symmetry. Although
the phenomenon of chiral symmetry restoration is well established thanks to
Lattice simulations, it is not easy to identify experimentally accessible signatures of this phenomenon. Electromagnetic probes, such as photon/dilepton
emission, may provide the best handle, but it remains uncertain how the effects of quark deconfinement and chiral symmetry restoration in the emission
spectrum can be separated.
In collisions of two nuclei at Ultra-Relativistic Energies we expect deposition of energy into a space-region, which is much larger and has longer
lifetime than the fundamental hadronic scale of 1 fm. Thus, such collisions
provide us with an opportunity to study a hot dense and hadronic matter under conditions similar to those in the early universe. The objectives of
such works are the determination of the properties of the strongly interacting
matter at high temperatures and densities, the understanding of the nature
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of the quark-hadron phase, the verification of the existence of quark-gluon
plasma in nature and the determination of the parameters of the quarkhadron phase transitions, which is predicted by lattice QCD calculations and
by phenomenological models.
At extreme densities we expect a deconfinement transition because the
presence of many color charges will screen the confining potential in the
hadronic systems. In the early universe, this transition presumably took
place a few tens of microseconds after the Big Bang. Heavy ion experiments
provide us the tools to test the properties of the primordial QGP.
The main predictions of Lattice QCD can be summarized as:
• There is an abrupt change from hadronic to QGP regime, which may be
interpreted as a phase transition. Whether the transition is smooth or
a rapid crossover depends on several model parameters, such as energy
density, transversal momentum, chemical potential and temperature.
• For 2–3 light quarks flavors one finds Tc = 150 − 190 MeV, which
corresponds to a critical energy density c = 1−3GeV/fm3 , necessary to
produce QGP. This agree with the calculations done with holographic
models.
Alternative approaches to Lattice QCD are given by effective lagrangians
models, bootstrap models and by chiral perturbation theory. These can handle baryon matter also. Their results agree essentially with those from Lattice
QCD.

5.3

Jet quenching and energy loss

During the collision, QCD jets arise from the hard scattering of incoming
quarks and gluons and their subsequent fragmentation into directionally
aligned hadrons. The rates for jet production and other hard–scattering
processes grow rapidly with the increasing collision energy. The production
rates of such hard probes can be accurately calculated and their interactions
with the medium can be described perturbatively. The access to hard probes
was a primary motivation for constructing RHIC with high center-of-mass
energy. This strategy has been validated by the discovery of jet quenching
and its development as a quantitative tomographic probe of the QGP. The
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suppression of high-pT hadrons stands in distinct contrast to the lack of suppression seen in direct photon yields, which are consistent with perturbative
QCD calculations of their initial production rate.
In QCD, the energy loss of highly energetic light partons (quarks or gluons) is dominated by gluon radiation induced by the multiple scattering of
it on color charges in the medium. The energy loss after passage through a
homogeneous medium of length L can be expressed as ∆E ≈ −αs q̂L2 , where
the stopping power in the medium is governed by the parameter
Z
µ2
dσ
(5.1)
q̂ = dq 2 q 2 ρ (q) 2 v
dq
λF
with q̂ the jet quenching parameter, ρ denotes the color charge density
of the medium and dσ/dq 2 is the differential cross section for a parton on a
color charge; µ is the inverse color screening length and λF denotes the mean
free path of an energetic parton in the medium.
The experimental data from RHIC can be used to determine the value of
q̂ for the QGP produced in nuclear collisions. This determination requires a
realistic modeling of the backreaction geometry and its time evolution. Holographic models as the improved holographic QCD [72, 119] have successfully
calculated the jet quenching parameter.

5.4

Photon emission rate and electrical conductivity

It is well known that any thermal medium composed of charged particles
will radiate photons. This photon spectrum can be used as a probe to study
the characteristics of such thermal medium, since it depends on its specific
properties.
In the case of the QGP produced in heavy ion collisions, the thermal
medium is optically transparent due to the small spatial extension1 and the
smallness of electromagnetic coupling. Therefore, any emitted photon escapes from the plasma ball without any further interaction with the medium.
In such situation the spectrum can be considered as almost planckian, but it
is still useful to obtain information about the plasma in the emission point.
1

At this point, the assumption that the photon mean free path is bigger than the plasma
ball size was taken.
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At this point a remark must be done: depending on the momentum k of
the emitted photons the dynamics can be split in specific regimes defined by
three characteristic length scales, the hard, soft and ultra–soft scales [29].
The hard scale is defined when the limit k ≈ T is reached. Contributions
of excitations in this scale dominate the bulk thermodynamic properties, such
as total momentum density and total energy of the plasma, likewise conserved
charge densities. These excitations also control the transport properties in
the colored medium.
The second scale, soft scale, is reached when k ≈ αs T , where g is the
gauge theory coupling. In this scenario the Landau damping and also the
Debye screening, due principally to the coherent interaction of the particles
in the thermal colored medium, become important. These effects are treated
with the hard–thermal–loop perturbation theory [161].
The third scale is the ultrasoft or non-perturbative: k ≈ αs2 T . In this
scale low frequency and long wave-length dynamics gives the hydrodynamical
regime. Photons produced in this regime carry information about properties
such as the electrical conductivity. Soft and hard photons produced in more
energetic scenarios tends to be suppressed due to the Landau–Pomeranchuk–
Midgal effect. Photon production in a colored medium was discussed in detail
both from strong and weak coupling point view in [158].
Let us consider a QGP defined by a colored quantum system in equilibrium that can be described by a thermal field theory in the strongly coupling
limit. It will be assumed that the electromagnetic interaction between matter and photons is given by the minimal coupling of a photon field with the
electromagnetic current, e Aµ Jµem , with e the electromagnetic coupling.
At leading order, the photo-production is given by the expression [159]
dΓγ =

e2
d3 k
R
η µν Cµν
(k)
(2π)3 2 (k 0 )2

,

(5.2)

k0 =|~k|
µ

where we have defined the photon 4-momentum as k =




~
k , k , ηµν
0

R
denotes the Minkowski metric and Cµν
(k) is the Wightman function defined
for electromagnetic currents as,
Z
R
(5.3)
Cµν (k) = d4 x e−ikx hJµEM (0) JνEM (x)i.

Notice that the expectation value in (5.3) is taken in the thermal equilibrium state and xµ = (x0 , ~x). In the thermal equilibrium limit the Wightman
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correlator can be written in terms of the spectral density,

R
= nB k 0 χµν (k) ,
Cµν
χµν =

−2 Im GR
µν

(5.4)

(k) ,

(5.5)

with nB the Bose-Einstein distribution and GR the thermal retarded
Green function. At non zero temperature, Lorentz invariance is explicitly
broken leaving us a residual rotational symmetry that allows, together with
the gauge invariance, to split the thermal Green function into longitudinal
and transversal parts.
Since the idea is to model real photon production (implying k 0 = |~k|), it
is possible to ignore the longitudinal part and focus on the transversal one
only. Then, the trace of the spectral function (5.5) is written as
χµµ (k) = −4 Im ΠT (k) ,

(5.6)

where ΠT is the transversal part of the spectral density. Keeping in mind
all these definitions and results, the photon emission rate is given by
 µ
e2
dΓγ
0
=
n
k
χµ (k)
B
d3 |~k|
(2π)3 2|~k|

.

(5.7)

k0 =|~k|

The electrical AC and DC conductivities of the medium are also determined by the trace of the spectral function. From the Kubo formula the AC
σ (k 0 ) conductivity can be read from the spatial components of χµν as


0 ~
χ
k
,
k
=
0
ii

.
(5.8)
σAC k 0 = −
2i k 0
From the spectral density, in the limit of k0 → 0, we can read the DC
conductivity as
αem π dχµµ (k 0 )
σDC =
.
(5.9)
2T
dk 0 k0 =0
Then the problem of calculating the photon emission rate and the conductivity translates into the calculation of the trace of the spectral function
holographically. This procedure will be realized in the next sections.
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5.4.1

Dp/Dq System at zero chemical potential

In this section we will calculate the retarded thermal Green (5.3) following the
Minkowski Prescription given in [11] in order to obtain the spectral function
(5.6). The Minkowski Prescription is an alternative conjecture to the usual
field/operator conjecture (Klebanov–Witten formula) useful for holographic
thermal systems. In the following paragraphs we will illustrate how is the
calculation for the photon emission rate in the Dp/Dq system frame in the
chemical and thermal equilibrium regime following [47]. The extension to
finite baryonic density in this model is through the inclusion of an embedding
function into the D-brane background given by the respective DBI action.
Let us start form the gravitational background of the Dp-black brane
solution. In the decoupling limit (Nf  Nc ), this background (in the string
frame) takes the form

2

dS = H

−1/2



−f (r) dx20 + d~x2 + H 1/2




dr2
2
2
+ r dΩ8−p ,
f (r)

(5.10)

where ~x = (x1 , . . . , xp ), and
 7−p
L
H (r) =
r
 r 7−p
0
f (r) = 1 −
r

(5.11)
(5.12)

with L defined as a length scale. The metric (5.10) describes a spacetime
with an event horizon at r = r0 with Hawking temperature T , and conformal
boundary at r = ∞. As usual, regularity of the Euclidean section, obtained
through the Wick’s rotation x0 → ix0E , requires that x0E be identified with
period
4πL
1
=
T
7−p



L
r0

 5−p
2
.

(5.13)

It will be useful to do a transformation on the radial coordinate from r
to u through
u=

1  r0 
2 r
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7−p
2

,

(5.14)

in terms of which f = 1−4u2 , the horizon and the boundary lie at u = 1/2
and u = 0 respectively. For general p, the gauge theory is distinguished from
the conformal case (p = 3) by the fact that the Yang-Mills coupling gY M is
dimensionful
gY2 M = 2πgs (2πls )p−3 ,

(5.15)

where gs and ls are the string coupling constant and the string lenght
respectively. Hence there is a power-law running of the dimensionless effective
coupling with the temperature scale T :
2
2
p−3
gef
f = gY M Nc T

(5.16)

which will be useful when we calculate the Dp-brane normalization.
According to the AdS/CFT correspondence, (p + 2)-dimensional string
theory on the gravitational background above is dual to (p + 1)-dimensional
SYM theory at temperature T . If we consider a different background with
no Black Hole, we may describe low-temperature physics. However a phase
transition may occur if we increase the temperature. In the gauge theory side,
this behavior corresponds to the confinement/deconfinement phase transition
of the adjoint degrees of freedom. Since we are in a high temperature phase,
the metric (5.10) describes appropriately the deconfined strong coupling limit
of the SYM theory.
Let us now consider a system of Nf  Nc Dq-brane probes that share d
space-like Poincarè directions with the background Dp-branes and wrap an
n-sphere with inside a (8 − p)-sphere. We will assume that the Dq-branes
also extend along the radial direction, so that q = d + n + 1. We will denote
by xm with m = 0, . . . , p the Poincarè common directions to both set of
branes. The Dq-branes correspond to introduce Nf flavors of fundamental
matter with equal mass that propagate along a (d + 1)-dimensional defect.
In order to ensure stability, we will assume that the Dp/Dq intersection
is supersymmetric at low temperatures. Thus, the R-R field sourced by the
Dp-branes does not couple to the Dq-branes. Since we want to describe
the dynamics of 4-dimensional gauge theories, two special cases emerge: the
D3/D7 and the D3/D5 systems.
Since the Dq-branes decouples from the Dp-branes at strong regime, the
U (Nf ) gauge Symmetry is a global symmetry of the entire theory. So, if
this theory is coupled to electromagnetism (as we said before) with all the
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flavors with the same electromagnetic charge e, the electromagnetic current
EM
Jm
related to the U (1) is conserved.
At Strong ’t Hooft coupling and large Nc , the thermal Green function
(5.3) is easily calculated holographically. Indeed, global symmetries of the
gauge theory are in one-to-one correspondence with the gauge symmetries on
the gravity side, and each conserved current of the gauge theory is dual to a
gauge field on the gravity side.
Let AM be with M = 0, . . . , q be the U (1) gauge field on the Dq-branes.
Upon to dimensional reduction on the n-sphere wrapped by the Dq-branes,
AM gives rise to a massless gauge field {Am , Au }, n massless scalars, and a
tower of massive Kaluza-Klein modes. All of these fields propagate on the
d + 2 non-compact dimensions of the Dq-branes. We will use the gauge fixing
Au = 0 and set to zero the higher KK modes since we are not interested
on them. The gauge field Am is the desired dual object to the conserved
EM
electromagnetic current Jm
of the gauge theory; just like the quarks are
localized on a defect inside the gauge theory, the dual gauge field is localized
on the Dq-branes inside the bulk spacetime.
According to the field/operator correspondence, the two–point function
can be calculated by varying the string functional generator with respect to
the field Am at the boundary of AdS. Remember that the String Functional
Generator on the bulk is the same as the CFT Functional Generator. Besides,
since we are in the large λ and large Nc limits, the supergravity functional
generator reduces to ZSUGRA ≈ e−S , where S [Am ] is the classical on–shell
action for the string field plus the Dq-brane background. If we impose the
limit of low dimensionality, the string functional generator reduces still more.
The total action S reduces to the classical supergravity (Type IIB) action
plus the Dq-brane effective action. Since Am does no enter in the SUGRA
action, we can just ignore it. Therefore, it suffices to consider the DBI action
for the Dq-branes:
Z
p
(5.17)
S = −Nf TDq
dq+1 x e−φ −det (g + 2πls2 F ),
Dq

where g is the induce metric on the Dq-branes, φ is the dilaton, F = dA is
the overall U (1) field strength, TDq = 1/ (2πls )q gs ls is the Dq-brane tension,
and ls and gs are the string length and coupling respectively. Since we need
to calculate the two-point function, we just need terms quadratic on Am .
As we said before, the Dq-branes wrap an n-sphere in the directions
transverse to the Dp-branes. So it is convenient to write the metric on the
136

(8 − p)-sphere in a suitable set of coordinates
dΩ28−p = dθ2 + sin2 θdΩ2n + cos2 θdΩ27−p−n

(5.18)

Let us define ψ = cos θ in order to specify the Dq-branes embedding as
ψ = ψ (u), where ψ will measure the distance between the Dp-branes and the
horizon equator. Using this embedding parameterization, the metric (5.18)
can be rewritten as
 2
ψ 02
2
2
=
du
+
1
−
ψ
dΩn + ψ 2 dΩ27−p−n ,
(5.19)
2
1−ψ
where ψ 0 = dψ/du.
Now we do the canonical process of varying the action (5.17) in order
to obtain the e.o.m for the AM field. Since the embedding parameterization
is proportional to the quark mass, any variation of the DBI action in the ψ
variable will be null because the quark mass must be kept fixed in the 2-point
function computation. The resulting equations of motion are
dΩ28−p



√
1
√ ∂M e−φ −gF M N = 0.
(5.20)
−g
So in order to calculate the photon emission rate, we must calculate first
the Dq-brane embedding with no A field, and then solving for the A field on
that embedding. Thus, we add to our previous gauge fixing the condition
that the components of the A field must vanish on the n-sphere wrapped by
the Dq-branes: Au = 0 and An = 0, where n are the directions wrapped
on the n-sphere. The remaining d + 1 components of the gauge field will be
Fourier–decomposed as
Z



dk 0 dd k −ik0 x0 +i~k·~x
0 ~
0
e
A
k
,
k,
u
(5.21)
Am x , ~x, u =
m
(2π)d+1
where ~k is a null vector. Without loss of generality, we will choose ~k
pointing in the x1 -direction. Under this decomposition and with the gauge
fixing defined above, the equation of motion (5.20) for the Ai components
(i = 2, . . . , d) decouple from those for A0 and A1 :


√

1 √
√
−g g 00 g ii ∂0 ∂0 Ai + g 11 g ii ∂1 ∂1 Ai + ∂u −g g uu g ii ∂u Ai = 0
−g
(5.22)
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where we have set Ai = A (k, u). Replacing the metric coefficients from
(5.10) the e.o.m take the form
√

−g

√

H (u) k02
[1 − f (u)] A + ∂u −g g ii g uu ∂u A = 0,
f (u)

(5.23)

where we have made use of the fact that k0 = ~k for any null vector. The
equation (5.23) is called the mode equation.
In order to introduce the Minkowski Prescription for the calculation of the
retarded thermal Green Function, the solution A (k, u) of the mode equation
(5.23) must have the following properties:
• The solution must be equal to 1 at the boundary of the geometry (5.10).
This condition follows from the fact that (5.10) has a conformal boundary at u = 0.
• For timelike (or null) momenta, the solution has an asymptotic expression corresponding to the incoming wave at the horizon. For spacelike
momenta, the solution is regular at the horizon.
The retarded thermal Green function is then given by
GR (ω) = −2 F (ω, u)|u=0
= −

(5.24)

√
2ÑDq
lim −g g ii g uu A∗ (ω, u) ∂u A∗ (ω, u) , (5.25)
2 u→0
|A (ω, 0)|

where F (ω, u)|u=0 is constructed from the on–shell action integrated between the boundary and the horizon of the geometry (5.10); and ω ≡ k0 /2πT
is the photon energy. The normalization constant ÑDq scale as Nf Nc T d−1 ,
the total charged degrees of freedom, and determines the overall magnitude
of the photon production.
Only the contribution from the boundary has to be taken. Surface terms
coming from the horizon or, more generally, from the infrared part of the
background geometry (corresponding to the position of the branes) must be
dropped.
The imaginary part of F (ω, u) is independent of the u coordinate; thus
Im GR can be computed by evaluating Im F (ω, u) at any convenient value of
u. In particular, it can be computed at the horizon, giving the expression for
the spectral density (5.4):
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Figure 5.1: Left panel shows the trace of the normalized spectral function in
the massless quark limit at zero chemical potential and finite temperature in
the D3/D7 system. Right panel plots the normalized photon emission rate
in the same conditions for the D3/D7 system.

"
#
√
4
Ñ
(d
−
1)
Dq
χµµ (ω) =
Im lim1 −g g ii g uu A∗ (ω, u) ∂u A∗ (ω, u) .
u→ 2
|A (ω, 0)|2

(5.26)

Notice that, although it is not explicitly indicated, several quantities
above depend not only on the photon energy, but also on the quark mass
mq through the Dq-brane embedding 5.19.
Finally, the photon emission rate per unit of photon energy can be calculated from (5.7). The numerical results for the trace of the spectral function
and the photon emission rate in the massless case (ψ = 0) are shown for the
D3/D7 and D3/D5 systems in figures 5.1 and 5.2 respectively.

5.5
5.5.1

Holographic QGP in AdS/QCD models
at finite chemical potential
Finite chemical potential in the QGP system

The complete phase diagram dictated by QCD is reachable for experimental
exploration at various accelerator facilities, not just in the high temperature
regime but also in the finite baryonic (not so high) chemical potential. The
extreme regime at high baryonic chemical potential and low temperature is
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Figure 5.2: Left panel shows the trace of the normalized spectral function in
the massless quark limit at zero chemical potential and finite temperature in
the D3/D5 system. Right panel plots the normalized photon emission rate
in the same conditions for the D3/D5 system.
expected inside neutron stars, where the color superconductor phase transition can be achieved. In the following sections we will focus on the not so
high baryonic chemical potential regime, which has considerable importance
for the heavy ion phenomenology observed at the laboratories. The full picture of the finite baryonic chemical potential is believed to have happend in
the early universe era.
The colored medium system will be considered as a fireball formed after nuclei collision, where the rich baryon content will not be in chemical
equilibrium but the thermal one is placed, just above the deconfinement
temperature. At this stage, the Compton and the pair creation effects have
important contributions, together with the Bremsstrahlung, to the photon
emission rate, enhancing it.
Debye screening and Landau damping are also expected to occur in this
finite chemical potential scenario. Debye thermal mass mD acts as infrared
cutoff limiting the dilepton production in the static limit k 0 → 0. In the case
of photons, the Landau damping is activated for small but no null frequencies
k 0  ~k. In this limit, photon 2-point function is completely dominated by
its imaginary part
!
2


(k 0 )
π 2 k0
0 ~
+O
,
(5.27)
Π k , k = −i mD
4
~k
|k|2
where in general mD is function of the chemical potential. Thus, Im Π
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1/3
acts as a frequency-dependent IR cutoff when the ~k ≈ (k 0 m2D ) for a fixed
chemical potential. Then, as long as k 0 is different from zero, soft momenta
are dynamically suppressed. Further, for high frequencies, photons emitted
are reabsorbed by the medium decreasing the rate. This behavior is the
Landau–Pomeranchuk–Midgal effect, characteristic in the QGP.
Theoretical tools used to describe the QGP at finite chemical potential
can be summarized in extensions of the hard thermal loop theory [162] or
computational methods as lattice QCD or Monte Carlo methods [163, 164].

5.5.2

Holographic Photons in AdS/QCD models

We will focus on the calculation of the 2-point function using two of the
AdS/QCD models: the hard wall [52, 76] and the soft wall [38] models.
These two approximations can be summarized into a single expression just
by considering the behavior of a statical dilaton Φ field. Other holographic
approximations are [165–168].
In both AdS/QCD models the background is considered dual to the colored medium properties, composed by massless quarks. Since we are considering the finite chemical potential case, it is possible to introduce a charge
in the AdS background through an Einstein–Hilbert–Maxwell action. Holographically, we said that this charge is dual to the generator of the U (1)
baryonic symmetry. Following these ideas the background action can be
written as

IBackground

1
=
16 πG5

Z

5

dx

√

−Φ

−g e



1
mn
R − 2Λ − 2 Gmn G
,
4g5

(5.28)

where Gmn := ∂m Vn (z, xµ ) − ∂n Vm (z, xµ ), the cosmological constant is
Λ = − L62 , with L the AdS radius, and the five dimensional gauge coupling
is defined as g12 = Nc4πNF . Adding temperature to the system holographi5
cally means the presence of a black hole, so it is possible to conclude that
the minimal coupled Hilbert–Einstein–Maxwell action (5.28) leads to a the
Reissner–Nordstrom AdS Black Hole solution. In other words, this RN AdS
BH solution can be considered as the gravitational dual for a strongly coupled plasma under finite chemical potential and finite temperature conditions [169]. Following these ideas, the background is written as:
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L2
dz 2
2
2
dS = 2 −h (z) dt + d~x +
,
R
h (z)
2

(5.29)

where the blackening factor h (z) is fixed by the 1-form potential Vm . If
a static solution is chosen, Vm = −V (z) dt, the h factor can be written as
h (z) = 1 − (1 +

q 2 zh6 )



z
zh

4
+

q 2 zh6



z
zh

6
,

(5.30)

where q is the charge of the black hole and zh is the event horizon. The
temperature is defined using the Hawking–Page relation [3, 170]
|h0 (zh )|
1
=
T =
4π
π zh



q 2 zh6
1−
.
2

(5.31)

In pure AdS, i.e. without dilaton, the 1-fom potential is given by V (z) =
µ − q 3 zh3 z 2 . In AdS/QCD models the same form cannot be granted due to
the presence of the cutoff2 . In that case it is possible to approximate the
AdS/QCD solution to the pure AdS one in the limit z → 0 [171]. Holographically, the chemical potential µ related to the gauge theory in the boundary
is defined in the limit z → 0 where the 1-form static potential is V (0) = µ.
Photons created in the QGP will be modeled using a 5-dimensional U (1)
field Am coupled to the static dilaton in the AdS/QCD standard form
1
Iγ = − 2
4gγ

Z

d4 x

√

−g e−Φ(z) Fmn F mn ,

(5.32)

where gγ2 is the coupling constant for photons in the QGP, that in general
depends on temperature [48, 172, 173] and Fmn = ∂m An − ∂n Am . From the
photon action it is possible to obtain the equations of motion for the vector
field Am . To do this, photons will be supposed moving in the x3 Euclidean
direction, then the photon 4–momentum can be fixed to be kµ = (k0 , 0, 0, k0 ).
Therefore, using the background (5.29) the e.o.m. in Fourier space are written
as
2

The case of the Hard Wall model is similar to pure AdS since the dilaton is fixed to
be zero, but the AdS space is sliced. If it is possible to ensure that the sliced part of the
geometry lies outside of the RN AdS BH, then the 1-form potential is the same as in pure
AdS.
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∂z


e−Φ(z) 2
e−Φ(z)
h (z) ∂z A (q, z) +
k0 [1 − h (z)] A (q, z) = 0,
z
z

(5.33)

where the gauge fixing Az = 0 was implicitly used and A (q, z) is the
transversal field component. The longitudinal components, related to the
dilepton production are fixed to be zero.

5.5.3

Thermal Green Function

The retarded Green function GR can be constructed with the solutions of
(5.33). In order to do that, the first step is to evaluate the on–shell boundary
photon action obtained from (5.32):

Bndry
IOn–Shell

L
=− 2
2gγ

Z

z=zh
e−Φ(z)
dk
h (z) A (z, k) ∂z A (z, −k)
.
z
z→0
4



(5.34)

Following the Minkowskian prescription given in [11], the thermal Green
function can be obtained from the integrand in the boundary action, evaluated in the event horizon zh :
GR (k) =

1 e−Φ(z)
h (z) A (z, k) ∂z A (z, −k)
gγ2
z

.

(5.35)

z=zh

With this expression, the trace of the spectral function (5.5) is given by
χµµ (k) = − 4

e−Φ(z)
h (z) Im A (z, k) ∂z A∗ (z, k)
z

.

(5.36)

z=zh

The trace of the spectral function is calculated from the action (5.32)
using the static background (5.29). In the next sections the discussion will
be focused in each AdS/QCD approximation, namely, hard wall and soft wall
models.

5.5.4

Hard wall model

Hard wall is defined by fixing the dilaton field to be zero, Φ (z) = 0, together
with the Dirichlet condition on the transverse fields at some holographic
143

coordinate zΛ = 1/ΛQCD taken as a hard cutoff, where ΛQCD is the QCD
energy scale. The physical behavior of the hard wall system is equivalent as
the square well in quantum mechanics: the presence of the cutoff induces a
discrete set of solutions that defines the eigenstates of the system.
The background geometry in the hard model is then given by


dz 2
L2
2
2
2
,
(5.37)
dS = 2 Θ (zΛ − z) −h (z) dt + d~x +
R
h (z)
where Θ (z) is the usual step function that defines the AdS slice and h is
the blackening factor defined in the expression (5.30). The temperature in
this case follows from (5.31).
To obtain the charge in terms of the chemical potential µ it is necessary to
solve the equation of motion for V (z) on the AdS slice and then evaluate the
Hilbert–Einstein–Maxwell action to construct the gran canonical potential
Ω (µ, T ).
In order to have a regular solution we will impose that zΛ = zh . From
the Hilbert–Einstein–Maxwell action evaluated in the hard wall background
(5.37) it is possible to write the equation of motion for the electrostatic
potential V as:


1
(5.38)
∂z ∂z V (z) = 0,
z
Subjected to the boundary conditions V 
(zΛ ) = 
0 and V (0) = µ. The
2
solution under these conditions is V (z) = µ 1 − zz2 , and after evaluating
Λ
the on–shell Hilbert–Einstein–Maxwell action, the grand canonical potential
is written as [144, 174, 175]:
Ω (µ, T ) = −

µ2 τ
,
g52 zΛ2 (T )

(5.39)

with τ a fixed volume in the usual Euclidian space that can be fixed to
be one and zΛ is a funtion of T . From the classical thermodynamic relation
q = −∂Ω/∂µ, we find the charge as:
q=

2µτ
.
g52 zΛ2

(5.40)

From this expression we can extract the information about chemical potential in terms of the baryonic charge.
144

Now that the background is fully characterized we can fix our attention on
the photon action in the AdS slice, in order to obtain the trace of the spectral
density χµµ . The equation of motion for the transversal field, associated to
the photon in this hard wall scenario is

∂z


1
k02
h (z) ∂z A (z) +
[1 − h (z)] A (z) = 0.
z
z h (z)

(5.41)

To solve these equations, it is necessary to set the incoming boundary
condition as the field A approaches to the horizon. To do this, the field

−iωzΛ /2(2−Q2 )
A will be written as A (z, k) = 1 − zzΛ
F (k, z), where the F
function is fixed to be 1 in zΛ . Following these ideas we are able to write the
trace of the spectral density:
χµµ

k

0



4 N k 0 (1 − q 2 zΛ6 /2)
=−
zΛ
|A (0, k0 )|2

(5.42)

where the coupling constant is defined as 1/gγ2 = Nc Nf T 2 /8π 2 ≡ N [160,
176]. This coupling measures the electric degrees of freedom in the plasma
and scales with the temperature, since it enhances the photon production as
a consequence of growing the plasma ball.
In general, equations like (5.41) have no analytical solutions because of
their highly non-linear behavior, so we need to make use of numerical methods
to build up the trace of the spectral density. In order to do this analysis we
will define the adimensional frequency ω = k 0 /2πT and baryonic density
charge Q = qzΛ3 . The results for the trace of the spectral function and the
photon production are showed in the figure 5.3.

5.5.5

Soft wall model

The static background in the soft wall is defined by the dilaton profile
Φ (z) = κ2 z 2 , where κ is an energy scale of the hadron spectra in a given
Regge trajectory. In this case, it is not univocally defined in terms of the
temperature and baryonic density. Thus, as a first approximation, the values
of Q = qzh3 will be taken small in order to use the relation T = 0.4917κ given
by [123].
The chemical potential can be obtained from the Hilbert–Einstein–Maxwell
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Figure 5.3: Left panel shows the trace of the normalized spectral function
for different values of Q = qzΛ3 : Q = 0 (red), Q = 0.1 (blue), Q = 0.25
(green), Q = 0.5 (purple), Q = 0.75 (brown), Q = 1.0 (magenta);
atthe

Q2
21/4
deconfinement temperature for this model given by Tc = πzΛ 1 − 2 in
the hard wall model [123]. Right panel shows the normalized (divided by N )
photon emission rate at Tc with the same values of Q.
action (5.28) in this background by virtue of the e.o.m.
!
2 2
e−κ z
∂z
∂z V (z) = 0.
z

(5.43)

With the boundary conditions V (z) = µ and V (zh ) = 0, the solution for
the equation above is in the form
 22

µ
2
−κ z
−κ2 zh
e
V (z) =
−
e
,
(5.44)
2 2
1 − e κ zh
In order to calculate the baryonic charge we will impose that the 1-form
static potential in the limit z → 0 should match the RN AdS version of
it [171]. Evaluating the on-shell Hilbert–Einstein–Maxwell action and using
thermodynamics we obtain the baryonic charge
2 2

2Lτ µκ2 eκ zh
.
q = 2 κ2 z2
g5 e h − 1

(5.45)

Once you have fully characterized the background, the next step is the
construction of the spectral function starting from the e.o.m. In this case we
have
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"
∂z

2 z2

e−κ
z

#

2 2

k 2 e−κ z
h (z) ∂z A (z) + 0
[1 − h (z)] A (z) = 0.
z h (z)
−

(5.46)
i ω zh

Imposing the ingoing boundary conditions A ∼ (1 − z/zh ) 2(2−Q2 ) as in
the hard wall case we arrive to the trace of the spectral function given by the
expression
2 z2
h

4 N k0 e−κ
=−
zΛ

(1 − q 2 zΛ6 /2)
(5.47)
|A (0, k0 )|2
with the same N coupling as in the hard wall is used here. Using the trace
of the spectral function it is possible to construct numerically the photon
emission rate in terms of Q and ω. The results in this approximation are
plotted in the figure 5.4.
χµµ

k

0



Figure 5.4: Left panel shows the trace of the normalized spectral function
for different values of Q = qzΛ3 : Q = 0 (red), Q = 0.001 (blue), Q = 0.0025
(green), Q = 0.0050 (purple), Q = 0.0075 (brown), Q = 0.0100 (magenta); at
the deconfinement temperature for this model given by Tc = 0.4917κ2 in the
soft wall model [123] for small values of Q. Right panel shows the normalized
photon emission rate at Tc with the same values of Q.

5.5.6

Numerical results

In order to do the numerical analysis in frequency, the temperature is kept
to be fix while the baryonic charge is varying. The results for hard wall and
soft wall models are plotted in the figures 5.3 and 5.4.
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Hard wall model is a holographic bag in the sense that confinement is
placed by hard cutoff fixed by the temperature of the colored medium. Any
other extra properties of the medium are hidden in the background. For
example, in Dp/Dq systems the quark mass is given by the embedding of
the Dq–branes into the Dp–black branes in the decoupling limit [172]. In the
case of AdS/QCD models, this specific information can be added with extra
fields in the Hilbert–Einstein–Maxwell action. One application of this idea
can be seen in [102] where the quark mass is introduced as a scale defined by
a bulk mass in a static modified hard wall.
In the case of the soft wall model, the cutoff is a decreasing function of
the coordinate z defined by a static dilaton. The energy scale κ is fixed by
the temperature of the medium. In other applications of the soft wall model
to hadronic spectra the energy scale is fixed by the lightest particle in the
spectrum [38]. It is also possible to introduce massive quarks by adding extra
fields into the background action. This will be done in future works.
The trace of spectral density on both models behaves monotonically with
ω for the explored values of Q. The soft wall model is more sensitive to
increasing of Q than the hard wall. This is due to the presence of the dilaton
field in the first one. The√scale κ is a function of T and Q. For values of Q
near to the upper limit, 2, the trace of the spectral function is expected
to begin to oscillate because the background is unstable for those values of
Q [170]. The results for Q = 0 are also in agreement with those obtained in
[176], where the authors construct a different background in order to simulate
the results for the D3/D7 system in the massless quark region and try to
study how the trace of the spectral function behaves as a function of κ. Our
background and the one showed in that reference differ by the transformation
2
u = zz2 . It is no surprising that these models have similar behaviors. In fact,
h
Dp/Dq systems and AdS/QCD models are AdS-like (or conformal AdS) in
the sense of [36].
The photon emission rate obtained for both models (right panels in figures
5.3 And 5.4) is also consistent with the QGP phenomenology. The emission
occurs for small values of ω, where the ultrasoft behavior is expected [177].
When ω is increased the photon emission is damped, according to Landau
damping effect and Debye screening: photons are reabsorbed by the medium
and are suppressed. For high values of ω, the emission goes to zero due to
the reduction of bremsstrahlung and pair production, the so called Landau–
Pomeranchuk–Migdal effect [178–180].
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Figure 5.5: Left panel shows the real part of the AC conductivity calculated
with the expression (5.8) for the hard wall model as a function of the normalized frequency ω for the same values of Q used in figure 5.3. Right panel
shows the DC conductivity calculated from the equation (5.9) in the hard
wall model as a function of the baryonic charge Q.

When the chemical potential is turned on, the chemical equilibrium is
broken, implying that there is an excess in the quark (or anti-quark) population that makes the enhancement of the quark (anti quark) bremsstrahlung
over their annihilation radiation, causing that the photon emission rate increases with the chemical potential for low energies [162]. For all the Q
values tested, the photon emission rates have common asymptotic behavior
with large ω, demonstrating the expected universality in 4+1 strongly coupled plasmas. These results are in agreement with reference [181], where the
photon emission rate was calculated starting from the DBI action instead of
considering an AdS RN black hole. Holographically, turning on the chemical
potential means the phase transition from the AdS Schwarzschild to the AdS
RN background.
In the figures 5.5 and 5.6 the AC and DC conductivities are plotted.
In the hard wall case, the real part of the AC conductivity (left panel in
both figures) grows monotonically with ω up to a maximum, then it starts to
oscillate. In the case of the soft wall model, the dilaton prevents that the real
part of the AC conductivity begin to oscillate, damping the profile. In the
case of the DC conductivity (right panels), for both models it is increasing
with the baryonic charge for a fixed temperature. This is expected since in
the limit ω → 0 we are in the ultrasoft limit, where the chemical potential
enhances the photon production by the reasons exposed above.
149

Figure 5.6: Left panel shows the real part of the AC conductivity calculated
with the expression (5.8) for the soft wall model as a function of the normalized frequency ω for the same values of Q used in figure 5.4. Right panel
shows the DC conductivity calculated from the equation (5.9) in the soft wall
model as a function of the baryonic charge Q.

5.6

Jet quenching parameter for AdS/QCD
models at finite Chemical Potential

The jet quenching parameter is one of the most interesting coefficients in the
hydrodynamical theory of heavy Ion collisions, where the chemical equilibrium plays an important role, as in the proton–proton collisions or even in
the light nuclei collisions. But in the frame of the heavy nuclei collisions, a
small signal of chemical equilibration process has been observed at the early
QGP stages.
In general, in QGP produced in RHIC or LHC, the escaped parton is surrounded by high-density quark fluids liberated from the nucleons of the heavy
ions and then some of the jets are quenched by the surrounding medium. In
such a setting, the baryon density of the colored medium is relevant and the
baryonic charge must be taken into account.
In the cosmological frame, it is expected that the QGP created after the
big bang could be far from the chemical equilibrium [162,182] due to the rich
baryon content in the medium. Thus, the study of these hydrodynamical
properties out of chemical equilibrium has acquired much interest nowadays.
The jet quenching parameter is defined through the vacuum expectation
value of the Wilson loop that joins the light-like string lines, defined by the
holonomy of the gauge field Aaµ Ta
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 I


q̂
2
W (Γ) = P exp i
A = exp − √ L− L ,
4 2
Γ

(5.48)

where we have supposed the loop as a rectangular path defined in terms
of the characteristic line length L− and the transverse distance of the loop
L. Note that W is the Aharonov–Bohm phase factor due to the propagation
of a parton along the close path Γ.
In order to compute the vacuum expectation value of the Wilson loop
holographically, we will use the fact that an open string ending on a D-brane
is dual to a parton (a quark for example). Then, the Wilson loop can be
defined by means of an open string generating functional Z. The string
induces a worldsheet Σ on the background that has boundaries on the Dbrane and the RN black brane. On the D-brane, the boundary condition on
Σ fixes it to be the path Γ [183]. Thus, we have the condition
W (Γ) = Z (∂Σ = Γ) = exp {−SN B (Γ)} ,

(5.49)

where SN B (Γ) is the Nambu Goto on–shell action evaluated at Γ.
To evaluate the Wilson loop at thermal equllibrium and finite chemical
potential, we will consider a rectangular path constructed by means of two
strings stretching between the conformal boundary and the event horizon,
separated a distance L. These strings will be placed at a background defined
by the RN–AdS black hole (5.29), but written in light–cone coordinates x± =
x1 ± t [14].
Following these ideas, we will suppose that the string is being stretched
along the x2 -direction. Also we will suppose the z-coordinate gives the embedding function of the string into the target space: z = z (z). Then, as a
conclusions from this geometrical setup we have to fix x3 = x+ = 0. Thus,


dz 2
R2 −Φ(z)/3 1
2
2
2
(1 − h) dx− + dx2 +
.
(5.50)
dS = 2 e
z
2
h
In this metric we have included the static dilaton field Φ = Φ (z) as a
part of the warp factor. It is easy to prove that metrics (5.50) and (5.29) are
related by a conformal transformation [14].
Using the metric (5.50), the on-shell Nambu Goto action is
r
Z
R2 L− L/2
e−Φ/3
z 02
√
SN G =
dx
(1
−
h)
(1
+
).
(5.51)
2
2πls2 0
h
2 z2
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R
where we have defined L− = dx− . Note that this action has no explicit
functional dependence with x2 . Thus, in the classical mechanics language,
we can construct a conserved quantity under the Legendre transformation
C = z0
with L =

e−Φ/3
z2

q

∂L
− L,
∂z 0

(5.52)

02

(1 − h) (1 + zh ). In terms of C we can solve z 0 as
 −2Φ/3

e
1−h
02
z =
− 1 h.
(5.53)
z4
C2

From the expression for z 0 we can determine the value of C. To do so, we
will impose the following boundary condition: z (x2 = ±L/2) = 0.
Cleary there is a value for x2 for which z is maximal. By symmetry,
we infer x2 = 0 is such a value. Then, as z has a maximum we conclude
z 0 (x2 = L/2) = 0. Thus, the value of C is given by
"Z
#−1
zh
z2
L
dz p
.
(5.54)
C=
2 →0
h [e−2Φ/3 (1 − h) − C 2 z 4 ]
With the value of C, the on–shell Nambu Goto action is evaluated as

SN G

L− R2
= √
2 2πls2

Z

zh

dz


e−2Φ/3
1−h
p
.
z2
h [e−2Φ/3 (1 − h) − C 2 z 4 ]

(5.55)

If we want to evaluate the on-shell action given above, it is necessary to
infer what is the behavior of C. By a quick check in expression (5.53), we
note that in the region where L is small3 C is also small:
e−2Φ/3 z −4 (1 − h)  C 2 .
Then the expression (5.54) for C can be simplified as
#−1
"Z
zh

z 2 eΦ/3
L
+ O L2 .
C=
dz p
2 
h (1 − h)

(5.56)

(5.57)

Finally expanding up to order C 4 and making the substitution u = z/zh ,
in this limit the on-shell action can be simplified to
3

In string length units fixed by the conformal case [184]
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Figure 5.7: The left panel shows the normalized jet quenching to the conformal
value for soft wall model as a function of the baryonic charge with
√
−1
λ = 15.4 (1 − Q2 /2) . Right panel shows the normalized jet quenching
√ for the hard 2 wall−1 model as a function of the baryonic charge with
λ = 18.4 (1 − Q /2) .

SN G

L− R2 C 2
= √
2 2πzh l22

Z


1

u2 eΦ/3
L− R 2
du p
− √
h (1 − h) 2 2πzh ls2

Z


1

e−Φ/3
du 2
u

r

1−h
,
h
(5.58)

where we have replaced the temperature defined by (5.31).
Note that the last term, related to the action of two free strings hanging
between the boundary and the horizon, can be subtracted from the action.
Then, the subtracted on-shell action is
Z 1
u2 eΦ/3
L− R2 C 2
p

du
,
(5.59)
S̃N G = √
2ls2 1 − 12 Q2 
h (1 − h)
Therefore, replacing the value of C into the action and comparing with
(5.49), we arrive to the final expression for the jet quenching from the string
functional
"Z
#−1
√
1
2π λ
u2 eΦ/3
q̂ =
du p
,
(1 − Q/2)3 
(1 − u2 ) (1 + u2 − Q2 u4 ) [1 − Q2 (1 − u2 )] u4
(5.60)
√
where we have introduced the ’t Hooft parameter as 2π λ = R2 /ls2 . This
quantity can be obtained from the q q̄ potential calculated in this background
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and compared against the Cornell potential
[185, 186] . The result obtained
√
−1
in this case for the t’Hooft coupling is λ ∼ 15.2 (1 − Q2 /2) . Note besides
this, that in the limit Q → 0 and κ → 0, equation (5.60) is reduced to the
conformal result [187]

Γ 34 √
 2λ π 3/2 T 3
(5.61)
q̂conformal =
Γ 54
Figure 5.7 shows the numerical results for the jet quenching as a function
of the baryonic charge for both AdS/QCD models. In this plot we observe
that the presence of the baryonic charge enhances the jet quenching. In other
words, the QGP becomes more viscous. Then, as an educated guessing, we
would expect that a parton loses more energy crossing a colored medium
when processes, as pair production or bremsstrahlung, change the baryonic
density [186, 188], as we expected from phenomenology [42].
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Chapter 6
Conclusions and Future Work
One of the most incredible aspects of the AdS/CFT correspondence is the
possibility to model non-perturbative physics in terms of classical gravity. A
deep insight also shows that AdS/QCD links quantum objects with classical
ones, revealing a fundamental fact inside the duality: spacetime data is encoded in the QFT data. In the near future this connection will lead us to
the possible understanding of spacetime as an emergent property of the field
living on it, in the similar sense that the notion of bulk matter arises from
the many body interactions (collective interactions) inherent in the theory.
Deeply, we can say that this problem can be summarized as a coarse graining
problem.
In fact, our models developed here can be seen as a coarse graining effect
also, but let us leave this part of the discussion for the next paragraphs.
Along this dissertation, we have pointed out a clear picture: the lack
of modeling precision for masses and decay constants observed in the usual
AdS/QCD models. We give a satisfactory solution by extending the actual
paradigm a little: we introduce an extra energy scale defined as a new “conformal boundary” contained in a Dirichlet wall at z0 . The presence of the
wall induces a different scale–dependent behavior translated into a different
prescription to calculate n-point functions and the way in which we deal with
the conical singularity appeared in a black hole formulation.
Relative to the soft wall extension, placing the extra wall give us better
numerical results for the heavy spectra at hand: charmonium and bottomonium. It will be interesting, in order to prove the universality, to repeat the
same analysis in the light mesons sector, trying to find out how the light
quark masses come into play in this sector. In regular soft wall model, it is
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expected that the slope be the same for all the mesonic trajectories. The
flavor–dependent parameter is the intercept, which give us the first point
of the trajectory. The same is expected for the trajectories labeled by the
radial number. The hard wall model behaves different. In general, since the
trajectories are defined by the zeroes of the Bessel function J1 , they are not
linear.
Placing a wall at z0 change the soft wall model spectrum, making it nonlinear. In fact, now the trajectories are proportional to the zeroes of the
Tricomi function, causing that the trajectory becomes non-linear but with
more experimental precision. In this sense, our model is more similar to QCD
that any other description made before.
Same arguments will apply to the hard wall model extension, where the
usual hard wall is moved to infinity and a bulk mass is added. One could
be tempted to think that both models, soft wall model with a wall and
the hard wall at infinity with bulk mass, are conformally the same. But,
with the choice that we did (a negative mass), the conformal structure is
completely different: it is not possible to connect these models, or even the
regular soft wall model, by means of a conformal transformation. This tells
us that, physically, both models are different despite the fact that they are
modeling the same meson properties. This is expected from the original
common grounds of the gravity/gauge duality: the exact dual model of QCD
can exist, since we have 10500 possible string theory solutions. This, in an
epistemological sense, implies the existence of many toy models approaching
QCD. The convolution of these models into a bigger one is a different task,
that maybe will be addressed in the future.
The finite temperature extension also gives a good description of the melting process of heavy mesons never seen in other holographical approaches.
This is a natural consequence of the behavior of the model at zero temperature. The thermal QFT method tells us that finite temperature can not
lead to new divergences. The Wick rotation scheme do not change the pole
structure of the theory. Following the Lee – Yang theorem, the only source of
the divergences are those inherited in the internal structure of the partition
function. Compact time just rotate these divergences but does not create
or annihilate them. This very same behavior is fundamental in any holographic extension. In fact, in the case of the D3/D7 systems, gravitational
embeddings that lead to oscillations in the spectral function add possible new
divergences at finite T , specifically at the Minkowski tip. This is suppressed
by imposing a stability criterion.
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The finite temperature version of the bulk mass model with wall at infinity
is still under construction. The presence of the bulk mass affects the stability
of the free energy, so we need to explore the analytical continuation on this
metric in order to see how the thermal behavior emerges.
It will be also interesting to extrapolate the models to other mesons,
as the light, scalar or tensor ones. As a completion prove, the in-medium
properties can be also checked by considering an AdS–RN solution.
Coarse graining is observed in the language of the thermal model developed. In fact, the thermal medium also has encoded information about
the light degrees of freedom that prevents the formation of heavy quarkonium. This suppression is observed in temperatures below the deconfinement/confinement phase transition, implying that the temperature scales
this behavior, or in other words, temperature activates the in–medium properties causing the photon emission or the meson melting. This statement can
be proven if we calculate the entropy of the background and investigate how
the degrees of freedom are affected by temperature.
We expect to compute the photon emission rate in these new models.
We want also to apply this ideas to the calculation of holographic nuclear
matter and holographic neutron stars, where the in–medium properties are
important and also manifested in the appearance of the super color phase
transition, observed in other holographic models.
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Appendix A
Published works
• Geometrical Approximation to the AdS/CFT Correspondence
With J. M. Rolando Roldán Giraldo. Published in the International
Journal of Advanced Research in Physical Science (IJARPS), ISSN
2349-7882 Volume 3, Issue 6, pag. 26 – 30, 2016. Deposited on https:
//www.arcjournals.org/pdfs/ijarps/v3-i6/5.pdf.
• Holographic decay constants revisited.
With Nelson R. F. Braga and Saulo Diles. Published in Physics Letters
B, Volume 763, 10 December 2016, Pages 203–207. Deposited on http:
//www.sciencedirect.com/science/article/pii/S0370269316306177.
• Holographic model for the heavy vector masses.
With Nelson R. F. Braga and Saulo Diles. Published in Europhysics
Letters, Volume 115, Number 3. Deposited in http://iopscience.
iop.org/article/10.1209/0295-5075/115/31002/meta.
• Holographic picture of the heavy meson melting
With Nelson R. F. Braga and Saulo Diles. Published in The European
Physics Journal C, ISSN 1434-6052, Volume 76. Deposited on http://
link.springer.com/article/10.1140/epjc/s10052-016-4447-4?wt_
mc=Internal.Event.1.SEM.ArticleAuthorIncrementalIssue.
• Photon emission rate in QGP using AdS/QCD models at finite
chemical potential.
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With J. M. Rolando Roldán. Submitted to Physical Review D. Deposited on https://arxiv.org/abs/1611.08785.
• Holographic Jet quenching at finite baryonic density.
With J. M. Rolando Roldán. In preparation.
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